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Abstract. LetH be the C*-algebra of a non-trivial compact quantum group
acting freely on a unital C*-algebra A. It was recently conjectured that there
does not exist an equivariant *-homomorphism from A (type-I case) or H

(type-II case) to the equivariant noncommutative join C*-algebra A ~δ H.
When A is the C*-algebra of functions on a sphere, and H is the C*-algebra
of functions on Z/2Z acting antipodally on the sphere, then the conjecture of
type I becomes the celebrated Borsuk-Ulam theorem. Taking advantage of
recent work of Passer, we prove the conjecture of type I for compact quantum
groups admitting a non-trivial torsion character. Next, we prove that, if a
compact quantum group admits a representation whoseK1-class is non-trivial
and A admits a character, then a stronger version of the type-II conjecture
holds: the finitely generated projective module associated with A ~δ H via
this representation is not stably free. In particular, we apply this result to
the q-deformations of compact connected semisimple Lie groups and to the
reduced group C*-algebras of free groups on n > 1 generators.
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1. Introduction

The goal of this paper is to prove, under some additional assumptions, both types
of the conjecture stated in [2, Conjecture 2.3]. In particular, just as the work
of Passer [23] extends the work of Volovikov [28] replacing compact Hausdorff
spaces with unital C*-algebras, we extend the work of Passer replacing compact
Hausdorff groups with torsion by compact quantum groups with classical torsion.
We will also derive some consequences of the type I conjecture, and a K-theoretic
strengthening of the type II conjecture. Notationwise, throughout the paper, the
unadorned tensor product ⊗ stands for the algebraic tensor product.

1.1. Around the classical Borsuk-Ulam theorem. The Borsuk-Ulam theo-
rem [5] is a fundamental theorem of topology concerning spheres in Euclidean
spaces. It can be phrased in the following three equivalent ways:

Theorem 1.1 (Borsuk-Ulam). For any natural number n, if f : Sn+1 → Rn+1 is
continuous, then there exists a pair (p,−p) of antipodal points on Sn+1 such that
f(p) = f(−p).

Theorem 1.2 (equivariant formulation). For any natural number n, there does
not exist a Z/2Z-equivariant continuous map f̃ : Sn+1 → Sn.

Theorem 1.3 (join formulation). For any natural number n, there does not exist
a Z/2Z-equivariant continuous map f̃ : Sn ∗ Z/2Z→ Sn.

The third formulation of the theorem lends itself to a natural and wide gener-
alization, which was proposed in [2, Conjecture 2.2] (cf. [20, Theorem 6.2.5]). It is
worth mentioning that [2, Conjecture 2.2] without the assumption of the existence
of non-trivial torsion, or local triviality, implies a weaker version of the celebrated
Hilbert-Smith conjecture (see [6] for details), and remains wide open. However,
under the assumption that the group is not torsion free, [2, Conjecture 2.2] was
proved by Volovikov [28, Corollary 3.1] and recently reproved by Passer [23, The-
orem 2.2]:

Theorem 1.4 ([28]). Let X be a compact Hausdorff space equipped with a continu-
ous free action of a compact Hausdorff group G with a non-trivial torsion element.
Then, for the diagonal action of G on the join X ∗ G, there does not exist a
G-equivariant continuous map X ∗G→ X.

Now recall that the only contractible compact Hausdorff group G is the trivial
group [18], and the existence of a G-equivariant continuous map G ∗ G → G is



NONCOMMUTATIVE BORSUK-ULAM-TYPE CONJECTURES REVISITED 3

equivalent to the contractibility of G (e.g., see [3]). Furthermore, by taking any
x0 ∈ X, we can define a G-equivariant continuous map G 3 g 7→ x0g ∈ X,
which induces a G-equivariant continuous map G ∗G→ X ∗G. Consequently, we
obtain:

Theorem 1.5. Let X be a compact Hausdorff space equipped with a continuous
free action of a non-trivial compact Hausdorff group G. Then there does not exist
a G-equivariant continuous map X ∗G→ G.

Note that by a similar argument, regardless whether G is torsion free or not,
Theorem 1.5 follows from Theorem 1.4.

If we assume even more about G, notably that it is a non-trivial compact
connected semisimple Lie group, then Theorem 1.5 also follows from:

Theorem 1.6. Let G be a non-trivial compact connected semisimple Lie group.
Then there exists a finite-dimensional representation V of G such that for any
compact Hausdorff space X equipped with a free G-action, the associated vector
bundle

(X ∗G)
G
× V

is not stably trivial.

Proof. To begin with, let us show that it suffices to prove the theorem in the
special case X = G. Indeed, let Y and Z be compact Hausdorff G-spaces. Assume
that the G-action on Z is free, and that there is a continuous G-equivariant map
f : Y → Z. It follows that the G-action on Y is free, and that f induces a
continuous map f̄ : Y/G → Z/G between quotient spaces. Now, for any finite-
dimensional representation G→ GL(V ), we obtain:

(1.1) f̄∗ : K0(Z/G) 3
[
Z
G
× V

]
7−→

[
Y

G
× V

]
∈ K0(Y/G).

Hence, the stable non-triviality of the associated vector bundle Y ×G V implies
the stable non-triviality of the associated vector bundle Z ×G V .

Finally, since for any x0 ∈ X the continuous G-equivariant map

(1.2) G 3 g 7−→ x0g ∈ X

induces a continuous G-equivariant map G∗G→ X ∗G, the above argument shows
that it suffices to prove the theorem for X = G. Therefore, the following lemma
concludes the proof. �
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Lemma 1.7. Let G be a non-trivial compact connected semisimple Lie group. Then
there exists a representation of G on a finite-dimensional vector space V such that

[(G ∗G)×G V ] 6= [dimV ] in K0(SG).

Here SG is the unreduced suspension of G, which we identify with (G ∗G)/G.

Proof. Set EV := (G ∗G)×G V for brevity. Consider the group

(1.3) K̃0(SG) = Ker
(
K0(SG) −→ K0(pt) = Z

)
,

where the homomorphism is defined by any point of the connected space SG. As
was already observed in [1], using the description of K1(G) in terms of homotopy
classes of maps G→ GL(∞), it is not difficult to see that there is an isomorphism
β : K̃0(SG)→ K1(G) such that β([dimV ] − [EV ]) is exactly [u] ∈ K1(G), where
u : G→ GL(V ) is the representation defining EV .

Now, if G is simply connected, then for any fundamental representation V we
have β([dimV ]− [EV ]) 6= 0 by [17]. If G is not simply connected, it is a quotient
of its simply connected cover G̃ by a finite central subgroup Γ. Therefore, to get a
desired representation of the quotient G = G̃/Γ, it suffices to consider the tensor
power V ⊗d for a fundamental representation V of G̃, where d = |Γ|. Then, as
K1(G̃) has no torsion [17], the K1(G̃)-class

(1.4) β
([

dimV ⊗d
]
−
[
EV ⊗d

])
= d(dimV )d−1β

([
dimV

]
−
[
EV
])

(see [17, Section I.4]) is nonzero, so β
([

dimV ⊗d
]
−
[
EV ⊗d

])
is also nonzero when

viewed as a class in K1(G). �

1.2. Quantum preliminaries. In this section, we review basic noncommutative
concepts used to formulate quantum Borsuk-Ulam-type statements. We always
assume that *-homomorphisms between unital C*-algebras are unital.

1.2.1. Compact quantum groups [29]. Recall that a compact quantum semigroup
(H,∆) consists of a unital C*-algebra H and a coproduct ∆ : H → H ⊗minH, i.e.,
a coassociative *-homomorphism. If the coproduct is injective and satisfies also
the cancellation laws

(1.5) {∆(g)(1⊗ h) | g, h ∈ H}cls = H ⊗min H = {(g ⊗ 1)∆(h) | g, h ∈ H}cls,

we call (H,∆) a compact quantum group. Here cls stands for “closed linear span”.
If H is commutative, then H = C(G) and ∆(f)(g1, g2) = f(g1g2), where G is a
compact Hausdorff topological group. Note that in this case the injectivity of the
coproduct follows from the cancellation properties.
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1.2.2. Free actions [25, 12]. Let A be a unital C*-algebra, and let (H,∆) be a
compact quantum group. We say that the quantum group (H,∆) acts on A iff
we are given an injective *-homomorphism δ : A → A⊗min H (called a coaction)
satisfying:

(1) (δ ⊗ id) ◦ δ = (id⊗∆) ◦ δ (coassociativity),
(2) {δ(a)(1⊗ h) | a ∈ A, h ∈ H}cls = A⊗min H (counitality).

We call such an action (coaction) free iff {(a⊗1)δ(b) | a, b ∈ A}cls = A⊗minH. If A
and H are commutative, then δ(f)(x, g) = f(xg), where X×G 3 (x, g) 7→ xg ∈ X
is a free continuous action of a compact Hausdorff group G on a compact Hausdorff
space X. Note that in this case the injectivity of the coaction is equivalent to its
counitality for all continuous (not necessarily free) actions X ×G→ X.

1.2.3. Equivariant join [10, 4]. There is an obvious definition of the join of unital
C*-algebras

(1.6) A~B :=

{
f ∈ C

(
[0, 1], A ⊗

min
B
) ∣∣∣ f(0) ∈ C⊗B, f(1) ∈ A⊗ C

}
dualizing the join of compact Hausdorff spaces: C(X) ~ C(Y ) = C(X ∗ Y ). In
particular, we can take B = H, where (H,∆) is a compact quantum group acting
on A.

However, to make this construction equivariant as in the classical case, we need
to modify the above definition to become:

Definition 1.8. Let (H,∆) be a compact quantum group acting on a unital
C*-algebra A via δ : A→ A⊗min H. We call the unital C*-algebra

(1.7) A
δ
~H :=

{
f ∈ C

(
[0, 1], A ⊗

min
H
) ∣∣∣ f(0) ∈ C⊗H, f(1) ∈ δ(A)

}
the equivariant noncommutative join of A and H.

The coaction

(1.8) (id⊗∆)◦ : C
(
[0, 1], A ⊗

min
H
)
−→ C

(
[0, 1], A ⊗

min
H
)
⊗

min
H

induces a free action of (H,∆) on A~δH. Furthermore, it is sometimes convenient
to use the following natural identification:

(1.9) C
(
[0, 1], A⊗min B

)
= C([0, 1])⊗A⊗min B.

Remark 1.9. It is important to note that, when H is commutative, the stan-
dard join C*-algebra (1.6) with the diagonal coaction (which is an algebra ho-
momorphism due to the commutativity of H) is equivariantly isomorphic to the
equivariant join C*-algebra (1.7) (see [15, Section 1.3]).
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1.2.4. The Peter-Weyl subalgebra and associated modules [4]. Let A be a unital
C*-algebra with a free action of a compact quantum group (H,∆) given by a
coaction δ : A→ A⊗min H. We define the Peter-Weyl subalgebra of A as

(1.10) PH(A) := { a ∈ A | δ(a) ∈ A⊗O(H) }.

Here O(H) is the Hopf algebra spanned by the matrix coefficients of irreducible
unitary corepresentations of H. Using the coassociativity of δ, one can check
that PH(A) is a right O(H)-comodule algebra. For (A, δ) = (H,∆) we have
PH(H) = O(H).

Now we can define the cotensor product

(1.11) PH(A)2V := {t ∈ PH(A)⊗ V | (δ ⊗ id)(t) = (id⊗ V ∆)(t)},

where V ∆: V → O(H)⊗ V is a left coaction. We know that, if dimV <∞, then
the cotensor product PH(A)2V is finitely generated projective as a left module
over the fixed-point subalgebra AcoH := {a ∈ A | δ(a) = a⊗ 1}.

Next, we unravel the meaning of the associated module PH(A)2V for com-
mutative C*-algebras A = C(X) and H = C(G) (the classical setting). Let
% : G→ GL(V ) be a representation ofG on a finite-dimensional vector space V . We
view V as a left O(C(G))-comodule via the coaction V ∆: V → O(C(G))⊗V given
by the formula (V ∆(v))(g) = %(g−1)v. Note that the C(X/G)-module CG(X,V )

of all continuous G-equivariant functions from X to V is naturally isomorphic
with the C(X/G)-module Γ(X ×G V ) of all continuous sections of X ×G V . Here
G-equivariance means

(1.12) ∀ x ∈ X, g ∈ G : f(xg) = %(g−1)(f(x)).

Combining this with [4, Corollary 4.1], we can naturally identify PC(G)(C(X))2V

with Γ(X ×G V ) as left C(X/G)-modules.

1.2.5. Induced actions of compact quantum subgroups. Given a compact quantum
group (H,∆), by a compact (closed) quantum subgroup we mean a compact quan-
tum group (K,∆) together with a surjective *-homomorphism π : H → K respect-
ing the coproducts.

Remark 1.10. Note that the cancellation properties (1.5) for (K,∆) follow from
the surjectivity of π : H → K combined with the cancellation properties for (H,∆).
In other words, if a closed quantum subsemigroup of a compact quantum group
has injective coproduct, it is a compact quantum group.

The *-homomorphism π defines by restriction-corestriction a homomorphism
O(H)→ O(K) of Hopf *-algebras. It is always surjective as otherwise there would
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be a non-zero element of O(K) orthogonal to π(O(H)), which contradicts the
density of π(O(H)) in K. On the other hand, the converse is not always true, that
is, a surjective homomorphism O(H) → O(K) of Hopf *-algebras not always can
be extended to a homomorphism H → K of C*-algebras. (For instance, the counit
of the group-ring *-Hopf algebra CF2, where F2 is the free group on two generators,
cannot be extended to a *-homomorphism C∗rF2 → C, where C∗rF2 is the reduced
convolution C*-algebra of F2.) However, such an extension exists, for example, if
H coincides with its universal form defined as the enveloping C*-algebra of O(H).

Assume we are given a coaction δ : A→ A⊗min H. Then the map

(1.13) δ′ := (id⊗ π) ◦ δ : A −→ A⊗min K

satisfies the coassociativity and counitality conditions ((1) and (2) in 1.2.2), but
it may fail to be injective. To remedy this problem, take A := A/Ker δ′. Then
δ′ induces an injective map δ : A→ A⊗min K defining an action of (K,∆) on A.
Indeed, suppose Ker δ contains the class of an element a ∈ A. Then, using the
commutativity of the diagram

(1.14) A
δ′ //

��

A⊗min K

��
A

δ

// A⊗min K,

for any bounded linear functional ω on K, we get

(1.15) (id⊗ ω)(δ′(a)) ∈ Ker(A −→ A) = Ker δ′.

Since ω is arbitrary, we conclude that (δ′⊗ id)(δ′(a)) = 0. Now, taking advantage
of the coassociativity of δ′ and the injectivity of ∆, we infer that δ′(a) = 0, so the
class of a in A is zero. This proves the injectivity of δ. Other desired properties
of δ are immediate. We say that the coaction δ : A→ A⊗min K is induced by the
coaction δ : A→ A⊗min H.

It is straightforward to verify that the construction of induced actions of closed
quantum subgroups is functorial: Let A, B and C be unital C*-algebras equipped
with an action of a compact quantum group (H,∆). If f : A→ B and g : B → C

are equvariant *-homomorphisms, then, for any closed quantum subgroup (K,∆),
we obtain the natural induced equivariant maps f : A→ B and g : B → C such
that g ◦ f is the induced map g ◦ f : A→ C.

Let us finally note that if K is commutative, then A = A. The reason is that in
this case we always have the counit map ε : K → C, which satisfies (id⊗ε)◦δ′ = id,
proving that δ′ is injective.
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2. The noncommutative Borsuk-Ulam conjecture of type I

Conjecture 2.1 ([2]). Let A be a unital C*-algebra equipped with a free action
of a non-trivial compact quantum group (H,∆), and let A~δH be the equivariant
noncommutative join C*-algebra of A and H with the induced free action of (H,∆).
Then

6 ∃ (H,∆)-equivariant *-homomorphism A −→ A~δ H.

It turns out that whether or not the C*-algebras A andH admit a character has
crucial consequences for the conjecture. Therefore, let us consider the following
four cases:

(1) A admits a character and H does not admit a character: We believe that
in this case it is impossible to have a free action of the compact quantum
group (H,∆) on A.

(2) A does not admit a character and H admits a character: If there exists a
*-homomorphism A→ A~δ H, then we can follow it by the evaluation at
0 composed with a character on H, which yields a character on A. Hence,
in this case, the above conjecture holds for a trivial reason. (Note that
it holds even for the trivial group.) Obvious examples are provided by:
the irrational rotation C*-algebra of a noncommutative torus equipped
with the standard free action of the two-torus, the matrix algebra Mn(C),
n > 1, equipped with a free Z/nZ-action, the Cuntz algebras On, n > 1,
with the gauge action of U(1).

(3) A does not admit a character and H does not admit a character: In this
case, we can prove the conjecture for A = H = C∗rFn, where Fn is the free
group generated by n-elements with n > 1 (see Theorem 3.9).

(4) A admits a character and H admits a character: This case is the main-
stream of current efforts. It contains the torsion case (section below), and
the case of finite quantum groups with A = H (see Theorem 2.10).

2.1. The torsion case. Recall that, for any compact quantum group (H,∆)

admitting characters, their convolution product is given by χ1∗χ2 := (χ1⊗χ2)◦∆.
The map χ1 ∗ χ2 : H → C is again a character, and the convolution product is
associative due to the coassociativity of the coproduct ∆. The neutral element
for the convolution product is the counit. As explained in the next paragraph,
its existence follows from the existence of a character. In the commutative case
H = C(G), where G is a compact Hausdorff topological group, the characters
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of H are identified with points in G via the Gelfand transform, and thus their
convolution product can be identified with the group multiplication.

Next, note that, if the set XB of all characters of a unital C*-algebra B is non-
empty, then we can topologizeXB by the weak*-topology turning it into a compact
Hausdorff space, and obtain a surjective *-homomorphism B → C(XB). If B = H

is the C*-algebra of a compact quantum group, then XH becomes a compact
Hausdorff topological semigroup with respect to the convolution product. The
induced coproduct on C(XH) makes (C(XH),∆) a closed subsemigroup of (H,∆).
Hence, by Remark 1.10, GH := XH is a compact Hausdorff topological semigroup
with cancellation properties, so by [19] it is a compact Hausdorff group. We call it
the maximal classical subgroup of (H,∆). The counit of (H,∆) is the composition
of H → C(GH) with the evaluation at the neutral element eve : C(GH)→ C.

Theorem 2.2. Let A be a unital C*-algebra with a free action of a compact
quantum group (H,∆), and let A ~δ H be the equivariant noncommutative join
C*-algebra of A and H with the induced free action of (H,∆). Then, if H admits
a character χ, the following statements are equivalent:

6 ∃ (H,∆)-equivariant *-homomorphism A −→ A~δ H,(2.1)

6 ∃ *-homomorphism γ : A→ CA such that ev1 ◦ γ : A→ A is H-colinear.(2.2)

Here CA := A ~ C is the cone of A, and ev1 is the evaluation at 1. Moreover,
these statements are true if χ is different from the counit but its finite convolution
power is the counit.

Proof of Theorem 2.2. The proof is based on three lemmas and [23, Corollary 2.4].
First, let (K,∆) be a closed quantum subgroup of (H,∆). Then, by the functo-
riality of the induced action (see Section 1.2.5), an equivariant *-homomorphism
ϕ : A → A ~δ H induces an equivariant *-homomorphism ϕ : A → A~δH. Since
δ′ = (id ⊗ id ⊗ π) ◦ (id ⊗∆) and π : H → K intertwines the coproducts, for any
p ∈ Ker(δ′), we obtain

(2.3) 0 =
(

id⊗
(
(π ⊗ π) ◦∆

))
(p) = (id⊗∆)

(
(id⊗ π)(p)

)
.

Now it follows from the injectivity of ∆ that

(2.4) ∀ p ∈ Ker(A~δ H −→ A~δ H) : (id⊗ π)(p) = 0.

Furthermore, using the naturality of the equivariant join construction in both
variables, it is straightforward to verify that the quotient maps A → A and
π : H → K yield a *-homomorphism

(2.5) F : A~δH −→ A~δK.



10 LUDWIK DĄBROWSKI, PIOTR M. HAJAC, AND SERGEY NESHVEYEV

Since, by (2.4), Ker(A~δH → A~δH) ⊆ Ker(F ), the map F factors through
A~δH giving a *-homomorphism

(2.6) F : A~δH −→ A~δK.

It is easy to check that F is equivariant. Thus we obtain an equivariant
*-homomorphism F ◦ ϕ : A → A~δK. Finally, it is also straightforward to ver-
ify that the action given by the induced coaction δ is free. This proves our first
lemma:

Lemma 2.3. Let (H,∆) be an arbitrary compact quantum group with a closed
quantum subgroup (K,∆). Then the action given by the induced coaction δ is free,
and (2.1) holds if

6 ∃ (K,∆)-equivariant *-homomorphism A −→ A~δ K.

We want to apply this lemma by taking (K,∆) to be a finite classical subgroup
of (H,∆). In this case, A = A (see Section 1.2.5). To this end, observe that
the character χ 6= ε generates a non-trivial cyclic subgroup of (H,∆). Indeed, by
assumption, there exists n > 1 such that χ∗n = ε. Hence X := {ε, χ, . . . , χ∗(n−1)}
is a non-trivial cyclic subgroup of the maximal classical subgroup GH , and con-
sequently of (H,∆). Now, combining Lemma 2.3 for K = C(X) with [23, Corol-
lary 2.4] and Remark 1.9, we infer that (2.1) holds as claimed.

Next, we will prove the equivalence of (2.1) and (2.2) without assuming any
properties of the character χ. If γ : A → CA is as in (2.2), then ϕ := (γ ⊗ id) ◦ δ
descends to a map as in (2.1). Indeed, ϕ(A) ⊆ A~δ H by the properties of γ. To
check the equivariance of ϕ, we use the identification (1.9) and the coassociativity
of the coaction δ to compute:

(id⊗ id⊗∆) ◦ ϕ = (id⊗ id⊗∆) ◦ (γ ⊗ id) ◦ δ

= (γ ⊗ id⊗ id) ◦ (δ ⊗ id) ◦ δ

= (ϕ⊗ id) ◦ δ.(2.7)

Thus we have proved:

Lemma 2.4. Let (H,∆) be any compact quantum group. Then (2.1) follows
from (2.2).

For the converse implication, we need the existence of counit, which follows from
the assumed existence of a character. Now, using again the identification (1.9), if
ϕ is as in (2.1), then

(2.8) γ := (id⊗ id⊗ ε) ◦ ϕ
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descends to a map as in (2.2). Indeed, γ(A) ⊆ CA by the properties of ϕ. To see
the equivariance of ev1 ◦ γ, we use the fact that γ takes values in the cone of A,
whence for any a ∈ A there is a′ ∈ A such that

(2.9) ((ev1 ⊗ id⊗ id) ◦ ϕ)(a) = δ(a′).

Taking advantage of this formula and the counitality of the coaction δ, we compute:

(δ ◦ (ev1 ⊗ id) ◦ γ)(a) = (δ ◦ (ev1 ⊗ id) ◦ (id⊗ id⊗ ε) ◦ ϕ)(a)

= (δ ◦ (id⊗ ε) ◦ (ev1 ⊗ id⊗ id) ◦ ϕ)(a)

= (δ ◦ (id⊗ ε) ◦ δ)(a′)

= δ(a′).(2.10)

Much in the same way, using the equivariance of ϕ, the counitality of the comul-
tiplication ∆, and (2.9), we obtain:

((ev1 ⊗ id⊗ id) ◦ (γ ⊗ id) ◦ δ)(a)

= ((ev1 ⊗ id⊗ id) ◦ ((id⊗ id⊗ ε⊗ id) ◦ (ϕ⊗ id) ◦ δ)(a)

= ((ev1 ⊗ id⊗ id) ◦ (id⊗ id⊗ ε⊗ id) ◦ (id⊗ id⊗∆) ◦ ϕ)(a)

= ((ev1 ⊗ id⊗ id) ◦ ϕ)(a)

= δ(a′).(2.11)

This establishes the equivariance of ev1 ◦ γ and proves:

Lemma 2.5. Let (H,∆) be a compact quantum group admitting a character. Then
(2.1) implies (2.2).

Summarizing, assuming that H has a non-trivial torsion character we proved
that (2.1) is true, and assuming that H has any character we showed that (2.1)
and (2.2) are equivalent. �

2.2. Non-contractibility of unital C*-algebras admitting free actions.
There are many different flavours of the concept of the contractibility of C*-
algebras. We choose the notion of contractibility that recovers the standard notion
of contractibility of compact Hausdorff spaces in the commutative setting, and that
best fits the context of the noncommutative Borsuk-Ulam-type conjectures.

Definition 2.6. Let A be a unital C*-algebra. We call it unitally contractible iff

∃ unital *-homomorphism γ : A −→ CA such that ev1 ◦ γ = idA.

Note that γ plays the role of a noncommutative retraction. Observe also that, if
A is unitally contractible, then K0(A) = Z[1] ∼= Z and K1(A) = 0.



12 LUDWIK DĄBROWSKI, PIOTR M. HAJAC, AND SERGEY NESHVEYEV

Now, since the identity map is always equivariant, as a corollary of (2.2), we
infer:

Corollary 2.7. Let A be a unital C*-algebra with a free action of a compact
quantum group (H,∆). Then, if H admits a character different from the counit
whose finite convolution power is the counit, the C*-algebra A is not unitally
contractible.

Hence, if A is unitally contractible, no compact quantum group with classical
torsion can act freely on A. By contraposition, if a compact quantum group with
classical torsion acts freely on A, then A cannot be unitally contractible.

For instance, since the restriction to Z/2Z of the gauge action of U(1) on the
Toeplitz algebra T is free, T is not unitally contractible. This fact is interesting
because it cannot be deduced immediately from the K-theory of T , as it coincides
with the K-theory of the classical disc D, which is contractible. Thus the quantum
disc (we think of T as the C*-algebra of the quantum disc) is not contractible,
unlike its classical counterpart.

A way to understand this phenomenon, which we owe to Jingbo Xia, is as
follows. Unlike the function C*-algebra C(D), the Toeplitz algebra T admits non-
trivial projections as its elements. We can faithfully represent T on an infinite-
dimensional Hilbert space l2(N) by sending its generating isometry s to the uni-
lateral shift [8]. Then 1 − ss∗ becomes a rank-one projection. If T were unitally
contractible, we would have a norm-continuous map p from the interval [0, 1] to
the algebra of bounded operators B(l2(N)) such that p(t) is a projection for every
t ∈ [0, 1], the projection p(0) is a scalar multiple of the identity operator, and
p(1) = 1 − ss∗. However, this contradicts the continuity of the rank, as the rank
of p(0) is zero or infinity and the rank of p(1) is one.

Furthermore, it is worth noting that Corollary 2.7 can be interpreted as a
noncommutative generalization of the Brouwer fixed-point theorem. Indeed, in
the particular case when A = C(Sn) and H = C(Z/2Z), this corollary is well
known to be equivalent to the Brouwer fixed-point theorem for continuous maps
Bn → Bn between balls. (See [9] for details.)

Let us now focus on an important special case: (A, δ) = (H,∆). Then the
property (2.1) boils down to the non-trivializability (in the sense of [2, Defini-
tion 3.1]) of the compact quantum principal H-bundle H ~∆ H. In the classical
setting H = C(G), this is equivalent to the well-known [18] non-contractibility of
non-trivial compact Hausdorff groups. However, in the quantum case, we knew
the non-triviality of H ~∆ H only for the quantum group SUq(2) [2]. Now the
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non-contractibility result follows for the q-deformations of any non-trivial compact
connected semisimple Lie group from Theorem 3.7 below, and, more generally, for
any compact quantum group whose C*-algebra admits a character different from
the counit but whose finite convolution power is the counit, from Theorem 2.2.

A finite quantum group is a compact quantum group (H,∆) such that
dimH < ∞. Our aim now is to prove Conjecture 2.1 in the special case (A, δ) =

(H,∆) when (H,∆) is a finite quantum group. To achieve this, we first show
that the unital contractibility of H implies the property (2.1) rendering these two
properties equivalent, as in the classical case. This way we recover the classical
mechanism relating the non-triviality of the principal G-bundle G ∗ G with the
non-contractibility of G. We begin by proving a general Hopf-algebraic fact.

Proposition 2.8. Let H be a Hopf algebra over any field. Then any right-colinear
algebra homomorphism ϕ : H → H is invertibile. The inverse is given by:

(2.12) ϕ−1 = m ◦
(
(ε ◦ ϕ ◦ S)⊗ id

)
◦∆.

Here ε, S and ∆ stand respectively for the counit, the antipode, and the coprodcut.

Proof. Note first that applying ε⊗id to the colinearity equation ∆◦ϕ = (ϕ⊗id)◦∆,
we obtain

(2.13) ϕ =
(
(ε ◦ ϕ)⊗ id

)
◦∆ = (ε ◦ ϕ) ∗ id,

where ∗ denotes the convolution product. We also write the map on the right hand
side of (2.12) as

(2.14) (ε ◦ ϕ ◦ S) ∗ id.

Furthermore, for any two linear functionals α and β on H, it is straighforward to
verify that

(2.15) (α ∗ id) ◦ (β ∗ id) = α ∗ β ∗ id.

Finally, since ε ◦ ϕ ◦ S is the convolution inverse of ε ◦ ϕ, we end the proof. �

Since for a finite quantum group (H,∆) the C*-algebraH is also a Hopf algebra,
we immediately conclude:

Corollary 2.9. Let (H,∆) be a finite quantum group. Then any right-equivariant
*-homomorphism ϕ : H → H is invertibile.

As any finite quantum group always admits a character, we can combine
Lemma 2.4 with Lemma 2.5 to infer that (2.1) and (2.2) are equivalent. Further-
more, it follows from Corollary 2.9 that the unital non-contractibility ofH is equiv-
alent to (2.2). Indeed, γ ◦(ev1 ◦γ)−1 : H → CH satisfies ev1 ◦(γ ◦(ev1 ◦γ)−1) = id.
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Consequently, (2.1) is equivalent to the unital non-contractibility of H, which
recovers the classical mechanism referred to earlier on.

Next, as any finite-dimensional C*-algebra A is a direct sum of matrix algebras,
K0(A) = Z[1] only for A = C. Therefore, if (H,∆) is a non-trivial finite quantum
group, then H is not unitally contractible. Thus we have arrived at:

Theorem 2.10. If a compact quantum group (H,∆) is non-trivial and finite, then
Conjecture 2.1 holds for (A, δ) = (H,∆).

Note that the above theorem does not follow from Theorem 2.2 as there exists
a finite quantum group whose only character is the counit. Observe also that
Theorem 2.10 is a special case of [7, Theorem 2.7].

3. The noncommutative Borsuk-Ulam conjecture of type II

While the noncommutative Borsuk-Ulam conjecture of type I remains open as
stated, there are counterexamples to the noncommutative Borsuk-Ulam conjecture
of type II [7, Theorem 2.2, Theorem 2.5]. However, assuming that a C*-algebra
acted upon admits a character, not only do we remove counterexamples, but also
we prove that the type-II conjecture follows from the type-I conjecture. Note,
however, that we do not know when this assumption is necessary (see [7, Theo-
rem 2.6]) for the type-II conjecture to hold. For instance, one can also remove the
counterexamples by assuming that both A and H do not admit a character. This
assumption leads to a modification of the type-II conjecture that might not follow
from the type-I conjecture. Nevertheless, it is clear now that the type-I conjecture
supersedes the type-II conjecture. Hence, for the sake of simplicity, in the forth-
coming papers, we shall refer to the type-I conjecture as the “noncommutative
Borsuk-Ulam-type” conjecture.

Let us now show the aforementioned implication. If A has a character α,
then an (H,∆)-equivariant *-homomorphism as in (3.1) below composed with
the (H,∆)-equivariant *-homomorphism (α ⊗ id) ◦ δ would provide an (H,∆)-
equivariant *-homomorphism as in (2.1). Thus the following modification of [2,
Conjecture 2.3 (type II)] is a corollary of Conjecture 2.1:

Conjecture 3.1. Let A be a unital C*-algebra equipped with a free action of
a non-trivial compact quantum group (H,∆), and let A ~δ H be the equivariant
noncommutative join C*-algebra of A and H with the induced free action of (H,∆).
Then, if A admits a character,

(3.1) 6 ∃ (H,∆)-equivariant *-homomorphism H −→ A~δ H.
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In other words, the compact quantum principal bundle given by A ~δ H is not
trivializable (see [2, Definition 3.1]).

3.1. The torsion case. The following result is an immediate corollary of Theo-
rem 2.2. It proves Conjecture 3.1 under an additional assumption.

Corollary 3.2. Let A be a unital C*-algebra with a free action of a compact
quantum group (H,∆), and let A ~δ H be the equivariant noncommutative join
C*-algebra of A and H with the induced free action of (H,∆). Then, if H admits
a character different from the counit whose finite convolution power is the counit,
and A admits any character,

6 ∃ (H,∆)-equivariant *-homomorphism H −→ A~δ H.

3.2. A K-theoretic variant. The point of this section is to prove, under a differ-
ent assumption on a compact quantum group (H,∆), a stronger claim than (3.1).
Not only do we prove that a certain compact quantum principal bundle is not
trivializable, but also we show that there exists an associated noncommutative
vector bundle that is not stably trivial. Our proof is based on the observation
that the unreduced suspension of a compact quantum group (H,∆) is still a glu-
ing of its cones over the compact quantum group, so the reduced even K-group
of the suspension can be studied via a Milnor connecting homomorphism relating
it to K1(H). This mechanism was already used in [11, Section 2.3], and reveals
itself through the isomorphism −β−1 (playing the role of the Milnor connecting
homomorphism) in the proof of Lemma 1.7.

Theorem 3.3. Let (H,∆) be a compact quantum group admitting a finite-dimen-
sional representation V whose K1-class is not trivial, and let A be a unital
C*-algebra equipped with a free coaction δ : A → A ⊗min H. Then, if (A, δ) =

(H,∆) or A admits a character, the associated finitely generated projective left
(A~δ H)coH-module

(3.2) PH
(
A

δ
~H

)
2V

is not stably free.

Proof. As in the classical setting, we first reduce the theorem to the case H~∆H.
We use a character α on A to define anH-equivariant *-homomorphism (α⊗id)◦δ :

A→ H, which induces an H-equivariant *-homomorphism

(3.3) f : A
δ
~H −→ H

∆
~H.
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Due to the equivariance, the *-homomorphism f restricts and corestricts to a
*-homomorphism between fixed-point subalgebras:

(3.4) f | :
(
A

δ
~H

)coH

−→
(
H

∆
~H

)coH

.

Now we can apply [14, Theorem 2.1]) to obtain

(f |)∗ : K0

((
A

δ
~H

)coH
)
−→ K0

((
H

∆
~H

)coH
)
,

(f |)∗
([
PH
(
A

δ
~H

)
2V
])

=
[
PH
(
H

∆
~H

)
2V
]
.(3.5)

Hence, if the module on the right-hand side is not stably free, then the module on
the left-hand side is also not stably free. Thus we have reduced the theorem to
the case H~∆H, as desired.

To prove the theorem in this case, recall first that our fixed-point subalgebra
is now the suspension C*-algebra of H:

(3.6)
(
H

∆
~H

)coH

= {f ∈ C([0, 1], H) | f(0), f(1) ∈ C} =: ΣH.

A key observation is that ΣH is the pullback C*-algebra of the cone C*-algebras
of H over H (e.g., see [11, (2.26)]). Thus it becomes a special case of the following
general setting.

Let B be the pullback C*-algebra of the diagram

(3.7) B
pr2 //

pr1

��

B2

π2

��
B1 π1

// A

in the category of unital C*-algebras. Assume that π2 is surjective. Then we
obtain the Mayer-Vietoris six- term exact sequence in K-theory:

(3.8) K0(B)
(pr1, pr2)∗ // K0(B1)⊕K0(B2)

π1 ∗−π2 ∗ // K0(A)

��
K1(A)

∂

OO

K1(B1)⊕K1(B2)oo K1(B) .oo

Here ∂ is the Milnor connecting homomorphism ([16, p. 1191]) defined as follows.
For any U ∈ GLn(A), we set ∂([U ]) := [pU ] − n[1], where pU is the Milnor
idempotent associated to U (see [11, (2.7)]).

Lemma 3.4. In the above setting, assume that K0(Bi) = Z[1] ∼= Z, K1(Bi) = 0,
i ∈ {1, 2}. Then, if 0 6= [U ] ∈ K1(A), the B-module given by the associated
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Milnor idempotent pU is not stably free. Under further assumption that the group
homomorphism given by Z 3 1 7→ [1] ∈ K0(A) is injective, we also obtain

(3.9) K0(B) = ∂(K1(A))⊕ Z[1] ∼= K1(A)⊕ Z.

Proof. Under our assumptions, the Mayer-Vietoris exact sequence (3.8) yields the
exact sequence:

(3.10) 0 −→ K1(A)
∂−→ K0(B) −→ Z[1]⊕ Z[1] −→ K0(A).

Denote the image of the penultimate map by Γ. Then we obtain the short exact
sequence:

(3.11) 0 −→ K1(A)
∂−→ K0(B)

pr−→ Γ −→ 0.

Since

(3.12) pr([1]) = ([1], [1]) ∈ Z[1]⊕ Z[1] ∼= Z⊕ Z,

the abelian group Γ always contains Z([1], [1]) ∼= Z. Although it might be bigger,
since any subgroup of a free abelian group is always a free abelian group, Γ is a
free Z-module, so the sequence (3.11) splits giving

(3.13) K0(B) = ∂(K1(A))⊕ s(Γ) ∼= K1(A)⊕ Γ.

Here s : Γ→ K0(B) is a splitting of the corestriction pr: K0(B)→ Γ of (pr1, pr2)∗.
Suppose now that [pU ] = m[1], i.e. the module defined by pU is stably free.

Then, by the exactness of (3.11),

(3.14) 0 = pr(∂([U ])) = (m− n)([1], [1]).

Consequently, m = n, so ∂([U ]) = (m − n)[1] = 0. Hence, remembering the
injectivity of ∂, we conclude the desired implication:

(3.15) [U ] 6= 0 ⇒ [pU ] 6∈ Z[1].

Finally, assume now that the group homomorphism given by

(3.16) Z 3 1 7−→ [1] ∈ K0(A)

is injective. Since the rightmost map of (3.10) sends (k[1], l[1]) to (k − l)[1], it
follows from the assumed injectivity that (k[1], l[1]) is in the kernel if and only
if k = l. Hence the exactness of (3.10) implies that Γ = Z([1], [1]) ∼= Z. Taking
the splitting s to be given by s(([1], [1])) = [1] turns (3.13) to (3.9). �

We are now ready to finish the proof of Theorem 3.3. Let UV be a representation
matrix of the corepresentation V . Then [U−1

V ] = −[UV ] 6= 0. Therefore, since the
pullback diagram of the unreduced suspension ΣH satisfies the assumptions of
Lemma 3.4 needed to prove (3.15), we infer that [pU−1

V
] 6∈ Z[1]. Combining it with
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the fact that the module given by pU−1
V

is isomorphic with the associated module
PH(H~∆H)2V (see [2, Theorem 3.3], cf. [13, Theorem 3.2]), we conclude that
PH(H~∆H)2V is not stably free, as claimed. �

Remark 3.5. Let (H,∆) be a compact quantum group. Observe that, if H co-
incides with its universal form, then it admits a character proving that K0(H)

satisfies the injectivity assumption of Lemma 3.4. Consequently, (3.9) holds, as in
the classical case.

As explained in [2], the existence of a map as in (3.1) implies the freeness of the
associated module as in (3.2). (To see that the opposite implication is not true,
take A = H = C(Z/2Z).) This brings us to:

Corollary 3.6. Under the assumptions of Theorem 3.3, the statement (3.1) is
true.

Our main application of Theorem 3.3 comes from deformation theory. Let G be
a non-trivial compact connected (but not necessarily simply connected) semisimple
Lie group. For q > 0 consider the quantized universal enveloping algebra Uqg,
where g is the Lie algebra of G. For every finite-dimensional representation ρ of G
on V , there is a representation ρq of Uqg on the same space determined uniquely,
up to isomorphism, by the requirement that the dimensions of the weight spaces
remain the same as for the original representation. The matrix coefficients of these
representations span a Hopf *-subalgebra O(Gq) of (Uqg)∗, and the universal C*-
completion of O(Gq) defines a compact quantum group (C(Gq),∆). For every
(V, ρ) as above, the representation ρq defines a left O(Gq)-comodule structure on
the vector space V . We denote the comodule obtained in this way by (Vq, ρq).

Theorem 3.7. Let G be a non-trivial compact connected semisimple Lie group, and
let (V, ρ) be a representation of G as in Theorem 1.6. Then, for any q > 0 and any
unital C*-algebra A that admits a character and is equipped with a free action of
(C(Gq),∆q), the associated finitely generated projective left (A~δ C(Gq))

coC(Gq)-
module

PC(Gq)

(
A

δ
~ C(Gq)

)
2Vq

is not stably free.

Proof. The above assumption on the representation (V, ρ) is equivalent to saying
that the K1-class of its representation matrix is nonzero. By Theorem 3.3, in order
to prove the result, it suffices to show that the K1-class of a representation matrix
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of (Vq, ρq) is also not zero, which follows from the computation of the K-theory of
C(Gq) in [22, Theorem 6.1].

In more detail, if we fix numbers 0 < a < b such that 1 ∈ [a, b], then the
C*-algebras C(Gq) form a continuous field in a canonical way [21]. Namely, we
can identify the spaces Vq with V in such a way that the standard generators
of Uqg, viewed as operators on V , depend continuously on q. Then the matrix
coefficients in C(Gq) form continuous sections. The corresponding section algebra
is denoted by C(G[a,b]).

By the definition of the continuous field structure, the representations Vq,
viewed as elements of GLn(C(Gq)), form a continuous section, that is, define an
element V[a,b] ∈ GLn(C(G[a,b])). As follows from [22, Theorem 6.1], the evaluation
maps C(G[a,b])→ C(Gq) define isomorphisms in K-theory. Since V[a,b] is mapped
to Vq and [V1] = [V ] 6= 0, we conclude that [Vq] 6= 0 for all q ∈ [a, b]. �

Our second application of Theorem 3.3 concerns the free unitary and orthogonal
quantum groups (U+

N and O+
N for N > 1). Since their fundamental representations

have non-vanishing K1-classes (see [27, Theorem 9.1] and [26, Theorem 7.2]), we
immediately conclude:

Corollary 3.8. Let N > 1, and let (H,∆) be the free unitary quantum group
(C(U+

N ),∆N ) or the free orthogonal quantum group (C(O+
N ),∆N ). Then, if (V, ρ)

is the fundamental representation of (H,∆), for any unital C*-algebra A that
admits a character and is equipped with a free action of (H,∆), the associated
finitely generated projective left (A~δ H)coH-module

PH
(
A

δ
~H

)
2V

is not stably free.

Finally, we consider the reduced C*-algebra C∗r (Fn) of the free group on n

elements with n > 1. Together with the coproduct ∆n determined by sending
g ∈ Fn to g ⊗ g, it is an abelian compact quantum group. As the generators
of Fn have non-trivial classes in K1(C∗r (Fn)) (see [24, Corollary 3.2]) and can
be considered as matrices of one-dimensional representations, we conclude that
Theorem 3.3 applies to (H,∆) = (C∗r (Fn),∆n). Hence Corollary 3.6 yields:

Corollary 3.9. For n > 1, Conjecture 2.1 holds for

(A, δ) = (C∗r (Fn),∆n) = (H,∆).

Note that the above theorem does not follow from Theorem 2.2 as C∗r (Fn) is a
simple C*-algebra for n > 1.
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