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Abstract
Most of the research examining the relation between instructional quality (INQUA) and mathematics teachers’ compe-
tence was restricted to a limited set of competence facets. Furthermore, mostly variable-oriented approaches were applied 
that assume homogeneity of teacher competence. In our study, teacher competence is conceptualized as a comprehensive 
multi-dimensional construct including a broad range of subject-specific and generic facets regarding mathematics teachers’ 
knowledge, skills and beliefs, all assessed in a standardized way with well-established instruments. In our person-oriented 
approach, applying latent profile analysis, we examined whether it was possible to identify subgroups of teachers with dif-
ferent competence profiles. These profiles were then related to the generic and subject-specific INQUA implemented. The 
exploratory study was carried out with 77 secondary mathematics teachers from Germany as part of the projects TEDS 
Instruct and TEDS Validate. The data revealed four competence profiles that differed quantitatively and qualitatively. The 
profiles were related to different types of INQUA, and the relations indicate a need of strong levels of knowledge and skills 
for high INQUA but a lesser relevance of learning beliefs related to the dynamic nature of mathematics. In addition, our 
results indicate a need of a stronger subject-specific operationalization of INQUA in contrast to previously dominating 
generic conceptualizations.

Keywords Instructional quality · Teacher knowledge · Cognitive skills · Latent profiles · Mathematics teachers · 
Mathematical beliefs · Mathematics content knowledge

1 Introduction

The number of studies examining the relation between 
instructional quality (INQUA) implemented by mathematics 
teachers’ and these teachers’ competence has grown substan-
tially over the course of the past decade (see e.g., Hill et al. 
2008; Kaiser et al. 2015; Kunter et al. 2013). However, the 
state of research is still limited, amongst other aspects, due 
to methodological limitations. To the best of our knowledge, 
all studies published so far were based on a limited set of 

measures. They either did not include a comprehensive set of 
generic and subject-specific measures of teacher competence, 
or the studies lacked standardized INQUA measures. Further-
more, most studies relied on the examination of linear (aver-
age) relationships between teacher competence and INQUA in 
a traditional variable-oriented approach, thus assuming homo-
geneity of competence profiles across teachers. However, it is 
not far-fetched to assume that different subgroups of teachers 
exist with qualitatively different competence profiles and that 
these subgroups may implement different types of INQUA.

The study presented in this paper, which belongs to fol-
low-up-studies of the international ‘Teacher Education and 
Development Study in Mathematics (TEDS-M)’, intends to 
fill parts of these research gaps. To this end, we gathered 
a broad range of standardized data about lower-secondary 
mathematics teachers’ competencies, observed several 
mathematics lessons of these teachers with a standardized 
observation protocol and applied an exploratory person-ori-
ented analysis approach to these data. We assessed, firstly, 
mathematics teachers’ subject-specific (i.e., mathematics 
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content knowledge, MCK) and generic knowledge (gen-
eral pedagogical knowledge, GPK). Secondly, we assessed 
teachers’ subject-specific (i.e., speed in diagnosing student 
errors, MSpeed, and mathematics instruction related percep-
tion, interpretation and decision-making, M_PID) as well 
as generic classroom-related skills (classroom management 
expertise, CME). Thirdly, we assessed these teachers’ learn-
ing beliefs (related to the dynamic and static nature of math-
ematics as well as to the ability to learn mathematics).

Moreover, our study applied latent profile analysis (LPA) 
to this broad range of teacher measures. The profiles identi-
fied were then related to the instructional quality (INQUA) 
implemented in terms of the teachers’ ability to manage the 
classroom, to support students, to activate students’ cogni-
tion in a generic and subject-specific way as well as to imple-
ment mathematics teaching with high quality. The study was 
carried out with a small sample of 77 secondary mathemat-
ics teachers from four federal states in Germany and the two 
different types of schools existing there, an academic track 
and a non-academic track.

In the following, we present a focused literature review of 
the state-of-research on teacher competence (accomplished 
through the common variable-oriented approach) and its 
relation to INQUA. Then, we present our conceptual frame-
work of teacher competence including the types of assess-
ments used to cover the eight competence facets mentioned 
above. We also discuss the value-added elements provided 
by a person-oriented approach, before we present how the 
outcome (INQUA) was conceptualized and assessed in our 
study. Finally, we summarize the objectives for the present 
study in a set of hypotheses. Afterwards, the results of our 
study are delineated and discussed in a concluding section.

2  State of research

Weinert (2001) defined competence as a multi-dimensional 
construct functional for solving professional tasks and con-
sisting of a broad range of cognitive abilities, motivation, 
volition and the social readiness to implement solutions in 
job-related contexts. Based on this definition, teacher-spe-
cific models of professional competence have been devel-
oped (e.g., by Baumert and Kunter 2006; for an overview 
see Blömeke and Kaiser 2017).

2.1  Teacher knowledge and beliefs

Teachers’ knowledge was differentiated in content knowl-
edge (in case of mathematics teachers this is MCK), peda-
gogical content knowledge (MPCK), and general peda-
gogical knowledge (GPK) (Shulman 1986). MCK includes 
knowledge about content domains such as number, algebra, 
geometry and data, which should provide teachers with the 

necessary background knowledge for teaching (e.g., Tatto 
et al. 2008, Kunter et al. 2013). MPCK covers curricular 
knowledge, knowledge of planning for mathematics teaching 
and learning of enacting mathematics (e.g., Tatto et al. 2008; 
Kunter et al. 2013). GPK includes knowledge about generic 
teacher tasks, not directly related to a specific subject, such 
as managing the classroom, motivating and supporting 
students, or assessing students (e.g., König et al. 2015). 
Empirical studies—for example COACTIV and TEDS-M 
and their various follow-up studies—provided evidence that 
these knowledge facets can be empirically separated but that 
MPCK strongly correlates both with MCK and GPK while 
these two are more distant from each other (e.g., Krauss 
et al. 2008, Baumert et al. 2010).

Kaiser and König (2019) provided a detailed summary of 
empirical results from this extensive research area. One result 
relevant to our study, which includes mathematics teachers 
from different types of schools, is the large difference in 
MCK depending on the opportunities to learn mathemat-
ics during teacher education. Teachers trained for academic 
school tracks or for a grade-span that includes upper-second-
ary grades achieved substantially better results in MCK than 
teachers trained for non-academic school tracks or a grade-
span limited to lower-secondary or primary grades.

Besides cognitive facets, an understanding of competence 
based on the definition by Weinert (2001) includes affective-
motivational characteristics. Note that this distinction serves 
mainly analytical purposes because affective-motivational 
characteristics often include a cognitive component too 
(Richardson 1996). Teacher beliefs are regarded as a cru-
cial facet of affective-motivational characteristics (Blömeke 
and Kaiser 2017) because “beliefs might be thought of as 
lenses that affect one’s views of some aspect of the world 
or as dispositions toward actions” (Philipp 2007, p. 259). 
There are many classifications of beliefs in the literature 
(Pajares1992); especially important is a distinction of 
learning beliefs related to different views on the nature of 
mathematics ranging from viewing mathematics as a static, 
algorithm-driven body of facts and formulae best learned 
through memorizing, to a dynamic understanding of mathe-
matics based on sense making and best learned through pro-
cesses of enquiry (Goldin et al. 2016). Whether mathemati-
cal ability is regarded as innate, remaining fixed throughout 
a student’s life, or whether it can be learned and thus further 
developed, has also played an important role in studies on 
teachers’ beliefs (Tatto et al. 2008).

In the book edited by Blömeke et al. (2014), several chap-
ters summarized what had been learned about mathematics 
teachers’ beliefs from TEDS-M. German teachers supported 
significantly stronger learning beliefs related to the dynamic 
nature of mathematics than to its static nature. Regarding 
mathematics teachers from different types of schools, it was 
interesting to see that—compared to the large differences 
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in MCK—the differences in beliefs were much smaller or 
even non-existent between teachers trained for the academic 
school track or non-academic tracks.

2.2  Teachers’ cognitive skills

This state of research was further developed by merging 
the previously separated understandings of teachers’ pro-
fessional competence from a situated perspective (Row-
land and Ruthven 2011). The first perspective, reflected in 
the summary above and dominant over the last 2 decades, 
focuses on teachers’ knowledge as traits rather stable across 
different classroom situations (e.g., Ball et al. 2008; Kunter 
et al. 2013). The second, more recent, perspective focuses on 
context-specific and situated aspects of teaching and learn-
ing (e.g., Kersting et al. 2012; Santagata and Guarino 2011). 
It departs theoretically from the concept of ‘noticing’, refer-
ring to teachers’ skill in identifying what is noteworthy in 
a classroom situation (Sherin et al. 2011). One objective 
in this perspective is to identify competence facets more 
closely related to performance of teachers in the classroom 
(in terms of instructional quality; Charalambous and Prae-
torius 2018).

Blömeke et al. (2015a) integrated the cognitive and situ-
ated approaches by a new model on teacher competence 
as a continuum (Fig. 1). Competence and performance are 
distinguished in this model but assumed to be functionally 
related to each other, and competence is conceptualized as a 
multi-dimensional latent construct that manifests in teaching 
performance and includes all mental resources necessary 
to perform (Klieme et al. 2008). Despite substantial differ-
ences in construct conceptualization, labelling and opera-
tionalization, several empirical studies can be related to this 
approach of regarding teacher knowledge and skills as inte-
grated facets of teacher competence underlying classroom 
performance in terms of instructional quality, which in turn 
is hypothesized to affect student achievement, in particu-
lar the studies by Bruckmaier et al. (2016), Knievel et al. 
(2015), and Stürmer and Seidel (2015).

In the model formulated by Blömeke et  al. (2015a), 
teacher dispositions represent the potential a teacher brings 
to the classroom. Dispositions include cognitive characteris-
tics such as teachers’ professional knowledge, but also char-
acteristics with an affective-motivational component such 
as teachers’ beliefs. This part of the model has similarities 
with models developed, for example, by Ball et al. (2008) 
and Baumert and Kunter (2006). Differences are limited to 
construct conceptualization, and operationalization within 
these dispositional facets.

In contrast to the latter two models, the Blömeke et al. 
(2015a) competence model also includes teachers’ situation-
specific cognitive skills. In this part, the model is more in 
line with research on noticing, e.g. by Kersting et al. (2012) 
or Santagata and Guarino (2011). Teachers’ skills include 
the ability to perceive and interpret what is going on in the 
classroom and then to make decisions (PID). In more detail, 
taking into account Schön’s (1983) concepts of reflection 
in and on action, teachers’ situation-specific skills are con-
ceptualized as a facet of their cognitions, not being equal 
to observable teaching behavior but representing cognitive 
processes prior to, during, and following performance in 
the classroom (Star and Strickland 2008). Diagnostic skills 
play an important part within these teaching and learning 
processes, especially a fast diagnosis of students’ errors or 
misconceptions (Leuders et al. 2018).

The relation between the different cognitive facets 
of teacher competence was evaluated in several studies. 
Blömeke et al. (2016) provided evidence for a two-dimen-
sional structure of mathematics teachers’ competence, dif-
ferentiating between one factor related to knowledge and 
another one related to situation-specific cognitive skills. 
Bruckmaier et al. (2016) found moderate positive correla-
tions between MCK and MPCK and teachers’ decision-mak-
ing. The relation between GPK and noticing was evaluated 
by König et al. (2014), who found low to moderate relations 
between teachers’ general pedagogical knowledge and their 
generic perception and interpretation skills. A comparative 
study across a Western and an East Asian context revealed 

Fig. 1  Modeling teacher compe-
tence as a continuum (Blömeke 
et al. 2015a, p. 7)
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relative strengths of German teachers in noticing from a 
general pedagogical perspective (P_PID), whereas Chinese 
teachers were relatively strong in noticing from a mathemat-
ics pedagogical perspective (M_PID) (Yang et al. 2018).

Whereas these studies assumed that all teachers in a sam-
ple had the same competence profile, a study with the aim 
of identifying different competence profiles was carried out 
with TEDS-M data of mathematics teachers for primary 
schools (Blömeke et al. 2012). Subject-specific knowledge 
and beliefs were used in a latent profile analysis (LPA) 
where for each country profiles were identified that differed 
either quantitatively or qualitatively. Quantitative differ-
ences were found, for example, in Germany, Norway or the 
US where a profile existed that combined higher MCK with 
higher MPCK, as well as stronger dynamically—but weaker 
statically—oriented learning beliefs related to the nature of 
mathematics. At the same time another profile existed within 
these countries, where the opposite applied. A profile that 
differed qualitatively was, for example, found in Russia 
where higher MCK and MPCK was combined with stronger 
learning beliefs related to the static nature of mathematics.

2.3  Teacher performance

Instructional quality (INQUA) reflects observable teach-
ing performance in terms of instructional processes imple-
mented in classrooms. Several frameworks and instruments 
exist that assess either generic (e.g., Fauth et al. 2014) or 
subject-specific facets of instructional quality (often in 
mathematics, e.g., Hill et al. 2008; more recently also in 
science, e.g., Carlson and Daehler 2019; see an overview by 
Schlesinger and Jentsch 2016). Recently, a combination of 
these perspectives has been requested (e.g., Lipowsky and 
Bleck 2019).

Generic approaches usually comprise three facets, in 
particular in the German context (Praetorius et al. 2015), 
namely, classroom management, student support, and cog-
nitive activation, sometimes named slightly differently. 
Classroom management means an efficient use of time and 
the prevention of or dealing with disorder in the classroom 
(Evertson and Weinstein 2013). The second INQUA facet, 
student support, comprises either addressing individual 
learning needs of students or fostering a prolific classroom 
climate (Fauth et al. 2014, Gräsel et al. 2017). Our study fol-
lows the first conceptualization. Cognitive activation refers 
to whether teachers’ instruction is cognitively challenging 
for students (Klieme et al. 2009, Lipowsky et al., 2009). 
Cognitive activation was originally conceptualized as a 
generic facet without referring to a specific subject (Klieme 
and Rakoczy 2008), but has been identified as particularly 
relevant for subject-specific INQUA in recent studies (Prae-
torius et al. 2015).

Subject-specific INQUA represents mathematics-
related quality. In particular, this aspect relates to how 
teachers address mathematical concepts and interact math-
ematically with students while using mathematical terms, 
explaining mathematical procedures, providing feedback 
or dealing with student errors (Hiebert and Grouws 2007; 
Schlesinger et al. 2018). Studies provided evidence on the 
predictive validity of INQUA on cognitive and affective-
motivational student outcomes (e.g., Kunter et al. 2013; 
Praetorius et al. 2018).

Variable-oriented research revealed the relevance of 
teacher knowledge and skills for observable teaching per-
formance in terms of INQUA. Kunter et al. (2013) found 
that lower-secondary mathematics teachers with higher 
MPCK implemented higher cognitive activation and stu-
dent support (but not classroom management). Similarly, 
preschool teachers with more MPCK created opportunities 
for children to learn that were of higher quality (Lee et al. 
2003; with respect to other domains see Gold et al. 2013; 
Stürmer et al. 2013). Bruckmaier et al. (2016) revealed a 
low but significant positive relation between mathematics 
teachers’ decision-making skill and their cognitive activa-
tion (but not their student support or classroom manage-
ment). GPK has also been found to be a significant positive 
predictor for classroom management and student support 
(Depaepe and König 2018; Voss et al. 2014), whereas the 
relation with cognitive activation varied.

The state of research on the relation between teach-
ers’ beliefs and INQUA is limited and mixed (Simmons 
et al. 1999). This result applies also to the German context. 
Whereas Voss et al. (2013) found positive associations 
between constructivist beliefs and instructional practices 
and Bruckmaier et al. (2016) found positive associations 
between constructivist beliefs and teachers’ decision-mak-
ing skills (not controlling for other competence facets), 
a study by Kunter et al. (2013) found that higher con-
structivist beliefs were not systematically associated with 
cognitive activation or student support, but were associ-
ated significantly with lower classroom management when 
controlling for MPCK.

3  Conceptual framework and research 
questions

In this study we regard competence as functionally related 
to performance, as displayed in Fig. 1. Our aim is to identify 
different profiles in how teachers’ dispositions, consisting 
of their knowledge and affect-motivation, are related to sit-
uation-specific skills within teachers and how these profiles 
are associated with observable behavior in the classroom. 
Instructional quality is used as an indicator for the latter.
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3.1  Teacher competence

Teachers’ cognitive competence facets are conceptually 
differentiated into subject-specific (MCK, MPCK) as well 
as generic dispositions (GPK) on the one hand, and sub-
ject-specific (M_PID, speed in diagnosing student errors 
MSpeed) as well as generic (classroom management exper-
tise CME) perception, interpretation and decision-making 
skills on the other hand. Our study covered these cogni-
tive facets as comprehensively as possible and included the 
five most distinct facets MCK, GPK, M_PID, MSpeed and 
CME.1

The MCK and GPK assessments were computerized 
abbreviated versions of the TEDS-M tests and were vali-
dated through expert reviews and empirical studies (e.g., 
Blömeke et al. 2015b; König et al. 2014). MCK includes 
factual knowledge of mathematics and conceptual knowl-
edge of its organizing principles, for example where a topic 
is placed in the universe of mathematics. The test covered 
number, algebra, and geometry and, to a lesser extent, data 
(Tatto et al. 2008). In addition, three cognitive dimensions 
were covered, namely knowing, applying, and reasoning. 
GPK includes preparing and structuring lessons, motivat-
ing student learning and managing the classroom, dealing 
with heterogeneous learning groups and assessing students. 
Similarly to assessment of MCK, three cognitive processes 
were distinguished, namely, recalling, understanding, and 
generating. For MCK and GPK item examples see the Elec-
tronic Supplementary Material.

M_PID was conceptualized as explained in Sect. 2.2. 
Video-and computer-based assessments were used to 
address the contextual nature and complexity of classroom 
situations. Three scripted video-vignettes of 4-min length 
served as substitutes for genuine situations. They displayed 
mathematical topics typically taught in German schools 
in grades 8–10 in different phases of teaching, such as the 
introduction of a mathematical task, or student work on a 
task followed by a whole-class discussion of the results. The 
assessment was validated in several studies (e.g., Hoth et al. 
2016). These studies have, among other aspects, provided 
evidence that testlet effects related to the videos were negli-
gible (Blömeke et al. 2015b).

Perceiving and adequately responding to student errors 
is part of mathematics teachers’ daily activities in the class-
room (Pankow et al. 2018) and has been stressed in the con-
text of adaptive teaching (Südkamp and Praetorius 2017). 

Heinrichs and Kaiser (2018) have developed a model for 
the perception, interpretation and decision-making regard-
ing errors in mathematics education according to which the 
perception of student errors is the first step of a cyclic pro-
cess leading to the development of hypotheses about of the 
causes of these errors, and the making of a decision about 
the instructional approach appropriate for dealing with the 
error (see also Hoth et al. 2016). The time mathematics 
teachers have for noticing student errors is limited though. 
A time-limited computer-based test displaying typical stu-
dent errors was applied in the present study to assess the fast 
identification of student errors.

As a generic skill measure, we used the classroom man-
agement expertise (CME) video-based assessment (König 
et al. 2015) that consists of four vignettes referring to typical 
classroom management situations in which teachers have 
to manage transitions, instructional time, student behavior, 
and instructional feedback. A variety of classroom contexts 
regarding school grades, subjects, and the composition of 
the learning group are represented (Kounin 1970). The items 
require accurate and holistic perception as well as interpre-
tation. Validation studies revealed that the CME score rep-
resents an ability only slightly influenced by testlet effects 
related to the four video vignettes (König et al. 2015).

A well-established set of learning beliefs was used in this 
study, namely those related to the dynamic or static nature of 
mathematics (Tatto et al. 2012). In a dynamic view, learning 
mathematics is seen as a process of enquiry and the appli-
cation-related character of mathematics is emphasized. In a 
static view, respondents tend to see mathematics as a set of 
procedures to be learned with strict rules as to what is cor-
rect and what is incorrect.2

Teachers’ beliefs about mathematics ability reflect the 
idea that students are born with such an ability and that this 
ability is fixed throughout their lives. When holding such 
a belief, teachers may show different expectations towards 
children, viewed as more or less able (Hart and Drummond 
2014). This belief has also been studied in the context of 
TEDS-M.

3.2  Teacher profiles

Traditional variable-oriented approaches assume sample 
homogeneity with respect to relationships between variables. 

1 As pointed out above, MPCK overlaps conceptually and empiri-
cally with MCK and GPK (Depaepe et al. 2013). In our study, MPCK 
correlated particularly highly with MCK (r = 0.80). In an LPA (for 
details see Sect.  3.2), such correlations can create residual covari-
ances and thus distort the number of profiles identified. We therefore 
excluded MPCK.

2 As an alternative we could have used teachers’ constructivist and 
transmission-oriented beliefs. However, we decided to include this set 
of beliefs that was more directly related to the learning of mathemat-
ics (see the item examples in the Electronic Supplementary Material) 
and had better measurement properties given that they were used as 
manifest variables. Due to limited sample-size and multi-collinearity 
challenges, it was not possible to include both sets of beliefs at the 
same time.
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However, given that the eight facets of teacher competence 
included in this study reflect a high degree of complexity, 
subgroups of teachers may exist with distinct competence 
profiles that can be characterized as stronger on a subset of 
competence facets and weaker on another. Given that the 
interplay of competence facets is assumed to be of particular 
relevance for performance (Schoenfeld 2010), it is important 
to identify these profiles so that a teacher can be character-
ized as more or less competent (Oser 2013).

3.3  Instructional quality and its relation to teacher 
competence

Given that it may be possible to identify different profiles of 
mathematics teachers, Blömeke and Kaiser (2017) raised the 
questions of which level of dispositions and skills is enough 
for a teacher to be called ‘competent’, and whether the dif-
ferent facets of competence can compensate for each other 
(Koeppen et al. 2008). Does a teacher need to have all types 
of dispositions and skills to be able to perform successfully 
in class or is it sufficient, for example, to have strong mathe-
matics-related skills? To obtain a first answer to these ques-
tions, an outcome variable was needed that indicated differ-
ent levels of performance quality, in our case instructional 
quality. The observation protocol used to assess INQUA was 
validated in several contexts (e.g., Schlesinger et al. 2018).

3.4  Research objectives and hypotheses

As a first step, we wanted to identify competence profiles 
of mathematics teachers by applying LPA to our data. We 
hypothesized (H1) that several distinct groups of mathemat-
ics teachers existed, which revealed either quantitative dif-
ferences in competence (e.g., high, medium, and low knowl-
edge combined with corresponding levels of skills and more 
or less favorable types of beliefs) or qualitative differences 
(e.g., one group with high MCK but low CME vs. a group 
with low MCK but high CME).

Second, the relationship of these competence profiles 
to INQUA was examined. We hypothesized (H2) differ-
ential relationships: in case of quantitative differences, we 
expected that a group with higher knowledge and skills and 
more dynamically- or less statically-oriented learning beliefs 
would implement higher levels of INQUA on all four facets. 
In case of qualitative differences, we expected that the level 
of INQUA would depend on the specific profile.

As a final step, the relationship of these profiles to 
school types was examined given that variable-oriented 
research had pointed to large differences in MCK but less 
pronounced differences in beliefs and levels of generic 
competence facets between mathematics teachers at the 
Gymnasium as the academic school track, on the one hand, 
and mathematics teachers at non-academic school types on 

the other hand. We hypothesized (H3) that the proportion 
of teachers per school type may vary across profiles with 
higher proportions of teachers at a Gymnasium in the pro-
file with higher MCK.

4  Methodology

4.1  Sample

In the context of two studies in Germany that examined the 
professional competence of practicing mathematics teach-
ers, altogether 77 teachers took the full range of compe-
tence assessments discussed above. The studies had the 
same study design but took place in different regions and 
in different years, namely, first TEDS-Instruct in the state 
of Hamburg, and then subsequently TEDS-Validate in the 
states of Thuringia, Hesse and Saxony. Overall testing time 
was about 5 h. About 60% were teaching at a Gymnasium, 
the academic school track (n = 47), while the others were 
teaching at non-academic schools (n = 30). About half of 
the sample was recruited in Hamburg (n = 38) while the 
other mathematics teachers were from Thuringia (n = 20), 
Hesse (n = 14) or Saxony (n = 5). Average class size was 23 
students.

4.2  Instruments

Teachers took all tests individually at home and received 
an honorarium to compensate for their efforts. They could 
pause test-taking once. For item examples see the Electronic 
Supplementary Material. Constructed responses were coded 
based on coding manuals. Scaled scores were created by 
applying classical test theory using SPSS (sum scores with 
Cronbach’s α as the reliability parameter) and item-response 
theory using the software package Conquest (Wu et al. 1997; 
1-dimensional Rasch scaling, Expected A Posteriori reli-
ability measure EAP). Items omitted or not reached were 
treated as wrong responses during the scaling process. The 
full TEDS-Instruct and TEDS-Validate samples, also those 
teachers who did not take all assessments, were included in 
the scaling to increase parameter stability. All scales were 
transformed to a mean of 500 and a standard deviation of 
100 to facilitate understanding.

MCK was assessed with 27 multiple-choice, complex 
multiple-choice, and constructed-response items. Reliability 
of the MCK scale was Cr α = 0.81 or EAP = 0.79 respec-
tively. The GPK test included five multiple-choice and ten 
open-response items. Scale reliability was EAP = 0.90 or 
α = 0.71.

M_PID was assessed with 16 items using Likert scales, 
and 18 constructed-response items formed the M_PID scale. 
Correct answers to the Likert-scale items were developed 
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during an expert meeting including experienced math-
ematics teachers and mathematics education researchers. 
Intercoder reliability varied between about κmin ≈ 0.70 and 
κmax = 1.00 and was on average very good (κave ≈ 0.90; Lan-
dis and Koch 1977).

The MSpeed test consisted of 16 items. All items con-
tained three student’s solution to a specific theme of second-
ary school mathematics, e.g. addition of fractions, in which 
one of the shown solutions was wrong. The test participants 
had 4 s time to recognize the wrong solution (Pankow et al. 
2018). Reliability of the scale was EAP = 0.64.

CME assessment was video-based: the video assessment 
consists of 24 test items (5 multiple-choice and 19 con-
structed-response items). Scale reliability was EAP = 0.75 
or α = 0.71.

Beliefs were evaluated with items using a 6-point Likert 
scales from ‘do not agree at all’ to ‘fully agree’. Scale scores 
represented the mean across all items as long as at least 
two items had been rated. Reliability of the scales varied 
between α = 0.64 for dynamically-oriented learning beliefs 
and α = 0.74 for beliefs regarding mathematics ability as 
innate and fixed.

INQUA was evaluated with live ratings. The observation 
protocol consists of 18 items that had to be rated on four-
point Likert scales ranging from 1 (‘does not apply at all’) 
to 4 (‘does fully apply’). 10 raters with at least a Bachelor’s 
degree in mathematics education received 30 h of theoreti-
cal and practical training. For each lesson two raters were 
randomly distributed to take the observation task. Inter-rater 
reliability and validity of the rating was supported by a rater 
manual that included typical classroom examples (Schles-
inger et al. 2018). Each mathematics teacher was observed 
during four lessons at 20 min intervals, resulting in eight 
time points for each teacher. Inter-rater reliability was good 
(ICC > 0.80). Scaling analysis summarized all information 
using average scores. Reliability of the scales was good 
(α = 0.73–0.87).

4.3  Data analysis

To examine our first hypothesis, we conducted latent pro-
file analysis (LPA) using the software package Mplus 8.2 
(Muthén and Muthén 1998–2018). LPA is a model-based 
exploratory method to classify similar objects—in our case 
mathematics teachers—into homogenous groups where the 
number of classes as well as their properties are unknown 
and inferred from the data (McLachlan and Peel 2000). LPA 
is particularly beneficial in complex analyses when a larger 
number of continuous and moderately correlated3 variables 

are included in an analysis, because the number of interac-
tions that can be included in traditional multiple regression 
is limited.

Since LPA is an exploratory approach, it is not neces-
sary to decide about the number of classes or the type of 
relationship between the variables beforehand. The results 
describe the conditional probabilities of having knowledge, 
beliefs and skills given the class membership, so that each 
class is characterized by a specific pattern, called ‘profile’. 
Teachers are assigned to the class for which their observed 
response pattern is most probable. Since a person-oriented 
approach does not assume sample homogeneity, the objec-
tive of an LPA is to identify qualitatively different profiles, 
not only quantitative differences (e.g., higher estimates on 
all variables in class 1 versus lower estimates in class 2). A 
profile with such quantitative differences would be reflected 
in a variable-oriented approach too.

For model parameter estimation a robust maximum-
likelihood estimator (Sass et al. 2014) and a sandwich-type 
covariance matrix were applied, in order to achieve precise 
estimations of standard errors (Satorra and Bentler 2001) 
and Chi square statistics robust to non-normality of the data 
(Yuan and Bentler 2000). Full Information Maximum Like-
lihood (FIML) estimation, integrating missing data analy-
ses and parameter estimation under the missing at random 
assumption, was used to handle partially missing data (Little 
and Rubin, 2014). However, the proportion of missing data 
was low; covariance coverage was at least 95% in all cases.

Given the sample size, we used manifest scores in the 
LPA. We evaluated the classification quality based on an 
aggregated uncertainty measure called “entropy” (Ramas-
wamy et al. 1993). In its rescaled version implemented in 
MPlus, it has an interval of [0, 1] with estimates close to 1 
for well-separated classes and estimates close to 0 for ill-
fitting models. In addition, the estimate of the mean prob-
ability for teachers’ most likely class membership was taken 
into account. We also evaluated relative fit criteria (Nylund 
et al. 2007), where lower absolute values indicate a better-
fitting model. The Akaike Information Criterion AIC and the 
adjusted Bayesian Information Criterion  BICadj (Schwartz 
1978) are measures of the goodness of fit of an LPA model 
that consider the number of parameters and the number of 
observations.

Finally, we applied two likelihood-ratio tests, the 
Lo–Mendell–Rubin adjusted LRT test (Lo et al. 2001) and 
the bootstrapped parametric likelihood ratio test (BT LRT; 
McLachlan and Peel 2000), which compare the current solu-
tion against one with one fewer class. A low (significant) p 
value indicates that the current model is more appropriate to 
describe the data than a k − 1 class model. Since the BT LRT 
is regarded as most important, we relied heavily on this one 
(Nylund et al. 2007). As suggested in the literature, our final 
decision about the number of classes was also based on the 

3 LPA is thus slightly different to a latent class analysis (LCA), 
which is typically applied to categorical data and includes a local 
independence assumption (i.e. uncorrelated indicators) within classes.
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conceptual interpretability of the classes (Lubke and Muthén 
2005). Given the sample size, we defined a threshold of 10% 
(n = 8) as desirable class size.

To examine our second and third hypotheses, the four 
INQUA facets and the school type were specified as out-
comes. In Mplus, an estimation procedure for small sample 
sizes is implemented via the DU3STEP command where 
unequal means but equal variances of the outcome variables 
are assumed across classes (Asparouhov and Muthén 2013). 
The level of significance was set to p < 0.10 due to the sam-
ple size.

5  Results

5.1  Descriptive results

The descriptive results for the eight competence facets are 
displayed in Table 1. Means are displayed on the diagonal 
whereas correlations can be found below that line. The 
means revealed that the 77 teachers included in this study 
had a slightly higher mean on the subject-specific compe-
tence facets MCK (M = 507) and M_PID (M = 507) than 
the full sample, and at the same time a lower mean on the 
two generic competence facets GPK (M = 485) and CME 
(M = 494), but also on the subject-specific facet MSpeed 
(M = 489). Correlations between teachers’ cognitive com-
petence facets (knowledge and skills) were all positive and 
of moderate to medium size (r = 0.19–0.58*).

Teachers in this sample agreed with learning beliefs 
related to a dynamic view on mathematics (M = 534) and 
rejected strongly learning beliefs related to a static view on 
mathematics (M = 374). They rejected even more strongly 
that mathematics ability remains fixed throughout the 
life and cannot be further developed (M = 246). The two 
beliefs facets on the nature of mathematics represented 
largely independent views (r = − 0.07) while the static 

view on learning mathematics and the view that mathemat-
ics ability is fixed were significantly positively related to 
each other (r = 0.34*).

Relationships between teachers’ knowledge and skills 
and their beliefs ranged from moderately negatively to 
insignificant (r = − 0.26* to 0.17). As a tendency, the sub-
ject-specific competence facets MCK, MSpeed and M_PID 
were negatively related to the three beliefs facets, which 
means that higher mathematics-related knowledge or skills 
was associated with lower agreement to a dynamically- or 
a statically-oriented learning belief or mathematics ability 
as innate and not learnable. The two generic facets GPK 
and CME did not show a systematic relationship to teach-
ers’ beliefs.

5.2  Number of classes

In an iterative process, we steadily increased the number of 
classes, until the fit indices indicated that a lower number 
of teacher profiles was sufficient and the added class not 
needed. The latter applied to the 5-class solution where 
the bootstrapped LRT pointed to a k − 1 class model (see 
Table 2). With the exception of the LMR LRT test that 
rejected any model with more than one class, also all other 
indicators pointed to a 4-class solution as the most appro-
priate. Since this solution also revealed the most interest-
ing teacher profiles with qualitative differences, while the 
other solutions only contained quantitative differences, we 
decided to select the 4-class solution.

5.3  Competence profiles of mathematics teachers 
(H1)

The four groups of mathematics teachers differed quanti-
tatively and qualitatively (see Table 3). Despite the large 
standard errors given the relatively small group sizes, the 

Table 1  Mean scores and 
correlations for the competence 
facets included in the LPA

MCK mathematics content knowledge, MSpeed fast perception of student errors, M_PID mathematics 
instruction related perception, interpretation and decision-making, GPK general pedagogical knowledge, 
CME classroom management expertise; mean values are displayed on the diagonal
*p < 0.10

MCK MSPEED M_PID GPK CME Dynamic Static Ability

MCK 507
MSPEED 0.42* 489
M_PID 0.33* 0.24* 507
GPK 0.44* 0.35* 0.34* 485
CME 0.32* 0.19 0.58* 0.29* 494
Dynamic beliefs − 0.25* − 0.16 0.09 − 0.18 0.02 534
Static beliefs − 0.12 − 0.17 − 0.09 − 0.06 0.17 − 0.07 374
Fixed ability − 0.01 0.06 − 0.26* 0.00 − 0.04 − 0.11 0.34* 246
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mean differences in the eight competence facets were sta-
tistically significant with groups 1 and 4 as the extremes.

The first and largest teacher profile was characterized by 
high levels of knowledge and skills compared to the other 
three profiles. This applied particularly to subject-specific 
facets but to some extent also generically. These teachers 
differed cognitively from the mean of the full sample by one 
quarter to a full standard deviation. Teachers with such a 
profile had an only slightly dynamic view on learning math-
ematics while they strongly rejected learning beliefs related 
to the static nature of mathematics as well as the view that 
mathematics ability remains fixed throughout one’s life.

Teacher profiles 2 and 3 were characterized through 
medium to slightly below medium levels of MCK, MSpeed 
and GPK as well as very dynamic beliefs about learning 
mathematics. In contrast to these similarities, these two 
profiles were at the same time characterized through sub-
stantially different levels of skills and the other two beliefs 
facets. The second teacher profile displayed medium levels 
of M_PID and CME and rather neutral (compared to the 
other groups) learning beliefs related to the static nature 
of mathematics and a fixed nature of mathematics ability. 
The third teacher profile displayed high levels of M_PID 
and CME and low agreement with the two types of beliefs.

The fourth teacher profile included a small group of math-
ematics teachers only. The profile was characterized by low 
levels of subject-specific and generic knowledge and skills. 
With the exception of MSpeed, the difference from the mean 
of the full sample was between one to two standard devia-
tions, and all mean comparisons with the first teacher group 

as well as in case of M_PID and CME with the second and 
third groups were significantly different. However, similarly 
to the other three groups, also these teachers believed in 
inquiry learning related to the dynamic nature of mathemat-
ics and rejected strongly that mathematics ability is innate 
and fixed.

5.4  Relation between competence profiles 
and INQUA (H2)

The data supported our hypothesis that different profiles are 
associated with different types of instructional quality. Math-
ematics teachers belonging to the first profile—characterized 
through high levels of knowledge and skills in all respects 
and strong objections against a static view on learning math-
ematics or on mathematics ability remaining fixed through-
out one’s life—implemented high levels of student support 
(M = 54.7*), mathematics-related quality (M = 51.8*) and 
descriptively also of cognitive activation (M = 51.7; see 
Fig. 2).4 In contrast, the fourth teacher profile—character-
ized by the lowest levels of knowledge and skills but strong 
beliefs—did not excel on any of the four INQUA facets.

Table 2  Fit indices for different numbers of classes (competence profiles)

AIC Akaike Information Criterion, BICadj adjusted Bayesian Information Criterion, LMR RT Lo–Mendell–Rubin adjusted LRT test, BT LRT 
bootstrapped parametric likelihood ratio test

#Class #Par AIC BICadj Entropy Class prob. Class size LMR LRT BT LRT

2 25 6988.7 6968.5 0.83 0.95/0.97 82%/18% p = 0.20 p < 0.001
3 34 6978.3 6950.8 0.79 0.92/0.89/0.90 61%/23%/16% p = 0.74 p < 0.05
4 43 6968.7 6933.9 0.83 0.90/0.90./96/0.96 35%/30%/25%/10% p = 0.28 p < 0.001
5 52 6964.3 6922.3 0.84 0.90/0.89/0.89/0.95/0.96 35%/26%/21%/10%/8% p = 0.59 p = 0.43

Table 3  Descriptive results for 
the four-class solution

MCK mathematics content knowledge, MSpeed fast perception of student errors, M_PID mathematics-
related perception, interpretation and decision-making, GPK general pedagogical knowledge, CME class-
room management expertise, DYN dynamically-oriented learning beliefs about mathematics, STAT  stati-
cally-oriented learning beliefs about mathematics, FIXED beliefs about mathematics ability as innate and 
fixed

MCK MSPEED M_PID GPK CME DYN STAT FIXED

1 (n = 27) 593 (18) 571 (17) 556 (33) 531 (21) 526 (32) 515 (19) 355 (19) 252 (17)
2 (n = 23) 474 (25) 435 (32) 453 (18) 454 (26) 487 (21) 540 (14) 412 (13) 313 (13)
3 (n = 19) 473 (25) 448 (37) 553 (21) 479 (24) 541 (26) 552 (13) 366 (15) 179 (15)
4 (n = 8) 407 (30) 478 (23) 367 (28) 424 (37) 273 (24) 538 (16) 345 (32) 202 (30)

4 M = 50 for all INQUA scales; *p < 0.10 based on equality tests of 
INQUA means across the four teacher profiles using the 3-step pro-
cedure implemented in Mplus. Classroom Management: p < 0.10 for 
profile 2 vs. profile 3, student support: p < 0.10 for profile 1 vs. pro-
files 2 and 3, mathematics-related quality: p < 0.10 for profiles 1 and 
3 vs. 2.
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Teacher profiles 2 and 3, which were similar in many 
respects but differed with respect to their levels of cognitive 
skills, delivered different types of INQUA. Teachers belong-
ing to the third profile, characterized by stronger cognitive 
skills, implemented a significantly higher level of mathe-
matics-related quality (M = 52.5*) and descriptively also of 
cognitive activation (M = 51.1), whereas the second teacher 
profile, characterized by a medium level of cognitive skills, 
did significantly better when it came to classroom manage-
ment (M = 53.7*).

5.5  Relation between competence profiles 
and school type (H3)

Against our hypothesis, a significant difference between the 
four teacher profiles regarding their association with school 
types did not exist. However, on a descriptive level a ten-
dency was visible, namely a steady decrease in the propor-
tion of teachers in the academic track (Gymnasium) from 
72% in class 1 to 50% in class 4.

6  Discussion and conclusions

Teacher competence has been conceptualized as a multi-
dimensional construct in this study including subject-spe-
cific and generic facets of mathematics teachers’ knowl-
edge, skills and beliefs. Most of the research up to now was 
restricted to a limited set of competence facets and variable-
oriented approaches that assumed homogeneity in teachers’ 
competence profiles. In contrast, using our person-oriented 
approach, with data about eight competence facets from a 
small sample of mathematics teachers in Germany (n = 77), 
we explored whether sub-groups exist.

The data supported the hypothesis that mathematics 
teachers may not be as homogeneous as was assumed in 
common variable-oriented approaches (e.g., linear regres-
sion). The profiles discovered not only differed quantita-
tively, in that sense that several competence facets were 
higher (or lower) in one teacher group than in another, but 
also qualitatively in that sense that similar levels of one set 
of competence facets appeared together with different levels 
of others.

The largest group of mathematics teachers (#1) was char-
acterized by the highest levels of subject-specific and generic 
knowledge and skills whereas the smallest group performed 
the lowest on all these assessments. Cognitive skills made 
the biggest differences between the two other teacher groups 
with medium to below-medium levels of knowledge.

Regarding the role of beliefs, the profile with those teach-
ers who had the highest levels of knowledge and skills (#1) 
was characterized by only a neutral view on mathematics as 
a dynamic discipline best learned through inquiry. Overall 
the four groups did not differ nearly as much with respect 
to beliefs than to knowledge and skills. This result may be 
interpreted as an indication that beliefs may be shaped by 
factors other than teacher education or professional devel-
opment only. Furthermore, it may be an explanation for the 
inconclusive state of research [e.g., Simmons et al. 1999; 
Kunter et al. 2013; Bruckmaier et al. (2016)].

Our results revealed that the interplay of competence 
facets may be more diverse than it is possible to discover 
in variable-oriented approaches (e.g., Gold et  al. 2013; 
Stürmer et al. 2013), and thus made it possible to differenti-
ate these results. Due to long testing time for as many as 
eight competence facets, we had to restrict our sample size. 
If the results can be replicated in other studies, it would 
be important to take this teacher heterogeneity into account 

Fig. 2  Instructional quality by 
teacher profile
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in further research and practice. The groups have different 
training needs and it would make both teacher education and 
professional development more effective if they could tailor 
their offerings towards these needs.

As hypothesized, the four teacher groups implemented 
different levels and types of INQUA where each group dis-
played differential strengths and weaknesses: teachers with 
pronounced levels of knowledge and skills (profile #1), as 
a tendency but not significantly more often teaching at a 
Gymnasium than at other types of schools, succeeded with 
respect to student support, cognitive activation and mathe-
matics-related instructional quality, while they implemented 
only a medium level of classroom management. Teachers 
with high levels of cognitive skills in M_PID and CME (pro-
file #3) also succeeded with respect to cognitive activation 
and mathematics-related quality despite only medium levels 
of knowledge. However, they struggled with classroom man-
agement and student support, which is a surprising result 
given that CME assesses classroom management expertise. 
Our assumption is that this result may be affected by the 
type of schools to which teachers belong. Another explana-
tion could be related to sample bias. CM was on average 
positively evaluated by raters, which may indicate a positive 
selection and thus a lack of larger disruption by students. 
With such a reduction of variance in CM, the chance of 
finding CME effects might be reduced.

Classroom management was a strength of those teach-
ers belonging to profile #2 characterized by medium levels 
of all competence facets. However, these teachers struggled 
with mathematics-related quality, cognitive activation and 
student support.

The small group of teachers with rather low levels of 
knowledge and skills except on MSpeed (profile #4), as 
a tendency teaching more often at non-academic types of 
schools, struggled with all INQUA facets. We do not have an 
explanation why this group achieved an almost medium level 
of MSpeed despite very low MCK. Conceptually, MSpeed 
requires experience with typical student errors, in order for 
teachers to be able to discover these fast enough in our time-
limited design.

If one looks across the four INQUA facets to identify 
patterns in their relation to the teacher profiles, it seems as 
if there may be a difference between classroom manage-
ment on the one hand and student support, cognitive activa-
tion and mathematics-related quality on the other hand. The 
three latter facets seem to be more closely related to subject-
specific knowledge and skills than classroom management. 
Given the long-standing discussion about the nature of these 
facets, concerning the extent to which they are generic or 
subject-specific (Charalambous and Praetorius 2018), this 
result may move our view on the INQUA facets even fur-
ther to subject-specificity than before. In the beginning of 

research on instructional quality, student support and cogni-
tive activation were almost exclusively regarded as generic 
(‘basic’) quality facets that appear across subjects. And even 
though the corresponding scales and coding schemes were 
often applied to one specific subject, in particular mathe-
matics, the types of indicators used and their wording was 
conceptualized from a generic cognitive-psychological point 
of view. In contrast, more recently not only a fourth subject-
specific facet that includes quality criteria of mathematics 
education, hardly transferable to other subjects, has been 
added (Schlesinger et al. 2018; Lipowsky and Bleck 2019) 
but cognitive activation has also been operationalized and 
phrased in a more subject-specific way (Schlesinger et al. 
2018).

The results from the present study indicate that also stu-
dent support may be subject-specific given that it is sig-
nificantly related to those teacher profiles characterized by 
strong subject-specific knowledge and skills. Such an inter-
pretation may at least apply to those studies where student 
support is operationalized in terms of supporting individual 
learning needs, for example through differentiation during a 
lesson, as was done in the present study. It remains an open 
question whether this also would apply to an operationali-
zation that focuses on fostering classroom climate, which 
is another way to look at the construct (e.g., Fauth et al. 
2014). However, our results will have to be confirmed in 
other studies first before it is possible to make more definite 
conclusions, given that we included only a small sample of 
mathematics teachers and applied an exploratory analysis 
approach. The results should therefore be taken more as a 
means to raise awareness of a potential way to think about 
INQUA, than as a matter of fact.

Before we turn to conclusions, we would like to point 
out some limitations of our study. Firstly, although n = 77 is 
a decent sample size given the broad range of instruments 
to be taken by teachers besides hectic workdays, the size 
has to be regarded as rather low given the statistical power 
needed for accomplishing stable and generalizable results. 
Furthermore, the sample was presumably biased towards a 
positively selected group of teachers. Overall, it would there-
fore be important to replicate this study with a larger group 
of teachers—however difficult it may be to recruit these.

Secondly, the present study was limited to mathematics. It 
could build on a long research tradition where the different 
types of instruments were developed and validated with sev-
eral national and international samples. It would be important 
to establish similar research traditions with respect to other 
subjects because it is a relevant question to what extent the 
profiles identified are generalizable across subjects, including 
how subject-specific INQUA models are. Policy reforms are 
rarely implemented for only one subject. But implementing 
far-reaching reforms of teacher education based on results 
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from mathematics teachers only may be risky, as for exam-
ple, studies on the differential results regarding instructional 
quality facets revealed: while classroom management did not 
vary significantly across German and English lessons taught 
by the same teachers, student support did so (Praetorius et al. 
2015). Finally, we need to point out that we had to exclude 
MPCK for statistical reasons to avoid extracting the wrong 
number of profiles due to residual covariances. The construct 
is indirectly represented though, due to the conceptual overlap 
with MCK and M_PID.

As a first conclusion, we would like to summarize that our 
results about the relation between the four competence pro-
files and INQUA may provide a preliminary answer, regarding 
mathematics teaching, to the questions raised by Blömeke and 
Kaiser (2017): which level is enough in order for a teacher 
to be called “competent”? And is it possible to compensate 
for weakness on one or several competence facets through 
strengths on others? There is an agreement in the literature 
that classroom management has to be regarded as an impor-
tant but not sufficient prerequisite of a teacher’s chance to 
implement the other INQUA facets. When it comes to student 
achievement, there is evidence that other facets may be of 
higher relevance. In this sense the profile of the first class 
looks most promising. If studies with larger samples repli-
cate such a profile and, furthermore, can link this not only to 
INQUA but also to student achievement, this would support 
the need of strong levels of knowledge and skills for success-
ful mathematics teaching. It would at the same time indicate 
a lesser relevance of a specific belief profile.

The INQUA implemented by teachers belonging to the 
third profile may indicate, but this second conclusion has 
to be used with great caution, that strong cognitive skills 
may be able to compensate at least partly for some weaker 
spots in teacher knowledge. The final answer to this ques-
tion will not only depend on replications of our results but 
also on linking teacher and INQUA characteristics to stu-
dent outcomes. The state of research with respect to teacher 
knowledge indicates positive effects either on cognitive 
outcomes such as mathematics achievement (e.g., Hill et al. 
2005, Kunter et al. 2013) or on affective-motivational out-
comes such as student motivation. Although these studies 
are first indications of the relevance of teacher competence 
and INQUA, results about relations of more recently debated 
skill facets such as teachers’ perception, interpretation and 
decision-making to student outcomes are lacking as well as 
the interplay of the full range of competence facets.
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