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Abstract

Variable splitting is a recently introduced tableau technique for first order logic. It
aims to identify when different occurrences of the same variable are independent
and thus need not be treated as rigid. By removing the interdependency between
universal and branching inferences that normally exists in LK-style tableaux it
allows for greater freedom in the formulation of heuristics for proof search. This
can potentially give rise to a significant improvement in automated reasoning.

In this thesis I give two contributions to the theory of variable splitting. First,
I show that determining if a solution to an equation set with variable splitting is
NP-complete. In contrast, the situation without splitting is that linear algorithms
exist. This is significant because such equation sets is one of the most important
contributors to the run time of a tableaux prover. Second, I characterise a main
concept, maximality of splitting relations, and use this concept to sketch a naive
proof search algorithm.





1 Introduction
Automated reasoning as a field of science got wind under its wings around the
middle of the previous century when the study of artificial intelligence began.
Today it has important application within software and hardware verification, and
recently also in ontology languages for the semantic web. These topics grow more
important as the use of formal methods increases.

This thesis falls within automated reasoning, specifically it treats automated
theorem proving for classical first order logic. Classical first order logic is an
interesting logic to study because it is a logic that forms the basis for our under-
standing of a number of other logics. As such we can see it as a core logic. We
will examine the recently introduced method of variable splitting, a method that
has potential for being a significant improvement to the tableau proof method.
Variable splitting is also expected to be of some importance for use in matrix
proofs.

1.1 Background and recent development of variable splitting
Existing works on variable splitting take as a departure point Gentzen style cut
free tableaux with free variables. Variable splitting focuses on the role of free vari-
ables. Free variables were introduced by Kanger and Prawitz, and quickly became
ubiquitous. This because the possibility to delay the choice of ground instantia-
tion can be used to prevent the introduction of spurious elements in the search
space. However, tableau proofs require that variables be treated rigidly across
branches, i.e. a closing substitution must close all branches simultaneously. The
consequence of this is that there is a strong dependency between universal and dis-
junctive inferences [13]. To handle this most tableau provers will pursue a search
strategy that is driven by the dominating connectives of formulae, preferring to
expand a disjunction before instantiating an universal quantifier.

Strongly related to the tableau method is the matrix method. The matrix
method is constructed for connection driven searches, i.e. identifying those ob-
jects that can potentially close the proof and use them to guide the search pro-
cedure. As with tableaux, matrices still need to treat variables as rigid, the con-
sequence in this case is either the need for backtracking or the creation of extra
copies of clauses. This means that matrix provers are very dependent on the order
that the path expansion strategy sets up.

Variable splitting reduces the dependency between universal and disjunctive
formulae. This allows an exponential reduction in proof lengths [2, 6]. But more
importantly, less dependency among rule application means greater freedom in
the formulation of effective heuristics. In particular the fact that universal rules
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permute across branching rules is expected to allow for connection driven heuris-
tics [13].

The main contribution that the recent development of variable splitting has
provided is the formulation of the provability relation for such proofs and the cor-
responding soundness result [2, 1, 4, 5, 6]. Antonsen has, based on anti-prenexing,
given a sound liberalization of this [6, 2]. At the moment research is aimed at im-
plementing a theorem prover based on variable splitting within the framework of
incremental closure [3].

1.2 Splitting proofs
The goal of variable splitting is to reduce the interdependency between disjunctive
and universal formulae. This is done by giving conditions under which it is sound
to treat different occurrences of the same free variables as distinct, i.e. conditions
that allow us to assign terms to a free variable in a manner that depends on which
branch the variable is in. Assigning different terms to the same variable in this
manner is called splitting the variable.

When we wish to split a variable, this is accomplished by identifying a branch-
ing expansion rule that could have been made before the free variable was intro-
duced. If this is possible, we could have introduced different free variables in
different branches, and as such it is sound to treat the occurrences as distinct. To
test if this is possible we induce a reduction order and require that this be acyclic.

1.2.1 Algorithms

Two approaches have been proposed for implementing variable splitting [3].
The first approach is to, as far as possible, avoid splitting. This is done by

initially treating each variable as unsplit and then attempt unification. If unifica-
tion fails, then one needs to use the failure information to split variables in order
to break the conflicts that exist. E.g., {x ≈ a, x ≈ b} fails unification because we
attempt to send x to two different terms. The central idea is to construct minimal
splitting relations. It may then possible to split the two occurrences of x and ar-
rive at, say, the equation set {x1 ≈ a, x2 ≈ b}. However, if every minimal splitting
relation that would allow unification is cyclic, then we let unification fail.

The idea behind the second approach to implementing variable splitting is,
again as far as possible, to treat every variable occurrence as distinct and identify
when an assumption about distinctness leads to a cyclic reduction ordering. The
central idea is to construct maximal splitting relations. If no maximal splitting
relation allows us to unify, we let unification fail.

These two ideas, and particularly the relationship between the two approaches,
are as of yet poorly understood.
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1.2.2 Complexity results for Variable Splitting

The main contribution of this thesis is within complexity study of variable split-
ting.

It is well known that unification without splitting is in P. This has the following
implications for closure of tableau proofs:

1. If we select one connective from each branch of a tableau, determining if
this is a closing set is in P.

2. If there are several potential connections on each branch, deciding if there
is a set that closes the tableau is NP-complete.

Prior to this thesis no such results were known for variable splitting. My main
result is a proof that unification with splitting is NP-complete, and hence even if
we limit ourselves to only one connective from each branch the closure condition
is still NP-complete. To show this I will present a transformation of formulae of
proposition logic in negation normal form into coloured equation sets, such that
the coloured equation sets are solvable iff the corresponding NNF formulae are
satisfiable. I will do this transformation indirectly since a naive direct encoding
will fail.

I will first transform the negation normal form formula into an equisatisfiable
intermediate formula. This intermediate formula is a formula of proposition logic,
in negation normal form, having the additional property that no signed atom oc-
curs more than once. I will then transform the intermediate formula into a splitting
equation.

I will show that the first transformation preserves satisfiability by showing
that a valuation satisfying the original formulae exists iff there exists one for the
intermediate formula. I will then show that the resulting equation set is satisfiable
iff a matrix over the intermediate formula contains at least on path having no
complementary pair. Because a formula is satisfiable iff its matrix contains one
such path, this means that satisfiability is preserved.

This result is as one could expect from the NP-hardness of Feedback Arc Sets,
one of Karp’s 21 problems, due to the similarity with the problem of cycle reduc-
tion as presented in [3]. The cycle reduction problem is the problem of, starting
from a given splitting relation, identifying those sub-relations that are cycle free.
The Feedback Arc Set problem asks, for a given directed graph, what the smallest
number of edges is that must be removed in order to obtain a cycle free graph.
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2 Definitions

2.1 From Method of Variable Splitting
This thesis is an inquiry into the complexity of unification in the general frame-
work of liberalized variable splitting. As such it is written with the assumption
that the reader is familiar with the terminology and concepts of the variable split-
ting method as presented in [2] with the liberalization based on critical variables.
As in Antonsens PhD thesis we will use Smulleyans unified notation [12], with an
indexing scheme on formulae based on the construction of the derivation.

In particular it’s important that the reader is familiar with the following Defi-
nition from [2]:

• The�-relation on formulae (Definition 3.7)

• It’s restriction to β formulae,�β

• Branch names and splitting sets (Definition 4.4 and 7.5)

• Duality (Definition 4.18)

• Coloured variables (Definition 4.7)

• Coloured terms (Definition 4.9)

• Splitting substitutions (Definitions 4.10 and 4.11)

• The splitting relation @ (Definition 4.20)

• The critical variable relation, l (Definition 6.9)

• The reduction ordering,C, as induced using critical variables (Definition
6.10)

• The closure property for variable splitting tableaux (Definition 4.12)

• VS (l) proofs (Definition 6.11)

However, we will be working with Identification by Need, and as such we will
want to us splitting relations as a tool for finding substitutions. For this Antonsens
definition is insufficient since it presupposes a substitution. Hence the following
definitions.

Definition 2.1. The splitting relation,@, is a binary relation from β-indices to in-
stantiation variables.
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u6/a
Pu ` Pa

v5.15.12/b
Qv ` Qb

v5.15.13/c
Qv ` Qc

12∆13
Qv ` Pb ∨ Pc

15
` Qv→ Pb ∨ Pc

v5.16.12/b
Pv ` Pb,Qb

v5.16.13/c
Pv ` Pc,Qc

12∆13
Pv `

15∆16
(Qv→ Pb ∨ Pv)→ Pv `

v
` Pb, Pc

8
Qu ` Pb ∨ Pc

5
` Qu→ Pb ∨ Pc

5∆6
(Qu→ Pb ∨ Pc)→ Pu `

u
` Pa

2
¬Pa,∀x((Qx→ Pb ∨ Pc)→ Pa) `

1

2
¬

3
Pa

1
∧

u,v
∀x((

7,17
Qx

5,15
→

9,19
Pb

8,18
∨

10,20
Pc)

4,14
→

6,16
Px) `

12
Qb

11
∧

13
Qc

Figure 1: A variable splitting derivation.

Definition 2.2. A splitting relation,@, is a splitting relation for a splitting substitution,σ,
if σ(uB) , σ(uC), where both uB and uC is in the support of σ, imply that there are
dual elements b ∈ B and c ∈ C such that b 4 c @ u.

Example 2.3. To illustrate these concepts we will consider the formula:

∀x((Qx→ Pb ∨ Pc)→ Px) ` Pa,Qb ∨ Qc

. This is derived in Figure 1. In the tableau I only write a formulae if it is new
to the tableau or used in a connection to close a branch. Indices corresponds to
formulae as indicated in table 1, and the�-relation is presented in Figure 2.

The derivation is closed by the splitting substitution:

σ = {u6/a, v5.12.15/b, v5.13.15/c, v5.12.16/b, v5.13.16/c}

We see that:

v5.12.15σ = v5.12.16σ = b , c = v5.13.15σ = v5.13.16σ

As a consequence of this any splitting relation for σ must split v on 12∆13. This
takes care of all conflicts so this is sufficient. The composition of {12∆13 @ v}
with l is shown in Figure 3. Since the restriction of � to β nodes is empty this
figure also tells us that the reduction ordering for this splitting relation is given by
11C 14. The transitive closure of this is clearly irreflexive so we conclude that the
splitting relation is admissible. This tells us that the derivation is a proof.
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Index Formula Types � parent Dual to
u ∀x((Qx→ Pb ∨ Pc)→ Px)> γ,α0 1
v ∀x((Qx→ Pb ∨ Pc)→ Px)> γ,γ0 1
1 (¬Pa ∧ ∀x((Qx→ Pb ∨ Pc)→ Px))> α
2 (¬Pa)> α,α0 1
3 Pa⊥ α0 2
4 ((Qu→ Pb ∨ Pc)→ Pu)> β,γ0 u
5 (Qu→ Pb ∨ Pc)⊥ α,β0 4 6
6 Pu> β0 4 5
7 Qu> α0 5
8 (Pb ∨ Pc)⊥ α,α0 5
9 Pb⊥ α0 8
10 Pc⊥ α0 8
11 (Qb ∧ Qc)⊥ β
12 Qb⊥ β0 11 13
13 Qc⊥ β0 11 12
14 ((Qv→ Pb ∨ Pc)→ Pv)> β,γ0 v
15 (Qv→ Pb ∨ Pc)⊥ α,β0 14 16
16 Pv> β0 14 15
17 Qv> α0 15
18 (Pb ∨ Pc)⊥ α,α0 15
19 Pb⊥ α0 18
20 Pc⊥ α0 18

Index ∆-notation Formula
4 5∆6 ((Qu→ Pb ∨ Pc)→ Pu)>

11 12∆13 (Qb ∧ Qc)⊥

14 15∆16 ((Qv→ Pb ∨ Pc)→ Pv)>

Table 1: Formulae and indexes in the example in Figure 1

2

1
u 4

6

5

7

8

9

10

v 14 15 18 19
11

12

13

201716

Figure 2: �-relation for derivation in Figure 1
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u

5∆6

v

15∆16

12∆13

Figure 3: l(solid line) and @(dashed line) relations for derivation in Figure 1

2.1.1 Redefinition of reduction orderings

Definition 2.4. <l is the upward closure of l under �β. I.e. it’s the smallest
extension of l such that u<l i �β j implies u<l j.

Remark Antonsen denotes the<l -relation with l↑ in [2].
The above leads us to the following definition of our reduction ordering.

Definition 2.5. Given an upwards closed critical variable relation,<l , and a split-
ting relation, @. Then,C− is a relation between β indices given by: i C− j if there
exists a variable u such that i @ u<l j. The transitive closure of C− is the induced
reduction ordering,C. C is admissible if it is irreflexive.

Lemma 7.4 in [2] states that this is equivalent to l admissibility when other
closure conditions remain unchanged.

Definition 2.5 have the advantage that it needs less concern for the structure
of the formulae. As we will see in section 6.3.1 this allows us to get a simple
description of maximal reduction orderings. This has a clear advantage when
using Identification by need.

We will not use l directly, and we will use <l , so when referring to critical
variables in this thesis we will mean critical by the<l -relation.

2.2 Equation sets
When determining the closure conditions of a variable splitting tableau we need
to find an admissible spitting substitution that closes all branches simultaneously.
However, direct consideration of the tableau is cumbersome when seeking such a
substitution. In the tableaux without splitting it is common to consider the closure
condition in terms of equation sets. We will therefore extend the notion of an
equation set to the case of coloured variables.

Definition 2.6. A freely coloured equation is a tuple of two coloured terms,(t1, t2),
and will be written t1 ≈ t2.

Definition 2.7. A splitting substitution,σ, satisfies a freely coloured equation,t1 ≈

t2, if t1σ = t2σ.
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Definition 2.8. A monochrome equation is a tuple of two terms and a splitting set,
(t1, t2, S ), and will be written t1 ≈

S t2.

Definition 2.9. A splitting solution,σ, satisfies a monochrome equation,t1 ≈
S t2,

if t̂1
S
σ = t̂1

S
σ.

Monochrome equations is of particular interest since every equation generated
from a tableaux will be monochrome.

Definition 2.10. A coloured equation is a monochrome equation or a freely coloured
equation.

Definition 2.11. A monochrome equation set is a set of monochrome equations
and a freely coloured equation set is a set of freely coloured equations.

Remark Note that a monochrome equation set can have several different col-
ors, however each equation in it will only have one.

Definition 2.12. A coloured equation set is either a monochrome equation set or
a freely coloured equation set.

Definition 2.13. A splitting substitution satisfies a coloured equation set if it sat-
isfies each equation in the set.

Definition 2.14. A coloured equation set is satisfiable if there exists a splitting
substitution satisfying it.

In addition we need to incorporate the critical variable relation in order to
ensure admissibility.

Definition 2.15. A splitting substitution σ is admissible under<l if σ has a split-
ting relation @. Where the transitive closure of the composition of @ with <l is
irreflexive.

Definition 2.16. A coloured equation E set is admissible under a splitting relation
@ if @ is a splitting relation for some substitution satisfying E.

Definition 2.17. A tuple of a coloured equation set and a critical variable relation,<l ,
is satisfiable if there exists a splitting substitution satisfying the equation set and
the splitting substitution is admissible under<l .

Monochrome equations sets can be seen as a special case of freely coloured
equation sets.

Lemma 2.18. A substitution,σ, satisfies the monochrome equation t1 ≈
S t2 iff it

satisfies the freely coloured equation t̂1
S
≈ t̂2

S
.

8



Proof. By definition σ satisfies t1 ≈
S t2 iff t̂1

S
σ = t̂1

S
σ but that is the exact

condition for it to satisfy t̂1
S
≈ t̂2

S . �

Because they are conceptually the same thing, and entails the same in terms of
satisfiability we will treat monochrome equations as equal to the freely coloured
equation where only one color is used.

Definition 2.19. The monochrome equation t1 ≈
S t2, is equal to the freely coloured

equation t̂1
S
≈ t̂2

S .

We can also go from a freely coloured equation set to a monochrome equation
set, but a bit more needs to be involved.

Lemma 2.20. Let E ∪ {t1 ≈ t2} be a freely coloured equation set, σ a splitting
substitution satisfying E ∪ {t1 ≈ t2}, uS a coloured variable, T a splitting set, and
x an instantiation variable not in the domain of σ or occurring in E∪t1 ≈ t2. Then
σ1 = σ ∪ [xT/σ(uS ), xS /σ(uS )] satisfies E ∪ {t1[uS /xT ] ≈ t2[uS /xT ], xS ≈ uS }.

Proof. σ1 agrees with σ on every coloured variable except xS and xT neither of
which occurs in E, therefore σ1 satisfies E. Also, σ1 clearly satisfies xS ≈ uS .
Finally since xTσ1 = uSσ, t1[uS /xT ]σ1 = t1σ and t2[uS /xT ]σ1 = t2σ so σ1

satisfies t1[uS /xT ] ≈ t2[uS /xT ]. �

Lemma 2.21. Let E ∪ {t1 ≈ t2, xS ≈ uS } be a freely coloured equation set, σ
a splitting set satisfying it without splitting x on any β. Then σ satisfies E ∪
t1[xT/uS ] ≈ t2[xT/uS ].

Proof. Because σ satisfies xS ≈ uS , we have that xSσ = uSσ. Further we know
that σ does not split x on any β. This means that xSσ = xTσ. We can conclude
that t1[xT/uS ]σ = t2[xT/uS ]σ. �

Lemma 2.22. Let E ∪ {t1 ≈ t2} be a freely coloured equation set, T a splitting set,
uS a coloured variable, and x an instantiation variable not occurring in E ∪ {t1 ≈

t2} and critical in every β node. Then E∪{t1 ≈ t2} is satisfiable iff E∪{t1[uS /xT ] ≈
t2[uS /xT ], xS ≈ uS } is satisfiable.

Proof. Assume that E∪{t1 ≈ t2} is satisfiable. Since x does not occur in E we can
assume that there exists a substitution satisfying E ∪ {t1 ≈ t2} without having x in
it’s domain. Lemma 2.20 then tells us that E ∪ {t1[uS /xT ] ≈ t2[uS /xT ], xS ≈ uS } is
satisfiable. To prove the implication the other way we assume that E∪{t1[uS /xT ] ≈
t2[uS /xT ], xS ≈ uS } is satisfiable. Since x is critical in every β we know that there
exists an admissible substitution satisfying E ∪ {t1[uS /xT ] ≈ t2[uS /xT ], xS ≈ uS }

without splitting x. By Lemma 2.21 this substitution then also satisfies E ∪ {t1 ≈

t2}. �
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Lemma 2.22 tells us that we can go from a freely coloured equation set to a
monochrome equation set by introducing a new variable to ”carry” a value from
one equation to the other. E.g. from E ∪ {u1 ≈ v23} to E ∪ {u1 ≈ x1, x23 ≈ v23} =

E ∪ {u ≈1 x, x ≈23 v}. We can apply on all coloured variables until each equation
is monochrome. We see that this retains satisfiability as long as we ensure that the
variables introduced is critical in every β formulae.

3 Identity sets
The driving idea of this thesis is Identification by need. I.e. the idea that we can
first find maximal splitting relations and then proceed with unification incorpo-
rating the freedom that this splitting relation provides. The disadvantage of this
approach is as we shall see significant, since the number of possible maximal
splitting relations will be exponential in the number of β formulae. The advantage
is that it simplify our unification theory, having decided on a splitting relation we
have enough information to use established unification theory.

To retain this added freedom when using classical unification theory we will
see each coloured variable as distinct. However, unless the total splitting relation
is admissible this is too much freedom and would give rise to spurious solutions.
In order to retain soundness we need to choose a splitting relation. From this
splitting relation we can expand our equation set so that variables that the split-
ting relation does not split is kept identical. We will use the concept of identity
sets from[3] and devoted this section to their description, and implications for
admissibility.

Definition 3.1. Given a splitting relation @ and a freely coloured equation set E,
let varE be the set of coloured variables occurring in E. The identity set, Id@E,
is a freely coloured equation set with elements of the form uS ≈ uT containing
precisely those elements where both uS and uT are in varE and where there are no
dual elements a ∈ S and b ∈ T such that (a∆b) @ u.

Remark. We will never use identity sets outside of the context of an equation set.

Lemma 3.2. Let @ a splitting relation, and Id@E the identity set corresponding to
@ and some arbitrary coloured equation set. Then, if @ is a splitting relation for
a splitting substitution,σ, σ satisfies Id@E.

Proof. Every element in Id@E is of the form uS ≈ uT where there are no dual
elements a ∈ S and b ∈ T such that (a∆b) @ u. Since @ is a splitting relation for
σ we have that σ(uS ) = σ(uT ), meaning that σ satisfies Id@E. �

Definition 3.3. Let E be a coloured equation set. For a splitting relation @, E@ =

(E ∪ Id@E).
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Remark. Note in particular that E∅ equals (E ∪ Id∅E) where Id∅E is the identity set
for E corresponding to the empty splitting relation.

Lemma 3.4. Let E be a coloured equation set satisfied by σ. And the support of
σ includes no coloured variables not in E. Then @ is a splitting relation for σ iff
σ satisfies E@.

Proof.

if @ is a splitting relation for σ, σ satisfies E@ Assume that @ is a reduction or-
dering for σ. Then, by Lemma 3.2 σ satisfies Id@E, hence it satisfies E∪ Id@E.

if σ satisfies E@, @ is a splitting relation for σ Assume that @ is not a splitting re-
lation for σ. Then there exits an instantiation variable u, and two splitting
sets S and T . Where uS ∈ varE and ubvarE and uSσ , uTσ but there is no
dual a∆b @ u such that a ∈ S , b ∈ T and a∆b @ u. However, if there is no
such dual then us ≈ uT ∈ Id@E.

�

Corollary 3.5. Let E be a coloured equation set, and @ a splitting relation. Then
@ is a splitting relation for some substitution satisfying E iff a splitting relation
satisfying E@ exists.

Proof.

if E is satisfiable under @, then there exists a splitting relation satisfying E@ Assume
that @ is a splitting relation for σ and that σ satisfies E. By Lemma 3.4 σ
satisfies E@.

if E@ is satisfiable then E is satisfiable under @: Assume thatσ satisfies E@. Lemma 3.4
tells us that @ is a splitting relation for σ.

�

Remark. The consequence of Corollary 3.5 is this. Given a splitting substitution,@,
we can determine if an equation set is satisfiable under @ by looking at E@. Be-
cause a substitution satisfying E@ can exist iff it satisfies E and have @ as a splitting
relation. Determining if a substitution exists is the problem tackled by traditional
unification theory.

Example 3.6. The closing condition of the derivation in example 2.3 on page 5
can be given as:

E = {Pu ≈6 Pa,Qv ≈5.12.15 Qb,Qv ≈5.13.15 Qc, Pv ≈5.12.16 Pb, Pv ≈5.13.16 Pc}
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We saw in that example that this is satisfied by a substitution splitting v on 12∆13.
Given:

{(u6, u), (v5.12.15, v), (v5.13.15,w), (v5.12.16, x), (v5.13.16, y)} ⊂

We get:

E{v@12∆13} = {Pu ≈ Pa,Qv ≈ Qb,Qw ≈ Qc, Px ≈ Pb, Py ≈ Pc, v ≈ x,w ≈ y}

Which is satisfied by {u/a, v/b,w/c, x/b, y/c}.

4 Unification theory
Traditional unification, can fail for two reasons. Either via a symbol clash, where
one attempt to unify two function symbols that differ, or by occurs check fail-
ure, where one attempts to unify a term with a proper subterm of itself. Pxx ≈
P f (a) f (b) would fail for the first reason, while Px ≈ P f x would fail due to the
second.

We will use unification closure as presented by Baader and Snyder in [7], not-
ing that they trace the theory to Huet’s thèse d’État [10]. The unification approach
is driven by tracking equivalence classes on terms, where each class corresponds
to terms that are unified. Unification closure the works by a series of union and
find calls to a set of equivalence classes. As such Fredman and Saks results in [9]
on union find algortihms bounds it’s complexity to Ω(nα(n)), where α(n) is the
functional inverse of the Ackermann function. While linear algorithms exists[11]
the Ackermann function grows fast enough that the cost from being worse than
linear in this case is negligible. More importantly for the purpose of this thesis
is the fact that the satisfiability conditions for unification closure are elegant and
easy to handle.

Definition 4.1. A term relation,�, is an equivalence relation on terms. It is homo-
geneous if f (. . .) � g(. . .) implies that f = g. It is acyclic if no term is in the same
class as a proper subterm of itself.

Definition 4.2. A term relation is an unification relation if it is homogeneous,
acyclic and satisfy f (s1, . . . , sn) � f (t1, . . . , tn) imply si � ti for any integer i ≤ n.

Definition 4.3. A subterm closure for a term relation is the least extension such
that f (s1, . . . , sn) � f (t1, . . . , tn) imply si � ti for any integer i ≤ n.

Remark. Baader and Snyder uses the name unification closure for this operation,
but leaves it defined only when such an extension is in fact an unification relation.
Since we within the context of variable splitting will want to examine this closure
when the existence of an unification relation might depend on choice of splitting
relation we will use a definition that applies even when unification is impossible.
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xf ( a )

a

y f ( z )

z

(a) Term relation

xf ( a )

a

y f ( z )

z

(b) Unification closure

Figure 4: {x ≈ f a, x ≈ y, y ≈ f z}

xf ( a )

a

y f ( z )

z b

Figure 5: Subterm closure for {x ≈ f a, x ≈ y, y ≈ f z, z ≈ b}

It can be proven that those term relations for which the subterm closure is an
unification relation is precisely those term relations that correspond to a satisfiable
equation set. Such a proof is given in [7].

Example 4.4. E = {x ≈ f a, x ≈ y, y ≈ f z} is satisfied by {x/ f a, y/ f a, z/a}. The
term relation corresponding to this equation set is shown in in Figure 4a. In this
figure the terms are represented by their term dags, shown as arrows, and the term
relation by double lined edges. The unification closure is shown in Figure 4b.
Note that, since f z and f a belong to the same class, z and a belong to the same
class. If we extend E with z ≈ b we get the unsatisfiable equation set {x ≈ f a, x ≈
y, y ≈ f z z ≈ b}, the subterm closure is shown in Figure 5. Note that a is in the
same equivalence class as b so the term relation is not homogeneous, and thus not
an unification relation.

An algorithm based on unification closure is presented in [7]. The algorithm
unifies two terms f (s1, . . . , sn) and g(t1, . . . , sn) by increasing the term relation
with f (s1, . . . , sn) � g(t1, . . . , sn), and then recursively unifying each of the sub-
terms.

In order to detect symbol crashes the union function, in addition to tracking
class representatives also assigns to each representative a schema term. This term
is chosen from the members of the class in such a way that it is a variable only if all
members of the class is variables. Symbol clashes is then prevented by comparing
schema terms. We will use unification closure as presented by Baader and Snyder
as our algorithm for unification for uncolored equations. We will assume that the
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algorithm, when presented with a colored variable, will treat this as an ordinary
variable, and further, that each distinct colored variable is treated as a distinct
variable.

5 NP-completeness
Definition 5.1. Given a critical-variable relation<l and coloured equation set E.
The coloured satisfiability problem is the following decision problem: Does there
exist a splitting substitution, admissible under<l , that satisfies E.

The coloured satisfiability is at the heart of the splitting method in the same
sense that the unification decision problem is at the heart of the regular tableau
method. I.e. in a regular tableau approach the tableau is a proof if there exists a
satisfiable equation set E that represents at least one connection in every branch
of the tableau. In variable splitting we additionally require that the substitution
solving E have an admissible splitting relation, and we thus arrive at the coloured
satisfiability problem as defined here.

As we will see the fact that the coloured satisfiability is in NP comes as a
simple consequence of the results in Section 3. NP hardness will be shown by
presenting a PTime transformation from satisfiability of propositional formulae in
negation normal form.

To arrive at this transformation we will use established unification theory to-
gether with the results from section 6.4.1 to formulate conditions that are sufficient
and necessary in order for a coloured equation set to be satisfiable under a given
critical variable relation. We will see that these conditions imply that a transfor-
mation from propositional logic is possible by letting the equation set code for
conjunction and disjunctions and let the critical variable relation code negation of
atoms.

5.1 NNF
Definition 5.2. A signed atom is an atom together with a polarity > or ⊥. The
negation of a signed atom is the signed atom of opposite polarity: ¬a> = a⊥ and
¬a⊥ = a>.

Definition 5.3. A propositional logic formula is in negation normal form if it is a
proposition logical formulae composed exlusivly from ∨,∧, and signed atoms.

The important thing to note from this definition of NNF is that ¬ relates dif-
ferent signed atoms, it is not a symbol that occurs in our formula.
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5.2 Complexity analysis
Lemma 5.4. The coloured satisfiability problem is in NP.

Proof. A splitting relation,@, can be generated in polynomial time. E.g. by for
each element in γ × β non deterministically choosing whether or not this element
is a member of @. Having a splitting relation we can generate an identity set in
polynomial time. This holds because the identity set is in the worst case quadratic
in the size of the equation set, and each element in it can be generated by direct
inspection of the splitting relation and the equation set. By Lemma 3.5 we know
that we now have enough information to test whether there exists a splitting rela-
tion satisfying the equation set and having @ as a splitting relation. It remains to
be tested whether @ is admissible, but this is a cycle checking operation and can
be done in linear time. �

To prove NP-hardness we will transform formulae in NNF into coloured equa-
tions. To do this we need to be able to code disjunction, conjunction and negation
of atoms. Further we need this coding to not suffer from interference, i.e. the way
we code a subformula should not prevent us from coding other subformulae that
are part of the original formulae.

In example 4.4 we looked at {x ≈ f a, x ≈ y, y ≈ f z z ≈ b} which fails because
it would need to unify a with b. The similar coloured equation set {x ≈1 f a, x ≈23

y, y ≈245 f z, z ≈246 b} with {1∆2, 3∆4, 5∆6} ⊆ β is interesting because it represents
a disjunction. This because in order to satisfy it we need to satisfy at least one of:
1∆2 @ x, 3∆4 @ y, or 5∆6 @ z.

To see this we will note that the coloured variables involved are x1, x23, y23, y245, z245

and z246. This tells us that candidates for splitting are x, on 1∆2, y, on 3∆4 and z,
on 5∆6. Let us first consider not splitting any variable. Lemma 3.5 tells us that an
equation E is satisfiable without splitting any variable only if E∅ is satisfiable.

In this case we get:

{x ≈1 f a, x ≈23 y, y ≈245 f z, z ≈246 b}∅

= {x ≈1 f a, x ≈23 y, y ≈245 f z, z ≈246 b, x1 ≈ x23, y23 ≈ y245, z245 ≈ z246}

The term relation for the latter is shown in Figure 6, as in example 4.4 we would
have to attempt unification closure. And this would fail, in this case because f a
is in the same class as f z245 meaning that a would need to be in the same class as
z245. But z245 is already in the same class as b.

Things get more interesting when we start to consider splitting. Some of
the edges representing the term relation arise directly from the equation set, and
clearly nothing can be done about those. However some edges arise from the iden-
tity set, and we may remove these by increasing the splitting relation. Labelling
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x1f ( a )

a

x23 y23 y245 f ( z245 )

z245z246b

Figure 6: Term relation for {x ≈1 f a, x ≈23 y, y ≈245 f z, z ≈246 b}∅

x1f ( a )

a

x23x1 ≈ x23

y23 y245
y23 ≈ y245

f ( z245 )

z245z246
z245 ≈ y246

b

Figure 7: Figure 6 with edges from Id∅E labelled.

the edges that stem from the identity set with the specific equation that created
the edge yields Figure 7. If we accept what we can not change and combine the
equivalence classes that we know must be combined we can draw this as Figure 8.

We note that if x1 ≈ x23 or y23 ≈ y245 is removed then f a will no longer be in
the same class as f z245, while if z245 ≈ y246 is removed then z245 will no longer be
in the same class as b. Any of these removals will suffice to prevent the conflict,
and we see that the only dual between 1 and 23 is 1∆2, the only dual between 23
and 245 is 3∆4 and finally the only dual between 245 and 246 is 5∆6.

We can conclude that to satisfy {x ≈1 f a, x ≈23 y, y ≈245 f z, z ≈246 b} one must
satisfy the disjunction: 1∆2 @ x, or 3∆4 @ y, or 5∆6 @ z.

To consider a conjunction we can look at {x1 ≈ a, x23 ≈ b, y23 ≈ a, y25 ≈ b}.
The term relation is shown in Figure 9a and if we collapse equivalence classes
that are fixed due to the equation set we get Figure 9b. We see that in order to
satisfy {x1 ≈ a, x23 ≈ b, y23 ≈ a, y25 ≈ b} we need to get rid of both x1 ≈ x23 and
y23 ≈ y24. This means that we need both 1∆2 @ x and 3∆4 @ y, and hence this is a
conjunction.

In general, if E is our equation set at least one edge needs to be removed

f ( a )

a

x23x1 ≈ x23

f ( z245 )
y23 ≈ y245

z245b
z245 ≈ y246

Figure 8: Removing the edges in E.
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a

x1 x23x1 ≈ x23

y23 y24y23 ≈ y24

b

(a) Term relation

a b

x1 ≈ x23

y23 ≈ y24

(b) Collapsing fixed classes

Figure 9: {x1 ≈ a, x23 ≈ b, y23 ≈ a, y24 ≈ b}∅

from every chain of edges between conflicting terms in the term relation for E∅.
This means that every such chain is a disjunction, and the set of such chains is a
conjunction of these.

But we are not limited to CNF; consider {u1 ≈ a, u2 ≈ v3, v4 ≈ x7, u2 ≈

w5,w6 ≈ x7, x8 ≈ b}. The term relation for this is show in Figure 10a. From this
figure it’s easy to see the statement 1∆2 @ u ∨ (3∆4 @ v ∧ 5∆6 @ w) ∨ 7∆8 @ x.

In addition, we need a way to incorporate negation. Since we are operating
in negation normal form, this means that we need to incorporate negated atoms.
As the reader might have guessed we will translate signed atoms into specific ele-
ments of our splitting sets. To handle their negation we need to incorporate the law
of contradiction. I.e. we need to ensure that we are unable to satisfy our equation
set by including in our splitting set elements that correspond to complementary
signed atoms. To do this we will treat each signed atom as distinct when forming
our equation set, but use the critical variable relation to ensure that it’s inadmissi-
ble to satisfy a complementary pair. That is, for any atom a, if a codes for 1∆2 @ u
and ¬a codes for 3∆4 @ v then we will have u<l3∆4 and v<l1∆2. This means that
if we both have 1∆2 @ u and 3∆4 @ v we will have a cyclic reduction ordering
and the splitting relation will be inadmissible.

What remains is to ensure non-interference. A bit of subtlety is needed, con-
sider the formulae (a ∨ b) ∧ (a ∨ c) ∧ (b ∨ c) ∧ (a ∨ d). We will let our atoms
correspond to elements of our splitting set according to this table

a 1∆2 @ u b 3∆4 @ v
c 5∆6 @ w d 7∆8 @ x
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u1a u2u1 ≈ u2

v3 v4v3 ≈ v4

w5 w6w5 ≈ w6

x8 x9x8 ≈ x9
b

(a) Term relation

a u2u1 ≈ u2
x8

w5 ≈ w6

v3 ≈ v4

bx8 ≈ x9

(b) Collapsing fixed classes.

Figure 10: {u1 ≈ a, u2 ≈ v3, v4 ≈ x7, u2 ≈ w5,w6 ≈ x7, x8 ≈ b}∅

The naive approach would then encode a ∨ b as {a ≈ u1, u2 ≈ v3, v4 ≈ b}, pro-
ceeding we would have to choose how to encode a ∨ c. Either as {a ≈ u1, u2 ≈

w5,w6 ≈ b}, but this makes it impossible to continue with b ∨ c. Or we could try
{a ≈ u1, u2 ≈ w5,w6 ≈ c}, giving b ∨ c for free, but this would mean that any
similar approach to code a ∨ d would entail either b ∨ d or c ∨ d.

The reason why this difficulty arises is that the equation that we get rid of
by splitting ties together specific equivalence classes. And this means that using
the same specific elements of the splitting set in each clause ties the chains of
the differing clauses together. This problem is illustrated in Figure 11; if a ties
1 together with meeting point in order to create a conflict when b ties meeting
together with 2. We would need to let c tie 3 and meeting point in order to create
a conflict between 1 and 3. The same goes for d for creating conflict between 1
and 4. At this point there is either no conflict between 2 and 3, or there is conflict
between 2 and 4 or between 3 and 4.

We could get around this by using subterms. E.g. we could encode (a∨b)∧(a∨
c)∧(b∨c)∧(a∨d) with {u1 ≈ f aaa, u2 ≈ f v4w6x8, v3 ≈ b,w6 ≈ c, x8 ≈ d, v4 ≈ z5}.
However we will not do so, instead we will use the fact that we are not bound to
conjunctive normal form to ensure that each distinct signed atom occurs at most
once. This will be done by replacing each atom in the original formula with a set
of atoms.

Lemma 5.5. Let Γ be a NNF formula. Let a be a signed atom occurring in Γ

and b a signed atom not occurring in Γ. Obtain Γ′ by replacing every negated
occurrence ¬a by ¬a ∧ ¬b and every non negated occurrence of a by an element
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1

meeting point

a

2
b

3

c

4
d

Figure 11: The problem with the naive approach.

arbitrary chosen from {a, b}. The Γ is satisfiable iff Γ′ is satisfiable.

Proof. Assume that the valuation v satisfies Γ. Let v′ be a valuation having v′(b) =

v(a) and agreeing with v on all other atoms. If v satisfies a, v′ satisfies both a and
b. Further, if v satisfies ¬a, v′ satisfies both ¬a and ¬b, it follows that v′ satisfies
¬a ∧ ¬b. We can conclude that v′ satisfies Γ′

Assume that the valuation v′ satisfies Γ′. Let v be a valuation having v(a) =

v′(a ∨ b) and agreeing with v′ on all other atoms. If v′ satisfies either a or b we
have that v satisfies a. Further, if v′ satisfies ¬a ∧ ¬b then v satisfies ¬a. We get
that v satisfies Γ. �

Definition 5.6. A formula is in restricted NNF if it is in NNF and no signed atom
occurs twice.

Theorem 5.7. The satisfiability problem for formulae in restricted NNF is NP-
hard.

Proof. We will prove this by transformation of general formulae in NNF. Lemma 5.5
tells us that if an signed atom occurs more than once satisfiability is maintained
if we substitute one of those occurrences with a new atom. This provided every
occurrence of the negation of the original atom is replaced with a conjunction of
the original atom with the new atom.

Assume that an atom, a, occurs m times with polarity> and n times with polar-
ity ⊥. Then use Lemma 5.5 m times to for every occurrence of atop if this is the ith
occurrence, replace atop with atop

i . This means that we now have 1 occurrence of
a>i for each 0 < i ≤ m, and n occurrences of

∧
a⊥i . If we do this for each positive

atom we will have a formula where no positive atoms occurs twice. In addition, if
the formula have a negative atom occurring more than once it is because that neg-
ative atom corresponds with a negative atom that occurred more than once before
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the transformation. The latter point means that when we next apply Lemma 5.5 to
the negative atoms we will get a formula with no signed atoms occurring twice.

Let s be the size of the original formula. The number of operations to Lemma 5.5
to replace a specific occurrence of a with ai is in O(m), where m is the length of
the formulae. It will also increase the length of the formulae by a number of new
signed atoms bounded by O(s). We do this for p positive atoms and p ∗ n negative
atoms, where p is the number of positive atom occurrences in the original formula
and n the number of negative atom occurrences. Hence the entire operation is in
O(s4), where s is the size of the original formula.1 �

Example 5.8. We will transform the formula:

(a ∨ b) ∧ (a ∨ c) ∧ (a ∨ d) ∧ (¬a ∨ ¬b) ∧ (¬a ∨ ¬c)

this first becomes:

((a ∧ a1) ∨ b) ∧ ((a ∧ a1) ∨ c) ∧ ((a ∧ a1) ∨ d) ∧ (¬a ∨ ¬b) ∧ (¬a1 ∨ ¬c)

and then:

((a∧a1)∨b)∧((a2∧a12)∨c)∧((a3∧a13)∨d)∧((¬a∧¬a2∧a3)∨¬b)∧((¬a1∧¬a12∧a13)∨¬c)

It’s illustrative to look at the matrix representation of these formulae.

a a a a a

b c d b c
With connections marked;

a a a a a

b c d b c

The connections only spans 29 of the 32 paths, so the formula is satisfiable. The
first transformation was into:

a a1 a a1 a a1 a a1

b c d b c

[ ] [ ] [ ]

And then into:
1This is all that is proven. Tighter bounds exists.
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a a1 a2 a12 a3 a13 a a2 a3 a1 a12 a13

b c d b c

[ ] [ ]  
   

We see that after each transformation the connections span 29 of 32 paths. The
thing to note is that the transformation maintains the paths in the matrix, and that
the connections is maintained in relation to these paths.

5.2.1 The transformation

Remark. In [2] variable splitting is tied strongly to a derivation. For example his
definition of a colored variable is a variable together with a branch name from
the derivation. When we create a transformation from NNF into colored equation
sets we do so without having any tablaux in the bottom. This entails a degree
of notational abuse. We will briefly consider implication for tablaux closure in
Section 5.3

We now have all the ingredients of our transformation, in that we can code
conjunctions, disjunctions and negated atoms. We have shown that we can trans-
form formulae in NNF into other formulae in NNF having the additional property
that no signed atom occurs twice. As we will see when we prove that our transfor-
mation retains satisfiability, this property is sufficient to ensure that the different
part of our transformation does not interfere with each other. In this section, we
will bring the different elements together to describe the transformation.

Definition 5.9. Let F be the formula to transform. To each signed atom, a in F
we will associate a instantiation variable ua, and a β-node βa = β1,a 4 β2,a. Such
that if xa = xb or β1,a 4 β2,a = β1,b 4 β2,b then a = b. Then let x be critical in 3∆4,
but not in any other β formula. Likewise let y be critical in 1 4 2, but not in any
other β formula.

Definition 5.10. For each signed atom a let ua<lβb iff b = ¬a.

Definition 5.11. The statement that a splitting relation @ chooses a means βa @ ua.

Remark. At this point we have tied every signed atom to an instantiation variable
and a β node. Further this is done such that a splitting relation is cyclic iff both an
atom and it’s negation is chosen.
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Let f and g be different nullary function symbols. Let there be a set X,Y,Z . . .
of instantiation variables critical in every β, we will call these variables rigid.

Remark. The function symbols above will set up the conflict that could cause uni-
fication to fail, while the rigid variables will act as a ”glue” to tie the subformulae
together.

The remainder of our transformation will be given as a rewrite system operat-
ing on tuples of 2 terms and a formula, 〈s, F, e〉, where our aim is to end up with an
equation set that ties the term s to the term e unless the formula F is satisfied. I as-
sert that the rewrite system is confluent and terminates in a coloured equation set.
We will see the tuple 〈s, F, e〉 as the equation set that the rewrite system produces
from it.

Definition 5.12. Given a formula in NNF with no signed atom occurring twice.
Let each atom be tied according to Definition 5.9. Our transformation is then
given by the following rewrite system.

〈s, a, e〉{{s ≈β1,a x}, e ≈β2,a x}
〈s, A ∧ B, e〉{〈s, A, e〉 ∪ 〈s, B, e〉
〈s, B ∨ A, e〉{〈s, A, X〉 ∪ 〈X, B, e〉

Where the symbols are defined as follows:
s, e a nullary function symbol or a rigid variable.
a signed atom
A, B restricted NNF formulae
X a fresh rigid variable

Example 5.13. A simple example is a ∧ ¬a. This is not satisfiable. We will
associate a with u and 1 4 2 and ¬a with v and 3 4 4. We have u<l3 4 4 and
v<l5 4 6

The transformation will go:

〈 f , a ∧ ¬a, g〉
{〈 f , a, g〉 ∪ 〈 f ,¬a, g〉
{{ f ≈1 u, g ≈2 v} ∪ 〈 f ,¬a, g〉
{{ f ≈1 u, g ≈2 u, f ≈3 v, g ≈4 v}

To satisfy { f ≈1 u, g ≈2 u, f ≈1 v, g ≈1 v} we would need u1σ , u2σ and
v3σ , v4. But then we would need 1 4 2 @ u and 3 4 4 @ v. However that would
set up 1 4 2 @ u<l3 4 4 @ v<l1 4 2, showing that the formula is unsatisfiable.

Example 5.14. Another unsatisfiable formula is a ∧ (a → b) ∧ ¬b. In NNF this
becomes a∧ (¬a∨ b)∧¬b. To transform this into a coloured equation we will tie
atoms to instantiation variables and β formulae according to:
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atom β variable <l
a 1 4 2 u u<l3 4 4
¬a 3 4 4 v v<l1 4 2
b 5 4 6 x x<l7 4 8
¬b 7 4 8 y y<l5 4 6

We will also need one rigid variable,w. The transformation will then go

〈 f , a ∧ (¬a ∨ b) ∧ ¬b, g〉
{〈 f , a, g〉 ∪ 〈 f , (¬a ∨ b) ∧ ¬b, g〉
{{ f ≈1 u, g ≈2 u} ∪ 〈 f , (¬a ∨ b) ∧ ¬b, g〉
{{ f ≈1 u, g ≈2 u} ∪ 〈 f ,¬a ∨ b, g〉 ∪ 〈 f ,¬b, g〉
{{ f ≈1 u, g ≈2 u} ∪ 〈 f ,¬a,w〉 ∪ 〈w, b, g〉 ∪ 〈 f ,¬b, g〉
{{ f ≈1 u, g ≈2 u, f ≈3 v,w ≈4 v} ∪ 〈w, b, g〉 ∪ 〈 f ,¬b, g〉
{{ f ≈1 u, g ≈2 u, f ≈3 v,w ≈4 v,w ≈5 x, x ≈6 g} ∪ 〈 f ,¬b, g〉
{{ f ≈1 u, g ≈2 u, f ≈3 v,w ≈4 v,w ≈5 x, x ≈6 g, f ≈7 y, g ≈8 y}

However this is not satisfiable. We can see this by noting that unless 1 4 2 @ u,
{ f ≈1 u, g ≈2 u} is unsatisfiable. In the same way we need to have 748 @ y in order
to satisfy { f ≈7 y, g ≈8}. Finally in order to satisfy { f ≈3 v,w ≈4 v,w ≈5 x, x ≈6 g}
we need v3 to be different from v4 or w4 to be different from w5 or x6 to be different
from x7. w is critical in every β so we can not split it. 3 4 4 @ v creates a cycle
when we also have 1 4 2 @ u. And 5 4 6 @ x together with 7 4 8 @ y also creates
a cycle. The equation set is thus not satisfiable in an admissible way.

To see how this transformation works let us look at the matrix characterization
of a ∧ (¬a ∨ b) ∧ ¬b:

a
a
b

b

  There are two paths: a
a
b

b
[ ]

This is then transformed into the following term relation:

w

f

v3 ≈ v4

g

x5 ≈ x6

u1 ≈ u2 y7 ≈ y8

Provided that the three nodes in the above graph are atomic and separate there are
two cuts through that graph that separate f from g;
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w

f

v3 ≈ v4

g

x5 ≈ x6

u1 ≈ u2 y7 ≈ y8

We see that there is a direct correspondence between the cuts of this graph and
the paths in the matrix. We will use this when proving that the transformation
retains satisfiability. By showing that any satisfiable cut in the resulting term
relation separating f from g correspond to a satisfiable path in the complete matrix
over F, we show that any satisfiable equation set stems from a satisfiable formula.

We will first define a helpful operator on sets of sets, the point wise union.

Definition 5.15. Given two sets of sets A and B, the point wise union of those set,
∪, is the set of sets given by A∪B = {a ∪ b|a ∈ A, b ∈ B}

Definition 5.16. For a formula F the set of paths through a matrix over F is
denoted path(F). path(F) is given by:

path(F) =


{{a}} F = a, a is a signed atom.
path(A) ∪ path(B) F = A ∨ B
path(A)∪path(B) F = A ∧ B

Remark. Properly the sets above should be multisets. However, since we are
working with propositional logic this does not make any difference. In addition
we operate on sets that have at most one of each signed atom, as such there would
be no elements in the multiset with a multiplicity above 1.

Remark. The next three lemmas is me reinventing the wheel. Matrices and their
proof conditions are well studied, see for example [8]. However, matrices are
studied as a method of proof search, and as such most papers have a wider focus
than the strong focus on conditions for satisfiability that I am after. In addition
Lemma 5.20, which in informal terms states that the paths of a matrix are the
different ways a formula can be satisfied, is proven in a way that closely match the
way we will prove that the paths of a matrix also correspond to different ways that
the result of our equation can be solved. That said, a reader familiar with matrix
characterisation of proofs might wish to skip to Definition 5.22 on page 26.

Definition 5.17. If a is an unsigned atom, then a> and a⊥ is a complementary
pair.
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Definition 5.18. A valuation satisfies a path if it satisfies all elements of the path.

Lemma 5.19. A path is satisfiable iff it does not contain a complementary pair.

Proof. By definition, a valuation satisfies a a⊥ iff it does not satisfy a>. Hence
it is impossible for a valuation to satisfy a path containing a complementary pair.
If a path does not contain a complementary pair a valuation can be constructed
satisfying a> iff a> is on the path. This valuation will satisfy the path. �

Lemma 5.20. Let F be a formula in NNF. Then a valuation satisfies F iff it satis-
fies a member of path(F).

Proof. By structural induction.

Base case: F is atomic. Then F is equal to a signed atom a and is satisfied by a
valuation satisfying a. However, {a} is the only element of path(a).

Inductive step 1: disjunction F = A ∨ B. A valuation satisfies F iff it satisfies
either A or B. By the inductive hypothesis it satisfies A iff it satisfies a path
member of path(A), but then it also satisfies a member of path(A)∪path(B) =

path(F). Similar if it satisfies B.

If it fails to satisfy either A or B it can not satisfy a member of path(A) or
a member of path(B). But then it can not satisfy a member of path(A) ∪
path(B) = path(F).

Inductive step 2: conjunction F = A ∧ B. A valuation satisfies F iff it satisfies
both A and B. By the inductive hypothesis it satisfies A if it satisfies a
member of path(A), and it satisfies B if it satisfies a member of path(B).
Hence if it satisfies both A and B it satisfies both a path through A and a path
through B. But that means that it satisfies a member of path(A)∪path(B),
and hence that it satisfies a member of path(F).

If the valuation does not satisfy a member of path(A) then by inductive
hypothesis it does not satisfy A, and hence it does not satisfy F. Similar if
it fails to satisfy a member of path(B).

�

Lemma 5.21. A formula is satisfiable iff at least one path through it contains no
complementary pairs.

Proof. By Lemma 5.20 a valuation satisfies the formula iff it satisfies a path
through it. By Lemma 5.19 a path is satisfiable iff it contains no complementary
pair. Hence a valuation satisfying the formula exist iff there exist a path through
it with no complementary pairs. �
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We now have a concrete set of conditions under which our formula is satisfi-
able. Let us move on to the result of our transformation.

Definition 5.22. A splitting relation satisfies a path if it chooses every signed atom
in the path.

Lemma 5.23. Let p be a path where it’s atoms are tied according to Definition 5.9.
An admissible splitting relation satisfying p exists iff p contains no complementary
pairs.

Proof. Let @ be the smallest splitting relation satisfying the path.
Assume that the path contains a complementary pair. Let a> and a⊥ be one

such pair. Let a> be tied to x and 1 4 2 while a⊥ is tied to y and 3 4 4. According
to Definition 5.9 we also have x<l3 4 4 and y<l1 4 2. Since @ satisfies the path it
selects both a> and a⊥ so we get 1 4 2 @ x and 3 4 4 @ y, but this means that the
induced reduction order is cyclic.

Assume the path contains no complementary pairs. Then, since @ is the small-
est satisfying the path, if it splits a variable x on 1 4 2 it will not split any variable
critical in 1 4 2. Hence the induced reduction order will be acyclic. �

Lemma 5.24. Let Γ be the result of transforming 〈S , F, E〉 according to the trans-
formation described in Definition 5.12. Let @ be a splitting relation splitting no
rigid variable. Then S and E are in separate equivalence classes in the term
relation for Γ@ iff @ satisfies a path in path(F).

Proof. Assume that @ splits no rigid variable. Note that the transformation as
defined imply that S and E are either ground terms or rigid variables. The proof
proceeds by structural induction over NNF formulae

Base case F is atomic.
Then F is equal to a signed atom a. We get Γ = {S ≈β1,a ua, E ≈β2,a x}. βa

is the only candiate for splitting, so S and E are in different classes in the
term relation for Γ@ iff @ chooses a or @ splits either S or E. If @ chooses a
then it satisfies {a} and if it splits S or E it would split a rigid variable.

Inductive hypothesis Lemma 5.24 holds for each subformula of a given formula.

Inductive step 1: disjunction F = A ∨ B.

Γ = 〈S , A, X〉 ∪ 〈X, B, E〉

E does not occur in 〈S , A, X〉, so in order for S and E to be in the same class
in Γ@ it would have to be via a link provided by 〈X, B, E〉. However S does
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not occur in 〈X, B, E〉, so this link must go via another element in 〈s, A, X〉.
The terms in 〈S , A, X〉 are S , X, other rigid variables, and other variables tied
to specific signed atoms. S does not occur in 〈X, B, E〉 so this can not be the
link. Since every rigid variable is fresh when introduces X is the only rigid
variable that occurs in both 〈S , A, X〉 and 〈X, B, E〉, so no other rigid variable
can provide the link. A and B does not share any signed atoms because no
signed atom occurs twice, therefore 〈S , A, X〉 shares no tied variable with
〈X, B, E〉. We are left with X, which does occur in 〈X, B, E〉, so if S and E
is in the same class it’s due to a link that goes via X.

Assume that @ satisfies a member of path(A). Then the inductive hypotheses
tells us that S and X are in separate classes in the term relation for 〈S , A, X〉@.
Hence S and X will be in separate classes in Γ@ unless 〈X, B, E〉 introduces
a link between S and X. However X is the only term occurring in both
〈S , A, X〉 and 〈X, B, E〉, so such a link can not exist. Therefore S and E is
in separate classes in Γ@. The case when @ satisfies a member of path(B) is
similar. It follows that if @ satisfies a member of path(A ∨ B) = path(A) ∪
path(B) we get that S and E are in different classes in Γ@.

Assume that @ does not satisfy a member of path(A∨B) = path(A)∪path(B).
Then the inductive hypothesis tells us that S and X are in the same class in
〈S , A, X〉 and that X and E is in the same class in 〈X, B, E〉. It follows that S
and E is in the same class in Γ@.

Inductive step 2: conjunction F = A ∧ B.

Γ = 〈S , A, E〉 ∪ 〈S , B, E〉

Assume that @ fails to satisfy any member of path(A). The inductive hy-
pothesis tells us that 〈s, A, E〉@ puts S and E in the same class. Hence any
equation set that is bigger than this must also put S and E in the same class.
Specifically will Γ@ puts S and E in the same class. The argument when @
fails to satisfy any member of path(B) is similar.

Assume that @ satisfy a member of path(F), by the construction of path it
satisfies a member of path(A) and a member of path(B). By the inductive
hypothesis S and E are in separate classes in both 〈S , A, E〉 and 〈S , B, E〉.
So, in order for S and E to be in the same class in 〈S , A, E〉 ∪ 〈S , B, E〉 it
would have to be because there was a link via some other term. However,
〈S , A, E〉 and 〈S , B, E〉 share no term except S and E. Hence if @ satisfies a
member of path(F), S and E will be in different classes in Γ@.

�
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Lemma 5.25. Let F be a formulae in restricted NNF. Let f and g be conflicting
nullary function symbols. Let Γ be the equation set resulting from transforming
〈 f , F, g〉 according to Definition 5.12. Then Γ is satisfiable iff at least one path
through F contains no complementary pair.

Proof. The transformation introduces no new function symbols and neither f nor
g have subterms. So occurs check failure will not happen, and the only possible
conflict is a direct conflict between f and g. Hence unification is possible iff f
and g are in different classes of the term relation. Lemma 5.24 tells us that for a
splitting relation,@ to separate f and g it must either split a rigid variable or satisfy
a path through F. And that if @ satisfies a path through F and does not split a rigid
variable it separates f and g.

A rigid variable is critical in every β, hence any splitting relation splitting a
rigid variable is inadmissible. It follows then that for a splitting relation to satisfy
Γ it must not split any rigid variables and it must satisfy at least one path through
F.

Lemma 5.23 tells us that an admissible splitting relation satisfying a given
path exists iff the path contains no complementary pair. �

Lemma 5.26. If F is a formula in NNF containing no duplicated signed atoms
and Γ is an equation set equal to 〈 f , F, g〉. Then Γ is satisfiable iff F is satisfiable.

Proof. By Lemma 5.21 F is satisfiable iff at least one path through F contains no
complementary pair.

By Lemma 5.25 Γ is satisfiable iff at least one path through F contains no
complementary pair. �

Lemma 5.27. If random access can be carried out in constant time. Let wF be
the time to needed to perform the transformation of 〈S , F, E〉 as described in Def-
inition 5.12. Then, wF is bounded in time by k ∗ (nF), where nF is the number of
connectives or signed atoms in F, and k is a constant.

Proof. By structural induction

Base case F is atomic. A constant amount of work needs be carried out.

Inductive hypothesis wA is bounded by knA for any subterm A.

Non atomic F = A ◦ B where ◦ is either ∨ or ∧. The transformation will create
〈S A, A, EA〉 ∪ 〈S B, B, EB〉. Where S A = S and EB = E. And, if ◦ = ∧,
EA = E and S B = S . Otherwise ◦ = ∧ and EA = S B = X.

Creating this intermediate step involves a constant amount of work. Reduc-
tion of 〈S A, A, EA〉 is independent of 〈S B, B, EB〉. Hence the amount of work

28



needed to reduce 〈S , F, E〉 is

wF = wA + wB + C

In addition nD = nA + nB + 1. We want:

k ∗ (nA + nB + 1) ≥ wA + wB + C

The inductive hypothesis tells us:

wA ≤ kna

and
wB ≤ knB

This gives:
wA + wB + C ≤ knA + knB + C

So it suffice if
knA + knB + k ≥ knA + knB + C

But that is satisfied if k < C. And we are free to choose k.

�

Corollary 5.28. The transformation from Definition 5.12 can be carried out in
polynomial time.

Proof. By Lemma 5.27 the transformation can be carried out in linear time pro-
vided that random access is possible in constant time. In general that is not possi-
ble, but access time only causes an increase by a polynomial factor, so the trans-
formation is in PTime even when random access is not possible. �

Corollary 5.29. The coloured satisfiability problem is NP-hard.

Proof. By Lemma 5.26 a formula in NNF can be transformed into a problem
of coloured satisfiability according to Definition 5.12 and maintain satisfiability
provided no signed atom occurs more than once. However Lemma 5.5 tells us that
a NNF formula can be transformed into an equisatisfiable formula satisfying this
condition. In addition Corollary 5.28 tells us that this can be done in polynomial
time. Since NNF is NP-hard it follows that the coloured satisfiability problem is
NP-hard. �

Theorem 5.30. The coloured satisfiability problem is NP-complete.

Proof. By Corollary 5.29 it is NP-hard. And by Lemma 5.4 it is NP. Hence it is
complete for the complexity class NP. �
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5.3 Tableaux closure
We have now seen that the coloured satisfiability problem is NP-complete. How-
ever the language of coloured equations include equations that can never be gen-
erated from a tableau. E.g. {x1 ≈ a, x2 ≈ b, y3 ≈ c}, the problem here is that x1 ≈ a
must be generated in branch 1, while x2 ≈ b must be generated in branch 2. This
means that there is no branch 3 to generate y3 ≈ c.

To ensure that Theorem 5.30 holds even if we restrict us to those equation
sets that can be generated in a tableau it suffices to show that the transformation
described in Definition 5.12 can produce equation sets that can be generated by a
tableau.

This section is intended as a sketch of a how such tableaux can be constructed.
Observe that every equation generated by the transformation is monochrome.

The transformation as described can clearly not create an equation set because
the splitting sets introduced are to small. However, note that the only feature of
the splitting set that we use in the proof is that there only ever be one potential
dual. This gives us some flexibility, since the we could use splitting sets that are
bigger than those introduced by the transformation, as long as we take care not to
introduce any new dual.

This gives us some flexibility. I assert that we can use this to ensure that our
branch names correspond to the branches in a tableau. Specifically I assert that we
can make the branch names correspond to the branches in a severely unbalanced
tableau. Here I mean by severely unbalanced that at every β expansion only one
of the subtrees are further expanded. An example:

root

1
23

245

246

Formulae generating such unbalanced tableaux can be easily constructed by
chaining implications. I.e. ¬P0 ∧ (P1 → P0) ∧ . . . ∧ (Pn → Pn−1) ∧ Pn. We
can then distribute terms as subterms in order to create the equations we are after.
The tricky part is to do so in a way that creates the appropriate critical variable
relation. In order to do so we will use the freedom we have in that we are working
within liberalized variable splitting. We are aided by the fact that the variables in
our equation set is tied together via rigid variable. I.e. we never tie a non-rigid
variable directly to another non-rigid variable. So when creating our connections
we can place every non-rigid variable in the antecedents of our implications. Once
this is done we can create our critical variable relation by introducing superfluous
information into our formula.
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Example 5.31. In Example 5.14 we generated the equation set:

{ f ≈1 u, g ≈2 u, f ≈3 v,w ≈4 v,w ≈5 x, x ≈6 g, f ≈7 y, g ≈8 y}

Where w is rigid, u<l3 4 4, v<l1 4 2, x<l7 4 8, and y<l5 4 6.
We can expand the splittin sets so that we get:

{ f ≈14 u, g ≈2 u, f ≈136 v,w ≈14 v,w ≈1358 x, x ≈136 g, f ≈1357 y, g ≈1358 y}

Observe that there is no new duals introduced. We want a tableau with the
branches 2, 14, 136, 1358 and 1357.

This leads us to the following formula:

Γ = ∀u∀v∀w∀x∀y(¬P0u ∧ (P1uv ∨ Q1vw→ P0g ∧ Q2vw)
∧(P2vx ∨ Q3uw→ P1 f w ∧ Q4uw) ∧ (P3xy ∨ Q5yw→ P2 f g ∧ Q6yw)
∧(P4y ∨ Q7xw→ P3wg ∧ Q8xw) ∧ P4 f )

A tableau over the sequent Γ ` will then produce the wanted equation set
provided we start at the left end of the formula.

6 Identification by need

6.1 Introduction
In this section we introduce a specification for Id by need based on calculating
and committing to maximal splitting sets. To limit the scope of this thesis we will
produce these without regard to the equation sets.

The implementation presented here must be seen as naive for two reasons. The
simplest one is that by explicitly refusing to look at equation sets when generating
splitting set one generates several spurious solutions. More fundamental is the
problem inherent in the early commitment strategy that this implementation will
follow. Because we are choosing a splitting relation at early stages we have no way
of knowing if the choices made are helpful. This causes an exponential increase
in the number of partial solutions that must be considered. However, I believe
that the framework produced will be helpful for understanding other approaches
to variable splitting under incremental closure.

6.2 Problem formulation
We will extend incremental closure to variable splitting by Identifying by need. To
do so we will propose an algorithm for the merger that ensures that any subtree
passes all its partial solutions down in the tree. To ensure this from a perspective
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Example 6.1.
L145

Rw ` Pw
L146 :

Pw ` Rw
Rv ` Qv

L13 :
Qv ` Rv

Pu ` Qu

L235 :
Rw ` Pw

L236 :
Pw ` Rw

Qv ` Rv
L24 :

Rv ` Qv
Qu ` Pu

` (Pu →
1

Qu) ∧ (Qu →
2

Pu), (Qv →
3

Rv) ∧ (Rv →
4

Qv), (Rw →
5

Pw) ∧ (Pw →
6

Rw)

Figure 12: Id by need Example

local to the individual mergers it is sufficient to ensure that every partial solution
is passed on under the condition that each of the children passes this merger all of
their solutions. We will assume that this is achieved as long as each time a partial
solution is passed to the merger then the merger passes on every partial solution
that is generated by combining this solution with existing solutions from the other
child.

Unlike traditional incremental closure each combination of solutions can po-
tentially give rise to more than one partial solution. For this reason care must
be taken that to avoid duplicate solutions. We will not treat subsumption and as
a consequence we will only guarantee that duplication is avoided for solutions
produced by the same connections.

Note that, since we consider the splitting relation as part of the solution, so-
lutions that differ only in having different maximal splitting relations are seen as
separate solutions. This is necessary in order to generate these splitting relations
prior to consideration of the underlying equation sets.

Treating a solution as an equation set and a constraint on the splitting sets, the
leafs of the subtree shown in Figure 12are closed by:
L145 ({w ≈ u}, ∅)
L146 ({w ≈ v}, ∅)
L13 ({v ≈ u}, ∅)
L235 ({w ≈ v}, ∅)
L236 ({w ≈ u}, ∅)
L24 ({v ≈ u}, ∅)

Merging L145 and L146 gives the solution ({w5 ≈ u5,w6 ≈ v6}, ∅).
When we further merge with L13, a total splitting relation would produce C

from fig 13. This reduction ordering is cyclic and is thus inadmissible. Removing
〈v, 5 4 6〉 or 〈w, 3 4 4〉 is sufficient to produce admissible reduction orderings.
These options are given as C1 and C2. The solutions that are passed on will be:
ξ1 = ({w45 ≈ u45,w46 ≈ v46, v3 ≈ u3}, {5 4 6 a v})
and ξ2 = ({w45 ≈ u45,w46 ≈ v46, v3 ≈ u3}, {3 4 4 a w})
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3 4 4

5 4 6

v

w
u

C

3 4 4

5 4 6

v

w
u

C1

3 4 4

5 4 6

v

w
u

C2

1 4 2 3 4 4 5 4 6

v wu

C3

1 4 2 3 4 4 5 4 6

v wu

C4

1 4 2 3 4 4 5 4 6

v wu

C5

1 4 2 3 4 4 5 4 6

v wu

C6

Figure 13: Reduction orderings

The other branch behaves similarly and produces: ξ3 = ({w35 ≈ v35,w36 ≈

u36, v4 ≈ u4}, {5 4 6 a v}) and ξ4 = ({w35 ≈ v35,w36 ≈ u36, v4 ≈ u4}, {3 4 4 a w})
A straightforward cartesian product would combine ξ1 and ξ4, leading toC3,C4,C5

and C6. However these splitting relations are not maximal. The reason why these
overly restrictive identity relations are created is that they combine w a 3 4 4 and
v a 5 4 6 conjunctively, thus breaking the cycle 3 4 4→ v→ 5 4 6→ w→ 3 4 4
twice. An easy way to see this is to see the solutions produced as the conjunction
of the underlying equations and the splitting constraints. I.e. if I1 = {3 4 4 a w},
I2 = {5 4 6 a v}, e1 = {u145 ≈ w145,w146 ≈ v146, u13 ≈ v13} and e2 = {w235 ≈

u235,w236 ≈ u236, v24 ≈ u24}, then ξ1 = e1 ∧ I2, ξ2 = e1 ∧ I1, ξ3 = e2 ∧ I2, and
ξ4 = e2 ∧ I1. It’s then easy to see that ξ1 ∧ ξ4 is subsumed by both ξ1 ∧ ξ3 and
ξ2 ∧ ξ4.

The merging at the node in the root of the subtree in the example will then
produce 6 solutions. Corresponding to the splitting constraints {14 2 a w, 14 2 a
v, 5 4 6 a v}, {1 4 2 a v, 5 4 6 a v, 5 4 6 a u}, {5 4 6 a v, 3 4 4 a u, 5 4 6 a
u}, {3 4 4 a w, 3 4 4 a u, 5 4 6 a u}, {1 4 2 a w, 3 4 4 a w, 1 4 2 a v}, and
{1 4 2 a w, 3 4 4 a w, 3 4 4 a u}. Here the three first solutions is obtained from
merging ξ1 with ξ3 and the latter three is obtain by merging ξ2 with ξ4.

This example illustrates that when each merger passes every partial solution
towards the root it is not needed to consider every member of the cartesian union of
the two mergers above the node. Some combinations will be needlessly restrictive
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because they break a cycle more often than what is needed. We need some way
to look at a splitting relation and decide if it is maximal. In the example the every
maximal splitting relation induces a reduction ordering that is total. This is an
important clue, but clearly we can not in general say that every maximal splitting
relation. E.g. if we have {u<l1 4 2, u<l2 4 3, v<l3 4 4, v<l5 4 6}, and want 5 4 6
to split u we can no longer split v on any β. But then we will never get either
14 2C− 34 4 or 34 4C− 14 2, so the reduction order will not be total. And hence
no total reduction order with 1 4 2 C− 5 4 6 exists.2 Still, as we will see, maximal
splitting relations will induce a particular class of reduction orderings. Further,
this class is straightforward to generate.

6.3 Relationship between maximal splitting relations and their
induced reduction orderings.

Remark. Throughout this section we will overload the name reduction ordering.
We will use it to refer to both the reduction ordering,C, as defined in definition 2.5,
and to the relation prior to transitive closure,C−. In Lemma 6.14 we show that
under assumptions of maximality of splitting relations these two relations will be
equal, i.e. C− is transitive. When there in this section is relevant which of the
two relations we refer to we will always use C− when talking about the reduction
ordering prior to transitive closure.

Definition 6.2. Given a reduction ordering, C−. The greatest C− inducing split-
ting relation is a splitting relation that induces C− and does not have any proper
extension inducing C−.

Definition 6.3. A splitting relation is maximal if it is admissible and every proper
extension is inadmissible.

Lemma 6.4. If @1 is a splitting relation that induces C−1 , and @2 is a splitting
relation inducing C−2 , then @1 ∪ @2 induces C−1 ∪ C

−
2 .

Proof. Assume otherwise, i.e. that @1 ∪ @2 induces C−3 which is different from
C−1∪C

−
2 . There are two possibilities to consider, C−3 might have an element, β1C

−
3 β2

not in C−1 ∪ C
−
2 , or the other way around. If there is such an element in C−3 then by

definition there exists a variable, critical in β−2 , that @1 ∪ @2 splits on β1. I.e. there
exists a variable u<lβ2 such that (β1, u) ∈@1 ∪ @2. However this means that (β1, u)
is a member in one of @1 or @2. This creates a contradiction since any splitting
relation including (β1, u) induces a reduction ordering containing β1 C

− β2.
If we instead assume that (β1, β2) is an element in C−1 ∪ C

−
2 we have to assume

that it is an element in one of C−1 or C−2 . This means, like above, that (β1, u) is

2Recall that a reduction ordering is defined as a relation induced from a splitting relation.
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a member of the corresponding splitting set. However this means that (β1, u) is
in the union of the splitting sets. This leads us to conclude that the union of the
splitting sets must induce a reduction ordering containing β1 C

− β2. This means
that the initial assumption must be rejected. �

Lemma 6.5. Given a reduction ordering C−. If @ is the greatest C− inducing
splitting relation then @ is a superset of any splitting relation inducing C−.

Proof. Assume otherwise, @ is the greatest C− inducing splitting relation, but
there exists a splitting relation @1 that also induces C−. And where @1*@. Then
@ ∪ @1⊃@. By Lemma 6.4 @ ∪ @1 induces C− ∪ C− = C−, but this contradicts @
as the greatest C− inducing splitting relation. �

Note that the only way that a splitting relation can have no maximal reduction
ordering inducing it is if no reduction orderings induce it.

Definition 6.6. A reduction ordering is sane if there is a splitting relation that
induces it.

Since the definition of reduction ordering is that it is induced by a splitting
relation it follows that every reduction ordering is sane. However when we, as in
Id by need, create reduction orderings directly we need to ensure saneness. We
will enforce this by incorporating saneness into our admissibility requirement. I.e.
when we say that a reduction order is admissible we are saying that it is sane and
that its transitive closure is irreflexive.

Definition 6.7. A reduction ordering is maximal if it is admissible and not the
proper subset of any admissible reduction ordering.

This means that when we in this paper talk about a maximal reduction ordering
we are talking about maximality under the constraints imposed by our admissibil-
ity requirements. I.e. a maximal splitting relation is sane and irreflexive, and
maximal under those constraints.

Definition 6.8. Let C− be a sane reduction ordering. Then @ (C−) is the greatest
C− inducing splitting relation.

By Lemma 6.5 @ (C−) is well defined.

Lemma 6.9. Given two sane reduction orderings C−1 and C−2 then C−1 ⊂ C
−
2 iff

@ (C−1 ) ⊂@ (C−2 ).
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Proof. Assume C−1 ⊂ C
−
2 . By Lemma 6.4 @ (C−1 )∪ @ (C−2 ) will induce C−1 ∪ C

−
2 =

C−2 . Lemma 6.5 then tells us that @ (C−2 ) ⊇@ (C−1 )∪ @ (C−2 ) which implies that
@ (C−1 ) ⊆@ (C−2 ). However @ (C−1 ) and @ (C−2 ) induce different reduction orderings,
so they can not be equal. We are left with @ (C−1 ) ⊂@ (C−2 ).

Assume @ (C−1 ) ⊂@ (C−2 ). By the construction of reduction orderings C−1 ⊆ C
−
2

and if C−1 = C−2 then @ (C−1 ) =@ (C−2 ). So we are left with C−1 ⊂ C
−
2 . �

Theorem 6.10. Let C− be a sane reduction ordering. Then C− is a maximal iff
@ (C−) is maximal.

Proof. Assume that C− is maximal and that there exists an admissible reduction
ordering @ such that @ (C−) ⊂@. By Lemma 6.9 then the reduction ordering
induced by @ is a superrelation of C−, since @ was admissible we have a contra-
diction with the assumption that C− is maximal.

Proof of the implication in the other direction is symmetrical. �

6.3.1 Characteristics of maximal reduction ordering

Theorem 6.11. Given a sane reduction ordering, C−. Then C is admissible iff
β1 C

− β2 implies that every splitting relation inducing it has a variable ,x<lβ2,
splitting β1, such that there does not exists a β3 satisfying x<lβ3 ∧ β3 C β1.

Proof. Assume that C− is admissible. Let @ be a splitting relation inducing it.
Then β1 C

− β2 implies ∃u.β1 @ u ∧ u<lβ2. However if we also have u<lβ3 this
implies β1 C

− β3, and together with β3 C β1 this would make C inadmissible.
If we instead assume that C is inadmissible. C is not irreflexive and there exist

a pair of β-node such that β1 C
− β2 and β2 C β1. But then we can take the β3 in the

theorem to be equal to β2. �

Definition 6.12. Let ^(β,C) = {u|∃β1.β C β1 ∧ u<lβ1}

Notice that u ∈ ^(β,C) implies β a u.

Definition 6.13. Let<l (β,C) =<l (β) \ ^(β,C).

Informally <l (β,C) is the set of variables critical in β and not critical in any
β-nodes more restrictive that β.

Lemma 6.14. Given a maximal reduction ordering, C−. Then C− = C.

Proof. Assume C− maximal and C− , C. Let @=@ (C−).
We have C− ⊂ C. It follows then that there exists a pair of β-nodes, β1 and β2,

such that β1 C β2 and not β1 C
− β2. From this and the fact that C− is well founded

we can conclude that there exists three β-nodes, β1, β2 and β3, such that β1 C
− β3

and β3 C
− β2 and not β1 C

− β2.
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Since we have β3 C
− β2 there exists a variable, u, such that u<lβ2, β3 @ u.

Let @2=@ ∪{(β1, u)}, inducing C−2 . We have that C−2 = C−∪{(β1, βu)|u<lβu}. We
also have that {(β3, βu|u<lβu)} ∪ {(β1, βu)} ⊂ C−. It follows that C2 = C and C2 is
therefore irreflexive. Since @2 is a splitting relation inducing C−2 , C−2 is sane. C−2 is
therefore admissible, but since C−2 is a proper superrelation of C− this contradicts
C− as maximal. �

Lemma 6.15. Let C be a sane reduction ordering, and<l (i,C) = <l ( j,C). Then
i C k implies j C k.

Proof. By theorem 6.11 i C k implies ∃u ∈ <l (i,C).k @ u. But u must then be
critical in j as well so j C k follows. �

Lemma 6.16. Given a maximal reduction ordering C, with <l (i,C) = <l ( j,C).
Then k C i implies k C j.

Proof. By Lemma 6.15 j C+ k implies i C+ k. It follows then that if we have k C i
then lhd ∪ {k C j} is admissible. �

Lemma 6.16 can also be proved from theorem 6.11 since, if I have a variable
available to split i I also have one that can split j.

Definition 6.17. Let C= be defined between β-nodes by i C= j iff neither i C j nor
j C i.

Theorem 6.18. If C is a maximal reduction order then i C= j iff<l (i,C) =<l ( j,C)

Proof. By theorem 6.11 if<l (i,C) =<l ( j,C) then i C= j.
To prove the implication the other way we assume that we have i C= j and a

variable, u, such that u ∈ <l (i,C) and u < <l ( j,C). Without losing generality we
assume further that there does not exists a k such that j C k, i C= k, and<l (i,C) ,
<l (k,C). There are two cases to consider.

If we have u < ^( j,C) we have that u @ j does not cause j C+ j, i.e. u @ j
does not create a cycle going through j. But the all edges added by u @ j goes
through j so the new reduction ordering would be admissible. Since C is maximal
it follows that it must be equal, however u @ j implies i C j.

Otherwise, if we have u ∈ ^( j,C) there is a third β,k, such that u ∈<l (k,C) and
j C k. If i C= k then by the assumptions <l (i,C) = <l (k,C). By Lemma 6.16 we
would then have j C i violating i C= j.

We are left with i C k. However, this is impossible since it would mean u <
<l (i,C). �
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Corollary 6.19. Given a maximal reduction order, C. Then C is a strict weak
ordering. I.e. in addition to C transitive it holds that C= is an equivalence relation.3

Proof. This follows from Theorem 6.18 together with Lemmas 6.15 and 6.16. �

6.3.2 Conclusion

Lemma 6.5 and 6.9 tells us that each maximal splitting relation induces a maximal
reduction order. And that every maximal reduction order is induced by a maximal
splitting relation. Theorem 6.11 tells us any sane splitting relation,C, is admissible
iff any β-node that can reach some other β’s has critical variables not critical in
any β-node reachable from it. I.E. if there β C β2 for any two β’s then<l (β,C) is
nonempty. Theorem 6.18 tells us that two β-nodes is incomparable by a maximal
splitting relation iff the sets of critical variables available to each of the nodes is
equal. I.E. β1

C
= β2 ↔ <l (β1,C) =<l (β2,C). From this we can conclude that C is

a weak ordering.

6.4 The specification
Having a simple characteristic of maximal splitting relation we are now ready to
give a specification for Id by need.

6.4.1 coloured unification modulo minimal identity sets.

In Section 3 we saw that when presented with a colored equation we can, given a
splitting relation, create an identity set.

And that we can do this in a way that allows us to create an equation that is
has a satisfying substitution iff the splitting relation is a splitting relation for some
substitution satisfying the original equation set.

This section aims at describing an algorithm for using this to solve equation
sets based on unification closure.

The following procedures are from[7]:

UnifClosure(s:node, t:node) Extends the term relation as appropriate for the
unification of s and t. Fails if a symbol clash is present.

FindSolution(s:node) Calculates a solved form and fails if a cycle exists below
s.

3Equivalently; C∪ C= is a preorder.
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Based on these we present cUnify as an extension for this that solves an equa-
tion sets when for a particular splitting relation.

It does this by incorporating the identity set into the term relation, and hence
into the equation set that is solved.

precondition:<l details which variables is critical to what β-node.
precondition: σ an empty list of bindings.
input : C a maximal reduction ordering. E a coloured equation set.
output : Triangular form solution of E@(C)

foreach Colored variable u occurring in E do
foreach Colored variable v occurring in E do

if u and v have the same instantiation variable then
β := most restrictive node that u is critical in;
same:=true;
foreach Dual a 4 b between coloring of u and coloring of v do

if a 4 b C β then same:=false;
end
if same then UnifClosure (u,v);

end
end

end
foreach t1 ≈ t2 ∈ E do
UnifClosure (u, v);

end
foreach Coloured variable u occurring in E do
FindSolution (u);

end
return σ;

Function cUnify(C,E)

6.4.2 Monotonicity of identity sets

As stated in the introduction to this section Id by need seeks maximal splitting sets.
We showed in Section 6.3.1 that this corresponds to maximal reduction orderings,
and hence to minimal identity sets. This makes Id by need a commitment strategy
where we calculate and commit to minimal identity sets. As such any solution
passed on from a given node should have identity sets that are supersets of the
union of the identity sets of the merged solutions. We assert that this is sufficient
to produce every minimal identity set in any given node.
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6.4.3 Simple case

In this section we will consider an algorithm for id by need under the assumption
that each beta formulae have at least one critical variable not critical in any other
beta. In this case it follows for any admissible reduction ordering and any two beta
nodes<l (β1,C) ,<l (β2,C). Theorem 6.18 then tells us that no pair of beta nodes
is incomparable if the reduction ordering is maximal. I.E., since the reduction
ordering is anti-symmetric when admissible, the reduction ordering is a maximal
admissible ordering iff it is total. We can also conclude that, provided the ordering
is acyclic then <l (β,C) , ∅ for any beta. This tells us that any total reduction
ordering is sane.

Disregarding for the moment the question of unification, if each source passes
on all total orderings of the beta nodes in their scope then we need the current
node to pass on every total ordering for its scope. This can be achieved if, for
every element of the cartesian product of the sets of solutions passed from each
source, every topological ordering of the union of reduction orderings is passed
on. This also ensures that no solution is passed on twice, since each of the original
reduction orderings is a subrelation of the topological order.

Those pairs where there is no topological ordering, i.e. when the union of
reduction orderings are cyclic, is precisely the pairs that should not send solutions
on since the decisions taken higher in the tree is incompatible.

This means that when a partial solution is passed to a merger, the merger
should match the incoming solution to every partial solution that has already been
sent to the merger from the other branch. From each of these matches every
topological ordering of the union of the two reduction orderings over the scope of
the merger should be passed on.

When we also consider unification three questions arises. The first of these is
how to solve the unification problem in the current merger, and as we have seen,
having chosen a splitting relation simplifies this to generating an identity set and
using standard unification theory.

The second is the fact that some reduction orderings will never be sent to
the current merger due to unification failure further up in the tree. However, the
fact that the identity set is a constraint that is interpreted in conjunction to the
equation set means that, since the identity set is monotonically increasing, any
such solution candidate would fail unification at this merger as well. Therefore
these non-solutions can be discounted.

Finally there exists a possibility that different equation sets can have over-
lapping solutions. This overlap causes the possibility of duplication of solutions.
However such duplication would fall under subsumption theory and avoiding them
is outside the scope of this thesis. I.E. the algorithms presented in this thesis will
produce such duplicated solutions, however it is believed that these could be elim-
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inated by implementation of subsumption testing.

6.4.4 General case

In Section 6.4.3 we considered the case where each beta node has at least one
unique variable. We concluded that in this case each topological ordering of each
element of the cartesian product of the solution sets of each source must be con-
sidered for unification. In the general case<l (β1,C) , <l (β2,C) can no longer be
assumed to hold for every pair of β in every reduction order. It follows that not
every reduction order is sane and that maximal reduction orderings might have
incomparable betas. This section looks at the implications of this.

Theorem 6.18 still tells us that every maximal reduction is a weak ordering,
and that the equivalent classes is given by β1

C
= β2 ↔ <l (β1,C) = <l (β2,C). Be-

cause the identity sets are growing monotonically the set ^(β,C) will also grow
monotonically. This implies that the equivalence relation C= also grows monotoni-
cally. It is therefore reasonable to see the reduction ordering as a total ordering of
the equivalence classes rather than as a weak ordering of the beta-nodes.

We can then proceed as in the previous section, but with one caveat. In gen-
erating new total orderings it is possible that we cause the set of available critical
variables for the beta nodes in an equivalence class to become empty. In this case
these beta nodes can no longer be a separate equivalence class. Let a be the equiv-
alence class for the false equivalence class and b the next. There is two cases to
consider based on whether or not<l (b,C) \ (<l (a) \^(b,C)) is empty or not. If it is
empty then a ∪ b should be an equivalence class in the new ordering. And if it is
non-empty then we have that a can not come before b, since<l (a,C) then would
be empty nor can a ∪ b be an equivalence class since there is available critical
variables in b not critical in a. In the latter case the ordering must therefore be
dropped. In the first case it is worth noting that both a|b and b|a would produce
a ∪ b.

Careless handling of this would produce duplicate results. To avoid this we
impose an ordering on the β-nodes. We require that this ordering is constant across
different reduction orderings, for implementation an arithmetic comparison of the
numerical value of the pointer to the node is suggested. We then drop the reduction
ordering if it collapses a set of equivalence classes into a single equivalence class
and the minimal element from each of the original equivalence classes fails to
occur in increasing order. So if a|b|c collapses to a∪b∪c then the least element in
a must be smaller than the least element in b and this again must be smaller than
the least element in c.

Pseudo code for this is presented as Algorithm 2. It is assumed here that all
reduction orderings are weak orderings and are represented as linked lists of sets
of beta nodes. next, previous, last and remove are functions as expected for the
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linked list ADT.

input : A tuple (E,C), representing the new partial solution sent this
merger, with E is an equation set and C a reduction ordering.

precondition: A set S other of tuples of equation sets and reduction orders,
representing the solutions already received from the other branch.

precondition: βthis the set of β-nodes in the scope of this merger.
output : A set of tuples of equation sets and reduction orderings

representing the new partial solutions to be sent down the tree.

out:= ∅;
foreach (E′,C′) ∈ S other do

foreach Cn s.t. Cn is a topological order of C ∪ C′ over βthis do
Cn:=collapse(Cn);
Eout:=union(E,E’);
if Cn , null then out.add(cUnify(Cn,Eout))

end
end
return out

Algorithm 2: Merging in Id by need

6.5 Complexity
Since we use commitment to identity sets to transform our problems of coloured
equation into traditional unification we our unification algorithm will have a linear
complexity. The identity sets involved is in the worst case a cartesian product of
the set of coloured variables in the equation with itself. Hence it has a quadratic
size, and will dominate over the underlying equation set. The complexity of the
unification parts of the method will thus be O(|E|2), where |E| is the size of the
equation before the identity set is added.

More serious is the fact that in the worst case every total reduction ordering
will be passed down the tree towards the root goal. If the derivation expands n
branching indices then the number of total reduction orderings will be n!. Hence
the number of operations involved for a set of connections that could potentially
close will be O(|E|2n!). If we assume that |E| is proportional with n this becomes
O(n2n!) = O(n!). An ironic feature is that the worst case behavior occurs when
every splitting set allows for a solution. But that is precisely when the equation
set would be solvable without splitting.
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precondition:<l details which variables is critical to what β-node.
input : C a weak ordering of β-nodes, s.t. <l (β,C) is identical for

any two incomparable nodes.
output : The greatest sane reduction ordering that is a subrelation of

C, or null if this reduction ordering should be dropped.

current:=C.first;
e:=current.min();
^:=∅;
toCollapse:=∅;
while current.next ,null do
^′ = ^;
^′.addAll(<l (e));
current =current.next;
e:=current.min();
if <l (e) \ ^ = ∅ then return null;
if <l (e) \ ^′ = ∅ then

if e , current.previous.min() then return null;
toCollapse.add(current)

end
^ = ^′;

end
current:=C.first.next;
while current.next ,null do

if current ∈ toCollapse then
current.previous.addAll(current);
C.remove(current);

end
current:=current.next

end
Function Collapse(C)
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7 Conclusion
We have seen that it is possible to transform formulae in NNF into coloured equa-
tion set. The implication is that determining if a coloured equation set is satisfiable
is NP-hard. This means that for an effective theorem prover to be implemented
based on variable splitting good heuristics for solving coloured equations is a ne-
cessity.

We have looked at a commitment strategy for determinging proof closure, and
seen that this have an exponential worst case complexity. A result that one would
have to expect due to the NP-hardness of the problem. However the method we
looked at exhibit the worst case behavior precisely in those cases where unification
should be easiest. In many ways this is expectable from the fact that we explicitly
chose not to consider the equation set when selecting splitting relations.

I see two immidiately promising ways to improve the procedure that I have
presented. The first is to look at the equation set when considering what splitting
relations we should consider. An easy improvement is to restrict ^ to those vari-
ables that occur in the equation set. But further steps towards splitting by need
should correspond to interesting limitations on the sets of splitting relations that
need to be considered.

It’s also interesting to be less eager in generating the splitting set. It is enough
that one splitting set exists, so it suffices to pass one splitting set on. While this
only will take us to polynomial time if P=NP it will avoid the exponential cost of
space.
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