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Abstract

Matroids are combinatorial objects that abstract the notion of independence in
mathematics. Motivated by the Chern classes of manifolds and non-singular
varieties, we define Chern numbers of an arbitrary matroid, even when the
matroid is not necessarily representable. These numbers are obtained when
intersecting appropriate matroid Chern-Schwartz-MacPherson cycles as defined
in [MRS20].

To a matroid M of rank 3, we associate two Chern numbers, namely
Co(M), and & (M). We prove that both Chern numbers of matroids of rank
3 on a ground set of n elements are positive, and that their ratio is bounded:
(2n —6)/(n —2) < e (M)/c2(M) < 3. If the matroid is orientable, the ratio
is bounded above by 5/2. Moreover, we perform computations for the Chern
numbers of matroids of rank 4. Finally, we give a formula for the Chern numbers
of the uniform matroid of any rank.
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CHAPTER 1

Introduction

Matroids are combinatorial objects that abstract the notion of independence
throughout several branches of mathematics. The Japanese mathematician
Takeo Nakasawa and the American mathematician Hassler Whitney independ-
ently developed the theory of matroids in the 1930s. While Nakasawa’s work
was forgotten for a long time, Whitney’s work was the first to be acknowledged
in the mathematical world [NK09].

Our take on matroid theory will be from an algebraic geometry perspective.
More specifically, given a hyperplane arrangement A C Pfjl, there is an
associated matroid M 4 which encodes the combinatorial properties of the
linear subspaces of A. Matroids that are constructed in this way are called
representable over a field K. Note that representable matroids constitute about
0% of all matroids [Nell6]. A natural question is: can we define invariants of a
general matroid, i.e., a matroid that is not necessarily representable, but that
also have a geometric meaning when the matroid is in fact representable?

In this thesis we introduce a new invariant of matroids, namely the Chern
numbers of a matroid, which are some weights that we obtain when intersecting
appropriate weighted polyhedral fans that are given by the matroid.

1.1 Background and contribution

We will now give a brief overview of the necessary prerequisites to give a
formal definition of the Chern numbers of matroids, as well as a motivation for
introducing this new invariant.

There are at least eight equivalent definitions for a matroid. The defini-
tion that is the most appropriate for our purposes is in terms of a rank function.
A matroid on a finite set E of rank d + 1 is a function r : 2F — Z-( satisfying:

1. 0<1(S) <|5],
2. S C U implies r(S) <r(U),
3. r(SUU)+r(SNU) <x(S)+r(U).

Moreover, a flat F' of a matroid M is a subset of E such that r(F) < r(F U {i})
for any element ¢ € E'\ F. When the matroid arises from a hyperplane
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1.1. Background and contribution

arrangement, then the flats F' are in one to one correspondence with the linear
subspaces Lr C A, and the value r(F') corresponds to the codimension of Lp in
P%.. Moreover, to a matroid of rank d+ 1 we can associate a rational polyhedral
fan X, called the Bergman fan of the matroid, living in RI#I=! having a cone
for each chain of flats of the matroid.

The Chow ring of a variety is a ring generated by the cycles of that vari-

ety, quotient by rational equivalence. For matroid M, the Chow ring A*(M) is

a polynomial ring given by

Zlzp : Fis a flat of M]
Iy + Im

where Zys, and [Jj; are ideals encoding the inclusion properties of the flats. The
Chow ring of a matroid has some important properties. First of all, Feichter and
Yuzvinsky proved in [FY04] that when the matroid arises from a hyperplane
arrangement, then the Chow ring the matroid is isomorphic to the Chow ring of
the de Concini and Procesi wonderful compactification of the complement of the
arrangement W4 [DP95]. In this case, if we let Ly C A be the linear subspace
corresponding to a flat F, then the generator xrp € A*(M_4) corresponds to the
strict transform Lp C W 4 of the linear subspace Ly C A. Moreover, Adiprasito,
Huh, and Katz proved that the Chow ring of a matroid satisfies Poincaré duality
and linear duality [AHK18], which give us the following isomorphism

A (M) = MW, (Sh),

A (M) =

)

where MW, (X)) is the ring of Minkowski weights, i.e., the ring of weighted
k—skeletons of the Bergman fan ¥, satisfying a certain balancing condition.
The ring structure on MW, (X)) is given by a certain cap-product, moreover
there exists an isomorphism wto : MWy(Z) — Z, naturally defined by the
weight assigned to the vertex of the fan.

Lépez de Medrano, Rincén, and Shaw introduce in [MRS20] the Chern-
Schwartz-MacPherson (CSM) cycles of a matroid. A k-dimensional CSM
cycle csmy (M) € MW (M) is a Minkowski weight, where the weight is given
according to some specific combinatorial rule, see Chapter 5. They prove
that the CSM cycles of a matroid are related to the CSM classes in algebraic
geometry. These classes are a generalization of the Chern class of the tangent
bundle over a non-singular compact variety, see Section 5.3. When the matroid
M 4 arises from an arrangement .4, the authors in [MRS20] prove that

d
CSM(1c(a)) = Y esmp(Ma) € A, (Wa) = MW.(Sar,),
k=0

where CSM(1¢(4)) is the CSM class of the group of constructible function on
the complement of the arrangement C(A).

The relation between CSM classes and representable matroids inspired us
to define a new invariant of matroids:

Definition 1.1.1. (Definition 5.4.1) Let M be a rank d + 1 matroid. We define
the Chern numbers of a matroid ¢i'cs? - - (M) to be

et i (M) = wto(esmBt | (M)esmh? (M) - - - csmf* (M),
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where Z;izoi - k; = d, and the map wtq is the map in Equation (3.3).

We want to emphasize that the distribution of Chern numbers of algebraic
manifolds of general type is already an established field of study, called the
geography of manifolds, see for example [Hun89]. This field deals with problems
related to finding bounds, and possible values of Chern numbers. In this thesis
we will see that results in the field of geography of manifolds generalize to Chern
numbers of matroids.

Line arrangements A C P2, not all intersecting in the same point, give rise
to matroids of rank 3, see Example 2.2.6. In Chapter 6, we examine properties
of the Chern numbers of rank 3. Among other things, we prove that results
about Chern numbers of line arrangements defined in [EFU18], generalize to
hold for any matroid of rank 3.

Proposition 1.1.2 (Proposition 6.4.1). Let M be a simple matroid of rank 3 on
the ground set E = {1,...,n}, and let t,, be the number of flats of rank 2 of
size m. If M has t, = t,—1 = 0, then its Chern numbers are positive.

Theorem 1.1.3 (Theorem 6.4.4). Let M be a simple matroid of rank 3 on

E ={1,...,n}, such that t, =t,_1. Then,
2n—6 _ (M)
n—2 = Co (M)

<3

Left inequality holds if and only if M is the uniform matroid Us ,,, and right
equality holds if and only if M is the matroid of a finite projective plane.

In Chapter 7, we do computations for the Chern numbers of matroids of
rank 4. Among other things, we give a formula for the Chern numbers of the
uniform matroid of rank 4. Note that the uniform matroid Ug41,n+1, which is
a central matroid throughout the whole thesis, is defined as follows, for S C F

'(S) = |S] 1f|S|<d—.|—1
d+1 otherwise.

Then, the Chern numbers of Uy 4 are given by
& (Usnt1) = 3—n)?,

1
¢1C2(Usnt1) = —5(71 —3)*(n—2),
n—1
c3(U4,n+1)=—< 3 >7

see Example 7.0.5. In fact, we have also found a formula for the Chern numbers
of the uniform matroid of arbitrary rank, see Proposition 5.4.5. Moreover,
after deriving a formula for the Chern numbers of matroids arising from finite
projective 3-dimensional spaces, see Example 7.0.6, we prove the following
corollary.

Corollary 1.1.4 (Proposition 7.0.7). Let M be a matroid arising from the finite
projective 3-space PG(3,q) for a prime power q. Then
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Finally, we have written a script in Macaulay2 to compute the Chern numbers
of matroids of both rank 3 and 4. This is particularly useful for computing
the Chern numbers of matroids without as nice combinatorial properties as the
uniform matroid and the finite projective space matroid.

1.2 Outline

The rest of the text is organized as follows:

Chapter 2 introduces matroids and objects related to them. We begin by
introducing the combinatorics of hyperplane arrangements, then we give
a rigorous definition of a matroid in terms of a rank function. Moreover
we introduce operations on matroids such as deletion and contraction.

Chapter 3 after a brief introduction to polyhedral geometry, we give the
definition of the Bergman fan a matroid. Then we introduce the de Concini-
Procesi wonderful compactification of the complement of a hyperplane
arrangement.

Chapter 4 introduces the Chow ring of a matroid A*(M), a quotient polynomial
ring generated by variables corresponding to the flats of a matroid.
Moreover, we introduce the ring of Minkowski weights MW, (2y), which
is the ring of balanced weighted k-skeletons of the Bergman fan. Finally,
we show that A*(M) satisfies linear and Poincaré duality, which induces
the isomorphism A*(M) = MW, (X).

Chapter 5 introduces the Chern-Schwartz-MacPherson cycles (CSM cycles)
of a matroid, which are Minkowski weights given by the Beta invariant.
Then we show that the CSM cycles of a representable matroid A are
related to CSM classes. Finally we define a new invariant of matroids,
namely Chern numbers of matroids.

Chapter 6 presents computations and results on Chern numbers of matroids
of rank 3. We prove for example that the Chern numbers of matroids of
rank 3 are positive, and that their ratio is bounded by 3.

Chapter 7 presents computations and results on Chern numbers of matroids
of rank 4. Among other things, we compute the Chern numbers of the
uniform matroid of rank 4 of arbitrary size, and of the finite projective 3
space PG(3,q) for arbitrary ¢’s.

Chapter 8 presents questions for further investigation related to the geography
of Chern numbers of matroids.
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Matroid Theory




CHAPTER 2

Matroid Theory

In this chapter we introduce the background needed for the rest of the thesis.
There exist several definitions for a matroid; for our purpose, defining a matroid
in terms of a rank function will be the most convenient. Before introducing
the rigorous definition of a matroid, we begin by introducing our motivation.
That is the study of the combinatorics of hyperplane arrangements, or dually,
of vector configurations, with the help of a rank function.

2.1 Hyperplane Arrangements

In this section we follow tightly Section 2 of [Kat14], and Chapter 4 of [MS15].

Let K be a field. Given some vectors vp,...,v, in K%' spanning a sub-
space V C K91 we investigate the combinatorics of the span of the subsets of
these vectors. We call E = {0,,...,n} the ground set, and we define a rank
function rye : 28 — Z, by for S C E:

I'vec(S) = dim(Span({v; | i € S})).

Dually, each vector defines a hyperplane in Pf( by setting
d
H,; = {Z S P(Ii( V2= 0} = V(f7 = Zvijxj),
§=0

where ¢ indexes the vector, and j the entry. The set A= {H;:0<1i¢<n}is
called an arrangement of n + 1 hyperplanes in P‘Ii(. We can define another rank
function ray., : 27 — Z, by, for S C E,

rarr(S) = COdim(miesHi).

We use as a convention that dim(f)) = —1, and hence that codim(0)) = d + 1.
Note that ry,, and ry.. define the same function on the subsets of E. Given
a subset S C F, let Ag be the matrix whose rows are the vectors {v; | i € S},
then (),.g H; = kerAg. Moreover, the equality

d+ 1 =rank(Ag) + nullity(Ag)
implies that the following equality
Tare(S) = d + 1 — nullity(Ag) = rvec(S)
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holds. For example, if we let S = () we obtain the following value
Tarr(0) = codim(N;cp H;) = codim(P?{) =0,

or dually
Tyee(#) = dim(Span({v; | i € 0})) = dim(0) = 0.
Where the 0 in dim(0), is the 0-vector in K4+,

Example 2.1.1. Let

1 0 0 1
vo= |0, vi= 11|, vo= (0], and vg = |—1
0 0 1 0

be vectors in C?, and let E = {0,1,2,3} be the corresponding ground set. The
map Tyee : 2/Fl — Z takes the following values on different subsets S C E:

Ivee() =0,

Iyec({i}) = dim(span(v;)) =1 forie€ FE
vec({?,j}) = dim(span(v;,v;)) =2 fori#je€E
ryvee({0, 1, 2}) = dim(span(vy, v2,v3)) = 3.

Dually, each vector defines a hyperplane in P%. Hence we get the hyperplane

N

Hs

H,y

Hy Hy

Figure 2.1: The arrangement of four lines in P2.

arrangement 4 C P? consisting of the following hyperplanes
Ho = V(.’L‘o), H1 = V($1)7 H2 = V(!L‘Q), and H3 = V(.’EO — 56‘1),

see Figure 2.1. Let us check that the map ray : 2171 — Z takes the same values
as I'yee on different subsets S C E:

Tor () = codim(P?) = 0,

Tare({i}) = codim(H;) =1 forie E

Tarr({4,7}) = codmi(H; N H;) =2 fori#jeFE

rarr ({0, 1,2}) = codmi(Hy N Hy N Hy) = codim(@) = 3.
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It is easy to check that the maps rye. and r,,, take the same values on the
remaining subsets of F/, and hence are the same rank function on the ground
set F. m

Now, we show that we can identify hyperplane arrangements not necessarily
intersecting in a single point of size n+ 1 with linear subspaces of P%, we follow
the same construction as in [MS15, Chapter 4.1]. Assume that the vectors
{v; | i € B} span K%t so the following equality

Tvec(B) =d+ 1 =14, (F)

holds. Hence, the codimension of the intersection N;cpH; C P?( of the
corresponding hyperplanes is d + 1, which implies that the intersection of
the hyperplanes is empty. Now, let ¢ : PdK — P% be the inclusion map given by

2= fo(z) s fu(@)]=[vo 2zt vy, - 2] (2.1)

The map in Equation (2.1) is injective, since the vectors v; span Kt the
0-vector is the only element in the kernel. Hence, the image L = L(P%) is
a d-dimensional linear subspace of P% [MS15]. Moreover, the image of a
hyperplane H; := ((H;) is a new hyperplane in the linear subspace L. Let
[z : -+ : z,] be the coordinates of P, then the hyperplane H; is given by
H; =LN(x; =0) CLfor 0 <i<mn. Sothe arrangement A in P?{ maps
to the arrangement A = {E :0 <i<n}in L, and the two arrangements
have equivalent combinatorial properties. Finally, we can describe the linear
subspace L as the vanishing of the ideal I constructed in the following way. As
they do in Chapter 4.1 in [MS15], let A be the (d+ 1) x (n+ 1) matrix with the
vectors v; as column vectors, and let B = (b;;) be the matrix whose column
vectors are the basis of the null space of A. Then, the vanishing of the ideal

I:(fj:Zbijxi|for0§j§n—d—1)
i=0

corresponds to the linear subspace L C P%.

Example 2.1.2. We continue with the previous example. Let the matrix A be
as follows

100 1
A=10 1 0 -1,
001 0

and as before let A C P? be the hyperplane arrangement given by the column
vectors of A. Now, let ¢ : P2 — P3 be the embedding given by

[.’ﬂo T Z.TQ] — [fEO B R 1)) Z.Tof.%l].
The null space of A is spanned by the single column vector in the matrix

1

1
B_O
1
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Then, the vanishing of the ideal I = (—x¢+x1+x3) is the image t(P?). Moreover,
the image of the hyperplane arrangement t(\A) is isomorphic to the arrangement
A C P3 given by

A={H;=V(z;)NL|0<i<3}CL.
|

Hence hyperplane arrangements A in P% are in one to one correspondence
with linear subspaces L of P% mnot contained in any hyperplane. In the
next example we encounter a well known line arrangement called the Braid
arrangement.

Example 2.1.3. Consider the homogeneous ideal
I'=(zg— 21 — 23,20 — T2 — T4, T1 — Tg — T5)

in K[zo,..., 5], a linear ideal which defines the plane L = V(I) in P°>. And
let A={H;:0<i<05} be the arrangement of 6 lines in the plane given by
H; = LNV (x;), see Figure 2.2.

N

N "

Hy

Hy P;x fN
Figure 2.2: The Braid arrangement.

Let E ={0,...,5} be the ground set. Then, the rank of any one-element
set is one, i.e., r({i}) = codim(H;) = 1 for any 7 in E, since the codimension
of a line in a plane is one. The rank of any two-element set is two, i.e.,
r({4,7}) = codim(H,;NH;) = 2 for i # j in E, since any two lines in a projective
plane intersect in a point, and the codimension of a point in a plane is two. The
rank of any n—set for n > 3, depends on whether the corresponding lines in the
set intersect. For example, r({0,1,3}) = codim(Hy N Hy; N H3) = 2, whereas
r({0,1,2}) = codim(Hy N H; N Hy) = codim(f) = 3. ]

2.2 Rank function of a matroid

Finally, with the above discussion in mind, we are ready to define our main
object of study, namely matroids.



2.2. Rank function of a matroid

Definition 2.2.1 ([Kat14, Definition 3.1]). A matroid on a finite set E of rank
d+ 1 is a function
2F 7

satisfying

—

- 0<x(8) < 8],
2. S C U implies r(S) < r(U),

w

.r(SUU)+1(SNU) <r(S)+1(U) and
.r({0,...,n}) =d+1.

=~

Proposition 2.2.2. The rank functions rye., and therefore r..., as defined in
the previous section, are matroids.

Proof. 1t is easy to check that ryec, and therefore r,,,, as defined in the previous
section, satisfy the first two matroid axioms. For the last axiom, as noted in
[Katl4], if for U C E we let

Vi = span(v;|i € S),
then showing the third axiom is equivalent to showing

rvec(VUﬁS) S I‘veC(VYU N VS)

The inequality holds since Viyng € Viy N Vg, moreover the inclusion can be strict
as there are not necessarily vectors in the set U NS spanning the subspace
Vo N Vs. Hence, the function rye. together with a finite set of vectors, or
equivalently, the function r,, together with a finite set of hyperplanes, are
examples of a matroid. |

We distinguish between representable and non-representable matroids.

Definition 2.2.3 ([Kat14, Definition 3.3]). A matroid is said to be representable
over a field K if it is isomorphic to a matroid arising from a vector configuration
in a vector space over K. A matroid is said to be representable if it is
representable over some field. A matroid is said to be reqular if it is representable
over every field.

The rank function in Example 2.1.1 is an example of a matroid coming from
a hyperplane arrangement, or dually from a vector configuration, hence it is
representable. In fact, most matroids that we can think of, do come from a
vector configuration. However, almost no matroids actually do. In 2016, Nelson
proved that as n tends to infinity, the proportion of matroids on an n-element
set that are representable tends to zero [Nell6].
We will explore more this notion of representable and non-representable matroids
in Section 2.3 through some examples. We will see examples of matroids that
are representable over only some given field, and an example of a matroid which
is not representable over any field.

In the rest of the thesis, we often assume that the matroid is simple.

10
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Definition 2.2.4 ([Kat14, Definition 3.8]). A loop of a matroid is an element
i € E with r(i) = 0. A pair of parallel points (7, j) of a matroid are elements
i,j € E such that r(i) = r(j) =r(i,j) = 1. A matroid is said to be simple if it
has neither loops nor parallel points.

For hyperplane arrangements, a loop corresponds to a hyperplane V(f; = 0).
Moreover, two distinct hyperplanes in a projective space always intersect, and
hence for i, j € E such that H; # Hj, the rank r({4,j}) = 2. Hence, a pair of
parallel points is a pair of identical hyperplanes. In the rest of the thesis, when
we talk about a hyperplane arrangement A, we mean a hyperplane arrangement
with no repetition, and no degenerate hyperplanes. Moreover, hyperplane
arrangements A = {H; | i € E} C P9 such that the intersection N;epH; = ()
are called essential hyperplane arrangements. Both in Example 2.1.1 and in
Example 2.1.3, we encountered essential line arrangements in P? giving rise to
simple matroids of rank 3. We can generalize this result.

Proposition 2.2.5. An essential hyperplane arrangement A C P? give rise to a
simple matroid of rank d + 1.

Example 2.2.6. Essential line arrangements A C P? give rise to simple matroids
of rank 3. In fact, line arrangements and simple matroids of rank 3 share similar
properties. For example, we know that two lines L and Ly in P? intersect
in exactly one point. The matroid equivalent statement is that for a simple
matroid M of rank 3 on a ground set E, for any two flats {i} # {j} C E of
rank 1, there exists exactly one flat F' of rank 2 containing both {i} and {j}.
First of all, there must exist such a flat F' since 1 < r({i,j}) < 2 by the first
two axioms in Definition 2.2.1. And, since we have assumed no parallel points,
then r({i,7}) = 2. Moreover, assume by contradiction that there exists a flat
F’ of rank 2 such that F' # F and such that F’ contains both {i} and {j}.
Then, by the second axiom of Definition 2.2.9 (F/ N F) is a flat. And since
(F'NF) contains {4, j} it is of rank 2, and since, by definition, there can not be
a strict inclusion of flats of rank 2, the flats F’, and F must be the same. W

At this point, it is maybe not clear yet why matroids are an abstraction of
the notion of independence. But, in fact, one of the equivalent definitions for a
matroid is in terms of independent subsets, i.e., subsets of FE corresponding to
linearly independent subsets. These are subsets I C E such that r(I) = |I].

Definition 2.2.7 ([Kat14, Definition 3.7]). A matroid is a collection of subsets
7 of E such that

1. 7 is nonempty,

2. Every subset of a member of Z is a member of Z, and

3. If X and Y are in 7 and |X| = |Y|+1, then there is an element z € X \'Y
such that Y U {z} is in 7.

The simplest example of a collection as defined in Definition 2.2.7 is given
a finite set of vectors V the collection Zy of subsets consisting of linearly
independent vectors. Proving that the collection Zy satisfies axiom one and
two is quite straight forward, whereas proving that the collection Zy satisfies
the last axiom requires a little bit more of work.

11
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There are at least five other equivalent definitions for a matroid. Depending
on the the context, or the purpose, other definitions can be better to apply.
However, what is common for all definitions, is that there are a couple of
straightforward axioms, and one which is harder to prove or to grasp. And,
as Katz puts it in [Kat14], it is this last axiom which ads the flavor to the subject.

We end this section by presenting another equivalent way of defining a
matroid, which is in terms of flats.

Definition 2.2.8 ([Kat14, Definition 3.4]). A flat of r is a subset S C E such
that for any j € E, j ¢ S, r(SU{j}) > r(S).

If the matroid M is representable, then the flats are in bijection with the
linear subspaces of the corresponding hyperplane arrangement M 4.

Definition 2.2.9 ([Kat14, Definition 3.5]). A matroid is a collection of subsets
F of a set E that satisfies the following conditions

1. FeF,
2. F1,Fy € F then F1 N Fy, € F, and

3. if F € Fand {Fy, Fs,..., Fy} is the set of minimal members of F properly
containing F' then the sets Fy \ F\ Fs, ..., F} \ F partition E'\ F.

The set of flats form a partially ordered set by inclusion, the lattice of
flats that we denote by L£j;. We denote 0 the minimal flat, if the matroid
has no coloops, then 0 = @. Moreover, a flag of flats is a chain of flats
Fi, Fy...,F, € Fontheform 0 C F; CF, C...C Fj, C E. If the matroid is
representable, then an inclusion of flats F; C F; corresponds to the reversed
inclusion of the corresponding subspaces Lr, C LF,.

Example 2.2.10. The lattice of flats of the matroid in Example 2.1.3 is given
in Figure 2.3. The edges in the graph represent inclusion of flats. Moreover,
since the matroid is representable, the flats are in bijection with the linear
subspaces of the Braid arrangement A. Hence an inclusion of flats corresponds
to an inclusion of the corresponding subspaces. For example the flat inclusion
{0} € {0,3} corresponds to the inclusion of the point Hy N Hj on the line Hy
in the arrangement.

We end this section by giving two central definitions related to matroids
that will only be mentioned briefly in the rest of this thesis. These definitions
are also found in Chapter 3 in [Kat14].

Definition 2.2.11. Let M be a matroid of rank d + 1 on a ground set F, then
we call a subset B C F a basis if |[B| =d+ 1 and r(B) =d + 1.

Definition 2.2.12. Let M be a matroid of rank d + 1 on a ground set E, then
we call a subset C C E a circuit if C is a minimal subset of E that is not
contained in a basis.

2.3 Examples

In this section we introduce examples of matroids that will appear later in the
thesis.

12
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e

{0,2,5} {0,3} {0,1,4} {1,5} {1,2,3} {2,4} {3,4,5}

N

{1} {2} {3} {4}

N/

0

Figure 2.3: Lattice of flats of the Braid arrangement from Figure 2.2.

Example 2.3.1. The uniform matroid Ugyq ny1 of rank d+ 1 on the ground set
FE of size n + 1 is defined to be the rank function r for S C E

) (2.2)
d+1 otherwise.

S| if |S]<d+1
d&:?l| "
Tt is clear from the definition that any subset S of size |S| < d is a flat. Hence,
there are (7}) number of flats for each rank 1 <1i < d.

Note that the uniform matroid is not necessarily representable over any
field k. It might be that the field is too small. For example the matroid Us 4 is
not representable over the field Fo. That is because Us 4 is the matroid of rank
2 on the set of 4 elements, where each element is of rank 1. On the other hand,
the vector space Vi is only composed of the vectors

@—{H{ﬂﬁ}m}

Hence there are not enough non-zero vectors v € V,:Q2 to represent the matroid.
In general, the uniform matroid Ugyi n41 is representable over a field k if
either k is infinite, or if the vector space |k[¢*1\ {0} has at least n + 1 linearly
independent vectors. |

Definition 2.3.2 ([Sta+04, Section 1.1.]). A hyperplane arrangement A =
{Hy,...,Hy} € P%is in general position if
{Hio,...7H7;p}gA,p§d = codim(Hioﬂ...ﬂH,;d):
{Hio,...,Hip}g.A,p>d :Hioﬂ...ﬁHip:(Z).
Definition 2.3.2 looks suspiciously similar to the definition of the uniform

matroid. In fact, the uniform matroid U, 41,4+1 arises from a hyperplane
arrangement in P? in general position.

13



2.3. Examples

We have already seen that essential hyperplane arrangements A C P? give
rise to simple matroids of rank d, see Proposition 2.2.5. Now, we will explore
more hyperplane arrangements arising from finite projective spaces, as these
arrangements have nice combinatorial properties. We follow tightly section 6.1.
in [Ox106].

Let V = F;”‘l be a vector space over the finite field F,, where ¢ is a prime
power. The finite projective geometry PG(n, q) associated to the vector space
V' is the usual projective space PEq arising from identifying points on lines
through the origin in V' \ 0. Since a finite projective space PG(n,q) consists
of a finite set of points, the span of the vectors corresponding to these points
give rise to a finite set of hyperplanes in V. Hence, by Proposition 2.2.5, finite
projective spaces give rise to simple matroids of rank n 4+ 1. From now on,
we denote by PG(n,q) the matroid arising from the finite projective space
PG(n,q), and so the flats of the matroid PG(n,q) correspond to the linear
subspace of the finite projective space PG(n,q). If n = 2, we call the finite
projective space PG(2,q) a finite projective plane.

Example 2.3.3. The finite projective plane PG(2,2) is called the Fano plane,
and it can be represented as the point configuration in Figure 2.4.

A A

Figure 2.4: Fano matroid. Figure 2.5: non-Fano matroid.

The points corresponds to the seven non-zero vectors in

17 o]l f[ol [171 [1] [ol [1] [o
F3={0,1,0,1,0,1,1,0},
ol ol [1| [o| [1| [1| [1] |0

and the seven lines correspond to the (;) = 21 planes through the origin spanned

by pairwise non-zero vectors of VF32. Note that as every triple of vectors on
the form (z,y,2 + y) in F3 lie on the same plane, we are counting each plane
(g) = 3 times, hence the number of distinct planes in V,:327 and hence of distinct
lines in PG(2,2), is 21/3 = 7. Hence, the Fano matroid is a simple matroid of
rank 3 consisting of 7 flats of rank 1, and 7 flats of rank 2. A related matroid to
the Fano matroid is the non-Fano matroid. It arises from the configuration in
Figure 2.5, where three of the points in the Fano plane are no longer collinear.

The non-Fano plane consists then of 6 flats of rank 2 of size 3, and 3 of size 2,
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and it is representable exactly over all fields whose characteristic is different
from 2 [Kat14]. [ ]

In the next example, we need the Gaussian coefficient:

H I U R U A
kl,  (@*=1)(¢"—q)--(¢* —¢*1)

which is defined for all integers r and k£ with 0 < k < r see Section 6.1 in
[Ox106].

Example 2.3.4. The smallest three-dimensional finite projective space is
PG(3,2). The matroid PG(3,2) is a simple matroid of rank 4, consisting
of

{4] = 15 rank 1 flats, [4}
31, 2

Moreover, every single plane in PG(3,2) is isomorphic to the Fano plane
PG(2,2). ]

= 35 rank 2 flats, ﬁ] = 15 rank 3 flats.
2 2

The following theorem is a central theorem in projective geometry.

Theorem 2.3.5 ([Ox106, Theorem 6.1.11)). (Pappus’s Theorem) Let {1,2,3} and
{4,5,6} be triples of distinct points that lie on the lines L and L', respectively,
of P2 such that none of these siz points is on both L and L'. Let 7,8, and 9 be
the points on intersection of the pairs of lines, 15 and 24, 16 and 34, and 26
and 35, respectively. Then, 7,8, and 9 are collinear.

Figure 2.6: Pappus. Figure 2.7: non-Pappus.

In the next example, we present an example of a matroid which is not
representable over any field.

Example 2.3.6. The simple matroid of rank 3 arising from the line arrangement
given in Figure 2.6 is called the Pappus matroid. It consist of nine flats of rank
1 (the nine lines), and 18 flats of rank 2 (the intersection points), there are
nine flats of rank 2 that are of size 2, and nine that are of size 3. If we call the
points on the top line 1, 2, and 3, and the points on the bottom line 4, 5, and 6,
it is easy to check that the line arrangement satisfies Pappus’s Theorem. The
non-Pappus matroid, see Figure 2.7, is obtained from the Pappus pseudoline
arrangement by bending the line in the middle such that the three points in the
middle are no longer collinear. Hence, the non-Pappus matroid still consists
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of 9 flats of rank 1, whereas the number of flats of rank 2 has increased to 20,
of which 12 are of size 2, and 8 of size 3. Note, that the non-Pappus matroid
violets Pappus’s Theorem, hence it is not representable over any field. |

We end this section by introducing another fundamental class of matroids,
namely the graphic matroids. Up until now, we have mostly seen matroids
arising from hyperplane arrangements, or dually from vector spaces. Thus, the
notion of independence that we have in mind is that of linearly independent
vectors. However, graph theory was also fundamental for Whitney’s development
of matroid theory. As mentioned in the introduction, a graph also defines a
matroid. We follow Section 1 in [Ox106].

Proposition 2.3.7 ([Ox106, Proposition 1.1.7]). Let E be the set of edges of a
graph G and let I be the set of edge sets that do not contain the edge set of a
cycle of G. Then I is the set of independent sets of a matroid on E.

A matroid arising from a graph G in the way explained in Proposition 2.3.7
is denoted by M (G). Equivalently, a matroid M (G) arising from a graph G is
the rank function r on the ground set E, returning the size of the spanning
forest of a subgraph of G. A matroid that is isomorphic to a matroid M (G) for
some graph G is called graphic, see the following definition.

Definition 2.3.8 ([Ox106, Example 1.1.8]). Two matroids M; and M, are
isomorphic, written M7 = M, , if there is a bijection v from the underlying
set E(M;7) to the underlying set E(Ms) such that, for all X C E (M), the set
(X)) is independent in My if and only if X is independent in M;. We call such
a bijection ¢ an isomorphism from M; to Ms.

Example 2.3.9. Let G be the graph in Figure 2.8 with edges E = {ep, €1, €2, €3},
and let M(G) be the corresponding matroid. Then, the independent sets of

™.
&

€1

Figure 2.8: The graph G.

M(G) are

I={{ei},{ei,ej}, {eo,e1,e3}, {eo, e2,e3}, {e1,e2,e3} | fori #j €[0,1,2,3]}.

Moreover, note that if we let V' be the set consisting of the column vectors of
the matrix A over R

A=

O O =
o = O

1
1
0

= o O

by V = {vg,v1,v2,v3}, and let M(A) be the matroid arising from the matrix
A, it is easy to check that the map ¢ : V — E defined by ¢ (v;) = e; defines an
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isomorphism of matroids. Note that the independent sets in M (A) are exactly

1= {{Ui}a {vi7vj}a {’UOavlav?)}a {’UO,’UQ,U3}, {Ul,UQ,U3} ‘ for ¢ 7&.7 S [07 17273]}
Hence M (G) is representable over R. [ |

In Example 2.3.9 we saw that the matroid M (G) is representable over R. In
fact, we can say something even stronger.

Proposition 2.3.10 ([Ox106, Proposition 6.1.4 (i)]). If G is a graph, then M(G)
is representable over any field.

The proof follows from the fact that from a graph GG, we can always construct
a directed graph D(G) by assigning a direction to the edges of the graph.
Moreover, we can describe the directed graph D(G) with the help of an incidence
matrix Ap(g). Finally, the matrix Ap ) is in fact a representation of the the
graph G, see [Ox106] for details. We briefly review how the incidence matrix
can be constructed, we use the same notation as in [Ox106]. Let V' be the set
of vertices and E the set of edges of a graph G, then the incidence matrix
Ap(a)y = |V| x |E| of a directed graph D(G) is constructed in the following way:

1, if vertex i is tail of edge j
a;; = ¢ —1, if vertex ¢ is head of edge j

0, otherwise.

Example 2.3.11. Let us see how we recovered the matrix A in Example 2.3.9.
Let D(G) be the directed graph of the graph G in Example 2.3.9 given in
Figure 2.9. Then the incidence matrix Apg) is given by

..
w 30— >0
(IJ/ 1

Figure 2.9: The directed graph D(G).

1 1 0 0 101 0
0 0 0 1

We will not explore graphic matroids much in depth, as our take on matroids
is mostly from an algebraic geometry point of view. The idea behind presenting
the above example is mostly to illustrate the diversity of matroids. But also, to
keep in mind, that a lot of the inspiration behind results in matroid theory comes
from graph theory. For example in Section 5.1 we will see that the characteristic
polynomial of matroids is a generalization of the chromatic polynomial of graphs.
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2.4 Operations on Matroids

In this section we introduce three operations on matroids, namely deletion,
restriction and contraction. These operations will be useful to compute some
central invariants of the matroid that will be introduced later in this thesis.
We follow the conventions of Section 5 in [Katl4]. Let M be a matroid of rank
d+ 1 given by a rank function r on a finite ground set F.

Definition 2.4.1 ([Kat14, Section 5.]). For a subset X C E, the deletion M \ X
is defined to be the matroid on the ground set F \ X with rank function given
by: for S C E\ X
ranx (5) =1(5).
If the matroid is representable, i.e., arising from a hyperplane arrangement
A ={H; | i € E}, then the deletion M \ X corresponds to the matroid arising
from the hyperplane arrangement

Amx ={H; | i€ B\ X}

Moreover, the lattice of flats Ly x of the matroid M \ X can be obtained from
the lattice of flats £y, of M by removing the set X. Then a flat F € Ly is
either disjoint from X, so that F' € L\ x. Or, the flat F' € Ly intersects X,
then either r(F'\ X) = r(F), so F\ X € Lypx, or r(F\ X) <r(F),and F\ X
is no longer a flat of L\ x-

Example 2.4.2. Let M be the matroid arising from the line arrangement in
Figure 2.10. The lattice of flats of the matroid M is illustrated in Figure 2.11.
Now, the deletion matroid M \ {0} is the matroid on the ground set {1,2, 3}
with rank function ry\ o for S C E'\ {0} given by

ranfoy () = 1(5). (2.3)

A PN

{0,1} {0,2} {0,3} {1,2} {1,3} {2,3}

Hy

{0} {1} {2} {3}
Hs /|, H, \ ) /
Figure 2.10: A. Figure 2.11: Lattice of flats of M.

By applying the rank function rpp 103 (S) given in Equation (2.3), it is easy
to check that the lattice of flats of M \ {0} corresponds to the the flats in
Figure 2.13. Geometrically, the matroid M \ {0} corresponds to the matroid
arising from the hyperplane arrangement

A\ Hy = {Hy, Hy, Hy} C P?,

see Figure 2.12. |

18



2.4. Operations on Matroids

{1,2,3}

N

{1,2} {1,3} {2,3}

{1} {2} {3}

/ o

Figure 2.12: Arrangement A \ Figure 2.13: Lattice of flats of
Hy. M\ {0}.

As before, let M be a matroid of rank d + 1 given by a rank function r on a
ground set F.

Definition 2.4.3 ([Kat14, Section 5.]). For a subset T' C E the restriction M|p
is defined as the matroid

If I C E is a flat, then the lattice of flats Ly r is [0, F], i.e., flats between
0 and F. If the matroid has no loops, then 0 = 0.

Definition 2.4.4 ([Katl4, Section 5.]). Let X C E, the contraction X/E is
defined to be the matroid on the ground set £\ X with rank function rys, x
for SCE\X
ryx(S) =r(SUX) —r(X).
From Definition 2.4.4 we easily deduce that the matroid M /X is of rank
d+1—r(X). If Fis a flat, then the lattice of flats £,;/p is isomorphic to
[F, E].

Moreover, if the original matroid M arises from a hyperplane arrangement A,
then, if we denote by Hg the subspace N;.gH;, the matroid M/S corresponds
to the matroid arising from the hyperplane arrangement

Ayys ={HgNH;|jeE\S}CHg.

Note that when defining the arrangement A,;/s we have taken the closure of S

because if j is an element of the set S\ S, then HgN H; = Hg, and hence not
a hyperplane in Hg.

Example 2.4.5. Let M be the matroid given in Example 2.4.2. The contraction
matroid M/{0} is the rank 2 matroid on the ground set {1,2,3} with rank
function (a7 0y for S C {1,2,3}

royqop (S) =1(SU{0}) — r({0}). (2.4)
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By applying the rank function r(a/0y) given in Equation (2.4), it is easy to
check that the lattice of flats of M/{0} corresponds to the flats highlighted in
green in Figure 2.11. Geometrically, the matroid M/{0} corresponds to the
matroid arising from the point arrangement

Am, = {Ho1 = HyN Hy, Hoo = HyN Hy, Ho3 = HyN Hs} C Hy.

See Figure 2.14 for the point arrangement Ay (o}, and Figure 2.15 for the
lattice of flats of the matroid arising from the the point arrangement A/ (oy-
As expected, the lattice of flats given by the highlighted flats in Figure 2.11
and in Figure 2.15 are isomorphic. |

{0,1} {0,2} {0,3}

e

{0}

Figure 2.15: Lattice of flats of
Figure 2.14: Arrangement Ay, . M/{0}.

Note that deletion and contraction commutes.

Definition 2.4.6 ([Kat14, Definition 5.1]). A matroid M’ is said to be a minor
of M if it is obtained by deleting and contracting elements of the ground set of
M.

Note that both in Example 2.4.2, and in Example 2.4.5 the original matroid
is the uniform matroid Us 4. Moreover, the deletion matroid Us 4\ {0} resulted in
the uniform matroid Us 3. Whereas, the contraction matroid Us 4/{0} resulted
in the uniform matroid Us 3. We can generalize the results in Example 2.4.2,
and in Example 2.4.5.

Example 2.4.7. Let Ugy1 41 be the uniform matroid on the ground set E, and
let i € E. Then

Ud+1,n+1 \ {1} = Ud+1,n7 and
Uitint1/{i} = Udn.

First of all, both the deletion matroid and the restriction matroid are matroids
on a ground set with an element less. Moreover, the rank function of the
deletion matroid is still given by for S C E'\ {i}

|S] for |S] <d+1
d+1 otherwise.

TU1 g1 \{i} (S) = {
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Whereas, the rank function of the contraction matroid is given by for S C E\{i}

r(SU{0}) —r({0}) = [S] for |S]<d

I'Ud+l,n+1/{i}(s) = {r(S u{0}) —r({0}) =d  otherwise.

We end this section by briefly mentioning that a matroid can be decomposed
into connected components.

Definition 2.4.8 ([KKat14, Definition 5.2]). A matroid is connected if for every
i,j € F, there exists a circuit containing ¢ and j.

We will not explore this decomposition any further, as we only need
Definition 2.4.8 in the rest of the thesis, for more details see Section 5.2 in
[Kat14].
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CHAPTER 3

The Bergman fan of matroids

A matroid defines a rational polyhedral fan called the Bergman fan of the
matroid. After giving a brief introduction to polyhedral geometry we give
a rigorous definition of the Bergman fan. We will also see that there is a
correspondence between polyhedral geometry, and toric varieties, and that
the Bergman fan of a matroid is in fact a toric variety. We end this chapter
by introducing the de Concini and Procesi Wonderful compactification of the
complement of a hyperplane arrangement C'(A) C L, which is constructed by a
series of blow-ups on L.

3.1 Fans and toric geometry

In this section we give a brief introduction to toric varieties. The reason is that,
as we will see in Section 3.2, matroids define a toric variety, more specifically
a polyhedral fan constructed according to some rules. This section is purely
preparatory. Toric varieties are varieties having numerous nice properties. For
instance, there is a correspondence between toric varieties and the polyhedral
geometry of cones and polytopes, which makes computations far easier. We
begin by reviewing polyhedral geometry, and then give the correspondence to
toric geometry, which can be skipped. We follow the conventions of Chapter 1,
and Chapter 3 of [CLS11].

Let N and M be dual lattices with associated vector spaces Ng = N ® R and
Mr =M ®R.

Definition 3.1.1 ([CLS11, Definition 1.2.1.]). A convez polyhedral cone in Ng is
a set on the form

o = Cone(S) = { Z)\uu | Ay >0} C N,
u€eS

where S C Ng is finite. We say that o is generated by S. Also let Cone(()) = {0}.

An example is the following cone

o = Cone(ea, e — e3) CR? ~Z? ®R. (3.1)
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Definition 3.1.2 ([CLS11, Definition 1.2.3.]). Given a polyhedral cone o C Ng,
its dual cone is defined by

o ={m e Mg | (m,u) >0 for all u € 7}.
The dual cone of the cone given in Equation (3.1) is the cone given by

0" = Cone(er, e1 + e2). (3.2)

Definition 3.1.3 ([CLS11, Definition 1.2.5.]). A face of a cone of the polyhedral
cone g is 7= {u € Ngr | (m,u) =0} No for some m € ¢, written 7 < . Using
m = 0 shows that o is a face of itself, i.e., 0 < 0. Faces 7 # o are called proper
faces, written 7 < 0.

The proper faces of the cone in Equation (3.2) are the rays e, and e; + eq,
and the origin {0}.

Proposition 3.1.4 ([CLS11, Proposition 1.2.12.]). Let 0 C Nr be a polyhedral
cone. Then o is strongly convex if and only if {0} is a face of 0.

Since {0} is a proper face of the cone in Equation (3.2), the cone is strongly
convex.

Definition 3.1.5 ([CLS11, Definition 1.2.14.]). A polyhedral cone o C Ng is
rational if o = Cone(S) for some finite set S C N.

So, since the cone in Equation (3.2) is generated by two rays it is rational.

Definition 3.1.6 ([CLS11, Definition 3.1.2]). A fan ¥ in Ng is a finite collection
of cones o C Ng such that:

1) Every o € X is a strongly convex rational polyhedral cone.
2) For all o € ¥, each face of ¢ is also in X.

3) For all 01,09 € %, the intersection o1 N o3 is a face of each (hence also
%).

Furthermore, if X is a fan, then X, is the set of r—dimensional cones of ¥ which

we call the r-skeleton.

Definition 3.1.7 ([CLS11, Definition 3.1.18]). Let ¥ C Ng be a fan.

1) X is unimodular, if for every cone o in X, the minimal generators of o
form part of a Z-basis of NV,

2) ¥ is simplicial if for every cone ¢ in ¥ the minimal generators of o are
linearly independent over R.

Next, we briefly give the correspondence of polyhedral geometry and toric
geometry.

Definition 3.1.8 ([CLS11, Definition 1.2.]). A complex toric variety is an
irreducible variety X containing a torus Ty ~ (C*)" as a Zariski open subset
such that the action of T on itself extends to an algebraic action of T on V.
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Given a rational polyhedral cone o C N, the lattice points
Se=0"NMCM

form a semigroup [CLS11]. For example the semigroup of the cone o in
Equation (3.1) is S, ~ N? since it is generated by the linearly independent
lattice points e; N M, and (e1 + e2) N M.

Theorem 3.1.9 ([CLS11, Theorem 1.2.18.]). Let ¢ C Nr ~ R™ be a rational
polyhedral cone with semigroup S, = o¥ N M. Then

U, = Spec(C[S,])
is an affine toric variety. Furthermore,
dim U, = n <= the torus of U, is Ty = N®zC* <= 0o is strongly conver.

The affine toric variety associated to the cone in Equation (3.1) is then
U, = Spec(C[S,]) ~ Spec(C[N?]) ~ Spec(C[z,y]) = A%2. We already know that
o is strongly convex, and this fits well with the fact that dim(U,) = dim(A?) = 2.

We are finally ready to define the toric variety Xy of a fan X.

Definition 3.1.10. The abstract toric variety Xx associated to the fan 3 is
obtained by gluing the affine varieties U, for o € ¥, see Chapter 3 in ([CLS11])
for technical details.

Theorem 3.1.11 ([CLS11, Theorem 3.2.6]). (Orbit-Cone Correspondence) Let
Xs, be the toric variety of the fan % in Ngr. Then there is a bijective
correspondence
{cones o in X} «— {Tn-orbits in Xs}
o +— O(0o).

3.2 Bergman fans and tropicalization

Matroids are highly geometric objects. This is because the inspiration for
matroid theory often comes from algebraic geometry. But also because, even
when the matroid is not representable, i.e., the matroid does not come from
anything geometric, it still defines a toric variety. Specifically, the lattice of
flats of a matroid M can be represented by a polyhedral fan called its Bergman
fan, which was first introduced in [AK06]. We follow the notation of [Eur20]:

e {e; | i € E} the standard basis of ZF and (-, -) the standard dot-product
on Z

o N :=ZF/Z1 be a lattice where 1 denotes the vector >, pe; € Z¥,
e u; the image of e¢; in IV for i € F,
o us =) . gu; for asubset S C E.

Definition 3.2.1 ([Eur20, Definition 2.2.]). Let M be a loopless matroid of rank
r=d+ 1 on a ground set E. With the notations as above, the Bergman fan
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3.2. Bergman fans and tropicalization

Figure 3.1: The Bergman fan of Us 4

>~ is the pure d-dimensional polyhedral fan in Ng := N ®R that is comprised
of cones
oF = Cone(uFl,uFQ, s ’qu) C Ngr

for each chain of flats F: 0 C Fy C --- C Fi, C E in L.

Note that, each k-dimensional cone o is generated by k-linearly independent
vectors over R, hence the Bergman fan X,; of a matroid M is simplicial. In
fact, some computations can show that the Bergman fan of a matroid is even
unimodular.

Example 3.2.2. The Bergman fan of the uniform matroid Us 4 is a 2-dimensional
polyhedral fan living in Z*/Z1 ® R, see Figure 3.1. Let E = {0,1,2,3} be the
ground set of Us 4. Then, the fan consists of 12 cones, corresponding to the
flags 0 C {i} € {i,j} € F, for each pair i # j € E. The following script in
[polymake] generates the fan in Figure 3.1.

application "fan";

$fan = new fan::PolyhedralFan(INPUT_RAYS=>[
[1,0,0,0],

[0,1,0,0],

[0,0,1,0],

[0,0,0,1],

[0,-1,-1,-1]

[0,1,1,0],

[0,1,0,1],

[0,0,-1,-11,

[0,0,1,1],

[0,-1,0,-11,

[0,-1,-1,0]

1,

INPUT_CONES => [[0,1,5],[0,1,6],[0,1,7]1,[0,2,51,
[o,2,8],[0,2,9],(0,3,6],[9,3,8],[0,3,10],[0,4,7],[0,4,9]1,[0,4,10]1);

$complex = new fan::PolyhedralComplex($fan);
$complex -> VISUAL;
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3.2. Bergman fans and tropicalization

Example 3.2.3. The Bergman fan of the matroid in Example 2.1.3 is a 2-
dimensional polyhedral fan living in Z%/Z1 ® R. We can not imagine a 2-
dimensional fan living in a 5-dimensional space. However, we can imagine, and

025

N

014 3

4 345

Figure 3.2: The Petersen graph

even draw, the intersection of the fan with the surface of a sphere containing
the fan. In this specific example, the graph given by the intersection of the fan
with the surface of the sphere is isomorphic to the Petersen graph see Figure 3.2.
The intersection points, labeled by the proper flats of the matroid, correspond
to the one dimensional rays in the Bergman fan. The edges correspond to the
two dimensional cones, which are spanned by two rays corresponding to proper
flats of which one is properly contained in the other. In general, the intersection
of the Bergman fan in R”/R1 with a sphere is called is called the Bergman
Complex of the matroid, and there exist explicit formulas for computing it, see
[AKO6]. |

When the matroid is representable, i.e., arising from some linear space,
the Bergman fan of the matroid can be achieved through something called
tropicalization. The field of tropical geometry aims at turning problems related
to algebraic varieties into problems related to polyhedral complexes. The
process of transforming an algebraic variety into a polyhedral complex is called
tropicalization, see for example [Bru+15] for a brief introduction to tropical
geometry. In 2002, Sturmfels proved that the Bergman fan of the matroid
arising from a linear space L corresponds to the tropicalization of L, see [Stu02]
for details.
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3.3. The wonderful compactification

3.3 The wonderful compactification

We will now introduce De Concini-Procesi wonderful compactification W4 of
the complement of an arrangement 4. The reason is that in the next chapter
we will see that to a matroid M we can associate a polynomial ring, namely
the Chow ring A*(M). When the matroid M is representable, the ring A*(M)
is in fact the Chow ring A*(Wy4).

In this section L C P™ is a d-dimensional linear subspace, and

is the corresponding hyperplane arrangement. Let C(A) C L be the complement
of the hyperplane arrangement. Moreover, recall that a k-dimensional subspace
L of A corresponds to a flat F' € Ly, of rank d —k of the matroid M 4 defined
by the arrangement. The following definition was first presented in [DP95], but
we choose to use [Eur20] conventions.

Definition 3.3.1 ([Eur20, Definition 2.3.]). The wonderful compactification W4
of the complement C'(A) is obtained by a series of blow-ups on L in the following
way: First blow-up the points {LF}T(F):d, then blow-up the strict transforms
of the lines {Lr },(7)—q—1, and continue until having blown-up strict transforms
of the hyperplanes {Lr},(r)—1-

We now review an explicit map for De Concini-Procesi wonderful compacti-
fication stated in Definition 3.3.1. In the original paper [DP95], the construction
is stated in terms of building set G. Building sets were first introduced in
[FS04], and are a generalization of the lattice of flats. For our purpose, we only
need the case where the building set is the lattice of flats, therefore, we state
the definition in terms of the latter. We follow the conventions of Section 5.4 in
[Den14].

With the notation as above, for each flat F' € Ly, the coordinate pro-
jection C"*! — CF induces a rational map pp : P™ --» PIFI=1 and let

p:P"—-» H plFi—1 (3.3)
FEﬁA{A

be the map whose F'th coordinate is pp.

Let Lr be the image of the linear subspace L under the map pr. The
following definition is equivalent to Definition 3.3.1. Note that the map p is
regular on C'(A) C L, hence the following definition makes sense.

Definition 3.3.2 ([Den14, Definition 5.10.]). The De Concini-Procesi wonderful
compactifiaction (Definition 3.3.1) of A with lattice of flats £ 4 is

Note that since the ground set F is a flat, the image pg(C(A)) = C(A) is a
component of the product. Moreover, let Ly be a linear subspace corresponding
to a flat |F| = k, i.e., the linear subspace L is the locus V(z;,...,x;) C L, for
k distinct coordinates. And let T}, denote the graph of pp, i.e., the graph

Ty = {(z,pr(z)) | € C(A)} C C(A) x P,
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3.3. The wonderful compactification

Then the closure of T, in C(A) x PIFI=1 is the actual blow-up of L along the
linear space Lp. And since the graph

Ty, C C(A) x P*1

is a component of the image p(C'(A)) for every flat F' € Ly, , we can conclude
that the map p defines the blow-ups in Definition 3.3.1 all performed at once.

Example 3.3.3. Let L be the linear space V(—z¢ + x1 + z3), and A be the
hyperplane arrangement from Example 2.1.1, and Example 2.1.2. Recall that
A consists of the four lines

As before, we denote the corresponding matroid M4 with lattice of flats Laz,.
The map p given in Equation (3.3) is composed of the coordinate maps pp for
every flat F' € Ly,. For example, the component pyq 2y : C(A) — P! given by
the flat {0, 2} is the projection:

[ZL’oll’l 21'221'071'1] — [IL’()ZJZQ],

so the image pro21(C(A)) = Lig2y = [wo : x2] for xg, and x5 different from 0.
On the other hand, the component pyo 1,33 : C(A) — P? is the projection:

[Xo: 21 :@e 2o — 2] = [0t 21 w0 — 1] =~ [0 @ 1],

so the image p(o131(C(A)) = Lo13} = [20 : 21], again for zo, and x; different
from 0. By similar computations, we get that the image p(C'(A)) is the product

L{Og} X L{lg} X L{23} X L{013} X L{E} - P! x P! x P! x P? x P3,
given by the coordinates
([xo : z2], [z1 ¢ @2], [x2 : @1 — @0], [20 : ®1], [0 : 21 & @2 : 21 — @2]).

And the wonderful compactification W4 of the complement of the hyperplanes
C(A) is the closure

L{OQ} X L{12} X L{23} X L{013} X ‘/:{E} - Pl X Pl X P1 X P2 X P3.

This is in fact P? blown-up at the 4 points {02}, {12}, {23}, and {013} |
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CHAPTER 4

Chow ring of a matroid

In this chapter we introduce the Chow ring of a matroid A*(M). In algebraic
geometry, the Chow ring of a variety is the ring of equivalence classes of cycles
up to rational equivalence. The Chow ring of a matroid is given by a quotient
of a polynomial ring generated by variables corresponding to the flats of the
matroid, and the quotient is by two ideals that encode the inclusion properties
of the flats. We will see that the Chow ring of a matroid has in fact a geometric
meaning when the matroid is representable. Moreover, we will see that the
Chow ring of a matroid satisfies linear and Poincaré duality, which give us
the isomorphism A*(M) = MW, (M), where the latter is the ring of balanced
weighted k-skeletons of the Bergman fan [AHK18].

4.1 Chow Ring of a matroid

As a rough simplification, the Chow ring of a variety encodes the intersection
properties of the cycles of that variety. We begin this section by reviewing the
general definition of the Chow ring, and then we review the analogy for the
Chow ring of a matroid.

The following definitions are taken from Chapter 1 in [EH16]. Let X be
an algebraic variety, the group of cycles on X, denoted by

2(X) = @ Zu(X),
k

is the free abelian group generated by the set of subvarieties of X, graded by
dimension. Two cycles Y7,Ys € Z(X) are rationally equivalent if there exists a
cycle of P! x X such that the restriction to two fibres {to} x X, and {t1} x X
are Y7, and Ys. For example any two hyperplanes Hy = V (fy), and H; = V(f1),
given by two linear polynomials f; and fo, in P™ are rationally equivalent. Let
H C P! x P" be the cycle given by H = V (tofo + t1f1), then the restriction
to the two fibres {[0 : 1]} x P™, and {[1: 0]} x P™ are the two hyperplanes Hy,
and Hl.

Definition 4.1.1 ([EH16, Definition 1.3.]). The Chow group of X is the quotient

A(X) = @) Zu(X) /Rat(X),
k
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4.1. Chow Ring of a matroid

the group of rational equivalence classes of cycles on X. The equivalence class
of a subvariety Y € Z(X) is denoted by [Y] € A(X).

Let Y7 and Y5 be two subvarieties of X, such that all three are smooth at a
point p. Denote by Ty, ,, and Ty, , the tangent spaces of Y7, and Y5 respectively
at p. Then, if the span of Ty, , and Ty, ,, is the tangent space of X at p, then the
subvarieties Y7, Y5 of a variety X intersect transversely at the point p ([EH16]).
Moreover, if Y7, and Y5 intersect transversely at each point p € Y7 NY5, then
the varieties Y7, and Y3 are said to be genererically transverse ([EH16]).

Theorem 4.1.2 ([EH16, Theorem-Definition 1.5.]). If X is a smooth quasi-
projective variety, then there is a unique product structure on A(X) satisfying
the condition: If two subvarieties Y1,Ys of X are generically transverse, then

Mi][Y2] = [Vi N Ya).

This structure makes
dimX

AX) = P A°(X)
c=0

into an associative, commutative ring, graded by codimension, called the Chow
ring of X.

The above definition makes sense because of the moving lemma, which
says that if two subvarieties Y7, and Y5 are not generically transverse, then
there exists a rational equivalent subvariety Y{ € [Y1] such that Y/ and Ys are
generically transverse. Note also that since for a smooth quasiprojective variety
X of dimension n, the only cycle of dimension n is the variety X itself, the
n-component A" (X) ~ Z.

Theorem 4.1.3 ([EH16, Theorem 2.1.]). The Chow ring of P™ is

A(P) = Z[H]/(H"Y),
where H € AY(P") is the rational equivalence class of a hyperplane; more
generally, the class of a variety of codimension k and degree d is dH".

The Chow ring of a matroid was first defined in [FY04], inspired by, and
based on the work of [DP95] who first introduced the combinatorics of the
wonderful compactification of the complement of a hyperplane arrangement,
see Section 3.3. The original definition of the Chow ring of a matroid is
stated in more general terms, namely in terms of any building set, see Defini-
tion 3 in [FY04]. We choose to state the definition in terms of the lattice of flats.

Let M be a (loopless) matroid on a ground set E, and let £y be the re-
duced lattice of flats of the matroid M.

Definition 4.1.4. The Chow ring A*(M) of M is the quotient ring

Zzp: F € EM]

AT(M) = I+ JIm

where the ideal 7, is generated by

Iy = (zpxp | F, F' not comparable)
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4.1. Chow Ring of a matroid

and the ideal J; is generated by
v = ar =y ac|ijeE)
F3i G32j

Example 4.1.5. In this example we compute the Chow ring of the uniform
matroid of rank 3 on 3 elements Us 3. The lattice of flats of the matroid Us 3 is
given in Figure 4.1. Hence, the Chow ring of the matroid is given by

RN

{0,1} {0,2} {1,2}

X

{0} {1} {2}
0

Figure 4.1: The lattice of flats of Us 3.

E

Z[xo, x1, T2, To1, T2, T12]
I+ Jur

where the ideals I, and Jy; are given by:

A*(Us3) =

)

Iy = ($0171,$01?2,1319€2,170$12,$11?027502$01,17011702733019612,33025612),
Im = (xo + o2 — 1 — T12,To + Tor — T2 — T12, L1 + Lo — T2 — To2).

The relations Zys, and Jps give us that the Chow ring A*(Us 3) is the direct
sum of the following groups:

AUz 3) =2 Z

A'(Us 3) & Z(x0, w01, To2, T12)

Az(U373) & Z<.’£0(E01>.
For example the linear monomial z; is given by

T1 = —T12 — To1 + To + To1 + To2

= —Zx12 + Xg + To2,

whereas the squared monomials z3 and z3; are given by

2
xg = xo(—x01 — To2 + T2 + To2 + T12)

= —ZoZo1,
2
x5 = To1(—To — To2 + T2 + To2 + T12)

= —XoZo1-
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4.1. Chow Ring of a matroid

Note that for harder computations than the one given in Example 4.1.5, we
have used a Macaulay2 package which, among other things, gives a script that
computes the Chow ring of a matroid, see [Che].

The Chow ring of a matroid in Definition 4.1.4 is in fact a special case of the
more general definition of the Chow ring A*(¥) of any unimodular fan ¥ in Ng,
see Definition 5.4 in [AHK18], or [Dan78] for the original construction. Now,
we find a set of generators for the Chow ring A*(3). We now use the same
construction as the one given in section 5.1 of [AHK18]. Let ¥ be a unimodular
fan, and let Py be the set of primitive ray generators of 3. Let Sy be the
polynomial ring over Z with variables indexed by Px:

SZ = Z[fL‘e]eePZ .

For each k—dimensional cone o in X, we associate a degree k square-free

monomial
vy =] ..

eco

The subgroup of Sy, generated by all such monomials z, will be denoted

M) = P Za,-

cEeY

Let Z*(X) be the sum of Z¥(X) over all nonnegative integers k.

Proposition 4.1.6 ([AHK18, Proposition 5.5]). Let ¥ be a unimodular fan. The
group A*(X) is generated by Z*(X) for each nonnegative integer k.

In the case when the fan of interest is the Bergman fan 3, of some
matroid M, the polynomial ring Sy, corresponds to the usual polynomial ring
Zzp : F € ﬁ_F] in Definition 4.1.4. Moreover, each k-dimensional cone o of 3,
corresponds to some flag F, =) c F; C ... C F}, C FE of length k + 2. Hence,
the square-free monomial x, € Z*(X) corresponds to

Ty =1xp - xp, € AF(M).

So, Proposition 4.1.6 says that the Chow group AF(M) is generated by
Z*(2r). For example, recall that in Example 4.1.5 we saw that the monomials
13 = —wowo1 and 2, = —wowe1 in the ring A*(Us3).

When a matroid is representable over some field k, the Chow ring of the
matroid has a specific geometric interpretation. Let M 4 be the matroid arising
from some hyperplane arrangement A in P{, and let W4 be the wonderful
compactification of the complement as defined in Definition 3.3.1, then we have
the isomorphism A*(M4) = A*(W.4) [FY04]. Moreover, if we let Lrp C A be
the linear subspace corresponding to a flat F', then the generators xp € A*(M4)
correspond to the strict transforms L r € W4 of the linear subspaces Ly C A.
Finally, products of generators in A*(M 4) correspond to intersections of the
corresponding strict transforms in W4.

Example 4.1.7. Note that a realization of the uniform matroid Us sz is an
arrangement A C P? consisting of three lines not intersecting in the same
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point. Hence, the Chow ring of the uniform matroid A*(Us 3) computed in
Example 4.1.5 is isomorphic to the Chow ring of the wonderful compactification
W 4 of the arrangement, i.e., of the blow-up of P? in the 3 intersection points
of the arrangement A. Then, if we let H be the pullback of the hyperplane
class H C P? in Wy, and IAJ01, ﬁog, and ﬁlg be the strict transforms of the
intersection points of the arrangement A C P2, then

Z(xo, To1, To2, T12) = A (Us3) ~ AL (W) = Z(H, Lo1, Loa, L12).
|

The autors of [FY04] presented another geometric interpretation for the
Chow ring A*(M) of a loopless matroid M, even when the matroid is not
representable. The following theorem is a special case of Theorem 3 in [FY04].

Theorem 4.1.8. Let Xp; be the Bergman fan of a loopless matroid M, and let
X, be the toric variety associated the fan Xps. Then, the assignment x, to the
orbit closure O(c) in Xx, extends to an isomorphism

A*(M) ~ A*(Xy).

4.2 Minkowski Weights

In this section we introduce the ring of Minkowski weights of the Bergman fan
Y, and we see how the ring of Minkowski weights is related to the Chow ring
of the corresponding matroid M. Again, we use the same construction and
notation as in section 5.1 of [AHK18].

Denote by ¥ a simplicial fan living in Ngr, a n—dimensional latticed vec-
tor space. As before, the group X consists of the k—dimensional cones in ¥. If
7 C o is of codimension 1, and o is a simplicial cone, we write

€,/ := the primitive generator of the unique 1-dimensional face of o not in 7.

Recall that a k-dimensional cone o in a simplicial fan is generated by k linearly
independent vectors over R. Hence, the above definition makes sense. The
group of Minkowski weights on a simplicial fan was originally defined in [FS97]
in the study of intersection theory on toric varieties. Following we state the
definition reported in [AHK18], in order to be consistent with the conventions.

Definition 4.2.1 ([AHKI8, Definition 5.1]). A k-dimensional Minkowski weight
on ¥ is a function
wixy 2

which satisfies the balancing condition: For every (k — 1)-dimensional cone 7 in
b

Z w(o)e, /7 is contained in the subspace generated by 7.

TCOo

The group of Minkowski weights on ¥ is the group

MW,(2) :== @ MWi(D),
kezZ
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where MW}, () := {k — dimensional Minkowski weights on X} C Z¥*.

It is clear from the definition that:
1. There is a natural isomorphism

wtg : MWO(Z) — Z. (41)

2. If k > dim(MW (X)), then the group MW (2) = 0.

When the fan we study is the Bergman fan of some matroid M, we denote the
fan by Xjs. Recall that every cone o € 3, corresponds to a flag of flats of
length k:

F=FRGCFG Gk

We can exploit the correspondence between cones and flags to rephrase the
sum in the balancing condition in Definition 4.2.1. Let 7 € ¥, be a cone of
dimension (k—1) and let F = F} C ... C Fi_1 be the corresponding flag. Then,
every cone ¢ D 7 of dimension k, corresponds to a flag composed of the flag
F extended with a flat Fj, which fits into the flag 7. We denote o, the cone
corresponding to the flag F extended with F}. Then, the sum in Definition 4.2.1
corresponds to sum over all flats Fj, that can fit into the flag for 7:

w(op,)F, is contained in the subspace (up,,...up, ).
F}, fits into F
where up, is the ray corresponding to the flat Fj in the Bergman fan Xj;.
Moreover, as in Section 3.1, we denote by {0} the vertex of the fan.
Hopefully, the following example will demystify the definition of a Minkowski
weight. The example is similar to [KV19, Example 6.2]

Example 4.2.2. The Bergman fan ¥j; of the uniform matroid Us 3 is a 2-
dimensional fan living in Ngr = Z3/(eg + €1 + €2) ® R, where eq, e; and e3 are
the standard unit vectors of Z3. Moreover, recall that for a flat F the vector
ep = ZieF e;, and the vector up is the image of ep in Ng. The Bergman fan
Y is then composed of the following rays:

Up = €, uy = €1, Uz = —€p — €1,

Up1 = €p + €1, Up2 = —e€y, U2 = —e€o,
and of the following cones:

00,01 = cone(ug, up1), 00,02 = cone(ug, upz), 01,01 = cone(u1, up1),

01,12 = cone(ui,uiz), 02,02 = cone(ug,up2), 02,12 = cone(uz, ui2).
A 1-dimensional Minkowski weight on ¥, , is a function
w:X —Z,

which has to satisfy the balancing condition. As the only 0-dimensional cone 7
in Xpy is the origin, we get the following condition:

o) () e () () e () (@) 0

34



4.3. Linear duality and Poincaré duality

The condition Equation (4.2) gives us the following relations:
wo — w2 +wo1 —wiz2 =0,
w1 — wo +wp1 — wge = 0.

The weights wg, wi, wa, and wp; determine the remaining two weights w15, and
wo2, hence MW1 (2, ,) = Z*.

A 2-dimensional Minkowski weight on 3/, is a function
w: 22 — Z,

which has to satisfy the balancing condition. The cones containing ug, are og1,
and ogg, and the primitive generators are given by

0 0
600,01/”0: 1/’ 600,02/uo: -1/

Hence we get the following condition:

0 0
wo,01 | 1 ) —wo02 | _4 =0.

Hence, the weight function must satisfy w01 = wo,02. Similar computations
give us
Wp,01 = Wo,02 = W1,01 = W1,12 = W202 = W2,12.

It follows that the group of 2-dimensional Minkowski weights MW(Xy, ,) = Z.
Note that the group of Minkowski weights MW (X, ,) is isomorphic to the
Chow group A*(Us 3) calculated in Example 4.1.5. We will explore this relation
in more depth in the next section. |

The fact that MW (X,) = Z, for a 2-dimensional Bergman fan is not a
coincidence. Let X,; be the d-dimensional Bergman fan of some matroid of
rank d + 1.

Proposition 4.2.3 ([AHK18, Proposition 5.2]). A d-dimensional weight on d-
dimensional Bergman fan Xy satisfies the balancing condition if and only if it
15 constant.

It follows that there is a canonical isomorphism given by:

weight, : MWy(Xy) — Z (4.3)
w = w(o). (4.4)

In the next section, we show that the isomorphism in Equation (4.3) implies
A%(¥) ~ Z. But before, we need to introduce some preliminaries.

4.3 Linear duality and Poincaré duality

As noted in [AHK18], the group of k—dimensional Minkowski weights MW (X)
on ¥ can be identified with the dual of Z*(X) in the following way

ts : MWi(2) — Homz(Z%(%),2), w— (2, — w(0)).

By Proposition 4.1.6, the image of ts contains Homz(A* (%), Z).
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Proposition 4.3.1 (JAHK18, Proposition 5.6.]). The isomorphism ts, restricts
to the bijection between the subgroups

MWy(Z) — Homz(A®(X),Z).

In [AHK18] the bijection in Proposition 4.3.1 is used to define the cap
product

AND) x MWL(Z) = MW_(2), €Nw(o) = tsw(é - z4).

It is worth lingering on the cap product defined in Proposition 4.3.1. Remark
that by Proposition 4.1.6, we can write elements in A¥(X) as elements of Z*(X),
i.e., as the sum of square free monomials of degree k. Hence for ¢ € AY(¥), and
for o € ¥),_;, the polynomial ¢ - 2, is an element of Z*(X), i.e., of the form

g'xa = § Co' Lo’y

o'EXy

for some ¢, € Z. Then we get

tyw(€ - xy) = tgw( Z cg/xc,/)

o€y

= Z corw(a’).

o'eXy

The bijection in Proposition 4.3.1 makes the group MW, (X) into a graded
module over the Chow ring A*(X) [AHK18]. Note that because of the relations
in the Chow ring, the choice of representative for £ is not unique. However,
the cap product is still well defined, since the Minkowski weight function is
constructed such that it is indifferent to the choice of representative for £. Let
us look at an example to demonstrate how the cap product works.

Example 4.3.2. We continue with Example 4.2.2, so ¥, is the Bergman fan of
the uniform matroid Us 3. Let us calculate the cap product

AY(Sa) x MW(E) = MWy(E), ¢Nnw(o):=tsw(é - x,),
for &€ = g + z01 + w02 € AL(Xs), and w € MW, (X) taking the values:
w(u)) =1, wlu;) =0.
Then, the the cap product is an element of MWq(X;):
Exw—=w=ENwe MWy(Zn),
S0 @ is just a function on the origin {0} of the fan X, which is given by

O({0}) = tsw(xo + o2 + Zo2)
= W(uo) + UJ(UOQ) + W(UOQ) =1.

Now, let us calculate the cap product

AY(Sar) x MWo(E) = MW(E), ¢Nw(o):=tsw(é - x,),
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for £ = 29 + z91 € A(Z)), and for the constant function w € MWa(X )
taking the value 1 on all the top dimensional cones. Then the cap product is
an element of MW7 (Xyy):

fxw—HfJ:fﬂwEMWl(ZM),

so & € MW7(Xy) is a function on the one dimensional rays of the fan. Let us
check that @ € MW7 (X ) actually satisfies the balancing condition:
O(ug) + &(ur) + @(uz) + O(uer) + @(u2) + ©(uie) =

tsw(xd + Towo1) + tsw(w1701) + trw(xd, ).

We apply Proposition 4.1.6, and by Example 4.1.5, we rewrite the last line:

tsw(—zoxo2 + Toxo1) + txw(r1201) + tyw(—2oTe1) =

— w(00,02) +w(00,01) +w(o1,01) —w(00,01) = 0.

Hence, @ € MW (X ) satisfies the balancing condition. [ |

Definition 4.3.3 ([AHK18, Definition 5.7.]). To an element ¢ of the ground set
FE of matroid M, we associate the linear form

Qani = pr IS Al(M)
i€l

Recall that when a matroid of rank d + 1 is representable over some field k,
the matroid M4 arises from some hyperplane arrangement A in P{. Moreover,
the generators xp € A*(My), correspond to the strict transforms Ly of the
linear subspaces Lr C A in W 4. Note that the polynomial cps; is the sum of
the monomials zp, for F C H;. It follows that the polynomial cps; corresponds
to the strict transform of H; plus the union of the strict transform of all
its subspaces Ly C H;, which is the total transform 7~(H;) C W4 of the
hyperplane H; C A.

The divisor of ays; is independent of the choice of i, hence it will be de-
noted by ays. In [AHK18], they show that A%(X,) is generated by the element
osz, where d is the dimension of X ,;.

Proposition 4.3.4 ([AHK18, Proposition 5.8]). Let Fy C F5 C --- C F}, be any
flag of nonempty proper flats of M.

(1) If the rank of F,, is not m for some m < k, then

TR, TR, ---arpkoz?w_k =0¢c Ad(EM).
(2) if the rank of Fy, is m for all m < k, then

Tp g, Tt =al, € AYSy)

In particular, for any two maximal flags of nonempty proper flats F, and
yg Of M,
Tz, =Tz, € Ad(EM).
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There is a geometric intuition behind the first result in Proposition 4.3.4. Tt
suffices to consider the case where the flag is of length 1, i.e., to consider the
monomial

xpa‘fw_l € AUI(EM)7

to grasp the idea. So, let us understand why r(F) > 1 implies xFa‘El =0. We
begin by assuming that the matroid M 4 arises from an essential hyperplane
arrangement A C P¢. And note that if the intersection Lp N H = ) in
A, it implies that Lg N 7 YH) = 0 in W4. Moreover, the polynomial
047\4_1 corresponds to the total transform of H?~!, i.e., of some hyperplane
H intersected with itself d — 1 times. Recall that « is independent of the choice
of H, hence we can choose d — 1 different hyperplanes H, and as these intersect
transversely, the codimension of H4~1 is d — 1. Moreover, if dim(Lp) < d — 1,
we can always choose a hyperplane H such that H N Ly = (), which implies

H"™'nLp = 0.
It follows that x Fo/i/[_l = 0. By a similar argument, we can show that
zpaly =0in A2y ifr(F) 41> d,
or equivalently that

H'NLp =0 if codim(Lp)+1>d.

Definition 4.3.5 (JAHK18, Proposition 5.9]). The degree map of M is the
homomorphism obtained by taking the cap product

deg: AYSy) = Z, €— ENlyy,
where 1;; = 1 is the constant d-dimensional Minkowski weight on Xj,.

By Proposition 4.1.6, the homomorphism deg is uniquely determined by the
fact that deg(x,) = 1 for all monomials z, corresponding to a d-dimensional
cone in Y.

Proposition 4.3.6 ([AHK18, Proposition 5.9]). The degree map of M is an
isomorphism.

In 2020, Eur wrote an explicit formula for the degree map in Definition 4.3.5
applied to monomials of degree d, which will be of interest in later sections.

Theorem 4.3.7 ([Eur20, Theorem 3.2.]). Let M be a matroid of rank d+ 1 on
a ground set E. Let ) = Fy C F} C -+ C Fy C Fry1 = E be a chain of flats

in Ly; with ranks r; := v(F;), and let dy,. .., dy be positive integers such that
> di =d. Denote by d; :=>7;_, d;. Then

k
1N g
deg(zft ---agh) = (D) F]] (j, _ r‘)ﬂd‘ (M|Fiy1/F)
i=1 Nt

where p'(M') denotes the i-th unsigned coefficient of the reduced char-
acteristic polynomial xpp(t) = pO(M/ )" MO=1 — 1M MD=2 1 oo 4
(—=1)* MO =1,x(MO)=L(AJTY of a matroid M.
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The above degree map will be useful when computing the Chern numbers
of a matroid.

Theorem 4.3.8 ([AHK18, Theorem 6.19]). (Poincaré Duality). For any integer
k <, the multiplication map

AR(M) x A7 (M) — A™(M)
defines an isomorphism between groups
A"F(M) =2 Homz (A (M), A™(M)).
In particular, the groups AY(M) are torsion free.

Let M be a matroid of rank d + 1, then, by Proposition 4.3.6, the Chow
group A4(M) = Z. So for r = d, the isomorphism in Theorem 4.3.8 is given by:

AR (M) =2 Homz (A¥(M), Z).

Since the Chow group A*(M) is a torsion free finitely generated Z-module, we
get that A¥(M) is isomorphic to its dual, hence

dim(Ag(M)) = dim(AY™F(M)) = dim(A*(M)),

where dim is the dimension of the Chow group as a Z-module. Moreover,
let X5, be the Bergman fan of M, then by the linear duality given in
Proposition 4.3.1, and the Poincaré duality given in Theorem 4.3.8 we get
the following isomorphism:

MWy(Zar) = Homz (AR (M), Z) =2 ATk (M). (4.5)

The isomorphism in 4.5 gives a ring structure to the groups of Minkowski weights
MW, (Xp). The product on the Chow ring induces a well defined product on

Ad—k1 (M) x Ad—kz(M) > Ad—kl—kZ(]\/[)

MW, (M) x MWi,(M) ——————— > MWy, 4k,

Figure 4.2: Product structure on MW, (3yy).

the Minkowski weights MW, (%), see Figure 4.3. It is worth remarking that,
when the fan 3 is complete, a ring structure of MW, (X) is given in [FS97].
Hence, we have the following ring isomorphism

MW, (Xp) =2 A" (M). (4.6)
For later purposes, we denote the isomorphism in 4.6 by

b MW, (Sa) — A*(M). (4.7)
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In particular, we denote the restriction of the isomorphism 4.6 on the 0-
dimensional Minkowski weights ¥, by

o : MWo(Zpr) — AY(M). (4.8)
Moreover, the restriction map 1 in Equation (4.8), the degree map deg in

Definition 4.3.5, and the map wtg in Equation (4.1), give us the commutative
diagram in Section 4.3.

MWy(Ea) —2 5 A9(M)

Figure 4.3: Commutative diagram.
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Chern numbers of matroids
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CHAPTER 5

The Chern-Schwartz—MacPherson
cycles of matroids

In this chapter we give an overview of the Chern-Schwartz-MacPherson cycles
(CSM cycles) of the matroid. The weights of the CSM cycles are assigned
to the underlying fan of the Chern-Schwartz-MacPherson cycles by the Beta
invariant, which we introduce in the first section. Next we review that, when
the matroid arises from a hyperplane arrangement, the CSM cycles are related
to the Chern-Schwartz-MacPherson (CSM) class of the complement of the
arrangement. Two different approaches to the CSM classes were developed by
M.H. Schwartz [Sch65] and McPherson [Mac74] independently, and proven to
coincide in [Bra81]. Finally, we define the Chern numbers of a matroid.

5.1 The beta invariant

The characteristic polynomial of a matroid is a generalization of the chromatic
polynomial of a graph. The chromatic polynomial y(A), first introduced in
[Birl2], is a function counting the number of ways of coloring the vertices a
graph G with A\ € Z>; different colors, given the condition that two adjacent
vertices are not to be given the same color. Note that a graph with a loop has
no coloring, and in fact, also the characteristic polynomial for a matroid with
loops is defined to be 0.

Let M be a loopless matroid of rank d 4+ 1 on a ground set F = {0,1,...,n}.
The characteristic polynomial of M is

xar() = 3 (DI, (51)
SCE

where the sum is over all subsets S C E, and crk(S) = d+1—1(S). Furthermore,
we will see that the characteristic polynomial can also be defined in terms of
flats. First, we need to define the M&bius function.

Definition 5.1.1 ([MRS20, Definition 4]). Let L be the lattice of flats I of
a matroid M. The Mdébius function of Ly is the function p: Ly X Lyy — Z
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5.1. The beta invariant

defined recursively by
0 if F ¢ G,
W G) =11 it F =G,
~YrcacaMF,G) iFCG.

Then, the characteristic function is

Xar(A) =D (@, F)ATED.,
F

A fundamental property of the characteristic polynomial is the deletion/con-
traction property: If ¢ is not a loop or a coloop of M then

X (A) = xani(A) = xari(A). (5.2)

To get an intuition for the deletion/contraction property, it is worth examining
the chromatic polynomial analogy. In graph theory, deleting an edge G \ e
corresponds to removing the edge e from the graph. Then, the two adjacent
vertices vy, vy of e are no longer subject to the condition of having different
colors. Whereas, contracting an edge G/e, corresponds to identifying the two
adjacent vertices to e. Hence, the coloring of G /e corresponds to the coloring
of G with the additional condition on v; and ve to have the same color. In
particular, if e is not a loop or a coloop of G:

XG'()‘) = XG\G()\) - XG/G()\>

Example 5.1.2. Let G be as in Example 2.3.9. The graphs G \ eg, and G/eq
are given in Figure 5.2.

O

€2

:()—63—0 e
O/el O<€2>()—€3—O

Figure 5.1: The graph G \ ep. Figure 5.2: The graph G/eq.

The chromatic polynomial x @\, is given by

Xcveo (V) = A = 1),

since for the first central node there are \ different possible coloring, whereas
for the three adjacent vertices there are (A — 1) possible coloring. The chromatic
polynomial xg/e, is given by

XG/GO(/\) = )‘(A - 1)2
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5.1. The beta invariant

since for the first central node there are A\ different possible coloring, whereas
for the two adjacent vertices there are (A — 1) possible coloring. Hence, the
chromatic polynomial of G is given by

XcM(G) =AA =1A=1)(A=2) = AA-1)(A - 1)
=2 — 4N 4502 — 2.
]

We continue with some invariants of the matroid related to the characteristic
polynomial. The reduced characteristic polynomial of M is the polynomial
xm(q) = xm(q)/(qg—1).

In [Cra67], Crapo proves that the beta invariant can be computed directly from
the lattice of flats, instead of over all subsets of E, see definition below.

Definition 5.1.3. Let M be a loopless matroid, then the beta invariant of M is
BM) = (=) > u(®, F)r(F)

FeLy
= (=1)"xp (D).
If M has a loop then S(M) is defined to be zero.

Theorem 5.1.4 ([FLL87, Theorem 7.3.2. 4]). The beta invariant of a matroid
M satisfies:

1. B(M) > 0.
2. B(M) > 0 if and only if M is connected and is not a loop

Example 5.1.5. Let us compute the characteristic polynomial xy, , for the
uniform matroid Us 3. By applying the formula in Equation (5.1) we compute
the characteristic polynomial.
XUs5(\) =(=1)0\erk®@) 1 g(_1){1H yerk({1})
+ 3(,1)\{1,2}\)\“1(({1,2}) + (,1)|E\)\0rk(E)
=A% —3A%+3x -1

Equivalently, we can compute the characteristic polynomial by applying
Equation (5.2). Note that in this particular example, the subsets of F and the

flats of M coincide, but keep in mind that this is absolutely not the case in
general. First, we calculate the values for the Mobius function

,LL(@,@) =1,
u(,{0}) = —1,
n(0,{0,1}) = —=(1-2) = -1,
p,E)y=—-(1-3+3)=—1.
Remark that, by symmetry, u(0,{0}) = p(0,{1}) = w(®,{2}), and that

w(0,{0,1}) = wu(®,{0,2}) = w(®,{1,2}). It follows that the characteristic
polynomial is

XUss (A) =p(0, O)XTD 4 3140, {0}) AerEHOD)

44



5.1. The beta invariant

+ 3u(0, {0, 1HAKEOID () BYNTKE)
=\ —3N +3M - 1,

as expected. Moreover, the reduced characteristic polynomial is
X)) =A% —2)+ 1.

And since Y(1) = 0, the beta invariant is S(M) = 0. [ |

In the next example we write an explicit formula for the beta invariant of
an arbitrary uniform matroid. We follow tightly Example 2 in [MRS20].

Example 5.1.6. Let I be a flat of the uniform matroid Ugyi p41. Then, the
values of the Mébius function are given by

r(F)—1

_ a1 (IFIY (=)l for r(F) < d+1
p(F) = ; (=1)"* ( . ) = {Zf_o(l>i+1(n—;1) for 1(F) = d + 1.

Since there are ("ZH) number of flats of rank 7 for 0 < i < d, the characteristic
polynomial of Ugy1 41 is given by

d
_ i n+1
Wa @ = 3 (A Yy (M)
FegUd+1,n+1\E 1=0

:i (n—zﬁ- 1) (—1)Adt1 g (—1)it (n:l— 1)
:g (n—i— 1) (—1) A+ 1),

Moreover, by using that (A4F1=1 —1)\(A\—1) = Zf:_g Ai, we get that the reduced
characteristic polynomial is given by

d

A OEDY (?) (—1)ind—,

=0

Finally, by setting A = 1, and by multiplying with (—1)¢ we get that the beta
invariant is

BUdar1nt1) = (n; 1)~
|

With the help of the package [Che], we have implemented a function to
compute the beta invariant of a matroid in Macaulay2 [GS].

loadPackage "Matroids"

betaInvariant = Matroid -> (
d = rank(Matroid);

T:= characteristicPolynomial Matroid;
R = ring T;
Q = frac R;
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5.2. Chern-Schwarts-MacPherson cycles of matroids

1ift (T, R);
g=T/(RO - 1);
beta = (-1)~(d-1)*sub(g, Q_0=>1);

return beta
)

U_33 = uniformMatroid(3,3);
betaInvariant(U_33)

FanoM = specificMatroid "fano";
betalnvariant(FanoM)

U_45 = uniformMatroid(4,5)
betalnvariant(U_45)

This generates the output:

ii22 : U_33 = uniformMatroid(3,3);
1i23 : betalInvariant(U_33)
0023 = 0

1i26 : FanoM = specificMatroid "fano";
ii27 : betalInvariant(FanoM)
0027 = 3

1i31 : U_45 = uniformMatroid(4,5);
1i32 : betaInvariant(U_45)
0032 =1

5.2 Chern-Schwarts-MacPherson cycles of matroids

The Chern-Schwarts-MacPherson cycles (CSM-cycles) of a matroid M were
first defined in [MRS20] as a collection of weighted rational polyhedral fans.
In Theorem 2.3 they prove that the CSM-cycles are balanced fans according
to Definition 4.2.1. We choose to state their definition directly in terms of
Minkowski weights.

Definition 5.2.1 ([MRS20, Definition 2.8.]). Suppose M is a matroid of rank
d+1onn+ 1 elements. For 0 < k < d, the k-dimensional Chern-Schwartz-
MacPherson (CSM) cycle csmy (M) of M is a k-dimensional Minkowski weight
w. If M is a loopless matroid, the weight of the cone or corresponding to a
flag of flats F:={0=Fy C F} C -+ C Fr € Fi11 = {0,...,n}} is:

k
wlor) = ()" [ BMI|Fiy/F),

=0

where M|F;y1/F; denotes the minor of M obtained by restricting to F;4; and
contracting to F;. If M has a loop then we define csmy (M) := ) for all k.

Example 5.2.2. Let M be a loopless matroid of rank d + 1. The 0-dimensional
Chern-Schwartz-MacPherson cycle csmo(M) of M is the origin {0} of Xy
equipped with a weight equal to

w({0}) = (=1)B(M).
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Example 5.2.3. Let F; C F;;1 be two flats of the uniform matroid, and note
that

Udrr,n1|Fig1/Fi = Ur(py ) —r(F), | Fya |~ | Fi
by a similar argument as in Example 2.4.7. Then, the weight of a cone or
corresponding to a flag of flats

F={0=R CFH < CFGFr={0,..,n}}

is:

k
w(or) = (=) ] B4y —r(m)1Fisa 1)

=0

k
_ (_1\d—k |Fi+1|_|Fi|—2
- E, (Y(Fi+1) —r(F) — 1)7

by Example 5.1.6. Note that if r(F;41) —r(F;) > 1 for a 0 < i < k, then
w(or) =0, otherwise we get that the weight is given by

w(oF) = (~1)4F (" ;f R 1)-
For example, for a top dimensional cone o of ¥y, , ., the weight is given by:
w(or) = 1.
|

Recall that, by linear and Poincaré duality, we have the following

isomorphism
¥ MWy(Sa) — A“F(M),
see Equation (4.5). Hence, the k-dimensional CSM cycle csmy (M) of a matroid
M lives naturally in the Chow ring A*(M) of the matroid. Tara Fife and Felipe
Rincon have conjectured an explicit formula for the CSM cycles in the Chow
ring. Let g = — ) po, 2, where we are summing over all flats containing 1,
and note that the monomial z g is indifferent of the choice of i € E. Moreover,
let
chi (M) = ¢(csmg_p(M))

denote the degree k polynomial in A¥(M) corresponding to the (d — k)-
dimensional CSM cycle.

Conjecture 5.2.4 ([FR22|). Let M be a matroid of rank d + 1, then

Chk(M) = (—1)k Z Cr(Fl),r(FQ),.H,T(FIg)xleFb .. ..IFk,
F1CFC--CFyCE
where S = {s1 < s9 < -+ < st = {v(F1) < rv(Fa) < -+ < r(Fg)} is a
multisubset of the set {1,...,d+ 1}. Denote by mg(i) the multiplicity of the
number i in S (equal to zero if i is not in S), then the coefficients are given by

(81)(82 — 1)(83 — 2) - (Sk —k+ 1)
mg(1)!mg(2)!...mg(d+1)!

Cs =
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Theorem 5.2.5 ([FR22]). Conjecture 5.2.4 holds for chy(M), and chq(M).

Example 5.2.6. Let M be a matroid of rank d + 1 with lattice of flats £, and
reduced lattice of flats L;. Then, by Conjecture 5.2.4

chy(M) = — Z r(Fzp. (5.3)
Fely

We can use the identity zp = — ) 5., 2F, to remove the flats of rank 1 from
the sum in Equation (5.3). Recall that, by the linear relation in the Chow ring,
the monomial z; is given by for F' € Lj;:

Xy, = —TE — E TE.

F3i,r(F)>2
Hence, we can rewrite chy (M) as

chy (M) = — ( > ( —zp — > xF) + > r(F)mF>

i€E FEL, F3ixr(F)>2 F Ly F3ix(F)>2

=— > @F) —|F)zr,

r(F)>2

where the last sum is over all flats F' in Lj;. For example, for the uniform
matroid Ug41, 41, we have the following equality

ch1(Uat1,n+1) = —(d+1 = [E|)zE.

Example 5.2.7. Let M be a matroid of rank d 4 1, then if Conjecture 5.2.4 is
true, we have the following equality

ChQ(M) = (—l)k Z C{Fl,Fg}l'lean
F1CF
where the coefficients are given by
r(Fy)(x(F) — 1)
mry ) (C(F1) My py ) (r(F2))!

C{F17F2} =

5.3 CSM classes

In [MRS20], the authors relate the CSM-cycles of matroids M 4 arising from
a hyperplane arrangement A to a well known geometric invariant, namely to
the CSM class of the complement of the arrangement C'(.A). CSM classes are a
generalization of Chern classes of a manifold. Usually, Chern classes of a variety
are defined for the tangent bundle over that variety, and hence can only be
defined over a non-singular variety. Whereas CSM classes are also defined for
singular and non-compact varieties. In this section we review [MRS20] results.
But first we review some definitions. We follow tightly section 3 of [MRS20].
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For an algebraic variety X over C, let C'(X) denote the additive group
Z<1Y>7

which is generated by the indicator functions 1y, for all subvarieties Y C X.
The group C(X) is called the group of constructible functions on X. In fact C'
defines a functor from the category of algebraic varieties over C to the category of
abelian groups. Moreover, the Chow group A(X) as defined in Definition 4.1.1,
also lives in the category of abelian groups. Let A define the functor from the
category of algebraic varieties over C to the category of abelian groups, which
sends X to A(X). Note that the functor A is only defined for proper morphisms.
Now, for a complete and non-singular variety X, let ¢(7x) € A*(X) denote the
Chern class of the tangent bundle over X. Robert MacPherson proved that
there is a natural transformation from the functor C' to the functor A called
the Chern-Schwartz-MacPherson (CSM) class, which satisfies

CSM(1x) = o(Tx) N [X],

when the variety X is smooth and complete, see [Mac74].

There are two important properties of the CSM classes that we will mention.
First of all, the degree zero component of CSM(1x) corresponds to the usual
topological Euler characteristic xiop(X). In fact, for every subvariety ¥ C X,
and CSM class CSM(1y) € A(X), the zero component CSMy(1y) = Xtop(Y).
Moreover, the CSM classes obey the inclusion-exclusion property, namely that
for two varieties Y7, Ys C X, we have that

CSM(1y, Ly, ) = CSM(1y,) + CSM(1y,) — CSM(1y;ny,) € A(X).

The above property is a powerful tool for computations. For example, if
we want to compute the CSM class of the constructible function 14y of

the complement of a hyperplane arrangement A C P¢, it is enough to know
CSM(1pn) for 0 < n < d, which is a well known invariant. Let ¢ € A}(P™) be
the hyperplane class, then

CSM(1pn) = (1 4+ )" N [P,

see Section 5.7.1 in [EH16]. Note that the cap product with [P"] gives the
following isomorphism:

A*(P™) — AL (P™)
¢— [P,
and hence for every 0 < k <n
¢k =P

Example 5.3.1. Let A C P? be an essential arrangement of 3 lines. Then, since
CSM(1p2) = 3[P°] + 3[P*] + [P?],
CSM(1pr) = 2[P] + [P],
CSM(1p0) = [P,
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then by using the inclusion-exclusion property we get that

CSM(1c(a)) = 3[P%] + 3[P*] + [P?] — 3(2[P°] + [P']) + 3[PY]
= [P?].

|
Now we can finally state the results in [MRS20]. Recall first that, by

linear and Poincaré duality, we have the isomorphism MW, (X5) = AL (M),
see Section 4.3. Moreover, let M 4 be a matroid arising from a hyperplane
arrangement A, and let W 4 be the wonderful compactification of the complement

of the arrangement A, see Definition 3.3.1, then A, (M) = A (W), see [FY04].

Theorem 5.3.2 ([MRS20, Theorem 3.1.]). Let W4 be the mazimal wonderful
compactification of the complement of an arrangement of hyperplanes A in PE.

Then
d

CSM(].C(A)) = Z csmk(MA) S A*(WA) ~ MW*(ZMA>.
k=0
The above theorem shows that the CSM cycles of a matroid representable
over C, which are constructed completely combinatorially, in fact have a deeper
geometric meaning. An important ingredient of the proof is the following lemma,
see Section 1.4.5. in [Coh+09] for original reference.

Lemma 5.3.3. Let A C PZ{H be an essential arrangement, and let M 4 be the
corresponding matroid. Then the FEuler characteristic of the complement of the
arrangement is given by

Xtop(C(A)) = (=1)!B(M.n),

where B(M 4) is the beta invariant of the corresponding matroid as defined in
Definition 5.1.3.

5.4 Chern numbers of matroids

We are finally ready to define Chern numbers of a matroid, a new geometric
invariant of a matroid. We define Chern numbers of a matroid to be multiplicities
associated to the vertex of the fan when intersecting appropriate CSM cycles of
a fixed matroid, in order to get a zero dimensional intersection.

Definition 5.4.1. Let M be a rank d+ 1 matroid. We define the Chern numbers

of a matroid ¢ k2 ~~E§d(M) to be

et bt (M) = wig(csmb (M)esmb? (M) -+ esmf? (M),

where Z;izoi - k; = d, and the map wtq is the map in Equation (3.3).

Note that the Chern numbers are indexed by codimension, while the csm
cycles by dimension. Moreover, note that the number of Chern numbers
associated to a given a matroid of rank d + 1, is the number of partitions of d.
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Example 5.4.2. Let M be a matroid of rank d + 1 = 3, then as d = 2 partition
into 2, and 1+1, we get two Chern numbers associated to the matroid, namely
¢2 and ¢3:

Example 5.4.3. Let M be a matroid of rank d + 1 = 4, then as d = 3 partition
into 3, 1+1+1, and 142, we get three Chern numbers associated to the matroid,
namely ¢3, ¢1¢2 and c:

¢3(M) = wtg(csmo(M)),
¢162(M) = wtg(csmao (M )esmy (M),
(M) = wto(csmi(M))
|
The following result follows immediately from the definition.

Proposition 5.4.4. Let M be a rank d + 1 matroid. The Chern number

ca(M) = (=1)?B(M).

Proof. See Example 5.2.2. |
Note that, by the commutative diagram in Section 4.3, we have that
weighto (csm®t (M) ---csmbe (M) = deg(ip(csmbt (M) - - - csmbe (M))).

(5.4)

Note also that, as v is an isomorphism, we have that

P(esmBL (M) ---csmbe(M)) = chi* - - chhe. (5.5)

The equalities Equation (5.4) and Equation (5.5) are useful when computing
the Chern numbers, as computation is usually easier in the Chow ring. However,
in some cases, for example for the uniform matroid, it is easier to compute the
Chern numbers by directly intersecting the CSM cycles, see the proposition
below.

Proposition 5.4.5. The Chern numbers of the uniform matroid Ugi1 ny1 are
given by

d ; ki

— — " d_z _1 1

lel...cgd(UdH,nH)=(—1)dH( | i ) ) '
i=1

Proof. Let the fan C' € MW, (Xy,,,,) be the Bergman fan of Uy, 1 with
weight 1 on all its top dimensional cones. Then, by Example 15 in [MRS20], the
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5.4. Chern numbers of matroids

fan C* € MW, (Su,_,,, ..1) is the Bergman fan of Uy_j41,n+1 with weight 1
on all its top dimensional cones. Moreover, by Example 5.2.3, we have that:

n—k—1
esmg (Ug1,n+1) = (—1)d_k( dek )Cd_k-

Then, by Definition 5.4.1. we get that the Chern number of Ug1 41 are given
by

d . ki
d

:(—1)d£[1 (” (d;z‘) - 1)’%’

where the last equality follows from the fact that the fan C? is just the vertex
of the fan with weight 1, and from the fact that Zle ik; = d. |

—k —k
Cl1 N Cdd(Ud—‘rlﬂL"rl) _Wt0<

In [Eur20], Eur defines an invariant of the matroid which is closely related
to the divisor chqi (M) € AY(M).

Definition 5.4.6 ([Eur20, Definition 5.1.]). For a matroid M with reduced lattice
of flats Ly, define its shifted rank divisor Dy to be

Dy = Z r(Fzr,
Feln

and define the shifted rank volume of a matroid M to be the volume of its
shifted rank divisor:

r(M)—1
shRVol(M) := deg Z r(F)xF> .
Feln

For representable matroids, the volume measures how general the associated
hyperplane arrangement is [Eur20].

Theorem 5.4.7 ([Eur20, Theorem 5.5.]). Let M be a representable matroid of
rank d+1 on n+ 1 elements. Then

shRVol(M) < shRVol(Ujy1,n+1) = n""1 with equality iff M = Uds1,n+1-
Proposition 5.4.8. Let M be a matroid of rank d+ 1 on a ground set E, then
chi(M) = Dy + (d+ 1)zg.

In Section 6.4, we will see that Theorem 5.4.7 can apply for the Chern
number ¢ (M), when M is a matroid of rank 3.
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CHAPTER 6

Chern numbers of matroids of
rank 3

In this chapter we investigate properties of the Chern numbers of matroids of
rank 3.

6.1 The Chern numbers of matroids of rank 3

Recall, by Example 5.4.2, that to a matroid M of rank 3 we can associate
two Chern numbers, namely & (M) and ¢ (M). Now, let us write an explicit
formula for the Chern numbers ¢ (M) and ¢y(M) in terms of the size, and the
number of flats of rank 2.

Proposition 6.1.1. Let M be a simple matroid of rank 3 on a ground set E. If
we let |E| =n, and let t,, be the number of flats F of rank 2 of size m, we get
that the Chern numbers of M are

S = B -n) = 32— m),

E(M)=3=2n+ > (m—1)tn.

m>2

We use the following results to prove Proposition 6.1.1. As before, Let M
denote a simple matroid of rank 3.

Lemma 6.1.2. Let x; be the monomial corresponding to the rank 1 flat {i} C E
for 0 <i <|E|, and let xp be the monomial corresponding to the rank 2 flats
F C E, then the linear monomials in A*(M) are given by

T, = — Z xF+xj+ZxF, and

F>i,F#i F3j

:vp/—(xi+ Z xp>+xj+2mp,

Foi, FAF F3j
foranie F and a j ¢ F'.

Proof. Follows from the linear relation in the Chow ring A*(M). [ |
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6.1. The Chern numbers of matroids of rank 3

Recall, be Definition 4.3.5, and Proposition 4.3.6, that for a matroid M of
rank 3 we have the following isomorphism

deg : A*(M) — Z, (6.1)

uniquely determined by the property that deg(z;zr) = 1, for a flat F of rank 2
containing ¢. In order to compute the Chern numbers, we need to know the
degrees of the quadric monomials, see proposition below.

Proposition 6.1.3. Let M be a simple matroid of rank 3 on a ground set
E, and let F denote a flat of rank 2 containing an i € FE. Moreover let
k; =|{F : F >i}. Then, the degrees of the quadric monomials are given in
Table 6.1.

Monomials | z;xpr :czz x% TXE TFTE x%
Degrees 1 1—k; -1 -1 0 1

Table 6.1: Degrees of the quadric monomials.

Proof. We prove the degrees of the monomials #? and z% in Table 6.1, by
applying Eur’s formula given in Theorem 4.3.7. For the monomial 22, we need
the following the following values for computations:

rn=14d =2 d =2, k=1.

Then, by inserting the above values in the formula given in Theorem 4.3.7, we
get the following equality

deg(a?) = —p' (M)

Recall, by Section 2.4 that the matroid M /i is the matroid arising from the

lattice of flats [i, E], which is the rank 2 matroid consisting of k; flats of rank 1.

Note that k; is the number of flats of rank 2 of the original matroid M containing

i. Then, the reduced characteristic polynomial X,;,;(A) = A +1 — k;, and the

unsigned coefficient pu!(M/i) = —(k; — 1). It follows that deg(x?) = (1 — k;).
For the monomial 2% we need the following values

rn=2d=2d=2 k=1.

Then, by inserting the above values in the formula given in Theorem 4.3.7, we
get the following equality

deg(a) = —u*(M/F).

Recall, by Section 2.4 that the matroid M/F is just the one element matroid of
rank 1. Hence the reduced characteristic polynomial is given by X,/ p = 1, and

so the unsigned coefficient pu°(M/F) = 1. Tt follows, that deg(z%) = —1.

For the monomial 2%, we apply directly the relations in the Chow ring. Let
i # j € I/, and denote by Fj; the unique rank 2 flat containing ¢, and j. Then
we have the following equality

oh = (=Y xr)(=Y_wr)

F>i F3j
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6.1. The Chern numbers of matroids of rank 3

2
= T;TF; + T;TF,; + T,

Hence deg(z%) = 1. Finally, we find the degrees of the monomials z;zp and
rrrp by applying Proposition 4.3.4. [ |

Now, we are finally ready to prove Proposition 6.1.1.

Proof of Proposition 6.1.1. We compute the Chern numbers (M) and (M)
by applying the formula in Conjecture 5.2.4. Recall by Theorem 5.2.5, that
the conjecture is proven for these Chern numbers. We begin with the first
statement. By Example 5.2.6, the Chern number ¢;(M) is given by

(M) ((1) Y @) - F)IF)2

r(F)>2
= Y @-IF)’ar+ Y 22— |F))B - |E)erep
r(F)=2 r(F)=2
+ (3 |El) 2%

Then, by the degrees of the quadric monomials given in Table 6.1, the Chern
number ¢ (M) is given by

AWM =B -[E)°~ Y (2-|F)*

r(F)=2

Finally, by letting |E| = n, and t,,, be the number of flats F' of rank 2 of size
m, we get

GM)=(B-n)?= > (2-m)tn. (6.2)

m>2

Now we prove the second statement. By Example 5.2.7 and Definition 5.4.1,
we have the following equality

62(M) = E CthF1$F27
F1CF>

where the sum is over all chains F; C Fy, for flats Fy, and F5 of rank at least 1.
Recall that the coefficients in the sum are given by

r(F)(r(F2) — 1)
mg(1)'mg(2)!...mg(d+ 1)!’

ChS =

where the multisubset S = {r(Fy),r(F2)}. Hence, if we denote by F the flats
of rank 2, the Chern number ¢ (M) is given by

(M) = in.’lfp + ZinmE + Zx% + Z drprp + 3%,
icF icE F FCE

By applying the degrees of the quadric monomials in Table 6.1, we get the
following equality

M) = |F|-> 2-> 1+3.

icE F
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6.1. The Chern numbers of matroids of rank 3

Finally, by letting |E| = n, and t,, be the number of flats F' of rank 2 of size
m, we get the following equality

EQ(M):thmen— Zthr?)

m2>2 m>2

=3-2n+ Y _(m—1)tn

m>2
|

Now, we want to point out that there is another way of computing the Chern
number ¢ (M ). Recall, by Proposition 5.4.4, that if M is a loopless matroid of
rank 3, we have the following equality

Let us check that the above equality agrees with the findings in Proposition 6.1.1.

Lemma 6.1.4. Let M be a loopless matroid of rank 3, then

BM)=3—2n+ Y (m— 1)ty

m>2
Proof. Recall that the Beta invariant of a loopless matroid M is
BM) = (=1)"M gy, (1).

To find the characteristic polynomial y,;, we use the Md&bius function, see
Definition 5.1.1. Particularly, we use that for flats F' € L, of rank 2

u(F,0) = —(1 —|F)),

hence, if we as usual let t,, be the number of flats of size m, we get that

ST w0, F) =" (m— 1)ty

FELy m>2

Then, the characteristic polynomial is given by

X)) =X = A2+ 3 (m = DA — (1—n+ Y (m—1)t,).

m>2 m>2

Finally, the beta invariant is given by

Y1) =3-2n+ > (m—1)ty,

m>2

which equals the Chern number ¢ (M).
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6.2. Chern numbers of line arrangemnts

6.2 Chern numbers of line arrangemnts

Recall that essential line arrangements give rise to simple matroids of rank 3,
see Proposition 2.2.5. In this section we see that the Chern numbers of a line
arrangement A as defined in [EFU18] are related to the Chern numbers of the
corresponding simple matroid M 4 of rank 3.

Definition 6.2.1. [EFU18] Let A be an arrangement of n lines, and let ¢, be
the number of m-points of A, i.e., a point which belongs to exactly m lines. We
define the integers

T(A) =9—5n+ Y (3m—4)t, and (6.3)
m>2
E(A)=3-2n+ Y (m— 1ty (6.4)

They are called the Chern numbers of A.

Example 6.2.2. Let A be a trivial arrangement, i.e., an arrangement consisting
of n lines intersecting at the same point. Then, the number of n-points t,, = 1,
whereas the number of k-points ¢t = 0 for & # n. Moreover, the Chern numbers
are given by

@(A) = —2n+5, and &(A) = —n + 2.

Now, let A be a quasi-trivial arrangement, i.e., an arrangement consisting of
n — 1 lines intersecting at the same point, and one other line intersecting the
first n — 1 lines in n — 1 distinct points, one for each line. Then, the number
of 2-points to = n — 1, and the number of (n — 1)-point ¢,,_1 = 1, whereas the
number of k-points ¢ = 0 for all other k’s. Moreover, we get that the Chern
numbers of the quasi-trivial arrangement are

Z(A) =0, and ¢(A) = 0.
]

Proposition 6.2.3. Let A be a essential arrangement of lines, and let M 4 be
the corresponding simple matroid of rank 3. Then

A (A) = T(Ma),
Ca(A) = 22(Ma),
where ¢o(M ) and €3 (M ) are the Chern numbers defined in Definition 6.2.1.

Proof. The second statement follows directly from the definition of the Chern
number ¢ (A), see Definition 6.2.1, and from Proposition 6.1.1.

For the first statement, we use that
G(My) —T(A) =n* —n — Z (m? — m)t,,,
m>2

and prove by induction on n the following equality

n?—n= Z (m? — m)t,. (6.5)

m>2
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For n = 3, the arrangement must consist of three lines not all intersecting in
the same point, hence the corresponding matroid has three flats of rank 2 of
size 2, so the equality holds.

Now, let A be an essential line arrangement of size n, and let M 4 be the corres-
ponding matroid. We want to show that adding a line I; to the arrangement A,
or equivalently a flat {i} of rank 1 to the corresponding matroid M 4, changes
the left and right hand side of Equation (6.5) of the same quantity. First of all,
we easily compute that the change in the left hand side is 2n. For the right
hand side, we first denote by A’ the arrangement A with one line added, and
by M 4 the corresponding matroid.

Note that the rank 2 flats of M 4 consist of those not containing ¢, which are
also rank 2 flats of M 4, and those containing i. Now, let F; be the set of rank
2 flats of M 4/ containing . The set F; equals the disjoint union F; = F; U Fa,
where F; consists of the flats F' € F; such that F'\ {i} is a rank 2 flat of M 4,
and F» consists of the flats F' € Fy such that F'\ {i} is a flat of rank 1, hence
F is of size 2. Remark that, by the covering axiom of flats, the size of F is
|F2| =n =3 per (|F|—1). Then, adding a flat {i} to the matroid M4 changes
the right hand side of Equation (6.5) by

YOUFP—IF) = > ((1F=1° = (IF| = 1) +2(n— Y (IF|-1))

FeF; FeF, FeF,
= 2n.

This proves Equation (6.5), hence the first statement in Proposition 6.2.3. W

6.3 Examples

In this section we calculate some examples for the Chern numbers of simple
matroids of rank 3.

Example 6.3.1. We compute the Chern numbers of the uniform matroid Us ,,41,
which has n(n+1)/2 number of flats of rank 2 of size 2. Hence the multiplicities
are given by ts = n(n+ 1)/2, and ¢, = 0 for all other k’s. It follows that the
Chern numbers are given by

AUs 1) = (n—2)%,

C2(Usnt1) =

—~

(n_ 2)(n_ 1)7

N =

by applying the formulas given in Proposition 6.1.1. Note that the above results
are consistent with the findings in Proposition 5.4.5, namely with the formula
for the Chern numbers of the uniform matroid of arbitrary rank. In Table 6.2
we have listed the Chern numbers of Us ,,41 for some n € N. [ |

As mentioned in Section 2.3, hyperplane arrangements arising from finite
projective spaces PG(n,q) have nice combinatorial properties. In particular,
the finite projective plane PG(2,q) gives rise to a hyperplane arrangement
consisting of g2 + ¢+ 1 lines, and ¢® + ¢ + 1 intersection points. Moreover, each
intersection point is on ¢ + 1 distinct lines, see Section 6.1 in [Ox106].
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6.3. Examples

M| B0 | ()
Uss | 0 0

U374 1 1

Us s

Usr | 16 10
Uso | 36 21

Table 6.2: Chern numbers of the uniform matroid Us ;1.

Example 6.3.2. The finite projective plane matroid PG(2, ) is a matroid on a
ground set E of size ¢ + ¢ + 1 having ¢ + ¢ + 1 flats of rank 2 of size ¢ + 1.
Hence, its Chern numbers are given by
APG2.9) =2~ (" +)*~(*+q+1)(2~ (¢ +1))
=3(¢° —¢" —q+1),
& (PG(2,9) =1-2(¢" +q) +9(¢* +q+1)
=¢—¢ —q+1.
For example, the Fano plane PG(2,2) introduced in Example 2.3.3 has Chern
numbers
7 (PG(2,2) =9,
2 (PG(2,2)) = 3.

In Table 6.3 we have listed the Chern numbers of the projective plane matroid

PG(2,q) for different ¢ € Z>. [ |
M (M) | e(M)
PG(2,2) 9 3
PG(2,4) 135 45
PG(2,8) | 1323 | 441
PG(2,9) 1920 640

Table 6.3: Chern numbers of the finite projective plane matroid PG(2,q).

We want to point out that there exists finite projective planes that are not
representable over a field. See definition below for the general definition of a
projective plane, we have used [Lam91] notation.

Definition 6.3.3. A finite projective plane of order ¢, with ¢ > 0, is a collection
of ¢* + ¢' + 1 lines and ¢? + ¢ + 1 points such that

1. every line contains ¢ 4+ 1 points,
2. every point is on g + 1 lines,
3. any two distinct lines intersect at exactly one point, and

4. any two distinct points lie on exactly one line.
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6.4. The geography of rank 3 matroids

There exists finite projective planes of order 9 that are not representable
over any field ([HSK59]). But whether there exists projective planes of order
not a prime power is still an open question.

Proposition 6.3.4. Let M be the finite projective plane matroid PG(2,q), not
necessarily representable over a field, then the following equality holds

g0 _,
c2(M)
Proof. See Example 6.3.2, and Definition 6.3.3. [ |

Example 6.3.5. In this example we compute the Chern numbers of the Pappus
matroid Mp, and of the non-Pappus matroid My p, see Section 2.3. Recall that
the Pappus matroid Mp is a matroid on a ground set of size 9 having 9 flats of
rank 2 of size 2, and 9 flats of rank 2 of size 3. Hence the Chern numbers are
given by

Whereas, the non-Pappus matroid is a matroid on a ground set of size 9 having
8 flats of rank 2 of size 3, and 12 flats of rank 2 of size 2. Hence its Chern
numbers are

6.4 The geography of rank 3 matroids

In this section we show that there are some bounds on the Chern numbers of
matroids of rank 3. The inspiration comes from results in the study of geography
of manifolds, which deals with the possible values of Chern numbers of algebraic
manifolds of general type [Hun89]. Specifically, we begin by generalizing two
propositions of [EFU18] on the Chern numbers of line arrangements, to hold for
Chern numbers of simple matroids of rank 3. The proofs follow the same lines
as in [EFU18], but are stated in terms of Chern numbers of matroids rather
than Chern numbers of line arrangements.

Proposition 6.4.1. Let M be a simple matroid of rank 3 on the ground set
E={1,...,n}, and let t,,, be the number of flats of rank 2 of size m. If M has
tn, =tn_1 =0, then its Chern numbers are positive.

Proof. Recall that the Chern number ¢(M) = B(M), moreover recall by
Theorem 5.1.4 that (M) is non-negative, and that §(M) = 0 if and only if
M is disconnected of a loop. We have already assumed that M is not a loop.
Moreover, note that M disconnected implies that ¢,,_1 = 1, which we have
assumed to be 0. Hence, the Chern number ¢;(M) is positive.

Now, we prove by induction on n, that ¢ (M) is positive. Assume that
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6.4. The geography of rank 3 matroids

n = 4, then t,, = t,,_1 = 0 implies t5 = 6; so the Chern number of the matroid is
¢2(M) = 1. Assume now that M is a matroid on a ground set |E| =n+1 > 5,
and that ¢ € F is such that it is contained in ¢ > 3 rank 2 flats. Such an
element must exist by the assumption that ¢, = ¢, = 0. Let F; = {Fy ... F}}
be the rank 2 flats of M containing i, and denote by M \ i the deletion matroid.
We partition F; as in the proof of Proposition 6.2.3, i.e., we let F; = F1 U Fa,
where F; consists of flats F' such that F'\ i is a flat of rank 2 of M \ ¢, and F;
consists of flats F' of rank 2 such that F'\ i is a flat of rank 1 of M \ i. Recall
also that the size of Fy is [Fa| =n— ) 7 (|[F| —1). Then, by Definition 6.2.1,

and Proposition 6.2.3 the Chern number &5 (M) is given by

AM) =M\ i) =5- 3 B(FI-1) =4+ Y BIF|-4)

FeF FeF,
+2(n— > (IF|-1))
FeF,
=G{(M\i) =5+ > 1+42() l4+n— > (|F|-1))
FeF, FeF, FeF,
>E (M \ i) — 5+ 2t
> (M \ i) +1
>1.

The last inequality follows from the induction hypothesis, i.e., that the Chern
number & (M \ i) > 0 of the deletion matroid M \ i is positive, hence &3 (M) is
positive as well. |

In the next lemma we want to relate the Chern number & (M) to the shifted
rank volume of a matroid shRVol(M) defined in [Eur20].

Lemma 6.4.2. Let M be a simple matroid of rank 3 on a ground set E of size
n+ 1, then the Chern number

@2(M) = shRVol(M) + 3 — 6n.

Proof. Denote by Ly, and by £, the lattice of flats of M, and the reduced
lattice of flats of M respectively. Recall, by Definition 5.4.1 that the Chern
number ¢ (M) is given by

E(M)=deg( Y. r(Fap)’

Felpy\0

= deg( Z r(F)xF+3xE)2
FeﬁM

= deg( Z r(F)a:F)2+deg(9a:%)—|—6deg Z r(Faprg
FE»éM FEﬁM

— shRVol(M) + 3 — 6n.

Where the last equality follows from the degree values of the monomials listed
in Table 6.1. |
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6.4. The geography of rank 3 matroids

Hence, for a given matroid M, the Chern number ch?(M) and the shifted
rank volume value shRVol(M) differ only by a constant. Hence, the Chern
number ¢ (M) of a representable matroids M4 can also be understood as a
measure of how general the underlying line arrangement is. In fact, for simple
matroids of rank 3, we can even generalize Theorem 5.4.7, which only holds for
representable matroids, to hold for all simple matroids of rank 3.

Proposition 6.4.3. Let M be a simple matroid of rank 3 on a ground set E of
sizen+1. If M has t,11 = t, = 0, then the Chern numbers ¢3(M), and ¢o(M)
are bounded by
(M)
Co (M)

S 6%(U37n+1), and
< C2(Usng1)-

Proof. We begin with the first statement. Recall that the Chern number (M)
is given by

AM) = (Bl —x(E))’ = Y (IF|—x(F)),

r(F)=2

and recall that for the uniform matroid U ,, 41, the Chern number €3 (Us ,41)
is given by

A (Us 1) = (|B| - x(E))?
Then, since both the Chern number (M) and the sum Zr(F):2(|F| —1(F))?
are positive, we get the following inequality
(M) < (Bl - 1(E))* = (Us ).

Now, let f, (M) =>", <5 tm(m —1). Then, for the second statement, we need
to prove that B

fm(M) S fm,(US,n+1)- (66)
We begin by noting that

FnM) = "t(m = 1) = tm =Yt

which equals the number of edges minus the number of flats of rank 2 in the
reduced lattice of flats £ m of M. We also note that we can always achieve
the lattice of flats of the uniform matroid Us 41 from the lattice of flats of an
arbitrary matroid M of rank 3, by relaxing the flats of rank 2 of size k > 3
into flats of rank 2 of size 2. Every time we relax a flat of size k, we get (g)
new flats of size 2, and one less flat of size k. Moreover, the number of edges
increases by 2(’2“) — k. If we denote by M’ the matroid arising from relaxing a
flat of size k, we get that

(M) = fon(M) :2(’2) k- ((’;) - 1)
:(’;) —k4+1>1,

which proves the Equation (6.6), and hence the right inequality of the second
statement. |
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Following, we generalize Proposition 3.4 in [EFU18].

Theorem 6.4.4. Let M be a simple matroid of rank 3 on E ={1,...,n}, such
that t, =t,_1 = 0. Then,
2n—6 _ (M)
n—2 = 62(M)

<3

Left equality holds if and only if M is the uniform matroid Us ., and right

equality holds if and only if M is the matroid of a finite projective plane.

Proof. Proving left inequality is equivalent to showing the inequality below
0< (n—272E(M)—(2n —6)ca(M). (6.7)

Recall from the proof of Proposition 6.2.3 that the following equality

—n?+n= Z (m —m?)t,,
m>2
holds, when keeping the notation as in Proposition 6.2.3. Then, by inserting

for ¢2(M), and ¢y(M) in Equation (6.7) we get the following equality

(n—2)e} (M) — (2n = 6)c2(M) = —n* +n+ > _ (mn— 21+ 2)tm,

m>2
=3 (=m* +m)tm + Y (mn = 2n + 2ty
= Z_ (—=m? +m(1 +n) ; (2 —2n))ty,.

m>2

Moreover, the inequality —m?+m(1+n)+(2—2n) > 0 holds for 2 <m <n—1
and the inequality —m? +m(1+n)+ (2 —2n)) > 0 holds for all 3 <m < n —2.
And since m is in fact less then n — 1 by our assumption, the inequality in Equa-
tion (6.7) holds. Moreover, since the uniform matroid Us ,, has n(n —1)/2 flats
of rank 2 of size 2, the left equality in the theorem holds for the uniform matroid.

Proving the right inequality is equivalent to showing the following inequality

GM) = 36(M) =n— Yty <0.

m>2

The inequality follows from inserting p = 1, and r = 3, in Conjecture 1 in
[HW17], see [DWT75] for original result. Moreover, recall from Example 6.3.2,
that for a finite projective plane PG(2,q) both the number of elements n and
the number of flats of rank 2 is ¢% + ¢ + 1, hence right equality holds. |

Next, we generalize a theorem in [EFU18| on line arrangements in the real
projective plane to hold for pseudoline arrangements. See for example Figure 2.7
for a pseudoline arrangement. First we need to introduce some definitions.

Definition 6.4.5. [Bj5+99, Definition 6.2.2.] A simple closed curve L in P is
called a pseudoline if P? \ L has one connected component. A collection of
pseudolines A = (L.)ccp is called an arrangement of pseudolines if (A = ()
and every pair of pseudolines L. and Ly in A, for e # f, intersect in exactly
one point.

63



6.4. The geography of rank 3 matroids

A pseudoline arrangement decomposes the projective plane P3 into 0-cells,
1-cells and 2-cells, which will be called vertices, edges, and polygons respectively,
as they do in [Bjo+99]. Moreover, we call r-gons the polygons bounded by
r edges. If every 2-cell is a 3-gone, the arrangement is called a simplicial
pseudoline arrangement.

Pseudoline arrangements are in fact related to a spacial type of matroids
which have some extra structure to them, namely oriented matroids, see for
example [Bjo+99] for an introduction to oriented matroids. The following result
is a special case of results due to Folkman, and Lawrence, see [FL78] for the
original reference.

Theorem 6.4.6. [Bjo+99, Section 1.8]] There is a one-to-one correspondence
between arrangements of pseudolines and simple rank 3 oriented matroids.

The following theorem is stated in terms of pseudoline arrangements, but
keep in mind the correspondence to oriented matroids. The next theorem is a
generalization of Theorem 3.5 in [EFU18].

Theorem 6.4.7. Let M be simple matroid of rank 3 on E = {1,...,n} with
tn, =tn—1 =0. If M arises from some pseudoline arrangement A = (L¢)ccr ,

then 5
@(M) < 5EQ(M).

Equality is achieved if and only if the pseudoline arrangements of M are
simplicial.

Proof. We follow the conventions of Section 1.1 in [Hir83|, and the proof of
[EFU18]. Note first that

5y (M) — 263 (M) = =3 — > (m — 3)tpm.
m>2

Let p,,, be the number of m-gons, and let fy, f1 and fo be the number of vertices,
edges and 2-cells respectively. Then fo =" ~otm, fo =), 53 Dm, and note
that - B

m>2 m>2

Then by the Euler characteristic formula, and by using that the Euler
characteristic of P3 is 1, we get that

8fo—3fi+3f2=3D tm—(D_m-tm+ Y m-pn)+3Y pm

m>2 m>2 m>2 m>2
=— Z(m—?))-tm— Z(m—3)~pm
m>2 m>2

=3.

Finally we get the following equality

Z(m—3)pm =-3- Z(m—?))tm.

m>2 m>2
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6.4. The geography of rank 3 matroids

Since every pair of pseudolines intersect in exactly one point the multiplicity
p2 = 0, hence the sum > _,(m — 3)p, > 0. And the original inequality holds.
Moreover, if the pseudoline arrangement A is simplicial, then then multiplicity
pr = 0 for all k # 3. Hence, equality is achieved if and only if the matroid M
arises from a simplicial pseudoline arrangement. |

Corollary 6.4.8. If M is a simple orientable matroid of rank 3 with t,, = t,_1 =

0, then
B0 _5
Co (M) -2
Proof. Follows from Theorem 6.4.6, and Theorem 6.4.7. |

Finally, we end this section by computing the ratio ¢ (M)/éx(M) for some
specific matroids, see Table 6.4. Note that we have also included the matroid
arising from the Braid arrangement, see Example 2.1.3. Moreover, we have
plotted the Chern number pairs (¢o(M), 5 (M)) in Figure 6.1 for some specific
matroids of rank 3, see Table 6.4. The red line has slope 3, and the orange line
has slope 2.5.

M (M) | @(M) | #/ea(M)

Us 3 0 0 -

Us s 1 1 1 A
U3,5 4 3 ~ 1.33 B
Us 16 10 1.6 C
U379 36 21 ~ 1.71
PG(2,2) 9 3 3 D
PG(2,4) 135 45 3

PG(2,8) 1323 441 3

PG(2,9) 1920 640 3

non-Fano 10 4 2.5 E
Pappus 27 12 2.25 F
ot 28 13 ~2.15 G
Pappus

Braid 5 2 2.5 H

Table 6.4: Chern numbers of matroids of rank 3.
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6.4. The geography of rank 3 matroids

CQ(M)

Figure 6.1: Chern numbers of matroids of rank 3.
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CHAPTER 7

Chern numbers of matroids of
rank 4

In this chapter we investigate the Chern numbers of a simple matroid of rank
4. Recall that by Example 5.4.3 we can associate three Chern numbers to a
simple matroid M of rank 4, namely the Chern numbers ¢3(M), ¢1¢2(M), and
3(M), which are given by

[
¢} (M) = deg(chi(M)),
¢1Co(M) = deg(chicha(M)), and
es(M) = deg(chs(M)).
We begin by calculating the polynomials chy (M) € AY(M), cha(M) € A%(M),
and chz(M) € A?(M) by applying Conjecture 5.2.4. It is important to keep in

mind that the conjecture is proven for chy (M), and chz(M), but not for chs.
Hence, the following corollary is true for chs (M) only if Conjecture 5.2.4 is true.

Corollary 7.0.1. Let M be a simple matroid of rank 4 on a ground set E with
lattice of flats Lyr. Moreover, denote by F the set of flats of rank 2, and by G

the set of flats of rank 3, then assuming Conjecture 5.2.4 is true the polynomials
chy(M), cha(M), and ch3(M) are given by

chi(M) ==Y (2~ |F)zr - Y (3-|G)ze — (4~ |E])zs,

FeF Geg
cho(M) = Z r;rp + Z 2r; v + 231‘1'565,’ + Z %
i€E,FEF i€E,GeG icE FeF
+ Z drpxg + Z 6rrprp + Z9xGxE+6x%,
FeF,Geg FeF Geg
ch3(M) = Z TiTFTG + Z Tl + Z 20, LFTE
i€E,FeF,GeG i€EE,GEG i€EE,FEF
+ Z dr;xqarp + Z?;xlsz + Z 1%2:5& + Z Qx%xE
i€E,GEG i€eE FeF,Geg FeF
+ Z 2xpsc2G + Z Gxe% + Z rrrarp
FeF,Geg FeF FeF,Geg
+ Z 6r5rE + Z Ircry + Z o3+ dxd,
Geg Geg Geg
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where we only sum over flags.
Proof. The proof follows from Conjecture 5.2.4, and Example 5.2.6. |

In order to compute the Chern numbers, we need to compute the values of
the degrees of the cubic monomials, as we did for matroids of rank 3. And, in
order to do so, we need the following result. We use the same notation as in
Corollary 7.0.1.

Lemma 7.0.2. The linear monomials in A*(M) are given by

Ty == Z TR — Z TG +xj+ Z Tp + Z za,

FeF,F>i Geg,Gai FeF,F>j Geg,G3j

xF,:_<xi+ S et Y xc>

FEF,F3i,FAF' Geg,Gi

+x;+ Z rr + Z ra,

FeF,F3j Geg,Gaj

xG/:—<$k—|— Z TR+

a:(;>
FeF,F3k GeG,Gok,G#G

+x; + Z Tp+ Z TG

FeF,F3j Geg,Gaj
Proof. The proof follows from the linear relations in the Chow ring A*(M). W

Recall, by Definition 4.3.5, and by Proposition 4.3.6, that there is an
isomorphism
deg: A3(M) = Z

uniquely determined by the property that deg(z;zrpzg) = 1, for a chain
{i} € F € G. In the following proposition we compute the degree values
for the remaining cubic monomials.

Proposition 7.0.3. Let M be a simple matroid of rank 4, and F and G denote
the set of flats of rank 2, and 3 respectively. Moreover let the multiplicity
krp = {G € G : G 2 F}| for a flat F € F. Then, for some flats
0 C{i} € F C G C E, the degrees of the cubic monomials are given in
Table 7.1.

Monomials xzx% x%xg xpx% xlx% xi’; ff?é
Degrees -1 -1 0 1—kp | 2kp—2 | 1

Monomials xlx% L,XpTE | TiTaTE xeQE TpToTE xGx% g

Degrees 1 -1 0 0 0 0 -1

Monomials x%xE x%xE

Degrees 1 0

Table 7.1: Degrees of the cubic monomials
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Proof. For the monomials in the first row of the table we have applied Eur’s
formula given in Theorem 4.3.7. We only show the computations for the
monomial x;2%, since the other monomials are computed in a similar way. First
of all, recall by Section 2.4 that for two flats F; C F;y; the matroid M|F; 1/ F;
is the matroid arising from the lattice of flats [F;, F;11]. We keep the notations
as in Theorem 4.3.7. Then for the monomial x;2%, we need the following values
for the computation:

Iy = I‘({Z}) = 1, dl = 1, d1 = 1,
TQZI'(F):Z, d2:2, CZQZ-?)

Then, since d — k = 1, and by inserting the above values in the formula given
in Theorem 4.3.7, we get that

deg(ziat) = —p’(M|F/{i})p! (M/F).

The matroid M|F/{i} is just the matroid arising from the lattice of flats
[{i}, F], hence a matroid of rank 1 consisting of one element. Note that the
reduced characteristic polynomial of a one element matroid is X/ g/} (A) = 1.
Hence, the unsigned coefficient u®(M|F/{i}) = 1. The matroid M/F is the
matroid arising from the lattice of flats [F, E], hence it is a rank 2 matroid,
where the rank 1 flats are the rank 3 flats of the original matroid M con-
taining F. Recall that we have denoted by kr = |{G : G 2 F}|, then
the reduced characteristic polynomial Xy, p = A+ 1 — kp, and hence the
unsigned coefficient ' (M/F) = krp—1. Finally we get that deg(z;2%) = 1—kp.

For the monomials in the third row we need to apply the relations in the Chow
ring, and the results in Lemma 7.0.2. We denote by L a flat in the reduced
lattice of flats. Moreover, it follows from the flat axioms that for a simple
matroid M of rank 4:

1. For every pair of elements 4, j € I there exists a unique flat F; ; of rank
2 containing both ¢, and j.

2. For an element k € E, and a flat F of rank 2 such that k ¢ F, there
exists a unique flat G(p ) of rank 3 containing both k£ and F.

Now, choose i ¢ F', and let G (r,iy be the unique rank 3 flat containing F' and i,
then the monomial z%xx € A%(M) is given by

.Z‘%—vl‘E = l‘%( — ZZ‘L)
L>i

_ 2
= _.I'F.rG{FYi} .

Hence, we get deg(z%xp) = 1. Now, choose i ¢ G, then the monomial
rZxp € A3(M) is given by

xé:z:E = xé(ZxL) =0.
L>i
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Finally for ¢ # j # k, such that r({7, j, k}) = 3, we have that

.’133E:—E .’L‘LE .’L‘LE Iy,

L>  L>j L3k

- _xingijijk7
where Fj; is the unique flat of rank 2 containing 7 and j, and Gj;i, is the unique
rank 3 flat containing i, j, and k. Hence deg(z%) = —1.

For the monomials in the second row of the table we have applied Pro-
position 4.3.4, and that deg(x%) =—1. u

We are finally ready to express the Chern numbers of a simple matroid M
of rank 4 in terms of the size and number of its flats.

Proposition 7.0.4. Let M be a simple matroid of rank 4 on a ground set
E. Let F and G be the sets of flats of rank 2, and 3 respectively, and let
krp ={G € G:G 2D F}|. Then, assuming Conjecture 5.2./ is true, the Chern
numbers &3 (M), and e3(M) of M are given by

0n) == ((B1= 0+ (81~ 2 (2(ke = 171 - 2) + 3051 - 1)

FeF
S (R - 226 - 3) + (6] - 3)3),
FCG Geg
e (M) = - (3|E| Ca S F - ke —2) - (e - 1>>,
FeF Geg
ere(M) = - (— 6(4—E)+ > (IF1(2 = IFD((1 ~ kr) = 3) - (4~ |E]))
FeF

+ @2 [F)2kr —2) +6(2 — [F[) + (4 - lEl))

+ > IF(ee-1F)+ 6 -a))

FeF,Geg

— (42— |F)+ B -1GD) + Y 36— 16)

Geg

+ > 261G+ 34— |E|))

iEE,GEG S}

Proof. We begin with the first statement. We compute the cube of the
polynomial chy (M) as given in Corollary 7.0.1:

ch3(M) =<—1>( ST (F -2+ 3 3 (1F] - 212(16] - 3)dae

FeF FCG
+3 Y (1F| = 2°(1E| - Hapae + Y_ (G - 3)%xd + (|| - 4)3),
FeF Geg

then by applying the results in Proposition 7.0.3, we get the wanted result.
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For the second statement, we apply the results in Proposition 7.0.3 to the
formula given for chg in Corollary 7.0.1.

For the last statement, we need to assume that Conjecture 5.2.4 is true. We
begin by computing the polynomial chy (M )che(M) with the results given in
Corollary 7.0.1.

Ch1<M)Ch2(M> = — ( Z ((2— ‘F‘>$1$%>+3(2— |F|).TZ.’EF.Z'E
i€eE, FeF

+ A= [E)mzpze)+ Y. (22— |Fwwrze
i€E, FEF,GeG

+ (3 - |G)zizrre) + Z (2= |F])z% + (4 — |E))rieR)

FeF

+ > 4@ |Flatac+ Y 62— |Fl)rtap
FeF,Geg FeF

+Z (2 — |F))zpzy + Z 2(3 — |G|)zizE
FeF 1EE,GEG

+ Y B-IGhrtae+ Y 33— |G
FeF,Geg Geg

+> 3(4— |E)ziad, + 6(4 - |E|):c3,’5>

icE
Moreover, we get the formula for the Chern number ¢;¢;(M) by computing the
degree deg(chycha(M)) with the help of the results in Proposition 7.0.3. W

Example 7.0.5. Recall that, by Proposition 5.4.5, we already have a formula for
computing the Chern numbers of the uniform matroid. Let M be the uniform
matroid of rank 4 on n + 1, then the Chern numbers of M are given by:

C?(M) = (3 - n)S’

21z (M) = 5 (n—3)°(n —2),

e3(M) = —(n; 1).

Note that, if we denote by F the set of flats of rank 2, and by G the set of
flats of rank 3, then we have the following values for Uy ,,41:

n+1 n+1
= ("3 e= ("),

|Fl=2for FeF, |G]=3forGeg.

and

Moreover, let kr denote the number of flats of rank 3 containing F' € G, then
krp = n —1, since, for every flat F' € F, the set F U {i}, forani € E\ F, is
a flats of rank 3. If we insert the values above in the formulas given for the
Chern numbers for matroids of rank 4 in Proposition 7.0.4, we get the exact
same values for the Chern numbers as in Proposition 5.4.5.

In Table 7.2 we have listed the Chern numbers of Uy 41 for some specific values
for n. |
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M E‘I)(M) 6162(M) Eg(M)
U | O 0 0
Usps -1 -1 -1
Ue | -8 6 7
Ups | -64 10 20
Usis | -1331 -936 -286

Table 7.2: Chern numbers of the uniform matroid Uy 41

What is particular interesting about Example 7.0.5, is that for the uniform
matroid Uy 41, we know what the Chern number ¢;¢3(Uy ,,+1) should be for all
n > 4, see Proposition 5.4.5. And this coincides with the results when computing
€1C2(U4,n+1) by applying Conjecture 5.2.4. Hence, the above example strengthen
the likelihood of the conjecture to be true!

Example 7.0.6. In this example we compute the Chern numbers of the matroid
arising from the finite projective 3-space PG(3,q) for a prime power q. The
ground set E corresponds to the set of planes of PG(3,q), the set of rank 2 flats
F corresponds to the set of lines, and the set of rank 3 flats G corresponds to
the set of points. As before, denote by kp = [{G : G D F}|, then the matroid
PG(3,q) has

|E| = ¢® + ¢* + ¢ + 1 number of elements,

|F| = (¢*> + 1)(¢* + ¢ + 1) number of flats of rank 2,
1G] = ¢ + ¢*> + ¢ + 1 number of flats of rank 3,

|F| = q + 1 sized flats F' € F,

|G| = ¢* + q + 1 sized flats G € G,

Moreover, the multiplicity kp = g + 1 for all F € F. For details on the above
results, see for example Section 6.1. in [Ox106]. And keep in mind that the size
|F’| corresponds to the number of planes through a line, the size |G| corresponds
to the number of lines through a point, and the multiplicity kp corresponds to
the number of points on a line.

Then, by inserting the above values in the formulas given in Proposition 7.0.4,
we get that the Chern numbers of the matroid arising from PG(3,q) are given
by
¢(PG(3,q) = —16(¢° = ¢° —¢* + ¢ + ¢ - 1),
@1 (PG(3,9)) = —6(¢° —¢° —¢" +¢* +q— 1),
&(PG(3,9) = —(° ¢’ —¢" +¢* +q—1).
In Table 7.3 we have listed some values for the Chern numbers for different

prime powers q.
|
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M (M) | @ice(M) | e3(M)
PG(3,2) | -336 “126 21
PG(3,3) | -6656 | -2496 | -416
PG(3,4) | -45360 | -17010 | -2835

Table 7.3: Chern numbers of the finite projective 3-space matroid PG(3, q).

Proposition 7.0.7. Let M be a matroid arising from the finite projective 3-space
PG(3,q) for a prime power q. Then the following equalities

-3 =3
¢ (M) (M) 8
=16, and ——x ==
Es(M) C1Co (M) 3
hold.
Proof. See Example 7.0.6. |

For an arbitrary matroid M of rank 4 we have implemented a function in
Macaulay?2 in order to compute the Chern number ¢; (M) with the help of the
Package [Che], see script below. In addition of having a test example for a
known value, we have included both the Vamos matroid Vg, and the related
matroid V8+. The Vamos matroid is a non-representable matroid of rank 4 on a
ground set of 8 elements, whereas the matroid Vg is a matroid obtained from
Vg by relaxing a flat, see Example 2.1.25 in [Ox106] for the construction of these
matroids.

loadPackage "Matroids";

cl _cubed = Matroid -> (
M = Matroid; Flats = flats M;
I = idealChowRing M; R =ring I; A =R/I; 1 = #Flats;

AVars = hashTable apply(gens ambient A, i -> (set last baseName i, sub(i,A)));

ch_1 = 0;
XE = 0;
-- Choose the generator for A"3(M)
x_sigma = AVars#(set {0});
n=#M.groundSet;
m=2;
while m < 4 do(
if rank(M, Flats#n)==m then if member(0, Flats#n) then (
X_sigma=x_sigmaxAVars#(Flats#n);

m= 3;

F = Flats#n;
);
n = n+l;

if rank(M, Flats#n)== 3 then if isSubset(F, Flats#n) then (
x_sigma=x_sigmaxAVars#(Flats#n);
m=4;
);
)s
-- Compute ch_1 and XE
i=1
while j < #Flats - 1 do(
ch_1 = ch_1 + rank(M, Flats#j)*AVars#(Flats#j);
if member(0, Flats#j) then XE = XE - AVars#(Flats#j);
Jo= 3+
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)

)

ch_1 = -(ch_1 + rank(M, Flats#(l-1))=*XE);
cl 3 = coefficient(x_sigma, ch_1"3);
return cl_3;

PG32 = projectiveGeometry(3,2)
cl_cubed(PG32)

vamos = specificMatroid "vamos"
cl_cubed(vamos)

V8_plus = specificMatroid "V8+"
cl_cubed(V8_plus)

chl_3 = ch_1"3;

This generates the output:

i17 :

0l7

i23

023

i25 :

025

cl _cubed(ProjMat2)
= -336
cl_cubed(V8_plus)
= -58
cl_cubed(vamos)

= -59

Hence, we get that the Chern number (PG(3,2)) = 336 for the finite

projective 3-space PG(3,2) as expected. Moreover we get that the Chern
numbers ¢ (V8) = 59, and ¢ (V8+) = 58 for the Vamos matroid, and the V8+
matroid.

Moreover, recall by Proposition 5.4.4 that the Chern number ¢3(M) is given by
(—1)3B(M) for a simple matroid M of rank 4. Hence we can use the script in
Chapter 5 in order to compute ¢5(M). The following code

vamos = specificMatroid "vamos";
betaInvariant(vamos)

V8 =

specificMatroid "V8+";

betaInvariant(V8)

generates the following output

i7

o7

i9 :

09

betaInvariant(vamos)
15
betaInvariant(V8)

14

Hence, the Chern numbers ¢3(V8) = —15, and ¢3(V8+) = —14 respectively.
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CHAPTER 8

Further research

In this chapter we present some questions for further investigation. In Section 8.1,
and Section 8.2 we concentrate on matroids of rank 3 and 4 respectively. Finally,
in Section 8.3 we address general matroids.

8.1 Open questions for matroids of rank 3

In Chapter 6 we showed that both Chern numbers (M) and ¢x(M) of a simple
matroid of rank 3, as well as the ratio ¢Z(M)/ca(M), are bounded. For simple
matroids of rank 3, we pose the following questions:

Question 8.1.1 (Geography of Chern number pairs in rank 3). For which pairs
(a,b) € ZsoxZxq does there exists a matroid such that (¢;(M),e2(M)) = (a,b)?

Question 8.1.1 is related to the study of the geography of Chern numbers
of surfaces in complex algebraic geometry, where more about these numbers is
known, see for example [Spr] for a brief overview, or [Hun89).

Question 8.1.2 (Representability of Chern numbers in rank 3). Given any
simple matroid M of rank 3 with Chern numbers (¢1(M),e2(M)), does there
exist a representable matroid M 4 of rank 3 such that

(€ (M), e2(Ma)) = (c1(M), 2(M))?

For instance, consider the non-Pappus matroid.

Example 8.1.3. Recall that the non-Pappus matroid is the matroid arising
from the pseudoline arrangement given in Section 2.3. It is a simple matroid
of rank 3 consisting of 9 flats of rank 1, and 12 flats of rank 2 of size 2, and
8 flats of rank 2 of size 3. Recall also from Example 6.3.5 that the Chern
numbers of the non-Pappus matroid are (28,13). Finding a representable
matroid M4 of rank 3 such that (¢53(M4),c2(M4)) = (28,13) corresponds to
finding a line arrangement A consisting of 9 lines intersecting in 12 points with
multiplicity 2, and in 8 points with multiplicity 3. Such an arrangement exists,
see Figure 8.1. [ ]

Finally, we want to point out the possible extent of Question 8.1.1 and
Question 8.1.2. Recall, from Theorem 6.4.4, that for a simple matroid of rank 3
3 (M)/e3(M) = 3 if and only if M is the matroid of a finite projective plane.
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8.2. Open questions for matroids of rank 4

Figure 8.1: Line arrangement A.

Recall also that the finite projective plane matroid of order ¢ has Chern numbers

F(PG(2,9) =3(¢° —¢° —q+1),

e (PG(2,9) =¢° —¢* —q+ 1.
Hence, finding out for which values of ¢ there exists a matroid M having Chern
numbers (¢3(M),e2(M)) = (3(¢®* — ¢* —q¢+1),¢*> — ¢* — ¢+ 1), and if so if

the matroid is representable over a field, would in fact solve the prime power
conjecture.

8.2 Open questions for matroids of rank 4

We saw in Chapter 6 that the Chern numbers of matroids of rank 3 are positive.
From our calculations in Chapter 7 it seems plausible that the Chern numbers
of matroids of rank 4 are either zero, or negative. Let M be a matroid of rank
4, then by Proposition 5.4.4, the equality

a(M) = —B(M)

holds, hence ¢3(M) is always zero, or negative.

Conjecture 8.2.1. Let M be a matroid of rank 4, then the Chern numbers

(M), and ¢1¢2(M) are either zero, or negative.

If Conjecture 8.2.1 were to be true, it would be a generalization of a result
on Chern numbers of 3-folds under some assumptions, see [Hun89].

Moreover, it would be interesting to have some bounds for matroids of
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8.3. Open questions for matroids of any rank

rank 4 as we did for matroids of rank 3. Given some constrains on the size of
the flats, it may be possible to prove the following conjecture.

Conjecture 8.2.2. Let M be a simple matroid of rank 4 on E ={0,1,...,n},
then we have the following inequalities

6(n —4)? (M)
=3 —2) < 03(M)‘ <16, and (8.1)
(M) 8
| = 5 >

For the inequality (8.1), note first that 6(n — 4)?/(n — 3)(n — 2) < 16, as
long as n > 4, but this is always the case for matroids of rank 4. Moreover,
left equality is achieved for the uniform matroid Uy g1, see Example 7.0.5,
and right equality is achieved for the finite projective 3-space matroids, see
Proposition 7.0.7. For the inequality (8.2), right equality is achieved for the
finite projective 3-space, see Example 7.0.5. It is also worth mentioning that
if the second inequality actually holds, it would also be a generalization of a
result on Chern numbers of 3-folds under some assumptions, see [Hun89].

Finally, for simple matroids of rank 4, we pose the following questions.

Question 8.2.3 (Geography of Chern number triples in rank 4). For
what triples (a,b,¢) € Z x Z x Z does there exist a matroid such that
(@ (M), e122(M),e3(M)) = (a,b,c)?

Question 8.2.3 is related to the study of the geography of Chern numbers of
threefolds of general type, see for example [Liu97].

Question 8.2.4 (Representability of Chern numbers in rank 4). Given any
simple matroid M of rank 4 having Chern numbers (¢3(M),¢1co(M),e3(M)),
does there exist a representable matroid M of rank 4 such that
(€} (M.4),e122(M 4),e3(Ma)) = (€] (M), e122(M),e3(M)) ?

8.3 Open questions for matroids of any rank

Overall, it would be interesting to examine Chern numbers of matroids of any
rank. Specifically, we pose the following question.

Recall from Proposition 6.3.4, that for the finite projective plane matroid
M = PG(2,q), the equality /¢ (M) = 3 holds, and from Proposition 7.0.7
that for the finite projective 3-space matroid M = PG(3,q) the equality
¢3M/é3(M) = 16 holds. This leads us to pose the following question.

Question 8.3.1. Does the equality

(M)
éd(M)

— (d+ 1)d—1

hold for a matroid M arising from a finite projective d-dimensional space?

Finally, geography problems like the ones addressed in Question 8.1.1, and
Question 8.1.2 for matroids of rank 3, and in Question 8.2.3, and Question 8.2.4
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8.3. Open questions for matroids of any rank

for matroids of rank 4, regarding the geography and representability of the
Chern numbers, are interesting to consider for matroids of any rank, although
quite difficult.
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