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Handling instructions
Despite their brevity, the stories in this book are full-fledged
writings. Their advantage is, that one saves time with them,
since they do not require our attention for weeks or months.
While the soft-boiled egg is cooking or until the number you
are dialing answers (provided it is engaged, of course), read
a one-minute story. Feeling unwell or shattered nerves are
not an obstacle. [ . . . ]
Attention!
If there is something you don’t understand, reread the story
in question. If you still don’t understand then the fault lies
with the author.
There are no dim-witted people, only badly written
one-minute stories.

Használati utasítás
A mellékelt novellák rövidségük ellenére is teljes értékű
írások. Előnyük, hogy az ember időt spórol velük, mert nem
igényelnek hosszú hetek-hónapokra terjedő figyelmet. Amíg a
lágy tojás megfő, amíg a hívott szám (ha foglaltat jelez)
jelentkezik, olvassunk el egy Egyperces Novellát. Rossz
közérzet, zaklatott idegállapot nem akadály. [ . . . ]
Figyelem!
Aki valamit nem ért, olvassa el újra a kérdéses írást. Ha így
sem érti, akkor a novellában a hiba.
Nincsenek buta emberek, csak rossz Egypercesek!
István Örkény, Egyperces novellák (One-minute stories)

Abstract
Nuclear level densities (NLD) and γ-ray strength functions (GSF) are essential
average characteristics of the atomic nucleus. They describe the number of levels
in an excitation energy interval and electromagnetic transition probabilities,
respectively. There has been significant progress in the theoretical descriptions,
but experimental information is necessary to “gauge” the quality of different
models. Furthermore, the NLD and GSF are important ingredients to crosssection calculations, which are used in a variety of applications spanning
from nuclear energy and nuclear medicine to astrophysics and the quest of
understanding how our universe was formed.
This thesis contributes to the understanding and quantification of uncertainties in measurements of NLDs and GSFs with a focus on the so-called Oslo
method. We have developed a new Python library, OMpy, which reimplements
the data analysis software used in the Oslo method. It enables, for the first time,
a complete propagation of statistical errors from the raw data to the final results
and permits the treatment of several types of systematic errors. Moreover, it
enhances research reproducibility through a transparent documentation and
facilitates the publication of all steps of the analysis.
For the interpretation of any measurement it is important to characterize
the measurement devices. Therefore, we have determined the energy response of
the recently commissioned γ-ray detector array OSCAR at the Oslo Cyclotron
Laboratory.
We have conducted an experiment to find the NLD and GSF of 240 Pu.
The particular challenges of the (d, p) reaction on a heavy target nucleus are
explored, it is shown to violate an assumption of the Oslo method, and a new
procedure to mitigate this problem is presented. Moreover, special challenges in
the cross-section calculations for actinides are discussed.
We present the new code gledeli, which puts measurements on NLDs and
GSFs in a broader perspective, as it facilitates the simultaneous analysis of
several experimental techniques. The combined fits are particularly suitable for
the evaluation of theoretical descriptions and to find recommended NLD and
GSF parametrizations, that can be used in cross-section calculations.
Finally, the work on actinide targets has lead us to the development of a
novel technique to estimate prompt-fission γ rays. We use the (d, p) reaction as a
surrogate for fast-neutron induced fission to study the spectral characteristics as
a function of excitation energy. This reaction enables us to report on the average
multiplicity, and the total and average γ-ray energy emitted in the fission of the
compound nuclei 234 U∗ and 240 Pu∗ .
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Chapter 1

Introduction
Muss ich mir den subatomaren Raum vorstellen als etwas
grosses, ruhiges, dunkles, in das man hinabsteigen kann?
Do I have to imagine subatomic space as something huge
and silent and dark that you can climb down into?
Peter Fischli und David Weiss Findet mich das Glück?
(Will happiness find me?)

Almost 40 years after the first application of what has become known as
the Oslo method [1–4] we have to ask ourselves: Is there still anything new to
discover? The honest answer has to be that we do not know – otherwise it would
not be a discovery – but there are still many important questions to pursue.
The nucleus is a complex quantum mechanical object, but it has been shown
that many aspects are well described by average statistical quantities. The
Oslo method is an experimental technique that has been at the forefront of the
determination of the level density and γ-ray strength function of the atomic
nucleus. The initial works have been dedicated exclusively to basic science, the
understanding of the nucleus [1, 2, 5–8]. In this respect, the discovery of a strong
enhancement in the emission probabilities of low-energy γ rays is regarded as a
breakthrough of the Oslo method [9].
As the technique matured, the question of how the results from the Oslo
method would impact applications has gained more attention. Nuclear level
densities and γ-ray strength functions are essential inputs to the calculation of
neutron capture cross-sections, which are a measure for the probability that a
nucleus absorbs a neutron and subsequently emits γ-rays. The delicate balance
between neutron capture and fission is crucial for the control of the chain
reactions that are at the heart of nuclear energy production. A more precise
knowledge of neutron capture cross-sections may become more important as the
industry pushes towards reactors driven by fast-neutron reactions, where direct
cross-section measurements are extremely challenging [10–12].
Another intriguing challenge is to reconstruct how our universe was formed
from the abundance of different elements that we can observe today. In stellar
environments no elements heavier than iron can be formed through fusion, such
that they must have been created through a fine balance between neutron
and proton capture, and nuclear decays. If we determine the key inputs to
cross-section calculations more precisely by applying i.e. the Oslo method, we
can improve our knowledge of the formation of our universe [13–15]. This is a
strong claim, and of course, there are other aspects involved; the astrophysical
conditions, i.e. where, with how strong neutron fluxes and at what temperatures
1
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the reactions proceeded will arguably have the strongest impact. However, given
the recent progress on the determination of the astrophysical sites, the discovery
of a neutron-star merger event by the LIGO/Virgo collaboration in 2017 [16],
a precise understanding of the nuclear input is essential [15]. However, “with
great power must also come – great responsibility”.1
If we intend to minimize the uncertainties in applications like the above,
we need a detailed understanding and quantification of the uncertainties that
arise from the experimental measurements and their analysis. A milestone for
the Oslo method has been the work of Schiller et al. in 1999/2000 [3]. The
authors developed a formalism for a simultaneous fit of the level density and
γ-ray strength function to the experimental data that does not require prior
assumptions on the parametrization of results. The principle is still used today.
Furthermore, they provided an approximation of the uncertainties of this method.
Larsen et al. followed this up with an analysis of possible systematic errors in the
Oslo method [4]. Given the significant progress in computation power during the
past 20 years, it is time to revisit the matter and proceed from approximations
to a rigorous quantification of the statistical – and where possible also systematic
– uncertainties.

1.1

Research questions

This leads to the following research question for this thesis:
• How can we achieve a full and justifiable quantification of the statistical
and systematic uncertainties in the Oslo Method?
• Are there limits to the applicability of the Oslo Method?
From my work on actinide targets, the following questions came in addition:
• Can we improve the data processing for actinide targets, where a
considerable amount of data is rejected due to the opening of the fission
channel?
• What is the impact of our results on neutron capture cross-sections
calculations, especially for actinide targets?

1.2

Thesis outline

This thesis is structured as follows. In Chapter 2 I review the foundation and
scientific context of this thesis, that is the definition, models and experiments
to determine the level density and γ-ray strength function. Chapter 3 provides
a short description of the publications that form this thesis. In Chapter 4 I
summarize the main findings and present an outlook on further research questions.
1 This is a quote from S. Lee’s Spider-Man, but very similar phrases are known e.g. from
W. Churchill and T. Roosevelt.

2

Thesis outline
Finally, a reprint of the six articles included in the thesis is provided. Paper I
presents a reimplementation of the software for the Oslo method with a focus
on the rigorous statistical uncertainty quantification. Paper II characterizes the
γ-ray energy response of the new detector array OSCAR. Papers III and IV
analyze a specific assumption of the Oslo method, quantify the bias in a case
where it is not fulfilled and propose a new correction method. Paper V shifts
the focus from the analysis with the Oslo method and demonstrates how we
can improve our knowledge of level densities and γ-ray strength functions from
the combination of several experimental methods. Finally, in Paper VI a new
technique is explored to obtain prompt-fission γ rays from data that has to be
rejected in the Oslo method.

3

Chapter 2

Background
Remember that all models are wrong; the practical question is how
wrong do they have to be to not be useful.
— George Box, Empirical Model-Building and Response Surfaces

2.1

Level density

Describing a nucleus is a quantum mechanical many-body problem with no easy
solution. However, for many applications it has been fruitful to describe the
nucleus in terms of macroscopic statistical or phenomenological models. One
quantity that is often described through a statistical approach is the nuclear
level density ρ, which is a measure for the number of levels N in an energy region
∆E. It is inversely related to the average spacing D between the levels,
ρ=

1
N
= .
∆E
D

(2.1)

Note that each level is degenerate with 2J + 1 magnetic substates, such that the
state density is given by ρ(state) (J) = (2J + 1)ρ(J). From quantum mechanics, it
is known that the excited levels are not truly discrete, but have a certain width
Γ, which can be related to their lifetime τ through a Fourier transformation
resulting in Γ = ~/τ [17] [18, p. 412ff]. Nevertheless, the low excitation energy
region is usually referred to as the discrete region, which can be justified as
the width Γ is negligible in comparison to the average level spacing D. With
increasing excitation energy Ex , the level spacing D decreases whilst the width Γ
increases, until the levels eventually form a continuum. This thesis is concerned
with the region in-between, the so-called quasi-continuum, where the levels do
not overlap yet. There, the states are built up by complex enough wave-functions
that a statistical treatment is usually sufficient for applications like cross-section
calculations.

2.1.1

Empirical models

In the following, I will introduce some of the most widely used phenomenological
models for the level density. More details can be found e.g. in the Reference Input
Parameter Library (RIPL3) [19] and references therein. A graphical comparison
of the different models is given for 164 Dy in Fig. 2.1.
5
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Backshifted Fermi Gas Model
Already in 1936 Bethe [20] derived the state and level density for non-interacting
Fermi gases. I describe Bethe’s model in Paper V:
In 1936 Bethe proposed a level density formula assuming that neutrons and
protons form a gas of non-interacting fermions [20]. The model was later
amended slightly, allowing the excitation energy Ex to be shifted by a constant
E1 for better fits to observables like the density from discrete levels. The shift
is proposed to be connected to the breaking of Cooper pairs, see eg. Ref. [21],
even though this differs from an exact derivation based on the Bardeen-CooperSchrieffer theory [22, 23]. The level density ρ of the backshifted Fermi gas
(BSFG) is given by [24]
 √ 
exp 2 aU
1
√
,
(2.2)
ρ(Ex ) =
12σ 2π a1/4 U 5/4
where U = Ex − E1 is the effective (backshifted) excitation energy and a
is the so-called level density parameter. The spin-cut parameter σ is an
energy dependent parameter related to the spin-parity distribution and will
be discussed in [Sec. 2.1.1]. At U = 25/(16a), Eq. (2.2) has a minimum and
we adopt the procedure of Ref. [25] to set ρ(Ex ) constant below this energy to
avoid unphysical results.
Implicitly, I have assumed here that the level density parameter a does not
depend on the excitation energy Ex , which is consistent with the initial derivation
of the (BS)FG model. However, one observes that nuclei closer to magic numbers
are best fit by a lower a, which indicates the importance of shell effects. This
is also relevant for the dependence of a on the excitation energy Ex as shell
effects gradually play a lesser role for higher Ex . A phenomenological description
of a(Ex ) was first proposed in Ref. [26] and the concept is in agreement with
microscopical calculations, see Ref. [19] and references therein. For the works
included in this thesis, we only require and obtain information on the level
density ρ up to approximately the neutron separation energy Sn . In this regime,
the effect of the variation of a on the level density ρ(Ex ) is negligible. To
minimize the number of free parameters, we therefore use the BSFG formula
with a constant a. For Fig. 2.1, I have used the parameters E1 and a compiled
in Ref. [25], together with the Fermi gas spin-cutoff which will be introduced in
Eq. (2.7).

Constant Temperature Model
In most recent works of the Oslo group the constant temperature model is used,
which I describe in Paper V:
6
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Level density

Level Density (MeV 1)

108

106

104

BSFG
CT
CT+BSFG
Combinatorial (D1M), ( = + )
Combinatorial (D1M), ( = )
Combinatorial (D1M)
discrete
Oslo data
(Sn)Oslo, ext.

102

100

0

2

4

6

Excitation Energy Ex (MeV)

8

10

Figure 2.1: Level density of 164 Dy obtained from empirical parameterizations
[25], theoretical calculations [32] and extracted with the Oslo method [Paper I,
33] . The combinatorial model explicitly takes into account the parity dependence
and shows that parity equilibration a good approximation above ≈ 2 MeV. Also
shown is ρ(Sn ) obtained from the average s-wave resonance spacing D0 that is
used as a normalization constrain in the Oslo method.

“

The Constant Temperature (CT) model has been proposed by Ericson [27]
essentially in realization that the level density ρ obtained from discrete levels
is fit well by [19, 24, 27, 28]
ρ(Ex ) =

Ex − E0
1
exp
,
T
T

(2.3)

where the temperature of the nucleus T is assumed to be constant over the
whole energy range, and E0 is a shift parameter. For applied purposes, Gilbert
and Cameron [24] suggested a combined formula with the CT model for low
energies and the BSFG for higher energies. However, works by the Oslo group
suggest the usage of the CT formula even up to the neutron separation energy
Sn , see e.g. Refs. [29–31] and references therein.
The parameters T and E0 for Fig. 2.1 are taken from the compilation of
Ref. [25].
Composite Gilbert Cameron Model

7

”

2. Background
As stated above, Gilbert and Cameron [24] suggested a level density formula,
which combines the CT and BSFG model at low and high energies, respectively.
Different approaches exist on how exactly the models should be combined, but
they all impose a continuity of absolute values and first derivatives at the
matching point Em [19, 24, 34]. Usually, Em is below the neutron separation
energy Sn , but unless it is far below Sn , the results from the Oslo method
are not able to distinguish between the composite Gilbert Cameron model
(CT+BSFG) and a pure CT model. In Fig. 2.1 I show this model with the
default parametrization from TALYS v1.9 [35], where Em = 6.6 MeV, which is 1
MeV below Sn .
Spin-Parity distribution
Up to now, we have implicitly treated the level density ρ only as a function
of the excitation energy Ex .1 From the definition of the level density ρ, we find
that it should also depend on the total angular momentum J (conventionally
called spin) and the parity π. However, the phenomenological models assume
that the level density ρ(Ex , J, π) can be factorized as follows
ρ(Ex , J, π) = ρ(Ex )g(Ex , J, π),

“

(2.4)

where g(Ex , J, π) is the spin-parity distribution, which is assumed to have a
Gaussian-like functional form. I describe g(Ex , J, π) in Paper V:
The spin-parity distribution g(Ex , J, π) is usually assumed to have following
form [20, 24, 36]
1
g(Ex , J),
2
J2
(J + 1)2
g(Ex , J) = exp 2 − exp
2σ
2σ 2
2J + 1
(J + 1/2)2
≈
exp −
,
2σ 2
2σ 2

g(Ex , J, π) =

(2.5)

(2.6)

For a derivation, see App. E. of Ref. [24], which refines the arguments used
in Refs. [20, 36]. The parity dependence is usually neglected in the empirical
models [25], resulting in the equiparity assumption of Eq. (2.5).
Various descriptions exist for the spin-cut parameter σ, which determines
the width of the spin distribution g(Ex , J). Although the BSFG model provides
a formula for σ, alternatives are commonly used as they provide e.g. a better
description of the distribution of known discrete states [19, 22, 25, 37].
In the articles presented here, two different spin-cutoff formulas are used
(and we implemented several other choices in OMpy):
1 In some contexts this is called the total level density, but I will avoid this name, as others
use it to refer to the state density.
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γ-ray strength function
• In Papers III and IV we use the spin-cutoff σ of Ref. [38] (as referenced in
Ref. [25]) which is based on the rigid body moment of inertia,
σ 2 (Ex ) = 0.0146A5/3

1+

p

4aU (Ex )
,
2a

(2.7)

where A is the mass number of the nucleus.
• At low Ex , typically at ≈1–2 MeV, the spin cut-off σ can also be obtained
from an average of the spins J of known levels. To reconcile a potential
discrepancy to the spin-cutoff σ calculated from Eq. (2.7) we have chosen
the same approach as in Refs. [19, 34] for Paper I: We interpolate σ 2 linearly
between the value obtained at an average energy Ed for the discrete region
and the Fermi gas expression for Sn . Note that we have chosen Eq. (2.7) as
the model for the spin-cutoff σ(Sn ), which differs from the functional form
used in Refs. [19, 34] for σ(Sn ). Below Ed , the spin-cutoff σ is assumed to
be constant.
The parametrization of the spin-cutoff σ is a major systematic uncertainty in the
normalization of the results from the Oslo method, as I also mention in Paper I.
So far, there are no experiments that can provide reliable information on the
spin-cutoff σ for heavy nuclei, or the spin distribution g(Ex , J) itself, between
the discrete region and the separation energy Sn . With OMpy, it is now at least
very easy to rerun the analysis for a set of reasonable models for σ.
It should be noted that g(Ex , J, π) is the intrinsic distribution of levels
with spin J and parity π in the nucleus. This is in general different from the
distribution of levels that are populated in a given reaction (denoted gpop (Ex , J, π)
in Papers I, III and IV). The difference is striking in reactions like nuclear
resonance fluorescence or for the population of a nucleus through β-decay of the
parent, as strong selection rules limit the available J π states. In other cases, like
for (d, p) reactions, the population of different spin-parities crucially depends on
the beam energy and may be proportional to the intrinsic spin-parity distribution.
Papers III and IV discuss challenges for the Oslo method when the beam energy
in the (d, p) reaction is below the Coulomb barrier for the 240 Pu target.

2.2

γ-ray strength function

The γ-ray strength function2 f is a measure for the average transition probability
between states in the nucleus. We will here adopt a slightly modified definition3
of Bartholomew et al. [39, Eq. (1.1)] for a transition with energy Eγ and
2 I may refer to f also just as (γ-ray) strength, and strength function. In literature it is
also called radiative- or photon strength function.
3 In contrast Eq. (2.8), Bartholomew et al. [39] uses a asymmetric definition, where the
partial transition widths Γγ (·) are defined as transitions from the higher- to the lower energy
level not only for decays, but also for excitations. We conceptually prefer a symmetric definition,
but show the equivalence below, which follows from a corresponding change in the level density.
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multipolarity XL,
fXL (Eγ , Ei , Jiπ , Jfπ ) =

D
E
(XL)
Γγ
(Ei , Jiπ → Ef , Jfπ )
Eγ2L+1

ρ(Ei , Ji , πi )
|
{z
}

1
,
D(Ei ,Ji ,πi )

,

(2.8)

see (2.1)

where Ef = Ei ± Eγ for absorption and emission of a photon, respectively, and
the variables for the initial and final states have the subscript i and f . The
(XL)
average h·i over the partial widths4 Γγ
(Ei , Ef , Jiπ , Jfπ ) should be taken over
many levels with the same spin-parity at the energy of the initial state. It should
be clear from the context whether f denotes the γ-ray strength or the final
state. A transition with multipolarity XL can be either of electric (X = E) or
magnetic type (X = M ) and has the multipole order L (where L = 1 is dipole,
. . . ).
Note that other definitions exist in literature [39, 40], like f = hΓγ iρ or
f = hΓγ iρ/(Eγ2L+1 A2/3 ), with the A being the mass number; the choice of
Bartholomew et al. [39] divides out the “obvious” E 2L+1 energy dependence of
the transition probabilities [18, p. 595] due to the properties of the electromagnetic
operator.
In general, one distinguishes between the strength from photo-excitation
(“upward”) processes f~, usually from the ground state of a target nucleus, and
the strength from γ decay (“downward”) f~. The above equation Eq. (2.8) for f
transforms automatically in Bartholomew’s definition of f~
E
D
(XL)
(Ei , Jiπ → Ef , Jfπ )
Γγ
f~XL (Eγ , Ei , Jiπ , Jfπ ) =
ρ(Ei , Ji , πi ),
(2.9)
Eγ2L+1
where Ef = Ei − Eγ . Using the principle of detailed balance [18, p. 602], it also
transforms into Bartholomew’s definition of f~,5
D
E
(XL)
Γγ
(Ei , Jiπ → Ei , Jfπ )
f~XL (Eγ , Ei = 0, Jiπ , Jfπ ) =
ρ(Ef , Ji , πi )
Eγ2L+1
D
E
(XL)
Γγ
(Ef , Jfπ → Ei , Jiπ ) ρ(E , J , π )
f
f
f
=
ρ(Ei , Ji , πi )
ρ(Ei , Ji , πi )
Eγ2L+1
D
E
(XL)
Γγ
(Ef , Jfπ → Ei , Jiπ )
≈
ρ(Ef , Jf , πf ),
(2.10)
Eγ2L+1
4 They are not to be confused with the total radiative width for the decay of a state i,
P
Γγ =
Γ (i → f ).
f γ
5 Note a slight inconsistency here that I was not able to resolve: The principle of detailed
balance relates the ratios of transition widths between an initial and final state and the state
(state)
densities, Γi→f /ρf
, not level density ρ. The difference might be that we now regard
transition widths between levels, not states.
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where Ef = Eγ (and one would now average over the final levels).
In practice, the photo-excitation strength function f~ is usually calculated via
the photoabsorption cross-section6 σ (see Appendix A) [39, 41–43],
f~XL =

σXL
1
.
(2L + 1)(π~c)2 Eγ2L−1

(2.11)

Finally, the γ-ray strength function f can also be related to the transmission
coefficient T ∼ 2πΓρ [18, p. 389], using Eq. (2.9),
f~XL =

TXL
.
2πEγ2L+1

(2.12)

In many situations it is interesting to model partial decay widths given a
model of the (average) strength function f~. For brevity, let me denote the partial
decay width by Γpart . Inverting Eq. (2.9) one finds
hΓpart i =

f~XL (Eγ , Ei , Ji , πi )Eγ2L+1
.
ρ(Ei , Ji , πi )

(2.13)

The equation above provides only the average behavior. Assuming an extreme
configuration mixing of the wave-functions, Porter and Thomas [44] found that
the ratio of each partial width independently follows a χ2 distribution with ν = 1
degrees of freedom, which is also called Porter-Thomas distribution,
Γpart
∼ χ2ν=1 .
hΓpart i

(2.14)

This is in good agreement with many experiments, see e.g. Refs. [45–49] and can
be derived from random-matrix theory [50]. However, Porter and Thomas [44]
already noted that the independence assumption probably breaks down for
transitions to low-lying states, which are much less complex than the states at
higher excitation. Several recent experiments [51, 52] have found violations of
the Porter-Thomas distribution that cannot be explained by random-matrix
theory, even after inclusion of coupling of different channels [53].

2.2.1

Simplifications: Brink–Axel hypothesis

Faced with the challenge of calculating neutron widths, Brink [54, p. 101ff] came
up with following simplification in his dissertation: He assumed that the “upward”
and “downward” γ-ray strengths of the giant electric dipole resonance (GDR) are
equivalent. To be precise, Brink’s assumption was on the cross sections, not the
γ-ray strength function. However, as can be seen in Eq. (2.11) these are closely
related. In addition, Brink assumed a parametrization of the cross-section that
is independent of the spin-parity and excitation energy of the initial and final
6 Cross sections, the spin-cut, and the standard deviation of a Gaussian are denoted with
σ, but it should be clear from the context what I refer to.
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states, but depends only on the transition energy Eγ = Ei − Ef . Later, the
idea was extended to include also other transitions than the GDR, like the M1
scissors or pygmy dipole resonance. With this assumption, we can simplify our
notation for the strength function
fXL (Eγ ) = f~XL (Eγ , Ei , Jiπ , Jfπ ) = f~XL (Eγ , Ei , Jiπ , Jfπ ).

(2.15)

The assumption of the spin independence may have been motivated by the
observation of Hughes and Harvey [55] that the average total radiative widths
hΓγ i seem independent of the ground-state spin of the target nucleus in (n, γ)
reactions.
It is not immediately clear that the Brink hypothesis should hold true,
especially given the peculiar asymmetry of the initial versus final level density
in Eqs. (2.9) and (2.10). However, it is quite common to apply at least the
spin independence of the Brink hypothesis in cross-section calculations and
comparisons of the γ-ray strength function from different experiments (see
e.g. Refs. [56–59]). Brink’s thesis remained unpublished until recently, but
the results were referred to in an article of Kinsey [41]. Seven years after the
dissertation, Axel [42] was the first to widely use the hypothesis of Brink in
the calculation of strength functions and radiative widths. The hypothesis then
started to be referred to as the Brink–Axel hypothesis.
The Brink–Axel hypothesis is usually invoked when using the Oslo method.
Some aspects of it can also be verified through the application of the Oslo method.
The independence of the decay strength function from the excitation energy
Ex in the quasi-continuum has e.g. been shown in Refs. [60, 61] using the Oslo
method. Furthermore, a study that compares the strength of the M 1 scissors
resonance obtained with the Oslo method and nuclear resonance fluorescence
strongly suggests that the “upward” and “downward” strengths are equal [59].
This is also confirmed in the analysis of two-step and multi-step cascade spectra
[62, 63] and other experiments [64].
The hypothesis is, however, also highly debated and there are known
limitation. The low energy part of the strength function is not accessible
in the photo-excitation of the ground state, as the level spacing is relatively high
for the lowest excited states. Analogously to the remark on the Porter-Thomas
fluctuations, transitions between low-lying states may in addition not be well
represented by a statistical model, as structure effects play a larger role. In
contrast to the photo-excitation, the decay may probe the low energy part of
the strength function in transitions between the closely spaced quasi-continuum
states. In light of these differences, one can argue that the Brink–Axel hypothesis
is violated [65, 66] – or that the concept of the photo-excitation strength function
is not applicable in this region. Still, other recent works [67, 68] exhibit a
violation of the Brink–Axel hypothesis also for higher energies (most notably,
Ref. [68], which does not depend on a specific level density or strength function
model) or attempt to determine limits of its applicability [58].
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2.2.2

Empirical models

In the following, I will briefly describe some of the models that are often used
for the γ-ray strength function. The parameters for these models are usually
determined by a fit to data, or if no measurements are available, one resorts
to (semi-)empirical predictions. The goal of the description here is to give an
impression of the manifold of models, rather than a theoretical justification;
given the variety of approaches, the final justification for the (semi-)empirical
models is usually given by the match with the data, not by the consistency of the
approach. For more details, the reader is referred to Refs. [19, 69] and references
therein.

“

Standard Lorentzian
In his Doctoral thesis, Brink [54] proposed the standard Lorentzian (SLO) for the
electric dipole strength f~E1 . Nowadays, modifications of this model are usually
used for the E1 strength, but it is still commonly used to describe M 1 and E2
modes [19]. Let us recall the description given in Paper V:
The γ-ray strength function f (Eγ ) is dominated by dipole radiation [66, 70–80]
and the most prominent feature in the region up to about 20 MeV is known as
the giant (electric) dipole resonance (GDR). One of the simplest models for
the GDR explains it as a collective motion of protons against neutrons. The
resonance can then be described by a damped harmonic oscillator, leading to
the standard Lorentzian (SLO) [39, 54, 81]
f (SLO) (Eγ ) =

1
Eγ Γ
σΓ 2
,
3π~2 c2
(Eγ − E 2 )2 + Eγ2 Γ

(2.16)

where σ, Γ and E are the cross section, width and energy of the resonance,
respectively, and the factor 1/(3π~2 c2 ) ≈ 8.674 × 10−8 mb−1 MeV−2 . For
deformed nuclei, the GDR has a double peaked structure, which is interpreted
as independent oscillations along each of the deformation axes.
An interesting observation for the SLO model is that it does not depend
on the initial excitation energy Ei , but only on the γ-ray energy Eγ , thus
f~(SLO) = f~(SLO) . Note also that the shape of f (SLO) , given in Eq. (2.16),
resembles a relativistic Breit-Wigner cross-section, but using Eq. (2.11) it can
be shown that there is a different energy dependence (×E 4 ).
The family of Lorentzian models
The SLO has two main shortcomings: It mismatches experimental data and
(semi-)microscopic calculations in the low-energy region (. 1–2 MeV), and
it cannot simultaneously represent data around the GDR and the neutron
separation energy Sn (see e.g. Refs. [19, 82–84] and references therein). This has
motivated the development of other strength function models, which generalize
the Lorentzian shape and lead to a “family” [69] of Lorentzians. The new models
13
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have improved the agreement with the observables. A comparison of four of
these models is given in Fig. 2.2.
The first extension of the SLO was proposed by Kadmenskiı̆, Markushev and
Furman (KMF) [85]. Based on the theory of Fermi liquids, they predict that the
width Γ should not be constant, but depend on the γ-ray energy Eγ , as well as
on the temperature of the final states Tf ,
ΓKMF (Eγ , Tf ) =

Γ
(E 2 + 4π 2 Tf2 ),
E2 γ

(2.17)

As the KMF strength
p function is built on the Fermi gas model, the temperature
is defined as Tf = Ex − Eγ /a. The resulting strength function is given by [19,
85]
fKMF (Eγ , Tf ) =

1
ΓKMF (Eγ = 0, Tf )
0.7σΓE
.
3π~2 c2
(Eγ2 − E 2 )2

(2.18)

Whilst this improves the low energy behavior of the strength function, it
poses two problems. First, the γ-ray strength function no longer obeys the
Brink–Axel hypothesis, or specifically, the final state temperature dependence
leads to f~KMF 6= f~KMF . However, as there is no fundamental reason why the
Brink–Axel hypothesis has to hold, this could be considered a consequence rather
than a shortcoming of the model. The second problem is more severe: The
strength function has a singularity at the resonance energy, Eγ = E, such that
it cannot be used to fit GDR data.
To remedy the deficiency at low energy, whilst keeping a tractable form in
the GDR region, Kopecky and Uhl [83] introduced the generalized Lorentzian
(GLO), using the KMF model as a basis,
"
1
Eγ ΓKMF (Eγ , Tf )
fGLO (Eγ , Tf ) =
σΓ
.
3π~2 c2
(Eγ2 − E 2 )2 + Eγ2 ΓKMF (Eγ , Tf )2
#
0.7ΓKMF (Eγ = 0, Tf )
.
(2.19)
+
E3
The GLO provides better fits to the data, but still underestimates the strength
around Sn for heavier nuclei. This led to a modification called the enhanced
generalized Lorentzian (EGLO) where the width ΓKMF used in the GLO model
is further modified for nuclei with A ≥ 148 [19, 86].
There are yet other Lorentzian models, like the generalized Fermi liquid
model (GFL) [87] and modified Lorentzian model (MLO) [82, 88–90]. It seems
like authors in the field choose rather freely between the different models for
the E1 strength function. On the one hand, the choices may seem arbitrary, or
defined solely on the basis of which model fits for the nucleus under study. On
the other hand, this approach might be justified, as it is not given that there
is a single empirical model that can describe nuclei in all mass regions. Thus,
to evaluate the models, it would be helpful to implement all of them in a code
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(a)

(b)

Figure 2.2: Comparison of different E1 γ-ray strength function models fit in
RIPL3 [19] experimental data from (a) 144 Nd [91] in the low energy region and
to (b) 90 Zr [92] around the GDR. The strength function is plotted for a fixed
temperature Tf . Reprinted from Ref. [19] with permission from Elsevier.
like gledeli presented in Paper V and automatically perform the analysis with
each model. At best, the results of all models should then be published – also
those that did not fit well – such that a final recommendation for the model
choice can be based on a larger scale. This has partly been performed in RIPL3
[19], but the database does not include data from sources like the Oslo method
and nuclear resonance fluorescence experiments, which are important for the low
energy tail.
Single-particle strength
Probably the first widely used model on the strength of electromagnetic
transitions was developed by Weisskopf [93] in 1951 and refined by Blatt and
Weisskopf [18, p. 278ff, 627, 647, 653] in their standard work Theoretical Nuclear
Physics the year after. It is based on the extreme assumption of the independentparticle model, in which nucleons interact with each other only through a meanfield. This leads to a nuclear wave function which is composed of a separable
product of single-particle wave functions. The γ radiation (or absorption) is then
ruled by the transition of a single particle, in the original formulation a proton.
A very similar expression is obtained for neutrons, at least for E1 transitions,
see Ref. [94, p. 387] and Ref. [95, 97f]. With some approximations, the transition
probability λ is determined as [18, p. 627]
λXL = CXL Eγ2L+1 R2L ,

(2.20)

where CXL is a constant that depends on the multipolarity XL (see Blatt and
Weisskopf [18, p. 627] for details) and R is the nuclear radius. Equation (2.20)
is also known as the Weisskopf estimate for transition strengths.
Using Γ = ~λ and Eqs. (2.9) and (2.10), we find that the strength function f
depends only on the constant CXL , the radius R, and the level density ρ(E> ),
where E> is the excitation energy at the upper level. For transitions between
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highly excited states of the nucleus Blatt and Weisskopf [18, p. 644ff] further
argue that the transition probability must be divided amongst the levels, which
adds a factor 1/ρ(E> ) to the strength function, such that it effectively becomes
constant for a given XL,
fXL =

“

2L+1
R
CXL E 2L+1 R
hΓiXL
high Ex CXL E
ρ(E> ) =
ρ(E> ) →
ρ(E> ) = const.
2L+1
2L+1
2L+1
E
E
E
ρ(E> )
(2.21)

They roughly estimate the applicability of this model up about 25 MeV for nuclei
with Z ∼ 50.
Although many authors use an SLO for M 1 and E2 transitions, which is
recommended by RIPL3 [19] for the latter, it is still not uncommon to see the
single-particle model used for those transition types, see e.g. Refs. [57, 63, 96]. I
want to conclude this section with the modest remark of Weisskopf [93] on his
own model:
The assumptions made in deriving these estimates are extremely crude and
they should be applied to actual transitions with the greatest reservations.
[ . . . ] In spite of these difficulties it may be possible that the order of magnitude
of the actual transition probabilities is correctly described by these formulas.
We have published these exceedingly crude estimates only because of the rather
unexpected agreement with the experimental material which was pointed out
to us by many workers in this field.

2.3

Microscopic models

The empirical descriptions of the level density and γ-ray strength function are
most important for common applications like the cross-section calculations that
are used e.g. in nuclear energy, shielding and nuclear medicine. Major libraries
like JEFF-3.3 [97] and JENDL-4.0 [98] apply the models listed above, or very
similar descriptions. Remaining discrepancies to experimental data are simply
minimized by rescaling the calculations. Despite their heavy usage, the empirical
models have three significant drawbacks. First, they are mostly descriptive
and provide only a very limited understanding of the nucleus. Second, some
collective phenomena in nuclei, like the M 1 scissors resonance, have no global
description for the parameters; for other modes, like M 1 spin-flip resonance, only
very crude descriptions exists, see Ref. [66, 99] and references therein. Finally,
the phenomenological parameterizations most likely do not extrapolate well for
nuclei far from stability, which are relevant for astrophysics [100]. For this reason,
microscopic calculations have enjoyed an increased popularity [69, 84, 100, 101].
Sometimes one explicitly uses the term semi-microscopic calculations when the
underlying microscopic theory is altered with some empirical description to
improve the fit with experimental observables. In the following, I will briefly
16
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review some of the most successful theoretical description for mid-mass and
heavy nuclei.
The common starting point for most microscopic descriptions of the nucleus
is the time-independent many-body Schrödinger equation,
Ĥ|ψi = E|ψi,

(2.22)

with the Hamiltonian
Ĥ =

X
i

−

~2 2 X
∇ +
vi(j,... ) ,
2m i

(2.23)

The potential v is usually simplified to include only mean-field vi and two-body
interactions vij . In the equations above, |ψi is a many-body wave function of
the nucleus and E is its excitation energy.

2.3.1

“

The Shell model

Probably the most well known approach to solve this problem is the Shell model,
which in a simple form is now taught even at introductory nuclear physics courses.
Although the principles were already known from atomic physics, the success
of the nuclear shell model started only after the introduction of the spin-orbit
interaction in the potential by Goeppert Mayer [102, 103] and Jensen [104]. In
their excellent review on the Shell model, Caurier et al. [105] summarize the
effect as follows:
In modern language this proposal amounts to assuming that the main effect of
two-body nucleon-nucleon interactions is to generate a spherical mean field.
The wave function of the ground state of a given nucleus is then the product of
one Slater determinant for the protons and another for the neutrons, obtained
by filling the lowest subshells (or “orbits”) of the potential. This primordial
shell model is nowadays called the independent-particle model (IPM) or naive
shell model.
In the shell model, the state energies E (and thus the level density ρ) are
obtained by a diagonalization of the Hamilton matrix. The new basis – the
eigenstates |ψ 0 i – can be used to calculate the γ-ray strength function f , which
is schematically given by fXL ∝ hΓγ i ∝ hψf0 |ÔXL |ψi0 i. In practice, this turns
out to be a challenging problem for calculations that go beyond a mean-field
approach and one has to resort to phenomenological interactions and/or restrict
(“truncate”) the model space. A common approximation for “heavier” nuclei
(A > 20) is to assume an inert core and only allow interactions between particles
in some valence orbitals above the core.
The Lanczos method [106] and even more so the Monte-Carlo Shell Model
(MCSM) [107] have proven to be relatively efficient ways to calculate approximate
energies and wave functions for light to mid-mass nuclei (A ≈ 60 – 140), see
e.g. Refs. [108–114] and references therein. Nevertheless, in this mass-region
17
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Figure 2.3: Level density of 70 Ni from the Oslo Method (“experiment”) compared
to Shell model calculations with different interactions. Reprinted with permission
from Larsen et al. [115]
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Figure 2.4: γ-ray strength function of 70 Ni from the Oslo Method (“experiment”)
compared to shell model calculations for fM 1 with different interactions, and
QTBA for fE1 . Pannel (a) shows the fM 1 Shell model strength from all
M 1 transitions, whereas (b) only includes transitions from initial levels with
Jiπ = [5− , 6− , 7− ]. Reprinted with permission from Larsen et al. [115]

it is common to apply a truncation to an inert core plus a single major shell.
If one disregards so-called intruder orbitals, all other orbitals of the one shell
have the same parity. Therefore, the selection rules imply that the E1 strength
cannot be calculated from this approach. However, the calculation can provide
the M 1 strength, and this type of shell model calculations have been used e.g.
as a theoretical backing of the low-energy enhancement in the γ-ray strength
function [109, 111, 114, 115]. Figures 2.3 and 2.4 compare the level density and
γ-ray strength function of 70 Ni from the Oslo method to Lanczos method based
Shell model calculations with different interactions [115].
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Another technique with a similar name, the Shell model Monte Carlo (SMMC)
method [116, 117], has been very actively developed by Alhassid and collaborators
[117–121]. In contrast to the methods presented above, the SMMC level density
is estimated without the construction of eigenstates. Thus, the strength function
cannot be calculated in this approach. On the other hand, it is tractable for
considerably higher valence spaces and thus allows the calculation for heavier
nuclei, which are, in general, further off the core. This has enabled the calculation
of the level densities of spherical and deformed nuclei as heavy as 143−150,152 Nd,
149−155
Sm and 162 Dy [119–121].

2.3.2

Hartree-Fock method and QRPA

In the near future, none of the above methods will be feasible for large scale
calculations of level densities and γ-ray strength functions across the nuclear chart.
The need for these as input to abundance calculations in nuclear astrophysics has
motivated the development of level density models based on the Hartree-Fock
(HF) method. In Ref. [122] the level density is calculated using a Skyrme force
with the Bardeen-Cooper-Schrieffer (BCS) formalism to account for pairing
correlations. Based on the ground-state HF-BCS single-particle level scheme, the
level density is approximated from the partition function. The authors of Ref.
[122] refer to this as the “statistical approach”. A drawback of the approximation
is that the resulting level density is smooth even at low energies, where gaps are
expected due to wider spacing of the discrete states [122, 123]. In addition, the
parity dependence of the level density cannot be resolved [123]. These problems
were solved by the application of a combinatorial method [124, 125] instead of
the “statistical method” on the single-particle level scheme [32, 123]. In these
works, a generalization of the HF formalism, the Hartree–Fock–Bogolyubov
(HFB) method has been used instead of BCS to account for pairing. In the latter
work, Ref. [32], the underlying force has also been changed to a recently updated
Gogny-D1M interaction which can explicitly treat some collective properties
which were previously included by an empirical enhancement [32, 126].
The major gain of this type of microscopic calculations is certainly for
very heavy nuclei and for nuclei further away from stability. The difference
between the average level spacing calculated from the HF–BSC+statistical and
HFB+combinatorial models and experimental data from neutron experiments is
between a factor of 2 and 3 [32, 122, 123]. This is comparable, even if slightly
worse than the agreement with the phenomenological BSFG model, with a global
parametrization of the level density parameter a and backshift E1 [32, 127].
Note that the empirical models in Papers III to V are parametrized taking into
account the experimental average level spacings, thus the agreement can be
arbitrarily good, but this information is only available for a subset of the stable
nuclei.
The E1 γ-ray strength function can be found by applying the quasiparticle random-phase approximation (QRPA) based on the HF-BCS and HFB
calculations with the Skyrme or Gogny+D1M force, respectively [100, 128, 129].
Through the usage of an axially-symmetric deformed QRPA calculation, Goriely
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et al. [101] have recently also been able to determine the M 1 strength function
based on the Gogny+D1M interaction. On top of the calculations, some empirical
corrections are applied: An energy shift of about 2 MeV to mimic the inclusion
of higher order particle-hole excitations in the QRPA calculation, a broadening
of the strength with a Lorentzian to substitute a damping of the collective
motion, and for calculations before Ref. [101], also empirical deformation effects.
Alternatively, a QRPA calculation with explicit coupling to phonons can be used
to obtain the E1 strength function [130–132]. The result of this approach is
shown in Fig. 2.4 for 70 Ni, where the calculations include the quasi-particle time
blocking approximation (QTBA) [115, 133].

2.4

Experiments

So far, I have introduced different phenomenological and microscopic models for
the nuclear level density ρ and γ-ray strength function f . In this section, I will
briefly review experimental techniques that are used to measure level densities
and γ-ray strengths. More information on the strength function can be found in
two recent reviews by Goriely et al. [69] and Ref. [134]. They were initiated by
the IAEA and lead to an online database with a collection of experimental data
and theoretical estimations. To my knowledge there are no recent reviews on
the experimental or theoretical progress of level density calculations, but Refs.
[135, 136] give a good description of the methods developed until the start of
the 1980s.
I have started this chapter with Box’s realization that “all models are wrong”,
or as he rephrases it in the same book, that models are only approximations of the
“truth” [137, p. 74, 424]. We may reflect over this also for experiments. The level
density and γ-ray strength are not directly observable, so a “measurement”
is to be understood in the sense that information about them is inferred
from an experiment. This process usually involves a considerable amount of
assumptions, such as the validity of the Brink–Axel hypothesis. Still, apart from
internal consistency, experiments are the only way to evaluate the quality of the
phenomenological and microscopic models.
A prime example for the sustained value of experimental measurements in
this field is the discovery of the low-energy enhancement (“upbend”) of the
strength function in 2004 [8] through the Oslo method: A striking 50 years after
the GDR was found [138, 139] and rather soon after also explained [140], there
were still unexpected features in the γ-ray strength function. Even though the
discovery initially caused a lot of skepticism, see e.g. Refs. [141–143], it led to the
refinement of several empirical and theoretical models and to the development
of a new experimental technique, the Ratio method [144]. A good review of the
discovery and present status of the low-energy enhancement is given in the PhD
thesis of Midtbø [145].
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2.4.1

Oslo method

The Oslo method allows to simultaneously obtain the level density ρ and decay
γ-ray strength function f~ below the particle separation thresholds. In Paper I
we describe OMpy, a reimplementation of the software used during the data
analysis with a focus on uncertainty propagation and we provide an updated
review of the all steps of the method. The starting point is an Ex –Eγ matrix of
excitation energy tagged spectra of the γ decay. These are traditionally obtained
from coincidence measurements of charged particles and γ-rays from inelastic
scattering or a transfer reaction like (d, p). Recent modifications have extended
the range of possible nuclei that can be studied through the usage of inverse
reactions [146] or β-decay as a population mechanism [147].
The primary γ-rays from the reaction, i.e. the first γ-rays emitted for each
cascade, are extracted by an iterative subtraction method [148] from the Ex –Eγ
matrix, which contains all γ-rays of the cascades. It assumes the formation of a
compound nucleus, and that the spin-parity dependent population probabilities
gpop for the employed reaction, e.g. (d, p), are independent of the excitation
energy.
The resulting matrix is called the primary, or first-generation, γ-ray matrix
and it is usually denoted by P (Ex , Eγ ). Using Bohr’s compound nucleus picture
[149] and the Brink–Axel hypothesis, it can be decomposed into the product of
the level density ρ(Ex ) and the γ-ray strength function f (Eγ ), (see App. C of
Paper I for a derivation)
P (Ex , Eγ ) ≈ CEx ρ(Ef = Ex − Eγ )Eγ3 f (Eγ ),

(2.24)

where we consider decays from an initial excitation energy bin Ex with γray energy Eγ , so that we receive the level density at the final states’ bin
Ef = Ex − Eγ ; CEx is a normalization constant for each excitation energy bin
Ex . In addition, we have assumed the dominance of dipole radiation, which is
supported by many experiments and theory [66, 70–80].
The solutions to Eq. (2.24) have been shown to be invariant under a continuous
transformation with three parameters [3]. To get the “physical solution” the
results are normalized to (at least) three other types of information.7 Usually,
that is: i) the level density ρ at low excitation energies (. 2 MeV) from discrete
states measured through spectroscopy, ii) the level density ρ(Sn ) derived from
the average s-wave neutron resonance spacing D0 and the spin-parity distribution
g(Ex ), and iii) the average total radiative width from s-wave capture hΓγ,0 i.
Additionally, for most experiments, an extrapolation of the level density ρ is
required from the highest Ex bin ≈1 – 2 MeV below Sn to the normalization
point ρ(Sn ). The extrapolation is performed with a level density model. In
recent years the CT model has been favored, as it matches better with the
7 One normalization parameter is common, two are independent for ρ and f . Usually, the
discrete levels are binned in more than two bins, so in principle they would be sufficient to
infer two of the normalization parameters unambiguously.
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Oslo data than a BSFG model8 [29–31]. Another extrapolation is needed in the
determination of the absolute scale of the γ-ray strength function.
In summary, the main controversial assumptions are i) the form of the spinparity dependent population probabilities gpop , ii) the Brink–Axel hypothesis
and (see discussion in Section 2.2.1) iii) the parametrization of the intrinsic
spin distribution g, which is used in the normalization. The impact of g can
be treated as a systematic uncertainty by using different sensible results from
phenomenological models and microscopic calculations. A recent development
to mitigate the normalization uncertainties, the Shape method, will be presented
briefly in Section 2.4.6. For a debate on the Brink–Axel hypothesis, see
Section 2.2.1.
For many mid-mass nuclei the assumption of the spin-parity dependent
population probabilities has been tested by comparison of the results of two
different reactions, like (3 He, α) and (3 He, 3 He0 ), for the same residual nucleus
[59, 150–152]. This is an indirect test: If the assumption is not fulfilled, one
would expect that the results for different reactions disagree. However, they
seem to be rather consistent. For very heavy nuclei, which have a broad intrinsic
spin distribution, the situation is not as clear. In several actinide nuclei an ad
hoc correction to the normalization was necessary in order to recover a somewhat
consistent γ-ray strength f [153–155]. The consequences of a breakdown of the
assumption on the spin-parity population gpop for (d, p)240 Pu is analyzed in
more detail in Paper III, where we show that the ad hoc correction has serious
short-comings. This is further developed in Paper IV, where we attempt to
mitigate the effects of the assumption.
The biggest advantage of the Oslo method is that it allows to extract
information on both level density and γ-ray strength function, and it is feasible to
perform the fits without prior knowledge on the parametrization of the functions.
Therefore it is ideally suited to search for new features, as has been demonstrated
with the low-energy enhancement.

2.4.2

Singles γ-ray, two-step and multi-step cascade spectra

Another way to infer information about level densities ρ and decay γ-ray strength
functions f~ is from singles γ-ray [156, 157], two-step cascade (TSC) [62, 65, 141,
158] and multi-step cascade (MSC) [63, 143, 159] spectra. Apart from one case,
these spectra have been obtained from (n, γ) reactions [69]. Level densities and
γ-ray strength functions cannot be obtained directly, but are inferred from a
comparison of the spectra with model calculations using a statistical decay code.
There are major differences in the experimental setups which have been
applied for the acquisition of the (singles), TSC and MSC spectra, that propagate
to the data analysis. For TSC, slow neutron capture has been used, which
populates several resonances at around the neutron binding energy Sn at the
8 The composite Gilbert Cameron model has not been attempted in the extrapolation.
Probably it was seen as a disadvantage, as it introduces more parameters, which would not
be easy to fit with the previous software implementation. With OMpy, they could easily be
introduced as nuisance parameters and marginalized in the results.

22

Experiments
same time, and the resulting γ-ray spectra have been measured with a few
high resolution Ge detectors. The setup is simple enough that corrections due
to Compton effect, cross-talk, etc. can apparently be applied as a background
subtraction process in the beginning of the analysis [141, 158]. The MSC spectra
have been obtained following the population of isolated resonances of known
spin and parity, leading to a well determined initial state. The data available
sofar has been obtained with the DANCE γ-ray calorimeter [160]. Due to the
close configuration and high segmentation of the detector, it is challenging to
account for the detector response by an unfolding procedure. Instead, every
γ-ray cascade that was modeled to build up the MSC spectra is fed through a
Monte Carlo simulation of the detectors and the results are compared to the raw
data.
Singles, TSC and especially MSC spectra have a high sensitivity to different
level density and γ-ray strength function models and parameters. However, none
of the parameter searches and model comparisons have been fully automated
yet using e.g. a gradient-descent based or gradient-free optimization. Whilst
this may be possible for the singles and TSC spectra, the detector simulations
necessary for MSC spectra are very time consuming and the likelihoods to obtain
MSC data are complicated or a priori not known, hampering an automated
search [63]. The drawback of calculations with a limited number of attempted
parametrizations can e.g. be seen for studies of the low-energy enhancement
in 96,98 Mo. Whereas earlier TSC [141] and MSC [143, 161] analyses reported
that a pronounced low-energy enhancement in these nuclei is incompatible with
their analysis, a recent reanalysis allowed for significantly higher strengths at low
energy [159], now consistent with the Oslo method results [150]. The difference
was attributed to “significantly different PSFs [γ-ray strength function] shapes
compared to those tested in Refs. [143, 161].” [159].

2.4.3

Nuclear resonance fluorescence

The resonant absorption and subsequent reemission of photons below the particle
emission threshold is called Nuclear Resonance Fluorescence (NRF) and it is a
tool to study the photo-excitation strength function f~. The photoabsorption
cross-section σ can be converted to the strength function f~ using Eq. (2.11). For
more details on the experiments and data analysis, see the reviews in Refs. [69,
162–165] and references therein.
NRF excites the nucleus mostly through dipole and, with less intensity,
quadrupole photons. The multipolarity XL of the decay radiation and the spins
of the exited states can be deduced from angular correlation measurements. In
addition, the parity can be determined when using polarized beams or Compton
polarimeters. The average absorption cross-section σ is the sum of the elastic
scattering cross-section σγγ , i.e. direct decay to the ground-state (f = 0), and
the inelastic scattering σγγ 0 , where the decay proceeds through one or more
intermediate state(s) (f =
6 0). These partial cross-sections can be obtained from
Eq. (A.5) (including the discussing below Eq. (A.6)) by multiplication with the
branching ratio Γf /Γγ . [69]
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Figure 2.5: Sketch of two different experimental methods to determine the γ-ray
strength function. (a) Shows a NRF method to determine the photo-excitation
strength f~ from the elastic cross-section (green arrow) and the approximate
contribution of the inelastic cross-section (red arrows). In (b) the extraction
of the ratio of the decay strength functions f~ from decays to different lowlying excited (here, 2+ ) states is displayed for two different excitation energies
Ex,i . The ratios are combined in (c) to obtain the shape of f~. Reprinted with
permission from Pietralla, Isaak, and Werner [165].

There are two main challenges for NRF when extracting the absorption
cross-sections and thus γ-ray strengths. First, the branching ratio to the groundstate Γf=0 /Γγ has to be determined in order to relate the elastic scattering
cross-section σγγ to the absorption cross-section σ. For experiments with a
broader incident spectrum, like those obtained a γELBE, the inelastic scattering
contribution need to be determined from statistical γ-cascade simulations [69].
The approach and problems correspond to those described in Section 2.4.2. When
a quasi-monochromatic beam is used, as e.g. at the HIγS facility, the different
contributions to the cross section may be determined from measurements of
direct decays (σγγ ) and, in addition, the decay through other low-lying state(s)
(σγγ 0 ). This is schematically displayed in Fig. 2.5a. Under the assumption that
all inelastic decay cascades proceed through low-lying state(s), displayed as
different 2+ states, the inelastic scattering cross-section σγγ 0 can be determined
from the intensity of decays of the first excited state [68, 165, 166].
The population at higher excitation energies, thus higher level densities,
poses an additional problem. In this region, the fraction of weak transitions
that may not be resolved increases. They need to be taken into account if one
wants to obtain the (full) average strength function and not only the strength to
excite some selected states. However, one needs to subtract the contribution of
background events before one can integrate all transitions, including those that
are unresolved ones, i.e. the whole spectrum. This background of unresolved
γ-rays stems e.g. from Thomson and Compton scattering in the target and
constitutes a large fraction of the detected coincidence events. It can be simulated
with a particle transport code like Geant4 [167] and subsequently taken into
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account in an “effective” detector response, see Ref. [168] and Ref. [169, p. 62].
However, this poses a question on the systematic uncertainties of this approach.
Recently, an approach has been developed by Isaak el al. [68, 166], that adds
the possibility to measure the decay strength f~ in the same NRF experiment
used to determine f~. It is based on the Ratio method, [144] that was initially
applied to γ rays following a (d, p) reactions and is sketched in Fig. 2.5 (b, c).
Using γ – γ coincidence measurements one can gate on decays of known low-lying
levels Elow,i and study the intensity Ii of the γ rays Eγ,i feeding these. Only γ-ray
combinations that sum up to the beam energy Ebeam within the experimental
resolution are accepted, Ebeam ≈ Ex ≈ Elow,i +Eγ,i . If the low-lying levels Elow,i
have the same spin-parity, the ratio r of the intensities for different γ rays are
directly proportional to the ratio of the strength-function (and the energy factors
2L+1
Eγ,i
). By combining the ratios r for different excitation energies, the γ-ray
strength function can be determined up to a common normalization factor. As
mentioned above, this was initially performed for (d, p)95 Mo, where it confirmed
the presence of the low-energy enhancement in f~ [144]. The special aspect of
the γ – γ coincidence measurements with a polarized beam performed by Isaak
el al. [68, 166] is that they were able to study the photo-excitation f~ and decay
strengths f~ in the same experiment, thus eliminating systematic uncertainties
due to different reaction mechanisms. At present, only 128 Te has been studied
with this new (~γ , γγ) technique9 . For that nucleus, the authors find that the
results “cannot be described quantitatively within the ansatz of the statistical
model. The results indicate that the BA [Brink–Axel] hypothesis is not fulfilled”
[68]. It is expected that this type of experiments will contribute significantly to
the debate on the validity of the Brink–Axel hypothesis.

2.4.4

“

Neutron and proton resonance capture

Let us start with the a description of the average level spacing D and average
total radiative width hΓγ i given in Paper V:
Neutron capture experiments provide two important observables, the average
level spacing D, which is simply the inverse of the level density ρ, and the
average total radiative width hΓγ i, which is a convolution of the γ-ray strength
function f and the level density ρ.
The observables are grouped according to the angular momentum `
transferred by the neutron, where ` = 0 is called s-wave capturea . From
the spacing of resonances in s-wave capture D0 one receives the level density ρ
at the neutron binding energy Sn for the accessible levels (assuming experiments
with thermal neutrons, so that their kinetic energy is negligible),
D0 = P

1
,
ρ(Sn , J = Jt ± 1/2, πt )

(2.25)

9 Sometimes it is denoted as (~
γ , γ 0 γ 00 ) which makes it even more explicit that the γ rays
from the decay are not identical to the initial photon.
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where Jt and πt are the target nucleus ground state spin and parity, respectively,
and the addition of 1/2 is due to the intrinsic spin of the neutron. For Jtπ = 0+ ,
which is the ground-state spin-parity for even-even nuclei, D0 provides the
spacing of J π = 1/2+ levels in the residual nucleus (recalling that J ≥ 0). [ . . . ]
After neutron capture, the nucleus is in an excited state with Ex ≈ Sn and
the decay is dominated by γ-ray emissionb . The width of the decay following
s-wave capture hΓγ0 i is given by

hΓγ0 (Sn )i ≈
×

D0
2
X

Z

Sn

"
dEγ f (Eγ )Eγ3

0
JX
i +1

#
ρ(Sn − Eγ , Jf , πt ) ,

(2.26)

Ji Jf =|Ji −1|

where the first sum runs over all possible residual nucleus spins Ji = |Jt ± 1/2|
and the second sum runs over all final spins Jf , assuming a dominance of
dipole radiation. For more information and a derivation of this equation, see
eg. App. D in Ref. [171], which is based on [18, p. 649], and Sec. 2.3 in Ref.
[170] and references therein. In addition, we have assumed that the radiative
width is dominated by the compound nuclear processes, which suggested by
many experiments [170, 172, 173].
a Most data exists for s-wave capture, which will be used in the following, but the
equations can be generalized for other angular momentum transfers, like p-wave capture
(` = 1).
b The neutron widths are typically about 1–2 orders of magnitude smaller than the
total radiative width Γγ for excitation energies Ex only slight above the neutron emission
threshold Sn , see e.g. the discussion in Ref. [18, p. 471] and data tabulated in Ref. [170].
Internal conversion is negligible for high transition energies and other decay modes, like β
decay, change the isotope.

There are two major compilations of the average level spacings D and average
total radiative widths hΓγ i, the Atlas of neutron resonances by Mughabghab [170]
and the RIPL3 library [19], which date to 2018 and 2009 in the most recent
versions cited here, respectively. Mughabghab [170] also provides a list over
individual resonances and their total width Γγ , along with recommended values
for average total width hΓγ i for some nuclei where no direct measurements exists.
It should be noted that there are significant differences in the evaluated values
and uncertainties for some nuclei – even when apparently the same resonance
data is used. Unfortunately, neither of the two libraries describes the evaluation
procedures in more detail.
Neutron resonance capture can also be used to determine the decay γray strength function f~ at around the neutron separation energy Sn . Two
methods, the direct resonance capture (DRC) and average resonance
capture (ARC) have been used very actively between the 1960s and ’90s, see
Refs. [69, 174–176] and references therein.
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In DRC one measures the decay intensities Iγ , i.e. the number of γ rays per
neutron capture for several resonances individually. The measurements are either
preformed directly, or by comparing the count rates to a calibration standard
(XL)
like 197 Au [174]. The partial widths Γγ
(Ei , Jiπ → Ef , Jfπ ) are obtained from
the intensities Iγ by multiplication with the total radiative width Γγ . The
strength function f~ is then calculated from Eqs. (2.8) and (2.9) by division of
the energy factor and D0 . The values of Γγ and D0 are usually obtained from
other experiments or evaluations as described above. The data exhibit large
fluctuations due to counting statistics and the Porter-Thomas distribution, which
are reduced by averaging over several resonances. Note that a certain degree
of averaging is also required from the definition of the strength function. As
before, the majority of information is for s-wave capture but the relations can
be expressed analogously for p-wave (and d-wave) capture. [175, 176]
In contrast to DRC, in ARC neutron beams with a broader energy profile are
used with full widths half maximums (FHWM) between 150 eV and 24 keV . This
leads to the simultaneous measurement of many resonances and consequently
an improved, intrinsic statistical averaging. However, whilst the initial states in
DRC were (usually) well determined and from single resonances, the mixture
of different resonances in ARC inhibits the conversion of the intensities Iγ to
partial width Γpart
via the total radiative width Γγ . This is because Γγ is an
γ
inherent property of each single resonance and whilst a general trend might be
obtained, it varies in particularly also for resonances of different spins. Despite
the difficulties, the strength function can still be extracted up to a common
factor stemming from the lack of Γγ . Different approaches exists in literature,
but the latest works of Kopecky et al. [84, 176–178] normalize to the average
strength from DRC measurements wherever available. [176]
Both techniques allow for the discrimination of the γ-ray multipolarity XL
through the usage of spin-parity assignments of the initial and final states. This
means that for DRC, the averaging can, in principle, be performed for groups of
the same initial and final spins, provided that there are enough resonances, see
Ref. [175] and references therein. In ARC however, where multiple initial spins
Ji are populated simultaneously, statistical factors for the detection of different
transitions need to be taken into account assuming Brink-Hypothesis, i.e. the
independence of the γ-ray strength function from spins of initial and final states
[175, 179, 180].
The first compilation of γ-ray strength functions from neutron resonances
was published in 1981 by McCullagh, Stelts, and Chrien [174]. Since then,
many updates have emerged (see e.g. Refs. [69, 84, 99, 175–178, 181]), both as
new data from DRC and ARC experiments became available, but also because
previous results were reevaluated due to their dependence on external data
for D0 , Γγ and the spin-parity assignments. In some compilations the authors
attempted to account for missing resonances due to small intensities in Porter
Thomas fluctuations, but in the most recent compilation of 2019, Kopecky and
Goriely [176] rely on that the effect is small when many transitions have been
measured.
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Recently, attempts have been published to obtain the γ-ray strength from
thermal capture γ-rays. The procedure is very similar to DRC, but it is not
possible to average over initial resonances, which leads to very strong fluctuations.
Two independent compilations appeared in quick succession: Firestone was
responsible for the evaluations in [69]10 and Kopecky [182] used a slightly different
approach and other data sources. The later provides a direct comparison of the
strength function for each nucleus to the HFB+QRPA calculations of Goriely
et al. [101] with the Gogny+D1M force. At the current stage, the large scatter
of the data poses questions to the added value of the new technique.
The authors of the γ-ray strength function database [69] have also compiled
data for average proton resonance capture, which resembles very much the
ARC technique. However, according to Goriely et al. [69] the publications often
do not describe enough information for a proper analysis of systematic and
statistical uncertainties.

2.4.5

Cross sections and evaporation spectra

In a statistical treatment of nuclear reactions the cross sections in the unresolved
resonance region can be calculated using a formalism developed by Hauser and
Feshbach [183]. Level densities and γ-ray strength functions, or more generally,
γ-ray and particle transmission coefficients are input to the Hauser-Feshbach
calculations. Therefore, information on them can be inferred from a comparison
of calculations to experimental cross-section measurements. For applications
described below that involve the Hauser-Feshbach theory, an appropriate optical
potential has to be known, but this is often rather well determined for stable
nuclei.
The Hauser-Feshbach formalism has been applied to the calculation of
particle evaporation spectra. This enables the study of level densities in
the quasi-continuum below the particle separation threshold and, under certain
conditions, also above. The essential ideas of this method are given in Ref. [18, p.
365ff] and a review of the refinements and applications is provided in Ref. [184].
Practically, the spin-parity distribution has to be known and the resulting level
density is obtained up to a normalization constant, which is usually determined
by a comparison to known low-lying levels [184, 185]. Furthermore, one needs an
appropriate optical potential, and the experimental condition and analysis have
to be optimized to minimize the contribution of non-compound reactions [184,
186] or they need to be modeled explicitly, see e.g. Refs. [187, 188]. There are
several examples that have shown a good agreement between the level densities
obtained with the Oslo method and from particle evaporation spectra [185, 189,
190] . Recently the uncertainty due to the non-compound reactions has been
removed by measuring low-energy γ rays in coincidence with particle spectra
in the 64 Ni(9 Be, αn)68 Zn reaction [191]. Direct reaction or multistep have been
excluded by gating on the coincidence of γ rays from transitions of known discrete
10 Summary
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levels in the residual nucleus 68 Zn that are primarily populated by the compound
reaction.
In an excitation energy range that is usually some MeV above Sn , so that
the levels already start to overlap, Γ > D, but below the “true” continuum, the
level width can be determined from so-called Ericson fluctuations [192–194].
Ericson showed, that the “average period” of the autocorrelation function of
the total neutron cross-section fluctuations is related to the average level width
Γ [184]. Deviations from the average are determined by the level spacing D
and thus by the level density ρ. The corresponding equations can be solved for
the level density, but the final calculations require knowledge of the spin-cutoff
parameter, see e.g. Ref. [195]. In addition, width fluctuation corrections might
be necessary [196–198].
The fluctuation analysis was developed further for lower excitation energies
Ex , where the levels do not overlap yet, but cannot be resolved by counting due
to the detector resolution ∆E, so Γ < D < ∆E. Originally, the technique was
applied to study the level density through β-delayed particle spectra, but has later
been extended to inelastic electron and proton scattering. In the derivation it is
assumed that the level spacings and partial decay widths follow the Wigner and
Porter-Thomas distributions, respectively. More information can be found in the
outstanding (also in literary terms) review of Hansen, Jonson, and Richter [199]
and the recent review of Neumann-Cosel and Tamii [200] and references therein.
As the employed reactions are selective to certain spin-parities, only partial level
densities are obtained. Nevertheless, this can provide very valuable information.
Through the study of the giant resonances by this method, Kalmykov et al. [201]
obtained e.g. the level spacings D for 2± states, independently for each parity,
between Ex = 6 – 11 MeV from inelastic scattering of 90 Zr. As before, total level
densities, i.e. summed over all spins, can then be obtained assuming a given spin
distribution, see e.g. Ref. [70].
Another important source of information – and an application – for level
densities and γ-ray strength functions are cross-section calculations. In the
resonance region the (phenomenological) R-matrix formalism was developed, but
it provides “only” a parametrization for cross sections when experimental data
exists (apart from very light nuclei, where the R matrix can be calculated directly)
[202–205]. Above the resolved resonance the Hauser-Feshbach formalism is used,
which for mid-mass and heavy nuclei holds approximately for incident neutron
energies En in the range of some keVs to a few tens of MeVs. Note however,
that there are some recent developments that allow for the Hauser-Feshbach
calculations to extend to lower energies by adding “statistical” resonances [206].
An example of the separation in the different regions is given in Fig. 2.6. Amongst
all channels, the neutron capture cross-section σ(n,γ) depends most strongly on
the level density and γ-ray strength function. This was employed e.g. in Ref. [83]
to infer properties of the E1 strength function at low energies. In the strength
function database [69] also Maxwellian-averaged neutron capture cross-sections
have been considered for model selection.
In the last 5 – 10 years, the calculation of neutron [13–15, 146, 147, 154, 155,
208–214] and proton [212, 215] capture cross-sections have become a popular
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Figure 2.6: Non-elastic, absorption and fission cross-section for incident neutrons
on 239 Pu (upper panel) and 237 Np (lower panel). The analysis regions for the
R-matrix and Hauser-Feshbach formalism are highlighted. Data extracted from
ENDF/B-VIII.0 [207].
application for the results of the Oslo method, especially for nuclei where direct
measurements are impeded due to unstable target nuclei. Alternatively, the target
might be stable, but measurements in the fast neutron region (∼ 1 – 10 MeV)
are challenging due to a lack of appropriate monoenergetic neutron sources.
Amongst the initial ideas of this thesis was that the level density and γ-ray
strength function of 240 Pu should be used to calculate the neutron capture
cross-section of 239 Pu. However, for actinides the fission channel (n,f) is open
in addition to (n,γ), which leads to considerable challenges. As the total crosssection in the calculations is determined from the optical model, a change in
the cross-sections of one channel will effect also all other open channels. From
Fig. 2.6 we see that fission dominates over capture for 239 Pu in the energy range
where the Hauser-Feshbach framework is applicable11 . The fission cross-section
is sensitive to even very small deviations in the fission barrier parameters. Due
to the interdependence of the different channels, this means that the parameters
for fission have to be tuned carefully even if one “just” wants to calculate
capture cross-sections. In general, one needs to fit all parameters (level densities,
strength-functions, fission barriers, etc.) simultaneously to arrive at a consistent
description of all cross-sections, see e.g. Refs. [97, 207, 216–218]. This is beyond
the scope of this thesis, although the results of Paper IV may of course be
11 The figure provides only evaluated cross-sections, but they agree well with measurements
(for simplicity not plotted here).
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valuable input for an evaluation.
After having seen some of the challenges in cross-section calculations for
actinide nuclei, it is insightful to discuss the results on 237 Np(n, γ) [154]
and 242 Pu(n, γ) [155], which compare the cross-section calculations to direct
measurements. Especially the former is sometimes used to state that calculations
based on the level density and γ-ray strength function obtained with the Oslo
method have “demonstrated [the] ability to reproduce known neutron capture
rates in heavier mass nuclei” [13]. Due to the pairing energy, fission is suppressed
at low energies in the odd-odd residual nucleus 238 Np and only starts to dominate
the non-elastic cross sections above En ≈ 0.5 MeV, see Fig. 2.6. So despite of
the arguments raised above, the detailed treatment of the fission channel in the
calculation of the capture cross-section might be negligible for En  0.5 MeV.
However, it should be noted that the optical model used in Ref. [154] was modified
in an ad hoc manner without conservation of the behavior of the total neutron
cross section. Thus, unless one performs a reevaluation of all cross-sections, it
seems safest to use the results of the Oslo method for non-fissionable nuclei and
to keep in mind the influence of the optical model. Depending on the nucleus
other parameters may also be important, like coupled-channels calculations for
deformed nuclei.
Finally, I want to discuss a novel approach to model (n,γ) cross sections
for unstable nuclei developed by Escher et al. [219] and recently applied also
in Ref. [220]. It uses (d, p) as a surrogate reaction for the (n,γ) reaction. The
central idea is that the neutron capture cross section σ(n,γ) can be expressed
in the Hauser-Feshbach formalism as a product of the compound nucleus (CN)
(CN )
formation cross-section σ (CN) and the probability of γ decay Gγ
from the
compound states, [183, 221]
σ(n,γ) (En ) =

X

)
σ (CN) (Ex , J, π)G(CN
(Ex , J, π),
γ

(2.27)

J,π

where the excitation energy Ex can be related to the incident neutron energy
En . The CN formation can be calculated reasonably well from the optical model
for (n,γ), and from a breakup-fusion formalism for (d, p), see e.g. Ref. [221, 222]
and references therein. Using these calculations, Escher et al. [219] inferred
σ(n,γ) from a Bayesian fit to a selection of measured proton – γ coincidences.
In the fit, the level density and γ-ray strength function served as parameters.
The comparison of the calculated cross-sections of Refs. [219, 220] to direct
measurements looks very promising, but it is difficult to judge the impact of
their work, as no information of the prior and posterior distributions of the fitted
parameters is provided.

2.4.6

Other experiments

Above the particle separation threshold, the photo-excitation cross-section and γray strength f~ can be measured using photonuclear reactions, see Eq. (2.11).
These measurements are very important, as they map the GDR. In 2019, the
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IAEA has released a major update of their data library, which addresses different
experiments, their analysis and in particular also the discrepancies between the
results obtained at different facilities [134].
Furthermore, the decay strength function f~ has been studied with inelastic
electron or proton scattering, where the nucleus is excited by the exchange
of a virtual photon, see the reviews in Refs. [69, 200, 223] and references therein.
Amongst the most prominent contributions of these experiments is the first
experimental report of the M 1 scissors resonance. This excitation mode had
been predicted several year earlier by Iudice and Palumbo [224] and Iachello [225],
based on the work of Bohr and Mottelson [226], and the experimental confirmation
was performed using an (e, e0 ) reaction [136, 227]. Note that the recent database
[69] for γ-ray strength functions contains only very few datasets from inelastic
scattering experiments.
Finally, I want to highlight a recent development in the Ratio method,
which was initially applied to obtain the decay strength f~ from γ – γ coincidences
following a (d, p) reaction [144, 228], but subsequently also in (p, p0 ) [76], (~γ , γγ)
[68, 166] (see Section 2.4.3, where the Ratio method is briefly introduced), and
(p, γ) [229] reactions. Based on the work of Wiedeking et al. [144] we have
introduced the Shape method [230] to obtain the γ-ray strength function
(again, apart from the absolute normalization) also from experiments with worse
γ-ray resolution. We have demonstrated that the technique can in many cases
be applied to the same data that is used in the Oslo method and thus serve as
an intrinsic normalization of the “slope” parameter of the γ-ray strength and, as
they are coupled, also of the level density [231].
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Summary of Papers
Paper I A new software implementation of the Oslo method with rigorous
statistical uncertainty propagation
In this article we present a complete reimplementation of the software used
for the Oslo method. The new library OMpy supersedes a collection of
codes that have become known as the oslo-method-software. We review
all steps of the Oslo method and present derivations of the essential
equations. The library focuses primarily on a rigorous propagation of
statistical uncertainties, where the differences to the oslo-method-software
are discussed thoroughly. It also facilitates a transparent tracking of several
systematic uncertainties. To verify the implementation of OMpy we apply it
to a previously published dataset on 164 Dy and data that was synthetically
generated by a Monte Carlo decay code. As a step towards transparency
and reproducibility, all functions are documented automatically and the
whole analysis is published and can be re-run online at CodeOcean.
Paper II The γ-ray energy response of the Oslo Scintillator Array OSCAR
Every experiment requires that we understand our measurement devices.
The interaction of γ rays with the detector and surrounding materials is
called the detector response. A precise knowledge of it is necessary for the
unfolding of γ-ray spectra, which is the first step of the Oslo method and
other experiments like the extraction of prompt-fission γ rays (Paper VI).
In this article we use the Monte Carlo particle transport code Geant4 to
characterize the response of the newly commissioned γ-ray detector array
OSCAR, which consists of 30 large volume LaBr3 (Ce) crystals. The results
are verified by a comparison to measurements from calibration sources and
in-beam γ rays.
Paper III Impact of restricted spin-ranges in the Oslo Method: The example of
(d, p)240 Pu
The Oslo method makes strong assumptions on the probability to populate
levels of different spin-parities. Whilst these assumptions may be fulfilled
for mid-mass nuclei, recent studies suggest that there may be complications
when using a (d, p) reaction to populate on actinide nuclei due to a low
spin transfer. In this proceedings we present a quantitative study of the
240
effect on the example of a 239 Pu(d, p) Pu experiment with a deuteron
beam energy of 12 MeV, which is below the Coulomb barrier. The analysis
is performed on synthetic datasets with known input level density and
γ-ray strength function that can be compared to the results when applying
the Oslo method. We find a good agreement between input and results
only when the assumptions of the Oslo method are fulfilled. We quantify
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the deviations that arise when we use more realistic calculations of the
population cross-section for this reaction. Furthermore, we show that the
mismatch persists when using a correction method, which was proposed in
[Guttormsen et al., PRL 16, 109 (2012)] and that has been applied to all
previous Oslo method analyses of actinide nuclei.
Paper IV Restricted spin-range correction in the Oslo method: The example of
nuclear level density and γ-ray strength function from 239 Pu(d, pγ)240 Pu
This article expands on Paper III and we develop new solution to correct
for the low spin transfer of the sub-Coulomb barrier (d, p) reaction. The
level density and γ-ray strength function for the residual nucleus 240 Pu are
obtained from an iterative procedure in which we compare the results of
applying the Oslo method on experimental and synthetic data. We show
that the results modified by the new iterative method provide a better fit
to the experimental data, but highlight also the challenges of the procedure
that we have adopted.
Moreover, we provide a more detailed discussion on the spin-parity resolved
population cross-sections that are the basis of the decay simulations of the
iterative method. They are obtained from Green’s Function Transfer
calculations, which treat the (d, p) reaction as a compound nucleus
formation of the target with a neutron emitted from deuteron breakup.
It is shown that this dominates for a sub-Coulomb reaction over the
“standard” compound reaction mechanism as obtained with the reaction
code TALYS, and the resulting population probability is compared to the
intrinsic spin-parity distribution.
Paper V gledeli: Gamma-ray strength function and nuclear LEvel DEnsity
LIkelihoods
Despite the extremely high relevance of nuclear level densities and γray strength functions for nuclear theory and applications, there exists
to date no common framework to evaluate the results of different types
of experiments. Here, we introduce gledeli, a modular framework for
γ-ray strength function and nuclear level density likelihoods. In this
first application of gledeli we include three observables, i) particle – γ
coincidences from the Oslo method ii) neutron capture data (D0 and
hΓγ i), and iii) photonuclear cross-sections. Due to the flexibility of the
approach other observables can be included in future versions. On the
example of 162 Dy, we demonstrate how a simultaneous Bayesian fit to
many experimental observables can contribute to find recommended level
densities and strength functions, as suggested in the recent IAEA database
project for γ-ray strength functions [Goriely et al., EPJA 55, 172 (2019)],
or serve as a guideline in the comparison to microscopic calculations.
Paper VI Energy dependence of the prompt γ-ray emission from the (d, p)induced fission of 234 U∗ and 240 Pu∗
This article features an exploratory analysis of prompt-fission γ rays
obtained at the Oslo Cyclotron Laboratory. The data is extracted from
34

the same experiment as in Paper III (and a similar 233 U(d, p) experiment),
but for the Oslo method we have to reject all fission events. We now
demonstrate that this data can be used to obtain valuable information on
prompt-fission γ-rays. We show for the first time how the (d, p)-induced
fission can be used to obtain γ-ray spectra for different excitation energies
in the fissioning compound nuclei 234 U and 240 Pu. With this surrogate
reaction we can measure spectral characteristics like the γ-ray multiplicity,
and the average and total emitted γ-ray energy for an excitation energy
range comparable to fast-neutron induced fission, which is very challenging
to measure directly. Above the fission barrier, no significant change in
the γ-ray characteristics as a function of the excitation energy of the
fissioning nucleus is observed, even though an additional ∼5 MeV is
potentially available to fission fragments. The results are compared to
model calculations with the fission code GEF and experimental data on
thermal-neutron induced fission, and possible differences from using the
(d, p) reaction are highlighted.
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Summary and outlook
When I say “honesty and transparency are not enough,” I’m
not dissing honesty and transparency. I’m just saying you
can be as honest and transparent as anybody, but you’re still
not gonna move forward if you’re trying to use a bathroom
scale to weigh a feather – and the feather is resting loosely in
the pouch of a kangaroo that is vigorously jumping up and
down.
— Andrew Gelman, Blog post on his article “Honesty and
transparency are not enough”

Obtaining reliable information on nuclear level densities and γ-ray strength
functions remains a challenge for experimental and theoretical nuclear physics.
They are essential ingredients for cross-section calculations, which are used
in various fields ranging from nuclear energy and nuclear medicine to the
understanding of the formation of our universe from astrophysical observations.
This thesis started with a review of the concepts and definitions behind
the level density and γ-ray strength function in Chapter 2. I have introduced
common empirical descriptions and briefly summarized the state of experiments
and (semi-)microscopic calculations. The focus here has been on how experiments
may be used as a tool for inference and testing of different models and parametrizations of the level density and strength function. I have also tried to highlight
the challenges and assumptions that are involved in the different experiments,
as a proper knowledge of the limitations is necessary when comparing different
experiments either between each other or to theoretical calculations.
A major part of this thesis was dedicated to the exploration and quantification
of the statistical uncertainties in the Oslo method. In Paper I we introduce OMpy,
which is a reimplementation of the software used in the Oslo method with a focus
on a complete propagation of the statistical uncertainties. A considerable effort
has been devoted to the development and clear documentation of all functions
of the software. The code facilitates a transparent and reproducible analysis.
To stand by our goals, we have published the whole analysis of the article such
that it can be re-run online at CodeOcean. However, as remarked by Gelman,
“honesty and transparency are not enough”. Therefore, OMpy does not remain a
naive translation of the old programs, but we have attempted to improve and
justify the statistical treatment of the data at every stage. The propagation of
systematic uncertainties is facilitated where alternative models exists. Finally,
the package has also been verified on simulated data with known input level
densities and strength functions.
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After this first general overview of all aspects of the Oslo method, the next
three articles treat specific challenges. The interpretation of any experimental
measurement requires that we have a precise knowledge of our measurement
devices. In Paper II we characterized the γ-ray energy response of the recently
commissioned LaBr3 (Ce) array OSCAR. We used the Monte Carlo particle
transport code Geant4 to simulate the interaction of γ-rays with the detectors
and show that there is an excellent agreement between our simulations and
experimentally obtained γ-ray spectra. In Appendix B we have extended the
comparison of the detector efficiency to higher energies with data that was
recently obtained in the Master thesis of Paulsen [232].
In Papers III and IV the level density and γ-ray strength function of 240 Pu
were obtained. We explored a limit of the Oslo method and tested an assumption
that is essential for the first-generation method and the decomposition into the
level density and γ-ray strength function. Strictly speaking, the first-generation
method is only applicable if a reaction populates approximately the same fraction
of levels of a given spin-parity in the whole excitation energy range. Furthermore,
it is usually assumed that levels are populated proportionally to the intrinsic
spin distribution in order to extract and normalize the level density and γ-ray
strength function. Through the analysis of synthetic data that was generated
from the statistical decay code RAINIER [57] we have shown that the Oslo method
provides consistent results if the assumption is fulfilled. However, the two articles
have also demonstrated in a first quantitative study that the assumption fails
for the (d, p)240 Pu experiment that we performed, as the deuteron beam energy
was below the Coulomb barrier leading to a more selective reaction. For lower
and mid-mass nuclei the beam energies are usually above the Coulomb barrier,
such that this is not expected to be a problem. Moreover, we observed that
the problem persists when using a modified normalization procedure that was
applied in previous analyzes of actinide nuclei. We have developed a new iterative
method to correct for the population cross-section and highlighted the challenges
that remain despite of this procedure.
In Paper V we looked at the challenge of obtaining information on level
densities and γ-ray strength functions from a broader perspective and introduced
gledeli, a modular code for Gamma-ray strength function and LEvel DEnsity
LIkelihoods. The idea arose from the realization that there are a variety of
different experimental techniques available that can be used to infer and test
information on level densities and γ-ray strength function, but often only one
observable is used at a time. Instead, we propose to explore the parameter-space
with a likelihood that contains all available experimental data for a given nucleus.
For the example of 162 Dy we have combined experimental data from the Oslo
method (the first generation matrix), neutron capture data (D0 and hΓγ i) and
photonuclear cross-sections. Using the powerful scanners implemented in the
ScannerBit package [233] of GAMBIT [234] we were able to obtain simultaneous
fits of the profile likelihoods and posterior distributions for all parameters of two
competing level density and strength function models.
In the last part of this thesis, I have examined additional challenges and
perspectives when working with actinide targets. One of the initial goals was
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to improve neutron capture cross-section calculations through the usage of
experimentally determined level densities and γ-ray strength functions. However,
as explained in Section 2.4.5, for actinides the fission channel is open in addition
to neutron capture. The complex interplay of all open channels requires e.g.
that fission parameters are simultaneously refit if one replaces the input level
densities and γ-ray strength functions. This is a formidable task and beyond
the scope of this thesis, but the results of Paper IV can be used to inform future
cross-section evaluations.
The Oslo method requires that we remain selective on γ decay, thus events
with a trigger in the fission detectors have to be rejected. Despite several
attempts to use the fission-vetoed data for excitation energies above the onset of
the (sub-barrier) fission of 240 Pu, I was not able to find a satisfactory solution,
but excluded this region for the analysis in Paper IV. In hindsight, we see that
this might be explained by a failure of the first-generation method and thus of
the Oslo method for this energy region, as we find that there is a major change
in the populated spin-parities that we calculated in Paper IV at around the same
energy as the inset of sub-barrier fission.
However, finally the search for improvements on the data processing for
actinide targets resulted in the development of a novel technique to study
prompt-fission γ rays. In Paper VI we performed an exploratory analysis of the
(d, p) induced fission to reveal spectral characteristics of prompt-fission γ rays as
a function of the excitation energy. The reaction serves as a surrogate for neutron
induced fission and enables us to study an excitation energy range comparable
to fast-neutron induced fission. This knowledge is important for next generation
reactors, but challenging to obtain directly due to the lack of appropriate monoenergetic neutron sources that could cover the full energy range. We extracted
the fission gated γ-ray spectra and important summary statistics: the average
multiplicity, and the average and total γ-ray energy emitted per fission for the
compound nuclei 234 U and 240 Pu. From our data we find no significant change
of the γ-ray spectra above the fission barrier.

4.1

Future research

I conclude with a collection of possible measures that go beyond the results
presented in this thesis:
• The study of prompt-fission γ rays with the (d, p) reaction provides
extremely useful data on the spectral characteristics. In Paper VI we
had to resort to a crude approximation of the neutron contribution, but
the new experiments performed with OSCAR can use the superior timing
resolution of the LaBr3 (Ce) detectors to discriminate neutrons by timeof-flight1 . Furthermore, the difference between (d, p) and (n,γ) reactions
1 This is shown in the Master thesis of D. Gjestvang, whom I have co-supervised, and it is
subject to her forthcoming publication Measurement and simulation of prompt-fission γ rays
from the (d, p)-induced fission of 241 Pu∗
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should be studied in more detail to improve the understanding of the
impact of the reaction mechanism.
• The impact of the population cross-section should be studied for the
previously conduced actinide experiments, as well as other experiments if
the beam energies are close to or below the Coulomb barrier.
• OMpy has been written with modularity in mind and the users are
encouraged to test new methods and functionalities:
• I have proposed to couple OMpy to PyFBU [235], a python based
implementation of the Fully Bayesian Unfolding [236], and provided a
basic example for this online. In contrast to the currently implemented
unfolding routine in OMpy, this allows to extract the full correlation
of unfolded spectra. The application of PyFBU for the Oslo method
and fission data is now studied in more detail in two Master theses.2
• As explained in Paper I, the current version (v1.1.0) of OMpy
assumes a common uncertainty of 30% for each datapoint in the
normalization of the level densities and γ-ray strength function. This
somewhat arbitrary assumption is lifted in a forthcoming update3
which introduces a class that treats the uncertainty of each data point
as nuisance parameter.
• A transparent publication of the full analysis together with the articles
can improve the reproducibility of the research, and promote reuse and
testing of new models and theories. In this thesis two new libraries were
developed and presented, OMpy and gledeli, that facilitate this process for
the study of level densities and γ-ray strength functions.
• The recently completed IAEA database project for γ-ray strength functions
[69] was supposed to compile and establish recommended strength functions
for users. The latter goal was not achieved, due to the lack of a full
uncertainty analysis for all datasets and a common framework to treat
different experiments. I propose to couple gledeli to a Hauser-Feshbach
code and a decay code like RAINIER. This should open the possibility to
describe the likelihood of data from any experiment using a common level
density and γ-ray strength function model.
• For the case of the particle – γ coincidence data, the coupling of gledeli
to a decay code would also enable us to turn assumptions of the Oslo
method (that hold or do not hold) into parameters. Instead of using the
first-generation spectra, one could for example generate and compare the
all-generations spectra to data directly, using population cross-sections as
an additional input to the simulations.
2 V. Valsdottir has graduated on “Exploring Fully Bayesian Unfolding for γ-ray Spectra”
in August 2020 (to be published) and J. Due at the time of writing continues this work.
3 V. W. Ingeberg et. al. “Nuclear level density and γ-ray strength function of 67 Ni”, (working
title), Manuscript in preparation.
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• To learn more about the validity of level density and γ-ray strength function
models for different mass-regions, OMpy and/or gledeli should be applied
to all previously published results. If a database was created with the
raw-data for all experiments and meta-data like the extraction limits for
the Oslo method, the analysis for all nuclei could in addition easily be
re-run for all major updates, such as the implementation of a new unfolding
mechanism. Furthermore, it would facilitate the comparison of existing
and the test of new models across the nuclear chart.
• It would be extremely helpful to create an update review and compilation
of level densities and γ-ray strength functions, similar to the recently
conducted IAEA projects [69, 134]. For many experiments and applications,
the knowledge of these two quantities is inherently coupled and this should
be preserved for consistent results. Again, packages like OMpy and gledeli
facilitate the publication of coupled results through a full list of samples
from the posterior distributions.
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Abstract
The Oslo method comprises a set of analysis techniques designed to extract nuclear level density and average γ-decay
strength function from a set of excitation-energy tagged γ-ray spectra. Here we present a new software implementation
of the entire Oslo method, called OMpy. We provide a summary of the theoretical basis and derive the essential equations
used in the Oslo method. In addition to the functionality of the original analysis code, the new implementation includes
novel components such as a rigorous method to propagate uncertainties throughout all steps of the Oslo method using
a Monte Carlo approach. The resulting level density and γ-ray strength function have to be normalized to auxiliary
data. The normalization is performed simultaneously for both quantities, thus preserving all correlations. The software
is verified by the analysis of a synthetic spectrum and compared to the results of the previous implementation, the
oslo-method-software.
PROGRAM SUMMARY
Program Title: OMpy [1]
Code Ocean Capsule: [DOI follows with publication]
Licensing provisions: GPLv3
Programming language: Python, Cython
Reference of previous version: oslo-method-software
Does the new version supersede the previous version?: Yes
Reasons for the new version: Facilitate modular program flow and reproducible results in a transparent and well-documented code
base. Updated uncertainty quantification: formerly a stage-wise normalization without built-in uncertainty propagation.
Summary of revisions: Complete reimplementation; ensemble based uncertainty quantification throughout whole method; fitting
based on well-tested external libraries; corrections for the normalization procedure; auto-documentation with Sphinx
Nature of problem: Extraction of the nuclear level density and average γ-ray strength function from a set of excitation-energy
tagged γ-ray spectra including the quantification of uncertainties and correlations of the results.
Solution method: The level density and γ-ray strength function can be obtained simultaneously using a set of analysis techniques
called the Oslo method. To propagate the uncertainty from the counting statistics, we analyze an ensemble of perturbed spectra,
which are created based on the experimental input. One obtains a set of level densities and γ-ray strength functions for each
realization from a fit process. The fitting metric (χ2 ) is degenerate, but the degeneracy is removed by a simultaneous normalization
of the level density and γ-ray strength function to external data, such that all correlations are preserved.

Keywords: Oslo method; Nuclear level density; γ-ray strength function; Degenerate inverse problem
1. Introduction
One long-standing challenge in nuclear physics is to
precisely determine nuclear properties at excitation energies above the discrete region and up to the particle threshold(s). This region is often referred to as the quasicontinuum and represents an excitation-energy range where
∗ jorgenem@gmail.com

∗∗ fabio.zeiser@fys.uio.no

erlenlim@fys.uio.no

the quantum levels are very closely spaced. That leads to
a significant degree of mixing (complexity) of their wave
functions, but they are still not fully overlapping as in the
continuum region. For the quasicontinuum, it is fruitful
to introduce average quantities to describe the excited nucleus: instead of specific levels, the level density ρ(Ex ) as
a function of excitation energy Ex is used, and instead
of specific reduced transitions strengths B(XL) between
a given initial and final state, the average decay strength
represented by the γ-ray strength function (γSF) is applied.
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In addition to their key role in describing fundamental nuclear properties, both the level density and the γray strength function are vital components for calculating
cross sections and reaction rates for explaining the nucleosynthesis of heavy elements in astrophysics [2, 3]. The
ability to calculate cross sections may also help in the design of next generation nuclear reactors, where direct cross
section measurements are missing or have too high uncertainties for the given application [4–7].
The Oslo method [8–11] allows for extracting the level
density ρ and the γSF simultaneously from a data set
of particle γ-ray coincidences. It has been implemented
in a collection of programs known as the oslo-methodsoftware [12], and the analysis has been successfully applied to a range of nuclei in widely different mass regions
[13–16]. However, the Oslo method consists of several
non-linear steps. This makes an analytical propagation
of statistical and systematic uncertainties very difficult,
and thus hampers a reliable uncertainty quantification for
the final results. The statistical uncertainty propagation
from unfolding the γ spectra and the determination of the
primary γ-ray distribution has so far not been addressed
in a fully rigorous way. In lieu of this, an approximate uncertainty estimation has been used, which is described in
Ref. [11]. Moreover, uncertainties related to the absolute
normalization of the level density ρ and γSF have been
discussed in Ref. [17], but there was no automatized way
to include this in the final results. Approximate ways to
include normalization uncertainties have been suggested
and used, see e.g. Ref. [18], but they do not account for
correlations between parameters as they were not available
within the oslo-method-software.
In this work, we approach the problem of uncertainty
propagation using a Monte Carlo technique. By generating an ensemble of perturbed input spectra, distributed
according to the experimental uncertainties, and propagating each ensemble member through the Oslo method,
we can gauge the impact of the count statistics on the final results. The resulting level density and γ-ray strength
function have to be normalized to external data. We have
implemented a new simultaneous normalization for both
quantities, thus preserving all correlations between them.
In the following, we present OMpy, the new implementation of the Oslo method. We discuss the various steps
of the method and present our new uncertainty propagation and normalization routine. The code is tested by the
analysis of a synthetic spectrum. The capability of the
new method is illustrated by applying it to experimental
data and a comparison to the previous implementation.

notebooks and datasets used to create the figures in this
article, is available online [1] [+ Code Ocean [DOI follows
with publication]].
The documentation of the interface of OMpy is created
automatically from its source code with the sphinx-automodapi package and is available from ompy.readthedocs.io.
A detailed example of the usage is provided in the gettingstarted Jupyter notebook. Taking a step beyond just
listing the version number, we have set up a docker container to ensure also the reproducibility of the software
environment in which the user runs the analysis. The
notebooks can be run interactively online without installation through Binder [19], although a limit on the available
computation power can lead to considerable computation
times for cases with large ensembles. For larger calculations we recommend the Code Ocean [DOI follows with
publication] capsule.
As most operations within the Oslo method will require working on binned quantities like γ-ray spectra or
level densities, or a collection of spectra into matrices, we
have created the Vector and Matrix classes. These store
the count data as one- or two-dimensional NumPy [20, 21]
arrays, together with an array giving the energy calibration for each axis. The classes also contain a collection of
convenience functions e.g. for saving and loading files to
disk, rebinning and plotting.
3. The Oslo method
The starting point for the Oslo method is an Ex -Eγ
coincidence matrix, i.e. a set of γ-ray spectra each stemming from an identified initial excitation energy Ex . A
standard way to construct this input matrix is from coincidence measurements of γ rays and charged ejectiles following inelastic scattering or transfer reactions with light
ions. An array of γ-ray detectors measures the energy Eγ
of the emitted γs, while a particle telescope determines the
excitation energy Ex using the energy deposited from the
outgoing charged particles. (For a detailed description,
see e.g. Ref. [17] and references therein.) Recently, other
methods have been developed that obtain the coincidence
matrix from γ rays in β-decay [22] or in an inverse kinematics setup [23]. An example of a coincidence matrix for
164
Dy from a standard Oslo method experiment [14, 24]
at the Oslo Cyclotron Laboratory is shown in panel (a) of
Fig. 1.
The first step of the Oslo method is to unfold, i.e., deconvolute the γ-ray spectra for each excitation energy to
compensate for the detector response (Compton scattering, pair production, etc.). This is implemented in the
Unfolder class using an iterative unfolding method described in Ref. [25]. We reiterate the main points of the
procedure in Appendix A. There we also describe a routine
to select the best iteration, which has already been implemented in the oslo-method-software but not yet published elsewhere. The unfolded 164 Dy spectrum is shown
in Fig. 1 (b).

2. Usage of OMpy
OMpy is designed to facilitate a more complete uncertainty propagation through the whole Oslo method and
at the same time simplify the user interface and enhance
the reproducibility of the analysis. This section will focus
on the latter two goals. OMpy, as well as all the Jupyter
2
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Figure 1: Raw (a), unfolded (b) and first-generation (c) matrices for the 164 Dy dataset [14, 24], as well as the respective relative standard
deviation matrices (d-f) obtained with the ensemble propagation technique for Nens = 50 realizations. The dashed lines in panel (c) highlight
the fit limits for ρ and f .

and the γ-ray transmission coefficient T (Eγ ). The method
relies on the relation

The second step is the determination of the first-generation, or primary, γ-ray spectrum for each excitation
energy. In the FirstGeneration class an iterative procedure is applied as described in Ref. [26]. We recapitulate
the procedure in Appendix B, including a small addition
to minimize fluctuations in higher order iterations. The
resulting first-generation γ-ray matrix is shown in panel
(c) of Fig. 1. The main assumption of the first-generation
method is that the γ-ray spectra following the populations
of levels within the excitation energy bin Ex by the inelastic or transfer reaction are the same as when this excitation energy bin is populated via γ-ray decay from higher
lying levels [17]. Although this plausible at first sight, it
requires that the spin-parity distribution of the populated
levels is approximately independent of the excitation energy [17, 27].
The next step of the Oslo method consists of fitting the
first-generation spectra by a product of two one-dimensional functions, namely the nuclear level density ρ(Ex )

P (Ex , Eγ ) ∝ ρ(Ef = Ex − Eγ )T (Eγ ),

(1)

where we look at deexcitations from an initial excitation
energy bin Ex to the final bin Ef , such that the γ-ray
energy is Eγ = Ex − Ef . Here, P (Ex , Eγ ) is a matrix of
first-generation spectra F G(Eγ )Ex normalized to unity for
each Ex bin.1 Furthermore, if we assume that the γ decay
at high Ex is dominated by dipole radiation, the transmission coefficient is related to the dipole γ-ray strength
function f (Eγ ) (or γSF) by the relation
T (Eγ ) = 2πEγ3 f (Eγ ).

(2)

1 Note that we follow the standard notation for the Oslo method,
where P (Ex , Eγ ) is the conditional probability p(Eγ |Ex ) for the first
γ-ray transition with energy Eγ to come from an initial excitation
energy Ex .
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A derivation of Eq. (1) is shown in Appendix C, where the
main assumptions underpinning this decomposition are:

Oslo method by creating an ensemble of randomly perturbed copies of the data set under study. To illustrate
the method, we have chosen an experimental data set for
164
Dy. The data was obtained in Ref. [24] and we will compare our results to the reanalysis published by Renstrøm
et al. [14].
The random variables are the experimental number of
counts in each bin i in the raw Ex -Eγ coincidence matrix
R. We assume that they are independent and follow a
Poisson distribution with parameter λi . The Poisson distribution Pλ is given as

 The compound nucleus picture: We assume that the
γ decay from an excited nuclear state is independent of how the excited state was formed. This goes
back to Bohr’s theory for compound nuclei [28] and
is supported by many experiments [14, 29–36].
 Dominance of dipole radiation: It is assumed that
the decay it dominated by dipole radiation. This is
strongly supported by data and theory, see e.g. Refs.
[36–47].

λk e−λ
(4)
k!
 The generalized Brink-Axel hypothesis: The γ-ray
We take the number of counts ki in bin i of R as an estistrength function f (Eγ ) is independent of the initial
mate for the Poisson parameter λi . Note that it is an unbiand final states, i.e., it is the same for excitations
ased estimator for λi , since the expectation value hki = λ.
and decays between any initial and final state that
To generate a member matrix Rl of the MC ensemble, the
are separated by the energy Eγ [40, 48–54].
counts in each bin i are replaced by a random draw from
 The population cross-section:
To obtain the “summed” the distribution Pki . By this procedure, we obtain Nens
P
level density ρ(Ef ) =
matrices representing different realizations of the experiJ ρ(Ef , J) in Eq. (1) the
(1) (2)
(N )
population cross-section has to be approximately proment. Defining ~ri = (ri , ri , . . . , ri ens )T as the vector
portional to the intrinsic spin distribution g(Ex , J)
of all Nens realizations m of bin i we can calculate the
(and we assume parity equilibration, i.e. ρ(Ex , J, π =
sample mean h~ri i,
+) ≈ ρ(Ex , J, π = −)). When the employed reacNens
1 X
tion is very spin selective, like in β-decay, a weighted
(m)
h~ri i =
ri ,
(5)
sum of the level densities is obtained instead, see Eq.
Nens
l=1
(C.14).
and standard deviation σi ,
v
Finally, we have to normalize the nuclear level density
u
ens 
2
u 1 N
X
ρ(Ex ) and γ-ray strength function f (Eγ ) (or equivalently,
(m)
σi = t
ri − h~ri i .
(6)
the γ-ray transmission coefficient T (Eγ )). It was shown
Nens
l=1
by Schiller et al. [11] that the solution to Eq. (1) is inOf course, in the case of the raw matrix R, the standard
variant under a Lie group G of transformations by three
deviation is trivial
continuous real valued parameters A, B and α:
√ because it is given by the Poisson distribution (σ = λ). But the technique also allows us to
G
estimate the standard deviation at later stages in the Oslo
ρ(Ef = Ex − Eγ ), f (Eγ ) → AeαEf ρ(Ef ), BeαEγ f (Eγ ).
method – after unfolding, after the first-generation method
(3)
and even after fitting the level density and γ-ray transmisHowever, we stress that the degrees of freedom are limited
sion coefficient. In Fig. 1 we show the relative standard
to those given by G – i.e., all shape features of ρ and f
deviations σrel,i = σi /ri in the raw (d), unfolded (e) and
beyond the exponential prefactor given by G are uniquely
first-generation (f) matrices of the 164 Dy dataset based on
determined by the fit. It is important to note that the α
Nens = 50 ensemble members.
parameter, which influences the slope (in a log plot) of the
It should be noted that we usually analyze spectra with
functions, is common to ρ and f . Hence, their normalizaa (possibly time-dependent) background. In this case we
tions are coupled together in the Oslo method. To obtain
measure two raw spectra, the total and the background
the physical solution, the level density and γSF need to be
spectra, which independently follow a Poisson distribution.
normalized to auxiliary data. Typically, one uses s-wave
In OMpy, both spectra can be read in and perturbed inderesonance spacings, D0 , from neutron capture experiments
pendently. The background subtracted spectra R0 are then
as well as discrete levels to fix the level density normalizagenerated for each realization. When the number of backtion, and augment this by average total radiative width
ground counts are large enough, this may lead to bins in R0
data, hΓγ i, to normalize the γSF. This will be discussed
with negative number of counts. With the current default,
in more detail in the next sections.
these are removed before further processing at the cost of a
potential bias towards higher level densities ρ and strength
functions f (see the discussion in Sec. 7). The generation
4. Uncertainty propagation by ensemble
of the all ensembles matrices (including application of the
unfolding and first-generation method) is handled by the
We use an approach based on the Monte Carlo (MC)
Ensemble class.
technique to estimate the statistical uncertainties in the
Pλ = p(k|λ) =
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member of the 164 Dy dataset. In Fig. 3 we show the corresponding level density ρ and γ-ray strength function f ,
where the latter is obtained from T using Eq. (2).

5. Decomposition into level density and γ-ray
strength function
With the first-generation matrices and their standard
deviation at hand, we may proceed with the fitting of ρ
and T for each ensemble member. First, we select a suitable bin size ∆E, typically 100 − 300 keV depending on
the detector resolution, and rebin the first-generation matrix along both the Ex and Eγ axes to this bin size. The
matrix of experimental decay probabilities Pexp (Ex , Eγ ) is
obtained by normalizing the spectrum in each Ex bin to
unity. For the fit of ρ and T , we take the function value
in each bin as a free parameter. For a given pair of trial
functions (ρ, T ), the corresponding matrix Pfit (Ex , Eγ ) is
constructed by
Pfit (Ex , Eγ ) = CEx ρ(Ex − Eγ )T (Eγ ),

5.1. Testing the sensitivity on the initial values
The presently used minimization routine requires an
initial guess for the trial functions (ρ, T ). In principle, the
choice of the trial functions may have a significant effect
on the results if the minimizer is prone to get caught in
local minima. Ref. [11] proposes to set the initial ρ to a
constant, arbitrarily chosen as 1, for all excitation energies
Ex , and T (Eγ ) as the projection of Pexp (Ex , Eγ ) on the
Eγ -axis. In OMpy, we have implemented several choices
to test the stability of the solutions towards other initial
guesses. For the cases shown here, no significant impact
on the final results was observed.
Our default choice for the initial guess on ρ has been
motivated by a long lasting discussion on whether the
level density ρ follows the back-shifted Fermi gas (BSFG)
equation [57, 58] or a constant temperature (CT) model
[58, 59] below the neutron separation energy Sn , see Ref.
[60, 61] and references therein. In recent years, the results
of the Oslo method have strongly suggested a close-to CTbehavior. As this is equivalent to the initial guess for ρ
in Ref. [11] (after a transformation G (see Eq. (3)), we
set the default initial guess to a BSFG-like solution. More
specifically, we draw from a uniform distribution centered
around a BSFG-like initial guess for each ensemble member. Fig. 3 demonstrates that the resulting fit is still best
described by the CT-model, but it is now very unlikely
that this is due to a failure of the minimizer. The initial
guess for T is still chosen as in Ref. [11], but with the same
randomization with a uniform distribution as for the level
density ρ.
Besides the two alternatives named above, we have
also tested a rather exotic initial guess for ρ given by
a quadratic function with a negative coefficient for the
second-degree. This contrasts any expectation that the
level density ρ increases as a function of the excitation
energy Ex . However, even for this choice, the solution is
stable.

(7)

where CEx is a normalization coefficient so that
P
2
Eγ Pfit (Ex , Eγ ) = 1 ∀Ex . We fit Pfit by a χ minimization approach, minimizing the weighted sum-of-squared errors
X  Pexp (Ex , Eγ ) − Pfit (Ex , Eγ ) 2
.
(8)
χ2 =
σPexp (Ex , Eγ )
Ex ,Eγ

It is important to use a weighted sum rather than simply
a sum of the residuals, to suppress the influence of bins
with large uncertainties. This in turn makes uncertainty
estimation important. As already mentioned, a shortcoming of the original Oslo method implementation [11] in
the oslo-method-software has been the estimation of
the uncertainty σPexp (Ex , Eγ ) in the denominator of the
χ2 fit. Due to the lack of a complete statistical uncertainty propagation, one has had to resort to an approximate uncertainty estimation. It was based on a Monte
Carlo scheme similar to the present work, but where only
the first-generation spectrum is perturbed as if each entry was direct count data. This is discussed in detail in
Ref. [11]. In OMpy, we have access to a proper uncertainty
matrix σPexp . We checked that most bins of the firstgeneration matrices approximately follow a normal distribution. However, they are distributed with a larger and
varying standard deviation as compared to what one would
have received if the first generation entries were count data
directly and followed the expectation value hki = λ. The
approximate adherence to the normal distribution justifies
the use of a χ2 minimization as a likelihood maximization.
The χ2 minimization is carried out by numerical minimization in the Extractor class. This is a different implementation than in the oslo-method-software, where the
minimum is found by iteratively solving a set of equations
to obtain a solution satisfying ∂χ2 /∂ρ = 0, ∂χ2 /∂T = 0
for each bin of ρ and T [11]. After testing several off-theshelf minimizers, we have found that the modified Powell’s
method in the SciPy package works well [55, 56].
The normalized first-generation matrix P (Ex , Eγ ) is
compared to the fitted matrix in Fig. 2 for one ensemble

5.2. Uncertainty estimation
Given the degeneracy of the χ2 , it is nontrivial to estimate the uncertainty in the solutions of ρ and T . The
oslo-method-software implements the approach of Ref.
[11], where the uncertainty is estimated from the standard
deviation of the solutions (ρ(m) , T (m) ) for each realiza(m)
tion of the first-generation matrix Pexp . This may lead
to erroneously high uncertainties, as any transformation
(m)
G gives an equally good solution to a given Pexp . To il(m)
lustrate this, we could imagine that the Pexp ’s only differ
by a very small noise term. Due to the noise term the solutions will not be identical. In addition, we recapitulate
(m)
that any given Pexp can be equally well fit by ρ as with
any allowed transformation G such as 10ρ or 100ρ. Instead
5
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Excitation energy Ex [keV]

of a negligible standard deviation one receives a standard
deviation solely based on the degeneracy of the solutions.
So far, we have observed that the minimization results are
more stable as one might expect for the scenario outlined
here (provided that the initial guess is not randomized).
This is probably due to the way the minimizer explores
the parameter space. Nevertheless, for the standard usage
of OMpy we provide the functionality to estimate the uncertainty of solutions ρ and T after normalization of each
ensemble of (ρ(m) , T (m) ). This will be explained in more
detail in the next section.
5.3. Fit range
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6. Normalization of ρ and γSF
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At first glance, the results bear little resemblance to a
level density or γSF. That is because the fit has not yet
been normalized. Thus, the solution shown in Fig. 3 is just
one of an infinite set of solutions to the fit. In this section
we will discuss how auxiliary data can be used to find the
transformation G that gives the physical solutions.

(b)
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Figure 2: One realization of the normalized first-generation matrix
P (Ex , Eγ ) (a) compared to its fit (b) by the product of the level
density ρ(Ex ) and γSF f (Eγ ) (see Fig. 3). The dashed line indicates
the maximum γ-ray energy Eγ = Ex . Counts to the right of this
diagonal are due to the detector resolution or noise only and have
been excluded from the fit. Note that pannel (a) is similar to Fig.
1c, but rebinned to 200 keV and for one realization instead of the
mean of the ensemble.

6.1. Auxiliary experimental data
For the level density ρ, there are often two different
types of auxiliary datasets available. At low energies, the
discrete levels are known from spectroscopy. They can be
compared to the fitted level density from the Oslo method
after applying the same binning. One can also account
for the detector resolution by applying e.g. a Gaussian
smoothing to the histogram. At higher excitation energies,
typically ∼1-3 MeV, the spectroscopy data fails to resolve
all levels [60]. The user will thus have to set a sensible
region in the low energy regime for the comparison.
The second piece of information stems from neutron
resonance experiments, e.g. the average s-wave resonance
spacings D0 . They provide information about the level
density ρ(Ex = Sn , Jt ± 1/2, πt ) at the neutron separation
energy Sn , where Jt and πt are the ground-state spin and
parity of the target nucleus, i.e. the A − 1 nucleus [60].
With the Oslo method we obtain the total level density

P
ρ(Ex ) =
J,π ρ(Ex , J, π). If one knows the fraction of
1
Jt ± /2, πt levels, one can estimate ρ(Sn ) by from D0 by [11]
ρ(Sn ) =

1
2
,
D0 g(Ex , Jt + 1/2) + g(Ex , Jt − 1/2)

(9)

where g(Ex , J, π) is the spin-parity distribution of the nucleus at Ex and the factor of 2 comes from the assumption
of equiparity, i.e. g(Ex , J, π) = g(Ex , J)/2. Note that the
Jt − 1/2 term vanishes for Jt = 0. For the spin-parity distribution g(Ex , I) it is common to use a form proposed in
Ref. [62, Eq. (3.29)]; however the exact parametrization is
a major source of systematic uncertainties in the normalization, thus several suggestions are implemented in OMpy.
The usage of ρ(Sn ) for the normalization is further
complicated by restricted fit-regions for P (Ex , Eγ ) (see
6
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7000

4500

Using the Oslo method we have to restrict the fit range
for the P (Ex , Eγ ) matrix. The area below Exmin exhibits
discrete transitions, thus does not adhere to the statistical nature of the γ-ray strength function f and is therefore excluded. To remain selective on the γ-decay channel,
we can only use P (Ex , Eγ ) up to a maximum excitation
energy Exmax around the neutron separation energy Sn .
Finally, we also constrain the minimum γ-ray energy to
Eγmin , which usually attributed to a deficiency of the unfolding or first-generation method for low γ-ray energies.
The limits are highlighted in Fig. 1 (c) and only this valid
region of P (Ex , Eγ ) is sent to the minimizer.

10−1

7500

Level density ρ [arb. units]

with ground-state spin Jt using the following equation:
"
Z
Dl Sn
dEγ f (Eγ )Eγ3 ρ(Sn − Eγ )
hΓγ` (Sn )i =
2 0
#
i +1
X JX
×
g(Sn − Eγ , Jf ) ,
(11)

101

100

result before normalization
BSFG-like initial guess
CT-like initial guess

(a)
0

2

4

Ji Jf =|Ji −1|

where the first sum runs over all possible residual nucleus
spins Ji , i.e. from min |Jt ± 1/2 ± `| to Jt + 1/2 + ` and
the second sum runs over all final spins Jf accessible with
dipole radiation starting from a given Ji . Often only swave information is available, corresponding to ` = 0 in the
notation above, and the measurements are performed with
low energy neutrons, such that Ex ≈ Sn ; for brevity it is
then common to write hΓγ i for hΓγ` (Sn )i. A derivation of
Eq. 11 is given in Appendix D. Currently, we approximate
hΓγ i using the integral involving the level density ρ for
all excitation energies Ex , although the integral at low
energies can be replaced by a sum over decays to the known
discrete levels for more precise calculations. Note that we
also have to extrapolate the γ-ray strength function to be
able to use this equation. Due to its shape, a log-linear
function is often fitted to the results.

6

γSF f [arb. units]

Excitation energy Ex [MeV]
result before normalization
initial guess

10−10
10−11
10−12
10−13

(b)
2

4

6

8

γ-ray energy Eγ [MeV]
Figure 3: Level density ρ(Ex ) and γSF f (Eγ ) = T (Eγ )/(2πEγ3 ) from
the fit in Fig. 2. No transformation has been applied to the fit. Even
though the initial guess for ρ was chosen from a BSFG-like function,
the results are better described by the CT model above ∼ 2 MeV.
The initial guess is shown before the randomization with a uniform
distribution.

6.2. Likelihood
In the following, we will define the likelihood L(θ) that
is used to find the proper normalizations. Let Li (θ) denote the likelihood for a given solution (ρ, T ) of Eq. (7) to
match the normalization information i (i.e. discrete levels,
D0 , hΓγ i) after the transformation G with the parameters θ = (A, B, α). Due to the extrapolation of the level
density ρ mentioned above, we have to introduce two nuisance parameters T and E0 , so we extend θ to include
(A, B, α, T, E0 ). To reduce the computational complexity,
we extrapolate the γ-ray strength function by the best-fit
values for a given set of transformations (α, B). The total
likelihood L(θ) is then given by
Y
L(θ) =
Li (θ).
(12)

Sec. 5.3). These limit the extraction of the level density
ρ up to Exmax -Eγmin , which is often about 1-3 MeV below
Sn . Consequently, we cannot directly normalize the fitted level density ρ to ρ(Sn) obtained from D0 . To utilize
this information, we have to extrapolate ρ and compare
the extrapolation at Sn . The exact form of the extrapolation is another systematic uncertainty. Generally, the
constant temperature (CT) model [62] fits well with the
level density data obtained from the Oslo method [63],

i

ρCT (Ex ) =

Ex − E0
1
exp
,
T
T

(10)

We assume that the experimental D0 and hΓγ i data are
normal distributed, thus maximizing the log-likelihood is
equivalent to minimizing a sum of χ2i ’s. Note that the measurement of the discrete levels is of course not stochastic;
however, the count data we use to determine ρ for the

where the temperature T and the energy shift E0 are free
parameters of the model. We obtain them by a fit to ρ in
a suitable energy range.
The convolution of the level density ρ and γ-ray strength
function f (or equivalently T ) can be further constrained
by the average total radiative width hΓγ (Sn )i from neutroncapture experiments (see e.g. Ref. [60]) on a target nucleus
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comparison is. More explicitly, we have
ln Li (θ) = Ki −
χ2discrete =


+

χ2hΓγ i =

2

χ2i ,

(13)

σj



2
D0,exp − D0,CT (θ)
σD0,exp
X  ρj,CT − ρj,Oslo (θ) 2
j

to create weakly informative priors for A, B and α and T .
For A and B we use a normal distribution truncated at 0
(negative values of ρ or f are not meaningful), a default
mean µ given by θ̂ and a broad width of 10µ. For α and the
nuisance parameter T (entering through the level density
extrapolation model) we use log-uniform priors spanning
one order of magnitude around θ̂. For the second nuisance
parameter E0 we choose a normal distribution with mean
0 and width 5 MeV, which is truncated below (above) -5
and 5 MeV, respectively. The latter choice is well justified
regarding the range of reported values of E0 in Ref. [69].
This simultaneous normalization is implemented in the
NormalizerSimultan class, which relies on composition of
the NormalizerNLD and NormalizerGSF classes handling
the normalization of the level density ρ and γ-ray strength
function f . To facilitate a comparison with the oslomethod-software calculations, one can also run a sequential normalization first using Eq. (14) and (15) through
NormalizerNLD and then the resulting ρ as input to the
normalization through NormalizerGSF, see Eq. (11). It
should be stressed though that the normalization through
the likelihood calculations in OMpy will still differ from the
approach taken in the oslo-method-software. The latter
allowed only to receive best-fit estimates of the transformation parameters A, B and α. Any subsequent uncertainty
estimation due to the normalization itself was up to the
users. We also note that an advantage of the simultaneous approach is that one obtains the correlations between
A, B and α such that uncertainties in the normalization
of ρ directly propagate to the estimation transformation
parameters for f .
From the MultiNest fit we obtain the posterior probability distribution for the parameters θ, given as (equallyweighted) samples θi .2 The normalization uncertainty for
the solution (ρ(m) , f (m) ) of the realization m can then be
mapped out by creating a normalized sample (ρ(m) , f (m) )i
for each θi using Eq. (3). By repeating this procedure for
all realizations m of the ensemble, we also recover the uncertainty due to the counting statistics. This is performed
in the EnsembleNormalizer class.

i

X  ρj,discrete − ρj,Oslo (θ) 2
j

χ2D0 =

1X

σj

hΓγ iexp − hΓγ iOslo (θ)
σhΓγ iexp

2

,

,

,

(14)

(15)
(16)

where Ki = ln(1/(2πσi )) is a constant as long as the standard deviation(s) σi does not depend on θ. The subscript
exp denotes the experimental data. The sums in Eq. (14)
and (15) run over all data points used in the evaluation,
and for χ2D0 we invert Eq. (9) to obtain D0 from the level
density (extrapolated with the CT model). The second
term of Eq. (15) arises due to the fit of the nuisance parameters of the CT model (T , E0 ) to the Oslo method
data, here labeled ρOslo .
As discussed in Sec. 5.2, the degeneracy of the solutions
ρ and f prevents us from directly inferring their parameter uncertainties in the fit of the first generation matrix
Pexp . However, clearly the data points of ρ and T have
a statistical uncertainty that should propagate to inform
the posterior distribution of θ. We choose to model this by
setting σj somewhat arbitrarily to a relative uncertainty
of 30%. We propose to test the implications in a future
work e.g. by comparing inferred D0 ’s for datasets where
D0 is known but on purpose not included in the χ2 fit of
Eq. (15). Note that with this specification of the standard
deviations σj , the Ki become θ-dependent:
Ki =

X
j

ln p

X
1
1
=
. (17)
ln p
2πσj
2π
×
0.3ρ
j,Oslo (θ)
j

The likelihood can easily be extended if other information
shall be taken into account. In several recent works on the
Oslo method, experimental data on hΓγ i was not available,
but roughly estimated from systematics (see e.g. Ref. [18,
64]). With the new possibilities of OMpy we would instead
recommend to constrain α and B by adding a term to
the total likelihood that describes the match with other
measured strength function data (usually above Sn ).

7. Systematic uncertainties
The previous sections described the necessary tools to
evaluate the statistical uncertainties due to the counting
statistics and the normalization procedure. It is important
to keep in mind that there are also systematic uncertainties
linked to the analysis, which are summarize below:
a) Removal of negative counts in raw matrix : When subtracting the background from the raw matrix, we often receive a matrix with negative counts in some bins.
This is clearly linked to the Poisson statistics in regions with a low signal to background ratio. If one

6.3. Implementation
We sample this likelihood with the Bayesian nested
sampling algorithm MultiNest [65, 66] using the PyMultiNest module [67]. For a more efficient calculation, we
first find an approximate solution (more accurately the
maximum-likelihood estimator) θ̂ with the differential evolution minimizer of SciPy [55, 68]. This is by default used

2 For brevity, we drop the index m on θ, but the normalization is
performed for each realization m individually.

8

54

simply removes the negative counts, one potentially bithe case for low and mid-mass nuclei, where the beam
ases the mean of the level density and γ-ray strength
energy is chosen such that the compound cross-section
points derived from these bins. It was previously obdominates over the direct cross-section. More details
served that negative counts in the raw matrix can cause
can be found in Refs. [17, 72] for challenges if the intechnical challenges in the currently implemented untrinsic spin-parity distribution g(Ex , J, π) is very diffolding method, with some bins obtaining extreme negferent from the (normalized) population cross-section
ative values after several iterations. For the background
gpop (Ex , J, π).
subtraction, it might be a more reasonable fix to redise) Decomposition and the Brink-Axel hypothesis: The detribute the negative counts to bins within the resolucomposition of the first-generation matrix into the level
tion. This is implemented by Matrix.fill negative
density ρ(Ex ) and γ-ray strength function f (Eγ ) reas an alternative to the default method, Matrix.remove lies on a generalization of the Brink-Axel hypothesis
negative, which removes all negative counts. For the
[48, 49], where the strength function is assumed to be
164
Dy, there is a high signal to background ratio, thus
approximately independent of Ex , J and π (see Eq.
the background subtraction does not have this problem.
(C.5)). The validity of the assumption has been tested
In cases with a worse background ratio, both methods
within the Oslo method by comparison of the γ-ray
could be compared. If they result in significant difstrength function f extracted from different initial and
ferences, further analysis is needed to find the optimal
final excitation energy bins, see Refs. [50, 51] and refprocedure.
erences therein for further works.
b) Removal of negative counts in unfolded and first-generf) Intrinsic spin-parity distribution: Both the normalizaation matrix : The unfolding and first-generation methtion of the level density ρ at Sn via D0 and the absolute
ods can result in negative counts which can not be
scaling of the γ-ray strength function via hΓγ i rely on
linked to the Poisson statistics any longer. It is thus not
the knowledge of the intrinsic spin-parity distribution
clear whether it is better to keep the negative counts
g(Ex , J, π) of the nucleus, see Eq. (9) and Eq. (11).
or to redistribute them in the fashion described above.
It it difficult to measure the spin-parity distribution
Again, the problem was negligible in the 164 Dy dataset,
g(Ex , J, π) in the (quasi)continuum and there are varibut has to be treated carefully if the methods lead to
ous different empirical parametrization and theoretical
more bins with such a behavior. To retrieve the macalculations, see e.g. Refs. [58, 69, 73, 74] and Refs.
trices before removal of the negative counts, the user
[75–78] respectively.
can simply replace or deactivate the remove negative
methods of the Unfolder and FirstGeneration classes.

g) Lack of D0 and hΓγ i: In several recent cases where
the Oslo method has been applied, experimental values of D0 and/or hΓγ i were not available, see e.g. Refs.
[14, 18, 36, 64]. In these works, D0 and/or hΓγ i were
estimated from the values of nearly nuclei. With OMpy
it is now easier to adopt the normalization procedure
via the likelihood L(θ) in Eq. (12) instead. One can either remove terms where the experimental information
is missing, allowing for a larger degeneracy of the solutions, or add different constrains, like a measure of how
well the γ-ray strength function f (Eγ ) matches other
measured γ-ray strength function data, which often exists above Sn .

c) Unfolding method : There are two main sources of systematic uncertainties, the iterative unfolding method
itself, and the detector response functions. The latter
can be gauged by obtaining an ensemble of different
detector response functions that capture the breadth
of physically reasonable configurations (e.g. auxiliary
software such as GEANT4 [70]). Each member of the
raw matrices R(m) is then unfolded with one (or each)
of the different detector response functions. The former
uncertainty is more difficult to quantify. In this special case, alternative methods exist already and one approach could be to implement an alternative unfolding
algorithm (e.g. Ref. [71]). The oslo-method-software
attempts to quantify the systematic uncertainty from
unfolding and the first-generation matrix following an
ad hoc numerical procedure described in Ref. [11]. A
proper treatment that pays tribute to the full complexity of the problem is outside the scope of the present
work.

h) Bin sizes and fit ranges: Several decisions have to be
made on the bin sizes and fit ranges, for example in
the normalization of the level density ρ to the known
level scheme, see Sec. 6.1. The user can test different
sensible regions for this comparison.
In this work, only the impact of the negative counts,
items a and b have been studied. In many cases it is
challenging to evaluate the impact of the assumptions on
the data. Whenever the uncertainty is linked to models,
algorithms, parameter sets or alike, and alternative choices
exists (items c, d, f, h), it is possible to utilize OMpy’s
error propagation functionality. This was illustrated for

d) Population cross-section: As mentioned in Sec. 3, the
first-generation method assumes that the spin-parity
distribution of the populated levels gpop is similar for
the whole excitation energy range studied. At best,
gpop approximates the spin-parity distribution g of the
levels in the nucleus itself. This is often believed to be
9
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the unfolding of the data in item c. More information on
items e and f can be found in Ref. [17].

Dy experiment to convert the recorded γ rays to a matrix of synthetically generated events that substitute the
experimentally determined raw matrix in the further analysis with OMpy. The full setting file can be found with the
supplementary material online.
In Figure 5 we compare the results of OMpy to the input
level density ρ and γSF from RAINIER. The fitted level
density ρ slightly over-pronounces the structures of the
discrete levels at low excitation energies. From a practical
point of view this is not a significant problem, as the Oslo
method is used for an analysis of the quasicontinuum region, so at energies & 2 MeV. There, we observe a perfect
match between the input and the fitted level density. The
resulting γSF is in very good agreement with the input
γSF. There are small deviations at the lowest and highest energies that can easily be understood. The apparent
discrepancy of the input γSF below ∼ 2 MeV can be explained by a failure of the first-generation method due to
strong populations of discrete states and is directly visible in the comparison of the unfolded to first-generation
matrix (see supplementary material online). The region
could have been excluded from the comparison, but we
aimed for the same extraction region as for the experimental 164 Dy data set. The mismatch propagates to a
wrong extrapolation of the γSF towards lower energies.
The two resonance-like structures at ∼6 and 7 MeV overcompensate for the mismatch of the level density at the
lowest excitation energies.
One of the main motivations for OMpy was to improve
the uncertainty analysis in the Oslo method. Throughout
the article we have highlighted several improvements to
the theoretical framework for propagating the uncertainties compared to the oslo-method-software. The most
fundamental source of uncertainties in the analysis is the
count statistics. For each experiment a balance between
the run-time costs and the possibility to gather more data
has to be found. Therefore, we find it instructive to study
the impact of a reduced number of counts for the 164 Dy
experiment. We create a new raw matrix, which we draw
from a Poisson distribution with a mean of 1/10th of the
original data (an arbitrary choice corresponding to 1/10th
of the run actual time) and otherwise perform the same
analysis as above. Both analyses are compared in Fig. 6,
and overall we find a good agreement of the median values.
There is one major difference in the analysis that leads
to different uncertainty estimates. In the case with the reduced number of counts we have to use a lower maximum
excitation energy Exmax in the fit to P (Ex , Eγ ). As a consequence, the extracted level density ranges only up to about
4.5 MeV instead of 6.5 MeV, increasing the uncertainty in
the determination of the normalization parameters. The
increased uncertainty of the slope parameter α is directly
visible for the level density ρ. For the γSF we additionally require a suitable fit to the experimental hΓγ i, so a
different slope α will also affect the absolute scaling B.
This results in the normalized γSFs tilting around a γ-ray
energy of about 5 MeV, where the exact location of the

8. Discussion and comparison
In Fig. 4 we show the level density ρ and γ-ray strength
function f of 164 Dy resulting from the simultaneous normalization of Nens = 50 realizations. Each realization m is
transformed with Nsamp = 100 samples from the normalization parameters θi . The combined uncertainty of the
normalization and counting statistics is visualized through
the 16th, 50th, and 84th percentiles which together form
the median and a 68% credible interval. Additionally, we
show one randomly selected sample (ρ(m) , f (m) )i including
its extrapolation. The results are compared to the analysis of Renstrøm et al. [14] which used the oslo-methodsoftware, and we display both the uncertainty that is
quoted due to the counting statistics and the total uncertainty, that includes the normalization. Note that we
discussed in Sec. 5.2 that this split into the uncertainty due
to counting statistics and due to normalization is, strictly
speaking, not possible – hence, the quoted decomposition
is an approximation.
It is gratifying to see that overall, both analyses provide
similar results. In Fig. 4a, the level density below ∼ 2 MeV
exhibits the same structure of bumps attributable to the
discrete level structure, and at higher Ex the curves are
practically identical. Similarly, for the γSF in Fig. 4b, the
data is mostly compatible within the error-bars. The median of the results from OMpy has slightly steeper slope and
the uncertainties are somewhat more evenly distributed
across the whole energy range.
Some deviation between the results is expected due to
the different fitting method and software implementations.
Moreover, different fit-regions may lead to different estimations of the normalization parameters θ, which in turn give
different slopes (and absolute values) for ρ and the γSF.
Usually, there will be several sensible fit-regions. With
OMpy, the user could create a wrapper that loops through
the different fit-regions. The mean and spread of the results can be analyzed using the same ensemble based approach as above.
Another way to verify the results of OMpy is to simulate
decay data for a given ρ and the γSF and compare these
to the analysis with OMpy from the simulated data. We
have used the Monte-Carlo nuclear decay code RAINIER
v1.5 [80, 81] to create decay data from a 164 Dy-like nucleus. To create an artificial level scheme, we used the first
20 known discrete levels [60] and for higher energies created levels following the CT model and spin-distribution
described in Renstrøm et al. [14]. The γSF has been modeled with the parameters from the same publication. Then,
we simulate the experiment by populating 2 × 106 levels
below Sn and recording the decay γs for each event. For
simplicity, we have assumed here that we populate the
levels proportionally to the intrinsic spin distribution of
the nucleus. Finally, we use the response functions of the
10
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Figure 4: Extracted level density ρ (a) and γSF f (b) for 164 Dy. The fit is similar to that shown in Fig. 3, but the normalization according
to Eq. (3) has been applied. We display the median and 68% credible interval obtained from the counting and normalization uncertainties
(orange line and blue shaded band, respectively) together with one randomly selected sample of ρ and f (blue dots). The median and 68%
credible interval for the extrapolation is given by the green line and shaded band. In addition, the extrapolation used together with the
random sample is indicated by the dashed line. The data points within the grey area denoted fit limits are used for the normalization and
extrapolations, such that we match the binned known levels (black line) [79], ρ(Sn ) calculated from D0 [60] (and hΓγ i [60]). The results are
compared to the analysis of Renstrøm et al. [14] which used the oslo-method-software, displaying both the uncertainty that is quoted due
to the count statistics (inner error bar) and the total uncertainty, including the normalization (outer error bar) (see text for more details).

tilting point depends on the nucleus. The normalization
uncertainty thus leads to increasing relative uncertainties
of the γSF for lower γ-ray energies Eγ . This contrasts to
the naive expectation that the relative uncertainties should
increase with Eγ , as the number of counts that determine
each γSF bin decrease. Finally, we foresee that the updated framework for the uncertainty analysis may have a
significant impact when further processing of the results
from the Oslo method. An example of this is given in
Renstrøm et al. [14], where the authors fit of the strength
of the peak at ∼ 3 MeV in the γSF which assumed to be
a M 1 scissors mode.

It is our hope and goal that OMpy will be used as much
as possible. Feedback and suggestions are very welcome.
We encourage users who implement new features to share
them by opening a pull request in the Github repository.
10. Conclusions and outlook
We have presented OMpy, a complete reimplementation
of the Oslo method in Python. The capabilities of the code
have been demonstrated by comparison with a synthetic
data set modeled with the decay code RAINIER. We have
also compared OMpy to the analysis for 164 Dy with the
previous implementation of the Oslo method, the oslomethod-software and in general find a good agreement.
However, we have refined the uncertainty quantification of
the analysis using an ensemble-based approach. We are
now able to simultaneously take into account statistical
uncertainties from the counting statistics and the normalization to external data and preserve the full correlation
between the resulting level density ρ and γSF.

9. Extension of OMpy
OMpy is written with modularity in mind. We want it to
be as easy as possible for the user to add custom functionality and interface OMpy with other libraries. For example,
in Sec. 7 we discussed that it may be of interest to try
other unfolding algorithms than the one presently implemented. To achieve this, one just has to write a wrapper
function with the same return structure as the callable
Unfolder class. Then one provides the new wrapper to
Ensemble instead of the Unfolder class and all matrices
will be unfolded with the new algorithm.
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Figure 5: Extracted level density ρ (a) and γSF f (b) from synthetic data for a 164 Dy-like nucleus. In the quasicontinuum region the analysis
with OMpy (labeled results) agrees well with the input level density and γ-ray strength function model.

[82, 83]. Instead, the approach taken in the Oslo method
is to use an iterative technique that successively approx~ . Letting R
~ denote the measured spectrum, the
imates U
algorithm is
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Appendix A. Unfolding

~0 = R
~ at iteration i = 0
1. Start with a trial function U

Here we explain the unfolding technique presented in
Ref. [25], which is used both in the original Oslo method
implementation in the oslo-method-software and in OMpy.
Let the detector response be modelled as a conditional
probability density function

~i
2. Calculate the folded spectrum F~i = P U

p(Eγ |Eγ0 ),

By discretizing into energy bins of width ∆Eγ , it becomes
a matrix equation
(A.3)

where P is the response matrix of discrete probabilities
0
Pkl = p(Eγ,k |Eγ,l
)∆Eγ . The unfolding procedure amounts
~ . However, a straightforto solving this equation for U
ward matrix inversion is ill-advised, as it will often lead to
~
singularities or produce large, artificial fluctuations in U
12
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~
4. Iterate from 2 until F~i ≈ R.
Note that the oslo-method-software uses a custom tailored combination of the additive updating procedure of
~ i+1 = U
~ i ◦ (R
~ F~i ), where
step 3, and a ratio approach, U
the Hadamard products stand for an element wise product. We obtain equally good results by adopting only the
additive updating in OMpy. The updating procedure may
sometimes lead to a negative number of counts in the unfolded spectra. For negative counts close to zero, it is not
clear whether these should be kept or discarded, as it is
not clear whether they originate from the statistical nature of the data. In some cases, one observes some bins
with large, negative counts which hints at a failure of the
method. These cases should be analyzed carefully before
the results are processed further. The current default is to
remove the negative counts at the end of the unfolding.
A too large number of iterations does not improve the
results significantly, but introduces strong fluctuations in
the unfolded spectrum. After the publication of Ref. [25]

(A.1)

encoding the probability that a γ ray with true energy Eγ0
is detected with energy Eγ . Given a true γ-ray spectrum
U (Eγ ), the folded spectrum F (Eγ ), i.e. the spectrum seen
by the detector, is then given by
Z
F (Eγ ) = p(Eγ |Eγ0 )U (Eγ0 ) dEγ0 .
(A.2)

~,
F~ = P U

~ i+1 = U
~ i + (R
~ − F~i )
3. Update the trial function to U
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Figure 6: Similar to Fig. 4 we show the extracted level density ρ (a) and γSF f (b) for the 164 Dy experiment, but here it is compared to a
case with only 1/10th of the data. The level density ρ (a) and γSF from the case with reduced number of counts have been scaled down by
a factor of 5 in the plot to facilitate the visual comparison with the original analysis. For each case, one randomly selected sample including
its extrapolation is shown in addition to the median and a 68% credible interval.

spectrum, i.e., the intensity distribution of γ-ray decay
from a given excitation energy Ex , as function of γ-ray
energy Eγ . Generally, the nucleus will decay from Ex
down to the ground state by emitting a cascade of γ rays,
which forms the total γ-ray spectrum. The total, or allgenerations γ-ray spectrum, denoted AG(Eγ )Ex , can be
viewed as a superposition of the first-generation spectrum
and a weighted sum of the all-generations spectra of excitation energies below,

a criterion for step 4 has been added to the oslo-methodsoftware, which is also used in OMpy. A predefined number (usually around 30-200) iterations is run and the best
iteration is selected based on a weighted sum over each
~
vector element of the root-mean-square error of F~i − R
~ i compared to
and the relative level of fluctuations in U
~ The relative flucthe fluctuations of the raw spectrum R.
~ i,l − hU
~i i)/hU
~i i|1 , where hU
~i i
tuations are estimated as |(U
~ i.
is a smoothed version of the spectrum U
In addition to this, the user can choose to use a further
refinement to the unfolding method known as Compton
subtraction [25]. It is used to further control the fluctuations in the unfolded spectrum. The basic concept behind
it is to use the previously unfolded spectrum to decom~ into parts corresponding to the full-energy, single
pose R
and double escape and annihilation peaks, and the “rest”
which comes from Compton scattering and similar processes. Each of these parts, save for the full-energy peak,
are then smoothed with the detector resolution before they
~ The resulting spectrum normalized
are subtracted from R.
to maintain the number of counts. The idea is that this
gives an unfolded spectrum with the same statistical fluc~
tuations as in the original spectrum R.

AG(Eγ )Ex = F G(Eγ )Ex
(B.1)
X
0
0
+
w(Ex )Ex n(Ex )Ex AG(Eγ )Ex0 .
{z
}
|
E 0 <E
x

x

hAG(Eγ )E 0 i
x

Here, w(Ex0 )Ex is a weight factor that gives the decay probability from Ex to Ex0 , and n(Ex0 )Ex is a normalization factor which corrects for the varying cross section to populate
the Ex0 bins. Note that the normalization factor n(Ex0 )Ex
times the all-generations spectrum AG(Eγ )Ex0 gives the
spectra of γ rays AG(Eγ )Ex0 emitted from the Ex0 bin
for each single population.
Normalization and multiplicity estimation
The normalization factor n(Ex0 )Ex can be estimated
from the singles spectra S(Ex ), which contain the number
of reactions populating the excitation energy bin Ex and

Appendix B. The first-generation method
In this appendix we describe the idea behind the firstgeneration method of Ref. [26] and its implementation in
OMpy. Let F G(Eγ )Ex denote the first-generation γ-ray
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thus the number of γ-ray cascades out of this level,
n(Ex0 )Ex =

S(Ex )
.
S(Ex0 )

a set of trial functions F G(Eγ )Ex and iterating until convergence is reached. In OMpy, the trial functions are chosen as constant functions, i.e. with the same value for all
Eγ . In the original implementation of the first-generation
method, the trial functions are instead chosen based on a
Fermi gas level density model [60, 84]. We have checked
with OMpy that this gives identical results as with constant
functions. The iterative procedure may sometimes lead
to a negative number of counts in the resulting first generation spectra. As for the unfolding method, it is not
clear whether they originate from the statistical nature
of the data or from inaccuracies in the iterative procedure. The current default solution in OMpy is to remove
negative bins from the obtained FG spectra. However, as
described in Section 7, the user can choose to rather redistribute the negative counts to neighboring bins using the
Matrix.fill negative option. In cases where a few bins
obtain large, negative counts, we advise the user to carefully analyze the results before processing them further.
Based on the development in oslo-method-software
a small variation was added to OMpy to ensure better convergence for higher iteration numbers. Starting from iteration 5, each iteration i of the F G spectra is calculated at
F Gi = 0.7F G0i + 0.3F Gi−1 , where F G0i is the spectrum
from the analytical solution of (B.6). This is comparable
to a fixed learning rate in machine learning algorithms.

(B.2)

However, usually it is determined from the total γ-ray
spectrum by the relation
n(Ex0 )Ex =

hM (Ex0 )iN (Ex )
,
hM (Ex )iN (Ex0 )

(B.3)

where hM (Ex )i and N (Ex ) denote the average γ-ray multiplicity and the total number of counts, respectively, at
excitation energy Ex . This reformulation uses the fact that
S(Ex ) = N (Ex )/M (Ex ). In OMpy there are two ways to
determine the average multiplicity hM (Ex )i. The initial
idea, the total multiplicity estimation is given in Ref. [8]
as
hM (Ex )i =

Ex
,
hEγ i

(B.4)

where hEγ i is the weighted-average γ-ray energy at excitation energy Ex . Due to the detector threshold, we
are usually not able to measure all γ rays, and this will
artificially increase hEγ i. To solve this problem, a statistical multiplicity estimation has been added to the oslomethod-software and is adapted in OMpy. The underlying
ideas is that in heavier nuclei, like in the rare-earth region,
γ rays from entry states at higher excitation energy will
decay down to the yrast-line, where it enters at an energy
denoted here as Eyrast . From there, the γ rays follow a
non-statistical decay to the ground state. For heavy nuclei, there are many levels at low excitation energies, such
that is is assumed here that the yrast transitions will proceed with many γ rays of so low energy, that they are
usually below the detector threshold. In that case, we can
replace the excitation energy in Eq. (B.4) by the apparent
excitation energy Ẽx = Ex − Eyrast . A challenge in this
method is to correctly estimate the entry energy Eyrast .
Thus we recommend to use the total multiplicity estimation whenever the experimental conditions allow for it.

Appendix C. Derivation of the Oslo method equation
Here, we derive the relationship between the distribution of primary γ rays, and the strength function and
level density. The derivation is based on Weisskopf [85,
p. 214–217], and Blatt and Weisskopf [86, p. 342, 649],
but generalizes the equations to take into account angular
momentum conservation. This corresponds to the HauserFeshbach theory of statistical reactions [87], but we apply several simplifications, like the Brink-Axel hypothesis,
such that we can arrive at the Oslo method equation, Eq.
(1).
We start with Bohr’s independence hypothesis [28] for
the cross section σ in a nuclear reaction a + A → CN∗ →
c+C.3 Let us denote all quantum numbers of the entrance
channel, the compound nucleus and the exit channel by α,
i and f , respectively. The cross section is then given by
[86, p. 342], [28]

Weight function and iteration
The weight function w(Ex0 ) encodes the probability for
the nucleus to decay from Ex to Ex0 , and is in fact nothing
but the normalized first-generation spectrum for Ex ,
F G(Ex − Ex0 )Ex
w(Ex0 )Ex = P
.
0
Eγ0 F G(Eγ )Ex

(B.5)

σ(α, f ) = σCN (α)GCN (i, f ),

(C.1)

where the compound nucleus formation cross-section σCN
depends only on the entrance channel α. Following Bohr,
the decay probability of the compound nucleus GCN depends only on the branching ratios of the compound nucleus level i to a specific channel f , but not on the entrance

By rewriting Eq. (B.2), we obtain

F G(Eγ )Ex = AG(Eγ )Ex
(B.6)
0
X
F
G(E
−
E
)
x
E
x x
n(Ex0 )Ex P
AG(Eγ )Ex0 .
−
0
Eγ0 F G(Eγ )Ex
0
Ex <Ex

3 More precisely, we assume that our reaction, e.g. a (d, p) reaction,
leads to a compound nucleus CN∗ , which subsequently decays by γray emission.

This is a self-consistent set of equations for the F G spectra, which we solve by an iterative procedure, starting with
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channel. In the Oslo method, we select only excitation energies Ex below the particle separation threshold, so the
compound nucleus can decay by γ-rays only. The decay
probability GCN of the state i is then simply the γ-ray
branching ratio to a specific final state f with energy Ef
and the spin-parity Jfπ ,
GCN =

Γγ (i → f )
,
Γγ

where we define the total dipole strength function f1 as
the sum of the electric and magnetic dipole strength, fE1
and fM 1 , respectively, f1 = fE1 + fM 1 .
If we again use the dominance of dipole radiation in
(L=1)
Eq. (C.3) (which leads to Γγ ≈ Γγ
), and assume parity equilibration of the level density, i.e. ρ(Ex , J, +) ≈
ρ(Ex , J, −) we can write

(C.2)

n(i, f )dEf ≈ Cα,i Eγ3

Jf =Ji +1
fE1 (Eγ ) X
ρ(Ef , Jf , −πi )
×
Γγ
Jf =Ji −1

Jf =Ji +1
fM 1 (Eγ ) X
+
ρ(Ef , Jf , πi )
Γγ

P
where Γγ (i → f ) is a partial, and Γγ = f Γγ (i → f ) is
the total radiative width for the level i.
The spectrum of the decay radiation n(i, f )dEf from
the compound nucleus level i is then given by the summation (or integration) of σ(α, f ) over an interval dEf (up
to a constant due to the flux of a and density of A which
would cancel out later):
n(i, f )dEf =

X

f in Ef

Jf =Ji +1

0
= Cα,i
Eγ3 f1 (Eγ )

X Γγ (i → f )
σ(α, f ) = σCN (α)
Γγ

= σCN (α)

(L)
Γγ

= σCN (α)

(L)

XL

Γγ ρ(Ex , Jiπ )

X fXL (Eγ )
XL

(L)
Γγ

ρavail (Ef )

Eγ2L+1 ρavail (Ef ),

ρ(Ef , Jf , eq),

(C.6)

where ρ(Ex , Jf , eq) denotes the level density of one parity,
the notation emphasizing the assumption of parity equili0
bration5 and Cα,i
= Cα,i /Γγ . We may write the partial
level density ρ(Ex , J, eq) as

ρavail (Ef ),

X fXL (Eγ )Eγ2L+1

X

Jf =Ji −1

f in Ef

X hΓγ (i → f )i
XL

= Cα,i

Jf =Ji −1

ρ(Ex , J, eq) =
(C.3)

1
g(Ex , J)ρ(Ex ),
2

(C.7)

where g denotes theP
intrinsic spin distribution of the nucleus and ρ(Ex ) = J π ρ(Ex , J, π) is the “summed” (or
“total”) nuclear level density. With this, we can further
simplify the sum over the final levels in Eq. (C.6):

where ρavail is density of accessible final levels at Ef , Cα→i
is a constant that depends only on the entrance channel
(which determines the compound nucleus state i), and we
have replaced the average partial radiative width hΓγ (i →
f )i by γ-ray strength-function4 fXL .
The γ-ray strength function fXL for a given multipolarity XL and for decays from an initial level i to final
level f is defined as [88]
D
E
ΓγXL (Ex , Jiπ , Eγ , Jfπ
π
π
ρ(Ex , J, π)
fXL (Ex , Ji , Eγ , Jf ) =
Eγ2L+1
(C.4)

Jf =Ji +1

X

ρ(Ef , Jf , eq)

(C.8)

Jf =Ji −1

=

ρ(Ef )
2

Jf =Ji +1

X

Jf =Ji −1

g(Ef , Jf ) ≈

3ρ(Ef )
g(Ef , Ji ),
2

which is a good approximation except for the case of Ji = 0
(and Ji = 1/2), where the selection rules allow only transitions to Jf = 1 (Ji = {1/2, 3/2}) states.
Next, we write n(i, f )dEf more explicitly as I(Ei , Jiπ , Eγ )
and exploit probability conservation,

where h· · · i denotes an average over individual transitions
in the vicinity of Ex (in practice defined by the energy
binning resolution). This can be simplified using the dominance of dipole radiation (L = 1) and a common generalization of the Brink-Axel hypothesis [48, 49], where the
strength function is assumed to be approximately independent of Ex , J and π,
X
dipole
fXL (Ex , Jiπ , Eγ , Jfπ ) ≈ f1 (Ex , Jiπ , Eγ , Jfπ )

I(Ei , Jiπ , Eγ )
π
Eγ I(Ei , Ji , Eγ )

PJiπ (Ei , Eγ ) = P

(C.9)

= CEi ,Jiπ Eγ3 f1 (Eγ )ρ(Ei − Eγ )g(Ei − Eγ , Ji )

where PJi ,πi (Ei , Eγ ) is the probability to decay from an
initial excitation energy bin Ei with a γ ray of energy Eγ ,

XL

Brink-Axel

≈ f1 (Eγ )

(C.5)

5 The selection rules dictate that dipole radiation changes the angular momentum J by at most one unit. For M 1, the parity is
unchanged, while for E1 it flips. This determines the density of
available final levels for the decay. In the case of Ji = 1/2 the sum
runs over Jf = {1/2, 3/2}, and in the case of Ji = 0, the sum only
runs over Jf = 1, since J = 0 → J = 0 transitions are forbidden.

4 To keep standard notation we will denote both the γ-ray strength
function and the final level by f . It should be clear from the context
what we refer to.
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the subscripts Ji and πi limit the initial levels to of a given
spin and parity, respectively, and CEi ,Jiπ is a normalization
0
constant. Note that the normalization constant Cα,i
cancels out (which includes compound nucleus cross-section
σCN , the total radiative width Γγ , and the density of intrinsic levels ρ(Ei , Jiπ )).
The final step is to generalize this equation for the case
where levels of different spins and parities are populated.
Naively, we may just sum over the decays PJiπ from all
initial levels Jiπ
X
X
g(Ei − Eγ , Ji )
PJiπ ≈ CEi Eγ3 f1 (Eγ )ρ(Ei − Eγ )

sum of the level densities. If we denote the normalized
population of the levels per for each
P excitation energy
by gpop (Ex , J, π) = σCN (Ex , J, π)/ J π σCN (Ex , J, π), Eq.
(C.12) can be generalized as
P (Ex , Eγ )

(C.14)
X gpop (Ex , J, π)
= CEx f1 (Eγ )Eγ3 ρ(Ef = Ex − Eγ )
.
g(Ex , J)
π
J

In summary, we have shown that the Oslo method
equation arises naturally from the Bohr’s independence hypothesis for the compound nucleus under the assumption
of i) the dominance of dipole radiation, ii) parity equilibration of the level density and iii) a compound nucleus
cross-section σCN that is proportional to the spin distribution of intrinsic levels.

Jiπ

Jiπ

=

CEi Eγ3 f1 (Eγ )ρ(Ei

− Eγ ),

(C.10)

from which we would already recover the standard Oslo
method equation for a suitable normalization constant CEi .
However, we have to note that the normalization constants
CEi ,Jiπ in Eq. (C.9) depend on the spin and parity, and
cannot be factored out. As we will see, this can be solved
under the assumption that the cross-section σCN to create
the compound nucleus at different spin-parities Jiπ is proportional to number of levels in the nucleus (i.e. it is not
spin-selective, but proportional to intrinsic spin distribution),
σCN (α → Ei , Jiπ ) ≈ σCN (Ei )ρ(Ei , Ji , πi )

= σCN (Ei )ρ(Ei )g(Ei , Ji , πi ).

Appendix D. Calculation of hΓγ i
In this appendix we derive Eq. (11) used to calculated
the average total radiative width hΓγ i from the level density ρ and γ-ray strength function f . The derivation is
based on Eqs. (7.19-7.23) in Ref. [86] and p. 106 in Ref.
[49]. It bases on the same arguments as Appendix C, but
for ease of readability, we reitterate the main points.
The radiative width Γγ denotes the probability for a
state to decay by γ-ray emission. In the multipolar expansion it is written as
X
Γγ =
(ΓEL + ΓM L ),
(D.1)

(C.11)

Using Eq. (C.6) to (C.8), the (cross-section weighted) sum
over the decay spectra from all populated levels is
X
I(Ex , Eγ ) =
I(Ex , Eγ , Jiπ )

L

where EL and M L denote the electric and magnetic components of the radiation of order L, respectively. To simplify the derivation, we will now assume the dominance of
dipole radiation, such that

Jiπ

=

X σCN (Ei )ρ(Ei , Ji , πi )
Γγ ρ(Ei , Ji , πi )

Jiπ

≈

f1 (Eγ )Eγ3 ρavail (Ef )

Γγ = ΓE1 + ΓM 1 .

σCN (Ei )
3ρ(Ef ) X
f1 (Eγ )Eγ3
g(Ex , Ji )
Γγ
2
π

We will continue with the derivations for the E1 radiation,
but similar equations hold for M 1. Analogeously to Eq.
(C.3), we can express ΓE1 as the sum of the partial decay widths ΓE1,i→f from the initial level i to allowed final
levels f ,
X
ΓE1 = Γγ,E1 (Ex , Ji , πi ) =
ΓE1,i→f ,
(D.3)

Ji

=3

σCN (Ei )
f1 (Eγ )Eγ3 ρ(Ex − Eγ ).
2Γγ

(C.12)

In principle, we also have to average over the excitation
energy bin Ex . However, as the level density ρ and the
total average radiative width Γγ are assumed to vary only
slowly with energy, this will not lead to any changes in the
equation above. The normalized spectrum is given by
P (Ex , Eγ ) = P

f

where the initial level is at the excitation energy Ex and
has the spin Ji and parity πi . The angular momentum
and parity of the final states is given by the usual selection
rules.
We now rewrite the partial widths ΓE1,i→f in terms
of the strength function f , using the definition of f , Eq.
(C.4), and the generalized Brink-Axel hypothesis, Eq. (C.5),

I(Ex , Eγ )
I(Ex , Eγ )

Eγ

= CEx f1 (Eγ )Eγ3 ρ(Ef = Ex − Eγ ),

(C.13)

for a normalization constant CEx that depends only on the
excitation energy.
In the case of a more spin-selective population of the
compound nucleus, like in β-decay one receives a weighted

ΓE1,i→f → hΓE1 (Eγ , Ex )i =
16
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(D.2)

fE1 (Eγ )Eγ3
ρ(Ex , Ji , πi )

(D.4)

possible spins Ji = Jt ± 1/2 ±` and parity πi = πt (−1)` . For
s-wave capture on a target nucleus with Jt = 0, there is
only one possible Ji , and we can directly compare the experimental measurements to the calculations using (D.8).
For Jt > 0, often only the average over all resonance of
different Ji is reported. Using the level density ρ(Sn , Ji )
of the accessible Ji ’s, we find
P
Ji ρ(Sn , Ji )hΓγ (Sn , Ji , πi )
P
hΓ
(S
)i
=
(D.9)
γ`
n
Jf πf
Ji ρ(Sn , Ji )
"
Z
Dl Sn
such that the average total radiative width hΓγ,E1 (Ex , Ji , πi )i
dEγ f (Eγ )Eγ3 ρ(Sn − Eγ )
=
is given by
2 0
#
i +1
X JX
hΓγ,E1 (Ex , Ji , πi )i
(D.6)
×
g(Sn − Eγ , Jf ) ,
Z Ex
XX
Ji Jf =|Ji −1|
=
dEγ hΓE1 (Eγ , Ex )i
ρ(Ex − Eγ , Jf , πf )
0
P
Jf πf
where we substituted
Ji ρ(Sn , Ji ) by the average neuZ Ex
JX
i +1
3
fE1 (Eγ )Eγ
tron resonance spacing Dl and used the assumption of the
ρ(Ex − Eγ , Jf , π̄i )
=
dEγ
dominance of the dipole decay to rewrite the sum of the
ρ(Ex , Ji , πi )
0
Jf =|Ji −1|
average M 1 and E1 strengths as f (Eγ ). Note that transitions for the highest γ-ray energies go to discrete states,
where the E1 operator requires a change of parity for the
not a quasi(-continuum). Thus, this integral is an approxfinal state, here denoted as π̄i . The same selection rules
imation, and more precise calculations could distinguish
as given in footnote 5 have been applied, but we do not
between a sum over transitions to discrete states and the
use the approximation of Eq. (C.8), as many nuclei have a
integral for the (quasi-)continuum region.
1
initial spin J of 0 or /2. Further, we assume parity equiliwhere ρ(Ex , Ji , πi ) is the density of the initial levels, and
the energy difference to the final state(s) is given by Eγ =
Ex − Ef .
Next, we replace the the sum in Eq. (D.3) by an integral, where we note that the number of partial widths
hΓE1 (Eγ , Ex )i is proportional to the level density at the
final states
XX
ρ(Ex − Eγ , Jf , πf ),
(D.5)

i

bration of the level density, i.e. ρ(Ex , J, +) ≈ ρ(Ex , J, −),
and express the level density ρ(Ex , J, π) through the spindistribution g(Ex , J), Eq. (C.7),
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ABSTRACT
The new Oslo Scintillator Array (OSCAR) has been commissioned at the Oslo Cyclotron Laboratory (OCL). It
consists of 30 large volume (⌀ 3.5 × 8 inches) LaBr3 (Ce) detectors that are used for 𝛾-ray spectroscopy. The
response functions for incident 𝛾 rays up to 20 MeV are simulated with Geant4. In addition, the resolution,
and the total and full-energy peak efficiencies are extracted. The results are in very good agreement with
measurements from calibration sources and experimentally obtained mono-energetic in-beam 𝛾-ray spectra.

1. Introduction
The Oslo Cyclotron Laboratory (OCL) at the University of Oslo
has commissioned the new Oslo SCintillator ARray (OSCAR) in 2018,
replacing the NaI(Tl) scintillator array CACTUS [1]. The LaBr3 (Ce)
detectors of OSCAR significantly improve the timing and energy resolution and intrinsic efficiency, which will not only provide better
experimental conditions for the type of experiments most commonly
carried out at OCL, but also open the door to novel studies. Since the
early 1980’s, the OCL has contributed substantially to experimental
studies of nuclear properties in the quasi-continuum with the Oslo
method [2–4]. As the first step of the analysis it uses a common
technique in nuclear physics and high energy physics called unfolding
to calculate the emitted 𝛾-ray spectrum from the measured spectrum [1,
5,6]. This requires an accurate knowledge of the 𝛾-ray response of OSCAR. In this article, we present simulations of the response and verify
them by comparison to experimentally determined calibration sources
and in-beam 𝛾-ray spectra. The simulations are written in C++ using
the GEometry ANd Tracking 4 (Geant4) library [7] v10.06, which is a
standard tool for particle transport simulations in nuclear and particle
physics experiments. The focus will be on the determination of the
response between ≈100 keV and 10 MeV, as this is the energy range
used in most common applications planed for OSCAR, the Oslo method
and the study of prompt fission 𝛾 rays.
2. Setup
OSCAR consists of a total of 30 large volume BriLanCe™ 380
LaBr3 (Ce) scintillating crystals manufactured by Saint-Gobain. The

crystals are cylindrical with a diameter of 3.5 inches and a length of
8 inches. The detectors are coupled to Hamamatsu R10233-100 photo
multiplier tubes (PMT) with active voltage dividers (LABRVD) [8] and
placed in an aluminum housing. They are powered by 6 iseg NHS 60
20n power supplies. The signals are processed by 14-bit, 500 MHz, XIA
Pixie-16 modules and written to disk for subsequent offline analysis. An
article dedicated to the detector characteristics and digital electronics
will follow [9].
The detectors are mounted in a football shaped frame, see Fig. 1,
where the distance to the center is adjusted by the choice of distance
rods. For this work, we used the closest configuration with a face-tocenter distance 𝑑 between detector and source of 𝑑 ≈ 16.3 cm, which
results in a solid angle coverage of 57% of 4𝜋. A table with the positions
and labels of the OSCAR detectors is provided in Appendix.
The 𝛾-ray detector array encompasses the beam-line and target
chamber, in which the sources are placed, as well as the SiRi particle telescope [10] and for some experiments the NIFF PPAC fission
fragment detector [11].
3. Implementation of the simulation
3.1. Geometry
The implemented geometry includes the full setup of the array,
including the OSCAR detectors and their support structure, SiRi, NIFF,
two alternative target chambers, the beam-line, the target holder and
the target frame or radioactive calibration source itself. The full model
v2.0.0 is available on github and as Ref. [12]. Most components can
be (de)activated via macros at runtime to reflect the experimental
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individual Geant4 parallel world geometry to facilitate the navigation
and avoid boundary problems. The layered mass geometry ensures that
a particle at any given point only sees the topmost parallel world with
a volume defined at the point, or if no parallel world is defined it seems
the basic mass world. We use following top to bottom hierarchy:
1.

ParallelWorld Targets on Wheel: Target frames placed
on the target wheel,

2.

ParallelWorld SiRi: A CAD implementation of SiRi particle

telescopes (a more primitive CSG implementation exists),
ParallelWorld Frame Outer: The support structure of the
frame,
4. ParallelWorld Target Chamber: The spherical target
chamber including the target wheel,
5. massWorld The normal world, where all CSG volumes are
defined.
3.

The rectangular calibration sources are modeled given the manufacturer specifications of Eckert & Ziegler through a 0.5 cm3 acrylic glass
cube of the support material, embedding an Amberlite™ IR-120 sphere
containing the active material with a radius of 0.5 mm.
All commands related to the geometry are in the /OCL macro directory and its sub-directories and are documented online. The geometry
is constructed in a modular fashion, such that it is easy to reuse parts of
the code when the LaBr3 (Ce) detectors are used at another experimental
facility.

3.2. Physics processes and event generation
We have chosen the QGSP_BIC_HP reference physics list, which
implements
standard
electromagnetic
interactions
through
G4EmStandardPhysics and neutron interactions through data driven
high precision cross-sections. All events are generated at the target
position at the center of the sphere using the General Particle Source
(GPS). For the calibration sources we use the Radioactive Decay
Module in addition. Whilst the active area of the calibration source
is approximated by a small spherical source of the carrier material, we
used a small (≈ 3 mm2 ) isotropic planar source roughly corresponding
to the beam size for the cyclotron at the target position. The scintillation process can be simulated with G4OpticalPhysics, but is not
included in the simulations by default, as it significantly increases the
computation time without any impact on the energy collection.

Fig. 1. (a) A photo of the new array OSCAR and (b) its geometry implementation in
Geant4. The axes used in the Geant4 implementation are included as an overlay.

conditions or to speed up the calculations. The standard configuration
of the experiments is available via setup_normal_run.mac and
does not include NIFF and the calibration source, as in-beam spectra on
very thin metal foils are used. By default, we use the spherical target
chamber installed in 2018.
To maintain a high performance of the simulations we have used
the Constructed Solid Geometry (CSG) wherever feasible. Thus, the
radioactive source, the detectors including their encapsulation and
housing, and the football-like shaped aluminum frame, a truncated
icosahedron, are implemented as CSG solids. The polar angle 𝜃 and
azimuth angle 𝜙 of the 30 detectors are fixed by the truncated icosahedron geometry and given in Table A.1 in the Appendix; the beamline
runs through the remaining two faces. As common practice, the 𝑧-axis
is chosen along the beam direction, and the 𝑦-axis points upwards. The
face-to-center distance 𝑑 between detector and source can be physically
adjusted by different spacer rods; in the simulations 𝑑 can be adjusted
for each detector individually with a macro command, or they may
even be removed totally, which facilitates updating the response matrix
for experiments in a non-standard configuration. By default, all 30
detectors are placed at a distance of 𝑑 ≈ 16.3 cm.
An older cylindrical target chamber is dedicated to actinide experiments and is implemented via CSG solids. The new spherical target
chamber, including the wheel with the target holders, has a much
more complex geometry, such that we used the Computer-Aided Design
(CAD) drawings instead. Similarly, the support structure of the frame
is implemented with the CAD geometry.
All CAD drawings are imported as GDML files after conversion with
GUIMesh v1 [13]. We preprocessed the drawings slightly, removing
several small elements like sealing rings, which are not expected to
effect the 𝛾 rays significantly, but may increase the computation time
considerably. Each element of the setup is implemented through an
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3.3. Scoring and data analysis
The energy deposited in each crystal is recorded as an n-tuple and
stored as a ROOT [14] tree. For the further analysis, we combine the
histograms for all detectors to a cumulative response of OSCAR. As
Geant4 does not model the electronic response of the system and inclusion of the scintillation process for large scale simulations is prohibited
by the computation time, we initially get histograms with spikes at the
full-energy peak, single escape, etc. These are folded by a Gaussian to
mimic the statistical behavior and non-uniformity of the scintillation
photon collection, the PMT and the signal processing electronics. The
full width at half maximum (FWHM) is determined by fits to 15 peaks
from following radioactive sources: 60 Co, 133 Ba, 137 Cs, 152 Eu and 241 Am.
The variation of the FWHM as a function of the 𝛾-ray energy 𝐸𝛾 is fitted
by
√
FWHM(𝐸𝛾 ) [keV] = 𝑎0 + 𝑎1 𝐸𝛾 + 𝑎2 𝐸𝛾2 ,
(1)
with the best fit values 𝑎0 = 60.64(73), 𝑎1 = 0.458(02), and 𝑎2 =
2.6555(17) × 10−4 , assuming 𝐸𝛾 is given in keV.
2
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Fig. 2. Experimental source spectra (blue) compared to the simulations (orange) for 60 Co (top left), 133 Ba (top right), 137 Cs (bottom left) and 152 Eu (bottom right). The simulations
are scaled to the same number of decays as the experimental spectra. The lower panels show the relative difference between experiment. Note that the displayed energy ranges
are different for each isotope. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The full-energy peak efficiency 𝜖fe of the setup has been analyzed
and is displayed in Fig. 3. The results depend on the choice of the
fit function and minimization routine, and we estimate this systematic
uncertainty to ≈3–5%. Our main goal here is to verify the simulated
efficiencies. Therefore we fit the peaks in both the experimental and
simulated spectra in the exact same way, using a fit function composed
of following three elements:
1. a Gaussian: The main component of the peak arising from the
electronic response to an otherwise mono-energetic 𝛾 ray,
2. a smoothed step function: From Compton scattered 𝛾 rays that
enter the detector and the escape of scintillator photons from
the crystal, using the functional form proposed in RadWare’s
gf3 [15],
3. an constant background: From the contribution of other peaks
and their Compton spectrum.
We attempted to extend the fitting routine for more complicated peak
structures, like the double peaks in 133 Ba and 152 Eu, but could not
find a good and consistent way of fitting them. For the comparison in
Fig. 3, only fits that converged properly are processed. The full-energy
peak efficiencies 𝜖fe agree within the fit uncertainties. The analyzed
efficiencies 𝜖fe in turn are fit as proposed in gf3 [15]:

4. Results and verification
4.1. Calibration sources
The response has been simulated for 2 × 105 decays of 60 Co, 133 Ba,
and 152 Eu (the activity of the 241 Am is not known) and is compared to the experimental measured spectra in Fig. 2. The simulations
are scaled to same number of decays as in the experimental data, using
the activity and measuring time of the sources. We use a quadratic
energy calibration fitted to 15 peaks of all four sources and subtract
the background. This generally works quite well, although small deficiencies are visible in the 60 Co and 152 Eu spectra between ≈1.4 and
1.5 MeV, where the strong internal radiation of the LaBr3 (Ce) detectors
is not correctly subtracted due to a small drift of the calibration. The
simulations give an excellent reproduction of the calibration spectra
with an average deviation below 5% for 𝛾-ray energies 𝐸𝛾 above 200
keV.
Between 50 and 200 keV the deviations reach up to about 20%.
We expect larger deviations in this area, as low energy 𝛾 rays are
easily attenuated, thus require an even more precise implementation
of the geometry. In the most common application of OSCAR, the Oslo
method, usually 𝛾 rays between ≈1 and 10 MeV are studied. Newer
applications, like the study of prompt fission 𝛾 rays, may also study the
𝛾-ray response above ≈100 keV. However, when the low energy region
(≤100 keV) is of interest, it might be important to include details like
the cables leading to SiRi and the target wheel, small screws, as well as
sealing rings, which were removed from the CAD drawings to improve
the computation time, see Section 3.1. Furthermore, non-linearities in
the detector response will become relevant at these energies. It can
also be noted that the magnitude of the deviation depends on the exact
source spectrum, thus we cannot find a generally applicable correction
function that could be used on top of the simulations. Below ≈30 to 50
keV, the above considerations on the geometry are valid as well, but in
addition the onset of the detector threshold (which cannot be simulated
with Geant4) will lead to a loss of counts in the experimental spectra.
137 Cs

ln 𝜖ph = 𝑝0 + 𝑝1 ln(𝐸𝛾 ) + 𝑝2 ln(𝐸𝛾 )2 .

(2)

The best-fit values are listed in Table A.2.
4.2. In-beam spectra
The comparison to experimental in-beam spectra provides additional insights, but also challenges to the data processing.
We use particle-𝛾 coincidence measurements from the (p,p’)28 Si and
(p,p’)12 C reactions, both measured in 2019. Gating on the detected
particle energy, we can select 𝛾 rays from population of specific excited
states and their decay, e.g. the first excited states at 1779 and 4440
keV, respectively. It was not possible to obtain other mono-energetic
spectra from 28 Si by gaiting on higher excitation, because the particle
3
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There are several noteworthy discrepancies. Below 𝐸𝛾 ≈ 200, the
simulations seemingly overestimate the experimental spectra significantly. We attribute this to an over-subtraction of the background
for low energies in connection with inaccurate graphical time-energy
gates. On the contrary, the simulations apparently underestimate the
Compton-background for the 4440 keV 𝛾-ray spectrum from 12 C. This
is however linked to the contamination of 𝛾 rays from the aluminum
frame of the 12 C target, which contaminate the experimental 12 C spectrum. This can be identified from the position of the additional aluminum peaks, where the 1014, 1720, and 2212 keV lines are easily
visible in Fig. 4. Finally, we observe that the full-energy peak in the
experimental spectra is not perfectly Gaussian shaped, but has a tail towards higher energies. Note that this is not visible in the source spectra
of Fig. 2. It is beyond the scope of this article to verify whether the tail
is due to suboptimal settings during the data acquisition (e.g. different
impedances causing a slight ringing in the cables) such that it can be
removed in future experiments, or whether it is of permanent nature
(e.g. pileup with 𝛾 rays or X-rays created from the cyclotron operation,
etc.). In the latter case, one could use a non-Gaussian kernel for the
smoothing of the simulated spectra, which is described in Section 3.3.

Fig. 3. Full-energy peak efficiency of OSCAR from calibration sources (blue) and simulation (orange). The bottom panel shows the residuals from the fits. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

4.3. Response matrix
For the previously used CACTUS 𝛾-ray detectors, the response matrix was obtained from an interpolation and extrapolation of a small
number of measured experimental spectra [1]. Given the simulations
presented here and their successful verification in Sections 4.1 and 4.2,
we now calculate the response of OSCAR for a large grid of incident 𝛾ray energies 𝐸in between 50 keV and 20 MeV. A simulation of 106 single
incident 𝛾-rays of 5 MeV in the standard setup with the new spherical
target chamber takes about 8 cpu-hours on a single Intel E5-2683v4
2.1 GHz core. As most experiments only require the response below
10 MeV, we split the calculations in two parts. Below 10 MeV we use
a step-size of 10 keV, removing the need for interpolations; in addition
we simulate the response for 12, 15 and 20 MeV. As an additional
measure to balance runtime against the accuracy of the results, we
increase the number of events from 0.5 × 106 for the low energies to
3 × 106 for the highest incident energies. The total computation time of
the response was ≈ 17000 cpu-hours and it is available online on github
and as dataset Ref. [12] in the matrix format 𝑅(𝐸in , 𝐸out ), where 𝐸out
is the simulated response. Note that we use an isotropic source with
multiplicity 1 for all events here, but the source definition can easily
be adopted for higher multiplicities and other angular distributions
through the GPS macro commands if this is desirable.
In Fig. 5 the total efficiency is plotted, which is given by the ratio
of counts detected above a threshold over the number of simulated
events. As the most common unfolding technique that is used in the
Oslo method [1] requires the full energy, single and double escape,
and annihilation probabilities for the so called Compton subtraction
method, these probabilities are extracted as well.

Fig. 4. Experimental in-beam 𝛾-ray spectra (blue) compared to simulations (orange) of
mono-energetic incident 𝛾 ray of 1779 (top) and 4440 keV (bottom), respectively. The
lower panels show the relative difference between experiment and simulation. The area
used to scale the simulations to the experiment is highlighted in gray. The discrepancies
are explained in the text. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

5. Lessons learnt
energy resolution was not good enough to clearly distinguish the different states (and separate them from states of 29 Si and 16 O contaminating
the target).
For the in-beam spectra random coincidences with particles from
previous beam bursts of the cyclotron are subtracted using two dimensional graphical time-energy cuts. The total number of incident 𝛾
rays is not known for the experimental spectra. Therefore, we use the
number of detected 𝛾 rays that fulfill the coincidence requirements and
normalize the simulated and experimental spectra to the same number
of counts in the full-energy peak. Naturally, the spectra agree within
the close vicinity of the full-energy peak, but from Fig. 4 we can see
that they also match well for the single- and double-escape peaks, the
annihilation peak and the Compton-spectrum above 𝐸𝛾 ≈ 200 keV.
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A first version of the OSCAR simulation was developed in 2018 [16],
but we encountered several challenges in the model development and
the comparison to experiments [17]. In the following, we try to summarize the main lessons learnt which lead to the very good agreement
between simulation and experiment.
1. As mentioned in Section 4.1, the full-energy peak efficiency
is rather sensitive to the fit function and procedure. In the
simulations, it is possible to select only photoeffect interactions
and base the full-energy peak efficiency on these. However, this
induced a systematic discrepancy and lead to an apparently
poorer reproduction of the experimental fits.
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Table A.1
Labeling of the detectors and the position of the detectors determined by the geometry
of the frame. This labeling is used both in the Geant4 simulations and on the actual
detector frame of OSCAR. The angles 𝜃 and 𝜙 specify the detector location in spherical
coordinates, the distance can be varied by spacers.
Ring

Det. number

1

1
2
3
4
5
6
8
10
12
14
7
9
11
13
15
16
18
20
22
24
17
19
21
23
25
26
27
28
29
30

2

3

Fig. 5. Simulated efficiencies (see legend), where the total efficiency is given for
different lower thresholds. The geometric efficiency of 57% is highlighted (black dashed
line), but can be exceeded due e.g. cross-talk between detectors for one and the same
gamma event. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

4

5

2. Several studies have shown that the LaBr3 (Ce) detectors have
a non-linear energy response, especially at low energies, see
e.g. Refs. [18] and references therein. However, during the first
benchmarking phase for the simulations, only a subset of the
calibration sources was used, which only allowed for a linear energy calibration. This induced an error which was misattributed
to the accuracy of the geometry implementation. Ideally, even
more calibration sources should be available if one wants to
improve the response below 𝐸𝛾 = 200 keV.

6

𝜃 [deg]

𝜙 [deg]

142.6
142.6
142.6
142.6
142.6
116.6
116.6
116.6
116.6
116.6
100.8
100.8
100.8
100.8
100.8
79.2
79.2
79.2
79.2
79.2
63.4
63.4
63.4
63.4
63.4
37.4
37.4
37.4
37.4
37.4

0.0
72.0
144.0
216.0
288.0
324.0
36.0
108.0
180.0
252.0
0.0
72.0
144.0
216.0
288.0
324.0
36.0
108.0
180.0
252.0
0.0
72.0
144.0
216.0
288.0
324.0
36.0
108.0
180.0
252.0
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3. Initially, we experienced large problems importing the CAD
geometry, with particle tracks getting stuck. This was easily
resolved with GUIMesh and the parallel world geometry. Problems with the material definition in GUIMesh v1 were circumvented by grouping the elements of a drawing by material, exporting each group individually, and editing the material
through a search and replace.
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(a) Optimal parameters

exp.
sim.

𝑝0

𝑝1

𝑝2

1.94(27)
3.0(21)

0.75(85)
−1.11(65)

0.030(66)
0.058(50)

(b) Covariances for fit to exp.

𝑝0
𝑝1
𝑝2

𝑝0

𝑝1

𝑝2

7.2e+00
−2.3e+00
1.8e−01

−2.3e+00
7.1e−01
−5.6e−02

1.8e−01
−5.6e−02
4.4e−03

(c) Covariances for fit to sim.

𝑝0
𝑝1
𝑝2

𝑝0

𝑝1

𝑝2

4.3e+00
−1.4e+00
1.0e−01

−1.4e+00
4.2e−01
−3.3e−02

1.0e−01
−3.3e−02
2.5e−03
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The Oslo method has been applied to particle-γ coincidences following the 239 Pu(d, p) reaction to obtain
the nuclear level density (NLD) and γ -ray strength function (γ SF) of 240 Pu. The experiment was conducted
with a 12 MeV deuteron beam at the Oslo Cyclotron Laboratory. The low spin transfer of this reaction leads
to a spin-parity mismatch between populated and intrinsic levels. This is a challenge for the Oslo method as
it can have a significant impact on the extracted NLD and γ SF. We have developed an iterative approach to
ensure consistent results even for cases with a large spin-parity mismatch, in which we couple Green’s function
transfer calculations of the spin-parity dependent population cross-section to the nuclear decay code RAINIER.
The resulting γ SF shows a pronounced enhancement between 2–4 MeV that is consistent with the location of
the low-energy orbital M1 scissors mode.
DOI: 10.1103/PhysRevC.100.024305

I. INTRODUCTION

Accurate knowledge of neutron induced cross sections on
actinides is important for many applications. From thermal energies up to several MeVs, there is a considerable competition
between fission and neutron absorption. This competition, as
well as several other factors like the lack of a monoenergetic neutron source in this energy range and the lifetime of
short-lived isotopes, pose a challenge for direct cross-section
measurements.
Most designs for next generation nuclear reactors are based
on fast-neutron induced fission [1]. Therefore, knowledge of
the cross sections for a wider range of incident neutron energies En have become important. In particular, more precise
measurements of the 239 Pu(n, γ ) cross section below En ≈
1.5 MeV are listed as a high priority request by the Nuclear
Energy Agency (NEA) [2]. Calculations for En above the
resonance region (i.e., above ≈10 keV) can be obtained
within the statistical Hauser-Feshbach framework [3] and
require knowledge of the nuclear level density (NLD) and
γ -ray strength function (γ SF) of the residual nucleus 240 Pu.
Furthermore, a better knowledge of NLDs and γ SFs in the actinide region has the potential to improve the nuclear-physics
related uncertainties introduced to abundance calculations of
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heavy-element production in extreme astrophysical environments [4].
The Oslo method [5,6] can be used on particle-γ coincidence spectra from transfer reactions to simultaneously
extract the NLD and γ SF below the neutron separation energy
Sn . In a campaign to study actinide nuclei, the method has
been applied to the compound nuclei 231–233 Th, 232,233 Pa,
237–239
U, 238 Np [7–10], and 243 Pu [11] using different light-ion
reactions. So far, all observed NLDs are consistent with a
constant temperature [12] level density formula. The γ SF of
these heavy and well-deformed systems show a pronounced
enhancement between about 2–4 MeV, which is in the energy
range [13] of a low-energy orbital M1 scissors resonance
(SR).
The nuclear data community has recently started to take
into account these strong M1 SRs, and in two recent studies
by Ullmann et al. [14,15], a significant impact of the SR on
the cross sections calculated for uranium isotopes has been
shown. An extraction of the NLD and γ SF of 240 Pu will
facilitate similar calculations for 239 Pu(n, γ ). They can be
validated by comparison to updated direct measurement by
Mosby et al. [16] between 10 eV and 1.3 MeV.
Larsen et al. [6] have shown that the population of a limited
spin range make it necessary to correct the slopes of γ SFs
extracted with the Oslo method. In the previous experimental
studies on actinides [7–11], first indications of the impact of
a low spin transfer using the (d, p) reaction mechanism were
observed and an improvised procedure for the correction was
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developed. More recently, we have presented a systematic
analysis of the effect of a realistic spin distribution on both
the NLD and γ SF for the 239 Pu(n, γ )240 Pu reaction [17].
In this article, we will present the NLD and γ SF of 240 Pu
analyzed with the Oslo method. We develop an iterative procedure to correct for the bias introduced in the Oslo method
for (d, p) reactions on heavy nuclei due to a spin-parity
population mismatch.
II. EXPERIMENTAL METHODS AND DATA ANALYSIS

The 239 Pu(d, p)240 Pu experiment was conducted using a
12 MeV deuteron beam extracted from the MC-35 Scanditronix Cyclotron at the Oslo Cyclotron Laboratory (OCL).
The 0.4 mg/cm2 thick 239 Pu target was purified by an anionexchange resin column procedure [18] prior to electroplating
it onto a 2.3 mg/cm2 beryllium backing. A γ -ray assay of the
resulting target revealed the 239 Pu purity to be >99.9%.
Particle-γ coincidences were measured with the SiRi particle telescopes [19] and CACTUS γ -ray detector array [20].
SiRi consists of 64 silicon particle telescopes with a thickness of 130 μm for the front (E ) and 1550 μm for the
back (E ) detectors. In this experiment they were placed in a
backward position with respect to the beam direction, covering azimuthal angles from 126◦ to 140◦ . Compared to the
forward direction, this configuration reduces the contribution
of elastically scattered deuterons and populates a broader
and higher spin-range. The CACTUS array was composed of
26 lead collimated 5 in. × 5 in. NaI(Tl) crystals with a total
efficiency of 14.1(2)% at Eγ = 1.33 MeV (measured with
a 60 Co source) that surrounded the target chamber and the
particle telescopes. Additionally, four parallel plate avalanche
counters (PPAC) [21] were used to detect fission events.
The back detectors of SiRi were used as master gates for a
time-to-digital converter (TDC). The NaI(Tl) detectors were
delayed by ≈400 ns and individually served as stop signals.
The signals were processed by a leading edge discriminator
and the resulting time walk was corrected for by the procedure
given in Ref. [19]. The prompt particle-γ coincidences were
sorted event-by-event from a 28 ns wide time-window and the

background from random coincidences was subtracted. The
amount of deposited energy depends on the outgoing particle
type, which facilitated the selection of (d, p) events by setting
proper gates in a E -E matrix. The spectra were calibrated
using reaction kinematics, which also allowed translation of
the deposited particle energy to the initial excitation energy
Ex of the residual nucleus 240 Pu. The γ -ray spectra for each
excitation energy Ex were unfolded following the procedure
of Ref. [22], however using new response functions measured
in 2012 [23]. In this work we used the Oslo method software
v1.1.2 [24].
To select the γ decay channel, only excitation energies
Ex below the neutron separation energy (Sn = 6.534 MeV
[25]) were considered. The energy range was further constrained by pile-up of γ rays and the onset of fission events
at Ex ≈ 4.5 MeV. The latter was previously identified as
sub-barrier fission [26,27]. A more detailed analysis of the
prompt fission γ rays can be found in Ref. [28]. The final
extraction regions were Eγmin = 1.2 MeV, Exmin = 2.5 MeV,
Exmax = 4.0 MeV.
We applied an iterative subtraction technique to obtain the
energy spectrum of the primary (also called first generation)
γ rays from the initial spectrum, which includes all γ decay
cascades. The principal assumption of the first-generation
method [29] is that the γ decay from any excited state is
independent of its formation. The branching ratio is an inherent property of a state. Thus, the assumption is automatically
fulfilled if levels have the same probability to be populated
by the decay of higher-lying states as directly by nuclear
reactions [e.g., via the (d, p) reaction]. As we consider the
quasicontinuum, we can relax the strict conditions and apply
statistical considerations so we only require that in a given
excitation energy bin all levels with the same spin-parity are
populated approximately equally (instead of specific states).
In addition, the population probability of levels with a given
spin-parity should be approximately constant as a function
of the excitation energy. In Sec. V we will show that this
condition is not satisfied and we propose a procedure to
minimize the impact of the violation of this assumption. For a
thorough discussion of other possible errors and uncertainties

FIG. 1. The raw particle-γ coincidences for 240 Pu (a), the unfolded spectra (b), and the extracted primary-γ rays (c). The dotted lines
display the region used for the extraction of the NLD and γ SF. Before unfolding, all events with Eγ > Ex + δEγ have been removed as they
only represent noise, where δEγ is the detector resolution.
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TABLE I. Parameters used to extract the initial level density and γ -strength function (see text).
Sn
[MeV]
6.53420(23)a
a

a
[MeV−1 ]

E1
[MeV]

σ (Sn )

D0
[eV]

ρ(Sn )
[106 MeV−1 ]

TCT
[MeV]

γ (Sn )
[MeV]

25.16(20)b

0.12(8)b

8.43(80)d

2.20(9)c

32.7(66)

0.415(10)

43(4)c

Reference [25]; b Reference [39]; c Reference [38]; d Assuming a 10% uncertainty.

in this method, see Ref. [6]. The coincidence matrices are
displayed in Fig. 1.
III. EXTRACTION OF NLD AND γSF

ρ(Sn )

According to Fermi’s golden rule, the decay rate from an
initial state to a final state can be decomposed into the transition matrix element and the level density ρ(Ef ) at the final
state Ef = Ei − Eγ [30,31]. In the regime of statistical γ rays,
we consider ensembles of initial and final states, thus probing
decay properties averaged over many levels. We assume that
any decay mode can be build on the ground and excited state
in the same way, i.e., there is no spin-parity or excitation
energy dependence, which is a generalized version of the
Brink-Axel hypothesis [32,33]. Thus, the decay properties
do not depend on the specific levels, but only on the energy
difference between them. Consequently, the dependence on
initial and final states is reduced to a single dependence on
the energy difference given by the γ -ray energy Eγ . The
decay probability corresponding to the first-generation matrix
P(Ei , Eγ ) can therefore be factorized into the level density
of the final excitation energy ρ(Ef ) and the transmission
coefficient T (Eγ ) [5]:
P(Ei , Eγ ) ∝ ρ(Ef )T (Eγ ).

Sn , we calculate ρ(Sn ) under the assumption of equal parity
distribution from the average neutron resonance spacing for s
waves, D0 , taken from RIPL-3 [38] following Ref. [5]:

(1)

The validity of the Brink-Axel hypothesis in the quasicontinuum has recently been shown for several nuclei [34,35],
amongst them the actinide nucleus 238 Np [36]. The level density ρ(Ef ) and transmission coefficient T (Eγ ) were obtained
by a fit to P(Ei , Eγ ) [5]. Note that this procedure does not
require any initial assumptions on the functional form of ρ and
T . However, any transformation ρ̃ and T˜ with the parameters
α, A, and B gives identical fits to the matrix P(Ei , Eγ ) [5]:
ρ̃(Ei − Eγ ) = A exp[α (Ei − Eγ )] ρ(Ei − Eγ ),

(2)

T˜ (Eγ ) = B exp[α Eγ ] T (Eγ ).

(3)

The determination of the transformation parameters corresponding to the correct physical solution, i.e., the normalization of the NLD and γ SF, is discussed in the next section.
IV. INITIAL EXTRACTION OF THE LEVEL DENSITY
AND TRANSMISSION COEFFICIENT

For the normalization of the level density, ρ, we need at
least two reference points, such that we can determine the
parameters A and α in Eq. (2). At low excitation energies,
our data are matched to discrete levels [37] up to the critical
energy Ecrit ≈ 1.3 MeV, where we expect the low-lying level
scheme to be complete. At the neutron separation energy

=

1
2σ 2
.

D0 (Jt +1) exp[−(Jt + 1)2 /2σ 2 ] + Jt exp − Jt2 /2σ 2
(4)
239

Here, Jt is the ground-state spin of the target nucleus Pu.
We use the spin distribution g(Ex , I ) proposed by Ericson
[12, Eq. (3.29)]1 together with the rigid-body moment of
inertia approach for the spin cut-off parameter σ from 2005
by von Egidy and Bucurescu [39]:
2I + 1
exp[−(I + 1/2)2 /2σ 2 ],
2σ 2 (Ex )
√
1 + 4aU (Ex )
,
σ 2 (Ex ) = 0.0146A2/3
2a

g(Ex , I ) =

(5)
(6)

where A is the mass number of the nucleus, a is the level
density parameter, U (Ex ) = Ex − E1 is the intrinsic excitation
energy, and E1 is the back-shift parameter. All parameters are
listed in Table I.
Since there is a gap of approximately 3.5 MeV between
the highest excitation energy of the extracted level densities
and the neutron separation energy Sn , an interpolation is used
to connect the data sets. In accordance with the findings for
other actinides [8], we use the constant temperature (CT) level
density formula [12]
1
Ex − E0
exp
(7)
ρCT (Ex ) =
TCT
TCT
with the shift in excitation energy E0 given by
E0 = Sn − TCT ln[ρ(Sn )TCT ].

(8)

The best fit is obtained for a constant temperature of TCT =
0.415(10) MeV. Only a limited number of data points are
available for the fit which are well above Ecrit . This makes
a proper interpretation of the uncertainty on the fit parameters
difficult. This is the main contribution to the systematic error,
which is shown as an error band in the results in Fig. 2.
For the transmission coefficient T , the remaining parameter B is determined by normalization to the average total
radiative width γ (Sn ) from (n, γ ) experiments [38], under

1
The same spin distribution is often attributed to the subsequent
work of Gilbert and Cameron [40].
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FIG. 2. Initial analysis of the total NLD for 240 Pu. The NLD
is normalized to the discrete levels (in 140 keV bins) [37] at low
excitation energies and to ρ(Sn ) calculated from D0 [38], using a
constant temperature interpolation with TCT = 0.415(10).

the assumption of equal parity using [41,42]
γ (Sn , Jt ± 1/2, πt )
 Sn
B
=
dEγ T (Eγ )ρ(Sn − Eγ )
1
4π ρ(Sn , Jt ± /2, πt ) 0
×

1


g(Sn − Eγ , Jt ± 1/2 + j),

produces consistent results when the spin-parity dependent
population probability gpop equals the theoretically expected
distribution of the intrinsic levels gint . However, when there is
a large mismatch in the spin-parity distributions we have also
shown that the aforementioned ad-hoc method lead to significant distortions in the NLD and γ SF [17]. We will denote
the extracted quantities as the apparent NLD and γ SF, and
distinguish them from the true NLD and γ SF that would have
been observed with an ideal, bias-free method. In absence of
an ideal method, our goal is to find a consistent set of NLD and
γ SF, where we define consistency as follows: if we provide
this set as input to a nuclear decay code like RAINIER [44],
the generated synthetic data should match the experimentally
obtained coincidences. This grantees at the same time that the
analysis of the synthetic data yields the same apparent NLD
and γ SF as those determined from the naive2 experimental
analysis. In this section we extend the analysis of Ref. [17] in
order to retrieve a consistent set of NLD and γ SF for 240 Pu for
the same reaction. This approach is, however, easily generalizable to other target nuclei and in principle also applicable
for other light-ion reactions.
We will start with a brief overview of the procedure and
then discuss each step in more detail:
(1) Calculate the spin-parity distribution of the population
probability gpop , and the distribution of the intrinsic
levels gint for each excitation energy bin Ex .
(2) Generate a synthetic coincidence data set for an artificial nucleus resembling 240 Pu, given the spin distributions, and the trial NLD and γ SF.
(3) Analyze and compare the apparent NLD and γ SF
from the synthetic data set and experimental coincidences using the Oslo method.
(4) Adjust the trial NLD and γ SF and repeat steps 2 and
3. Adopt the solution with the smallest difference between experimental and synthetic coincidence spectra.

(9)

j=−1

where πt is the ground-state parity of the target nucleus 239 Pu.
Note that the sum in Eq. (9) runs over all available final states
of 240 Pu, where we consider only spins Jt ± 1/2 + j that can be
reached by one primary dipole transition after neutron capture,
i.e., j = −1, 0, 1. The γ -ray strength function f is obtained
under the same assumption of a dominance of dipole strength,
L=1, so f  fE 1 + fM1 , and
f (Eγ ) =

T (Eγ )
T (Eγ )

.
2π E 2L+1
2π Eγ3

(10)

To specify the integral in Eq. (9) completely, we use a loglinear extrapolation in the γ SF below Eγmin and a log-linear
extrapolation in T between Eγmax and Sn .
V. CORRECTIONS DUE TO SPIN-PARITY MISMATCH
A. Overview

First indications that a limited spin-range of the levels
populated in a given reaction has an impact on the Oslo
method have been discussed in Ref. [6]. Due to the low
angular momentum transfer expected for light-ion reactions,
and in particular the (d, p) transfer reaction, the higher spin
states that are already available at Ex ≈ 2 to 6 MeV in heavy
nuclei may not be populated. In Ref. [7] an ad hoc method
was developed to correct for observations that were attributed
to the limited angular momentum transfer. This correction has
subsequently been applied to other heavy nuclei [8–11,43].
In a recent analysis on systematic errors for (d, p)240 Pu we
have demonstrated that the application of the Oslo method
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B. Spin-parity calculations

To calculate the population probability gpop for each J π
in the residual nucleus following a (d, p) reaction, we have
to distinguish between two reaction mechanisms. First, we
consider direct processes, i.e., the breakup of a deuteron
with emission of a proton, followed by the formation of a
compound nucleus with the remaining neutron and the target.
Spin-parity dependent cross section are calculated for the
angles covered in the experiment within the Green’s function
transfer formalism described in Refs. [45,46]. The neutronnucleus interactions are modeled by the dispersive optical
model potential (OMP) of Capote et al. [47] implemented
through potential no. 2408 listed in RIPL-3 [38]. The usage of
a dispersive OMP improves the predictive power for Ex < Sn .
Note that we did not use the OMP in the context of full
coupled-channels calculations, which would have explicitly
accounted for the coupling to rotational states. We expect that

2
In the sense that the experimental analysis does not inherently take
into account a spin-parity mismatch.
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below, and a comprehensive list including the analysis code
can be found online:3

FIG. 3. Population probability gpop (Ex , J, π ) of levels in the
Pu(d, p)240 Pu reaction as a function of excitation energy Ex , and
spin-parity J π . (a) Projection of gpop (Ex ) (blue squares) for the
highest excitation energy, Ex = 6.5 MeV, which reveals a strong
asymmetry in the populated parities. We observe that gint (green
triangles) is much broader then gpop (blue squares). Note that the
distributions are normalized to 1 summing over all J π in each Ex
bin, but the plot ranges only between J π = 9± .

(i) Discrete levels up to 1.037 MeV (18 levels).
(ii) Above 1.037 MeV: Generated levels from the NLD
extracted in Sec. IV with the nearest-neighbor spacing
according to the Wigner distribution [51].
(iii) Intrinsic spin distribution gint (Ex , J ) following
Eq. (5), with a spin-cut parameter σ of Eq. (6)
(assumes equiparity).
(iv) Spin-parity dependent population probabilities
gpop (J, π ) from our calculations.4
(v) γ SF as extracted in Sec. IV, fitted by two E 1 constant
temperature Generalized Lorentzians (GLO) [42],
two M1 Standard Lorentzians (SLO), and including
Porter-Thomas fluctuations [52]. The E 2 component
was assumed to be negligible.
(vi) Internal conversion model: BrIcc frozen orbital approximation [53].

239

this will lead to an underestimation of the absorption cross
section of about 20%; however the relative population of the
different spins and parities should essentially be unaffected.
We normalize the population cross sections to 1 for each Ex
bin, thus obtaining the probability distribution gpop . Figure 3
shows the results for the population spin-parity distribution
gpop (Ex , J, π ).
Compound reactions are the second mechanism leading to
240
Pu as a residual nucleus: proton evaporation after fusion of
the deuteron and target nucleus and the inelastic excitation of
the target to energies above the proton emission threshold. The
spin-parity integrated cross section for these processes has
been estimated to be ≈0.5 mb/(MeV sr) using the statistical
framework of the TALYS nuclear reactions code v1.8 [48]. This
is an order of magnitude smaller than for the direct process
and therefore neglected. The low cross sections are reasonable
as the deuteron beam energy of 12 MeV is below the Coulomb
barrier of about 14.46 MeV, where the latter is calculated with
a radius parameter r0 = 1.26 fm [49].
C. Synthetic data

To study the effect on the extracted NLD and γ SF, we
generate a synthetic data set with the statistical nuclear decay
code RAINIER v1.4.1 [44,50]. This code uses a Monte Carlo
approach to generate levels of an artificial nucleus and simulate γ -emission cascades via E 1, M1, or E 2 transitions. The
analysis library facilitates the extraction of the γ -ray spectra
(first or all generations) emitted from each initial excitation
energy bin Ex . The matrix including the γ -ray spectra of
all generations substitutes for the experimental particle-γ
coincidence in the further analysis. The input parameters have
been chosen to resemble the 240 Pu nucleus and the analysis
in the previous section. The initial settings are summarized

Due to the strong parity dependence of gpop , the generated
simulated coincidence spectra depend on the decomposition
of the γ SF into its E 1 and M1 components. We performed a
χ 2 fit of the centroid, the peak cross section and width of each
resonance of the γ SF simultaneously using the differential
evolution algorithm by Storn and Price [54]. In addition to our
data Y sum , which measures only the summed γ SF (M1 + E 1),
we include the data Y E1/M1 of Kopecky et al. [55,56] around
Sn , which resolve the E 1 and M1 components. There are no
measurements for the giant dipole resonance (GDR) of 240 Pu.
However, as the GDR is expected to vary little between the
plutonium isotopes, we also include 239 Pu(γ , abs) measurements (again included in Y sum ) by De Moraes and Cesar [57]
and Gurevich et al. [58]. A third data set by Berman et al.
[59] yields systematically lower cross sections than the first
two measurements, which are consistent within the error-bars.
Therefore we did not include the data of Berman et al. [59] in
the fit. Each term is weighted by the experimental uncertainty
of the datapoint. The total χ 2 is then given as the sum over the
χ 2 s for the summing data Y sum (E 1 + M1) and data Y E1/M1
that resolve the M1 and E 1 contributions:



2
2
χsum
+
χE2 1 +
χM1
.
(11)
χ2 =
i∈Y sum

i∈Y E1

i∈Y M1

D. Analysis of an iteration

The generated coincidence data are analyzed with the Oslo
method and the results are displayed in Fig. 4. We can quantify
how consistent the input NLD and γ SF are by construction
of the ratio r of the apparent NLD and γ SF analyzed from
synthetic data to the experimental analysis (see Sec. IV). We
extract this ratio for each iteration. For the NLD this means
that below 3 MeV we compare to the data points, whereas

3

https://github.com/fzeiser/240Pu_article_supplement.
Note that we did not include the excitation energy dependence
of the population cross-section for this analysis, although it could
in principle be included to give a more stringent test of the first
generation method.
4
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FIG. 4. Upper panels: NLD (a) and γ SF (b) extracted with the Oslo method from synthetic data (iterations 1, 3, and 4) compared to those
extracted from the experimental coincidence data in Sec. IV. The γ SFs are compared to the fit of the experimental data points. As a guide to
the eye, the data are connected by solid lines and dashed lines denote the extrapolations assumed for the Oslo method. Lower panels: Ratios
of the NLD (c) and γ SF (d) extracted from synthetic data to those from the experimental coincidence data. The error bars are a combination
of statistical and proposed systematic error (mostly due to potential nonstatistical decay at high Eγ ) as retrieved from the Oslo method when
analyzing the synthetic data. Note that the analysis of synthetic data created from iteration 3 (input is displayed) results in a NLD and γ SF that
closely resemble the experimental analysis.

above 3 MeV we use the CT extrapolation. In case of the γ SF,
we compare to its fit, so the sum of the 2 GLOs and 2 SLOs.
The inverse of the ratio r is used as a bin-by-bin correction
z = (1/r) − 1 to the input NLD and γ SF of iteration n, such
that we generate the input for the next iteration, n + 1:


1
In+1 = In 1 + z ,
(12)
2
where I is the input NLD or γ SF, respectively. We introduced
an additional factor of 1/2, which can be seen as reduction of
the step-size of the correction z. This increased the stability
of the solution. As an example, looking at the first iteration,
we find that the analyzed NLD from the synthetic data at
2.5 MeV is only 50% of the experimentally observed NLD.
We would therefore increase the input NLD for the next
iteration by 25% in this bin (and process all other bins of the
NLD and γ SF in the same manner). For the first iterations
we observe that the changes impact γ  by about 25%. As
γ exp is determined from independent measurements, we
enforce a match by rescaling the predicted input γ SF. Note
that this does not affect the generated coincidence spectra.
E. Results

After only 3 to 4 iterations, we observe that the γ SF and
NLD have approximate converged, with the exception of the
higher energy region of the γ SF. The reproduction of the
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γ SF above Eγmax = 4.0 MeV remains challenging. The corresponding fit region in the first-generation matrix is formed
by non-statistical decays, thus it is not obvious that the Oslo
method should be applicable in this regime. In addition, the
comparison in this regime is sensitive to the choice of the
extrapolation of the initial γ SF.
In Fig. 5 we compare the experimental coincidence data
with the synthetic data from different iterations. All spectra
have been normalized to obtain the probability P(Eγ ) for the
emission of a γ ray with energy Eγ in the decay cascade
from a level in the excitation energy bin Ex . This removes any
dependence on the simulated vs. measured number of γ rays
and of a potential mismatch of the population cross section
as a function of the excitation energy Ex . The χ 2 differences
over whole extraction region (see Sec. II) are displayed for
each iteration in Fig. 6. We find that iteration 3 improves
the reproduction of the experimental coincidence spectra by
about 50%, compared to the initial analysis, iteration 1.
Higher iterations give a reasonable reproduction of the first
generation spectra, but show an increased deviation of the (all
generations) coincidence spectra. This might be explained by
an overcompensation for Eγ > 4 MeV as discussed above.
Additionally, a closer analysis of the first vs. all generations
spectra indicate a too high probability to decay through a
specific state, or set of states, with Ex ≈ 1.3 MeV. This is
already visible for iteration 3 in Fig. 5, but the mismatch
increases for the higher iterations.
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FIG. 5. Comparison of experimental coincidence data with the
synthetic data from iterations 1 and 3. In general, the results of
iteration 3 match the data quite well, but they fail to reproduce the
spectra for the lowest excitation energy bin. The comparison region
was chosen in accordance with the extraction region specified in
Sec. II.

In the described procedure, we used a Monte Carlo approach to simulate the nucleus and its behavior, therefore, the
results may vary between different realizations from the same
input parameters. However, we found that in the case of a
heavy nucleus the level density was so high that the effects
could be neglected for this analysis.
VI. DISCUSSION

As noted in Ref. [17], the Oslo method does not intrinsically account for differences in the spin-parity distributions
gpop and gint ; when there is a significant spin-parity mismatch
the resulting apparent NLD and γ SF will be distorted compared to the a priori true NLD and γ SF. This effect can
be observed in Fig. 4 by comparing the input for iteration

FIG. 6. χ 2 between the synthetic and experimental coincidence
and first generation data for each iteration.

PHYSICAL REVIEW C 100, 024305 (2019)

FIG. 7. Proposed γ SF (iteration 3) compared to the initial analysis (see Sec. IV) and measurements by Kopecky et al. [55,56], De
Moraes and Cesar [57], and Gurevich et al. [58].

3 to RAINIER to the results after application of the Oslo
method. The presented method takes into account gpop and
gint and generates synthetic coincidence data sets. As the
apparent NLD and γ SF extracted with the Oslo method from
synthetic and experimental coincidences data suffer the same
distortions, we can identify a consistent set of NLD and γ SF
from those simulations that lead to an apparent NLD and
γ SF that match the results from the experimentally obtained
coincidences (Sec. IV). In Fig. 4 it can be observed that this
is the case for the input NLD and γ SF to the third iteration.
Future studies are recommended to establish the sensitivity
of the current approach. It is, for example, possible to find
other suitable decompositions and other empirical models to
describe the γ SF in the fitting procedure in Sec. V. This
would effect the γ SF and NLD derived from this method.
Ideally, one could couple the RAINIER simulations with a
Monte Carlo Markov chain code [60,61] directly (without
iterating through the Oslo method) and find the posterior
probability of different NLD and γ SF combinations to match
the experimental observations. However, for a heavy nucleus
such as 240 Pu each iteration takes about 50 h on a single core
Intel E5-2683v4 2.1 GHz, such that the computational costs
quickly render a full-scale parameter search unfeasible.
In Fig. 7, we compare the input γ SF of the third iteration
to the result of the initial analysis (see Sec. IV) and the
measurements of Kopecky et al. [55], De Moraes and Cesar
[57], and Gurevich et al. [58]. The absolute scale of the
proposed γ SF is lower than in the initial analysis, which is
attributed to the increased NLD (see Fig. 4, left panels), as
can be seen from Eq. (9).
Around 6 MeV, the derived γ SF is significantly lower
than the measurements by Kopecky et al. [55,56]. However,
there are two ways to resolve the apparent discrepancy: First,
according to the original analysis [56], the data of Kopecky
et al. [55,56] have a systematic normalization uncertainty
of 30% (only the statistical errors are plotted). Second, our
results have little sensitivity to the γ SF above approximately
4 MeV. Thus, we could add another resonance at ≈6–8 MeV
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without changing any other observables, like the shape of the
extracted γ SF or γ .
The retrieved γ SF reveals an excess strength between
2–4 MeV on the hypothetically smooth tail of the GDR. This
is consistent with the location of the low-energy orbital M1 SR
[13]. Several other studies in the actinide region using (d, p)
reactions and the Oslo method have observed a similar excess
[7–11]. However, we expect that the spin-parity distributions
may also have biased the NLD and γ SF obtained in those
experiments, and therefore plan to reanalyze the extracted
strength with the present method.
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2

Prompt-fission γ rays are responsible for approximately 5% of the total energy released in fission, and
therefore important to understand when modeling nuclear reactors. In this work we present prompt γ -ray emission
characteristics in fission as a function of the nuclear excitation energy of the fissioning system. Emitted γ -ray
spectra were measured, and γ -ray multiplicities and average and total γ energies per fission were determined for
the 233 U(d,pf ) reaction for excitation energies between 4.8 and 10 MeV, and for the 239 Pu(d,pf ) reaction between
4.5 and 9 MeV. The spectral characteristics show no significant change as a function of excitation energy above
the fission barrier, despite the fact that an extra ∼5 MeV of energy is potentially available in the excited fragments
for γ decay. The measured results are compared with model calculations made for prompt γ -ray emission with
the fission model code GEF. Further comparison with previously obtained results from thermal neutron induced
fission is made to characterize possible differences arising from using the surrogate (d,p) reaction.
DOI: 10.1103/PhysRevC.96.014601

I. INTRODUCTION

Nuclear fission was discovered some 70 years ago [1–3],
but still there remain some intriguing mysteries about this
complex process. One of the least measured parts of the
energy that is released in fission is the contribution that is
carried away via prompt γ -ray emission. This accounts for
roughly 8 MeV [4,5], which is around 5% of the total energy
released in fission. In addition, prompt energy is dissipated via
the Coulomb repulsion of the fragments, and the emission of
prompt neutrons. Prompt-fission γ rays (PFGs) are typically
emitted within a few nanoseconds of scission of the fragments;
about 70% of the prompt PFGs are emitted within 60 ps [6],
about 95% within 3 ns [7]. PFGs are one of the least understood
parts of the fission process [8].
The investigation of PFG emission addresses questions in
nuclear structure and reaction physics. One question deals with
the deexcitation of nuclei through the emission of neutrons
and γ rays. The theoretical description of the deexcitation of
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neutron-rich isotopes, as being produced in neutron-induced
fission, shows significant deficits in describing the neutron
and γ -ray spectral shape [8]. To some extent this deficiency
seems to be related to a limited understanding of the competing
process of prompt neutron and γ emission. Prompt-fission
γ -ray spectral (PFGS) data, measured as a function of
excitation energy of the compound nucleus may provide important information to benchmark different models, allowing
eventually arrival at a consistent description of prompt-fission
neutron and γ -ray emission. Furthermore, PFGs are certainly
among the most sensitive observables for studying angularmomentum generation in fission [8,9].
Understanding PFG emission is not only useful for complete modeling of the fission process, but it also has some
important practical applications for nuclear reactors. In recent
years, requests for more accurate PFGS data have motivated
a series of measurements to obtain new precise values of the
γ -ray multiplicities and mean photon energy release per fission
in the thermal-neutron-induced fission of 235 U [10,11] and
239
Pu [11,12]. With the development of advanced GenerationIV nuclear reactors, the need of new PFGS data becomes
important. Since four out of six contemplated Generation-IV
reactors require a fast-neutron spectrum, a wider range of
incident neutron energies has to be considered [13]. Modeling
of the geometrical distribution of γ heating, in and around the
reactor core, shows local deviations up to 28% as compared
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TABLE I. Target and beam characteristics as used in this work.
Fission barrier heights are taken from Ref. [24].
Target

233

Chemical composition
Active diameter
9
Be backing (mg/cm2 )
Total area density (mg/cm2 )
Reaction
Beam energy (MeV)
Inner fission barrier, BF,a (MeV)
Outer fission barrier, BF,b (MeV)

Metallic
1 cm
2.3
0.2
(d,pf )
12.5
4.80
5.50

U (A)

239

Pu (B)

Metallic
1 cm
1.8
0.4
(d,pf )
12
6.05
5.15

with measured heat distributions, whereas accuracy within
7.5% is mandatory [14]. These deviations remain mainly,
despite experiment campaigns in the 1970s [4,15–17], due
to the uncertainties on the existing PFGs data [10,18,19]. For
240
Pu∗ , this work also responds to the high-priority request
published through the Nuclear Energy Agency (NEA) of the
Organisation for Economic Co-operation and Development
(OECD) [14].
In this paper we report measurements of PFG emission
from 234 U∗ in the 233 U(d,pf ) reaction, and 240 Pu∗ in the
239
Pu(d,pf ) reaction. Both target nuclei represent the fissile
key nuclei for the thorium-uranium and uranium-plutonium
fuel cycles, respectively. The (d,pf ) reaction serves hereby
as a surrogate for the neutron-induced fission [20]. Chargedparticle-induced reactions allow measurements of fission
observables for isotopes not easily accessible to neutron beam
experiments or for excitation energies below the neutron binding energy. They also facilitate the study of PFG characteristics
as a function of compound nucleus excitation energy. We study
the dependence of PFG characteristics on compound nucleus
excitation energy and possible differences between surrogate
and neutron-induced fission reactions.
II. EXPERIMENTAL DETAILS

Two experiments, denoted (A) and (B), were carried out
at the Oslo Cyclotron Laboratory (OCL) of the University
of Oslo, using deuteron beams, delivered by a MC-35
Scanditronix cyclotron. The γ -detector array CACTUS [21]
together with the SiRi charged-particle detectors [22] and the
NIFF detector [23] were used to detect triple coincident events
of a proton, one of the two fission fragments (FFs), and γ rays.
Experiment (A) utilized a 12.5 MeV beam incident on a
233
U target, and experiment (B) had a 12 MeV beam on a 239 Pu
target (detailed target specifications are listed in Table I). The
targets were cleaned from decay products and other chemical
impurities with an anion-exchange resin column procedure
[25], and then electroplated on a backing made of 9 Be.
For these particular experiments, the SiRi detectors were
mounted in the backward direction, and the NIFF detectors
in the forward direction, relative to the beam direction (see
Fig. 1). This setup was chosen for several reasons: Due to
the thick beryllium backing, the targets had to face NIFF to
enable detection of any fission events, thereby also avoiding
FFs in the SiRi detector. However, the light, outgoing particles
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FIG. 1. Schematic view of the experimental setup for experiment
(A), showing the SiRi (E + E) telescope, and the NIFF (PPAC)
detectors, inside the reaction chamber, surrounded by the CACTUS
NaI array. SiRi measures the energy of the outgoing charged particles;
NIFF detects fission fragments (FF), and CACTUS detects γ rays
all in coincidence, within a time interval of 20 ns. The 233 U target
(0.2 mg/cm2 , green), on the 9 Be backing (2.3 mg/cm2 , orange) was
facing NIFF, and SiRi was in the backward direction relative to
the beam direction (dotted, purple arrow). The setup for the 239 Pu
experiment was identical, except for CACTUS having 26 crystals
instead of 25.

could easily penetrate the beryllium and be detected in SiRi.
The backward direction of SiRi also reduces the intensity of
the elastic peak and minimizes the exposure to protons from
deuteron breakup in the target. SiRi was covered by a 21-μmthick aluminum foil, to attenuate δ electrons in the telescopes.
SiRi consists of 64 E (front) and 8 E (back) silicon detectors with thicknesses of 130 and 1550 μm, respectively. The
detectors cover eight angles from θ  126◦ to 140◦ relative
to the beam axis, in a lampshade geometry facing the target at
a distance of 5 cm at an angle of 133◦ . The total solid angle
coverage is about 9% of 4π . In experiment (A) twenty-five, and
in experiment (B) twenty-six, 12.7 cm × 12.7 cm (5 × 5 )
NaI(Tl) crystals were mounted on the spherical CACTUS
frame, 22 cm away from the target. At a γ -ray energy of
1.33 MeV, the crystals detect γ rays with a total efficiency
of 13.6(1)% (A), and 14.2(1)% (B). To reduce the amount
of Compton scattering, the detectors were collimated with
lead cones. NIFF, consisting of four parallel plate avalanche
counters (PPACs), covering 41% of 2π , were used for tagging
of fission events. For this, it is sufficient to detect one of the two
fission fragments, which are emitted back to back. The PPACs
are placed at an angle of 45◦ with respect to the beam axis, at a
distance of about 5 cm from the center of the target. Taking into
account angular anisotropy effects in the center-of-mass system, Ref. [26] found a total efficiency of about 48%. The particle and fission detectors were mounted in the reaction chamber,
surrounded by the CACTUS array (Fig. 1). The experiments
ran for one week each, with a typical beam current of 1 nA.
The experimental setup enables particle-FF-γ coincidences
that, together with energy and time information, are sorted
event by event. In the present work, we focused on the
233
U(d,pf ) and the 239 Pu(d,pf ) reactions. The detection of
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a charged particle in SiRi was the event trigger. In a timing
interval of ∼20 ns we require a γ signal in CACTUS and a FF
in NIFF.
From kinematics, the measured energy of the outgoing
charged particle is converted into initial excitation energy Ex of
the fissioning system. In our cases, we measure the deposited
energy of the proton in the particle telescope, thereby selecting
234 ∗
U and 240 Pu∗ as the fissioning system, for experiments (A)
and (B), respectively. The excitation energy was reconstructed
event by event from the detected proton energy and emission
angle, and accounting for energy losses in the target and
backing. For each energy bin in Ex , a correction for the neutron
contribution to the γ -ray spectrum is performed, which is
detailed in the next section. Finally, the raw γ spectra are
corrected for the detector response to produce a set of unfolded
PFGS. The applied unfolding process, which has the advantage
that the original statistical fluctuations are preserved, is fully
described in Ref. [27]. NaI response functions are based on
in-beam γ lines from excited states in 56,57 Fe, 28 Si, 17 O, and
13
C, which were remeasured in 2012 [28].
A. Correction for neutron contribution

In the fission process, both neutrons and γ rays are emitted.
Neutrons can interact with the NaI crystals of CACTUS,
depositing energy mostly in the form of γ rays from (n,n γ )
reactions. Unfortunately, the timing gate (20 ns) of the current
setup (Fig. 1) only allows for discrimination between γ rays
and neutrons via time of flight (TOF) for the slowest neutrons,
i.e., with energies lower than 600 keV. However, the majority
of prompt neutrons emitted in fission have higher energy than
this. To obtain PFGS, a correction for the neutron component
needs to be made, with subtraction of counts arising from
energy deposition by neutrons.
Our neutron correction method relies on using a neutron
response spectrum of a NaI detector, which is most representative of that for fission neutrons. Normalizing this to the known
average neutron multiplicity emitted in fission for a particular
compound nucleus excitation energy allows estimation of the
neutron component in the total measured PFGS at this energy.
This component is then subtracted. In this work we used a
spectrum [29] for 2.3 MeV neutrons, which is close to the
average fission neutron energy.
The response of 7.6 cm × 7.6 cm (3 × 3 ) NaI detectors to
incident neutrons at energies between 0.4 and 10 MeV has been
measured by Häusser et al. [29] by using TOF discrimination
with quasimonoenergetic neutrons produced in the 7 Li(p,n)
and 197 Au(p,n) reactions. They find that the neutron response
is dominated by (n,n γ ) reactions. For the energies most
prominent from fission neutrons, 1–2.5 MeV, most counts in
the NaI detectors are observed between 0.4 and 1 MeV. For
2.3 MeV neutrons, they report 0.13(5) triggers per incident
neutron. Since the CACTUS detectors are longer (12.5 cm),
we scale the number of triggers to 0.21(8) triggers per incident
neutron. We assume that the intrinsic detection efficiency int
for γ rays from fission is the same as those created in the
detector by (n,n γ ) reactions. The γ -ray multiplicity M̄ for
neutron contribution correction purposes is taken as 6.31 for
234 ∗
U [17] and 7.15 for 240 Pu∗ [30].

TABLE II. Parameters to scale the excitation-energy dependence
of the average total neutron multiplicity relative to the neutron
separation energy Sn extracted from Ref. [31] (234 U∗ ) and Ref. [33]
(240 Pu∗ ).
234

a (n/MeV)
b (ν̄ @ thermal fission)
Sn (MeV)

U∗

240

0.1
2.5
6.85

Pu∗

0.14
2.9
6.53

The relative contribution f of neutrons to the measured data
Ntot (Ex ,Eγ ) for each excitation energy Ex and γ -ray-energy
bin Eγ can be estimated by the detection efficiencies. Taking
into account the ratio of neutron and γ -ray multiplicities we
find
int,n ν̄
.
(1)
f =
int,n ν̄ + M̄
The neutron multiplicity ν̄ is known to vary approximately
linearly as a function of the incident neutron energy En [31–
33]. Taking into account the neutron separation energy Sn ,
the same dependence is assumed for the compound nucleus
excitation energy Ex with the parameters given in Table II, such
that ν̄(Ex ) = a(Ex − Sn ) + b. The total contribution to the data
caused by neutrons is estimated as a fraction of counts, f (Ex ),
that is weighted as a function of Eγ by Häusser’s neutron
spectrum H (Eγ ), i.e.,
Nn (Ex ,Eγ ) = Ntot (Ex )f (Ex )H (Eγ ),

(2)

where Ntot (Ex ) is the projection of the γ matrix onto Ex :

Ntot (Ex ) =
Ntot (Ex ,Eγ ).
(3)
Eγ

Ntot (Ex ,Eγ ) is the matrix
 element in the γ matrix. H (Eγ )
is normalized so that Eγ H (Eγ ) = 1. The γ -ray spectrum
Nγ (Ex ,Eγ ) is obtained by subtracting the neutron contribution
Nn (Ex ,Eγ ) from the measured data Ntot (Ex ,Eγ ):
Nγ (Ex ,Eγ ) = Ntot (Ex ,Eγ ) − Nn (Ex ,Eγ ).

(4)

The results of the subtraction procedure can be seen graphically in Fig. 2, where the raw spectrum, neutron contribution,
and corrected spectrum are shown. Since inelastic scattering
is the main energy-deposition mechanism for neutrons, which
occurs mostly on low-lying states in sodium and iodine nuclei,
the neutron contribution is largest in the low-energy part of
the spectrum. However, overall, the correction for the neutron
contribution in our experiments remains small (see Table III).
B. Extrapolation of spectra towards zero energy

Detectors used in experiments that attempt to measure
PFGS will always have an energy threshold to prevent rapid
triggering on noise. Below this threshold, γ -ray detection is
impossible, so the lowest energy γ rays emitted in fission
will not be detected. As a consequence, this will introduce
a systematic uncertainty in the deduction of average spectral
quantities: Measured multiplicities M̄ and total γ energy Etot
will thus be lower, and measured average γ -ray energy Eav
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of the average spectral quantities deduced. Since we compare
our data with thermal-neutron-induced fission experiments,
we chose the same cutoff of the PFGS as Ref. [15], of
Eγ = 140 keV.
III. PREDICTIONS WITH THE GENERAL FISSION
MODEL CODE

FIG. 2. The total (summed over all Ex ) raw PFGS detected in the
U(d,pf ) reaction (black) and the calculated spectral contribution
due to interactions of prompt-fission neutrons in the NaI detector
(green). The corrected γ spectrum is also shown (pink).

233

released per fission will be higher than their actual values. In
fact, such systematic uncertainties from threshold effects may
explain discrepancies between previous PFG experimental
results [10,35]. To account for the undetected γ rays below
threshold, it is necessary to make an extrapolation towards
zero energy, such as, e.g., that performed in Ref. [36]. In our
case the detection threshold was rather high, at 450 keV. As
the shape of the γ -ray spectrum is not known for the low
γ -ray energies, we chose a constant value for the bins below
threshold. A reasonable extrapolation of each spectrum was
made by averaging over the first three γ -ray bins above the
threshold. The uncertainty was estimated by the minimum and
maximum values in these bins, including their uncertainties.
This results in an average value of about 5.5 ± 2 photons
per fission per MeV (234 U∗ ) below threshold. By assuming a
nonzero value for this energy bin, the extrapolation reduces the
uncertainty, but it does not eliminate it entirely. In our case it is
still the dominant source of uncertainty on the absolute values
TABLE III. Values used for calculating the neutrons in the
CACTUS detectors. The average neutron energies were calculated
from ENDF/B VII.1 [34]. Neutron multiplicities ν̄ are taken from
Ref. [31,33] and γ -ray multiplicities M̄ from Ref. [17] (234 U∗ ) and
Ref. [30] (240 Pu∗ ).
A (234 U∗ )
Average neutron energy (MeV)
Intrinsic neutron efficiency
(triggers/neutron)
Neutron multiplicities
(@ thermal fission)
γ -ray multiplicities
Relative contribution
(@ thermal fission)
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B (240 Pu∗ )

2.0

2.1

0.21(8)

0.21(8)

2.5
6.31(30)

2.9
7.15(9)

0.0768

0.078

We compare our data to predictions from the semi-empirical
general fission model (GEF) [37]. GEF is based on the
observation of a number of regularities in fission observables,
revealed by experimental studies, combined with general laws
of statistical and quantum mechanics. It provides a general
description of essentially all fission observables (fissionfragment yields and kinetic energies, prompt and delayed
neutrons and γ rays, and isomeric ratios) in a consistent way
while preserving the correlations between all of them. GEF
has been shown to be able to explain in an unprecedented
good manner fission-fragment and neutron properties over
a wide range, running from spontaneous fission to induced
fission up to an excitation energy of about 100 MeV for
Z = 80 to Z = 112 [37]. Modeling of γ rays in fission has
been implemented most recently. In contrast to other existing
codes in the field, GEF provides also reliable predictions for
nuclei for which no experimental data exist. This is particularly
important in our case, since no experimental data on the
fragment properties exist for the majority of the excitation
energies that we are investigating.
Calculations were performed for fission of both 234 U∗ and
240
Pu∗ , applying the same cutoff of the PFGS as for the
experimental data, of 140 keV, as described in Sec. II B. The
total angular momentum J = I0 + Ltrans is the sum of the
target nucleus ground-state spin I0 and the angular momentum
Ltrans transferred in the (d,p) reaction. The distribution in the
GEF v.2016/1.1 calculations is given by
2
ρ(J ) ∝ (2J + 1) exp[−J (J + 1)/Jrms
],

(5)

where we used the root mean square (rms) of the total angular
momentum1 Jrms and the excitation energy to describe the
fissioning system as input. The
√ maximum value for Jrms of 12
was obtained from Jrms = 2T I /h̄ [38], where the nuclear
temperature was chosen to be T ≈ 0.45 MeV in line with
other actinide nuclei [39,40]. The rigid body moment of inertia
I is given by 25 mA (r0 A1/3 )2 (1 + 0.31β2 ) ≈ 160(h̄c)2 /MeV,
where we used the isotope mass mA , the mass number A, the
quadrupole deformation β2 from Ref. [24], and radius parameter r0  1.3. The results are compared with an intermediate
value of Jrms = 8, and to the lower limit, Jrms = 0, where the
latter facilitates the comparison to neutron-induced reactions,
which transfer little angular momentum. Additionally we
performed calculations for an energy-dependent Jrms , which
was adopted from the systematics of Ref. [41]:
√
1 + 1 + 4a(Ex − E1 )
2
, (6)
Jrms
(Ex ) = 2 × 0.0146A5/3
2a

1
Jrms √
can be expressed in terms of the spin cutoff parameter σ by
Jrms = 2σ .
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233

Counts/MeV

106
105

where the level-density parameter a and the energy backshift
E1 are obtained from a fit to experimental data [41].

233

Sn
BF,a

104
103
2

FIG. 3. Matrix of the fission and proton-gated raw γ data from
the 233 U(d,pf ) reaction (after subtraction of the contribution from
neutrons). The x axis gives the deduced compound nucleus excitation
energy Ex . The y axis gives the detected γ -ray energy, and the z
axis gives the number of counts recorded during the experiment (not
efficiency corrected). The bin width is 64 keV for Ex and Eγ .

U(d,pf)
U(d,pfγ)

BF,b

4

6
8
10
Excitation energy Ex [MeV]

12

FIG. 4. The total number of 233 U(d,pf ) and 233 U(d,pfγ ) events
recorded during the experiment histogrammed as a function of the
deduced compound-nuclear excitation energy of 234 U∗ for each event.
The inner and outer fission barriers BF,a at 4.80 MeV and BF,b at
5.50 MeV, respectively, and the neutron separation energy Sn at
6.85 MeV are shown. The dotted lines indicate the minimum and
maximum Ex of the analyzed area. The lower limit on Ex is the inner
fission barrier.

by the dash-dotted lines indicates the sum of the statistical
uncertainties on each data point plus the systematic uncertainty
on the absolute values due to the presence of the detection
threshold.
B. The 240 Pu∗ case

A. The

234

∗

U case

Figure 3 shows a three-dimensional overview of the data
set where, for a given compound nucleus excitation energy,
the corresponding raw detected PFGS (prior to unfolding the
response function) is displayed with the neutron contribution
subtracted. The excitation energy range, over which the data
are collected, can be seen more closely in Fig. 4, which
histograms the double coincidences of protons and fission
fragments (d,pf ) and triple coincidences of protons, fission
fragments, and γ rays (d,pf γ ) as a function of Ex . In the
case of 234 U∗ , only a very few subthreshold fission events
occur below the inner fission barrier [24] at Ex = 4.8 MeV,
which is 2 MeV below the neutron separation energy at
6.85 MeV [42]. The 233 U(d,pf ) reaction at 12.5 MeV incident
energy populates compound-nuclear excitation energies up to
a maximum of 10 MeV in this case.
The Ex range is divided into 8 bins, each with a width of
650 keV to obtain a sufficient statistics PFGS for each bin.
Each spectrum is unfolded for the CACTUS response and
normalized to the number of fission events detected in that
excitation energy bin. The set of eight normalized spectra is
overlaid in Fig. 5, and they exhibit similar spectral shapes.
The average spectral quantities after extrapolation to zero
energy are then deduced and plotted as a function of the
excitation energy. These results are plotted in Fig. 6 with
their corresponding statistical error bars and compared with
calculations from the GEF code. The wider band denoted

The same analysis was performed for the 239 Pu(d,pf ) reaction. The (d,pf ) and the (d,pf γ ) reactions are histogrammed
as functions excitation energy (Fig. 7). In the 240 Pu∗ case, there
appears to be a significant amount of subbarrier fission, which
is in accordance with observations in Refs. [43,44]. This can be
explained in the double-humped fission barrier picture; by the
resonant population of states in the second potential minimum
10
Photons/(Fission MeV)

IV. EXPERIMENTAL RESULTS

Ex = 4.8 - 5.45 MeV
Ex = 5.45 - 6.1 MeV
Ex = 6.1 - 6.75 MeV
Ex = 6.75 - 7.4 MeV
Ex = 7.4 - 8.05 MeV
Ex = 8.05 - 8.7 MeV
Ex = 8.7 - 9.35 MeV
Ex = 9.35 - 10 MeV

1
10-1
10-2
10-3
0

1

2

3

4

5
6
Eγ [MeV]

7

8

9

FIG. 5. Overlay of the eight 233 U(d,pf ) PFGS for different
excitation-energy bins in compound-nucleus excitation energy Ex .
The spectra are normalized to the number of photons per fission
and per MeV to provide a comparison of the spectral shapes. The
extrapolation from the detector threshold at 450 keV towards zero
energy is explained in the text.
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Pu(d,pf)

239

9

Counts/MeV

Pu(d,pf )

8
7
6

BF,a Sn

5

10

BF,b

104
103

1.3

2

1.2

4

6

8

10

12

Excitation energy Ex [MeV]

1.1
1

FIG. 7. The total number of 239 Pu(d,pf ) and 239 Pu(d,pf γ )
events recorded during the experiment histogrammed as a function
of the 240 Pu∗ deduced excitation energy event by event. The inner
and outer fission barriers BF,a at 6.05 MeV and BF,b at 5.15 MeV,
respectively, and the neutron separation energy Sn at 6.53 MeV are
shown. The dotted lines indicate the minimum and maximum Ex of
the analyzed area. The lower limit of Ex is at 4.8 MeV, which is more
than 1 MeV below the fission barrier due to subbarrier fission.

0.8

9
8
7
6
5

6

7
8
Excitation energy Ex [MeV]

9

10

FIG. 6. Energy dependence of the 233 U(d,pf ) average PFG
spectral quantities compared with calculations from the GEF code
for different Jrms of the 234 U∗ nucleus. In addition, results from
Pleasonton [17] are shown. Multiplicity, average γ -ray energy, and
total γ -ray energy as function of excitation energy of 234 U∗ are shown.
The error bars represent the statistical uncertainty of the measurement.
The dash-dotted lines represent the total uncertainty, which is the
sum of the systematic uncertainty on the absolute values due to the
detector threshold, and the extrapolation towards zero energy plus
the statistical uncertainty. Vertical lines mark the inner and outer
fission barriers (Ex = 4.8 MeV and Ex = 5.40 MeV) and the neutron
separation energy (Ex = 6.85 MeV), respectively.

of the 240 Pu∗ nucleus and a tunneling through the outer fission
barrier.
The overlay of the unfolded PFGS for the 239 Pu(d,pf )
reaction is shown in Fig. 8. The spectral shapes are all
observed to be similar. However, the PFGS for the two lowest
compound-nucleus excitation-energy bins starting at 4.65 and
5.45 MeV appear to be significantly lower than the others. This
effect also manifests itself in the average photon multiplicity
M̄ and total energy Etot release at this energy (see Fig. 9). We
note that this is the region below the fission barrier and, hence,
originates from subbarrier fission. Otherwise, the trends for
the spectral characteristics seem to have no significant trend
and are fairly constant, i.e., independent of excitation energy
and thus consistent with the predictions of the GEF code.
Finally, we compare the measured PFGS at excitation
energy of 6.5 MeV, which corresponds to the thermal-neutron-

120

induced fission reaction for 239 Pu, with the measured PFGS
of Verbinski et al. [15] for thermal-neutron-induced fission.
Figure 10 shows this comparison along with a spectrum from
the GEF code. An excess of counts is observed between 2 and
4 MeV for our surrogate PFGS measured in the 239 Pu(d,pf )
reaction as compared with the neutron-induced reaction.
V. DISCUSSION

In this study, both experiments reveal an approximately
constant behavior of average γ -ray energy Eav , M̄, and Etot ,
as a function of Ex of the fissioning system; shown in Fig. 6
for uranium and in Fig. 9 for plutonium. The constant trend

10
Photons/(Fission MeV)

0.9

10
Multiplicity

239

106

Ex = 4.5 - 5.11 MeV
Ex = 5.11 - 5.73 MeV
Ex = 5.73 - 6.34 MeV
Ex = 6.34 - 6.96 MeV
Ex = 6.96 - 7.57 MeV
Ex = 7.57 - 8.19 MeV
Ex = 8.19 - 8.8 MeV

1
10-1
10-2
10-3
0

1

2

3

4

5

6

7

8

9

Eγ [MeV]
FIG. 8. Overlay of the six 239 Pu(d,pf ) unfolded PFG gamma
spectra for different excitation-energy bins in compound-nucleus
excitation energy Ex . The spectra are normalized to the number of
photons per fission and per MeV to provide a comparison of the
spectral shapes. The extrapolation between 140 keV energy and the
detector threshold at 450 keV is explained in the text.
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FIG. 10. A comparison of the 239 Pu(d,pf ) PFGS measured
at Ex ∼ Sn (red), the PFGS for thermal-neutron-induced fission
239
Pu(nth ,f ) from Verbinski et al. [15] (black points), and the
calculations by GEF for Jrms = 8 and Ex = 6.35 (blue).

1
0.9
0.8
10

Multiplicity

1

0

1.3

9
8
7
6
4.5

Ex = 6.34 - 6.96 MeV
Verbinski
GEF at Ex = 6.53 MeV

5

5.5

6
6.5
7
7.5
Excitation energy E [MeV]

8

8.5

x

FIG. 9. Energy dependence of the 239 Pu(d,pf ) PFG average
spectral quantities from the GEF code for different Jrms of the 240 Pu∗
nucleus. The thermal neutron data of Pleasonton (1973) [17] and
Verbinski et al. (1973) [15] are shifted slightly around Sn for better
visibility. Multiplicity, average γ -ray energy, and total γ -ray energy,
as function of excitation energy of 240 Pu∗ are shown. The error
bars represent the statistical uncertainty of the measurement. The
dash-dotted lines represent the systematic uncertainty on the absolute
values due to the detector threshold and the necessary extrapolation
to zero energy. Vertical lines mark the inner and outer fission barriers
(Ex = 6.05 MeV and Ex = 5.15 MeV) and the neutron separation
energy (Ex = 6.5 MeV), respectively.

(although not the absolute value) in spectral characteristics
that we observe is broadly in line with the predictions of GEF.
There seems to be a slight decrease in M̄ below Sn for both
nuclei, but more clearly seen in the plutonium data. Although
up to 5 MeV of extra excitation energy for the hot fission
fragments is available, this energy is clearly more efficiently
dissipated by the evaporation of prompt-fission neutrons. The
prompt-fission neutron multiplicity is well known to increase
linearly with excitation energy. One could expect that the total
angular momentum J of the fissioning nucleus should increase
with increasing Ex . Our experimental data exhibit a flat trend,
which is compatible to GEF calculations for a constant or
energy-dependent Jrms in the studied excitation-energy range.
An excess of counts is observed when comparing the surrogate (d,p) PFG and thermal-neutron-induced PFGS. Such a
discrepancy might arise from differences in the surrogate and
neutron-induced reactions. The spectrum (Fig. 10) predicted

with the GEF code lies in between the two experimental cases
in the region in which the deviation is observed. For γ rays
above 8 MeV, significantly fewer photons are predicted in
comparison with our data. The spectrum by Verbinski et al.
[15] is reported only up to Eγ = 7.5 MeV.
It is expected that reactions involving charged particles
will on average introduce more angular momentum Ltrans
into the reaction than thermal-neutron-induced reactions. The
distribution of the angular momentum J will have a tail, which
extends higher, the greater the mass difference is between the
ingoing and outgoing charged particles in the reaction. It may,
therefore, be possible that the excess counts observed in the
PFGS of the surrogate reaction is an angular-momentum effect
introduced by using the (d,p) reaction to induce fission instead
of neutrons.
It is consistent that, for M̄ and Etot , our (d,p) PFG data
are in better agreement with larger Jrms , whereas the thermalneutron-induced data are in all cases in good agreement with
low Jrms . For Eav the results of the GEF calculation are in both
reactions less sensitive to Jrms , and there the discrepancy between our experimental results and the calculations increases.
The absolute values of Etot and M̄ are higher for the 234 U∗
than the 240 Pu∗ . Comparison with the results from GEF, and
a slightly higher deuteron beam energy, indicates a higher
angular momentum in the uranium case. Average higher
angular momentum of the fission fragments might result in
neutron emission being partially hindered from odd fission
fragments up to 1 MeV above their Sn . In such a case γ -ray
emission will compete with neutron emission, also above Sn .
This would result in an increased total γ energy and higher M̄.
Recently, surrogate measurements have demonstrated that
radiative capture and fission cross sections [45] can be used
to get quantitative insight into the angular momentum Ltrans
imparted to the compound nucleus following a specific transfer
reaction. A detailed review of both theory, experimental results, and challenges can be found in Ref. [46]. The connection
between these cross sections and Ltrans involves sophisticated
Hauser–Feshbach calculations [47]. On the other hand, it is
established that prompt-fission γ multiplicity M̄ is the most
direct probe of the angular momentum of the fission fragments.
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The latter is influenced by the angular momentum of the
fissioning system, i.e., Ltrans in the presented GEF calculations.
The present work shows that the measured M̄ is indeed sensitive to Ltrans . Hence, it can be used as an alternative observable,
complementary to cross sections [45], to quantify Ltrans .
Above the neutron binding energy Sn there is no significant
increase in average PFG energy and total PFG energy released
per fission with increasing excitation Ex . This observation
is important for applications, since γ rays from fission are
responsible for a large part of the heating that occurs in reactor
cores. The observed result implies that passing from current
Generation-III thermal reactors to fast Generation-IV reactor
concepts will not require significant changes in the modeling of
γ heat transport from the fast-neutron-induced fission process.
Since 233 U is the main fissile isotope in the thorium cycle,
and 239 Pu is the main fissile isotope in the plutonium-uranium
cycle, and the flat trend is observed in both these nuclei, effects
of γ heating from fission in both cycles are expected to be
similar.

angular momenta involved in the transfer-induced reactions as
compared with the neutron-induced one, over the energy range
of our study. This conjecture is supported by GEF calculations.
Our measured γ -ray multiplicities and total γ energies are
higher than those observed for the neutron-induced reactions
from Verbinski et al. and Pleasonton. This difference may
be explained as due to higher J by comparing with the GEF
calculations.
In the future we hope to revisit these types of measurements
with the OSCAR array of 26 large volume LaBr3 detectors
currently being constructed at the Oslo Cyclotron Laboratory.
These will not only provide a much better γ -ray-energy
resolution and lower energy thresholds, but an excellent timing
resolution which will allow for discrimination of neutrons from
γ rays via time of flight.
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Appendices

Appendix A

Derivations of the photo-excitation
strength function
The photo-excitation strength function f~ was derived from the photo-absorption
cross-section σ by Axel [42, 43] starting from the Breit-Wigner cross section for
the population of an isolated level at excitation energy Er , [18, 237]
(r)

(r)

σ0→f (EΓ ) = πg
(r)

σ0→abs



~c
Eγ

2

(r) (r)

Γ0 Γf

(Eγ − Er )2 + (Γ(r) /2)2
 2
(r)
X (r)
~c
Γ0 Γ(r)
=
σ0→f = πg
Eγ
(Eγ − Er )2 + (Γ(r) /2)2
f
 2 (r)
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1
Γ0
00
=g π

2
(r)
Eγ
Γ
2(Eγ −Er )
+1
(r)
Γ

(A.1)

(A.2)

(r)

where σ0→f is the cross section to go from the ground state, 0, to a specific
excited state f through the resonance r. Further, we denote the cross section
(r)
for the subsequent decay to any accessible state by σ0→abs , and
g=

g0
g 00
2Jr + 1
=
=
2(2J0 + 1)
2
4

(A.3)

is the statistical weight for an unpolarized photon beam accounts for the
degeneracy of the levels [18, p. 423 & 436]. The decay widths are labeled
(r)
(r)
Γ0 and Γf for the decay back to the ground state, and the decay to an excited
P (r)
state f , respectively. The total width is given by Γ(r) = j Γj . Note that we
for brevity dropped the subscript γ indicating γ-ray decay on the cross section
and decay widths.
(r)

The original approach taken by Kinsey [41] and Axel [42] is to integrate σ0→abs
in order to get an average cross section. The equation written in Refs. [41, 42],
R (r)
σ0→abs , does not converge due to the 1/E 2 behavior at low energies. However,
from the context of the calculations, one may implicitly assume the presence of a
somewhat narrow photon energy beam with a beam spread ∆E that cuts off the
lowest energies of the cross section (see also Ref. [238, Eq. 30] and Ref. [239, p.
22]). For simplicity, let us assume that the photon flux Nγ (Eγ ) is 1 in a region
∆E around Er . Despite the beam being narrow, it is still much larger than the
width of the resonance, Γ(r)  ∆E, such that we can calculate the effective
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integrated cross section (which is closely related to the interaction rate),
Z
Z
(r)
(r)
σ0→abs,eff (Eγ ) dEγ = Nγ (Eγ )σ0→abs (Eγ ) dEγ
=
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(A.4)

As 1/E 2 varies little in vicinity of Er in comparison to 1/(1 + (Eγ − Er )2 ), it
can regarded as approximately constant in the region of the resonance, thus
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Er
2
2J0 + 1
Er
where the last integral is equal to the integral over a Cauchy distribution after
the substitution E = 2Eγ , so dEγ = dE/2.
The average integrated cross section hσ (Jr ) i for the interval ∆E containing n
isolated level of spin Jr is then given by [41–43]
 2 P (r)
n Z
~c
1 X
(r)
(Jr )
0 2
r Γ0
σ0→abs,eff (Eγ ) dEγ = g π
hσ
i=
∆E r
Er
∆E
 2
 2
~c
nhΓ0 i
2Jr + 1 2 ~c
= g0 π2
=
π
hΓ0 iρ(Ex ≈ Er , Jr ). (A.6)
Er
∆E
2J0 + 1
Er
The average decay width to the ground-state hΓ0 i for the n resonances is expected
to converge for a large enough n; the Breit-Wigner cross section is still a good
approximation as the widths Γ(r) are still assumed to be much smaller than the
level spacing D = 1/p. Finally, we realize that Eq. (A.6) holds for all narrow
beams with the mean energy Eγ (that may excite into the quasi-continuum),
such we can get the energy dependence of the average cross-section by the
substitution Er → Eγ ,
 2
~c
hσ (Jr ) i(Eγ ) = g 0 π 2
hΓ0 iρ(Ex ≈ Eγ , Jr ).
(A.7)
Eγ
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Using the definition of the strength function, Eq. (2.10), we can write this as
(J )

f~XL (Eγ , Ei = 0, Jiπ , Jfπ ) =

hσXLf i
.
g 0 (π~c)2 Eγ2L−1

(A.8)

If the γ-ray strength function is spin-independent, in line with the Brink-Axel
hypothesis, the absorption cross-section hσi to all levels close to Eγ can be
simplified as
X
g 0 (π~c)2 Eγ2L−1 f~XL = (2L + 1)(π~c)2 Eγ2L−1 f~XL ,
hσiXL =
(A.9)
Jf

or equivalently,
f~XL (Eγ ) =

hσXL i
,
(2L + 1)(π~c)2 Eγ2L−1

(A.10)

P 0
g = 2L + 1, which is obvious for J0 = 0 due to the
where we have used
selection rules, but can be shown to hold for arbitrary J0 .
On a historical note it is interesting to see that the same type of calculations
have been performed by Kinsey [41] for the neutron capture cross-section already
5 years before Axel.
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Appendix B

Supplement to Paper II
This appendix provides a small supplement to Paper II on the response of the
OSCAR detector array. Here, we verify the simulated efficiencies for higher
γ-ray energies than those published in the article.
As mentioned in the paper, there are two approaches in determining the
full-energy peak efficiency fe :
1. The “optimal” fit: This requires a careful selection of the fit-model (a
linear, constant or no background; single or double peak, . . . ) and fit
regions for each γ-ray transition individually.
2. A consistent/automatic fit: If the equivalence of the experimental and
simulated spectra (and efficiencies) is to be shown, both spectra should be
fitted with the exact same routine to rule out a confirmation bias.
In Fig. B.1 we show the full-energy peak efficiency fe that was extracted for
the “optimal” fit to each transition. In contrast, Fig. B.2a compares efficiencies
for the simulated and experimental spectra, where we put an emphasis on the
consistency of the fit procedures. The 133 Ba source was excluded there, as the
double lines were badly reproduced by the automatic procedure.1 The good
agreement between the fits adds confidence in that the simulations truthfully
reproduce γ-ray interactions.
Both approaches are displayed in Fig. B.2b together with the efficiency fe that
was extracted from the simulations directly, i.e. before smoothing the spectrum
with a Gaussian so that peak fitting was not necessary. The agreement of the
“optimal” fit with the efficiency directly obtained from Geant4 is remarkable, as
the former were performed by F. L. Bello Garrote only on the experimental data
and without any knowledge of the Geant4 simulations.
In her Master thesis, W. Paulsen adopted another approach to estimate
efficiencies [232]. She determines the full-energy peak efficiency fe from the ratio
of detected particle to γ-rays in in-beam coincidence measurements of 28 Si and
12
C and shows that internal conversion is negligible for the selected transitions.
The results are also displayed in Fig. B.2b and agree well with the efficiencies
directly extracted from Geant4 and the “optimal” fit to the source spectra. This
verifies the simulated efficiencies also for higher energy γ-rays which were not
accessible with the available calibration sources.

1 Of course, it is in principle possible to develop a more elaborate automatic routine, but
this was not the goal of the article.
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Figure B.1: Full-energy peak efficiency of OSCAR, where the transitions for each
calibration source have been fitted “optimally”. Courtesy to F. L. Bello Garrote.
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Figure B.2: Pannel (a): Full-energy peak efficiency of OSCAR from selected
calibration sources and from simulation. The bottom panel shows the residuals
from the fits. Reprinted from Ref. [240] (Paper II) with permission from
Elsevier. Pannel (b): As above, but also with the efficiency as extracted the
Geant4 simulations directly and the “optimal” fit to the calibration source data.
Additional experimental in-beam data of Paulsen [232] are not included in the
fit, but verify the extracted efficiency for higher γ-ray energies.
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