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Abstract. Non-Gaussian (NG) statistics of the thermal Sunyaev-Zeldovich (tSZ) effect carry
significant information which is not contained in the power spectrum. Here, we perform a
joint Fisher analysis of the tSZ power spectrum and bispectrum to verify how much the full
bispectrum can contribute to improve parameter constraints. We go beyond similar studies
of this kind in several respects: first of all, we include the complete power spectrum and
bispectrum (auto- and cross-) covariance in the analysis, computing all NG contributions;
furthermore we consider a multi-component foreground scenario and model the effects of
component separation in the forecasts; finally, we consider an extended set of both cosmolog-
ical and intra-cluster medium parameters. We show that the tSZ bispectrum is very efficient
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at breaking parameter degeneracies, making it able to produce even stronger cosmological
constraints than the tSZ power spectrum: e.g. the standard deviation on og shrinks from
o5 (0g) = 0.35 to 0B5(0g) = 0.065 when we consider a multi-parameter analysis. We find
that this is mostly due to the different response of separate triangle types (e.g. equilateral and
squeezed) to changes in model parameters. While weak, this shape dependence is clearly non-
negligible for cosmological parameters, and it is even stronger, as expected, for intra-cluster
medium parameters.
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1 Introduction

The thermal Sunyaev-Zeldovich (tSZ) effect [1-3] [4, for a recent review] is a spectral distor-
tion of the Cosmic Microwave Background (CMB), mostly generated in galaxy clusters by
inverse Compton scattering of CMB photons off hot electrons. The tSZ effect is a powerful
cosmological observable, mainly applied to the study of individual clusters, to build cluster
catalogues and to extract number count statistics. A complementary possibility consists in
the study of the tSZ angular power spectrum [5]. This approach has been adopted as a
powerful probe of the low-redshift Universe, to test both the standard ACDM scenario [6, 7]
and some extended models, which encompass primordial non-Gaussianity, massive neutrinos
and dark energy [8-12]. One of the advantages of the tSZ power spectrum analysis is that it
allows including also small, unresolved clusters, and it does not require direct measurements
of cluster masses.

As it has been argued long before the tSZ was routinely measured across the sky [13], it
is important to notice that the tSZ map is highly non-Gaussian, therefore only a part of the
available tSZ information is actually captured by the power spectrum. A natural question
which arises is therefore how much additional information can be extracted from higher order
statistics, starting with the bispectrum (i.e. the 3-point multipole correlation function).

An initial theoretical study of the tSZ bispectrum was performed in [14]. There, it
was pointed out that, besides having a different amplitude scaling with og, compared to
the power spectrum, the bispectrum signal also takes its main contributions from massive
clusters at low redshift. This makes the impact of astrophysical uncertainties smaller in the
bispectrum than in the power spectrum, since the latter has a sizeable contribution from
less-well-understood, low-mass, high-redshift clusters. At the same time the tSZ skewness
was detected using Atacama Cosmology Telescope (ACT) data [15, 16], while both the tSZ
skewness and bispectrum were measured by the South Pole Telescope (SPT) [17]. An all-sky
Compton-y map, and subsequent measurements of both the skewness and the bispectrum
were later obtained by Planck [6, 7]. In all cases it was shown that the bispectrum could be
used to obtain significant constraints on og. A later study [18] combined cluster counts with
power spectrum and equilateral (all three ¢’s equal) bispectrum measurements, showing that
the bispectrum — even just by considering the small equilateral triangle subset — can play a
significant role in breaking (cosmological and astrophysical) parameter degeneracies. If this
is the case, as we will show, the tSZ bispectrum would be an extremely valuable source of
information, especially in light of how difficult it is proving to understand the astrophysics
of halos and reconcile various measurement of gas parameters, particularly the hydrostatic
mass bias bpgnm [19-24].

These and other similar results clearly encourage further investigation. The aim of
this work is to explore how much extra-information is contained in the 3-point correlation
function, via a detailed joint Fisher analysis of the tSZ power spectrum and bispectrum. Our
main goal is to make our forecasts as realistic and accurate as possible. For this purpose:

o We consider the entire bispectrum domain (not just specific triangles) and compute for
the first time the full tSZ bispectrum covariance, beyond the Gaussian approximation.
We therefore include all contributions in the bispectrum covariance, up to the connected
6-point correlator, and we will also account for correlations between the power spectrum
and the bispectrum.

e We extend our parameter space with respect to previous forecasts and analyses, in order
to model in greater detail the impact of uncertainties in the electron pressure profile.



o We account for foreground contamination and model (in a simple way) the effects of
component separation, using Internal Linear Combination (ILC).

As we show in the following, our analysis reinforces the conclusion that the tSZ bispectrum is
a powerful observable to constrain cosmology, especially due to its efficiency in breaking de-
generacies between astrophysical and cosmological parameters, otherwise present in a power
spectrum-only analysis.

As a note to our previous statements, let us also stress here that the bispectrum does not
account for all the cosmological information which can be extracted from the NG component
of the tSZ map, since of course relevant contributions also come from higher order correlators.
As long as most of the information is captured by the amplitude — and not by the shape —
of different tSZ correlation functions, it was shown that the tSZ 1-point probability-density-
function is a near-optimal statistic to constrain cosmology, since it encodes information from
all n-point amplitudes [25, 26]. This method has been used in [7, 25] to constrain cosmological
parameters, outperforming the skewness analysis. This fact shows again the value of the NG
information, in this case applied to even higher order correlators. However, the implemen-
tation of the 1-point statistic in parameter inference relies on simplifying assumptions that
might not be valid for future datasets. Its generalization is work in progress at the moment,
making bispectrum estimation still a viable and worth pursuing alternative approach in prac-
tice. Moreover, we will show in the remainder that, while indeed small, the tSZ bispectrum
shape dependence on cosmology is not negligible, and it actually plays an important role in
breaking parameter degeneracies; this argument becomes even stronger when we account for
the shape dependence on IntraCluster Medium (ICM) parameters.

The paper is structured as follows: in section 2 we review the halo model approach
applied to the theoretical calculation of tSZ n-point correlation function, we show our choice
of halo mass function and bias and we describe the analytical model of electron pressure
profile which we use in the analysis; in section 3 we illustrate the calculation of the full
covariance matrix for our observables; in section 4 we analyze the dependence of the tSZ
power spectrum and bispectrum on different cosmological and ICM parameters; in section 5
we discuss foreground contamination issues; in section 6 we describe in detail and comment
the results of our analysis. Finally, we summarize and draw our conclusions in section 7.

2 Theoretical tSZ correlation functions

The temperature fluctuations associated with the tSZ effect appear in sky maps as

£ kg neTe

T MeC2

(v,n) =gWw)y(n), gv)=xcoth(z/2)—4, y(h)= /O'T dr. (2.1)
Here g(v) encapsulates the spectral dependence of the tSZ effect in units of CMB temperature
with = hv/(kgT), while y, called the Compton-y parameter, is the tSZ intensity along the
line of sight #. o7 is the Thomson cross section and me, ne and T, are respectively the
electron rest mass, number density and temperature.

The statistical properties of the y field can be extracted from its n-point angular corre-
lation functions that we predict using the halo model approach [27, for a review]|. Under some
simplifying assumptions, discussed later, the expressions for all n-point correlators are well
known [5, 7, 14, 18, 28, 29]. They can be derived via the formalism detailed in appendix A,
where we express the y-polyspectra as the projection onto the past light-cone of the three-
dimensional correlators of the corresponding three-dimensional field. This formulation is very



useful in the mathematical derivation and numerical implementation of the general y field
n-point correlator.

The tSZ power spectrum is given by the sum of the Poisson one-halo term, which account
for intra-halo correlations, and the two-halo term which models inter-halo correlations [8, 30].
They read

/ dz i / AM S D[z, TP, (2.2)
2
g DA Pak) | [ AV b 200D (23)

Here P,,(k¢) is the linear matter power spectrum calculated at k; = (€4 1/2)/x(z2), D4 (2) is
the growth factor, and d?V/dzd2 is the comoving volume element per steradian, which can
be calculated as d?V/ dz dQ = cx?(z)/H(z), where x(z) is the radial comoving distance. The
Halo Mass Function (HMF) 3 d—” and halo bias b will be described in section 2.1. gy(z, M) is
the 2D Fourier transform of the projected y parameter image of the halo defined in detail
in section 2.2. Notice that in eq. (2.2), (2.3), and throughout the paper, we also consider a
hydrostatic mass bias rescaling the true mass of the halo, i.e., we use M = (1 —bpsm)M in
the expression for the projected y.

Higher order correlators are a straightforward extension of the power spectrum.
Throughout this work, we will adopt the flat-sky approximation. Therefore, we will have
to include the reduced bispectrum in our NG analysis. The bispectrum is described by one-,
two- and three-halo terms. Including the three halo term would require the second order halo
bias, which is not provided in [31]. To overcome this shortcoming, one could in principle resort
to the peak-background-split formalism [32-35]; however, since the three-halo contribution is
negligible, as shown in appendix B, we just omit it here. The one- and two-halo terms read

bt = / der e / AM (2 M)y (2, M) (2 W0y (2, ) (2.4)

€1€2Z3 - [/dzd dQ )Pm(kﬁ)/dM(;i]\Z(Z? M)b(zaM)g&(Z? M)X ( )
2.5

d 5 .
X /de—]\T;(z,M)b(z, M)§e, (2, M) Goy (2, M) | + 2 permutations.

Finally, for the higher order correlators, we will always employ only the one-halo term,
which in general reads

P(n) b, ... 0 /dzdde/deM 2, M) Hyg 2, M). (2.6)

For later use, we point out that the general one-halo term does depend solely on the
magnitudes of the multipoles involved.

Unless specified otherwise, in all the spectra we integrate over redshift between zyi, =
1079 and zmax = 4.5, and over masses between My, = 1010 M@h_1 and M. = 1016 M@h_l.
These limits, that stretch beyond the values commonly used in the literature, allow us to
ensure that even higher order correlators are integrated correctly. We also point out that
with the used parametrization the integrals are stable at low redshift. We integrate directly



over the overdensity mass Msooc, as in, e.g., [7, 10], so that a conversion to the virial masses
is never required, and also assume that dln Ma ./dIn M =1 [10]. We use bgsm =0.2 [7] as
the fiducial value throughout the analysis. We choose the values from [36] for the cosmolog-
ical parameters h=0.6711, ng=0.9624, wyg= —1, but we pick €, =0.28, 0§ =0.8 to be in
agreement with [7].!

The fitting functions we employ, that we are about to describe, are the most commonly
used in the literature. A possible alternative, proposed in [38], would be to jointly fit both
the pressure profile and the HMF from simulations.

Before moving on, we ought to make some remarks about the modelling of the tSZ field.
Since this effect is generated by hot electrons that mostly sit in galaxy clusters, generally
speaking the halo model prescription is a valid approximation to calculate the theoretical
signal. However, this means contributions from filaments are neglected. Along the same
lines, the scatter around the mean pressure profile, cluster substructure and asphericity are
not captured by the analytical model. It is not trivial to assess at what level the n-point
correlation functions are biased and how much their errors increase because of these effects.
In [39] it has been shown using simulations that they amount to a 10-20% power spectrum
increase, substructures being the main contribution. For the bispectrum we can therefore
expect at least the same amount of deviation, most likely with the configurations coupling
different scales being more affected than the equilaterals.

Since, as we will show, signal modulations along the harmonic configurations play an
important role, it will be important to study the bispectrum of hydrodynamical n-body
simulations, in order to quantify, and possibly account for, this kind of contributions.

2.1 Halo mass function

We use the HMF and bias from [31], converting the mass definition Mspo, into Ma ,, to fit
the parameters of their table 4 to the appropriate value of A = 500p./pm, .

dn ﬁﬂdln(a_l)

= vf(v) YT flv) =« {1 + (51/)_2(75} e /2 (2.7)

Here the HMF is parametrized in terms of the peak height v = d6./0(M), 0. is the critical
density for collapse and ¢? is the linear matter variance. We assume that the redshift scaling
provided for A = 200 applies to any A:

/8:50(1—’_2)0'27 ¢:¢0(1+Z)70'087 772770(1—’_2)0'277 7:70(1—’_2)70'017 (28)

where the parameters at z = 0 are taken from table 4 of [31], using a linear interpolation
along A. As recommended, for each z > 3 we use the value calculated at z = 3, and at each
z we calculate a(z) imposing [dvf(v,z)b(v,z) = 1. At z = 0 we correctly recover the value
of « interpolated from the aforementioned table.

We use a halo bias of the form

V[l

Ve + @

[

br)=1-A + Bv® + Cve, (2.9)

with the parameters from table 2 of [31].

'For consistency with [7], we do not use the updated parameter from [37].



2.2 Electron pressure profile

In our analysis, we are interested in the projected two-dimensional Compton-y field, which is
obtained via line-of-sight integration of the rescaled electron density profile P, in any given
direction of the sky through

~ or 4mrs 2 . {+ 1/2
Ge(z, M) = e 2 /da:a: jo(&x(%) x| Pe(z,2,M). (2.10)

Here rs = rg(z, M) and ¢ = a(2)x(z)/rs(z, M) are, respectively, the typical scale radius of
the y-image of the halo, and the multipole moment associated with it. For the parametriza-

tion of the electron profile that we employ, given in [40], s = r500 and, for a single cluster,
P, relies on the generalised Navarro-Frenk-White profile

C M P,
Pe (2,2, Ms00,c) = (&, 2, Meoo,) S, a= S (2.11)
T
(cs007)”¢ [1 + (e5002)"¢] @ 500
for which we use the best fit parameters obtained in [40]:?
{Py, e500, Ve o, Bt = {8.403 ho/?1.177,0.3081,1.0510, 5.4905} . (2.12)

As we rely on the halo model for the description of matter clustering, rsgo is the distance
from the center of the halo, delimiting a sphere containing a density of dark matter which
is 500 times the critical density of the Universe p.. The function C(x,z, M50 ) has the
expression

h7o Ms00,c ) staptal(z)

_ 2 3
C (x, z, Msp0,c) = 1.65 h7y E(z)3 <3><1014]\4@

eV cm ™3, (2.13)

where ap = 0.12, and the exponent ap(z), also fitted in [40], has the following dependence

z\3
ap(z) = 0.10 — (ap + 0.10) @ . (2.14)

1+ (&%)’

These exponents parametrise deviation from the standard self-similar case. In egs. (2.12)-
(2.13) we also introduced the widely used parameter h7g = h/0.7.

3 Covariance matrix for the (binned) observables

In this work, we consider flat-sky binned estimators for the observables of interest as they are
smooth and slowly varying functions in multipole space. The bins are defined in harmonic
space: £ € (0 if £ — AP/2 < ¢/ < 04 AfP/2, ¢ being the central value of the bin £° of width
AL, As we are working in flat-sky, £ € R?. We are also considering a survey observing a sky
fraction corresponding to a solid angle of (), steradians. Similarly to the three-dimensional
matter field case, the binned angular power spectrum is defined as [41-43]

=Y S(L+2) Go Jor
Cgb = s (31)
v styN(ﬂb)

*We use the non-self-similar profile derived in the main text (cf. their eq. (12)).



where the sum runs over discrete modes which are integer multiples of the fundamental
frequency of our survey ¢ = 27 /Ogy, Ogiy being the survey linear angular size. We recall that

Qgiy = 27 (1 — cos Ogy) . (3.2)

The field g, is the two-dimensional Fourier transform of the y field (2.1). The quantity
N(£P) ~ 20ALP fsky (in the limit £ > ¢¢) gives the number of vector pairs £, —¢ whose mag-
nitude ¢ is within the bin P, each pair being discriminated by a deviation in the module of
the vectors of a unit of the survey fundamental mode ¢; [44-46]. In a similar fashion to the
three-dimensional matter field case, we define the binned angular bispectrum as [46-50]

. 5P (81 + Lo+ £3) e, Te, e
bflffgfg = Z Z Z Y _(éb o zb)2 : ’ (3‘3)
G1elh brelh Lrell sky Hri A51> €20 73

where Ny (¢%,¢5,¢%) is the number of valid triplets (i.e. respecting the triangular delta) in
the proposed bin triplets [44—46]

02, 01 Lo €3 ALY ALY AR
2m3\ (20303 + 2003 + 2636 — ¢t} — 13— 3

Nus, (6,63, 63) ~ (3.4)

where the approximation assumed is A@? > ly. To speed up the calculations of the Fisher
matrix, we assume that the power spectrum and the bispectrum are constant in each bin
(P, and can therefore be described by a single suitably picked representative ¢°.3 In prac-
tice, it is possible to prove that the 2 estimators above are unbiased and <é€b> = Cp and
<IA)€1{ o £g> = b@{ - In the following we drop the bars to distinguish the bin from its represen-
tative, as they should be distinguishable from the context. The representative considered in
this work will be the central magnitude value ¢° = ¢ of the bin ¢P.

3.1 Structure of the covariance matrix

For our computation, we chose the binned estimators CA’gb (3.1) and 5513243 (3.3) for which we
present the covariance matrix here below. We split the joint covariance as [51-54]

Cov I:ézb, C’K/b} = Cov[...|gauss T Cov]. .. Ina (3.5)
Cov [buragays byvges | = Cov - Jganes + Covl - I (3.6)

In egs. (3.5) and (3.6), the subscript Gauss labels the covariance terms containing only 2-point
statistics, which are non-vanishing only for correlations within the same £—bin. The other
covariance terms arise due to the non-Gaussian statistics of the y field (2.1) and correlate
modes in different £—bins and the power spectrum and bispectrum. The derivation of the
flat-sky joint power spectrum-bispectrum covariance has already been outlined for other
projected scalar fields, such as the weak lensing convergence [46, 53]. As the derivation of
the covariance for the y field follows the same mathematical and conceptual steps, we refer
to the above cited works for more insights on its rigorous derivation. In the following, we
report the final expressions employed in the present work, along with the most important
concepts associated to their structure.

3We discuss and validate our choice of binning and bin representative in appendix E.



3.2 Power spectrum covariance matrix

Starting from the power spectrum binned estimator (3.1), we can obtain its full covariance
by applying the following standard definition

Cov [Cpw, Cpn] = (CnCip) = (Con)(Cin) (3.8)

A detailed calculation leads to a non-connected correlator of 4 instances of the field g, which
can be split via Wick theorem into a sum of products of 2-point correlators and one 4-point
connected correlator. The former can be further simplified, leading to the following Gaussian
term

26

e [C’eb’ CAfZ’b}Gauss - N (gb) (C?)Q ’ C? = Gt e (3'9)

In eq. (3.9) we potentially account for sources of Gaussian noise via the associated power
spectrum Ny. The 4-point connected component leads instead to the NG term in eq. (3.5)

A A 1 / U
Cov |Cop, Celb}NG’T ~ @T(a —0,0, -1, (3.10)
where T'(¢,—0,0',—{') is the trispectrum (A.13) of the tSZ field. In eq. (3.10) the exact

covariance evaluation would require an average of the trispectrum over the two bins ¢°, ¢/ b
involving both angular and magnitude integrations. However, we work under the common
approximation of slowly varying polyspectra within the bins chosen for our work [46, 53]. We
therefore assumed the averaged trispectrum being the same as the trispectrum computed at
the central values of the bins.

3.3 Bispectrum covariance matrix

Similarly to the procedure outlined in the previous section, we can compute the covariance
matrix for the flat-sky bispectrum binned estimator (3.3), shown in figure 1, left panel [46, 55,
56]. The Wick theorem allows us to derive the Gaussian part of the bispectrum covariance

sty

= CP O CE |0 o (S4s0r Ogsr + 00 gt
Gauss N, (20, 0B, 45) 0182 53{ Ml( TN TN 2322)+

Cov [bepeges by oy

+2 permutations of (¢} <> ¢5)+2 permutations of (¢} <—>€§,)]
(3.11)

Meanwhile, the non-Gaussian (NG) components read

. . 2T 1
_ = - K K K
Cov [bet;egega b ’lbg;bg;b} NaBs T Dy bey o tsP00 05| A o <5e14/1 +0n, +5zleg) +

+3 permutations of ({1 > ¢2) +3 permutations of (¢ <> 63)],
(3.12)

_ 2r Oy
NGPT  Qgky 1AL
+T (la, 03,07, 05) 52%} + 3 permutations of (¢; <+ £2) +3 permutations of ({1 <> (3).
(3.13)

cov[@%zg,z}e%begb} (T (€3, 03,65, 65) 81 + T (Ca, s, 61, 05) 55 +



logyo (COV [bb] o ) logyo (1 — Cov [bb]NG,6P /Cov [bb], )

Figure 1. Left) Full bispectrum covariance matrix. Right) Fractional amplitude of the bispectrum

covariance terms different from Cov [b@f et be’lb o ng] NG.6P compared to the full covariance. The white
(6)

areas correspond to configurations for which the covariance is fully determined by Covyp for which
the plotted quantity is not defined. In both panels, the ticks mark equilateral configurations with
sides of the labelled length.

By employing the estimator definitions, we can also obtain an expression for the cross-
covariance between the binned flat-sky observables used in our analyses

NGPB iy OAL

A K .
Cov |:C£b, bg?zgzg} d¢p, + 1 permutation of ({1 <+ £3)+

(3.14)
+ 1 permutation of (¢1 < £3)].

So far, all the equations listed in the present section are exact. The two terms still missing
are those associated to the 6- and 5-point correlator arising from the bispectrum covariance
and the cross-covariance calculation. In these cases, the spectra should be averaged over the
bins involved. However, as it was the case for the NG component of the power spectrum
covariance (3.10), we assume them to be almost constant over the bins thus avoiding this
computationally expensive operation. Therefore, the final expressions are

1
NG,6P Qg

Cov {Bgllzggglg, i)g’lbg’zbggb] P(G) (61752763) /17 ,2763) ’ (315)

Cov[égb,i)gwgeﬂ P(5) (f, —6,61,62,63) . (3.16)

NG5P  Qay

In the right panel of figure 1 we show the fraction of the total covariance due to the
6-point connected term we just described, which is the dominant one: as shown in figure 2
and 3, it is possible to identify a hierarchy among the different components listed above. In
these figures we use 27 logaritmically spaced bins spanning from ¢ = 10 to £ = 5000. The
Cov[...]yg and the Cov|[...]yqgp component dominating the power spectrum and the
bispectmm7covariance7 respectivelgf, clearly emphasises the level of non-Gaussianities in the
tSZ field.
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Figure 2. Different components of the diagonal part for the tSZ power spectrum covariance matrix.
For comparison we show both the variance provided directly by Planck, and the one we adapted in
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Figure 3. Selected components of the tSZ bispectrum covariance matrix. Whenever of relevance, the
impact of the Gaussian Planck-like noise is displayed through markers. Left) equilateral configurations.
Right) squeezed configuration of type {~ 22,4, (}.

4 Power spectrum and bispectrum dependence on the parameters

It is well known that varying cosmological and gas parameters results in an amplitude shift of
the power spectrum [e.g. 10, 57] and a slight tilt at smaller scales, where the power spectrum
has a stronger dependence on the shape of the halo profile. As a consequence, there are
important degeneracies among the various parameters and, both with current and future
data, one needs to consider additional observables to constrain various parameter jointly,
either exploiting other datasets [e.g. 57] or other statistics extracted from the same tSZ
maps [18].

Overall, the bispectrum also displays a similar dependence on different parameters,
leading again to an amplitude shift as the main effect. This comes from the fact that tSZ
correlators are dominated by the one-halo term, making the overall tSZ statistic nearly
Poisson. However, for the bispectrum we can also appreciate a non-negligible, configuration
dependent modulation, which differs for varying parameters.
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Figure 4. Left and central column) logarithmic derivative of the power spectrum (red solid line)
and of the bispectrum (dark blue line) with respect to different parameters of interest. Whenever the
bispectrum is considered, we show equilateral configurations (solid line) and squeezed configurations
of kind {~ 22,¢,¢} (dotted line). The parameters with respect to which the derivatives are taken are:
B (top-left panel), h (top-central panel), og (bottom-left panel) and Q,, (bottom central panel). Right
column) fractional difference between the two derivatives on the left (per row). Color and line style
code is the same as above.

Let us start by considering the bispectrum derivatives for the equilateral (¢; = o = ¢3)
and “squeezed” configurations ({1 ~ 22,5 = {3), and compare them to their power spectrum
counterparts in figure 4. Much like the power spectrum, the derivatives of the equilateral
bispectrum are similar to each other, most of them being somewhat flat up to £ ~ 10° where
the halo inner structure starts to be resolved, with a subsequent reduction (in absolute
value) on smaller scales. On the other hand, the derivatives of the squeezed bispectrum have
a slightly more variegated phenomenology among themselves and, on top of that, they differ
from the equilateral bispectrum ones. For this reason we can intuitively expect squeezed
configurations to be less affected by parameter degeneracies. While in section 6.1.1 we will
confirm this expectation, we will also find that the conditional errors will be much bigger to
begin with than what we find using only equilateral configurations, further motivating the

“We do not add the further requirement £33 > {1, so not all the configurations in the squeezed set are
technically “squeezed”.
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analysis of the full bispectrum. Using the bispectrum parametrization introduced in [58],

32(69 — 0

P=0+0+ 13, F:(U2303)

(lrly + lils + bols) 3 o = l1l2l3
(€1 + €2 + £3)? ’ PTG A b+ )3

in figure 5 we show how each configuration responds to parameter changes in a slightly
different manner. Even though each one has lower significance than the power spectrum,
this means that it is easier to discern the effects of the various parameter changes. We will
quantify this statement in section 6. The reason why different bispectrum configurations
respond differently to changes in the various parameters lies in the slightly different ranges
of halo masses and redshifts that contribute to each. This is investigated in appendix F.

+1, S o3,

(4.1)

5’2512

5 Gaussian experimental noise and foregrounds

To forecast the performance of real instruments we need to account for instrumental noise
and foregrounds.

To assess the impact of their Gaussian componenent on the forecast we employ the
methodology of [8, 13]. We assume to be using multi-channel measurements to run a simple
internal linear combination (ILC) to separate foregrounds from the signal. To do so, we
will assume perfect knowledge of the foreground spectral energy densities, which might be
unrealistic in a real life scenario [59-61]. We leave the assessment of the impact of more
refined foreground modelling to future work.

In terms of non-Gaussianity, the dominant contributions are galactic foregrounds —
thermal dust and synchrotron — which peak on large angular scales. Quantitatively, the
Planck analysis [62] showed that these contributions are negligible after removing the mul-
tipoles ¢ < 64. For this reason, we will later investigate the Fisher matrix dependence on
this type of constraint. Other contributions might be relevant on smaller angular scales.
In [63] it has been shown how the Cosmic Infrared Background (CIB) and tSZ auto- and
cross-bispectra are correlated. Therefore, if unaccounted for, CIB might introduce biases.
Given that the amplitudes of CIB bispectra are smaller than the tSZ auto-bispectrum, and
the fact that the spectral energy density of the two effects differ, we neglect this contribution
for the time being, assuming those contributions can be effectively removed. However, prior
to any analysis of actual data, non-Gaussianity of the foregrounds will require a thorough
assessment to verify that residuals in the component separated y maps do not introduce
sizeable biases in the estimated parameters.

5.1 Spectral components

A comprehensive list of the spectral components that affect tSZ measurements is given by
instrumental noise, CMB, free-free, thermal dust, synchrotron, radio point sources, infrared
point sources. We will consider all of these contributions even if we use approximate descrip-
tions that are, in any case, commonly used in the literature.

We assume we can factorize the inter-frequency correlation in three ingredients: the
spectral energy density expressed with respect to the CMB black-body ©%¢(v), a spectral
coherence factor that parametrizes the correlation between different instrumental frequency
channels R(v;,v},£%), and an angular scaling Cj°:

C5 (13, 1) = O (1) 0% (v} ) R(vy, v, £)C5° (5.1)
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Figure 5. Logarithmic derivative of the bispectrum with respect to Q,, (top), os (middle), and ap
(bottom). On the right we also provide a rescaled plot for the perimeter value of P = 8130 to illustrate
the differences in derivatives for different triangles.

In [64] the spectral coherence in two channels v; and v}, for each component, was parametrized

as

1

R e) = o |

log(v;) — log(v;) )2 ’ 1 (5.2)

§SC ~
£sc ~ \/iAOtSC ’
where, for each spectral component, Ao is the variance of the spectral index over the sky.
Depending on the spectral component, £5¢ varies in the range [0, 00). In particular, we assume

the instrument frequency channels to be independent (£°° — 0), and notice that the CMB
has perfect correlation across all the frequencies (£%¢ — o00).
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0%, Ao, and C}° vary for each spectral component. We will use the values and
functional forms provided in [8, 60, 64, 65, that we report in appendix C.

5.2 Component separation

The ILC aims at recovering, multipole by multipole, a signal of known spectral dependence
computing a weighted average of data collected at different frequencies.” The weights are cal-
culated in such a way to have unitary response to the desired spectral shape, while minimizing
spurious contributions from other spectral components.

The internal linear combination weights and the effective noise term after multifrequency
subtraction are respectively [13]

[Zsc CSC(Vi7 Vj)}_l J
7 [Cee O (wivy)) ™
where § = (g(v1), - ,9(vn))T is a vector of the value of the tSZ spectral shape evaluated on

the observed channels. This result, valid for a single multipolar coefficient, for each £ can be
averaged over all m: we can therefore express the effective noise term N, = N/(2¢ +1).°

W0 =

= N=g [ oem] d, (5.3)

6 Forecast results

We now have all the ingredients to understand what is the information content of the power
spectrum, of the full bispectrum, and of their combination. We use a Fisher forecast to
estimate how well a particular experiment can constrain a parameter through some observed
quantity. The components of the Fisher information matrix are defined as [66]:

0*(In L)
o= -2 "= 6.1
* < 00;00; |’ (6.1)
where L is the likelihood function and the #; are the parameters we want to constrain.

In case of Gaussian distributed data and rotational invariance of the observable, the
Fisher matrix can also be written as [67]:

o0T 00 1

26, Cov 876’] + §Tr lCov

_; 0Cov Cov-1 0 Cov

Fij =
i 6, 90

, (6.2)
where Cov = Cov[O, O] is the covariance matrix, described in section 3. We drop the second
term as all the relevant information is contained in the mean of the observable, while the
covariance dependence on the parameters would introduce spurious information that cannot
be extracted by the considered estimator [67]. In principle neither the power spectrum nor
the bispectrum follow a Gaussian distribution, but we expect it to be a good approximation
for the binned spectra in virtue of the central limit theorem. This ansatz should however be
validated against simulations or more refined analysis [68, 69] that we leave for future work.
For each parameter the conditional error is:

1
04, conditional — \/TT )
®All quantities in this section (except N¢) are calculated separately for each (£, m).

5As a sanity check we successfully reproduced figure 12 of [8]. To do so one has to use Ni° = 1 - C*“w,
where the @ are still calculated according to eq. (5.3).

(6.3)
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which is the error one gets fitting only one parameter while fixing all the others. What we
are more interested in, however, is the marginalized error. The diagonal entries of the inverse
of a Fisher matrix give the error for each parameter marginalized over all the others, which
one would obtain by a multivariate fit:

0; = /Cov(6;,6:) = \/(F~1);:. (6.4)

The off diagonal elements then give us the covariance between two parameters, Cov(;, 6;).
We start by considering an ideal, noiseless experiment in the absence of foregrounds, to
understand the general properties of the spectra in a simplified case, then we show a forecast
for the already available Planck data, and finally we consider two realistic future surveys.
For the reader convenience, we remind that the parameter fiducial values we assume
are: Q= 0.28, o5 = 0.8, h = 0.6711, ng = 0.9624, wy = —1, by = 0.2 Py = 8.403 hr/?,
cs00 = 1177, v¢ = 0.3081, ag = 1.0510, Bg = 5.4905.

6.1 Noiseless survey with no foreground contamination

In order to set an upper limit on the amount of information that can be in principle extracted
from the tSZ power spectrum and bispectrum, we start by considering the case of a noiseless
survey while also neglecting any issue of foreground contamination. This will also help us
to build understanding of the main factors which affect the final constraints. For brevity
we will refer to this configuration, slightly improperly, as Cosmic Variance Limited (CVL)
survey. This initial oversimplified analysis will then be generalized in the following sections,
including all realistic effects.

In tables 1 and 2 we show the forecasted error bars on all the parameters for a full sky
survey, with £y = 1000 and £, = 5000 respectively. To assess the impact of a change
in £y, instead, we repeated both analysis switching from £, = 10 to £y, = 70 and found
quantitatively negligible differences. In all these cases we have employed bins logarithmically
spaced in ¢, 20 when ¢ € [10, 1000] and [70, 1000}, and 27 when ¢ € [10, 5000] and [70, 5000].
The choice of binning is further discussed in appendix E.

In both cases, if one considers the conditional errors, the power spectrum outperforms
the bispectrum analyzed on its own by a factor 2 ~ 10; obviously when the two signals are
analyzed jointly, the errors shrink marginally with respect to the power spectrum case. If
all but one parameters are perfectly known, the power spectrum, comparatively bigger than
its noise with respect to the bispectrum, leads to tighter constraints on the last parameter.
This outcome is overturned by the marginalization needed for a joint fit of the parameters.

As anticipated in section 4, at power spectrum level the parameters have serious degen-
eracies among all of them, whereas the bispectrum has a more diverse response to parameters
change. To quantify this statement, in figure 6 we compare for each couple of parameters
the Pearson correlation coefficient

) _ COV(HI', 93)
~\/Cov(6:,6:) Cov(6;,0;)

Corr(@i, 9]' (65)

that one obtains using the power spectrum, the bispectrum, and their combination, in the case
of lmax = 5000. Correlations are generally much higher for the power spectrum and for this
reason after marginalization the power spectrum loses much of its constraining power. The
same information is also displayed in figure 7, where we show the triangle plot of cosmological
and gas parameters.
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Conditional Marginalized
PS1lc BSle PS®BS1loc | PS1lc BS1loc PS®BS lo
Q. | 0.0021 0.0092 0.0015 8.1 0.12 0.092
h 0.013  0.033 0.010 16 0.36 0.34
og | 0.0020 0.0075 0.0015 34 0.047 0.047
ng 0.060  0.060 0.051 8.0 0.43 0.30
wo 0.096 0.31 0.071 105 0.59 0.54
basm | 0.0060  0.023 0.0043 407 0.93 0.81
Py 0.097 0.36 0.071 8212 14 12
ap 0.12 0.071 0.069 60 0.20 0.18
cs00,c | 0.0059  0.024 0.0041 4.4 0.065 0.064
ag | 0.0041 0.015 0.0029 64 0.065 0.064
Ba 0.023  0.030 0.014 1.8 0.034 0.034
Yo 0.011  0.034 0.0085 245 0.24 0.20

Table 1. Conditional and marginalized error forecasts for a CVL experiment with £, = 1000 and
fsky =1

Conditional Marginalized
PS1lc BS1lo PS@&BS1lc | PS1lc BS 1lc PS4BS lo

Q,, | 0.00044 0.0017  0.00031 0.86  0.025 0.018
h 0.0040  0.0079 0.0033 5.7 0.083 0.076
og | 0.00040 0.0013 0.00030 0.43  0.011 0.010
ng 0.0050  0.026 0.0030 0.77  0.080 0.063

wo 0.0052  0.014 0.0039 11 0.10 0.092
basm | 0.0013  0.0044 0.00091 78 0.16 0.16
Py 0.018 0.060 0.014 1754 2.7 2.6

ap 0.0050  0.022 0.0030 2.81 0.040 0.037
cs00,c | 0.0014  0.0054 0.00097 0.90 0.016 0.015
ag | 0.00082 0.0026 0.00059 7.84 0.015 0.014
Ba 0.0063  0.0067 0.0036 0.31  0.0077 0.0077
G 0.0017  0.0045 0.0013 20 0.039 0.036

Table 2. Conditional and marginalized error forecasts for a CVL experiment with £, = 5000 and
fsky =1.

To show the dramatic impact of degeneracies and the incremental reduction of con-
straining power when more and more parameters are jointly fitted, in figure 8 we directly
compare the error bars recovered in various scenarios. For each parameter the baseline (tight-
est possible constraints in our analysis) is the conditional error with a joint power spectrum
and bispectrum fit. All other errors are shown in figure 8 as ratio to this value. For each
parameter the top error bar is calculated with the power spectrum analysis, the middle one
with bispectrum analysis and the bottom one with the joint fit of the two. For each bar the
most saturated and least saturated color show the conditional and marginalized error, respec-
tively. In the left panel the mid-tone bar is obtained fixing the value of all gas parameters
and marginalizing over cosmological ones; in the right panel we did the opposite.
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Figure 6. Comparison of the Pearson correlation coefficients for all couples of model parameters.
Broadly speaking the correlations among the parameters are clearly higher when one considers the
power spectrum with respect to the bispectrum.
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Figure 7. Triangle plots for cosmological (left) and gas parameters (right). Here we consider a
Cosmic variance limited experiment with perfect foreground separation and ¢,,x = 5000. Notice that
the power spectrum 1o ellipses have been rescaled by a factor to fit in the same graph. The grey
bands are the power spectrum conditional errors.

Having made the point that the bispectrum allows us to separately fit multiple pa-
rameters, we now inquire what are the prospects considering tSZ observations combined
to prior knowledge of cosmological and gas parameters. Generally, the gas parameters are
fixed to the best-fit values of simulations [39], external X-Ray [40], or stacked tSZ clus-
ters [70] measurements, and not varied throughout the analysis of cosmological parameters.
On the other hand, one can also think of using the Planck primary anisotropies measure-
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Figure 8. Impact of degeneracies on the parameters error bars. Left) for each cosmological parameter
we show the error marginalized over all others parameter, the error marginalized over cosmological
parameters, fixing the gas ones, and the conditional error; all divided by the conditional error of power
spectrum and bispectrum combined. This is repeated for (top to bottom in each triplet of bars) power
spectrum, bispectrum, and combination of the two. The constraining power of the power spectrum is
hindered by the marginalization over other parameters; on the other hand the bispectrum, in principle
less constraining, is less affected. Right) same, but switching cosmological and gas parameters.

ments to set a prior on the cosmological parameters, and exploit tSZ anisotropies data to
cross-check the gas parameters. We explore both strategies in table 3. In the left side we
fixed (P, ap, ¢500,¢, @G, Ba, Va), removing the respective rows and columns from the Fisher
matrix. In the right side, instead, we add a (Gaussian) prior to the cosmological parameters,
obtained from the 1o errors in the column TT, TE,EE+lowE+lensing+BAO in table 2 of [37],
with the additional assumption of the errors being uncorrelated. Since our paper is meant to
be a proof of concept, and a comparison between the power spectrum and the bispectrum,
we refrain from comparing the results from table 3 with state of the art observations for both
cosmological and gas parameters, as our forecast are bound to be an upper limit and most
likely over-optimistic. However, they serve as a comparison between the power spectrum and
the bispectrum efficiency and to motivate the analysis of both.

Our results heavily depend, through the covariance, on high order correlations func-
tions. In particular we study the impact of massive halos at low redshift, since higher order
correlators are incrementally sensitive to the signal from these clusters. In principle, to cal-
culate the y-distortion along the line of sight one has to integrate from 0 to infinity, and
again in principle the HMF has been calibrated in [31] integrating clusters up to a mass of
10'0 M. However, the most massive cluster in the Planck SZ cluster catalogue [62] has a
mass of 1.61 x 105 M, whereas the closest detected cluster is at z = 0.011. To account for
these observational constraints we repeat our analysis enforcing these values as upper limits
in the redshift and mass integrations. The results that follow are shown in table 4 which is
the main result of the paper.
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Gas fixed Planck prior
PS10 BS1loc PS®BS lo PS1lc BS1loc PS®BS lo

Q.. | 0078 0.023 0.016 Py 1230 2.2 2.0

h 0.89 0.074 0.068 ap 1.5 0.029 0.012
op) 0.26  0.010 0.010 cs000 | 039 0.015 0.015
ng 0.45  0.069 0.047 aG 6.9 0.014 0.014
wo 1.1 0.050 0.035 Ba 0.15  0.0076 0.0075
brasm 1.3 0.086 0.069 ole] 41 0.039 0.036

Table 3. Left) marginalized error forecasts for cosmological parameters assuming the gas parameters
are fixed. Right) marginalized error forecast for gas parameters using Planck priors on the cosmological
parameters. In this table we always considered a CVL experiment with £, = 5000 and fgy = 1.

Conditional Marginalized
PS1lc BS1loc PS®BS 1o | PS1loc BS 1o PS®BS lo
Q. | 0.00041 0.0016 0.00030 0.59 0.11 0.037
h 0.0038  0.0072 0.0033 13 0.60 0.49
os | 0.00038 0.0013 0.00029 0.35  0.065 0.035
ng 0.0046  0.022 0.0030 11 0.50 0.39
wo 0.0048  0.015 0.0040 5.3 0.51 0.25
basm | 0.0012  0.0039 0.00089 5.6 0.89 0.77
Py 0.017 0.056 0.013 147 13 9.1
ap 0.0046  0.021 0.0031 2.5 0.15 0.13
cs00,c | 0.0013  0.0049 0.00092 0.33 0.12 0.10
ag | 0.00078 0.0024  0.00057 2.5 0.086 0.078
Ba 0.0058  0.017 0.0038 2.2 0.46 0.37
ol 0.0016  0.0043 0.0013 4.0 0.15 0.11

Table 4. Same as table 2 (CVL, fpax = 5000, fa, = 1) but with the halo redshift and mass
boundaries observationally set by Planck.

Removing massive nearby clusters has a deeper impact on higher order correlators with
respect to the power spectrums and the bispectrum, therefore the signal to noise increases
for both observables. For the power spectrum, this translates to proportionally tighter con-
straints on the parameters, compared to the fiducial model. For the bispectrum the picture
is more complicated: conditional error bars shrink as expected but correlations among differ-
ent parameters become more severe, enlarging the marginalized error bars. In any case, the
marginalized errors obtained with the bispectrum, even with this model, still improve the PS
one by approximately one order of magnitude. Therefore, our conclusions are qualitatively
unchanged. Even more than in the fiducial case, combining power spectrum and bispectrum
improves the constraining power and reliability of the results. Since the correlations are
particularly severe for a subset of parameters, fixing even a limited number of them would
allow for recovering most of the constraining power we forecasted with the Tinker fiducial
model, as seen in figure 11. Nevertheless we conservatively quote as marginalized errors the
results obtained without fixing any parameter.
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Conditional Marginalized
oEa O.Sq O.Eq+Sq O.Full oEa O.Sq o.Eq+Sq O.Full
oPS oPS oPS oPS oPS oPS oPS oPS

Qn | 5.9 86 5.9 4.0 10 5.7 0.65 0.029
h 26 29 2.6 2.0 13 23 0.99 0.015
o8 4.7 74 4.7 3.3 11 25 3.2 0.025
ng 6.1 41 6.0 5.1 43 217 7.4 0.10
wo 4.5 184 4.5 2.8 | 3.3 14 0.67 0.0094

busm | 4.9 71 4.9 3.5 1098 2.0 0.11 0.0021
Py 4.7 75 4.7 33 | 1.2 1.5 0.12 0.0015
op 6.0 65 6.0 43 | 3.7 6.0 0.55 0.014

cs00,c | 9.9 70 5.9 3.9 | 84 11 2.0 0.018
ag 5.2 81 5.2 3.1 1.1 23 0.21 0.0019
Ba 6.7 57 6.7 1.1 | 34 37 1.4 0.025
are; 3.9 73 3.9 27 | 1.9 085 0.08 0.00079

Table 5. Ratio of the equilateral (Eq.), squeezed (Sq.), joint equilateral-plus-squeezed (Eq.+Sq.),
and full bispectrum error to the power spectrum one. After marginalization, the constraining power
of the bispectrum in one single limit is degraded comparably to the power-spectrum. The same does
not apply when we consider the combination of equilateral and squeezed limit. Obviously, the full
bispectrum — that encompasses many other configurations, orthogonals and all the intermediate ones
— is even more stable under the marginalization.

6.1.1 Analysis of a subset of configurations

To validate our statement that the bispectrum is effective at breaking degeneracies because of
the shape-dependent response to changes in parameters, combined with the large number of
available triangles, we repeat our analysis limiting ourselves to only equilateral configurations,
only squeezed configurations, and a combination of the two.

If we consider conditional errors (left part of table 5), the power spectrum constraining
power exceeds the bispectrum. The equilateral configurations contribute the most for the
bispectrum, whereas the squeezed ones have one order of magnitude less constraining power.
Upon marginalization (right part of the table), the constraining power of the squeezed and
equilateral bispectrum degrades, as it does for the power spectrum, with the squeezed one
degrading noticeably less. However, when we jointly analyze equilateral and squeezed limits,
the degeneracies start to break and the bispectrum marginalized errors start to be competitive
against the power spectrum ones. Obviously, the full bispectrum comprises even more kinds
of configurations that can further ease the remaining degeneracies. We can therefore conclude
that, as we claimed in section 4, the reason why the bispectrum constraining power is not
as sensitive as the power spectrum one to parameter degeneracies can be explained with
the presence of many more modes that are all weighted differently when the value of the
parameters changes.

6.2 Validation against Planck noise and foreground contamination

The Planck satellite has provided a full sky map of the Compton-y parameter [7]. This
data was used to measure the tSZ power spectrum and the bispectrum, and the former
was used to constraint cosmological parameters. It is interesting to understand what are
the prospective results for a full fledged analysis of the bispectrum recovered from Planck
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Conditional Marginalized
PS1lc BS1loc PS®BS1lo | PS10c BS1loc PS®BS lo
Q. | 0.0044 0.018 0.0034 16 0.45 0.31
h 0.026  0.065 0.022 27 1.9 1.7
og | 0.0043 0.015 0.0034 8.1 0.25 0.25
ng 0.1 0.12 0.09 16 1.9 1.5
wo 0.28 0.88 0.24 210 2.8 2.1
busm | 0.013  0.046 0.01 730 3.7 3.3
Py 0.21 0.72 0.17 12000 62 55
ap 0.21 0.14 0.13 150 0.62 0.59
cs00,c | 0.012  0.051 0.0095 9.2 0.38 0.38
ag | 0.0087 0.031 0.0069 140 0.34 0.33
Ba 0.048 0.13 0.035 4.4 0.19 0.19
Ya 0.025  0.069 0.02 430 1.0 0.93

Table 6. Conditional and marginalized error forecasts for an experiment with Planck-like noise level
and foregrounds, £max = 1000, and fa, = 0.47.

Gas fixed Planck prior
PS 10 BS1loc PS®BS lo PS10 BS1lo PS®BS lo
Qm 0.89 0.43 0.27 Py 7400 45 38
h 17 1.7 1.6 ap 25 0.42 0.22
os 4.6 0.25 0.24 €500,¢ 6.0 0.38 0.37
ng 5.5 1.5 1.2 ag 53 0.33 0.31
wo 18 2.2 1.5 Ba 3.9 0.19 0.19
basm 19 1.9 1.5 e 220 0.97 0.88

Table 7. Same as table 3 for an experiment with Planck-like noise level and foregrounds, £,,x = 1000,
and fao, = 0.47.

data. To do so, we consider the Planck Gaussian noise and foreground determined in [7],
and we restrict our analysis in the multipole range [70,1000] to remove the bulk of non-
Gaussian noise and remaining spurious contributions. This was performed according to what
has been done in [7, 28]. As discussed, future surveys will possibly have to re-evaluate if
this suffices, or if other contributions will have to be accounted for in a different manner
(see [63]). We show our results in tables 6 and 7. As it is well known, the parameters cannot
be meaningfully constrained separately, since they are degenerate at power spectrum level.
Instead, they can be combined in a parameter that controls the overall amplitude, such as
F = 05 Q%4(1—b)7%4p=0-21 [10]. In fact, we see that after marginalization the relative errors
are (O(100), while using the full bispectrum even Planck data could lead to O(1) relative
errors even after marginalizing over all other parameters.

Introducing the cuts in mass and redshift have a comparatively similar impact as in the
previous case, as shown in table 8.

6.3 Forecast for future realistic surveys

To assess what are the prospects of full bispectrum analysis in the near future and in the
mid-term, we use the results on section 5 in the Fisher matrix formalism to model the
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Conditional Marginalized
PS1lc BS1loc PS®BS1lo | PS10c BS1loc PS®BS lo
Q. | 0.0041 0.016 0.0028 3.8 1.7 0.27
h 0.027  0.063 0.021 91 5.1 5.0
og | 0.0042 0.015 0.003 4.7 0.64 0.4
ng 0.18 0.15 0.15 89 8.0 3.7
wo 0.25 0.61 0.21 47 5.7 2.4
busm | 0.012  0.037 0.0085 99 7.7 6.6
Py 0.19 0.57 0.14 3600 130 110
ap 0.33 0.15 0.13 36 1.3 0.85
cs00,c | 0.011  0.041 0.0078 5.3 0.96 0.92
ag 0.008  0.024 0.0059 51 0.85 0.78
Ba 0.043 0.22 0.029 31 4.0 3.4
Ya 0.024  0.063 0.018 96 1.8 14

Table 8. Same as table 6 (Planck-like noise and foregrounds, ¢max = 1000, foy = 0.47) but with the
halo redshift and mass boundaries observationally set by Planck.

impact of Gaussian noise and foreground. As already discussed, the bulk of non-Gaussian
contaminations can be removed enforcing a cut on the lowest multipole, which has little to
no impact on the forecasted constraints.

In particular we consider two specific surveys, that are representative of what can be
achieved in the next decade and in the next 30 years: Simons Observatory and the proposed
Voyage 2050 Spectro-Polarimeter, respectively.

Simons Observatory (SO) [71] is an observational facility currently being built in the
Atacama desert, that will be devoted to the measurement of gravitational lensing, tSZ effect,
CMB temperature and polarization on very small scales. It comprises one 6 m Large Aperture
Telescope (LAT) and three 0.5 m Small Aperture Telescopes. Here we just consider the LAT
instrument, whose instrumental and atmospheric noise profiles are stated in tables 1 and 2
of [71]. The observation field will amount to 40% of the sky but, since we expect that some
masking will be needed in any case, we conservatively set fq, = 0.30 in the relative forecast.
The results are reported in table 9. Despite the lower sky coverage, the higher raw sensitivity
and beam size will allow SO to greatly improve constraints over Planck.

The Voyage 2050 Spectro-Polarimeter (V-SP) [72] is an L-class mission concept that has
been put forward for the ESA call Voyage 2050. V-SP will map the whole sky, and therefore
we conservatively assume it will use a mask very similar to the one employed by Planck to
generate the y map. Hence, when forecasting its performance we will take fg, = 0.47. We
use the noise profile reported in table 1 of [72]. Tables 11 and 12 show the results in this
scenario; the performance incrementally increases over the SO forecast.

It is interesting to notice that V-SP will already be close to saturating the cosmic
variance limited constraints. Since from the technological point of view we could already
have the raw sensitivity to get close to the cosmic variance, this reinforces the need for
developing new better methods of foreground removal, that will allow us to make use of this
potential.

For a visual comparison between a CVL survey, Planck, SO and V-SP, we refer to
appendix D.
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Conditional Marginalized
PS1lc BS1loc PS®BS1loc | PS1loc BS 1o PS®BS lo
Q,, | 0.00082 0.0035 0.00059 7.7 0.096 0.065
h 0.0075  0.016 0.0063 45 0.25 0.23
og | 0.00076 0.0026 0.00057 2.6 0.032 0.03
ng 0.0097  0.051 0.0058 4.3 0.21 0.16
wo 0.0098  0.028 0.0076 90 0.31 0.29
busm | 0.0024  0.0087 0.0017 700 0.80 0.57
Py 0.034 0.12 0.026 15000 10 8.3
ap 0.0098  0.043 0.0059 8.6 0.21 0.15
cs00,c | 0.0026  0.012 0.0018 6.1 0.046 0.045
ag 0.0015 0.0052 0.0011 51 0.042 0.04
Ba 0.012 0.018 0.0073 2.1 0.022 0.022
va 0.0032  0.009 0.0025 3700 0.12 0.10

Table 9. Conditional and marginalized error forecasts for an experiment with SO-like noise level and

foregrounds, £max = 5000, and fi, = 0.30.

Gas fixed Planck prior
PS1c BS1loc PS®BS lo PS1lc BS1loc PS®BS lo

Qm 0.18  0.067 0.036 Py 3700 6.8 4.8

h 2.0 0.21 0.18 ap 4.0 0.13 0.022
os 0.63  0.031 0.028 €500,c 1.2 0.041 0.04
ng 1.1 0.2 0.12 ag 22 0.039 0.037
wo 2.7 0.16 0.087 Ba 0.40  0.021 0.021
brsm 3.2 0.24 0.17 Yo 120 0.11 0.091

Table 10. Same as table 3 for an experiment with SO-like noise level and foregrounds, £y,,x = 5000,
fSky = 0.30.

7 Discussion and conclusions

In this work, we have carried out a joint Fisher analysis of the thermal Sunyaev-Zeldovich
power spectrum and bispectrum. In our analysis, we have gone beyond similar studies by
significantly increasing the level of accuracy and realism of our forecasts. This has been done
in several ways. First of all, we have evaluated the full power spectrum and bispectrum
(auto- and cross-) covariance in the analysis, including all NG contributions. This turns out
to be important, since we have found that the covariance is dominated by the connected
6-point component. Furthermore, we have considered a multi-component energy spectrum
scenario and we have modeled the effects of component separation in our forecasts, via an
effective noise term, which was obtained from a simple ILC procedure. Finally, rather than
focusing just on og or on a small number of parameters, we have considered an extended set
of both cosmological and ICM parameters, with the aim to accurately assess correlations and
degeneracies and how these are dealt with by both the power spectrum and bispectrum.

In the end, we find out that the tSZ bispectrum is a very powerful observable, able to pro-
duce even stronger constraints than the tSZ power spectrum, after marginalization in a multi-
parameter analysis. This is shown in our main results, summarized in figure 8 and table 4.
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Conditional Marginalized
PS1lc BS1loc PS®BS1loc | PS1loc BS 1o PS®BS lo
Q. | 0.00064 0.0025 0.00045 1.3 0.037 0.026
h 0.0059  0.012 0.0049 8.3 0.12 0.11
og | 0.00059 0.0019 0.00043 0.63  0.016 0.015
ng 0.0073  0.037 0.0043 1.1 0.12 0.093
wo 0.0076  0.021 0.0057 16 0.15 0.14
basm | 0.0018  0.0064 0.0013 110 0.24 0.23
Py 0.027 0.088 0.02 2600 4.0 3.7
ap 0.0074  0.032 0.0044 4.1 0.059 0.054
cs00,c | 0.002  0.0079 0.0014 1.3 0.023 0.022
ag 0.0012 0.0037  0.00086 11 0.022 0.021
Ba 0.0091  0.0099 0.0053 0.46  0.011 0.011
va 0.0025 0.0066 0.0019 73 0.058 0.054

Table 11. Conditional and marginalized error forecasts for an experiment with V-SP-like noise level

and foregrounds, £max = 5000, and fa, = 0.47.

Gas fixed Planck prior
PS1lc BS1loc PS®BS lo PS1lc BS1loc PS®BS lo

Qi 0.11  0.033 0.023 Py 1800 3.1 2.9

h 1.3 0.11 0.1 ap 2.3 0.042 0.016
o) 0.38  0.015 0.015 cs00c | 0.57  0.022 0.022
ng 0.66 0.1 0.069 ag 10 0.021 0.02
wo 1.6 0.073 0.051 Ba 0.22 0.011 0.011
basMm 2 0.13 0.1 e 60 0.057 0.052

Table 12. Same as table 3 for an experiment with V-SP-like noise level and foregrounds, £1,,x = 5000,
Jsky = 0.47.

Several reasons have been already pointed out in previous studies, which explain why
the bispectrum is so useful in this type of analysis. For example it has been observed that
the bispectrum is less affected by uncertainties in ICM parameters, because its contributions
come from (better understood) low-redshift, high-mass clusters [14]. Another important
point is that the bispectrum can break degeneracies that are present in a power spectrum-
only analysis, through a different amplitude scaling with parameters [16, 18].

On top of these previously known aspects, our main finding is that the bispectrum is
extremely efficient at breaking degeneracies not only via amplitude scaling, but also — and
mostly — due to the fact that different triangle shapes (e.g. equilateral and squeezed tri-
angles) are affected differently by parameter changes. This is a somewhat counter-intuitive
result: tSZ statistics are dominated by the one-halo term, which leads to a weak shape de-
pendence on cosmology. Yet, we see that this is already strong enough in the bispectrum to
produce large improvements in the final results. Furthermore, the triangle shape dependence
on ICM parameters is of course stronger than on cosmology, significantly lowering the impact
of astrophysical uncertainties in the cosmological analysis (as well as allowing for a precise
measurement of astrophysical parameters themselves, possibly complementing [24]). Given
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its importance, we have studied this effect in detail. To this purpose, we have isolated two spe-
cific types of triangles, namely equilateral and squeezed. We have then verified that including
only one configuration type in the bispectrum analysis leads to only modest improvements
in the final results, whereas including both at the same time produces significantly better
forecasts; we have checked that is precisely due to a slightly different response to changes
in parameters, in the squeezed and equilateral limit. To further investigate such behaviour,
we have isolated the regions in the M-z plane which mostly contribute to the bispectrum
in different limits, showing that such regions do not fully overlap. In other words, when
we compute equilateral and squeezed bispectrum configurations, we effectively integrate the
halo mass function over slightly different intervals in mass and redshift. The effect of this
on parameters is fairly small for a single triangle. However, this adds up in a significant way
when we produce the final forecasts, by integrating over the very large number of available
configurations.

The results obtained in our study clearly suggest that a joint power spectrum-bispectrum
analysis of, e.g., Planck data, or a complete likelihood study of this kind, using mock datasets
for future experiments, is clearly worth pursuing. This is the object of ongoing work. Another
interesting subject for future investigation consists in accounting for spectral corrections to
tSZ distortions, arising from relativistic speeds of electrons in clusters [73] (the so called rel-
ativistic SZ). Such corrections are mass and redshift dependent [74, 75] through the cluster
temperature scaling [76] and therefore could provide further help to break parameter degen-
eracies if better sensitivity is achieved. Further synergies, motivated by the recent interest in
the bispectrum of other cosmological probes [53, 77-81], could be achieved considering the
cross-bispectrum of tSZ with other tracers of the low-redshift Universe matter distribution.
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A Projection of the 3D tSZ field

A.1 Correlation functions for the projected Compton-y field

The total Compton-y field in a given direction n of the sky is defined via the following
line-of-sight integral [8]

y(m) = [ dt yan (x(tin) = [ ax a(x) v (x(tm) (A1)
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The three-dimensional Compton-y field is directly related to the electron pressure profile of
a single halo P, via the following re-scaling

TP, (r), (A.2)

r =
y3p (7) ——

r being the comoving distance from the center of the halo. Under the assumption of small
enough scales, we can focus on the two-dimensional Fourier transform of the field (A.1)
employing the flat-sky approximation

Jo = / A6y y (6,) e y(0,) = / dx a (x) y3p (X, OnX) - (A.3)

In Fourier space, we define the connected part of the n-point correlation function of the
two-dimensional field g

(Toy .- Tey)e = (20)2 Py (L1, ..., £,) 0p (€1 + - + £,) . (A.4)

We call the quantity P, (€1,...,#£,) polyspectrum of order n. In eq. (A.4) we described
the field on a flat sky, i.e. we approximate the full spherical harmonics decomposition of
the real field with a simple two-dimensional Fourier transform. By replacing eq. (A.3) into
eq. (A.4), we can derive the expression for the flat-sky polyspectra. In general, the redshift
integration appearing in eq. (A.3) would naturally translate into a complex n-dimensional
one. To simplify this calculation, we make use of the Limber approximation [82]: we as-
sume that the three-dimensional matter polyspectra have a weak dependence on the mo-
menta component corresponding to the line-of-sight direction. Consequently, the projec-
tion collapses into a simple one-dimension redshift integration and we can relate the angu-
lar multipoles £ to the three-dimensional momenta k via the well known Limber relation
k(€,z) =~ {€/x(z),0}. Finally, the general n-point polyspectrum P, (¢1,...,4£,) relates to
the same order one P¥3D (ky,...,ky,) for the three-dimensional Compton-y field (A.2) via

w (€ ) = [ (O PP (K (81,0 - K ()
(A.5)
_/ dz Q™) (2)P¥0 (k (€1, 2), ...,k (£n, X)) |
where we define the kernel
d 2—2n(z)
(n) — 2-2n X X n A
Q) = 2(2) 0" (2) P = et 2). (4.6)
For sake of completeness, let us recall the definition for the quantity P¥3P (ki, ..., ky,)
(G3p (K1) - - G3p (kn))e = (27)% PYP (ky, ... kp) Op (ki + - + kn) (A7)
ggD (k:) :/d3$ Ys3D (33) €+ik'm. (A8)

As we do rely on the halo model for the matter clustering, we can write the electron pressure
profile ysp (x) o Pe () (A.2) (and its Fourier transform) as the sum of contributions from
different halos, the mass of the i halo being m;, centered at position x;

n° halos

o ()= 3 [dmde o (s, m) et % 5 m —m) s @ - 2).  (A9)
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The contribution g3p (k, m) from the single halo of mass mgy, can be obtained as

Usp (k,m) = dr—

/dr rjo (k1) Pe (m, 1)

/da: x%jo (kxrs00) Pe (M500, ) ,

MeC2

(A.10)

= 47r7“500

where we employed the mass definition mg, and the variable x as requested for employing the
parametrisation (2.11). By replacing eq. (A.9) within eq. (A.7), it is possible to obtain any
desired order of correlation for the three-dimensional Compton-y parameter. Furthermore,
by splitting the sum in eq. (A.9) into contributions from different multi-halo configurations,
we do obtain the well known hierarchy of the different halo terms. We can finally obtain the
observable of interest via eq. (A.4). For consistency with the literature, we call the 2-, the 3-
and the 4-point polyspectrum power spectrum, bispectrum and trispectrum, respectively:

Co=P(0), (A.11)
b€1Z2£3 = P3 (elaEQa 63) 3 (A12)
T (€1,£2,€3,£4) = Py (€1, £2,€5,£4). (A.13)

We underline that the assumption of an isotropic and homogeneous Universe (Cosmological
Principle) allows us to reduce the actual dependencies of the polyspectra. The power spec-
trum is expressed as function of the module ¢ of the momentum £ (we define ¢ = |£|) and the
bispectrum has a dependence on just 3 degrees of freedom, i.e. the edges of the associated
triangular configuration [83]. In the following, we will show in details the equations required
for our implementation as obtained from the formalism above.

A.2 Data vector

As far as the data vector of our analyses is concerned, we can write the power spectrum as
the sum of the one- and two-halo term

Co=Ch o3, (A.14)
/dz o /dl/ f(v,2) p— 7D ( k:g,my)|2, (A.15)

2

/dz 0@ (z) P (kz, {/dy fw,2) —= bW (z,m,) gsp (ki,m,) | , (A.16)

Pm,0

where we introduced the abbreviation £} = |k (€, x (2)) | and the mass m,, is related to the pa-
rameter v via o(m,) = ¢ /v. To simplify the expression for the general matter polyspectrum,
we can introduce the following quantity

I
(ki) = [ f (12) 22 0O (2 m,) I (som). - (417)
m,0 —

where 5 =1 and we omitted the redshift dependence. Then, the Compton-y power spec-
trum (A.14) can be written in a more synthetic way as

Cy = / dz Q¥(z) {Ig (k. k7, 2) + |1 k7, z)}2 Pl (z, z)] . (A.18)

— 926 —



Borrowing the above notation, we can write the bispectrum used in this work as the sum of
the one- and two-halo term

b21€2£3 = b%?@ng + b?il£2€3 I (Alg)
bzlﬁgég :/dZ Q(g) (Z) Ig (kl%p ka? kfy Z) ) (AQO)
515243 _/dz Q(3) Il (kZ) I% (kZQ’ kl%a) Plin. (kzp Z) (A 21)
+ I% (k:fg,) 12 (k;£17 kjg) Phn (kzg,? Z) + I% (k;ZQ) I% (kliz,? k;l) Phn (kjg’ Z) )

As already mentioned in the main text, we do not include the three-halo term as it would
require the second order halo bias for which a fit has not yet been performed.

A.3 Covariance matrix

Moving to the covariance matrix, we employ the full expressions (A.14) and (A.19) whenever
power spectra and bispectra are required. For higher order correlation functions entering
the covariance computation, we rely on their respective one-halo component, which can be
written in a general fashion as

N (AT /dz QM (2) 10 (ki ... ki ;2). (A.22)

B Three-halo term

The bispectrum three-halo term reads [28]

3
dn B
615233 /dZd dQDi(Z)/dMl dM2 dM3 H [CUW(ZaMZ)y& (ZaM) Bhalo» (Bl)
i=1 v

where By = BhalT + Bhalo, and
BEET = b(My) b(My) b(Ms) F(ke,, ke,, 012) Pr(ke,) Pr(kgy) 4+ 2 Perm, (B.2)

5 1 ke, ke, 2
F(ke;, ke, 0i5) = = + 5 cos(Big) <k4 k;) +5 cos? (i) ,
J 13

B2 = b(My) b(My) by(Ms) P (ky,) P(ke) + 2 Perm. (B.3)

where the 6;; = Hij(kgi,kgj,kgl) is the angle between the wavevectors ky, and kgj and we
omitted the dependence on redshift, masses and wavevectors in all the halo bispectrum
terms. The linear bias is defined in eq. (2.9), while the second order bias for this HMF
parametrization has been derived using the peak-background split technique in [84]"

2¢(42y1? + 85, — 84n + 42¢ — 21)
2162((Br)?? + 1]
W2 (2102 4 86, — 84n — 63) —160.n — 83, + 84n% + 4277
+ 2152 2102

bg(l/) =
(B.4)

"Notice that the condition f dv f(v)bz2(v) = 0 is satisfied within numerical accuracy for the parametrization
they provide.

_97 —



1022 ] 1017 1
1024 - 1018 |
1026 4 1019
102 <1020 4
"§ 10730 - ‘f 102
10732 - 1022
10734 4 108] — 1h
.
0 100 200 300 400 500 0 100 200 300 400 500
configuration configuration

Figure 9. Comparison of the one-, two- and three-halo contributions to the bispectrum. The
bispectrum configurations are ordered such that ¢; < f5 < f3. In the left panel crests correspond to
equilateral configurations and troughs to squeezed configurations. In the right panel we multiply the
bispectrum by the perimeter P = {1 4+ {5 + {3 to the third power to flatten it.

The resulting one-, two- and three-halo components of the bispectrum are shown in figure 9.
While the two-halo term on squeezed configuration is of the same order as the one-halo term,
we verified that the three-halo term is always < 10% of the two-halo term. Therefore we do
not account for it in the rest of the analysis.

C Noise and foreground spectral shape

Here we enumerate the energy and angular dependence of the spectral components we used
in the forecasts for next generation surveys. For convenience, we express the SED in terms of
thermodynamic temperature rather than antenna temperature dividing them by the black-
body derivative

2,z
G(x) = (ﬂfﬁ , (1)
where x = huk;}lT&\lAB.
Instrumental noise.
ONw)=AT2, N0, N =822 (C.2)

with 6, = (1/v/81In2)7/(180 x 60) FWHM,,, where AT, and FWHM, are the instrument
thermodynamic-temperature-error and Full Width at Half Maximum (FWHM) measured in
Tevmp units and arcseconds respectively, for the channel v.

CMB.
oM@y =1, Moo, M =C]T, (C.3)

where C’ZTT is the dimensionless CMB temperature power spectrum.
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D Full triangle plots

For completeness we report here the triangle plot for all the parameters. In figure 10 we
compare the power spectrum and bispectrum covariance ellipses for a noiseless survey with
lmax = 5000, fay = 1, and no foreground contamination, assuming the full integration
domain in redshift and masses from [31]. A comparison to the case in which the integration
boundaries have been set according to the Planck observation is drawn in figure 11.

Figure 12 and figure 13 show the triangle plots for actual surveys, taking into account
both instrumental noise and foreground contamination; Planck in figure 12, and SO and V-
SP in 13. For reference, we also show there the results for the CVL survey with £, = 1000
and 5000 respectively.
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Figure 10. Triangle plots for a Cosmic variance limited experiment with perfect foreground separa-
tion, max = 5000, and fay = 1. Notice that the power spectrum 1o ellipses have been rescaled by a
factor to fit in the same graph. The grey bands are the power spectrum conditional errors. Figure 7
is a sub-sample of this one.

E Binning

As there is not a general recipe to choose a priori the best binning scheme, we validated our
choice both calculating the correlation between the binned and unbinned bispectrum, and
by comparing different schemes.

In general, one can evaluate the correlation between two signals, and verify if they can
be distinguished from each other using a given set of data, calculating theirs scalar product
using the covariance matrix as metric [85-87]

-,

Corr(b, V') = %5- Covb, i/, N =+/b- Covlp,b]b \/§/ - Covlp. bl . (B.1)
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Figure 11. Triangle plot for the joint power spectrum and bispectrum analysis with a CVL survey
with fpax = 5000 and fay = 1. The figure propose a comparison of the two models detailed in
section 6.1. We also try to fix ns and ap to show the impact of the most degenerate parameters, that
could be determined using external data.

In [85-87], this method was employed in the case of the CMB primary bispectrum. That
relatively simpler case allowed them to carry an exact calculation of the correlation. In our
case this is not possible, and we have to resort to two approximations. First, in principle, the
covariance would not depend on the tested models. In the case of the primary bispectrum,
the weakly non-Gaussian limit can be employed, so that the covariance only depends on
the Cy and instrumental noise, both of which are independent of the bispectrum. For an
actual survey, the covariance could instead be constructed by the collected data and, as such,
it would again be independent from the theoretical model. Instead, in our case, we assume
that the covariance is the one calculated using our fiducial model, and we do not vary it while
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Figure 12. Triangle plot for the joint power spectrum and bispectrum analysis with a CVL survey
with €yax = 1000 and fey = 1, compared with Planck.

we compare another model to the fiducial one. Second, the theoretically sound way to test
the binning would be to compare the binned bispectrum to the full bispectrum calculated on
every multipole, just repeating the representative value of each bin for every configuration
in the bin. However, this leads to the problem that the covariance matrix quickly becomes
ill-conditioned when the binning is made finer and finer. This problem was again not present
in the case of the primary bispectrum since in the weakly non-Gaussian limit the covariance
matrix is diagonal and, as such, trivial to invert. To overcome this problem, we exploit
the fact that the bispectrum is a monotonous function of (¢1,¢2,¢3). The values of the
bispectrum in the bin that deviate the most from the bin representative will therefore be the
two calculated at the extreme bin boundaries, e.g. (100,100,100) and (150,150,150) for the
bin [100, 150] x [100, 150] x [100, 150]. Therefore, we compare the fiducial bispectrum b with
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Figure 13. Triangle plot for the joint power spectrum and bispectrum analysis with a CVL survey
with fmax = 5000 and fa, = 1, compared with SO (fay = 0.30) and V-SP (fu, = 0.47).

the bispectrum calculated on the higher boundary b and the lower one b'°V. We obtain

Corr(b, b™) = 99% , Corr (b, b°V) = 97% . (E.2)

We have verified that changing the maximum and minimum multipoles ([10,5000],
[70, 5000], [10,3000]), the number of bins (27, 25, 32) has little effect (< 10%) on the signal to
noise ratio in the case of logarithmically spaced bins. The same applies when using (accord-
ing to [28]) a combination of linearly and logarithmically spaced bins (linear with Al = 64
in [32,1440], 10 logarithmically spaced ones in [1440, 5000]).
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Figure 14. Effect of parameter variations on the bispectrum kernel for two isoperimetric configura-
tions: (10,2995,2995) and (2000,2000,2000). In the top row we assess the change due to an increase in
Q, and in the bottom row an increase in Bg. Left and centre) contour plot of the bispectrum kernel
in the redshift-mass plane. Solid lines refer to the kernel calculated with the fiducial set of parameters,
dashed lines to the kernel calculated with €, or Sg increased by 10%. The two left panels display
a squeezed bispectrum configuration, while the two central panels an equilateral one. The contour
lines are traced at 1/10th and half maximum. Right) finite differences, as defined in eq. (F.1), of the
kernel integrated over all masses.

F Bispectrum derivatives and breaking the degeneracies

To partially motivate the difference among the derivatives of squeezed and equilateral bis-
pectrum, we investigated the impact of parameter changes on the bispectrum kernel. Not to
have to deal with numerical convergence of derivatives in each point we consider the bispec-
trum kernel evaluated with the fiducial parameters, compared with the same evaluated with
one parameter increased by 10%, and finite differences defined as

ab€1£2€3 _ ab@lﬂzfa ] 8b€1f2f3 0
O OInz ~ Olnz (0,9) Olnz (1.16,0) (F.1)

where 0 is the parameter being varied and 6 is the vector of all the others which have been
kept fixed. We already argued that isoperimetric bispectrum configurations probe quite
similar regions in the z-M plane, but here we need to focus on the subtle differences that
are still present. In the left four panels of figure 14 we therefore compare the bispectrum
kernel of the isoperimetric (10, 2995, 2995) and (2000, 2000, 2000) configurations, calculated
for different combination of parameters. Different parameters modify the kernel in different
ways (first vs second row), but also different configurations react differently (left vs central
column). To see this, we show contour lines for the kernel calculated with the parameter
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fiducial value (solid) and with one of the parameters (£2,, on top, S at the bottom) increased
by 10%. This can be better appreciated in the right column, where we carried out the mass
integral and plotted the finite differences as defined in eq. (F.1). The bispectrum derivatives
(which are in a sense related to the integral of the curves plotted there) are not only different
between configurations (squeezed or equilateral) but different parameters affect the various
configurations differently (the ratio of the curves in the top panel is different from the ratio
of the two curves in the bottom panel).
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