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Abstract
Probability often plays a major role in the specification of computer systems, for a number of
reasons. Probabilistic requirements are, of course, essential for specifying applications such as
games of chance or probabilistic algorithms. Soft real-time requirements are probabilistic requirements that are very important when we are interested in the performance characteristics of
a system. Probabilistic requirements can be used when a certain amount of undesirable behavior
(such as a message getting lost in a communication medium) has to be accepted for technical
or economical reasons. Probability in specifications can also be used to model the system environment, or as an abstraction from detailed criteria for making a deterministic choice.
This thesis proposes a specification language that allows probabilistic requirements to be
expressed at the same level as other requirements. The language is based on UML sequence
diagrams. Unlike UML sequence diagrams, however, the language is given a formal (denotational) semantics, and is supported by formal definitions of refinement and system compliance.
Thereby, we remove ambiguity of specifications and facilitate formal reasoning about systems
before they are built, as well as verification of systems against specifications. The combination
of the specification language, the refinement relations, and the compliance relations is called
probabilistic STAIRS, or pSTAIRS.
On top of pSTAIRS, we propose a language that allows us to model the trust of actors,
the influence of this trust on the choices of action made by the actors, and the actual system
behavior. When analyzing systems with respect to risk or other concerns, such information is
important in cases where the critical system behavior depends on choices made by actors based
on trust.
UML sequence diagrams focus on communication, which is essential in most computer
systems today. They seem to be easy to understand at an intuitive level, and are much used in
the software industry. By basing our languages on UML sequence diagrams, we hope to reduce
the obstacles to adopting the languages in practical settings.
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Part I
Context and overview

1

Chapter 1
Introduction
A number of artifacts have been developed during the work of this thesis. The following sections
explain the overall goal that has motivated the work, and show how these artifacts contribute
toward achieving the overall goal.

1.1 Overall goal
UML sequence diagrams and similar notations are used to specify dynamic/behavioral aspects
of computer systems. Sequence diagrams are particularly suited to model communication,
which is an essential aspect of most computer systems today. According to [DP06] and [Wei99],
sequence diagrams (and use case diagrams) are the most popular UML languages for modeling
the dynamic aspects of a system. UML class diagrams are more widely used, but focus on static
structure rather than behavior.
Among the purposes for which sequence diagrams are used are the following: to serve as
specifications for programmers or as maintenance documentation, to verify and validate requirements with client representatives, and to clarify understanding of the application among
technical members of the project team [DP06]. [NG97] reports that Message Sequence Charts
[ITU96] (which are very similar to UML sequence diagrams) was found useful in Siemens
for clarifying requirements, for verifying design decisions, as a base for SDL [ITU99] design,
and as test cases in integration tests. [VGMF00] presents a method for validation of IC design
based on MSC. The authors report that, after several experiments, their experience is that MSC
clearly aids during design validation and debugging. [MRW01] shows how MSC can be used
in a number of different phases that occur in most software development methods.
Corrections or redesign will generally be more expensive at the later stages of the development process. Therefore, it is useful to have specifications that can be analyzed from the early
stages. Such analyses may involve not only verification and validation of requirements, but also
risk analysis, test design, and verification of the actual specification.
Probabilities often play a major role when specifying and analyzing computer systems. In
particular, soft real-time constraints are highly relevant when we are interested in the performance characteristics of a system. A soft real-time requirement is a time requirement that
only needs to be fulfilled with a certain probability [DKB99]. The desire to capture soft realtime requirements in sequence diagram specifications has been a major motivation for the work
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presented in this thesis. However, there are also other applications where probabilities are important, such as games, random algorithms, abstraction, and modeling the system environment.
In risk analysis, probabilities are important as a means to quantify the likelihood of unwanted
incidents. Probabilities are also useful for expressing trust, as trust can be defined in terms of
subjective probability [Gam88, JKD05, LMS+ 07]. Representing trust in a specification is useful when doing model-based development and analysis of systems where decisions are made
based on the (specific) degree an actor trusts another entity.
All of this means that as an overall goal, we want to be able to use sequence diagrams to
specify, analyze, and verify computer systems in cases where probabilities also play a major
role. In order to achieve this, we clearly need a sequence diagram language that allows probabilistic requirements to be expressed. If probabilities play a major role in the system, then
this means that there are some requirements with respect to probability that need to be fulfilled.
These requirements need to be included in the system specification in order to ensure that they
are considered during analysis and fulfilled in the implemented system. The language should
be understandable by developers and other stakeholders. As argued in [Mau96], users of a
specification language need to understand each other precisely. The language should have an
unambiguous semantics in order to avoid misunderstanding and conflicts of interpretation.

1.2 Contribution
The main contributions of this thesis are the following four artifacts: the pSTAIRS language,
a set of refinement relations, a set of compliance relations, and a language called subjective
STAIRS. We now give a brief explanation and motivation for each of these artifacts.

1.2.1 The pSTAIRS language
The pSTAIRS language is specification language based on sequence diagrams that allows probabilistic requirements to be expressed. This allows new applications to be adequately specified
by sequence diagrams. By including requirements related to probability on the same footing
as other requirements in specifications, we also ensure that all of these kinds of requirements
are considered when developing and analyzing the specifications. The probabilistic sequence
diagram language is supported by a formal semantics. The semantics assigns meaning to the
specifications in clear mathematical terms, and facilitates rigorous analysis and reasoning about
specifications. This provides a formal basis on top of which analysis tools can be built. Section 5.1 gives an overview of the probabilistic sequence diagram language.

1.2.2 The refinement relations
The refinement relations define what it means for one specification to be a more concrete or
detailed representation of another specification. This allows specifications to be presented at
different levels of abstraction, and facilitates a development method where more information
is added as the development process progresses. The formalization of the notion of refinement
provides a basis for automated analysis of refinement. The approach is modular in the sense
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that a specification can be refined by refining its parts independent of each other. Section 5.2
gives an overview of the refinement relations.

1.2.3 The compliance relations
The compliance relations define what it means for a computer system to comply with a specification, often referred to as verification. By establishing that a computer system complies
with its specification, we also ensure that an analysis of the specification applies to the system.
By formally defining the concept of compliance, we may avoid conflicting interpretations as to
whether the system that has been built is correct, and provide a basis for automated analysis of
compliance. The compliance relations do not assume any knowledge of the technology used for
implementing the system (such as the programming language). Section 5.3 gives an overview
of the compliance relations.

1.2.4 Subjective STAIRS
Based on the pSTAIRS language, we also define a language that allows us to express to what
degree an actor trusts an entity with respect to a given transaction, and how this trust determines
the actor’s choice of action. This language is intended to be used during development and
analysis of systems where trust considerations are important. Section 5.4 gives an overview of
this language, which we call subjective STAIRS.

1.3 STAIRS and probabilistic STAIRS
The combination of the sequence diagram language with its formal semantics and the accompanying refinement and compliance relations described in Section 1.2.1, Section 1.2.2
and Section 1.2.3 is called probabilistic STAIRS, or pSTAIRS for short. To our knowledge,
there is no other approach that defines a formal semantics with refinement and compliance
relations for sequence diagrams with probability. Probabilistic STAIRS is based on STAIRS
[HHRS05a, RHS05c, Run07], which also assigns formal semantics to sequence diagrams and
defines refinement and compliance relations. However, STAIRS does not have the expressive power to capture requirements that depend on probabilities. The purpose of probabilistic
STAIRS is to extend STAIRS with this expressive power, thus allowing more requirements to
be integrated in the formal specifications.
Probabilistic STAIRS is not meant to replace STAIRS. It is offered as an alternative to
STAIRS that may be employed in cases where the development team finds it suitable, which will
largely depend on the nature of the system to be built. The added expressiveness of pSTAIRS
inevitably comes with a cost, which is a more complicated semantics.
A major strength of STAIRS and pSTAIRS is that both are based on UML 2.x sequence
diagrams, which are well known by developers and widely used in practice. This ensures that
practitioners will be familiar with the language, which greatly reduces the obstacles to adopting
the formalisms. The formal semantics assigned to a UML 2.x sequence diagram construct
by STAIRS and pSTAIRS follows the explanations given in the UML specification [OMG06]
closely. However, as the semantics of UML is explained in natural language, it is not always
5

clear how a given specification should be understood. Of course, in such cases, the authors have
been forced to choose an interpretation.

1.4 Organization
This thesis is based on a collection of 5 research papers, and is split in two parts. Part I presents
the context and overall view of the work, while Part II contains the research papers. The rest
of Part I is organized as follows: Section 2 presents a characterization of the problem that this
thesis aims to solve, and argues that there is a need for the four artifacts presented in Section 1.2.
The section ends with a list of requirements that the artifacts should fulfill. In Section 3, we motivate and explain our research method before reviewing the current state of the art in Section 4.
Section 5 gives an overview of the artifacts that have been created, while Section 6 gives an
overview of the contents and contribution of each research paper. In Section 7, we first discuss
to what extent the requirements to the artifacts are fulfilled, before giving a brief taste of some
of the design decisions we have made that influence the new artifacts. Section 8 rounds off
Part I by summarizing what has been achieved and pointing to some directions for further work.
Readers who are less concerned with motivation, context or research method, and who
simply want an overview of the artifacts, can read Section 5 alone. It should also be possible to
read the remaining sections in Part I independent of each other, except that either Section 5 or
(preferably) the research papers in Part II should be read before reading Section 7.
Each research paper in Part II can be read independent of each other, except that we recommend that the paper presented in Chapter 11 should be read before reading the paper presented
in Chapter 12. Readers who are only interested in particular aspects of the work should read
the relevant research papers in Part II. Section 6 can be consulted to decide which papers are of
interest.
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Chapter 2
Problem characterization
This chapter characterizes the problem that this thesis aims to solve. We will first give some
background and argue that there is a need for the artifacts presented in Section 1.2. We will
then state some requirements that we have aimed for these artifacts to fulfill.

2.1 Refinement and compliance
To refine a specification means to modify it in some way in order to make it more precise or
deterministic, thereby bringing it closer to an actual computer system. At the same time, the
essential properties of the original specification are preserved, so that the original specification
can be considered to be an abstraction from the new specification. A formal definition of refinement provides a foundation for a systematic approach to the development of specifications
and systems. Such a systematic approach allows information and requirements to be added in
incremental development steps, which is useful as complex specifications and systems cannot
be developed in a single step.
The notion of stepwise program construction, which can be seen as a special case of refinement, was introduced for sequential programs in [Dij82], [Wir71] and [DDH72]. Since then,
refinement has been investigated and defined in a number of different settings; see, for example,
[Hoa85, Mor87, BS01, CSW06]. An essential feature related to refinement is nondeterministic
choice. Nondeterministic choice captures underspecification1 by leaving some freedom to those
responsible for refining a program or a specification. In this sense, a specification with nondeterministic choice is considered to be more abstract than one without. The notion of refinement
for probabilistic specifications and programs will be further explored in Chapter 4.2.
We use the term ‘compliance’ to mean that an implemented computer system behaves according to a specification. In other words, a computer system complies with a specification if
the system fulfills the requirements of the specification. This means that refinement is a relation
between two specifications, while compliance is a relation between a specification and an implemented system. However, as a system can be viewed as a special case of a specification with
no underspecification, it is clear that compliance can be viewed as a special case of refinement.
In formalisms where specifications and systems are represented in the same way (for exam1

But note that STAIRS distinguishes between two different kinds of nondeterminism, as explained in Section

2.2.
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sd cash_withdrawal
customer

atm

bank

card
prompt ”Enter amount”
withdraw(amount)
request(amount)
accept
prompt ”Transaction accepted”
card back
money(amount)

Figure 2.1: Cash withdrawal expressed by a sequence diagram

ple, by a programming language) it is customary to use the term ‘refinement’ for the relation
between a specification and a system as well.

2.2 UML sequence diagrams and STAIRS
UML [OMG06] is a family of general-purpose visual modeling languages based on the objectoriented paradigm. UML has become the de facto industry standard for system specification.
The intended use of UML includes specification, visualization, construction, and documentation
of computer systems [RJB05]. As computer systems are both complex and heterogeneous, the
UML includes different languages that are suitable for describing different aspects or parts of
the system. For example, class diagrams are suitable for describing the static structure of the
system, i.e. the relationships between parts of the system, while state machines are suitable for
giving local views of the behavior of the different parts of the system.
One of the major UML languages is sequence diagrams. Sequence diagrams focus on system behavior. More specifically, the focus is on communication between parts of the system,
or between the system and its users. Sequence diagrams show how a task is solved by the exchange of messages. An example of a sequence diagram is shown in Figure 2.1, which shows a
simplified scenario where cash is withdrawn from an automatic teller machine (atm). The entities taking part in the scenario are represented by vertical dotted lifelines with a head containing
the name and/or the type of the lifeline at the top. Messages are represented by named arrows
going from the transmitter lifeline to the receiver lifeline. Each message occurrence defines
two events: transmission of the message, represented by the arrow tail, and reception of the
message, represented by the arrow head. Transmission always occurs before reception, and for
each lifeline, the events are ordered from top to bottom.
Figure 2.1 shows that the first thing that happens in the cash withdrawal scenario is that
the customer inserts the card into the atm, represented by the ‘card’ message. The atm then
responds by asking for the desired amount. After the customer has stated the amount, the atm
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sends a request to the bank asking if the desired amount can be withdrawn. The bank accepts the
request, and the atm then informs the customer that the transaction is accepted before returning
the card and the desired amount of money.
In Figure 2.1, only the implicit operator for sequential composition has been used. UML
sequence diagrams also contain other composition operators that capture, for example, parallel
composition and alternatives. In addition, there are operators for defining negative behavior.
The inclusion of explicit operators for negative behavior is specific for sequence diagrams. In
most other specification languages (for example, state machines), all behavior not explicitly
described as positive can be considered to be negative. Hence all behavior will be either positive or negative. This is not the case with sequence diagrams, as the union of positive and
negative behavior need not be exhaustive. In this sense, sequence diagrams specifications are
partial. Rather than giving a complete description of all communication scenarios that may take
place, they give only example scenarios of desired (positive) or undesired (negative) behavior.
Behavior that is neither positive nor negative is called inconclusive. Examples of inconclusive
behavior according to the specification in Figure 2.1 are a scenario where the card is returned
after the money is received, or where the bank refuses the request.
The appeal and popularity of sequence diagrams is not hard to explain. Communication
plays an essential role in most computer systems. Sequence diagrams focus on communication
and are very easy to understand at an intuitive level. From a good sequence diagram specification, it is easy to get an understanding of a communication scenario, even when several entities
take part. Therefore, sequence diagrams seem to be useful for both experimenting and learning during the design and development process, and for achieving a common understanding of a
system between developers, programmers, and other involved stakeholders. However, the UML
specification offers only a semi-formal semantics for sequence diagrams. As argued in [HR04],
the UML specification does not really satisfy the needs of developers and tool vendors. The
lack of a rigorous definition of the UML semantics means that:
• Different people may interpret the same specification differently. Consequently, the system built by those responsible for implementing a specification may not work as intended
by those who have produced the specification. Arguments over the correctness of the implemented system with respect to the specification cannot always be resolved by referring
to the UML specification, as the specification is open to different interpretations.
• There is no solid basis for defining the concepts of refinement or compliance formally.
Incremental development cannot be formalized from the UML specification.
• There is no solid basis for building advanced tools, such as code generators or specification analyzers. Tool vendors that want to produce such tools are forced to rely on their
own interpretation of the UML specification, which may not correspond with the tool
user’s interpretation or that of other tool vendors. It follows that results from one tool
may contradict results from another tool.
With respect to sequence diagrams, STAIRS [HHRS05a, RHS05c, HHRS05b, Run07] offers
a solution to the above by proposing a denotational trace semantics for the main constructs
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of UML 2.x2 sequence diagrams (including operators for expressing real-time requirements),
as well as formal definitions of several alternative refinement and compliance relations. An
operational semantics for STAIRS has also been defined that is sound and complete with respect
to the denotational semantics [LS06].
In addition to defining semantics for existing UML operators, STAIRS also introduces a
new choice operator called xalt. This operator is introduced to allow a distinction between
inherent nondeterminism (also called mandatory behavior) and underspecification. A choice is
inherently nondeterministic (or mandatory) if every alternative must be represented in the final
computer system. For example, when specifying the toss of a coin, it is essential that both
heads and tails are possible outcomes in the final system. Those responsible for implementing
the specification are not allowed to implement only one of the alternatives.
Another type of nondeterminism is underspecification. Underspecification represents implementation freedom in the sense that different alternatives are given, and that only one of these
needs to be actually implemented. For example, when specifying an automatic teller machine,
we may specify one alternative where the card is returned before the money, and another where
the money is returned before the card, and leave the choice between these alternatives to those
responsible for implementing the system. Hence, the nondeterministic choice is made by the
implementers of the system. From the UML specification, it is not clear whether the operator
alt for specifying alternatives is meant to represent underspecification or inherent nondeterminism. STAIRS allows both underspecification and inherent nondeterminism to be expressed by
introducing the operator xalt for inherent nondeterminism, and letting alt be used for expressing
underspecification.

2.3 The need for probabilistic specifications
There are several areas where probabilistic information is essential for the specification, modeling, and analysis of computer systems. Below we review some main areas.

2.3.1 Soft requirements
Often it is not possible to completely avoid undesired behavior in a computer system, either
because it would be too costly or technically impossible. In such cases, we need to decide how
much of the undesired behavior can be accepted. This may be quantified as an upper limit to the
probability of the undesired behavior. We then get requirements of the form: ‘the (undesired)
behavior should occur with probability less than p’. To denote this kind of requirement, we use
the term ‘soft requirement’, which is a generalization from the term ‘soft real-time requirement’.
In a soft real-time requirement, the undesirability of a behavior is due to a real-time aspect,
typically a slow (but otherwise correct) response to a request [DKB99]. The following is an
example of a soft real-time requirement: ‘After a request has been sent, the probability of
receiving the reply within 10 seconds should be at least 0.9’. Of course, it would then be
perfectly acceptable if the probability turns out to be 1. A hard requirement can be seen as a
special case of a soft requirement where the probability of the desired behavior is 1.
2
At the time of writing, UML is in version 2.1. There are no essential differences of importance to this work
between UML 2.0 and UML 2.1 sequence diagrams.
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Soft real-time constraints are possibly the most common kind of soft requirements, and frequently referred to as non-functional requirements or performance requirements. Requirements
of this kind are often provided as add-on documents to the ‘functional’ specification, and written in prose. As a result, they may be overlooked when analyzing the system specification. In
the worst case, they will be ignored until late stages of development where the cost of making
corrections is higher than in earlier stages. As argued in [DKB99], it may well be desirable to
integrate performance requirements in the functional specifications.
Of course, not all soft requirements are related to real-time. An example of a soft requirement that is not related to real-time could be a requirement that a communication medium
should forward a message without corrupting it with a probability of at least 0.9. Section 5.1
contains a diagram showing this requirement.

2.3.2 Probability as abstraction
In some cases we may not know or care about the details that govern the choice between alternatives in a system. For example, when analyzing the performance of a system, we may not be
interested in why one alternative is chosen; instead we are interested in with what probability
(how often) the alternative is chosen. [Jan03] uses an example of a workflow system for assessing car damage on behalf of an insurance company in order to decide whether a damaged car
should be repaired. If the estimated damage is beyond a certain amount, then the car should be
inspected physically before repair. Otherwise, a phone conversation is sufficient. However, for
some purposes, it will be enough to state that physical inspection will be needed in 30% of the
damage cases, without detailing the criterion for choosing physical inspection. The assignment
of probabilities to the alternatives can then be seen as an abstraction from the criteria for choosing one alternative or the other. This is useful, for example, if the purpose is to estimate yearly
travel costs for the car damage assessor.

2.3.3 Environment behavior
Computer systems are designed to interact with some environment, which may include human
users as well as computers. No computer system is designed to work in any possible environment, and assumptions have to be made regarding the environment. Such assumptions may
be conveniently expressed by specifying the environment in the same way as the system. As
stated in [KNSW04], statistical assumptions about the environment may be expressed in terms
of probability. This allows us to express assumptions and perform analyses that would not
otherwise be possible. Often models of the environment will be based on previously observed
behavior. As the conditions for choices made by the environment are typically inaccessible, it
is particularly important to be able to abstract from these conditions
Consider, for example, a hot drink machine. After observing the machine and its customers
for a while, we conclude that 80% of the customers order coffee and 20% order tea. In the
environment specification (model), this may be represented as a probabilistic choice where the
probability is 0.8 for choosing coffee and 0.2 for choosing tea. By analyzing this specification
and the specification of the machine, we may then determine, for example, how often the machine needs to be refilled with coffee and tea. In order to do this kind of analysis, we need to
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quantify the alternative behaviors. It would not suffice to express that the customer may order
either tea or coffee.
With respect to response times, it is usually important that a system is able to speedily
handle the requests that occur most often, while slower response times are acceptable for less
frequent requests. Quantifying the environment behavior allows us to identify the critical parts
of the system and assign system resources accordingly.

2.3.4 Games and probabilistic algorithms
Probabilistic algorithms (also called randomized algorithms) are algorithms that make probabilistic choices in the course of their computation [GSB94, MR96]. This means that the output
of a probabilistic algorithm may differ between two runs, even if the input is identical. Simplicity and speed are two major benefits of probabilistic algorithms. Probabilistic algorithms have
been used on a number of different problems. One example is load balancing in distributed
computing, where a choice must be made locally between different resources, such as communication links in a network. Another example is the case where a number of processors need to
break a deadlock.
Games designed for entertainment that utilize probabilistic choices can also be viewed as
probabilistic algorithms, even if they are not designed to solve a problem in the ordinary sense.
For example, in a gambling machine, it is important to ensure that the probability of winning
is higher than 0, but sufficiently low so that the owner of the machine will gain profit from the
machine in the long run.

2.3.5 Trust
Trust can be defined in terms of a subjective probability [Gam88, JKD05, LMS+ 07], which
can be seen as a probability estimate made by an actor based on incomplete information. This
means that a probabilistic specification must be employed in order to properly model an actor’s
trust and how this trust influences the actor’s choice of action. An example where specifications that model trust may be useful is in model-driven security risk analysis methods such as
CORAS [dBHL+ 07]. Here the specifications serve to describe the system for the analysis team
during the analysis. The team goes through the specifications in a systematic manner in order
to identify potential threats, vulnerabilities, and unwanted incidents. It is then important that
the specifications describe all the aspects relevant to the analysis. Trust is an aspect that may
be relevant in such a setting. If the system behavior depends on to what degree an actor trusts
another entity, then this should be represented in the system model.

2.4 Requirements to the artifacts
The above discussion shows that there is a need for the artifacts presented in Section 1.2. We
now state a number of requirements that these artifacts should fulfill. In Section 7.1 we discuss
to what extent these requirements are fulfilled.
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2.4.1 The pSTAIRS language
1. The language should have sufficient expressiveness to capture soft real-time requirements
and other soft requirements. Soft real-time requirements are essential for specifying the
performance characteristics of a system. Hard requirements will often be either impossible to fulfill or too slack to be of interest.
2. The language should have sufficient expressiveness to capture probabilistic choice as used
in games and probabilistic algorithms, or as an abstraction from deterministic criteria for
choosing between alternatives. Probabilistic algorithms and certain games cannot be adequately specified without probabilistic choice. Probabilistic choice as an abstraction from
deterministic criteria for choosing between alternatives is useful for analysis purposes in
cases where we are more interested in how often the various alternatives are chosen than
in why they are chosen.
3. The language should have sufficient expressiveness to allow environment behavior to be
quantified in terms of probability. Quantifying environment behavior allows us to perform
analyses that would not be possible from a purely qualitative model, such as identifying
bottlenecks. This is useful, for example, in deciding how system resources should be
allocated.
4. The language should have sufficient expressiveness to capture underspecification with respect to behavior. Underspecification or implementation freedom with respect to behavior
is an essential feature of specifications.
5. The language should have sufficient expressiveness to capture underspecification with respect to probability. As argued in [MM05], underspecification with respect to probability
models our unavoidable ignorance of exact probabilities. Most of the recent formalisms
for probabilistic specifications allow underspecification with respect to probability, see,
for example, [JL91, Seg95, MM05].
6. The language should be intuitively understandable for system developers and other stakeholders. The system developers that will produce the specifications and the final system
obviously need to understand the specifications. However, it should also be possible to
use the specifications as a tool to gain a common understanding of the system between
developers and other stakeholders, such as the customers paying for the system or the end
users.
7. The language should be supported by a semantics that is unambiguous and facilitates
mathematical proof of properties, as well as tool support. An unambiguous specification
is necessary to ensure that the system being built complies with the intention of those
responsible for the specification, as different people may perform the different steps during development. Proving properties of a specification is important as it allows us to
investigate system properties and discover mistakes and inconsistencies before the actual
system has been built. Automated tool support is necessary to make it feasible to analyze
complex specifications.
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8. The semantics should be in accordance with the UML 2.x standard and take into account
the partiality of UML 2.x sequence diagrams. UML is much used in the industry and
well known among system developers, which reduces the obstacles to introducing the
language. Partiality is an essential feature of UML sequence diagrams.
9. The semantics should be compositional in the sense that the semantics of a composed
sequence diagram can be determined from the semantics of its sub-diagrams and the
composition operator. This means that a composed specification can be understood by
understanding the sub-diagrams and the composition operator, without any extra knowledge about the syntax of the specification.

2.4.2 The refinement relations
10. The refinement relations should ensure that all requirements from the abstract specification are preserved in the refined (concrete) specification. The basic idea behind refinement is that the refined (concrete) specification should give a more detailed description
(which corresponds to adding more requirements), while ensuring that also the requirements from the the abstract (original) specification will be fulfilled in the implemented
system. Therefore, all requirements of a specification need to be preserved through a
refinement step.
11. The refinement relations should be preserved through a series of refinement steps. Being
able to view or analyze a specification at different levels of abstraction is very useful for
complex systems. Also, incremental development may be performed by starting with
a highly abstract specification, and then adding more detail as the development process
progresses. To retain the validity of the more abstract specifications, we need to ensure
that the refinement relations are preserved, even if refinement has been performed in a
series of steps.
12. It should be possible to refine a specification or check refinement in a modular fashion.
This allows the problem to be broken down into a number of smaller problems. It also
allows the task of refining a specification to be divided between different development
teams.

2.4.3 The compliance relations
13. The characterization of what it means for a computer system to comply with a specification should be independent of the technology used to implement the system. A sequence
diagram does not prescribe any particular programming language, and in any case we
cannot assume that we always have access to the source code or other technological details of the system. Therefore, the characterization of compliance should not depend on
such details.
14. Compliance should be a special case of refinement. A representation of a computer system can be viewed as a special kind of specification where all design decisions have been
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made, so that there is no underspecification. Therefore, it should be possible to understand compliance as a special case of refinement.

2.4.4 Subjective STAIRS
15. It should be possible to express to what degree an actor trusts another entity with respect
to a certain transaction, and how trust considerations influence the choice of action made
by an actor. For systems whose behavior depends upon the degree to which an actor trusts
another entity, it is not possible to analyze the system with respect to for example risk
without also taking trust considerations into account.
16. It should be possible to describe the behavior of the actors of a system and the interaction between the actors. The behavior of the actors and their interaction remain a main
concern, even if trust considerations are also included explicitly in the specifications.
Subjective STAIRS should not replace ‘standard’ descriptions of behavior with descriptions of trust considerations, but enrich the descriptions by adding information about trust
considerations.
17. The language should be a conservative extension of the pSTAIRS language. As explained
in the previous requirement, the point of subjective STAIRS is to allow more information
to be included in a specification. This should be achieved by including new language
constructs without removing existing constructs or altering their meaning.
18. The language should facilitate communication between end-users, decision makers, and
engineers by being intuitively understandable by all of these groups under the guidance of
an analyst. Model-based analysis of a system will often be performed by a team, and led
by an analyst. The team may typically include end-users, decision makers, and engineers,
which will have very different backgrounds and levels of training. The language should
be a tool for arriving at a joint and correct understanding of the system, under the guidance
of the analyst.

15

16

Chapter 3
Research method
Compared to most research fields, computer science is a young discipline. The questions of
how research in computer science should be performed, and whether computer science is indeed a science, has triggered some controversy [DCG+ 89, Den05, DC02, Gla95, Har93, Tic98,
Bro96]. Therefore, it is particularly important to be clear and explicit about our research
method. In this chapter, we first give a brief glimpse of the debate surrounding the scientific status and methods of computer science. We then present the research method that we have
chosen and explain how we have applied this method.

3.1 The scientific status and method of computer science
In [Bro96], Brooks argues that computer science is not a science, as the proper end of computer
science is not to discover facts and laws, but to build tools for others to use. According to
Brooks, the invention (and publication) of algorithms and languages is not in itself an end.
Instead, computer science should recognize its artifacts as tools, and these tools should be tested
by their usefulness and cost. Brooks advises that computer scientists should hitch their research
to someone else’s problems and solve those problems on the owners’ terms. This forces the
computer scientist to aim at relevant problems, be honest about success or failure, and focus on
the whole problem, rather than simply the easy or mathematical part.
In [AS96], Abelson and Sussman also claim that computer science is not a science. They
do not explain what it takes to be a science or why computer science does not qualify, but claim
that the difference between computation and classical mathematical subjects is that mathematics provides a framework for dealing with notions of ‘what is’, while computation provides a
framework for dealing with notions of ‘how to’.
Most writers, however, seem to hold the view that computer science is a science. This
view is usually backed up by claiming that computer science shares many features with other
sciences, in particular the research method. [Den05] claims that computing research is rife
with examples of the scientific paradigm dating back to Francis Bacon, where hypotheses are
formed and then tested through experiments. For example, software engineering researchers
hypothesize models for how programming is done and how defects arise. By testing the models,
they seek to understand which models work well and how they can be used to create better
programs. The view that computer science is not a science because it studies man-made objects
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is dismissed on the grounds that computer science studies information processes that may be
either artificial or natural. Bioinformaticians’ view of DNA as encoded biological information
that is read and acted upon by enzymes is an example of the latter.
[DC02] also argues that computer science is science, although she is of the opinion that
the objects of investigation in computer science are indeed artifacts. Computer science is divided into three areas that are methodically distinct: theoretical, experimental, and simulation
computer science. However, the use of modeling as a method is common to all of them – indeed to all of science [DC02, Chapter 5]. A model is a description in some symbolic language
that allows us to predict observable/measurable consequences of given changes in a system.
[DC02] argues that the modeling process common to all of computer science follows the general schema of the scientific method, where predictions are made based on hypotheses and then
tested. [DC02] concludes that ‘computer science contains a critical mass of scientific features
to qualify as a science.’ These features include a basis in logic and mathematics, as well as
theoretical and experimental research methods that follow patterns of classical scientific fields.
In a similar way as [Den05], [Tic98] views the subjects of inquiry in computer science to
be not computers, but information processes. Computers and programs are seen as models
of such processes. Although in computer science the subject of inquiry is information rather
than energy or matter, Tichy argues that this makes no difference in the applicability of the
traditional scientific method of observing phenomena, formulating explanations and theories,
and testing them. His main message is that computer scientists should experiment more to
test their theories. [Har93] on the other hand, believes that experiments play a smaller role in
computer science than in the classical sciences. He justifies this by claiming that there are no
instances of disagreement of theory and observations in computer science, and no competing
theories in computer science for explaining the fundamental nature of information. The basic
underlying model of digital computing is not seriously challenged by theory or experiments,
and advances in computer science are often demonstrated and documented by a demonstration
rather than by an experiment, as in physical sciences.

3.2 A method for technology research
Even if they may put different emphasis on the role of experiments in computer science, most
writers seem to agree that computer science should follow methods that are similar to those
used in other sciences. Considering the success of the more classical sciences, this is hardly
surprising, and a convincing argument that computer science should follow a completely different method is hard to find. We have chosen to base our research method on [SS07], which
advocates a common principal research method for computer science and classical science. In
[SS07], a distinction is drawn between classical research and technology research1 . Classical
research asks the question: What is the real world like? and is associated with natural and
social sciences, as well as medicine. Technological research, on the other hand, asks the following question: How do we produce a new or improved artifact? The branch of computer
science that aims to develop better programming languages, specification languages, and development methodologies, clearly belongs to technology research, as programming languages,
1

Action research is also discussed, but that is of little relevance here.
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Figure 3.1: Method for technology research.

specification languages, and development methodologies are man-made artifacts.
Despite asking somewhat different questions, [SS07] argues that technology research and
classical research follow the same principal pattern. The technology research variant of this
pattern consists of the following:
• The problem is that there is a need for a new artifact.
• The solution is to invent a new artifact.
• The new artifact should be compared to the relevant need.
Clearly, not all cases of artifact construction constitute research. What separates technology
research from technology development is that technology research fulfills the following criteria:
The new artifact represents new knowledge that is of interest to others and is well documented.
As an aid to technology researchers striving to do good and efficient research, [SS07] advocates a method where the following three main steps are iterated until a positive evaluation is
obtained:
1. Problem analysis – The need for a new artifact is identified.
2. Innovation – An attempt is made to construct a new artifact that satisfies the need, based
on the hypothesis that it is, in fact, possible to construct such an artifact.
3. Evaluation – Predictions about the artifact are made based on the identified need. If the
predictions turn out to be true, then the researcher may argue that the artifact satisfies the
need.
These steps are illustrated in Figure 3.1. The authors argue that the same steps are used in classical research. In the case of classical research, the problem analysis step consists of identifying a
need for a new theory or a discrepancy between reality and existing theory. The innovation step
consists of suggesting a new explanation to replace or extend present theory. The researcher
then works from the hypothesis that the new explanation agrees with reality. In the evaluation
step, the researcher formulates predictions about the real world based on the hypothesis that
the new explanation is true, and observes whether the predictions turn out to be true. If so, the
researcher can argue that the new explanation agrees with reality.

3.3 How we have applied the method
We have chosen to adopt the iterative research method described in the previous section. This
means that each of the three steps problem analysis, innovation, and evaluation have been performed a number of times. The final version of the overall problem analysis step is documented
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in Chapter 2, and includes a set of requirements that we have aimed at having the invented artifacts to fulfill. The final version of the overall evaluation step is documented in Section 7.1 and
discusses to what extent we have succeeded in fulfilling these requirements.
As explained in Section 1.2, four main artifacts have been developed during the work of
this thesis. The need for these artifacts was established in the overall problem analysis. In
order to solve the overall problem (create all the artifacts), a number of subproblems needed to
be solved. Therefore, the above research method was applied to these subproblems. We now
explain in more detail how we applied the method. In particular, we focus on the pSTAIRS
language and refinement definitions, as these are very central to most of the work presented
in this thesis. The method used during development of the pSTAIRS language and refinement
relations is also representative for the other artifacts.
The definitions of the semantics of pSTAIRS and refinement are closely connected and
cannot be properly understood or evaluated in isolation. They have therefore been developed in
parallel. Figure 3.2 illustrates the process of developing these artifacts. The black dot at the top
represents the starting point. The first activity was to identify the requirements to the pSTAIRS
semantics and refinement. This was done based on the overall problem analysis, in particular,
by looking at the requirements from the overall problem analysis that concern semantics and
refinement. As illustrated on the right-hand side of Figure 3.2, this step corresponds to the
problem analysis step of the general method.
As the next step, we came up with proposed definitions of semantics and refinement. In
order to do this, we looked at how similar problems had been attacked in other settings. An obvious place to look was the semantics and refinement definition in the non-probabilistic setting
of STAIRS. However, other approaches were also consulted, such as the treatment of underspecification in [JL91]. This step corresponds to the innovation step of the general method, as
shown by the right-hand side of Figure 3.2.
After coming up with proposed definitions the next step was to evaluate these. This was
done in two different ways. One way was to explore desirable mathematical properties, as illustrated by the right-hand activity after the fork node (the first thick horizontal line) in Figure 3.2.
Transitivity of refinement and monotonicity of the composition operators with respect to refinement are mathematical properties that were found to be desirable based on the requirements.
Logical proofs or counter examples were produced to show whether these properties held when
using the proposed definitions.
The other way of evaluating proposed definitions is represented by the left-hand activity
after the fork node in Figure 3.2. Here we checked whether the refinement relation held in
example cases where it should hold, and not in other cases. This was done by checking correspondence with other approaches for certain example cases (such as the unreliable buffer that
will be discussed in Chapter 5), as well as referring to our own understanding of the notion of
refinement. The correspondence between STAIRS specifications and pSTAIRS specifications
with respect to refinement was also explored more formally, as documented in Chapter 12.
In some cases, evaluation of artifacts may lead to new insights that call for the previously
defined requirements to be adjusted. This is illustrated by the first decision point in Figure 3.2.
With respect to the pSTAIRS semantics and refinement, we initially required that it should be
possible to express soft real-time requirements. Later, we strengthened this requirement to also
include other kinds of soft requirements not related to time. Only by fulfilling this stronger
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Figure 3.2: Research method for pSTAIRS semantics and refinement.
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Figure 3.3: Informal sketch of the development of the artifacts over time.

requirement are we able to specify cases like the unreliable buffer discussed in Chapter 5.
Finally, as the last part of the evaluation step, we asked whether all the relevant requirements
had been fulfilled. If the answer was yes, then the proposed definitions could be adopted so that
the process would end, as represented in Figure 3.2 by the black dot enclosed in a circle. Otherwise, we needed to go back and propose new definitions, which happened quite often during the
course of our work. A good example is an early proposal for a refinement relation, where we
found that a specification with a soft requirement would not be refined by a similar specification with the corresponding hard requirement. Intuitively it is clear that a hard constraint should
indeed be a valid refinement of the soft constraint, a view that is confirmed by consulting, for
example, [JL91]. This meant that we had to go back and propose new definitions. Other examples involved cases where it turned out that essential composition operators such as parallel
composition were not monotonic with respect to refinement. The explanation of the semantics
of the palt operator presented in Chapter 9 may also give an impression of the iterative steps
toward a satisfactory definition. Here it is shown how various definitions are proposed and then
rejected, as it is shown that they do not work as intended for some specifications.
The process of developing compliance relations and subjective STAIRS followed a similar
structure to the one described above. Figure 3.3 illustrates the development of the major artifacts
over time. The figure is only intended to give a rough impression of the relationship between
the processes over time, and no exact information about duration should be inferred. As can
be seen from the figure, the development of the compliance relations and subjective STAIRS
took place toward the end of the work on the thesis. In addition to being important in their own
right, these new artifacts were used in the evaluation of the pSTAIRS language and refinement
relations. Compliance has been defined as special cases of refinement. That this was possible
from a system representation that is independent from pSTAIRS indicates that the notion of
refinement as defined in pSTAIRS is sound.
The development of subjective STAIRS served as a kind of ‘case study’ for pSTAIRS in
the following way: Our hypothesis was that pSTAIRS is sufficiently expressive for domains
where probability plays a major role. We therefore predicted that it would be possible to build a
language for modeling trust considerations as well as behavior (i.e. subjective STAIRS) on top
of pSTAIRS, without replacing existing constructs or altering their meaning. This turned out to
be true.
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Chapter 4
State of the art
In this chapter, we review some of the work that is most closely related to our own work. We
first look at graphical languages that are similar to UML sequence diagrams and supported by
a formal semantics. As very little work has been done on sequence diagrams with probability,
we then take a look at other kinds of formal specification languages that also allow probabilistic
requirements to be expressed. Definitions of refinement and compliance are typically closely
related to specification languages. Therefore, we discuss how these concepts are captured together with the presentation of each language. At the end of the chapter, we look at different
approaches to specifying the subjective belief of an actor.

4.1 Variants of sequence diagrams
Message Sequence Charts (MSC) [ITU04] are very similar to UML 2.x sequence diagrams, and
have influenced the development of UML 2.x sequence diagrams. Major composition operators such as seq, par, alt, opt, and loop are included in both languages, with similar intuitive
interpretations. However, the MSC language contains no operators for specifying negative behavior. [ITU04] suggests that MSC can be used to specify disallowed scenarios, but the fact that
a scenario is disallowed cannot be expressed in the MSC language itself. Proposals for formal
semantics for MSC have been given in, for example, [MR94] and [Ren99]. While the latest version of the MSC specification [ITU04] gives only an informal description of the semantics of
MSC, an official formal operational semantics for [ITU96] is provided in in [ITU98]. With respect to refinement, [ITU04] explains instance decomposition as a form of refinement, but gives
no requirements on behavioral refinement. With respect to compliance, [ITU04] states that the
most common interpretation of a scenario is that the implementation (i.e. the computer system)
should exhibit, at least, the behavior expressed in the scenario, but that also other interpretations
are possible.
Live Sequence Charts [DH01, HM03] are an extension of MSC that allow a distinction
between possible and necessary behavior, as well as give explicit conditions under which the
requirements of the diagram applies. For possible behavior, the interpretation is that at least
one run of the system should satisfy the diagram. Thus, this is an existential requirement.
For necessary (mandatory) behavior, the interpretation is that all system runs must satisfy the
diagram. Thus, this is a universal requirement. The condition for the requirements to apply
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is given by an initial part of the diagram called a pre-chart; the interpretation is that if the
behavior specified by the pre-chart takes place, then the (existential or universal) requirements
in the rest (the body) of the diagram apply. The condition given by the pre-chart is global in
the sense that the requirements given by the body diagram do not apply until the full behavior
of the pre-chart has taken place. [HM03] includes a construct for probabilistic choice (which
they call nondeterministic choice), where an exact probability is assigned to each alternative.
Refinement is not formally defined, but [DH01] gives an example of refinement where a system
is described in increasing level of detail, and states that refinement can easily be defined from
the semantics of LSC.
[Krü00] defines a variant of Message Sequence Charts that is supported by formal definitions of the semantics, as well as refinement relations. The semantics is defined in terms of
streams, which consist of a sequence of system channel valuations and a sequence of state valuations. A system is represented semantically by a set of streams, and the existence of more
than one stream indicates nondeterminism. The MSC variant proposed in [Krü00] has some
features that go beyond standard MSC. For example, a trigger composition operator allows us
to specify that that the occurrence of an interaction sequence always causes the occurrence of
another, thus providing a way of specifying liveness properties.
Four different refinement relations are defined in [Krü00]. The first is binding of references,
which allows references to empty MSCs (which are interpreted as arbitrary behavior) to be
bound to ‘proper’ MSCs. Property refinement reduces the set of possible behaviors of the system, for example by removing alternatives or strengthening guards. Message refinement allows
a single message to be replaced by a whole interaction sequence or protocol. Finally, structural
refinement allows a single component (lifeline) to be replaced by a set of other components,
thus allowing decomposition.
With respect to the question of whether a system model complies with an MSC, [Krü00]
defines four different interpretations of MSCs. According to the existential interpretation, an
MSC represents a partial, possible behavior (scenario). With the universal interpretation, the
MSC represents mandatory behavior that must be reflected by every behavior of the system.
The exact interpretation requires that the behavior of the system model captures precisely the
behavior described by the MSC, while the negative interpretation requires that the behavior of
the MSC is not represented in the system model.
In [HM07], Modal Sequence Diagrams (MSD) is proposed as an extension of UML 2.0
sequence diagrams, with a semantics based on LSC. In MSD, the operator assert is not viewed
as a composition operator. Instead, it is used to assign a universal interpretation (called a hot
mode) to the assert operand, meaning that all system runs must satisfy the operand. The neg
operator is interpreted as an addition of a universal and unfulfillable (false) condition to the
end of the neg operand, thereby ensuring that the system is not allowed to satisfy scenarios
that include the behavior of the neg operand. In MSD, the pre-charts are omitted in order to
support sequential composition. Instead, existential fragments within a universal diagram serve
a purpose similar to pre-charts. The existential fragment does not have to be satisfied, but if it
is satisfied, then the subsequent universal fragment has to be satisfied.
In Triggered Message Sequence Charts (TMSC) [SC02], an initial part of a diagram can
be designated as a trigger diagram, with the interpretation that if the behavior described by
the trigger diagram takes place, then the behavior described by the rest of the diagram must
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subsequently take place. Unlike the pre-charts of LSC, however, the trigger condition applies
locally to each lifeline. This means that, for any given lifeline, if the events on that lifeline
described by the trigger diagram take place, then the following events on that lifeline must
subsequently take place. As the fulfillment of the trigger condition is determined locally on
each lifeline, there is no need for synchronization between the lifelines. A refinement relation
is defined, with the intuitive interpretation that a specification S1 is refined by a specification S2
if S2 is more deterministic than S1 . TMSC contains two operators for choice. A delayed choice
(represented by ∓) must be preserved in a refinement step. An internal choice (represented by
⊕) can be resolved at any point (including at design time), which means that S1 ⊕ S2 is refined
by S1 (as well as S2 ). In addition, an internal choice may be refined by a delayed choice, i.e.
S1 ⊕ S2 is refined by S1 ∓ S2 .
[CK04] proposes a trace-based formal semantics for UML 2.0 sequence diagrams, and concentrates in particular on negative behavior. Any trace that completely traverses a negative
region (i.e. the operand of a neg operator) is negative, independently of what happens later. For
sequential composition, a trace is negative if either it runs through a negative region of the first
operand of a seq operator, or it runs through the positive region of the first operand, and the
negative region of the second operand. With respect to alternatives, which are specified with
the alt operator, a trace is only negative if it is negative according to both operands of the alt
operator. A compliance (implementation) relation is defined that requires the system to produce
at least one of the positive traces of the sequence diagram, and none of the negative traces. Refinement is defined in terms of compliance: A specification S is refined by a specification S  if
any system that complies with S  also complies with S. [CK04] shows that not all composition
operators (such as seq) are monotonic with respect to refinement, and mentions that the formal
semantics and/or the refinement and compliance relations therefore may be subject to further
adjustments.

4.2 Probabilistic specifications
Performance Message Sequence Chart (PMSC) [FLMTS97, Lam98] extends MSC with syntactic constructs for expressing performance requirements. The aim is to integrate performance
characteristics, such as response time and throughput, in functional specifications. Of particular
interest to us is the new operator altprob for probabilistic choice that is introduced in [Lam98].
This operator allows exact probabilities to be assigned to the alternatives represented by its
operands. This means that underspecification with respect to probability can not be captured by
this operator. Apart from mentioning instance decomposition, refinement is not discussed, and
no definition is given of what it means for a system to comply with a PMSC specification. The
semantics of PMSC is explained at a purely intuitive level.
The UML Profile for Schedulability, Performance, and Time Specification [OMG05] extends UML by adding stereotypes and annotations for defining values for performance measures, and allows specification of probability-related requirements, such as soft real-time requirements. The profile is intended to be used to construct models that can be analyzed with
respect to performance, such as Markov chains. [AP07] presents a technique for constructing a
Markov chain model from a sequence diagram that is annotated with constructs from the profile,
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thereby creating a model that can be analyzed by a suitable performance analysis tool.
We are not aware of any approach where probabilities are fully integrated in a formal semantics of sequence diagrams. However, there are a number of other languages where probabilities
are fully integrated into the semantics. Broadly speaking, these languages are based either on
logic, or on some kind of automaton/labeled transition system/state machine. We now review
some of these languages, in particular with respect to how they deal with refinement/verification
and underspecification with respect to probability.
[Sei95] presents two probabilistic variants of the process algebra CSP (Communicating
Sequential Processes) [Hoa85] called P CSP0 and P CSP . The semantics of a P CSP0 process
is a probability measure on the space of traces, and operators are defined as functions on probability measures. Hence, P CSP0 is suitable for reasoning about probabilistic properties such
as fairness. However, P CSP0 does not contain operators for external choice or general parallel
composition, which cannot be captured in the simple semantics of P CSP0. These operators are
included in P CSP , where the semantics of a process is a conditional probability measure. A
conditional probability is a function of two arguments: a set of traces A and a sequence of events
y. Intuitively, the conditional probability measure gives the probability of A on the condition
that the environment offers y.
For both P CSP0 and P CSP , an axiomatic characterization of the operators is offered, thus
supporting algebraic reasoning about processes. In addition, a satisfaction relation is defined
between a specification expressed as a predicate R over traces and a process P expressed in
P GCL, as follows: A process P satisfies a specification R if R(t) holds for every trace t of P .
Inference rules for the P GCL constructs are also provided. For example, a rule states that if
0 < p < 1, P1 satisfies R1 and P2 satisfies R2 , then P1 p  P2 satisfies R1 ∨ R2 . These rules are
well suited to reason about deterministic properties of probabilistic algorithms, but less suited
for probabilistic properties.
In both P CSP0 and P CSP , the operator  of CSP is replaced with an operator p  for
probabilistic choice, where p is the probability of choosing the left-hand process and 1 − p is the
probability of choosing the right-hand process. Underspecification with respect to probabilities
cannot be expressed, as only exact probabilities can be assigned to the operator for probabilistic
choice, and there is no operator for letting the system choose nondeterministically between two
different probabilistic choices. This means that soft requirements, or requirements such as ‘the
coin should at least be reasonably fair’, cannot be expressed.
The language pGCL [MM05, MM06] is based on Dijkstra’s Guarded Command Language
(GCL) [Dij76]. GCL and pGCL can be seen as programming languages where states are represented by variable assignments. Both languages contains an operator  for nondeterministic
(demonic) choice1 . This operator allows the notion of abstraction, and therefore, also refinement, to be captured. A nondeterministic choice between alternatives gives the union of the
alternatives, and refinement is defined as reverse inclusion: prog  refines prog if the behavior of prog  is included in the behavior of prog. Hence, the nondeterminism expressed by 
represents underspecification. The inclusion of the operator for nondeterministic choice means
that GCL and pGCL may be viewed as specification languages as well as programming lan1
An operator  for angelic choice is also introduced. Intuitively, in a pGCL program, a demonic choice
is made by a demon who seeks to minimize the probability of reaching the state under consideration, while an
angelic choice is made by an angel who seeks to maximize the same probability.
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guages. Therefore, there is no need for a separate notion of compliance (as a relation between a
specification and a system) in addition to refinement.
In addition to the GCL operators, pGCL contains an operator p ⊕ for probabilistic choice.
A fair coin can be specified by
Cf = H 0.5 ⊕ T
where H represents the heads outcome and T represents the tails outcome. Underspecification
with respect to probability can be expressed by a nondeterministic choice between two probabilistic choices whose alternatives are identical, where the probability values represent the upper
and lower bounds on the acceptable probability. For example, a coin that is ‘at least reasonably
fair’ can be specified by
Ca = (H 0.4 ⊕ T )  (H 0.6 ⊕ T )
and the fair coin specified by Cf is then a refinement of Ca .
A nondeterministic choice between two alternatives will be refined by any probabilistic
choice between the same alternatives. This means that a nondeterministic coin specified by
Cn = H  T
is refined by both Cf and Ca .
A nice feature of pGCL is that it also offers a program logic that allows us to discover
properties of the system via syntactic manipulations on the pGCL program. For example, if S
is a set of desirable states, then we may find the probability that execution of the program will
end in a state in S.
[Heh04] shows how probabilistic reasoning can be applied to predicative programs and specifications. The semantics of a standard (non-probabilistic) predicative program is given in terms
of first-order logic. For example, the program statement if b then x := H else x := T is
interpreted as (b ∧ x = H) ∨ (¬b ∧ x = T ). This approach is generalized to the probabilistic
case by considering booleans to be a subset of real numbers, where  = 1 and ⊥ = 0. A
probabilistic choice can then be expressed with the if . . . then . . . else . . . construct. For
example, an unfair coin biased toward the tails outcome can be represented by the program
statement if 0.4 then x := H else x := T . Semantically this is represented by the expression 0.4 × (x = H) + 0.6 × (x = T ), which is a distribution from which we may obtain
the probabilities of outcomes by inserting the various values for x. For example, by choosing
x = H, we get 0.4 × (H = H) + 0.6 × (H = T ), which equals 0.4 ×  + 0.6 × ⊥ = 0.4.
Nondeterminism is disjunction, and equivalent to an if . . . then . . . else . . . construct
where the condition is a variable of unknown value (probability); P ∨ Q is equivalent to
∃p ∈ [0, 1] : if p then P else Q. Nondeterminism gives freedom to the implementer, who
is intuitively free to choose p. A nondeterministic choice can be refined either by a probabilistic
choice (by ensuring that 0 < p < 1) or by a deterministic choice (by ensuring that p = 1 or
p = 0). Thus, nondeterministic choice, probabilistic choice, and deterministic choice is not considered to represent three different kinds of choice, but rather different degrees of information
about a choice. There is no distinction between demonic and angelic choice. As in [MM05],
underspecification with respect to probabilities can be expressed by a nondeterministic choice
between two probabilistic choices.
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Probabilistic automata [Seg95, SL95] are extensions of labeled transition systems designed
to address the problem of modeling and verification of randomized distributed algorithms. Unlike ordinary automata, probabilistic automata allow probabilistic choice to be represented in
the form of probabilistic transitions. A probabilistic transition is a transition from a state to
a discrete distribution over pairs consisting of a label and a state. A standard (deterministic)
transition then becomes a special case of a probabilistic transition, where the probability is 1
for a certain (label, state) pair. Nondeterminism is represented by the fact that there may be several outgoing (probabilistic) transitions from any state. This nondeterminism is resolved by a
scheduler that chooses probabilistically between the (probabilistic) transitions. This means that
underspecification with respect to probabilities can be represented by nondeterministic choices
between probabilistic transitions that are identical, except for the probability values of the distribution. [Seg95] proposes hierarchical verification techniques based on either preorders of trace
distributions or on simulation. The preorder based on trace distributions is a generalization of
the trace inclusion preorder for nonprobabilistic automata, where an automaton A is refined by
an automaton A if the set of traces of A is a subset of the traces of A. For probabilistic automata, the idea is essentially the same, except that we now consider sets of trace distributions
instead of sets of traces. The simulation method, on the other hand, compares two automata by
establishing some relation between their states and showing that the two automata can simulate
each other via the given relation. [Seg95] generalizes this idea from standard (non-probabilistic)
automata to probabilistic automata, and discusses a number of simulation relations for probabilistic automata.
[dAHJ01] presents a trace-based model for systems with both probabilistic and nondeterministic choice. A trace is a sequence of states, and a state is an assignment of values to a set of
variables. Semantically, a system is represented by a set of probability distributions on traces,
which are called bundles. The fact that the model contains a set of bundles instead of a single
bundle is due to nondeterministic choices. As in, for example, [Seg95], nondeterminism is resolved by a scheduler, so underspecification with respect to probabilities can be expressed in a
similar way as in [Seg95]. However, unlike [Seg95] and other earlier work, [dAHJ01] allows
multiple schedulers for the resolution of the nondeterminism within a system. This is done in
order to achieve deep compositionality, which means that the semantics (set of trace bundles)
of a composite system can be obtained from the semantics of its component systems. For each
scheduler, the set of variables it may affect and the set of variables that is visible to the scheduler
(the variables upon which the scheduler’s choice may depend) must be specified by a so-called
atom. As the atoms determine probabilistic dependence between variable values, merging of
atoms may increase the behavior (bundles) of a system. Atoms form a part of the semantic representation and are taken into consideration (by taking their union) when composing systems.
Atoms also play a role with respect to refinement; refinement is basically bundle containment,
with the additional requirement that the concrete system (implementation) cannot exhibit more
variable dependencies than the abstract system (specification).
In [JL91], Jonson and Larsen present a specification formalism in the form of probabilistic
(unlabeled) transition systems. A probabilistic transition system is a transition system where
transitions are assigned sets of allowed probabilities. The use of sets of allowed probabilities
instead of exact probabilities represents underspecification with respect to probability, and is
motivated partly by the need to specify soft requirements, such as ‘the probability of losing a
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message in a communication channel should be no more than 0.01’. Two different refinement
relations between specifications are proposed. The stronger criterion is based on the idea of
simulation between specifications. The idea is that a transition in one specification can be
simulated by a set of transitions in the other specification, as long as the combined probability
of the transitions in this set is an acceptable probability of the original transition. The weaker
criterion views a specification as a definition of a set of processes. Refinement is then defined as
set inclusion of processes. A specification S is refined by a specification S  if all the processes
of S  are also processes of S. A process (unlike a specification) has exactly one probability
assigned to each transition.
In [JHSY94, JY95], labeled transition systems with both nondeterministic and probabilistic
choice are used for specifying systems. Nondeterministic choice is used to represent underspecification, and refinement corresponds to restricting the possible behavior. Refinement relations
are defined based on testing. A test is a labeled transition system with both nondeterministic
and probabilistic choice, where a subset of the states is defined as success states. A testing
system P T is the parallel composition of a process P and a test T , and from this we can
obtain the set of possible probabilities of reaching a success state. Based on this, the concepts of
may-refinement and must-refinement are defined as follows: A process P2 is a may-refinement
of a process P1 if for every test T the highest probability of reaching a success state in P T2
is not higher than in P T2 . P2 is a must-refinement of P1 if for every test T the lowest probability of reaching a success state in P T2 is not lower than in P T2 . P2 is a refinement
of P1 if it is both a may-refinement and a must-refinement of P1 . Intuitively, this means that
P2 refines P1 if for every test, the interval of probabilities of reaching a success state is made
smaller. In other words, a refinement step may reduce underspecification with respect to probability. [JY95] shows that the refinement relations are compositional in the sense that if P1 is
refined by P2 , then P1 P is refined by P2 P for any process P .

4.3 Subjective specifications and trust
Subjective logic [Jøs01, Jøs07] is a probabilistic logic that explicitly takes uncertainty about
probability values into account. The logic operates on subjective belief about the world. Different actors have different subjective beliefs, and these beliefs are associated with uncertainty.
In subjective logic, it is, for example, possible to calculate to what degree an actor believes
that a system will work based on the actor’s beliefs about the subsystems, or to calculate the
consensus opinion of a group of actors. Subjective logic deals strictly with the actors’ beliefs
and reasoning, and there is no representation of how this reasoning influences their behavior.
In [JBK04], it is shown how to use the belief calculus of subjective logic in a risk analysis.
Subjective beliefs about threats and vulnerabilities are used as input parameters to the analysis. Hence, the computed risk assessments will also contain information about the uncertainty
associated with the result of the analysis.
Epistemic logics are modal logics concerned with reasoning about belief. A modal beliefoperator is used to express statements like “actor A believes P”. BAN logic [BAN90] is an
epistemic logic for analyzing communication protocols and authentication. For example, the
belief operator can be used to express that two actors believe that they are indeed communicating
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with each other (and not with an intruder).
[GS02] presents a logic-based language called SULTAN for specifying and analyzing trust.
Recommendations can also be expressed in the language, and conditions can be given for establishing a trust relationship or a recommendation. Trust and recommendations depend on the
context, which is a set of actions. Trust specifications can be based on recommendations, by formalizing statements such as ‘John trusts Fred to install OS on his PC (at medium level) if Peter
highly recommends Fred to install OS on any computer’. Conversely, recommendations can be
based on trust. SULTAN is supported by a prototype tool for analyzing specifications. For example, the tool can answer queries like ‘Is there a scenario in which there is a trust relationship
and a recommendation that concerns the same subject, target, and actionset?’
A formal framework for modeling and analyzing security and trust requirements is presented
in [GMMZ04]. Focus is on modeling organizations (which may include computer systems).
The approach is based on a separation of functional dependencies, trust, and delegation relationships, which allow security and trust requirements to be captured without going into details
about how these will be realized. The formal framework supports automatic verification of security and trust requirements. In [GMMZ05], this work is taken further by allowing trust to be
analyzed at two different levels. At the social level, the focus is on the roles of an organization.
For example, a bank may have a policy stating that the (agent playing the role of) bank manager
should trust the (agent playing the role of) chief accountant to approve payment orders. At the
individual level, the focus is on single agents. For example, Bob may not trust Alice. The possibility of conflicts between the social level and the individual level then arises; what if Bob is
the bank manager and Alice is a chief accountant? [GMMZ05] demonstrates how the trust and
security requirements engineering methodology is able to capture such conflicts, and also how
they can be resolved.
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Chapter 5
Overview of the invented artifacts
In this chapter, we give an overview of the four artifacts resulting from our work, supported
by simple examples. We also give references to the relevant chapters in Part II for formal
definitions and further explanations.

5.1 The pSTAIRS language
We now give an overview of the pSTAIRS language. First we give two examples of pSTAIRS
specifications and explain their intuitive meaning, before giving an explanation of the semantic
representation of pSTAIRS specifications. Then we present the syntax of pSTAIRS, and explain
the role of each composition operator.

5.1.1 Examples of pSTAIRS specifications
We start the overview of the pSTAIRS language by giving two examples of pSTAIRS specifications. The specification in Figure 5.1 is based on the specification found in [JL91, Figure 1]1
and shows communication through an unreliable communication medium that can only hold
one message at a time. The task of the medium is to forward a message from the sender to the
receiver. The sender first sends the message to the medium, and the medium should then forward the message to the receiver. However, it may occur that the medium corrupts the message
before it is received by the receiver. The palt operator (for probabilistic choice) is used to model
the two alternatives. The first operand represents the case where the message is forwarded without being corrupted. The first probability set [0.9, 1] belongs to this alternative, which means
that this alternative should take place with a probability of at least 0.9. The second operand
represents the alternative where the message is corrupted. The second probability set [0, 0.1]
belongs to this alternative, which means that the probability of corrupting the message should
be at most 0.1. Hence, the specification defines a soft requirement stating that the (undesirable)
1
The original specification is a state based transition system. One may argue that a closer correspondence with
the original specification could have been obtained by replacing the palt operator with the expalt operator (which
is defined in Chapter 12) and using a loop operator at the outermost level, which we have omitted. We have also
replaced the unspecified value  with 0.1. Finally, it is not made clear in the original specification whether the
corrupted message actually gets sent to the receiver. The case where corruption means that the message is not sent
can be modeled by an error message from the medium to itself, or by a skip operator showing that nothing happens.
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Figure 5.1: An unreliable communication medium.

alternative where the message is corrupted can be accepted as long as its probability is at most
above 0.1.
The next example is the well-known ‘Monty Hall’ game, which is treated in [MM05] and
[Heh04]. The game goes as follows: the game show host, Monty Hall, has hidden a prize behind
one of three doors. There is one player, and she wins if she can guess behind which door the
prize is hidden. But there is a twist: after the player has made her guess, Monty opens one
of the doors, but not the door that the player chose, and not the door that hides the prize. He
then offers the player the opportunity to change her mind and choose instead the door that is
still closed, which she did not initially choose. Should she accept the offer? In Section 5.2, we
model the two possible strategies. For now, we simply model how the game may be played. We
assume that the setup of the game ensures that players have no reason to prefer one door over
another, so that the probability of choosing each door is 31 . Diagram MontyHall in Figure 5.2
shows the specification of the game.
The ‘ref’ construct occurring in MontyHall is simply a reference to the sequence diagram
whose name occurs in the frame of the ‘ref’ construct. Its meaning is exactly the same as if
the ‘ref’ construct was replaced by the contents of the referred sequence diagram. For example,
the sequence of messages and operands occurring in chWinner could have replaced the ‘ref’
construct in the first palt operand without changing the semantics of the diagram.
The palt operator in MontyHall models the three choices of the player: one winning door
and two losing doors, each with a probability of 13 . The operands of the palt show what may
happen in each case. The first operand shows the case where the player initially chooses the
winning door, represented by the ‘choose(winner)’ message. Monty Hall must then open one of
the doors that do not hide the prize. We assume that it is acceptable for Monty to always choose
the same alternative at this point, without any probabilistic requirements2. In this sense, the two
2
Note that this assumption means that the player must not know anything about the relation between ‘loser1’
and ‘loser2’, such as their relative position. Therefore, she will not be able to infer any additional information from
knowing that Monty Hall will always open ‘loser1’ if he has a choice. To illustrate the need for this assumption,
suppose that the player knows that Monty will always open the rightmost door in the cases where he has a choice. If
she then initially chooses the door in the middle and Monty responds by opening the leftmost door, then this would
mean that he was not allowed to open the rightmost door, which again means that this door hides the prize. As
an alternative to making this assumption, we could require that Monty chooses probabilistically between opening
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Figure 5.2: The Monty Hall game.
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alternatives represent underspecification (implementation freedom), which is modeled by the
alt operator. After opening one of the losing doors, Monty offers the player an opportunity to
change her mind, represented by the ‘change?’ message. This gives the player two alternatives
from which to choose freely. Hence, this choice is also modeled by an alt operator. The first
operand shows the case where she accepts the offer to change her mind. Monty Hall then has
to inform her that she has lost, represented by the ‘youLose’ message, as the prize is behind the
door she initially chose. The case where she rejects the offer is represented by the second alt
operand. In this case, Monty Hall must inform her that she has won.
The assert operator in chWinner is used to express that only the described behavior is
acceptable according to the rules of the game for the case where the player initially chooses the
winning door. Hence, there is no underspecification with respect to behavior. Any behavior not
explicitly described is considered to be negative.
The second operand of the palt in MontyHall shows what happens if the player initially
chooses the first of the losing doors, represented by the ‘choose(loser1)’ message. Monty then
has no choice but to open the other losing door, as he is not allowed to open the door that the
player has chosen or the winning door. Again he asks the player whether she wants to change
her mind, and the player may either accept the offer or reject it. But now she will win only if
she accepts the offer, as the prize is not behind the door she initially chose, and not behind the
door that Monty Hall has opened. Again the assert operator has been used to express that only
the described behavior is acceptable for the case where the player initially chooses the first of
the losing doors. The third operand of the palt is identical with the second operand except that
the two losing doors have been swapped.
In practice, it is not possible to set up the game in a way that guarantees that the probability of choosing any particular door (based on observed frequencies after a large, but finite
number of games) will be exactly 13 . Therefore, if the diagram MontyHall was intended as a
practical specification to be implemented (instead of a model of the ideal game) there should be
some underspecification with respect to probability for the three alternatives. For example, the
probability set for each alternative could be [ 15 , 25 ] instead of { 13 }.
The MontyHall diagram in Figure 5.2 shows an (ideal) model of all acceptable ways of
playing the game according to its rules. We could also use pSTAIRS to model how players
actually play the game, based on observed behavior. The choice between accepting or rejecting
the offer to change one’s mind would then be modeled by a palt operator where the probabilities
are based on frequencies of observed behavior.

5.1.2 P-obligations
We now give a basic explanation of the semantic representation of pSTAIRS specifications.
The semantics of a pSTAIRS specification is given as a set of probability obligations, or pobligations for short. A p-obligation is a pair (o, Q) consisting of an interaction obligation o
and a set of probabilities Q ⊆ [0, 1]. An interaction obligation3 o = (p, n) is a pair of a set of
positive traces p and a set of negative traces n. Traces represent the behavior of a system in the
form of system runs. Positive traces represent desirable or acceptable behavior, while negative
‘loser1’ and ‘loser2’, each with a probability of 0.5.
3
In STAIRS, the semantics of a specification is given as a set of interaction obligations.
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Figure 5.3: One of the p-obligations resulting from the specification in Figure 5.3.

traces represent undesirable or unacceptable behavior. The name ‘interaction obligation’ is due
to the fact that every interaction obligation represents an obligation for the specified system;
the system is obliged to produce behavior that represents the interaction obligation according
to defined compliance/refinement relations. An interaction obligation still leaves some freedom
for those responsible for implementing or refining the specification, as the interaction obligation
does not in general require any particular trace to be produced. Instead it allows a number of
traces from which the implementer may choose. In this way, an interaction obligation represents
implementation freedom or underspecification with respect to system behavior. Informally we
may represent a p-obligation as in Figure 5.3, which shows one of the p-obligations resulting
from the specification of the unreliable buffer in Figure 5.1. The oval represents the interaction
obligation; the upper part of the oval represents the set of positive traces. In this p-obligation,
there is only one positive trace t, which represents the alternative where the message is correctly
transmitted via the medium. The lower part of the oval represents the set of negative traces,
which in this simple example is empty. The set above the oval represents the set of probabilities.
The choice of p-obligations as the semantic representation is based on a number of considerations. First of all, we want the semantics to facilitate a modular approach where different
parts of a specification can be refined and implemented independently of each other. This has
been achieved in STAIRS partly by representing a specification semantically as a set of independent interaction obligations that can be refined and implemented without considering other
interaction obligations. It is therefore natural to extend this semantic model to the probabilistic
domain. This also allows us to base our definitions of the UML operators (such as seq and par)
on the definitions given in STAIRS, which in turn are based on the UML 2.x standard.
The question is then how to include probabilistic requirements in the semantics. An interaction obligation represents an ‘abstract piece of behavior’ that may be implemented by a number
of different traces. From the specifier’s point of view, all these traces are considered to be equivalent. Conceptually it is therefore natural to assign probabilities to interaction obligations. This
has the added benefit of giving a clean separation between underspecification with respect to
traces and probabilities. The assignment of a set of probabilities Q rather than a single probability to each interaction obligation captures underspecification with respect to probability, as
the implementer is free to implement the p-obligation with any of the probabilities in Q.
It should be noted that a p-obligation in general restricts only a certain part (percentage)
of the total behavior of the final system. Only a p-obligation whose probability set is {1}
will restrict all system behavior. As an example, let po = ((p, n), [0.2, 0.4]) be a probability
obligation and assume we use a compliance relation that allows the interaction obligation (p, n)
to be implemented by any traces in H \ n, where H denotes the set of all traces. Then the
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only restriction on the final system behavior that po in isolation poses is that the probability of
producing traces in H\n should be at least 0.2, or equivalently, that the probability of producing
traces in n should be at most 0.8. The probability of producing traces in H \ n may well be
greater than 0.4, even if 0.4 is the upper limit of probability for the p-obligation po. The reason
is that p-obligations resulting from different probabilistic alternatives may have overlapping sets
of allowed traces. However, if none of the traces allowed by a p-obligation representing one
probabilistic alternative are allowed by any of the p-obligations representing other probabilistic
alternatives, then the upper bound on the probability set gives the highest possible probability
of producing the traces allowed by that p-obligation. Hence, the upper bound also plays a role,
even if this role cannot be understood by looking at the single p-obligation in isolation. For more
on this issue and the reason why it would not suffice to give only lower bounds on the probability
of an interaction obligation, we refer to Section 4 in the paper presented in Chapter 10.

5.1.3 Syntax
We now give a more general overview of the pSTAIRS language, starting with a summary of the
textual syntax of the language. An intuitive explanation of the role of the composition operators
is given in the next section.
The set of syntactically correct pSTAIRS diagrams is denoted by D. It is defined as the least
set such that4:
skip ∈ D ∧ E ⊂ D
d ∈ D ⇒ refuse d ∈ D ∧ veto d ∈ D ∧
assert d ∈ D ∧ opt d ∈ D
d1 , d2 ∈ D ⇒ d1 seq d2 ∈ D ∧ d1 par d2 ∈ D
∀j ≤ n : dj ∈ D ⇒ alt(d1 , . . . , dn ) ∈ D
∀j ≤ n : (dj ∈ D ∧ Qj ⊆ [0, 1]) ⇒ palt(d1 ;Q1 , . . . , dn ;Qn ) ∈ D
d ∈ D ∧ C ∈ F(tt.d) ⇒ d tc C ∈ D
d ∈ D ∧ S ⊆ N ∪ {0, ∞} ⇒ loop S d ∈ D
where
• E denotes the set of events. An event represents either transmission of a message (represented graphically as an arrow tail) or reception of a message (represented graphically as
an arrow head). Traces are finite or infinite sequences of events.
• tt.d yields the set of timestamp tags occurring in the diagram d. Every event occurring
in a sequence diagram has a timestamp tag, even if it may not be shown explicitly in
a diagram. Logical formulas with timestamp tags as free variables are used to impose
constraints on the timing of events.
• F(tt.d) denotes the set of logical formulas whose free variables are contained in the set
of timestamp tags tt.d.
4

In the paper in Chapter 9, we have used neg instead of veto. These operators are semantically identical.

36

The base case implies that the empty diagram, as well as any event, is a sequence diagram. Any
other sequence diagram is constructed from the basic ones by the application of the composition
operators refuse, veto, assert, opt, seq, par, alt, palt, tc, or loop.
Only sequence diagrams that are syntactically correct in UML 2.0 are considered, except
that we have a few operators that are not defined in UML. Also, extra global combined fragments are not handled. For the operators refuse, veto, assert, opt, alt, palt, tc, and loop, it is
assumed that every operand includes only complete message communications, i.e. messages
where both the transmission and the reception event is within the same operand. In addition,
for sequence diagrams consisting of more than one event, we require that all messages where
both the transmitter and receiver lifelines are present in the diagram should be complete. For a
formal definition of these criteria, we refer to Chapter 9.

5.1.4 The role of the operators
As illustrated by the examples given in Section 5.1.1, the operator that introduces probability in
probabilistic STAIRS is the palt, which is not included in UML 2.x. The palt operator defines a
probabilistic choice between two or more alternatives. Even though our initial motivation was
primarily to express soft real-time requirements, it is clear that introducing probabilistic choice
independent of time allows a much broader class of requirements to be expressed. Therefore,
we allow any syntactically correct sequence diagram to occur in the operand of the palt, and
place no formal restrictions on the relation between the different operands.
Each operand of the palt is assigned a set of probabilities that shows by which probability the
scenario specified by the operand may occur. The use of a set rather than a single probability allows the specifier to express underspecification with respect to probability, as the person responsible for implementing or refining the specification can choose among the probabilities in the
set. However, the probabilities must be chosen so that they add up to 1. A similar requirement
is included in most other probabilistic specification languages, see e.g. [Seg95, Heh04, MM06].
It ensures that behavior that does not refine any existing alternative cannot be added in a refinement step or in the final system. If the specifier wants to give a high degree of implementation
freedom for a certain alternative, then this can still be achieved by describing that alternative at
a very high level of abstraction.
The semantics of the palt operator is closely connected to the refinement relations. The basic
idea is to generate a p-obligation for each operand of the palt, but also to generate p-obligations
that represent the combined requirements of the operands. In particular, a p-obligation with
probability set {1} represents the requirement that probabilities should add up to 1 for the
operands of a palt. This requirement needs to be represented in the semantics of a specification. It cannot be imposed as an extra requirement on the refinement relation, as it applies to
each occurrence of palt, which means that the nesting of palt operators must be represented
semantically. We refer to Chapter 12 for a thorough explanation of the palt semantics.
The skip operator is also not included in UML 2.x. It has been included in STAIRS and
pSTAIRS to express that ‘nothing happens’, represented semantically by the empty trace. For
the remaining operators, their role is, for the most part, similar to that as in UML 2.x. The
seq and par operators model sequential and parallel composition, while refuse models negative
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Operator
palt
skip
seq
par
refuse
assert
alt
tc
loop

Chapter
12, 10
12
9, 12
9, 12
12
9
10, 12
9
9

Table 5.1: Descriptions of pSTAIRS operators in Part II
(undesired) behavior5 . The assert operator is also used to define negative behavior, as it makes
all traces except those occurring in the assert operand negative. The alt operator is used to
capture underspecification with respect to behavior, i.e. to give alternatives from which the
implementer may choose freely. By enclosing one of its operands in a refuse operator, the alt
operator may also be employed to explicitly define negative alternatives, i.e. to express how a
scenario should not be implemented. Time constraints are modeled by the tc operator. The loop
operator can be employed to model a loop with anywhere from 0 up to and including an infinite
number of iterations. The number of iterations may be underspecified as it is given as a set S,
rather than a single value.
Table 5.1 shows where formal definitions and further explanations of each of the above
operators can be found. In cases where an operator is described in several chapters, we list only
one or two. The operators veto and opt provide alternative ways of specifying negative behavior
or underspecification, respectively. These operators are defined in terms of the other operators
by:
veto d

def

=

alt(refuse d, skip)

(5.1)

opt d

def

alt(d, skip)

(5.2)

=

5.2 The refinement relations
A refinement relation formalizes stepwise development where more information or stronger
requirements are added in each step, so that the specification becomes more precise or deterministic. Refinement is a central issue and defined formally in all the research papers in Part II.
In Chapter 12, a number of different refinement relations have been proposed and their properties explored.
A basic requirement for all refinement relations is that behavior at the abstract level should
also be represented at the concrete level. Semantically this means that all p-obligations at the
abstract level should have a refining p-obligation at the concrete level. A p-obligation may be
refined either with respect to behavior (traces) by refining its interaction obligation, or with
5
See [RHS05b] for a discussion of why we use refuse rather than the UML 2.x operator neg as the basic
operator for defining negative behavior.
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sd uMedium2
sender

sd rMedium
medium

sender

receiver

message

medium

receiver

message
message
palt {0.9} {0.1}
message

corrupt

Figure 5.4: Two refinements of the uMedium specification.

respect to probability by reducing its set of acceptable probabilities, or both. Thus, refinement with respect to behavior can be carried out independent of its corresponding probability
and vice versa. Refinement of interaction obligations (behavior) is defined in the same way
as in STAIRS. Two central concepts here are supplementing and narrowing. Supplementing
means to redefine inconclusive traces as either positive or negative, while narrowing means to
redefine positive traces as negative. As argued in [HHRS05a], supplementing corresponds to
weakening the pre-condition in classical pre/post specifications (see [Hoa69]), while narrowing
corresponds to strengthening the post-condition.
P-obligations where 0 is a member of the set of acceptable probabilities form an exception
to the requirement that all p-obligations from the abstract level must also be represented at the
concrete level. This exception ensures that a specification with a soft requirement is refined
by a specification with the corresponding hard requirement. As an example, consider the specification rMedium on the right-hand side of Figure 5.4. This specification shows a reliable
communication medium that always forwards the correct message. Intuitively it seems clear
that this should be a legal refinement of the unreliable medium specified by uMedium from
Section 5.1. However, this would not hold true if we also required the p-obligation resulting
from the second palt operand in the uMedium diagram to be represented at the concrete level, as
the semantics of rMedium contains no p-obligation whose probability set is a subset of [0, 0.1]
corresponding to the case where the message is corrupted.
Another example of a valid refinement of the specification uMedium is given by uMedium2
on the left-hand side of Figure 5.4. Here the probability of corrupting the message is 0.1, which
is the highest acceptable probability for this alternative. In this sense, uMedium2 can be considered to be the worst acceptable refinement of uMedium, while rMedium can be considered
to be the best. Both specifications in Figure 5.4 are based on the specifications found in [JL91,
Figure 3], where they illustrate refinements of the specification in [JL91, Figure 1].
To further illustrate refinement, we now come back to the Monty Hall game from Section 5.1.1. The diagram MontyHall_n in Figure 5.5 shows the game in the case where the
player’s strategy is to reject the offer to change her choice of door. No changes have been made
with respect to probabilities. The alt operators for choosing to answer either yes or no to the
offer have been removed, as well as the alternative where she accepts the offer, leaving only
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sd MontyHall_n
player

sd chWinner_n
Monty

palt {1/3} {1/3} {1/3}

player

sd chLoser1_n
Monty

assert

chWinner_n

Monty

assert

choose(winner)
ref

player

choose(loser1)
open(loser2)

alt

change?
open(loser1)
no
ref

chLoser1_n

youLose

open(loser2)

change?
ref

chLoser2_n

no
youWin

sd chLoser2_n
player

Monty

assert
choose(loser2)
open(loser1)
change?
no
youLose

Figure 5.5: Rejecting the offer to change door in the Monty Hall game.
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sd MontyHall_y
player

sd chWinner_y
Monty

palt {1/3} {1/3} {1/3}

player

sd chLoser1_y
Monty

assert

chWinner_y

Monty

assert

choose(winner)
ref

player

choose(loser1)
open(loser2)

alt

change?

open(loser1)

yes
ref

chLoser1_y

open(loser2)

youWin

change?
ref

chLoser2_y

yes
youLose

sd chLoser2_y
player

Monty

assert
choose(loser2)
open(loser1)
change?
yes
youWin

Figure 5.6: Accepting the offer to change doors in the Monty Hall game.

the messages for the case where the offer is rejected. However, the use of the assert operator
ensures that the traces corresponding to the cases where the offer is accepted have become negative in the interaction obligations of the MontyHall_n specification, while they were positive in
the MontyHall specification. As no other changes have been made, this constitutes a narrowing.
We see that in one of the palt operands, the scenario ends with a ‘youWin’ message, while in the
two other cases, the scenario ends with a ‘youLose’ message. Not surprisingly, the probability
of winning when rejecting the offer to change door is 31 , which is the same as the probability of
initially choosing the winning door.
The specification MontyHall_y in Figure 5.6 shows the game in the case where the player’s
strategy is to accept the offer to change her choice of door. This is also a refinement of the MontyHall specification, for similar reasons as above. However, now we see that two of the three
palt operands end with a ‘youWin’ message, while only one ends with a ‘youLose’ message.
Hence, the probability of winning when accepting the offer is 23 , so this is the best strategy. This
concludes the example.
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5.3 The compliance relations
With respect to compliance, the basic idea is to build a semantic representation of the (implemented) system as a set of p-obligations, and then to apply the refinement relations. The major
difference between refinement and compliance is that for the (implemented) system, we do not
have any sequence diagram or other syntactical entities from which to build this representation.
Instead we assume that we have access to information about the system behavior and its probabilities in the form of a set of trace sets and a probability function assigning a probability to
each trace set6 . This information can have been obtained, for example, through testing. For
each trace set, a p-obligation is constructed whose probability set contains only the probability assigned to the trace set by the function. For more on compliance relations for pSTAIRS
specifications, see Chapter 12.

5.4 Subjective STAIRS
Subjective STAIRS was introduced in the paper presented in Chapter 13 7 and extends pSTAIRS
in order to model the subjective belief of actors, and in particular, their trust in other entities.
The basic idea is to let a probabilistic sequence diagram represent the subjective belief of an
actor. Such a diagram is called a subjective sequence diagram. A probability in a subjective
diagram represents a probability estimate made by the actor, who is then said to be the subject
in that diagram. As trust with respect to a transaction can be defined in terms of subjective
probability [Gam88, JKD05, LMS+ 07], this enables us to model the trust of an actor with
respect to a transaction. In order to show how trust influences the actors’ choice of action,
we allow ordinary diagrams (which we call objective diagrams to distinguish them from the
subjective diagrams) to refer to subjective diagrams.
Figure 5.7 shows an example of the use of subjective sequence diagrams. It is based on an
example taken from [JKD05] and illustrates that decisions based on trust do not depend only
on subjective probability estimates, but also on the context in which the decision is made. The
example goes as follows:
For example, consider a person who distrusts an old rope for climbing from the
third floor of a house during a fire exercise. Imagine now that the same person is
trapped in a real fire in the same house, and that the only escape is to climb from
the third floor window with the same old rope. In a real fire, most people would
trust the rope.
A central aspect of the example is that even if the estimated probability of the rope breaking
may be the same for the fire drill and the real fire, the decision whether to use the rope or not
may indeed differ in the two cases. Obviously, in a fire drill, the person (who we call Alice)
will not use the rope unless she believes that the probability that the rope will break is very low.
This decision threshold will be higher in the case of a real fire. The diagrams in Figure 5.7
illustrate this point. The right-hand diagram est is a subjective diagram, which is shown by the
6
Technically, we require that the system is represented by a special kind of probability space, as explained in
Chapter 12.
7
The name ‘subjective STAIRS’ was not used in that paper.
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sd fireExercise
Alice

ssd est(out x)

sd fire
rope

alt

Alice

rope

[est.x<0.4]
climb

palt <0,1] <0,1]

palt <0,1] <0,1]

break

break

hold

[est.x0.01]
wait

rope
climb

alt

[est.x<0.01]
climb

subj
Alice

palt {x} {1-x}
break
hold

hold

[est.x0.4]
wait

Figure 5.7: The decision threshold for the probability estimate depends on the context.

occurrence of the keyword ssd rather than sd in front of the sequence diagram name and the
fact that the ‘Alice’ lifeline has been designated as the subject by the keyword subj in the lifeline
head. The diagram therefore shows the probability estimate made by Alice. The point of this
particular diagram is not to show the actual estimate value, but rather the fact that the estimate
is made. Therefore, we have used a variable x as the estimated probability of the rope breaking.
This variable may be considered to be a local variable on the ‘Alice’ lifeline, as Alice is the one
making the estimate. The variable can be referred to by an objective diagram, as indicated by
the notation (out x) after the sequence diagram name.
The fireExercise diagram shows the fire exercise scenario. If Alice does not climb down
the rope, then we assume she will wait on the third floor, which we have modeled by a ‘wait’
message from Alice to herself. The alt operator shows the two alternatives8 of either using
the rope or waiting. The expressions enclosed by [. . .] on the ‘Alice’ lifeline at the beginning
of each alt operand are called guards and restrict the choice of alt operand; only an operand
whose guard evaluates to true may be chosen. Both guards occurring in the alt operands refer
to the variable x from the est diagram. This variable represents the probability by which Alice
believes the rope will break if she chooses to use the rope. The guard [est.x < 0.01] of the
first operand shows that she will only use the rope during a fire exercise if she believes this
probability to be less than 0.01. The palt operator in the first operand of the alt operator in the
fireExercise diagram shows that the probability of the rope actually breaking if she chooses
to use the rope is somewhere in the interval 0, 1]; in other words, higher than 0, but otherwise
unknown.
The fire diagram shows the same scenario in the case where there is a real fire. Except for
the guards, this specification is identical to the fireExercise diagram: either she uses the rope
8
We have chosen to use the alt operator to describe this choice because we are not concerned about the probabilities of the alternatives. And since this diagram is not intended as a system specification to be implemented,
there is no need to ensure that both alternatives occur with a certain probability in the final system.
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or she waits in the hope of being rescued. The guards, however, show that in the case of a real
fire, Alice will choose to use the rope as long as she believes the probability of it breaking is less
than 0.4. The two specifications fireExercise and fire illustrate that although Alice’s probability
estimate may well be the same in the fire and fire exercise cases, her decision whether to use
the rope may differ.
We have chosen not to model what happens next in the case where Alice chooses to wait,
as the point of the example is only to illustrate how subjective STAIRS can be used to show
how different decision thresholds may be used depending on the context in which the decision
is made. If desirable, we could have used a palt operator in the second alt operand in the fire
diagram to show that in the case where Alice chooses to wait, there is a certain probability that
she will be rescued.
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Chapter 6
Overview of the research papers
The main results of the work of this thesis are documented in the papers presented in Part II.
We now give an overview of the contribution of each of these papers, along with publication
details. My contribution to each paper is also specified.

6.1 Paper 1: Specification and Refinement of Soft Real-Time
Requirements Using Sequence Diagrams
Authors: Atle Refsdal, Knut Eilif Husa, and Ketil Stølen.
Publication status: Research report 323, University of Oslo. The research report presented in
this thesis is a revised and expanded version of the article published as [RHS05a].
My contribution: I was the main author, responsible for about 80% of the work.
Main topics: This paper presents pSTAIRS for the first time. The main issue in the paper is to
show how soft real-time requirements can be expressed and refined. All the major features
of pSTAIRS are introduced in this paper: the palt operator allowing sets of probabilities
to be assigned to each operand, the semantics given as a set of p-obligations, and the
basic refinement relation requiring that each p-obligation whose probability set does not
include 0 is represented at the concrete level.

6.2 Paper 2: Underspecification, Inherent Nondeterminism
and Probability in Sequence Diagrams
Authors: Atle Refsdal, Ragnhild Kobro Runde, and Ketil Stølen.
Publication status: Research report 335, University of Oslo. The research report presented in
this thesis is an expanded and revised version of the article published as [RRS06].
My contribution: The paper was written in close collaboration. I was one of two main authors,
responsible for about 45% of the work.
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Main topics: This paper discusses the relationship between underspecification, inherent nondeterminism, and probability. In particular, it focuses on how these concepts can be
understood in combination, and how they are expressed in STAIRS and pSTAIRS. The
interplay between underspecification and inherent nondeterminism, and between underspecification and probabilistic choice, is not a trivial issue. Most non-probabilistic modeling languages (such as transition systems, state machines, and UML 2.x sequence diagrams) do not distinguish between underspecification and inherent nondeterminism. As
noted in [MM05, Mis06], earlier approaches to probabilistic languages did not include
operators for any kind of nondeterministic choice apart from probabilistic choice, so underspecification could not be expressed. One result of the work with this paper was that
the semantics of the operator alt for expressing underspecification in pSTAIRS was modified.
Probabilistic choice can be understood as a generalization of inherent nondeterminism.
When developing probabilistic STAIRS, our strategy has been to understand the nonprobabilistic case first. In addition to being of interest in their own right, the results of
the paper concerning the relationship between inherent nondeterminism and underspecification in STAIRS have served as a basis for understanding the relationship between
probabilistic choice and underspecification in pSTAIRS.

6.3 Paper 3: Relating Computer Systems to Sequence Diagrams with Underspecification, Inherent Nondeterminism and Probabilistic Choice – Part 1: Underspecification and Inherent Nondeterminism
Authors: Ragnhild Kobro Runde, Atle Refsdal and Ketil Stølen.
Publication status: Research report 346, University of Oslo.
My contribution: The paper was written in close collaboration. I was one of three authors,
responsible for about 25% of the work.
Main topics: In this paper, we show how a computer system can be represented in the semantic
model of STAIRS. Based on this representation, we define what it means for a computer
system to comply with a specification. A number of different compliance relations are
proposed, as well as different refinement relations. Desirable mathematical properties
of the compliance and refinement relations, as well as the relation between them, are
explored.
This paper (Part 1) does not treat probabilistic specifications at all. However, as our
strategy for the development of pSTAIRS has been to understand the non-probabilistic
case (i.e. STAIRS) before moving to the probabilistic case, the work presented in this
paper forms an essential basis for our understanding of various compliance and refinement
relations in pSTAIRS, which is treated in Part 2.
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6.4 Paper 4: Relating Computer Systems to Sequence Diagrams with Underspecification, Inherent Nondeterminism and Probabilistic Choice – Part 2: Probabilistic Choice
Authors: Atle Refsdal, Ragnhild Kobro Runde and Ketil Stølen.
Publication status: Research report 347, University of Oslo.
My contribution: The paper was written in close collaboration. I was the main author, responsible for about 75% of the work.
Main topics: In this paper, we show how a computer system can be represented in the semantic
model of pSTAIRS. Based on this representation, we define what it means for a computer
system to comply with a specification. Based on desirable mathematical properties, a
number of different compliance and refinement relations are proposed and evaluated.
A translator function from STAIRS specifications to pSTAIRS specifications is defined
that allows developers to switch to pSTAIRS during a development process in cases where
probabilistic requirements are essential, and the correspondence between STAIRS and
pSTAIRS with respect to refinement and compliance is investigated.

6.5 Paper 5: Extending UML Sequence Diagrams to Model
Trust-Dependent Behavior with the Aim to Support Risk
Analysis
Authors: Atle Refsdal and Ketil Stølen.
Publication status: Published as [RS08].
My contribution: I was the main author, responsible for about 90% of the work.
Main topics: The paper shows how the language of pSTAIRS can be conservatively extended
in order to express the degree of trust an actor has in another entity. Trust can be modeled,
as well as the actor’s behavior, thereby showing how trust influences the choice of action
made by the actor. Based on such models, it is also shown how an analysis of an actor’s
trust considerations and its consequences can be made.
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Chapter 7
Discussion
7.1 Fulfillment of the artifact requirements
In Section 2.4, we identified a number of requirements that the artifacts should fulfill. We now
return to these requirements to evaluate to what degree they have been met.

7.1.1 The pSTAIRS language
1. The language should have sufficient expressiveness to capture soft real-time requirements
and other soft requirements. The paper presented in Chapter 9 explains, via an automatic
teller machine example, how soft real-time requirements can be expressed, as well as refined, in pSTAIRS. As time requirements and probabilistic requirements are independent,
soft requirements not related to time can be expressed in a similar way as soft real-time
requirements. An example showing a communication medium that is allowed to fail with
a given probability is given in Chapter 5.1.1.
2. The language should have sufficient expressiveness to capture probabilistic choice as used
in games and probabilistic algorithms, or as an abstraction from deterministic criteria for
choosing between alternatives. The paper presented in Chapter 10 gives examples that
show how coin tosses and dice throws can be specified. A specification showing the
Monty Hall game and different strategies for playing this game is given in Section 5.1.1.
Probabilistic choices that are abstractions from deterministic criteria can be modeled in
the same way as other probabilistic choices. Therefore, they do not cause any particular
problems. An example of a probabilistic choice that can be seen as an example of abstraction from deterministic criteria is the choice taken by Billy between sending advance
payment and canceling the deal in Figure 2 of Chapter 13. This choice is modeled by the
outermost palt operator.
3. The language should have sufficient expressiveness to allow environment behavior to be
quantified in terms of probability. When using sequence diagrams, the environment may
be represented by a lifeline. Hence, the environment is modeled in the same way as
the system, and there is no reason why modeling of the environment should pose any
particular problems. In the specification of the Monty Hall game in Section 5.1.1, the
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player may be viewed as an environment whose behavior is quantified by the palt operator
and the probabilities assigned to its operands. Also, in the specification in Figure 2 of
Chapter 13 of the interaction between the purchaser agent and the seller, the seller may be
viewed as the environment of the system, whose behavior is quantified by the innermost
palt.
4. The language should have sufficient expressiveness to capture underspecification with
respect to behavior. This requirement is fulfilled, as there are, in general, a number of
different ways of refining or complying with an interaction obligation. The operator alt
may be used to explicitly introduce new alternative ways of fulfilling a requirement.
5. The language should have sufficient expressiveness to capture underspecification with respect to probability. This requirement is fulfilled as each operand to a palt can be assigned
a set of acceptable probabilities (which in practice most likely will be an interval), instead
of a single probability. Semantically, this is reflected by the fact that each p-obligation
contains a set of probabilities, from which a subset may be selected in a refinement step.
6. The language should be intuitively understandable for system developers and other stakeholders. The widespread use of UML sequence diagrams for a variety of purposes
[Wei99, DP06] indicates that sequence diagrams are easy to understand for most stakeholders. The pSTAIRS language is a conservative extension of UML sequence diagrams
that adds only a single construct, the palt operator. We therefore believe that the pSTAIRS
language will also be easy to understand for most stakeholders. However, a proper evaluation of this requirement cannot be given without some kind of empirical investigation,
which we have not performed.
7. The language should be supported by a semantics that is unambiguous and facilitates
mathematical proof of properties, as well as tool support. The formal semantics of
pSTAIRS ensures that the language is unambiguous. As demonstrated by the proofs given
in the research papers, the choice of a denotational semantics has facilitated mathematical proof of properties such as monotonicity and transitivity of refinement. The formal
semantics also to some degree facilitates tool support, although an operational semantics
would most likely have been even more suitable for that purpose [Pri00]. However, an operational semantics has been defined for STAIRS [LS06]. As the semantics of pSTAIRS
is an extension of the semantics of STAIRS, we believe that the operational semantics of
STAIRS can be extended to pSTAIRS.
8. The semantics should be in accordance with the UML 2.x standard and take into account
the partiality of UML 2.x sequence diagrams. The semantics of pSTAIRS is based on
the semantics of STAIRS, and can be seen as a conservative extension of the STAIRS
semantics, in the sense that we have added probabilities while leaving the treatment of
interaction obligations unchanged. As STAIRS to a large degree has succeeded in providing a semantics in accordance with the UML 2.x standard [Run07], this also applies to
pSTAIRS. The semantics of all UML 2.x operators is the same for STAIRS and pSTAIRS
when disregarding probabilities.
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The partiality of UML 2.x sequence diagrams is taken into account by the partiality of
interaction obligations, as interaction obligations allow us to define traces as inconclusive,
as well as positive or negative.
9. The semantics should be compositional in the sense that the semantics of a composed
sequence diagram can be determined from the semantics of its sub-diagrams and the
composition operator. For all composition operators, the semantics of the composed specification is a function of the semantics of the operands and the composition operator (and
nothing else). Therefore, this requirement is fulfilled.

7.1.2 The refinement relations
10. The refinement relations should ensure that all requirements from the abstract specification are preserved in the refined (concrete) specification. In order to fulfill this requirement, we need to ensure that all systems that comply with the refined specification also
comply with the abstract specification. In Chapter 12, we show that this is the case for
all the recommended refinement relations. The relevant results are summarized in Section 5.6 of Chapter 12.
11. The refinement relations should be preserved through a series of refinement steps. A
refinement relation  is transitive if d  d and d  d implies d  d . Transitivity of a
refinement relation ensures that the final specification resulting from a series of refinement
steps will be a refinement of the initial specification. Transitivity results for pSTAIRS can
be found in Chapter 9 and Chapter 12, and are summarized in Chapter 12, Section 4.5.
12. It should be possible to refine a specification or check refinement in a modular fashion.
For any composition operator op, the operator is monotonic with respect to a refinement
relation  if d1  d1 and d2  d2 implies d1 op d2  d1 op d2 . This means that d1 op d2
can be refined by refining d1 and d2 separately. Monotonicity of composition operators
therefore ensures that specifications can be refined in a modular fashion. Monotonicity
results for pSTAIRS can be found in Chapter 9 and Chapter 12, and are summarized in
Section 4.5 of Chapter 12. There we see that two of the proposed refinement relations
ensure that all the considered composition operators are monotonic with respect to refinement. We consider monotonicity to be so important that we choose these two refinement
relations as ‘winners’ among the proposed refinement relations based on this result.

7.1.3 The compliance relations
13. The characterization of what it means for a computer system to comply with a specification should be independent of the technology used to implement the system. This requirement is fulfilled, as the procedure and definitions given in Chapter 12 for establishing
whether a computer system complies with a specification assume no knowledge about
the system, except for what traces the system may produce and what the probabilities for
given trace sets are. Therefore, access to program code or other technological details is
not needed.
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14. Compliance should be a special case of refinement. From the definitions given in Chapter 12, it is clear that all refinement relations, except restricted and narrowing refinement,
are special cases of their corresponding refinement relation. For restricted and narrowing
refinement, the basic idea behind the definitions is the same as for the corresponding refinement relations, but a slight adjustment has been made to accommodate for so-called
implied scenarios, as explained in Section 4.2 of Chapter 11.

7.1.4 Subjective STAIRS
15. It should be possible to express to what degree an actor trusts another entity with respect
to a certain transaction, and how trust considerations influence the choice of action made
by an actor. Chapter 13 shows how the degree of trust can be represented by a probability
in a sequence diagram that represents the actor’s subjective belief about the entity, rather
than actual behavior. How this trust influences the choice of action made by the actor is
shown by guards that refer to the subjective probabilities and constrain the choice between
alternatives.
16. It should be possible to describe the behavior of the actors of a system and the interaction
between the actors. This can be done in the same way as in pSTAIRS, as subjective
STAIRS is a conservative extension of pSTAIRS.
17. The language should be a conservative extension of the pSTAIRS language. This requirement is fulfilled, as none of the pSTAIRS constructs have been removed, replaced, or
altered in subjective STAIRS.
18. The language should facilitate communication between end-users, decision makers, and
engineers, by being intuitively understandable by all these groups under the guidance of
an analyst. As stated in relation to requirement 6, we believe that the widespread use of
UML sequence diagrams indicates that they are intuitively easy to understand, and that
this also applies to the pSTAIRS language. Subjective STAIRS is a conservative extension of the pSTAIRS language. Even though the number of new constructs in subjective
STAIRS is small, the distinction between objective and subjective diagrams admittedly
adds some new complexity. However, subjective STAIRS is primarily meant to be used
during model-based analysis performed by a team under the guidance of an analyst. As
the analyst should know the language well, and be able to guide the team members, we
believe that this requirement is also fulfilled. Still, as for requirement 6, a proper evaluation cannot be given until some kind of empirical investigation has been performed.

7.2 Design decisions
A number of design decisions have been made during development of the artifacts presented
in this thesis. In this section, we discuss some of these design decisions and some alternative
approaches.
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7.2.1 The pSTAIRS language
Why assign probabilities to interaction obligations?
One may ask why we have chosen to assign probabilities to interaction obligations, instead of
simply assigning probabilities to traces. The reason for this choice is that interaction obligations
allow behavior to be specified at any level of abstraction. By assigning probability sets to
interaction obligations, we get a clean separation between underspecification with respect to
behavior and underspecification with respect to probability. Hence, it is possible to specify, for
example, that the probability of a winning outcome of a game should be 0.1 (and the probability
of a losing outcome should be 0.9), while providing a highly abstract description of the behavior
(in terms of traces) of the outcomes. We would then have no underspecification with respect to
probability, but a high level of underspecification with respect to behavior. Conversely, it is also
possible to specify the behavior of the outcomes at a low level of abstraction (and hence, to give
little implementation freedom), while providing a high level of implementation freedom with
respect to probability, for example, by requiring only that the probability of a winning outcome
should be between 0.4 and 0.1.
Note also that assigning probabilities only to single traces would not be satisfactory for
specifications with infinite loop, as we could then get a semantic representation where nothing
is said about probabilities, except that the probability of each trace should be 0. For example,
this would be the case when specifying an infinite coin toss.
The semantic representation of underspecification with respect to probability
We have chosen to represent underspecification with respect to probability semantically by
allowing a set of acceptable probabilities to be assigned to each p-obligation. Alternatively,
we could have required that exactly one probability was assigned to each p-obligation, so that
each p-obligation was on the form (o, q), where o is an interaction obligation and q ∈ [0, 1].
Underspecification with respect to probability could then have been represented by letting the
semantic model of a specification be a set of sets of p-obligations, where each set represented
one particular choice of probabilities for all palt operands. An advantage of this approach
would be that each set of p-obligations would represent a consistent choice of probabilities,
i.e. for each palt operator the chosen probabilities for the operands would add up to 1. Thus,
the combined p-obligation obtained from Definition (9b) in Chapter 12 would not be needed in
order to ensure that the chosen probabilities add up to 1.
With the solution proposed above, the semantics of a specification would generally contain
an infinite number of sets of p-obligations, which would have to be represented symbolically by
using variables for probabilities. Ignoring combined p-obligations, a specification of an almost
fair coin could, for example, be represented semantically by
{{(oh , q1 ), (ot , q2 )} | q1 , q2 ∈ [0.4, 0.6] ∧ q1 + q2 = 1}
where oh is an interaction obligation representing the heads outcome and ot is an interaction
obligation representing the tails outcome. Composing specifications like this would yield a large
number of conjuncts with requirements on the probability variables. From these requirements,
the maximal and minimal probability value for each p-obligation would have to be calculated to
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get an intuitive understanding of the representation. Even so, we might have opted for this so¯ operator)
lution if it meant that all combined p-obligations (i.e. p-obligations obtained by the ⊕
would become superfluous. However, this is not the case, as discussed in the next section.
The inclusion of combined p-obligations
As explained thoroughly in Chapter 12, Section 3.1, we have included combined p-obligations
¯ operator) for a number of reasons. One reason is to ensure
(i.e. p-obligations obtained by the ⊕
that different alternatives of a palt cannot be represented by one and the same alternative in a
refinement step1 . An alternative way to ensure this could be to define refinement so that each pobligation at the concrete level is only allowed to represent a single p-obligation at the abstract
level. This would mean that there should exist an injective mapping from the abstract set of
p-obligations to the concrete set of p-obligations, so that each abstract p-obligation is refined by
its corresponding concrete p-obligation.
However, this would not be sufficient. In cases where two or more operands of a palt contain
the same p-obligation, we need to ensure that all of them are represented in the semantics. One
way to achieve this could be to let the semantic model of a specification be a multiset of pobligations, instead of an ordinary set. Assuming [[ d ]] contains a single p-obligation, this would
mean that the specification palt(d;{0.5}, d;{0.5}) would contain two identical p-obligations.
But there would still remain some issues to be solved. As explained in the discussion about
the relationship between the specifications in Figure 8 in Section 3.1 of Chapter 12, it should be
possible to refine a choice of behavior representing underspecification (with respect to behavior)
by replacing it with a probabilistic choice. This means that it should be possible for a number
of (instances of) p-obligations at the concrete level (and in combination) to represent a single
p-obligation at the abstract level. Hence, the injective mapping should not be from the abstract
multiset of p-obligations to the concrete multiset of p-obligations, but instead from the abstract
multiset of p-obligations to submultisets of the concrete multiset of p-obligations.
The final issue concerns the semantics of the infinite loop, which is defined in Chapter 9. Let
d = palt(dh ;{0.5}, dt;{0.5}) be a specification of a single coin toss, where [[ dh ]] = {(oh , {1})}
represents the heads outcome and [[ dt ]] = {(ot , {1})} represents the tails outcome. Assume that the combined p-obligations were not included in the semantics of the palt, so that
[[ d ]] = {(oh , {0.5}), (ot, {0.5})}. In order to specify an infinite coin toss, we would write
loop {∞} d. An infinite loop is essentially an infinite sequential composition, and probabilities are multiplied when composing p-obligations sequentially. This means that without the
¯ (or ⊕), the semantic representation of the specification
combined p-obligations obtained by ⊕
loop {∞} d would contain only p-obligations whose probability set equals {0.5∞ } = {0}.
From this representation, it would not be possible to infer, for example, that the probability of
getting a trace starting with a heads outcome should be 0.5. The inclusion of the combined
p-obligations ensures that a p-obligation representing this requirement is also included in the
semantic representation, as this p-obligation can be obtained by choosing (oh , {0.5}) for the
first iteration, and choosing the combined p-obligation (⊕{oh , ot }, {1}) for all other iterations.
We see no easy way in which the infinite loop can be handled in a satisfactory manner with the
1
For an example, see the discussion on the relationship between the specifications in Figure 4 and Figure 5 in
Section 3.1 of Chapter 12.
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alternative approach we have outlined above.
Summation of probability sets
Summation of probability sets has been defined in the papers of Part II as follows:
n


def

Qi = {min(

i=1

n


qj , 1) | ∀j : qj ∈ Qj }

j=1

This means that the sum of two (or more) probability sets will be equal to {1} if all possible
choices of one probability from each probability set result in a sum that is greater than 1. As a
consequence, it may be possible to comply with a specification palt(d1 ;Q1 , d2;Q2 ) even in cases
where q1 + q2 > 1 for all q1 ∈ Q1 and q2 ∈ Q2 , as long as there is a common behavior allowed
by both d1 and d2 . For a further discussion of this, see Section 3.1 of Chapter 12.
However, it may be more intuitive that such a specification is impossible to comply with,
and that summation of probability sets where all possible choices of one probability from each
probability adds up to more than 1 should yield an empty probability set. To achieve this, we
could have given the following alternative definition:
n

i=1

def

Qi = {

n


qi | ∀j : qj ∈ Qj } ∩ [0, 1]

i=1

At present, we are not sure whether this would be a better solution. With the existing defini¯ d ]] = {1} for specifications where, for each palt operator, it is possible to
tion, we get π2 .⊕[[
choose probabilities for the operands that add up to (at least) 1. With the alternative definition
¯ d ]] = ∅ for specifications with palt, due to the combined
proposed above, we would get π2 .⊕[[
p-obligations. This may not match the intuition that the specification is implementable with
respect to probability, and therefore be a slight disadvantage.
In any case, we do not believe that the choice between these two definitions is of major
significance, as most specifications will most likely assign continuous probability intervals to
the operands of each palt operator in such a way that probabilities that add up to 1 can be
chosen.

7.2.2 The refinement relations
As explained in Section 3.1 of Chapter 12 (see Figure 8 in particular), we allow a single alternative (p-obligation) at the abstract level to be split into two or more probabilistic alternatives
at the concrete level in a refinement step. One may argue that in cases where there is a common
behavior that is allowed by several alternatives at the abstract level, it should also be allowed to
merge these alternatives into a single alternative. This is generally not allowed by the current
definitions of refinement, due to the requirement that every p-obligation at the abstract level is
represented by a refining p-obligation (whose probability set is a subset of the probability set of
the abstract p-obligation) at the concrete level. We assume that a specifier will only introduce
a probabilistic alternative if the intention is that the system should be actually able to produce
different outcomes, each with a given probability. Therefore, we see no need to ensure that
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merging of p-obligations is allowed in a refinement step.

7.2.3 The compliance relations
We have chosen to require that a system is represented by a probability space whose σ-field is
the cone-σ-field of the set of traces of the system. As discussed in Chapter 12, this ensures that
we have the maximum information about probabilities, while still allowing processes like an
infinite coin toss to be represented. In this sense, the representation can be viewed as an ideal
representation of the system. In practice, however, it will often not be feasible to obtain such an
ideal representation. Therefore, one may ask why we do not also allow coarser system representations. The answer is that we want to establish a characterization of the concept of compliance
for the case where the system representation contains all relevant information. Then, as the next
step, we can use this characterization to investigate to what extent verdicts can be given in less
ideal cases as well, and what uncertainty will be associated with such verdicts. This is future
work.

7.2.4 Subjective STAIRS
The separation of subjective diagrams from objective diagrams
An important requirement to subjective STAIRS is that it should be possible to model actual
behavior, as well as subjective belief. It is not obvious that this should be done by introducing
a new type of diagram, as we have done. At one point, we considered an approach where
subjective belief was represented by a new operator for assigning subjective probability, i.e. a
subjective palt. This operator would be allowed to occur anywhere an ordinary palt is allowed to
occur. The interpretation would be that the behavior expressed by the subjective palt represented
the belief held by the subject at the point where the subjective palt occurred.
However, with this alternative approach, the complexity of diagrams increases, and it becomes harder to get an overview of the actual system behavior. As objective behavior and
subjective belief are separate entities, we find it easier to get an understanding of a system from
specifications where these entities are described separately. Another advantage with our chosen
approach is that a subjective belief can be expressed without necessarily using an operator for
probabilistic choice. If a subject believes that a scenario will take place with probability 1, then
this can be expressed by a simple subjective diagram with no palt operator.
The reference to a subjective diagram from an objective diagram
In order to show how a subjective belief influences a choice of action, we need to be able to
refer to a subjective diagram from an objective diagram. This could, of course, be done in a
number of ways. One option would be to make use of the ‘ref’ construct of UML 2.x. We have
instead opted to allow variables occurring in a subjective diagram to be referred to by guards
(and constraints) in an objective diagram. The reason for this is that we are primarily interested
in a subjective belief in cases where the belief influences a choice of action made by the subject.
Such choices can be described by the palt and alt operators, and guards can be used to constrain
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the choice of operand for these operators. Therefore, it is typically in connection with guards
that we need to refer to subjective diagrams.
Why use the term ‘objective diagrams’?
We have chosen to use the terms ‘objective diagram’ and ‘subjective diagram’ to distinguish
diagrams meant to represent system behavior (including probabilities for different kinds of behavior) from diagrams meant to represent the subjective beliefs of actors that are parts of the
system being analyzed. However, in many cases, an objective diagram will model a system
(including users) where adequate observations of the system behavior are not available. This
is always the case when doing model-based risk analysis of systems that do not yet exist at the
time of analysis. In such cases, probabilities obviously cannot be based on observed frequencies
of the behavior of the system. Instead, they will be based on the best estimates the analysis team
is able to make (possibly based on experience with similar systems). Therefore, one may argue
that the estimated probabilities represent the subjective belief of the analysis team, and therefore
are not objective. The point is, however, that the estimated probabilities must be assumed to
be correct during the analysis. Otherwise, the analysis simply cannot be performed. Therefore,
the probabilities are considered to be objective for the purposes of the analysis. Contrast this
with the probabilities in a subjective diagram, which, with respect to the analysis, are meant to
represent the belief of an actor who is a part of the system being analyzed, as opposed to an
analysis team member viewing the system from the outside.
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Chapter 8
Conclusion
We now conclude Part I by first summarizing what has been achieved. We then point to some
directions for further work.

8.1 What has been achieved
A language based on UML 2.x sequence diagrams has been proposed that allows probabilistic
requirements to be expressed. Probability play a major role in a broad range of systems and
requirements. Such systems or requirements cannot be adequately specified or expressed without including probabilistic requirements. An important category of probabilistic requirements
are soft requirements, which allow an undesirable outcome to occur, as long as its probability
is not too high. If the undesirability of an outcome is due to a timing aspect, such as a slow,
but otherwise correct response to a request, then the requirement falls into the category of soft
real-time requirements. Soft real-time requirements often play an important role in relation to
availability and service level agreements. Other examples where probability is essential include
probabilistic algorithms and games of chance, which obviously cannot be specified without
probabilistic requirements. Probability can also be useful for modeling environment behavior,
or for abstracting from detailed criteria for making a choice.
The probabilistic sequence diagram language has been given a formal semantics that makes
it possible to reason formally about specifications before the system has been built, and facilitates tool support as well. In addition, the formal semantics ensures that the language is
unambiguous, so that conflicts of interpretation between stakeholders can be avoided, or at least
resolved.
Based on the semantics, we have formally defined the concept of refinement. The formal
definition facilitates tool supported refinement checking, and makes explicit what it means for
one specification to be a more concrete or detailed representation of another specification. A
number of proposed refinement relations have been evaluated according to desirable mathematical properties that allow a modular refinement of specifications via a stepwise development
process.
The concept of compliance has also been formally defined, based on a general system representation that is independent of the details concerning the technology used to implement the
system. Thus, we make explicit what it means for a computer system to comply with a given
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specification, and facilitate tool supported verification of a system.
On top of the probabilistic sequence diagram language, we have defined a language that
also allows subjective beliefs about behavior to be expressed, as well as the actual behavior of
actors. This allows us to express the degree of trust that an actor has in an entity, and also to
express how this trust influences a choice of action made by the actor. Including this kind of
information in a system model is important when analyzing systems where the trust of actors
plays a major role in determining the overall system behavior.

8.2 Directions for further work
The work presented in this thesis opens up a number of interesting directions for further work.
We now point to some of these.
First of all, it would be interesting to try to use pSTAIRS for specifying systems that are
more complex than any of the systems specified in this thesis. In the papers presented in Part II,
we have deliberately chosen small examples in order to give simple presentations, and to focus
on the particular issues that are discussed in each paper. However, it is clear that many real-life
systems are considerably more complex than any of those specified in this thesis. Even though
the results so far are promising, it remains to be proved that pSTAIRS is suitable for specifying
large and complex systems.
For practical purposes, methodological guidelines for using pSTAIRS should be developed
in order to assist developers during the development process. For example, this should include
guidelines for choosing the right composition operators, for choosing between palt and alt when
specifying different alternatives, or choosing between the different ways of defining negative
behavior. Guidelines should also be given for choosing the right refinement relation depending
on how far the development process have progressed. [RHS06] addresses similar questions
for STAIRS, and would therefore be a good starting point for finding suitable guidelines for
pSTAIRS.
Providing tool support is also necessary in order to ensure the practical applicability of
pSTAIRS. For STAIRS, a prototype tool has been developed that is able to calculate the semantics of a specification, as well as check whether a refinement relation holds, and generates tests
[Lun08]. A similar tool should be developed for pSTAIRS.
With respect to checking whether a system complies with a specification, we need to understand what conclusions can be drawn from an incomplete system representation. The complete
and ideal system representation assumed in Chapter 12 may not be practically possible to obtain. If the system representation is obtained via testing, then there is always the possibility that
further testing would require probability values to be adjusted, and possibly require that previously unseen traces be included in the system representation. The question is to what degree of
certainty can we give a verdict based on an incomplete representation.
For subjective STAIRS, it remains to fully formalize the language. Guards can be imported straightforwardly from STAIRS [RHS05c], but for the other new constructs of subjective
STAIRS, it remains to decide how (and to what extent) they should be formalized. In addition,
the usability of the language should be investigated by applying it in a real-life analysis where
stakeholders with different backgrounds take part.
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Abstract. Soft real-time requirements are often related to communication in distributed systems. Therefore it is interesting to understand
how UML sequence diagrams can be used to specify such requirements.
We propose a way of integrating soft real-time requirements in sequence
diagram speciﬁcations by adding probabilities to timed sequence diagrams. Our approach builds on timed STAIRS, which is an approach
to the compositional and incremental development of sequence diagrams
supporting speciﬁcation of mandatory as well as potential behavior.

1

Introduction

A soft real-time requirement is a time requirement that needs to be met only by
a certain percentage of the relevant behavior. A hard real-time requirement can
be seen as a special case of a soft real-time requirement; it is a soft real-time
requirement that needs to be met in 100% of the cases. When a delay depends
on factors that are hard to measure, highly complex or outside our control, a
soft real-time requirement is often more appropriate than a hard constraint.
Time constraints are often related to some kind of communication scenario.
Therefore it is important to be able to express soft real-time constraints in
sequence diagrams. Sequence diagrams show how a task is performed by sending
messages between lifelines.
In this paper we enable speciﬁcation of soft real-time constraints with sequence
diagrams by extending STAIRS presented in [HS03], [HHRS06] and [HHRS05]
with the possibility of assigning probabilities. The probabilities are added independently from the time constraints, so our approach supports probabilistic
speciﬁcations in general.
The rest of this paper is organized as follows: Section 2 introduces a speciﬁcation
to illustrate aspects of probabilistic STAIRS throughout the paper. Section 3
deﬁnes events, traces and some basic operators. Timed STAIRS is introduced
in section 4, while section 5 discusses the relation between mandatory choice
and probabilities. Probabilistic STAIRS is introduced in section 6, and section
7 shows how this enables the addition of a soft real-time requirement to the
example speciﬁcation. In section 8 the reﬁnement relation is deﬁned. Section 9
demonstrates reﬁnement of the example speciﬁcation. We discuss some related
work in section 10 before concluding in section 11.
1

2

The Automatic Teller Machine Example

We use as example a scenario where a customer withdraws money from an automatic teller machine (atm). This section gives a brief and informal explanation
of the example. Figure 1 shows the ﬁrst version of the speciﬁcation. It serves
two purposes. Firstly, it introduces the basic UML sequence diagram notation.
Secondly, it allows us to characterize the need for more expressiveness. We come
back to this example in later sections to illustrate our approach. Since our main
concern is demonstration of real-time speciﬁcations we have omitted some details that would belong in a real-life scenario, such as the entering of a PIN code.
The scenario describes the case where the transaction succeeds.
sd cash_withdrawal_1
customer

atm

bank

card
prompt ”Enter amount”
withdraw(amount)
t2-t1<10 s

request(amount)

t1
t2

accept

prompt ”Transaction accepted”
card back

t3-t2<5 s

money(amount)
t3

Fig. 1. A cash withdrawal scenario.
It is an interaction between three lifelines: the customer, the atm and the bank.
Lifelines represent the entities taking part in the interaction. The intuition behind the speciﬁcation is the following: First the customer inserts her/his card,
and the atm displays the text “Enter amount”. The customer then enters the
desired amount, and the atm sends a request to the bank asking whether the
transaction is acceptable. A hard real-time requirement has been placed on the
reply from the bank, stating that it should take no more than 10 seconds from
the atm sends its request to the reply is received.4 After the atm receives a positive reply from the bank, it displays the text “Transaction accepted”, returns the
card, and ﬁnally delivers the desired amount of money. A second hard real-time
requirement has been put on the delivery of money stating that the time it takes
from the atm receives a positive reply from the bank to the money is delivered
should be less than ﬁve seconds.
UML sequence diagrams describe traces representing execution histories, and
categorize traces as positive (valid) or negative (invalid). Positive traces represent
4

We have chosen to use a diﬀerent notation for real-time requirements than in UML
2.0, since we ﬁnd our notation more suitable when the requirement crosses an operator boundary, as will happen in later speciﬁcations. Graphical (concrete) syntax is
not a main issue in this paper.
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acceptable executions, while negative traces represent unacceptable executions.
All other traces are inconclusive, meaning that the speciﬁcation does not say
whether they are acceptable [OMG04, p. 526]. According to the speciﬁcation
in Figure 1, the positive traces are those where 1) messages are sent in the
order shown in the diagram and 2) both real-time requirements are fulﬁlled.
The negative traces are those that fulﬁll 1) but not 2).
The delay from the request is sent from the atm to a reply is received may depend on several complex factors, so we might want to replace the hard real-time
requirement with a soft real-time requirement. Timed STAIRS gives a formal
semantics to (a subset of) UML sequence diagrams with hard real-time requirements. Specifying soft real-time constraints, however, is not possible. Enabling
the speciﬁcation of soft real-time requirements within the framework of timed
STAIRS is the aim of this paper.

3

Events, Traces and Basic Operators

In this section we deﬁne the notions of events and traces. We also introduce
a number of useful operators. Most of the deﬁnitions and explanations in this
section are taken from [HHRS06].
For any set A, Aω denotes the set of ﬁnite as well as inﬁnite sequences of elements
of A. N denotes the set of natural numbers, while N0 denotes the set of natural
numbers including 0. We deﬁne the functions
# ∈ Aω → N0 ∪ {∞},
| ∈ A × N0 → A ,
ω

ω

[ ] ∈ Aω × N → A,

S

∈ P(A) × A → A
ω



∈ Aω × Aω → Aω ,

ω

to yield the length of a sequence, the nth element of a sequence, the concatenation of two sequences, truncation of a sequence and the ﬁltering of a sequence.
Hence, #a yields the number of elements in a, and a[n] yields a’s nth element if
n ≤ #a. To concatenate two sequences means to glue them together. Therefore,
a1  a2 denotes a sequence of length #a1 + #a2 that equals a1 if a1 is inﬁnite,
and is preﬁxed by a1 and suﬃxed by a2 otherwise. For any 0 ≤ i ≤ #a, a | i
S a we denote the sequence obtained
denotes the preﬁx of a of length i. By B 
from the sequence a by removing all elements in a that are not in the set B .
We also need ﬁltering of pairs of sequences. The ﬁltering function

T

∈ P(A × B ) × (Aω × B ω ) → Aω × B ω

S . For any set of pairs of elements P
can be understood as a generalization of 
T t denotes the pair of sequences obtained from t by
and pairs of sequences t , P 

– truncating the longest sequence in t at the length of the shortest sequence
in t if the two sequences are not of equal length;
– for each j ∈ [1...k ], where k is the length of the shortest sequence in t , selecting or deleting the two elements at index j in the two sequences, depending
on whether the pair of these elements is in the set P .
3

For example, we have that
T (1, 1, 2, 1, 2, f , f , f , g, g) = (1, 1, 1, f , f , g)
{(1, f ), (1, g)} 

For a formal deﬁnition of
3.1


T ,

see [BS01].

Events

A message is a triple (s, re, tr ) of a signal s, a receiver re and a transmitter tr .
M denotes the set of all messages. The receiver and transmitter are lifelines. L
denotes the set of all lifelines.
An event may be of two kinds; a transmission event tagged by “!” or a reception
event tagged by “?”.5 Every event occurring in a sequence diagram has a timestamp tag. T denotes the set of timestamp tags. We use logical formulas with
timestamp tags as free variables to impose constraints on the timing of events.
By F(v ) we denote the set of logical formulas whose free variables are contained
in the set of timestamp tags v .
An event is a triple (k , m, t ) ∈ {!, ?} × M × T of a kind, a message and a
timestamp tag. E denotes the set of all events. We deﬁne the functions
k . ∈ E → {?, !}, m. ∈ E → M, t . ∈ E → T , tr . ∈ E → L, re. ∈ E → L
to yield the kind, message, timestamp tag, transmitter and receiver of an event,
respectively. Since we are primarily interested in communication scenarios, we
do not give a semantic interpretation to events, except that the timestamp tag is
assigned a timestamp in form of a real number. R denotes the set of timestamps.
The set [[ E ]] of event interpretations is therefore deﬁned by
def

[[ E ]] = {(k , m, t → r ) | (k , m, t ) ∈ E ∧ r ∈ R}

(1)

t → r means that timestamp r is assigned to timestamp tag t . We also deﬁne
the function
r . ∈ [[ E ]] → R
to yield the timestamp of an event interpretation. In the following, we use “event”
and “event interpretation” interchangeably.
3.2

Traces

A trace h ∈ [[ E ]]ω is a ﬁnite or inﬁnite sequence of events. Traces represent
executions of the system under speciﬁcation, and must satisfy a number of wellformedness conditions. Firstly, we require the events of h to be ordered by time:
∀ i, j ∈ [1..#h] : i < j ⇒ r .h[i] ≤ r .h[j ]
5

(2)

Note that in timed STAIRS [HHRS06] “?” represents consumption. We have chosen
to use “?” for reception since we do not concider consumption events in this paper.

4

Note that two events may occur at the same time.
Secondly, we allow the same event to occur only once in the same trace:
∀ i, j ∈ [1..#h] : i = j ⇒ h[i] = h[j ]

(3)

Thirdly, time will eventually progress beyond any ﬁnite point in time. The following constraint states that for each lifeline l represented by inﬁnitely many
events in the trace h, and for any possible timestamp t there must exist an
l -event in h whose timestamp is greater than t :
S h) = ∞ ⇒ ∀ t ∈ R : ∃ i ∈ N : r .(e.l 
S h)[i] > t )
∀ l ∈ L : (#(e.l 

(4)

where e.l denotes the set of events that may take place on the lifeline l . Formally:
def

e.l = {e ∈ [[ E ]] | (k .e =! ∧ tr .e = l ) ∨ (k .e =? ∧ re.e = l )}

(5)

We also require that for any single message, transmission happens before reception. But we need to take into account that the transmitter or receiver of a
certain message might not be included in the sequence diagram. Thus we get
the following well-formedness requirement on traces, stating that if at any point
in the trace we have a transmission event, up to that point we must have had
at least as many transmissions as receptions of that particular message:
∀ i ∈ [1..#h] : k .h[i] =! ⇒

(6)

S h|i > #({?} × {m.h[i]} × U ) 
S h|i
#({!} × {m.h[i]} × U ) 

def

where U = {t → r | t ∈ T ∧ r ∈ R}.
H denotes the set of well-formed traces. Traces are written as a sequence of
events enclosed by the brackets . . ., for example e1 , e2 , e3 .

4

Syntax and Semantics for Timed STAIRS

In the following we explain how a timed sequence diagram can be represented
semantically by a interaction obligation (p, n) where p is a set of positive traces
and n is a set of negative traces. (This is a simpliﬁcation of timed STAIRS,
where a sequence diagram is represented by a set of interaction obligations.)
O denotes the set of interaction obligations. An interaction obligation (p, n) is
contradictory if p ∩ n = ∅. [[ d ]] denotes the interaction obligation representing
sequence diagram d .
4.1

Textual Syntax for Timed Sequence Diagrams

The set of syntactically correct sequence diagrams, D, is deﬁned inductively as
the least set such that: 6
6

In Timed STAIRS [HHRS06] seq is deﬁned as an n-ary operator instead of binary, and
the operators loop, assert and xalt are also included. loop and assert for probabilistic
STAIRS are introduced in section A, while the xalt is replaced by palt, which is
introduced in Section 6.

5

–
–
–
–

E⊂D
d ∈ D ⇒ neg d ∈ D
d1 , d2 ∈ D ⇒ d1 par d2 ∈ D ∧ d1 seq d2 ∈ D ∧ d1 alt d2 ∈ D
d ∈ D ∧ C ∈ F(tt .d ) ⇒ d tc C ∈ D

where tt .d yields the set of timestamp tags occurring in d . The base case implies
that any event is a sequence diagram. Any other sequence diagram is constructed
from the basic ones through the application of operations for negation, potential
choice (alternative), weak sequencing, parallel execution and time constraint.
Only sequence diagrams that are syntactically correct in UML 2.0 are considered.
Also, extra global combined fragments are not handled. This means that for all
operators except for seq and par it is assumed that every operand includes only
complete message communications, i.e. messages where both the transmission
and the reception event is within the same operand. Formally, for every operand
di of an operator diﬀerent from seq and par we require:
∀ m ∈ msg.di :

(7)

#{{e ∈ ev .di | k .e =! ∧ m.e = m}} = #{{e ∈ ev .di | k .e =? ∧ m.e = m}}
where {{ }} denotes a multiset and # is overloaded to yield the number of
elements in a multiset. The functions
msg. ∈ D → P(M), ev . ∈ D → P(E), ll . ∈ D → P(L)
yield the messages, events and lifelines of a sequence diagram, respectively.
All single-event diagrams are considered syntactically correct. For all diagrams
consisting of more than one event, it is required that a message is complete if
both the transmitter and the receiver lifelines are present in the diagram:
∀ m ∈ msg.di : (#ev .d > 1 ∧ tr .m ∈ ll .d ∧ re.m ∈ ll .d ) ⇒

(8)

#{{e ∈ ev .d | k .e =! ∧ m.e = m}} = #{{e ∈ ev .d | k .e =? ∧ m.e = m}}
4.2

Denotational Semantics for Timed STAIRS

Event The semantics of an event is the interaction obligation whose positive
set consists of inﬁnitely many unary positive traces – one for each possible assignment of a timestamp to its timestamp tag. The negative set is empty.
def

[[ (k , m, t ) ]] = ({(k , m, t → r ) | r ∈ R}, ∅) if (k , m, t ) ∈ E

(9)

Negation Undesired behavior is deﬁned by the use of the neg construct. To
negate a speciﬁcation means to move every positive trace to the negative set.
Negative traces remain negative. The empty trace is deﬁned as positive to enable
positive traces in a composition. Negation of a speciﬁcation is deﬁned by
def

[[ neg d ]] = ¬ [[ d ]]
where

def

¬ (p, n) = ({}, n ∪ p)
6

(10)
(11)

Parallel Execution The operator for parallel execution is represented semantically by . Ignoring for the time being the sets of negative traces, a parallel
execution deﬁnes the set of traces we get by merging one trace from one (positive) set with one trace from the other (positive) set. Informally, for sets of traces
s1 and s2 , s1 s2 is the set of all traces such that:
– all events from one trace in s1 and one trace in s2 are included (and no other
events), and
– the ordering of events from each of the traces is preserved.
Formally:
s1

s2

def

=

{h ∈ H | ∃ or ∈ {1, 2}∞ :

(12)

T (or , h)) ∈ s1 ∧
π2 .(({1} × [[ E ]]) 
T (or , h)) ∈ s2 }
π2 .(({2} × [[ E ]]) 

where πi is a projection operator returning element number i of a tuple. In this
deﬁnition we make use of an oracle, the inﬁnite sequence or , to resolve the nondeterminism in the interleaving. It determines the order in which events from
traces in s1 and s2 are sequenced.
The semantics of parallel execution may then be deﬁned as
def

[[ d1 par d2 ]] = [[ d1 ]]
where

[[ d2 ]]

(13)

def

(14)
(p1 , n1 ) (p2 , n2 ) = (p1 p2 , (n1 (p2 ∪ n2 )) ∪ (p1 n2 ))
Note that the merging of a negative trace with another (positive or negative)
trace always results in a negative trace.
Weak Sequencing Weak sequencing is the implicit composition mechanism
combining constructs of a sequence diagram. The operator for weak sequencing
is represented semantically by . We again temporarily ignore the sets of negative traces, and let s1 and s2 be trace sets. Since lifelines are independent, the
constraint for the ordering of events applies to each lifeline; events that occur
on diﬀerent lifelines are interleaved. For s1  s2 we therefore have the constraint
that events on one lifeline from one trace in s1 should come before events from
one trace in s2 on the same lifeline:
s1  s2

def

=

{h ∈ H | ∃ h1 ∈ s1 , h2 ∈ s2 :
∀ l ∈ L : e.l


S h

= e.l

(15)


S h1  e.l 
S h2 }

The semantics of weak sequencing may then be deﬁned as
def

[[ d1 seq d2 ]] = [[ d1 ]]  [[ d2 ]]

(16)

where
def

(p1 , n1 )  (p2 , n2 ) = (p1  p2 , (n1  (p2 ∪ n2 )) ∪ (p1  n2 ))

(17)

Weak sequencing involving at least one negative trace results in a negative trace.
7

Time Constraint Time requirements are imposed by the use of a time constraint, denoted by C , where C is a predicate over timestamp tags. When a
time constraint is applied to a trace set all traces not fulﬁlling the constraint are
removed. Formally, time constraint for a trace set s is deﬁned as
def

s  C = {h ∈ s | h |= C }

(18)

where h |= C holds if for all possible assignments of timestamps to timestamp
tags done by h, there is an assignment of timestamps to the remaining timestamp
tags in C (possibly none) such that C evaluates to true. For example, if
h = (k1 , m1 , t1 →r1 ), (k2 , m2 , t2 →r2 ), (k3 , m3 , t3 →r3 ) and C = t3 < t1 + 5
then h |= C if r3 < r1 + 5.
To apply a time requirement to a speciﬁcation means to deﬁne failure to meet
the requirement as negative behavior. Traces of the operand that are positive
and do not fulﬁll the requirement become negative. The semantics of a time
constraint is deﬁned as
def
(19)
[[ d tc C ]] = [[ d ]]  C
where

def

(p, n)  C = (p  C , n ∪ (p  ¬ C ))

(20)

Potential Choice The alt construct is used to express underspeciﬁcation by
grouping together traces that from the speciﬁer’s point of view serve the same
purpose. This means that they are seen as equally desirable (for positive traces)
or undesirable (for negative traces). For two trace sets where both are positive
or both are negative, this can be represented semantically simply by taking the
union of the sets. Hence, potential choice corresponds to the pairwise union of the
positive sets and the negative sets. Formally, the semantics of the alt is deﬁned
by
def
(21)
[[ d1 alt d2 ]] = [[ d1 ]]  [[ d2 ]]
where

def

(p1 , n1 )  (p2 , n2 ) = (p1 ∪ p2 , n1 ∪ n2 )

5

(22)

Mandatory Choice and Probabilities

In STAIRS the alt operator as formally deﬁned above enables underspeciﬁcation,
what we also refer to as potential choice. Underspeciﬁcation means to leave
some freedom of choice to the developers that will eventually implement (or
further reﬁne) the speciﬁcation. This is for example useful when diﬀerent design
alternatives fulﬁll a function equally well from the speciﬁer’s point of view.
STAIRS supports also the speciﬁcation of mandatory choice. For this purpose
the STAIRS speciﬁc xalt operator is used. Mandatory choice means that all alternatives must be possible. It is often needed within security, for example in
8

relation to information ﬂow [Ros95]. When specifying a password generator, for
instance, it is vital that all alternatives remain possible in the ﬁnal implementation – otherwise in the extreme case we might end up with an implementation
that always generates the same password.
Mandatory choice is also useful for other purposes. Sometimes non-determinism
is employed to model the behavior of the environment of the system under speciﬁcation. The mandatory choice operator is then used to represent alternative
inputs from the environment that the designer has considered. If some of these
alternatives are removed from the ﬁnal speciﬁcation, the implementation will
not be able to handle the relevant input as intended.
Sometimes an application is non-deterministic by nature, for example in games.
If we want to specify a dice, we obviously need to ensure that all alternatives,
one through six, are possible outcomes in the implementation.
In probabilistic STAIRS we generalize the xalt operator into an operator for
the speciﬁcation of probabilities called palt. We may then also specify with what
probability the diﬀerent alternatives should occur. In the dice example, the probability of every outcome should be exactly 61 . Of course, if an alternative has
an exact probability greater than zero, then this alternative must be a possible
outcome of a valid implementation. For this reason, probabilistic choice can be
viewed as a special case of mandatory choice. This view is consistent with the
one presented in [MM99].
If an alternative is assigned a set of acceptable probabilities, then this set represents underspeciﬁcation. Such underspeciﬁcation is usually present in soft realtime requirements. A speciﬁcation might say that the probability of a certain
delay being less than 10 seconds should be 0.8 or more. This amounts to saying
that the set of acceptable probabilities is [0.8, .., 1.0]. According to this speciﬁcation, an implementation that gives a probability of 0.9 is certainly valid; the
developer only needs to achieve one of the acceptable probabilities.

6

Syntax and Semantics for Probabilistic STAIRS

In the following we explain how a probabilistic sequence diagram can be represented semantically by a set of probability obligations (also called p-obligations).
A p-obligation ((p, n), Q ) consists of an interaction obligation (p, n) and a set
of probabilities Q , with the following interpretation: The traces implementing
(p, n) should occur with a probability greater than or equal to a probability in
Q . Only traces in H \ n are allowed to implement (p, n). The probability for
these traces may be greater than the values in Q only if some or all of the traces
are also positive or inconclusive according to some other p-obligation. P denotes
the set of p-obligations. In probabilistic STAIRS we may have underspeciﬁcation
with respect to traces and with respect to probabilities. Underspeciﬁcation with
respect to traces is captured by the fact that we may choose among the nonnegative traces within an interaction obligation. Underspeciﬁcation with respect
to probabilities is modeled by the possibility of selecting among the probabilities
within a p-obligation.
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6.1

Textual Syntax for Probabilistic Sequence Diagrams

The set of syntactically correct sequence diagrams D is deﬁned simply by adding
the following case to the inductive deﬁnition in 4.1:
– d1 , d2 ∈ D ∧ Q1 , Q2 ⊆ [0...1] ⇒ d1 ;Q1 palt d2 ;Q2 ∈ D
6.2

Denotational Semantics for Probabilistic STAIRS

Event Probabilities can be assigned only by the use of the palt. The traces
speciﬁed by a sequence diagram without occurrences of palt must occur with
probability 1 in their relevant context. Therefore the set of probabilities associated with an event is {1}.
def

[[ (k , m, t ) ]] = {(({(k , m, t → r ) | r ∈ R}, ∅), {1})} if (k , m, t ) ∈ E

(23)

Negation and Time Constraint Negation and time constraint are not affected by probabilities. They are deﬁned by
[[ neg d ]]

def

=

{(¬ o, Q ) | (o, Q ) ∈ [[ d ]]}

(24)

[[ d tc C ]]

def

{(o  C , Q ) | (o, Q ) ∈ [[ d ]]}

(25)

=

Parallel Execution and Weak Sequencing When executing two speciﬁcations in parallel or sequentially, we get the set of p-obligations obtained from
choosing one p-obligation from the ﬁrst and one p-obligation from the second and
composing them in parallel or sequentially. Choosing the two p-obligations to be
composed is seen as two independent probabilistic choices; therefore the sets of
probabilities are multiplied. Formally, parallel execution and weak sequencing is
deﬁned by
def

[[ d1 par d2 ]] = {(o1

o2 , Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ [[ d1 ]] ∧ (o2 , Q2 ) ∈ [[ d2 ]]} (26)

def

[[ d1 seq d2 ]] = {(o1  o2 , Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ [[ d1 ]] ∧ (o2 , Q2 ) ∈ [[ d2 ]]} (27)
where multiplication of probability sets is deﬁned by
def

Q1 ∗ Q2 = {q1 ∗ q2 | q1 ∈ Q1 ∧ q2 ∈ Q2 }

(28)

Potential Choice The alt construct captures underspeciﬁcation with respect
to traces. Two sets of p-obligations are combined by taking the pairwise combination of p-obligations from each set. As in timed STAIRS, the  operator is
used for combining the interaction obligations. The probabilities are multiplied
since the two p-obligations are chosen independently from each other.
def

[[ d1 alt d2 ]] = {(o1  o2 , Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ [[ d1 ]] ∧ (o2 , Q2 ) ∈ [[ d2 ]]} (29)
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Probabilistic Choice The palt construct expresses probabilistic choice (and
therefore mandatory choice). Before deﬁning the semantics of the palt we introduce the notion of probability decoration. Probability decoration is used to
assign the probabilities associated with the operands of a palt. It is deﬁned by
def

[[ d ;Q  ]] = {(o, Q ∗ Q  ) | (o, Q ) ∈ [[ d ]]}

(30)

We also deﬁne addition of probability sets:
def

Q1 + Q2 = {min(q1 + q2 , 1) | q1 ∈ Q1 ∧ q2 ∈ Q2 }

(31)

The palt operator is meant to describe the probabilistic choice between two
alternative operands whose joint probability should add up to one. Formally,
the palt is deﬁned by
def

[[ d1 ;Q1 palt d2 ;Q2 ]] =

(32)

[[ d1 ;Q1 ]] ∪ [[ d2 ;Q2 ]] ∪
{(⊕{po1 , po2 }, π2 .po1 + π2 .po2 ) | po1 ∈ [[ d1 ;Q1 ]] ∧ po2 ∈ [[ d2 ;Q2 ]]} ∪
{(⊕([[ d1 ;Q1 ]] ∪ [[ d2 ;Q2 ]]), {1} ∩ (Q1 + Q2 ))}
The single p-obligation in the set in the last line in 32 requires the probabilities
of the two operands to add up to one. If it is impossible to choose one probability
from Q1 and one from Q2 so that the sum is 1, then the probability set will be
empty and the speciﬁcation is not implementable.
⊕ characterizes the traces allowed by the two operands together: A trace t is positive if it is positive according to at least one p-obligation and not inconclusive
according to any; t is negative only if it is negative according to all p-obligations;
traces that are inconclusive according to at least one p-obligation remain inconclusive. Formally, the operator ⊕ for combining the interaction obligations of a
set S of p-obligations into a single interaction obligation is therefore deﬁned by



def
p) ∩ (
p ∪ n),
n)
(33)
⊕S = ((
((p,n),Q)∈S

((p,n),Q)∈S

((p,n),Q)∈S

Since ⊕{((p, n), Q ), ((p, n), Q )} = (p, n), the second line on the right-hand side
of deﬁnition 32 ensures that if a p-obligation ((p, n), Q ) occurs in both operands
of the palt, then the resulting semantics will contain a p-obligation ((p, n), Q +
Q ). The inclusion of the second line on the right-hand side of deﬁnition 32 enables
us to deﬁne the semantics of a speciﬁcation as a set of p-obligations instead of
as a multiset. Other reasons to include this line is related to reﬁnement and will
be explained in section 8.

7

Adding a Soft Real-time Requirement to the Atm

We now replace the ﬁrst hard real-time requirement in the atm example with a
soft real-time requirement. Consider the sequence diagram in Figure 2.
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sd cash_withdrawal_2
customer

atm

bank

card
prompt ”Enter amount”
withdraw(amount)
request(amount)

t1
t2-t1<10 s

palt

p>=0.8

accept

t2
t2-t1>=10 s

p<=0.2

accept

t2
prompt ”Transaction accepted”
card back

t3-t2<5 s

money(amount)

t3

Fig. 2. Cash withdrawal with soft real-time constraint.
This speciﬁcation is modeled semantically by four p-obligations, we call these
po1 , po2 , po3 and po4 . The result of choosing the ﬁrst palt operand is modeled
semantically by po1 . The positive traces of po1 are only those in which it takes
less than 10 seconds before the reply arrives from the bank and it takes less
than ﬁve seconds from the reply arrives to the money is delivered. Traces where
one or both of these constraints are not met are negative in po1 . The acceptable
range of probability for this p-obligation is [0.8, ..., 1].
The result of choosing the second palt operand is modeled semantically by po2 .
The positive traces of po2 are all traces where it takes 10 seconds or more before
the reply arrives from the bank and it takes less than ﬁve seconds from the reply
arrives to the money is delivered. Traces where one or both of these constraints
are not met are negative in po2 . The acceptable range of probability for this
p-obligation is [0, ..., 0.2].
The third p-obligation, po3 , results from the second line on the right-hand side
of deﬁnition 32 and models the combination of po1 and po2 , which means that
po3 = (⊕{po1 , po2 }, [0.8, ..., 1]). This means that the positive traces of po3 are
all traces where it takes less than ﬁve seconds to get money after the reply is
received from the bank, regardless of how long it takes to get the reply. The
negative traces are only those where it takes ﬁve seconds or more to get the
money.
The last p-obligation, po4 , results from the third line on the right-hand side of
deﬁnition 32 and models the combination of the two operands. Since in this example each operand gives only one p-obligation, this means that the interaction
obligation of po4 is identical to that of po3 , i.e. po4 = (⊕{po1 , po2 }, {1}).
Traces where messages are not exchanged between the customer, the atm and
the bank as described by Figure 2 (but ignoring the time requirements) are
inconclusive according to po1 , po2 , po3 and po4 .
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8

Reﬁnement

Reﬁnement of a speciﬁcation means to reduce underspeciﬁcation by adding information so that the speciﬁcation becomes closer to an implementation. Semantically, in our setting this can be done at the level of p-obligations or at the level
of sets of p-obligations. We ﬁrst deﬁne reﬁnement semantically for p-obligations.
Then we lift this deﬁnition to speciﬁcations that are represented semantically
by sets of p-obligations.
8.1

Reﬁnement of P-obligations

As in [HHRS05], a interaction obligation is reﬁned by moving positive traces
to the set of negative traces or by moving traces from the set of inconclusive
traces to either the positive or the negative set. STAIRS [HHRS05] refers to the
ﬁrst option as narrowing and the second option as supplementing. As argued in
[HHRS05], narrowing reduces the set of positive traces to capture new design
decisions or to match the problem more accurately. Supplementing categorizes
(to this point) inconclusive behavior as either positive or negative recognizing
that early descriptions normally lack completeness.
A p-obligation is reﬁned by either reﬁning its interaction obligation or reducing
its set of probabilities. Formally, a p-obligation ((p  , n  ), Q  ) is a reﬁnement of a
p-obligation ((p, n), Q ), written ((p, n), Q )  ((p  , n  ), Q  ), iﬀ
n ⊆ n  ∧ p ⊆ p ∪ n  ∧ Q  ⊆ Q
8.2

(34)

Reﬁnement of Speciﬁcations

All p-obligations at the given (more abstract) level represent a mandatory alternative. Therefore each p-obligation needs to be represented by a p-obligation
also at the reﬁned (more concrete) level. However, if a p-obligation has 0 as
an acceptable probability, this means that it does not need to be implemented.
Formally, a speciﬁcation d  is a reﬁnement of a speciﬁcation d , written d  d  ,
iﬀ
(35)
∀ po ∈ [[ d ]] : 0 ∈ π2 .po ⇒ ∃ po  ∈ [[ d  ]] : po  po 
We now explain further why the second line on the right-hand side of deﬁnition
32 is included. Firstly, we want to avoid a situation where two p-obligations
((p1 , n1 ), Q1 ) and ((p2 , n2 ), Q2 ) coming from diﬀerent operands of a palt are represented only by a single p-obligation at the concrete level. This is ensured since
also the p-obligation (⊕{(p1 , n1 ), (p2 , n2 )}, Q1 + Q2 ) is included in the semantics
and hence needs to be represented at the concrete level.
Secondly, it should be possible to let a single p-obligation at the abstract level
be represented by a combination of p-obligations at the concrete level, as long as
each of these p-obligations are valid reﬁnements of the original p-obligation with
respect to interaction obligations and their probability sets add up to a subset of
the original probability set. Since the only way to introduce more p-obligations
is to use the palt-operator, the inclusion of the combined p-obligations in the
palt semantics makes this possible.
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9

Reﬁning the Atm Speciﬁcation

Figure 3 shows a reﬁnement of the speciﬁcation in Figure 2.
sd cash_withdrawal_3
customer

atm

bank

card
prompt ”Enter amount”
withdraw(amount)
request(amount)

t1
t2-t1<10 s

t2-t1>=10 s &
t2-t1<20 s

palt

p>=0.9

accept

t2
p<=0.1

accept

t2
prompt ”Transaction accepted”
card back

t3-t2<5 s

money(amount)

t3

Fig. 3. A reﬁnement of Figure 2.
The change that has been made to “cash withdrawal 2” is to impose an upper
limit to the acceptable response time from the bank also in the second operand,
stating that the reply should be received within 20 seconds. In addition we
have narrowed the acceptable range of probability for both operands. It is now
required that the reply from the bank should be received within 10 seconds in
at least 90% of the cases, instead of just 80%.
The speciﬁcation “cash withdrawal 3” is modeled semantically by four
p-obligations, we call these po1 , po2 , po3 and po4 . The p-obligation po1 represents
the result of choosing the ﬁrst operand of the palt. The positive and negative
traces of po1 are the same as for po1 , while the set of acceptable probabilities for
po1 is [0.9, ..., 1], which is a subset of the probability set of po1 . This means that
po1  po1 .
The result of choosing the second palt operand is modeled semantically by po2 .
The positive and negative traces of po2 are the same as for po2 , except that
traces where it takes more than 20 seconds to get a reply from the bank are
positive in po2 and negative in po2 . Since the probability set of po2 , [0, ..., 0.1],
is a subset of the probability set of po2 , we get po2  po2 .
The third p-obligation, po3 , models the combination of po1 and po2 , which means
that po3 = (⊕{po1 , po2 }, [0.9, ..., 1]). According to po3 the positive traces are all
traces where it takes less than 20 seconds to get an answer from the bank and
less than ﬁve seconds to get money after the reply is received from the bank.
The negative traces are those where it takes 20 seconds or more to get a reply
or ﬁve seconds or more to get the money. Since [0.9, ..., 1] ⊆ [0.8, ..., 1] and the
only diﬀerence with respect to traces is that the traces where it takes 20 seconds
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or more to get a reply from the bank are positive in po3 and negative in po3 , we
get po3  po3 .
The last p-obligation, po4 , models the combination of the two operands. Since in
this example each operand gives only one p-obligation, this means that the interaction obligation of po4 is identical to that of po3 , i.e. po4 = (⊕{po1 , po2 }, {1}).
Since the probability sets of po4 and po4 are both {1} and the only diﬀerence
with respect to traces is that the traces where it takes 20 seconds or more to get
a reply from the bank are positive in po4 and negative in po4 , we get po4  po4 .
The above shows that condition 35 is fulﬁlled, so the speciﬁcation
“cash withdrawal 3” is a reﬁnement of “cash withdrawal 2”.
We also have that the original speciﬁcation “cash withdrawal 1” with its hard
real-time constraint is a reﬁnement of “cash withdrawal 2”. To see this, note that
the speciﬁcation “cash withdrawal 1” is represented semantically by
{(π1 .po1 , {1})}, and that (π1 .po1 , {1}) is a valid reﬁnement of both po1 , po3
and po4 . The p-obligation po2 is not represented in “cash withdrawal 1”, but
this is not required, since 0 ∈ π2 .po2 . Therefore condition 35 is fulﬁlled, so that
“cash withdrawal 1” is a reﬁnement of “cash withdrawal 2”. A similar argument
shows that “cash withdrawal 1” is also a reﬁnement of “cash withdrawal 3”.
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Related Work

[Seg95] uses probabilistic automata to address the problem of veriﬁcation of randomized distributed algorithms. The analysis includes timed systems, so that
real-time properties can be investigated in a probabilistic setting. [Jan03] introduces a stochastic extension to statecharts called StoCharts to allow the quantiﬁcation of the time between events according to a stochastic distribution, and
deﬁnes a formal semantics that can be analyzed by tools. [JL91] presents a formalism for specifying probabilistic transition systems where transitions have sets
of allowed probabilities, and deﬁnes two reﬁnement relations on such systems.
These formalisms address many of the same issues as we do, but rely on complete
speciﬁcations of the communicating entities since the models are automata and
statecharts.
Various dialects of sequence diagrams have been used informally for several
decades. The latest versions of the most known variants are UML 2.0 [OMG04]
and MSC-2000 [ITU99].
Live Sequence Charts [DH01], [HM03] is an extension of MSC where (a part of)
a chart may be designated as universal (mandatory) or existential (optional).
Explicit criteria in the form of pre-charts are given for when a chart applies:
Whenever the system exhibits the communication behavior of its pre-chart its
own behavior must conform to that prescribed by the chart. Timing constraints
are included and alternatives may be assigned exact probabilities.
The UML Proﬁle for Schedulability, Performance and Time [OMG05] extends
UML by adding stereotypes and annotations for deﬁning values for performance
measures such as response time and CPU demand time. The proﬁle is envisaged
to be used with a suitable modeling tool based on for example schedulability
15

analysis, Petri Nets or stochastic process algebra. The proﬁle enables speciﬁcation of a wide range of time-related requirements, including soft real-time
requirements. However, no formal semantics is deﬁned for the language.
Most closely related to the work presented in this paper is of course timed
STAIRS as presented in [HHRS06]. Here the notions of positive and negative
behavior, mandatory choice and reﬁnement are formalized in relation to sequence diagrams. Timed STAIRS has a more ﬁne-grained analysis of reﬁnement
than presented here. This is partly due to a richer semantical model for events
and traces. Events in timed STAIRS can be of three diﬀerent types: transmit,
receive and consume. This enables the distinction between two forms of reﬁnement: glass-box reﬁnement, which take the full semantics into account, and black
box reﬁnement, which only considers externally visible changes. The approach
presented in this paper can easily be generalized to take this into account. Timed
STAIRS does not address probabilities.
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Conclusion

We have extended the work presented in [HHRS06]. Our contribution is to generalize the approach to handle probabilities. This enables speciﬁcation of soft
real-time constraints as well as probabilistic speciﬁcations in general. The resulting approach, which we call probabilistic STAIRS, oﬀers a powerful language
for specifying a wide range of communicating systems, underpinned by a formal
semantics that allows analysis of functional and non-functional properties, as
well as formal deﬁnition of incremental development. In the future we intend to
explore the relationship between probabilistic STAIRS and state machines with
time and probabilities.
This technical report is an extended and revised version of the article [RHS05],
and the contents of the report follows this article closely up to and including
section 12. For a discussion of changes that have been made, see section C.
In section B we show that the reﬁnement relation is transitive and that the
composition operators are monotonic with respect to the reﬁnement relation.
This ensures that the approach is incremental and compositional.
In [RHS05] we promised that this report would include a discussion on what
probability spaces corresponds to a probabilistic STAIRS speciﬁcation. However,
in order to treat this question properly we have decided that this question is
better left to a separate paper.
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A
A.1

Additional operators
loop

We now introduce a looping construct to the formalism. Syntactically this is
done by adding the following case to those given in 4.1 and 6.1:
– d ∈ D ∧ I ⊆ N0 ∪ {∞} ⇒ loop I d ∈ D
where N0 denotes the set of natural numbers including 0.
Before deﬁning the semantics of this construct we need to give some deﬁnitions
in order to handle the case where the loop may be inﬁnite. These deﬁnitions
build on the ones given in [HHRS06]. Intuitively, an inﬁnite loop corresponds
to inﬁnitely many weak sequencing steps. A chain of p-obligations is an inﬁnite
sequence of p-obligations such that each element is a sequential composition of
the previous p-obligation in the chain and some other appropriate p-obligation.
For a set of p-obligations O , its chains is deﬁned as:
chains(O )

def

{po
¯ ∈ P ∞ | po[1]
¯
∈O∧

=

(36)

∀ j ∈ N : ∃ po ∈ O : po[j
¯ + 1] = po[j
¯ ]  po}
From a chain po
¯ of p-obligations, we obtain a chain of positive traces by selecting
one positive trace from each p-obligation in the chain po
¯ such that each trace in
the chain is an extension (by means of weak sequencing) of the previous trace in
the chain. For a chain po
¯ of interaction obligations, we deﬁne its positive chains
of traces as:
posCh(po)
¯

def

{t̄ ∈ H∞ | ∀ j ∈ N : t̄ [j ] ∈ π1 .π1 .po[j
¯ ]∧

=

(37)

∃ t ∈ H : t̄[j + 1] ∈ {t̄[j ]}  {t } }
For a chain po
¯ of p-obligations we get a negative chain of traces by selecting
the traces such that the ﬁrst one is negative in some obligation po[i]
¯
and all
the following traces belong to the negative trace sets of the corresponding pobligations. By starting from some obligation po[i]
¯
and not just from po[1],
¯
we
take into account that a negative trace may have been positive during a ﬁnite
number of initial iterations. In the same way as for posCh(po),
¯ each trace in
the chain is a weak sequencing extension of the previous trace in the chain.
According to deﬁnition 17, once we have selected a negative trace, all extensions
of this trace with other traces that are positive or negative will also be negative.
Hence, we get the following deﬁnition for the negative chains of traces:
negCh(po)
¯

def

=

{t̄ ∈ H∞ | ∃ i ∈ N : ∀ j ∈ N :
¯ + i − 1]) ∧
t̄[j ] ∈ π2 .(π1 .po[j
∃ t ∈ H : t̄[j + 1] ∈ {t̄[j ]}  {t } }
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(38)

From a chain po
¯ of p-obligations, we obtain a chain of probabilities by selecting
one probability from each p-obligation in the chain po,
¯ and such that each probability in the chain is equal to the previous probability multiplied by an arbitrary
probability. For a chain po
¯ of p-obligations, we deﬁne its chains of probabilities
as
def

{q̄ ∈ [0, 1]∞ | ∀ j ∈ N : q̄[j ] ∈ π2 .po[j
¯ ]∧

=

prob(po)
¯

(39)

∃ q ∈ [0, 1] : q̄[j + 1] ∈ q̄[j ] ∗ q}
For a chain of traces t̄ we have that for each l ∈ L, the sequence
S t̄ [1], e.l 
S t̄ [2], e.l 
S t̄ [3], ...
e.l 

constitutes a chain whose elements are ordered by . We use l t̄ to denote the
least upper bound of this chain of sequences (with respect to ). Since sequences
may be inﬁnite such least upper bounds always exist.
For a chain of traces t̄ , we deﬁne its set of approximations t̄ as:
def

S h = l t̄ }
t̄ = {h ∈ H | ∀ l ∈ L : e.l 

For a chain of p-obligations po,
¯ we then deﬁne the p-obligation po
¯ as:


def
t̄ ,
t̄ ), { lim q̄ | q̄ ∈ prob(po)})
¯
po
¯ = ((
t̄ ∈posCh(po)
¯

j →∞

t̄ ∈negCh(po)
¯

(40)

(41)

For a set of p-obligations, we deﬁne a loop construct μn where n denotes the
number of times the loop is iterated. μn O is deﬁned inductively as follows:
def

=

{(({}, ∅), {1})}

(42)

μ1 O

def

=

O

(43)

μn O

def

=

O  μn−1 O for 1 < n < ∞

(44)

μ∞ O

def

{po
¯ | po
¯ ∈ chains(O )}

(45)

μ0 O

=

The semantics of loop is now deﬁned as:
def

[[ loop I d ]] =



μi[[ d ]]

(46)

i∈I

where



def

Pi = {

((pi , ni ), Qi ) | ∀ i ∈ I : ((pi , ni ), Qi ) ∈ Pi }

(47)

i∈I

i∈I

and




i∈I

def

((pi , ni ), Qi ) = ((



i∈I
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pi ,


i∈I

ni ), Πi∈I Qi )

(48)

A.2

assert

The assert operator is used to deﬁne all inconclusive traces as negative. In the
deﬁnition of syntax the following case is added to those given in 4.1 and 6.1:
– d ∈ D ⇒ assert d ∈ D
The semantics for this construct is given by
def

[[ assert d ]] = {((p, n ∪ (H \ p)), Q ) | ((p, n), Q ) ∈ [[ d ]]}
A.3

(49)

N-ary palt

For expressing probabilistic choices with more than two alternatives we extend
the palt operator so that it can take any ﬁnite number of operands. In the
deﬁnition of syntax the following case is added to those given in 4.1 and 6.1:
– n ∈ N\{1}∧d1, ..., dn ∈ D ∧Q1 , ..., Qn ⊆ [0...1] ⇒ palt(d1 ;Q1 , ..., dn ;Qn ) ∈ D
We do not allow n = 1 since this would allow probability decoration in cases
with only one operand. In such cases 1 should be the only acceptable probability.
The semantics for palt is then given by
def

[[ palt(d1 ;Q1 , ..., dn ;Qn ) ]] =


{poi },
π2 .poi ) |
{(⊕
i∈S

(50)

i∈S

S ⊆ {1, ..., n} ∧ S = ∅ ∧ ∀ i ∈ S : poi ∈ [[ di ;Qi ]]}
∪ {(⊕

n


[[ di ;Qi ]], {1} ∩

i=1

n


Qi )}

i=1

Note that if n = 2 then this deﬁntion gives the same semantics as deﬁnition 32.
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B

Proofs

To simplify notation in the proofs we overload the deﬁnitions of the operators
¬ , , ,  and  to p-obligations:
¬ (o, Q )

def

=

(¬ o, Q )

(51)

(o, Q )  C

def

=

(o  C , Q )

(52)

(o2 , Q2 )

def

=

(o1

o2 , Q1 ∗ Q2 )

(53)

(o1 , Q1 )  (o2 , Q2 )

def

=

(o1  o2 , Q1 ∗ Q2 )

(54)

(o1 , Q1 )  (o2 , Q2 )

def

(o1  o2 , Q1 ∗ Q2 )

(55)

(o1 , Q1 )

=

and further to sets of p-obligations:
¬O

def

=

{¬ po | po ∈ O }

(56)

O C

def

=

{po  C | po ∈ O }

(57)

O2

def

=

{po1

po2 | po1 ∈ O1 ∧ po2 ∈ O2 }

(58)

O1  O2

def

=

{po1  po2 | po1 ∈ O1 ∧ po2 ∈ O2 }

(59)

O1  O2

def

{po1  po2 | po1 ∈ O1 ∧ po2 ∈ O2 }

(60)

O1

=

Multiplication of a p-obligation or a set of p-obligations with a probability set
Q  is deﬁned as follows:
(o, Q ) ∗ Q 

def



def

O ∗Q

=
=

(o, Q ∗ Q  )


{po ∗ Q | po ∈ O }

(61)
(62)

For p-obligations we introduce the functions pos and neg that return the set of
positive and negative traces, resepctively:
pos.((p, n), Q )
neg.((p, n), Q )

def

=

def

=

p

(63)

n

(64)

The deﬁnition 35 of reﬁnement is extended so that it applies to all sets of pobligations (and not just to sequence diagrams as in deﬁnition 35). If O and O 
are sets of p-obligations then O  O  iﬀ
∀ po ∈ O : 0 ∈ π2 .po ⇒ ∃ po  ∈ O  : po  po 
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(65)

We also deﬁne  for interaction obligations: (p, n)  (p  , n  ) iﬀ
n ⊆ n  ∧ p ⊆ p ∪ n 

(66)

Note that these deﬁnitions ensure that
d  d




o o ∧Q ⊆Q

⇔
⇒

[[ d ]]  [[ d  ]]


(67)


(o, Q )  (o , Q )

(68)

In the proofs we use po and poi as shorthand notation for ((p, n), Q ) and
((pi , ni ), Qi ), respectively.
B.1

Transitivity of reﬁnement

The reﬁnement relation needs to be transitive in order to allow a stepwise development from an initial speciﬁcation with a high level of abstraction to a detailed
speciﬁcation suitable for implementation.
Lemma 1. Transitivity of  for p-obligations
Assume: 1. ((p, n), Q )  ((p  , n  ), Q  )
2. ((p  , n  ), Q  )  ((p  , n  ), Q  )
Prove: ((p, n), Q )  ((p  , n  ), Q  )
11. n ⊆ n 
21. n ⊆ n 
Proof: By assumtion 1.
22. n  ⊆ n 
Proof: By assumtion 2.
23. Q.E.D.
Proof: By 21, 22 and transitivity of ⊆.
12. p ⊆ p  ∪ n 
21. p ⊆ p  ∪ n 
Proof: By assumtion 1
22. p  ⊆ p  ∪ n 
Proof: By assumtion 2
23. p ⊆ (p  ∪ n  ) ∪ n 
Proof: By 21 and 22
24. n  ⊆ n 
Proof: By assumtion 2
25. (p  ∪ n  ) ∪ n  = p  ∪ n 
Proof: By 24
26. Q.E.D.
Proof: By 23 and 25
13. Q  ⊆ Q
21. Q  ⊆ Q
Proof: By assumption 1
22. Q  ⊆ Q 
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Proof: By assumption 2
23. Q.E.D.
Proof: By 21, 22 and transitivity of ⊆
14. Q.E.D.
Proof: By 11, 12, 13 and deﬁnition 34

Theorem 1. Transitivity of  for speciﬁcations
Assume: 1. d  d 
2. d   d 
Prove: d  d 
Let: [[ d ]] = O ∧ [[ d  ]] = O  ∧ [[ d  ]] = O 
11. ∀ po ∈ O : 0 ∈ π2 .po ⇒ ∃ po  ∈ O  : po  po 
21. Assume: po ∈ O
Prove: 0 ∈ π2 .po ⇒ ∃ po  ∈ O  : po  po 
31. Assume: 0 ∈ π2 .po
Prove: ∃ po  ∈ O  : po  po 
41. Let: po  ∈ O  s.t. po  po 
Proof: By assumption 1 and assumption 31
42. ∃ po  ∈ O  : po   po 
51. 0 ∈ π2 .po 
Proof: By assumption 31 and 41
52. Q.E.D.
Proof: By assumption 2 and 51
43. Let: po  ∈ O  s.t. po   po 
Proof: By 42
44. po  po 
Proof: By 41, 43 and Lemma 1
45. Q.E.D.
Proof: By 43 (po  ∈ O  ) and 44
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: By deﬁnition 35

B.2

Monotonicity

When dealing with complex speciﬁcations it is very important to be able to work
with one part at a time. Monotonicity the composition operators w.r.t. reﬁnement ensures that diﬀerent parts of a speciﬁcation can be reﬁned independently
from each other. In this sense the approach is compositional.
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Monotonicity of neg w.r.t. 
Lemma 2. Monotonicity of ¬ for single p-obligations w.r.t. 
Assume: ((p, n), Q )  ((p  , n  ), Q  )
Prove: ¬ ((p, n), Q )  ¬ ((p  , n  ), Q  ), i.e.
(({}, p ∪ n), Q )  (({}, p  ∪ n  ), Q  )
11. n ⊆ n  ∧ p ⊆ p  ∪ n 
Proof: By deﬁnition 34 and the assumption.
12. Q  ⊆ Q
Proof: By deﬁnition 34 and the assumption.
13. {} ⊆ {} ∪ p  ∪ n 
Proof: By basic set theory.
14. p ∪ n ⊆ p  ∪ n 
Proof: By 11 and basic set theory.
15. p ∪ n ⊆ p  ∪ n  ∧ {} ⊆ {} ∪ p  ∪ n  ∧ Q  ⊆ Q
Proof: ∧-introduction from 14, 13 and 12.
16. Q.E.D.
Proof: By 15 and deﬁnition 34.

Theorem 2. Monotonicity of ¬ w.r.t. 
Assume: O  O 
Prove: ¬ O  ¬ O 
11. ∀ po ∈ ¬ O : 0 ∈ π2 .po ⇒ ∃ po  ∈ ¬ O  : po  po 
21. Assume: po ∈ ¬ O
Prove: 0 ∈ π2 .po ⇒ ∃ po  ∈ ¬ O  : po  po 
31. Assume: 0 ∈ π2 .po
Prove: ∃ po  ∈ ¬ O  : po  po 
41. Let: po ∈ O s.t. ¬ po = po
Proof: By deﬁnition 56 and assumption 21
42. 0 ∈ π2 .po
Proof: By 41 and assumption 31
43. Let: po  ∈ O  s.t. po  po 
Proof: By 41, 42, the main assumption and deﬁnition 35
44. ¬ po  ¬ po 
Proof: By 43 and Lemma 2
45. ¬ po  ∈ ¬ O 
Proof: By 43 and deﬁnition 56
46. Q.E.D.
Proof: ∃ -rule with 44 and 45; ¬ po  is the po  we are looking for.
32. Q.E.D.
Proof: ⇒ -rule
22. Q.E.D.
Proof: ∀ -rule
12. Q.E.D.
24

Proof: By 11 and deﬁnition 65
Monotonicity of neg w.r.t.  follows immediately from Theorem 2.



Monotonicity of seq w.r.t. 
Lemma 3. Monotonicity of  w.r.t.  for p-obligations
Assume: 1. ((p, n), Q ) = ((p1 , n1 ), Q1 )  ((p2 , n2 ), Q2 )
2. ((p  , n  ), Q  ) = ((p1 , n1 ), Q1 )  ((p2 , n2 ), Q2 )
3. ((p1 , n1 ), Q1 )  ((p1 , n1 ), Q1 )
4. ((p2 , n2 ), Q2 )  ((p2 , n2 ), Q2 )
Prove: ((p, n), Q )  ((p  , n  ), Q  )
11. n ⊆ n  ∧ p ⊆ p  ∪ n 
Proof: See proof of Lemma 30 in [HHRS06].
12. Q  ⊆ Q
21. Q1 ⊆ Q1
Proof: By assumption 3
22. Q2 ⊆ Q2
Proof: By assumption 4
23. Q = Q1 ∗ Q2
Proof: By assumption 1 and deﬁnition 54
24. Q  = Q1 ∗ Q2
Proof: By assumption 2 and deﬁnition 54
25. Q.E.D.
Proof: By 21, 22, 23, 24 and deﬁnition 28
13. Q.E.D.
Proof: By 11, 12 and deﬁnition 34

Theorem 3. Monotonicity of  w.r.t. 
Assume: 1. O1  O1
2. O2  O2
Prove: O1  O2  O1  O2
11. ∀ po ∈ O1  O2 : 0 ∈ π2 .po ⇒ ∃ po  ∈ O1  O2 : po  po 
21. Assume: po ∈ O1  O2
Prove: 0 ∈ π2 .po ⇒ ∃ po  ∈ O1  O2 : po  po 
31. Assume: 0 ∈ π2 .po
Prove: ∃ po  ∈ O1  O2 : po  po 
41. Let: po1 ∈ O1 , po2 ∈ O2 s.t. po = po1  po2
Proof: By assumption 21
42. 0 ∈ π2 .po1 ∧ 0 ∈ π2 .po2
Proof: By assumption 31
43. Let: po1 ∈ O1 s.t po1  po1
Proof: By 42, 41 and assumption 1
25

44. Let: po2 ∈ O2 s.t. po2
Proof: By 42, 41 and
45. po1  po2  po1  po2
Proof: By 43, 44 and
46. po1  po2 ∈ O1  O2
Proof: By 43 and 44
47. Q.E.D.
Proof: By 45 and 46;
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: By deﬁnition 65

 po2
assumption 2
Lemma 3

po1  po2 is the po  we are looking for

Monotonicity of seq w.r.t.  follows immediately from Theorem 3



Monotonicity of par w.r.t. 
Lemma 4. Monotonicity of w.r.t.  for p-obligations
Assume: 1. ((p, n), Q ) = ((p1 , n1 ), Q1 ) ((p2 , n2 ), Q2 )
2. ((p  , n  ), Q  ) = ((p1 , n1 ), Q1 ) ((p2 , n2 ), Q2 )
3. ((p1 , n1 ), Q1 )  ((p1 , n1 ), Q1 )
4. ((p2 , n2 ), Q2 )  ((p2 , n2 ), Q2 )
Prove: ((p, n), Q )  ((p  , n  ), Q  )
Proof: The proof is similar to the proof for Lemma 3; just replace  with ,
and refer to Lemma 31 in [HHRS06] instead of Lemma 30 in [HHRS06].

Theorem 4. Monotonicity of
Assume: 1. O1  O1
2. O2  O2
Prove: O1 O2  O1 O2

w.r.t. 

Proof: The proof is similar to the proof for ; just replace  with
to Lemma 4 instead of Lemma 3.
Monotonicity of par w.r.t.  follows immediately from Theorem 4.
Monotonicity of alt w.r.t. 
Lemma 5. Monotonicity of  w.r.t.  for p-obligations
Assume: 1. ((p1 , n1 ), Q1 )  ((p1 , n1 ), Q1 )
2. ((p2 , n2 ), Q2 )  ((p2 , n2 ), Q2 )
Prove: ((p1 , n1 ), Q1 )  ((p2 , n2 ), Q2 )  ((p1 , n1 ), Q1 )  ((p2 , n2 ), Q2 )
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and refer


11. ((p1 ∪ p2 , n1 ∪ n2 ), Q1 ∗ Q2 )  ((p1 ∪ p2 , n1 ∪ n2 ), Q1 ∗ Q2 )
21. n1 ∪ n2 ⊆ n1 ∪ n2 ∧ p1 ∪ p2 ⊆ p1 ∪ p2 ∪ n1 ∪ n2
31. n1 ∪ n2 ⊆ n1 ∪ n2
41. n1 ⊆ n1
Proof: By assumption 1
42. n2 ⊆ n2
Proof: By assumption 2
43. Q.E.D.
Proof: By 41, 42 and basic set theory
32. p1 ∪ p2 ⊆ p1 ∪ p2 ∪ n1 ∪ n2
41. p1 ⊆ p1 ∪ n1
Proof: By assumption 1
42. p2 ⊆ p2 ∪ n2
Proof: By assumption 2
43. Q.E.D.
Proof: By 41, 42 and basic set theory
33. Q.E.D.
Proof: ∧-introduction: 31 and 32
22. Q1 ∗ Q2 ⊆ Q1 ∗ Q2
31. Q1 ⊆ Q1 ∧ Q2 ⊆ Q2
Proof: By assumption 1 and assumption 2
32. Q.E.D.
Proof: By 31 and deﬁnition 28
23. Q.E.D.
Proof: By 21, 22 and deﬁnition 34
12. Q.E.D.
Proof: By 11 and deﬁnition 55

Theorem 5. Monotonicity of  w.r.t. 
Assume: 1. O1  O1
2. O2  O2
Prove: O1  O2  O1  O2
11. ∀ po ∈ O1  O2 : 0 ∈ π2 .po ⇒ ∃ po  ∈ O1  O2 : po  po 
21. Assume: po ∈ O1  O2
Prove: 0 ∈ π2 .po ⇒ ∃ po  ∈ O1  O2 : po  po 
31. Assume: 0 ∈ π2 .po
Prove: ∃ po  ∈ O1  O2 : po  po 
41. Let: po1 ∈ O1 , po2 ∈ O2 s.t. po = po1  po2
Proof: By assumption 21
42. 0 ∈ π2 .po1 ∧ 0 ∈ π2 .po2
Proof: By assumption 31 and 41
43. Let: po1 ∈ O1 s.t. po1  po1
Proof: By assumption 1, 41 and 42
44. Let: po2 ∈ O2 s.t. : po2  po2
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Proof: By assumption 2, 41 and 42
45. po1  po2  po1  po2
Proof: By 43, 44 and Lemma 5
46. po1  po2 ∈ O1  O2
Proof: By 43 and 44
47. Q.E.D.
Proof: By 45 and 46; po1  po2 is the po  we are looking for
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: By deﬁnition 65

Monotonicity of alt w.r.t.  follows immediately from Theorem 5.
Monotonicity of palt w.r.t. 
Lemma 6. Reﬁnement of combinations of sets of p-obligations
Assume: 1. ⊕O1  ⊕O1
2. ⊕O2  ⊕O2
Prove: ⊕(O1 ∪ O2 )  ⊕(O1 ∪ O2 )


n⊆
n
11.
po∈O1 ∪O2
po  ∈O1 ∪O2




n2 ⊆
n1 ∩
n2
21.
n1 ∩



po1 ∈O1
po2 ∈O2
po1 ∈O1
po2 ∈O2


n1
31.
n1 ⊆
po1 ∈O1

po1 ∈O1

Proof:
1

 By assumption
n2 ⊆
n2
32.
po2 ∈O2

po2 ∈O2

Proof: By assumption 2
33. Q.E.D.
Proof:
 32 and basic
 set theory
 By 31,
n1 ∩
n2 =
n∧
22.
po1
∈O1
po2
∈O1
po∈O
1 ∪O2


n1 ∩
n2 =
n
po1 ∈O1

po2 ∈O2

po  ∈O1 ∪O2

Proof: By basic set theory
23. Q.E.D.
Proof:
 22
 By 21 and
p∩
p∪n ⊆
12.
po∈O1
∪O2
po∈O1 ∪O
2


(
p ∩
p ∪ n ) ∪
n







po ∈O1 ∪O2
po ∈O1 ∪O2
po ∈O1 ∪O2


21. Assume: t ∈
p∩
p ∪n
po∈O1 ∪O2

po∈O1 ∪O2
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Prove:
31. t ∈




t∈(
p ∩
p ∪ n ) ∪
n







po ∈O1 ∪O2
po ∈O1 ∪O2
po ∈O1 ∪O2


p1 ∨ t ∈
p2

po1 ∈O1

po2 ∈O2

Proof: By assumption
21

32. Case: t ∈
p1
1
po1 ∈O


41. t ∈ (
p1 ∩
p1 ∪ n1 ) ∪
n1
po1 ∈O1
po1 ∈O1
po1 ∈O1


51. t ∈
p1 ∩
p1 ∪ n1
po1 ∈O
po1 ∈O1
1
61. t ∈
p1 ∪ n1
po1 ∈O1

Proof: By assumption 21
62. Q.E.D.
Proof: By 61 and assumption 32
52. Q.E.D.
Proof: By 51 andassumption 1
p ∩
p ∪ n ) ∪
42. Assume: t ∈ (
po  ∈O1 ∪O2

po  ∈O1 ∪O2

Prove: ⊥


51. t ∈ (
p2 ∩
p2 ∪ n2 ) ∪
n2
po2 ∈O2
po2 ∈O2
po2 ∈O2

61. t ∈
p2 ∪ n2
po2 ∈O2

71. Assume: t ∈
p2 ∪ n2
po2 ∈O2

Prove: ⊥
81. t ∈
p1 ∪ n1
po1 ∈O1

Proof: By41
p ∪ n 
82. t ∈
po  ∈O1 ∪O2

Proof: By 81 and assumption 71
83. Q.E.D.
Proof: By 82 and assumption 42
72. Q.E.D.
Proof: ⊥-rule
62. Q.E.D.
Proof:By 61
n2
52. t ∈
po2 ∈O2


61. t ∈
p2 ∩
p2 ∪ n2
po
po
2 ∈O2
2 ∈O2
p2 ∪ n2 ⊆
71.
p2 ∩
po2 ∈O
2 

 2  po2 ∈O
p2 ∩
p2 ∪ n2 ) ∪
n2
(
po2 ∈O2

po2 ∈O2

Proof: By assumption 2
72. Q.E.D.
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po2 ∈O2


po  ∈O1 ∪O2

n

Proof:By 51 and 71
62. t ∈
p2 ∪ n2
po2 ∈O2

Proof: By
 assumption 21
63. t ∈
p2
po2 ∈O2

Proof: By
 61 and 62
n2
64. t ∈
po2 ∈O2

Proof:
 63
 By 62 and
n2 ⊆
n2
65.
po2 ∈O2

po2 ∈O2

Proof: By assumption 2
66. Q.E.D.
Proof: By 64 and 65
53. Q.E.D.
Proof: By 51 and 52
43. Q.E.D.
Proof: ⊥-rule
p2
33. Case: t ∈
po2 ∈O2

Proof: Similar proof as case 32
34. Q.E.D.
Proof: By 31 the cases 32 and 33 are exhaustive
22. Q.E.D.
Proof: ⊆-rule
13. Q.E.D.
Proof: By 11, 12 and deﬁnition 66

Lemma 7. Reﬁnement of the combination of a set of p-obligations
Assume: S ⊆ N ∧ S = ∅ ∧ ∀ i ∈ S : poi  poi




Prove: (⊕
{poi },
π2 .poi )  (⊕
{poi },
π2 .poi )
i∈S

i∈S

i∈S

i∈S

11. Case: |S | = 1 (Induction basis)
21. ∃ j ∈ N : S = {j }
Proof: 
By assumption
assumption
 11 and the main


{poi },
π2 .poi )
{poi },
π2 .poi )  (⊕
22. (⊕
i∈{j }
i∈{j }
i∈{j }
i∈{j }


Proof: By the main assumption, since for any j , (⊕
{poi },
π2 .poi ) =
i∈{j }

i∈{j }

poj
23. Q.E.D.
Proof: By 22
12. Case: |S | > 1 (Induction step)
21. Assume: |S | ≤


k ⇒ 
π2 .poi )  (⊕
{poi },
π2 .poi ) (ind. hyp.)
{poi },
(⊕
i∈S

i∈S

i∈S
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i∈S

Prove:

|S | =
 k + 1 ⇒


(⊕
{poi },
π2 .poi )  (⊕
{poi },
π2 .poi )
i∈S

i∈S

i∈S

i∈S

31. Assume: |S | =


k + 1 
{poi },
π2 .poi )  (⊕
{poi },
π2 .poi )
Prove: (⊕
i∈S

i∈S

i∈S

i∈S

41. ∃ j ∈ S , S  ⊂ S : S = S  ∪ {j }
Proof:By assumption
31



{poi },
π2 .poi )  (⊕
{poi },
π2 .poi )
42. (⊕
i∈S 

i∈S 

i∈S 

i∈S 

Proof:
and 41, since |S  | = k
 By assumption
 21
43. ⊕
{poi }  ⊕
{poi }
i∈S 
i∈S 
{poi }  ⊕
{poi }
51. ⊕
i∈S 

i∈S 

Proof: By 42
52. ⊕{poj }  ⊕{poj }
Proof: By
since ⊕{po} = π1 .po for any po
 the overall assumption,

53. ⊕
{poi }  ⊕
{poi }
i∈S  ∪{j }

i∈S  ∪{j }

Proof: By 51, 52 and Lemma 6
54. Q.E.D.
Proof:
By 53


π2 .poi ⊆
π2 .poi
44.
i∈S
i∈S 
51.
π2 .po  ⊆
π2 .po
i∈S 

i∈S 

Proof:
 By 42

52.
π2 .po  ⊆
π2 .po
i∈{j }

i∈{j }

Proof:
assumption

 By the overall
π2 .po  ⊆
π2 .po
53.
i∈S ∪{j }

i∈S ∪{j }

Proof: By 51, 52, deﬁnition 31 and basic set theory
54. Q.E.D.
Proof: By 53
45. Q.E.D.
Proof: By 43 and 44
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: Induction step
13. Q.E.D.
By induction: 11 and 12

Theorem 6. Restricted monotonicity of palt w.r.t. 
Assume: 1. ∀ i ≤ n : [[ di ]]  [[ di ]]
2. ∀ i ≤ n : Qi ⊆ Qi
3. ∀ i ≤ n : ⊕[[ di ]]  ⊕[[ di ]]
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Let: 1. O = [[ palt(d1 ;Q1 , ..., dn ;Qn ) ]]
2. O  = [[ palt(d1 ;Q1 , ..., dn ;Qn ) ]]
Prove:

O  O

11. ∀ po ∈ O : 0 ∈ π2 .po ⇒ ∃ po  ⊆ O  : po  po 
21. Assume: po ∈ O
Prove: 0 ∈ π2 .po ⇒ ∃ po  ∈ O  : po  po 
31. Assume: 0 ∈ π2 .po

Prove: ∃ po  ∈ O : po  po

41. Case: po ∈ {(⊕
{poi },
π2 .poi ) | S ⊆ {1, ..., n} ∧
i∈S

i∈S

i∈S

i∈S

S = ∅ ∧ ∀ i ∈ S : poi ∈ [[ di ;Qi ]]}
51. Let: S ⊆ {1, ...n}
 s. t. S= ∅ ∧ ∀ i ∈ S : ∃ poi ∈ [[ di ;Qi ]] :
po = (⊕
{poi },
π2 .poi )
Proof: By assumption 41
52. ∀ i ∈ S : ∃ poi ∈ [[ di ;Qi ]] : poi  poi
Proof: By assumptions 1 and 2
53. Let: poi be such that poi  poi for each i ∈ S
Proof:By 52 


{poi },
π2 .poi )  (⊕
{poi },
π2 .poi )
54. (⊕
i∈S

i∈S

i∈S

i∈S

i∈S

i∈S

Proof:By 53,
51 and Lemma 7
{poi },
π2 .poi ) ∈ [[ palt(d1 ;Qn , ..., dn ;Qn ) ]]
55. (⊕
Proof: By deﬁnition 50 and 52
56. Q.E.D.


{poi },
π2 .poi ) is the po  we are
Proof: By 54 and 55; (⊕
i∈S

looking for.
42. Case: po = (⊕
51. {1} ∩

n

i=1

n


[[ di ;Qi ]], {1} ∩

i=1

Qi ⊆ {1} ∩

n


i∈S

n


Qi )

i=1

Qi

i=1

Proof: By assumption 2
n
n


52. ⊕ [[ di ;Qi ]]  ⊕ [[ di ;Qi ]]
i=1

i=1

61. Case: n = 2 (induction basis)
71. ⊕[[ d1 ;Q1 ]]  ⊕[[ d1 ;Q1 ]]
Proof: By assumption 3
72. ⊕[[ d2 ;Q2 ]]  ⊕[[ d2 ;Q2 ]]
Proof: By assumption 3
73. Q.E.D.
Proof: By 71, 72 and Lemma 6
62. Case: n > 2 (induction step)
n
n


71. Assume: n ≤ k ⇒ ⊕ [[ di ;Qi ]]  ⊕ [[ di ;Qi ]]
i=1

(induction hypothesis)
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i=1

⊕

Prove:
81. ⊕

k


k
+1

k
+1

i=1

i=1

[[ di ;Qi ]]  ⊕

[[ di ;Qi ]]  ⊕

i=1

k


[[ di ;Qi ]]

[[ di ;Qi ]]

i=1

Proof: By assumption 71
82. ⊕[[ dk +1 ;Qk +1 ]]  ⊕[[ dk +1 ;Qk +1 ]]
Proof: By assumption 3
k

83. ⊕( [[ dk ;Qk ]] ∪ [[ dk +1 ;Qk +1 ]]) 
i=1
k


⊕(

i=1

[[ dk ;Qk ]] ∪ [[ dk +1 ;Qk +1 ]])

Proof: By 81, 82 and Lemma 6
84. Q.E.D.
Proof: By 83
72. Q.E.D.
Proof: Induction step
63. Q.E.D.
Proof: Induction: 61 and 62 (Note that according to deﬁnition
50, n ≥ 2.)
n
n
n
n




[[ di ;Qi ]], {1} ∩
Qi )  (⊕ [[ di ;Qi ]], {1} ∩
Qi )
53. (⊕
i=1

i=1

i=1

i=1

Proof: By 51 and 52
n
n


[[ di ;Qi ]], {1} ∩
Qi ) ∈ O 
54. (⊕
Proof: By deﬁnition 50
55. Q.E.D.

Proof: By 53 and 54; (⊕

n


i=1

[[ di ;Qi ]], {1} ∩

i=1

i=1

n

i=1

Qi ) is the po  we

are looking for
43. Q.E.D.
Proof: By deﬁnition 50, the cases 41 and 42 are exhaustive.
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: By 11

To see why the last assumption in Theorem 6 is necessary consider the following
example: For n = 1, 2, 3 let
[[ dn ]] = {(on , {1})}
and let
d1

=

d1 ;{1} palt d2 ;{0}
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dA

=

d1 ;[0.4, 0.6] palt d3 ;[0.4, 0.6]

dA

=

d1 ;[0.4, 0.6] palt d3 ;[0.4, 0.6]

This means that
[[ d1 ]] =

{(o1 , {1}), (o2 , {0}), (⊕{o1, o2 }, {1})}

[[ dA ]] =

{(o1 , [0.4, 0.6]), (o3 , [0.4, 0.6]), (⊕{o1 , o3 }, [0.8, 1]), (⊕{o1, o3 }, {1})}

[[

dA

]] =

{(o1 , [0.4, 0.6]), (o2 , {0}), (⊕{o1 , o2 }, [0.4, 0.6]), (o3, [0.4, 0.6]),
(⊕{o1 , o3 }, [0.8, 1]), (⊕{o2, o3 }, [0.4, 0.6]), (⊕{o1, o2 , o3 }, [0.8, 1]),
(⊕{o1 , o2 , o3 }, {1})}

We now have d1  d1 and d3  d3 . But dA  dA does not hold, since there
is no po  ∈ [[ dA ]] such that (⊕{o1 , o3 }, {1})  po  . This is because the only
p-obligation in [[ dA ]] with interaction obligation ⊕{o1 , o3 } has probability set
[0.8, 1], which is not a subset of {1}.
Monotonicity of tc w.r.t. 
Lemma 8. Monotonicity of C w.r.t.  for single p-obligations
Assume: ((p, n), Q )  ((p  , n  ), Q  )
Prove: ((p, n), Q )  C  ((p  , n  ), Q  )  C , i.e.
((p  C , n ∪ (p  ¬ C )), Q )  ((p   C , n  ∪ (p   ¬ C )), Q  )
11. n ⊆ n ∪ (p  ¬ C )
Proof: By basic set theory
12. p ⊆ p  C ∪ (n ∪ (p  ¬ C ))
21. p = p  C ∪ p  ¬ C
Proof: By deﬁnition 18
22. Q.E.D.
Proof: By 21 and basic set theory
13. Q  ⊆ Q
Proof: By the assumption
14. Q.E.D.
Proof: By 11, 12, 13 and deﬁnition 34

Theorem 7. Monotonicity of C w.r.t. 
Assume: O  O 
Prove: O  C  O   C
11. ∀ po ∈ O  C : 0 ∈ π2 .po ⇒ ∃ po  ∈ O   C : po  po 
21. Assume: po ∈ O  C
Prove: 0 ∈ π2 .po ⇒ ∃ po  ∈ O   C : po  po 
31. Assume: 0 ∈ π2 .po
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Prove: ∃ po  ∈ O   C : po  po 
41. Let: po ∈ O s.t. po  C = po
Proof: By deﬁnition 57 and assumption 21
42. 0 ∈ π2 .po
Proof: By assumption 31 and 41
43. Let: po  ⊆ O  s.t. po  po 
Proof: By 41, 42 and the assumption
44. (po)  C  (po  )  C
Proof: By 43 and Lemma 8
45. po   C ∈ O   C
Proof: By 43 and deﬁnition 57
46. Q.E.D.
Proof: ∃ -rule with 44 and 45; po   C is the po  we are looking for
32. Q.E.D.
Proof: ⇒ -rule
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: By 11
Monotonicity of tc w.r.t.  follows immediately from Theorem 7.



Non-monotonicity of assert w.r.t.  The assert operator is not monotonic
w.r.t. . This is shown by the following example: Let
[[ d ]] =


[[ d ]] =

{(({t1 }, ∅), {1})}
{(({t1 , t2 }, ∅), {1})}

We then have d  d  . However, (assert d )  (assert d  ) does not hold. To see
this, observe that t2 will be negative in the only p-obligation in assert d but
positive in the only p-obligation in assert d  .
Monotonicity of loop w.r.t. 
Lemma 9. Monotonicity of μi w.r.t. 
This proof is partly based on the proof of Lemma 38 in [HHRS06].
Assume: O  O  ∧ i ∈ N0 ∪ {∞}
Prove: μi O  μi O 
11. Case: i = 0
21. μi O = μi O  = {(({}, ∅), {1})}
Proof: By deﬁnition 42 and assumption 11
22. Q.E.D.
Proof: By 21, since (({}, ∅), {1})  (({}, ∅), {1})
12. Case: i = 1
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21. μi O = O ∧ μi O  = O 
Proof: By assumption 12 and deﬁnition 43
22. Q.E.D.
Proof: By 21 and the overall assumption
13. Case: 1 < i < ∞
21. μ2 O  μ2 O  (Induction basis)
31. μ2 O = O  O ∧ μ2 O  = O   O 
Proof: By deﬁnitions 43 and 44
32. Q.E.D.
Proof: By the overall assumption, 31 and Theorem 3
22. Assume: μk O  μk O  for 1 < k < ∞ (Induction hypothesis)
Prove: μk +1 O  μk +1 O 
31. μk +1 O = O  μk O ∧ μk +1 O  = O   μk O 
Proof: By deﬁnition 44
32. Q.E.D.
Proof: By the overall assumption, assumption 22 and Theorem 3
23. Q.E.D.
Proof: By induction with 21 as basis and 22 as induction step
14. Case: i = ∞
21. ∀ po ∈ {po
¯ | po
¯ ∈ chains(O )} : 0 ∈ π2 .po ⇒
¯  | po
¯  ∈ chains(O  )} : po  po  , i.e.
∃ po  ∈ {po
¯ ⇒ ∃ po
¯  ∈ chains(O  ) : po
¯  po
¯
∀ po
¯ ∈ chains(O ) : 0 ∈ π2 .  po
31. Assume: po
¯ ∈ chains(O )
Prove: 0 ∈ π2 .  po
¯ ⇒ ∃ po
¯  ∈ chains(O  ) : po
¯  po
¯
41. Assume: 0 ∈ π2 .  po
¯
Prove: ∃ po
¯  ∈ chains(O  ) : po
¯  po
¯
51. ∃ po
¯ 1 ∈ chains(O  ) : ∀ j ∈ N : po[j
¯ ]  po
¯ 1 [j ]
¯
= po 1
61. Let: po 1 ∈ O s.t. po[1]
po j +1 ∈ O s.t. po[j
¯ + 1] = po[j
¯ ]  po j +1 for all j ∈ N
Proof: By assumption 31 and deﬁnition 36
62. Let: po2j ∈ O  s.t. po j  po2j for all j ∈ N
71. ∀ j ∈ N : 0 ∈ π2 .po j
81. 0 ∈ { lim q̄ | q̄ ∈ prob(po)}
¯
j →∞

Proof: By assumption 41
82. Q.E.D.
Proof: By 81 and deﬁnition 39
72. Q.E.D.
Proof: By 71, the overall assumption, and the fact that po j ∈
O for all j ∈ N
¯ 2 [1] = po21 ∧
63. Let: po
¯ 2 ∈ chains(O  ) s.t. po
∀ j ∈ N : po
¯ 2 [j + 1] = po
¯ 2 [j ]  po2j +1
Proof: By 62 and deﬁnition 36
64. ∀ j ∈ N : po[j
¯ ]  po
¯ 2 [j ]
71. po[1]
¯
 po
¯ 2 [1] (induction basis)
Proof: By 63, 62 and 61
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72. Assume: po[k
¯ ]  po
¯ 2 [k ] (induction hypothesis)
Prove: po[k
¯ + 1]  po
¯ 2 [k + 1]
81. po[k
¯ + 1] = po[k
¯ ]  po k +1
Proof: By 61
82. po
¯ 2 [k + 1] = po
¯ 2 [k ]  po2k +1
Proof: By 63
83. po k +1  po2k +1
Proof: By 62
84. Q.E.D.
Proof: By 81, 82, 83, assumption 72 and Theorem 3
73. Q.E.D.
Proof: By induction with 71 as induction basis and 72 as
induction step
65. Q.E.D.
¯ 1 we are looking for
Proof: By 63 and 64; po
¯ 2 is the po
52. Let: po
¯ 1 ∈ chains(O  ) s.t. ∀ j ∈ N : po[j
¯ ]  po
¯ 1 [j ]
Proof: By 51
53. po
¯  po
¯1
61. neg.  
po
¯ ⊆ neg.  po
¯1 
71.
t̄ ⊆
t̄
t̄ ∈negCh(po)
¯

t̄ ∈negCh(po
¯ 1)

81. negCh(po)
¯ ⊆ negCh(po¯1 )
91. Assume: t̄ ∈ negCh(po)
¯
Prove: t̄ ∈ negCh(po¯1 )
101. Let: i ∈ N s.t. ∀ j ∈ N : t̄ [j ] ∈ neg.po[j
¯ + i − 1]
Proof: By assumption 91 and deﬁnition 38
102. ∀ j ∈ N : t̄[j ] ∈ neg.po¯1 [j + i − 1]
111. po[j
¯ + i − 1]  po
¯1 [j + i − 1]
Proof: By 52
112. Q.E.D.
Proof: By 111 and deﬁnition 34
103. ∀ j ∈ N : ∃ t ∈ H : t̄[j + 1] ∈ {t̄[j ]}  {t }
Proof: By assumption 91 and deﬁnition 38
104. Q.E.D.
Proof: By 102, 103 and deﬁnition 38
92. Q.E.D.
Proof: ⊆-rule
82. Q.E.D.
Proof: By 81
72. Q.E.D.
Proof: By 71 and deﬁnition 41
¯ ⊆ pos.  po
¯ 1 ∪
neg.  po
¯1
62. pos.  po


71.
t̄ ⊆ (
t̄) ∪ (
t̄ )
t̄ ∈posCh(po)
¯

t̄∈posCh(po
¯1 )
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t̄ ∈negCh(po
¯1 )

81. ∀ t̄ ∈ posCh(
po)
¯ :
 t̄ ⊆ (
t̄  ) ∪ (
¯1 )
t̄  ∈posCh(po

91. Assume: t̄ ∈ posCh(po)
¯

Prove: t̄ ⊆ (



¯1)
t̄  ∈negCh(po

¯1 )
t̄  ∈posCh(po

t̄  )

t̄  ) ∪ (



¯1)
t̄  ∈negCh(po

t̄  )

101. ∀ j ∈ N : t̄[j ] ∈ pos.po¯1 [j ] ∪ neg.po
¯1 [j ]
111. ∀ j ∈ N : t̄[j ] ∈ pos.po[j
¯ ]
Proof: By assumption 91
112. Q.E.D.
Proof: By 111 52 and deﬁnition 34
102. Case: ∀ j ∈ N
po
¯1 [j ]
 : t̄[j ] ∈ pos.
111. t̄ ⊆
t̄ 
¯1 )
t̄  ∈posCh(po

121. ∀ j ∈ N : ∃ t ∈ H : t̄[j + 1] ∈ {t̄[j ]}  {t }
Proof: By assumption 91 and deﬁnition 37
122. t̄ ∈ posCh(po¯1 )
Proof: By assumption 102, 121 and deﬁnition
37
123. Q.E.D.
Proof: By 122
112. Q.E.D.
Proof: By 111
103. Case: ∃ j ∈ N : t̄[j ] ∈ neg.po
¯1 [j ]
111. Let: j ∈ N s.t. t̄[j ] ∈ neg.po
¯1 [j ]
Proof: By assumption
103

112. t̄ ⊆
t̄ 
¯1 )
t̄  ∈negCh(po

121. t̄ ∈ negCh(po¯1 )
131. ∀ g ∈ N : ∃ t ∈ H : t̄ [g + 1] ∈ {t̄[g]}  {t }
Proof: By assumption 91 and deﬁnition 37
132. ∃ i ∈ N : ∀ g ∈ N : t̄[g] ∈ neg.po¯1 [g + i − 1]
141. ∀ g ∈ N : t̄ [g] ∈ neg.po
¯1 [g + j − 1]
151. t̄[1 + j − 1] ∈ neg.po
¯1 [j ] (base case)
Proof: By 111
152. Assume: t̄ [k + j − 1] ∈ neg.po
¯1 [k + j − 1]
(ind. hyp.)
Prove: t̄ [k + j ] ∈ neg.po
¯1 [k + j ]
161. t̄ [k + j ] ∈ pos.po[k
¯ + j]
Proof: By assumption 91 and deﬁnition
37
162. t̄ [k + j ] ∈ pos.po¯1 [k + j ] ∪ neg.po¯1 [k + j ]
Proof: By 52, 161 and deﬁnition 34
163. Case: t̄ [k + j ] ∈ neg.po¯1 [k + j ]
171. Q.E.D.
Proof: By assumption 163
164. Case: t̄ [k + j ] ∈ pos.po¯1 [k + j ]
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171. Let: s = {t̄[k + j − 1]}  H
172. t̄ [k + j ] ∈ s
Proof: By assumption 91, deﬁnition
37 and 171
173. s ⊆ neg.po
¯1 [k + j ] ∪
(H \ (pos.po¯1 [k + j ] ∪ neg.po¯1 [k + j ]))
Proof: By assumption 152, 52 (po¯1 ∈
chains(O  )) and deﬁnition 36
(Step 173 states that all traces in s are
either negative or inconlusive in po
¯1 [k +
j ]. Intuitively, the reason for this is that
the trace t̄[k +j −1] is negative in po
¯1 [k +
j −1]. Note that a trace may be both positive and negative in po
¯1 [k + j ], so 173
does not contradict assumption 164.)
174. t̄ [k + j ] ∈ neg.po¯1 [k + j ] ∪
(H \ (pos.po¯1 [k + j ] ∪ neg.po¯1 [k + j ]))
Proof: By 172 and 173
175. t̄ [k + j ] ∈
H \ (pos.po¯1 [k + j ] ∪ neg.po¯1 [k + j ])
Proof: By assumption 164
176. Q.E.D.
Proof: By 174 and 175
165. Q.E.D.
Proof: By 162 the cases 163 and 164
are exhaustive
153. Q.E.D.
Proof: Induction with 151 as base case and
152 as induction step
142. Q.E.D.
Proof: By 141; j is the i we are looking for
133. Q.E.D.
Proof: By 131, 132 and deﬁnition 38
122. Q.E.D.
Proof: By 121
113. Q.E.D.
Proof: By 112
104. Q.E.D.
Proof: By 101, the cases 102 and 103 are exhaustive
92. Q.E.D.
Proof: ∀-rule
82. Q.E.D.
Proof: By 81
72. Q.E.D.
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Proof: By 71 and deﬁnition 41
63. π2 .  po
¯ 1 ⊆ π2 .  po
¯
71. { lim q̄1 | q̄1 ∈ prob(po
¯ 1 )} ⊆ { lim q̄ | q̄ ∈ prob(po)}
¯
j →∞

j →∞

¯ 1 )}
81. Assume: q ∈ { lim q̄1 | q̄1 ∈ prob(po
j →∞

Prove:

¯
q ∈ { lim q̄ | q̄ ∈ prob(po)}
j →∞

¯ 1 ) s.t. q = lim q̄1
91. Let: q̄1 ∈ prob(po
j →∞

Proof: By assumption 81
92. q̄1 ∈ prob(po)
¯
101. ∀ j ∈ N : q̄1 [j ] ∈ π2 .po
¯ 1 [j ] ∧
∃ q ∈ [0..1] : q̄1 [j + 1] ∈ q̄1 [j ] ∗ q
Proof: By 91 and deﬁnition 39
¯ 1 [j ] ⊆ π2 .po[j
¯ ]
102. ∀ j ∈ N : π2 .po
Proof: By 52
103. ∀ j ∈ N : q̄1 [j ] ∈ π2 .po[j
¯ ]∧
∃ q ∈ [0..1] : q̄1 [j + 1] ∈ q̄1 [j ] ∗ q
Proof: By 101 and 102
104. Q.E.D.
Proof: By 103 and deﬁnition 39
93. Q.E.D.
Proof: By 91 and 92
82. Q.E.D.
Proof: ⊆-rule
72. Q.E.D.
Proof: By 71 and deﬁnition 41
64. Q.E.D.
Proof: By 61, 62, 63 and deﬁnition 34
54. Q.E.D.
¯  we are looking for.
Proof: By 52 and 53; po
¯ 1 is the po
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
22. Q.E.D.
Proof: By 21, assumption 14, deﬁnition 45 and deﬁnition 65
15. Q.E.D.
Proof: By the overall assumption, the cases 11, 12, 13 and 14 are
exhaustive.

Theorem 8. Monotonicity of




i∈I

μi w.r.t. 

Let: [[ d ]] = O , [[ d ]] = O
Assume:
1. O  O 
2. I ⊆ N0 ∪ {∞} ∧ I = ∅
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Prove:
i∈I

11.

i∈I \{∞}

μi O 
μi O 

i∈I

μi O 

i∈I \{∞}

μi O 

21. Let: Ī be an ordering of the elements in I \ {∞}
Proof: I \ {∞} ⊆ N0
22.
μĪ [i] O 
μĪ [i] O  (induction basis)
i∈{1}

i∈{1}

Proof: By Lemma 9, since
i∈{n}
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23. Assume:
Prove:

i∈{1,...,k }

μĪ [i] O 

i∈{1,...,k +1}

μĪ [i] O = μĪ [n] O according to deﬁnition

i∈{1,...,k }

μĪ [i] O 

μĪ [i] O  (induction hypothesis)

i∈{1,...,k +1}

μĪ [i] O 

31. μĪ [k +1] O  μĪ [k +1] O 
Proof: By Lemma 9
32. Q.E.D.
Proof: By assumption 23, 31 and Theorem 5
24. Q.E.D.
Proof: Induction with 22 as basis and 23 as induction step
12. Case: ∞ ∈ I
21. Q.E.D.
Proof: By 11
13. Case: ∞ ∈ I
21. μ∞ O  μ∞ O 
Proof: By Lemma 9
22. Q.E.D.
Proof: By 11, 21 and Theorem 5
14. Q.E.D.
Proof: The cases 12 and 13 are exhaustive
Monotonicity of loop w.r.t.  follows immediately from Theorem 8.
B.3



Convergence of probabilities for loop

In this section we show that if O is a set of p-obligations with non-empty probability sets and po
¯ ∈ chains(O ), then the p-obligation po
¯ (see deﬁnition 41) has
a non-empty probability set. From deﬁnition 45 we see that this ensures that
probability set of speciﬁcations with inﬁnite loop will not in general be empty.
Lemma 10. Every set of positive real numbers with an upper bound in R has a
least upper bound in R.
Assume: S is a non-empty set of positive real numbers with an upper bound in
R, i.e.
1. S ⊆ R+
2. S = ∅
41

Prove:

3. ∃ r ∈ R : ∀ s ∈ S : r ≥ s
∃ q ∈ R : ∀ s ∈ S : q ≥ s ∧ ∀ r ∈ R : r < q ⇒ ∃ s ∈ S : s > r
i.e. S has a least upper bound q in R

Proof: This is a well known result. A proof can be found in most books on real
analysis, for example in [DD02], p. 46-47.

Theorem 9. Convergence of probabilities.
Assume: s̄ ∈ prob(po)
¯ where po
¯ ∈ chains(O ) and O is a set of p-obligations
with non-empty probability sets.
Prove: ∃ k ∈ [0...1] : limj →∞ s̄[j ] = k
11. ∃ k ∈ [0...1] : ∀  > 0 : ∃ i ∈ N : ∀ j > i : s̄[j ] − k ≤ 
21. Let: U = {r ∈ [0...1] | ∀ j ∈ N : r ≤ s̄[j ]}
22. ∃ lub ∈ [0...1] : ∀ u ∈ U : lub ≥ u ∧
∀ r ∈ R : (r < lub ⇒ ∃ u  ∈ U : u  > r )
i.e. U has a least upper bound lub in [0...1].
31. ∃ lub  ∈ R : ∀ u ∈ U : lub  ≥ u ∧
∀ r ∈ R : (r < lub  ⇒ ∃ u  ∈ U : u  > r ),
i.e. U has a least upper bound lub  in R.
41. ∃ x ∈ R : ∀ u ∈ U : x ≥ u,
i.e. U has an upper bound in R
Proof: By 21, every s̄[j ] is an upper bound for U .
42. Q.E.D.
Proof: By 41 and Lemma 10.
32. Let: lub  ∈ R s.t. ∀ u ∈ U : lub  ≥ u ∧
∀ r ∈ R : (r < lub  ⇒ ∃ u  ∈ U : u  > r )
Proof: By 31
33. lub  ∈ U
41. Assume: lub  ∈ U
Prove: ⊥
51. Case: lub  > 1
61. Let: q ∈ R s.t. 1 < q < lub 
Proof: By assumption 51
62. ∃ u  ∈ U : u  > q
71. ∀ u ∈ U : lub  > u
Proof: By assumption 51 and 21
72. Q.E.D.
Proof: By 71 and 32 (insert q for r in second conjunct)
63. ∃ u  ∈ U : u  > 1
Proof: By 62 and 61
64. Q.E.D.
Proof: By 63 and 21
52. Case: lub  ≤ 1
61. ∃ j ∈ N : s̄[j ] < lub 
71. lub  ∈ [0, 1]
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Proof: By 32 (lub  ∈ R) and assumption 52
72. ∀ r ∈ [0, 1] : r ∈ U ⇒ ∃ j ∈ N : s̄[j ] < r
Proof: By 21
73. Q.E.D.
Proof: By 71, 72 and assumption 41
62. Let: j ∈ N s.t. s̄[j ] < lub 
Proof: By 61
63. ∀ u ∈ U : u ≤ s̄[j ],
i.e. s̄[j ] is an upper bound for U
Proof: By 21
64. ∃ u  ∈ U : u  > s̄[j ]
Proof: By 62, s̄[j ] < lub  . 64 then follows by the second conjunct of 32.
65. Q.E.D.
Proof: By 63 and 64
53. Q.E.D.
Proof: The cases 51 and 52 are exhaustive
42. Q.E.D.
Proof: ⊥-rule
34. lub  ∈ [0, 1]
Proof: By 33 and 21
35. Q.E.D.
Proof: By 32 and 34
23. Let: lub ∈ [0...1] s.t. ∀ u ∈ U : lub ≥ u ∧
∀ r ∈ R : (r < lub ⇒ ∃ u  ∈ U : u  > r )
Proof: By 22
24. ∀  > 0 : ∃ i ∈ N : ∀ j > i : s̄[j ] − lub < 
31. Assume:  > 0
Prove: ∃ i ∈ N : ∀ j > i : s̄[j ] − lub < 
41. Assume: ¬(∃ i ∈ N : ∀ j > i : s̄[j ] − lub < )
Prove: ⊥
51. ∃ m ∈ N : s̄[m] − lub < 
61. Assume: ∀ n ∈ N : s̄[n] − lub ≥ 
Prove: ⊥
71.  + lub ∈ U
81. ∀ n ∈ N :  + lub ≤ s̄[n]
Proof: By assumption 61 and assumption 31
82.  + lub ∈ [0, 1]
91.  + lub > 0
Proof: By assumption 31 and 23 (lub ∈ [0, 1])
92.  + lub ≤ 1
101. ∀ n ∈ N : s̄[n] ≤ 1
Proof: By the overall assumption
102. Q.E.D.
Proof: By 101 and 81

43

93. Q.E.D.
Proof: By 91 and 92
83. Q.E.D.
Proof: By 81, 82 and 21
72.  + lub > lub
Proof: By assumption 31
73. lub ≥  + lub
Proof: By 71 and 23 (ﬁrst conjunct)
74. Q.E.D.
Proof: By 72 and 73
62. Q.E.D.
Proof: ⊥-rule
52. Let: m ∈ N s.t. s̄[m] − lub < 
Proof: By 51
53. ∀ i ∈ N : ∃ j > i : s̄[j ] − lub ≥ 
Proof: By assumption 41
54. Let: j > m s.t. s̄[j ] − lub ≥ 
Proof: By 53
55. s̄[j ] ≤ s̄[m]
Proof: By 54 (j > m) and the overall assumption; deﬁnition 39
ensures that j > m ⇒ s̄[j ] ≤ s̄[m]
56. s̄[j ] − lub ≥  ∧ s̄[m] − lub <  ∧ s̄[j ] ≤ s̄[m]
Proof: ∧-intro 54, 52 and 55
57. Q.E.D.
Proof: By 56
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ∀-rule
25. Q.E.D.
Proof: By 23 (lub ∈ [0...1]) and 24; lub is the k we are looking for
12. Q.E.D.
Proof: By deﬁnition of limit
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C

Motivation behind changes

A number of changes have been made to the version presented in [RHS05]. In
that version the semantics of a probabilistic sequence diagram was given as a
multiset instead of as a set, and the deﬁnition of the reﬁnement relation was a
bit diﬀerent. Also, the deﬁnition of the alt operator has been changed. We refer
to [RHS05] for the deﬁnitions. This section is aimed at readers who are familiar
with [RHS05] and want to know why changes have been made.
The changes were primarily motivated by non-monotonicity of the operators seq,
par and alt w.r.t. . The subsections C.1 and C.2 give examples that show the
lack of monotonicity when the original deﬁnitions as presented in [RHS05] are
used. As has been shown in Section B, the current deﬁnitions ensure that the
reﬁnement relation is now monotonic w.r.t. all these operators. The changes have
also generally led to much simpler proofs. In the rest of this section we assume
that the original deﬁnitions as given in [RHS05] are applied.
C.1

Non-monotonicity of seq and par w.r.t.  with deﬁnitions from
[RHS05].

The seq and par operators are not monotonic w.r.t. the reﬁnement relation when
the original deﬁnitions from [RHS05] are used. This is shown (for seq) by the
following example, where we assume all events occur on the same lifeline. Let
O1

= {(({a}, ∅), {0.5}), (({ab}, ∅), {0.5}), ((∅, ∅), {1})}

O1

= {(({a , ab}, ∅), {0.5}), (({d }, ∅), {0.5}), ((∅, ∅), {1})}

O2

= {(({bc , c}, ∅), {1})}

O2

= O2

This means that we have
O1



O1

O2



O2

O1  O2

=

{(({abc , ac}, ∅), {0.5}),
(({abbc , abc}, ∅), {0.5}),
((∅, ∅), {1})}

O1  O2

=

{(({abc , ac , abbc}, ∅), {0.5}),
(({dbc , dc}, ∅), {0.5}),
((∅, ∅), {1})}

Now let
S

= {(({abc , ac}, ∅), {0.5}), (({abbc , abc}, ∅), {0.5})}
45

which means that
S
¯
⊕S
0

⊆ O1  O2
= (({abc}, ∅), {1})
∈

¯
π2 .⊕S

¯  ⊕S
¯ .
But there is no S  ⊆ O1  O2 such that ⊕S
This counter example exploit the following facts:
– Both the two leftmost p-obligations in O1  O2 are reﬁned by the same
p-obligation in O1  O2 .
– In O1  O2 the trace abc is inconclusive in the p-obligation with probability
1 even though it is positive in both the other p-obligations.
¯ 1  ⊕S
¯ 2 does not generally hold. Therefore, we cannot
¯ 1  S2 ) = ⊕S
– ⊕(S
¯ 1  S2 )  ⊕S
¯ 1  ⊕S
¯ 2 from ⊕S
¯ 1  ⊕S
¯ 1 ∧ ⊕S
¯ 1  ⊕S
¯ 1 . Letdeduce ⊕(S
ting S1 = {(({a}, ∅), {0.5}), (({ab}, ∅), {0.5})} and S2 = O2 we see that
¯ 1  ⊕S
¯ 2 ).
¯ 1  S2 ) but abc ∈ pos.(⊕S
abc ∈ pos.⊕(S
A similar example can be given for par by replacing  with .
C.2

Non-monotonisity of alt w.r.t.  with deﬁnitions from [RHS05]

The alt operator is not monotonic w.r.t. the reﬁnement relation when the original
deﬁnitions from [RHS05] are used. This is shown by the following example: Let
[[ d1 ]] = {(o1 , [0, ..., 1]), (o2 , [0, ..., 1]), (⊕{o1 , o2 }, {1})}
[[ d1 ]] = {(⊕{o1 , o2 }, {1})}
[[ d2 ]] = {(o3 , {0.5}), (o4 , {0.5}), (⊕{o3, o4 }, {1})}
[[ d2 ]] = [[ d2 ]]
We now have d1  d1 . (The two ﬁrst p-obligations in [[ d1 ]] need not be represented at the concrete level, since 0 is an allowed probability.) We also have
d2  d2 .
However, d1 alt d2  d1 alt d2 does not hold. To see this, note that [[ d1 alt d2 ]] =
{(o1  o3 , {0.5}), (o1  o4 , {0.5}), (o1  ⊕{o3 , o4 }, {1})
(o2  o3 , {0.5}), (o2  o4 , {0.5}), (o2  ⊕{o3 , o4 }, {1})
(⊕{o1 , o2 }  o3 , ∅), (⊕{o1 , o2 }  o4 , ∅), (⊕{o1 , o2 }  ⊕{o3 , o4 }, {1})}
while [[ d1 alt d2 ]] =
{(⊕{o1 , o2 }  o3 , ∅), (⊕{o1 , o2 }  o4 , ∅), (⊕{o1 , o2 }  ⊕{o3 , o4 }, {1})}
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Now let
o1

= ({t1 }, ∅)

o2

= ({t2 }, ∅)

o3

= ({t3 }, ∅)

o4

= ({t4 }, ∅)

and let
S = {(o1  o3 , {0.5})}
¯ , but there is no S  ⊆ [[ d1 alt d2 ]] such
Then S ⊆ [[ d1 alt d2 ]] and 0 ∈ π2 .⊕S
¯  ⊕S
¯  . This is clear from the fact that ⊕S
¯ = (({t1 , t3 }, ∅), {0.5}) while
that ⊕S
⊕{o1 , o2 }o3 = ({t3 }, ∅), ⊕{o1 , o2 }o4 = ({t4 }, ∅) and ⊕{o1 , o2 }⊕{o3 , o4 } =
(∅, ∅). Therefore t1 will be inconclusive at the concrete level for any combination
of p-obligations from [[ d1 alt d2 ]].
We may also note that
¯ 1  ⊕O
¯ 2  ⊕O
¯ 1  ⊕O
¯ 2  ⊕(O
¯ 1  O2 )  ⊕(O
¯ 1  O2 )
⊕O
for arbitrary sets of p-obligations O1 , O1 , O2 and O2 . To see this, let
O1

def

=

{(oa , {0.7}), (ob , {0.1})}

O2

def

=

{(oc , {0.6}), (od , {0.2})}

O1

def

=

{(oe , {0.8})}

O2

def

{(of , {0.8})}

=

This means that

Q1 =



(o1 ,Q1 )∈O1

(o2 ,Q2 )∈O2

and therefore

(o1 ,Q1 )∈O1

which gives



Q2 ⊆

(o2 ,Q2 )∈O2



Q1 =

(o1 ,Q1 )∈O1



Q1 ∩



Q2 =

Q1 ∩

(o1 ,Q1 )∈O1

¯ 1  ⊕O
¯ 2 ⊆ π2 .⊕O
¯ 1  ⊕O
¯ 2
π2 .⊕O

At the same time we have



Q

= {0.8}

Q

= ∅

(o  ,Q  )∈O1 O2



(o,Q)∈O1 O2
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Q2 = {0.8}

(o2 ,Q2 )∈O2


(o2 ,Q2 )∈O2

Q2

which means that



Q 

(o  ,Q  )∈O1 O2

and therefore



Q

(o,Q)∈O1 O2

¯ 1  O2 )  π2 .⊕(O
¯ 1  O2 )
π2 .⊕(O
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Abstract. Nondeterminism in speciﬁcations may be used for at least
two diﬀerent purposes. One is to express underspeciﬁcation, which means
that the speciﬁer for the same environment behavior allows several alternative behaviors of the speciﬁed component and leaves the choice
between these to those responsible for implementing the speciﬁcation. In
this case a valid implementation will need to implement at least one, but
not necessarily all, alternatives. The other purpose is to express inherent nondeterminism, which means that a valid implementation needs to
reﬂect all alternatives. STAIRS is an approach to the compositional and
incremental development of sequence diagrams supporting underspeciﬁcation as well as inherent nondeterminism. Probabilistic STAIRS builds on
STAIRS and allows probabilities to be included in the speciﬁcations. Underspeciﬁcation with respect to probabilities is also allowed. This paper
investigates the use of underspeciﬁcation, inherent nondeterminism and
probability in sequence diagrams, the relationships between these concepts, and how these are expressed in STAIRS and probabilistic STAIRS.

1

Introduction

Nondeterminism in speciﬁcations may be used for expressing underspeciﬁcation
as well as inherent nondeterminism. Underspeciﬁcation means that the speciﬁer
leaves some freedom of choice to those who will implement or further reﬁne the
speciﬁcation. This is useful when diﬀerent design alternatives fulﬁll a function
equally well from the speciﬁer’s point of view. For example, when specifying an
automatic teller machine we need to ensure that money is delivered and the
card is returned at the end of the transaction. But whether the card is returned
before or after the money is not important, and we may leave the choice to those
responsible for making the teller machine.
Inherent nondeterminism, on the other hand, means that all alternatives
must be reﬂected also in the ﬁnal implementation. For example, when specifying a program to simulate a coin ﬂip it is essential that both heads and tails
are possible outcomes. An inherently nondeterministic choice can be seen as an
abstraction of a probabilistic choice where the probabilities are greater than 0
but otherwise unknown.
The diﬀerence between underspeciﬁcation and inherent nondeterminism is
related to reﬁnement. In an implementation, which is not supposed to be reﬁned
and has no underspeciﬁcation, the distinction is not relevant.
1

STAIRS ([HHRS05b],[RHS05c]) is a method for the compositional development of interactions, such as sequence diagrams and interaction overview diagrams. STAIRS employs two diﬀerent choice operators to distinguish between
underspeciﬁcation and inherent nondeterminism; alt represents underspeciﬁcation and xalt represents inherent nondeterminism. Probabilistic STAIRS ([RHS05a])
replaces xalt with the palt operator that also allows speciﬁcation of probabilities
on its operands.
STAIRS includes all the main composition operators of UML 2.0 interactions,
such as seq and par for specifying sequential and parallel composition respectively. As these operators are not important for the discussion in this paper, we
refer to [HHRS05b] for formal deﬁnitions and examples using these operators.
This paper summarizes insights gained during our work with formalization
of various forms of nondeterminism in STAIRS and probabilistic STAIRS by
investigating the diﬀerent roles of nondeterminism in interactions. In particular
we
– demonstrate the usefulness of underspeciﬁcation, inherent nondeterminism
and probability in speciﬁcations,
– show that these concepts are adequately expressed in STAIRS and probabilistic STAIRS by the operators alt, xalt and palt,
– explore the properties of these operators, in particular with respect to reﬁnement,
– provide simple examples that give a thorough understanding of the use of
these operators, both separately and combined.
The paper is organized as follows: Section 2 discusses underspeciﬁcation and
its representation in a simpliﬁed version of STAIRS. In Section 3 we motivate
the need for inherent nondeterminism and show how this is incorporated in full
STAIRS. Section 4 introduces probabilistic STAIRS. We discuss related work in
Section 5 before concluding in Section 6.

2
2.1

Underspeciﬁcation
Motivation

Often, it is useful to write speciﬁcations where certain aspects of the behavior
of the system are left open. This is known as underspeciﬁcation. In many cases,
underspeciﬁcation will be an implicit consequence of using abstraction when
describing the important features of a system. Many speciﬁcation languages also
include some kind of “or” operator for explicitly specifying the alternatives the
implementer may choose between. In STAIRS, this is the alt operator.
In our setting of interactions, the alt operator may be used to describe scenarios that are diﬀerent, but still seen as alternative means to achieve the same
purpose in some sense. The alt operator is also called potential choice, as the
alternatives represent choices that the implementation may choose between in
order to satisfy the speciﬁcation. As an everyday example, consider the action
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of making a u-turn when walking. This may be achieved by turning either 180
degrees left or 180 degrees right. Which alternative you choose is usually insigniﬁcant.
2.2

Semantic representation

In STAIRS the semantics of an interaction is deﬁned by denotational trace semantics, where a trace is a sequence of events representing a system run. We denote the semantics of an interaction d by [[ d ]]. For the subset of STAIRS presented so far, containing only underspeciﬁcation (and not inherent nondeterminism)
the semantics of an interaction is represented by an interaction obligation (p, n).
Here, p is a set of positive traces, representing desired or acceptable behavior,
while n is a set of negative traces, representing undesired or unacceptable behavior.
An interaction is a partial speciﬁcation in the sense that it does not in general
deﬁne all the behavior of the system. Traces that are neither positive nor negative
are called inconclusive, meaning that these are traces that the speciﬁer has not
yet considered. Letting H denote the universe of all traces, the traces H \ (p ∪ n)
are inconclusive in the obligation (p, n).
From an implementation point of view, there is no distinction between inconclusive and positive traces, as they all represent possible behaviors of the
system. However, conceptually there is an important diﬀerence between behaviors that are explicitly described and behaviors that are not. Also, positive and
inconclusive traces are treated diﬀerently by composition operators such as seq
(sequential composition) and par (parallel composition), see [HHRS05b].
Underspeciﬁcation by means of alt corresponds to taking the pairwise union
of the positive and negative trace-sets of the operands. Formally:
def

where

[[ d1 alt d2 ]] = [[ d1 ]]  [[ d2 ]]

(1)

def

(2)

(p1 , n1 )  (p2 , n2 ) = (p1 ∪ p2 , n1 ∪ n2 )

From this deﬁnition it is clear that the alt operator can be used not only
to introduce underspeciﬁcation in the form of alternative ways of fulﬁlling a
task (i.e. new positive traces), but also to introduce more restrictions by adding
new negative traces. By taking the union also of the negative traces, the alt
operator can be used to merge alternatives that are considered to be similar,
both at the positive and the negative level. In addition, the above deﬁnition
ensures monotonicity of reﬁnement with respect to alt, which will be clear from
the following sections.
2.3

Reﬁnement

Reﬁnement of a speciﬁcation means to reduce underspeciﬁcation by adding information so that the speciﬁcation becomes closer to an implementation. As
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in [HHRS05b], we distinguish between two special cases of reﬁnement, called
narrowing and supplementing. Narrowing reduces the set of positive traces to
capture new design decisions or to match the problem more accurately. Supplementing categorizes (to this point) inconclusive behavior as either positive
or negative. Formally, an interaction obligation (p  , n  ) is a reﬁnement of an
interaction obligation (p, n), written (p, n)  (p  , n  ), iﬀ
n ⊆ n  ∧ p ⊆ p ∪ n 

(3)

Intuitively, supplementing means that it is possible to add new positive or negative traces to those already speciﬁed. Specifying more alternative traces is usually
achieved by using the alt operator, meaning that we want d1 alt d2 to be a valid
reﬁnement of d1 (and of d2 ). As negative traces must remain negative in a reﬁnement, this means that d1 alt d2 must include the negative traces of both d1
and of d2 , as in equation 2 above.
2.4

Simple example

We now give a simple example of underspeciﬁcation and reﬁnement. Figure 1
speciﬁes the game of tic-tac-toe between a player and the system. Either the
player or the system may make the ﬁrst move, and this is speciﬁed using alt.
The player and the system then alternate making moves until the game is over.
The opt operator is a shorthand for an alt with an empty second operand, while
loop(2,3) may be interpreted as an alt between performing the contents of the
loop two and three times. For formal deﬁnitions of opt and loop, see [RHS05c].
The game is ﬁnished after minimum ﬁve and maximum eight moves, depending
on how many times the loop is executed, and whether the move inside opt is
performed or not. (A ninth move is never really necessary, as the result of the
game will be given at latest after the eight move.) We have omitted the details
describing the exact positions taken in each move.
sd TicTacToe

sd playerFirst
alt

ref

playerFirst

player

system

loop(2,3)
X

sd systemFirst
player

system

loop(2,3)
O
X

O
ref

systemFirst

X
opt

O

Fig. 1. Playing tic-tac-toe

4

O
opt

X

In TicTacToe, the choice of who gets the ﬁrst move is an example of underspeciﬁcation. A possible reﬁnement could be to use narrowing in order to remove
this underspeciﬁcation, as in TicTacToe2 where the player always moves ﬁrst:
TicTacToe2 = (playerFirst) alt (refuse systemFirst)
where the operator refuse intuitively means that all traces deﬁned by its argument should be considered negative. (For a formal deﬁnition of refuse, se Section 3.2.) A further reﬁnement could be to add behavior to the speciﬁcation
by e.g. deﬁning that traces where the system makes a second move before the
player gets to do his/her move, are negative. These behaviors were inconclusive
in TicTacToe2 (and TicTacToe), making this an example of supplementing.
2.5

Properties of alt and reﬁnement

As can be expected, the operator alt is
– associative: d1 alt (d2 alt d3 ) = (d1 alt d2 ) alt d3
– commutative: d1 alt d2 = d2 alt d1
This follows trivially from the associativity and commutativity of ∪.
As proved in [HHRS05a], we also have that the reﬁnement operator  is
– reﬂexive: (p, n)  (p, n)
– transitive: (p, n)  (p  , n  ) ∧ (p  , n  )  (p  , n  ) ⇒ (p, n)  (p  , n  )
– monotonic with respect to alt:
[[ d1 ]]  [[ d1 ]] ∧ [[ d2 ]]  [[ d2 ]] ⇒ [[ d1 alt d2 ]]  [[ d1 alt d2 ]]

3
3.1

Inherent nondeterminism
Motivation

Underspeciﬁcation gives rise to nondeterminism, as the system behavior is not
completely determined by the speciﬁcation. Still, nondeterminism in the sense
of underspeciﬁcation does not require that the implementation itself should be
nondeterministic. Sometimes, however, it is desirable to specify nondeterminism
that must be present also in the implementation. We call this inherent nondeterminism. The throwing of a dice is an example of a process we would specify
as inherently nondeterministic. Another example is a password generator, that
should select passwords nondeterministically, at least from the perspective of the
user (and the attacker). Inherent nondeterminism is in fact also essential in the
domain of (information) security, see [Ros95].
As inherent nondeterminism and underspeciﬁcation impose diﬀerent requirements on an implementation, they should be described diﬀerently both in the
syntax and the semantics of interactions. In STAIRS, inherent nondeterminism
is speciﬁed by the use of the operator xalt. The xalt operator is also called mandatory choice, as the implementation must be able to perform (i.e. choose) any
one of the given alternatives.
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3.2

Semantic representation

In Section 2.2 we represented the semantics of a STAIRS speciﬁcation with
underspeciﬁcation as an interaction obligation (p, n). With this simple semantics,
it is not possible to express cases where all alternatives need to be present in an
implementation, as traces could be moved from positive to negative by means of
reﬁnement. For STAIRS speciﬁcations with both underspeciﬁcation and inherent
nondeterminism, we therefore extend the semantics to be a set of interaction
obligations. The interpretation is that for each interaction obligation (pi , ni ) a
valid implementation needs to be able to produce at least one trace allowed
by (pi , ni ). Intuitively, each interaction obligation (pi , ni ) deﬁnes an inherently
nondeterministic alternative that needs to be implemented, but exactly how this
should be achieved is underspeciﬁed, since H \ ni is a set. This leads us to the
following formal deﬁnition of xalt:
def

[[ d1 xalt d2 ]] = [[ d1 ]] ∪ [[ d2 ]]

(4)

We now deﬁne the operator refuse, informally explained in Section 2.4, and generalize the deﬁnition of alt to cover operands with several interaction obligations:
def

[[ refuse d ]] = {(∅, p ∪ n) | (p, n) ∈ [[ d ]]}

(5)

def

[[ d1 alt d2 ]] = {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d2 ]]} (6)
3.3

Reﬁnement revisited

The whole point of inherent nondeterminism in a speciﬁcation is to ensure that
the alternatives are preserved during reﬁnement. Since each interaction obligation represents an inherently nondeterministic alternative, we need to ensure
that each interaction obligation from the abstract speciﬁcation will be represented also in the more concrete speciﬁcation. Formally, a speciﬁcation d  is a
reﬁnement of a speciﬁcation d , written d  d  , iﬀ
∀ o ∈ [[ d ]] : ∃ o  ∈ [[ d  ]] : o  o 

(7)

where o  o  is reﬁnement of interaction obligations as given by deﬁnition 3.
3.4

Simple example

As an example, we consider a so-called “randomizer” that should provide nondeterministic output selected randomly. Figure 2 gives a speciﬁcation where the
randomizer simulates the ﬂipping of a coin, where both heads and tails should
be possible outcomes.
Textually, we may write the Coin speciﬁcation and its semantics as:
Coin

=

[[ Coin ]] =

(heads alt (refuse tails)) xalt (tails alt (refuse heads))
{ ({h}, {t }), ({t }, {h}) }
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sd Heads

sd Tails

receiver

randomizer

alt

receiver
alt

heads

refuse

refuse

tails

randomizer

tails

heads

sd Coin
xalt
ref

Heads

ref

h
t

Tails

t
h

Fig. 2. The coin speciﬁcation. Semantic representation to the bottom right.

where h denotes the trace(s) where the outcome is heads and t denotes the
trace(s) where the outcome is tails. This semantics is illustrated in the bottom
right of Figure 2, where each circle represents an interaction obligation with the
positive traces in the upper half and the negative traces in the lower half.
As another example, we specify how throwing a dice may simulate the ﬂipping
of a coin. One way of doing this is to let odd numbers represent heads, and even
numbers represent tails. This is expressed by the speciﬁcation
DiceCoin = Throw135 xalt Throw246
where Throw135 speciﬁes a throw resulting in an odd number and Throw246
speciﬁes a throw resulting in an even number:
Throw135 = (1 alt 3 alt 5) alt (refuse (2 alt 4 alt 6))
Throw246 = (2 alt 4 alt 6) alt (refuse (1 alt 3 alt 5))
Using the given deﬁnitions of alt and xalt, we thereby get:
[[ DiceCoin ]] = { ({1, 3, 5}, {2, 4, 6}), ({2, 4, 6}, {1, 3, 5}) }
As should be expected, this semantics tells us that when using a dice to
simulate a coin, the dice should at least be able to produce one of the numbers
1, 3 and 5 (representing heads) and one of the numbers 2, 4 and 6. However,
it is not signiﬁcant that all numbers may be produced, and DiceCoin may be
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implemented by the unfair dice DiceCoin2 giving only the numbers 1 and 6:
[[ DiceCoin2 ]] = { ({1}, {2, 3, 4, 5, 6}), ({6}, {1, 2, 3, 4, 5}) }
We see that DiceCoin2 is a valid reﬁnement of DiceCoin, as each obligation of
DiceCoin is reﬁned into an obligation of DiceCoin2 where some of the positive
behaviors have been redeﬁned as negative (i.e. narrowed).
3.5

Relating xalt to alt

It is interesting to investigate what kinds of speciﬁcations we get by combining the operators for underspeciﬁcation (i.e. alt) and inherent nondeterminism
(i.e. xalt). We have already seen examples of alt within xalt in DiceCoin and DiceCoin2 in the previous section. It remains to investigate the use of xalt within one
or both of the operands of alt.
A possible reﬁnement of the Coin speciﬁcation in Figure 2, is to strengthen
the speciﬁcation by stating that the coin should never land on the side. As
landing on the side is negative both in the heads and the tails alternative, this
behavior may be added by using alt as the top-level operator as in Coin2:
Coin2

= Coin alt (refuse side)

[[ Coin2 ]]

= { ({h}, {t , s}), ({t }, {h, s}) }

where s denotes the trace(s) where the coin lands on the side. As the example
demonstrates, alt may in general be used to add (i.e. supplement) the same
positive and/or negative traces to all interaction obligations speciﬁed by xalt.
It remains to consider the case where we have xalt in both operands of alt.
Consider again the ﬂipping of a coin as given in Figure 2. Another speciﬁcation
where the randomizer simulates the rolling of a three-sided dice is given by:
Dice

= (1 alt (refuse (2 alt 3))) xalt (2 alt (refuse (1 alt 3))) xalt
(3 alt (refuse (1 alt 2)))

In Figure 3 the speciﬁcations Coin and Dice are merged by the alt operator.
Observe that Coin/Dice is a reﬁnement of both the Coin and the Dice speciﬁcsd Coin/Dice
alt
ref

Coin

ref

Dice

1,h
2,3,t

2,h
1,3,t

3,h
1,2,t

1,t
2,3,h

2,t
1,3,h

3,t
1,2,h

Fig. 3. The Coin and Dice speciﬁcations combined by alt. Semantic representation to
the right.
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ations. Each interaction obligation deﬁned by Coin has three reﬁned obligations
in Coin/Dice (one would have been suﬃcient), as the earlier inconclusive traces
related to Dice have been supplemented as positive or negative. Similarly, each
of the three interaction obligations deﬁned by Dice is reﬁned by two interaction obligations in Coin/Dice. In this sense we may say that the speciﬁcation of
Coin/Dice represents both the Coin and the Dice speciﬁcations.
On the other hand, neither Coin nor Dice are valid reﬁnements of Coin/Dice,
since the traces 1, 2, 3 are inconclusive in the interaction obligations of Coin and
the traces h and t are inconclusive in the interaction obligations of Dice. However, the speciﬁcations (Coin alt (refuse Dice)) and ((refuse Coin) alt Dice) are
both valid reﬁnements of Coin/Dice, since these speciﬁcations ensure that none
of the traces from the Coin/Dice speciﬁcation are inconclusive. Intuitively, these
speciﬁcations mean that traces from the Dice (or Coin) alternative should not
be produced, which means that the opposite alternative is chosen. In general,
for any speciﬁcations d1 and d2 the set of valid reﬁnements (and therefore implementations) of d1 alt d2 will be both a subset of the valid reﬁnements of d1
and a subset of the valid reﬁnements of d2 .
A valid reﬁnement of the speciﬁcation in Figure 3 would be to move the trace
h to the negative sets in all interaction obligations, without doing the same with
the trace t . The possible outcomes of a single run would then be 1, 2, 3 or t –
so we know that if a coin trace is produced, it will be t (assuming 1, 2, 3, h and
t are the only relevant traces).
The alt operator should be interpreted as underspeciﬁcation w.r.t. traces
and not w.r.t. interaction obligations. As demonstrated by the examples in this
section it is not suﬃcient for an implementation to consider only one of the
alt operands. In general, the alt characterizes the intersection of its operands,
meaning that d1 alt d2 is a reﬁnement of both d1 and d2 . If we restrict reﬁnement
to narrowing, using alt between two speciﬁcations with xalt may be interpreted
as “the implementation must include the inherent nondeterminism speciﬁed by
at least one of the alternatives”.
3.6

Properties of xalt and reﬁnement

As for alt, xalt is
– associative: d1 xalt (d2 xalt d3 ) = (d1 xalt d2 ) xalt d3
– commutative: d1 xalt d2 = d2 xalt d1
This follows trivially from the associativity and commutativity of ∪.
With respect to xalt, alt is
– right distributive: (d1 xalt d2 ) alt d3 = (d1 alt d3 ) xalt (d2 alt d3 )
– left distributive: d1 alt (d2 xalt d3 ) = (d1 alt d2 ) xalt (d1 alt d3 )
meaning that a speciﬁcation with arbitrary nesting of alt and xalt may always
be rewritten as a speciﬁcation with xalt as the top-level operator. This is proved
by theorems 1 and 2 in Appendix A.
As in the simple case, we have that the reﬁnement operator  is:
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– reﬂexive: d  d
– transitive: d  d  ∧ d   d  ⇒ d  d 
– monotonic with respect to alt and xalt:
d1  d1 ∧ d2  d2 ⇒ d1 alt d2  d1 alt d2 ∧ d1 xalt d2  d1 xalt d2
These results are proved in [HHRS05a].

4
4.1

Probability
Motivation

Being able to specify probabilities add useful expressiveness to the speciﬁcations.
One typical example is in the speciﬁcation of a coin or a dice, where the alternatives must occur with the same probability. Another example is a gambling
machine, where the winning alternatives should occur, but less often than the
losing ones.
Interactions are mainly used for specifying communication scenarios. Probabilities are equally relevant in this setting, for instance to specify the probability
that a message will never be received when sent over an unreliable communication channel. Another example is when specifying soft real-time constraints such
as “the user of the system will receive an answer within 10 seconds at least 90%
of the time” (for more details, see [RHS05a]). As this example demonstrates, we
are not only interested in assigning exact probabilities to all alternatives speciﬁed by an xalt, but also to specify a possible range for the probabilities, i.e. to
allow underspeciﬁcation with respect to probabilities as well as behaviors. In
STAIRS, this is achieved by generalizing xalt to the palt operator.
4.2

Semantic representation

Semantically, a probabilistic STAIRS speciﬁcation is represented by a set of probability obligations (also called p-obligations). A p-obligation ((p, n), Q ) consists
of an interaction obligation (p, n) and a set of probabilities Q . In any valid implementation the p-obligation ((p, n), Q ) should be selected with a probability
in Q . The fact that Q is a set and not a single probability allows us to represent
underspeciﬁcation w.r.t. probabilities.
If a speciﬁcation includes the p-obligation (({t1 , t2 }, H \ {t1 , t2 }), {0.6}), this
does not necessarily mean that the probability of getting either t1 or t2 is 0.6; it
may be greater if there is another p-obligation ((p, n), Q ) such that {t1 , t2 }  n.
On the other hand, if a speciﬁcation contains a p-obligation ((p, n), {0.6}) such
that {t3 , t4 } ⊆ n, then we know that the probability of getting a trace in {t3 , t4 }
is at most 0.4.
The palt construct expresses probabilistic choice. Use of the palt operator
is the only way to assign probabilities diﬀerent from 1. Before deﬁning the semantics of the palt, we introduce the notion of probability decoration, used to
specify the probabilities associated with the operands of a palt. It is deﬁned by
def

[[ d ;Q  ]] = {(o, Q ∗ Q  ) | (o, Q ) ∈ [[ d ]]}
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(8)

where multiplication of probability sets is deﬁned by
def

Q1 ∗ Q2 = {q1 ∗ q2 | q1 ∈ Q1 ∧ q2 ∈ Q2 }

(9)

We also deﬁne the summation of n probability sets:
n


n

def
Qi = {min(
qi , 1) | ∀ i ≤ n : qi ∈ Qi }

i=1

(10)

i=1

The palt operator describes the probabilistic choice between two or more
alternative operands whose joint probability should add up to one. Formally,
the palt is deﬁned by
def

[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]] =


{(⊕
{poi },
π2 .poi ) |
i∈N

(11)

i∈N

N ⊆ {1, . . . , n} ∧ N = ∅ ∧ ∀ i ∈ N : poi ∈ [[ di ;Qi ]]}
∪ {(⊕

n


[[ di ;Qi ]], {1} ∩

i=1

n


Qi )}

(a)
(b)

i=1

where π2 .po returns the probability set of the p-obligation po and ⊕ is an operator for combining the interaction obligations of a set S of p-obligations into a
single interaction obligation, deﬁned as



def
⊕S = ((
p) ∩ (
p ∪ n),
n)
(12)
((p,n),Q)∈S

((p,n),Q)∈S

((p,n),Q)∈S

We now explain deﬁnition 11 in detail. We ﬁrst look at 11a. If we restricted
each N to be asingleton set then this part of the deﬁnition could be written
n
equivalently as i=1 [[ di ;Qi ]]. This would correspond to the deﬁnition of xalt and
means simply that each probabilistic alternative should be reﬂected in a valid
implementation.
By including also the cases where N is any non-empty subset of {1, . . . , n} we
are able to deﬁne the semantics as a set of p-obligations instead of as a multiset.
The operator ⊕ characterizes the traces allowed by all the p-obligations in its
argument set: A trace t is positive if it is positive according to at least one
p-obligation and not inconclusive according to any; t is negative only if it is
negative according to all p-obligations; traces that are inconclusive according
to at least one p-obligation remain inconclusive. So if a p-obligation ((p, n), Q )
occurs for example in two operands of the palt, then the resulting semantics will
contain a p-obligation ((p, n), Q + Q ).
The single p-obligation in 11b requires the probabilities of the operands to
add up to one. If it is impossible to choose one probability from each Qi so that
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the sum is 1, then the probability set will be empty and the speciﬁcation is not
implementable.
We also redeﬁne the refuse and alt operators to take probabilities into account.
Redeﬁning positive traces as negative does not inﬂuence probabilities, so refuse
is deﬁned simply by
def

[[ refuse d ]] = {((∅, p ∪ n), Q ) | ((p, n), Q ) ∈ [[ d ]]}

(13)

The alt construct captures underspeciﬁcation with respect to traces. Two
sets of p-obligations are combined by taking the pairwise combination of pobligations from each set. As before, interaction obligations are combined by
taking the union of the positive traces and the union of the negative traces. In
Section 3.5 we showed that the resulting interaction obligation is a reﬁnement
of both the original ones, and therefore represents both of these interaction
obligations. Since the two p-obligations from the diﬀerent operands are chosen
independently from each other, probabilities are multiplied. Formally:
def

[[ d1 alt d2 ]] = {(o1  o2 , Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ [[ d1 ]] ∧ (o2 , Q2 ) ∈ [[ d2 ]]} (14)
4.3

Reﬁnement revisited

A p-obligation is reﬁned by either reﬁning its interaction obligation, or by reducing its set of probabilities. Formally, a p-obligation ((p  , n  ), Q  ) is a reﬁnement
of a p-obligation ((p, n), Q ), written ((p, n), Q )  ((p  , n  ), Q  ), iﬀ
(p, n)  (p  , n  ) ∧ Q  ⊆ Q

(15)

All abstract p-obligations must be represented by a p-obligation also at the
reﬁned level, unless it has 0 as an acceptable probability, which means that it
does not need to be implemented. Formally, a speciﬁcation d  is a reﬁnement of
a speciﬁcation d , written d  d  , iﬀ
∀ po ∈ [[ d ]] : (0 ∈ π2 .po ⇒ ∃ po  ∈ [[ d  ]] : po  po  )

(16)

We now explain further why also the cases where N is any non-singular subset
of {1, . . . , n} is included in deﬁnition 11a. Firstly, we want to avoid a situation
where two p-obligations (o1 , Q1 ) and (o2 , Q2 ) coming from diﬀerent operands of
a palt are represented only by a single p-obligation (o, Q ) that is a reﬁnement
of both (o1 , Q1 ) and (o2 , Q2 ) at the concrete level. We avoid this since also the
p-obligation (⊕{(o1 , Q1 ), (o2 , Q2 )}, Q1 + Q2 ) is included in the semantics and
hence needs to be represented at the concrete level.
Secondly, it should be possible to let a single p-obligation at the abstract level
be represented by a combination of p-obligations at the concrete level, as long
as each of these p-obligations are valid reﬁnements of the original p-obligation
w.r.t. interaction obligations and their probability sets add up to a subset of the
original probability set. The inclusion of the combined p-obligations (resulting
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from N sets with more than one element) in the palt semantics makes this
possible.
Our deﬁnition of reﬁnement also explains why we have chosen to assign sets of
acceptable probabilities to the operands, and not simply lower bounds. Consider
the following speciﬁcations:
da = palt(d1 ;[ 15 . . . 1], d2 ;[ 15 . . . 1], d3 ;[ 15 . . . 1])
db = palt(d1 ;[ 15 . . . 12 ], d2 ;[ 15 . . . 12 ], d3 ;[ 15 . . . 12 ])
dc = palt(d1 ;{ 15 }, d2 ;{ 15 }, d3 ;{ 53 })
Then dc is a reﬁnement of da , but not of db . So by using only lower bounds we
would have less expressive power.
4.4

Simple example

We now demonstrate a simple reﬁnement in probabilistic STAIRS, building on
the DiceCoin/DiceCoin2 example from Section 3.4. Let pDiceCoin be a probabilistic version of DiceCoin where the probabilities of odd and even numbers are
the same, represented syntactically and semantically by
pDiceCoin
[[ pDiceCoin ]]

= palt(Throw135;{ 12 }, Throw246;{ 21 })

= { (({1, 3, 5}, {2, 4, 6}), { 21 }), (({2, 4, 6}, {1, 3, 5}), { 21 }),
(({1, 2, 3, 4, 5, 6}, ∅), {1}) }

The semantic representation tells us that the dice should be able to produce at
least one number in {1,3,5}, and the probability for this alternative should be 21 .
Similarly, the dice should be able to produce at least one number in {2,4,6}, with
probability 12 . Obviously, the probability of producing a number in {1,2,3,4,5,6}
should then be 1.
Suppose now that we require that the dice should be fair w.r.t. the odd numbers, give equal chances of odd and even number, and not produce any even number diﬀerent from 6. We ﬁrst let [[ Throw1 ]] = { (({1}, {2, 3, 4, 5, 6}), {1}) } and
similarly for the other numbers. We then reﬁne Throw135 by Throw135Fairly:
Throw135Fairly = palt(Throw1;{ 13 }, Throw3;{ 13 }, Throw5;{ 31 })

[[ Throw135Fairly ]] = { (({1}, {2, 3, 4, 5, 6}), { 31 }) ,

(({3}, {1, 2, 4, 5, 6}), { 31 }) , (({5}, {1, 2, 3, 4, 6}), { 31 }) ,
(({1, 3}, {2, 4, 5, 6}), { 32 }) , (({1, 5}, {2, 3, 4, 6}), { 32 }) ,

(({3, 5}, {1, 2, 4, 6}), { 32 }) , (({1, 3, 5}, {2, 4, 6}), {1}) }
As Throw135 has the semantics {(({1, 3, 5}, {2, 4, 6}), {1})}, we see that this
is indeed a valid reﬁnement, since the only p-obligation in [[ Throw135 ]] is
identical to one of the p-obligations in [[ Throw135Fairly ]]. A dice that is fair
w.r.t. the odd numbers, has equal chances of odd and even numbers, and does
not produce any even number diﬀerent from 6 can now be expressed by
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pDiceCoin2 = palt(Throw135Fairly;{ 12 }, Throw6;{ 21 })
[[ pDiceCoin2 ]] = { (({1}, {2, 3, 4, 5, 6}), { 61 }) ,

(({3}, {1, 2, 4, 5, 6}), { 61 }) , (({5}, {1, 2, 3, 4, 6}), { 61 }) ,
(({1, 3}, {2, 4, 5, 6}), { 31 }) , (({1, 5}, {2, 3, 4, 6}), { 31 }) ,
(({3, 5}, {1, 2, 4, 6}), { 31 }) , (({1, 6}, {2, 3, 4, 5}), { 32 }) ,
(({3, 6}, {1, 2, 4, 5}), { 32 }) , (({5, 6}, {1, 2, 3, 4}), { 32 }) ,
(({1, 3, 6}, {2, 4, 5}), { 65 }) , (({1, 5, 6}, {2, 3, 4}), { 65 }) ,
(({3, 5, 6}, {1, 2, 4}), { 65 }) , (({1, 3, 5}, {2, 4, 6}), { 21 }) ,

(({6}, {1, 2, 3, 4, 5}), { 21 }) , (({1, 3, 5, 6}, {2, 4}), {1}) }
Each p-obligation in [[ pDiceCoin ]] has a reﬁning p-obligation in [[ pDiceCoin2 ]],
so pDiceCoin  pDiceCoin2 holds.
4.5

Relating palt to xalt and alt

In STAIRS, every xalt-operand represents an alternative that must be reﬂected
in the implementation. Its probability should be greater than 0, but is otherwise
unknown. In probabilistic STAIRS, a speciﬁcation xalt(d1 , . . . , dn ) is therefore
interpreted as palt(d1 ;Q , . . . , dn ;Q ) where Q = 0, . . . , 1].
We now discuss what it means to have probabilistic STAIRS speciﬁcations
that combine the use of the alt and palt operators. We hope the meaning of
underspeciﬁcation within probabilistic alternative is intuitively clear, and do
not go further into this. Instead we show a probabilistic version of the previous
examples. pCoin speciﬁes a coin, while pDice speciﬁes a 3-sided dice:
pCoin

=

pDice

=

[[ pCoin ]] =
[[ pDice ]]

=

palt(Heads;{ 12 }, Tails;{ 21 })

palt(One;{ 13 }, Two;{ 31 }, Three;{ 31 })

{(({h}, {t }), { 21 }), (({t }, {h}), { 21 }), (({h, t }, ∅), {1})}

{(({1}, {2, 3}), { 31 }), (({2}, {1, 3}), { 31 }), (({3}, {1, 2}), { 31 }),

(({1, 2}, {3}), { 32 }), (({1, 3}, {2}), { 32 }), (({2, 3}, {1}), { 32 }),
(({1, 2, 3}, ∅), {1})}

These examples use only a single probability in each probability set (there is no
underspeciﬁcation w.r.t. probabilities). Figure 4 shows the semantics of
pCoin/Dice = pCoin alt pDice
We see that the interaction obligation of each p-obligation in pCoin/Dice
reﬁnes the interaction obligation of a p-obligation for both pCoin and pDice.
For example, the interaction obligation of the leftmost, uppermost p-obligation
in Figure 4 represent the ﬁrst p-obligation of both [[ pCoin ]] and [[ pDice ]].
Since these represent two independent probabilistic choices it is reasonable to
multiply their probabilities. This also gives the nice result that if we consider
14
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Fig. 4. The semantics of (pCoin alt pDice) in probabilistic STAIRS.

only “pure” p-obligations (those we get from deﬁnition 11a in the cases where N
is a singleton set), then their probabilities add up to 1. In Figure 4 these “pure”
p-obligations are enclosed by the dotted line.
4.6

Properties of alt, palt and reﬁnement

For alt, the revised deﬁnition 14 is still associative and commutative.
In contrast to xalt, palt is not associative. The order in which obligations are
combined according to 11b is signiﬁcant, since this determines which probabilities must add up to 1. Remember that the requirement that probabilities for the
operands add up to 1 applies to each occurrence of a palt operator, independently of the nesting level. For similar reasons, alt is not distributive with respect
to palt. Consider the following speciﬁcations:
da = (palt(d1 ;Q1 , d2 ;Q2 )) alt (palt(d3 ;Q3 , d4 ;Q4 ))
db = palt((palt(d1 ;Q1 , d2 ;Q2 ) alt d3 );Q3 , (palt(d1 ;Q1 , d2 ;Q2 ) alt d4 );Q4 )
In db we are free to choose diﬀerent probabilities from the sets Q1 and Q2 in the
two operands of the outermost palt. In da there is no such freedom, so in this
respect da is more restrictive than db .
However, we do have commutativity of palt:
∀ i, j ∈ [1, n] : palt(. . . , di ;Qi , . . . , dj ;Qj , . . .) = palt(. . . , dj ;Qj , . . . , di ;Qi , . . .)
This follows trivially from the commutativity of ∪.
For probabilistic STAIRS, the reﬁnement operator  is:
– reﬂexive, transitive, and monotonic with respect to alt
– restricted monotonic with respect to palt:
(∀ i ∈ [1 : n] : di  di ∧ Qi ⊆ Qi ∧ ⊕[[ di ]]  ⊕[[ di ]]) ⇒
palt(d1 ;Q1 , . . . , dn ;Qn )  palt(d1 ;Q1 , . . . , dn ;Qn )
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This is proved in [RHS05b], which also motivates the last requirement in the
monotonicity for palt.
The interpretation given for xalt in probabilistic STAIRS is reasonable, as
xalt(d1 , . . . , dn ) and palt(d1 ;0 . . . 1], . . . dn ;0 . . . 1]) are reﬁnements of each other
when abstracting away the probabilities. This is proved by theorem 3 in Appendix A.
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Related Work

Most speciﬁcation languages do not distinguish between underspeciﬁcation and
inherent nondeterminism the way it is done in STAIRS. The most well known
dialects of interactions are UML [OMG04] and MSC [ITU99]. Neither of these
have two diﬀerent operators corresponding to alt and xalt. In practice, the alt
operator of UML is probably used by diﬀerent groups to describe both inherent
nondeterminism and underspeciﬁcation.
Live Sequence Charts [DH01] and [HM03] is a dialect of MSC where a (part)
of an interaction may be designated as either universal (mandatory) or existential (optional). Explicit criteria in the form of precharts decide when the chart
applies; whenever the communication behavior described by the prechart occurs,
behavior described by the chart must follow (in the case of universal locations)
or may follow (in the case of existential locations). Universal charts specify all
allowed traces. This is therefore not the same as inherently nondeterministic
alternatives in STAIRS, since the latter only speciﬁes some of the traces that
must be present in an implementation.
CSP [Hoa85] deﬁnes two diﬀerent operators for nondeterministic choice.
Their diﬀerence, however, is explained in terms of internal versus external choice.
This is not the same distinction as the one between underspeciﬁcation and inherent nondeterminism. As an example, let ? denote an input event, ! denote an
output event, and seq be the operator for sequential composition in the STAIRS
speciﬁcation (?a seq (!b xalt !c)) alt ((?b seq !d )). Here, the environment may
choose between the two alt-operands, corresponding to external choice in CSP.
However, the choice between !b and !c should be inherently nondeterministic, a
requirement that may not be expressed using the CSP operators, while replacing
xalt with alt, would correspond to internal choice in CSP.
[SBDB97] extends the process algebraic language LOTOS [ISO89] with a
disjunction operator for specifying implementation freedom (i.e. underspeciﬁcation), leaving the LOTOS choice operator to be used for inherent nondeterminism. The disjunction operator is similar to our alt operator, and the choice operator corresponds to xalt. An important diﬀerence between disjunction and alt
is that an implementation will have to select exactly one of the disjunction operands, while it may include several of the traces speciﬁed by alt.
Probabilistic automata [Seg95] includes both nondeterminism and probabilistic choice. Underspeciﬁcation with respect to probabilities is represented by
nondeterministic choices between distributions. As for automata in general, spe16

ciﬁcations are complete in the sense that there is no notion of inconclusive behavior.
In [MM99] a probabilistic extension of Dijkstra’s Guarded Command Language GCL [Dij76] called pGCL is presented. The language includes both an
operator  for “demonic” choice and an operator p ⊕ for probabilistic choice.
The following intuitive explanation is given for the meaning of the construct
this  that : “The customer will be happy with either this or that ; and the implementer may choose between them according to his own concerns.” This indicates
that the role of the  operator in a pGCL speciﬁcation is to express underspeciﬁcation, similar to the role of the alt operator in (probabilistic) STAIRS. By
specifying probabilistic choices the role of the p ⊕ operator in pGCL corresponds
to the role of palt in probabilistic STAIRS. There is no notion of inconclusive
behavior in pGCL.
[Heh04] shows how probabilistic reasoning can be applied to predicative programs and speciﬁcations. Nondeterminism is disjunction, and equivalent to a deterministic choice in which the determining expression is a variable of unknown
value (probability). Nondeterminism gives freedom to the implementer; it can
be reﬁned by a deterministic or a probabilistic choice. Since the implementer is
not forced to produce both alternatives, the nondeterminism in [Heh04] corresponds to underspeciﬁcation in STAIRS. Cases where both alternatives need to
be possible are expressed by a probabilistic choice, as in probabilistic STAIRS.

6

Conclusion

This article has shown the need for underspeciﬁcation, inherent nondeterminism
and probability in speciﬁcations. We have demonstrated that these phenomena
are adequately expressed in STAIRS and probabilistic STAIRS by the operators alt, xalt and palt. New insight has been gained into the interplay between
these operators through studies of simple examples. The focus of this paper
has been on the theoretical understanding of how underspeciﬁcation and inherent nondeterminism is expressed in speciﬁcations and represented semantically. The simplicity of the speciﬁcations has allowed us to properly explain
their semantic representations. For more examples related to communication
see [HHRS05b], [RHS05c] and [RHS05a]. We ﬁrmly believe that STAIRS and
probabilistic STAIRS oﬀer a suitable expressiveness for practical speciﬁcations,
and intend to show this in the future through studies of real-life speciﬁcations.
The research on which this paper reports has been partly carried out within
the context of the IKT-2010 project SARDAS (15295/431) and the IKT SOS
project ENFORCE (164382/V30), both funded by the Research Council of Norway. We thank Roberto Segala and the other members of the SARDAS project
for useful discussions related to this work. We also thank the anonymous reviewers for constructive feedback.
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A

Proofs

First, we introduce some additional notation:
– [[ d ]] is the semantic function in ordinary STAIRS, as deﬁned in Section 3.
– [[ d ]]p is the semantics function in probabilistic STAIRS, as deﬁned in Section 4.
For the proofs, we need the formal deﬁnitions of the semantics of an interaction consisting of a single event e in STAIRS and probabilistic STAIRS.
[[ e ]]

def

=

{ ({e}, ∅) }

(17)

[[ e ]]p

def

{ (({e}, ∅), {1}) }

(18)

=

These deﬁnitions are taken from [HHRS05b] and [RHS05a].
We also rewrite the reﬁnement deﬁnition 7 to a form more suitable for the
proofs. Reﬁnement of interactions is deﬁned by
def

d  d  = [[ d ]]  [[ d  ]]

(19)

where reﬁnement of sets of interaction obligations is deﬁned by
def

O  O  = ∀ o ∈ O : ∃ o ∈ O  : o  o

(20)

It is straightforward to see that deﬁnitions 19 and 20 together are equivalent to
the original deﬁnition 7.
Theorem 1. Right distributivity of alt over xalt
Prove: (d1 xalt d2 ) alt d3 = (d1 alt d3 ) xalt (d2 alt d3 )
Proof:
[[ (d1 xalt d2 ) alt d3 ]]
= {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 xalt d2 ]] ∧ (p2 , n2 ) ∈ [[ d3 ]]}

by deﬁnition 6

= {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∪ [[ d2 ]] ∧ (p2 , n2 ) ∈ [[ d3 ]]}

by deﬁnition 4

= {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d3 ]]}
∪
{(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d2 ]] ∧ (p2 , n2 ) ∈ [[ d3 ]]}
= [[ d1 alt d3 ]] ∪ [[ d2 alt d3 ]]

by deﬁnition 6

= [[ (d1 alt d3 ) xalt (d2 alt d3 ) ]]

by deﬁnition 4
2

Theorem 2. Left distributivity of alt over xalt
Prove: d1 alt (d2 xalt d3 ) = (d1 alt d2 ) xalt (d1 alt d3 )
19

Proof:
[[ d1 alt (d2 xalt d3 ) ]]
= {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d2 xalt d3 ]]}

by deﬁnition 6

= {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d2 ]] ∪ [[ d3 ]]}

by deﬁnition 4

= {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d2 ]]}
∪
{(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d3 ]]}
= [[ d1 alt d2 ]] ∪ [[ d1 alt d3 ]]

by deﬁnition 6

= [[ (d1 alt d2 ) xalt (d1 alt d3 ) ]]

by deﬁnition 4
2

Lemma 1. Given an arbitrary, non-empty set of p-obligations S , every interaction obligation of a p-obligation in S will be a reﬁnement of ⊕S .
Prove: ∀((p, n), Q ) ∈ S : ⊕S  (p, n)
Proof sketch: The negative traces in ⊕S are traces that are negative in every
p-obligation in S , meaning that they are included in n. Similarly, every positive
trace in ⊕S must be either positive or negative in every p-obligation in S ,
meaning that it is included in p ∪ n.
11. Choose arbitrary ((p, n), Q ) ∈ S
Proof: S is non-empty.

12. Requirement 1: ( ((pi ,ni ),Qi )∈S ni ) ⊆ n
Proof: 11 and A ∩
B ⊆ B for arbitrary 
sets A and B .
13. Requirement 2: (( ((pi ,ni ),Qi )∈S pi ) ∩ ( ((pi ,ni ),Qi )∈S pi ∪ ni )) ⊆ p ∪ n

21. ( ((pi ,ni ),Qi )∈S pi ∪ ni ) ⊆ p ∪ n
Proof:
C ) ⊆ (B ∪ C ) for arbitrary sets A, B and C .
 11 and A ∩ (B ∪
22. (( ((pi ,ni ),Qi )∈S pi ) ∩ ( ((pi ,ni ),Qi )∈S pi ∪ ni )) ⊆ p ∪ n
Proof: 21 and A ∩ (B ∪ C ) ⊆ (B ∪ C ) for arbitrary sets A, B and C .
23. Q.E.D.
14. Q.E.D.
Proof: ∀-rule, deﬁnition 12 of ⊕ and deﬁnition 3 of .
2
p

Theorem 3. For a STAIRS speciﬁcation d , we deﬁne d as the corresponding
probabilistic STAIRS speciﬁcation, in which every occurrence of xalt is replaced
by palt with probability set Q = 0 . . . 1] for each of the operands.
We then have
1. [[ d ]]  π1 .[[ d p ]]p
2. π1 .[[ d p ]]p  [[ d ]]
where π1 is an operator returning the interaction obligations from a set of pobligations.
1. Prove:

[[ d ]]  π1 .[[ d p ]]p

Proof sketch: By induction on the number of nested operators in d .
20

11. Base case: d contains no operators, i.e. d is a single event e.
21. d = d p
Proof: By deﬁnition of d p .
22. [[ d ]] = { ({e}, ∅) }
Proof: Deﬁnition 17 of [[ e ]].
23. [[ d p ]]p = { (({e}, ∅), {1}) }
Proof: 21 and deﬁnition 18 of [[ e ]]p .
24. [[ d ]] = π1 .[[ d p ]]p
Proof: 22, 23 and deﬁnition of π1 .
25. [[ d ]]  π1 .[[ d p ]]p
Proof: 24 and reﬂexivity of  (proved in [HHRS05a]).
26. Q.E.D.
12. Induction step:
Let: op be the main operator of d , and d1 ,. . . ,dn its operands.
Assume: ∀ i ∈ [1 . . . n] : [[ di ]]  π1 .[[ dip ]]p (induction hypothesis)
Prove: [[ d ]]  π1 .[[ d p ]]p
21. Case: op = xalt
Proof: By the induction hypothesis and monotonicity of  with respect to op (proved in [HHRS05a]).
22. Case: op = xalt
31. Choose arbitrary o ∈ [[ d ]]
Proof: [[ d ]] is non-empty for all interactions d .
32. Choose i ∈ [1 . . . n] such that o ∈ [[ di ]]
Proof: 31 and deﬁnition 4 of xalt.
33. Choose o  ∈ π1 .[[ dip ]]p such that o  o 
Proof: 32, the induction hypothesis and deﬁnition 20 of .
34. o  ∈ π1 .[[ dip ;Q ]]p
Proof: 33, deﬁnition of π1 and deﬁnition of probability decoration.
35. o  ∈ π1 .[[ d p ]]p
41. o  ∈ π1 .{(o  , Q  ) | (o  , Q  ) ∈ [[ dip ;Q ]]p }
Proof: 34 and deﬁnition of [[ ]]p .
42. o  ∈ π1 .{(⊕{(o  , Q  )}, Q  ) | (o  , Q  ) ∈ [[ dip ;Q ]]p }
Proof: 41 and deﬁnition 12 which gives ⊕{((p, n), Q )} = (p, n).
43. Q.E.D.
Proof: By the assumption (the structure of d ), the deﬁnition of
d p , 42 and deﬁnition 11 part a, choosing N = i.
36. ∀ o ∈ [[ d ]] : ∃ o  ∈ π1 .[[ d p ]]p : o  o 
Proof: 31, 33 and 35 and ∀-rule.
37. Q.E.D.
Proof: 36 and deﬁnition 20 of .
23. Q.E.D.
Proof: The cases are exhaustive.
13. Q.E.D.
Proof: By induction on the structure of d .
2
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2. Prove:

π1 .[[ d p ]]p  [[ d ]]

Proof sketch: By induction on the number of nested operators in d .
11. Base case: d p contains no operators, i.e. d and d p is a single event e.
Proof: Equal to the proof of 11 in the proof of theorem 3, part 1.
12. Induction step:
Let: op be the main operator of d p , and d1p ,. . . ,dnp its operands
Assume: ∀ i ∈ [1 . . . n] : π1 .[[ dip ]]p  [[ di ]] (induction hypothesis)
Prove: π1 .[[ d p ]]p  [[ d ]]
21. Case: op = palt
Proof: By the induction hypothesis and monotonicity of  with respect to op (proved in [HHRS05a]).
22. Case: op = palt
Proof sketch: The proof is split in two cases, one for each part of the
palt-deﬁnition. In each case we use lemma 1 and the induction hypothesis
to prove the existence of a reﬁning obligation.
31. Choose arbitrary o ∈ [[ d p ]]p .
Proof: [[ d ]]p is non-empty
for all

 interactions d .
32. Case: o ∈ π1 .{(⊕
{poi },
π2 .poi ) |
i∈N

i∈N

N ⊆{1, . . . , n} ∧ N = ∅ ∧ ∀ i ∈ N : poi ∈ [[ dip ;Q ]]p }
{poi }) |
41. o ∈ {(⊕
i∈N

N ⊆ {1, . . . , n} ∧ N = ∅ ∧ ∀ i ∈ N : poi ∈ [[ dip ;Q ]]p }
Proof: Deﬁnition of π1 .
42. Choose N⊆ {1, . . . , n} such that
{poi }) | ∀ i ∈ N : poi ∈ [[ dip ;Q ]]p }
o ∈ {(⊕
i∈N

Proof: 41.
43. For all
i ∈ N choose (oi , Qi ) ∈ [[ dip ;Q ]]p such that
o = ⊕ i∈N {(oi , Qi )}
Proof: 42.
44. ∀ i ∈ N : oi ∈ π1 .[[ dip ]]p
Proof: 43 and deﬁnition of π1 .
45. Choose arbitrary j ∈ N
Proof: N is non-empty by 41.
46. o  oj
Proof: 43, 45 and lemma 1.
47. Choose oj ∈ [[ dj ]] such that oj  oj
Proof: 44, 45 and the induction hypothesis.
48. o  oj
Proof: 46, 47 and transitivity of  (proved in [HHRS05a]).
49. oj ∈ [[ d ]]
Proof: 47 and deﬁnition 4 of xalt.
410. ∀ o ∈ π1 .[[ d p ]]p : ∃ o  ∈ [[ d ]] : o  o 
Proof: 31, 48, 49 and ∀-rule.
411. Q.E.D.
22

Proof: 410 and deﬁnition 20 of .
n
n


[[ dip ;Q ]]p , {1} ∩
Q )}

33. Case: o ∈ π1 .{(⊕
41. o = ⊕

n


i=1

i=1

[[ dip ;Q ]]p

i=1

Proof: Deﬁnition of π1 .
42. Choose arbitrary i ∈ [1 . . . n] and arbitrary (o  , Q  ) ∈ [[ dip ;Q ]]p
Proof: [[ d ]]p is non-empty for all d .
43. o  ∈ π1 .[[ dip ]]p
Proof: 42, deﬁnition of π1 and deﬁnition of probability decoration.
44. o  o 
Proof: 41, 42 and lemma 1.
45. Choose o  ∈ [[ di ]] such that o   o 
Proof: 43 and the induction hypothesis.
46. o  o 
Proof: 44, 45 and transitivity of  (proved in [HHRS05a]).
47. o  ∈ [[ d ]]
Proof: 45 and deﬁnition 4 of xalt.
48. ∀ o ∈ π1 .[[ d p ]]p : ∃ o  ∈ [[ d ]] : o  o 
Proof: 31, 46, 47 and ∀-rule.
49. Q.E.D.
Proof: 48 and deﬁnition 20 of .
34. Q.E.D.
Proof: By deﬁnition 11 of palt, the cases are exhaustive.
23. Q.E.D.
Proof: The cases are exhaustive.
13. Q.E.D.
Proof: By induction on the structure of d .
2
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SINTEF ICT

Abstract. Having a sequence diagram speciﬁcation and a computer system, we need to answer the question: Is the system compliant with the sequence diagram speciﬁcation in the desired way? We present a procedure
for answering this question for three variations of sequence diagrams.
The procedure is independent of the choice of programming language
used for the system. The semantics of sequence diagrams is denotational
and based on traces. In order to answer the initial question, the procedure starts by obtaining the trace-set of the system by e.g. testing, and
then transforming this into the same semantic model as that used for the
sequence diagram. In addition to extending our earlier work on reﬁnement relations for sequence diagrams, we deﬁne conformance relations
relating systems to sequence diagrams.
The work is split in two parts. This paper presents part 1, in which
we introduce the necessary deﬁnitions for using the compliance checking
procedure on sequence diagrams with underspeciﬁcation and sequence
diagrams with inherent nondeterminism. In part 2 [RRS07], we present
the deﬁnitions for using the procedure on sequence diagrams with probabilistic choice.

1

Introduction

Having a sequence diagram speciﬁcation and a computer system, we need to
answer the question: Is the system compliant with the speciﬁcation in the desired
way?
Sequence diagrams are widely used for specifying computer systems within a
broad range of application domains. They are used for diﬀerent methodological
purposes including requirements capture, illustrating example runs, test scenario
speciﬁcation and risk scenario documentation. Although sequence diagrams are
widely used in practice, their relationship to real computer systems is nevertheless surprisingly unclear. This is partly caused by the fact that sequence diagrams
are used for diﬀerent purposes, but even more so because in contrast to most
other techniques for specifying dynamic behaviour they give only a partial view.
1

Answering the initial question above requires an understanding of what is
meant by a computer system and to what extent such a system is diﬀerent from
a sequence diagram. Obviously, we need a formal model for computer systems.
Also, the answer clearly depends on the expressiveness of the sequence diagram
dialect we are using. In this paper we study the problem with respect to two
diﬀerent variations of sequence diagrams, as formally deﬁned in the denotational
trace semantics of STAIRS [HHRS05]. The two variations are sequence diagrams
with underspeciﬁcation and sequence diagrams with inherent nondeterminism.
The notion of compliance is closely related to that of reﬁnement. Reﬁnement
is a way of relating diﬀerent speciﬁcations of the same system, where the idea
is that a reﬁnement should be a more detailed description containing all the
constraints given by the original speciﬁcation, in addition to some new ones.1
Diﬀerent development stages may require diﬀerent notions of reﬁnement. The
ﬁnal speciﬁcation used when implementing the system, is the result of several
successive reﬁnement steps. The system should be compliant not only with the
ﬁnal speciﬁcation, but also with all speciﬁcations in the chain of reﬁnements.
Consequently, we may need several notions of compliance corresponding to the
various notions of reﬁnement.
In this paper we only consider compliance for sequence diagrams without
external input and output. For such sequence diagrams, we propose the following
compliance checking procedure:
1. Given a computer system I and a sequence diagram d, use e.g. testing on I
to obtain the trace-set describing its behaviour.
2. Transform this trace-set into the same semantic model as that used for d.
3. Depending on the kind of compliance desired, select the appropriate compliance relation.
4. I is compliant with d if this compliance relation holds between the semantics
of d and the representation of I obtained in step 2.
This paper is organized as follows: In Section 2 we state the requirements
that a step-wise procedure for checking computer systems against sequence diagrams needs to fulﬁl. Section 3 gives a general introduction to sequence diagrams
and their denotational trace semantics. Sections 4 and 5 introduce sequence diagrams with underspeciﬁcation and inherent nondeterminism, respectively, and
deﬁne what it means for a system to be compliant with such sequence diagrams.
In Section 6 we present theoretical results related to the deﬁnitions of reﬁnement
and compliance. We discuss related work in Section 7, before concluding in Section 8. Appendices A and B give a detailed overview of the theoretical results,
together with the necessary proofs.
1

Note that we use the term “constraint” rather loosely. For instance, the addition of
a new constraint may result in the speciﬁcation requiring more behaviours of the
system.

2

2

Requirements

In order to motivate the following discussion and formal deﬁnitions, we formulate
a number of requirements that our procedure has been designed to fulﬁl. That
these requirements are met, are demonstrated throughout the discussion and
summed up in Section 8.
1. The procedure should be independent of the choice of programming language in which the system is implemented. A sequence diagram does not
prescribe any particular programming language, and the procedure should
be suﬃciently general to capture all possible choices. In general, we cannot
assume that we have access to the source code of the system. This means
that the only knowledge about the system that may be used by the procedure, is what can be obtained by testing. Although not feasible in practice,
we assume that we are able to observe inﬁnite runs. Otherwise, we would
have to restrict ourselves to safety properties.
2. The notion of compliance should be a special case of reﬁnement. Given a
sequence diagram and its reﬁnement, the procedure should give that a system
is compliant with the reﬁnement only if the system is also compliant with
the original sequence diagram.
3. There should be a natural correspondence between the compliance relations
for the two variations of sequence diagrams. The language of sequence diagrams without inherent nondeterminism is a subclass of the language that
also allows inherent nondeterminism. This means that the general compliance relation for sequence diagrams with inherent nondeterminism should
at least capture everything allowed by the general compliance relation for
sequence diagrams containing only underspeciﬁcation.
4. The procedure should be faithful to the underlying ideas and principles of
UML 2.1 [OMG06] sequence diagrams. UML is the leading speciﬁcation language within the software industry of today, and our goal is that our approach should be of help for UML practitioners.

3

Sequence diagrams and trace semantics

This section gives necessary background for the following sections. It provides
a general introduction to sequence diagrams and their denotational trace semantics. In this section we consider only three operators on sequence diagrams,
namely the operators for refusal, sequential and parallel composition. The following two sections extend this basic set of operators with operators for underspeciﬁcation and inherent nondeterminism, in each case focusing on how to determine
whether a given system is in compliance with such a sequence diagram.
We use the simple sequence diagram in Figure 1 to introduce some terminology. S is the name of the sequence diagram, A and B are lifelines (corresponding
to e.g. components or objects), while m is a message from A to B. We say that the
diagram includes two events, the sending of m (denoted !m) and the reception
of m (denoted ?m).
3

sd S
A

B
m

Fig. 1. Simple sequence diagram

To assign precise meaning to a sequence diagram, we use denotational trace
semantics as deﬁned in STAIRS [HHRS05]. This formal semantics is compliant
with the semi-formal descriptions given in the UML 2.1 standard [OMG06].
A trace is a sequence of events representing a system run. An event is a pair
(k, m) consisting of a kind k (either ! or ?) and a message m. A message is a
triple (s, tr, re) consisting of a signal s, a transmitter lifeline tr and a receiver
lifeline re.
For a trace to be well-formed, we require that for all messages:
– if both the sender and receiver lifeline are present in the diagram, then both
the send and the receive event are present in the trace;
– the send event is ordered before the corresponding receive event if both
events are present in the trace.
The semantics of a sequence diagram d is denoted [[ d ]]. In the basic case, the
semantics of a sequence diagram is an interaction obligation (p, n) where p is a
set of positive (i.e. valid) traces and n is a set of negative (i.e. invalid) traces.
Traces not in the diagram are called inconclusive, and may be introduced as
positive or negative by later reﬁnement steps. Letting H denote the universe of
all well-formed traces, the traces H \ (p ∪ n) are inconclusive in the interaction
obligation (p, n).
Parallel composition ( ) of two trace sets corresponds to point-wise interleaving of their individual traces. The ordering of events within each trace is
maintained in the result. For sequential composition () we require in addition
that for events on the same lifeline, all events from the ﬁrst trace is ordered
before the events from the second trace. Formally:
s1

def

s2 = {h ∈ H | ∃p ∈ {1, 2}∞ :
T (p, h)) ∈ s1 ∧
π2 (({1} × E) 

(1)

T (p, h)) ∈ s2 }
π2 (({2} × E) 

def

s1  s2 = {h ∈ H | ∃h1 ∈ s1 , h2 ∈ s2 : ∀l ∈ L :
S h = e.l 
S h1  e.l 
S h2 }
e.l 

(2)

where E and L are the sets of all events and lifelines, respectively; e.l is the set of
events that may take place on the lifeline l; π2 is a projection operator returning
4

the second element of a pair; and  is the concatenation operator for sequences.

S and 
T are ﬁltering operators for traces and pairs of traces, respectively. E 
S h
is the trace obtained from the trace h by removing from h all events that is not
in the set of events E. For instance, we have that
S e1 , e1 , e2 , e1 , e3 , e2  = e1 , e1 , e1 , e3 
{e1 , e3 } 
T is a generalization of 
S ﬁltering pairs of traces with respect to
The operator 
pairs of elements such that for instance
T (1, 1, 2, 1, 2, e1 , e1 , e1 , e2 , e2 )
{(1, e1 ), (1, e2 )} 
= (1, 1, 1, e1 , e1 , e2 )
S and 
T , see [BS01].
For formal deﬁnitions of 
For interaction obligations, parallel composition ( ), sequential composition
() and refusal (†) are deﬁned by:

(p1 , n1 )

def

(p2 , n2 ) = (p1

p2 , (n1

p2 ) ∪ (n1

n2 ) ∪ (p1

def

n2 ))

(p1 , n1 )  (p2 , n2 ) = (p1  p2 , (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 ))
def

†(p1 , n1 ) = (∅, p1 ∪ n1 )

(3)
(4)
(5)

Notice that composing a positive and a negative trace always yields a negative
trace, while the result of composing an inconclusive trace with a positive or
negative trace is always inconclusive.
Finally, the sequence diagram operators for parallel composition (par), sequential composition (seq) and negative behaviour (refuse) are deﬁned by:
def

[[ d1 par d2 ]] = [[ d1 ]]

[[ d2 ]]

(6)

[[ d1 seq d2 ]] = [[ d1 ]]  [[ d2 ]]

(7)

def

def

[[ refuse d1 ]] = †[[ d1 ]]

4

(8)

Relating computer systems to sequence diagrams with
underspeciﬁcation

When writing speciﬁcations, it is often useful to leave certain aspects of the
system behaviour open. This is known as underspeciﬁcation. Typically, underspeciﬁcation is a consequence of abstraction and a desire to focus on the essential
behaviour of the system. In sequence diagrams, underspeciﬁcation may be the
result of weak sequencing or speciﬁed using the operator alt, describing alternative behaviours that the system may exhibit. Underspeciﬁcation may be removed
either by later development steps (reﬁnements) or during the implementation
process.
Underspeciﬁcation in the sense of alt corresponds to taking the pair-wise
union of the positive and negative trace-sets of the operands. Formally:
def

[[ d1 alt d2 ]] = [[ d1 ]]  [[ d2 ]]
5

(9)

where inner union () on interaction obligations is deﬁned by:
def

(p1 , n1 )  (p2 , n2 ) = (p1 ∪ p2 , n1 ∪ n2 )
4.1

(10)

Reﬁnement

Reﬁnement means to add more information to the speciﬁcation in order to bring
it closer to a real system. An important requirement is that any valid system
that is compliant with the reﬁnement should also be compliant with the original
speciﬁcation. In addition to the basic reﬁnement relation deﬁned in [HHRS05],
we deﬁne another relation called restricted reﬁnement. The idea is that the two
reﬁnement relations will be used in diﬀerent phases of the development process.
Reﬁnement As sequence diagrams are incomplete speciﬁcations describing only
parts of the system behaviour, a reﬁnement step may add more positive
and/or negative behaviours to the speciﬁcation, hence reducing the set of
inconclusive traces. Also, a reﬁnement step may reduce underspeciﬁcation,
i.e. redeﬁne positive traces as negative. Negative traces always remain negative. Formally, reﬁnement of interaction obligations is deﬁned by:
def

(p, n) r (p , n ) = n ⊆ n ∧ p ⊆ p ∪ n

(11)

As can be seen from the deﬁnition, a reﬁnement may legally redeﬁne all
of the original positive traces as negative. Having this possibility may be
important in an early development phase focusing on exploring the desired
system requirements.
Restricted reﬁnement At some stage during the development process it may
be natural to ﬁx the set of positive traces, with the intention that at least
one of these should be present in any system compliant with this sequence
diagram. After that, valid reﬁnement steps may only redeﬁne positive and
inconclusive traces as negative, in order to remove underspeciﬁcation and
decide on the exact set of traces that may be produced by the ﬁnal system.
Extending the set of positive traces is no longer allowed:
def

(p, n) rr (p , n ) = (p, n) r (p , n ) ∧ p ⊆ p
4.2

(12)

Compliance

As explained in Section 2, we assume that all we know about a computer system is its set of traces. The traces are assumed to be well-formed in the sense
explained in Section 3. This allows us to reason independently of any particular
programming language, and also to handle applications where diﬀerent components may be written in diﬀerent languages.
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In order to check a system I represented by its set of traces against a sequence
diagram speciﬁcation d using the semantic model outlined in Section 3, we ﬁrst
transform I into an interaction obligation Id :
def

Id = (traces(I), Hll(d) \ traces(I))

(13)

where Hll(d) is the set of all well-formed traces consisting only of events taking
place on the lifelines in the sequence diagram d, denoted ll(d).
A general reﬁnement principle in STAIRS is that traces described as positive
or negative in the original speciﬁcation cannot become inconclusive by a reﬁnement step, as this would mean deviation from earlier given constraints. Since
compliance should be a special case of reﬁnement, Id must include (as positive or negative) at least all traces described by d. Deﬁnition (13) ensures this
by the use of Hll(d) . Employing Hll(d) and not H, guarantees consistency when
performing parallel composition of two systems with disjoint sets of lifelines.
Corresponding to the two reﬁnement relations in Section 4.1, we then deﬁne
two diﬀerent compliance relations.
Compliance relation A system I complies to a sequence diagram d if the
semantics we get by using deﬁnition (13) is a reﬁnement of [[ d ]]. Formally:
def

[[ d ]] →r Id = [[ d ]] r Id

(14)

Restricted compliance relation A sequence diagram speciﬁcation gives a global view of the system behaviour, but is often implemented as a number of
components. As each of these components only has a local view of the overall
system behaviour, their independent behaviours may combine in unexpected
ways resulting in so-called implied scenarios [AEY00], i.e. traces that are inconclusive in the sequence diagram speciﬁcation.
With restricted compliance, the system should contain at least one of the
positive traces from the sequence diagram. Because of implied scenarios,
we do not require that all possible system traces are explicitly described as
positive in the sequence diagram. For a system I, we instead require that
traces(I) and the positive traces of the sequence diagram have at least one
trace in common. In addition, traces(I) may contain arbitrary many of the
positive and inconclusive traces from the sequence diagram. Formally:
def

[[ d ]] →rr Id = [[ d ]] →r Id ∧ π1 ([[ d ]]) ∩ π1 (Id ) = ∅

(15)

where π1 is a projection operator returning the ﬁrst element of a pair, in this
case the positive traces of d and Id (i.e. traces(I)), respectively.
4.3

Example

As a simple example, consider the speciﬁcation of a gambling machine in Figure 2. First, the machine receives either a dime or a quarter. As a result, the
7

machine either sends the message “You won” together with a dollar, or the message “You lost”.2 The veto operator is a high-level operator deﬁned by:
def

veto d = skip alt refuse d

(16)

where skip is the empty diagram deﬁned by:
def

[[ skip ]] = ({}, ∅)

(17)

sd S1
:Gambling
Machine

:I/O unit

alt

dime
quarter

alt

msg(”You won”)
dollar
msg(”You lost”)

veto
dollar

Fig. 2. Sequence diagram with underspeciﬁcation (alt)

In this example, veto is used to specify that the message “You lost” should
not be followed by a dollar. Shortening each message, the semantics [[ S1 ]] of
this sequence diagram is:
( {!di, ?di, !m(yw), ?m(yw), !do, ?do, !qu, ?qu, !m(yw), ?m(yw), !do, ?do,
!di, ?di, !m(yw), !do, ?m(yw), ?do, !qu, ?qu, !m(yw), !do, ?m(yw), ?do,
!di, ?di, !m(yl), ?m(yl), !qu, ?qu, !m(yl), ?m(yl)} ,
{!di, ?di, !m(yl), ?m(yl), !do, ?do, !qu, ?qu, !m(yl), ?m(yl), !do, ?do,
!di, ?di, !m(yl), !do, ?m(yl), ?do, !qu, ?qu, !m(yl), !do, ?m(yl), ?do} )
2

As we will come back to in Section 5, alt is not the best operator to use between
these two last alternatives.
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A possible way to implement this sequence diagram would be to build a system I1 where the gambling machine receives a dime, after which it responds
with a “You lost” message and then nothing more happens. This may be represented by the trace-set traces(I1 ) = {!di, ?di, !m(yl), ?m(yl)}, which gives
I1 S1 = ({!di, ?di, !m(yl), ?m(yl)}, Hll(S1 ) \ {!di, ?di, !m(yl), ?m(yl)}). It is
straightforward to see that I1 is in compliance with the sequence diagram S1
according to both deﬁnitions (14) and (15), as the trace !di, ?di, !m(yl), ?m(yl)
is positive in [[ S1 ]], and the negative traces of [[ S1 ]] are also negative in I1 S1 .

5

Relating computer systems to sequence diagrams with
inherent nondeterminism

Using only underspeciﬁcation, a system may be in compliance with the sequence
diagram even if it contains one only of the positive traces and nothing else.
In many cases this is not suﬃcient. One example is the gambling machine from
Section 4.3, where the sequence diagram allowed a system where the only possible
outcome was the user losing his money. A more realistic speciﬁcation would be
to require that both winning and losing should be possible outcomes. Also, the
choice between winning and losing should be performed nondeterministically (or
at least appear so to the user of the gambling machine).
For specifying inherent nondeterminism, or alternatives that must all be reﬂected in the speciﬁed system, the operator xalt (ﬁrst introduced in [HS03]) may
be used. To distinguish between underspeciﬁcation and inherent nondeterminism
also at the semantic level, the semantics of a sequence diagram d is no longer
a single interaction obligation as in Sections 3 and 4, but instead a set of m
interaction obligations [[ d ]] = {(p1 , n1 ), (p2 , n2 ), . . . , (pm , nm )} for some natural
number m. The idea is that each interaction obligation gives a requirement that
must be fulﬁlled by any system in compliance with it. Formally, the xalt operator
is deﬁned by:
def

[[ d1 xalt d2 ]] = [[ d1 ]] ∪ [[ d2 ]]

(18)

Hence, the composition of d1 and d2 by xalt requires all the inherent nondeterminism speciﬁed by d1 in addition to all the inherent nondeterminism speciﬁed
by d2 .
With this extended semantic model, we also need deﬁnitions for parallel
composition ( ), sequential composition (), underspeciﬁcation () and refusal
(†) on sets of interaction obligations:
def

O1 op O2 = {o1 op o2 | o1 ∈ O1 ∧ o2 ∈ O2 }
def

†O1 = {†o1 | o1 ∈ O1 }
where op is one of ,  or .
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(19)
(20)

5.1

Reﬁnement

For a speciﬁcation with both inherent nondeterminism and underspeciﬁcation,
we distinguish between four diﬀerent reﬁnement relations. The most general
notion is general reﬁnement, which is typically used initially, while the most
speciﬁc notion is restricted limited reﬁnement, which is more likely to be used
near the end of the development process.
General and restricted general reﬁnement For a speciﬁcation having several interaction obligations as its semantics, we require that each one should
be reﬁned by at least one interaction obligation in any valid reﬁnement.
The only diﬀerence between general (g ) and restricted general (rg ) reﬁnement, is with respect to the reﬁnement deﬁnition used between the two
interaction obligations:
def

[[ d ]] (r)g [[ d ]] = ∀o ∈ [[ d ]] : ∃o ∈ [[ d ]] : o (r)r o

(21)

where r and rr are reﬁnement of interaction obligations as deﬁned by
deﬁnitions (11) and (12), respectively.
Limited and restricted limited reﬁnement Both versions of deﬁnition (21)
allow a reﬁnement to introduce new interaction obligations that are not reﬁnements of any interaction obligations in the original speciﬁcation, possibly
increasing the inherent nondeterminism required of the ﬁnal system. A trace
may be positive in one of these new interaction obligations even if it is negative in all other interaction obligations. In limited (l ) and restricted limited
(rl ) reﬁnement, adding new interaction obligations like this is not allowed:
def

[[ d ]] (r)l [[ d ]] = [[ d ]] (r)g [[ d ]]
∧ ∀o ∈ [[ d ]] : ∃o ∈ [[ d ]] : o (r)r o
5.2

(22)

Compliance

In order to characterize compliance between a system I and a sequence diagram
d with inherent nondeterminism (as well as underspeciﬁcation), we redeﬁne Id
to consist of one interaction obligation for each trace in traces(I):
def

Id = {({h}, Hll(d) \ {h}) | h ∈ traces(I)}

(23)

Corresponding to the four reﬁnement relations in Section 5.1, we then deﬁne
four diﬀerent compliance relations.
General and restricted general compliance Similar to (restricted) general
reﬁnement, a system I is in (restricted) general compliance with a sequence
diagram d if every interaction obligation in [[ d ]] is reﬂected in at least
one of the interaction obligations we get by using deﬁnition (23). The only
diﬀerence between general (→g ) and restricted general (→rg ) compliance
10

is with respect to the compliance relation used for each single interaction
obligation.
def

[[ d ]] →(r)g Id = ∀o ∈ [[ d ]] : ∃o ∈ Id : o →(r)r o

(24)

Limited and restricted limited compliance Similar to (restricted) limited
reﬁnement, (restricted) limited compliance requires that every interaction
obligation obtained by deﬁnition (23) complies with at least one interaction
obligation in [[ d ]]:
def

[[ d ]] →(r)l Id = [[ d ]] →(r)g Id
∧ ∀o ∈ Id : ∃o ∈ [[ d ]] : o →(r)r o
5.3

(25)

Example

Figure 3 is a revised speciﬁcation of the gambling machine, replacing the second alt operator with xalt and adding some more negative behaviours. The refconstruct may be understood as a syntactical shorthand for the contents of the
referenced sequence diagram.
The semantics [[ S2 ]] of this sequence diagram is a set of two interaction
obligations:
{ ( {!di, ?di, !m(yw), ?m(yw), !do, ?do, !qu, ?qu, !m(yw), ?m(yw), !do, ?do,
!di, ?di, !m(yw), !do, ?m(yw), ?do, !qu, ?qu, !m(yw), !do, ?m(yw), ?do} ,
{!di, ?di, !m(yl), ?m(yl), !qu, ?qu, !m(yl), ?m(yl),
!di, ?di, !m(yl), ?m(yl), !do, ?do, !qu, ?qu, !m(yl), ?m(yl), !do, ?do,
!di, ?di, !m(yl), !do, ?m(yl), ?do, !qu, ?qu, !m(yl), !do, ?m(yl), ?do} ) ,
( {!di, ?di, !m(yl), ?m(yl), !qu, ?qu, !m(yl), ?m(yl)} ,
{!di, ?di, !m(yw), ?m(yw), !do, ?do, !qu, ?qu, !m(yw), ?m(yw), !do, ?do,
!di, ?di, !m(yw), !do, ?m(yw), ?do, !qu, ?qu, !m(yw), !do, ?m(yw), ?do,
!di, ?di, !m(yl), ?m(yl), !do, ?do, !qu, ?qu, !m(yl), ?m(yl), !do, ?do,
!di, ?di, !m(yl), !do, ?m(yl), ?do, !qu, ?qu, !m(yl), !do, ?m(yl), ?do} ) }
The system I1 given in section 4.3 is not in compliance with S2 , as the
only trace !di, ?di, !m(yl), ?m(yl) in I1 S2 is negative in the ﬁrst interaction
obligation in [[ S2 ]], meaning that this interaction obligation is not reﬂected in
the system as required by both deﬁnitions (24) and (25).
However, a system I2 with trace-set as given by traces(I2 ) = {t1 , t2 , t3 } where
t1 = !di, ?di, !m(yw), ?m(yw), !do, ?do, t2 = !di, ?di, !m(yw), !do, ?m(yw), ?do
and t3 = !di, ?di, !m(yl), ?m(yl), is in compliance with S2 according to all of the
compliance relations →g , →rg , →l and →rl . To realize this notice that the three
traces in traces(I2 ) will give rise to three diﬀerent interaction obligations when
using deﬁnition (23) of I2 S2 . The interaction obligation ({t1 }, Hll(S2 ) \ {t1 }) is
in compliance with the ﬁrst interaction obligation in [[ S2 ]] according to both →r
and →rr . The same is the case for the interaction obligation ({t2 }, Hll(S2 ) \{t2 }).
Similarly, the interaction obligation ({t3 }, Hll(S2 ) \ {t3 }) is in compliance with
11

sd S2
:Gambling
Machine

:I/O unit

sd win
alt

dime

:Gambling
Machine

:I/O unit

quarter

msg(”You won”)
dollar

xalt
alt
ref

win
sd loss
:Gambling
Machine

:I/O unit
refuse

msg(”You lost”)
ref

loss
veto
dollar

alt
ref

loss

ref

win

refuse

Fig. 3. Sequence diagram with inherent nondeterminism (xalt)
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the second interaction obligation in [[ S2 ]] according to both →r and →rr . Hence,
both interaction obligations in [[ S2 ]] are reﬂected in an interaction obligation
in I2 S2 , and each of the three interaction obligations in I2 S2 is in compliance
with an interaction obligation in [[ S2 ]].

6

Results

In this section we present a number of essential properties that has been established, such as transitivity, monotonicity and the relationship between reﬁnement
and compliance. For proofs, we refer to the appendices.
Theorem 1. (Transitivity of reﬁnement.) For every reﬁnement relation :
[[ d ]]  [[ d ]] ∧ [[ d ]]  [[ d ]] ⇒ [[ d ]]  [[ d ]]
Transitivity is important, as it ensures that the result of successive reﬁnement steps is a valid reﬁnement of the original sequence diagram. As all other
reﬁnement relations are special cases of general reﬁnement, the use of diﬀerent reﬁnement relations in the various steps ensures that the resulting sequence
diagram is at least a general reﬁnement of the original sequence diagram.
Theorem 2. (Monotonicity of reﬁnement.) For every reﬁnement relation :
[[ d1 ]]  [[ d1 ]] ∧ [[ d2 ]]  [[ d2 ]] ⇒
[[ refuse d1 ]]  [[ refuse d1 ]]
∧ [[ d1 seq d2 ]]  [[ d1 seq d2 ]]
∧ [[ d1 par d2 ]]  [[ d1 par d2 ]]

∧ [[ d1 alt d2 ]]  [[ d1 alt d2 ]]
∧ [[ d1 xalt d2 ]]  [[ d1 xalt d2 ]]
Monotonicity ensures that the diﬀerent parts of a sequence diagram may be
reﬁned separately. Again, using diﬀerent reﬁnement relations means that the
resulting sequence diagram will at least be a general reﬁnement of the original
one.
Theorem 3. (Transitivity between reﬁnement and compliance.) For every reﬁnement relation  and compliance relation → with the same subscript:
[[ d1 ]]  [[ d2 ]] ∧ [[ d2 ]] → Id2 ⇒ [[ d1 ]] → Id1
In general, the compliance relation used for relating I to d2 may be more
restrictive (i.e. allowing only a subset of the implementations) than the one that
must be used for relating I to d1 . Theorem 3 is important as it tells us that
in this case, the compliance relation to be used for relating I to d1 is the one
corresponding to the reﬁnement relation used when going from d1 to d2 .
13

A sequence diagram with no xalt operator can be viewed either as a diagram
with underspeciﬁcation or as a diagram with inherent nondeterminism, since it
contains only operators that are legal in both of these variations. The following
Theorem 4 characterizes the relationships between the diﬀerent interpretations
with respect to reﬁnement and compliance.
Until now we have overloaded the notation for the semantic representation
of diagrams and computer systems in order to enhance readability. We now need
to introduce the full notation. Let [[ d ]]u and [[ d ]]i denote the semantics of the
sequence diagram d when viewed as a sequence diagram with underspeciﬁcation
(a single interaction obligation) or inherent nondeterminism (a set of interaction
obligations), respectively. Similarly, for a system I we use Iud and Iid to denote
its semantic representation with respect to d according to deﬁnition (13) or
deﬁnition (23), respectively.
Theorem 4. (Correspondence.) For a sequence diagram d without inherent
nondeterminism:
[[ d ]]u →r Iud ⇒ [[ d ]]i →g Iid
[[ d ]]u →rr Iud ⇒ [[ d ]]i →rg Iid
[[ d ]]u →r Iud ⇔ [[ d ]]i →l Iid
[[ d ]]u →rr Iud ⇐ [[ d ]]i →rl Iid
From Theorem 4, we see that (restricted) general compliance →(r)g allows
at least all of the implementations allowed by (restricted) compliance →(r)r .
We now explain why (restricted) general compliance →(r)g may allow other
implementations as well. As an example, assume that d is a sequence diagram
where the trace t is negative in every interaction obligation in [[ d ]]i . According
to (restricted) general reﬁnement (r)g , a valid reﬁnement of d is the sequence
diagram d with semantics [[ d ]]i = [[ d ]]i ∪{({t}, ∅)}. In other words, (restricted)
general reﬁnement (r)g allows the addition of new interaction obligations where
a trace may be positive even if it is negative in all of the original interaction
obligations. This is also true for (restricted) general compliance →(r)g , which
is meant to reﬂect this reﬁnement relation. However, implementing a negative
trace is not allowed by (restricted) compliance →(r)r , where a single interaction
obligation is the semantic model used for representing both the sequence diagram
and the system.
Implementing negative traces is also not allowed by limited compliance →l ,
and we see from Theorem 4 that for sequence diagrams without inherent nondeterminism, compliance →r and limited compliance →l are always in accordance
with each other.
On the other hand, restricted compliance →rr allows implementations not
allowed by restricted limited compliance →rl . As an example, assume that d is a
sequence diagram with semantics [[ d ]]u = ({t1 }, ∅) (i.e. [[ d ]]i = {({t1 }, ∅)}) and
that I is a system such that traces(I) = {t1 , t2 }. Using deﬁnition (13) we get
that the single interaction obligation of Iud is ({t1 , t2 }, Hll(d) \{t1 , t2 }), meaning
that I is in restricted compliance →rr to d. However, using deﬁnition (23), we
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get Iid = {({t1 }, Hll(d) \ {t1 }), ({t2 }, Hll(d) \ {t2 })}, which is not in restricted
limited compliance →rl with d as d does not contain any interaction obligation
where t2 is positive. In other words, restricted compliance →rr allows a system
to perform traces that are inconclusive in the sequence diagram, while this is
not allowed by restricted limited compliance →rl .
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Related work

To the best of our knowledge, there is no other paper treating the relationship
between computer systems and sequence diagrams as thoroughly as we have done
in this paper. The closest is the work by Cengarle and Knapp in [CK04], which
deﬁnes an implementation notion which has inspired our notion of restricted
compliance. However, inherent nondeterminism is not treated.
The basis of this paper is sequence diagrams as deﬁned in e.g. UML 2.1
[OMG06]. As the focus of this paper is on compliance relations and not sequence diagrams as such, we have covered only the most essential of the UML
2.1 operators. In addition, we have considered an operator for specifying inherent nondeterminism This operator is not found in UML 2.1, and neither
in most other variants of sequence diagrams such as Message Sequence Charts
(MSCs) [ITU99].
Live Sequence Charts (LSCs) [DH99,HM03] is an extension of MSCs, where
elements in the diagram may be speciﬁed as either universal (mandatory) or existential (optional). An existential chart speciﬁes a behaviour (one or more traces)
that must be satisﬁed by at least one system run. A universal chart specify all
allowed traces, but does not require that more than one is implemented. [HM03]
deﬁnes an operational semantics for LSCs, but as the focus is on simulating the
speciﬁcations, neither reﬁnement nor compliance relations are deﬁned.
Related to implementations, [Krü00] deﬁnes four possible interpretations of
a single MSC: negated, exact, existential and universal. The negated interpretation means that the MSC describes behaviour that should not happen, and
corresponds to the UML use of negation operators within a sequence diagram.
For the exact interpretation, all behaviours that are not in the MSC are forbidden. An existential MSC describes behaviour that cannot be prohibited by the
system in all executions. We obtain the same result by letting an interaction
obligation contain the existential behaviour as the only positive, while all other
behaviours are negative in that interaction obligation. Finally, the universal interpretation describes behaviour that must occur as part of all executions of the
system. We have no similar notion to this. As for most work on MSCs, [Krü00]
does not include a notion of inherent nondeterminism.
Looking at other speciﬁcation languages than sequence diagrams, more work
has been done on nondeterminism. As the main focus of this paper is on computer
systems in relation to sequence diagrams, we refer to [RRS06] for a more general
treatment of related work with respect to nondeterminism.
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8

Conclusions

For sequence diagrams with underspeciﬁcation and inherent nondeterminism,
we have in this paper deﬁned diﬀerent reﬁnement relations, their corresponding
compliance relations, and investigated the mathematical properties of these relations. Which of the reﬁnement and compliance relations will turn out to be most
useful in practice, is an open question that should be subject to future research.
Our general compliance checking procedure for relating systems and sequence
diagrams was given in section 1. Together with the deﬁned reﬁnement and compliance relations, the procedure meets the requirements of Section 2 in the following sense:
1. The procedure is independent of any particular programming language or
paradigm. All we require, is that there exists some means to obtain the
traces of the system.
2. The notion of compliance is a special case of reﬁnement. With the exception of restricted compliance, all compliance relations are special cases of the
corresponding reﬁnement relations. Whatever reﬁnement relation is used between two sequence diagrams, any system compliant with the reﬁnement is
also compliant with the original diagram.
3. If a system is in compliance with a sequence diagram using the most general
compliance relation for sequence diagrams with underspeciﬁcation, →r , the
most general compliance relation for sequence diagrams with inherent nondeterminism, →g , may be used with the same result. This means that →g
allows all systems that are allowed by →r . For correspondences between the
other compliance relations, we refer to Theorem 4 in Section 6.
4. The approach is faithful to the UML 2.1 standard, both with respect to the
underlying semantic model using sets of positive and negative traces, and
with respect to the semantics given for each concrete operator. In particular, all of our deﬁnitions take into account the partial nature of sequence
diagrams.
In this paper we have only considered sequence diagrams without external
input and output. Our results may be generalized to handle also sequence diagrams with such external communication by in each case deﬁning an adversary
representing the environment of the system, and then checking compliance under
the assumption of this adversary.
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A

Summary of results

The following tables summarize results with reference to the relevant theorems.

Property
Trans.
Trans. ref./impl.
Mon. w.r.t refuse
Mon. w.r.t seq
Mon. w.r.t par
Mon. w.r.t alt

Property
Trans.
Trans. ref./impl.
Mon. w.r.t refuse
Mon. w.r.t seq
Mon. w.r.t par
Mon. w.r.t alt
Mon. w.r.t xalt

Property
Trans.
Trans. ref./impl.
Mon. w.r.t refuse
Mon. w.r.t seq
Mon. w.r.t par
Mon. w.r.t alt
Mon. w.r.t xalt

r
Lemma 26 in [HHRS06]
Theorem 6
Lemma 4 in [RHS07]
Lemma 30 in [HHRS06]
Lemma 31 in [HHRS06]
Theorem 11

g
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem

l
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem

rr
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem

9 in [HHRS06]
15
7 in [RHS07]
13 in [HHRS06]
14 in [HHRS06]
11 in [HHRS06]
12 in [HHRS06]

6 in [RHS07]
16
8 in [RHS07]
10 in [RHS07]
24
11 in [RHS07]
12 in [RHS07]

5
7
8
9
10
12

rg
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem

rl
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem

13
15
17
18
19
20
21

14
16
22
23
24
25
26

→g
→l
→r ⇒: Theorem 27 ⇒: Theorem 29
⇐: Theorem 30
Correspondence properties:
→rg
→rl
→rr ⇒: Theorem 28 ⇐: Theorem 31
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B

Proofs

In this section we state and prove each individual theorem. Theorems that are
proved in other technical reports are not included.
B.1

Speciﬁcations with underspeciﬁcation

Transitivity
Theorem 5. (Transitivity of rr .) Let d, d and d be sequence diagrams
without xalt. Then
[[ d ]]u rr [[ d ]]u ∧ [[ d ]]u rr [[ d ]]u ⇒ [[ d ]]u rr [[ d ]]u
Proof.
Let: [[ d ]]u = (p, n)
[[ d ]]u = (p , n )
[[ d ]]u = (p , n )
11. Assume: 1. (p, n) rr (p , n )
2. (p , n ) rr (p , n )
Prove: (p, n) rr (p , n )
21. Requirement 1: (p, n) r (p , n )
31. (p, n) r (p , n )
Proof: 11:1 and deﬁnition 12 of rr .
32. (p , n ) r (p , n )
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 21, 32 and lemma 26 in [HHRS06] (transitivity of r ).
22. Requirement 2: p ⊆ p
31. p ⊆ p
Proof: 11:1 and deﬁnition 12 of rr .
32. p ⊆ p
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 21, 22 and transitivity of ⊆.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 12 of rr .
12. Q.E.D.
Proof: ⇒-rule.

Transitivity between reﬁnement and implementation
Theorem 6. (Transitivity between reﬁnement and implementation for
r .) Let d1 and d2 be sequence diagrams without xalt. Then
[[ d1 ]]u r [[ d2 ]]u ∧ [[ d2 ]]u →r Iud2 ⇒ [[ d1 ]]u →r Iud1
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Proof.
Let: [[ d1 ]]u = (p1 , n1 )
[[ d2 ]]u = (p2 , n2 )
11. Iud1 = (traces(I), Hll(d1 ) \ traces(I))
Proof: Deﬁnition 13 of Iud .
12. Iud2 = (traces(I), Hll(d2 ) \ traces(I))
Proof: Deﬁnition 13 of Iud .
13. Assume: 1. (p1 , n1 ) r (p2 , n2 )
2. (p2 , n2 ) →r (traces(I), Hll(d2 ) \ traces(I))
i.e. (p2 , n2 ) r (traces(I), Hll(d2 ) \ traces(I)) by deﬁnition 14
of →r .
Prove: (p1 , n1 ) →r (traces(I), Hll(d1 ) \ traces(I))
21. Requirement 1: n1 ⊆ Hll(d1 ) \ traces(I)
31. n1 ⊆ Hll(d2 ) \ traces(I)
Proof: 13:1, 13:2, lemma 26 in [HHRS06] (transitivity of r ) and
deﬁnition 11 of r .
32. n1 ⊆ Hll(d1 )
Proof: [[ d1 ]]u = (p1 , n1 ), deﬁnition of ll(d) and deﬁnition of HL .
33. Q.E.D.
Proof: 31, 32 and A ⊆ B ∧ A ⊆ C \ X ⇒ A ⊆ B \ X for arbitrary
sets A, B, C and X.
22. Requirement 2: p1 ⊆ traces(I) ∪ (Hll(d1 ) \ traces(I)),
i.e. p1 ⊆ traces(I) ∪ Hll(d1 )
Proof: p1 ⊆ Hll(d) by [[ d1 ]]u = (p1 , n1 ), deﬁnition of ll(d) and deﬁnition
of HL .
23. (p1 , n1 ) r (traces(I), Hll(d1 ) \ traces(I))
Proof: 21, 22 and deﬁnition 11 of r .
24. Q.E.D.
Proof: 23 and deﬁnition 14 of →r .
14. Q.E.D.
Proof: 13 and ⇒-rule.

Theorem 7. (Transitivity between reﬁnement and implementation for
rr .) Let d1 and d2 be sequence diagrams without xalt. Then
[[ d1 ]]u rr [[ d2 ]]u ∧ [[ d2 ]]u →rr Iud2 ⇒ [[ d1 ]]u →rr Iud1
Proof.
Let: [[ d1 ]]u = (p1 , n1 )
[[ d2 ]]u = (p2 , n2 )
11. Assume: 1. [[ d1 ]]u rr [[ d2 ]]u
2. [[ d2 ]]u →rr Iud2
Prove: [[ d1 ]]u →rr Iud1
21. Requirement 1: [[ d1 ]]u →r Iud1
31. [[ d1 ]]u r [[ d2 ]]u
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Proof: 11:1 and deﬁnition 12 of rr .
32. [[ d2 ]]u →r Iud2
Proof: 11:2 and deﬁnition 15 of →rr .
33. Q.E.D.
Proof: 31, 32 and theorem 6 (transitivity between reﬁnement and
implementation for r ).
22. Requirement 2: π1 ([[ d1 ]]u ) ∩ π1 (Iud1 ) = ∅
31. π1 ([[ d1 ]]u ) = p1
Proof: [[ d1 ]]u = (p1 , n1 ) and deﬁnition of π1 .
32. π1 (Iud1 ) = traces(I)
Proof: Deﬁnition 13 of Id and deﬁnition of π1 .
33. p2 ⊆ p1
Proof: 11:1 and deﬁnition 12 of rr .
34. p2 ∩ traces(I) = ∅
Proof: 11:2 and deﬁnition 15 of →rr .
35. p1 ∩ traces(I) = ∅
Proof: 33, 34 and A ⊆ B ∧ A ∩ X = ∅ ⇒ B ∩ X = ∅ for arbitrary
sets A, B and X.
36. Q.E.D.
Proof: 31, 32 and 35.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 15 of →rr .
12. Q.E.D.
Proof: ⇒-rule.
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Monotonicity
Lemma 1. (To be used when proving monotonicity with respect to seq.)
Assume: 1. s1 ⊆ s1
2. s2 ⊆ s2
Prove: s1  s2 ⊆ s1  s2
Proof.
This is lemma 27 in [HHRS06].



Lemma 2. (To be used when proving monotonicity with respect to par.)
Assume: 1. s1 ⊆ s1
2. s2 ⊆ s2
Prove: s1 s2 ⊆ s1 s2
Proof.
This is lemma 28 in [HHRS06].



Theorem 8. (Monotonicity of rr w.r.t refuse.) Let d be a sequence diagram without xalt. Then
[[ d ]]u rr [[ d ]]u ⇒ [[ refuse d ]]u rr [[ refuse d ]]u
Proof.
Let: [[ d ]]u = (p, n)
[[ d ]]u = (p , n )
11. Assume: [[ d ]]u rr [[ d ]]u ,
i.e. (p, n) rr (p , n )
Prove: [[ refuse d ]]u rr [[ refuse d ]]u ,
i.e. (∅, p ∪ n) rr (∅, p ∪ n ) by deﬁnition 8 of refuse.
21. Requirement 1: (∅, p ∪ n) r (∅, p ∪ n )
31. (p, n) r (p , n )
Proof: 11 and deﬁnition 12 of rr .
32. Q.E.D.
Proof: 31 and lemma 4 in [RHS07] (monotonicity of r w.r.t refuse).
22. Requirement 2: ∅ ⊆ ∅
Proof: Trivial.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 12 of rr .
12. Q.E.D.
Proof: ⇒-rule.
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Theorem 9. (Monotonicity of rr w.r.t seq.) Let d1 , d2 , d1 and d2 be
sequence diagrams without xalt. Then
[[ d1 ]]u rr [[ d1 ]]u ∧ [[ d2 ]]u rr [[ d2 ]]u ⇒ [[ d1 seq d2 ]]u rr [[ d1 seq d2 ]]u
Proof.
Let: [[
[[
[[
[[

d1
d1
d2
d2

]]u
]]u
]]u
]]u

= (p1 , n1 )
= (p1 , n1 )
= (p2 , n2 )
= (p2 , n2 )

11. Assume: 1. [[ d1 ]]u rr [[ d1 ]]u ,
i.e. (p1 , n1 ) rr (p1 , n1 )
2. [[ d2 ]]u rr [[ d2 ]]u ,
i.e. (p2 , n2 ) rr (p2 , n2 )
Prove: [[ d1 seq d2 ]]u rr [[ d1 seq d2 ]]u ,
i.e. (p1 , n1 )  (p2 , n2 ) rr (p1 , n1 )  (p2 , n2 ) by deﬁnition 7
i.e. (p1  p2 , n1  p2 ∪ n1  n2 ∪ p1  n2 )
rr (p1  p2 , n1  p2 ∪ n1  n2 ∪ p1  n2 ) by deﬁnition 4.
21. Requirement 1: (p1 , n1 )  (p2 , n2 ) r (p1 , n1 )  (p2 , n2 )
31. (p1 , n1 ) r (p1 , n1 )
Proof: 11:1 and deﬁnition 12 of rr .
32. (p2 , n2 ) r (p2 , n2 )
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 31, 32 and lemma 30 in [HHRS06] (monotonicity of r w.r.t
seq).
22. Requirement 2: (p1  p2 ) ⊆ (p1  p2 )
31. p1 ⊆ p1
Proof: 11:1 and deﬁnition 12 of rr .
32. p2 ⊆ p2
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 31, 32 and lemma 1.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 12 of rr .
12. Q.E.D.
Proof: ⇒-rule.
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Theorem 10. (Monotonicity of rr w.r.t par.) Let d1 , d2 , d1 and d2 be
sequence diagrams without xalt. Then
[[ d1 ]]u rr [[ d1 ]]u ∧ [[ d2 ]]u rr [[ d2 ]]u ⇒ [[ d1 par d2 ]]u rr [[ d1 par d2 ]]u
Proof.
Let: [[
[[
[[
[[

d1
d1
d2
d2

]]u
]]u
]]u
]]u

= (p1 , n1 )
= (p1 , n1 )
= (p2 , n2 )
= (p2 , n2 )

11. Assume: 1. [[ d1 ]]u rr [[ d1 ]]u ,
i.e. (p1 , n1 ) rr (p1 , n1 )
2. [[ d2 ]]u rr [[ d2 ]]u ,
i.e. (p2 , n2 )u rr (p2 , n2 )
Prove: [[ d1 par d2 ]]u rr [[ d1 par d2 ]]u ,
i.e. (p1 , n1 ) (p2 , n2 ) rr (p1 , n1 ) (p2 , n2 ) by deﬁnition 6,
i.e. (p1 p2 , n1 p2 ∪ n1 n2 ∪ p1 n2 )
rr (p1 p2 , n1 p2 ∪ n1 n2 ∪ p1 n2 ) by deﬁnition 3.
21. Requirement 1: (p1 , n1 ) (p2 , n2 ) r (p1 , n1 ) (p2 , n2 )
31. (p1 , n1 ) r (p1 , n1 )
Proof: 11:1 and deﬁnition 12 of rr .
32. (p2 , n2 ) r (p2 , n2 )
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 31, 32 and lemma 31 in [HHRS06] (monotonicity of r w.r.t
par).
22. Requirement 2: (p1 p2 ) ⊆ (p1 p2 )
31. p1 ⊆ p1
Proof: 11:1 and deﬁnition 12 of rr .
32. p2 ⊆ p2
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 31, 32 and lemma 2.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 12 of rr .
12. Q.E.D.
Proof: ⇒-rule.
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Theorem 11. (Monotonicity of r w.r.t alt.) Let d1 , d2 , d1 and d2 be
sequence diagrams without xalt. Then
[[ d1 ]]u r [[ d1 ]]u ∧ [[ d2 ]]u r [[ d2 ]]u ⇒ [[ d1 alt d2 ]]u r [[ d1 alt d2 ]]u
Proof.
Let: [[
[[
[[
[[

d1
d1
d2
d2

]]u
]]u
]]u
]]u

= (p1 , n1 )
= (p1 , n1 )
= (p2 , n2 )
= (p2 , n2 )

11. Assume: 1. [[ d1 ]]u r [[ d1 ]]u ,
i.e. (p1 , n1 ) r (p1 , n1 )
2. [[ d2 ]]u r [[ d2 ]]u ,
i.e. (p2 , n2 )u r (p2 , n2 )
Prove: [[ d1 alt d2 ]]u r [[ d1 alt d2 ]]u ,
i.e. (p1 , n1 )  (p2 , n2 ) r (p1 , n1 )  (p2 , n2 ) by deﬁnition 9,
i.e. (p1 ∪ p2 , n1 ∪ n2 ) r (p1 ∪ p2 , n1 ∪ n2 ) by deﬁnition 10.
21. Requirement 1: (n1 ∪ n2 ) ⊆ (n1 ∪ n2 )
31. n1 ⊆ n1
Proof: 11:1 and deﬁnition 11 of r .
32. n2 ⊆ n2
Proof: 11:2 and deﬁnition 11 of r .
33. Q.E.D.
Proof: 31 and 32.
22. Requirement 2: (p1 ∪ p2 ) ⊆ ((p1 ∪ p2 ) ∪ (n1 ∪ n2 ))
31. p1 ⊆ p1 ∪ n1
Proof: 11:1 and deﬁnition 11 of r .
32. p2 ⊆ p2 ∪ n2
Proof: 11:2 and deﬁnition 11 of r .
33. Q.E.D.
Proof: 31, 32 and associativity and commutativity of ∪.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 11 of r .
12. Q.E.D.
Proof: ⇒-rule.
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Theorem 12. (Monotonicity of rr w.r.t alt.) Let d1 , d2 , d1 and d2 be
sequence diagrams without xalt. Then
[[ d1 ]]u rr [[ d1 ]]u ∧ [[ d2 ]]u rr [[ d2 ]]u ⇒ [[ d1 alt d2 ]]u rr [[ d1 alt d2 ]]u
Proof.
Let: [[
[[
[[
[[

d1
d1
d2
d2

]]u
]]u
]]u
]]u

= (p1 , n1 )
= (p1 , n1 )
= (p2 , n2 )
= (p2 , n2 )

11. Assume: 1. [[ d1 ]]u rr [[ d1 ]]u ,
i.e. (p1 , n1 ) rr (p1 , n1 )
2. [[ d2 ]]u rr [[ d2 ]]u ,
i.e. (p2 , n2 )u rr (p2 , n2 )
Prove: [[ d1 alt d2 ]]u rr [[ d1 alt d2 ]]u ,
i.e. (p1 , n1 )  (p2 , n2 ) rr (p1 , n1 )  (p2 , n2 ) by deﬁnition 9,
i.e. (p1 ∪ p2 , n1 ∪ n2 ) r (p1 ∪ p2 , n1 ∪ n2 ) by deﬁnition 10.
21. Requirement 1: (p1 , n1 )  (p2 , n2 ) r (p1 , n1 )  (p2 , n2 )
31. (p1 , n1 ) r (p1 , n1 )
Proof: 11:1 and deﬁnition 12 of rr .
32. (p2 , n2 ) r (p2 , n2 )
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 31, 32 and theorem 11 (monotonicity of r w.r.t alt).
22. Requirement 2: (p1 ∪ p2 ) ⊆ (p1 ∪ p2 )
31. p1 ⊆ p1
Proof: 11:1 and deﬁnition 12 of rr .
32. p2 ⊆ p2
Proof: 11:2 and deﬁnition 12 of rr .
33. Q.E.D.
Proof: 31 and 32.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 12 of rr .
12. Q.E.D.
Proof: ⇒-rule.
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B.2

Speciﬁcations with inherent nondeterminism

Transitivity
Theorem 13. (Transitivity of rg .) Let d, d and d be sequence diagrams
that may contain xalt. Then
[[ d ]]i rg [[ d ]]i ∧ [[ d ]]i rg [[ d ]]i ⇒ [[ d ]]i rg [[ d ]]i
Proof.
11. Assume: 1. [[ d ]]i rg [[ d ]]i
2. [[ d ]]i rg [[ d ]]i
Prove: [[ d ]]i rg [[ d ]]i
21. Choose arbitrary o ∈ [[ d ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. Choose o ∈ [[ d ]]i such that o rr o
Proof: 21, 11:1 and deﬁnition 21 of rg .
23. Choose o ∈ [[ d ]]i such that o rr o
Proof: 22, 11:2 and deﬁnition 21 of rg .
24. o rr o
Proof: 22, 23 and theorem 5 (transitivity of rr ).
25. ∀o ∈ [[ d ]]i : ∃o ∈ [[ d ]]i : o rr o
Proof: 21, 23, 24 and ∀-rule.
26. Q.E.D.
Proof: 25 and deﬁnition 21 of rg .
12. Q.E.D.
Proof: ⇒-rule.





Theorem 14. (Transitivity of rl .) Let d, d and d be sequence diagrams
that may contain xalt. Then
[[ d ]]i rl [[ d ]]i ∧ [[ d ]]i rl [[ d ]]i ⇒ [[ d ]]i rl [[ d ]]i
Proof.
11. Assume: 1. [[ d ]]i rl [[ d ]]i
2. [[ d ]]i rl [[ d ]]i
Prove: [[ d ]]i rl [[ d ]]i
21. [[ d ]]i rg [[ d ]]i
31. [[ d ]]i rg [[ d ]]i
Proof: 11:1 and deﬁnition 22 of rl .
32. [[ d ]]i rg [[ d ]]i
Proof: 11:2 and deﬁnition 22 of rl .
33. Q.E.D.
Proof: 31, 32 and theorem 13 (transitivity of rg ).
22. ∀o ∈ [[ d ]]i : ∃o ∈ [[ d ]]i : o rr o
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31. Choose arbitrary o ∈ [[ d ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
32. Choose o ∈ [[ d ]]i such that o rr o
Proof: 31, 11:1 and deﬁnition 22 of rl .
33. Choose o ∈ [[ d ]]i such that o rr o
Proof: 32, 11:2 and deﬁnition 22 of rl .
34. o rr o
Proof: 32, 33 and theorem 5 (transitivity of rr ).
35. Q.E.D.
Proof: 31, 33, 34 and ∀-rule.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 22 of rl .
12. Q.E.D.
Proof: ⇒-rule.

Transitivity between reﬁnement and implementation
Lemma 3. Let d1 and d2 be sequence diagrams that may contain xalt, and h a
well-formed trace.
Assume: 1. (p, n) ∈ [[ d1 ]]i
2. (p , n ) ∈ [[ d2 ]]i
3. (p, n) r (p , n )
4. (p , n ) →r ({h}, Hll(d2 ) \ {h})
Prove: (p, n) →r ({h}, Hll(d1 ) \ {h})
11. (p, n) r ({h}, Hll(d1 ) \ {h})
21. Requirement 1: n ⊆ Hll(d1 ) \ {h}
31. n ⊆ Hll(d2 ) \ {h}
41. n ⊆ n
Proof: Assumption 3 and deﬁnition 11 of r .
42. n ⊆ Hll(d2 ) \ {h}
Proof: Assumption 4 and deﬁnitions 11 and 14 of →r .
43. Q.E.D.
Proof: 41, 42 and transitivity of ⊆.
32. n ⊆ Hll(d1 )
Proof: Assumption 1, deﬁnition of ll(d) and deﬁnition of HL .
33. Q.E.D.
Proof: 31, 32 and A ⊆ B ∧ A ⊆ C \ X ⇒ A ⊆ B \ X for arbitrary
sets A, B, C and X.
22. Requirement 2: p ⊆ {h} ∪ (Hll(d1 ) \ {h}), i.e. p ⊆ {h} ∪ Hll(d1 )
Proof: p ⊆ Hll(d1 ) by assumption 1, deﬁnition of ll(d) and deﬁnition of
HL .
23. Q.E.D.
Proof: 21, 22 and deﬁnition 11 of r .
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12. Q.E.D.
Proof: Deﬁnition 14 of →r .

Lemma 4. Let d1 and d2 be sequence diagrams that may contain xalt, and h a
well-formed trace.
Assume: 1. (p, n) ∈ [[ d1 ]]i
2. (p , n ) ∈ [[ d2 ]]i
3. (p, n) rr (p , n )
4. (p , n ) →rr ({h}, Hll(d2 ) \ {h})
Prove: (p, n) →rr ({h}, Hll(d1 ) \ {h})
11. (p, n) r ({h}, Hll(d1 ) \ {h})
Proof: Assumptions 1–4 and lemma 3.
12. p ∩ {h} = ∅
21. p ⊆ p
Proof: Assumption 3 and deﬁnition 12 of rr .
22. p ∩ {h} = ∅
Proof: Assumption 4 and deﬁnition 15 of →rr .
23. Q.E.D.
Proof: 21, 22 and A ⊆ B ∧ A ∩ X = ∅ ⇒ B ∩ X = ∅ for arbitrary sets
A, B and X.
13. Q.E.D.
Proof: 11, 12 and deﬁnitions 14 and 15 of →rr .

Theorem 15. (Transitivity between reﬁnement and implementation
for (r)g .) Let d1 and d2 be sequence diagrams that may contain xalt. Then
[[ d1 ]]i (r)g [[ d2 ]]i ∧ [[ d2 ]]i →(r)g Iid2 ⇒ [[ d1 ]]i →(r)g Iid1
Proof.
11. Iid1 = {({h}, Hll(d1 ) \ {h}) | h ∈ traces(I)}
Proof: Deﬁnition 23 of Iid .
12. Iid2 = {({h}, Hll(d2 ) \ {h}) | h ∈ traces(I)}
Proof: Deﬁnition 23 of Iid .
13. Assume: 1. [[ d1 ]]i (r)g [[ d2 ]]i
2. [[ d2 ]]i →(r)g Iid2 ,
i.e. ∀o ∈ [[ d2 ]]i : ∃o ∈ Iid2 : o →(r)r o by deﬁnition 24.
Prove: [[ d1 ]]i →(r)g Iid1 ,
i.e. ∀o ∈ [[ d1 ]]i : ∃o ∈ Iid1 : o →(r)r o by deﬁnition 24.
21. Choose arbitrary (p, n) ∈ [[ d1 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. Choose (p , n ) ∈ [[ d2 ]]i such that (p, n) (r)r (p , n )
Proof: 21, 13:1 and deﬁnition 21 of (r)g .
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23. Choose h ∈ traces(I) such that (p , n ) →(r)r ({h}, Hll(d2 ) \ {h})
Proof: 22, 13:2 and 12.
24. (p, n) →(r)r ({h}, Hll(d1 ) \ {h})
Proof: 21, 22, 23 and lemma 3 (4).
25. ({h}, Hll(d1 ) \ {h}) ∈ Iid1
Proof: 11 and 23.
26. Q.E.D.
Proof: 21, 24, 25 and ∀-rule.
14. Q.E.D.
Proof: 13 and ⇒-rule.

Theorem 16. (Transitivity between reﬁnement and implementation
for (r)l .) Let d1 and d2 be sequence diagrams that may contain xalt. Then
[[ d1 ]]i (r)l [[ d2 ]]i ∧ [[ d2 ]]i →(r)l Iid2 ⇒ [[ d1 ]]i →(r)l Iid1
Proof.
11. Iid1 = {({h}, Hll(d1 ) \ {h}) | h ∈ traces(I)}
Proof: Deﬁnition 23 of Iid .
12. Iid2 = {({h}, Hll(d2 ) \ {h}) | h ∈ traces(I)}
Proof: Deﬁnition 23 of Iid .
13. Assume: 1. [[ d1 ]]i (r)l [[ d2 ]]i
2. [[ d2 ]]i →(r)l Iid2 ,
i.e. [[ d2 ]]i →(r)g Iid2 ∧ ∀o ∈ Iid2 : ∃o ∈ [[ d2 ]]i : o →(r)r o
by deﬁnition 25.
Prove: [[ d1 ]]i →(r)l Iid1
21. [[ d1 ]]i →(r)g Iid1
31. [[ d1 ]]i (r)g [[ d2 ]]i
Proof: 13:1 and deﬁnition 22 of (r)l .
32. [[ d2 ]]i →(r)g Iid2
Proof: 13:2.
33. Q.E.D.
Proof: 31, 32 and theorem 15 (transitivity between reﬁnement and
implementation for (r)g ).
22. ∀o ∈ Iid1 : ∃o ∈ [[ d1 ]]i : o →(r)r o
31. Choose arbitrary o ∈ Iid1
Proof: Iid1 is non-empty for all real systems I.
32. Choose h ∈ traces(I) such that o = ({h}, Hll(d1 ) \ {h})
Proof: 31 and 11.
33. ({h}, Hll(d2 ) \ {h}) ∈ Iid2
Proof: 32 and 12.
34. Choose (p , n ) ∈ [[ d2 ]]i such that (p , n ) →(r)r ({h}, Hll(d2 ) \ {h})
Proof: 33 and 13:2.
35. Choose (p, n) ∈ [[ d1 ]]i such that (p, n) (r)r (p , n )
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Proof: 34, 13:1 and deﬁnition 22 of (r)l .
36. (p, n) →(r)r ({h}, Hll(d1 ) \ {h})
Proof: 35, 34 and lemma 3 (4).
37. Q.E.D.
Proof: 32, 35, 36 and ∀-rule.
23. Q.E.D.
Proof: 21, 22 and deﬁnition 25 of →(r)l .
14. Q.E.D.
Proof: 13 and ⇒-rule.
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Monotonicity
Theorem 17. (Monotonicity of rg w.r.t refuse.) Let d be a sequence diagram that may contain xalt. Then
[[ d ]]i rg [[ d ]]i ⇒ [[ refuse d ]]i rg [[ refuse d ]]i
Proof.
11. Assume: [[ d ]]i rg [[ d ]]i
Prove: [[ refuse d ]]i rg [[ refuse d ]]i
21. Choose arbitrary o = (p, n) ∈ [[ refuse d ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. Choose (p1 , n1 ) ∈ [[ d ]] such that p = ∅ and n = p1 ∪ n1
Proof: 21 and deﬁnitions 5 and 8 of refuse.
23. Choose (p1 , n1 ) ∈ [[ d ]] such that (p1 , n1 ) rr (p1 , n1 )
Proof: 22, 11 and deﬁnition 21 of rg .
24. o = (p , n ) = (∅, p1 ∪ n1 ) ∈ [[ refuse d ]]
Proof: 23 and deﬁnitions 5 and 8 of refuse.
25. (p, n) rr (p , n )
Proof: 22, 23, 24 and theorem 8 (monotonicity of rr w.r.t refuse).
26. ∀o ∈ [[ refuse d ]]i : ∃o ∈ [[ refuse d ]]i : o rr o
Proof: 21, 24, 25 and ∀-rule.
27. Q.E.D.
Proof: 26 and deﬁnition 21 of rg .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 18. (Monotonicity of rg w.r.t seq.) Let d1 , d2 ,
sequence diagrams that may contain xalt. Then

d1

and

d2

be

[[ d1 ]]i rg [[ d1 ]]i ∧ [[ d2 ]]i rg [[ d2 ]]i ⇒ [[ d1 seq d2 ]]i rg [[ d1 seq d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rg [[ d1 ]]i
2. [[ d2 ]]i rg [[ d2 ]]i
Prove: [[ d1 seq d2 ]]i rg [[ d1 seq d2 ]]i
21. Choose arbitrary o = (p, n) ∈ [[ d1 seq d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. Choose (p1 , n1 ) ∈ [[ d1 ]]i and (p2 , n2 ) ∈ [[ d2 ]]i such that p = p1  p2 and
n = n1  p 2 ∪ n1  n2 ∪ p 1  n2
Proof: 21 and deﬁnitions 4, 7 and 19 of seq.
23. Choose (p1 , n1 ) ∈ [[ d1 ]]i such that (p1 , n1 ) rr (p1 , n1 )
Proof: 22, 11:1 and deﬁnition 21 of rg .
24. Choose (p2 , n2 ) ∈ [[ d2 ]]i such that (p2 , n2 ) rr (p2 , n2 )
Proof: 22, 11:2 and deﬁnition 21 of rg .
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25. o = (p , n ) = (p1  p2 , n1  p2 ∪ n1  n2 ∪ p1  n2 ) ∈ [[ d1 seq d2 ]]i
Proof: 23, 24 and deﬁnitions 4, 7 and 19 of seq.
26. (p, n) rr (p , n )
Proof: 22, 23, 24, 25 and theorem 9 (monotonicity of rr w.r.t. seq).
27. ∀o ∈ [[ d1 seq d2 ]]i : ∃o ∈ [[ d1 seq d2 ]]i : o rr o
Proof: 21, 25, 26 and ∀-rule.
28. Q.E.D.
Proof: 27 and deﬁnition 21 of rg .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 19. (Monotonicity of rg w.r.t par.) Let d1 , d2 ,
sequence diagrams that may contain xalt. Then

d1

and

d2

be

[[ d1 ]]i rg [[ d1 ]]i ∧ [[ d2 ]]i rg [[ d2 ]]i ⇒ [[ d1 par d2 ]]i rg [[ d1 par d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rg [[ d1 ]]i
2. [[ d2 ]]i rg [[ d2 ]]i
Prove: [[ d1 par d2 ]]i rg [[ d1 par d2 ]]i
21. Choose arbitrary o = (p, n) ∈ [[ d1 par d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. Choose (p1 , n1 ) ∈ [[ d1 ]]i and (p2 , n2 ) ∈ [[ d2 ]]i such that p = p1 p2 and
n = n1 p 2 ∪ n1 n2 ∪ p 1 n2
Proof: 21 and deﬁnitions 3, 6 and 19 of par.
23. Choose (p1 , n1 ) ∈ [[ d1 ]]i such that (p1 , n1 ) rr (p1 , n1 )
Proof: 22, 11:1 and deﬁnition 21 of rg .
24. Choose (p2 , n2 ) ∈ [[ d2 ]]i such that (p2 , n2 ) rr (p2 , n2 )
Proof: 22, 11:2 and deﬁnition 21 of rg .
25. o = (p , n ) = (p1 p2 , n1 p2 ∪ n1 n2 ∪ p1 n2 ) ∈ [[ d1 par d2 ]]i
Proof: 23, 24 and deﬁnitions 3, 6 and 19 of par.
26. (p, n) rr (p , n )
Proof: 22, 23, 24, 25 and theorem 10 (monotonicity of rr w.r.t. par).
27. ∀o ∈ [[ d1 par d2 ]]i : ∃o ∈ [[ d1 par d2 ]]i : o rr o
Proof: 21, 25, 26 and ∀-rule.
28. Q.E.D.
Proof: 27 and deﬁnition 21 of rg .
12. Q.E.D.
Proof: ⇒-rule.
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Theorem 20. (Monotonicity of rg w.r.t alt.) Let d1 , d2 , d1 and d2 be
sequence diagrams that may contain xalt. Then
[[ d1 ]]i rg [[ d1 ]]i ∧ [[ d2 ]]i rg [[ d2 ]]i ⇒ [[ d1 alt d2 ]]i rg [[ d1 alt d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rg [[ d1 ]]i
2. [[ d2 ]]i rg [[ d2 ]]i
Prove: [[ d1 alt d2 ]]i rg [[ d1 alt d2 ]]i
21. Choose arbitrary o = (p, n) ∈ [[ d1 alt d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. Choose (p1 , n1 ) ∈ [[ d1 ]]i and (p2 , n2 ) ∈ [[ d2 ]]i such that p = p1 ∪ p2 and
n = n1 ∪ n2
Proof: 21 and deﬁnitions 9, 10 and 19 of alt.
23. Choose (p1 , n1 ) ∈ [[ d1 ]]i such that (p1 , n1 ) rr (p1 , n1 )
Proof: 22, 11:1 and deﬁnition 21 of rg .
24. Choose (p2 , n2 ) ∈ [[ d2 ]]i such that (p2 , n2 ) rr (p2 , n2 )
Proof: 22, 11:2 and deﬁnition 21 of rg .
25. o = (p , n ) = (p1 ∪ p2 , n1 ∪ n2 ) ∈ [[ d1 alt d2 ]]i
Proof: 23, 24 and deﬁnitions 9, 10 and 19 of alt.
26. (p, n) rr (p , n )
Proof: 22, 23, 24, 25 and theorem 12 (monotonicity of rr w.r.t. alt).
27. ∀o ∈ [[ d1 alt d2 ]]i : ∃o ∈ [[ d1 alt d2 ]]i : o rr o
Proof: 21, 25, 26 and ∀-rule.
28. Q.E.D.
Proof: 27 and deﬁnition 21 of rg .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 21. (Monotonicity of rg w.r.t xalt.) Let d1 , d2 , d1 and d2 be
sequence diagrams that may contain xalt. Then
[[ d1 ]]i rg [[ d1 ]]i ∧ [[ d2 ]]i rg [[ d2 ]]i ⇒ [[ d1 xalt d2 ]]i rg [[ d1 xalt d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rg [[ d1 ]]i
2. [[ d2 ]]i rg [[ d2 ]]i
Prove: [[ d1 xalt d2 ]]i rg [[ d1 xalt d2 ]]i
21. Choose arbitrary o ∈ [[ d1 xalt d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
22. ∃o ∈ [[ d1 xalt d2 ]]i : o rr o
31. Case: o ∈ [[ d1 ]]i
41. Choose o ∈ [[ d1 ]]i such that o rr o
Proof: 21, 11:1 and deﬁnition 21 of rg .
42. o ∈ [[ d1 xalt d2 ]]i
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Proof: 41 and deﬁnition 18 of xalt.
43. Q.E.D.
32. Case: o ∈ [[ d2 ]]i
41. Choose o ∈ [[ d2 ]]i such that o rr o
Proof: 21, 11:2 and deﬁnition 21 of rg .
42. o ∈ [[ d1 xalt d2 ]]i
Proof: 41 and deﬁnition 18 of xalt.
43. Q.E.D.
33. Q.E.D.
Proof: The cases are exhaustive by 21 and deﬁnition 18 of xalt.
23. ∀o ∈ [[ d1 xalt d2 ]]i : ∃o ∈ [[ d1 xalt d2 ]]i : o rr o
Proof: 21, 22 and ∀-rule.
24. Q.E.D.
Proof: 23 and deﬁnition 21 of rg .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 22. (Monotonicity of rl w.r.t refuse.) Let d be a sequence diagram that may contain xalt. Then
[[ d ]]i rl [[ d ]]i ⇒ [[ refuse d ]]i rl [[ refuse d ]]i
Proof.
11. Assume: [[ d ]]i rl [[ d ]]i
Prove: [[ refuse d ]]i rl [[ refuse d ]]i
21. [[ refuse d ]]i rg [[ refuse d ]]i
Proof: 11, deﬁnition 22 of rl and theorem 17 (monotonicity of rg
with respect to refuse).
22. Choose arbitrary o = (p , n ) ∈ [[ refuse d ]]i
Proof: [[ d ]]i is non-empty for all interaction d.
23. Choose (p1 , n1 ) ∈ [[ d ]]i such that p = ∅ and n = p1 ∪ n1
Proof: 22 and deﬁnitions 8 and 20 of refuse.
24. Choose (p1 , n1 ) ∈ [[ d ]]i such that (p1 , n1 ) rr (p1 , n1 )
Proof: 23, 11 and deﬁnition 22 of rl .
25. o = (p, n) = (∅, p1 ∪ n1 ) ∈ [[ refuse d ]]i
Proof: 24 and deﬁnitions 8 and 20 of refuse.
26. (p, n) rr (p , n )
Proof: 23, 24, 25 and theorem 8 (monotonicity of rr w.r.t. refuse).
27. ∀o ∈ [[ refuse d ]]i : ∃o ∈ [[ refuse d ]]i : o rr o
Proof: 22, 25, 26 and ∀-rule.
28. Q.E.D.
Proof: 21, 27 and deﬁnition 22 of rl .
12. Q.E.D.
Proof: ⇒-rule.
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Theorem 23. (Monotonicity of rl w.r.t seq.) Let d1 , d2 , d1 and d2 be
sequence diagrams that may contain xalt. Then
[[ d1 ]]i rl [[ d1 ]]i ∧ [[ d2 ]]i rl [[ d2 ]]i ⇒ [[ d1 seq d2 ]]i rl [[ d1 seq d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rl [[ d1 ]]i
2. [[ d2 ]]i rl [[ d2 ]]i
Prove: [[ d1 seq d2 ]]i rl [[ d1 seq d2 ]]i
21. [[ d1 seq d2 ]]i rg [[ d1 seq d2 ]]i
Proof: 11:1, 11:2, deﬁnition 22 of rl and theorem 18 (monotonicity
of rg with respect to seq).
22. Choose arbitrary o = (p , n ) ∈ [[ d1 seq d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
23. Choose (p1 , n1 ) ∈ [[ d1 ]]i and (p2 , n2 ) ∈ [[ d2 ]]i such that p = p1  p2 and
n = n1  p2 ∪ n1  n2 ∪ p1  n2
Proof: 22 and deﬁnitions 4, 7 and 19 of seq.
24. Choose (p1 , n1 ) ∈ [[ d1 ]]i such that (p1 , n1 ) rr (p1 , n1 )
Proof: 23, 11:1 and deﬁnition 22 of rl .
25. Choose (p2 , n2 ) ∈ [[ d2 ]]i such that (p2 , n2 ) rr (p2 , n2 )
Proof: 23, 11:2 and deﬁnition 22 of rl .
26. o = (p, n) = (p1  p2 , n1  p2 ∪ n1  n2 ∪ p1  n2 ) ∈ [[ d1 seq d2 ]]i
Proof: 24, 25 and deﬁnitions 4, 7 and 19 of seq.
27. (p, n) rr (p , n )
Proof: 23, 24, 25, 26 and theorem 9 (monotonicity of rr w.r.t. seq).
28. ∀o ∈ [[ d1 seq d2 ]]i : ∃o ∈ [[ d1 seq d2 ]]i : o rr o
Proof: 22, 26, 27 and ∀-rule.
29. Q.E.D.
Proof: 21, 28 and deﬁnition 22 of rl .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 24. (Monotonicity of (r)l w.r.t par.) Let d1 , d2 , d1 and d2 be
sequence diagrams that may contain xalt. Then
[[ d1 ]]i (r)l [[ d1 ]]i ∧ [[ d2 ]]i (r)l [[ d2 ]]i ⇒ [[ d1 par d2 ]]i (r)l [[ d1 par d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i (r)l [[ d1 ]]i
2. [[ d2 ]]i (r)l [[ d2 ]]i
Prove: [[ d1 par d2 ]]i (r)l [[ d1 par d2 ]]i
21. [[ d1 par d2 ]]i (r)g [[ d1 par d2 ]]i
Proof: 11:1, 11:2, deﬁnition 22 of (r)l and theorem 14 in [HHRS06]/theorem 19
(monotonicity of (r)g with respect to par).
22. Choose arbitrary o = (p , n ) ∈ [[ d1 par d2 ]]i
36

Proof: [[ d ]]i is non-empty for all interactions d.
23. Choose (p1 , n1 ) ∈ [[ d1 ]]i and (p2 , n2 ) ∈ [[ d2 ]]i such that p = p1 p2 and
n = n1 p2 ∪ n1 n2 ∪ p1 n2
Proof: 22 and deﬁnitions 3, 6 and 19 of par.
24. Choose (p1 , n1 ) ∈ [[ d1 ]]i such that (p1 , n1 ) (r)r (p1 , n1 )
Proof: 23, 11:1 and deﬁnition 22 of (r)l .
25. Choose (p2 , n2 ) ∈ [[ d2 ]]i such that (p2 , n2 ) (r)r (p2 , n2 )
Proof: 23, 11:2 and deﬁnition 22 of (r)l .
26. o = (p, n) = (p1 p2 , n1 p2 ∪ n1 n2 ∪ p1 n2 ) ∈ [[ d1 par d2 ]]i
Proof: 24, 25 and deﬁnitions 3, 6 and 19 of par.
27. (p, n) (r)r (p , n )
Proof: 23, 24, 25, 26 and lemma 31 in [HHRS06]/theorem 10 (monotonicity of (r)r w.r.t. par).
28. ∀o ∈ [[ d1 par d2 ]]i : ∃o ∈ [[ d1 par d2 ]]i : o (r)r o
Proof: 22, 26, 27 and ∀-rule.
29. Q.E.D.
Proof: 21, 28 and deﬁnition 22 of (r)l .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 25. (Monotonicity of rl w.r.t alt.) Let d1 , d2 ,
sequence diagrams that may contain xalt. Then

d1

and

d2

be

[[ d1 ]]i rl [[ d1 ]]i ∧ [[ d2 ]]i rl [[ d2 ]]i ⇒ [[ d1 alt d2 ]]i rl [[ d1 alt d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rl [[ d1 ]]i
2. [[ d2 ]]i rl [[ d2 ]]i
Prove: [[ d1 alt d2 ]]i rl [[ d1 alt d2 ]]i
21. [[ d1 alt d2 ]]i rg [[ d1 alt d2 ]]i
Proof: 11:1, 11:2, deﬁnition 22 of rl and theorem 20 (monotonicity
of rg with respect to alt).
22. Choose arbitrary o = (p , n ) ∈ [[ d1 alt d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
23. Choose (p1 , n1 ) ∈ [[ d1 ]]i and (p2 , n2 ) ∈ [[ d2 ]]i such that p = p1 ∪ p2 and
n = n1 ∪ n2
Proof: 22 and deﬁnitions 9, 10 and 19 of alt.
24. Choose (p1 , n1 ) ∈ [[ d1 ]]i such that (p1 , n1 ) rr (p1 , n1 )
Proof: 23, 11:1 and deﬁnition 22 of rl .
25. Choose (p2 , n2 ) ∈ [[ d2 ]]i such that (p2 , n2 ) rr (p2 , n2 )
Proof: 23, 11:2 and deﬁnition 22 of rl .
26. o = (p, n) = (p1 ∪ p2 , n1 ∪ n2 ) ∈ [[ d1 alt d2 ]]i
Proof: 24, 25 and deﬁnitions 9, 10 and 19 of alt.
27. (p, n) rr (p , n )
Proof: 23, 24, 25, 26 and theorem 12 (monotonicity of rr w.r.t. alt).
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28. ∀o ∈ [[ d1 alt d2 ]]i : ∃o ∈ [[ d1 alt d2 ]]i : o rr o
Proof: 22, 26, 27 and ∀-rule.
29. Q.E.D.
Proof: 21, 28 and deﬁnition 22 of rl .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 26. (Monotonicity of rl w.r.t xalt.) Let d1 , d2 , d1 and d2 be
sequence diagrams that may contain xalt. Then
[[ d1 ]]i rl [[ d1 ]]i ∧ [[ d2 ]]i rl [[ d2 ]]i ⇒ [[ d1 xalt d2 ]]i rl [[ d1 xalt d2 ]]i
Proof.
11. Assume: 1. [[ d1 ]]i rl [[ d1 ]]i
2. [[ d2 ]]i rl [[ d2 ]]i
Prove: [[ d1 xalt d2 ]]i rl [[ d1 xalt d2 ]]i
21. [[ d1 xalt d2 ]]i rg [[ d1 xalt d2 ]]i
Proof: 11:1, 11:2, deﬁnition 22 of rl and theorem 21 (monotonicity
of rg with respect to xalt).
22. Choose arbitrary o ∈ [[ d1 xalt d2 ]]i
Proof: [[ d ]]i is non-empty for all interactions d.
23. ∃o ∈ [[ d1 xalt d2 ]]i : o rr o
31. Case: o ∈ [[ d1 ]]i
41. Choose o ∈ [[ d1 ]]i such that o rr o
Proof: 22, 11:1 and deﬁnition 22 of rl .
42. o ∈ [[ d1 xalt d2 ]]i
Proof: 41 and deﬁnition 18 of xalt.
43. Q.E.D.
32. Case: o ∈ [[ d2 ]]i
41. Choose o ∈ [[ d2 ]]i such that o rr o
Proof: 22, 11:2 and deﬁnition 22 of rl .
42. o ∈ [[ d1 xalt d2 ]]i
Proof: 41 and deﬁnition 18 of xalt.
43. Q.E.D.
33. Q.E.D.
Proof: The cases are exhaustive by 22 and deﬁnition 18 of xalt.
24. ∀o ∈ [[ d1 xalt d2 ]]i : ∃o ∈ [[ d1 xalt d2 ]]i : o rr o
Proof: 22, 23 and ∀-rule.
25. Q.E.D.
Proof: 21, 24 and deﬁnition 22 of rl .
12. Q.E.D.
Proof: ⇒-rule.
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B.3

Correspondence

Lemma 5. Let (p, n) be an interaction obligation for the sequence diagram d, I
be a system and h a well-formed trace.
Assume: 1. (p, n) r (traces(I), Hll(d) \ traces(I))
2. h ∈ traces(I)
Prove: (p, n) →r ({h}, Hll(d) \ {h}),
i.e. (p, n) r ({h}, Hll(d) \ {h}) by deﬁnition 14.
Proof.
11. Requirement 1: n ⊆ Hll(d) \ {h}
21. n ⊆ Hll(d) \ traces(I)
Proof: Assumption 1 and deﬁnition 11 of r .
22. h ∈ traces(I)
Proof: Assumption 2.
23. Q.E.D.
Proof: 21, 22 and A ⊆ B \ X ∧ x ∈ X ⇒ A ⊆ B \ {x} for arbitrary
sets A, B and X.
12. Requirement 2: p ⊆ {h} ∪ (Hll(d) \ {h}), i.e. p ⊆ {h} ∪ Hll(d)
Proof: p ⊆ Hll(d) by deﬁnition of Hll(d) , as (p, n) is an interaction obligation
for d.
13. Q.E.D.
Proof: 11, 12 and deﬁnition 11 of r .

Lemma 6. Let (p, n) be an interaction obligation for the sequence diagram d, I
be a system and h a well-formed trace.
Assume: ∀h ∈ traces(I) : (p, n) r ({h}, Hll(d) \ {h})
Prove: (p, n) →r (traces(I), Hll(d) \ traces(I)),
i.e. (p, n) r (traces(I), Hll(d) \ traces(I)) by deﬁnition 14.
Proof.
11. Requirement 1: n ⊆ Hll(d) \ traces(I)
21. ∀h ∈ traces(I) : n ⊆ Hll(d) \ {h}
Proof: The assumption and deﬁnition 11 of r .
22. ∀h ∈ traces(I) : {h} ∩ n = ∅
Proof: 21 and deﬁnition of ⊆.
23. traces(I) ∩ n = ∅
Proof: 22 and X ∩ A = ∅ ∧ Y ∩ A = ∅ ⇒ (X ∪ Y ) ∩ A = ∅ for arbitrary
sets A, X and Y .
24. n ⊆ Hll(d)
Proof: Deﬁnition of Hll(d) , as (p, n) is an interaction obligation for d.
25. Q.E.D.
Proof: 23, 24 and A ⊆ B ∧ A ∩ X = ∅ ⇒ A ⊆ B \ X for arbitrary sets
A, B and X.
12. Requirement 2: p ⊆ traces(I)∪(Hll(d) \traces(I)), i.e. p ⊆ traces(I)∪Hll(d)
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Proof: p ⊆ Hll(d) by deﬁnition of Hll(d) , as (p, n) is an interaction obligation
for d.
13. Q.E.D.
Proof: 11, 12 and deﬁnition 11 of r .

Theorem 27. (Correspondence.) Let d be a a sequence diagram with no xalt
operator. Then
[[ d ]]u →r Iud ⇒ [[ d ]]i →g Iid
Proof.
Let: [[ d ]]u = (p, n),
i.e. [[ d ]]i = {(p, n)}
11. Assume: [[ d ]]u →r Iud
Prove: [[ d ]]i →g Iid
21. (p, n) →r (traces(I), Hll(d) \ traces(I))
Proof: 11, [[ d ]]u = (p, n) and deﬁnition 13 of Iud .
22. (p, n) r (traces(I), Hll(d) \ traces(I))
Proof: 21 and deﬁnition 14 of →r
23. Choose arbitrary h ∈ traces(I)
Proof: traces(I) is non-empty for all real systems I.
24. (p, n) →r ({h}, Hll(d) \ {h})
Proof: 22, 23 and lemma 5.
25. ({h}, Hll(d) \ {h}) ∈ Iid
Proof: 23 and deﬁnition 23 of Iid .
26. ∀o ∈ [[ d ]]i : ∃o ∈ Iid : o →r o
Proof: [[ d ]]i = {(p, n)}, 24, 25 and ∀-rule.
27. Q.E.D.
Proof: 26 and deﬁnition 24 of →g .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 28. (Correspondence.) Let d be a a sequence diagram with no xalt
operator. Then
[[ d ]]u →rr Iud ⇒ [[ d ]]i →rg Iid
Proof.
Let: [[ d ]]u = (p, n),
i.e. [[ d ]]i = {(p, n)}
11. Assume: [[ d ]]u →rr Iud
Prove: [[ d ]]i →rg Iid
21. (p, n) →rr (traces(I), Hll(d) \ traces(I))
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Proof: 11, [[ d ]]u = (p, n) and deﬁnition 13 of Iud .
22. (p, n) r (traces(I), Hll(d) \ traces(I))
Proof: 21 and deﬁnitions 14 and 15 of →rr .
23. p ∩ traces(I) = ∅
Proof: 21 and deﬁnition 15 of →rr .
24. Choose h ∈ traces(I) such that p ∩ {h} = ∅
Proof: 23.
25. (p, n) →r ({h}, Hll(d) \ {h})
Proof: 22, 24 and lemma 5.
26. ({h}, Hll(d) \ {h}) ∈ Iid
Proof: 24 and deﬁnition 23 of Iid .
27. ∀o ∈ [[ d ]]i : ∃o ∈ Iid : o →rr o
Proof: [[ d ]]i = {(p, n)}, 24, 25, 26 and ∀-rule.
28. Q.E.D.
Proof: 27 and deﬁnition 24 of →rg .
12. Q.E.D.
Proof: ⇒-rule.

Theorem 29. (Correspondence.) Let d be a a sequence diagram with no xalt
operator. Then
[[ d ]]u →r Iud ⇒ [[ d ]]i →l Iid
Proof.
Let: [[ d ]]u = (p, n),
i.e. [[ d ]]i = {(p, n)}
11. Assume: [[ d ]]u →r Iud
Prove: [[ d ]]i →l Iid
21. [[ d ]]i →g Iid
Proof: 11 and theorem 27 (correspondence between →r and →g ).
22. (p, n) →r (traces(I), Hll(d) \ traces(I))
Proof: 11, [[ d ]]u = (p, n) and deﬁnition 13 of Iud .
23. (p, n) r (traces(I), Hll(d) \ traces(I))
Proof: 22 and deﬁnition 14 of →r
24. Choose arbitrary o ∈ Iid
Proof: Iid is non-empty for all real systems I.
25. Choose h ∈ traces(I) such that o = ({h}, Hll(d) \ {h})
Proof: 24 and deﬁnition 23 of Iid .
26. (p, n) →r ({h}, Hll(d) \ {h})
Proof: 23, 25 and lemma 5.
27. ∀o ∈ Iid : ∃o ∈ [[ d ]]i : o →r o
Proof: [[ d ]]i = {(p, n)}, 24, 25, 26 and ∀-rule.
28. Q.E.D.
Proof: 21, 27 and deﬁnition 25 of →l .
12. Q.E.D.
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Proof: ⇒-rule.

Theorem 30. (Correspondence.) Let d be a a sequence diagram with no xalt
operator. Then
[[ d ]]u →r Iud ⇐ [[ d ]]i →l Iid
Proof.
Let: [[ d ]]i = {(p, n)},
i.e.[[ d ]]u = (p, n)
11. Assume: [[ d ]]i →l Iid
Prove: [[ d ]]u →r Iud
21. {(p, n)} →l {({h}, Hll(d) \ {h}) | h ∈ traces(I)}
Proof: 11, [[ d ]]i = {(p, n)} and deﬁnition 23 of Iid .
22. ∀h ∈ traces(I) : (p, n) →r ({h}, Hll(d) \ {h})
Proof: 21 and deﬁnition 25 of →l .
23. ∀h ∈ traces(I) : (p, n) r ({h}, Hll(d) \ {h})
Proof: 22 and deﬁnition 14 of →r .
24. (p, n) →r (traces(I), Hll(d) \ traces(I))
Proof: 23 and lemma 6.
25. Q.E.D.
Proof: 24, [[ d ]]u = (p, n) and deﬁnition 13 of Iud .
12. Q.E.D.
Proof: ⇐-rule.

Theorem 31. (Correspondence.) Let d be a a sequence diagram with no xalt
operator. Then
[[ d ]]u →rr Iud ⇐ [[ d ]]i →rl Iid
Proof.
Let: [[ d ]]i = {(p, n)},
i.e.[[ d ]]u = (p, n)
11. Assume: [[ d ]]i →rl Iid
Prove: [[ d ]]u →rr Iud
21. {(p, n)} →rl {({h}, Hll(d) \ {h}) | h ∈ traces(I)}
Proof: 11, [[ d ]]i = {(p, n)} and deﬁnition 23 of Iid .
22. ∀h ∈ traces(I) : (p, n) →rr ({h}, Hll(d) \ {h})
Proof: 21 and deﬁnition 25 of →rl .
23. ∀h ∈ traces(I) : (p, n) r ({h}, Hll(d) \ {h})
Proof: 22 and deﬁnitions 14 and 15 of →rr .
24. (p, n) →r (traces(I), Hll(d) \ traces(I))
Proof: 23 and lemma 6.
25. ∀h ∈ traces(I) : p ∩ {h} = ∅
Proof: 22 and deﬁnition 15 of →rr .
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26. p ∩ traces(I) = ∅
Proof: 25
27. (p, n) →rr (traces(I), Hll(d) \ traces(I))
Proof: 24, 26 and deﬁnition 15 of →rr .
28. Q.E.D.
Proof: 27, [[ d ]]u = (p, n) and deﬁnition 13 of Iud .
12. Q.E.D.
Proof: ⇐-rule.
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Abstract. Having a sequence diagram speciﬁcation and a computer system, we need to answer the question: Is the system compliant with the
sequence diagram speciﬁcation in the desired way? We present a procedure for answering this question for three variations of sequence diagrams. The procedure does not require access to information about the
internals of the system such as program code.
The semantics of sequence diagrams is denotational and based on traces.
In order to answer the initial question, the procedure starts by obtaining
a basic representation of the system by e.g. testing. This representation
is then transformed into the same semantic model as that used for the
sequence diagram. Finally, a formal deﬁnition of compliance is applied
to determine whether the system complies with the speciﬁcation.
Compliance is closely related to reﬁnement, and the deﬁnitions of compliance are based on reﬁnement deﬁnitions. Therefore reﬁnement as well
as compliance is addressed. Compliance is not identical to reﬁnement
due to the partial nature of sequence diagram speciﬁcations.
The work is split in two parts. Part 1 [RRS07] introduces the necessary deﬁnitions for using the compliance checking procedure on sequence
diagrams with underspeciﬁcation and sequence diagrams with inherent
nondeterminism. This paper presents Part 2, in which we introduce the
necessary deﬁnitions for using the compliance checking procedure on sequence diagrams with probabilistic choice. Part 1 is a necessary prerequisite for Part 2.

1

Introduction

Having a sequence diagram speciﬁcation and a computer system, we need to
answer the question: Is the system compliant with the speciﬁcation in the desired
way?
Sequence diagrams are widely used for specifying computer systems within a
broad range of application domains. They are used for diﬀerent methodological
purposes including requirements capture, illustrating example runs, test scenario
1

speciﬁcation and risk scenario documentation. Although sequence diagrams are
widely used in practice, their relationship to real computer systems is nevertheless surprisingly unclear. This is partly caused by the fact that sequence diagrams
are used for diﬀerent purposes, but even more so because in contrast to most
other techniques for specifying dynamic behaviour they give only a partial view.
Answering the initial question above requires an understanding of what is
meant by a computer system and to what extent such a system is diﬀerent from
a sequence diagram. Obviously, we need a formal model for computer systems.
Also, the answer clearly depends on the expressiveness of the sequence diagram
dialect we are using. In this paper we study the problem with respect to sequence
diagrams with probabilistic choice, as formally deﬁned in the denotational trace
semantics of probabilistic STAIRS (pSTAIRS) [RHS07a].
The notion of compliance is closely related to that of reﬁnement. Whereas
compliance relates a speciﬁcation to (a mathematical representation of) a system, reﬁnement is a way of relating diﬀerent speciﬁcations of the same system
at diﬀerent levels of abstraction. The idea is that a reﬁnement should be a more
detailed description containing all the constraints given by the original speciﬁcation, in addition to some new ones.3 Diﬀerent development stages may require
diﬀerent notions of reﬁnement. For example, in early stages one may wish to allow introduction of new alternative ways to solve a certain task (i.e. to introduce
more underspeciﬁcation). Toward the end of the development process the only
allowed reﬁnement might be to decide on how each task will actually be solved,
which amounts to removing underspeciﬁcation by making design decisions. The
ﬁnal speciﬁcation used when implementing the system is the result of several
successive reﬁnement steps. The system should be compliant not only with the
ﬁnal speciﬁcation, but also with all speciﬁcations in the chain of reﬁnements.
Consequently, we may need several notions of compliance corresponding to the
various notions of reﬁnement.
As a computer program or other system representation may be viewed as
a speciﬁcation, one might ask why compliance is not identical to reﬁnement.
The reason for deﬁning compliance separately from reﬁnement is that a system
representation is (ideally) complete, while sequence diagrams are partial speciﬁcations. Sequence diagrams may include so-called implied scenarios, as explained
under “Restricted compliance relation” in Section 4.2 of [RRS07]. Implied scenarios must be taken into account when deﬁning compliance. For example, some
reﬁnement relations allow only behavior that is explicitly described as acceptable
at the abstract level to be acceptable at the concrete level. If compliance was
identical to reﬁnement this would imply that speciﬁcations with implied scenarios could not be complied with, since the implied scenarios would occur explicitly
in the system representation but not in the sequence diagram speciﬁcation.
3

Note that we use the term “constraint” rather loosely. For instance, the addition of
a new constraint may result in the speciﬁcation requiring more behaviours of the
system.
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In this paper we only consider compliance for probabilistic sequence diagrams
without external input and output. For such sequence diagrams, we propose the
following compliance checking procedure:
1. Given a computer system I and a sequence diagram d, use e.g. testing on
I to obtain a probability space representing the system behavior, where the
sample space is the set of all traces that may be produced by I.
2. Transform this probability space into the same semantic model as that used
for d.
3. Depending on the kind of compliance desired, select the appropriate compliance relation.
4. I is compliant with d if this compliance relation holds between the semantics
of d and the representation of I obtained in step 2.
In practice, a test will always give an imperfect picture of the system, since
the test will necessarily be ﬁnite. Only a ﬁnite number of trace instances can be
observed. Firstly, this means that the set of all observed traces may be only a
subset of the traces that the system is actually able to produce. Secondly, since
the probabilities obtained from a test will be based on frequencies of observed
trace instances, the probabilities will necessarily be inaccurate. However, the
accuracy of the obtained probabilities can always be increased by increasing the
number of observed trace instances. Thirdly, even if a system is in principle able
to produce inﬁnitely long traces, we can only observe ﬁnite traces. In such cases
the best we can do is to make an estimate based on the observed behaviour. For
example, if the same output has been transmitted continuously for a long period
of time, then we may assume that an inﬁnite loop has been entered.
The above imperfections are unavoidable for any method of judging compliance based on testing, in contrast to methods based on full information about the
internals of the system such as program code. But such information is usually too
complex or not even accessible for those responsible for determining whether the
system complies with the speciﬁcation. Therefore a procedure based on testing
is more useful in practice. It is up to those responsible for the test to decide how
extensive the test should be, i.e. how many and how long observations should
be made. This will depend on the nature of the system under consideration.
Diﬀerent development stages may not only involve diﬀerent notions of reﬁnement and compliance, but also diﬀerent requirements as regards probabilities. In
early stages the focus may typically be on what alternatives the system should
be able to produce, and developers will describe these alternatives until a suitable level of abstraction is reached. In these stages developers are not concerned
with probability values. Therefore sequence diagrams with inherent nondeterminism, together with the appropriate reﬁnement and compliance relations, offer a suﬃcient level of expressiveness. At a later stage it may be necessary to
introduce probabilities for the diﬀerent alternatives. To ensure that the intended
relationships between speciﬁcations (or between speciﬁcations and system representations) are preserved when introducing probabilities two issues must be
resolved. Firstly, a probabilistic interpretation of inherent nondeterminism must
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be established. Obviously, this interpretation must allow a large degree of freedom with respect to the actual probabilities; otherwise the developers would not
be able to choose suitable probability values for the alternatives. Secondly, we
need probabilistic counterparts to the reﬁnement and compliance relations used
for speciﬁcations with inherent nondeterminism. These relations should fulﬁll
the following condition for all speciﬁcations of practical interest: If a certain
relation holds for speciﬁcations with inherent nondeterminism then the probabilistic counterpart of this relation holds for the probabilistic interpretation of
the speciﬁcations.
The rest of this paper is organized as follows: In Section 2 we state the requirements that a step-wise procedure for checking computer systems against
probabilistic sequence diagrams needs to fulﬁll. The semantics of probabilistic
STAIRS is explained in Section 3. Section 4 gives a number of alternative deﬁnitions of reﬁnement. These deﬁnitions are evaluated and compared with respect
to mathematical properties that are desirable from a practical point of view.
Based on the reﬁnement deﬁnitions given in Section 4 we deﬁne what it means
for a system to be compliant with a probabilistic sequence diagram in Section
5. In Section 6 we give a probabilistic interpretation of sequence diagrams with
inherent nondeterminism, and explore correspondence between reﬁnement and
compliance relations when switching from sequence diagrams with inherent nondeterminism to sequence diagrams with probabilistic choice, as discussed in the
previous paragraph. We present some related work in Section 7 before concluding
in Section 8.
Some new deﬁnitions and notations to facilitate formal proofs are introduced
in Appendix A, while shorthand notation used in the proofs is explained in
Appendix B. Finally, the proofs are contained in Appendix C.

2

Requirements

In order to motivate the following discussion and formal deﬁnitions, we formulate a number of requirements that our procedure has been designed to fulﬁll.
That these requirements are met, is demonstrated throughout the discussion and
summed up in Section 8.
1. The procedure should be independent of the choice of programming language in which the system is implemented. A sequence diagram does not
prescribe any particular programming language, and the procedure should
be suﬃciently general to capture all possible choices. In general, we cannot
assume that we have access to the source code of the system. This means
that the only knowledge about the system that may be used by the procedure, is what can be obtained by testing. Although not feasible in practice,
we assume that we are able to observe inﬁnite runs. Otherwise, only safety
properties could be falsiﬁed.
2. The notion of compliance should be a special case of reﬁnement. Given a
sequence diagram and its reﬁnement, the procedure should give that a system
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is compliant with the reﬁnement only if the system is also compliant with
the original sequence diagram.
3. The procedure should allow inherently nondeterministic choices in a speciﬁcation to be replaced by probabilistic choices at some point in the development process. This allows developers to focus on specifying the relevant
alternatives in the early stage of the process, and then add probabilities
later. It should therefore be possible to interpret a speciﬁcation with inherent
nondeterminism as a probabilistic speciﬁcation with a large degree of underspeciﬁcation with respect to probabilities. The compliance and reﬁnement
relations used the for the speciﬁcation with nondeterministic choice should
have probabilistic counterparts such that for all practical speciﬁcations the
relations are preserved when switching to the probabilistic interpretation.
4. The procedure should be faithful to the underlying ideas and principles of
UML 2.1 [OMG06] sequence diagrams. UML is the leading speciﬁcation language within the software industry of today, and our goal is that our approach should be of help for UML practitioners.

3

The semantics of probabilistic STAIRS

In this section we explain and deﬁne the semantics of pSTAIRS. We start by
giving a thorough explanation of the operator palt for probabilistic choice.
3.1

Generalizing xalt into palt

Using xalt to specify inherent nondeterminism is not necessarily suﬃcient to
capture the desired system behavior. Most likely, the owner of the gambling
machine in Section 5.3 in [RRS07] wants it to be proﬁtable. Hence, the chance
of winning should be signiﬁcantly less than the chance of losing.
In order to specify probabilities for each alternative, the palt operator (ﬁrst
introduced in [RHS05]) may be used instead of the xalt operator. The palt operator describes the probabilistic choice between two or more alternative operands
whose joint probability should add up to one. Each operand is assigned a set of
probabilities, and each operand should be chosen with a probability in its probability set. By using sets of probabilities instead of a single probability for each
operand we allow underspeciﬁcation with respect to probabilities. This allows us
to specify for example a coin toss where any probability between 0.4 and 0.6 is
acceptable for the two possible outcomes.
At the semantic level, interaction obligations are replaced by p-obligations
of the form ((p, n), Q), where (p, n) is an interaction obligation and Q a set of
allowed probabilities. A p-obligation (o , Q ) reﬁnes a p-obligation (o, Q) if o
reﬁnes o and Q ⊆ Q. For the time being we assume the notion of general reﬁnement (deﬁned on page 10 in [RRS07]) lifted from sets of interaction obligations
to sets of p-obligations in the obvious way.
Probabilities other than 1 can only be introduced in a p-obligation by the
palt operator. Any speciﬁcation without a palt operator will contain exactly one
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p-obligation, and the probability set of this p-obligation will be {1}. The deﬁnition of the palt semantics is fairly complicated and involves some new operators
on p-obligations and probability sets. We therefore introduce this deﬁnition in
a stepwise manner. First we give three preliminary deﬁnitions and explain why
these do not work as desired. The preliminary deﬁnitions are (3), (5) and (8).
Then we present Deﬁnition (9), which is how the palt-semantics is deﬁned. Definition (5) is a strengthening of (3), (8) is a strengthening of (5) and (9) is a
strengthening of (8).
Before deﬁning the semantics of the palt, we deﬁne the notion of probability
decoration, which is used to assign probabilities to each operand of the palt
operator. Probability decoration may only occur in the operands of a palt and is
denoted by d;Q in the textual syntax, where d is a sequence diagram and Q is a
set of probabilities. Intuitively, d;Q states that the operand d should be selected
with a probability in Q. Semantically, probability decoration is deﬁned by:
def

[[ d;Q ]] = {(o, Q ∗ Q ) | (o, Q) ∈ [[ d ]]}

(1)

Multiplication of probability sets is deﬁned by
def

Q1 ∗ Q2 = {q1 ∗ q2 | q1 ∈ Q1 ∧ q2 ∈ Q2 }

(2)

A diagram on the form palt(d1 ;Q1 , . . . , dn ;Qn ) can be read as “one of the operands
d1 , . . . , dn should be selected; operand d1 should be selected with a probability
in Q1 and . . . and the operand dn should be selected with a probability in Qn ”.
It would be intuitively tempting to deﬁne the palt semantics in a similar
way as the xalt semantics, with the only diﬀerence being that each operand is
assigned a probability set. This would give the following deﬁnition:
pre

[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]] =

n


[[ dj ;Qj ]]

(3)

j=1
pre

where we use = to show that this is a preliminary deﬁnition. However, Deﬁnition 3 is not satisfactory. The reason is that we allow underspeciﬁcation with
respect to probabilities, but the deﬁnition does not ensure that the probabilities
of the operands are chosen so that they add up to 1. To see this, assume we
want to specify a coin toss with a coin that is not necessarily completely fair, so
we accept any probability between 0.4 and 0.6 for the two alternatives, leaving
the exact amount of unfairness open for the implementers to decide. The two
acceptable outcomes are heads and tails, represented by the corresponding messages. It is not acceptable for the coin to come to rest standing on its side. We
try to express this by the speciﬁcation in Figure 1. In the graphical notation we
write the probability sets for each operand to the palt operator after the operator
name. The ﬁrst probability set belongs to the ﬁrst operator, the second probability set to the second operator, and so on. The operators alt and refuse are
used to deﬁne the positive and the negative traces of the interaction obligations
representing heads and tails. Formal deﬁnitions are given in Deﬁnition (15) and
Deﬁnition (16) in Section 3.2. Now let
6

sd Coin1

sd Heads
:User

:User

:Coin

:Coin
heads

alt
palt [0.4,0.6] [0.4,0.6]
ref

refuse

Heads

alt

ref

tails
side

Tails

sd Tails
:User

:Coin
tails

alt

refuse
alt

heads
side

Fig. 1. A coin toss with underspeciﬁcation with respect to probabilities
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sh = {!heads, ?heads}
st = {!tails, ?tails}
ss = {!side, ?side}
oh = (sh , st ∪ ss )
ot = (st , sh ∪ ss )
According to Deﬁnition (3) we then get
[[ Coin1 ]] = {(oh , [0.4, 0.6]), (ot , [0.4, 0.6])}.
But this does not ensure that if probability 0.4 is chosen for the heads alternative
then probability 0.6 is chosen for the tails alternative, and Coin1 could be reﬁned
by a speciﬁcation where the probability of both the heads and tails alternatives
are 0.4 – which leaves room for behavior that is not acceptable in any of these
alternatives. For example, the speciﬁcation Coin2 in Figure 2 would be a valid
reﬁnement of Coin1, since (oh , [0.4, 0.6]) would be reﬁned by (oh , {0.4}) and
(ot , [0.4, 0.6]) would be reﬁned by (ot , {0.4}). This was not intended, as Coin2
allows the coin to come to rest standing on its side with the probability of 0.2.

sd Coin2

sd Side
:User

:User

:Coin

ref

side

alt

palt {0.4} {0.4} {0.2}

refuse

Heads

alt

ref

Tails

ref

Side

:Coin

heads
tails

Fig. 2. A coin toss where the coin may come to rest standing on its side

To ensure that the chosen probabilities of the operands add up to 1 we
strengthen the palt semantics with an additional p-obligation representing the
combination of all the p-obligations we obtain from the operands. The only acceptable probability for this combined p-obligation is 1. This formalizes that one
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of the operands must be chosen; i.e. the probabilistic choice will be made among
the speciﬁed operands. For the Coin1 speciﬁcation this means that we add a
p-obligation (oht , {1}) representing the combination of the heads and the tails
alternatives. The positive and negative traces of oht are determined by the interaction obligations of the original p-obligations (oh , [0.4, 0.6]) and (oh , [0.4, 0.6]).
If a trace is positive in one of these then it is acceptable for the system to produce
this trace. Therefore, if a trace is positive in at least one p-obligation (and not
inconclusive in any p-obligation) then it is positive in the combined p-obligation.
For the Coin1 speciﬁcation this means that traces in sh ∪ st are positive. If a
trace is negative in all the original p-obligations then this means that it should
not be produced at all. Hence it is also negative in the combined p-obligation.
For the Coin1 speciﬁcation this means that traces in ss are negative. If a trace
is inconclusive in at least one of the original p-obligations then it has not been
considered for all alternatives. It is therefore considered to be inconclusive also
in the combined p-obligation. In the Coin1 speciﬁcation the union of positive
and negative traces is the same for all the p-obligations of the operands of palt –
as discussed later we believe that from a practical point of view this is normally
advisable.
The interaction obligation of the combined p-obligation is formalized by the
⊕ operator, whose operand is a set of p-obligations:



def
⊕S = ((
p) ∩ (
p ∪ n),
n)
(4)
((p,n),Q)∈S

((p,n),Q)∈S

((p,n),Q)∈S

As explained above, a trace is negative only if it is negative in all p-obligations; a
trace is inconclusive if it is inconclusive in at least one p-obligation, and positive
otherwise. In the Coin1 speciﬁcation the interaction obligation of the combined
p-obligation is
oht = ⊕{((sh , st ∪ ss ), [0.4, 0.6]), ((st , sh ∪ ss ), [0.4, 0.6])} = (sh ∪ st , ss )
To include the combined p-obligation in the palt semantics we add another
line to the previous deﬁnition:
[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]]
n

[[ dj ;Qj ]] ∪

pre

=

(5)
(a)

j=1

{(⊕

n


[[ dj ;Qj ]], {1})}

(b)

j=1

Note that line (b) in Deﬁnition (5) implies that nesting of palt operators is
signiﬁcant. This means that a speciﬁcation with nested palt cannot in general
be rewritten into an equivalent speciﬁcation with only a single palt operator.
As an example, consider the speciﬁcations Nested and Flat in Figure 3. The
speciﬁcations are represented as interaction overview diagrams with probability decorations for each palt-operand. Speciﬁcation Nested is stricter than Flat,
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sd Nested
palt
Q
Q

Q

palt

Q

Q
ref

ref

d1

ref

d2

d3

ref

d4

ref

d4

sd Flat
palt
Q

ref

d1

ref

Q

Q*Q

d2

ref

Q*Q

d3

Fig. 3. Speciﬁcation Nested is stricter than speciﬁcation Flat

because Nested requires that the probability of selecting one of d3 and d4 is a
value in Q. This is not required by Flat. For example, let Q = [ 14 , 12 ], which gives
1 1
Q ∗ Q = [ 16
, 4 ]. According to Flat it would be acceptable to select d1 with prob1
and d4 with probability
ability 12 , d2 with probability 38 , d3 with probability 16
1
16 . According to Nested this is not acceptable, since the probability of selecting
one of d3 and d4 is then 18 , which is not a value in [ 14 , 12 ]. This illustrates the
extra expressiveness obtained by including line (b) in Deﬁnition 5.
But Deﬁnition 5 is also unsatisfactory. The reason is that it allows more than
one p-obligation at the abstract level to be represented by the same p-obligation
at the concrete level. To see this we look at an example where a palt operator has
more than two operands. Assume we want to specify a system that simulates a
player of the game Rock, Scissors, Papers. The system must be able to produce
traces representing each of the outcomes rock, scissors and paper, and we allow
the probability of each of these alternatives to be between 14 and 12 . This is
speciﬁed by the diagram Rsp1 in Figure 4. Intuitively, it is clear that the Rsp1
speciﬁcation should not allow the trace !rock, ?rock to be produced with a
probability higher than 21 , since this trace is negative both in the p-obligation
representing scissors and the p-obligation representing paper. Since each of these
two p-obligations have a lowest acceptable probability of 14 , this speciﬁcation
should ensure that the trace !rock, ?rock is not produced with a probability
higher than 14 + 14 = 12 . But this is not ensured; we may circumvent this intuitive
requirement by letting the three p-obligations in [[ Rsp1 ]] representing rock,
scissors and paper be reﬁned by one and the same p-obligation at the concrete
10

sd Rsp1

sd Rock1
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:User

palt [¼,½] [¼,½] [¼,½]
ref

alt
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refuse
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:Player

paper

refuse
alt

rock
paper

rock
scissors

Fig. 4. Rock, Scissors, Paper
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level, while at the same time adding two additional p-obligations that reﬁne only
the p-obligation representing rock. This is illustrated by the speciﬁcation Rsp2 in
Figure 5. Figure 6 shows how Rsp1 is reﬁned by Rsp2. The upper row represents
[[ Rsp1 ]] and the lower row represents [[ Rsp2 ]]. Each p-obligation is illustrated
by a circle representing the interaction obligation and a probability set. The
upper part of the circle contains the positive traces and the lower part contains
the negative traces. We have used the following trace names: r = !rock, ?rock,
s = !scissors, ?scissors, p = !paper, ?paper and t = !twine, ?twine. The
rightmost p-obligations are those we get from line (b) in Deﬁnition (5). The
arrows indicate the reﬁnement relation between p-obligations. Rsp1 is reﬁned by
Rsp2 since each p-obligation in [[ Rsp1 ]] is reﬁned by at least one p-obligation in
[[ Rsp2 ]]. But according to Rsp2, the trace r may well occur with a probability
greater than 21 , since it is allowed by all the p-obligations of [[ Rsp2 ]] except
number 2 from the left.
To avoid the above situation we strengthen the semantics of palt with pobligations representing the combined sum of any subset of p-obligations from
the original speciﬁcation. For example, we include a p-obligation representing the
combined sum of the rock outcome and the scissors outcome, i.e. a p-obligation
where both these outcomes are possible. As before, the interaction obligation
of a combined p-obligation is produced by the ⊕ operator. But since each new
combination represents only a subset of the original p-obligations, we cannot use
1 as the only acceptable probability. Instead we use the sum of the probability
¯ combines
sets of each p-obligation of the subset. The combined sum operator ⊕
an indexed set {(oi , Qi )}i∈N of p-obligations into a single p-obligation as follows:
def
¯
⊕({(o
i , Qi )}i∈N ) = (⊕{(oi , Qi ) | i ∈ N },



Qi )

(6)

i∈N

Summation of probability sets is done by choosing one value from each set and
then adding those combinations that do not exceed 1. Formally, summation of
n probability sets is deﬁned by:
n


n

def
Qi = {min(
qj , 1) | ∀j : qj ∈ Qj }

i=1

(7)

j=1

¯
Note that ⊕{(o,
Q)} = (o, Q) for any Q ⊆ [0, 1].
The following deﬁnition of palt, in which line (a) in Deﬁnition (5) has been
replaced, ensures that all possible combinations of p-obligations coming from the
operands of the palt are included:
pre

[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]] =
(8)
¯
{⊕({po
 ∅ ∧ ∀i ∈ N : poi ∈ [[ di ;Qi ]]} ∪ (a)
i }i∈N ) | N ⊆ {1, . . . , n} ∧ N =
n

{(⊕
[[ dj ;Qj ]], {1})}
(b)
j=1
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Fig. 5. An undesired reﬁnement of Rock, Scissors, Paper
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[¼,½]

[¼,½]

[¼,½]

{1}

r

s

p

r,s,p

s,p

r,p

r,s

[¼,½]

[¼,½]

[¼,½]

{1}
r,s,p,t

r

t

r,t

s,p,t

r,s,p

s,p

Fig. 6. Rsp1 is reﬁned by Rsp2

Note that the set of p-obligations we get from (8a) is a superset of the set we
get from (5a).
Figure 7 illustrates the semantics and reﬁnement relations of Rsp1 and Rsp2
when Deﬁnition (8) is applied. With this deﬁnition it is clear that Rsp2 is not a
reﬁnement of Rsp1, since one of the p-obligation in [[ Rsp1 ]] (the one representing
the combination of the scissors and paper outcomes) is not reﬁned by any pobligation from [[ Rsp2 ]].
The vertical dotted lines in Figure 7 illustrate from which part of Deﬁnition
(8) the p-obligations come. For the p-obligations coming from (8a) we have
indicated the number of p-obligations that have been combined by #N = x for
x ∈ {1, 2, 3}. Note that the set of p-obligations we get from Deﬁnition (5) is a
¯
subset of the set we get from Deﬁnition (8). This is because po = ⊕{po}
for any
p-obligation po.
The p-obligations illustrated by dotted circles in Figure 7 are repetitions of
p-obligations that are already in the set. They have been included to make it
easier to understand how the palt semantics is calculated.
Note that Deﬁnition (8) implies that a single palt operand at the abstract level
may be split into several operands in a reﬁnement. Consider the speciﬁcations
Rsp3 og Rsp4 in Figure 8. The only diﬀerence between these two speciﬁcations
is the following: Rsp3 requires that the rock and/or scissors outcomes are produced with a probability of 23 , but it does not say anything about the internal
distribution between these outcomes. Rsp4, on the other hand, requires that the
probability of producing each of the outcomes rock and scissors is 13 . Clearly,
this is a stricter requirement that implies the requirement from Rsp3. Therefore
Rsp4 should be a reﬁnement of Rsp3. However, if we used Deﬁnition (5) instead
of Deﬁnition (8), then this would not be the case. To see this, note that [[ Rsp3 ]]
includes the p-obligation (({r, s}, {p}), { 32 }), whether we use Deﬁnition (5) or
14
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Fig. 7. With Deﬁnition (8), Rsp1 is not reﬁned by Rsp2
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Fig. 8. Splitting of palt operands
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Deﬁnition (8). This p-obligation need to be reﬁned by a p-obligation in [[ Rsp4 ]].
But if we use Deﬁnition (5) then [[ Rsp4 ]] will not contain any p-obligation with
probability set { 32 }, so the reﬁnement relation does not hold. On the other hand,
using Deﬁnition (8) we get a p-obligation representing the combined sum of the
rock and the scissors alternatives (from the ﬁrst and second palt-operands of
Rsp4). This combined sum is identical to (({r, s}, {p}), { 32 }), so it follows that
each p-obligation in [[ Rsp3 ]] is reﬁned by a p-obligation in [[ Rsp4 ]].
One last consideration has to be made before we give the ﬁnal deﬁnition of
palt. This consideration regards the p-obligation representing the combination
of all other p-obligations that we introduced in Deﬁnition 5. The palt operator
is meant to represent a complete probabilistic choice in the sense that the sum
of the probabilities chosen for each operand should not be less than 1. If this
cannot be achieved then no system should 
comply with the speciﬁcation. We
ensure this by substituting {1} with {1} ∩ nj=1 Qj in (8b). This gives us the
following deﬁnition:
def

[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]] =
(9)
¯
{⊕({po
 ∅ ∧ ∀i ∈ N : poi ∈ [[ di ;Qi ]]} ∪ (a)
i }i∈N ) | N ⊆ {1, . . . , n} ∧ N =
n
n


Qj )}
(b)
{(⊕ [[ di ;Qi ]], {1} ∩
i=1

j=1

As explained further in Section 5, no system can comply with a speciﬁcation
whose semantics contains a p-obligation with an empty probability
set.
n
Note that, due to Deﬁnition (7), Deﬁnition (9b) means that {1}∩ i=1 Qi will
be equal to {1} even if all possible choices of one probability from each probability set Qi gives a sum that is greater than 1. This means that it may be possible
to comply with such a speciﬁcation, as long as the operands of the palt is overlapping in the sense that there exists a behavior that is allowed by more than one
operand. For example, assuming it is possible to comply with the speciﬁcation
d, then it is also possible to comply with the speciﬁcation palt(d;{1}, d;{1})4.
3.2

Generalizing the other operators

E denotes the set of all events. The semantics of an event e ∈ E is generalized
by assigning 1 as the only allowed probability:
def

[[ e ]] = {(({e}, ∅), {1})}
4

(10)

Another example is the following case: assume that [[ d1 ]] contains a single pobligation that according to the chosen compliance relation allows any traces except
t1 . Similarly, assume that [[ d2 ]] allows any traces except t2 . Assume furthermore
that I is a system that produces the trace t1 with probability 0.4, t2 with probability
0.3, and t3 with probability 0.3. From Section 5 it will be clear that I complies with
the speciﬁcation palt(d1 ;{0.6}, d2 ;{0.7}), partly because the trace t3 is allowed by
both d1 and d2 .
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Before giving the generalized semantics of seq, par, alt and refuse we need to
extend the deﬁnitions of the semantical composition operators to sets of pobligations. The composition of two sets of p-obligations is the set we may
obtain by choosing one p-obligation from each set and composing these two
p-obligations. Since these choices are made independently from each other, probability sets are multiplied. Hence, parallel composition ( ), sequential composition (), underspeciﬁcation () and refusal (†) carry over from sets of interaction
obligations to sets of p-obligations in a straightforward manner:
def

O1 op O2 = {(o1 op o2 , Q1 ∗ Q2 ) |
(o1 , Q1 ) ∈ O1 ∧ (o2 , Q2 ) ∈ O2 }
def

†O1 = {(†o1 , Q1 ) | (o1 , Q1 ) ∈ O1 }

(11)
(12)

where op is one of ,  and . We may then deﬁne seq, par, alt and refuse as
follows:
def

[[ d1 par d2 ]] = [[ d1 ]]

[[ d2 ]]

(13)

[[ d1 seq d2 ]] = [[ d1 ]]  [[ d2 ]]

(14)

def
def

[[ d1 alt d2 ]] = [[ d1 ]]  [[ d2 ]]
def

[[ refuse d ]] = †[[ d ]]

(15)
(16)

As in [RRS07] we also introduce the macro operator veto deﬁned by:
def

veto d = skip alt refuse d

(17)

where
def

[[ skip ]] = {(({}, ∅), {1})}

(18)

Notice that in all the examples the p-obligations of the diﬀerent palt-operands
have the same set of inconclusive traces. For practical speciﬁcations we believe
that this should normally be the case. Specifying probabilistic alternatives does
not make much sense unless they are mutually exclusive in the sense that the
positive traces in one operand are negative in the other. Consider again the speciﬁcation of a coin toss. If traces representing heads are inconclusive in the tails
alternative then they can in a reﬁnement be introduced as positive in the tails
alternative, which is obviously not the intention behind the speciﬁcation. Actually, for practical purposes we believe the following macro operator for ensuring
mutual exclusion is useful:
def

[[ expalt(d1 ;Q1 , . . . , dn ;Qn ) ]] =

[[ palt((d1 alt refuse(d2 alt . . . alt dn ));Q1 ,
...
(dn alt refuse(d1 alt . . . alt dn−1 ));Qn ) ]]
17

(19)

4

Reﬁnement

Reﬁnement means to add more information to the speciﬁcation in order to bring
it closer to a real system. When performing a series of reﬁnement steps it is
important that the end result reﬁnes the original speciﬁcation. Since practical
speciﬁcations may be quite large, it is also important that diﬀerent parts of a
sequence diagram may be reﬁned separately. In this section we present a number
of reﬁnement relations and evaluate these against the above criteria.
In [RRS07] two basic reﬁnement relations r and rr are deﬁned at the
semantic level. They characterize what it means for one interaction obligation to
reﬁne another interaction obligation. These two basic deﬁnitions are then used to
deﬁne the various reﬁnement and compliance relations at the syntactic level (i.e.
at the level of speciﬁcations expressed as sequence diagrams). Furthermore, the
syntactic relations are investigated formally with respect to desirable properties.
In this paper we follow a similar strategy, with the exception that we operate
with three basic relations, not just two as in the non-probabilistic case. The third
basic relation (nr ) is introduced as an alternative to the rr relation.
4.1

Reﬁnement relations for single interaction obligations

The reﬁnement relations r , rr and nr are deﬁned as follows:
def

(p, n) r (p , n ) = n ⊆ n ∧ p ⊆ p ∪ n




def









def





(20)


(p, n) rr (p , n ) = (p, n) r (p , n ) ∧ p ⊆ p

(21)


(p, n) nr (p , n ) = (p, n) r (p , n ) ∧ p ∪ n = p ∪ n



(22)

As explained in [RRS07], the reﬁnement relation r allows the incompleteness
of a speciﬁcation to be reduced by introducing more positive and/or negative
behaviors to the speciﬁcation, and hence reduce the set of inconclusive traces.
In addition, underspeciﬁcation may also be reduced by redeﬁning positive traces
as negative.
At some stage in the development process it may be natural to ﬁx the set
of positive traces, with the intention that at least one of these traces should be
present in a system compliant with the speciﬁcation. A valid reﬁnement step
may therefore only redeﬁne positive and inconclusive traces as negative, while
extending the set of positive traces is not allowed. This is represented by the
reﬁnement relation rr . The idea is that reﬁnement relations based on r and
rr will be used in diﬀerent phases of the development process.
However, as will be clear from Section 4.5, there are certain desirable properties that the reﬁnement relations based on rr do not fulﬁll in the probabilistic
case. We have therefore introduced a third reﬁnement relation nr for interaction obligations, where the n stands for narrowing. This relation is intended
as an alternative to rr for probabilistic speciﬁcations. It will be shown that
reﬁnement relations based on nr fulﬁll the desirable properties also in the
probabilistic case. The intuitive motivation for narrowing reﬁnement is quite
18

similar to that of restricted reﬁnement. During the speciﬁcation process we may
reach a point where all behavior we consider to be relevant and interesting has
been described. This includes normal behavior, exceptional behavior and erroneous behavior. At this point we may decide that supplementing (introducing
new traces) is no longer allowed, which is ensured by the right-hand conjunct of
(22). However, some design decisions may still be open. Hence, the speciﬁcation
may include underspeciﬁcation in form of positive behavior that need not occur
in a valid implementation.
The essential diﬀerence between rr and nr is that rr allows inconclusive traces to be redeﬁned as negative. This is not allowed by nr . Reﬁnement
relations based on nr should therefore only be used after all relevant and interesting behavior (including negative behavior) has been identiﬁed.
4.2

Reﬁnement relations for single p-obligations

A p-obligation is reﬁned by reﬁning its interaction obligation and/or reducing
its set of allowed probabilities. The interaction obligation may be reﬁned either
by r , rr or nr :
def

(o, Q) px (o , Q ) = o x o ∧ Q ⊆ Q

(23)

where x ∈ {r, rr, nr}.
4.3

General, restricted general and narrowing general reﬁnement

General reﬁnement of speciﬁcations is deﬁned for each of the three variants of
reﬁnement of a single p-obligation:
def

[[ d ]] x [[ d ]] =

(24)

∀po ∈ [[ d ]] : 0 ∈
/ π2 .po ⇒ ∃po ∈ [[ d ]] : po y po
where (x, y) ∈ {(pg, pr), (prg, prr), (png, pnr)}. Apart from the antecedent allowing p-obligations with 0 as an acceptable probability to be ignored, the considerations regarding reﬁnement of probabilistic sequence diagrams are exactly the
same as for sequence diagrams with inherent nondeterminism. The antecedent is
necessary to allow a proper treatment of soft real-time requirements, which are
requirements such as “after event A has occurred, event B should occur within
5 seconds with a probability of at least 0.9”. A system that always produces
event B within 5 seconds of producing event A would certainly comply with this
requirement. We enable expression of soft real-time requirements by allowing
that p-obligations with 0 as an acceptable probability are not represented at the
concrete level. A soft real-time requirement can then be expressed with a palt
operator with two operands: one for the case where event B occurs within 5 seconds, and another where it does not. This latter operand will have 0 as one of its
acceptable probabilities. For simplicity time constraints have not been included
in this report. For more on speciﬁcations with soft real-time requirements, see
[RHS07a].
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4.4

Limited, restricted limited and narrowing limited reﬁnement

Limited reﬁnement of speciﬁcations is deﬁned for each of the three variants of
reﬁnement of a single p-obligation:
def

[[ d ]] x [[ d ]] =
[[ d ]] y [[ d ]] ∧

(25)

¯
∀po ∈ [[ d ]] : ∃S ⊆ [[ d ]] : ∃po ∈ [[ d ]] : po ∈ S ∧ po z ⊕S
where (x, y, z) ∈ {(pl, pg, pr), (prl, prg, prr), (pnl, png, pnr)}.
The additional requirement for limited reﬁnement is intuitively that each pobligation at the concrete level represents a p-obligation at the abstract level.
However, it is perfectly acceptable to split a p-obligation at the abstract level
into several p-obligations at the concrete level. For example, if (o, {0.5}) is a pobligation of the abstract level, then this may be represented by the combination
of (o1 , {0.3}) and (o2 , {0.2}) at the concrete level, where both o1 and o2 are reﬁnements of o. This means that these two p-obligations are not valid reﬁnements
of any p-obligation at the abstract level, since {0.3} and {0.2} are not subsets


¯
of {0.5}. However, the combination ⊕{(o
1 , {0.3}), (o2 , {0.2})} is a reﬁnement of
(o, {0.5}). Therefore the additional requirement for limited reﬁnement is that
each p-obligation at the concrete level is a member of a set whose combination
is a reﬁnement of an abstract p-obligation.
4.5

Transitivity and monotonicity

In this section we present results concerning transitivity and monotonicity for
the reﬁnement relations.
A reﬁnement relation  is transitive if the following holds: If d1 is reﬁned
by d2 and d2 is reﬁned by d3 , then d1 is reﬁned by d3 . Formally:
[[ d1 ]]  [[ d2 ]] ∧ [[ d2 ]]  [[ d3 ]] ⇒ [[ d1 ]]  [[ d3 ]]

(26)

Transitivity of reﬁnement is important since it ensures that the result of successive reﬁnement steps is a valid reﬁnement of the original sequence diagram. The
following table summarizes results with respect to transitivity. “Y” (for “Yes”)
in a cell indicates that the reﬁnement relation is transitive, while “N” (for “No”)
indicates that it is not. In addition, each cell contains a reference to the relevant
theorem. We write Tx for Theorem x in the table. The theorems can be found
in Appendix C along with their proofs.
pg
prg pl
prl png pnl
Y: T1 in [RHS07a] Y: T11 Y: T12 N: T13 Y: T14 Y: T15
A binary operator op is monotonic with respect to reﬁnement if the following
holds: If d1 is reﬁned by d1 and d2 is reﬁned by d2 then d1 op d2 is reﬁned by
d1 op d2 . Formally:
[[ d1 ]]  [[ d1 ]] ∧ [[ d2 ]]  [[ d2 ]] ⇒ [[ d1 op d2 ]]  [[ d1 op d2 ]]
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(27)

Monotonicity ensures that diﬀerent parts of a sequence diagram may be reﬁned
separately. The following table summarizes results with respect to monotonicity
of operators for diﬀerent reﬁnement relations.
Operator pg
prg pl
refuse
Y: T21
Y: T23 Y: T28
seq
Y: T3 in [RHS07a] Y: T24 Y: T29
par
Y: T4 in [RHS07a] Y: T25 Y: T30
alt
Y: T5 in [RHS07a] Y: T26 Y: T31
palt
N: T22
N: T27 Y: T32

prl
Y: T33
N: T34
N: T35
N: T36
N: T37

png
Y: T38
Y: T39
Y: T40
Y: T41
N: T42

pnl
Y: T43
Y: T44
Y: T45
Y: T46
Y: T47

From the evaluation summarized in the above tables we identify two “winners” among the proposed reﬁnement relations; pl and pnl are the only reﬁnement relations that fulﬁll all desired properties with respect to transitivity
and monotonicity of all composition operators.
None of the general reﬁnement relations (pg , prg and png ) gives monotonicity for palt5 . Intuitively, the reason is that the deﬁnition of the semantics
for each operator ensures that there is always a p-obligation with 1 as the only
acceptable probability, see in particular (9b). This p-obligation restricts all behavior of a valid system, which means that new behavior that does not reﬁne
existing alternatives cannot be added. Therefore STAIRS may be more suitable than pSTAIRS at an early stage of the development process where not all
alternatives have been identiﬁed.
The tables show that prl does not fulﬁll the desired transitivity and monotonicity properties. This suggests that pnl should be used instead of prl for
probabilistic speciﬁcations.

5

Compliance

In this section we deﬁne what it means for a system to be compliant with a
probabilistic sequence diagram. To do this we need 1) a mathematical representation of the computer system, and 2) a characterization of the relation between
a speciﬁcation and the mathematical representation of the system.
5.1

Representation of a system

In the non-probabilistic case [RRS07] we assume that we know the set traces(I)
that the system I is able to produce. In the probabilistic case we need in addition
information about probabilities. The basic mathematical model of a probabilistic
process is a probability space [Sko05],[Bré94]. A probability space is a triple
(Ω, F, f ) where
– Ω is a sample space, i.e. a set of outcomes.
5

The extra criteria given in [RHS07a] to ensure monotonicity with respect to palt for
prg is basically similar to limited reﬁnement.
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– F is a σ-ﬁeld on Ω, i.e. a set of subsets of Ω that is closed under complement
and countable union, and that contains Ω.
– f is a probability measure on F, i.e. a function from F to [0, 1] assigning probabilities to the sets in F such that f (Ω) = 1 and
for any sequence
ω 1 , ω2 , . . .
∞
∞
of disjoint sets from F, the following holds: f ( i=1 ωi ) = i=1 f (ωi ).
To ensure that information about probabilities are included in the representation of the system I, we assume that I is represented by a probability space
(traces(I), FI , fI ). (This means that traces(I) is the sample space of this probability space.)
Clearly, we are not interested in an arbitrary FI . We need to ensure that
the probability space gives the necessary information with respect to probabilities. FI contains all sets for which the probability is known, and we could for
example let FI be the σ-ﬁeld {∅, traces(I)}. But a probability space with this
σ-ﬁeld would tell us nothing about probabilities, except that the probability of
producing a trace in traces(I) is 1. To ensure that the necessary information
about probabilities is contained in the probability space we require FI to be the
cone-σ-ﬁeld of traces(I).
The cone-σ-ﬁeld is the smallest σ-ﬁeld [Dud02, p. 86] generated from the set
CI of cones we obtain from traces(I). The cone ct of a ﬁnite trace t is the set
of all traces with t as a preﬁx, formally deﬁned by:
def

ct = {t ∈ traces(I) | t  t }

(28)

The set of cones CI contains the cone of every ﬁnite trace that is a preﬁx of a
trace in traces(I), formally deﬁned by:
def

CI = {ct | #t ∈ N0 ∧ ∃t ∈ traces(I) : t  t }

(29)

One may ask why we did not simply require FI to be the power set of
traces(I). This would ensure that a representation of a system would contain
information about the probability of every subset of traces(I). The answer is
that not all processes can be represented by a probability space whose σ-ﬁeld is
the power set of its sample space. For example, assume I is a process that ﬂips
a fair coin inﬁnitely many times. Then the set traces(I) is uncountable, and the
probability of each single trace is 0. According to the continuum hypothesis –
which states that there is no set whose size is strictly between that of the integers
and that of the real numbers – the cardinality of traces(I) then equals the
cardinality of the real numbers, and hence of [0, 1]. The following theorem taken
from [Dud02, Appendix C] by Banach and Kuratowski then implies that there
is no measure fI on P(traces(I)) such that fI ({t}) = 0 for each t ∈ traces(I)
and fI (traces(I)) = 1:
Assuming the continuum hypothesis, there is no measure μ deﬁned on
all subsets of Ω = [0, 1] with μ(Ω) = 1 and μ(x) = 0 for each x ∈ Ω.
Our decision to use a cone-based probability space to represent probabilistic
systems is inspired by [Seg95]. In [Seg95, p. 52] probability spaces whose σﬁelds are cone-σ-ﬁelds are used to represent fully probabilistic automata, i.e.
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automata with probabilistic choice but without nondeterminism. This is done in
order to deﬁne formally how to compute probabilities for trace sets. A cone-based
probability space is a suitable representation of a probabilistic system, since it
gives maximum information about probabilities while still allowing processes
such as an inﬁnite coin toss to be represented.
Note that for any trace t in traces(I) we have {t} ∈ FI (which is proved in
Lemma 27, Appendix C). As FI is closed under countable union, this means that
for any countable s ⊆ traces(I) we have s ∈ FI . Consequently, the probability
of every ﬁnite subset of traces(I) is included in the system representation, and
if traces(I) is ﬁnite then FI = P(traces(I)).
In order to check whether a system complies with a pSTAIRS speciﬁcation we
represent the system as a set of p-obligations. To ensure that all information from
the cone-σ-ﬁeld is contained in the representation we generate one p-obligation
from every trace set in FI . The pSTAIRS representation Ipd of the system I is
deﬁned by:
def

Ipd = {((s, Hll(d) \ s), {fI (s)}) | s ∈ FI ∧ s = ∅}

(30)

The superscript p means that Ipd is a probabilistic representation, and is sometimes omitted when this is obvious from the context. The subscript d means
that the representation is related to the speciﬁcation d, i.e. that only traces that
occur exclusively on lifelines in d are included as negative.
5.2

Compliance relations for single p-obligations

As for reﬁnement, we ﬁrst deﬁne compliance relations for single p-obligations
since compliance with probabilistic speciﬁcations is deﬁned in terms of compliance for single p-obligations:
def

(o, Q) →px (o , Q ) = o →x o ∧ Q ⊆ Q

(31)

where x ∈ {r, rr, nr}. The compliance relations for interaction obligations are
deﬁned by:
def

(p, n) →r (p , n ) = n ⊆ n ∧ p ⊆ p ∪ n




def





(32)


(p, n) →rr (p , n ) = (p, n) →r (p , n ) ∧ p ∩ p = ∅
def

(p, n) →nr (p , n ) = (p, n) →rr (p , n )

(33)
(34)

The compliance relations →rr and →nr allow inconclusive traces to be produced
by the system, even if the corresponding reﬁnement relations rr and nr
do not allow inconclusive traces at the abstract level to become positive at the
concrete level. The reason why the compliance relations allow inconclusive traces
to be produced is the potential for implied scenarios (see “Restricted compliance
relation” in Section 4.2 of [RRS07]). Implied scenarios must be taken into account
when deﬁning compliance relations since the system representations are complete
while sequence diagram speciﬁcations may be partial.
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The reason why →nr has been deﬁned as a separate relation even though it
is identical to →rr is to get matching subscripts on reﬁnement and compliance
and relations that belong together.
5.3

General, restricted general and narrowing general compliance

Similar to general reﬁnement, a system I is a (restricted) general compliance of
a sequence diagram d if every p-obligation in [[ d ]] where 0 is not an acceptable
probability is implemented by at least one p-obligation in Ipd :
def

[[ d ]] →x Ipd = ∀po ∈ [[ d ]] : 0 ∈
/ π2 .po ⇒ ∃po ∈ Ipd : po →y po

(35)

where (x, y) ∈ {(pg, pr), (prg, prr), (png, pnr)}. Note that the relations →prg and
→png are identical since the relations →prr and →pnr are identical.
5.4

Limited, restricted limited and narrowing limited compliance

Similar to limited reﬁnement, we now also require that every p-obligation obtained by Deﬁnition (30) is a member of a set whose combined sum is in compliance of at least one p-obligation in [[ d ]]:
def

[[ d ]] →x Ipd =
[[ d ]] →y Ipd ∧

(36)

¯
∀po ∈ Ipd : ∃S ⊆ Ipd : ∃po ∈ [[ d ]] : po ∈ S ∧ po →z ⊕S

where (x, y, z) ∈ {(pl, pg, pr), (prl, prg, prr), (pnl, png, pnr)}. Again note that
the relations →prl and →pnl are identical.
5.5

Example

The speciﬁcation S3 in Figure 9 is a probabilistic version of the gambling machine
speciﬁed in the diagram S2 in [RRS07]. S3 requires that the probability of losing
is exactly 0.9 and that the probability of winning is 0.1. Its semantics is given
by
[[ S3 ]] = {(o1 , {0.1}), (o2 , {0.9}), (o3 , {1})}
The interaction obligations o1 , o2 and o3 are given by
o1 =
( { !di, ?di, !m(yw), ?m(yw), !do, ?do , !qu, ?qu, !m(yw), ?m(yw), !do, ?do ,
!di, ?di, !m(yw), !do, ?m(yw), ?do , !qu, ?qu, !m(yw), !do, ?m(yw), ?do },
{ !di, ?di, !m(yl), ?m(yl) , !qu, ?qu, !m(yl), ?m(yl) ,
!di, ?di, !m(yl), ?m(yl), !do, ?do , !qu, ?qu, !m(yl), ?m(yl), !do, ?do ,
!di, ?di, !m(yl), !do, ?m(yl), ?do , !qu, ?qu, !m(yl), !do, ?m(yl), ?do } )
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sd S3

sd win
:Gambling
Machine

:I/O unit

alt

:Gambling
Machine

:I/O unit

msg(”You won”)
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palt {0.1}{0.9}

sd loss

ref

win

msg(”You lost”)
veto
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alt

:Gambling
Machine

:I/O unit

alt

ref

loss

ref

loss

ref

win

refuse

Fig. 9. A probabilistic gambling machine
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dollar

o2 =
( { !di, ?di, !m(yl), ?m(yl) , !qu, ?qu, !m(yl), ?m(yl) },
{ !di, ?di, !m(yw), ?m(yw), !do, ?do , !qu, ?qu, !m(yw), ?m(yw), !do, ?do ,
!di, ?di, !m(yw), !do, ?m(yw), ?do , !qu, ?qu, !m(yw), !do, ?m(yw), ?do ,
!di, ?di, !m(yl), ?m(yl), !do, ?do , !qu, ?qu, !m(yl), ?m(yl), !do, ?do ,
!di, ?di, !m(yl), !do, ?m(yl), ?do , !qu, ?qu, !m(yl), !do, ?m(yl), ?do } )
o3 = ⊕{o1 , o2 } =
( { !di, ?di, !m(yw), ?m(yw), !do, ?do , !qu, ?qu, !m(yw), ?m(yw), !do, ?do ,
!di, ?di, !m(yw), !do, ?m(yw), ?do , !qu, ?qu, !m(yw), !do, ?m(yw), ?do ,
!di, ?di, !m(yl), ?m(yl) , !qu, ?qu, !m(yl), ?m(yl) },
{ !di, ?di, !m(yl), ?m(yl), !do, ?do , !qu, ?qu, !m(yl), ?m(yl), !do, ?do ,
!di, ?di, !m(yl), !do, ?m(yl), ?do , !qu, ?qu, !m(yl), !do, ?m(yl), ?do } )
Let I be a system represented by the probability space (traces(I), FI , fI ) where
FI is the cone-σ-ﬁeld on traces(I) and
traces(I) = {t1 , t2 , t3 }
t1 = !di, ?di, !m(yw), ?m(yw), !do, ?do
t2 = !di, ?di, !m(yw), !do, ?m(yw), ?do
t3 = !di, ?di, !m(yl), ?m(yl)
fI ({t1 }) = fI ({t2 }) = 0.05
fI ({t3 }) = 0.9
Since traces(I) is ﬁnite, every subset of traces(I) is a member of FI , and we
get fI ({t1 , t2 }) = 0.1 and fI ({t1 , t2 , t3 }) = 1. Every member of FI gives rise to
a p-obligation in Ipd . In particular, we have that
(({t3 }, Hll(S3) \ {t3 }), {0.9}) ∈ Ipd
(({t1 , t2 }, Hll(S3) \ {t1 , t2 }), {0.1}) ∈ Ipd
(({t1 , t2 , t3 }, Hll(S3) \ {t1 , t2 , t3 }), {1}) ∈ Ipd
The ﬁrst of these three p-obligations complies with (o2 , {0.9}), the second complies with (o1 , {0.1}) and the third with (o3 , {1}) according to all of the compliance relations →pr , →prr and →pnr deﬁned for single p-obligations. We therefore
get
[[ S3 ]] →pg IpS3
[[ S3 ]] →prg IpS3
[[ S3 ]] →png IpS3
We also have
[[ S3 ]] →pl IpS3
[[ S3 ]] →prl IpS3
[[ S3 ]] →pnl IpS3
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¯ pS3 = (({t1 , t2 , t3 }, Hll(S3) \ {t1 , t2 , t3 }), {1}). Since
To see this, observe that ⊕I
this p-obligation complies with a p-obligation in [[ S3 ]], the condition that any
¯ complies
p-obligation in IpS3 is a member of a subset S of IpS3 such that ⊕S
with a p-obligation in [[ S3 ]] is easily fulﬁlled by choosing S = IpS3 .

5.6

Transitivity between reﬁnement and compliance

Transitivity between reﬁnement and compliance means that if d is reﬁned by d
and system I complies with d , then I complies also with d. Formally:
[[ d ]] x [[ d ]] ∧ [[ d ]] →x Ipd ⇒ [[ d ]] →x Ipd

(37)

Transitivity between reﬁnement and compliance is important as it ensures that
a system complies with a speciﬁcation if it complies with a reﬁnement of the
speciﬁcation.
The following table summarizes results with respect to transitivity between
reﬁnement and compliance for diﬀerent reﬁnement and compliance relations. As
prl is not transitive it is not relevant here.
pg
prg pl
png pnl
Y: T16 Y: T17 Y: T18 Y: T19 Y: T20

6

The relation between inherent nondeterminism and
probabilistic choice

Intuitively it seems clear that inherent nondeterminism (expressed by xalt in
STAIRS) is closely related to probabilistic choice (expressed by palt in pSTAIRS).
From a methodological perspective, it might be natural to use STAIRS in the
early stage of a development process. At this stage the essential question is:
what alternatives need to be possible? Later in the process we may want to
specify with what probability the diﬀerent alternatives should occur. This can
be achieved by replacing all xalt operators with palt. Switching from pSTAIRS to
STAIRS (by replacing palt operators with xalt) in a development process would
not make much sense, since this would mean that all information regarding
probabilities would be lost. In essence, this means that we want to ensure that
compliance and reﬁnement relations are preserved when switching from STAIRS
to pSTAIRS (but not the other way around).
To facilitate a development process where xalt may be replaced with palt
at some point we ﬁrst provide a translation function from speciﬁcations with
inherent nondeterminism to speciﬁcations with probabilistic choice. Then we
show how the result of a translation corresponds to the original speciﬁcation
with respect to reﬁnement and compliance.
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6.1

Probabilistic interpretation of inherent nondeterminism

The xalt expresses a choice between alternatives that must all be represented
both in further reﬁnements of the speciﬁcation and in a system that complies
with the speciﬁcation. Apart from this, nothing is said about the probabilities of
each alternative. The palt expresses a probabilistic choice between alternatives.
Unless 0 is an acceptable probability for an alternative, the alternative must
be represented both in further reﬁnements of the speciﬁcation and in a system
that complies with the speciﬁcation. Therefore there should be some way of
interpreting xalt in terms of palt. There are at least two approaches for doing
this:
– Interpret an xalt operator as a set of palt operators, where each operand is
assigned exactly one probability so that the sum of probabilities is 1. This
means that a speciﬁcation of the form d1 xalt d2 is interpreted as a set of
speciﬁcations of the form d1 ;{q1 } palt d2 ;{q1 }, where q1 , q2 > 0 and q1 + q2 =
1. Recall that if q1 + q2 = 1 then we obtain a p-obligation with an empty
probability set due to deﬁnition (9b), which means that the speciﬁcation can
not be complied with.
– Interpret an xalt operator as a single palt operator, where each operand may
be assigned a set of probabilities. This means that a speciﬁcation of the form
d1 xalt d2 is interpreted as a speciﬁcation of the form d1 ;Q1 palt d2 ;Q2 for
some suitable probability sets Q1 and Q2 .
With the ﬁrst approach the underspeciﬁcation with respect to probabilities implied by the xalt is reﬂected by the fact that a speciﬁcation with xalt is translated
to a set of speciﬁcations with palt instead of a single speciﬁcation. This means
that developers will have to maintain a set of speciﬁcations instead of a single
speciﬁcation if they want to retain some underspeciﬁcation with respect to probabilities after switching from STAIRS to pSTAIRS. To avoid this we choose the
second approach, in which a single speciﬁcation with xalt corresponds to a single
speciﬁcation with palt. This also keeps things simple when we later explore the
correspondence between speciﬁcations with xalt and speciﬁcations with palt.
The next question is what probability sets should be assigned to the operands
when replacing an xalt operator with a palt operator. Since the only requirement
of xalt is that all alternatives are represented both in further reﬁnements and
in the ﬁnal system, the following probability sets are the natural candidates to
evaluate: [0, 1], 0, 1 and 0, 1].
When deciding on which of these to choose we have to consider the diﬀerent
expressiveness of STAIRS and pSTAIRS. In STAIRS there is no way to distinguish between alternatives that need to occur with a probability higher than 0
and alternatives that that simply need to be possible; the only thing we know is
that each alternative of an xalt operator needs to be possible. That an alternative can be possible even though its probability is 0 is illustrated by the process
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where a coin is tossed inﬁnitely many times: the probability is 0 for each trace
of this process.6
In pSTAIRS the reﬁnement and compliance relations allow p-obligations with
0 as an acceptable probability to be ignored at the concrete level7 . This design
choice was made in order to allow speciﬁcation of cases where an undesirable
alternative is acceptable as long as its probability is not too high, but where it
is also perfectly acceptable if the undesirable alternative does not occur at all.
This allows us to capture and reason about soft real-time constraints [RHS05].
STAIRS cannot distinguish such alternatives, and requires all interaction obligations to be represented in a reﬁnement and in the speciﬁed system. Therefore
0 cannot be a member of the probability sets we assign to the operands when
replacing xalt with palt. Otherwise the requirement that every operand should be
represented in further reﬁnement steps and the ﬁnal system would be lost when
replacing xalt with palt. This means that the set [0, 1] is out of the question.
The next candidate we look at is 0, 1. Intuitively, this seems to be a good
choice. By excluding 0 as an acceptable probability we ensure that each operand
of the original xalt is represented in reﬁnements and the speciﬁed system. And
if 0 is not an acceptable probability for any operand then it seems natural that
1 should not be an acceptable probability for any operand. But this actually
only applies in cases where the operands are mutually exclusive. Consider the
speciﬁcation d = e xalt e where e is a single event. There is nothing wrong with
this speciﬁcation, even if the use of xalt in this case is unnecessary and the speciﬁcation is of little practical relevance. It is clear that any system I such that
traces(I) = {e} complies with the speciﬁcation. But consider now the speciﬁcation d = palt(e;0, 1, e;0, 1). This speciﬁcation requires that Ipd contains
a p-obligation whose probability set is a subset of 0, 1. But if traces(I) = {e}
then fI ({e}) = 1, and there is no p-obligation in Ipd whose probability set is
a subset of 0, 1. So I does not comply with d , even if it complies with d. We
therefore also reject 0, 1.
Hence we are left with 0, 1]. Luckily, using the set 0, 1] we ensure that
– each operand of the original xalt is represented in reﬁnements and the speciﬁed system (by excluding 0 from the acceptable probabilities),
– there is a correspondence between STAIRS and pSTAIRS in cases like the
example with d and d above (by including 1 among the acceptable probabilities) and
6

7

To specify an inﬁnite coin toss in STAIRS/pSTARIS requires use of the loop operator.
This operator is deﬁned in [HHRS06] for STAIRS and [RHS07a] for pSTAIRS, but
is outside the scope of this paper.
This does not mean that a speciﬁcation of an inﬁnite coin toss is meaningless in
pSTAIRS. For such a speciﬁcation will require that the system is able to produce
any ﬁnite preﬁx of all traces representing the inﬁnite coin toss with the appropriate
probability, due to combined p-obligations obtained from Deﬁnition (9b). For example, the probability of producing a trace starting with heads should be 0.5, the
probability of producing a trace starting with two consecutive heads should be 0.25,
and so on.
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– the xalt represents a very large degree of underspeciﬁcation with respect to
probabilities.
Based on these considerations we deﬁne a translator function g that translates
a sequence diagram with underspeciﬁcation and inherent nondeterminism to a
sequence diagram with underspeciﬁcation and probabilistic choice:
⎧
if d ∈ E ∪ {skip}
⎪
⎪d
⎪
⎪
⎪
op
g(d
)
if d = op d1 for
⎪
1
⎪
⎪
⎨
op ∈ {refuse, veto}
def
(38)
g(d) =
⎪g(d1 ) op g(d2 )
if
d = d1 op d2 for
⎪
⎪
⎪
⎪
⎪
op ∈ {alt, seq, par}
⎪
⎪
⎩
palt(g(d1 );0, 1] , . . . , g(dn );0, 1]) if d = xalt(d1 , . . . , dn )
For use in proofs and formulation of results we let Du denote the set of all
sequence diagrams with underspeciﬁcation, Di denote the set of all sequence
diagrams with underspeciﬁcation and inherent nondeterminism, and Dp denote
the set of all sequence diagrams with underspeciﬁcation and probabilistic choice.
In other words:
– Du denotes the set of all sequence diagrams that contains only operators
from the set OP = {refuse, seq, par, alt, skip},
– Di denotes the set of all sequence diagrams that contains only operators
from the set OP ∪ {xalt}, and
– Dp denotes the set of all sequence diagrams that contains only operators
from the set OP ∪ {palt}.
Hence, Di is the domain of the translator function g. We easily see that g(d) ∈ Dp
for any d ∈ Di .
6.2

Correspondence

In this section we present results concerning correspondence with respect to
reﬁnement and compliance when switching from STAIRS to pSTAIRS. Based on
the evaluation in Section 4 we restrict our attention to the winners, i.e. limited
and limited narrowing reﬁnement and compliance.
As reﬁnement and compliance relations for STAIRS speciﬁcations based on
nr and →nr were not deﬁned in [RRS07], we need to give these deﬁnitions
before presenting the correspondence results. The deﬁnitions are obtained by
replacing r with nr and →r with →nr in the obvious way:
def

[[ d ]]i ng [[ d ]]i = ∀o ∈ [[ d ]]i : ∃o ∈ [[ d ]]i : o nr o


i def

[[ d ]] nl [[ d ]]
i



= [[ d ]] ng [[ d ]]
∧ ∀o ∈ [[ d ]]i : ∃o ∈ [[ d ]]i : o nr o
i

i

def

[[ d ]]i →ng Iid = ∀o ∈ [[ d ]]i : ∃o ∈ Iid : o →nr o
def

 ng Iid
[[ d ]]i →nl Iid = [[ d ]]i →

∧ ∀o ∈ Iid : ∃o ∈ [[ d ]]i : o →nr o
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(39)
(40)
(41)
(42)

We are now ready to give the relevant correspondence results. Theorem 1
states the correspondence with respect to limited compliance:
Theorem 1 (Correspondence between →l and →pl ). Let d ∈ Di . Then
(∀(o, {q}) ∈ Ipd : q > 0) ∧ [[ d ]]i →l Iid ⇒ [[ g(d) ]]p →pl Ipd
The left conjunct of the antecedent in Theorem 1 requires an explanation.
Since the probability sets assigned to the operands of a palt when translating an
xalt does not contain 0, it is possible to produce an example where a system is
in limited compliance with a STAIRS speciﬁcation, but not with its translation
to pSTAIRS. This is done by ensuring that the system produces a trace with
probability 0 so that the resulting p-obligation in the system representation does
not represent any p-obligation in the speciﬁcation. This is illustrated in Lemma
55 in Appendix C. Hence correspondence between →l and →pl holds only for
systems where the probability for all p-obligations is greater than 0.
For the correspondence with respect to narrowing compliance another con¯ operator used when deﬁning the
dition has to be added, which is due to the ⊕
semantics of palt. For any set S of p-obligations, all traces that are inconclusive
¯
in at least one p-obligation in S are inconclusive also in the p-obligation ⊕S.
Hence, the use of palt may generate p-obligations with more inconclusive traces
than any of the original p-obligations in S. If these new p-obligations are not
represented in a system then we may have compliance in the non-probabilistic
case, but not in the probabilistic case. An example of such a case is given in
Lemma 56 in Appendix C.
Since xalt is translated to palt when switching from the non-probabilistic
to the probabilistic case, the above situation can be avoided by ensuring that
the inconclusive traces are the same for every interaction obligation of every
operand of an xalt. We use the predicate E(d) to denote that the diagram d
fulﬁlls this condition. Formally, E(d) holds iﬀ for every subdiagram of d of the
form xalt(d1 , . . . , dm ) there exists a set of traces s such that
∀(p, n) ∈

m


[[ di ]] : p ∪ n = s

(43)

i=1

Theorem 2 states the correspondence with respect to narrowing limited compliance when switching from STAIRS to pSTAIRS:
Theorem 2 (Correspondence between →nl and →pnl ). Let d ∈ Di . Then
E(d) ∧ (∀(o, {q}) ∈ Ipd : q > 0) ∧ [[ d ]]i →nl Iid ⇒ [[ g(d) ]]p →pnl Ipd
We now look at correspondence theorems with respect to reﬁnement. For
limited reﬁnement we need to ensure that the speciﬁcation at the concrete level
is xalt-normal in order to achieve correspondence. A speciﬁcation d ∈ Di is xaltnormal, written N (d), iﬀ either it does not contain any xalt at all or it is of
the form xalt(d1 , . . . , dm ), where none of the operands dj contains xalt. In other
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words, if d contains an xalt then xalt may occur only at the outermost level.
Formally:
def

N (d) = d ∈ Du ∨ (d = xalt(d1 , . . . , dm ) ∧ ∀j ≤ m : dj ∈ Du )

(44)

The reason why we need this requirement is that palt, unlike xalt, is not distribu¯ is
tive with respect to the composition operators in general. This is because ⊕
not distributive with respect to all operators at the semantic level; for example
¯ 1  S2 ) = ⊕S
¯ 1  ⊕S
¯ 2 does not hold for all sets of p-obligations S1 and S2 .
⊕(S
In the example given in Lemma 59 in Appendix C this is exploited to produce
speciﬁcations where correspondence does not hold because the speciﬁcation at
the concrete level is not xalt-normal.
Theorem 3 states the correspondence with respect to limited reﬁnement when
switching from STAIRS to pSTAIRS:
Theorem 3 (Correspondence between l and pl ). Let d and d be sequence diagrams in Di . Then
N (d ) ∧ E(d ) ∧ [[ d ]]i l [[ d ]]i ⇒ [[ g(d) ]]p pl [[ g(d ) ]]p
In the case of narrowing limited reﬁnement, we also need to require that the
speciﬁcation at the abstract level is xalt-normal. The need for this requirement
is illustrated by the example given in Lemma 62 in Appendix C.
Theorem 4 states the correspondence with respect to narrowing limited reﬁnement when switching from STAIRS to pSTAIRS:
Theorem 4 (Correspondence between nl and pnl ). Let d and d be
sequence diagrams in Di . Then
N (d) ∧ N (d ) ∧ E(d ) ∧ [[ d ]]i nl [[ d ]]i ⇒ [[ g(d) ]]p pnl [[ g(d ) ]]p
One may ask whether the extra conditions of the form E(d) and N (d) that
are included in the antecedents of the correspondence theorems have a signiﬁcant
negative impact on the usefulness of the theorems from a methodological point
of view. Fortunately this is not the case, since these requirements can easily
be fulﬁlled. The requirement E(d) can be fulﬁlled by using exxalt8 for exclusive
alternatives instead of xalt in d. As argued in Section 3.2, exxalt will normally
be a suitable operator in all cases where an xalt could be used in a practical
speciﬁcation.
With respect to the requirements of the form N (d), it is shown by Lemma 38
in Appendix C that any speciﬁcation d ∈ Di can be rewritten into an equivalent
speciﬁcation d that is xalt-normal, i.e. that [[ d ]]i = [[ d ]]i and N (d ) holds. This
rewrite, which could be automated, can therefore be performed before switching
to pSTAIRS without aﬀecting the reﬁnement relations established in STAIRS.
8

This operator is deﬁned by Deﬁnition (56), Appendix A.
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7

Related work

In [RRS07] we investigated the relationship between computer systems and sequence diagrams for sequence diagrams with underspeciﬁcation and sequence
diagrams with both inherent nondeterminism and underspeciﬁcation. The basis
of [RRS07] as well as this paper is sequence diagrams as deﬁned in e.g. UML
2.1 [OMG06]. As the focus of this paper is on compliance relations and not sequence diagrams as such, we have covered only the most essential of the UML
2.1 operators. In addition, we have considered operators for specifying inherent
nondeterminism and probabilistic choice. These operators are not found in UML
2.1, and neither in most other variants of sequence diagrams such as Message
Sequence Charts (MSCs) [ITU99].
For related work on the relationship between computer systems and sequence
diagrams without probabilistic choice we refer to [RRS07]. For probabilistic sequence diagrams, we are not aware of any paper about reﬁnement or the relationship to computer systems. However, these issues has been investigated for
other speciﬁcation languages.
In [MM05] a probabilistic extension of Dijkstra’s Guarded Command Language called pGCL is presented. The language allows nondeterministic (demonic/angelic) choice as well as probabilistic choice to be expressed, and pGCL
is a speciﬁcation language as well as a programming language. Hence there is no
distinction between reﬁnement and compliance. Reﬁnement is deﬁned in terms
of sets of behaviours. Abstraction is inclusion and reﬁnement is reverse inclusion.
In [JHSY94], reﬁnement is deﬁned for transition systems with nondeterministic choice and probabilistic choice. As in [MM05], nondeterministic choice is
used to represent underspeciﬁcation, and reﬁnement corresponds to restricting
the possible behaviour. In [JHSY94] a test is a probabilistic transition system
with a deﬁned set of success states; the probabilities of success is obtained by
composing a test with the system to be tested. This kind of probabilistic tests
have very strong distinguishing power, so that certain systems that are equivalent in non-probabilistic testing will no longer be equivalent in probabilistic
testing. Therefore an alternative weaker notion of testing called reward testing
is proposed. A reward test does not have probabilistic choice. Instead the end
states are assigned a nonnegative reward, and the outcome of a test is given as
expected rewards instead of probabilities of success.
Both pGCL [MM05] and the transition systems of [JHSY94] are complete
speciﬁcations in the sense that there is no notion of inconclusive behavior as
there is for sequence diagrams.

8

Conclusions

Building on [RRS07] we have deﬁned diﬀerent reﬁnement relations and their corresponding compliance relations for sequence diagrams with probabilistic choice.
Furthermore we have investigated these relations with mathematical properties
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that are desirable from a methodological point of view. For the relations that fulﬁll the desired properties we have established correspondence theorems between
the non-probabilistic and the probabilistic case.
Our general compliance checking procedure for relating systems and sequence
diagrams was given in Section 1. Together with the deﬁned reﬁnement and compliance relations, as well as the correspondence theorems, the procedure meets
the requirements stated in Section 2 in the following sense:
1. The procedure is independent of any particular programming language or
paradigm. All we require, is that there exists some means to obtain the
probability space representing the system (with respect to an asynchronous
communication paradigm).
2. The notion of compliance is a special case of reﬁnement, as we use the reﬁnement relations in the deﬁnitions of the compliance relations. Whatever
reﬁnement relation is used between two sequence diagrams, any implementation of the reﬁnement is also an implementation of the original diagram.
3. The translator function g deﬁned in Section 6.1 shows how a sequence diagram with inherent nondeterminism can be translated to a sequence diagram
with probabilistic choice. The correspondence theorems presented in Section
6.2 give the necessary conditions for ensuring that reﬁnement and compliance
relations are preserved when g is used to switch from the non-probabilistic
to the probabilistic case by the application of g. These conditions can easily be fulﬁlled for practical speciﬁcations. Together, the translator function g
and the correspondence theorems therefore facilitates a development method
where probabilistic information can be left out during the early stages of development.
4. The approach is faithful to the UML 2.1 standard, both with respect to the
underlying semantic model using sets of positive and negative traces, and
with respect to the semantics given for each concrete operator. In particular, all of our deﬁnitions take into account the partial nature of sequence
diagrams.
In this paper we have only considered sequence diagrams without external
input and output. Our results may be generalized to handle also sequence diagrams with such external communication by in each case deﬁning an adversary
representing the environment of the system, and then checking compliance under
the assumption of this adversary.
The research on which this paper reports has been carried out within the
context of the IKT-2010 project SARDAS (15295/431) and the IKT SOS project
ENFORCE (164382/V30), both funded by the Research Council of Norway. We
thank Thomas Weigert, Øystein Haugen, Rolv Bræk, Birger Møller-Pedersen,
Mass Soldal Lund and Judith Rossebø for useful discussions related to this work.

References
[Bré94]

Pierre Brémaud. An Introduction to Probabilistic Modeling. Springer, 1994.

34

[Dud02]

Richard M. Dudley. Real Analysis and Probability. Cambridge studies in
advanced mathematics. Cambridge, 2002.
[HHRS05] Øystein Haugen, Knut Eilif Husa, Ragnhild Kobro Runde, and Ketil Stølen.
STAIRS towards formal design with sequence diagrams. Journal of Software
and Systems Modeling, 22(4):349–458, 2005.
[HHRS06] Øystein Haugen, Knut Eilif Husa, Ragnhild Kobro Runde, and Ketil Stølen.
Why timed sequence diagrams require three-event semantics. Technical Report 309, Department of Informatics, University of Oslo, 2006.
[ITU99] International Telecommunication Union. Recommendation Z.120 — Message Sequence Chart (MSC), 1999.
[JHSY94] Bengt Jonsson, Chris Ho-Stuart, and Wang Yi. Testing and Reﬁnement
for Nondeterministic and Probabilistic Processes. In H. Langmaack, W.-P.
de Roever, and J. Vytopil, editors, Formal Techniques in Real-Time and
Fault-Tolerant Systems, volume 863, pages 418–430. Springer, 1994.
[MM05] Annabelle McIver and Carroll Morgan. Abstraction, Reﬁnement and Proof
for Probabilistic Systems. Springer, 2005.
[OMG06] Object Management Group. UML 2.1 Superstructure Speciﬁcation, document: ptc/06-04-02 edition, 2006.
[RHS05] Atle Refsdal, Knut Eilif Husa, and Ketil Stølen. Speciﬁcation and reﬁnement
of soft real-time requirements using sequence diagrams. In Proc. Formal
Modeling and Analysis of Timed Systems: Third International Conference,
FORMATS, 2005, number 3829 in Lecture Notes in Computer Science, pages
32–48. Springer, 2005.
[RHS07a] Atle Refsdal, Knut Eilif Husa, and Ketil Stølen. Speciﬁcation and reﬁnement
of soft real-time requirements using sequence diagrams. Technical Report
323, Department of Informatics, University of Oslo, 2007.
[RHS07b] Ragnhild Kobro Runde, Øystein Haugen, and Ketil Stølen. Reﬁning UML
interactions with underspeciﬁcation and nondeterminism. Technical Report
325, Department of Informatics, University of Oslo, 2007.
[RRS07] Ragnhild Kobro Runde, Atle Refsdal, and Ketil Stølen. Relating computer
systems to sequence diagrams with underspeciﬁcation, inherent nondeterminism and probabilistic choice, Part 1. Technical Report 346, Department
of Informatics, University of Oslo, 2007.
[Seg95]
Roberto Segala. Modeling and Veriﬁcation of Randomized Distributed RealTime Systems. PhD thesis, Massachusetts Institute of Technology, 1995.
[Sko05]
A. V. Skorokhod. Basic Principles and Applications of Probability Theory.
Springer, 2005.

35

A

Additional deﬁnitions

In the main section of this report we combined some deﬁnitions in order to save
space. For better reference in proofs we now give individual deﬁnitions. Let O1
and O2 be sets of p-obligations. Then
O1

def

O2 = {((o1

o2 ), Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ O1 ∧ (o2 , Q2 ) ∈ O2 }

(45)

def

O1  O2 = {((o1  o2 ), Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ O1 ∧ (o2 , Q2 ) ∈ O2 } (46)
def

O1  O2 = {((o1  o2 ), Q1 ∗ Q2 ) | (o1 , Q1 ) ∈ O1 ∧ (o2 , Q2 ) ∈ O2 }
def

†O1 = {(†o1 , Q1 ) | (o1 , Q1 ) ∈ O1 }

(47)
(48)

Operations for parallel composition, weak sequencing, inner union and negation
for p-obligations were not explicitly deﬁned in the main section. They are deﬁned
by
def

o2 , Q1 ∗ Q2 )

(49)

(o1 , Q1 )  (o2 , Q2 ) = (o1  o2 , Q1 ∗ Q2 )

(50)

(o1 , Q1 )

(o2 , Q2 ) = (o1
def

def

(o1 , Q1 )  (o2 , Q2 ) = (o1  o2 , Q1 ∗ Q2 )
def

†(o1 , Q1 ) = (†o1 , Q1 )

(51)
(52)

We also deﬁne multiplication of a p-obligation or a set of p-obligations with a
probability set:
def

(o, Q) ∗ Q = (o, Q ∗ Q )
 def

(53)



O ∗ Q = {(o, Q ∗ Q ) | (o, Q) ∈ O}

(54)

When exploring the relationship between STAIRS and pSTAIRS it is convenient
to have an n-ary xalt operator, where n ≥ 2. This is deﬁned by
[[ xalt(d1 , . . . , dn ) ]]i =

m


[[ dj ]]i

(55)

j=1

We easily verify that any speciﬁcation with n-ary xalt operators can be rewritten
into an equivalent speciﬁcation with only binary xalt operators.
Corresponding to expalt for probabilistic speciﬁcations we deﬁne the operator
exxalt for speciﬁcations with inherent nondeterminism.
def

[[ exxalt(d1 , . . . , dn ) ]] =

[[ xalt((d1 alt refuse(d2 alt . . . alt dn )),
...
(dn alt refuse(d1 alt . . . alt dn−1 ))) ]]
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(56)

B

Shorthand notation

To save space in the proofs we will sometimes use o, oi and o as shorthand
notation for (p, n), (pi , ni ) and (p , n ), respectively. We also use po, poi and po
as shorthand notation for (o, Q), (oi , Qi ) and (o , Q ), respectively. This means
that as a notational convention we have
po = (o, Q) = ((p, n), Q)
poi = (oi , Qi ) = ((pi , ni ), Qi )
po = (o , Q ) = ((p , n ), Q )
For simpler notation we also introduce the function trs that returns the positive
and negative traces of a p-obligation. Formally:
def

trs(((p, n), Q)) = p ∪ n

(57)

for any p-obligation ((p, n), Q).
For the example speciﬁcations given in proofs we write ab as shorthand for
!a seq ?a seq !b seq ?b, and assume that the speciﬁcation contains only one lifeline,
which is both transmitter and receiver for all messages. Similarly, we write ab
as shorthand for !a, ?a, !b, ?b.
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C

Proofs

In this section we state and prove each individual theorem. Theorems that are
proved in other technical reports are not included. The following tables give the
page number for each theorem and lemma. A reference is also given to results
whose proof uses the relevant lemma or theorem. Some lemmas that are not
used in any other proofs are included because they illustrate why alternative
(and usually stronger) versions of certain theorems do not hold.

Result
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

Page
43
44
45
46
51
51
52
53
54
54
55
58
58
60
60
60
63
64
65
67
67
68
71
71
72
73
73
76
76
77
78

Used in the proof of
L13, L17, L19, T12, T32
L7, L11, L18, L21, L42, T12, T15, T18, T20
L11, T29, T30, T31, T44, T45, T46
L11, L22, T29, T44
L11, L23 T30, T45
L11, T31, T46
L11
L11, T28, L54, T43
L11, L45, T28, L54
L11, L20, T32
L12, T12, T18, T29, T30, T31, T32
L13, L22, L23, L24, T15, T20, T44, T45, T46, T47
T15, T20, T47
T43
T17
L17
T18
T29, T30, T31, T44, T45, T46,
L24, T31, T46
T47
T32, T47
T44
T45
T46
T44, T45, T46
T44, T45, T46
L28
T1, T2
L30, L33
L35
L32, L36
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Result
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma

32
33
34
35
36
37
38
39
40
41
42
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45
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49
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56
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58
59
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Page
79
82
84
86
88
90
91
91
95
97
98
99
102
116
118
119
119
120
120
121
121
122
127
139
144
144
154
154
155
156
156

Result
Theorem 1
Theorem 2
Theorem 3
Theorem 4
Theorem 5
Theorem 6
Theorem 7
Theorem 8
Theorem 9

Used in the proof of
L33, T1, T2, T3, T4
T1, T2, T3, T4
L39, L43, L44, T1, T2, T3, T4
L44, T1, T3, T4
T1, T2, T3, T4
L38
T3, T4
T29, T44
T30, T45
T29, T30, T31, T44, T45, T46
L44, T4
T2
T21
T23, L54
T38
T24
T39
T40
T41
T25
T26
T33
-

Page
135
139
145
148
41
41
41
42
42

Used in the proof of
T4, T14, T15, T47
T2, T20
L14, L47
L49
L50
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Result
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
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C.1
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11
12
13
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16
17
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19
20
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24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
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42
102
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106
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108
109
109
110
110
117
117
119
121
121
122
122
123
124
125
125
126
128
128
129
129
129
130
130
130
130
130
130
131
132
133
133

Used in the proof of
L51
T15
T18
T19
T20
T28
T43
T44, T45, T46
-

Speciﬁcations without probabilistic choice related to nr .

This section includes proofs for speciﬁcation without probabilistic choice related
to the reﬁnement relation nr . These proofs are included in this report (Part
2) since the reﬁnement relation nr was not included in [RRS07].
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Theorem 5 (Transitivity of nr ). Let d, d and d be sequence diagrams in
Du . Then
[[ d ]]u nr [[ d ]]u ∧ [[ d ]]u nr [[ d ]]u ⇒ [[ d ]]u nr [[ d ]]u
Proof.
11. Assume: [[ d ]]u nr [[ d ]]u ∧ [[ d ]]u nr [[ d ]]u
Prove: [[ d ]]u nr [[ d ]]u
21. [[ d ]]u r [[ d ]]u
Proof: By assumption 11 and Lemma 26 in [HHRS06]
22. Let: (p, n) = [[ d ]]u
(p , n ) = [[ d ]]u
(p , n ) = [[ d ]]u
23. p ∪ n = p ∪ n ∧ p ∪ n = p ∪ n
Proof: By assumption 11
24. Q.E.D.
Proof: By 21 and 23
12. Q.E.D.
Proof: ⇒-rule

Theorem 6 (Transitivity between reﬁnement and compliance for nr ).
Let d1 and d2 be sequence diagrams in Du . Then
[[ d1 ]]u nr [[ d2 ]]u ∧ [[ d2 ]]u →nr Iud2 ⇒ [[ d1 ]]u →nr Iud1
Proof. This is a special case of Theorem 7 in [RRS07], since [[ d1 ]]u nr
[[ d2 ]]u implies [[ d1 ]]u rr [[ d2 ]]u , and the deﬁnitions of →rr and →nr are
identical.

Theorem 7 (Monotonicity of refuse w.r.t nr ). Let d ∈ Du . Then
[[ d ]]u nr [[ d ]]u ⇒ [[ refuse d ]]u nr [[ refuse d ]]u
Proof.
11. Assume: [[ d ]]u nr [[ d ]]u
Prove: [[ refuse d ]]u nr [[ refuse d ]]u
21. [[ refuse d ]]u r [[ refuse d ]]u
31. [[ d ]]u nr [[ d ]]u
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Lemma 4 in [RHS07b]
22. π1 .[[ refuse d ]]u ∪ π2 .[[ refuse d ]]u = π1 .[[ refuse d ]]u ∪ π2 .[[ refuse d ]]u
31. Let: (p, n) = [[ d ]]u
(p , n ) = [[ d ]]u
32. p ∪ n = p ∪ n
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Proof: By assumption 11
33. [[ refuse d ]]u = (∅, p ∪ n) ∧ [[ refuse d ]]u = (∅, p ∪ n )
Proof: By deﬁnition (8) in [RRS07]
34. Q.E.D.
Proof: By 32 and 33
23. Q.E.D.
Proof: by 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Theorem 8 (Monotonicity of seq w.r.t nr ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Du . Then
[[ d1 ]]u nr [[ d1 ]]u ∧ [[ d2 ]]u nr [[ d2 ]]u ⇒ [[ d1 seq d2 ]]u nr [[ d1 seq d2 ]]u
Proof.
11. Assume: [[ d1 ]]u nr [[ d1 ]]u ∧ [[ d2 ]]u nr [[ d2 ]]u
Prove: [[ d1 seq d2 ]]u nr [[ d1 seq d2 ]]u
21. [[ d1 seq d2 ]]u r [[ d1 seq d2 ]]u
Proof: By assumption 11 and Lemma 30 in [HHRS06]
22. π1 .([[ d1 seq d2 ]]u )∪π2 .([[ d1 seq d2 ]]u ) = π1 .([[ d1 seq d2 ]]u )∪π2 .([[ d1 seq d2 ]]u )
31. Let: (pi , ni ) = [[ di ]] and (pi , ni ) = [[ di ]] for i ∈ {1, 2}
32. p1 ∪ n1 = p1 ∪ n1 ∧ p2 ∪ n2 = p2 ∪ n2
Proof: By assumption 11
33. (p1  p2 ) ∪ (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 ) = (p1  p2 ) ∪ (n1 
p2 ) ∪ (n1  n2 ) ∪ (p1  n2 )
Proof: By 32
34. Q.E.D.
Proof: By 33 and deﬁnition (7) in [RRS07]
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Theorem 9 (Monotonicity of par w.r.t nr ). Let d1 , d2 , d1 and d2 be sequence diagrams in Du . Then
[[ d1 ]]u nr [[ d1 ]]u ∧ [[ d2 ]]u nr [[ d2 ]]u ⇒ [[ d1 par d2 ]]u nr [[ d1 par d2 ]]u
Proof. The proof is similar to the proof for Theorem 8; just replace seq with
par,  with and the reference to Lemma 30 in [HHRS06] with a reference to
Lemma 31 in [HHRS06].

Theorem 10 (Monotonicity of alt w.r.t nr ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Du . Then
[[ d1 ]]u nr [[ d1 ]]u ∧ [[ d2 ]]u nr [[ d2 ]]u ⇒ [[ d1 alt d2 ]]u nr [[ d1 alt d2 ]]u
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Proof.
11. Assume: [[ d1 ]]u nr [[ d1 ]]u ∧ [[ d2 ]]u nr [[ d2 ]]u
Prove: [[ d1 alt d2 ]]u nr [[ d1 alt d2 ]]u
21. [[ d1 alt d2 ]]u r [[ d1 alt d2 ]]u
Proof: By assumption 11 and Theorem 11 in [RRS07]
22. π1 .([[ d1 alt d2 ]]u )∪π2 .([[ d1 alt d2 ]]u ) = π1 .([[ d1 alt d2 ]]u )∪π2 .([[ d1 alt d2 ]]u )
31. Let: (pi , ni ) = [[ di ]] and (pi , ni ) = [[ di ]] for i ∈ {1, 2}
32. p1 ∪ n1 = p1 ∪ n1 ∧ p2 ∪ n2 = p2 ∪ n2
Proof: By assumption 11
33. (p1 ∪ p2 ) ∪ (n1 ∪ n2 ) = (p1 ∪ p2 ) ∪ (n1 ∪ n2 )
Proof: By 32
34. Q.E.D.
Proof: By 33 and deﬁnition (9) in [RRS07]
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

C.2

Speciﬁcations with probabilistic choice

In this section [[ . . . ]] is always interpreted as [[ . . . ]]p , and Id as Ipd .
General lemmas
Lemma 1. Let O and O be sets of p-obligations. Then
O pl O ⇒ ⊕O r ⊕O
Proof.
11. Assume: O pl O
Prove: ⊕O r ⊕O
21. Assume: ⊕O r ⊕O
Prove: ⊥
31. Let: ⊕O = (p, n) and ⊕O = (p , n )
32. n ⊆ n ∨ p ⊆ p ∪ n
Proof: By assumption 21
33. Case: n ⊆ n
41. Let: t ∈ H such that t ∈ n ∧ t ∈
/ n
Proof: By assumption 33
42. Let: ((p1 , n1 ), Q1 ) ∈ O such that t ∈
/ n1
Proof: By 41 and deﬁnition 4
43. ∀S ⊆ O : ((p1 , n1 ), Q1 ) ∈ S ⇒ t ∈
/ π2 . ⊕ S
Proof: By 42
44. ∀((p1 , n1 ), Q1 ) ∈ O : t ∈ n1
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Proof: By 41 and deﬁnition 4
45. ∀((p1 , n1 ), Q1 ) ∈ O, S ⊆ O : ((p1 , n1 ), Q1 ) ∈ S ⇒ (p1 , n1 ) r ⊕S
Proof: By 43 and 44
46. Q.E.D.
Proof: By assumption 11 and 45
34. Case: p ⊆ p ∪ n
41. Let: t ∈ H such that t ∈ p ∧ t ∈
/ p  ∪ n
Proof: By assumption 34
/ p1 ∪ n1
42. Let: ((p1 , n1 ), Q1 ) ∈ O such that t ∈
Proof: By 41 and deﬁnition 4
43. ∀S ⊆ O : ((p1 , n1 ), Q1 ) ∈ S ⇒ t ∈
/ π1 . ⊕ S ∪ π2 . ⊕ S
Proof: By 42 and deﬁnition 4
44. ∀((p1 , n1 ), Q1 ) ∈ O : t ∈ p1 ∪ n1
Proof: By 41 and deﬁnition 4
45. ∀((p1 , n1 ), Q1 ) ∈ O, S ⊆ O : ((p1 , n1 ), Q1 ) ∈ S ⇒ (p1 , n1 ) r ⊕S
Proof: By 43 and 44
46. Q.E.D.
Proof: By By assumption 11, deﬁnition 25 and 45
35. Q.E.D.
Proof: By 32 the cases 33 and 34 are exhaustive
22. Q.E.D.
Proof: ⊥-rule
12. Q.E.D.
Proof: ⇒-rule

Lemma 2. Let d ∈ D . Then
p

¯ d ]] ⊆ {1}
π2 .⊕[[
Proof.
11. ∃po ∈ [[ d ]] : Q ⊆ {1}
21. Case: d consists of a single event e or d = skip
31. [[ d ]] = {(({e}, ∅), {1})} ∨ [[ d ]] = {(({}, ∅), {1})}
Proof: By assumption 21
32. Q.E.D.
Proof: By 31
22. Case: d contains at least one operator
31. Assume: For every sequence diagram d that occur in an operand of
d the following holds: ∃po ∈ [[ d ]] : Q ⊆ {1} (ind. hyp.)
Prove: ∃po ∈ [[ d ]] : Q ⊆ {1}
41. Case: d = palt(d1 ;Q1 , . . . dn ;Q
n )
51. ∃po ∈ [[ d ]] : π2 .po = {1} ∩ ni=1 Qi
Proof: By 41 and deﬁnition 9
52. Q.E.D.
Proof: By 51 and deﬁnition 7
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42. Case: d = d1 seq d2
51. Let: po1 ∈ [[ d1 ]] s.t. Q1 ⊆ {1}
po2 ∈ [[ d2 ]] s.t. Q2 ⊆ {1}
Proof: By assumption 31
52. po1  po2 ∈ [[ d ]]
Proof: By 51 and assumption 42
53. π2 .(po1  po2 ) ⊆ {1}
Proof: By 51
54. Q.E.D.
Proof: By 52 and 53
43. Case: d = d1 par d2
Proof: Similar to 42
44. Case: d = d1 alt d2
Proof: Similar to 42
45. Case: d = refuse d1
51. Let: (o, Q) ∈ [[ d1 ]] s.t. Q ⊆ {1}
Proof: By assumption 31
52. (†o, Q) ∈ [[ d ]]
Proof: By 51 and assumption 45
53. Q.E.D.
Proof: By 51 (Q ⊆ {1}) and 52
46. Q.E.D.
Proof: The cases 41, 42, 43, 44 and 45 are exhaustive
32. Q.E.D.
Proof: Induction step
23. Q.E.D.
Proof: Induction with 21 as base case and 22 as induction step
12. Q.E.D.
Proof: By 11, Deﬁnition 6 and Deﬁnition 7

Lemma 3 (Monotonicity of , and  w.r.t pr for p-obligations). Let
(o1 , Q1 ), (o2 , Q2 ), (o1 , Q1 ) and (o2 , Q2 ) be p-obligations. Then
(o1 , Q1 ) pr (o1 , Q1 ) ∧ (o2 , Q2 ) pr (o2 , Q2 ) ⇒
(o1 , Q1 )  (o2 , Q2 ) pr (o1 , Q1 )  (o2 , Q2 ) ∧
(o1 , Q1 ) (o2 , Q2 ) pr (o1 , Q1 ) (o2 , Q2 ) ∧
(o1 , Q1 )  (o2 , Q2 ) pr (o1 , Q1 )  (o2 , Q2 )

Proof.
11. Assume: (o1 , Q1 ) pr (o1 , Q1 ) ∧ (o2 , Q2 ) pr (o2 , Q2 )
Prove: (o1 , Q1 )  (o2 , Q2 ) pr (o1 , Q1 )  (o2 , Q2 ) ∧
(o1 , Q1 ) (o2 , Q2 ) pr (o1 , Q1 ) (o2 , Q2 ) ∧
(o1 , Q1 )  (o2 , Q2 ) pr (o1 , Q1 )  (o2 , Q2 )
21. Q1 ∗ Q2 ⊆ Q1 ∗ Q2
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31. Q1 ⊆ Q1 ∧ Q2 ⊆ Q2
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and deﬁnition 2
22. (o1 , Q1 )  (o2 , Q2 ) pr (o1 , Q1 )  (o2 , Q2 )
31. o1  o2 r o1  o2
Proof: By assumption 11 and Lemma 30 in [HHRS06]
32. Q.E.D.
Proof: By 21 and 31
23. (o1 , Q1 ) (o2 , Q2 ) pr (o1 , Q1 ) (o2 , Q2 )
31. o1 o2 r o1 o2
Proof: By assumption 11 and Lemma 31 in [HHRS06]
32. Q.E.D.
Proof: By 21 and 31
24. (o1 , Q1 )  (o2 , Q2 ) pr (o1 , Q1 )  (o2 , Q2 )
31. o1  o2 r o1  o2
Proof: By assumption 11 and Theorem 11 in [RRS07]
32. Q.E.D.
Proof: By 21 and 31
25. Q.E.D.
Proof: By 22, 23 and 24
12. Q.E.D.
Proof: ⇒-rule


Lemma 4. Let O1 and O2 be sets of p-obligations. Then
⊕O1  ⊕O2 r ⊕(O1  O2 )

Proof. In this proof we introduce the predicate I deﬁned by
I(t, t1 , t2 ) ⇔ t ∈ {t1 }  {t2 }
11. π2 .(⊕O1  ⊕O2 ) ⊆ π2 . ⊕ (O1  O2 )
21. π2 . ⊕ (O1  O2 ) =
{t ∈ H | ∀po1 ∈ O1 , po2 ∈ O2 : ∃t1 , t2 ∈ H : I(t, t1 , t2 ) ∧
(t1 ∈ n1 ∧ t2 ∈ p2 ) ∨
(t1 ∈ p1 ∧ t2 ∈ n2 ) ∨
(t1 ∈ n1 ∧ t2 ∈ n2 )}
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Proof: π2 . ⊕ (O1  O2 )

n
=
po∈O1 O2

=

By deﬁnition
4

(po1 ,po2 )∈O1 ×O2

=

n1  p 2 ∪ p 1  n2 ∪ n1  n2

By deﬁnition
46 and deﬁnition (4) in [RRS07]

({t ∈ H | ∃t1 ∈ n1 , t2 ∈ p2 : I(t, t1 , t2 )}∪
(po1 ,po2 )∈O1 ×O2

{t ∈ H | ∃t1 ∈ p1 , t2 ∈ n2 : I(t, t1 , t2 )}∪
{t ∈ H | ∃t1 ∈ n1 , t2 ∈ n2 : I(t, t1 , t2 )})
By deﬁnition (2) in [RRS07]
= {t ∈ H | ∀po1 ∈ O1 , po2 ∈ O2 :
∃t1 ∈ n1 , t2 ∈ p2 : I(t, t1 , t2 )∨
∃t1 ∈ p1 , t2 ∈ n2 : I(t, t1 , t2 )∨
∃t1 ∈ n1 , t2 ∈ n2 : I(t, t1 , t2 )}
By set theory
= righthand side of 21
22. π2 .(⊕O1  ⊕O2 ) =
{t ∈ H | ∃t1 , t2 ∈ H : I(t, t1 , t2 ) ∧
((∀po1 ∈ O1 : t1 ∈ n1 ∧ ∃po2 ∈ O2 : t2 ∈ p2 ∧ ∀po2 ∈ O2 : t2 ∈ p2 ∪ n2 ) ∨
(∃po1 ∈ O1 : t1 ∈ p1 ∧ ∀po1 ∈ O1 : t1 ∈ p1 ∪ n1 ∧ ∀po2 ∈ O2 : t2 ∈ n2 ) ∨
(∀po1 ∈ O1 : t1 ∈ n1 ∧ ∀po2 ∈ O2 : t2 ∈ n2 ))}
Proof: π2 .(⊕O1  ⊕O2 )
= π2 . ⊕ O1  π1 . ⊕ O2 ∪ π1 . ⊕ O1  π2 . ⊕ O2 ∪ π2 . ⊕ O1  π2 . ⊕ O2
ByDeﬁnition (4)
 in [RRS07]

=
n1  (
p2 ∩
p2 ∪ n2 )∪
po1 ∈O
po
∈O
po
∈O2 
1
2
2
2


(
p1 ∩
p1 ∪ n1 ) 
n2 ∪
po
po1
∈O1
po2 ∈O2
1 ∈O1
n1 
n2
po1 ∈O1

po2 ∈O2

By deﬁnition 4
= righthand side of 22
23. Assume: t ∈ π2 .(⊕O1  ⊕O2 )
Prove: t ∈ π2 . ⊕ (O1  O2 )
31. ∀po1 ∈ O1 , po2 ∈ O2 : ∃t1 , t2 ∈ H : I(t, t1 , t2 ) ∧
((t1 ∈ n1 ∧ t2 ∈ p2 ) ∨ (t1 ∈ p1 ∧ t2 ∈ n2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 ))
41. Assume: po1 ∈ O1 , po2 ∈ O2
Prove: ∃t1 , t2 ∈ H : I(t, t1 , t2 ) ∧
((t1 ∈ n1 ∧ t2 ∈ p2 ) ∨
(t1 ∈ p1 ∧ t2 ∈ n2 ) ∨
(t1 ∈ n1 ∧ t2 ∈ n2 ))
51. ∃t1 , t2 ∈ H : I(t, t1 , t2 ) ∧
(∀po1 ∈ O1 : t1 ∈ n1 ∧ ∃po2 ∈ O2 : t2 ∈ p2 ∧
∀po2 ∈ O2 : t2 ∈ p2 ∪ n2 ) ∨
(∃po1 ∈ O1 : t1 ∈ p1 ∧ ∀po1 ∈ O1 : t1 ∈ p1 ∪ n1 ∧
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∀po2 ∈ O2 : t2 ∈ n2 ) ∨
(∀po1 ∈ O1 : t1 ∈ n1 ∧ ∀po2 ∈ O2 : t2 ∈ n2 )
Proof: By 22 and assumption 23
52. Case: ∀po1 ∈ O1 : t1 ∈ n1 ∧ ∃po2 ∈ O2 : t2 ∈ p2 ∧
∀po2 ∈ O2 : t2 ∈ p2 ∪ n2
61. t1 ∈ n1 ∧ t2 ∈ p2 ∪ n2
Proof: By assumption 52 and 41
62. (t1 ∈ n1 ∧ t2 ∈ p2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 )
Proof: By 61
63. I(t, t1 , t2 ) ∧
((t1 ∈ n1 ∧ t2 ∈ p2 ) ∨ (t1 ∈ p1 ∧ t2 ∈ n2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 ))
Proof: By 51 and 62
64. Q.E.D.
Proof: By 63
53. Case: ∃po1 ∈ O1 : t1 ∈ p1 ∧ ∀po1 ∈ O1 : t1 ∈ p1 ∪ n1 ∧
∀po2 ∈ O2 : t2 ∈ n2

61. t1 ∈ p1 ∪ n1 ∧ t2 ∈ n2
Proof: By 53 and 41
62. (t1 ∈ p1 ∧ t2 ∈ n2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 )
Proof: By 61
63. I(t, t1 , t2 ) ∧
((t1 ∈ p1 ∧ t2 ∈ n2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ p2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 ))
Proof: By 51 and 62
64. Q.E.D.
Proof: By 63
54. Case: ∀po1 ∈ O1 : t1 ∈ n1 ∧ ∀po2 ∈ O2 : t2 ∈ n2
61. t1 ∈ n1 ∧ t2 ∈ n2
Proof: By assumption 54 and 41
62. (t1 ∈ n1 ∧ t2 ∈ p2 ) ∨ (t1 ∈ p1 ∧ t2 ∈ n2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 )
Proof: By 61 (∨-intro)
63. I(t, t1 , t2 ) ∧
((t1 ∈ n1 ∧ t2 ∈ p2 ) ∨ (t1 ∈ p1 ∧ t2 ∈ n2 ) ∨ (t1 ∈ n1 ∧ t2 ∈ n2 ))
Proof: By 51 and 62
64. Q.E.D.
Proof: By 63
55. Q.E.D.
Proof: By 51 the cases 52, 53 and 54 are exhaustive
42. Q.E.D.
Proof: ∀-rule
32. Q.E.D.
Proof: By 31 and 21
24. Q.E.D.
Proof: ⊆-rule
12. π1 .(⊕O1  ⊕O2 ) ⊆ π1 . ⊕ (O1  O2 ) ∪ π2 . ⊕ (O1  O2 )
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21. π1 .(⊕O1  ⊕O2 ) =
{t ∈ H | ∃po1 ∈ O1 , po2 ∈ O2 , t1 ∈ p1 , t2 ∈ p2 : I(t, t1 , t2 ) ∧
∀po1 ∈ O1 : t1 ∈ p1 ∪ n1 ∧ ∀po2 ∈ O2 : t2 ∈ p2 ∪ n2 }
Proof: π1 .(⊕O1  ⊕O2 )
= π1 . ⊕ O1  π1 . ⊕ O2
By 
deﬁnition 50


p1 ∩ (
p1 ∪ n1 ))  (
p2 ∩ (
p2 ∪ n2 ))
= (
po1 ∈O1

po1 ∈O1

po2 ∈O2

po2 ∈O2

By deﬁnition 6
= {t1 ∈ H | ∃po1 ∈ O1 : t1 ∈ p1 ∧ ∀po1 ∈ O1 : t1 ∈ p1 ∪ n1 } 
{t2 ∈ H | ∃po2 ∈ O2 : t2 ∈ p2 ∧ ∀po2 ∈ O2 : t2 ∈ p2 ∪ n2 }
By set theory
= righthand side of 21
By deﬁnition (2) in [RRS07]
22. π1 . ⊕ (O1  O2 ) =
{t ∈ H | ∃po1 ∈ O1 , po2 ∈ O2 , t1 ∈ p1 , t2 ∈ p2 : I(t, t1 , t2 ) ∧
∀po1 ∈ O1 , po2 ∈ O2 : ∃t1 ∈ p1 ∪ n1 , t2 ∈ p2 ∪ n2 : I(t, t1 , t2 )}
Proof: π1 . ⊕ (O1  O2 )


=
p∩(
p ∪ n)
po∈O1 O2

po∈O1 O2

By deﬁnition 4
= {t ∈ H | ∃po1 ∈ O1 , po2 ∈ O2 : t1 ∈ p1 , t2 ∈ p2 : I(t, t1 , t2 )}∩
{t ∈ H | ∀po1 ∈ O1 , po2 ∈ O2 : ∃t1 ∈ p1 ∪ n1 , t2 ∈ p2 ∪ n2 : I(t, t1 , t2 )}
By deﬁnition 46
= righthand side of 22
By set theory
23. π1 .(⊕O1  ⊕O2 ) ⊆ π1 . ⊕ (O1  O2 )
31. Assume: t ∈ π1 .(⊕O1  ⊕O2 )
Prove: t ∈ π1 . ⊕ (O1  O2 )
41. Assume: t ∈
/ π1 . ⊕ (O1  O2 )
Prove: ⊥
51. ∃po1 ∈ O1 , po2 ∈ O2 , t1 ∈ p1 , t2 ∈ p2 : I(t, t1 , t2 ) ∧
∀po1 ∈ O1 : t1 ∈ p1 ∪ n1 ∧ ∀po2 ∈ O2 : t2 ∈ p2 ∪ n2
Proof: By assumption 31 and 21
52. ¬(∃po1 ∈ O1 , po2 ∈ O2 , t1 ∈ p1 , t2 ∈ p2 : I(t, t1 , t2 ) ∧
∀po1 ∈ O1 , po2 ∈ O2 : ∃t1 ∈ p1 ∪ n1 , t2 ∈ p2 ∪ n2 : I(t, t1 , t2 ))
Proof: By assumption 41 and 22
53. ∀po1 ∈ O1 , po2 ∈ O2 , t1 ∈ p1 , t2 ∈ p2 : ¬I(t, t1 , t2 ) ∨
∃po1 ∈ O1 , po2 ∈ O2 : ∀t1 ∈ p1 ∪ n1 , t2 ∈ p2 ∪ n2 : ¬I(t, t1 , t2 )
Proof: By 52
54. Case: ∀po1 ∈ O1 , po2 ∈ O2 , t1 ∈ p1 , t2 ∈ p2 : ¬I(t, t1 , t2 )
61. Q.E.D.
Proof: By 51 and 54
55. Case: ∃po1 ∈ O1 , po2 ∈ O2 :
∀t1 ∈ p1 ∪ n1 , t2 ∈ p2 ∪ n2 : ¬I(t, t1 , t2 )
61. Q.E.D.
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Proof: By 51 and 55
56. Q.E.D.
Proof: By 53 the cases 54 and 55 are exhaustive
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ⊆-rule
24. Q.E.D.
Proof: By 23
13. Q.E.D.
Proof: By 11 and 12

¯ 2 pr ⊕(O
¯ 1  O2 ) does not in general hold,
¯ 1  ⊕O
Note, however, that ⊕O
due to the probability sets. To see this, let
O1 = {(oa , {0.2})}
O2 = {(ob , 0.5, 1]), (oc , 0.5, 1])}
This means that
¯ 1 = (oa , {0.2})
⊕O
¯
⊕O2 = (⊕{ob , oc }, {1})
¯ 1  ⊕O
¯ 2 ) = {0.2} ∗ {1} = {0.2}
π2 .(⊕O
¯ 1  O2 ) = {0.2} ∗ 0.5, 1] + {0.2} ∗ 0.5, 1]
π2 .⊕(O
= 0.1, 0.2] + 0.1, 0.2]
= 0.2, 0.4]
¯ 1  O2 ) ⊆ π2 .⊕O
¯ 1  ⊕O
¯ 2.
So π2 .⊕(O
Note also that neither ⊕O1  ⊕O2 rr ⊕(O1  O2 ) nor ⊕(O1  O2 ) rr
⊕O1  ⊕O2 holds in general. To see this, let
O1 = {(({a}, ∅), Q1 ), (({ab}, ∅), Q2 )}
O2 = {(({c , bc}, ∅), Q3 )}
This means that
O1  O2 = {(({ac , abc}, ∅), Q1 ∗ Q3 ), (({abc , abbc}, ∅), Q2 ∗ Q3 )}
⊕O1 = (∅, ∅)
⊕O2 = ({c , bc}, ∅)
⊕(O1  O2 ) = ({abc}, ∅)
⊕O1  ⊕O2 = (∅, ∅)
So ⊕O1  ⊕O2 rr ⊕(O1  O2 ) does not hold since abc is positive in ⊕(O1 
O2 ) but not in ⊕O1  ⊕O2 , while ⊕(O1  O2 ) rr ⊕O1  ⊕O2 does not hold
since abc is positive in ⊕(O1  O2 ) but inconclusive in ⊕O1  ⊕O2 .
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Lemma 5. Let O1 and O2 be sets of p-obligations. Then
⊕O1

⊕O2 r ⊕(O1

O2 )

Proof. Similar to Lemma 4; just replace  with .



Lemma 6. Let O1 and O2 be sets of p-obligations. Then
⊕O1  ⊕O2 r ⊕(O1  O2 )
Proof.


11. π
) = π1 . ⊕ O1 ∪ π1 . ⊕ O2 = ( po1 ∈O1 p1 ∩ po1 ∈O1 (p1 ∪ n1 )) ∪
1 .(⊕O1  ⊕O2
( po2 ∈O2 p2 ∩ po2 ∈O2 (p2 ∪ n2 ))
Proof: By deﬁnition 4 and deﬁnition 51


12. π2 .(⊕O1  ⊕O2 ) = π2 . ⊕ O1 ∪ π2 . ⊕ O2 = po1 ∈O1 n1 ∪ po2 ∈O2 n2
Proof: By deﬁnition 4 and deﬁnition 51
13. π2 .(⊕O1  ⊕O2 ) ⊆ π2 . ⊕ (O1  O2 )
21. Assume: t ∈ π2 .(⊕O1  ⊕O2 )
 O2 )
Prove:
 t ∈ π2 . ⊕ (O1 
31. t ∈ po1 ∈O1 n1 ∨ t ∈ po2 ∈O2 n2
Proof: By assumption
21 and 12

32. Case:t ∈ po1 ∈O1 n1
41. t ∈ po∈O1 O2 n
Proof: By assumption 32 and deﬁnition 47
42. Q.E.D.
Proof: By 41
 and deﬁnition 4
33. Case: t ∈ po2 ∈O2 n2
Proof: Similar to 32
34. Q.E.D.
Proof: By 31 the cases 32 and 33 are exhaustive.
22. Q.E.D.
Proof: ⊆-rule
14. π1 .(⊕O1  ⊕O2 ) ⊆ π1 . ⊕ (O1  O2 ) ∪ π2 . ⊕ (O1  O2 )
21. Assume: t ∈ π1 .(⊕O1  ⊕O2 )
Prove: t ∈ π1 . ⊕ (O
 1  O2 ) ∪ π2 . ⊕ (O1  O2 )

31. t ∈ ( po1 ∈O1 p1 ∩ po1 ∈O1 (p1 ∪ n1 )) ∨ t ∈ ( po2 ∈O2 p2 ∩ po2 ∈O2 (p2 ∪
n2 ))
Proof: By assumption
21and 11

32. Case:t ∈ po1 ∈O1 p1 ∩ po1 ∈O1 (p1 ∪ n1 )
41. t ∈ po∈O1 O2 p

Proof:By assumption 32 (t ∈ po1 ∈O1 p1 ) and deﬁnition 47
42. t ∈ po∈O1 O2 (p ∪ n)

Proof:By assumption
 32 (t ∈ po1 ∈O1 p1 ∪ n1 ) and deﬁnition 47
43. t ∈ po∈O1 O2 p ∩ po∈O1 O2 (p ∪ n)
Proof: By 41 and 42
44. t ∈ π1 . ⊕ (O1  O2 )
Proof: By 43 and deﬁnition 4
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45. Q.E.D.
Proof: By 44


33. Case: t ∈ ( po2 ∈O2 p2 ∩ po2 ∈O2 (p2 ∪ n2 ))
Proof: Similar to 32
34. Q.E.D.
Proof: By 31 the cases 32 and 33 are exhaustive.
22. Q.E.D.
Proof: ⊆-rule
15. Q.E.D.
Proof: By 13 and 14

Lemma 7. Let d1 and d2 be sequence diagrams in D , and let op ∈ {, , }.
Then
¯ d1 ]] op ⊕[[
¯ d2 ]]) = π2 .⊕([[
¯ d1 ]] op [[ d2 ]])
π2 .(⊕[[
p

Proof.
¯ d1 ]] ⊆ {1} ∧ π2 .⊕[[
¯ d2 ]] ⊆ {1}
11. π2 .⊕[[
Proof: By Lemma 2
¯ d1 ]] op ⊕[[
¯ d2 ]]) ⊆ {1}
12. π2 .(⊕[[
Proof: By 11
¯ d1 ]] op [[ d2 ]]) ⊆ {1}
13. π2 .⊕([[
Proof: By Lemma 2
¯ d1 ]] op ⊕[[
¯ d2 ]]) ⇒ 1 ∈ π2 .⊕([[
¯ d1 ]] op [[ d2 ]])
14. 1 ∈ π2 .(⊕[[
¯ d1 ]] op ⊕[[
¯ d2 ]])
21. Assume: 1 ∈ π2 .(⊕[[
¯ d1 ]] op [[ d2 ]])
Prove: 1 ∈ π2 .⊕([[
¯ d1 ]] = ∅ ∧ π2 .⊕[[
¯ d2 ]] = ∅
31. π2 .⊕[[
Proof: By assumption 21
¯ d1 ]] ∧ 1 ∈ π2 .⊕[[
¯ d2 ]]
32. 1 ∈ π2 .⊕[[
Proof: By 11 and 31
¯ d1 ]] op [[ d2 ]])
33. Assume: 1 ∈
/ π2 .⊕([[
Prove: ⊥
¯ d1 ]] op [[ d2 ]]) = ∅
41. π2 .⊕([[
Proof: By 13 and assumption 33
42. ∃po1 ∈ [[ d1 ]] : π2 .po1 = ∅ ∨ ∃po2 ∈ [[ d2 ]] : π2 .po2 = ∅
51. ∃po ∈ [[ d1 ]] op [[ d2 ]] : π2 .po = ∅
Proof: By 41
52. Let: po1 ∈ [[ d1 ]], po2 ∈ [[ d2 ]] s.t. π2 .(po1 op po2 ) = ∅
Proof: By 51
53. π2 .po1 ∗ π2 .po2 = ∅
Proof: By 52
54. π2 .po1 = ∅ ∨ π2 .po2 = ∅
Proof: By 53
55. Q.E.D.
Proof: By 54 and 52
43. Case: ∃po1 ∈ [[ d1 ]] : π2 .po1 = ∅
52

¯ d1 ]] = ∅
51. π2 .⊕[[
Proof: By assumption 43, deﬁnition 6 and deﬁnition 7
52. Q.E.D.
Proof: By 32 and 51
44. Case: ∃po2 ∈ [[ d2 ]] : π2 .po2 = ∅
Proof: Similar to case 43
45. Q.E.D.
Proof: By 42 the cases 43 and 44 are exhaustive
34. Q.E.D.
Proof: ⊥-rule (33)
22. Q.E.D.
Proof: ⇒-rule
¯ d1 ]] op [[ d2 ]]) ⇒ 1 ∈ π2 .(⊕[[
¯ d1 ]] op ⊕[[
¯ d2 ]])
15. 1 ∈ π2 .⊕([[
¯ d1 ]] op [[ d2 ]])
21. Assume: 1 ∈ π2 .⊕([[
¯ d1 ]] op ⊕[[
¯ d2 ]])
Prove: 1 ∈ π2 .(⊕[[
¯ d1 ]] op ⊕[[
¯ d2 ]])
31. Assume: 1 ∈
/ π2 .(⊕[[
Prove: ⊥
¯ d1 ]] op ⊕[[
¯ d2 ]]) = ∅
41. π2 .(⊕[[
Proof: By 12 and assumption 31
¯ d1 ]]) = ∅ ∨ π2 .(⊕[[
¯ d2 ]]) = ∅
42. π2 .(⊕[[
¯ d1 ]]) ∗ π2 .(⊕[[
¯ d2 ]]) = ∅
51. π2 .(⊕[[
Proof: By 41
52. Q.E.D.
Proof: By 51
¯ d1 ]]) = ∅
43. Case: π2 .(⊕[[
51. ∃po1 ∈ [[ d1 ]] : π2 .po1 = ∅
Proof: By assumption 43, deﬁnition 6 and deﬁnition 7
52. ∃po ∈ [[ d1 ]] op [[ d2 ]] : π2 .po = ∅
Proof: By 51
¯ d1 ]] op [[ d2 ]]) = ∅
53. π2 .⊕([[
Proof: By 52, deﬁnition 6 and deﬁnition 7
54. Q.E.D.
Proof: By 53 and assumption 21
¯ d2 ]]) = ∅
44. Case: π2 .(⊕[[
Proof: Similar to case 43
45. Q.E.D.
Proof: By 42, the cases 43 and 44 are exhaustive
32. Q.E.D.
Proof: ⊥-rule
22. Q.E.D.
Proof: ⇒-rule
16. Q.E.D.
Proof: By 12, 13, 14 and 15
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Lemma 8. Let O be a set of p-obligations. Then
¯
¯
⊕†O
= †⊕O
Proof.
¯
¯
11. π1 .⊕†O
= π1 .†⊕O
Proof:
¯
π1 .⊕†O
= ⊕†O
By deﬁnition



= ( po∈†O p ∩ po∈†O (p ∪ n), po∈†O n) By deﬁnition

By deﬁnition
= (∅, po∈O p ∪ n)



= †( po∈O p ∩ po∈O (p ∪ n), po∈O n) By deﬁnition
=†⊕O
By deﬁnition
¯
By deﬁnition
= π1 .†⊕O
¯
¯
= π2 
.†⊕O
12. π2 .⊕†O

¯
¯ = π2 .†⊕O
¯
21. π2 .⊕†O
= po∈†O π2 .po = po∈O π2 .po = π2 .⊕O
Proof: By deﬁnition 6, deﬁnition 48 and deﬁnition 52
22. Q.E.D.
Proof: By 21
13. Q.E.D.
Proof: By 11 and 12

6
4
48
52
4
6


Lemma 9. Let (o, Q) and (o , Q ) be p-obligations. Then
(o, Q) pr (o , Q ) ⇒ †(o, Q) pr †(o , Q )
Proof.
11. Assume: (o, Q) pr (o , Q )
Prove: †(o, Q) pr †(o , Q )
21. †o r †o
31. o r o
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Lemma 4 in [RHS07b] (note that the proof of Lemma
4 in [RHS07b] applies for any interaction obligation).
22. Q ⊆ Q
Proof: By assumption 11
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Lemma 10. Let Oi and Oi be sets of p-obligations. Then
(∀i ≤ n : ⊕Oi r ⊕Oi ) ⇒ ⊕

n

i=1
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Oi r ⊕

n

i=1

O

Proof.
11. Assume: ∀i 
≤ n : ⊕Oi r 
⊕Oi
Prove: ⊕ ni=1 Oi r ⊕ ni=1 O
21. Case: n = 1
(induction basis)
31. ⊕O1 r ⊕O1
Proof: By assumption 11
32. Q.E.D.
Proof: By 31
22. Case: n > 1 (induction step)
k
k
31. Assume: ⊕ i=1 Oi r ⊕ i=1 O for k < n (ind. hyp.)
k+1
k+1
Prove: ⊕ i=1 Oi r ⊕ i=1 O

41. Ok+1 r ⊕Ok+1
Proof: By assumption 11
42. Q.E.D.
Proof: By 41, assumption 31 and Lemma 6 in [RHS07a]
32. Q.E.D.
Proof: Induction step
23. Q.E.D.
Proof: By induction with 21 as basis and 22 as induction step
12. Q.E.D.
Proof: ⇒-rule

Lemma 11. Let d ∈ Dp . Then
¯ d ]] ∧ Q ⊆ {1}
∃po ∈ [[ d ]] : po pr ⊕[[
Proof.
11. Case: d consists of a single event e or d = skip
¯ d ]]} ∨
21. [[ d ]] = {(({e}, ∅), {1})} = {⊕[[
¯ d ]]}
[[ d ]] = {(({}, ∅), {1})} = {⊕[[
Proof: By assumption 11
22. Q.E.D.
Proof: By 21 and reﬂexivity of pr
12. Case: d contains at least one operator
21. Assume: For every sequence diagram d that occur in an operand of an
operator in d the following holds:
¯ d ]] ∧ Q ⊆ {1} (ind. hyp.).
∃po ∈ [[ d ]] : po pr ⊕[[
¯ d ]] ∧ Q ⊆ {1}
Prove: ∃po ∈ [[ d ]] : po pr ⊕[[
;Q1 , . . . , dn ;Qn )
31. Case: d = palt(d1
n
n
41. Let: poa = (⊕ i=1 [[ di ;Qi ]], {1} ∩ i=1 Qi )
42. poa ∈ [[ d ]]
Proof: By assumption 31 and deﬁnition 9
43. Qa ⊆ {1}
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Proof: By 41
¯ d ]]
44. poa pr ⊕[[
¯ d ]] ⊆ Qa
51. π2 .⊕[[
¯ d ]] ⊆ {1}
61. π2 .⊕[[
Proof: By Lemma 2
¯ d ]] = {1}
62. Case: 
π2 .⊕[[
n
71. 1 ∈ i=1 Qi
n
81. Assume: 1 ∈
/ i=1 Qi
Prove: ⊥
91. Qa = ∅
Proof: By 41 and assumption 81
92. ∃po ∈ [[ d ]] : Q = ∅
Proof: By 91 and 42
¯ d ]] = ∅
93. π2 .⊕[[
Proof: By 92
94. Q.E.D.
Proof: By 93 and assumption 62
82. Q.E.D.
Proof: ⊥-rule
72. 1 ∈ Qa
Proof: By 71 and 41
73. Q.E.D.
Proof: By 72 and assumption 62
¯ d ]] = ∅
63. Case: π2 .⊕[[
Proof: By assumption 63
64. Q.E.D.
Proof: By 61, the cases 62 and 63 are exhaustive
52. oa r ⊕[[ d ]] 
n
61. ⊕[[ d ]] = ⊕ i=1 [[ di ;Qi ]]
Proof: Byassumption 31
n
62. oa = ⊕ i=1 [[ di ;Qi ]]
Proof: By 41
63. Q.E.D.
Proof: By 61 and 62
53. Q.E.D.
Proof: By 51 and 52
45. Q.E.D.
Proof: By 42, 43 and 44; poa is the po we are looking for.
32. Case: d = d1 seq d2
¯ d1 ]] ∧ Q1 ⊆ {1}
41. Let: po1 ∈ [[ d1 ]] such that po1 pr ⊕[[
¯ d2 ]] ∧ Q2 ⊆ {1}
po2 ∈ [[ d2 ]] such that po2 pr ⊕[[
Proof: By assumption 21
42. po1  po2 ∈ [[ d ]]
Proof: By 41 and assumption 32
43. π2 .(po1  po2 ) ⊆ {1}
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Proof: By 41
¯ d2 ]]
¯ d1 ]]  ⊕[[
44. po1  po2 pr ⊕[[
Proof: By 41 and Lemma 3
¯ d2 ]] pr ⊕([[
¯ d1 ]]  [[ d2 ]])
¯ d1 ]]  ⊕[[
45. ⊕[[
51. ⊕[[ d1 ]]  ⊕[[ d2 ]] r ⊕([[ d1 ]]  [[ d2 ]])
Proof: By Lemma 4
¯ d1 ]]  [[ d2 ]]) ⊆ π2 .(⊕[[
¯ d1 ]]  ⊕[[
¯ d2 ]])
52. π2 .⊕([[
Proof: By Lemma 7
53. Q.E.D.
Proof: By 51 and 52
¯ d1 ]]  [[ d2 ]])
46. po1  po2 pr ⊕([[
Proof: By 44, 45 and Lemma 1 in [RHS07a] (transitivity of pr )
47. Q.E.D.
Proof: By 42, 43 and 46; po1  po2 is the po we are looking for.
33. Case: d = d1 par d2
Proof: Similar to case 32, with  replaced by , and the reference to
Lemma 4 replaced by a reference to Lemma 5.
34. Case: d = d1 alt d2
¯ d1 ]] ∧ Q1 ⊆ {1}
41. Let: po1 ∈ [[ d1 ]] such that po1 pr ⊕[[
¯ d2 ]] ∧ Q1 ⊆ {1}
po2 ∈ [[ d2 ]] such that po2 pr ⊕[[
Proof: By assumption 21
42. po1  po2 ∈ [[ d ]]
Proof: By 41 and assumption 34
43. π2 .(po1  po2 ) ⊆ {1}
Proof: By 41
¯ d2 ]]
¯ d1 ]]  ⊕[[
44. po1  po2 pr ⊕[[
Proof: By 41 and Lemma 3
¯ d2 ]] pr ⊕([[
¯ d1 ]]  [[ d2 ]])
¯ d1 ]]  ⊕[[
45. ⊕[[
51. ⊕[[ d1 ]]  ⊕[[ d2 ]] r ⊕([[ d1 ]]  [[ d2 ]])
Proof: By Lemma 6
¯ d1 ]]  [[ d2 ]]) ⊆ π2 .(⊕[[
¯ d1 ]]  ⊕[[
¯ d2 ]])
52. π2 .⊕([[
Proof: By Lemma 7
53. Q.E.D.
Proof: By 51 and 52
¯ d1 ]]  [[ d2 ]])
46. po1  po2 pr ⊕([[
Proof: By 44, 45 and Lemma 1 in [RHS07a] (transitivity of pr )
47. Q.E.D.
Proof: By 42, 43 and 46; po1  po2 is the po we are looking for.
35. Case: d = refuse d1
¯ d1 ]] ∧ Q1 ⊆ {1}
41. Let: po1 ∈ [[ d1 ]] such that po1 pr ⊕[[
Proof: By assumption 21
42. †po1 ∈ [[ d ]]
Proof: By 41 and assumption 35
43. π2 .(†po1 ) ⊆ {1}
Proof: By 41
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¯ d1 ]]
44. †po1 pr †⊕[[
Proof: By 41 and Lemma 9
¯ d1 ]]
45. †po1 pr ⊕†[[
Proof: By 44 and Lemma 8
46. Q.E.D.
Proof: By 42, 43 and 45; †po1 is the po we are looking for.
36. Q.E.D.
Proof: The cases 31, 32, 33, 34 and 35 are exhaustive.
22. Q.E.D.
Proof: Induction step
13. Q.E.D.
Proof: By induction with 11 as basis and 12 as induction step

Lemma 12. Let d ∈ D . Then
p

¯ d ]] ∧ Q ⊆ {1}
∃po ∈ [[ d ]] : po pnr ⊕[[
Proof.
¯ d ]] ∧ Q1 ⊆ {1}
11. Let: po1 ∈ [[ d ]] such that po1 pr ⊕[[
Proof: By Lemma 11
¯ d ]]
12. Let: po1 = ⊕[[
13. p1 ∪ n1 = p1 ∪ n1
21. p1 ∪ n1 ⊆ p1 ∪ n1
Proof: By 11
22. p1 ∪ n1 ⊆ p1 ∪ n1
31. Assume: t ∈ p1 ∪ n1
Prove: t ∈ p1 ∪ n1
41. ∀po ∈ [[ d ]] : t ∈ p ∪ n
Proof: By assumption 31
42. Q.E.D.
Proof: By 41 and 11 (po1 ∈ [[ d ]])
32. Q.E.D.
Proof: ⊆-rule
23. Q.E.D.
Proof: By 21 and 22
14. Q.E.D.
Proof: By 11, 12 and 13; po1 is the po we are looking for.

Lemma 13. Let d1 and d2 be sequence diagrams in Dp . Then
[[ d ]] pnl [[ d ]] ⇒ ⊕[[ d ]] nr ⊕[[ d ]]
Proof.
11. Assume: [[ d ]] pnl [[ d ]]
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Prove: ⊕[[ d ]] nr ⊕[[ d ]]
21. Let: (p1 , n1 ) = ⊕[[ d ]]
(p1 , n1 ) = ⊕[[ d ]]
22. (p1 , n1 ) r (p1 , n1 )
31. [[ d ]] pl [[ d ]]
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Lemma 1
23. p1 ∪ n1 = p1 ∪ n1
31. p1 ∪ n1 ⊆ p1 ∪ n1
Proof: By 22
32. p1 ∪ n1 ⊆ p1 ∪ n1
41. Assume: t ∈ p1 ∪ n1
Prove: t ∈ p1 ∪ n1
¯ d ]] ∧ Q2 ⊆ {1}
51. Let: po2 ∈ [[ d ]] s.t. po2 pnr ⊕[[
Proof: By Lemma 12
52. 0 ∈
/ Q2
Proof: By 51
53. Let: po2 ∈ [[ d ]] s.t. po2 pnr po2
Proof: By 51, 52 and assumption 11
54. t ∈ p2 ∪ n2
61. ∀po ∈ [[ d ]] : t ∈ p ∪ n
Proof: By assumption 41
62. Q.E.D.
Proof: By 61 and 53 (po2 ∈ [[ d ]])
55. t ∈ p2 ∪ n2
Proof: By 54 and 53
56. ∀po ∈ [[ d ]] : t ∈ p ∪ n
61. Assume: ∃po ∈ [[ d ]] : t ∈
/ p∪n
Prove: ⊥
71. t ∈
/ p 1 ∪ n1
Proof: By assumption 61
72. t ∈
/ p 2 ∪ n2
Proof: By 71 and 51
73. Q.E.D.
Proof: By 72 and 55
62. Q.E.D.
Proof: ⊥-rule
57. Q.E.D.
Proof: By 56
42. Q.E.D.
Proof: ⊆-rule
33. Q.E.D.
Proof: By 31 and 32
24. Q.E.D.
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Proof: By 21, 22 and 23
12. Q.E.D.
Proof: ⇒-rule





Lemma 14. Let (o, Q) and (o , Q ) be p-obligations. Then
(o, Q) pnr (o , Q ) ⇒ †(o, Q) pnr †(o , Q )
Proof. The proof is similar to the proof of Lemma 9; replace rr with nr ,
pr with pnr , and the reference to Lemma 4 in [RHS07b] with a reference to
Theorem 7.

Lemma 15. Let (o1 , Q1 ), (o2 , Q2 ) and (o3 , Q3 ) be p-obligations. Then
(o1 , Q1 ) prr (o2 , Q2 ) ∧ (o2 , Q2 ) →prr (o3 , Q3 ) ⇒ (o1 , Q1 ) →prr (o3 , Q3 )
Proof.
11. Assume: (o1 , Q1 ) prr (o2 , Q2 ) ∧ (o2 , Q2 ) →prr (o3 , Q3 )
Prove: (o1 , Q1 ) →prr (o3 , Q3 )
21. o1 →rr o3
31. o1 rr o2 ∧ o2 →rr o3
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Theorem 7 in [RRS07] (note that the proof of Theorem 7 in [RRS07] applies for all interaction obligations).
22. Q3 ⊆ Q1
31. Q3 ⊆ Q2 ∧ Q2 ⊆ Q1
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and transitivity of ⊆
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Lemma 16. Let I be a system, d1 and d2 be sequence diagrams in Dp and let
⊕Id1 = (p1 , n1 ) and ⊕Id2 = (p2 , n2 ). Then Hll(d1 ) ⊆ Hll(d2 ) implies
1. p1 ⊆ p2
2. n1 ⊆ n2
3. (p2 \ p1 ) ∪ (n2 \ n1 ) ⊆ Hll(d2 ) \ Hll(d1 )
Proof.
11. Assume: Hll(d1 ) ⊆ Hll(d2 )
Prove: p1 ⊆ p2 ∧ n1 ⊆ n2 ∧ (p2 \ p1 ) ∪ (n2 \ n1 ) ⊆ Hll(d2 ) \ Hll(d1 )
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21. Let: m be a bijective mapping from Id1 to Id2 such that ∀po ∈
Id1 : π1 .(π1 .po) = π1 .(π1 .m(po)) ∧ π2 .(π1 .po) = π2 .(π1 .m(po)) ∩
Hll(d1 )
Proof: By assumption 11 and deﬁnition 30
22. (p2 \ p1 ) ∪ (n2 \ n1 ) ⊆ Hll(d2 ) \ Hll(d1 )
31. Assume: t ∈ (p2 \ p1 ) ∪ (n2 \ n1 )
Prove: t ∈ Hll(d2 ) \ Hll(d1 )
41. Case: t ∈ p2 \ p1
51. Let: po2 ∈ Id2 such that t ∈ p2
Proof: By assumption 41
52. Let: po1 ∈ Id1 such that m(po1 ) = po2
Proof: By 21
53. t ∈ p1
Proof: By 52 and 21
54. ∃po ∈ Id1 : t ∈
/ p∪n
Proof: By 53 and assumption 41
55. t ∈
/ Hll(d1 )
Proof: By 54 and deﬁnition 30
56. t ∈ Hll(d2 )
61. Assume: t ∈
/ Hll(d2 )
Prove: ⊥
/n
71. ∀po ∈ Id2 : t ∈
Proof: By assumption 61 and deﬁnition 30
72. ∀po ∈ Id2 : t ∈ p
Proof: By 71 and assumption 41 (t ∈ p2 )
73. ∀po ∈ Id1 : t ∈ p
Proof: By 72 and 21
74. : t ∈ p1
Proof: By 73
75. Q.E.D.
Proof: By 74 and assumption 41
62. Q.E.D.
Proof: ⊥-rule
57. Q.E.D.
Proof: By 55 and 56
42. Case: t ∈ n2 \ n1
51. ∀po ∈ Id2 : t ∈ n
Proof: By assumption 42 (t ∈ n2 )
52. t ∈ Hll(d2 )
Proof: By 51 and deﬁnition 30
53. t ∈
/ Hll(d1 )
61. Assume: t ∈ Hll(d1 )
Prove: ⊥
71. ∀po ∈ Id1 : t ∈ p ∪ n
Proof: By assumption 61 and deﬁnition 30
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72. t ∈ p1 ∪ n1
Proof: By 71
73. ∀po ∈ Id2 : t ∈
/p
Proof: By 51 and deﬁnition 30
/p
74. ∀po ∈ Id1 : t ∈
Proof: By 73 and 21 (only the negative sets are diﬀerent
between Id1 and Id2 )
75. t ∈
/ p1
Proof: By 74
76. t ∈ n1
Proof: By 75 and 72
77. Q.E.D.
Proof: By 76 and assumption 42
62. Q.E.D.
Proof: ⊥-rule
54. Q.E.D.
Proof: By 52 and 53
43. Q.E.D.
Proof: By assumption 31 the cases 41 and 42 are exhaustive
32. Q.E.D.
Proof: ⊆-rule
23. n1 ⊆ n2
31. Assume: t ∈ n1
Prove: t ∈ n2
41. Assume: t ∈
/ n2
Prove: ⊥
/ n2
51. Let: po2 ∈ Id2 such that t ∈
Proof: By assumption 41
52. Let: po1 ∈ Id1 such that m(po1 ) = po2
Proof: By 21
53. n1 = n2 ∩ Hll(d1 )
Proof: By 52 and 21
54. t ∈
/ n1
Proof: By 53 and 51
55. t ∈
/ n1
Proof: By 54 and 52 (po1 ∈ Id1 )
56. Q.E.D.
Proof: By 55 and assumption 31
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ⊆-rule
24. p1 ⊆ p2
31. Assume: t ∈ p1
Prove: t ∈ p2
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41. Assume: t ∈
/ p2
Prove: ⊥
51. Let: po1 ∈ Id1 such that t ∈ p1
Proof: By assumption 31
52. Let: po2 ∈ Id2 such that m(po1 ) = po2
Proof: By 21
53. t ∈ p2
Proof: By 51, 52 and 21
/ p2 ∪ n2
54. Let: po2 ∈ Id2 such that t ∈
Proof: By 53 (there is a p-obligation in Id2 where t is positive)
and assumption 41
55. Let: po1 ∈ Id1 such that m(po1 ) = po2
Proof: By 21
56. t ∈
/ p1 ∪ n1
Proof: By 55, 54 and 21
57. t ∈
/ p1
Proof: By 56 and 55
58. Q.E.D.
Proof: By 57 and assumption 31
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ⊆-rule
25. Q.E.D.
Proof: By 22, 23 and 24
12. Q.E.D.
Proof: ⇒-rule

Lemma 17. Let d and d be sequence diagrams in Dp . Then
[[ d1 ]] pl [[ d2 ]] ∧ [[ d2 ]] →pl Id2 ⇒ ⊕[[ d1 ]] →r ⊕Id1
Proof.
11. Assume: [[ d1 ]] pl [[ d2 ]] ∧ [[ d2 ]] →pl Id2
Prove: ⊕[[ d1 ]] →r ⊕Id1
21. ⊕[[ d1 ]] r ⊕[[ d2 ]]
Proof: By assumption 11 and Lemma 1
22. ⊕[[ d2 ]] →r ⊕Id2
Proof: By assumption 11, Lemma 1 and deﬁnition 32
23. ⊕[[ d1 ]] →r ⊕Id2
Proof: By 21, 22 and transitivity of →r /r (these are the same)
24. Hll(d1 ) ⊆ Hll(d2 )
Proof: By assumption 11
25. Let: ⊕[[ d1 ]] = (p1 , n1 )
⊕ Id1 = (p1 , n1 )
⊕ Id2 = (p2 , n2 )
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26. p1 ⊆ p2 ∪ n2 ∧ n1 ⊆ n2
Proof: By 23
27. p1 ∪ n1 ⊆ Hll(d1 )
Proof: By 25
28. (p2 \ p1 ) ∪ (n2 \ n1 ) ⊆ Hll(d2 ) \ Hll(d1 )
Proof: By 25 and Lemma 16
29. p1 ⊆ p1 ∪ n1 ∧ n1 ⊆ n1
Proof: By 26, 27 and 28
210. Q.E.D.
Proof: By 29
12. Q.E.D.
Proof: ⇒-rule

Lemma 18. Let d1 and d2 be sequence diagrams in D . Then
p

¯ d1 seq d2 ]])) ⊆ π2 .(po1  po2 ) ∧
¯ d1 ]] ∧ po2 pr ⊕[[
¯ d2 ]] ⇒ π2 .(⊕([[
po1 pr ⊕[[
¯
π2 .(⊕([[ d1 par d2 ]])) ⊆ π2 .(po1 po2 ) ∧
¯ d1 alt d2 ]])) ⊆ π2 .(po1  po2 )
π2 .(⊕([[
Proof.
¯ d1 ]] ∧ po2 pr ⊕[[
¯ d2 ]]
11. Assume: po1 pr ⊕[[
¯ d1 seq d2 ]])) ⊆ π2 .(po1  po2 ) ∧
Prove: π2 .(⊕([[
¯ d1 par d2 ]])) ⊆ π2 .(po1 po2 ) ∧
π2 .(⊕([[
¯ d1 alt d2 ]])) ⊆ π2 .(po1  po2 )
π2 .(⊕([[
¯ d1 seq d2 ]])) ⊆ π2 .(po1  po2 )
21. π2 .(⊕([[
¯ d1 seq d2 ]]) ⊆ {1}
31. π2 .⊕([[
Proof: By Lemma 2
¯ d1 seq d2 ]]) ⇒ 1 ∈ π2 .(po1  po2 )
32. 1 ∈ π2 .⊕([[
¯ d1 seq d2 ]])
41. Assume: 1 ∈ π2 .⊕([[
Prove: 1 ∈ π2 .(po1  po2 )
51. Assume: 1 ∈
/ π2 .(po1  po2 )
Prove: ⊥
61. 1 ∈
/ π2 .po1 ∨ 1 ∈
/ π2 .po2
Proof: By assumption 51
62. Case: 1 ∈
/ π2 .po1
¯ d1 ]]
71. 1 ∈
/ π2 .⊕[[
Proof: By assumption 62 and assumption 11
¯ d1 ]] = ∅
72. π2 .⊕[[
Proof: By 71 and Lemma 2
73. ∃po ∈ [[ d1 ]] : π2 .po = ∅
Proof: By 72
74. ∃po ∈ [[ d1 ]]  [[ d2 ]] : π2 .po = ∅
Proof: By 73
¯ d1 ]]  [[ d2 ]]) = ∅
75. π2 .⊕([[
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Proof: By 74 and deﬁnitions 6 and 7
76. Q.E.D.
Proof: By 75 and assumption 41
63. Case: 1 ∈
/ π2 .po2
Proof: Similar to 62
64. Q.E.D.
Proof: By 61, the cases 62 and 63 are exhaustive
52. Q.E.D.
Proof: ⊥-rule
42. Q.E.D.
Proof: ⇒-rule
33. Q.E.D.
Proof: By 31 and 32
¯ d1 par d2 ]])) ⊆ π2 .(po1 po2 )
22. π2 .(⊕([[
Proof: Similar to 21; just replace seq with par and  with .
¯ d1 alt d2 ]])) ⊆ π2 .(po1  po2 )
23. π2 .(⊕([[
Proof: Similar to 21; just replace seq with alt and  with .
24. Q.E.D.
Proof: By 21, 22 and 23
12. Q.E.D.
Proof: ⇒-rule

Lemma 19. Let O1 , O2 , O1 and O2 be sets of p-obligations. Then
O1 pl O1 ∧ O2 pl O2 ⇒ ⊕(O1  O2 ) r ⊕(O1  O2 )
Proof.
11. Assume: O1 pl O1 ∧ O2 pl O2
Prove: ⊕(O1  O2 ) r ⊕(O1  O2 )
21. ⊕O1 r ⊕O1 ∧ ⊕O2 r ⊕O2
Proof: By assumption 11 and Lemma 1
22. Let: (p3 , n3 ) = ⊕(O1  O2 )
(p4 , n4 ) = ⊕(O1  O2 )
23. n3 ⊆ n4
31. Assume: t ∈ n3
Prove: t ∈ n4
41. ∀po ∈ O1  O2 : t ∈ n
Proof: By assumption 31
42. (∀po ∈ O1 : t ∈ n) ∨ (∀po ∈ O2 : t ∈ n)
/ n) ∧ (∃po ∈ O2 : t ∈
/ n)
51. Assume: (∃po ∈ O1 : t ∈
Prove: ⊥
/ n1
61. Let: po1 ∈ O1 s.t. t ∈
po2 ∈ O2 s.t. t ∈
/ n2
Proof: By assumption 51
62. t ∈
/ n1 ∪ n2
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Proof: By 61
63. ∃po ∈ O1  O2 : t ∈
/n
Proof: By 61 and 62
64. Q.E.D.
Proof: By 63 and 41
52. Q.E.D.
Proof: ⊥-rule
43. Case: ∀po1 ∈ O1 : t ∈ n1
51. t ∈ π2 . ⊕ O1
Proof: By assumption 43 and deﬁnition 4
52. t ∈ π2 . ⊕ O1
Proof: By 51 and 21
53. ∀po ∈ O1 : t ∈ n
Proof: By 52
54. ∀po ∈ O1  O2 : t ∈ n
Proof: By 53 and deﬁnition 47
55. Q.E.D.
Proof: By 54 and deﬁnition 4
44. Case: ∀po2 ∈ O2 : t ∈ n2
Proof: Similar to case 43
45. Q.E.D.
Proof: By 42 the cases 43 and 44 are exhaustive
32. Q.E.D.
Proof: ⊆-rule
24. p3 ⊆ p4 ∪ n4
31. Assume: t ∈ p3
Prove: t ∈ p4 ∪ n4
41. Assume: t ∈
/ p 4 ∪ n4
Prove: ⊥
/ p∪n
51. ∃po ∈ O1  O2 : t ∈
Proof: By assumption 41
52. Let: po1 ∈ O1 , po2 ∈ O2 s.t. t ∈
/ p1 ∪ n1 ∪ p2 ∪ n2
Proof: By 51
¯ 1
53. Let: po1 ∈ O1 , S1 ⊆ O1 s.t. po1 ∈ S1 ∧ po1 pr ⊕S
Proof: By assumption 11
54. t ∈
/ π1 . ⊕ S1 ∪ π2 . ⊕ S1
Proof: By 52 and 53
55. t ∈
/ p1 ∪ n1
Proof: By 53 and 54
¯ 2
56. Let: po2 ∈ O2 , S2 ⊆ O2 s.t. po2 ∈ S2 ∧ po2 pr ⊕S
Proof: By assumption 11
57. t ∈
/ π1 . ⊕ S2 ∪ π2 . ⊕ S2
Proof: By 52 and 56
58. t ∈
/ p2 ∪ n2
Proof: By 56 and 57
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59. t ∈
/ p1 ∪ n1 ∪ p2 ∪ n2
Proof: By 55 and 58
510. ∃po ∈ O1  O2 : t ∈
/ p∪n
Proof: By 59
511. t ∈
/ p 3 ∪ n3
Proof: By 510
512. Q.E.D.
Proof: By assumption 31 and 511
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ⊆-rule
25. Q.E.D.
Proof: By 23 and 24
12. Q.E.D.
Proof: ⇒-rule

Lemma 20. Let Oi and

Oi

be sets of p-obligations. Then

(∀i ≤ n : ⊕Oi nr ⊕Oi ) ⇒ ⊕

n


Oi nr ⊕

i=1

n


O

i=1

Proof.
11. Assume: ∀i 
≤ n : ⊕Oi nr 
⊕Oi
n

Prove: ⊕ ni=1 O
i nr ⊕ i=1 O
n
21. Let: (p, n) = ⊕ 
O
i=1 i
n
(p , n ) = ⊕ i=1 Oi
(pi , ni ) = ⊕Oi for each i ≤ n
(pi , ni ) = ⊕Oi for each i ≤ n
22. (p, n) r (p , n )
Proof: By assumption 11 and Lemma 10
23. p ∪ n = p ∪ n
31. ∀i ≤ n : pi ∪ ni = pi ∪ ni
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and deﬁnition 4
24. Q.E.D.
Proof: By 22 and 23
12. Q.E.D.
Proof: ⇒-rule



palt(d1 ;Q1 , . . . , dn ;Qn ),

Lemma 21. Let d = palt(d1 ;Q1 , . . . , dn ;Qn ) and d =
where d1 , . . . dn , d1 , . . . , dn are sequence diagrams in Dp . Then

¯ d ]] ⊆ π2 .⊕[[
¯ d ]]
(∀i ≤ n : [[ di ]] pg [[ di ]] ∧ Qi ⊆ Qi ) ⇒ π2 .⊕[[
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Proof.
11. Assume: ∀i ≤ n : [[ di ]] pg [[ di ]] ∧ Qi ⊆ Qi
¯ d ]] ⊆ π2 .⊕[[
¯ d ]]
Prove: π2 .⊕[[
¯ d ]] ⇒ 1 ∈ π2 .⊕[[
¯ d ]]
21. 1 ∈ π2 .⊕[[
¯ d ]]
31. Assume: 1 ∈ π2 .⊕[[
¯ d ]]
Prove: 1 ∈ π2 .⊕[[
41. ∀po ∈ [[ d ]] : π2 .po = ∅
Proof: By assumption 31
42. ∀i ≤ n, po ∈ [[ di ]] : π2 .po = ∅
Proof: By 41
43. ∀i ≤ n, po ∈ [[ di ]] : π2 .po = ∅
Proof: By 42 and assumption 11 (since each p-obligation in every
[[ di ]] must be represented in [[ di ]])
44. ∀i ≤ n : Qi = ∅
Proof: By assumption 31
45. ∀i ≤ n : Qi = ∅
Proof: By 44 and assumption 11
46. ∀po ∈ [[ d ]] : π2 .po = ∅
Proof: By 43 and 45
¯ d ]] = ∅
47. π2 .⊕[[
Proof: By 46
48. Q.E.D.
Proof: By 47 and Lemma 2
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: By 21 and Lemma 2
12. Q.E.D.
Proof: ⇒-rule

Lemma 22. Let d1 , d2 ,

d1

and

d2

be sequence diagrams in D . Then
p

¯ d1 seq d2 ]]) = trs(⊕[[
¯ d1 seq d2 ]])
[[ d1 ]] pnl [[ d1 ]]∧[[ d2 ]] pnl [[ d2 ]] ⇒ trs(⊕[[
Proof.
11. Assume: [[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]]
¯ d1 seq d2 ]])
¯ d1 seq d2 ]]) = trs(⊕[[
Prove: trs(⊕[[
¯ d1 seq d2 ]]) ⊆ trs(⊕[[
¯ d1 seq d2 ]])
21. trs(⊕[[
¯ d1 seq d2 ]])
31. Assume: t ∈ trs(⊕[[
¯ d1 seq d2 ]])
Prove: t ∈ trs(⊕[[
¯ d1 seq d2 ]])
41. Assume: t ∈
/ trs(⊕[[
Prove: ⊥
/ trs(po )
51. Let: po ∈ [[ d1 seq d2 ]] such that t ∈
Proof: By assumption 41
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52. Let: po1 ∈ [[ d1 ]] and po2 ∈ [[ d2 ]] such that po = po1  po2
Proof: By 51
¯ 1
53. Let: po1 ∈ [[ d1 ]], S1 ⊆ [[ d1 ]] such that po1 ∈ S1 ∧ po1 pnr ⊕S
¯ 2
po2 ∈ [[ d2 ]], S2 ⊆ [[ d2 ]] such that po2 ∈ S2 ∧ po2 pnr ⊕S
Proof: By 52 and assumption 11
54. t ∈
/ trs(po1  po2 )
Proof: By 51 and 52
¯ 1  S2 ))
55. t ∈
/ trs(⊕(S
61. po1  po2 ∈ S1  S2
Proof: By 53
62. Q.E.D.
Proof: By 61 and 54
¯ 2)
¯ 1  ⊕S
56. t ∈
/ trs(⊕S
¯ 1  ⊕S
¯ 2 r ⊕(S
¯ 1  S2 )
61. ⊕S
Proof: By Lemma 4
¯ 1  ⊕S
¯ 2 ) ⊆ trs(⊕(S
¯ 1  S2 ))
62. trs(⊕S
Proof: By 61
63. Q.E.D.
Proof: By 62 and 55
57. t ∈
/ trs(po1  po2 )
¯ 1 ) ∧ trs(po2 ) = trs(⊕S
¯ 2)
61. trs(po1 ) = trs(⊕S
Proof: By 53
¯ 1  ⊕S
¯ 2)
62. trs(po1  po2 ) = trs(⊕S
Proof: By 61
63. Q.E.D.
Proof: By 62 and 56
58. po1  po2 ∈ [[ d1 seq d2 ]]
Proof: By 53
¯ d1 seq d2 ]])
59. t ∈
/ trs(⊕[[
Proof: By 57 and 58
510. Q.E.D.
Proof: By assumption 31 and 59
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ⊆-rule
¯ d1 seq d2 ]])
¯ d1 seq d2 ]]) ⊆ trs(⊕[[
22. trs(⊕[[
¯ d1 seq d2 ]])
31. Assume: t ∈ trs(⊕[[
¯ d1 seq d2 ]])
Prove: t ∈ trs(⊕[[
¯ d1 ]] ∧ Q1 ⊆ {1}
41. Let: po1 ∈ [[ d1 ]] s.t. po1 pnr ⊕[[
Proof: By Lemma 12
¯ d2 ]] ∧ Q2 ⊆ {1}
42. Let: po2 ∈ [[ d2 ]] s.t. po2 pnr ⊕[[
Proof: By Lemma 12
43. t ∈ trs(po1  po2 )
51. po1  po2 ∈ [[ d1 seq d2 ]]
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Proof: By 41 and 42
52. ∀po ∈ [[ d1 seq d2 ]] : t ∈ p ∪ n
Proof: By assumption 31
53. Q.E.D.
Proof: By 51 and 52
44. ∀po ∈ [[ d1 seq d2 ]] : t ∈ p ∪ n
51. Assume: po ∈ [[ d1 seq d2 ]]
Prove: t ∈ p ∪ n
61. Let: t1 ∈ p1 ∪ n1 , t2 ∈ p2 ∪ n2 s.t. t ∈ {t1 }  {t2 }
Proof: By 43
62. Let: po1 ∈ [[ d1 ]], po2 ∈ [[ d2 ]] s.t. po = po1  po2
Proof: By assumption 51
63. t1 ∈ p1 ∪ n1
71. Assume: t1 ∈
/ p1 ∪ n1
Prove: ⊥
81. ∀po ∈ [[ d1 ]] : t1 ∈ p ∪ n
¯ d1 ]])
91. t1 ∈ trs(⊕[[
Proof: By 61 and 41
92. Q.E.D.
Proof: By 91
¯ d1 ]] ∧ Q3 ⊆ {1}
82. Let: po3 ∈ [[ d1 ]] s.t. po3 pnr ⊕[[
Proof: By Lemma 12
/ p3 ∪ n3
83. t1 ∈
91. ∃po ∈ [[ d1 ]] : t1 ∈
/ p∪n
Proof: By assumption 71 and 62
¯ d1 ]])
/ trs(⊕[[
92. t1 ∈
Proof: By 91
93. Q.E.D.
Proof: By 92 and 82
84. Let: po3 ∈ [[ d1 ]] s.t. po3 pnr po3
Proof: By 82 (po3 ∈ [[ d1 ]] and 0 ∈
/ Q3 ) and assumption
11
/ p3 ∪ n3
85. t1 ∈
Proof: By 83 and 84
86. t1 ∈ p3 ∪ n3
Proof: By 81 and 84
87. Q.E.D.
Proof: By 85 and 86
72. Q.E.D.
Proof: ⊥-rule
64. t2 ∈ p2 ∪ n2
Proof: Similar to 63
65. Q.E.D.
Proof: By 61, 62, 63 and 64
52. Q.E.D.
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Proof: ∀-rule
45. Q.E.D.
Proof: By 44
32. Q.E.D.
Proof: ⊆-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

and

d2

]]∧[[ d2 ]] pnl [[

d2

Lemma 23. Let d1 , d2 ,
[[ d1 ]] pnl [[

d1

d1

be sequence diagrams in D . Then
p

¯ d1 par d2 ]]) = trs(⊕[[
¯ d1 par d2 ]])
]] ⇒ trs(⊕[[

Proof. The proof is similar to the proof of Lemma 22; just replace seq with
par,  with and the reference to Lemma 4 with a reference to Lemma 5

Lemma 24. Let d1 , d2 , d1 and d2 be sequence diagrams in Dp . Then
¯ d1 alt d2 ]]) = trs(⊕[[
¯ d1 alt d2 ]])
[[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]] ⇒ trs(⊕[[
Proof.
11. Assume: [[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]]
¯ d1 alt d2 ]])
¯ d1 alt d2 ]]) = trs(⊕[[
Prove: trs(⊕[[
¯ d1 alt d2 ]]) ⊆ trs(⊕[[
¯ d1 alt d2 ]])
21. trs(⊕[[
31. [[ d1 ]] pl [[ d1 ]] ∧ [[ d2 ]] pl [[ d2 ]]
Proof: By assumption 11
32. ⊕[[ d1 alt d2 ]] r ⊕[[ d1 alt d2 ]]
Proof: By 31 and Lemma 19
33. Q.E.D.
Proof: By 32
¯ d1 alt d2 ]])
¯ d1 alt d2 ]]) ⊆ trs(⊕[[
22. trs(⊕[[
¯ d1 alt d2 ]])
31. Assume: t ∈ trs(⊕[[
¯ d1 alt d2 ]])
Prove: t ∈ trs(⊕[[
¯ d1 alt d2 ]])
41. Assume: t ∈
/ trs(⊕[[
Prove: ⊥
51. ∀po ∈ [[ d1 alt d2 ]] : t ∈ p ∪ n
Proof: By assumption 31
/ p∪n
52. ∃po ∈ [[ d1 alt d2 ]] : t ∈
Proof: By assumption 41
/ p ∪ n ∧ ∃po ∈ [[ d2 ]] : t ∈
/ p∪n
53. ∃po ∈ [[ d1 ]] : t ∈
Proof: By 52
¯ d1 ]] ∧ Q1 ⊆ {1}
54. Let: po1 ∈ [[ d1 ]] s.t. po1 pnr ⊕[[
Proof: By Lemma 12
55. Let: po1 ∈ [[ d1 ]] s.t. po1 pnr po1
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Proof: By 54 and assumption 11
¯ d2 ]] ∧ Q2 ⊆ {1}
56. Let: po2 ∈ [[ d2 ]] s.t. po2 pnr ⊕[[
Proof: By Lemma 12
57. Let: po2 ∈ [[ d2 ]] s.t. po2 pnr po2
Proof: By 56 and assumption 11
58. t ∈
/ p1 ∪ n1
¯ d1 ]])
61. t ∈
/ trs(⊕[[
Proof: By 53
62. t ∈
/ p1 ∪ n1
Proof: By 61 and 54
63. Q.E.D.
Proof: By 62 and 55
59. t ∈
/ p2 ∪ n2
¯ d2 ]])
61. t ∈
/ trs(⊕[[
Proof: By 53
62. t ∈
/ p2 ∪ n2
Proof: By 61 and 56
63. Q.E.D.
Proof: By 62 and 57
510. t ∈
/ trs(po1  po2 )
Proof: By 58 and 59
511. po1  po2 ∈ [[ d1 alt d2 ]]
Proof: By 55 and 57
/ p∪n
512. ∃po ∈ [[ d1 alt d2 ]] : t ∈
Proof: By 511
513. Q.E.D.
Proof: By 512 and 31
42. Q.E.D.
Proof: ⊥-rule
32. Q.E.D.
Proof: ⊆-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Lemma 25. Let O be a set of p-obligations. Then
((p, n), Q) ∈ O ⇒ trs(⊕O) ⊆ p ∪ n
Proof.
11. Let: (p , n ) = ⊕O, i.e. trs(⊕O) = p ∪ n
12. Assume: ((p, n), Q) ∈ O
Prove: p ∪ n ⊆ p ∪ n
21. Assume: t ∈ p ∪ n
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Prove: t ∈ p ∪ n
31. ∀((p , n ), Q ) ∈ O : t ∈ p ∪ n
Proof: By assumption 21, 11 and deﬁnition 4
32. Q.E.D.
Proof: By assumption 12 and 31
22. Q.E.D.
Proof: ⊆-rule
13. Q.E.D.
Proof: ⇒-rule

Lemma 26 (Transitivity of pnr ). Let po1 , po2 , and po3 be p-obligations.
Then
po1 pnr po2 ∧ po2 pnr po3 ⇒ po1 pnr po3
Proof.
11. Assume: po1 pnr po2 ∧ po2 pnr po3
Prove: po1 pnr po3
21. Q3 ⊆ Q1
31. Q2 ⊆ Q1 ∧ Q3 ⊆ Q2
Proof: By assumption 11
32. Q.E.D.
Proof: By 31
22. (p1 , n1 ) r (p3 , n3 )
31. (p1 , n1 ) r (p2 , n2 ) ∧ (p2 , n2 ) r (p3 , n3 )
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Lemma 26 in [HHRS06]
23. p1 ∪ n1 = p3 ∪ n3
31. p1 ∪ n1 = p2 ∪ n2 ∧ p2 ∪ n2 = p3 ∪ n3
Proof: By assumption 11
32. Q.E.D.
Proof: By 31
24. Q.E.D.
Proof: By 21, 22 and 23
12. Q.E.D.
Proof: ⇒-rule

Lemma 27. Let (traces(I), FI , fI ) be a probability space representing system I
as described in Section 5. Then
∀t ∈ traces(I) : {t} ∈ FI
Proof. Note: In this proof we write c(t) instead of ct for notational reasons.
11. Assume: t1 ∈ traces(I)
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Prove: {t1 } ∈ FI
21. Case: #t1 ∈ N0 (i.e. t1 is ﬁnite)
31. c(t1 ) ∈ FI
41. c(t1 ) ∈ CI
Proof: By assumption 11, assumption 21 and deﬁnition 29
42. Q.E.D.
Proof: By 41, since CI ⊆ FI , which is ensured by the requirement
that FI is the cone-σ-ﬁeld of traces(I)
32. Let: S = {t ∈ H | #t = #t1 + 1 ∧ ∃t ∈ c(t1 ) : t  t }
33. ∀t ∈ S : #t ∈ N
Proof: By 32 and assumption 21
34. Case: S = ∅
41. c(t1 ) = {t1 }
Proof: By 32 and assumption 34
42. Q.E.D.
Proof: By 41 and 31
35. Case: S = ∅
41. ∀t ∈ S : c(t) ∈ FI
51. ∀t ∈ S : c(t) ∈ CI
Proof: By 33, 32 and deﬁnition 29
52. Q.E.D.
Proof:
By 51, since CI ⊆ FI

42.
c(t) ∈ FI
t∈S

51. ∃j ∈ N : ∀t ∈ S : #t = j
Proof: By assumption 21 and 32
52. |S| = ℵ0 ∨ |S| ∈ N, i.e. S is countable
Proof: By 51 (assuming a countable number of events)
53. Q.E.D.
Proof: By 41 and 52, since σ-ﬁelds are closed under countable
union. 
c(t) ∈ FI
43. c(t1 ) \
t∈S

Proof: By31 and 42, since σ-ﬁelds are closed under \ (setminus).
c(t) = {t1 }
44. c(t1 ) \
t∈S
51. c(t1 ) \
c(t) ⊆ {t1 }
t∈S

c(t)
61. Assume: t2 ∈ c(t1 ) \
t∈S

Prove: t2 ∈ {t1 }, i.e. t2 = t1
71. Assume: t2 = t1
Prove: ⊥
81. t1  t2
Proof: By assumption 61 (t2 ∈ c(t1 ))
82. #t2 > #t1
Proof: By assumption 71 and 81
83. ∃t ∈ S : t2 ∈ c(t)
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Proof: By
 assumption 61 (t2 ∈ c(t1 )) and 82
84. t2 ∈
c(t)
t∈S

Proof: By 83
85. Q.E.D.
Proof: By assumption 61 and 84
72. Q.E.D.
Proof: ⊥-rule
62. Q.E.D.
Proof: ⊆-rule 
c(t)
52. {t1 } ⊆ c(t1 ) \
t∈S

61. t1 ∈ c(t1 )
Proof: By
 assumption 11 and deﬁnition 28
62. t1 ∈
/
c(t)
t∈S

c(t)
71. Assume: t1 ∈
t∈S

Prove: ⊥
81. Let: t2 ∈ S s.t. t1 ∈ c(t2 )
Proof: By assumption 71
82. ∀t ∈ c(t2 ) : #t ≥ #t2
Proof: By deﬁnition 28
83. #t2 = #t1 + 1
Proof: By 81 and 32
84. ∀t ∈ c(t2 ) : #t ≥ #t1 + 1
Proof: By 82 and 83
85. #t1 ≥ #t1 + 1
Proof: By 81 (t1 ∈ c(t2 )) and 84
86. Q.E.D.
Proof: By assumption 21 and 85
72. Q.E.D.
Proof: ⊥-rule
63. Q.E.D.
Proof: By 61 and 62
53. Q.E.D.
Proof: By 51 and 52
45. Q.E.D.
Proof: By 43 and 44
36. Q.E.D.
Proof: The cases 34 and 35 are exhaustive
22. Case: #t1 = ∞
31. ∀i ∈ N : c(t1|i ) ∈ FI
41. ∀i ∈ N : c(t1|i ) ∈ CI
Proof: By deﬁnition 29 and assumption 11
42. Q.E.D.
Proof: By 41, since CI ⊆ FI
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32.

∞

i=1

c(t1|i ) ∈ FI

Proof: By 31, since σ-ﬁelds are closed under countable intersection
∞

c(t1|i ) = {t1 }
33.
i=1

Proof: By assumption 11 and deﬁnition 28
34. Q.E.D.
Proof: By 32 and 33
23. Q.E.D.
Proof: The cases 21 and 22 are exhaustive
12. Q.E.D.
Proof: ∀-rule

Lemma 28. Let d be a sequence diagram and (traces(I), FI , fI ) be a probability
space representing a system I. Then
t ∈ traces(I) ⇒ ∃q ∈ [0, 1] : (({t}, Hll(d) \ {t}), {q}) ∈ Ipd
Proof.
11. Assume: t ∈ traces(I)
Prove: ∃q ∈ [0, 1] : (({t}, Hll(d) \ {t}), {q}) ∈ Ipd
21. {t} ∈ FI
Proof: By assumption 11 and Lemma 27
22. (({t}, Hll(d) \ {t}), fI ({t})) ∈ Ipd
Proof: By 21 and deﬁnition 30
23. Q.E.D.
Proof: By 22; fI ({t}) is the q we are looking for
12. Q.E.D.
Proof: ⇒-rule

Lemma 29. Let O be a set of p-obligations. Then
∀S ⊆ O : S = ∅ ⇒ ⊕O r ⊕S
Proof.
11. Assume: S ⊆ O
Prove: S = ∅ ⇒ ⊕O r ⊕S
21. Assume: S = ∅
Prove: ⊕O r ⊕S
31. Let: (p1 , n1 ) = ⊕O
(p2 , n2 ) = ⊕S
32. p1 ⊆ p2 ∪ n2
41. Assume: t ∈ p1
Prove: t ∈ p2 ∪ n2
76

51. t ∈ (



p) ∩ (

po∈O



(p ∪ n))

po∈O

Proof: 
By assumption 41
(p ∪ n)
52. t ∈
po∈O

Proof: 
By 51
53. t ∈
(p ∪ n)
po∈S

Proof: By 52 and assumption 11
54. Q.E.D.
Proof: By 53
42. Q.E.D.
Proof: ⊆-rule
33. n1 ⊆ n2
41. Assume: t ∈ n1
Prove: t ∈ n2
51. t ∈
n
po∈O

Proof: 
By assumption 41
n
52. t ∈
po∈S

Proof: By 51 and assumption 11
53. Q.E.D.
Proof: By 52
42. Q.E.D.
Proof: ⊆-rule
34. Q.E.D.
Proof: By 31, 32 and 33
22. Q.E.D.
Proof: ⇒-rule
12. Q.E.D.
Proof: ∀-rule

Lemma 30. Let O be a set of p-obligations. Then
∀(o, Q) ∈ O : ⊕O r o
Proof.
11. Assume: (o, Q) ∈ O
Prove: ⊕O r o
21. Let: S = {(o, Q)}
22. S ⊆ O ∧ S = ∅
Proof: By 21 and assumption 11
23. ⊕O r ⊕S
Proof: By 22 and Lemma 29
24. ⊕S = o
Proof: By 21 and deﬁnition 4
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25. Q.E.D.
Proof: By 23 and 24
12. Q.E.D.
Proof: ∀-rule

Lemma 31.
∀m ∈ N :

m


0, 1] = 0, 1]

j=1

Proof.
11. Assume: m ∈ N
m

Prove:
0, 1] = 0, 1]
j=1

21. Case: m = 1
1

31.
0, 1] = 0, 1]
j=1

Proof: By deﬁnition 7
32. Q.E.D.
Proof: By 31 and assumption 21
22. Case: m > 1
m−1

31. Assume:
0, 1] = 0, 1] (ind.hyp.)
j=1

Prove:
41.

m

j=1

m


j=1

0, 1] = 0, 1]
m−1


0, 1] = (

0, 1]) + 0, 1]

j=1

Proof: By deﬁnition 7
m

42.
0, 1] = 0, 1] + 0, 1]
j=1

Proof: By 41 and assumption 31
43. 0, 1] + 0, 1] = 0, 1]
51. 0, 1] + 0, 1] ⊆ 0, 1]
61. Assume: q ∈ 0, 1] + 0, 1]
Prove: q ∈ 0, 1]
71. Let: q1 ∈ 0, 1] , q2 ∈ 0, 1] s.t. q = min(q1 + q2 , 1)
Proof: By assumption 61
72. Case: q1 + q2 < 1
81. q = q1 + q2
Proof: By 71 and assumption 72
82. q1 + q2 > 0
Proof: By 71
83. Q.E.D.
Proof: By 81, 82 and assumption 72
73. Case: q1 + q2 ≥ 1
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81. q = 1
Proof: By assumption 73 and 71
82. Q.E.D.
Proof: By 81
74. Q.E.D.
Proof: The cases 72 and 73 are exhaustive
62. Q.E.D.
Proof: ⊆-rule
52. 0, 1] ⊆ 0, 1] + 0, 1]
61. Assume: q ∈ 0, 1]
Prove: q ∈ 0, 1] + 0, 1]
71. Let: q  = 0.5 ∗ q
72. q  ∈ 0, 1]
Proof: By assumption 61 and 71
73. q = q  + q 
Proof: By 71
74. Q.E.D.
Proof: By 72 and 73
62. Q.E.D.
Proof: ⊆-rule
53. Q.E.D.
Proof: By 51 and 52
44. Q.E.D.
Proof: By 42 and 43
32. Q.E.D.
Proof: Induction step
23. Q.E.D.
Proof: By induction with 21 as base case and 22 as induction step
12. Q.E.D.
Proof: ∀-rule

Lemma 32. Let d ∈ D . Then
i

∀po ∈ [[ g(d) ]]p : Q = {1} ∨ 0, 1] ⊆ Q
Proof.
11. Assume: po ∈ [[ g(d) ]]p
Prove: Q = {1} ∨ 0, 1] ⊆ Q
21. Case: d consists of a single event e or d = skip
31. [[ g(d) ]]p = { (({e}, ∅), {1}) } ∨ [[ g(d) ]]p = { (({}, ∅), {1}) }
Proof: By assumption 21
32. po = (({e}, ∅), {1}) ∨ po = (({}, ∅), {1})
Proof: By 31 and assumption 11
33. Q.E.D.
Proof: By 32
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22. Case: d contains at least one operator
31. Assume: For every sub-diagram dj occurring in an operand of d the
following holds:
∀(o , Q ) ∈ [[ g(dj ) ]]p : Q = {1} ∨ 0, 1] ⊆ Q (ind.hyp.)
Prove: Q = {1} ∨ 0, 1] ⊆ Q
41. Case: d = refuse d1
51. g(d) = refuse g(d1 )
Proof: By assumption 41
52. Let: ((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p s.t. ((p, n), Q) = ((∅, p1 ∪n1 ), Q1 )
Proof: By assumption 11 and 51
53. Q1 = {1} ∨ 0, 1] ⊆ Q1
Proof: By 52 and assumption 31
54. Q.E.D.
Proof: By 52 and 53
42. Case: d = d1 seq d2
51. g(d) = g(d1 ) seq g(d2 )
Proof: By assumption 42
52. Let: (o1 , Q1 ) ∈ [[ g(d1 ) ]]p , (o1 , Q2 ) ∈ [[ g(d2 ) ]]p s.t. (o, Q) =
(o1  o2 , Q1 ∗ Q2 )
Proof: By assumption 11 and 51
53. (Q1 = {1} ∨ 0, 1] ⊆ Q1 ) ∧ (Q2 = {1} ∨ 0, 1] ⊆ Q2 )
Proof: By 52 and assumption 31
54. Case: Q1 = {1} ∧ Q2 = {1}
61. Q1 ∗ Q2 = {1}
Proof: By assumption 54
62. Q.E.D.
Proof: By 61 and 52
55. Case: Q1 = {1} ∧ 0, 1] ⊆ Q2
61. Q1 ∗ Q2 = Q2
Proof: By assumption 55
62. 0, 1] ⊆ Q1 ∗ Q2
Proof: By 61 and assumption 55
63. Q.E.D.
Proof: By 62 and 52
56. Case: 0, 1] ⊆ Q1 ∧ Q2 = {1}
Proof: Similar to 55
57. Case: 0, 1] ⊆ Q1 ∧ 0, 1] ⊆ Q2
61. 0, 1] ⊆ Q1 ∗ Q2
71. Assume: q ∈ 0, 1]
Prove: q ∈ Q1 ∗ Q2
81. q ∈ Q1
Proof: By assumption 57 and assumption 71
82. 1 ∈ Q2
Proof: By assumption 57
83. q ∗ 1 ∈ Q1 ∗ Q2
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Proof: By 81 and 82
84. Q.E.D.
Proof: By 83
72. Q.E.D.
Proof: ⊆-rule
62. Q.E.D.
Proof: By 61 and 52
58. Q.E.D.
Proof: By 53 the cases 54, 55, 56 and 57 are exhaustive
43. Case: d = d1 par d2
Proof: Similar to case 42
44. Case: d = d1 alt d2
Proof: Similar to case 42
45. Case: d = xalt(d1 , . . . , dm )
51. g(d) = palt(g(d1 );0, 1] , . . . , g(dm );0, 1])
Proof: By assumption
 45 
{poj },
Qj ) | N ⊆ {1, . . . , m} ∧
52. Case: po ∈ {(⊕
j∈N

j∈N

p
N = ∅ ∧ ∀j ∈ N : poj ∈ [[ g(dj );0,
 1] ]] } 
{poj },
Qj )
61. Let: N ⊆ {1, . . . , m} s.t. po = (⊕
j∈N

j∈N

∧ N = ∅ ∧ ∀j ∈ N : poj ∈ [[ g(dj );0, 1] ]]p
Proof: By assumption 52
62. Let: Qj ⊆ [0, 1] s.t. (oj , Qj ) = (oj , Qj ∗ 0, 1]) ∧ (oj , Qj ) ∈
[[ g(dj ) ]]p for each j ∈ N
Proof: By 61
63. ∀j ∈ N : 0, 1] ⊆ Qj
71. ∀j ∈ N : Qj = {1} ∨ 0, 1] ⊆ Qj
Proof: By 62 and assumption 31
72. {1} ∗ 0, 1] = 0, 1] ∗ 0, 1] = 0, 1]
Proof: By deﬁnition 2
73. Q.E.D.

Proof: By
71, 72 and 62 (Qj = Qj ∗ 0, 1] for each j ∈ N )
Qj
64. 0, 1] ⊆
j∈N

Proof: By 63 and Lemma 31
65. Q.E.D.

Qj )
Proof: By 64 and 61 (Q =
53. Case: po = (⊕
61.

m


m


j∈N

[[ dj ;0, 1] ]] , {1} ∩
p

j=1

m

j=1

0, 1] = 0, 1]

j=1

Proof: By Lemma 31
m

0, 1] = {1}

62. {1} ∩

j=1

Proof: By 61
81

0, 1])

63. Q.E.D.
Proof: By 62 and assumption 53 (Q = {1} ∩

m


0, 1])

j=1

54. Q.E.D.
Proof: By 51 the cases 52 and 53 are exhaustive
46. Q.E.D.
Proof: The cases 41, 42, 43, 44 and 45 are exhaustive
32. Q.E.D.
Proof: Induction step
23. Q.E.D.
Proof: By induction with 21 as base case and 22 as induction step
12. Q.E.D.
Proof: ∀-rule

Lemma 33. Let d ∈ Di . Then
(o, {1}) ∈ [[ g(d) ]]p ⇒ ∀(o , Q ) ∈ [[ g(d) ]]p : o r o
Proof.
11. Assume: (o, {1}) ∈ [[ g(d) ]]p
Prove: ∀(o , Q ) ∈ [[ g(d) ]]p : o r o
21. Assume: (o , Q ) ∈ [[ g(d) ]]p
Prove: o r o
31. Case: d consists of a single event e or d = skip
41. [[ g(d) ]]p = { (({e}, ∅), {1}) } ∨ [[ g(d) ]]p = { (({}, ∅), {1}) }
Proof: By assumption 31
42. (o, {1}) = (o , Q )
Proof: By assumption 11, assumption 21 and 41
43. Q.E.D.
Proof: By 42, since o r o for any o
32. Case: d contains at least one operator
41. Assume: For every sub-diagram dj occurring in an operand of d
the following holds:
(oj , {1}) ∈ [[ g(dj ) ]]p ⇒ ∀(oj , Qj ) ∈ [[ g(dj ) ]]p : oj r oj
(ind.hyp.)
Prove: o r o
51. Case: d = refuse d1
61. Let: ((p1 , n1 ), {1}) ∈ [[ g(d1 ) ]]p s.t. o = (∅, p1 ∪ n1 )
Proof: By assumption 11 and assumption 51
62. Let: ((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p s.t. (o , Q ) = ((∅, p1 ∪ n1 ), Q1 )
Proof: By assumption 21 and assumption 51
63. (p1 , n1 ) r (p1 , n1 )
Proof: By 61, 62 and assumption 41
64. Q.E.D.
Proof: By 63 and Lemma 4 in [RHS07b]
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52. Case: d = d1 seq d2
61. Let: (o1 , {1}) ∈ [[ g(d1 ) ]]p , (o2 , {1}) ∈ [[ g(d2 ) ]]p s.t.
o = o1  o2
Proof: By assumption 11 and assumption 52
62. Let: (o1 , Q1 ) ∈ [[ g(d1 ) ]]p , (o2 , Q2 ) ∈ [[ g(d2 ) ]]p s.t.
(o , Q ) = (o1  o2 , Q1 ∗ Q2 )
Proof: By assumption 21 and assumption 52
63. o1 r o1 ∧ o2 r o2
Proof: By 61, 62 and assumption 41
64. Q.E.D.
Proof: By 61, 62, 63 and Lemma 30 in [HHRS06]
53. Case: d = d1 par d2
Proof: Similar to case 52; refer to Lemma 31 in [HHRS06] instead
of Lemma 30 in [HHRS06]
54. Case: d = d1 alt d2
Proof: Similar to case 52; refer to Theorem 11 in [RRS07] instead
of Lemma 30 in [HHRS06]
55. Case: d = xalt(d1 . . . , dm )
61. g(d) = palt(g(d1 );0, 1] , . . . , g(dm );0, 1])
Proof: By assumption 55
m

62. o = ⊕ [[ g(di );0, 1] ]]p
i=1

71. ∀Q ⊆ [0, 1] : Q ∗ 0, 1] = {1}
Proof: By deﬁnition 2
m

[[ g(di );0, 1] ]]p : Qj = {1}
72. ∀(oj , Qj ) ∈
i=1

Proof: By 71
m

73.
[[ g(di );0, 1] ]]p ⊆ [[ g(d) ]]p
i=1

Proof: By 61 and deﬁnition 9
m

74. ∀(oj , Qj ) ∈
[[ g(di );0, 1] ]]p : 0, 1] ⊆ Qj
i=1

Proof: By 72, 73 and Lemma 32
m


75. ∀S ⊆
[[ g(di );0, 1] ]]p :
Qj = {1}
(oj ,Qj )∈S

i=1

Proof: By 74
76. Q.E.D.
Proof: By assumption 11, 75 and deﬁnition 9 (by 75,
(o, {1}) must result from line b in deﬁnition 9)
m
m


0, 1])
63. Case: po = (⊕ [[ g(di );0, 1] ]]p , {1} ∩
i=1

i=1

71. Q.E.D.
Proof: By 62 and
 assumption
 63
64. Case: po ∈ {(⊕
{poi },
π2 .poi ) | N ⊆ {1, . . . , m} ∧ N =
i∈N

i∈N

∅ ∧ ∀i ∈ N : poi ∈ [[ g(di );0, 1] ]]p }
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71. Let: S ⊆

m


[[ g(di );0, 1] ]]p s.t. S = ∅ ∧ o = ⊕S

i=1

Proof: By assumption 64
m

72. ⊕ [[ g(di );0, 1] ]]p r ⊕S
i=1

Proof: By 71 and Lemma 29
73. o  ⊕S
Proof: By 72 and 62
74. Q.E.D.
Proof: By 73 and 71 (o = ⊕S)
65. Q.E.D.
Proof: By 61 the cases 63 and 64 are exhaustive
56. Q.E.D.
Proof: The cases 51, 52, 53, 54 and 55 are exhaustive
42. Q.E.D.
Proof: Induction step
33. Q.E.D.
Proof: By induction with 31 as base case and 32 as induction step
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: ⇒-rule

Note that Lemma 33 holds only for sequence diagrams on the form g(d), and
not for sequence diagrams in general.
Lemma 34. Let d ∈ Di . Then
[[ d ]]i ⊆ {o | (o, Q) ∈ [[ g(d) ]]p }
Proof.
11. ∀o ∈ [[ d ]]i : ∃Q ⊆ [0, 1] : (o, Q) ∈ [[ g(d) ]]p
21. Assume: o1 ∈ [[ d ]]i
Prove: ∃Q ⊆ [0, 1] : (o1 , Q) ∈ [[ g(d) ]]p
31. Case: d consists of a single event e or d = skip
41. Case: d consists of a single event e
51. [[ d ]]i = { ({e}, ∅) } ∧ [[ g(d) ]]p = { (({e}, ∅), {1}) }
Proof: By assumption 31
52. Q.E.D.
Proof: By 51; {1} is the Q we are looking for
42. Case: d = skip
Proof: Similar to 42; just replace e with 
43. Q.E.D.
Proof: By 31 the cases 41 and 42 are exhaustive
32. Case: d contains at least one operator
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41. Assume: For every sub-diagram dj occurring in an operand of d
the following holds:
∀o ∈ [[ dj ]]i : ∃Q ⊆ [0, 1] : (o, Q) ∈ [[ g(dj ) ]]p (ind.hyp.)
Prove: ∃Q ⊆ [0, 1] : (o1 , Q) ∈ [[ g(d) ]]p
51. Case: d = refuse d1
61. Let: (p1 , n1 ) ∈ [[ d1 ]]i s.t. o1 = (∅, p1 ∪ n1 )
Proof: By assumption 21 and assumption 51
62. Let: Q1 ⊆ [0, 1] s.t. ((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p
Proof: By 61 and assumption 41
63. ((∅, p1 ∪ n1 ), Q1 ) ∈ [[ g(d) ]]p
71. g(d) = refuse g(d1 )
Proof: By assumption 51 and deﬁnition 38
72. Q.E.D.
Proof: By 71 and 62 (((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p )
64. Q.E.D.
Proof: By 63 and 61 (o1 = (∅, p1 ∪ n1 )); Q1 is the Q we are
looking for
52. Case: d = d1 seq d2
61. Let: o1 ∈ [[ d1 ]]i , o2 ∈ [[ d2 ]]i s.t. o1 = o1  o2
Proof: By assumption 21 and assumption 52
62. Let: Q1 ⊆ [0, 1] s.t. (o1 , Q1 ) ∈ [[ g(d1 ) ]]p
Q2 ⊆ [0, 1] s.t. (o2 , Q2 ) ∈ [[ g(d2 ) ]]p
Proof: By 61 and assumption 41
63. (o1  o2 , Q1 ∗ Q2 ) ∈ [[ g(d) ]]p
71. g(d) = g(d1 ) seq g(d2 )
Proof: By assumption 52 and deﬁnition 38
72. Q.E.D.
Proof: By 71 and 62 ((o1 , Q1 ) ∈ [[ g(d1 ) ]]p ∧ (o2 , Q2 ) ∈
[[ g(d2 ) ]]p )
64. Q.E.D.
Proof: By 63 and 61 (o1 = o1  o2 ); Q1 ∗ Q2 is the Q we are
looking for
53. Case: d = d1 par d2
Proof: Similar to case 52
54. Case: d = d1 alt d2
Proof: Similar to case 52
55. Case: d = xalt(d1 , . . . , dm )
m

61. o1 ∈
[[ dj ]]i
j=1

Proof: By assumption 21 and assumption 55
62. Let: k ∈ {1, . . . , m} s.t. o1 ∈ [[ dk ]]i
Proof: By 61
63. Let: Qk ⊆ [0, 1] s.t. (o1 , Qk ) ∈ [[ g(dk ) ]]p
Proof: By assumption 62 and assumption 41
64. (o1 , Qk ∗ 0, 1]) ∈ [[ g(d) ]]p
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71. g(d) = palt(g(d1 );0, 1] , . . . , g(d2 );0, 1])
Proof: By assumption 55 and deﬁnition 38
72. Q.E.D.
Proof: By 63 ((o1 , Qk ) ∈ [[ g(dk ) ]]p ), 71 and deﬁnition 9
(from line (a) with N = {1})
65. Q.E.D.
Proof: By 64; Qk ∗ 0, 1] is the Q we are looking for
56. Q.E.D.
Proof: The cases 51, 52, 53, 54 and 55 are exhaustive
42. Q.E.D.
Proof: Induction step
33. Q.E.D.
Proof: By induction with 31 as base case and 32 as induction step
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: By 11

Lemma 35. Let d ∈ D . Then
i

∀(o, Q) ∈ [[ g(d) ]]p : ∃o ∈ [[ d ]]i : o r o
Proof.
11. Assume: (o, Q) ∈ [[ g(d) ]]p
Prove: ∃o ∈ [[ d ]]i : o r o
21. Case: d consists of a single event e or d = skip
31. Case: d consists of a single event e
41. [[ d ]]i = { ({e}, ∅) } ∧ [[ g(d) ]]p = { (({e}, ∅), {1}) }
Proof: By assumption 31
42. Q.E.D.
Proof: By 41; ({e}, ∅) is the o we are looking for
32. Case: d = skip
Proof: Similar to 31; just replace e with 
33. Q.E.D.
Proof: By 21 the cases 31 and 32 are exhaustive
22. Case: d contains at least one operator
31. Assume: For every sub-diagram dj occurring in an operand of d the
following holds:
∀(o , Q ) ∈ [[ g(dj ) ]]p : ∃o ∈ [[ dj ]]i : o r o (ind.hyp.)
Prove: ∃o ∈ [[ d ]]i : o r o
41. Case: d = refuse d1
51. Let: ((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p s.t. (o, Q) = ((∅, p1 ∪ n1 ), Q1 )
Proof: By assumption 11 and assumption 41
52. Let: (p1 , n1 ) ∈ [[ d1 ]]i s.t. (p1 , n1 ) r (p1 , n1 )
Proof: By 51 and assumption 31
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53. (∅, p1 ∪ n1 ) r (∅, p1 ∪ n1 )
Proof: By 52 and Lemma 4 in [RHS07b]
54. (∅, p1 ∪ n1 ) ∈ [[ d ]]i
Proof: By assumption 41 and 52
55. Q.E.D.
Proof: By 53, 54 and 51 (o = (∅, p1 ∪ n1 )); (∅, p1 ∪ n1 ) is the
o we are looking for
42. Case: d = d1 seq d2
51. Let: (o1 , Q1 ) ∈ [[ g(d1 ) ]]p , (o2 , Q2 ) ∈ [[ g(d2 ) ]]p s.t. (o, Q) =
(o1  o2 , Q1 ∗ Q2 )
Proof: By assumption 11 and assumption 42
52. Let: o1 ∈ [[ d1 ]]i s.t. o1 r o1
o2 ∈ [[ d2 ]]i s.t. o2 r o2
Proof: By 51 and assumption 31
53. o1  o2 r o1  o2
Proof: By 52 and Lemma 30 in [HHRS06]
54. o1  o2 ∈ [[ d ]]i
Proof: By assumption 42 and 52
55. Q.E.D.
Proof: By 53, 54 and 51 (o = o1  o2 ); o1  o2 is the o we
are looking for
43. Case: d = d1 par d2
Proof: Similar to case 42 (replace the reference to Lemma 30 in
[HHRS06] with a reference to Lemma 31 in [HHRS06])
44. Case: d = d1 alt d2
Proof: Similar to case 42 (replace the reference to Lemma 30 in
[HHRS06] with a reference to Theorem 11 in [RRS07])
45. Case: d = xalt(d1 , . . . , dm )
51. g(d) = palt(g(d1 );0, 1] , . . . , g(dm );0, 1])
Proof: By assumption
45

{poi },
π2 .poi ), where N ⊆ {1, . . . , m}∧
52. Case: (o, Q) = (⊕
i∈N

i∈N

N=
 ∅ ∧ ∀i ∈ N : poi ∈ [[ g(di );0, 1] ]]p

61. Let: j ∈ N and poj ∈ [[ g(dj );0, 1] ]]p s.t. poj ∈
{poi }
i∈N

Proof: By assumption 52 (N = ∅∧∀i ∈ N : poi ∈ [[ g(di );0, 1] ]]p )
62. Let: poaj ∈ [[ g(dj ) ]]p s.t. oaj = oj
Proof: By 61 (poj ∈ [[ g(dj );0, 1] ]]p )
63. Let: oj ∈ [[ dj ]]i s.t. oaj r oj
Proof: By 62 and assumption 31
64. oj r oj
Proof:
 By 63 and 62
{poi } r oj
65. ⊕
i∈N
71. ⊕
{poi } r oj
i∈N

Proof: By 61 (poj ∈
{poi }) and Lemma 30
i∈N

87

72. Q.E.D.
Proof: By 71, 64 and Lemma 26 in [HHRS06]
66. oj ∈ [[ d ]]i
Proof: By 63 (oj ∈ [[ dj ]]i ) and assumption 45
67. Q.E.D.

Proof: By 52 (o = ⊕
{poi }), 65 and 66; oj is the o we
i∈N

are looking for
53. Case: (o, Q) = (⊕

m


[[ g(di );0, 1] ]]p , {1} ∩

i=1

61. Let: (o1 , Q1 ) ∈ [[ g(d1 ) ]]
62. Let: o1 ∈ [[ d1 ]]i s.t. o1 r o1
Proof: By 61 and assumption 31
m

63. (o1 , Q1 ∗ 0, 1]) ∈
[[ g(di );0, 1] ]]p
p

m


0, 1])

i=1

i=1

Proof: By 61
m

64. ⊕ [[ g(di );0, 1] ]]p r o1
i=1

Proof: By 63 and Lemma 30
m

65. ⊕ [[ g(di );0, 1] ]]p r o1
i=1

Proof: By 62, 64 and Lemma 26 in [HHRS06]
66. o1 ∈ [[ d ]]i
Proof: By 62 (o1 ∈ [[ d1 ]]i ) and assumption 45
67. Q.E.D.
m

Proof: By 65, 66 and assumption 53 (o = (⊕ [[ g(di );0, 1] ]]p );
i=1

o1 is the o we are looking for
54. Q.E.D.
Proof: By 51 and deﬁnition 9 the cases 52 and 53 are exhaustive
46. Q.E.D.
Proof: The cases 41, 42, 43, 44 and 45 are exhaustive
32. Q.E.D.
Proof: Induction step
23. Q.E.D.
Proof: By induction with 21 as base case and 22 as induction step
12. Q.E.D.
Proof: ∀-rule

Lemma 36. Let d ∈ D . Then
i

∃(o, Q) ∈ [[ g(d) ]]p : Q = {1}
Proof.
11. Case: d consists of a single event e or d = skip
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21. [[ g(d) ]]p = { (({e}, ∅), {1}) } ∨ [[ g(d) ]]p = { (({}, ∅), {1}) }
Proof: By assumption 11
22. Q.E.D.
Proof: By 21
12. Case: d contains at least one operator
21. Assume: For every sub-diagram dj occurring in an operand of d the
following holds:
∃(oj , Qj ) ∈ [[ g(dj ) ]]p : Qj = {1} (ind.hyp.)
Prove: ∃(o, Q) ∈ [[ g(d) ]]p : Q = {1}
31. Case: d = refuse d1
41. g(d) = refuse g(d1 )
Proof: By assumption 31
42. Let: ((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p s.t. Q1 = {1}
Proof: By assumption 31 and assumption 21
43. ((∅, n1 ∪ p1 ), Q1 ) ∈ [[ g(d) ]]p
Proof: By 42 and 41
44. Q.E.D.
Proof: By 43 and 42
32. Case: d = d1 seq d2
41. g(d) = g(d1 ) seq g(d2 )
Proof: By assumption 32
42. Let: (o1 , Q1 ) ∈ [[ g(d1 ) ]]p s.t. Q1 = {1}
(o2 , Q2 ) ∈ [[ g(d2 ) ]]p s.t. Q2 = {1}
Proof: By assumption 32 and assumption 21
43. (o1  o2 , {1} ∗ {1}) ∈ [[ g(d) ]]p
Proof: By 42 and 41
44. Q.E.D.
Proof: By 43, since {1} ∗ {1} = {1}
33. Case: d = d1 par d2
Proof: Similar to case 32
34. Case: d = d1 alt d2
Proof: Similar to case 32
35. Case: d = xalt(d1 , . . . , dm )
41. g(d) = palt(g(d1 );0, 1] , . . . , g(dm );0, 1])
Proof: By assumption 35
m
m


42. (⊕
[[ g(dj );0, 1] ]], {1} ∩
0, 1]) ∈ [[ g(d) ]]p
j=1

j=1

Proof: By 41
m

43. {1} ∩
0, 1] = {1} ∩ 0, 1] = {1}
j=1

Proof: By Lemma 31
44. Q.E.D.
Proof: By 42 and 43
36. Q.E.D.
Proof: The cases 31, 32, 33, 34 and 35 are exhaustive
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22. Q.E.D.
Proof: Induction step
13. Q.E.D.
Proof: By induction with 11 as base case and 12 as induction step

Lemma 37. Let d ∈ Di . Then
∀o ∈ [[ d ]]i : ∃d ∈ Du : [[ d ]]u = o
Proof.
11. Case: d = e for some event e or d = skip
21. d ∈ Du
Proof: By assumption 11
22. Q.E.D.
Proof: By 21; d is the d we are looking for
12. Case: d contains at least one operator
21. Assume: For each operand dj occurring in an operand of d the following
holds: (ind. hyp.)
∀oj ∈ [[ dj ]]i : ∃dj ∈ Du : [[ dj ]]u = oi
Prove: ∀o ∈ [[ d ]]i : ∃d ∈ Du : [[ d ]]u = o
31. Assume: o ∈ [[ d ]]i
Prove: ∃d ∈ Du : [[ d ]]u = o
41. Case: d = refuse d1
51. Let: (p1 , n1 ) ∈ [[ d1 ]]i s.t. o = (∅, p1 ∪ n1 )
Proof: By assumption 41 and assumption 31
52. Let: d1 ∈ Du s.t. [[ d1 ]]u = (p1 , n1 )
Proof: By 51 and assumption 21
53. [[ refuse d1 ]]u = o
Proof: By 51 and 52
54. refuse d1 ∈ Du
Proof: By 52
55. Q.E.D.
Proof: By 53 and 54; refuse d1 is the d we are looking for
42. Case: d = d1 seq d2
51. Let: o1 ∈ [[ d1 ]]i , o2 ∈ [[ d2 ]]i s.t. o = o1  o2
Proof: By assumption 42 and assumption 31
52. Let: d1 , d2 ∈ Du s.t. [[ d1 ]]u = o1 ∧ [[ d2 ]]u = o2
Proof: By 51 and assumption 21
53. [[ d1 seq d2 ]]u = o
Proof: By 51 and 52
54. d1 seq d2 ∈ Du
Proof: By 52
55. Q.E.D.
Proof: By 53 and 54; d1 seq d2 is the d we are looking for
43. Case: d = d1 par d2
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Proof: Similar to 43; replace seq with par and  with
44. Case: d = d1 alt d2
Proof: Similar to 43; replace seq with alt and  with 
45. Case: d = d1 xalt d2
51. o ∈ [[ d1 ]]i ∨ o ∈ [[ d2 ]]i
Proof: By assumption 31 and assumption 45
52. Case: o ∈ [[ d1 ]]i
61. Let: d1 ∈ Du s.t. [[ d1 ]]u = o
Proof: By assumption 52 and assumption 21
62. Q.E.D.
Proof: By 61; d1 is the d we are looking for
53. Case: o ∈ [[ d2 ]]i
Proof: Similar to 52
54. Q.E.D.
Proof: By 51 the cases 52 and 53 are exhaustive
46. Q.E.D.
Proof: By assumption 12 the cases 41, 42, 43, 44 and 45
are exhaustive
32. Q.E.D.
Proof: ∀-rule
22. Q.E.D.
Proof: Induction step
13. Q.E.D.
Proof: By induction with 11 as base case and 12 as induction step

Lemma 38.
d ∈ Di ⇒ ∃d : N (d ) ∧ [[ d ]]i = [[ d ]]i
Proof.
11. Assume: d ∈ Di
Prove: ∃d : N (d ) ∧ [[ d ]]i = [[ d ]]i
21. Let: m ∈ N s.t. #[[ d ]]i = m
Proof: By assumption 11
22. Let: dj ∈ Du s.t. [[ dj ]]u = oj for each oj ∈ [[ d ]]i
Proof: By Lemma 37
23. [[ xalt(d1 , . . . , dm ) ]]i = [[ d ]]i
Proof: By 22
24. Q.E.D.
Proof: By 23 and 22; [[ xalt(d1 , . . . , dm ) ]]i is the d we are looking for
12. Q.E.D.
Proof: ⇒-rule
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Lemma 39. Let d ∈ Di . Then
(N (d) ∧ ∃s ⊆ H : ∀(p, n) ∈ [[ d ]]i : p ∪ n = s) ⇒


p∪n=
p∪n∧
((p,n),Q)∈[[ g(d) ]]p

(p,n)∈[[ d ]]i





n=

(p,n)∈[[ d ]]i

n

((p,n),Q)∈[[ g(d) ]]p

Proof.
11. Assume: 1. N (d)
i
2. ∃s⊆ H : ∀(p, n) ∈ [[ d ]]
: p∪n = s
p∪n=
p∪n∧
Prove:
(p,n)∈[[ d ]]i
((p,n),Q)∈[[ g(d) ]]p


n=
n
((p,n),Q)∈[[ g(d) ]]p

(p,n)∈[[ d ]]i

21. Let: s ⊆ H s.t. ∀(p, n) ∈ [[ d ]]i : p ∪ n = s
Proof: By assumption 2
22. Let: m ∈ N s.t. d = xalt(d1 , . . . , dm )
Proof: By assumption 1
23. ∀j ≤ m : #[[ dj ]]i = 1
Proof: 22 and assumption 1
24. g(d) = palt(d1 ;0, 1] , . . . , dm ;0, 1])
Proof: By 22 and assumption 1 (which ensures that g(dj ) = dj for 1 ≤
j ≤ m) 

p∪n =
p∪n
25.
((p,n),Q)∈[[ g(d) ]]p
(p,n)∈[[ d ]]i


31.
p∪n ⊆
p∪n
((p,n),Q)∈[[ g(d) ]]p
(p,n)∈[[ d ]]i

41. Assume: t ∈
p∪n
(p,n)∈[[ d ]]i

p∪n
Prove: t ∈
((p,n),Q)∈[[ g(d) ]]p

51. Assume: t ∈
/
p∪n
((p,n),Q)∈[[ g(d) ]]p

Prove: ⊥
61. Let: po ∈ [[ g(d) ]]p s.t. t ∈
/ p  ∪ n
Proof: By assumption
51


62. Case: po ∈ {(⊕
{poj },
Qj ) | N ⊆ {1, . . . , m} ∧ N =
j∈N

j∈N

∅ ∧ ∀j ∈ N : poj ∈ [[ dj ;0, 1] ]]p }

71. Let: N ⊆ {1, . . . , m} s.t. po = (⊕
{poj },
Qj ) ∧ N =
j∈N

∅ ∧ ∀j ∈ N : poj ∈ [[ dj ;0, 1] ]]p
Proof:
By
assumption
62


72.
{poj } =
[[ dj ;0, 1] ]]p
j∈N

j∈N

Proof: By
71 and 23
73. o = ⊕
[[ dj ;0, 1] ]]p
j∈N
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j∈N

Proof:
and 71
 By 72
74.
[[ dj ]]i ⊆ [[ d ]]i
j∈N

Proof: By22 and 71 (N ⊆ {1, . . . , m})
75. ∀po ∈
[[ dj ;0, 1] ]]p : t ∈ p ∪ n
j∈N

Proof: By 74 and assumption 41
76. t ∈ p ∪ n
Proof: By 75 and 73
77. Q.E.D.
Proof: By 76 and 61
m
m


63. Case: po = (⊕
[[ dj ;0, 1] ]]p , {1} ∩
0, 1])
j=1

j=1

/ p k ∪ nk
71. Let: k ≤ m s.t. [[ dk ]]i = {(pk , nk )} ∧ t ∈
Proof: By assumption 63, assumption 61 and 23
72. (pk , nk ) ∈ [[ d ]]i
Proof: By 71 and 22
73. t ∈ pk ∪ nk
Proof: By 72 and 41
74. Q.E.D.
Proof: By 71 and 73
64. Q.E.D.
Proof: By 61 (po ∈ [[ g(d) ]]p ) and 24 the cases 62 and 63
are exhaustive
52. Q.E.D.
Proof: ⊥-rule
42. Q.E.D.
Proof: 
⊆-rule

p∪n⊆
p∪n
32.
((p,n),Q)∈[[ g(d) ]]p
(p,n)∈[[ d ]]i

41. Assume: t ∈
p∪n
((p,n),Q)∈[[ g(d) ]]p

Prove: t ∈
p∪n
(p,n)∈[[ d ]]i

51. ∀((p, n), Q) ∈ [[ g(d) ]]p : t ∈ p ∪ n
Proof: By assumption 41
52. ∀(p, n) ∈ [[ g(d) ]]i : t ∈ p ∪ n
Proof: By 51 and Lemma 34
53. Q.E.D.
Proof: By 52
42. Q.E.D.
Proof: ⊆-rule
33. Q.E.D.
Proof:

 By 31 and 32
n=
n
26.
(p,n)∈[[ d ]]i

((p,n),Q)∈[[ g(d) ]]p
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31.


(p,n)∈[[ d

]]i

n⊆



41. Assume: t ∈
Prove:

n

((p,n),Q)∈[[ g(d) ]]p

t∈



n

(p,n)∈[[ d ]]i



n

((p,n),Q)∈[[ g(d) ]]p

51. Assume: t ∈
/



n

((p,n),Q)∈[[ g(d) ]]p

Prove: ⊥
61. Let: po ∈ [[ g(d) ]]p s.t. t ∈
/ n
Proof: By assumption
51


{poj },
Qj ) | N ⊆ {1, . . . , m} ∧ N =
62. Case: po ∈ {(⊕
j∈N

j∈N

∅ ∧ ∀j ∈ N : poj ∈ [[ dj ;0, 1] ]]p }

{poj },
Qj ) ∧ N =
71. Let: N ⊆ {1, . . . , m} s.t. po = (⊕
j∈N

∅ ∧ ∀j ∈ N : poj ∈ [[ dj ;0, 1] ]]p
Proof:
By
assumption
62


72.
{poj } =
[[ dj ;0, 1] ]]p
j∈N

j∈N

j∈N

Proof: By
71 and 23
[[ dj ;0, 1] ]]p
73. o = ⊕
j∈N

Proof:
and 71
 By 72
[[ dj ]]i ⊆ [[ d ]]i
74.
j∈N

Proof: By22 and 71 (N ⊆ {1, . . . , m})
[[ dj ;0, 1] ]]p : t ∈ n
75. ∀po ∈
j∈N

Proof: By 74 and assumption 41
76. t ∈ n
Proof: By 75 and 73
77. Q.E.D.
Proof: By 76 and 61
m
m


[[ dj ;0, 1] ]]p , {1} ∩
0, 1])
63. Case: po = (⊕
j=1

j=1

71. Let: k ≤ m s.t. [[ dk ]]i = {(pk , nk )} ∧ t ∈
/ nk
Proof: By assumption 63, assumption 61 and 23
72. (pk , nk ) ∈ [[ d ]]i
Proof: By 71 and 22
73. t ∈ nk
Proof: By 72 and 41
74. Q.E.D.
Proof: By 71 and 73
64. Q.E.D.
Proof: By 61 (po ∈ [[ g(d) ]]p ) and 24 the cases 62 and 63
are exhaustive
52. Q.E.D.
Proof: ⊥-rule
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42. Q.E.D.
Proof: 
⊆-rule
32.
((p,n),Q)∈[[ g(d)

]]p

41. Assume: t ∈
Prove:

t∈

n⊆



n

(p,n)∈[[ d ]]i



n

((p,n),Q)∈[[ g(d) ]]p



n

(p,n)∈[[ d ]]i

51. ∀((p, n), Q) ∈ [[ g(d) ]]p : t ∈ n
Proof: By assumption 41
52. ∀(p, n) ∈ [[ g(d) ]]i : t ∈ n
Proof: By 51 and Lemma 34
53. Q.E.D.
Proof: By 52
42. Q.E.D.
Proof: ⊆-rule
33. Q.E.D.
Proof: By 31 and 32
27. Q.E.D.
Proof: By 25 and 26
12. Q.E.D.
Proof: ⇒-rule

Lemma 40. Let O1 , O2 , O1 and O2 be sets of p-obligations. Then
O1 pl O1 ∧ O2 pl O2 ⇒ ⊕(O1  O2 ) r ⊕(O1  O2 )
Proof.
11. Assume: O1 pl O1 ∧ O2 pl O2
Prove: ⊕(O1  O2 ) r ⊕(O1  O2 )
21. Let: (p3 , n3 ) = ⊕(O1  O2 )
(p4 , n4 ) = ⊕(O1  O2 )
22. Assume: (p3 , n3 ) r (p4 , n4 )
Prove: ⊥
31. n3 ⊆ n4 ∨ p3 ⊆ p4 ∪ n4
Proof: By assumption 22
32. Case: n3 ⊆ n4
41. Let: t ∈ H such that t ∈ n3 ∧ t ∈
/ n4
Proof: By assumption 32
42. ∀po ∈ O1  O2 : t ∈ n
Proof: By 41
43. ∀po1 ∈ O1 , po2 ∈ O2 : t ∈ (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 )
Proof: By 42
/n
44. ∃po ∈ O1  O2 : t ∈
Proof: By 41
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45. Let: po1 ∈ O1 , po2 ∈ O2 such that t ∈
/ (n1  p2 )∪(n1  n2 )∪(p1 
n2 )
Proof: By 44
/ π2 . ⊕ (S1  S2 )
46. ∀S1 ⊆ O1 , S2 ⊆ O2 : po1 ∈ S1 ∧ po2 ∈ S2 ⇒ t ∈
Proof: By 45 and deﬁnition 4
¯ 1
47. Let: S1 ⊆ O1 , po1 ∈ O1 such that po1 ∈ S1 ∧ po1 pr ⊕S
¯ 2
S2 ⊆ O2 , po2 ∈ O2 such that po2 ∈ S2 ∧ po2 pr ⊕S
Proof: By assumption 11
48. t ∈ (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 )
Proof: By 47 and 43
49. Case: t ∈ n1  p2
51. Let: t1 ∈ n1 , t2 ∈ p2 such that t ∈ {t1 }  {t2 }
Proof: By assumption 49
52. ∀po ∈ S1 : t1 ∈ n
¯ 1)
Proof: By 51 and 47 (po1 pr ⊕S
53. ∀po ∈ S2 : t2 ∈ p ∪ n
¯ 2)
Proof: By 51 and 47 (po2 pr ⊕S
54. ∀po ∈ S1  S2 : t ∈ n
Proof: By 52, 53 and 51 (t ∈ {t1 }  {t2 })
55. t ∈ π2 . ⊕ (S1  S2 )
Proof: By 54
56. Q.E.D.
Proof: By 55, 46 and 47 (po1 ∈ S1 , po2 ∈ S2 )
410. Case: t ∈ n1  n2
51. Let: t1 ∈ n1 , t2 ∈ n2 such that t ∈ {t1 }  {t2 }
Proof: By assumption 410
52. ∀po ∈ S1 : t1 ∈ n
¯ 1)
Proof: By 51 and 47 (po1 pr ⊕S
53. ∀po ∈ S2 : t2 ∈ n
¯ 2)
Proof: By 51 and 47 (po2 pr ⊕S
54. ∀po ∈ S1  S2 : t ∈ n
Proof: By 52, 53 and 51 (t ∈ {t1 }  {t2 })
55. t ∈ π2 . ⊕ (S1  S2 )
Proof: By 54
56. Q.E.D.
Proof: By 55 and 46 and 47 (po1 ∈ S1 , po2 ∈ S2 )
411. Case: t ∈ p1  n2
Proof: Similar to case 49
412. Q.E.D.
Proof: By 48 the cases 49, 410 and 411 are exhaustive
33. Case: p3 ⊆ p4 ∪ n4
41. Let: t ∈ H such that t ∈ p3 ∧ t ∈
/ p 4 ∪ n4
Proof: By assumption 33
42. ∀po ∈ O1  O2 : t ∈ p ∪ n
Proof: By 41
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43. ∀po1 ∈ O1 , po2 ∈ O2 : t ∈ (p1  p2 ) ∪ (n1  p2 ) ∪ (n1  n2 ) ∪ (p1 
n2 )
Proof: By 42
/ p∪n
44. ∃po ∈ O1  O2 : t ∈
Proof: By 41
45. Let: po1 ∈ O1 , po2 ∈ O2 such that t ∈
/ (p1  p2 )∪(n1  p2 )∪(n1 
n2 ) ∪ (p1  n2 )
Proof: By 44
/ π1 . ⊕ (S1 
46. ∀S1 ⊆ O1 , S2 ⊆ O2 : po1 ∈ S1 ∧ po2 ∈ S2 ⇒ t ∈
S2 ) ∪ π2 . ⊕ (S1  S2 )
Proof: By 45 and deﬁnition 4
¯ 1
47. Let: S1 ⊆ O1 , po1 ∈ O1 such that po1 ∈ S1 ∧ po1 r ⊕S
¯ 2
S2 ⊆ O2 , po2 ∈ O2 such that po2 ∈ S2 ∧ po2 r ⊕S
Proof: By assumption 11 and 45
48. t ∈ (p1  p2 ) ∪ (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 )
Proof: By 43 and 47
49. Case: t ∈ p1  p2
51. Let: t1 ∈ p1 , t2 ∈ p2 such that t ∈ {t1 }  {t2 }
Proof: By assumption 49
52. ∀po ∈ S1 : t1 ∈ p ∪ n
¯ 1)
Proof: By 51 and 47 (po1 pr ⊕S
53. ∀po ∈ S2 : t2 ∈ p ∪ n
¯ 2)
Proof: By 51 and 47 (po2 pr ⊕S
54. ∀po ∈ S1  S2 : t ∈ p ∪ n
Proof: By 52, 53 and 51 (t ∈ {t1 }  {t2 })
55. t ∈ π1 . ⊕ (S1  S2 ) ∪ π2 . ⊕ (S1  S2 )
Proof: By 54 and deﬁnition 4
56. Q.E.D.
Proof: By 55, 46 and 45 (po1 ∈ S1 , po2 ∈ S2 )
410. Case: t ∈ n1  p2
Proof: Similar to case 49
411. Case: t ∈ n1  n2
Proof: Similar to case 49
412. Case: t ∈ p1  n2
Proof: Similar to case 49
413. Q.E.D.
Proof: By 48 the cases 49, 410, 411 and 412 are exhaustive
34. Q.E.D.
Proof: By 31 the cases 32 and 33 are exhaustive
23. Q.E.D.
Proof: ⊥-rule
12. Q.E.D.
Proof: ⇒-rule
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Lemma 41. Let O1 , O2 , O1 and O2 be sets of p-obligations. Then
O1 pl O1 ∧ O2 pl O2 ⇒ ⊕(O1
.

O2 ) r ⊕(O1

O2 )

Proof. The proof is similar to the proof for Lemma 40; just replace  with


Lemma 42. Let d1 , d2 , d1 and d2 be sequence diagrams in Dp . Then
¯ d1 seq d2 ]])) ⊆ π2 (⊕([[
¯ d1 seq d2 ]])) ∧
[[ d1 ]] pg [[ d1 ]] ∧ [[ d2 ]] pg [[ d2 ]] ⇒ π2 (⊕([[
¯ d1 par d2 ]])) ⊆ π2 (⊕([[
¯ d1 par d2 ]])) ∧
π2 (⊕([[
¯ d1 alt d2 ]])) ⊆ π2 (⊕([[
¯ d1 alt d2 ]]))
π2 (⊕([[
Proof.
11. Assume: [[ d1 ]] pg [[ d1 ]] ∧ [[ d2 ]] pg [[ d2 ]]
¯ d1 seq d2 ]])) ⊆ π2 (⊕([[
¯ d1 seq d2 ]]))∧
Prove: π2 (⊕([[
¯ d1 par d2 ]])) ⊆ π2 (⊕([[
¯ d1 par d2 ]]))∧
π2 (⊕([[
¯ d1 alt d2 ]])) ⊆ π2 (⊕([[
¯ d1 alt d2 ]]))
π2 (⊕([[
¯ d1 seq d2 ]])) ⊆ π2 (⊕([[
¯ d1 seq d2 ]]))
21. π2 (⊕([[
¯ d1 seq d2 ]] ⊆ {1}
31. π2 .⊕[[
Proof: By Lemma 2
¯ d1 seq d2 ]] ⇒ 1 ∈ π2 .⊕[[
¯ d1 seq d2 ]]
32. 1 ∈ π2 .⊕[[
¯ d1 seq d2 ]]
41. Assume: 1 ∈ π2 .⊕[[
¯ d1 seq d2 ]]
Prove: 1 ∈ π2 .⊕[[
51. ∀po ∈ [[ d1 seq d2 ]] : π2 .po = ∅
Proof: By assumption 41
52. ∀po ∈ [[ d1 ]] ∪ [[ d2 ]] : π2 .po = ∅
Proof: By 51
53. ∀po ∈ [[ d1 ]] ∪ [[ d2 ]] : π2 .po = ∅
Proof: By 52 and assumption 11 (since each p-obligation in
[[ d1 ]] either has 0 in its probability set or is represented in [[ d1 ]],
and each p-obligation in [[ d2 ]] either has 0 in its probability set or
is represented in [[ d2 ]])
54. ∀po ∈ [[ d1 seq d2 ]] : π2 .po = ∅
Proof: By 53
¯ d1 seq d2 ]] = ∅
55. π2 .⊕[[
Proof: By 54
56. Q.E.D.
Proof: By 55 and Lemma 2
42. Q.E.D.
Proof: ⇒-rule
33. Q.E.D.
Proof: By 31 and 32
¯ d1 par d2 ]])) ⊆ π2 (⊕([[
¯ d1 par d2 ]]))
22. π2 (⊕([[
Proof: Similar to 21; just replace seq with par.
¯ d1 alt d2 ]])) ⊆ π2 (⊕([[
¯ d1 alt d2 ]]))
23. π2 (⊕([[
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Proof: Similar to 21; just replace seq with alt.
24. Q.E.D.
Proof: By 21, 22 and 23
12. Q.E.D.
Proof: ⇒-rule

Lemma 43.
E(d) ⇒ ∃s ∈ H : ∀((p, n), Q) ∈ [[ g(d) ]]p : p ∪ n = s
Proof.
11. Assume: E(d)
Prove: ∃s ⊆ H : ∀((p, n), Q) ∈ [[ g(d) ]]p : p ∪ n = s
21. Case: d consists of a single event e or d = skip
31. d consists of a single event e
41. [[ g(d) ]]p = {(({e}, ∅), {1})}
Proof: By assumption 21
42. Q.E.D.
Proof: By 31; {e} is the s we are looking for
32. d = skip
Proof: Similar to 31; just replace e with 
33. Q.E.D.
Proof: By assumption 21 the cases 31 and 32 are exhaustive
22. Case: d contains at least one operator
31. Assume: For every sequence diagram d that occurs in an operand of
d the following holds:
∃s ⊆ H : ∀((p , n ), Q ) ∈ [[ g(d ) ]] : p ∪ n = s (ind. hyp.)
Prove: ∃s ⊆ H : ∀((p, n), Q) ∈ [[ g(d) ]] : p ∪ n = s
41. Case: d = refuse d1
51. g(d) = refuse g(d1 )
Proof: By assumption 41
52. Let: s1 ⊆ H s.t. ∀((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]] : p1 ∪ n1 = s1
Proof: By assumption 31
53. ∀((p, n), Q) ∈ [[ g(d) ]]p : p = ∅ ∧ n = s1
Proof: By 52 and 51
54. Q.E.D.
Proof: By 53; s1 is the s we are looking for
42. Case: d = d1 seq d2
51. g(d) = g(d1 ) seq g(d2 )
Proof: By assumption 42
52. Let: s1 ⊆ H s.t. ∀((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p : p1 ∪ n1 = s1
s2 ⊆ H s.t. ∀((p2 , n2 ), Q2 ) ∈ [[ g(d2 ) ]]p : p2 ∪ n2 = s2
Proof: By assumption 31
53. ∀po ∈ [[ g(d) ]]p : p ∪ n = s1  s2
61. Assume: po ∈ [[ g(d) ]]p
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Prove: p ∪ n = s1  s2
71. Let: po1 ∈ [[ g(d1 ) ]]p , po2 ∈ [[ g(d2 ) ]]p s.t. po = po1  po2
Proof: By assumption 61 and 51
72. p1 ∪ n1 = s1 ∧ p2 ∪ n2 = s2
Proof: By 71 and 52
73. p ∪ n = (p1  p2 ) ∪ (p1  n2 ) ∪ (n1  p2 ) ∪ (n1  n2 )
Proof: By 71
74. (p1  p2 ) ∪ (p1  n2 ) ∪ (n1  p2 ) ∪ (n1  n2 ) = s1  s2
Proof: (p1  p2 ) ∪ (p1  n2 ) ∪ (n1  p2 ) ∪ (n1  n2 )
= (p1  (p2 ∪ n2 )) ∪ (n1  (p2 ∪ n2 ))
By Lemma 14 in [HHRS06]
= (p1 ∪ n1 )  (p2 ∪ n2 )
By Lemma 15 in [HHRS06]
= s1  s2
By 72
75. Q.E.D.
Proof: By 73 and 74
62. Q.E.D.
Proof: ∀-rule
54. Q.E.D.
Proof: By 53; s1  s2 is the s we are looking for
43. Case: d = d1 par d2
Proof: Similar to case 42; just replace the references to Lemma 14
and Lemma 15 in [HHRS06] with references to Lemma 12 and Lemma
13 in [HHRS06]
44. Case: d = d1 alt d2
51. g(d) = g(d1 ) alt g(d2 )
Proof: By assumption 44
52. Let: s1 ⊆ H s.t. ∀((p1 , n1 ), Q1 ) ∈ [[ g(d1 ) ]]p : p1 ∪ n1 = s1
s2 ⊆ H s.t. ∀((p2 , n2 ), Q2 ) ∈ [[ g(d2 ) ]]p : p2 ∪ n2 = s2
Proof: By assumption 31
53. ∀((p, n), Q) ∈ [[ g(d) ]]p : p ∪ n = s1 ∪ s2
61. Assume: po ∈ [[ g(d) ]]p
Prove: p ∪ n = s1 ∪ s2
71. Let: po1 ∈ [[ g(d1 ) ]]p , po2 ∈ [[ g(d2 ) ]]p s.t. po = po1  po2
Proof: By assumption 61 and 51
72. p1 ∪ n1 = s1 ∧ p2 ∪ n2 = s2
Proof: By 71 and 52
73. p ∪ n = (p1 ∪ p2 ) ∪ (n1 ∪ n2 )
Proof: By 72 and 71
74. (p1 ∪ p2 ) ∪ (n1 ∪ n2 ) = s1 ∪ s2
Proof: By 72
75. Q.E.D.
Proof: By 73 and 74
62. Q.E.D.
100

Proof: ∀-rule
54. Q.E.D.
Proof: By 53; s1 ∪ s2 is the s we are looking for
45. Case: d = xalt(d1 , . . . , dn )
51. g(d) = palt(g(d1 );0, 1] , . . . , g(dn );0, 1])
Proof: By assumption 45 
[[ dj ]]i : p ∪ n = s
52. Let: s ⊆ H s.t. ∀o ∈
j∈{1,...,n}

Proof: By assumption 11 and assumption 45
53. ∀po ∈ [[ g(d) ]]p : p ∪ n = s
61. Assume: po ∈ [[ g(d) ]]p
Prove: p ∪ n = s
71. ∀j ∈ {1, . . . , n} : ∀po ∈ [[ g(dj ) ]]p : p ∪ n = s
81. Assume: j ∈ {1, . . . , n}
Prove: ∀po ∈ [[ g(dj ) ]]p : p ∪ n = s
91. Let: sj ⊆ H s.t. ∀po ∈ [[ g(dj ) ]]p : p ∪ n = sj
Proof: By assumption 31
92. sj = s
101. Let: oj ∈ [[ dj ]]i
102. Let: Qj ⊆ [0, 1] s.t. (oj , Qj ) ∈ [[ g(dj ) ]]p
Proof: By 101 and Lemma 34
103. pj ∪ nj = sj
Proof: By 102 and 91
104. pj ∪ nj = s
Proof: By 101 and 52
105. Q.E.D.
Proof: By 103 and 104
93. Q.E.D.
Proof: By 91 and 92
82. Q.E.D.
Proof: ∀-rule 
[[ g(dj ) ]]p s.t. o = ⊕S
72. Let: S ⊆
j∈{1,...,n}

Proof: By assumption 61 and 51
73. ∀po ∈ S : p ∪ n = s 
Proof: By 72 (S ⊆
[[ g(dj ) ]]p ) and 71
j∈{1,...,n}

74. Q.E.D.
Proof: By 73 and 72
62. Q.E.D.
Proof: ∀-rule
54. Q.E.D.
Proof: By 53; s is the s we are looking for
46. Q.E.D.
Proof: By assumption 22, the cases 41, 42, 43, 44 and 45
are exhaustive
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32. Q.E.D.
Proof: Induction step
23. Q.E.D.
Proof: Induction with 21 as basis and 22 as induction step
12. Q.E.D.
Proof: ⇒-rule

Lemma 44.
E(d) ⇒ ∀(o, Q) ∈ [[ g(d) ]]p : ∃o ∈ [[ d ]]i : o nr o
Proof.
11. Assume: E(d)
Prove: ∀(o, Q) ∈ [[ g(d) ]]p : ∃o ∈ [[ d ]]i : o nr o
21. Assume: (o1 , Q1 ) ∈ [[ g(d) ]]p
Prove: ∃o ∈ [[ d ]]i : o1 nr o
31. Let: s ⊆ H s.t. ∀po ∈ [[ g(d) ]]p : p ∪ n = s
Proof: By assumption 11 and Lemma 43
32. Let: o2 ∈ [[ d ]]i s.t. o1 r o2
Proof: By assumption 21 and Lemma 35
33. o1 nr o2
41. p1 ∪ n1 = p2 ∪ n2
51. p1 ∪ n1 = s
Proof: By assumption 21 and 31
52. p2 ∪ n2 = s
Proof: By 32, 31 and Lemma 34
53. Q.E.D.
Proof: By 51 and 52
42. Q.E.D.
Proof: By 41 and 32
34. Q.E.D.
Proof: By 32 and 33; o2 is the o we are looking for
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: ⇒-rule

Transitivity
Theorem 11 (Transitivity of prg ). Let d, d and d be sequence diagrams
in Dp . Then
[[ d ]] prg [[ d ]] ∧ [[ d ]] prg [[ d ]] ⇒ [[ d ]] prg [[ d ]]
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Proof.
11. Assume: [[ d ]] prg [[ d ]] ∧ [[ d ]] prg [[ d ]]
Prove: ∀po ∈ [[ d ]] : 0 ∈
/ π2 .po ⇒ ∃po ∈ [[ d ]] : po prr po
21. Assume: po ∈ [[ d ]]
Prove: 0 ∈
/ π2 .po ⇒ ∃po ∈ [[ d ]] : po prr po
31. Assume: 0 ∈
/ π2 .po
Prove: ∃po ∈ [[ d ]] : po prr po
41. Let: po ∈ [[ d ]] s.t. po prr po
Proof: By assumption 11, assumption 21 and assumption 31
42. ∃po ∈ [[ d ]] : po prr po
51. 0 ∈
/ π2 .po
Proof: By assumption 31 and 41
52. Q.E.D.
Proof: By assumption 11, 41 and 51
43. Let: po ∈ [[ d ]] s.t. po prr po
Proof: By 42
44. po prr po
51. o rr o
61. o rr o ∧ o rr o
Proof: By 41 and 43
62. Q.E.D.
Proof: By 61 and Theorem 5 in [RRS07]
52. Q ⊆ Q
Proof: By 41 and 43
53. Q.E.D.
Proof: By 51 and 52
45. Q.E.D.
Proof: By 43 (po ∈ [[ d ]]) and 44
32. Q.E.D.
Proof: ⇒-rule
22. Q.E.D.
Proof: ∀-rule
12. Q.E.D.
Proof: ⇒-rule





Theorem 12 (Transitivity of pl ). Let d, d and d be sequence diagrams in
Dp . Then
[[ d ]] pl [[ d ]] ∧ [[ d ]] pl [[ d ]] ⇒ [[ d ]] pl [[ d ]]
Proof.
11. Assume: [[ d ]] pl [[ d ]] ∧ [[ d ]] pl [[ d ]]
1. [[ d ]] pl [[ d ]]
2. [[ d ]] pl [[ d ]]
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Prove: [[ d ]] pl [[ d ]]
21. [[ d ]] pg [[ d ]]
Proof: By assumptions 11.1, 11.2 and transitivity of pg (Theorem 1
in [RHS05].)
¯ 
22. ∀po ∈ [[ d ]] : ∃S  ⊆ [[ d ]] : ∃po ∈ [[ d ]] : po ∈ S  ∧ po pr ⊕S
31. Assume: po ∈ [[ d ]]
¯ 
Prove: ∃S  ⊆ [[ d ]] : ∃po ∈ [[ d ]] : po ∈ S  ∧ po pr ⊕S
¯ d ]]
41. ∃po ∈ [[ d ]] : po pr ⊕[[
¯ d ]]
51. Let: po ∈ [[ d ]] such that po pr ⊕[[
Proof: By Lemma 11
¯ d ]]
52. π1 .po r π1 .⊕[[
¯ d ]] r π1 .⊕[[
¯ d ]]
61. π1 .⊕[[
Proof: By assumption 11.1 and Lemma 1
¯ d ]] r π1 .⊕[[
¯ d ]]
62. π1 .⊕[[
Proof: By assumption 11.2 and Lemma 1
63. Q.E.D.
Proof: By 51, 61, 62 and transitivity of r
¯ d ]] ⊆ π2 .po
53. π2 .⊕[[
¯ d ]] ⇒ 1 ∈ π2 .po
61. 1 ∈ π2 .⊕[[
¯ d ]]
71. Assume: 1 ∈ π2 .⊕[[
Prove: 1 ∈ π2 .po
¯ d ]]
81. Let: po1 ∈ [[ d ]] such that po1 pr ⊕[[
Proof: By Lemma 11
82. ∀po1 ∈ [[ d ]] : π2 .po1 = ∅
¯ d ]] = ∅)
Proof: By assumption 71 (since π2 .⊕[[
83. 1 ∈ π2 .po1
Proof: By assumption 71 and 81
¯
84. ∀S ⊆ [[ d ]] : po1 ∈ S ⇒ 1 ∈ π2 .⊕S
Proof: By 82, 83 and deﬁnition 7
85. Let: po1 ∈ [[ d ]], S1 ⊆ [[ d ]] such that
¯ 1
po1 ∈ S1 ∧ po1 pr ⊕S
Proof: By assumption 11.2
86. 1 ∈ π2 .po1
Proof: By 84 and 85
87. ∀po ∈ [[ d ]] : π2 .po = ∅
Proof: By 82 and assumption 11.2 (since every p-obligation
in [[ d ]] either has 0 in its set of probabilities or must be represented in [[ d ]], and all combinations of p-obligations in [[ d ]]
will have a non-empty probability set because of 82).
¯
88. ∀S ⊆ [[ d ]] : po1 ∈ S ⇒ 1 ∈ π2 .⊕S
Proof: By 86 and 87
89. Let: po1 ∈ [[ d ]], S1 ⊆ [[ d ]] such that po1 ∈ S1 ∧ po1 pr
¯ 1
⊕S
Proof: By assumption 11.1
810. 1 ∈ π2 .po1

104

Proof: By 88 and 89
811. ∀po ∈ [[ d ]] : π2 .po = ∅
Proof: By 87 and assumption 11.1 (with similar comment
as 87).
¯ d ]]
812. 1 ∈ π2 .⊕[[
Proof: By 810 and 811, since po1 ∈ [[ d ]]
813. Q.E.D.
Proof: By 812 and 51
72. Q.E.D.
Proof: ⇒-rule
62. Q.E.D.
Proof: By 61 and Lemma 2
54. Q.E.D.
Proof: By 52 and 53
42. Q.E.D.
Proof: By 41; [[ d ]] is the S  we are looking for.
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21, 22 and deﬁnition 25
12. Q.E.D.
Proof: ⇒-rule

Theorem 13 (Non-transitivity of prl ). There exists sequence diagrams d,
d and d in Dp such that [[ d ]] prl [[ d ]] ∧ [[ d ]] prl [[ d ]] ∧ [[ d ]] prl [[ d ]]
Proof. To see this, let
d=a
d = palt(a;0, 1] , (a alt b);0, 1])
d = palt((a alt (refuse b));{1}, (b alt (refuse a));{0})
This means that
[[ d ]] = {po1 }
[[ d ]] = {po1 , po2 , po3 }
[[ d ]] = {po4 , po5 , po6 }
where
po1 = (({a}, ∅), {1})
po2 = (({a}, ∅), 0, 1])
po3 = (({a , b}, ∅), 0, 1])
po4 = (({a}, {b}), {1})
po5 = (({b}, {a}), {0})
po6 = (({a , b}, ∅), {1})
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¯
Then po1 prr po1 and po1 prr ⊕{po
1 , po2 , po3 }, so [[ d ]] prl [[ d ]]. Furthermore, we have po1 prr po4 , po2 prr po4 , po3 prr po4 and po3 prr



¯
⊕{po
4 , po5 , po6 }, which means that [[ d ]] prl [[ d ]]. But there is no S ⊆ [[ d ]]
¯ for
¯ and S contains po6 , since b will be positive in ⊕S
such that po1 prr ⊕S
any such S. So the p-obligation po6 is not a member of any subset of [[ d ]]
whose combination is a reﬁnement of a p-obligation in [[ d ]] according to prr .


Theorem 14 (Transitivity of png ). Let d, d and d be sequence diagrams
in Dp . Then
[[ d ]] png [[ d ]] ∧ [[ d ]] png [[ d ]] ⇒ [[ d ]] png [[ d ]]
Proof. The proof is similar to the proof of Theorem 11, just replace prr
with pnr and prg with png . In addition, refer to Theorem 5 in this paper
instead of Theorem 5 in [RRS07].

Theorem 15 (Transitivity of pnl ). Let d, d and d be sequence diagrams
in Dp . Then
[[ d ]] pnl [[ d ]] ∧ [[ d ]] pnl [[ d ]] ⇒ [[ d ]] pnl [[ d ]]
Proof.
11. Assume: 1. [[ d ]] pnl [[ d ]]
2. [[ d ]] pnl [[ d ]]
Prove: [[ d ]] pnl [[ d ]]
21. [[ d ]] png [[ d ]]
Proof: By assumptions 11.1, 11.2 and Theorem 14
¯ 
22. ∀po ∈ [[ d ]] : ∃S  ⊆ [[ d ]] : ∃po ∈ [[ d ]] : po ∈ S  ∧ po pnr ⊕S
31. Assume: po ∈ [[ d ]]
¯ 
Prove: ∃S  ⊆ [[ d ]] : ∃po ∈ [[ d ]] : po ∈ S  ∧ po pnr ⊕S

¯
41. ∃po ∈ [[ d ]] : po pnr ⊕[[ d ]]
¯ d ]]
51. Let: po ∈ [[ d ]] such that po pnr ⊕[[
Proof: By Lemma 12
¯ d ]]
52. π1 .po nr π1 .⊕[[
¯ d ]] nr π1 .⊕[[
¯ d ]]
61. π1 .⊕[[
Proof: By assumption 11.1 and Lemma 13
¯ d ]] nr π1 .⊕[[
¯ d ]]
62. π1 .⊕[[
Proof: By assumption 11.2 and Lemma 13
63. Q.E.D.
Proof: By 51, 61, 62 and Theorem 5
¯ d ]] ⊆ π2 .po
53. π2 .⊕[[
¯ d ]] ⇒ 1 ∈ π2 .po
61. 1 ∈ π2 .⊕[[
¯ d ]]
71. Assume: 1 ∈ π2 .⊕[[
Prove: 1 ∈ π2 .po
¯ d ]]
81. Let: po1 ∈ [[ d ]] such that po1 pnr ⊕[[
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Proof: By Lemma 12
82. ∀po1 ∈ [[ d ]] : π2 .po1 = ∅
¯ d ]] = ∅)
Proof: By assumption 71 (since π2 .⊕[[
83. 1 ∈ π2 .po1
Proof: By assumption 71 and 81
¯
84. ∀S ⊆ [[ d ]] : po1 ∈ S ⇒ 1 ∈ π2 .⊕S
Proof: By 82, 83 and deﬁnition 7
85. Let: po1 ∈ [[ d ]], S1 ⊆ [[ d ]] such that po1 ∈ S1 ∧
¯ 1
po1 pnr ⊕S
Proof: By assumption 11.2
86. 1 ∈ π2 .po1
Proof: By 84 and 85
87. ∀po ∈ [[ d ]] : π2 .po = ∅
Proof: By 82 and assumption 11.2 (since every p-obligation
in [[ d ]] either has 0 in its probability set or must be represented in [[ d ]], and all combinations of p-obligations in [[ d ]]
will have a non-empty probability set because of 82).
¯
88. ∀S ⊆ [[ d ]] : po1 ∈ S ⇒ 1 ∈ π2 .⊕S
Proof: By 86 and 87
89. Let: po1 ∈ [[ d ]], S1 ⊆ [[ d ]] such that
¯ 1
po1 ∈ S1 ∧ po1 pnr ⊕S
Proof: By assumption 11.1
810. 1 ∈ π2 .po1
Proof: By 88 and 89
811. ∀po ∈ [[ d ]] : π2 .po = ∅
Proof: By 87 and assumption 11.1 (with similar comment
as 87).
¯ d ]]
812. 1 ∈ π2 .⊕[[
Proof: By 810 and 811, since po1 ∈ [[ d ]]
813. Q.E.D.
Proof: By 812 and 51
72. Q.E.D.
Proof: ⇒-rule
62. Q.E.D.
Proof: By 61 and Lemma 2
54. Q.E.D.
Proof: By 52 and 53
42. Q.E.D.
Proof: By 41; [[ d ]] is the S  we are looking for.
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21, 22 and deﬁnition 25
12. Q.E.D.
Proof: ⇒-rule
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Transitivity between reﬁnement and compliance
Theorem 16 (Transitivity between reﬁnement and compliance for pg ).
Let d1 and d2 be sequence diagrams in Dp . Then
[[ d1 ]] pg [[ d2 ]] ∧ [[ d2 ]] →pg Id2 ⇒ [[ d1 ]] →pg Id1
Proof.
11. Assume: [[ d1 ]] pg [[ d2 ]] ∧ [[ d2 ]] →pg Id2
Prove: [[ d1 ]] →pg Id1
21. ∀po ∈ [[ d1 ]] : 0 ∈
/ π2 .po ⇒ ∃po ∈ Id1 : po →pr po
31. Assume: po1 ∈ [[ d1 ]]
Prove: 0 ∈
/ π2 .po1 ⇒ ∃po ∈ Id1 : po1 →pr po
41. Assume: 0 ∈
/ π2 .po1
Prove: ∃po ∈ Id1 : po1 →pr po
51. Let: po2 ∈ [[ d2 ]] such that po1 pr po2
Proof: By assumptions 11, 31 and 41
52. 0 ∈
/ π2 .po2
Proof: By 51 and assumption 41
53. Let: po2 ∈ Id2 such that po2 →pr po2
Proof: By 51, 52 and assumption 11
54. po1 →pr po2
Proof: By 51, 53 and Lemma 1 in [RHS07a] (transitivity of
pr ), as →pr is identical with pr
55. Let: po1 = ((p2 , n2 ∩ Hll(d1 ) ), Q2 )
56. po1 ∈ Id1
Proof: By 55, 53 and deﬁnition 30 (notice that traces(I) and
FI are independent of d1 and d2 , therefore Id1 and Id2 only diﬀer
w.r.t. the negative sets)
57. po1 →pr po1
61. (p1 , n1 ) →r (p2 , n2 )
Proof: By 54
62. p1 ∪ n1 ⊆ Hll(d1 )
Proof: By assumption 31
63. (p1 , n1 ) →r (p2 , n2 ∩ Hll(d1 ) )
Proof: By 61 and 62
64. Q2 ⊆ Q1
Proof: By 54
65. Q.E.D.
Proof: By 63 and 64
58. Q.E.D.
Proof: By 56 and 57; po1 is the po we are looking for
42. Q.E.D.
Proof: ⇒-rule
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32. Q.E.D.
Proof: ∀-rule
22. Q.E.D.
Proof: By 21
12. Q.E.D.
Proof: ⇒-rule

Theorem 17 (Transitivity between reﬁnement and compliance for prg ).
Let d1 and d2 be sequence diagrams in Dp . Then
[[ d1 ]] prg [[ d2 ]] ∧ [[ d2 ]] →prg Id2 ⇒ [[ d1 ]] →prg Id1
Proof.
The proof is similar to the proof for Theorem 16; just replace pr with prr
and →pr with →prr . In addition, refer to Lemma 15 in step 54.

Theorem 18 (Transitivity between reﬁnement and compliance for pl ).
Let d and d be sequence diagrams in Dp . Then
[[ d1 ]] pl [[ d2 ]] ∧ [[ d2 ]] →pl Id2 ⇒ [[ d1 ]] →pl Id1
Proof.
11. Assume: [[ d1 ]] pl [[ d2 ]] ∧ [[ d2 ]] →pl Id2
Prove: [[ d1 ]] →pl Id1
21. [[ d1 ]] →pg Id1
Proof: By assumption 11 and Theorem 16
¯
22. ∀po1 ∈ Id1 : ∃S ⊆ Id1 , po1 ∈ [[ d1 ]] : po1 →pr ⊕S
31. Assume: po1 ∈ Id1
¯
Prove: ∃S ⊆ Id1 , po1 ∈ [[ d1 ]] : po1 →pr ⊕S
41. ∀po ∈ Id2 : π2 .po = ∅
Proof: By deﬁnition 30
42. ∀po ∈ [[ d2 ]] : π2 .po = ∅
Proof: By 41 and assumption 11 (since every p-obligation in [[ d2 ]]
either has 0 in its set of probabilities or is represented in Id2 )
43. ∀po ∈ [[ d1 ]] : π2 .po = ∅
Proof: By 42 and assumption 11 (since every p-obligation in [[ d1 ]]
either has 0 in its set of probabilities or is represented in [[ d2 ]])
¯ d1 ]] = {1}
44. π2 .⊕[[
Proof: By 43 and Lemma 2
¯ d1 = {1}
45. π2 .⊕I
Proof: By deﬁnition 30 and deﬁnition 7, since fI is a measure
¯ d1 ⊆ π2 .⊕[[
¯ d1 ]]
46. π2 .⊕I
Proof: By 44 and 45
47. ⊕[[ d1 ]] →r ⊕Id1
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Proof: By assumption 11 and Lemma 17
¯ d1 ]] →pr ⊕I
¯ d1
48. ⊕[[
Proof: By 46 and 47
¯ d1 ]]
49. Let: po ∈ [[ d1 ]] such that po pr ⊕[[
Proof: By Lemma 11
¯ d1
410. po →pr ⊕I
Proof: By 48, 49 and Lemma 1 in [RHS07a] (transitivity of pr ),
as →pr is identical with pr
411. Q.E.D.
Proof: By 49 and 410; po is the po1 we are looking for and Id1
is the S we are looking for
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Theorem 19 (Transitivity between reﬁnement and compliance for png ).
Let d and d be sequence diagrams in Dp . Then
[[ d1 ]] png [[ d2 ]] ∧ [[ d2 ]] →png Id2 ⇒ [[ d1 ]] →png Id1
Proof.
11. Assume: [[ d1 ]] png [[ d2 ]] ∧ [[ d2 ]] →png Id2
Prove: [[ d1 ]] →png Id1
21. [[ d1 ]] →prg Id1
31. [[ d1 ]] prg [[ d2 ]] ∧ [[ d2 ]] →prg Id2
Proof: By assumption 11, deﬁnition 24 and deﬁnition 35
32. Q.E.D.
Proof: By 31 and Theorem 17
22. Q.E.D.
Proof: By 21 and deﬁnition 35
12. Q.E.D.
Proof: ⇒-rule

Theorem 20 (Transitivity between reﬁnement and compliance for pnl ).
Let d and d be sequence diagrams in Dp . Then
[[ d1 ]] pnl [[ d2 ]] ∧ [[ d2 ]] →pnl Id2 ⇒ [[ d1 ]] →pnl Id1
Proof.
11. Assume: [[ d1 ]] pnl [[ d2 ]] ∧ [[ d2 ]] →pnl Id2
Prove: [[ d1 ]] →
 pnl Id1
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21. [[ d1 ]] →png Id1
31. [[ d1 ]] png [[ d2 ]] ∧ [[ d2 ]] →png Id2
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Theorem 19
¯
22. ∀po ∈ Id1 : ∃S ⊆ Id1 : ∃po ∈ [[ d1 ]] : po ∈ S ∧ po →prr ⊕S
31. Assume: po1 ∈ Id1
¯
Prove: ∃S ⊆ Id1 : ∃po ∈ [[ d1 ]] : po1 ∈ S ∧ po →prr ⊕S
¯ d1 ]]
41. Let: po1 ∈ [[ d1 ]] such that po1 pnr ⊕[[
Proof: By Lemma 12
¯ d1
42. po1 →prr ⊕I
¯ d1 ]]
51. Let: ((p3 , n3 ), Q3 ) = ⊕[[
¯ d2 ]]
((p4 , n4 ), Q4 ) = ⊕[[
¯ d1
((p5 , n5 ), Q5 ) = ⊕I
¯ d2
((p6 , n6 ), Q6 ) = ⊕I
52. (p3 , n3 ) →rr (p5 , n5 )
61. (p3 , n3 ) nr (p4 , n4 )
Proof: By assumption 11 and Lemma 13
62. (p3 , n3 ) →r (p5 , n5 )
71. n3 ⊆ n5
81. Assume: t ∈ n3
Prove: t ∈ n5
91. t ∈ n4
Proof: By assumption 81 and 61
92. ∀po ∈ [[ d2 ]] : t ∈ n
Proof: By 91
93. ∀po ∈ Id2 : t ∈ n
/n
101. Assume: ∃po ∈ Id2 : t ∈
Prove: ⊥
/n
111. Let: po2 ∈ Id2 such that t ∈
Proof: By assumption 101
112. Let: S2 ⊆ Id2 , po2 ∈ [[ d2 ]] such that po2 ∈
¯ 2
S2 ∧ po2 →prr ⊕S
Proof: By assumption 11 ([[ d2 ]] →prr Id2 )
113. t ∈
/ π2 . ⊕ S2
Proof: By 111 and 112
114. t ∈
/ n2
Proof: By 112 and 113
115. Q.E.D.
Proof: By 114 and 92
102. Q.E.D.
Proof: ⊥-rule
94. t ∈ n6
Proof: By 93
95. t ∈ Hll(d1 )
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Proof: By assumption 81
96. (n6 \ n5 ) ∩ Hll(d1 ) = ∅
Proof: By deﬁnition 4 and deﬁnition 30
97. Q.E.D.
Proof: By 94, 95 and 96
82. Q.E.D.
Proof: ⊆-rule
72. p3 ⊆ p5 ∪ n5
81. Assume: t ∈ p3
Prove: t ∈ p5 ∪ n5
91. t ∈ p4 ∪ n4
Proof: By assumption 81 and 61
92. ∀po ∈ [[ d2 ]] : t ∈ p ∪ n
Proof: By 91
93. ∀po ∈ Id2 : t ∈ p ∪ n
101. Assume: ∃po ∈ Id2 such that t ∈
/ p∪n
Prove: ⊥
/ p2 ∪ n2
111. Let: po2 ∈ Id2 such that t ∈
Proof: By assumption 101
112. Let: S2 ⊆ Id2 , po2 ∈ [[ d2 ]] such that po2 ∈
¯ 2
S2 ∧ po2 →prr ⊕S
Proof: By assumption 11 ([[ d2 ]] →pnl Id2 )
113. t ∈
/ π1 . ⊕ S2 ∪ π2 . ⊕ S2
Proof: By 111 and 112
114. t ∈
/ p2 ∪ n2
Proof: By 112 and 113
115. Q.E.D.
Proof: By 114 and 92
102. Q.E.D.
Proof: ⊥-rule
94. t ∈ p6 ∪ n6
Proof: By 93
95. t ∈ Hll(d1 )
Proof: By assumption 81
96. ((p6 ∪ n6 ) \ (p5 ∪ n5 )) ∩ Hll(d1 ) = ∅
Proof: By deﬁnition 4 and deﬁnition 30
97. Q.E.D.
Proof: By 94, 95 and 96
82. Q.E.D.
Proof: ⊆-rule
73. Q.E.D.
Proof: By 71 and 72
63. p3 ∩ p5 = ∅
71. Case: traces(I) contains exactly one trace
81. Let: {t} = traces(I)
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Proof: By assumption 71
82. Id1 = {(({t}, Hll(d1 ) \ {t}), {1})}
Proof: By 81 and deﬁnition 30
83. Id2 = {(({t}, Hll(d2 ) \ {t}), {1})}
Proof: By 81 and deﬁnition 30
84. t ∈ p5
Proof: By 82 and deﬁnition 4
85. t ∈ p3
91. Assume: t ∈
/ p3
Prove: ⊥
101. (∃po ∈ [[ d1 ]] : t ∈
/ p ∪ n) ∨ (∀po ∈ [[ d1 ]] : t ∈ n)
Proof: By assumption 91
/ p∪n
102. Case: ∃po ∈ [[ d1 ]] : t ∈
¯ d1 ]]
111. Let: po1 ∈ [[ d1 ]] such that po1 pnr ⊕[[
Proof: By Lemma 12
112. 0 ∈
/ Q1
¯ d1 ]]
121. 0 ∈
/ π2 .⊕[[
Proof: By Lemma 2
122. Q.E.D.
Proof: By 121 and 111
113. Let: po2 ∈ [[ d2 ]] such that po1 pnr po2
Proof: By 112 and assumption 11
114. t ∈
/ p2 ∪ n2
121. t ∈
/ p 3 ∪ n3
Proof: By assumption 102
122. t ∈
/ p1 ∪ n1
Proof: By 121 and 111
123. Q.E.D.
Proof: By 122 and 113
115. 0 ∈
/ Q2
Proof: By 112 and 113
116. ∀po ∈ Id2 : po2 →prr po
Proof: By 114 and 83
117. Q.E.D.
Proof: By 115, 116 and assumption 11 ([[ d2 ]] →pnl
Id2 )
103. Case: ∀po ∈ [[ d1 ]] : t ∈ n
111. ∀po ∈ [[ d2 ]] : t ∈ n
Proof: By assumption 103 and assumption 11 ([[ d1 ]] pnr
[[ d2 ]])
112. [[ d2 ]] →prr Id2
Proof: By 111 and 83
113. Q.E.D.
Proof: By 112 and assumption 11
104. Q.E.D.
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Proof: By 101 the cases 102 and 103 are exhaustive
92. Q.E.D.
Proof: ⊥-rule
86. Q.E.D.
Proof: By 84 and 85
72. Case: traces(I) contains more than one trace
81. p5 ⊆ Hll(d1 )
91. Assume: t1 ∈ p5
Prove: t1 ∈ Hll(d1 )
101. Assume: t1 ∈
/ Hll(d1 )
Prove: ⊥
111. ∀po ∈ Id1 : t1 ∈ p
Proof: By assumption 91, assumption 101 and definition 30 (since t1 ∈
/ Hll(d1 ) , we have ∀po ∈ Id1 : t1 ∈
/
n)
112. Let: t2 ∈ traces(I) such that t1 = t2
Proof: By assumption 72
113. Let: t1 , t2 be ﬁnite traces such that t1  t1 ∧ t2 
t2 ∧ t1 = t2
Proof: By 112
/ ct2
114. t1 ∈
Proof: By 113
115. ((ct2 , Hll(d1 ) \ ct2 ), fI (ct2 )) ∈ Id1
Proof: By deﬁnition 30
116. Q.E.D.
Proof: By 111, 114 and 115
102. Q.E.D.
Proof: ⊥-rule
92. Q.E.D.
Proof: ⊆-rule
82. p4 ∩ p6 = ∅
91. Assume: p4 ∩ p6 = ∅
Prove: ⊥
101. p6 ⊆ Hll(d2 )
Proof: Similar to the proof for 81
102. traces(I) = p6
Proof: By 101 and deﬁnition 30
103. Case: n4 ∩ traces(I) = ∅
¯ d2 ]]
111. Let: po2 ∈ [[ d2 ]] such that po2 pnr ⊕[[
Proof: By Lemma 12
112. 0 ∈
/ Q2
Proof: By 111 and Lemma 2
113. p4 ∩ traces(I) = ∅
Proof: By 102 and assumption 91
114. p4 ∪ n4 = p2 ∪ n2
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Proof: By 111
115. (p4 ∪ n4 ) ∩ traces(I) = ∅
Proof: By 113 and assumption 103
116. p2 ∩ traces(I) = ∅
Proof: By 115 and 114
117. ∀po ∈ Id2 : po2 →prr po
Proof: By 116
118. Q.E.D.
Proof: By 117, 112 and assumption 11 (second
conjunct)
104. Case: n4 ∩ traces(I) = ∅
111. Let: t ∈ n4 ∩ traces(I)
Proof: By assumption 104
112. Let: po2 ∈ Id2 such that t ∈ p2
Proof: By 111 (t ∈ traces(I))
113. t ∈
/ n2
Proof: By 112 and deﬁnition 30 (every p-obligation
in any I is consistent)

114. Let: S2 ⊆ Id2 , po
2 ∈ [[ d2 ]] such that p2 ∈
¯ 
S2 ∧ po
2 →prr ⊕S2
Proof: By assumption 11 (second conjunct)
115. t ∈
/ π2 . ⊕ S2
Proof: By 113 and 114
116. t ∈ n
2
Proof: By 111
117. Q.E.D.
Proof: By 114, 115 and 116
105. Q.E.D.
Proof: The cases 103 and 104 are exhaustive
92. Q.E.D.
Proof: ⊥-rule
83. p4 ⊆ p3
Proof: By 61
84. p3 ∩ p6 = ∅
Proof: By 82 and 83
85. p3 ∈ Hll(d1 )
Proof: By 51
86. p3 ∩ p6 ∈ Hll(d1 )
Proof: By 85
87. p5 = p6 ∩ Hll(d1 )
Proof: By 81, deﬁnition 30 and deﬁnition 4
88. Q.E.D.
Proof: By 84, 86 and 87
73. Q.E.D.
Proof: The cases 71 and 72 are exhaustive
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64. Q.E.D.
Proof: By 62 and 63
53. Q5 ⊆ Q3
61. ∀po ∈ Id2 : Q = ∅
Proof: By deﬁnition 30
62. ∀po ∈ [[ d2 ]] : Q = ∅
Proof: By 61 and assumption 11 ([[ d2 ]] →pnl Id2 )
63. ∀po ∈ [[ d1 ]] : Q = ∅
Proof: By 62 and assumption 11 ([[ d1 ]] pnl [[ d2 ]])
64. Q3 = ∅
Proof: By 63
65. Q3 = {1}
Proof: By 64 and Lemma 2
66. Q5 = {1}
Proof: By deﬁnition 30 and deﬁnition 7
67. Q.E.D.
Proof: By 65 and 66
54. (p1 , n1 ) →rr (p5 , n5 )
61. (p1 , n1 ) nr (p3 , n3 )
Proof: By 41
62. Q.E.D.
Proof: By 61, 52 and Theorem 6
55. Q5 ⊆ Q1
61. Q3 ⊆ Q1
Proof: By 41
62. Q.E.D.
Proof: By 61 and 53
56. Q.E.D.
Proof: By 54 and 55
43. Q.E.D.
Proof: By 42; po1 is the po we are looking for and Id1 is the S we
are looking for.
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Monotonicity
Lemma 45 (Monotonicity of † w.r.t pg ). Let O and O be sets of pobligations. Then
O pg O ⇒ †O pg †O
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Proof.
11. Assume: O pg O
Prove: †O pg †O
21. ∀po ∈ †O : 0 ∈
/ π2 .po ⇒ ∃po ∈ †O : po pr po
31. Assume: po ∈ †O
Prove: 0 ∈
/ π2 .po ⇒ ∃po ∈ †O : po pr po
41. Assume: 0 ∈
/ π2 .po
Prove: ∃po ∈ †O : po pr po
51. Let: po1 ∈ O such that po = †po1
Proof: By assumption 31
52. 0 ∈
/ π2 .po1
Proof: By 51 and assumption 41
53. Let: po1 ∈ O such that po1 pr po1
Proof: By 51, 52 and assumption 11
54. †po1 pr †po1
Proof: By 53 and Lemma 9
55. po pr †po1
Proof: By 54 and 51
56. †po1 ∈ †O
Proof: By 53
57. Q.E.D.
Proof: By 55 and 56; †po1 is the po we are looking for
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
22. Q.E.D.
Proof: By 21
12. Q.E.D.
Proof: ⇒-rule

Theorem 21 (Monotonicity of refuse w.r.t pg ). Let d and d be sequence
diagrams in Dp . Then
[[ d ]] pg [[ d ]] ⇒ [[ refuse d ]] pg [[ refuse d ]]
Proof.
This follows immediately from Lemma 45. Lemma 45 has been stated as a separate lemma to emphasize that the proof applies to all sets of p-obligations, and
not only those that are the semantics of a sequence diagram.

Theorem 22 (Non-monotonicity of palt w.r.t pg ). Let d1 , . . . , dn , d1 , . . . , dn
be sequence diagrams in Dp . Furthermore, let d = palt(d1 ;Q1 , . . . , dn ;Qn ) and
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d = palt(d1 ;Q1 , . . . , dn ;Qn ). Then
(∀i ≤ n : ([[ di ]] pg [[ di ]] ∧ Qi ⊆ Qi )) ⇒ [[ d ]] pg [[ d ]]
Proof. See the counter example given after Theorem 6 in [RHS07a].



Lemma 46 (Monotonicity of † w.r.t prg ). Let O and O be sets of pobligations. Then
O prg O ⇒ †O prg †O
Proof.
11. Assume: O prg O
Prove: †O prg †O
21. ∀po ∈ †O : 0 ∈
/ π2 .po ⇒ ∃po ∈ †O : po prr po
31. Assume: po ∈ †O
Prove: 0 ∈
/ π2 .po ⇒ ∃po ∈ †O : po prr po
41. Assume: 0 ∈
/ π2 .po
Prove: ∃po ∈ †O : po prr po
51. Let: po1 ∈ O such that po = †po1
Proof: By assumption 31
52. 0 ∈
/ π2 .po1
Proof: By 51 and assumption 41
53. Let: po1 ∈ O such that po1 prr po1
Proof: By 51, 52 and assumption 11
54. †po1 prr †po1
61. π1 .†po1 rr π1 .†po1
71. π1 .po1 rr π1 .po1
Proof: By 53
72. Q.E.D.
Proof: By 71 and Theorem 8 in [RRS07]
62. π2 .†po1 ⊆ π2 .†po1
71. π2 .po1 ⊆ π2 .po1
Proof: By 53
72. Q.E.D.
Proof: By 71
63. Q.E.D.
Proof: By 61 and 62
55. po prr †po1
Proof: By 54 and 51
56. †po1 ∈ †O
Proof: By 53
57. Q.E.D.
Proof: By 55 and 56; †po1 is the po we are looking for
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
118

Proof: ∀-rule
22. Q.E.D.
Proof: By 21
12. Q.E.D.
Proof: ⇒-rule



Lemma 47 (Monotonicity of † w.r.t png ). Let O and O be sets of pobligations. Then
O png O ⇒ †O png †O
Proof. The proof is similar to the proof of Lemma 47; replace prg with
png , prr with pnr , rr with nr and the reference to Theorem 8 in
[RRS07] with a reference to Theorem 7.

Theorem 23 (Monotonicity of refuse w.r.t prg ). Let d and d be sequence
diagrams in Dp . Then
[[ d ]] prg [[ d ]] ⇒ [[ refuse d ]] prg [[ refuse d ]]
Proof. This follows immediately from Lemma 46



Lemma 48 (Monotonicity of  w.r.t prg .). Let O1 , O2 , O1 , O2 be sets of
p-obligations. Then
O1 prg O1 ∧ O2 prg O2 ⇒ O1  O2 prg O1  O2
Proof.
11. Assume: O1 prg O1 ∧ O2 prg O2
Prove: O1  O2 prg O1  O2
21. ∀po ∈ O1  O2 : 0 ∈
/ π2 .po ⇒ ∃po ∈ O1  O2 : po prr po
31. Assume: po ∈ O1  O2
Prove: 0 ∈
/ π2 .po ⇒ ∃po ∈ O1  O2 : po prr po
41. Assume: 0 ∈
/ π2 .po
Prove: ∃po ∈ O1  O2 : po prr po
51. Let: po1 ∈ O1 , po2 ∈ O2 such that po = po1  po2
Proof: By assumption 31
/ π2 .po2
52. 0 ∈
/ π2 .po1 ∧ 0 ∈
Proof: By assumption 41
53. Let: po1 ∈ O1 , po2 ∈ O2 such that po1 prr po1 ∧ po2 prr po2
Proof: By assumption 11 and 52
54. po1  po2 ∈ O1  O2
Proof: By 53
55. po1  po2 prr po1  po2
61. π1 .(po1  po2 ) rr π1 .(po1  po2 )
71. π1 .(po1  po2 ) = (π1 .po1 )  (π1 .po2 ) ∧ π1 .(po1  po2 ) =
(π1 .po1 )  (π1 .po2 )
119

Proof: By deﬁnition 50
72. π1 .po1 rr π1 .po1 ∧ π1 .po2 rr π1 .po2
Proof: By 53
73. Q.E.D.
Proof: By 72, Theorem 9 in [RRS07] and 71
62. π2 .(po1  po2 ) ⊆ π2 .(po1  po2 )
71. π2 .(po1  po2 ) = Q1 ∗ Q2 ∧ π2 .(po2  po2 ) = Q1 ∗ Q2
Proof: By deﬁnition 50
72. Q1 ⊆ Q1 ∧ Q2 ⊆ Q2
Proof: By 53
73. Q.E.D.
Proof: By 71 and 72
63. Q.E.D.
Proof: By 61 and 62
56. Q.E.D.
Proof: By 54 and 55; po1  po2 is the po we are looking for
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
22. Q.E.D.
Proof: By 21
12. Q.E.D.
Proof: ⇒-rule

Lemma 49 (Monotonicity of  w.r.t png ). Let
p-obligations. Then

O1 , O2 , O1 , O2

be sets of

O1 png O1 ∧ O2 png O2 ⇒ O1  O2 png O1  O2
Proof. The proof is similar to the proof of Lemma 48, with the following
replacements:
1.
2.
3.
4.

prg is replaced with png
prr is replaced with pnr
rr is replaced with nr
The reference to Theorem 9 in [RRS07] is replaced with a reference to Theorem 8

Lemma 50 (Monotonicity of
p-obligations. Then

w.r.t png ). Let O1 , O2 , O1 , O2 be sets of

O1 png O1 ∧ O2 png O2 ⇒ O1

O2 png O1

O2

Proof. The proof is similar to the proof of Lemma 48, with the following
replacements:
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1.
2.
3.
4.
5.
6.

prg is replaced with png
prr is replaced with pnr
rr is replaced with nr
 is replaced with
The reference to deﬁnition 50 is replaced with a reference to deﬁnition 49
The reference to Theorem 9 in [RRS07] is replaced with a reference to Theorem 9

Lemma 51 (Monotonicity of  w.r.t png ). Let O1 , O2 , O1 , O2 be sets of
p-obligations. Then
O1 png O1 ∧ O2 png O2 ⇒ O1  O2 png O1  O2
Proof. The proof is similar to the proof of Lemma 48, with the following
replacements:
1.
2.
3.
4.
5.
6.

prg is replaced with png
prr is replaced with pnr
rr is replaced with nr
 is replaced with 
The reference to deﬁnition 50 is replaced with a reference to deﬁnition 51
The reference to Theorem 9 in [RRS07] is replaced with a reference to Theorem 10

Theorem 24 (Monotonicity of seq w.r.t prg ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] prg [[ d1 ]] ∧ [[ d2 ]] prg [[ d2 ]] ⇒ [[ d1 seq d2 ]] prg [[ d1 seq d2 ]]
Proof. This follows immediately from Lemma 48
Lemma 52 (Monotonicity of
p-obligations. Then



w.r.t prg ). Let O1 , O2 , O1 , O2 be sets of

O1 prg O1 ∧ O2 prg O2 ⇒ O1  O2 prg O1

O2

Proof. The proof is similar to the proof of Lemma 48; just replace  by ,
refer to Theorem 10 in [RRS07] instead of Theorem 9 in [RRS07] and deﬁnition
49 instead of deﬁnition 50.

Theorem 25 (Monotonicity of par w.r.t prg ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] prg [[ d1 ]] ∧ [[ d2 ]] prg [[ d2 ]] ⇒ [[ d1 par d2 ]] prg [[ d1 par d2 ]]
Proof. This follows immediately from Lemma 52.
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Lemma 53 (Monotonicity of  w.r.t prg ). Let O1 , O2 , O1 , O2 be sets of
p-obligations. Then
O1 prg O1 ∧ O2 prg O2 ⇒ O1  O2 prg O1  O2
Proof. The proof is similar to the proof of Lemma 48; just replace  by ,
refer to Theorem 12 in [RRS07] instead of Theorem 9 in [RRS07] and deﬁnition
51 instead of deﬁnition 50.

Theorem 26 (Monotonicity of alt w.r.t prg ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] prg [[ d1 ]] ∧ [[ d2 ]] prg [[ d2 ]] ⇒ [[ d1 alt d2 ]] prg [[ d1 alt d2 ]]
Proof. This follows immediately from Lemma 53



Theorem 27 (Non-monotonicity of palt w.r.t prg ). Let d1 , . . . , dn , d1 . . . , dn
be sequence diagrams in Dp . Then
(∀i ≤ n : ([[ di ]] prg [[ di ]] ∧ Qi ⊆ Qi )) ⇒
[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]] prg [[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]]
Proof. To see this let
d1 = a
d2 = b
d2 = b alt (refuse a)
d = palt(d1 ;{0.5}, d2 ;{0.5})
d = palt(d1 ;{0.5}, d2 ;{0.5})
This means that
[[ d1 ]] = {(({a}, ∅), {1})}
[[ d2 ]] = {(({b}, ∅), {1})}
[[ d2 ]] = {(({b}, {a}), {1})}
[[ d ]] = {(({a}, ∅), {0, 5}), (({b}, ∅), {0, 5}), ((∅, ∅), {1})}
[[ d ]] = {(({a}, ∅), {0, 5}), (({b}, {a}), {0, 5}), (({a}, ∅), {1})}
which gives
[[ d1 ]] prg [[ d1 ]]
[[ d2 ]] prg [[ d2 ]]
But [[ d ]] prg [[ d ]] does not hold, because there is no p-obligation po in [[ d ]]
such that ((∅, ∅), {1}) prr po.
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Theorem 28 (Monotonicity of refuse w.r.t pl ). Let d and d be sequence
diagrams in Dp . Then
[[ d ]] pl [[ d ]] ⇒ [[ refuse d ]] pl [[ refuse d ]]
Proof.
11. Assume: [[ d ]] pl [[ d ]]
Prove: [[ refuse d ]] pl [[ refuse d ]]
21. [[ refuse d ]] pg [[ refuse d ]]
31. [[ d ]] pg [[ d ]]
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Theorem 21
22. ∀po ∈ [[ refuse d ]] : ∃S ⊆ [[ refuse d ]] : ∃po ∈ [[ refuse d ]] : po ∈
¯
S ∧ po pr ⊕S
31. Assume: po ∈ [[ refuse d ]]
¯
Prove: ∃S ⊆ [[ refuse d ]] : ∃po ∈ [[ refuse d ]] : po ∈ S ∧ po pr ⊕S
41. Let: po1 ∈ [[ d ]] such that po = †po1
Proof: By assumption 31
¯ 1
42. Let: po1 ∈ [[ d ]], S1 ⊆ [[ d ]] such that po1 ∈ S1 ∧ po1 pr ⊕S
Proof: By 41 and assumption 11
43. †S1 ⊆ [[ refuse d ]]
Proof: By 42 (S1 ⊆ [[ d ]]) and deﬁnition 48
44. †po1 ∈ [[ refuse d ]]
Proof: By 42 (po1 ∈ [[ d ]]) and deﬁnition 48
¯ 1
45. †po1 pr ⊕†S
¯ 1
51. †po1 pr †⊕S
¯ 1 ) and Lemma 9
Proof: By 42 (po1 pr ⊕S
¯ 1 = ⊕†S
¯ 1
52. †⊕S
Proof: By Lemma 8
53. Q.E.D.
Proof: By 51 and 52
46. po ∈ †S1
Proof: By 41 (po = †po1 ) and 42 (po1 ∈ S1 )
47. Q.E.D.
Proof: By 43, 44, 45 and 46; †po1 is the po we are looking for
and †S1 is the S we are looking for
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule
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Theorem 29 (Monotonicity of seq w.r.t pl ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] pl [[ d1 ]] ∧ [[ d2 ]] pl [[ d2 ]] ⇒ [[ d1 seq d2 ]] pl [[ d1 seq d2 ]]
Proof.
11. Assume: [[ d1 ]] pl [[ d1 ]] ∧ [[ d2 ]] pl [[ d2 ]]
Prove: [[ d1 seq d2 ]] pl [[ d1 seq d2 ]]
21. [[ d1 seq d2 ]] pg [[ d1 seq d2 ]]
31. [[ d1 ]] pg [[ d1 ]] ∧ [[ d2 ]] pg [[ d2 ]]
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Theorem 3 in [RHS07a]
22. ∀po ∈ [[ d1 seq d2 ]] : ∃S ⊆ [[ d1 seq d2 ]] : ∃po ∈ [[ d1 seq d2 ]] : po ∈
¯
S ∧ po pr ⊕S
31. Assume: po ∈ [[ d1 seq d2 ]]
¯
Prove: ∃S ⊆ [[ d1 seq d2 ]] : ∃po ∈ [[ d1 seq d2 ]] : po ∈ S∧po pr ⊕S
¯ d1 ]]
41. Let: po1 ∈ [[ d1 ]] such that po1 pr ⊕[[
¯ d2 ]]
po2 ∈ [[ d2 ]] such that po2 pr ⊕[[
Proof: By Lemma 11
42. po1  po2 ∈ [[ d1 seq d2 ]]
Proof: By 41
¯ d1 seq d2 ]]
43. po1  po2 pr ⊕[[
51. π1 .(po1  po2 ) r ⊕([[ d1 seq d2 ]])
¯ d2 ]]
¯ d1 ]]  ⊕[[
61. po1  po2 pr ⊕[[
Proof: By 41 and Lemma 3
62. π1 .(po1  po2 ) r ⊕[[ d1 ]]  ⊕[[ d2 ]]
Proof: By 61
63. ⊕[[ d1 ]]  ⊕[[ d2 ]] r ⊕([[ d1 ]]  [[ d2 ]])
Proof: By Lemma 4
64. Q.E.D.
Proof: By 62, 63 and transitivity of r
¯ d1 seq d2 ]]) ⊆ π2 .(po1  po2 )
52. π2 .⊕([[
61. Q.E.D.
Proof: By 41 and Lemma 18
53. Q.E.D.
Proof: By 51 and 52
¯ d1 seq d2 ]]
¯ d1 seq d2 ]] pr ⊕[[
44. ⊕[[
51. ⊕[[ d1 seq d2 ]] r ⊕[[ d1 seq d2 ]]
Proof: By assumption 11 and Lemma 40
¯ d1 seq d2 ]] ⊆ π2 .⊕[[
¯ d1 seq d2 ]]
52. π2 .⊕[[
61. [[ d1 ]] pg [[ d1 ]] ∧ [[ d2 ]] pg [[ d2 ]]
Proof: By assumption 11
62. Q.E.D.
Proof: By 61 and Lemma 42
53. Q.E.D.
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Proof: By 51 and 52
¯ d1 seq d2 ]]
45. po1  po2 pr ⊕[[
Proof: By 43, 44 and transitivity of pr (Lemma 1 in [RHS07a])
46. Q.E.D.
Proof: By 42 and 45; po1  po2 is the po we are looking for and
[[ d1 seq d2 ]] is the S we are looking for
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

¯ 1  S2 )) ⊆ π2 .(⊕S
¯ 1 )∗π2 .(⊕S
¯ 1 ) does not hold for all sets S1
Note that π2 .(⊕(S
¯ 1 ∧ po2 pr ⊕S
¯ 2⇒
and S1 , as explained after Lemma 4. Therefore po1 pr ⊕S
¯ 1  S2 ) does not hold. This is the reason why the we have
po1  po2 pr ⊕(S
chosen a somewhat cumbersome proof strategy for Theorem 29.
Theorem 30 (Monotonicity of par w.r.t pl ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] pl [[ d1 ]] ∧ [[ d2 ]] pl [[ d2 ]] ⇒ [[ d1 par d2 ]] pl [[ d1 par d2 ]]
Proof. The proof is similar to the proof of Theorem 29, with the following
replacements:
1. seq is replaced with par.
2.  is is replaced with .
3. Any reference to Theorem 3 in [RHS07a] is replaced by a reference to Theorem 4 in [RHS07a].
4. Any reference to Lemma 4 is replaced by a reference to Lemma 5.
5. Any reference to Lemma 40 is replaced by a reference to Lemma 41

Theorem 31 (Monotonicity of alt w.r.t pl ). Let d1 , d2 ,
sequence diagrams in Dp . Then

d1

and

d2

be

[[ d1 ]] pl [[ d1 ]] ∧ [[ d2 ]] pl [[ d2 ]] ⇒ [[ d1 alt d2 ]] pl [[ d1 alt d2 ]]
Proof. The proof is similar to the proof of Theorem 29, with the following
replacements:
1. seq is replaced with alt.
2.  is is replaced with .
3. Any reference to Theorem 3 in [RHS07a] is replaced by a reference to Theorem 5 in [RHS07a].
4. Any reference to Lemma 4 is replaced by a reference to Lemma 6.
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5. Any reference to Lemma 40 is replaced by a reference to Lemma 19

d1 , . . . , dn , d1 , . . . , dn

Theorem 32 (Monotonicity of palt w.r.t pl ). Let
be sequence diagrams in Dp . Furthermore, let d = palt(d1 ;Q1 , . . . , dn ;Qn ) and
d = palt(d1 ;Q1 , . . . , dn ;Qn ). Then
∀i ≤ n : [[ di ]] pl [[ di ]] ∧ Qi ⊆ Qi ⇒ [[ d ]] pl [[ d ]]
Proof.
11. Assume: ∀i ≤ n : [[ di ]] pl [[ di ]] ∧ Qi ⊆ Qi
Prove: [[ d ]] pl [[ d ]]
21. ∀i ≤ n : ⊕[[ di ]] r ⊕[[ di ]]
Proof: By assumption 11 and Lemma 1
22. [[ d ]] pg [[ d ]]
Proof: By assumption 11, 21 and Theorem 6 in [RHS07a]
¯
23. ∀po ∈ [[ d ]] : ∃S ⊆ [[ d ]], po ∈ [[ d ]] : po ∈ S ∧ po pr ⊕S
31. Assume: po ∈ [[ d ]]
¯
Prove: ∃S ⊆ [[ d ]], po ∈ [[ d ]] : po ∈ S ∧ po pr ⊕S
¯ d ]]
41. Let: poa ∈ [[ d ]] such that poa pr ⊕[[
Proof: By Lemma 11
¯ d ]]
42. poa pr ⊕[[

51. π1 .poa  ⊕[[ d
]]
n
n
61. ⊕[[ d ]] = ⊕ i=1 [[ di ]] ∧ ⊕[[ d ]] = ⊕ i=1 [[ di ]]
Proof: By deﬁnition 4 and deﬁnition 9
62. ⊕[[ d ]] r ⊕[[ d ]]
Proof: By 61, 21 and Lemma 10
63. π1 .poa r ⊕[[ d ]]
Proof: By 41
64. Q.E.D.
Proof: By 63, 62 and transitivity of r
¯ d ]] ⊆ π2 .poa
52. π2 .⊕[[
¯ d ]] ⊆ π2 .⊕[[
¯ d ]]
61. π2 .⊕[[
Proof: By assumption 11 and Lemma 21
¯ d ]] ⊆ π2 .poa
62. π2 .⊕[[
Proof: By 41
63. Q.E.D.
Proof: By 61 and 62
53. Q.E.D.
Proof: By 51 and 52
43. Q.E.D.
Proof: By 41 and 42; poa is the po we are looking for and [[ d ]] is
the S we are looking for.
32. Q.E.D.
Proof: ∀-rule
24. Q.E.D.
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Proof: By 22, 23 and deﬁnition 25
12. Q.E.D.
Proof: ⇒-rule



Lemma 54 (Monotonicity of † w.r.t prl ). Let O, O be sets of p-obligations.
Then
O prl O ⇒ †O prl †O
Proof.
11. Assume: O prl O
Prove: †O prl †O
21. †O prg †O
31. O prg O
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Lemma 46
¯
22. ∀po ∈ †O : ∃S ⊆ †O : ∃po ∈ †O : po ∈ S ∧ po prr ⊕S
31. Assume: po1 ∈ †O
¯
Prove: ∃S ⊆ †O : ∃po ∈ †O : po1 ∈ S ∧ po prr ⊕S
41. Let: po2 ∈ O such that po1 = †po2
Proof: By assumption 31
¯ 2
42. Let: S2 ⊆ O , po2 ∈ O such that po2 ∈ S2 ∧ po2 prr ⊕S
Proof: By 41 and assumption 11
43. †S2 ⊆ †O ∧ †po2 ∈ †O
Proof: By 42
44. po1 ∈ †S2
Proof: By 42 and 41
¯ 2
45. †po2 prr ⊕†S
¯ 2
51. †po2 pr †⊕S
Proof: By 42 and Lemma 9
¯ 2 ⊆ π1 .†po2
52. π1 .†⊕S
¯ 2 = π1 .†po2 = ∅)
Proof: By deﬁnition 52 (π1 .†⊕S
¯ 2
53. †po2 prr †⊕S
Proof: By 51 and 52
54. Q.E.D.
Proof: By 53 and Lemma 8
46. Q.E.D.
Proof: By 43, 44 and 45; †S2 is the S we are looking for and
†po2 is the po we are looking for.
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule
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Theorem 33 (Monotonicity of refuse w.r.t prl ). Let d ∈ D . Then
p

[[ d ]] prl [[ d ]] ⇒ [[ refuse d ]] prl [[ refuse d ]]
Proof. This follows immediately from Lemma 54



Theorem 34 (Non-monotonicity of seq w.r.t prl ). Let d1 , d2 , d1 , d2 be
sequence diagrams in Dp . Then
[[ d1 ]] prl [[ d1 ]] ∧ [[ d2 ]] prl [[ d2 ]] ⇒ [[ d1 seq d2 ]] prl [[ d1 seq d2 ]]
Proof. To see this, let
[[ d1 ]] = {((∅, {ab}), {1})}
[[ d2 ]] = {((∅, {c}), {1})}
[[ d1 ]] = {(({a}, {ab}), {0.4}), (({x}, {ab}), {0.6}), ((∅, {ab}), {1})}

[[ d2 ]] = {(({bc}, {c}), {0.3}), (({y}, {c}), {0.7}), ((∅, {c}), {1})}

There exists syntactically correct sequence diagrams with the given semantics;
d1 and d2 will have a binary palt as the outermost operand. From the above we
get
¯ d1 ]] = ((∅, {ab}), {1})
⊕[[
¯ d2 ]] = ((∅, {c}), {1})
⊕[[
[[ d1 seq d2 ]] = {((∅, {abc}), {1})}
[[ d1 seq d2 ]] = { (({abc}, {ac , abc , abbc}), {0.12}),
(({ay}, {ac , abc , aby}), {0.28}),
((∅, {ac , abc}), {0.4}),
(({xbc}, {xc , abc , abbc}), {0.18}),
(({xy}, {xc , abc , aby}), {0.42}),
((∅, {xc , abc}), {0.6}),
((∅, {abc , abbc}), {0.3}),
((∅, {abc , aby}), {0.7}),
((∅, {abc}), {1}) }
¯ d1 seq d2 ]] = (({abc}, {abc}), {1})
⊕[[
[[ d1 ]] prl [[ d1 ]] holds since ((∅, {ab}), {1}) prr ((∅, {ab}), {1}); this ensures both that the only p-obligation in [[ d1 ]] is represented in [[ d1 ]] and
that each p-obligation in [[ d1 ]] is a member of a subset S of [[ d1 ]] such that
¯ is represented in [[ d1 ]]. For similar reasons [[ d2 ]] prl [[ d2 ]] holds. But
⊕S
[[ d1 seq d2 ]] prl [[ d1 seq d2 ]] does not hold, since any subset of [[ d1 seq d2 ]]
that contains (({abc}, {ac , abc , abbc}), {0.12}) will have abc as a positive trace. This trace is not positive in the only p-obligation in [[ d1 seq d2 ]].
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The speciﬁcations in the above counterexample is not implementable according to →prl , since we have p-obligations with no positive traces. But this
could easily be ﬁxed by adding new positive traces consisting only of new
events to all p-obligations. Note also that abc is both positive and negative
in (({abc}, {ac , abc , abbc}), {0.12}).

Theorem 35 (Non-monotonicity of par w.r.t prl ). Let d1 , d2 , d1 , d2 be
sequence diagrams in Dp . Then
[[ d1 ]] prl [[ d1 ]] ∧ [[ d2 ]] prl [[ d2 ]] ⇒ [[ d1 par d2 ]] prl [[ d1 par d2 ]]
Proof. The counterexample is similar to for Theorem 34



Theorem 36 (Non-monotonicity of alt w.r.t prl ). Let d1 , d2 , d1 , d2 be sequence diagrams in Dp . Then
[[ d1 ]] prl [[ d1 ]] ∧ [[ d2 ]] prl [[ d2 ]] ⇒ [[ d1 alt d2 ]] prl [[ d1 alt d2 ]]
Proof. To see this, let
[[ d1 ]] = {(({a , b}, ∅), {1})}
[[ d1 ]] = {(({a , d}, {b}), {0.5}), (({b}, {a}), {0.5}), (({a , b}, ∅), {1})}
[[ d2 ]] = {(({c}, {d}), {1})}
[[ d2 ]] = [[ d2 ]]
There exists syntactically correct sequence diagrams with the given semantics;
d1 has a binary palt as the outermost operand. From the above we get
[[ d1 alt d2 ]] = {(({a , b , c}, {d}), {1})}
[[ d1 alt d2 ]] = {(({a , c , d}, {b , d}), {0.5}),
(({b , c}, {a , d}), {0.5}),
(({a , b , c}, {d}), {1})}
d1

[[ d1 ]] prl [[
]] holds since (({a , b}, ∅), {1}) prr (({a , b}, ∅), {1});
this ensures both that the only p-obligation in [[ d1 ]] is represented in [[ d1 ]]
and that each p-obligation in [[ d1 ]] is a member of a subset S of [[ d1 ]]
¯ is represented in [[ d1 ]]. [[ d2 ]] prl [[ d2 ]] holds trivially since
such that ⊕S
[[ d2 ]] = [[ d2 ]]. But [[ d1 alt d2 ]] prl [[ d1 alt d2 ]] does not hold, since the
¯ for any subset S of [[ d1 alt d2 ]] that contrace d will be positive in ⊕S
tains (({a , c , d}, {b , d}), {0.5}), and d is not positive in the only pobligation in [[ d1 alt d2 ]].

Theorem 37 (Non-monotonicity of palt w.r.t prl ). Let d1 , . . . , dn , d1 , . . . , dn
be sequenced diagrams in Dp . Then
∀i ≤ n : [[ di ]] prl [[ di ]] ∧ Qi ⊆ Qi ⇒
[[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]] prl [[ palt(d1 ;Q1 , . . . , dn ;Qn ) ]]
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Proof. The counter example is the same as for Theorem 27; just replace
prg with prl .

Theorem 38 (Monotonicity of refuse w.r.t png ). Let d ∈ Dp . Then
[[ d ]] png [[ d ]] ⇒ [[ refuse d ]] png [[ refuse d ]]
Proof. This follows immediately from Lemma 47



Theorem 39 (Monotonicity of seq w.r.t png ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] png [[ d1 ]] ∧ [[ d2 ]] png [[ d2 ]] ⇒ [[ d1 seq d2 ]] png [[ d1 seq d2 ]]
Proof. This follows immediately from Lemma 49



Theorem 40 (Monotonicity of par w.r.t png ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] png [[ d1 ]] ∧ [[ d2 ]] png [[ d2 ]] ⇒ [[ d1 par d2 ]] png [[ d1 par d2 ]]
Proof. This follows immediately from Lemma 50



Theorem 41 (Monotonicity of alt w.r.t png ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] png [[ d1 ]] ∧ [[ d2 ]] png [[ d2 ]] ⇒ [[ d1 alt d2 ]] png [[ d1 alt d2 ]]
Proof. This follows immediately from Lemma 51



Theorem 42 (Non-monotonicity of palt w.r.t png ). Let d1 , . . . , dn , d1 , . . . , dn
be sequence diagrams in Dp . Furthermore, let d = palt(d1 ;Q1 , . . . , dn ;Qn ) and
d = palt(d1 ;Q1 , . . . , dn ;Qn ). Then
∀i ≤ n : [[ di ]] png [[ di ]] ∧ Qi ⊆ Qi ⇒ [[ d ]] png [[ d ]]
Proof. See the counter example given after Theorem 6 in [RHS07a].



Theorem 43 (Monotonicity of refuse w.r.t pnl ). Let d ∈ D . Then
p

[[ d ]] pnl [[ d ]] ⇒ [[ refuse d ]] pnl [[ refuse d ]]
Proof. The proof is similar to the proof of Theorem 28, with the following
replacements:
1.
2.
3.
4.
5.

pg is replaced by png
pl is replaced by pnl
pr is replaced by pnr
The reference to Theorem 21 is replaced by a reference to Theorem 38
The reference to Lemma 9 is replaced by a reference to Lemma 14
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Theorem 44 (Monotonicity of seq w.r.t pnl ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]] ⇒ [[ d1 seq d2 ]] pnl [[ d1 seq d2 ]]
Proof.
11. Assume: [[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]]
Prove: [[ d1 seq d2 ]] pnl [[ d1 seq d2 ]]
21. [[ d1 seq d2 ]] png [[ d1 seq d2 ]]
31. [[ d1 ]] png [[ d1 ]] ∧ [[ d2 ]] png [[ d2 ]]
Proof: By assumption 11
32. Q.E.D.
Proof: By 31 and Theorem 39
22. ∀po ∈ [[ d1 seq d2 ]] : ∃S ⊆ [[ d1 seq d2 ]] : ∃po ∈ [[ d1 seq d2 ]] :
¯
po ∈ S ∧ po pnr ⊕S
31. Assume: po ∈ [[ d1 seq d2 ]]
Prove: ∃S ⊆ [[ d1 seq d2 ]] : ∃po ∈ [[ d1 seq d2 ]] :
¯
po ∈ S ∧ po pnr ⊕S
¯ d1 ]]
41. Let: po1 ∈ [[ d1 ]] such that po1 pnr ⊕[[
¯ d2 ]]
po2 ∈ [[ d2 ]] such that po2 pnr ⊕[[
Proof: By Lemma 12
42. po1  po2 ∈ [[ d1 seq d2 ]]
Proof: By 41
¯ d1 seq d2 ]]
43. po1  po2 pnr ⊕[[
51. π1 .(po1  po2 ) r ⊕([[ d1 seq d2 ]])
¯ d2 ]]
¯ d1 ]]  ⊕[[
61. po1  po2 pr ⊕[[
Proof: By 41 and Lemma 3
62. π1 .(po1  po2 ) r ⊕[[ d1 ]]  ⊕[[ d2 ]]
Proof: By 61
63. ⊕[[ d1 ]]  ⊕[[ d2 ]] r ⊕([[ d1 ]]  [[ d2 ]])
Proof: By Lemma 4
64. Q.E.D.
Proof: By 62, 63 and transitivity of r
52. Let: po = po1  po2
¯ d1 seq d2 ]]
po = ⊕[[
53. p ∪ n = p ∪ n
61. p ∪ n ⊆ p ∪ n
Proof: By 51
62. p ∪ n ⊆ p ∪ n
Proof: By 42 and Lemma 25
63. Q.E.D.
Proof: By 61 og 62
¯ d1 seq d2 ]]) ⊆ π2 .(po1  po2 )
54. π2 .⊕([[
¯ d1 ]] ∧ po2 pr ⊕[[
¯ d2 ]]
61. po1 pr ⊕[[
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Proof: By 41
62. Q.E.D.
Proof: By 61 and Lemma 18
55. Q.E.D.
Proof: By 51, 53 and 54
¯ d1 seq d2 ]]
¯ d1 seq d2 ]] pnr ⊕[[
44. ⊕[[
51. ⊕[[ d1 seq d2 ]] r ⊕[[ d1 seq d2 ]]
Proof: By assumption 11 and Lemma 40
¯ d1 seq d2 ]]
¯ d1 seq d2 ]] ⊆ π2 .⊕[[
52. π2 .⊕[[
61. [[ d1 ]] pg [[ d1 ]] ∧ [[ d2 ]] pg [[ d2 ]]
Proof: By 11
62. Q.E.D.
Proof: By 61 and Lemma 42
¯ d1 seq d2 ]]
¯ d1 seq d2 ]] pr ⊕[[
53. ⊕[[
Proof: By 51 and 52
¯ d1 seq d2 ]]
54. Let: po = ⊕[[
¯ d1 seq d2 ]]
po = ⊕[[
55. p ∪ n = p ∪ n
Proof: By assumption 11 and Lemma 22
56. Q.E.D.
Proof: By 53 and 55
¯ d1 seq d2 ]]
45. po1  po2 pnr ⊕[[
Proof: By 43, 44 and Lemma 26
46. Q.E.D.
Proof: By 42 and 45; po1  po2 is the po we are looking for and
[[ d1 seq d2 ]] is the S we are looking for
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Theorem 45 (Monotonicity of par w.r.t pnl ). Let d1 , d2 ,
sequence diagrams in Dp . Then

d1

and

d2

be

[[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]] ⇒ [[ d1 par d2 ]] pnl [[ d1 par d2 ]]
Proof. The proof is similar to the proof of Theorem 44, with the following
replacements:
1.
2.
3.
4.
5.

seq is replaced by par
 is replaced by
The reference to Lemma 4 is replaced by a reference to Lemma 5
The reference to Lemma 40 is replaced by a reference to Lemma 41
The reference to Lemma 22 is replaced by a reference to Lemma 23
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6. The reference to Theorem 39 is replaced by a reference to Theorem 40

Theorem 46 (Monotonicity of alt w.r.t pnl ). Let d1 , d2 , d1 and d2 be
sequence diagrams in Dp . Then
[[ d1 ]] pnl [[ d1 ]] ∧ [[ d2 ]] pnl [[ d2 ]] ⇒ [[ d1 alt d2 ]] pnl [[ d1 alt d2 ]]
Proof. The proof is similar to the proof of Theorem 44, with the following
replacements:
1.
2.
3.
4.
5.
6.

seq is replaced by alt
 is replaced by 
The reference to Lemma 4 is replaced by a reference to Lemma 6
The reference to Lemma 40 is replaced by a reference to Lemma 19
The reference to Lemma 22 is replaced by a reference to Lemma 24
The reference to Theorem 39 is replaced by a reference to Theorem 41


Theorem 47 (Monotonicity of palt w.r.t pnl ). Let d1 , . . . , dn , d1 , . . . , dn
be sequence diagrams in Dp . Furthermore, let d = palt(d1 ;Q1 , . . . , dn ;Qn ) and
d = palt(d1 ;Q1 , . . . , dn ;Qn ). Then
∀i ≤ n : [[ di ]] pnl [[ di ]] ∧ Qi ⊆ Qi ⇒ [[ d ]] pnl [[ d ]]
Proof.
11. Assume: ∀i ≤ n : [[ di ]] pnl [[ di ]] ∧ Qi ⊆ Qi
Prove: [[ d ]] pnl [[ d ]]
21. ∀i ≤ n : ⊕[[ di ]] nr ⊕[[ di ]]
Proof: By the assumption and Lemma 13
22. [[ d ]] png [[ d ]]
31. ∀po ∈ [[ d ]] : 0 ∈
/ π2 .po ⇒ ∃po ∈ [[ d ]] : po pnr po
41. Assume: poa ∈ [[ d ]]
Prove: 0 ∈
/ π2 .poa ⇒ ∃po ∈ [[ d ]] : poa pnr po
51. Assume: 0 ∈
/ π2 .poa

Prove: ∃po ∈ [[ d 
]] : poa 
pnr po
61. Case: poa ∈ {(⊕
{poi },
π2 .poi ) | N ⊆ {1, . . . , n} ∧ N =
i∈N

i∈N

∅ ∧ ∀i ∈ N : poi ∈ [[ di ;Qi ]]}
71. Let: N ⊆ {1, . . . , n}, poi ∈ 
[[ di ;Qi ]] foreach i ≤ n such
that N = ∅ ∧ poa = (⊕ i∈N {poi }, i∈N π2 .poi )
Proof: By assumption 61
72. Let: poi ∈ [[ di ;Qi ]] such that poi pnr poi for all i ∈ N
Proof:
By the overall
 assumption




73. (⊕ i∈N
{po
},
i
i∈N π2 .poi ) pnr (⊕ 
i∈N {poi }, 
i∈N π2 .poi )


81. (⊕ i∈N {poi }, i∈N π2 .poi ) pr (⊕ i∈N {poi }, i∈N π2 .poi )
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Proof: By 71, 72 
and Lemma 6 in [RHS07a]
82. Let: (p , n ) = ⊕ i∈N {poi }
(p , n ) = ⊕ i∈N {poi }
83. ∀i ∈ N : pi ∪ ni = pi ∪ ni
Proof: By 72
84. p ∪ n = p ∪ n
Proof: By 83 and deﬁnition 4
85. Q.E.D.
Proof:
and 84
 By 81
74. (⊕ i∈N {poi }, i∈N π2 .poi ) ∈ [[ d ]]
Proof: By deﬁnition 9
75. Q.E.D.


Proof: By 73 and 74; (⊕ i∈N {poi }, i∈N π2 .poi ) is the po
we are looking for.
n
n
62. Case: po
a n= (⊕ i=1 [[ di ;Q
in]], {1} ∩ i=1 Qi )
71. {1} ∩ i=1 Qi ⊆ {1} ∩ i=1 Qi
Proof:
(∀i ≤ n : Qi ⊆ Qi )
nBy the overall assumption
n
72. ⊕ i=1 [[ di ;Qi ]] nr ⊕ i=1 [[ di ;Qi ]]
Proof:
n20
nBy 21 and Lemma
73. (⊕ i=1 [[ di ;Qi ]], {1} ∩ i=1 Qi ) ∈ [[ d ]]
Proof: By deﬁnition 9
74. Q.E.D.
n
n
Proof: By 71, 72 and 73; (⊕ i=1 [[ di ;Qi ]], {1} ∩ i=1 Qi )
is the po we are looking for
63. Q.E.D.
Proof: By deﬁnition 9 the cases 61 and 62 are exhaustive
52. Q.E.D.
Proof: ⇒-rule
42. Q.E.D.
Proof: ∀-rule
32. Q.E.D.
Proof: By 31
¯
23. ∀po ∈ [[ d ]] : ∃S ⊆ [[ d ]], po ∈ [[ d ]] : po ∈ S ∧ po pnr ⊕S
31. Assume: poa ∈ [[ d ]]
¯
Prove: ∃S ⊆ [[ d ]], po ∈ [[ d ]] : poa ∈ S ∧ po pnr ⊕S
¯ d ]]
41. Let: poa ∈ [[ d ]] such that poa pnr ⊕[[
Proof: By Lemma 12
¯ d ]]
42. poa pnr ⊕[[
51. π1 .poa nr ⊕[[d ]]
n
n
61. ⊕[[ d ]] = ⊕ i=1 [[ di ]] ∧ ⊕[[ d ]] = ⊕ i=1 [[ di ]]
Proof: By deﬁnition 9 and deﬁnition 4
62. ⊕[[ d ]] nr ⊕[[ d ]]
Proof: By 21, 61 and Lemma 20
63. π1 .poa nr ⊕[[ d ]]
Proof: By 41
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64. Q.E.D.
Proof: By 63, 62 and Theorem 5
¯ d ]] ⊆ π2 .poa
52. π2 .⊕[[
¯ d ]] ⊆ π2 .⊕[[
¯ d ]]
61. π2 .⊕[[
Proof: By the overall assumption and Lemma 21
¯ d ]] ⊆ π2 .poa
62. π2 .⊕[[
Proof: By 41
63. Q.E.D.
Proof: By 61 and 62
53. Q.E.D.
Proof: By 51 and 52
43. Q.E.D.
Proof: By 41 and 42; poa is the po we are looking for and [[ d ]] is
the S we are looking for
32. Q.E.D.
Proof: ∀-rule
24. Q.E.D.
Proof: By 22 and 23
12. Q.E.D.
Proof: ⇒-rule

Correspondence between [[ d ]]i and [[ g(d) ]]p w.r.t. compliance
Theorem 1. Let d ∈ Di . Then
(∀(o, {q}) ∈ Ipd : q > 0) ∧ [[ d ]]i →l Iid ⇒ [[ g(d) ]]p →pl Ipd
Proof.
11. Assume: ∀(o, {q}) ∈ Ipd : q > 0 ∧ [[ d ]]i →l Iid
Prove: [[ g(d) ]]p →pl Ipd
21. ∀po ∈ [[ g(d) ]]p : 0 ∈
/ Q ⇒ ∃po ∈ Ipd : po →pr po , i.e. [[ g(d) ]]p →pg
p
Id
31. Assume: po1 ∈ [[ g(d) ]]p
Prove: 0 ∈
/ Q1 ⇒ ∃po ∈ Ipd : po1 →pr po
41. Assume: 0 ∈
/ Q1
Prove: ∃po ∈ Ipd : po1 →pr po
51. Case: Q1 = {1}
61. Let: po1 = ((traces(I), Hll(d) \ traces(I)), {1})
62. po1 ∈ Ipd
Proof: By deﬁnition 30
63. po1 →pr po1
71. {1} ⊆ Q1
Proof: By assumption 51
72. o1 →r o1
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81. p1 ⊆ p1 ∪ n1
91. p1 ⊆ Hll(d)
Proof: By assumption 31
92. Hll(d) ⊆ traces(I) ∪ Hll(d) \ traces(I)
Proof: By set theory
93. Q.E.D.
Proof: By 91 and 92
82. n1 ⊆ n1 , i.e. n1 ⊆ Hll(d) \ traces(I)
91. Assume: t1 ∈ n1
Prove: t1 ∈ n1 , i.e. t1 ∈ Hll(d) \ traces(I)
101. t1 ∈ Hll(d)
Proof: By assumption 91
102. t1 ∈
/ traces(I)
111. Assume: t1 ∈ traces(I)
Prove: ⊥
121. ({t1 }, Hll(d) \ {t1 }) ∈ Iid
Proof: By assumption 111
122. Let: o2 ∈ [[ d ]]i such that o2 →r ({t1 }, Hll(d) \
{t1 })
Proof: By 121 and assumption 11 ([[ d ]]i →l
Iid )
/ n2
123. t1 ∈
Proof: By 122
124. o1 r o2
131. ∀po ∈ [[ g(d) ]]p : o1 r o
Proof: By assumption 31, assumption 51 and
Lemma 33
132. ∀o ∈ [[ d ]]i : o1 r o
Proof: By 131 and Lemma 34
133. Q.E.D.
Proof: By 122 (o2 ∈ [[ d ]]i ) and 132
125. Q.E.D.
Proof: By 91, 123 and 124
112. Q.E.D.
Proof: ⊥-rule
103. Q.E.D.
Proof: By 101 and 102
92. Q.E.D.
Proof: ⊆-rule
83. Q.E.D.
Proof: By 81 and 82
73. Q.E.D.
Proof: By 71, 72 and 61
64. Q.E.D.
Proof: By 62 and 63; po1 is the po we are looking for
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52. Case: 0, 1] ⊆ Q1
61. Let: o1 ∈ [[ d ]]i s.t. o1 r o1
Proof: By assumption 31 and Lemma 35
62. Let: t1 ∈ traces(I) s.t. o1 →r ({t1 }, Hll(d) \ {t1 })
Proof: By 61 (o1 ∈ [[ d ]]i ) and assumption 11 ([[ d ]]i →l Iid )
63. o1 →r ({t1 }, Hll(d) \ {t1 })
Proof: By 61, 62 and transitivity of r and →r (which are
identical)
64. Let: q1 ∈ [0, 1] s.t. (({t1 }, Hll(d) \ {t1 }), {q1 }) ∈ Ipd
Proof: By 62 and Lemma 28
65. q1 > 0
Proof: By 64 and assumption 11 (∀(o, {q}) ∈ Ipd : q > 0)
66. {q1 } ⊆ Q1
Proof: By assumption 52 and 65
67. Q.E.D.
Proof: By 63, 64 and 66; (({t1 }, Hll(d) \ {t1 }), {q1 }) is the
po we are looking for
53. Q.E.D.
Proof: By Lemma 32 the cases 51 and 52 are exhaustive
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
¯
22. ∀po ∈ Ipd : ∃S ⊆ Ipd : ∃po ∈ [[ g(d) ]]p : po ∈ S ∧ po →pr ⊕S
31. Assume: po1 ∈ Ipd
¯
Prove: ∃S ⊆ Ipd : ∃po ∈ [[ g(d) ]]p : po1 ∈ S ∧ po →pr ⊕S
¯ pd
41. Let: po2 = ⊕I
42. Let: po2 ∈ [[ g(d) ]] s.t. Q2 = {1}
Proof: By Lemma 36
43. po2 →pr po2
51. Q2 ⊆ Q2
61. Q2 = {1}
71. ∀po ∈ Ipd : ∃q ∈ Q : q ∈ [0, 1]
Proof: By deﬁnition 30
72. ∃po ∈ Ipd : Q = {1}
Proof: By deﬁnition 30
73. Q.E.D.
Proof: By 41, 71, 72 and deﬁnition 7
62. Q.E.D.
Proof: By 42 and 61
52. o2 →r o2
61. p2 ⊆ p2 ∪ n2
71. p2 ⊆ Hll(d)
Proof: By 42
72. Hll(d) ⊆ p2 ∪ n2
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81. ∀po ∈ Ipd : Hll(d) ⊆ p ∪ n
Proof: By deﬁnition 30
82. Q.E.D.
Proof: By 81 and deﬁnition 4
73. Q.E.D.
Proof: By 71 and 72
62. n2 ⊆ n2
71. Assume: t2 ∈ n2
Prove: t2 ∈ n2
81. ∀po ∈ [[ g(d) ]]p : o2 r o
Proof: By 42 and Lemma 33
82. ∀po ∈ [[ g(d) ]]p : t2 ∈ n
Proof: By 81 and assumption 71
83. t2 ∈
/ traces(I)
91. Assume: t2 ∈ traces(I)
Prove: ⊥
101. ({t2 }, Hll(d) \ {t2 }) ∈ Iid
Proof: By assumption 91
102. Let: o3 ∈ [[ d ]]i s.t. o3 →r ({t2 }, Hll(d) \ {t2 })
Proof: By 101 and assumption 11 ([[ d ]]i →l Iid )
103. t2 ∈
/ n3
Proof: By 102
104. Q.E.D.
Proof: By 82, 102 and 103
92. Q.E.D.
Proof: ⊥-rule
84. t2 ∈ Hll(d)
Proof: By assumption 71
85. ∀po ∈ Ipd : t2 ∈ n
Proof: By 84 and 83
86. Q.E.D.
Proof: By 85
72. Q.E.D.
Proof: ⊆-rule
63. Q.E.D.
Proof: By 61 and 62
53. Q.E.D.
Proof: By 51 and 52
44. Q.E.D.
Proof: By 41, 42 and 43;Ipd is the S we are looking for and po2
is the po we are looking for
32. Q.E.D.
Proof: ∀-rule
23. Q.E.D.
Proof: By 21 and 22
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12. Q.E.D.
Proof: ⇒-rule

Lemma 55 shows why the conjunct ∀(o, {q}) ∈ Ipd : q > 0 is included in the
antecedent of Theorem 1.
Lemma 55 (Non-correspondence between →l and →pl ). Let d ∈ Di .
Then
[[ d ]]i →l Iid ⇒ [[ g(d) ]]p →pl Ipd
Proof. Let

d = refuse(a xalt ab)

and let I be the program
output a;
while random(0.5) skip;
output b;
where random(0.5) returns either true (with a probability of 0.5) or f alse, and
skip is a programming construct for doing nothing. The program I will produce
the trace a only if random(0.5) returns true inﬁnitely many times, otherwise
it produces ab. In the non-probabilistic case we get
[[ d ]]i = { (∅, {a}), (∅, {ab}) }
traces(I) = {a , ab}
Iid = { ({a}, Hll(d) \ {a}), ({ab}, Hll(d) \ {ab}) }
This means that [[ d ]]i →l Iid , since (∅, {a}) →r ({ab}, Hll(d) \ {ab}) and
(∅, {ab}) →r ({a}, Hll(d) \ {a}).
The probability of producing the trace a is 0.5∞ = 0. In the probabilistic
case we get
[[ g(d) ]]p = { ((∅, {a}), 0, 1]), ((∅, {ab}), 0, 1]), ((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
Ipd = { (({a}, Hll(d) \ {a}), {0}), (({ab}, Hll(d) \ {ab}), {1}),
(({a , ab}, Hll(d) \ {a , ab}), {1}) }
So [[ d ]]p →pl Ipd does not hold, because the p-obligation ((∅, {ab}), 0, 1]) is
not represented by any p-obligation in Ipd .

Theorem 2. Let d ∈ Di . Then
E(d) ∧ (∀(o, {q}) ∈ Ipd : q > 0) ∧ [[ d ]]i →nl Iid ⇒ [[ g(d) ]]p →pnl Ipd
Proof.
11. Assume: 1. E(d)
2. ∀(o, {q}) ∈ Ipd : q > 0
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3. [[ d ]]i →nl Iid
Prove: [[ g(d) ]]p →pnl Ipd
21. ∀po ∈ [[ g(d) ]]p : 0 ∈
/ Q ⇒ ∃po ∈ Ipd : po →pnr po , i.e. [[ g(d) ]]p →pg
Ipd
31. Assume: po1 ∈ [[ g(d) ]]p
Prove: 0 ∈
/ Q1 ⇒ ∃po ∈ Ipd : po1 →pnr po
41. Assume: 0 ∈
/ Q1
Prove: ∃po ∈ Ipd : po1 →pnr po
51. Case: Q1 = {1}
61. Let: po1 = ((traces(I), Hll(d) \ traces(I)), {1})
62. po1 ∈ Ipd
Proof: By deﬁnition 30
63. po1 →pnr po1
71. {1} ⊆ Q1
Proof: By assumption 51
72. o1 →nr o1
81. p1 ⊆ p1 ∪ n1
91. p1 ⊆ Hll(d)
Proof: By assumption 31
92. Hll(d) ⊆ traces(I) ∪ Hll(d) \ traces(I)
Proof: By set theory
93. Q.E.D.
Proof: By 91 and 92
82. n1 ⊆ n1 , i.e. n1 ⊆ Hll(d) \ traces(I)
91. Assume: t1 ∈ n1
Prove: t1 ∈ n1 , i.e. t1 ∈ Hll(d) \ traces(I)
101. t1 ∈ Hll(d)
Proof: By assumption 91
102. t1 ∈
/ traces(I)
111. Assume: t1 ∈ traces(I)
Prove: ⊥
121. ({t1 }, Hll(d) \ {t1 }) ∈ Iid
Proof: By assumption 111
122. Let: o2 ∈ [[ d ]]i such that
o2 →nr ({t1 }, Hll(d) \ {t1 })
Proof: By 121 and assumption 11.3
123. t1 ∈
/ n2
Proof: By 122
124. o1 r o2
131. ∀po ∈ [[ g(d) ]]p : o1 r o
Proof: By assumption 31, assumption 51 and
Lemma 33
132. ∀o ∈ [[ d ]]i : o1 r o
Proof: By 131 and Lemma 34
133. Q.E.D.
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Proof: By 122 (o2 ∈ [[ d ]]i ) and 132
125. t1 ∈
/ n1
Proof: By 123 and 124
126. Q.E.D.
Proof: By 125 and 91
112. Q.E.D.
Proof: ⊥-rule
103. Q.E.D.
Proof: By 101 and 102
92. Q.E.D.
Proof: ⊆-rule
83. p1 ∩ p1 = ∅
91. Let: o3 ∈ [[ d ]]i s.t. o1 nr o3
Proof: By assumption 11.1, assumption 31 and Lemma
44
92. Let: t ∈ traces(I) s.t. ({t}, Hll(d) \ {t}) ∈ Iid ∧
(p3 , n3 ) →nr ({t}, Hll(d) \ {t})
Proof: By assumption 11.3
93. t ∈ p3
Proof: By 92
94. t ∈ p1
Proof: By 93 and 91
95. t ∈ p1
Proof: By 61 and 92 (t ∈ traces(I))
96. Q.E.D.
Proof: By 94 and 95
84. Q.E.D.
Proof: By 81, 82 and 83
73. Q.E.D.
Proof: By 71, 72 and 61
64. Q.E.D.
Proof: By 62 and 63; po1 is the po we are looking for
52. Case: 0, 1] ⊆ Q1
61. Let: o1 ∈ [[ d ]]i s.t. o1 nr o1
Proof: By assumption 31, assumption 11.1 and Lemma 44
62. Let: t1 ∈ traces(I) s.t. o1 →nr ({t1 }, Hll(d) \ {t1 })
Proof: By 61 (o1 ∈ [[ d ]]i ) and assumption 11.3
63. o1 →nr ({t1 }, Hll(d) \ {t1 })
Proof: By 61, 62 and Theorem 6
64. Let: q1 ∈ [0, 1] s.t. (({t1 }, Hll(d) \ {t1 }), {q1 }) ∈ Ipd
Proof: By 62 and Lemma 28
65. q1 > 0
Proof: By 64 and assumption 11.2
66. {q1 } ⊆ Q1
Proof: By assumption 52 and 65
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67. Q.E.D.
Proof: By 63, 64 and 66; (({t1 }, Hll(d) \ {t1 }), {q1 }) is the
po we are looking for
53. Q.E.D.
Proof: By Lemma 32 the cases 51 and 52 are exhaustive
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
¯
22. ∀po ∈ Ipd : ∃S ⊆ Ipd : ∃po ∈ [[ g(d) ]]p : po ∈ S ∧ po →pnr ⊕S
31. Assume: po1 ∈ Ipd
¯
Prove: ∃S ⊆ Ipd : ∃po ∈ [[ g(d) ]]p : po ∈ S ∧ po →pnr ⊕S
¯ pd
41. Let: po2 = ⊕I
42. Let: po2 ∈ [[ g(d) ]] s.t. Q2 = {1}
Proof: By Lemma 36
43. po2 →pnr po2
51. Q2 ⊆ Q2
61. Q2 = {1}
71. ∀po ∈ Ipd : ∃q ∈ Q : q ∈ [0, 1]
Proof: By deﬁnition 30
72. ∃po ∈ Ipd : Q = {1}
Proof: By deﬁnition 30
73. Q.E.D.
Proof: By 41, 71, 72 and deﬁnition 7
62. Q.E.D.
Proof: By 42 and 61
52. o2 →r o2
61. p2 ⊆ p2 ∪ n2
71. p2 ⊆ Hll(d)
Proof: By 42
72. Hll(d) ⊆ p2 ∪ n2
81. ∀po ∈ Ipd : Hll(d) ⊆ p ∪ n
Proof: By deﬁnition 30
82. Q.E.D.
Proof: By 81 and deﬁnition 4
73. Q.E.D.
Proof: By 71 and 72
62. n2 ⊆ n2
71. Assume: t2 ∈ n2
Prove: t2 ∈ n2
81. ∀po ∈ [[ g(d) ]]p : o2 r o
Proof: By 42 and Lemma 33
82. ∀po ∈ [[ g(d) ]]p : t2 ∈ n
Proof: By 81 and assumption 71
/ traces(I)
83. t2 ∈
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91. Assume: t2 ∈ traces(I)
Prove: ⊥
101. ({t2 }, Hll(d) \ {t2 }) ∈ Iid
Proof: By assumption 91
102. Let: o3 ∈ [[ d ]]i s.t. o3 →nr ({t2 }, Hll(d) \ {t2 })
Proof: By 101 and assumption 11.3
/ n3
103. t2 ∈
Proof: By 102
104. ∀o ∈ [[ d ]]i : t2 ∈ n
Proof: By 82 and Lemma 34
105. Q.E.D.
Proof: By 102, 103 and 104
92. Q.E.D.
Proof: ⊥-rule
84. t2 ∈ Hll(d)
Proof: By assumption 71
85. ∀po ∈ Ipd : t2 ∈ n
Proof: By 84 and 83
86. Q.E.D.
Proof: By 85
72. Q.E.D.
Proof: ⊆-rule
63. Q.E.D.
Proof: By 61 and 62
53. p2 ∩ p2 = ∅
61. Let: o3 ∈ [[ d ]]i s.t. o2 nr o3
Proof: By assumption 11.1 and Lemma 44
62. Let: t ∈ traces(I) s.t. ({t}, Hll(d) \ {t}) ∈ Iid ∧
o3 →nr ({t}, Hll(d) \ {t})
Proof: By assumption 11.3
63. o2 →nr ({t}, Hll(d) \ {t})
Proof: By 61, 62 and Theorem 6
64. t ∈ p2
Proof: By 63
65. p2 = traces(I)
Proof: By 41
66. Q.E.D.
Proof: By 64, 65 and 62 (t ∈ traces(I))
54. Q.E.D.
Proof: By 51, 52 and 53
44. Q.E.D.
Proof: By 41, 42 and 43;Ipd is the S we are looking for and po2
is the po we are looking for
32. Q.E.D.
Proof: ∀-rule
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23. Q.E.D.
Proof: By 21 and 22
12. Q.E.D.
Proof: ⇒-rule

Lemma 56 and Lemma 57 show why stronger formulations of Theorem 2 does
not hold.
Lemma 56 (Non-correspondence between →nl and →pnl ). Let d ∈ Di .
Then
(∀(o, {q}) ∈ Ipd : q > 0 ∧ [[ d ]]i →nl Iid ) ⇒ [[ g(d) ]]p →pnl Ipd
Proof. Let d = a xalt b and traces(I) = {a , b}. This gives
[[ d ]]i = { ({a}, ∅), ({b}, ∅) }
Iid = { ({a}, Hll(d) \ {a}), ({b}, Hll(d) \ {b}) }
[[ g(d) ]]p = { (({a}, ∅), 0, 1]), (({b}, ∅), 0, 1]), ((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
Ipd = { (({a}, Hll(d) \ {a}), {q1 }), (({b}, Hll(d) \ {b}), {q2 }),
(({a , b}, Hll(d) \ {a , b}), {1}) }
for some q1 , q2 > 0 such that q1 + q2 = 1. This means that
[[ d ]]i →nl Iid
since each interaction obligation in [[ d ]]i is reﬁned by an obligation in Iid with
the same positive trace, and vice versa. But we also have
[[ g(d) ]]p →pnl Ipd ,
since the no p-obligation in Ipd complies with ((∅, ∅), {1}) when using →nr .
This is because the set of positive traces is empty.

Lemma 57 (Non-correspondence between →nl and →pnl ). Let d ∈ Di .
Then
(∃s ∈ P(H) : ∀(p, n) ∈ [[ d ]]i : p ∪ n = s ∧
∀(o, {q}) ∈ Ipd : q > 0 ∧
[[ d ]]i →nl Iid )
⇒
[[ g(d) ]]p →pnl Ipd
Proof. Let
d1 = a xalt aa
d2 = b alt ab
d3 = ab alt aaab
d = (d1 seq d2 ) alt d3
traces(I) = {aab}
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For the non-probabilistic case this means that
[[ d1 ]]i = { ({a}, ∅), ({aa}, ∅) }
[[ d1 seq d2 ]]i = { ({ab , aab}, ∅), ({aab , aaab}, ∅) }
[[ d ]]i = { ({ab , aab , aaab}, ∅)}
Iid = { ({aab}, Hll(d) \ {aab}) }
So [[ d ]]i →nl Iid holds. In the probabilistic case we get
[[ g(d1 ) ]]p = { (({a}, ∅), 0, 1]), (({aa}, ∅), 0, 1]),
((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
[[ g(d1 seq d2 ) ]]p = { (({ab , aab}, ∅), 0, 1]), (({aab , aaab}, ∅), 0, 1]),
((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
[[ g(d) ]]p = { (({ab , aab , aaab}, ∅), 0, 1]),
(({ab , aaab}, ∅), 0, 1]), (({ab , aaab}, ∅), {1}) }
Ipd = { (({aab}, Hll(d) \ {aab}), {1}) }
We see that
∃s ∈ P(H) : ∀(p, n) ∈ [[ d ]]i : p ∪ n = s ∧
∀(o, {q}) ∈ Ipd : q > 0 ∧
[[ d ]]i →nl Iid )
holds. But [[ g(d) ]]p →pnl Ipd does not hold, since {ab , aaab} ∩ {aab} = ∅,
so not all p-obligations in [[ d ]]p are represented in Ipd when using →pnr .

Correspondence between [[ d ]]i and [[ g(d) ]]p w.r.t. reﬁnement
Theorem 3. Let d and d be sequence diagrams in Di . Then
N (d ) ∧ E(d ) ∧ [[ d ]]i l [[ d ]]i ⇒ [[ g(d) ]]p pl [[ g(d ) ]]p
Proof.
11. Assume: 1. N (d )
2. E(d )
3. [[ d ]]i l [[ d ]]i
Prove: [[ g(d) ]]p pl [[ g(d ) ]]p
21. Let: s ∈ P(H) : ∀(p, n) ∈ [[ d ]]i : p ∪ n = s
Proof: By assumption 11.1 and assumption 11.2
/ Q ⇒ ∃po ∈ [[ g(d ) ]]p : po pr po
22. ∀po ∈ [[ g(d) ]]p : 0 ∈
31. Assume: po1 ∈ [[ g(d) ]]p
Prove: 0 ∈
/ Q1 ⇒ ∃po ∈ [[ g(d ) ]]p : po1 pr po
41. Assume: 0 ∈
/ Q1
Prove: ∃po ∈ [[ g(d ) ]]p : po1 pr po
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51. Case: Q1 = {1}
61. Let: po1 ∈ [[ g(d ) ]]p s.t. Q1 = {1}
Proof: By Lemma 36
62. po1 pr po1
71. o1 r o1
81. ∀po ∈ [[ g(d) ]]p : o1 r o
Proof: By assumption 31, assumption 51 and Lemma 33
82. p1 ⊆ p1 ∪ n1
91. ∀po ∈ [[ g(d) ]]p : p1 ⊆ p ∪ n
Proof: By 81
92. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 91 and Lemma 34
93. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 92 and assumption 11.3
94. ∀po ∈ [[ g(d ) ]]p : p1 ⊆ p ∪ n
Proof: By 93, assumption 11.1, 21 and Lemma 39
95. Q.E.D.
Proof: By 94 and 61 (po1 ∈ [[ g(d ) ]]p )
83. n1 ⊆ n1
91. ∀po ∈ [[ g(d) ]]p : n1 ⊆ n
Proof: By 81
92. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 91 and Lemma 34
93. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 92 and assumption 11.3
94. ∀po ∈ [[ g(d ) ]]p : n1 ⊆ n
Proof: By 93, assumption 11.1, 21 and Lemma 39
95. Q.E.D.
Proof: By 94 and 61
84. Q.E.D.
Proof: By 82 and 83
72. Q1 ⊆ Q1
Proof: By assumption 51 and 61
73. Q.E.D.
Proof: By 71 and 72
63. Q.E.D.
Proof: By 61 and 62; po1 is the po we are looking for.
52. Case: 0, 1] ⊆ Q1
61. Let: o2 ∈ [[ d ]]i s.t. o1 r o2
Proof: By assumption 31 and Lemma 35
62. Let: o2 ∈ [[ d ]]i s.t. o2 r o2
Proof: By 61 (o2 ∈ [[ d ]]i ) and assumption 11.3
63. Let: Q2 ⊆ [0, 1] s.t. (o2 , Q2 ) ∈ [[ g(d ) ]]p
Proof: By 62 and Lemma 34
64. po1 pr po2
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71. o1 r o2
Proof: By 61, 62 and Lemma 26 in [HHRS06]
72. Q2 ⊆ Q1
81. 0 ∈
/ Q2
Proof: By 63 ((o2 , Q2 ) ∈ [[ g(d ) ]]p )
82. Q.E.D.
Proof: By 81 and assumption 52
73. Q.E.D.
Proof: By 71 and 72
65. Q.E.D.
Proof: By 64 and 63; po2 is the po we are looking for
53. Q.E.D.
Proof: By Lemma 32 the cases 51 and 52 are exhaustive
42. Q.E.D.
Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
¯
23. ∀po ∈ [[ g(d ) ]]p : ∃S ⊆ [[ g(d ) ]]p : ∃po ∈ [[ g(d) ]]p : po ∈ S ∧ po pr ⊕S
31. Assume: po1 ∈ [[ g(d ) ]]p
¯
Prove: ∃S ⊆ [[ g(d ) ]]p : ∃po ∈ [[ g(d) ]]p : po1 ∈ S ∧ po pr ⊕S
41. Let: (o1 , Q1 ) ∈ [[ g(d) ]]p s.t. Q1 = {1}
Proof: By Lemma 36
¯ g(d ) ]]p
42. (o1 , Q1 ) pr ⊕[[
51. Let: o2 = ⊕[[ g(d ) ]]p
52. o1 r o2
61. ∀po ∈ [[ g(d) ]]p : o1 r o
Proof: 
By 41 and Lemma 33

p∪n=
p∪n∧
62.
((p,n),Q)∈[[ g(d ) ]]p
(p,n)∈[[ d ]]i


n=
n
(p,n)∈[[ d ]]i

((p,n),Q)∈[[ g(d ) ]]p

Proof: By assumption 11.1, 21 and Lemma 39
63. p1 ⊆ p2 ∪ n2
71. ∀po ∈ [[ g(d) ]]p : p1 ⊆ p ∪ n
Proof: By 61
72. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 71 and Lemma 34
73. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 72
 and assumption
 11.3

74. p1 ⊆ (
p∩
p ∪ n) ∪

p

p
po∈[[ g(d ) ]]
po∈[[ g(d ) ]]
po∈[[ g(d )

81. p1 ⊆
p∪n
(p,n)∈[[ d ]]i

Proof: By 73
82. p1 ⊆

((p,n),Q)∈[[ g(d ) ]]p

Proof: By 81 and 62
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p∪n

n
]]p

83. Q.E.D.
Proof: By 82
75. Q.E.D.
Proof: By 74 and 51
64. n1 ⊆ n2
71. ∀po ∈ [[ g(d) ]]p : n1 ⊆ n
Proof: By 61
72. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 71 and Lemma 34
73. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 72 
and assumption 11.3
n
74. n1 ⊆
((p,n),Q)∈[[ g(d ) ]]p

81. n1 ⊆
n
(p,n)∈[[ d ]]i

Proof: By 73
82. Q.E.D.
Proof: By 81 and 62
75. Q.E.D.
Proof: By 74 and 51
65. Q.E.D.
Proof: By 63 and 64
¯ g(d ) ]]p ) ⊆ Q1
53. π2 (⊕[[
¯ g(d ) ]]p ) = {1}
61. π2 (⊕[[
71. ∃(o , Q ) ∈ [[ g(d ) ]]p : Q = {1}
Proof: By Lemma 36
72. ∀(o , Q ) ∈ [[ g(d ) ]]p : Q = ∅
Proof: By Lemma 32
73. Q.E.D.
Proof: By 71, 72 and deﬁnition 7
62. Q.E.D.
Proof: By 61 and 41
54. Q.E.D.
Proof: By 52 and 53
43. Q.E.D.
Proof: By 41 and 42; [[ g(d ) ]]p is the S we are looking for and
(o1 , Q1 ) is the po we are looking for
32. Q.E.D.
Proof: ∀-rule
24. Q.E.D.
Proof: By 22 and 23
12. Q.E.D.
Proof: ⇒-rule
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Theorem 4. (Correspondence between nl and pnl ). Let d and d be
sequence diagrams in Di . Then
N (d) ∧ N (d ) ∧ E(d ) ∧ [[ d ]]i nl [[ d ]]i ⇒ [[ g(d) ]]p pnl [[ g(d ) ]]p
Proof.
11. Assume: 1. N (d)
2. N (d )
3. E(d )
4. [[ d ]]i nl [[ d ]]i
Prove: [[ g(d) ]]p pnl [[ g(d ) ]]p
21. Let: s ∈ P(H) : ∀(p, n) ∈ [[ d ]]i : p ∪ n = s
Proof: By assumption 11.2 and assumption 11.3
22. ∀po ∈ [[ g(d ) ]]p : p ∪ n = s
31. Let: s ⊆ H s.t. ∀po ∈ [[ g(d ) ]]p : p ∪ n = s
Proof: By assumption 11.3 and Lemma 43
32. s = s
41. ∀o ∈ [[ d ]]i : p ∪ n = s
Proof: By 31 and Lemma 34
42. Q.E.D.
Proof: By 41 and 21
33. Q.E.D.
Proof: By 31 and 32
23. ∀po ∈ [[ g(d) ]]p : p ∪ n = s
31. ∀o ∈ [[ d ]]i : p ∪ n = s
41. Assume: o ∈ [[ d ]]i
Prove: p ∪ n = s
51. Let: o ∈ [[ d ]]i s.t. o nr o
Proof: By assumption 41 and assumption 11.4
52. p ∪ n = s
Proof: By 51 (o ∈ [[ d ]]i ) and 21
53. Q.E.D.
Proof: By 52 and 51 (o nr o )
42. Q.E.D.
Proof: ∀-rule
32. E(d)
Proof: By 31 and assumption 11.1
33. Let: s ⊆ H s.t. ∀po ∈ [[ g(d) ]]p : p ∪ n = s
Proof: By 32 and Lemma 43
34. s = s
41. ∀o ∈ [[ d ]]i : p ∪ n = s
Proof: By 33 and Lemma 34
42. Q.E.D.
Proof: By 31 and 41
35. Q.E.D.
Proof: By 33 and 34
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24. ∀po ∈ [[ g(d) ]]p : 0 ∈
/ Q ⇒ ∃po ∈ [[ g(d ) ]]p : po pnr po
31. Assume: po1 ∈ [[ g(d) ]]p
Prove: 0 ∈
/ Q1 ⇒ ∃po ∈ [[ g(d ) ]]p : po1 pnr po
41. Assume: 0 ∈
/ Q1
Prove: ∃po ∈ [[ g(d ) ]]p : po1 pnr po
51. Case: Q1 = {1}
61. Let: po1 ∈ [[ g(d ) ]]p s.t. Q1 = {1}
Proof: By Lemma 36
62. po1 pnr po1
71. o1 r o1
81. ∀po ∈ [[ g(d) ]]p : o1 r o
Proof: By assumption 31, assumption 51 and Lemma 33
82. p1 ⊆ p1 ∪ n1
91. ∀po ∈ [[ g(d) ]]p : p1 ⊆ p ∪ n
Proof: By 81
92. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 91 and Lemma 34
93. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 92 and assumption 11.4
94. ∀po ∈ [[ g(d ) ]]p : p1 ⊆ p ∪ n
Proof: By 93, assumption 11.2, 21 and Lemma 39
95. Q.E.D.
Proof: By 94 and 61 (po1 ∈ [[ g(d ) ]]p )
83. n1 ⊆ n1
91. ∀po ∈ [[ g(d) ]]p : n1 ⊆ n
Proof: By 81
92. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 91 and Lemma 34
93. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 92 and assumption 11.4
94. ∀po ∈ [[ g(d ) ]]p : n1 ⊆ n
Proof: By 93, assumption 11.2, 21 and Lemma 39
95. Q.E.D.
Proof: By 94 and 61
84. Q.E.D.
Proof: By 82 and 83
72. p1 ∪ n1 = p1 ∪ n1
81. p1 ∪ n1 = s
Proof: By 61 and 22
82. p1 ∪ n1 = s
Proof: By assumption 31 and 23
83. Q.E.D.
Proof: By 81 and 82
73. Q1 ⊆ Q1
Proof: By assumption 51 and 61
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74. Q.E.D.
Proof: By 71, 72 and 73
63. Q.E.D.
Proof: By 62 and 61; po1 is the po we are looking for.
52. Case: 0, 1] ⊆ Q1
61. ∃o ∈ [[ d ]]i s.t. o1 nr o
71. Let: o2 ∈ [[ d ]]i s.t. o1 r o2
Proof: By assumption 31 and Lemma 35
72. o1 nr o2
81. p1 ∪ n1 = p2 ∪ n2
91. p1 ∪ n1 = s
Proof: By assumption 31 and 23
92. p2 ∪ n2 = s
101. ∃Q ⊆ [0, 1] s.t. ((p2 , n2 ), Q) ∈ [[ g(d) ]]p
Proof: By 71 and Lemma 34
102. Q.E.D.
Proof: By 101 (((p2 , n2 ), Q) ∈ [[ g(d) ]]p ) and 23
93. Q.E.D.
Proof: By 91 and 92
82. Q.E.D.
Proof: By 71 (o1 r o2 ) and 81
73. Q.E.D.
Proof: By 71 (o2 ∈ [[ d ]]i ) and 72; o2 is the o we are looking
for
62. Let: o2 ∈ [[ d ]]i s.t. o1 nr o2
Proof: By 61
63. Let: o2 ∈ [[ d ]]i s.t. o2 nr o2
Proof: By 62 (o2 ∈ [[ d ]]i ) and assumption 11.4
64. Let: Q2 ⊆ [0, 1] s.t. (o2 , Q2 ) ∈ [[ g(d ) ]]p
Proof: By 63 and Lemma 34
65. po1 pnr po2
71. o1 nr o2
Proof: By 62, 63 and Theorem 5
72. Q2 ⊆ Q1
81. 0 ∈
/ Q2
Proof: By 64 ((o2 , Q2 ) ∈ [[ g(d ) ]]p ) and Lemma 32
82. Q.E.D.
Proof: By 81 and assumption 52
73. Q.E.D.
Proof: By 71 and 72
66. Q.E.D.
Proof: By 65 and 64; po2 is the po we are looking for
53. Q.E.D.
Proof: By Lemma 32 the cases 51 and 52 are exhaustive
42. Q.E.D.
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Proof: ⇒-rule
32. Q.E.D.
Proof: ∀-rule
¯
25. ∀po ∈ [[ g(d ) ]]p : ∃S ⊆ [[ g(d ) ]]p : ∃po ∈ [[ g(d) ]]p : po ∈ S∧po pnr ⊕S
31. Assume: po1 ∈ [[ g(d ) ]]p
¯
Prove: ∃S ⊆ [[ g(d ) ]]p : ∃po ∈ [[ g(d) ]]p : po1 ∈ S ∧ po pnr ⊕S
41. Let: (o1 , Q1 ) ∈ [[ g(d) ]]p s.t. Q1 = {1}
Proof: By Lemma 36
¯ g(d ) ]]p
42. (o1 , Q1 ) pnr ⊕[[
51. Let: o2 = ⊕[[ g(d ) ]]p
52. o1 nr o2
61. ∀po ∈ [[ g(d) ]]p : o1 nr o
71. Assume: po ∈ [[ g(d) ]]p
Prove: o1 nr o
81. o1 r o
Proof: By 41, assumption 71 and Lemma 33
82. p1 ∪ n1 = p ∪ n
91. p1 ∪ n1 = s
Proof: By 41 ((o1 , Q1 ) ∈ [[ g(d) ]]p ) and 23
92. p ∪ n = s
Proof: By assumption 71 and 23
83. Q.E.D.
Proof: By 81 and 82
72. Q.E.D.
Proof:

 ∀-rule
p∪n=
p∪n∧
62.
((p,n),Q)∈[[ g(d ) ]]p
(p,n)∈[[ d ]]i


n=
n
(p,n)∈[[ d ]]i

((p,n),Q)∈[[ g(d ) ]]p

Proof: By assumption 11.2, 21 and Lemma 39
63. p1 ⊆ p2 ∪ n2
71. ∀po ∈ [[ g(d) ]]p : p1 ⊆ p ∪ n
Proof: By 61
72. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 71 and Lemma 34
73. ∀o ∈ [[ d ]]i : p1 ⊆ p ∪ n
Proof: By 72
 and assumption
 11.4

74. p1 ⊆ (
p∩
p ∪ n) ∪

p

p
po∈[[ g(d ) ]]
po∈[[ g(d ) ]]
po∈[[ g(d )

81. p1 ⊆
p∪n
(p,n)∈[[ d ]]i

Proof: By 73
82. p1 ⊆

((p,n),Q)∈[[ g(d ) ]]p

Proof: By 81 and 62
83. Q.E.D.
Proof: By 82
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p∪n

n
]]p

75. Q.E.D.
Proof: By 74 and 51
64. n1 ⊆ n2
71. ∀po ∈ [[ g(d) ]]p : n1 ⊆ n
Proof: By 61
72. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 71 and Lemma 34
73. ∀o ∈ [[ d ]]i : n1 ⊆ n
Proof: By 72 
and assumption 11.4
74. n1 ⊆
n
((p,n),Q)∈[[ g(d ) ]]p

81. n1 ⊆
n
(p,n)∈[[ d ]]i

Proof: By 73
82. Q.E.D.
Proof: By 81 and 62
75. Q.E.D.
Proof: By 74 and 51
65. p2 ∪ n2 = p1 ∪ n1
71. p1 ∪ n1 = s
Proof: By 41 and 23
72. p2 ∪ n2 = s
Proof: By 51 and 22
73. Q.E.D.
Proof: By 71 and 72
66. Q.E.D.
Proof: By 63, 64 and 65
¯ g(d ) ]]p ) ⊆ Q1
53. π2 (⊕[[
¯ g(d ) ]]p ) = {1}
61. π2 (⊕[[
71. ∃(o , Q ) ∈ [[ g(d ) ]]p : Q = {1}
Proof: By Lemma 36
72. ∀(o , Q ) ∈ [[ g(d ) ]]p : Q = ∅
Proof: By Lemma 32
73. Q.E.D.
Proof: By 71, 72 and deﬁnition 7
62. Q.E.D.
Proof: By 61 and 41
54. Q.E.D.
Proof: By 52 and 53
43. Q.E.D.
Proof: By 41 and 42; [[ g(d ) ]]p is the S we are looking for and
(o1 , Q1 ) is the po we are looking for
32. Q.E.D.
Proof: ∀-rule
26. Q.E.D.
Proof: By 24 and 25
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12. Q.E.D.
Proof: ⇒-rule

Lemma 58 and Lemma 59 show why stronger formulations of Theorem 3 do
not hold. Lemma 60, Lemma 61 and Lemma 62 show why stronger/alternative
formulations of Theorem 4 do not hold.
Lemma 58. Let d ∈ Di . Then
[[ d ]]i l [[ d ]]i ⇒ [[ g(d) ]]p pl [[ g(d ) ]]p
Proof. Let
d = aab
d1 = a xalt aa
d2 = b alt ab
d = d1 seq d2
We then get
[[ d ]]i = { ({aab}, ∅) }
[[ d ]]i = { ({ab , aab}, ∅), ({aab , aaab}, ∅) }
which means that [[ d ]]i l [[ d ]]i . We also get
g(d) = aab
g(d1 ) = a;0, 1] palt aa;0, 1]
g(d2 ) = b alt ab
g(d ) = g(d1 ) seq g(d2 )
which means that
[[ g(d) ]]p = { (({aab}, ∅), {1})}
[[ g(d1 ) ]]p = { (({a}, ∅), 0, 1]), (({aa}, ∅), 0, 1]), ((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
[[ g(d2 ) ]]p = { (({b , ab}, ∅), {1})}
[[ g(d ) ]]p = { (({ab , aab}, ∅), 0, 1]), (({aab , aaab}, ∅), 0, 1]),
((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
So [[ g(d) ]]p pl [[ g(d ) ]]p does not hold, because for every S ⊆ [[ g(d ) ]]p
¯ since aab will be
such that ((∅, ∅), {1}) ∈ S we get (({aab}, ∅), {1}) pr ⊕S,
¯ for any such S.
inconclusive in ⊕S

Lemma 59 (Non-correspondence). Let d and d be sequence diagrams in Di .
Then
E(d) ∧ E(d ) ∧ [[ d ]]i l [[ d ]]i ⇒ [[ g(d) ]]p pl [[ g(d ) ]]p
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Proof. Let
d = refuse abc
d1 = (ab alt refuse a) xalt (a alt refuse ab)
d2 = bc alt c
d = d1 seq d2
This means that E(d) and E(d ) holds. We get
[[ d ]]i = { (∅, {abc}) }
[[ d ]]i = { ({abc , abbc}, {ac , abc}), ({ac , abc}, {abc , abbc}) }
which means that [[ d ]]i l [[ d ]]i . We also get
g(d) = refuse abc
g(d1 ) = (ab alt refuse a);0, 1] palt (a alt refuse ab);0, 1]
g(d2 ) = bc alt c
g(d ) = d1 seq d2
which means that
[[ g(d) ]]p = { ((∅, {abc}), {1})}
[[ g(d1 ) ]]p = { (({ab}, {a}), 0, 1]), (({a}, {ab}), 0, 1]),
(({a , ab}, ∅), 0, 1]), (({a , ab}, ∅), {1}) }
[[ g(d2 ) ]]p = { (({bc , c}, ∅), {1})}
[[ g(d ) ]]p = { (({abc , abbc}, {ac , abc}), 0, 1]),
(({ac , abc}, {abc , abbc}), 0, 1]),
(({ac , abc , abbc}, ∅), 0, 1]), (({ac , abc , abbc}, ∅), {1}) }
So [[ g(d) ]]p pl [[ g(d ) ]]p does not hold, because for every S ⊆ [[ g(d ) ]]p such
¯ since
that (({ac , abc , abbc}, ∅), {1}) ∈ S we get ((∅, {abc}), {1}) pr ⊕S,
¯ for any such S.
abc will not be negative in ⊕S
Lemma 60 (Non-correspondence). Let d and d be sequence diagrams in Di .
Then
E(d) ∧ E(d ) ∧ [[ d ]]i nl [[ d ]]i ⇒ [[ g(d) ]]p pnl [[ g(d ) ]]p
Proof. The counter example is identical to the counter example for Lemma
59, except that we let d = ac alt (abbc alt (refuse abc)). This means that
[[ d ]]i = { ({ac , abbc}, {abc}) }
and ensures that [[ d ]]i nl [[ d ]]i holds.
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Lemma 61. Let d ∈ Di . Then
[[ d ]]i nl [[ d ]]i ⇒ [[ g(d) ]]p pnl [[ g(d ) ]]p
Proof. This follows immediately from Lemma 60. We include the following
counter example since it (unlike the counter example for Lemma 60) does not use
a speciﬁcation where a trace is both positive and negative in the same interaction
obligation. Let
d = (ab alt aab) xalt (aab alt aaab)
d1 = a xalt aa
d2 = b alt ab
d = d1 seq d2
We then get
[[ d ]]i = { ({ab , aab}, ∅), ({aab , aaab}, ∅) }
[[ d ]]i = [[ d ]]i
which means that [[ d ]]i nl [[ d ]]i . We also get
g(d) = (ab alt aab);0, 1] palt (aab alt aaab);0, 1]
g(d1 ) = a;0, 1] palt aa;0, 1]
g(d2 ) = b alt ab
g(d ) = g(d1 ) seq g(d2 )
which means that
[[ g(d) ]]p = { (({ab , aab}, ∅), 0, 1]), (({aab , aaab}, ∅), 0, 1]),
(({aab}, ∅), 0, 1]), (({aab}, ∅), {1}) }
[[ g(d1 ) ]]p = { (({a}, ∅), 0, 1]), (({aa}, ∅), 0, 1]), ((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
[[ g(d2 ) ]]p = { (({b , ab}, ∅), {1})}
[[ g(d ) ]]p = { (({ab , aab}, ∅), 0, 1]), (({aab , aaab}, ∅), 0, 1]),
((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
So [[ g(d) ]]p pl [[ g(d ) ]]p does not hold, because for every S ⊆ [[ g(d ) ]]p such
¯ for all
¯ = ((∅, ∅), {1}), which gives po 
that ((∅, ∅), {1}) ∈ S we get ⊕S
 pnr ⊕S
po ∈ [[ d ]]p .
Lemma 62. Let d and d be sequence diagrams in Di . Then
N (d ) ∧ E(d ) ∧ [[ d ]]i nl [[ d ]]i ⇒ [[ g(d) ]]p pnl [[ g(d ) ]]p
Proof. Let
d1 = a xalt aa
d2 = b alt ab
d3 = ab alt aaab
d = (d1 seq d2 ) alt d3
d = ab alt (aab alt aaab)
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Then d does not contain any xalt operator, so N (d ) ∧ E(d ) is trivially fulﬁlled.
Furthermore, we get
[[ d ]]i = [[ d ]]i = { ({ab , aab , aaab}, ∅) }
which means that [[ d ]]i nl [[ d ]]i holds. But in the probabilistic case we get
[[ g(d1 ) ]]p = { (({a}, ∅), 0, 1]), (({aa}, ∅), 0, 1]),
((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
[[ g(d1 seq d2 ) ]]p = { (({ab , aab}, ∅), 0, 1]), (({aab , aaab}, ∅), 0, 1]),
((∅, ∅), 0, 1]), ((∅, ∅), {1}) }
[[ g(d) ]]p = { (({ab , aab , aaab}, ∅), 0, 1]),
(({ab , aaab}, ∅), 0, 1]), (({ab , aaab}, ∅), {1}) }
[[ g(d ) ]]p = { (({ab , aab , aaab}, ∅), {1}) }
This means that [[ g(d) ]]p pnl [[ g(d ) ]]p does not hold, since the p-obligations
in [[ g(d) ]]p where aab is inconclusive are not represented in [[ g(d ) ]]p .
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Abstract
UML sequence diagrams are intuitively simple and can be understood by most stakeholders, including
end-users, decision makers, engineers and other parties involved in a risk analysis. Building on UML
sequence diagrams and trying to maintain their intuitive simplicity we propose a language for modeling
systems where the trust considerations of actors play a major role. Trust considerations are integrated with
behavioral descriptions in order to facilitate analysis of the trust considerations of the actors as well as
their resulting behavior. We claim that our language allows trust dependent behavior to be described at a
level of abstraction suitable for communication between diﬀerent groups of stakeholders in a risk analysis
situation. Furthermore, we argue that the increased expressiveness is required to facilitate the kind of
analysis necessary to properly weigh and treat trust dependent risk behavior.
Keywords: Trust modeling, risk analysis, sequence diagrams.

1

Introduction

In a potentially hostile environment such as the internet, an actor needs to decide
whether an entity can be trusted before engaging in any potentially harmful transaction with the entity. When performing a risk analysis of a system where trust
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considerations play a major role, the system model must include information on how
actors actually make decisions based on trust. This is illustrated by the example
below.
OldGoods is a company selling antiques. Their business is based on buying
old items such as furniture and watches on the internet and selling them from a
fashionable shop at a much higher price. To this end they have hired a purchaser
agent called Billy, whose job it is to search the internet for suitable items that can
be bought and then sold from the shop. Billy ﬁnds a lot of diﬀerent oﬀers from
various sites on the internet, and it is frequently required that the item is paid for
before it is received. In such cases he needs to decide whether to send the payment.
The decision, of course, depends on whether he trusts that the item will be shipped.
Business has not been good for OldGoods lately. A lot of money has been
lost paying for items that never arrived. The management therefore decides that
something has to be done. Someone suggests introducing one of the following two
policy rules for the purchaser agent:
(i) “Do not pay for an item until it is received.” This rule does not allow the
purchaser agents’ trust in the seller to play any role at all. It ensures that
money will not be lost paying for items that are not received. But it also
means that business opportunities are lost, since sellers (including the honest
ones) may not accept this condition. Hence, many items that might give a
good proﬁt can not be acquired.
(ii) “Do not pay for an item in advance unless you have talked to the seller on
the phone and feel conﬁdent that the item will be shipped as promised.” This
rule allows the purchaser agents’ trust in the seller to play a major role in the
decision. In order to make a decision the purchaser agent needs to estimate
the probability that the seller will actually ship the item and decide whether
this estimate amounts to feeling conﬁdent.
Should one of these rules be adopted? Or perhaps diﬀerent rules or other measures
would be better? These questions cannot be answered without a thorough understanding of the system. The ﬁrst rule could be a good choice if most honest sellers
were willing to ship items before they receive payment. The second rule may be
a good choice if the purchaser agent is able to give reasonably correct probability
estimates for the behavior of the sellers based on a phone conversation.
In this kind of risk analysis situation it may be necessary to interact with various stakeholders including end-users, decision makers as well as engineers. We
have positive experience with the use of UML sequence diagrams [12] for this purpose [3],[16]. A UML sequence diagram is a speciﬁcation of how messages are sent
between entities to perform a task. Sequence diagrams seem to have the ability
to be understood by professionals of computer systems design as well as potential
end-users and stakeholders of the system in question, and are used in a number of
diﬀerent situations. They are used to get a better grip of an interaction scenario
for an individual designer or for a group that needs to achieve a common understanding of the situation. Sequence diagrams are also used during more detailed
design considerations where the precise inter-process communication must be set
up according to formal protocols. Unlike for example state machines, sequence dia2
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grams will typically not tell the complete story. There are normally other legal and
possible behaviors that are not contained within the diagrams.
The contribution of this paper is the extension of the UML sequence diagram
notation to allow trust dependent behavior to be described at the level of abstraction suitable for communication between diﬀerent groups of stakeholders in a risk
analysis situation. By trust dependent behavior we mean scenarios where an actor
makes a decision about how to behave depending on the degree of trust the actor
has in another entity. We claim that our language allows trust dependent behavior
to be described at a level of abstraction suitable for communication between diﬀerent groups of stakeholders in a risk analysis situation. Furthermore, we argue that
the increased expressiveness is required to facilitate the kind of analysis necessary
to properly weigh and treat trust dependent risk behavior.
The rest of the paper is organized as follows: In Section 2 we state the requirements to the modeling language. A brief introduction to a small subset of
UML sequence diagrams is given in Section 3. In Section 4 we extend the UML
sequence diagram notation with a construct for probabilistic choice. The deﬁnition
of trust on which we base our work is presented in Section 5. In Section 6 we extend
the UML sequence diagram notation further to capture trust-dependent behavior.
In Section 7 we illustrate the new possibilities for analysis facilitated through the
increased expressiveness. Some related work is presented in Section 8, before we
conclude in Section 9.

2

Requirements to the trust modeling language

The overall goal is to develop a language facilitating in-depth analysis of systems
whose critical behavior depends on trust, with the purpose of identifying vulnerabilities and treatments. A vulnerability in a trust-dependent system could typically
be a decision to engage in a potentially harmful transaction made by an actor based
on misplaced trust in another entity. During the analysis it should be possible to
identify such a decision as well as the trust consideration behind the decision. Furthermore, it should be possible to quantify the likelihood of a harmful outcome.
This is necessary to decide whether a treatment must be found or not, and the kind
of treatment required.
A treatment in this context could typically be some kind of mechanism designed
to control, restrict and support trust dependent behavior, for example a trust policy.
Before deciding whether to implement a treatment it is necessary to assess its eﬀect
as well as cost.
Analysis requirements The language should facilitate analysis of
• systems whose critical behavior depends on trust;
• mechanisms designed to control, restrict and support trust dependent behavior.
In order to facilitate in-depth analysis, it is necessary that all relevant aspects of
the system can be expressed in the model. This includes the trust considerations
that inﬂuence the agents’ behavior as well as the behavior itself.
Expressiveness requirements It should be possible to
• express to what degree an agent trusts another agent with respect to a certain
3

Refsdal, Stølen
sd enquiry
Billy:puAgent

Sally:Seller

forSale
alt

[s=1]
yes
no

[s=0]

Fig. 1. UML sequence diagram

•
•

transaction;
express how trust considerations inﬂuence a choice made by an agent between
diﬀerent courses of action;
describe the behavior of the actors and the interaction between the actors.

In order to perform a successful analysis of the system it is important to involve
various stakeholders such as end-users, decision makers and engineers. These groups
will typically have very diﬀerent backgrounds and levels of training, and the language should be a tool for arriving at a joint and correct understanding of the
system (under the guidance of an analyst). Therefore the models expressed in the
language must be intuitive and easily understandable for the involved parties.
Comprehensiveness requirement
• The language should facilitate communication between end-users, decision makers and engineers by being intuitively understandable by all these groups.

3

UML sequence diagrams

The UML [12] is widely used in the computer and software industry, and is seen
as the de facto industry standard for system modeling. As explained above, UML
sequence diagrams are used to show how entities in a system interact. The entities
in question can be for example subsystems, components, pieces of software, or users.
Figure 1 shows a UML sequence diagram representing a simple interaction between
Billy and a seller called Sally. Each of these two entities is represented by a dashed
vertical line called a lifeline. The box at the top of the lifeline may contain the
name of the entity (before the colon) and its type (after the colon). Communication
between the lifelines is shown by messages. These are represented by arrows pointing
from the transmitter lifeline to the receiver lifeline, where the message content is
given by the name above the arrow. Each message deﬁnes two events: a transmit
event occurring on the transmitter of the message and a receive event occurring
on the receiver of the message (at the arrow head). For each lifeline the events are
ordered in time from top to bottom. In addition, every message must be transmitted
before it is received.
The diagram enquiry in Figure 1 shows a scenario where Billy asks Sally
whether a certain item is for sale, as represented by the transmission of the “forSale” message. This message is received by Sally. The alt operator shows that
there are then two possible alternatives (separated by the horizontal dashed line)
4
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sd purchase
Billy:puAgent

:Seller

question
reply
palt {0.6} {0.4}
pay
palt {0.8} {0.2}
item
writeOff
cancel

Fig. 2. The interaction between the purchaser agent and a seller expressed in probabilistic STAIRS

that may occur 4 : Either Sally transmits the “yes” message, which is then received
by Billy, or she transmits the “no” message, which is then received by Billy. The
Boolean expressions in square brackets at the beginning of the two operands of the
alt are called guards, and state conditions for the alternative to be chosen; Sally
will respond with the “yes” message if s = 1 and with the “no” message if s = 0.

4

Extending UML sequence diagrams with probabilistic choice

STAIRS [6], [15], [14] gives a formal semantics for all the major operators of UML
sequence diagrams, as well as a reﬁnement calculus. Probabilistic STAIRS [13], [14]
extends STAIRS with an operator palt for probabilistic choice, as well as extending
the semantic model of STAIRS to include probabilities. For the purpose of this paper, however, it is suﬃcient to keep the discussion at the syntactic level. Deﬁnitions
of formal semantics and reﬁnement relations can be found in the papers referenced
above.
We now introduce the probabilistic sequence diagram notation based on the
OldGoods example. To assess the current situation the management has obtained
a speciﬁcation that describes what happens in the current purchasing system after
a suitable item has been found by the purchaser agent. We may assume this speciﬁcation is based on historical data, so that the probabilities in the speciﬁcation
reﬂect percentages of the observed behavior. The established practice is that the
purchaser agent asks the seller a test question on the phone before deciding whether
to send the payment. This is done in order to assess whether the seller will actually
send the item if she receives advance payment. If the purchaser agent is not happy
with the answer then advance payment will not be sent. The speciﬁcation purchase in Figure 2 shows what takes place 5 . The purchaser agent starts by asking
4 If using STAIRS we would have used the xalt operator instead of the alt. Since xalt is not part of the
UML we have chosen to use alt in the example.
Sequence diagrams allow speciﬁcation of both negative and positive behavior. Negative behavior is
behavior that the system is not allowed to produce. In order to get keep the diagrams simple we only
specify positive behavior in this paper. This is suﬃcient for our explanations at the intuitive level.
5
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Actor

Antecedent
scenario

Entity

Trustor

Trust

Trustee

Asset

Transaction

Żperforms

Fig. 3. Trust and related concepts

the seller a question on the phone. After receiving the reply, he decides whether
to send advance payment or cancel the deal. The choice between these alternatives
is expressed by the palt operator (for probabilistic alternative), which has two or
more operands separated by a dotted line. Each operand expresses one possible
alternative. The lower operand of the outermost palt shows the alternative where
Billy cancels the deal after receiving the reply to his question. This alternative
has probability 0.4, which can be seen in the upper left part of the palt operand.
Probabilities are shown from left to right in the order of the operands, so the ﬁrst
(uppermost) operand of the outermost palt has probability 0.6, while the second
operand has probability 0.4.
If Billy chooses to send the payment then again one of two things may happen:
either the seller sends the item (with probability 0.8), or she does not (with probability 0.2). If she does not then Billy must write oﬀ the money, represented by the
message from Billy to himself.
Clearly, trust aﬀects the behavior of Billy. However, there is no explicit representation of the way he makes his choice of behavior based on trust. Our objective
is to represent this explicitly in the speciﬁcation. But ﬁrst we need to deﬁne what
we mean by trust.

5

Trust

We use the deﬁnition of trust given in [11] 6 . This deﬁnition is an adaption from
[10], which is based on [4].
Deﬁnition 5.1 Trust is the subjective probability by which an actor, the trustor,
expects that another entity, the trustee, performs a given transaction on which its
welfare depends.
Thus deﬁned, trust is a belief of the trustor regarding the behavior of the trustee.
Since trust is a belief it is a subjective notion. An actor is an active entity which
has goals, intentions and capabilities. An actor may be an organization, a human
or an automated artefact such as hardware and software. Often a trustor will only
expect the trustee to perform a transaction if a certain scenario takes place. We
call this the antecedent scenario of the trust with respect to the transaction.
Figure 3 is a slightly simpliﬁed version of Figure 37 from [11] and shows the
relation between concepts of relevance to trust in the UML class diagram notation.
If the antecedent scenario takes place then the trustor trusts to some degree that the
6

We have used the word ‘transaction’ instead of ‘transition’.
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trustee performs a certain transaction, i.e. the trustor believes that there is a certain
probability that the trustee will perform the transaction. An asset is something of
value to the owner (the trustor). That the welfare of the trustor depends on the
transaction is shown by the relationship between the transaction and the trustor’s
asset; the value of the asset depends on whether the transaction is performed.
The trustor is an actor, which is shown by the generalization relationship (open
arrowhead). The trustee may be any kind of entity, including an actor.
In our example Billy would be the trustor, while the seller would be the trustee.
The antecedent scenario would be that Billy sends advance payment after the phone
conversation, and the transaction would be that the seller sends the item after
receiving payment. If Billy believes that the probability that the seller will send
the item is 0.9, then this means that Billys trust in the seller with respect to this
transaction is 0.9. The asset in question would be the combination of the items
received by the purchaser agent and the money he has available for purchasing new
items. If an item is paid for, but not received, then this asset will decrease in value.

6

Extending UML sequence diagrams with a notion of
trust

In our example we need to know to what degree the purchaser agent trusts a seller
to send the item after receiving advance payment, i.e. the subjective probability
assigned to this outcome by the purchaser agent. We also need to know how this
trust inﬂuences his decision whether to send advance payment or not.
6.1

Subjective sequence diagrams

Since trust is deﬁned as a subjective probability for a certain alternative to occur,
we may express trust by a probabilistic sequence diagram simply by letting the
sequence diagram represent an agents’ subjective belief or estimate rather than an
objective description of the system. To show that a diagram is subjective we write
ssd (for subjective sequence diagram) in front of the diagram name instead of sd.
In addition, we write subj in the lifeline head of exactly one lifeline to show that this
is the subject, i.e. the lifeline whose subjective belief is captured by the diagram.
Subjective diagrams can only be composed if their subjects are identical.
For example, assume that Billy after the phone conversation with the seller
believes the probability is 0.9 that she will send the item if he pays in advance.
This belief can be expressed by the speciﬁcation est (for estimate) in Figure 4.
With respect to the scenario described by est Billy believes that the probability
is 0.9 that the seller sends the item after receiving payment. He knows that if the
item is not received then he will write oﬀ the money; therefore he believes that the
probability is 0.1 that the money will be written oﬀ. The speciﬁcation does not say
anything about Billy’s belief about scenarios not described, such as payment not
being sent.
In order to express how Billy’s trust relates to the overall system behavior, we
need to show how the subjective diagram est representing Billy’s trust relates to
the objective diagram.
7
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ssd est
subj
Billy:puAgent

:Seller
pay

palt {0.9} {0.1}
item
writeOff

Fig. 4. Billys trust in the seller with respect to sending the item after receiving advance payment
sd purchase2

ssd est(out x)

Billy:puAgent

subj
Billy:puAgent

:Seller

question
reply

palt {x} {1-x}

palt {0.6} {0.4}
[est.x0.5]

:Seller
pay

item
pay

writeOff

palt {0.8} {0.2}
item
writeOff
[est.x<0.5]
cancel

Fig. 5. A speciﬁcation showing how Billy makes his choice

6.2

Including trust considerations in the system speciﬁcation

We are now in position to give a more detailed description of the system described
in Figure 2, where also relevant details concerning the purchaser agent’s trust are
expressed explicitly. Firstly, by using a subjective sequence diagram we may express
what probability estimate is made by the purchaser agent before he decides whether
to send advance payment or cancel the deal. Secondly, by the use of guards we may
express how this probability estimate determines his choice.
Figure 5 shows the system with explicit information about the trust considerations made by Billy after a phone conversation with a seller. This speciﬁcation
does not represent one particular interaction occurrence with one particular seller;
instead it represents a general interaction where the objective probabilities would
typically be based on historical data. Since the subjective probability estimates
given by Billy varies from seller to seller, we use the variable x in the subjective
diagram instead of a constant. This variable can be used in the objective diagram
to show how the estimate determines Billy’s choice of whether to send advance payment. The notation (out x) after the diagram name in the subjective diagram is
used to declare that this variable can be referred to from an objective diagram. To
refer to the ﬁnal value of a variable v in a subjective diagram d from an objective
8
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diagram we use the notation d.v, which means that est.x refers to the variable x in
the subjective diagram est at its point of termination. Hence, in cases where the
value of a variable v changes in the diagram d, the expression d.v will evaluate to
the ﬁnal value of v.
The variable x in the diagram est represents the estimated probability of receiving the item if sending advance payment according to Billy. The guards in the
operands of the outermost palt show that Billy will send advance payment only if
he believes that the probability of receiving the item is at least 0.5. The probability
of the operand where this holds (i.e. est.x ≥ 0.5) is 0.6. This means that in 60%
of the cases Billy believes that the probability of receiving the item is at least 0.5.

7

Analyzing systems with trust-dependent behavior

Figure 5 gives already a rough analysis of the current system. From this speciﬁcation
we see that Billy sends advance payment in 60% of the cases. Of these, the item
will be received in 80% of the cases. It follows that out of all the items considered,
48% will be paid for and received, while 12% will be paid for but not received. We
now demonstrate how models can be used in a more detailed analysis of a trustdependent system. We focus only on the issues speciﬁc for trust dependent systems:
subjective probability estimates and decisions based on such estimates.
From the speciﬁcation purchase2 in Figure 5 we see that the following two
components determines whether Billy will send advance payment to the seller:
•

Billys probability estimate, and

•

the threshold value of 0.5 that the estimated probability of receiving the item has
to meet for Billy to be willing to send the advance payment.

To evaluate the impact of subjective probability estimates, two questions need to
be answered. The ﬁrst is: How accurate are the estimates? We need to know this in
order to decide if it is acceptable to base decisions on the existing method of making
estimates. If the subjective probability estimates are not suﬃciently close to the
objective probabilities, then either decisions should not be based on the subjective
estimates or some way of improving the accuracy of the estimates must be found.
The second question we need to answer is how the actor acts based on a probability estimate, or more speciﬁcally: Is the threshold right? A good probability
estimate is of little use if the actor engages in a potentially harmful transaction
despite his belief that the probability of being harmed is very high. On the other
hand, if the actor is not willing to engage in the transaction unless he believes that
the probability of being harmed is extremely low, then business opportunities may
be lost.
7.1

Assessing subjective probability estimates

In order to assess the accuracy of subjective probability estimates we need to know
the estimated probabilities as well as the objective probabilities for all cases. This
requires a description of the system that shows what will happen if the trustor
engages in the potentially harmful transaction no matter what his probability estimate is; otherwise the objective probabilities for the case where the trustor decides
9
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sd purchase3

sd pay3

Billy:puAgent

:Seller

Billy:puAgent

question
reply

:Seller
pay

palt {0.2} {0.4} {0.4}

palt {0.6} {0.4}
item

[est.x0.8]
ref

pay1

writeOff

[0.8>est.x0.5]
ref

pay2

[0.5>est.x]
ref

pay3

sd pay1

sd pay2

Billy:puAgent

:Seller

Billy:puAgent

pay

:Seller
pay

palt {0.9} {0.1}

palt {0.75} {0.25}

item

item

writeOff

writeOff

Fig. 6. A speciﬁcation from which we can evaluate the accuracy of Billy’s probability estimates

not to engage in the transaction could not be shown. Consider the speciﬁcation in
Figure 5. From this speciﬁcation we cannot tell what would be the probability of
receiving an item from those sellers that the purchaser agent believes are least likely
to send the item. Of course it may be that the probability of receiving items from
these sellers would actually be very high; they just have not been given the chance
to prove it.
Figure 6 shows a speciﬁcation from which we can evaluate Billy’s probability
estimates 7 . In Figure 6 it is assumed that Billy sends advance payment in all
cases. The speciﬁcation could for example be based on an experiment where Billy
actually accepts all oﬀers for a certain period of time, or possibly on some expert’s
judgment.
In addition to assuming that Billy always sends advance payment, we also distinguish between three diﬀerent intervals of estimated probability in Figure 6, instead
of just two as in Figure 5. For each interval we have a separate palt operand for the
case where Billy’s estimate lies within the interval. Thus the speciﬁcation shows
that the probability of receiving the item from a seller that Billy has estimated will
send the item with a probability in the interval [0.8, 1] is 0.9 (from pay1), while the
7 The ref construct used in Figure 6 is a reference to the diagram whose name occurs inside the frame. Its
meaning is the same as if the contents of the referenced diagram was inserted in place of the ref construct.
The ref construct allows a modular presentation of diagrams, as well as reuse of diagrams.
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probability of receiving the item from a seller that Billy has estimated will send the
item with a probability in the interval [0.5, 0.8 is 0.75 (from pay2). From a seller
that Billy has estimated will send the item with a probability in the interval [0, 0.5
the probability is actually 0.6 (from pay3).
Splitting up the cases as in Figure 6 gives a better picture of how good Billy’s
estimates really are, and is useful as a means to identify the optimal threshold for
sending advance payment, as will be demonstrated below. We have chosen to use
three diﬀerent cases in order to keep the speciﬁcation simple, but any ﬁnite number
of cases could of course be used, depending on the desired granularity of the analysis.
7.2

Finding the right threshold

We now explain how to identify the optimal threshold, against which Billy should
compare his estimated probability when deciding whether to send advance payment,
based on what we know about his subjective probability estimates as illustrated in
Figure 6. The desire to buy as many items as possible (since these will generate
income) must be balanced against the desire to minimize loss from items that are
paid for but not received. We therefore want to know how many items out of the
total number considered will be paid for and received, and how many will be paid
for but not received, depending on the chosen threshold. This information is easily
obtained from Figure 6. The table in Figure 7 shows the results. There is one
row for (the lower bound of) each of the three estimate intervals that has been
considered in Figure 6.
The Paid column shows the number of items that will be paid for if the corresponding guard (in the leftmost column) is used. Consider for example the row
where the guard is est.x ≥ 0.5. From Figure 6 it is clear that the estimated probability is 0.8 or higher in 20% of the cases and between 0.5 and 0.8 in 40% of the
cases. Hence the estimated probability is 0.5 or higher in 60% of the cases.
The Received column shows the number of items that will be received if the corresponding guard is used. This number is found from the probabilities of the palt
operands where the guard is fulﬁlled, together with the probabilities of receiving
the item in these cases. Again consider the row where the guard is est.x ≥ 0.5,
which corresponds to the ﬁrst two operands of the palt operator in the purchase
speciﬁcation in Figure 6. The probability of the ﬁrst operand is 0.2, and the probability of receiving the item in this case (as shown by pay1) is 0.9. The probability of the second operand is 0.4, and the probability of receiving the item in this
case (as shown by pay2) is 0.75. Hence, the number in the Received column is
0.2 ∗ 0.9 + 0.4 ∗ 0.75 = 0.48 = 48%.
The Lost column shows the number of items that are paid for but not received;
it is the diﬀerence between the paid items and the received items.
By combining the information from Figure 7 with information about how much
money will be lost or gained in the diﬀerent scenarios, the analysts have a good
basis from which to decide what is the best threshold to use 8 .
8

As noted in Section 8, information about asset values could be integrated in our model by following the
approach of [1].
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Guard

Paid

Received

Lost

est.x ≥ 0.8

20%

18%

2%

est.x ≥ 0.5

60%

48%

12%

100%

72%

28%

est.x ≥ 0

Fig. 7. Results of using diﬀerent thresholds. All numbers are given as percentages of the total number of
items considered.

8

Related work

We are not aware of other languages where subjective probability estimates are
integrated in speciﬁcations of behavior along with objective probabilities. In the
literature there is, however, much work on uncertainty, belief and trust.
Subjective logic [7],[8] is a probabilistic logic that explicitly takes uncertainty
about probability values into account. The logic operates on subjective belief about
the world. Diﬀerent actors have diﬀerent subjective beliefs, and these beliefs are
associated with uncertainty. In subjective logic it is for example possible to calculate
to what degree an actor believes that a system will work based on the actor’s beliefs
about the subsystems, or to calculate the consensus opinion of a group of actors.
Subjective logic deals strictly with the actors’ beliefs and reasoning, and there is no
representation of how this reasoning inﬂuences their behavior.
In [9] it is shown how to use the belief calculus of subjective logic in a risk
analysis. Subjective beliefs about threats and vulnerabilities are used as input
parameters to the analysis. Hence, the computed risk assessments will also contain
information about the uncertainty associated with the result of the analysis.
Epistemic logics are modal logics concerned with reasoning about belief. A
modal belief-operator is used to express statements like “actor A believes P”. BAN
logic [2] is an epistemic logic for analyzing communication protocols and authentication. The belief operator can be used for example to express that two actors believes
that they are indeed communicating with each other (and not with an intruder).
A formal framework for modeling and analyzing security and trust requirements
is presented in [5]. Focus is on modeling organizations (which may include computer
systems). The approach is based on a separation of functional dependencies, trust
and delegation relationships, which allows security and trust requirements to be
captured without going into details about how these will be realized. The formal
framework supports automatic veriﬁcation of security and trust requirements.
In [1] a semantic paradigm for component-based speciﬁcation supporting the
documentation of security risk behavior is proposed. Probabilistic sequence diagrams are used to express the probability of unwanted scenarios. Assets and their
values are modeled explicitly as lifelines that receives messages when their value
changes. Alternatively, assets could have been represented by variables that are
assigned new values as the asset value changes. Explicit representation of assets
(either as lifelines or variables) can also be included in our models in the same way;
this will be highly useful for example when evaluating the cost and beneﬁt of a
treatment.
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9

Conclusion

We have presented a language designed to support risk analysis of trust-dependent
systems. In Section 2 we stated the requirements that such a language should fulﬁll.
We now argue that these requirements have been fulﬁlled
Analysis requirements
• The language facilitates analysis of systems whose critical behavior depends
on trust by oﬀering models where trust considerations (subjective probability
estimates) and decisions based on trust considerations are modeled explicitly
along with system behavior. Trust considerations are represented by subjective
sequence diagrams, while decisions based on trust are represented by guards
referring to subjective sequence diagrams. This makes it easy to recognize trust
considerations and decisions based on trust considerations in a model. Hence it
is easier to identify vulnerabilities and treatments related to such considerations
and decisions, and to ﬁnd treatments.
• Analysis of mechanisms designed to control, restrict and support trust dependent behavior is facilitated since models can be built of systems where such
mechanisms are (assumed to be) implemented. We may then obtain two models of the same system: one where the mechanism is implemented and one
where it is not implemented. The eﬀect of the mechanism can be evaluated by
comparing probabilities for desired and undesired outcomes in the two models.
Expressiveness requirements
• To what degree an agent trusts another agent with respect to a certain transaction can be expressed by probabilities in a subjective sequence diagram.
• How trust considerations inﬂuence a choice made by an agent between diﬀerent
courses of action can be expressed by a guard referring to a subjective sequence
diagram.
• The behavior of the actors and the interaction between them can be expressed
by an objective sequence diagram.
Comprehensiveness requirement
• We have positive experience from using sequence diagrams to facilitate communication between end-users, decision makers and engineers during risk analysis
[3],[16]. The language presented in this paper is a conservative extension of
UML sequence diagrams where only a few new constructs (probability on alternatives and subjective diagrams) have been added. We therefore have strong
reason to believe that also our language will facilitate communication and be
intuitively understandable by the persons taking part in the analysis.
As future work we intend to add the possibility to express an actor’s uncertainty
about his subjective probability estimates. When giving an estimate, an actor may
be more or less certain that the estimate is correct. This could be modeled as a
second-order subjective probability, where the value 1 means that the actor is certain
that the estimate is correct. Such second-order probabilities could be assigned either
for each subjective diagram or for each palt operator in a subjective diagram, and
these probabilities could be referred to in guards along with the ﬁrst-order subjective
probabilities. Hence we may express statements such as “the purchaser agent will
13
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not send advance payment unless he believes that the probability of receiving the
item is at least 0.5 and he believes that his estimate is correct with a probability of
at least 0.9”.
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