C*— REGULARIZATION OF ODES PERTURBED BY NOISE

FABIAN A. HARANG AND NICOLAS PERKOWSKI

ABsTRACT. We study ODEs with vector fields given by general Schwartz distributions, and
we show that if we perturb such an equation by adding an “infinitely regularizing” path,
then it has a unique solution and it induces an infinitely smooth flow of diffeomorphisms.
We also introduce a criterion under which the sample paths of a Gaussian process are
infinitely regularizing, and we present two processes which satisfy our criterion. The results
are based on the path-wise space-time regularity properties of local times, and solutions are
constructed using the approach of Catellier-Gubinelli based on non-linear Young integrals.

1. INTRODUCTION AND MAIN RESULTS

The regularizing effect of adding an irregular stochastic process to an ill-posed ordinary
differential equations (ODE) has been extensively studied over the last fifty years. Still it
is one of the most surprising results at the intersection of analysis and probability theory.
Consider the integral version of an ODE under perturbation of a path w : [0,7] — R? for
some € € R given by

t
Yy = +/ b (yr) dr + ew, z € RY. (1.1)
0

If € = 0, then the classical theory of ODEs would essentially require local Lipschitz continuity
of the vector field b to obtain the uniqueness of solutions. However, for € # 0 and suitable
w one can show the existence of a unique solution under more general assumptions on the
vector field b. This has been studied in a number of papers, e.g. [29, 26, 4, [16] 20, 19, 3], [7].
In recent years particular interest has been directed towards the regularizing properties of a
fractional Brownian motion with Hurst parameter H € (0,1). It has been proven, both by
probabilistic means, e.g. in [3], and by path-wise analysis in [7], that the lower we choose H,
the more general assumptions we may choose on b. In [7] Catellier and Gubinelli show that
uniqueness may hold for Equation even if b is only a distribution. More precisely, they
show that if w is a fractional Brownian motion with Hurst index H, then for all b € BS

with a > 1 — 5 H, where BS, . is a Besov space of regularity «, the solution to 1) almost
surely exists uniquely. The null set outside of which the uniqueness fails depends on the ini-
tial condition x, the n01se w, and on the vector field b € BY, . Under the stronger regularity

assumption « > they show that the flow x — yf is Llpschltz but even then the null
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set may depend on b. Catellier and Gubinelli also identify a path-wise condition for w under
which uniqueness holds for all sufficiently regular b (measured in terms of “Fourier-Lebesgue
regularity” rather than Besov regularity) and all initial conditions z, see [7, Theorem 1.14].

In the more recent work [I] the authors consider an infinite sequence of fractional Brownian
motions ()kaH’f)km, where (Ag)yso and (Hg),sq are suitable null sequences, and

By =Y Apwy™t. (1.2)
k>0

Using techniques developed in [3], they show that the equation

¢
yf:a:—l-/ b (y,)dr + By
0

has a unique strong solution (in the probabilistic sense) aslong as b € LP ([O, T], LY (Rd, Rd))ﬂ
L' ([O,T} , L™ (Rd,Rd)), and furthermore they show that the flow map = — y* is in C°.
The techniques used to obtain this results are mainly based on Malliavin calculus and prob-
abilistic methods, and again the null set outside of which the results fail might depend on b.

In the current article we unite the two perspectives of [7] and [I] and we provide a general
framework to obtain existence and uniqueness as well as differentiability of the flow map
associated to Equation for some sufficiently irregular paths w. In contrast to both [7]
and [I], our analysis is purely path-wise.

Similarly as in [7] we formulate the equations in the framework of non-linear young theory.
But rather than considering directly the regularity of the random map (¢, z) — fg b(x+ws)ds,
which can only be controlled outside of a null set that depends on b, we first control the
regularity of the local time L of w, and then write fg b(x + ws)ds = bx (L(—-)). In this
way the null set is independent of b. There is also such a purely pathwise result in [7], but
the regularity of L is given in a Fourier-Lebesgue space and therefore in applications also b
has to be in a suitable Fourier-Lebesgue space. Here we work with more common function
spaces (Sobolev spaces rather than Fourier-Lebesgue spaces), which has the advantage that
we get pathwise regularizing effects for b in Holder spaces or even L? Sobolev spaces. A second
advantage is that our analysis applies to any regularizing path, and not only stochastic paths.
That is, given a path with a sufficiently regular local time, existence and uniqueness of ODEs
of the form (L.1)) is readily obtained.

To this end, we identify a class of Gaussian processes with exceptional regularizing prop-
erties, and we use the space-time regularity of their local times. In fact, if w : [0, 7] — R% is
a Gaussian process with co-variance function satisfying some simple conditions (translating
roughly speaking to sufficient irregularity), then its local time L : Q x [0, 7] x R? — R almost
surely has infinitely many derivatives in its spatial variable for almost all w € €. So to ana-
lyze the ODE (L.1)) we assume that w is a fixed path with smooth local time. By definition
of the local time, we have say for bounded measurable b and = € R¢

/ b(z —wy (w))dr = [bx Lgy(w)] (), (1.3)
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where fs; := f; — fs for any function f, and * denotes convolution. So for regular Lg; we
can make sense of fst Vb(x —wy(w))dr = [bx VL (w)](x), even if b is not differentiable. This
observation allows us to obtain bounds for integrals appearing in which only depend on
low regularity norms of b: Consider, for convenience of notation, Equation ([1.1)) with e = —1.
Then g¥ = y¥ + w; solves

t
U=z —l—/ b(gy — wy)dr, (1.4)
0

and the integral term on the right hand side is very similar to the one on the left hand side
of 1) In fact, the integral fg b(gF — w,)dr can formally be interpreted as

| vt e = [ e L)), (15)

For now this expression is purely formal as we need to make sense of the differential L,
which later we will do via non-linear Young integration (giving a simplified derivation of
results from [7]).

We are mainly interested in “infinitely regularizing” paths w. In this case, we will show
that the solution y* to exists uniquely (up to a possibly finite explosion time), and the
flow z — y* is C*°, only under the assumption that b € .’ is a Schwartz distribution. Let
us first specify what we mean by an infinitely regularizing path:

Definition 1. We say that a continuous path w : [0, 7] — R? is infinitely reqularizing if the
local time L : [0, 7] x R? — R, defined in Section , is in C.C* for all v € (%, 1) and a € R.

In the above definition, and throughout the text, the space C7.C* := C7([0,T],C%(R%))
denotes the space of Holder continuous functions A : [0, 7] — C*(R?) with values in the Besov
space C%(R?) := BS o~ More details on these spaces can be found in Section

Our first main result is that existence and uniqueness hold for ODEs perturbed by the
path w, with drift coefficients given by general Schwartz distributions in .’. Moreover, the
flow mapping = — y” is infinitely differentiable.

Theorem 2. Let b € . be a Schwartz distribution, and consider an infinitely reqularizing
path w : [0,T] — RY as in Definition . Then for all x € R? there exists T* = T*(x) €
(0, T) U {oo} such that there is a unique solution to the equation

t
yf=x+/ b(y?) dr + wr,
0

mn C ([O,T*) N [O,T],Rd), interpreted in the sense of Definition . For T*(x) < oo we have
limyps () |yf| = 00. Moreover, the map x — T*(x)~ is locally bounded, and if 7 < T*(z) for
all z € U for an open set U, then the flow mapping U > z + y* € C([0,7],R?) is infinitely
Fréchet differentiable.

Proposition 3. Assume in the setting of Theorem @ that additionally b € By, for some
a € R and p,q € [1,00]. Then T*(z) = oo for all x € R%.

It should be noted that all this holds for deterministic paths that are infinitely regularizing.
However, the derivation of sharp spatio-temporal regularity results for the local times of
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deterministic functions (for example the Weierstrass function) is still an open and challenging
problem. Therefore, we show that there exist infinitely regularizing stochastic processes. In
particular, we will prove the following theorem, outlining sufficient conditions for a Gaussian
process to be infinitely regularizing.

Theorem 4. Let w : [0,T] x Q — R? be a centered Gaussian process on a complete fil-
tered probability space (0, F,{Fi}icio.1), ) where {Fi}icpo ) s the filtration generated by w.
Suppose w satisfies the following local non-determinism condition for any ¢ € (0,1)

inf inf 7Var(wt 175)

> 0. 1.6
te(0,T) s€[0,t) (t — 5)( ( )

Then for almost all w € Q the path t — wy(w) is infinitely reqularizing. These conditions
are satisfied by the log-Brownian motion of Definition or the process By == >, )\kwf’“

m ,

The structure of the paper is as follows:

e In Section [2| we provide some background material on local times and Besov spaces, as
well as a statement of the stochastic sewing lemma, recently developed by Lé [17].

e Section [3]is devoted to the proof of Theorem

e In Section {] we present two infinitely regularizing Gaussian processes. In particular,
we will consider a process called p—log Brownian motion, and show that is infinitely
regularizing. We also show that the processes used in [I] is infinitely regularizing.

e In Section [b] we give a path-wise construction of the so called average operators, in line
with what has been done in [7]. We show that when these operators are constructed
from an infinitely regularizing path, then they are in CJ.C* for any v € (0,1), a > 0.

e Finally, in Section @ we prove the existence and uniqueness of solutions to and
the smoothness of the associated flow.

2. ESSENTIALS OF LOCAL TIMES AND BESOV SPACES

2.1. Occupation measures and Local times . The occupation measure of an R%valued
measurable path w : [0,7] — R at a time ¢ € [0, T] is defined by

pe (A) ==X {s € [0,t] |ws € A}, for A € B(R?),

where A is the Lebesgue measure. We interpret p(A) as “the amount of time w spends in A
up to time ¢”. Occupation measures have been an important topic in the theory of stochastic
processes during the last fifty years. We refer the interested reader to the comprehensive
review paper by Geman and Horowitz [I1], and the references therein for an introductory
account of occupation measures and local times.

Definition 5. Let w : [0,7] — RY be a measurable path. Assume that there exists a
measurable function L : [0,T] x RY — R, with Ly (z) = 0 for all z € R? and such that

1y (A) = /ALt (2)dz,  AeBRY,¢te0,T] (2.1)

Then we call L the local time of w.
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Remark 6. Of course, the local time does not have to exist, and intuitively we interpret its
existence and regularity as an irregularity condition for w. Later we will see that for sample
paths of Gaussian processes this interpretation is in some sense justified. However, in general
it is an open problem to establish a clear link between regularity properties of the local times
and irregularity measures such as “true roughness” [14], 9]; see Sections 10 and 11 of [I1] for
some partial results in that direction.

Note that in d = 1 even w € C° can have a local time: For a,b € R with b > 0
the path wy = a + bt has the local time Li(z) = bil]l(amrbt](z). However, if a Lipschitz
continuous w € C([0,7T],R) has a local time L, then L; has at least two discontinuities: If
20 = wy, = max{ws : s € [0,¢]}, then Li(z) = 0 for z > 2, and with the Lipschitz constant
K of w we get ws € [20 — 0, 20) for all s € [to — /K, to+J/K]NJ0,t]. For 6 > 0 small enough
we must have tg — 6/K > 0 or tp + 0/K < t, and therefore

" Li(2)d 0
2)dz > —.
/20—6 e)dz > K
By the fundamental theorem of calculus this is impossible if L; is continuous with L;(zp) = 0.
Similarly L; must have a discontinuity at the minimum of w|4. In other words the local
time can only be continuous if w is more irregular than Lipschitz continuous. A similar

argument shows that the set of paths with local time Ly € C*(R) has empty intersection
with C5([0, T],R) for all 8 > (a +1)7L.

2.2. Essentials of Besov spaces. Here we recall some basic properties of Besov spaces.
For a more extensive introduction we refer to [2]. We will denote by . resp. .’ the space of
Schwartz functions on R? resp. its dual, the space of tempered distributions. For f € ./ we
denote the Fourier transform by f = .Z (f) = Jga e~ f(x)dx, where the integral notation is

formal, with inverse 1 f = (2m)7¢ [o4 ei® f(z2)dz.

Definition 7. Let y,p € C®°(R% R) be two radial functions such that x is supported on a
ball B = {|z| < ¢} and p is supported on an annulus A = {a < |z| < b} for a,b,c > 0, such

that
X+> p(27) =1,
Jj=0

supp (x) Nsupp (p (277-)) =0, Vj > 1,
supp (p (2*j')) N supp (p (2*"~)) =0, Vji—j| > 1.

Then we call the pair (x, p) a dyadic partition of unity. Furthermore, we write p; = p(277")
for j > 0 and p_1 = x, as well as K; = % !p;.

The existence of a partition of unity is shown for example in [2]. We fix a partition of
unity (x, p) for the rest of the paper.

Definition 8. For f € ./ we define its Littlewood-Paley blocks by
Aif =F pif) = Kj* f.
It follows that f = 3,5 | A;f with convergence in .7".

In the following we write
(z) = (1 +|z[})1/2, (2.2)
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Definition 9. For any o, x € R and p, q € [1, 00], the weighted Besov space By, ({x)") is

1
By ((2)") = f € L |1 fllBg, () > (2@ A fllee)" | < oo,
j=z—1
with the usual interpretation as £°° norm if ¢ = oo. If kK = 0, we simply write By ;. Further-
more, we denote C*((z)") = B, . ((x)") and Co({z)") = By o ({2)").
Remark 10. By Theorem 6.5 of [25] we have
1B, (xy) = I (x)" || Bg,,-

Remark 11. For a € Ry \ N the space C*((x)") corresponds to a classical weighted Holder
space, see e.g. [I8, Lemma 2.1.23]. For all & € R the Besov space B35 corresponds to the
inhomogeneous Sobolev space H* defined by

= {1 € |I1f e = (1411 fllgz < o0}
Lemma 12 (Besov embedding, see [2], Proposition 2.71). Let 1 < p; < py < oo and

()

K
15 continuously embedded into B, 4,

1<q <q2 <00, and let k € R. Then By, .

Recall from Definition [1| that a path is infinitely regularizing if its local time is in C7.C* for
all v € (0,1) and all & € R. By an interpolation argument this follows from a softer criterion:

Corollary 13. Let w € C([0,T],R%) with associated local time L such that

sup ||L¢||ge < o0
t€[0,T

for any a > 0. Then w is infinitely reqularizing.

Proof. We get the necessary time regularity by bounding Ls; in a Besov space that contains
measures, and then we use an interpolation argument: For any finite positive measure p we
have by [2, Proposition 2.76]

lullpo S sup (@) Sp®RY) x sup  lpl|ze S p(RY).

peS, peS,
lellgo <1 lellgo | <t
0,1 0,1
Since the occupation measure is given by (- fo »)dr, we get with the Besov

embedding result from Lemma [12] that
t
et S Wutllmg _ < / I8¢ = w)ll sy _dr < [t s,
S

which implies in particular that L € CLC~4(R?). Now we get for « > 0 and v € (0, 1):

. AL o
IL||crea = sup sup oja | L.t
’ 0<s<t<T j>-1 |t — s|Y

Y 1—

5.ty [t — s 5t

IN

1—
< Iy asup ILadll,
87
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for k := 041%7(1 < 1 by assumption, our claim follows. O
v

~

. Since ||Ls,tHC’< S HLS7tHHN+d/2

2.3. The stochastic sewing lemma. To derive the space-time regularity of local times, we
will apply the stochastic sewing lemma [I7] recently developed by Khoa Lé. We therefore
recite here the statement of this lemma, and refer the reader to [I7] for the proof and a
discussion of this result. We will make use of n- simplices defined by

AL = {(ty,...,t,) €[0,T]"0<t; < ... < t, <T}. (2.3)

Lemma 14 ([I7], Theorem 2.1). Let (2, F,{Fi}cjo,1),P) be a complete filtered probability
space. Let p > 2 and let A : AT — R? be a stochastic process such that Ass =0, Agy
is Fy measurable, and (s,t) — Ag; is right-continuous from AT into LP(Q). Set OuAsy =
Ay — A — Ay for (s,u,t) € AT and assume that there exists constants f > 1, k > %,
and C1,Cy > 0 such that

”E [5uAs,t‘Fs] HLP(Q) < K1|t — S|ﬁ7

e (2.4)
16uAs tll ey < Kalt — s[”.

Then there exists a unique (up to modifications) {F;}-adapted stochastic process A such that
the following properties are satisfied:

(i) A:[0,T] — LP(2) is right continuous, and Ay = 0.

(ii) There exist constants C1,Co > 0 such that for Asy = Ay — As:

[ Ast = Astllo) < C1E1t — s|” + Co Kot — 5|7,
HE [As,t - As,t|~7:s] ||LP(Q) < C1K1‘t — S‘B.

Furthermore, for all (s,t) € AL and for any partition P of [s,t], define

AL = ) Aue (2.6)
[u,v]eP

Then Af,t converge to Agy in LP(QY) as the mesh size |P| — 0.

3. REGULARITY OF LOCAL TIMES ASSOCIATED TO (GAUSSIAN PATHS

Here we study the space-time regularity of the local times of Gaussian processes. Although
there are well known results for the spatial regularity of the local time L; of Gaussian processes
at fixed times (e.g. [I1]), it seems more difficult to find results that are uniform in time or that
even quantify the time regularity (see however [7] for results about the time regularity of the
local time of fractional Brownian motion in certain Fourier-Lebesgue spaces). We therefore
present a general criterion for centered Gaussian processes to be infinitely regularizing.

Definition 15. A square-integrable stochastic process w : Q x [0,7] — R? is called (-locally
non-deterministic ((-LND) if

2T cov(wy| Fs)z

inf inf inf
tel(r(l)vT} SEII[%)7t) TIE%d: (t - S)ZC
z|=1

where cov(w|Fy) := E[(w; — E[w|Fy]) (wy — Elw | Fs])T | F).

>0, (3.1)
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Remark 16. There exists several different definitions of the concept of local non-determinism
of stochastic process, e.g. [5, 22 28]. The condition in Definition [15]is related to the strong
local ¢ non-determinism proposed by Cuzik and DuPerez [§], where ¢(r) = r7; the only
(important) difference is that we only condition on the past, while in [§] also information
about the future is taken into account. This concept is also discussed in [2§].

The next theorem shows that if ¢ € [0, é), then (-locally non-deterministic centered Gauss-
ian processes have jointly Holder-Sobolev continuous local times.

Theorem 17. Let ¢ € |0, é) and let w: Q x [0,T] — R? be a continuous centered Gaussian
process which is (-LND. Then there exists a null set N' C Q such that for all w € N° the
function w(w) has a local time L(w), and for all A < % — 2 and v € [0,1— (A +2)¢) we have

[ Lot (w)llr < Clw)lt — s (3.2)
1t follows that L € C%H)‘, P-almost surely.

Proof. We control the Sobolev regularity by deriving bounds for the Fourier transform of
the occupation measure. By definition, the Fourier transform of ps; is given by fis.(z) =
fst e!@wr) gy Consider the process Agyp = fst It?,[ei<z’wT> | Fs]dr (we will deal with the z depen-
dence of A later, but for now we suppress the notation), where {F;} is the (completion of
the) natural filtration generated by w. We will apply the stochastic sewing lemma to derive
bounds for the moments of the limit A, ; of the Riemann sums E[ Ay . Then we will
see that in fact Ag; = fi54(2).

To apply the stochastic sewing lemma, we need to check that A verifies the necessary
conditions. By definition of A, it follows directly that A, s = 0, A,; is F; measurable, and
(s,t) — As ¢ is right continuous. Furthermore,

u,v]€P

t . u . t .
E[auASAfS]:E[ / E[ei{#) | F,]dr — / E[ei{=) | F,]dr — / E[ei{=4)| F,Jdr| F, | = 0,

S u
by the tower property of conditional expectations, and thus the condition ||E[d, As ¢| Fs]|| Lr(q) =
0 in (2.4) is satisfied. To show the second condition, i.e. |[0,As¢l|rr(q) < C1lt — 5| for some
K> %, let us decompose w into two parts, namely
wy, = Elw,|Fs] + (w, — E[w,|Fs]) .

For a Gaussian process w, the components E[w,|F,] and (w, — E[w,|Fs]) are two Gaussian
random variables such that (w, — E[w,|Fs]) is independent of Fs, see e.g. [6, Theorem 3.10.1].
This implies that the conditional covariance cov (w,| Fs) is deterministic, due to the fact that
cov(wy|Fs) = cov (w, — Ejw,|Fs]| Fs) and w, — E[w,|F] is independent of Fs. Consequently,

4 1
Bl 7] = e (i) - 327572,
where p/* := E[w,|F;s] and ¥ := cov(w,|Fs). This yields

! 1 1
/ exp <i<z,uf5> - 22T2f5z> — exp (i(z,uf"> — 2ZTE‘Z:"Z> dr
u

¢ 1 1
S / [exp <—2ZTZZ:SZ> + exp (—QZTZ,J,T“Z>] dr.
u

[0uAs tllzr() =
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By assumption, w is (-LND, so denote by M the constant given by the left hand side of
(31). Since (r — 8)%¢ > (r — u)? for any (s,u) € AL we observe that

t

M
H5uAs,tHLp(Q) SJ/ exp (‘212]2(7“ _ u)%) dr.

u

It is readily checked that

Sl ¢ M =Y X (141

e e 2 e 2 ,

and that for N > 0 we have e ¢ < o7

< , uniformly in C' > 0. So we get for X > 0 such that
N <1:

MY urx [t Y Y
1uAstllioie < 223 / (Ut [2P) % (r— )z dr
u

If N < i, then 1 — N¢ > % and we can apply the stochastic sewing lemma, more pre-
cisely (2.5)) together with Minkowski’s inequality, to deduce that the “sewing” A, ; satisfies

)\/

s ellr() S 1Al o) + (L [22) 72 [t — s,

where we recall that ||E[0,As¢|Fs]|zr() = 0. Tt is now readily seen, following the lines of
the previous analysis, that we also have

_X Y
[Astllzo@) S (L4 12%) 2 |t — sV

Moreover, we get for ¢} = s+ (t — s)k/n

et ,
| fes.e(z) — .As7t”Lp(Q) < Z /n (e’L(Z,wr) _ E[€Z<Z’w"'>|.7'—t;cl])d7“
k=0 by Lr(Q)
n—1 thi i ) {zwen )
k=0 "tk Lr(92)

and since w is continuous, the dominated convergence theorem shows that the right hand
side converges to zero as n — oco. In conclusion we have shown that

— _A N
sz () llzoo) S (L+122) 7= [t — s

We will now use this moment bound together with Kolmogorov’s continuity criterion to derive
the claimed regularity of u. For p > 2 and € € (0, N — %) we apply Minkowski’s inequality to
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) [</Rd Roi2)IF 1+ |Z|2)N‘§—edz> ] v

obtain

=
I

]

Efllssell”

7776

/_g_e 2
TR 1+ )

IN

1

( 752 By (1 + 12 >*——€dz)
, )\/ 2 )\/ d 2
([ (4% e o) @ s £z
<t s “/ (1+ |?) 4 <dz,
R4

and the integral on the right hand side is finite for any € > 0. Since p > 2 can be chosen
arbitrarily large, it follows from Kolmogorov’s continuity theorem that for any v € [0,1— N ()
there exists a set N of full measure such that for all w € AN¢ and (s,t) € Al we have

st (@) a—g o < CW)[E =], (3.3)

So with A =X — % — € and we obtain the claimed result (3.2]). Moreover, since ¢ < 5 we can
choose A > 0 and in particular u;(w) € L? and the density L;(w) exists. O

Remark 18. Let b € C(Rd) and w : Q x [0,7] — R? be a ¢-LND Gaussian process for some
¢ €(0,%). Set T*b(x fo (x 4w, )dr, and observe that T;*b = bx (L;(—-)) where L; is the
local tlme of w. Invoklng the regularity of the local time obtained in Theorem [17] together

with Young’s convolution inequality, there exists a null set N' C Q only depending on w, such
that for all w € N and for all € > 0:

1770 = T oy g g e S blle | Lae@)l] g g S [6llmelt s, (34)
for some v > . Compared to Theorem 1.1 of 7] we lose % derivatives in our estimate,

but we gain integrability. The main difference is that the null set A/ C Q in [7] depends on
the function b. It would be possible to directly estimate the regularity of T%b using similar
arguments as in the proof of Theorem [I7 Indeed, we observe that the Fourier transform of
wa is b f e"®wr) dr . 1t is then readily checked that we recover similar regularity results as

in |7, Theorem 1.1], although in H® spaces. But as the main goal of this article is to provide
a path-wise analysis of infinitely regularizing paths, we want to avoid the dependence of the
null sets on b and therefore we estimate the regularity of L.

Remark 19. At least in the case of a fractional Brownian motion with Hurst parameter ¢ we
get from [7, Theorem 1.4] a control of the i— regularity of L in a Fourier-Lebesgue space.
Implicitly, Conjecture 1.2 of [7] suspects that the loss of % derivatives in our result can be

1
avoided and that we should have L € C%JFBffl . Indeed, if w — w x Ly(—-) is a bounded
operator from C to C*TP({x)~") (see the discussion before Conjecture 1.2), then we obtain
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fora=—-p+e
(0 Le(=))[ = [(b % Le(=))0) S 116 * Le(=)llce(@)—=) S 1blle-rre;

and since C+¢ = B4 we would get by duality Ly(—-) € BY7¢, see Proposition 2.76 in [2].
For the fractional Brownian motion we would be able to take p = 2%—, and in particular we

would obtain that L; € L' whenever i > 0. But of course in general it does not only depend
on the Hurst parameter ¢ but also on the dimension whether the fractional Brownian motion
has an absolutely continuous occupation measure. For example, Xiao |27, Theorem 2.1] shows
that if w is a d-dimensional fractional Brownian motion of Hurst index ¢, then the Hausdorff
dimension of (w¢);e[o,1) is equal to min{d, %} If % < d, the image of (w¢);e[o,1) i thus a null
set in R? and therefore the occupation measure cannot be absolutely continuous. Note that

% < d is equivalent to % — g < 0 and that Theorem |17|gives us space regularity % — g—, ie.

for % - % > 0 it follows from Theorem |[17] that the local time exists (and then immediately
has L?-Sobolev regularity and not just By 1-Besov regularity).

4. INFINITELY REGULARIZING STOCHASTIC PROCESSES

It follows from Theorem H] together with Corollary [I3] that if w is a continuous centered
Gaussian process w which is (-LND for any ¢ > 0, then w is almost surely infinitely regular-
izing in the sense of Definition [} Here we present two examples of such processes.

4.1. p—log-Brownian motions. If the conditional variance Var(w;i,|F:) of a continuous
centered Gaussian process is bounded below by ¢(h) := |In(1/h)|™P, for some p > 0, then
it is (-LND for any ¢ > 0. Thus our first example has an incremental variance structure
resembling ¢. This is partly inspired by [II], where the authors mention in a remark below
Theorem 28.4 that Gaussian processes with incremental variance behaving like the logarithm
around the origin, i.e. ~ |In(1/t)|~! for t — 0, seem to have local times with exceptional
(spatial) regularity. In [21] the authors investigate a Gaussian process they call the log-
Brownian motion. The same process has also recently been investigated for the purpose of
super rough volatility modelling in [13].

Definition 20. Consider [0,7] C [0,1) and a p > %, and let B : [0,T] x @ — R? be a
d-dimensional Brownian motion. We define the p—Ilog Brownian motion as

w ::/O k(t — s)dBs, (4.1)

where k(t) := |tIn(1/t)2P|~2 € L2([0,T)).

Remark 21. Since for p > § the function t~1In(1/t)~?" has a non-integrable singularity at
t =1, we have to take T" < 1. For larger T' we could rescale the kernel and consider kg(t) =
k(Bt) for B > T instead. See also the discussion below Definition 18 of |21 or [I3]. To obtain

a stationary version we could for example consider k(t) = (¢(| In(1/t)%P|V 1))7% € L?(Ry) and

then wf = [*__k(t—s)dB; for a two-sided d-dimensional Brownian motion B. For simplicity

we do not make these adaptations and we restrict to 1" < 1 for the rest of the subsection.

Proposition 22. For p > 1 there exists a continuous version of the p-log Brownian.

Proof. See [21], Definition 18 and below, or [13, Remark 2.5]|. O
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Corollary 23. For p > 1 the d-dimensional p-log Brownian motion wP is P — a.s. infinitely
reqularizing.

Proof. By definition, the d-dimensional p-1Bm is a centered Gaussian process, and according
to Proposition 22| it is continuous if p > 1. By Theorem [I7] together with Corollary [13] we
obtain that if wP is (-LND for any ¢ > 0, then it is infinitely regularizing. So let us compute
the conditional variance for (s,t) € Ag:

t
Var(wffs):/ k(t —r)2drly, (4.2)

where k(t) = |tln(1/t)2p|7% and I; is the d-dimensional unit matrix. By elementary compu-

%ln(lﬁ# = k(t)?, we obtain that

/t E(t—r)2dr = (2p— 1) In(1/(t — s))' =% (4.3)

tations, using that

Of course inf;¢c (o 7] infsepo ) % > 0, so wP is (-LND for any ¢ > 0 and therefore

infinitely regularizing.
O

4.2. Infinite series of fractional Brownian motions. We will here show that also the
process considered in [I] is an infinitely regularizing process according to Definition .

Proposition 24. Consider the process B : [0,T] x Q — R? introduced in [I] given by
Bi:=> ABi™
n>0

Here (An),>o and and (Hy),~q € (0,1) are null sequences such that A, Hy, > 0 for alln > 0.

Moreover, (BH")nzo is sequence of independent R¥-valued fractional Brownian motion of
Hurst parameter H,. Additionally, we assume that

Z |An|E [Oiugl |Bf”|] < 0. (4.4)

n>0
Then there exists a null set N C Q such that B(w) is infinitely regularizing for all w € N€.

Proof. For simplicity we assume that the fractional Brownian motions B are of Riemann
Liouville type. However, the argument is readily extendible to other versions of the fractional
Brownian motion, at the price of slightly more complicated computations. More precisely,
we assume that BP» is given as the Wiener-Ito integral

t
B .= 2Hn/ (t — s)fn—24B", (4.5)
0

where (B"),oy is a sequence of independent R%-valued Brownian motions and for con-
venience we chose the normalizing factor 2H, instead of the usual I'(H, + 3)~!. Since
> ns0 | An[E [supg< < |BE"|] < oo the process B is almost surely the uniform limit of con-
tinuous functions and therefore continuous itself. So to conclude the proof it suffices to show



C*>— REGULARIZATION OF ODES PERTURBED BY NOISE 13

that B is ¢-LND for any ¢ > 0. The processes BH» and BHm are independent for m # n,
and thus the conditional covariance is

cov(By|Fs) = Y Ax(t — s)*Hn,. (4.6)
neN

Since (Hp,)nen is a null sequence there exists m such that H,, < ¢, and then

A2 (¢ — g)2Hn

where we used that A, > 0. This concludes the proof. O

5. PATH-WISE CONSTRUCTION OF INFINITELY REGULARIZING AVERAGING OPERATORS

In this section we investigate the spatio-temporal regularity of “averaging operators”. For
a continuous path w € C([0,7],R%) and a measurable function b : R? — R? we define the
averaging operator T as

T$b () := /tb(x + w,) dr. (5.1)

Such operators have previously been studied by Tao and Wright in [24] in the case of deter-
ministic perturbations w, and more recently by Catellier and Gubinelli [7] in their study of
the regularizing effect of fractional Brownian motions on ODEs.

Our first result is that if w is infinitely regularizing according to Definition [I then the
averaging operator T% can be uniquely extended to any b € ..

Recall that C%((z)~")) denotes the weighted Besov space of Definition [0} with weight

()™ = (14 af?)2

Proposition 25. Let w € C([0,7],R?) be infinitely reqularizing and let b € .#". There erist
a k € R depending on b and a unique function

e () C7(0,7),C%((x)™")
véa(g,g),

such that T°b = 0, and such that for any sequence of continuous functions (by)neny C C(RT)N
" that converges to b in .’ we have

A [T = Tl o o.1.c0 (@) = 0
for some X € R and all v € (0,1), a > 0.
Proof. If b is continuous, then
t
T b(x) :/ bz + w,)dr = /db(:ﬂ—l-z) (2)dz = (b, Loy (- — ),
s R

where L is the local time associated to w. Since Lg(- — z) € C2(R%), the right hand
side makes sense for all b € " and we take it as the definition of Tfyt(m). To see the
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claimed regularity note that for b € .’ there exist x € R and k > 0 such that [(b, )| <
max|q|< [|(-)"0%p|co- In particular,

(T2 4(2)] = [{b, L (- — 2))| S max [[()"0%Li(- — )l|oo

<k
(2)"

< sup p |t — 5|’YHLHCW([O,TLC"‘“((fr>“))

z€R4 <Z - 33>
S (@)t = [,

~

where we used that (x) = (1+ |ZL‘|2>% and that [|L||cvo,),cx+1((2)%)) = 1Ll e o, entry as L
is compactly supported. To control the derivatives note that T¢;b is essentially a convolution,
and thus E)BT;’ftb(a;) = (b,(=1)P(0PLs+)(- — x)), from where the same arguments as above
yield

O T3b()| S ()"t — 8|7, (5.2)
and therefore T%b € C7([0,T],C%({(x)™")) for all @« > 0 and all v € (0,1). If a sequence of
smooth functions (b, )neny C -7’ converges to b in .’ then there exist A € R and ¢ > 0 such
that [(by, )| S max|q<¢ [|[(-)*9*¢llsc uniformly in n, see [23, Theorem V.7]. Therefore, the
convergence of T"b, to T%b in C7([0,T],C*((z)~")) follows as above. O

Corollary 26. Ifb € Bg,q for some B € R and p,q € [1,00], then we have (without weights):

™be () C([0,7],C%).
v€(0,1),
a>0
Proof. If b € Bg,q, then we have with the conjugate exponents p’, ¢’ of p, ¢:
[{b: L (- =) S Wbl gg 1 Lot = @)l g = Wbl gp 1 Lsillg-p S I Esitlle-pres
? p,q ’ p,q

where in the last step we used that L is compactly supported and therefore we can decrease

the integrability index from oo to p’ while only paying a constant, and that we can replace

¢ by oo if we give up € regularity. This shows that we can take x = 0 in the proof (and then

in the statement) of Proposition 25| O
6. EXISTENCE, UNIQUENESS AND FLOW DIFFERENTIABILITY OF PERTURBED ODES

We are now ready to apply the concept of averaging operators to ODEs perturbed by noise.
Formally, we will consider the equation

t
gtz = $—|—/ b(gf) dr—"wtv (tvm) € [O?T] X Rd’ (61>
0

for a Schwartz distribution b and an infinitely regularizing continuous path w. To interpret
this equation rigorously, we set y¥ := ¢ — wy, and observe that y formally solves

t
Yy = +/ b(yr + wy)dr, (t,z) € [0,T] x RY. (6.2)
0

To make sense of the integral on the right hand side we consider a sequence (by,)nen of
continuous functions converging to b € .. Then, inspired by the construction of the operator
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T"b in Proposition 25 we will show that the following limit exists:

t

t
/ b(yr + wy)dr ;= lim by, (yr + wy) dr. (6.3)
0 n—N 0

To this end we use the non-linear Young integral of [7], for which we first give a simplified

construction.

6.1. Non-linear Young integration. Let 5 : Al — R? and consider the Riemann sum of
E over a partition P of a set [s, ] C [0,T7:

IP (E)SJ, = Z Eu7v'
[u,v]eP

The sewing lemma ([12, Proposition 1|, see also [10, Lemma 4.2]) gives explicit conditions
on the function = under which limp|_,0 Zp (Z) exists. To state it, we first define the linear

functional & acting on f : AT — R? as
5ufs,t - fs,t - fs,u - fu,t7 (S,U,t) € Ag (64)

Lemma 27 ([10], Lemma 4.2). Let o € (0,1) and B € (1,00), and let = : AT — R? be such
that

|6u53 t|

10=Z]|g ;== sup < 0 and |I=]|a ;== sup
(s,ut)eAT |t S|B (s,t)eAT |t - S|o‘

Then there exists a unique function Z(Z) € C*([0,T],R) such that Z(Z)o = 0 and
I Z(Z)s = Zsal < CllOZ5lt — 517,
where C' > 0 only depends on 3 and T'. Moreover, we have T (E)O’t = limp| o Z[u,v]e? -

Now let us consider again the integral in (6.2)). If b is continuous, then

t
b(yr +wy)dr = li b (Yu + wy - :1 u + T’
| bt wnar dm, 3 bt - |7>1|IEOZ/ (o + w0

W]|EP
= lim T.°.b (yu) , (6.5)

where T%b is the average operator from . If w is infinitely regularizing and P is a fixed
partition, then by Proposition [25| the sum on the right hand side is well defined even if only
b € .. The existence of the limit as |P| — 0 will follow from the sewing lemma. Note that
the limit is not exactly a Young integral, since T"b is non-linear in its spatial argument:

Tgib (z +y) # Tgb (2) + T () -
Therefore, we need a non-linear extension of the Young integral, which was introduced by
Catellier and Gubinelli in [7] and for which we give a simplified construction.

Proposition 28 (See also [7], Theorem 2.4 or [15], Proposition 2.4). Let 5,7 € (0,1) be such
that B+~ > 1. Let y € Ch := COR? and let Y € COY([0,T] x R%L,RY) be such that

VYii(2)| < F(a)lt—s[,  (s,t) € Af,z € R,
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where F is a locally bounded function. Then with =54 = Y (ys), the integral

¢
/ Yir (0) = T(Z),, (6.6)
S
is well defined according to Lemma [27
Proof. Since Y =Y; — Y, we have

16 Yst(ys)| = [Yur(ys) = Yar ()l < sup F(a)lt —ulysul < sup  F(2)|ylleslt —sP*7.
| <[lylloo | <[lylloo T

So the result follows from Lemma 27 O

6.2. Abstract non-linear Young equations. Here we use the non-linear Young integral
from Proposition 28| to construct solutions to an abstract non-linear integral equation. Later
we will apply these abstract results to our equation (6.2)).
Proposition 29. Let Y € C%1([0,T] x R%,RY) be such that for some v € (3,1) and § > %
the following conditions hold for s,t € [0,T] and x,y € R%:

(i) Yar (2) [+ VY5 (2) | <G(2)]t = 87,

(i) VY (2) = VYsi (y) | SF (2,9) [t = s|"je -y,
where G : R — Ry and F : R?** — R, are locally bounded functions. Then for all z € RY

there is a mazimal existence time T = T*(x) € (0,T] U {oo} and a unique solution y €

([0, T%) N [0,T7]) to

¢
Yt =T + / Yar (yr) - (6.7)
0
. . t . . L, ] "
Here the non-linear Young integral fo Yar (yr) is as in Proposition . If T* < oo, then
limy 7« |y;| = oo. Moreover, the map x v T*(x)~! is locally bounded. If G and F are

bounded, then T = co.

Proof. This is quite standard and the result follows from an application of the non-linear
sewing lemma, Proposition 28] together with a Picard iteration. For completeness we include
the arguments.

Let 7 € [0,7] and 4" € (1 —~,7) be such that v+ §(1 —4') > 1 (note that v+ §(y—1) =
6y > 1, so this is possible). Let z € C7. Define the increment Zs¢ := Yyt (25). Then we
obtain from (i):

|Zsil < Glzs)|t = 5[,
0uZ el = Ve (2) = Yur () | < sup G(@)|zll It — s+, (6.8)
la|<[|z]|oo T

where CJ = ([0,7]). Since v + " > 1 it follows from Lemma [27| that the map
r: {z e ([0, 7] ,Rd)|20 = x} — {z e ([0, 7] ,]Rd)|zo = x},

I'(z), =2+ /0 Yar (2r)
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is well defined and satisfies

/: Yar (2r) — Yar (25)

Slt=s*" sup Ga)llzll,y + sup Gla)lt - s

ID(2)sel < +Ysr (25) |

la|<[[zlo0 la|<[[zllo0
P le=sl" sup (G (a) 2]y + Gla)).
la[<[[zlloc T

This implies that for sufficiently small 7 > 0 (depending on |z|) the map I" leaves the ball
Bopay = {2 € CF |20 = @, l2lloo V 12l oy < 2lal}

invariant. Moreover, for two paths z,Z € By, we have

T (Z)s,t - (5)3,1& | < ‘Y&t (2s) — Yt (Zs)| + / Yar (2) — Yar (Z)] — [YS,t (2s) — Ysit (Zs)]] -

For u € [s,t] we rewrite

Oy [}/;,t (Zs) - Y:e,t (25)] = (Yu,t(zs) - Yu,t(gs)) - (Yu,t (Zu) - Yu,t (Zu))
1
= /0 VYoi (Zs + A(zs — Z5)) - (25 — Z5) dX (6.9)

1
- / VYoi (Zu+ A2y — 20)) - (24 — Zu) dA
0
Invoking condition (ii) on the function Y, we observe that

|0 [Y&t (2z5) — Ys (25)] |

1
< / (VYut (Zs + A(2s — Z5)) — VY0ur (Zu + A (20 — Z0))] - (25 — Z) d)\‘
0

1
+ / VYui(Zs + X(2s — Z5)) - (25 — Zs — 20 — Zu) d)\‘
0

1
g/ F (54 A (2 — 3) s B + A (20— ) £ —
0
X Zs 4+ Az — Zs) — (Bu+ A (2 — Z0) P 71N 2 — 2|00
1
+ / G2+ Az — 2t — uPdAlt — s |2 — 2|
0 T

(56— o— ~ / -
SN F sy, 1t — s OV 2212 — gy + 1t = sy, NIz = Zll oo
where

Gy, = sup Gla),  [|Fly, = sup F(a,b).
jal<2le| Jal.[bl<2le|

Recall that v + (0 — 1)+’ > 1. Furthermore, the bound in (i) gives

Yor (25) = Yo (Z6) | < |Gl [t = 5712 = Zlloo < G llgyy, 77 [t = s7ll2 = 2]l
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where we used that zg = %y = «, and therefore ||z — 2[00 < 7|2 — Z|| ;- So after possibly

further decreasing 7 > 0, depending on |x|, we get a contraction on Byjz|- Since the maximum
possible choice for 7 only depends on |z| and it is bounded away from 0 if |z| is bounded, we
can choose 7(z) such that the map x ~ 7(x)~! is locally bounded.

Moreover, it is a simple exercise to check that for 2 € C7 we have T' (2) € C7, so the unique
fixed point (yt)te[o,T} is even y-Holder continuous. Now we can iterate the construction and
extend the solution to [0, 7 + 7'] for some 7" < 7, etc. We just showed that 7(z) only depends
on the size of the initial condition |z|, so if we would have supcp p+) [y:| < 0o and T* < T,
then we could extend the solution beyond 7™ and thus T* could not have been the maximal
time of existence. Since T* > 7 the local boundedness of z + T*(x)~! follows from that of
r e 7(z)7 L

If F and G are bounded, then there exists a fixed 7 > 0 such that for any starting point
x the map I' leaves the ball By, invariant. Therefore, the solution y with initial value z

satisfies supc(o o) [Yo| < o] |z| on any interval [0,0] C [0,7], and it does not explode in
finite time, i.e. T = oo. U

6.3. Application to perturbed ODEs. We will now apply the abstract results from the
previous section to define solutions to Equation (6.2)) and to prove their existence and unique-
ness and the smoothness of the associated flow.

Lemma 30. Let w be infinitely reqularizing, let b € ', and let T™b the averaging operator
defined in (5.1). Then for all € > 0 and all y € C*([0,T),R%) the non-linear Young integral
fot T b(yr) is well defined.

Proof. By Proposition [25 the function Y;(x) = T;*b(x) satisfies VY (x)| S (x)"|t — 5|7 for
some k € R and for all v < 1. In particular we can choose v > 1 — ¢, and then the claim
follows from Proposition O

Definition 31. Let w be infinitely regularizing, let b € ./ and let 7 < T and § €
C(]0,7],R%). Then we say that § solves the equation

t
Ut =+ / b(gy)dr + wy, (6.10)
0

if y =g —wis in C¢([0, 7],RY) for some ¢ > 0 and
t
Y= +/ Tb(yr), te[0,7]. (6.11)
0

Lemma 32. Let w be infinitely reqularizing, let b € .7 and let 7 < T and § € C([0, 7], R%)
be such that y = § — w is in C<([0,7],RY) for some € > 0. Then § solves (6.10) if and only
if for any sequence (by,) C C(RY) N . converging to b in ' we have
t

U = o+ lim b Gy )dr + wy, te[o,7].
Proof. By the convergence result for the average operator in Proposition together with
continuity properties of the non-linear Young integral which follow from Lemma [27] we have
f[f TPb(yr) = limy, 00 fot T3 bp(y,) for t € [0,7]. Therefore, the claim follows from (6.5). O
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Lemma 33. Let w be infinitely regularizing, let b € %' and let v € (%, 1). For all z € R?
there exists a mazimal existence time T* = T*(z) € (0,T] U {oo} and a unique solution
y € C7([0, T*)N[0,T]) to

t
v = x—i—/ TUb(y),  tel0,T7)N[0,T]. (6.12)
0

If T* < oo, then limy 7« |y;| = oco. Moreover, the map x — T*(z)~! is locally bounded. If
be ng for some B € R and p,q € [1,00], then T* = co.

Proof. According to Proposition there exists k € R such that Yy(z) = T}b(x) is in
CJC*({x)™") for all ¥ < 1 and a > 0. In particular it satisfies the assumptions of Propo-
sition ﬂ Ifb e Bﬁ ¢ then Y € CJC (without weight), and therefore the global existence
follows from the last part of Proposition O

To complete the proof of Theorem [2| we have to show the differentiability of the flow
x — y*, where y* solves the equation with yj = x. We will achieve this by solving the
equation for (y*, Vy®, ..., VFy®), whose explosion time a priori might depend on k. To show
that it is independent of k and that the flow exists as long as y”* stays bounded, we introduce
an abstract notion:

Definition 34. Let k > 0 and d = dy + ... + di and let Y € C%1([0, 7] x R%, R%) be of the
form

Yy (2) = (1), Y (=0, Y (=) (6.13)
for all z = (20, 21,...,2F) € Rlo+-Fde where 250 := (20,...,2%). Let vy € (3,1), 6 > % and
assume that YV satisfies the condition of Proposition , while each of the components Y*
for £ € {1,..., k} satisfies the following three bounds:

®) VLG9 < Ge= A+ [t =),
(ii) D/stit(zg) - stit(gﬁf” < |t — s[THp (2551, 355

x (120 = ) + |24 x [z51 = 5501,
(i) VY= - VYG(E=)] < Fa(e=! 2=t — 5[50 — 257,

where the functions Gy, Hy and Fy are positive and locally bounded. Then we say that Y
has a lower triangular structure.

If Y has a lower triangular structure, then the maximal existence time of y; = x+f0t Yar (yr)
is equal to the explosion time of °:

Lemma 35. Assume that Y has a lower triangular structure and let y be the solution to y; =
erfg Yar (yr), constructed in Proposz'tion with mazimal existence time T™ € (0, T)U{oco}.
If T* < oo, then limy_,p+ |y = oco.

Proof. By definition Y satisfies the conditions of Proposition so y exists. Assume that
T* < oo and that sup,.p« [yf] = C < co. We claim that then also sup, - ]ytg| < oo for all
¢ <k, which is a contradiction to the fact that sup, .« |y:] = co by Proposition

Assume that the claim holds for £ — 1 and let us show that then it also holds for £.

Because of the lower triangular structure, y<¢~1 solves a non-linear Young equation with
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non-linearity Y=/~ and since sup,_p [y="""| < oo we deduce from Proposition [29|that also
<p_
sup; < [[y= ey < 0.
To obtain a bound for || let = f,t = Yfit (y=Y). Then there exists a constant C > 0 which

ystt ¢y such that

<p—
depends on sup; 7« |yt—£ '| and sup,_ -

ZE0 < GoE A+ il — s < e —sPC (14 1gfl+ 7 Il ) (614)

|5u55,t| = |Yu,t(y§€) - Yu,t(ysgeﬂ
<[t = s Ho(ys 1 yz ™) (= wsl + el < ™" = w31

<t =sC (Il gy + w6l + 7 Iyl ) - (6.15)
With the help of these bounds we obtain from the sewing lemma (Lemma [27)):
t
R
S

ST = sC (14 Iyl + 7 1yl )

Y4
‘ys,t

7Nt = C (Il + Il + 77 Nyl ) -
Therefore, there exists 7 > 0 which only depends on C' and v,~’ such that
19l v sup ] < 2ly5-

*
Since 7 is fixed and does not depend on yj we deduce that sup, - |yf| < 2[ T W ly§| < oo and
this concludes the proof. Il

Now we are ready to prove Theorem 2:

Theorem (Theorem . Let b € .7 be a Schwartz distribution, and consider an infinitely
regularizing path w : [0,T] — R? as in Definition . Then for all x € RY there ewists
T* =T*(x) € (0, T)U{oo} such that there is a unique solution to the equation

t
yf:x+/ b(yE) dr + wr,
0

in C([0,T*) N [0,T],RY). For T*(x) < oo we have limyps(y) [yf| = 00. Moreover, the map
x — T*(x)~1 is locally bounded, and if 7 < T*(x) for all x € U with an open set U, then the
flow mapping U > z +— y* € C([0, 7],RY) is infinitely Fréchet differentiable.

Proof. It remains to prove the smoothness of the flow. Let £ € N. We define
¢
stt(zg) = Z Z VjT;ftb(zO) (" ®...®29), for  0</(<k.
J=1 i1+ tij=C

Since Y* is an affine function of 2¢ it is not hard to see that Y = (Y'!,...,Y*) has a lower
triangular structure. Let now = € R%, let U be an open neighborhood of z and let 7 € [0,T]
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be such that T*(z) > 7 for all 2/ € U. For ' € U assume that 2% = (207 ... 25%") solves

¢
# =x+ [ Yol
0
on the maximum existence interval, where
x = (2/,14,0,...,0)
for the d-dimensional unit matrix I;. Then 20 = y*" by definition of Y, and therefore
Lemma shows that 2% exists on [0,7]. We claim that 26* = V¢y®, as a Fréchet derivative
in C(]0,7],R%) equipped with the uniform norm. Below we prove this for £ = 1, the general
case is similar but the notation becomes more involved.
Before we prove the first order differentiability we first show local Lipschitz continuity. So

let 2 € U and define the integrand =, ; = T;f}tb(yf) — T¢b(ys). Then y* — y* is the sewing
of =Z. There exists a constant C' that depends on y® and y”:/ such that for 0 < s <t <o <T:

[Sael < Clt = slVsup lyi” —yf| < Ot = s'(ja" — [ + 07 |ly" — 4"l o)
<o

10uZs.1] = (T (ys) — Tlub(ya ) — (Toib(ys) — Tulyb(ye)|
< Clt = sy =yl -

So by the sewing lemma (Lemma we get for a new C' > 0:
20— 92 < Ot — sl (2 = al + [y — 7l ).
and therefore we have for sufficiently small o (depending only on C):
ly™ = y"[l o V sup lyf — | < 202’ —al,
7 <o
and then iteratively

/ /
Iy =yl ey VIl =y lloe S [2 =,

which proves the local Lipschitz continuity.
Next we want to show that z1% is the Fréchet derivative of y* in z. For that purpose we
define the new integrand

Eou = TEb(E ) = TEb(E) = VT (92" (2 — o).

1,z

Then y* — y* — z%(2/ — ) is the sewing of 5. There exists a C' > 0 that depends on
y‘”,yxl,zl"'”, such that for 0 < s<t<og<T:
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ly™ — yx\lio+51<1p\yf —zﬁ—d“(m’—x)l)
r<so
<COlt—sP (J2/ — 22+ o7 |y* — oy — 217 fx)||07,)
6 Zsal = |(Tb(u2) = Tb(y2) = (Tb(y?) = Teib(yE)

— (VI ()2 (2 — x)—VTﬁt(yi)Zi’w(x'—x))‘

|Z5| < CJt — 8|7 (
(
-

< Clt =P (lo—aP + ly” =y = 2"~ )ll )
From here we obtain as before that

ly" —y" = 2@ =) o V Iy =20 — 2o S o - 2P,

Hc"/

and therefore z'® is indeed the Fréchet derivative of y®.

So far we showed that y* is k times Fréchet differentiable, but since k was arbitrary y*
infinitely Fréchet differentiable as claimed. O
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