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A B S T R A C T   

This work introduces the deconvolution as a technique to reconstruct missing information in data. While the 
method was originally developed for ocean waves, it will be useful in a wider range of applications where gaps in 
data may alter the statistics or spikes have to be eliminated without removing extreme values. For the application 
to ocean waves, it is estimated that gaps as long as half of the peak period may be reconstructed well. It is 
possible to reconstruct data of longer gaps, however, in total the amount of missing points should be less than 
50% of all points and the missing data should not be clustered.   

1. Introduction 

The outcome of experiments in the laboratory and in the field heavily 
depend on the quality of the measurements. If data points are missing or 
erroneous, the analysis of the experiment may be biased, in particular if 
a continuous data set is needed as input for modeling (Vieira et al., 
2020). A typical example in dealing with erroneous measurements are 
spikes in ocean wave records. Data gaps also occur in radar images of the 
sea surface due to shadowing. The effect of shadowing may be reduced 
by filtering and application of a suitable modulation transfer function 
(Nieto Borge et al., 2004; Nieto Borge and Guedes Soares, 2000). 
Alternatively, measurement areas containing shadowing can be dis-
regarded (Støle-Hentschel et al., 2018). Sometimes parts of data sets 
have to be removed due to gaps that would otherwise change the result 
of the analysis. E.g. in the buoy measurements of Irish et al. (2006) parts 
with gaps longer than 4 s were removed and gaps up to 2 s were inter-
polated linearly. 

It has been observed that dropouts can cause a change of the statis-
tics, in particular if the occurrence of dropouts is not random. One 
example is ultrasonic probes that are known to have limitations in 
measuring inclined surfaces (Rye, 2014). Hence, it is typically the 
steepest part of the wave that will cause dropouts. Before using 
measured data, missing points must be recovered, e.g. by interpolation 
(Rye, 2014). 

Interpolation is the traditional way of filling gaps in data. Among the 
most popular types of interpolation are Hermite interpolation and spline 

interpolation (Burden et al., 1985; Press et al., 1992). Higher degree 
Hermite polynomials have the tendency to fluctuate too much over a 
small interval. Cubic splines are based on a piecewise polynomial 
approximation giving smoother interpolations (Burden et al., 1985; 
Press et al., 1992). Interpolation methods are commonly used for 
measured data e.g. climate data (Hofstra et al., 2008). 

The application of commonly used interpolation techniques is 
compared to the deconvolution in Fig. 1. For the provided example, 
spline interpolation and polynomial interpolation obtain very similar 
wave reconstructions that deviate clearly from the original. For gaps 
that span across multiple neighboring measurement points, the in-
terpolations underestimate the missing peaks. In particular, cases like 
the first gap reveals the shortcomings of the traditional interpolations. 
They fail in recovering the correct shape of a double peak. This work 
suggests the deconvolution as a possible complementing technique for 
situations where established methods are unsuccessful. 

The main purpose of this paper is to present a new technique for 
future applications in gap-filling. The results are compared with cubic 
spline interpolation. Additional methods are outside the scope of this 
paper, but some examples of alternative methods are listed here. 

In recent years it has become popular to apply machine learning 
algorithms to reconstruct missing ocean wave data (Cornejo-Bueno 
et al., 2018; Vieira et al., 2020). Silva et al. (2018) applied a nonlinear 
autoregressive neural network on ocean data to fill gaps in sea surface 
winds. Training was performed with historic wave data from the same 
location. The wind speed estimates were based on measurements of 
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significant wave height. Good correlation with surrounding weather 
stations was found. Another often used technique for spatial interpola-
tion is Gaussian process regression, also called kriging (Stein, 2012). 

It is common that the gaps in measurements are not arbitrarily 
placed but originate from limitations of the measurement device. The 
proposed method is independent of the position of the gaps and for most 
examples the positioning of the gaps is therefore random. All examples 
will be based on typical time series of ocean waves, however, the method 
may be applicable to a wide range of signals. 

First the general principle is outlined and the discrete formulation is 
derived in Section 2. In Section 3 the algorithm is applied to an ensemble 
of random wave fields and errors are analyzed and their sensitivity to 
noise is studied. The performance of the algorithm on applications is 
demonstrated in Section 4 and compared to cubic spline interpolation. A 
summary of the results and the discussion are provided in Section 5. The 
conclusion follows in Section 6. 

2. Method 

2.1. Formulation of missing data as convolution 

Given the fully known observation η, we define the observation 
function λ to indicate the position and length of the gaps. The 

observation function is set to one for all trustworthy measurements and 
zero when the measurement is missing or erroneous. Then we multiply 
the measured data by this observation function, which is equivalent to 
multiplying the correct data with the observation function. By this step 
we can relate the measured data to the correct data. In the Fourier 
domain the multiplication with the observation function becomes a 
convolution, hence the data may be recovered by deconvolution that is 
essentially solving a system of equations. If the overall number of valid 
data points is sufficient to anticipate the wave field for the entire 
domain, the wave elevation across gaps can be estimated. Although data 
points are missing, the information content is enough to determine the 
Fourier coefficients and thereby the wave field is known over its entire 
domain. 

Although the deconvolution is a known operation, it is commonly 
used for the opposite task: If the original problem involves a convolution 
of two signals they may be deconvolved by division after the Fourier 
Transform has been applied [ (Strang, 1986), Ch. 5.5]. In our case, we 
cannot recover the masked data by division since it would require to 
divide by zero. By passing to the spectral domain, the problem is 
transformed in such a way that it may be reversed under given 
conditions. 

Let η(tn) be a discrete measurement of a given magnitude η(t) (e.g. 
wave elevation). The measurement is sampled at N equispaced points in 

Fig. 2. The discrete convolution for the cyclic (a) and non-cyclic case (b). The complex values of the discrete Fourier transforms are represented by their modulus.  

Fig. 1. Examples of interpolations by piecewise cubic Hermite interpolating polynomial (pchip) and cubic spline interpolation (spline) in comparison to the 
deconvolution (dec.). The part where the surface elevation η is a thicker line was assumed to be missing and the calculated interpolations are added in these intervals. 
The annotated root mean square (RMS) errors are scaled by the standard deviation σ of the correct surface elevation, η. 
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time, tn = n dt for n = 0,…,N − 1, where dt is the sampling time. The 
discrete points in time form the set of observations of interest Tobs ≡

{tn; n = 0, …, N − 1}. A subset of the sampling points, Tλ⊂ Tobs, is 
associated with measurement gaps or locations of spikes. We define the 
observation function λ to mark all points with tn ∈ Tλ corresponding to 
gaps or spike locations, 

λ(tn)=

{
0 if  tn ∈ Tλ
1 otherwise (1) 

The observation function λ(tn) is assumed to be known and used to 
mask the measurements η(tn), 

ηλ(tn)= λ(tn) η(tn) (2)  

where ηλ and λ are known and η is unknown for tn ∈ Tλ. By applying the 
Fourier transform to Eq. (2) and making use of the convolution theorem, 
the problem is reformulated as 

F {ηλ}=F {ηλ}=F {η}∗F {λ}. (3) 

In the following we will use the’‘hat’’ notation for the Fourier 
transform, i.e. η̂λ ≡ F {ηλ}, η̂ ≡ F {η}, and λ̂ ≡ F {λ}. Further, we 
simplify the notation by writing the functions as vectors (η[n] ≡ η(tn), 
λ[n] ≡ λ(tn) and ηλ[n] ≡ ηλ(tn)), so that Eq. (2) becomes 

ηλ[n] = λ[n] η[n] for n = 0, 1, …, N − 1. (4) 

By employing the discrete Fourier transform (DFT) and the convo-
lution theorem, Eq. (2) may be written as discrete cyclic convolution [ 
(Brigham, 1988), e.g.] 

η̂λ[n] =
∑N− 1

m=0
λ̂[(n − m) mod N] η̂[m]. (5) 

The expression from Eq. (5) can be written in matrix notation 

η̂λ = Λ̂ η̂, (6)  

where Λ̂ = [λ̂nm] denotes the cyclic convolution matrix with the co-
efficients defined as ̂λnm ≡ λ̂[(n − m) mod N]. The Fourier coefficients of 
η, λ and ηλ are given as vectors, 

η̂ =(η̂[0] η̂[1] … η̂[N − 1])T
∈ CN , (7)  

λ̂ =(λ̂[0] λ̂[1] … λ̂[N − 1])T
∈ CN , (8)  

η̂λ =
(

η̂λ[0] η̂λ[1] … η̂λ[N − 1]
)T

∈ CN . (9)  

2.2. Adding band limitation to the convolution matrix 

The cyclic convolution is depicted by its absolute values in Fig. 2a. 
All spectra in the system of equations are presented with the zeroth 
frequency component in the center, i.e. in the case of the matrix on the 
diagonal. Being based on sinc functions, the sidebands of the convolu-
tion matrix are non-zero. As a full matrix, the numerical properties of the 
convolution matrix are unfavorable and likely to lead to errors when 
solving the system of equations. The numerical properties of the 
convolution matrix may be improved by removing sidebands and hence 
limiting the bandwidth of λ̂. For given λ and η the correctness of the 
altered convolution can be determined by an error measure, 

εrel. =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑N− 1

i=0

[
F (ηλ)(ωi) −

̃F (ηλ)(ωi)
]2

∑N− 1
i=0 [F (ηλ)(ωi)]

2

√
√
√
√
√ , (10)  

Fig. 3. The relative error of the convolution, εrel., and the condition number, 
cond(Λ̂), for different convolution matrices. 

Fig. 4. The results of the deconvolutions on the full system for short (right) and long (left) gaps. Δ denotes the gap width, Tp the peak period. For each case two 
different observations functions and the associated deconvolutions are presented and can be distinguished by subscripts 1 and 2. 
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where ̃F (ηλ) denotes the band-limited convolution. 
The numerical stability may be measured in terms of the condition 

number of the convolution matrix, cond(Λ̂). The closer the condition 
number is to one, the likelier that the numerical solution of the system of 
equations is well behaved. 

For the full cyclic convolution matrix, the convolution is correct but 
the condition number is very high (compare Fig. 3). When reducing the 
bandwidth of the convolution matrix up to 50%, the increase in the error 
is negligible while the reduction of the condition number is of the order 
1015. Additional reduction of the bandwidth does not pay off due to 
minor changes in the condition number with a noticeable increase of the 
error. 

In the remainder of this work, the convolution matrix with half the 
bandwidth is employed. The resulting convolution matrix corresponds 
to the non-cyclic convolution matrix (see Fig. 2b). 

2.3. Solving the deconvolution directly 

As a first example, we attempt to remove a single gap from a time 
series η. The system of equations is solved directly and the result is 

compared to the original signal. 
Fig. 4 shows two images focusing on very short gaps (left) and large 

gaps (right). In both cases, the deconvolution was performed twice with 
two different observation functions to illustrate the influence of minor 
changes in the gap width. The observation functions are denoted λ1 and 
λ2 and their corresponding reconstructions η1 and η2. While short gaps 

Fig. 5. Illustration of the reduction of the system of equations by removing 
rows of the vector, η̂, and the corresponding columns in the convolution matrix. 
The removed coefficients are marked in gray and the complex values are rep-
resented by their magnitude. 

Fig. 6. The results of the deconvolutions on the reduced system for short (right) and long (left) gaps. Δ denotes the gap width, Tp the peak period. For each case two 
different observations functions and the associated deconvolutions are presented and can be distinguished by subscripts 1 and 2. 

Fig. 7. Power spectrum of the shorter gap in Fig. 6, where η̂ denotes the 
original wave, η̂λ1 

the original wave with a gap of length Δ1 = 0.48Tp and η̂1 

the recovered wave. ωp = 2π/Tp denotes the angular peak frequency. 

Fig. 8. The JONSWAP spectrum for different shape factors γ.  
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are handled well (see Fig. 4a), the reconstructions for long gaps are poor 
(Fig. 4a). 

A range of other numerical approaches (singular value decomposi-
tion, minimum residual, quasi minimal residual) have been tested and 
found to give the same solution. The deconvolution technique falls 
under the category of ill-posed problems associated with an ill- 
conditioned matrix. Better performance may only be attained if 

additional information can be injected into the formulation. 

3. Analysis 

3.1. Success for wider gaps by bandwidth limited solution 

By making use of the fact that the bandwidth of the observed waves is 

Fig. 9. Average maximum error for Δ in combination with ω1 for fixed ω2/ωp = 1.5 (left column) and for Δ in combination with ω2 for fixed ω1/ ωp = 0.43 (right 
column). The rows correspond to different values of bandwidth of the JONSWAP spectrum according to the shape factor γ. 

Fig. 10. Average error depending on the percentage of large gaps (left), the percentage of gaps (middle) and the percentage of short distances between the gaps 
(right). The error is scaled by the standard deviation σ. 
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limited, additional information is introduced to the ill-posed problem 
and may improve the solvability. Hence we define a set of frequencies 
Ωred = [ − ω2, − ω1] ∪ [ω1,ω2] for which we want to determine the 
Fourier coefficients while the remaining coefficients are set to zero. 

A reduced matrix Λ̂red is synthesized based on Ωred by selecting the 
columns corresponding to the frequencies in Ωred from Λ̂. Similarly, η̂ is 
reduced to the rows corresponding to the frequencies in Ωred forming 
η̂red. The resulting convolution, formulated as reduced system 

Λ̂red η̂red = η̂λ, (11)  

is depicted in Fig. 5. In the given form, the system is overdetermined and 
a solution may be found by a minimization technique such as the least 
square method. Alternatively, the system of equations may be turned 

into a symmetric system by multiplication with Λ̂
H
red on both sides. The 

resulting system, 

Λ̂
H
red Λ̂red η̂red = Λ̂

H
red η̂λ (12)  

is no longer overdetermined. In contrast to the original system the 

amount of unknowns is clearly reduced and the condition number is 
improved. 

When applying the algorithm of the reduced system to the same 
examples as in section 2.3, the results are clearly improved (see Fig. 6) 
compared to the original solution (Fig. 4). The solution of the decon-
volution always depends on the values of ω1 and ω2. For the current 
example the reduction of the system was based on ω1 = 0.2 ωp and ω2 =

2.6 ωp, which still includes 98% of the energy in the spectrum. A thor-
ough analysis of how the choice of ω1 and ω2 affects the error follows in 
the next section. Ideas for choosing the two parameters for a given 
problem are included in the discussion in Section 5. 

The maximum error for all deconvolutions was found to be reduced 
for the presented case. While the direct method was not able to suc-
cessfully recover the data in the wide gaps, the method with reduced 
convolution matrix resulted in maximum errors of 0.627ηRMS for the gap 
of length Δ1 = 0.48Tp and 0.264ηRMS for the gap of length Δ2 = 0.43Tp. 
For the latter case the power spectrum is shown in Fig. 7. The co-
efficients of the original waves are well approximated by the recovered 
part. The coefficients of the data with gap (ηλ) have a reduced peak and 
additional components at higher frequencies. 

Fig. 11. The influence of noise on the error for the deconvolution and the interpolation by splines. The noise is Gaussian where the standard deviation is calculated 
from the product of the noise factor, ‘noise fac’ and the standard deviation of the wave field. The left column shows the average error divided by the standard 
deviation, σ, the right column the maximum error divided by σ. The different cases in each plot differ in the number of gaps: 4, 5 and 7 gaps. 
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The new system does not only have better properties for finding the 
correct solution, but the efficiency may be increased by a factor of four 
as roughly half of the columns may be removed. 

3.2. Error estimates for the deconvolution of a single gap depending on ω1 
and ω2 

In this section, the focus lies on the deconvolution of a single gap in 
an ensemble of synthesized wave records. Each record η was created 
based on JONSWAP spectra as shown for three different shape factors γ 
in Fig. 8. For each realization of synthesized wave data the amplitude 
was based on the spectrum and the phases were random. The position 
and length of the gaps were not correlated to the waves. 

For further analysis of the method two errors were computed as 
averages over the ensemble: The mean error 

ε=E

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

λn=0

(
ηn − ηdec,n

)2
√ ]

, (13)  

and the maximum error 

εmax =E
[

max
n

⃒
⃒ηn − ηdec,n

⃒
⃒

]

. (14) 

The dependence of the error was assessed for the following param-
eters: The non-zero frequency bandwidth defined by ω1 and ω2, the 
width of the single gap Δ, and the shape parameter of the JONSWAP 
spectrum γ. An effect of the temporal resolution on the error could not be 
found and is therefore not considered. 

The results for the maximum error are shown in Fig. 9. Each error 
was based on the ensemble average over 100 deconvolutions. The mean 
error is not included here as it produces very similar images. In the left 
column, the Figure is dedicated to the parameter ω1 while ω2/ ωp = 1.5 
is kept constant, while the right column deals with ω2 for ω1/ ωp =

0.43. The images reveal that the error is smallest when the shape 
parameter γ is largest, corresponding to the most narrow-banded spec-
trum. The wider the gap width, the more it is important to adapt ω1 and 
ω2 to limit the error. The values of ω1 and ω2 have to be chosen as a 
trade-off between reducing the bandwidth and containing the dominant 
frequency components. Depending on the excepted tolerance for the 

error, the gap width has to be limited. 

3.3. Multiple gaps and the amount and distribution of the missing 
information 

It may be expected that the success rate of the deconvolution de-
creases for an increase of missing data points. To get an idea on how the 
amount and distribution of single points influence the average error, 
synthetic data analogous to Section 3.2 was combined with gaps of 
variable length distributed with variable distances between them. The 
results were then analyzed for the distribution of gap sizes, distances 
between gaps and total percentage of missing data. 

Gaps were classified as large when they fulfilled the criterion Δj/

Tp > 0.5 and the percentage of large gaps was then calculated as 

Ngaps
(
Δj
/

Tp > 0.5
)

Nall gaps
⋅100%. (15) 

Similarly, the distance between two gaps (gap distance) χ was 
identified as small if it fulfills the criterion χ/Tp < 0.4 and the percent-
age of short gap distances was calculated as 

Ngaps
(
χ
/

Tp < 0.4
)

Nall gaps
⋅100%. (16) 

The percentage of missing points was calculated by 
∑N− 1

n=0 (1 − λn)

N
⋅100%. (17) 

The results are presented in Fig. 10. The main observation is that all 
parameters defined above are roughly proportional to the value of the 
error. For all classifiers, the error increases faster for lower values, in 
particular, the length of the gap seems to play an important role. The 
smallest errors were found for cases where all or most gaps are shorter 
than half the peak period Tp. 

3.4. Influence of noise 

In this section, it is analyzed how noise influences the filling of gaps. 
Gaussian noise with a standard deviation of 1%, 5% and 10% of the 
standard deviation of η(tn) was added to the signal and reconstruction by 

Fig. 12. Average and maximum error for deconvolution and interpolation depending on the average number of points in each gap. The amount of gaps was varied 
between 40, 80 and 120 gaps for 2048 points in total. 
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Fig. 13. Examples of the deconvolution technique applied to real data where measurement points have been removed.  
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deconvolution and interpolation is compared. From Fig. 11 we see how 
the average and mean errors grow as more noise is added. The effect is 
stronger for wider gaps and increased number of gaps. Noise adds energy 
to the high-frequency part of the spectrum that is assumed to be zero in 

the solution of the deconvolution. It may be possible to mitigate this 
mismatch by pre-filtering but this is not addressed here. 

To summarize, the method is robust to noise. Depending on the ac-
curacy needed and the amount and width of the gaps up to 10% of 

Fig. 14. The average root mean square error, ε, and the average maximum error, εmax, for the Draupner wave record where random peaks had to be recovered. The 
horizontal axis gives the average length of the gap. The number of missing points in the gaps was set to 9. 

Table 1 
Statistical values for the original data η, data where points have been removed, 
ηλ, the deconvolved data, ηdec, and the interpolated data, ηint.   

Н ηλ  ηdec  ηint  

Hs[m] 11.7 11.5 11.6 11.5 
Κ 3.30 3.42 3.25 3.34 
Γ 0.35 0.44 0.33 0.35  

Fig. 15. Reconstruction of the Draupner wave (left image) when the part between the vertical dotted lines was defined as gap. The image shows two reconstructions, 
the orange use the optimal values of ω1 and ω2 that are marked as red rectangles in the image of the spectrum (right image). Relaxing ω2 as indicated by the orange 
rectangle, the peak value is underestimated. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of 
this article.) 

Table 2 
A summary of the errors for the filling of gaps in applications of 80 random gaps 
for low-resolution buoy data, Δ = 0.5Tp (Case 1) and missing peaks from laser 
measurements with finer resolution, Δ = 0.31Tp (Case 2).   

ε(ηdec)/σ  ε(ηint)/σ  εmax(ηdec)/σ  εmax(ηint)/σ  

Case 1 0.40 0.61 0.72 1.14 
Case 2 0.08 0.49 0.12 1.12  
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Gaussian noise may be tolerable. 

4. Application to data 

4.1. Application to buoy data 

The performance of the method was verified by real data. Artificial 
gaps were added and the missing data points were recovered by 
deconvolution and spline interpolation and compared to the original. 

The measurements were taken in February 1995 by a waverider buoy 
with the sampling rate of 1 Hz. The buoy was located in the Bay of Biscay 
with a waterdepth of 600 m. Starting from a uniform grid the positions 
of the gaps are altered randomly by a uniform distribution over the in-
terval [ − 0.05 N dt, 0.05 N dt]. The lengths of the gaps were set ac-
cording to a normal distribution with an average of 0.4Tp and a standard 
deviation of 0.1Tp. 

To gain insight for a larger variety of cases the definition of gaps and 
their filling was repeated 10 times for each dataset. Since the timeseries 
were long, they were chopped up into 16 intervals of 128 points. 

From Fig. 12 it is apparent that the deconvolution outperforms the 
interpolation. Clearly, the maximum error depends heavily on the 
amount of gaps in each deconvolution, especially when the length of 
each gap increases. Therefore the reconstructed timeseries were 
compared by visual inspection. The recovered data points based on the 
deconvolution differ most from interpolation when the gap masks a peak 
or a trough. Some examples have been added for illustration in Fig. 13. 

4.2. Application to Draupner time series 

As a second example the deconvolution is applied to the time series 
of the Draupner wave. In contrast to the previous sections, the gaps are 
added symmetrically around randomly selected peaks and not distrib-
uted randomly over the time series. The data series of 20 min was 
measured by a laser at the Draupner platform in the North Sea and 
contains the so-called Draupner or New Year Wave (Haver, 2004). 

First the mask for the entire time series was defined by randomly 
selecting 20 to 35 peaks and to define gaps of a specified value around 
them. The data was then chopped into shorter sections and all of those 
were deconvolved and interpolated separately. The same process was 
repeated 100 times for collecting average values for the root mean 
square error and the maximum error. In addition the kurtosis, κ, the 
skewness, γ, and the significant wave height, Hs, were calculated. 

Fig. 14 shows similar results as previously. For larger peaks the 
deconvolution is associated with smaller errors than the interpolation. 
The reconstruction has also implications for the higher-order statistics as 
summarized in Table 1. While Hs drops when removing peaks, κ and γ 
increase. The kurtosis of the deconvolution is lower that of the original 
and so is the skewness. Skewness and kurtosis are captured more 
accurately by the interpolation. 

Finally we show how the peak of the Draupner wave can be recov-
ered by the deconvolution. First, 9 data points are removed from the 
series. The algorithm was applied with different combinations of ω1 and 
ω2. As can be seen from Fig. 15, the algorithm gives the same result for 
any ω2 ∈ Ωinner. For ω2 ∈ Ωouter outside Ωinner, the peak is estimated 
slightly lower. The latter intervals are indicated by rectangles, where for 
ω2 the inner red rectangle corresponds to Ωinner and the orange rectangle 
as Ωouter. 

5. Summary of results and discussion 

The previous sections have shown examples where the deconvolu-
tion is successful in approximating missing data points in a measured 
timeseries. The key results of the applications are summarized in 
Table 2. The main advantage of the deconvolution is that gaps of mul-
tiple points missing in a row may be recovered. When the gap width 

remains below 0.5 peak periods of the measured timeseries, the re-
constructions had an average error below 0.4 standard deviations. In 
comparison, for interpolation the average error was 0.61 standard de-
viations. The deconvolution performs even better when only peaks are 
reconstructed. A marginal difference in the average error for recon-
structed peaks was as low as 0.08 standard deviations, while for inter-
polation the average error was 0.49 standard deviations. This major 
difference between the two methods was achieved for gaps of length Δ =

0.31Tp. 
Generally, spline interpolation of gaps depends highly on the local 

properties. For larger gaps and in low-resolution data, the local prop-
erties around the gap are not necessarily representative for the gap [13, 
Chap.1.6]. In the presented interpolation of buoy data, the time series is 
of low resolution. The cubic spline interpolation is based on continuity 
of the interpolant and its two first derivatives (Burden et al., 1985). Due 
to the involvement of the derivatives, low-resolution data which is not 
smooth is not ideal for spline interpolation. In contrast to that, the 
deconvolution is independent of the smoothness of data and performs 
better. In the second example of the Draupner wave, the time series had 
a higher resolution but when focusing on the reconstruction of peaks, 
the spline interpolation has the tendency to underestimate the 
maximum, resulting in larger errors. 

Examples of other methods for filling gaps often involve machine 
learning [16, 12, e. g]. In these examples data from other measurement 
devices is used in order to fill the gaps. In contrast to that, the infor-
mation needed for the deconvolution is self-contained in the data. As a 
consequence, the deconvolution is easier to apply as no additional 
measurements are needed. The downside of the deconvolution is its 
limitation with respect to the gap length and the amount of gaps that the 
machine learning approaches can handle due to the information from 
other sources. 

As was demonstrated above, the error of the deconvolution depends 
on the choice of the frequency band, defined by the limits ω1 and ω2. On 
the one hand it should be a small interval around the peak frequency ωp 

so that the condition number of the reduced convolution matrix is low 
and the system of equations is well-behaved. On the other hand, 
choosing the interval too small would result in neglecting spectral 
components with a considerable amount of energy. 

If the spectrum can be estimated well from the erroneous timeseries, 
the initial choice for ω1 and ω2 should ensure that the desired amount of 
energy is contained in the solution. When defining the spectrum of the 
measured data, it should be kept in mind that the product ηλ yields a 
convolution in the frequency domain, resulting in a wider bandwidth. In 
particular, energy is shifted to higher frequencies. 

To estimate the mean error for the deconvolution, it is recommended 
to conduct simulations based on the measured wave spectrum and to 
synthesize an observation function based on the properties of the gaps in 
the measurements. The selection of ω1 and ω2 should be reviewed by 
analysing the error as proposed in Section 3.2. Further, it is advised to 
verify that noise has limited influence on the solutions (compare Section 
3.4). 

All examples were performed on an old low-end PC (processor: Intel 
(R) Core(TM) i7-4600U CPU @ 2.10 GHz, RAM: 11.4 GiB). For short 
time windows, the result was presented without noticeable delay. The 
computational effort for producing ensemble averages required some 
processing time in the range of few minutes. 

This paper focuses primarily on introducing the method. Compari-
sons with additional methods and applications of the method to multiple 
problems are outside the scope of this paper. The first application of the 
deconvolution is already in preparation as part of a collaboration with 
the Norwegian Meteorological Institute. In that study, the deconvolution 
is compared to other methods for despiking laser measurements of ocean 
waves. 

So far the method is not optimized for knowledge of the position of 
holes. For time-space wave recordings knowledge of the theoretical 
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dispersion relation may provide useful information in the recovery, at 
least for linear wave fields. Furthermore, the method may be improved 
by further analyzing the bandwidth limitation and its effect to the 
condition number. 

A deeper understanding of the method might be achieved by inves-
tigating possible relations of the deconvolution and the non-uniform 
Fourier transform (Fessler and Sutton, 2003). 

6. Conclusion 

The deconvolution has been introduced as a promising method for 
filling gaps in timeseries of oscillatory measurements that may be rep-
resented by a band-limited spectrum. For our test cases, the deconvo-
lution outperforms traditional interpolation to reconstruct missing data 
correctly. The method is independent of the position of the gaps (peaks, 
troughs, steep parts). However, the gain by using the method is clearer if 
it is applied to peaks and troughs. Also the effect on the statistics is more 
apparent if the holes occur systematically. 

Future applications in different scenarios are needed for a more 
holistic evaluation of the deconvolution. An improved method for a- 
priori error estimation would be beneficial for the applicability to cases 
where no ground truth is available. Furthermore, it is planned to extend 
the method to two and three dimensions where the dispersion relation 
could be used to incorporate additional information in the recovery. The 
method could have potential in remote sensing applications, such as 
removing shadows from radar images. 
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