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chapter 1

Introduction

Theoretical physics concerns itself with simplified models of Nature. The rationale for this
is twofold; from practical grounds it is impossible to include all degrees of freedom in a
large and complex system, but the primary reason, perhaps, is the clarity of intuition that
accompanies these simple models. The construction of theoretical models with a myriad of
parameters is certainly possible, but insights into the most important aspects of the system
only reveals itself as irrelevant degrees of freedom are discarded. Inmost cases the disposable
degrees of freedom are those that either only operate on very short distances compared
to our observations, or those that are extremely short-lived and never contribute to the
systems overall behavior. A seemingly prerequisite for the success of such a model-building
scheme is a type ofmodus operandi for identifying the relevant degrees of freedom for a
given scale of observation. If possible, this paints a beautiful picture of Nature as divided
into different length scales where the behavior on one scale can be derived from another by
some process of coarse graining.

It is therefore perhaps a discouraging fact that in most cases such coarse graining is not
possible from a mathematical point of view. At best, it is possible to connect one scale to
a not-so-different scale, but even this is typically only possible under several simplifying
assumptions. Method whereby ones degrees of freedom are coarse grained and a new
model deduced often go by the name of the renormalization group. Generically, one has a
system with many microscopic degrees of freedom where some random rules prevail. As
the microscopic degrees of freedom are averaged over, their joint probability distribution
must be changed to accommodate for the change in degrees of freedom. This flow in
the space of distributions is the renormalization group flow, which was first developed to
deal with problems in particle physics. Much work went into unveiling the structure of
the renormalization group is the 70s, and with it came the idea of effective theories. The
renormalization group made it possible to express in a mathematically precise way the
intuition about degrees of freedom being relevant or irrelevant.

Although coarse-graining and the renormalization group method will not always pro-
vide an universal answer to the question of identifying relevant degrees of freedom due
to its at-times mathematical intractability, it has shaped our intuition regarding effective
theories and how to model Nature. Namely, it was found that the effect of repeated coarse
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Figure 1.1: Physics concerns itself with all scales of Nature, from the atomic andmolecular
level, through the biophysical world thatmakes up cells and tissue, to living organisms and
their collective behavior. At every level there is a minimal description, typically with some
degree of autonomy, that captures the essential behavior.

graining was to reduce the number of terms in the theoretical model, until a very simple
model remains at large scales. This large-scale model typically consists of the terms that
are consistent with some symmetry of the problem. In this way, writing down effective
large-scale theories directly based on symmetry, and to some degree gut-feeling, became a
legitimate business. Such partially phenomenological models go hand in hand with the
microscopicmodels, and a not uncommon approach is to supplement amacroscopicmodel
with computer simulations of the underlying dynamics.

The fact that our theoretical models tend to simplify as one coarse grains is a reflection
of the fact that the complexity of a physical system can in a way be tamed by itself. One
of the most amazing facts about Nature is the way in which simplicity and complexity are
interwoven across different length scales. In the limit of a very large number of microscopic
degrees of freedom, their interactions may conspire to produce collective effects, which are
those reflected in the simple theoretical models at large scales. Figure (1.1) shows a cartoon
version of this process, inspired by P. Andersons classic paper "More is Different" [1]. On
a microscopic scale all pieces of matter, living or dead, consist of atoms and molecules
that follow the rules of quantummechanics. At larger scales the molecules can formmore
cohesive structures like cellmembranes in living things, which on even larger scales canmake
up something like a bird. On even larger scales one can start to talk about the collective
behavior of birds, or in the case of humans, how our society can be seen as a complex
system through physicist eyes. Physics, and condensed matter physics in particular, often

2



concerns itself with taking a step back and providing simplified models for a wide range of
complex systems, across all length scales of Nature. For example, the mathematical models
that describe how birds move in flocks are very similar to the models of how the opinions
of humans become aligned through interactions on social media, which again are very
similar to the simplest statistical models of magnetic systems. In all cases, the underlying
microscopic behavior is irrelevant; while the flocking of birds depend crucially on the
existence of birds and thus a functional anatomy, the flocking behavior emerges solely from
the birds response to sensory input, just like howmacroscopic magnetization emerges from
relatively simple rules of how spins of atoms align through short-range interactions and do
not depend crucially on the underlying quantummechanical behavior or the type of atom.

A common example of an effective large-scale model is hydrodynamics. In fact, in
modern condensed matter physics lingo, hydrodynamics simply refers to the large-scale
continuummodels for a complex systemwith many interacting parts. As before, one has to
identify the relevant and irrelevant degrees of freedom. In the case of hydrodynamics, the
two are often synonymous with conserved or non-conserved quantities. If some physical
quantity is conserved under the microscopic dynamics, one expects that this quantity is also
reflected in the macroscopic dynamics. A disturbance or perturbation of such a quantity
would have to relax and re-distribute itself spatially as the system approaches an equilibrium
state, contrary to a non-conserved quantity which would simply decay over some short time
scale. The most famous case of hydrodynamics is given by the Navier-Stokes equations,
which governs the mass density, momentum and energy contents of a fluid. Interestingly,
the completion of theNavier-Stokes equations took place the same year that Robert Brown
discovered Brownian motion, one of the first direct evidences of the atomic picture of
Nature. These two developments were not necessarily in conflict however, since the idea
that the world may consist of tiny discrete elements had been around for a long time before
the development of fluid mechanics. Even if the atomic view was correct, it was clear to
everyone that a description like the Navier-Stokes equations was needed, since trying to
keep track of every microscopic constituent would be tomfoolery.

Brownian motion and the idea of large-scale effective models is central in this thesis.
We will mostly be concerned with the motion of passive and active particles that are placed
in non-trivial situations, and the effective models for their behavior at large spatial and
temporal scales. Passive here simply means that the dynamics of the particle is governed
by how it is acted upon to its surroundings, like external forces and thermal fluctuations
as in the case of the particles R. Brown studied. In passive systems, the only way to drive
the system out of equilibrium is to apply some external force on it. In the case of active
particles, on the other hand, the system is spontaneously driven out of equilibrium due to
the individual particles ability to consume energy which can be converted to kinetic energy.

The class of systems we consider in this thesis are those where some microscopic con-
stituents move according to some dynamical rules while being immersed in a fluid, possibly
in the proximity of obstacles or system boundaries as sketched in Fig. (1.2). The dynamics
of the particle may be rather general, ranging from a passive tracer particle to more complex
entities like biological microswimmers, an example of an active particle.
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Figure 1.2: This thesis considers small spherical particles moving in complex media. In the
sketch a periodic porousmedia is used as an example, while the situations considered range
from particle confined to bounded domains to particles moving in a complex fluid.

There are three main classes of interactions present in such systems: particle-particle
(IP P ), particle-fluid (IP F), and particle-solid interactions (IP S ). Based on the effective theory
logic, we will typically deal with these interactions in the following way.

IP P : Particle-particle interactions come in the form of a long-range and short-range type.
Natural short-range interactions include repulsive forces like those modeled in the
Lennard-Jones potentials, or even shorter ranged forces like volume exclusion interac-
tions appropriate for a system of hard particles of a given size and shape. The particles
may also interact through long-ranged interactions like the Coulomb interaction. In
this thesis, the only (semi) long-ranged interaction of relevance is the alignment inter-
actions among active particles, where the interaction range is a parameter thatmay be
set small or large. This is the interaction leading to flocking states of active particles.
For passive particles, we will typically assume dilute solutions so that particle-particle
interactions may be ignored or possibly treated in a mean-field way.

IP F : In the simplest case the fluid has a uniform viscosity. We will assume that we are
working in the low-Reynolds limit, where the Stokes drag law holds. In principle
there are corrections to this behavior, where the particles also affects the fluid around
it. This may lead to hydrodynamic interactions, which are long-ranged interactions
where two objects interact through the fluid medium. Some more complex fluids
may also have a viscosity that depends on the applied forces, or may vary spatially
due to some microscopic inhomogeneous structure, like a entangled network of
polymers of string-like macromolecules. Models where macroscopic parameters like
the viscosity is promoted to spatially and possibly time-dependent fields typically
fall into the category of effective theories that are expected to hold for large space
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and time scales. This is typically how we will deal with more complex fluids, which
will be discussed in more detail in the later chapters.

IP S : Particles may interact with obstacles or system boundaries either through hydrody-
namic interactions or by direct contact. In simple cases where one would like to con-
tain the particles inside a container, one can often rely on reflecting or bounce-back
boundary conditions to deal with particle-solid interactions. This is the approach
taken in this thesis. Formore disordered systems, an effective theory approach similar
to that used for inhomogeneous viscosities is possible. For example, if the obstacles
are many small disc-like objects randomly distributed, like in a porous medium, one
may on large scales regard the effective influence of the obstacles on the particles as
increasing the drag. If the distribution of obstacles are inhomogeneous, one may
have to allow for slowly varying position-dependent transport coefficients in the
coarse-grained equations.

Our investigations, in particular in the appended papers, will almost exclusively consist
of analytical predictions based on some minimal analytical model for the continuum
behavior supplemented with numerical studies of the underlying microscopic dynamics.
While the simplifying assumptions mentioned above concerning various interactions will
allow us to consider the effective large-scale theories, the simulations of the microscopic
behavior will be with as few simplifying assumptions as possible, in order tomost accurately
capture the desired dynamics.

list of publications

Here follows a list of articles on which this thesis is based. In chapter 5 the papers are briefly
summarized. The papers themselves are appended at the end of the thesis.

1 Geometric universality and anomalous di�usion in frictional fingers, K. S. Olsen, E.
G. Flekkøy, L. Angheluta, J. M. Campbell, K. J. Måløy and B. Sandnes , New Journal
of Physics, Volume 21, 2019.

2 Di�usion entropy and the path dimension of frictional finger patterns, K. S. Olsen
and J. M. Campbell, Frontiers in Physics, 8, 83, 2020.

3 Escape problem for active particles confined to a disk, K. S. Olsen, L. Angheluta, E. G.
Flekkøy, arXiv:2007.08833, Accepted in Physical Review Research, 2020.

4 Active Brownian particles in disordered viscosity landscapes, K. S. Olsen, L. Anghe-
luta, E. G. Flekkøy, Submitted to Soft Matter, 2020.
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structure of thesis

As this is an article-based thesis, the main text that follows is intended as an introduction
to the theoretical framework used in the articles. Should any questions of a conceptual
or mathematical nature arise while reading the papers, the hope is the the text will pro-
vide answers and serve as a source of at least partial resolution. The text is written in a
largely self-consistent manner, and should be both accessible and useful for theoretically
inclined students or researchers wanting to learn the basics of statistical physics of motion
in inhomogeneous media.

Chapter 2 presents a theoretical background for statistical physics in some generality.
Here we start with a discussion of rather general mathematical ideas from probability
theory like conditional probabilities and stable densities, before reviewing more physics-
related topics like entropy, both informational and thermodynamic, and classical statistical
mechanics. This chapter serves as background knowledge, and the experienced reader
is welcome to proceed directly to chapter 3 without loosing elements of the main story.
Chapter 3 presents the main tools used in this thesis, namely the Langevin equations and
the associated Fokker-Planck equations. We discuss these in some detail, including various
ways of obtaining the Langevin equation and the derivation of Fokker-Planck equations
through the Kramers-Moyal expansion. This includes a discussion of the Itô-Stratonovich
dilemma that arises in the case of multiplicative noise. Chapter 4 discusses some simple
models for dry activematter, where a similar Langevin description can be used butmodified
with an active term. Since we deal only with active matter in the dry limit and also restrict
the attention to small spherical active particles the framework is largely similar to that
presented in chapter 3. Active matter is a fascinating and ever-growing field of research,
but we here restrict our attention to the minimum knowledge needed to understand the
papers. Chapter 5 provides a short summary of the main finding of the papers, and offers
possible outlooks.
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chapter 2

Theoretical prelude

This chapter provides a background in probability theory, results about limit densities like
the central limit theorem, entropy from a thermodynamic and information theoretic point
of view and a crash course in classical statistical mechanics. The chapter is not meant to be
exhaustive in any way, but tries to be self-contained and provide a firm ground upon which
the future can be built.

2.1 Why we use statistical models

Probability has played a central role in modern physics ever since the work of Boltzmann
and others in the 19th century, in particular in the context of the kinetic theory of gasses.
Even since, the idea of probabilities has been a source of some controversy, and at times
splitting the physics community into two camps: those with an epistemic and those with an
ontic interpretation of probabilities [2]. In the epistemic case, probabilities are a reflection
of ones state of knowledge or degree of belief. Such cases involve variations of Bayesian inter-
pretations of probability, and are argued by some to be unnatural for physics since then the
physical laws have a unsatisfactory dependence on the observes. The ontic interpretations
try to assign probabilities to nature itself rather than to the belief of individuals.

There are also some interpretations that are what one may call semi-objective. Bayesian-
ism is sometimes further divided into two classes, the subjective and the objective type.
Subjective Bayesianism is the idea that probabilities really is the representation of our degree
of belief or knowledge, while the objective Bayesian approach tries to sneak in objectivity
through asserting that there is a certain amount of information available to any observer.
This is often worded as the assumption that every observer is an ideal observer that is
able to extract all the information about a system that is manifest at the scale on which
the observations were made. Hence the probability laws would also, by definition, agree
between observers. This interpretation goes well with the notion of effective theories in the
condensed matter physics sense: rather than trying to model everything at once, we only
care about the relevant degrees of freedom at a certain scale. If the scale is changed, then
so will our theoretical model. In this way, objective Bayesianism presents the probabilistic
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models we construct not as a reflection of a given individuals knowledge, but rather as a
reflection of the available relevant information to be modeled.

In the remainder of this chapter we present the basic aspects of probability theory,
statistical physics and thermodynamics in a more or less unified way. Topics of the more
philosophical kind will not play a key role in the future discussions, but bementioned again
when we briefly discuss the entropy from the point of view of Shannon and information
theory. Readers familiar with the topics presented in this chapter will likely not miss out by
proceeding directly to the next chapter, although ideas and terminology from this chapter
will be used throughout the rest of this thesis as well as in the relevant appended articles.

2.2 Aspects of probability theory
Basic concepts

The theory of probability is an elegant framework from a mathematical perspective, with
basis in set theory and measure theory from the point of view of Kolmogorov. We will here
not do proper justice to probability theory, and for more detailed discussions we refer the
reader to other excellent sources, for example [3, 4, 5, 6, 7, 8]. The following discussions in
this chapter will be based on these references.

For the purposes of this work, we think of a statistical model as a pair (Ω, P ), whereΩ
is the sample space containing the degrees of freedom we are interested in modeling, and
P the probability distribution over the sample space. For example, the sample space may
consist of all the spin configurations σ : Z2→ {−1,1} in the Ising model on the 2D square
lattice, or simply the outcomes of a coin toss {Heads, Tails}. A probability measure on the
sample space is a map P : Ω→ R satisfying P (ω) ≥ 1 and

∑
ω P (ω) = 1. The simplest

distribution is the uniform distribution, for which P (ω) = |Ω|−1 assigns equal probability
to all elements of the sample space. P (ω) is often called the probability mass function in the
case where the degrees of freedom are discrete. One may also assign probabilities to subsets
of the sample space by the total measure of that subset:

P (Ω′ ⊂Ω) =
∑
ω∈Ω′

P (ω)

where the reduction to the normal probability mass function is obtained by considering
the measure of a singleton set P (ω) = P ({ω}). Another important concept in probability
theory is that of independence. The conditional probability P (E|F) for sample space subsets
E and F is defined as

P (E|F) =
P (E ∩F)
P (F)

.

The eventsE andF are said to be independent if P (E∩F) = P (E)P (F), meaning P (E|F) =
P (E).

Random variables are one of themain objects of study in probability theory, and indeed
also in statistical models in physics. In physical applications the random variables are often
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chosen to model the degrees of freedom of our system that we would like to represent
in a simplified stochastic way as discussed in the introduction. A random variable is in
general some functionX :Ω→ S from the sample space to a target space S . The random
variable is typically some observable quantity we want to measure. For example, for the
throw of a dice, the sample space is simply {1,2,3,4,5,6}, while we may want to ask about
the probability of obtaining an even number, which we can think of as the function that
maps odd numbers to O and even numbers to E, making the "evenness" random variable a
map {1,2,3,4,5,6} → {O,E}. In general, we denote the probability mass function for a
random variableX by PX , which is defined by

PX(x) =
∑

ω∈Ω:X(ω)=x

P (ω)

where x is a possible outcome of the variableX. In the example of even and odd number
resulting from a fair dice with P (ω) = 1/6, one has P (O) = P (E) = 3/6 = 1/2. The
probability of a subset S ′ ⊂ S of the target space can from PX(x) be calculated as

P (S ′ ⊂ S) =
∑
x∈S ′

PX(x)

Wewill mostly be dealing with continuous random variables in this thesis, for which we
similarly have

PX(S ′ ⊂ S) =
∫
S ′
dxρX(x)

for a probability density function ρX(x). Note that while the probability mass function is
without dimension, a density has units of inverse x in order to make the final probability
dimensionless.

For a collection of random variables {Xi}, which we denote by ~X for simplicity, one
has to consider the joint probability function. First, note that we may consider the tuple of
random variables as a mapping

~X :Ω→
∏
i

Si

where Si are the target spaces of the respective random variablesXi . We may then write

P (~X ∈D) =
∫
D

∏
i

dxi

ρ~X(~x)

whereD is a subspace of
∏

i Si and ρ~X is the probability density function associated with
~X. We can think ofD as a product

∏
i Ei where Ei is the subspace of Si in whichXi takes

it values. We can then say that the random variables are independent if the joint probability
factorizes:

P (~X ∈D) =
∏
i

PXi
(Ei).
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Generally, one can obtain so-called marginal distributions for one or more of the variables
by integrating out the remaining variables from the full joint distribution.

Algebra of random variables

Often we want to be able to do some algebra on a set of random variables. We then need to
know how the probabilities change under operations such as addition and multiplication.
IfAis the set of randomvariables, we can equip it with algebraic operations in the following
way.

(λX)(ω) = λX(ω)
(X +Y )(ω) = X(ω) +Y (ω)
(XY )(ω) = X(ω)Y (ω)

These operations, particularly the commutative multiplication, defines the commutative
algebra of random variables. When we have two real-valued random variables there are
some useful formulae for the probability densities of a new random variable constructed
by addition or multiplication of the original variables [3].

Transformation rules of densities under algebraic operations

LetX andY be real-valued independent random variables with probability densities
ρX andρY . Under the algebraic operations defined abovewe then have the following
properties of probability densities.

(i) Z = X +Y : ρZ(z) =
∫
R

dxρX(x)ρY (z − x)

(ii) Z = XY : ρZ(z) =
∫
R

dx 1
|x|ρX(x)ρY (z/x)

(iii) Z = f (X) : ρZ(z) =
∣∣∣∣∣df −1(z)

dz

∣∣∣∣∣ρX(f −1(z))

The function f contains the special case of scalar multiplication f (X) = λX.

We prove the results (i),(ii) and (iii) case by case.

(i) Consider random variablesX and Y , and define Z = X +Y . The probability that
Z takes any value in S0 ⊂R can be written∫

S0

dzρZ(z) =
∫

dx
∫
S0

dzρX(x)ρY (z − x)

i.e. X may take any value as long as Y always takes a corresponding value z − x.
Hence the probability density for Z = X +Y is the convolution

ρZ(z) = (ρX ∗ ρY )(z) =
∫

dxρX(x)ρY (z − x).
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(ii) Next consider multiplication Z = XY . We then have for the probability that Z ∈
[a,b]

P (Z ∈ [a,b]) =
∫ b

a
dzρZ(z) =

∫
dxρX(x)

∫ b/x

a/x
dyρY (y)

i.e. X may take arbitrary values x′ as long as Y always take a corresponding value
x′/x. Changing variables to y′ = yx we get∫ b

a
dzρZ(z) =

∫ b

a
dy′

∫
dxρX(x)

1
|x|
ρY (y′/x)

Since the integration variable is just a name we set z = y′ and read of the claimed
probability density.

(iii) Let Z = f (X) and let S0 ⊂ R. Z takes values in S0 iff X takes values in f −1(S0)
Hence we have

P (Z ∈ S0) = P (X ∈ f −1(S0)) =
∫
f −1(S0)

dxρX(x)

By changing variables tow ∈ S0 we get∫
S0

dzρZ(z) =
∫
S0

dw
∣∣∣∣∣df −1(w)

dw

∣∣∣∣∣ρX(f −1(w))

from which the transformation rule for the probability again can be easily seen by
comparing integrands

ρZ(z) =
∣∣∣∣∣df −1(z)

dz

∣∣∣∣∣ρX(f −1(z)).

Expectation values

Next we define expectation values. These are the main tool that connects microscopic
physics with macroscopic physics, as behavior of a macroscopic system results from the
average of the behavior on the microscopic level. LetX :Ω→ S be a random variable as
before, withAdenoting the algebra of random variables. Formally one must also assume
that xρX(x) a L1-integrable function. The expectation values are then real-valued maps

E : A→R

E : X→ E(X;ρX) =
∫

dxxρX(x).
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In the case of discrete target space we can obtain the expectation value by considering a
probability density

ρX(y) =
∑
x

pxδ(x − y)

in which case we have
E(X;ρ) =

∑
x

xpx.

Another much used notation isE(X;ρ) = 〈x〉. While this is simpler and we will use it in
later chapters and in the appended papers, we will for now use the boldface notation as it
allows easily to include the dependence on the density ρ in a clear way.

The algebraic operations on the set of random variables induces algebraic rules for the
expectation values, which in the case of independent variables can be seen as stemming
form the transformation properties of the probability densities ρX . Even for dependent
variables the expectation is linear. Let X,Y be random variables taking values inR and
ρX ,ρY their respective probability densities. Then, under addition of the two random
variables the expectation value satisfies

E(X +Y ;ρX,Y ) = E(X;ρX) +E(Y ;ρY ).

Furthermore, ifX and Y are independent the expectation satisfies

E(XY ;ρXY ) = E(X;ρX)E(Y ;ρY ).

The factorization property follows trivially from the definition of independent variables.
Linearity can in general be proven as

E(X +Y ;ρX,Y ) =
∫

dxdy(x+ y)ρX,Y (x,y)

=
∫

dxx

∫
dyρX,Y (x,y) +

∫
dyy

∫
dxρX,Y (x,y)

=
∫

dxxρX(x) +
∫

dxyρY (y)

= E(Y ;ρY ) +E(X;ρX)

Here we have defined the marginal distributions as ρX(x) =
∫
dyρX,Y (x,y), and similarly

for the variable Y , as we discussed above.

Moments and generating functions

Whenever probability densities are encountered in physics, its moments are often the first
thing to be calculated. The n’th moment of the random variableX, here assumed to be
real-valued for simplicity, is defined as the expectation value

E(Xn;ρX) =
∫

dxxnρX(x)
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At this point one often also introduces the so-called moment generating functions. Gen-
erating functions are widely used both in statistical physics and in quantum field theory.
Intuitively a generating function is in general a function defined in such a way that it
contains all the information regarding a sequence of numbers. Some rule then tells us how
to extract the numbers from the generating function. They are widely used in number
theory. For example, the function g(x) = x(1− x − x2)−1 generates by differentiation the
numbers g(n)(0) = {n!fn}where fn are the Fibonacci numbers. Another trivial example is
the geometric series 1 + x + x2 + ... = (1− x)−1 which is the generating function of the
sequence {1,1,1, ...}. For an alternative discussion on generating functions in statistics see
[7]. The generating function for the moments of a distribution is simply GX(t) = E(etX)
for a real parameter t. It is easily seen that this function indeed generates the correct mo-
ments. Let us assume that the moment generating function is n times differentiable, i.e.
that the probability density has its n first moments finite. Then, using Taylors formula
with remainder

GX(t) =
n−1∑
k=0

E(xk)tk

k!
+

1
n!

∫
dξGn

X(t)(t − ξ)n

Hence the moments are obtained by k-fold differentiation: G(k)
X (0) = E(Xk;ρX). This

generating function has a connection with the normalization constant for a class of un-
normalized probability densities. If ρ̃X is a unnormalized density we can normalize it
by

ρX(x) =
ρ̃X(x)∫

S
dxρX(x)

≡
ρ̃X(x)
Z

Here the normalizing factor Z is called the partition function. In the case where ρ̃X(x)
belongs to a generalized exponential class of distributions, ρ̃X(x) = f (x)erx, we have

Z(n)(r) =
∫
S
xnf (x)erx.

Hence we see that Z(n)(r)/Z(r) = E(Xn;ρX). In these cases the partition function can
be seen as a generating function for the random variableX, a connection that is utilized
throughout statistical mechanics.

Stable densities

The renormalization group captures some of the most profound ideas in physics, namely
that of coarse-graining and the effect coarse-graining has on our theoretical models. In
a general setting the renormalization group is a dynamical system in an abstract space of
theoriesM. The realization ofMdepends on the implementation of the renormalization
group ideas in a specific case, but in statistical physics it is typically related to the space
of probability measures or probability densities. The dynamical rule of this dynamical
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system consists of constructing an effective theorymeff(`′) on a length scale `′ from an
original theorym(`), ` < `′. Typically one imagines that this transformation is induced
by some averaging or coarse-graining process over degrees of freedom at smaller scales.
In this sense, the renormalization group is closely related to the algebraic manipulations
we performed in the previous section, where a probability density changes as we perform
algebraic operations, since averaging is a particular type of algebraic manipulation. The
iterative application of a renormalization transformation, which we denoteR, generates a
flow inMas depicted below.

As with most dynamical systems one may search for fixed points. These typically come
in three guises, namely stable, unstable an semi-stable. The stable points are characterized
by the feature that small deviations from the model will be sent plunging back into the
stable fixed point under the renormalization transformation. In the unstable case the oppo-
site is true, and for semi-stable points there are directions of both types. The fixed points
corresponds to theoriesm∗ ∈Mwith the property that a typical scale is missing. Here scale
needs to be interpreted depending on the application and the particular coarse-graining
procedure. The stable or attractive fixed points are the basin or attraction of a large class
of theories, namely all those theories that share a scale-invariant effective theory at large
scales. Such classes are called universality classes. In some sense, this idea of universality
helps explain the success of physics. Were it not for the fact that physical phenomena are
divided into a hierarchy of scales where one layer only depends on a handful of properties
of the preceding layer physics could never proceed; we would need to know everything
before we could do anything.

The renormalization group ideas have a close connection with information theory,
which we here only mention in passing. As successive renormalization transformations are
carried out the microscopic details become more and more blurry. In this way information
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is lost, and cannot be restored uniquely. The name renormalization group is therefore
somewhat misleading, as it in reality is a set of transformations R : M→Mwith the
property of a monoid, or semigroup. These are group-like algebraic structures where there
is a composition operation which is associative, but there is no inverse transformation.
In the case of a semi-group there is also no identity. The lack of inverse renormalization
transformations is the formal reflection of information loss.

There are many beautiful examples of the renormalization group in statistical physics,
for which we refer the interested reader to for example Cardys excellent book [9]. Here
we want to discuss how the renormalization group ideas can be used to derive so-called
stable densities for independent random variables, which includes the famous central limit
theorem which we will use in later chapters. Although the renormalization group language
is biased towards physics, the topics discussed here are classics in probability theory. A
classical mathematical reference is [10]. Discussions using the same renormalization group
terminology as is done here can be found in [11] or [12].

Let us consider a collection of real-valued random variablesX1,X2, ... indexed by the
natural numbers and that are identically distributed with probability density function
ρ(x) ∈ D(R). As a coarse-graining procedure we consider the averaging

Y2 =
X1 +X2

b

for some constant b which in turn induces a transformation in the space of densities D(R).
Iterating this coarse grainingm times we end up with a random variable

Y2m =
X1 + ...+X2m

bm

The probability density that determined the behavior of the coarse-grained random variable
for very largem is called a limiting density. We here study these limiting densities using the
renormalization group language, following [12, 11].

Recalling back to the discussion on the algebra of random variables, we proved that
addition of real valued random variables led to a density determined by a convolution
integral. Similarly the multiplication by a constant led to a rescaling of both the argument
and the value of the density. The combined transformation in the space of densities needed
in order to perform the above coarse-graining procedure is called the renormalization
transformation. We consider the scaling transformation Sb[ρ](x) = bρ(bx) induced by
division with a number b. The density of the coarse-grained variable Y2 above then reads

ρY2
(x) = (Sb ◦ C)[ρ](x) = b

∫
dyρ(y)ρ(bx − y)

where Cis the convolution induced by the addition of variables. The combined transforma-
tion Sb ◦ Cdefines the renormalization transformationRb : D(R)→ D(R). Using this
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definition one can easily verify that the probability density function for the coarse-grained
variable Y2m is given byRm

b [ρ](x). A limit density can then be formally defined as

ρ∗(x) = lim
m→∞

Rm
b [ρ](x).

Notably, this density satisfies the so-called fixed point equationRb[ρ∗] = ρ∗.

Since the renormalization transformation is simply a scaled version of a convolution it
will be beneficial to work in Fourier space. Note that a Fourier transformmaps

F[C[ρ]](k) = ρ̃2(k)

F[Sb[ρ]](k) = ρ̃(k/b)

TheFourier space renormalization transformation R̃ = F◦R◦F−1 then acts as R̃[ρ̃](k) =
ρ̃2(k/b) and the fixed point equation takes a very simple algebraic form:

ρ̃∗(k) = ρ̃2
∗ (k/b).

Note that by taking the logarithm of this equation we get that the solutions consists of
functions whose logarithm satisfy log ρ̃∗(bk) = 2log ρ̃∗(k). If the logarithm log ρ̃∗(k) is
a homogeneous function log ρ̃∗(bk) = bα log ρ̃∗(k) it must have degree α = log2/ logb.
The fixed-point densities partition the space of densities D(R) into basins of attraction

A(ρ∗) = {ρ ∈ D(R) : Rn→∞
b [ρ] = ρ∗}.

These basins may be called the universality classes of probability densities for real-valued
independent identically distributed random variables.

As we have already noted, the Fourier space fixed points are functions whose logarithms
are homogenous functions of order αwhere the relation between the scale parameter b
and the order is b = 21/α. An important class of solutions are the symmetric Levy laws
L̃γα where

log L̃γα(k) = −γ|k|α

These symmetric Levy laws are a special case of amore general class of stable densities, which
we will not discuss in any detail here. For a nice discussion see [13] or [14]. It is at this point
interesting to also investigate the structure of the attractive basins to better understand the
classes of distributions that flow towards these fixed point. We here only mention the main
results briefly, but longer discussions may be found in [13, 14]. If a density asymptotically
falls of as ρ(x) ∼ |x|−(1+α) with α ∈ (0,2) it lies in the attractive basin of Lγα. If the
densities fall of faster than |x|−3 the attractive fixed point is the Gaussian distribution with
α = 2 above. This is the generalized central limit theorem. Note that which class one is
working in determines which moments exist - if a density decays as |x|−k only moments
of order n < k exist since the integrals will otherwise diverge. For the Gaussian case, this
implies that at least the two first moments exist.
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2.3 The entropy

Entropy is ubiquitous in the sciences, with ties to physics, biology, information theory and
logic. However, it can be a confusing concept due to various definitions used in different
contexts. Here we start with an information theoretic perspective on the entropy, since this
ties in with the probability theoretic concepts just discussed, before briefly discussing the
entropy in a thermodynamic setting. This discussion follows [8, 2] closely.

For a statistical model (Ω, P ) with a discrete sample spaceΩ, the entropy of the proba-
bility measure P is defined as

S[P ] = −k
∑
ω∈Ω

P (ω) logP (ω)

where k is a proportionality constant. The entropy is a map from the space of probability
measures to the real positive numbers, where the value is often interpreted as somemeasure
of information or disorder (lack of information). Wemake thismore precise in the following
discussion. We can also define the entropy in the context of a random variableX :Ω→ S
as

S[PX] = −k
∑
x∈S

PX(x) logPX(x)

We will here use the entropy of the sample space as an example although the discussion can
be easily generalized to the case of a random variable.

The above entropy has certain properties. Consider the sample spaceΩ×Ω′ where the
probability measure is defined by P ({a,b}) = pap

′
b for a ∈Ω,b ∈Ω′ , where the lowercase

p’s denoted the probability in each sample space. The entropy then satisfies

S[p,p′] = −k
∑
a,b

pap
′
b log(pap

′
b) = S[p] + S[p′]

So the entropy is additive for independent systems. This makes sense if we are to think of
entropy as a measure of information, since a system without correlations should have no
cross-information.

There is also the possibility of re-ordering the events in question [2]. Consider for
simplicity the events {E1,E2,E3}with corresponding probabilities {p1,p2,p3}. We may
consider E2 ∪E3 ≡ E as an event on its own, with probability q = p2 + p3. The entropy
can then easily be shown to satisfy1

S[{p1,p2,p3}] = S[{p1,q}] + qS[{p2/q,p3/q}]

We here also see a simple example of the effect of coarse-graining: by reducing the sample
spaceby combining events in somewaywill decrease the entropyS[{p1,q}] < S[{p1,p2,p3}].

1To show this it is easiest to start by calculating the last term qSI [{p2/q,p3/q}].
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If we think of the entropy as a measure of the information available in a state, the coarse-
grained system {p1,q} contains less information, or rather requires less information to be
specified than the true "microscopic" system {p1,p2,p3}.

These two properties, additivity and partitioning, are part of the list of axioms that
defines the information entropy. These axioms are believed to encapsulate the properties
of the idea of a information measure. Paraphrasing from Jaynes [2] and Callen [15], the
so-called Shannon-Khinchin axioms can be formulated as

i) continuity: The entropy should depend continuously on the probability mass
function.

ii) additivity: For two independent systems the entropy is additive.

iii) maximum and monotonicity: The entropy takes its maximum value at the
uniform distribution. It is then monotonic in the cardinality of the sample space.

iv) partition invariance: Upon partitioning the sample space, the entropy is in-
variant.

It is known that the above form of the entropy is the only function satisfying such axioms
[2].

Since continuous distributions are most relevant for the work in this thesis, we consider
a continuous random variable with density ρ:

S[ρ] = −k
∫

dxρ(x) logρ(x)

Before we turn to the maximum entropy principle, note that when we here naively gener-
alized to the continuous case the entropy is only determined up to a constant. Indeed, if
one performs a coordinate transformation, x→ x′ with Jacobian J normalization of the
probability density implies the transformation rule

ρ′(x′) = J−1(x,x′)ρ(x(x′)).

This gives for the entropy the transformation rule

S[ρ′] = S[ρ]−K〈log J〉

An exception to this rule is when one is dealing with a phase-space distribution in clas-
sical mechanics. Here the fact that canonical momentum is a co-vector and not a vector
implies an additional term that exactly cancels the above, giving a coordinate invariant
entropy [16]. Of course, one is often only interested in the spatial entropy, sometimes called
the configurational entropy, and one should be aware of this ambiguous zero-point entropy.

From the point of view of statistical inference the information entropy can serve as a
way to chose the most honest probability distribution for a given set of facts. Let us assume
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that for a random variableX there are k functions fi(X) that we know the average outcome
of, i.e.

Fk = 〈fk(X)〉

is given, for example through measurements. We would now like to pick the distribution
that maximizes the entropy given the set of values {Fk}, as this distribution represent the
least biased distribution constrained by the observations [17]. To do this, consider the
Lagrange functional

L({λi}) = SI [ρ]−
∑
j

λj

{
Fk −

∫
dxfk(x)ρ(x)

}
where λj are Lagrange multipliers. Following standard Lagrange multipliers logic we solve
the equation δL/δρ = 0. The solution reads

ρ(x) = Z−1 exp

 1
K

k∑
j=1

λkfk(x)

 , Z=
∫

dxexp

 1
K

k∑
j=1

λkfk(x)


The Lagrange multipliers are in principle found through the constraining equations. In
the simplest case of no constraints we see that the maximum entropy distribution is the
uniform distribution. If only the mean and variance is known, one can easily show that the
maximum entropy distribution in a Gaussian. If only the mean is known, and the random
variable takes values only over positive numbers, the distribution in exponential.

To make the connection to thermodynamics apparent, we briefly discuss the structure
of thermodynamics following Callen[15]. From this point of view, thermodynamics is
based on the following postulates.

Postulate: There exists equilibrium states, which are macroscopic states of systems that
are characterized by the internal energy U , and other relevant thermodynamic degrees
of freedom {Xi}.

The additional relevant degrees of freedom typically include the system volume V and, say,
the numberNj of particles of a type j .

Postulate: There exists an entropy function S(U, {Xi}) that takes on a maximum
value in equilibrium.

Postulate: For an equilibrium system, the entropy function satisfies additivity over
subsystems.

Postulate: The entropy is a continuous and di�erentiable function of the thermody-
namical variables. Furthermore, the entropy is strictly monotonically increasing with the
internal energy of the system.
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These postulates implies in particular Euler homogeneity. Consider the thermodynamic
parametersXi that are such that they are extensive, i.e. those that scale linearly with system
size. These should not be confused with random variables at this point. These variables
are for example energy, volume and particle number as mentioned above. Then, make k
copies of the system next to each other. The additivity of the entropy then implies that

S(kU,kX1, kX2, ...) = kS(U,X1,X2, ...) (2.1)

The standard relations in thermodynamics can be obtained by looking at the total differen-
tial of the entropy. It takes the form

dS(U, ~X) =
∂S
∂U

dU +
∂S

∂~X
· d ~X.

The partial derivatives here are given names

1
T
≡ ∂S
∂U

; ~F≡ ∂S

∂~X

where we have defined temperature T , andFi(U, ~X) are functions that can be shown to
be zeroth order homogeneous, i.e. are intensive to system growth:

F(kU,k ~X) =
1
k

∂S(kU,k ~X)

∂~X
= F(U, ~X).

where the homogeneity propertywas used. They are therefore simply referred to as intensive
variables. As an example, consider X1 = V , X2 = N . Then the intensive variables are
related to the pressure P and chemical potential µ respectively

P /T =
∂S
∂V

; µ/T = − ∂S
∂N

The total differential of the entropy can now be written

dS =
1
T
dU +

P
T
dV −

µ

T
dN

or more generally dS = dU/T + ~F· d ~X. A connection can here be seen with the infor-
mation theoretic entropy, which would have the differential −λid〈fi〉, and we see that
Lagrange multipliers are often associated with the intensive thermodynamic quantities.
For a more detailed discussion see Callen’s book [15] or the discussion in [17].

The above discussion of thermodynamics holds for equilibrium systems, while often
one encounters non-equilibrium systems where the thermodynamic entropy is not always
well-defined and a subject of some controversy. However, from the point of view of
information theory there is nothing wrong with using the Shannon form of the entropy
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Figure 2.1: A point in the phase space Γ can correspond to the full state or a single ormany
particles. The state changes due to a Hamiltonian flow in the phase-space.

for distributions describing out-of-equilibrium states. Generically, the entropy will be a
time-dependent function that increases towards its maximum value at equilibrium. The
time derivative of the entropy is often decomposed as

Ṡ =Π−Φ

whereΠ is a Galilean invariant term called the entropy production andΦ are the Galilean
non-invariant terms which typically consist of some coupling between the system and its
environment through for example an external potential. One may then have Ṡ = 0 either
because of a balance between internal and external dissipative processesΠ = Φ , or Ṡ = 0
becauseΠ = Φ = 0. Only the latter case is defined as an equilibrium, while the first case is
a steady state.

2.4 A crash course in Hamiltonian dynamics

Large parts of statistical physics can be thought of as the ideas from probability theory
applied to Hamiltonian systems. There are many excellent sources for Hamiltonian dy-
namics. We will here present a brief crash-course that serves as a reminder of the basic
concepts, while readers interested in further discussions can see for example the classic book
by Arnold for formal details [18].

Consider a particle described by a set of generalized coordinates {qi}ni=1. These are the
local coordinates of a configuration manifoldM. For a particle moving in one dimension
the configuration manifold is simply the real line, while for a more complicated system like
a double pendulum the configuration manifold is a torus, where two angles describe the
pendulums position. A trajectory of the particle is a curve q(t) inM and the velocity of the
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particle is the tangents q̇(t). The Lagrangian L[q, q̇] is a functional of these trajectories that
contains the dynamical information about the system. The principle of least action states
that the action functional

S[q, q̇] =
∫

dtL[q, q̇]

should beminimized to find the physical trajectories. The functional variation of the action
is δS = δS[q,q̇]

δq δq(t) so the principle of least actions states that the functional derivative of
the action vanishes. This is the Euler -Lagrange equations

δS[q, q̇]
δqk

=
∂L
∂qk
− d
dt

∂L
∂q̇k

= 0

A Legendre transform (q, q̇)→ (q,∂L/∂q̇) introduces the generalized momenta pk =
∂L/∂q̇k , and the Lagrangian is mapped to the Hamiltonian

H[q,p] =
n∑

k=1

{pk q̇k −L[q, q̇(p)]}

The space where (q,p) are local coordinates is called the phase space, and is denoted Γ . In
later applications to passive and active Brownian motion we will encounter cases where
the magnitude of the momentum of the particle is constant, while the direction of motion
changes in time. In such cases we will also refer to the space of position and direction of
motion as a phase space. Geometrically, the generalized coordinates and velocities form
the tangent bundle TM of the configuration manifold, while the generalized coordinates
and momentum forms the cotangent bundle T ∗M. This can be seen also from the fact
that the generalized momenta transforms inversely of the velocities under a coordinate
transformation.

The infinitesimal variation of the Hamiltonian reads

dH =
n∑

k=1

{
∂H
∂qk

dqk +
∂H
∂pk

dpk

}

=
n∑

k=1

{
q̇kdpk + pkdq̇k −

∂L
∂qk

dqk −
∂L
∂q̇k

dq̇k

}
Using the definition of the generalized momenta the differentials become

n∑
k=1

{
∂H
∂qk

dqk +
∂H
∂pk

dpk

}
=

n∑
k=1

{
q̇kdpk −

∂L
∂qk

dqk

}
Since q and p are independent variables, we find by equations term by term in the sum
Hamiltons equations of motion

q̇k =
∂H
∂pk
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ṗk = −∂H
∂qk

Note that the equation for the momentum is simply the Euler-Lagrange equation. If we
writeX = (q,p) for a general phase space point, we may write these equations in a more
compact form as

Ẋ = ω∇H

where we introduced the skew-symmetric tensorωwith components satisfyingω(qi ,pj) =
−ω(pj ,qi) = δij ,ω(qi ,qj) = ω(pi ,pj) = 0. This is a simple example of a tensor called a
symplectic form, and a manifold together with such a form is called a symplectic manifold.
Hence the phase space is a symplectic manifold, and the physical flow on this space is
governed by a "twisted" gradientω∇ of the Hamiltonian. This is the Hamiltonian flow.

Observables in classical mechanics are often taken to be smooth function on the phase
space Γ . For example, the energyE ∼ p2 for a freely moving particle. The set of observables
in physics is typically endowed with the structure of a Lie algebra, both in classical and
quantum physics. Recall that a Lie algebra is, roughly speaking, a set of objects {A,B, ...}
equipped with a skew-symmetric bilinear map [·, ·] that satisfies the Jacobi identity

[A, [B,C]] + [C, [A,B]] + [B, [C,A]] = 0

In quantummechanics the bilinear map is simply the commutator. In classical mechanics
the Lie algebraic structure is defined by the Poisson brackets

{f ,g} =
n∑

k=1

{
∂f

∂qk

∂g

∂pk
−

∂f

∂pk

∂g

∂qk

}
where f ,g are two phase space functions (observables). The Poisson brackets for the
canonical coordinates reads

{qi ,qj} = {pi ,pj} = 0

{qi ,pj} = δij
Whenever {f ,g} = 0 we say that f and g Poisson commutes. The chain rule now readily
implies that the time evolution of a phase space function f takes the form

ḟ = ∂tf + {f ,H} (2.2)

where we have included an extra term to allow for explicit time dependence. An observable
O that is not explicitly time-dependent is a constant of the motion if it Poisson-commutes
with the Hamiltonian {O,H} = 0. A trivial example is the Hamiltonian itself {H,H} = 0.
Thus if a system starts is a subspace ΓE of phase-space that is defined as the subspace of
constant energy, the forward orbit of the system will remain in ΓE at all times, as sketched
in Fig. (2.2).
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Figure 2.2: A phase space trajectory (the forward orbit) starting inside a constant energy
subset remains there for Hamiltonians with no explicit time dependence.

2.5 Classical statistical physics

The flow generated by Hamiltons equations of motion have the special property that a
phase space volume is conserved in time. This happens due to the twisted gradient in
Hamiltons equations. Recall that a phase space pointX ∈ Γ satisfies

Ẋ = ω∇H(X)

We may formally solve this by introducing the flow ϕt ≡ exp(tω∇H), so that X(t) =
ϕt(X). A subsetD ⊂ Γ may be translated in time asD→ ϕt(D). The volume at time t
reads

vol(ϕt(D)) =
∫
ϕt(D)

dV

where dV is the phase space volume element. By shifting coordinates we can rewrite this as

vol(ϕt(D)) =
∫
D
dV det

(
∂ϕt(X)
∂X

)
To calculate the Jacobi determinant, note that to first order in time

ϕt(X) = (1 + tω∇H +O(t2))X = X + tω∇H(X) +O(t2)

⇒ det
(
∂ϕt(X)
∂X

)
= det

(
1 + t

∂(ω∇H(X))
∂X

+O(t2)
)

Note that the determinant of the type det(1 + xA) can be expanded using the formula
logdet(M) = Tr log(M). This gives to first order

logdet(1 + xA) = Tr(xA)

so that taking the exponential gives det(1 + xA) = 1 + xTr(A) +O(x2). Hence the Jacobi
determinant is

det
(
∂ϕt(X)
∂X

)
= 1 + tTr

(
∂(ω∇H(X))

∂X

)
+O(t2) = 1 + tDiv(ω∇H(X)) +O(t2)
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Figure 2.3: A phase space subsetD being deformed under the evolutionϕt .

where the trace is the contraction over the phase-space indices. This implies that the phase
space volume satisfies the equation

vol(ϕt(D)) = vol(D) + t

∫
D
dVDiv(ω∇H(X)) +O(t2) (2.3)

This says that the time derivative of the phase space volume is proportional to the integrated
divergence of the symplectic gradient. The divergence of a twisted gradient is zero for
sufficiently smooth functions. Indeed, let F be an at least twice differentiable function.
Then

Div(ω∇F) =
∑
i

{
∂
∂qi

∂F
∂pi
− ∂
∂pi

∂F
∂qi

}
This vanishes due to the properties of mixed derivatives. Hence the phase space volume
remains constant in time.

This volume conservation property together with the general time evolution equation
ofr a classical observable Eq. (2.2) can now be used together with the conservation of
probability to derive the Liouvilles equation for a probability distribution. Consider a
subset of phase space Uand a probability density ρ(q,p, t) over it. Then, we have at time
is evolved: ∫

U

dqdpρ(q,p, t) =
∫
ϕt(U)

dqdpρ(q,p, t)

We can now change coordinates on the right hand side of the equation, so that the two
integrals are taken over the same domain. However, since the determinant is one for
Hamiltonian flow, as we just showed, we must have∫

U

dqdpρ(q,p, t) =
∫

U

dqdpρ(ϕt(q,p), t)
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and hence the probability density must be a constant in time. Eq. (2.2) then immediately
implies that

∂tρ = {H,ρ}. (2.4)

One way to solve this equation, known as the Liouville equation, is to form ρ only as
a function ofH itself. In the simplest case the system evolves in a subspace of constant
energy, ΓE , whereH = E is fixed. Without any other biases the distribution should then be
uniform ρ = 1/ |ΓE |. This is often called the microcanonical ensemble and the associated
entropy reads S = log |ΓE |.

Often a more realistic scenario is that the energy fluctuates around a constant value
〈E〉, referred to as a canonical ensemble. In this case, the maximum entropy distribution is
the canonical distribution

ρ = Z−1e−λEE

where λE is a Lagrange multiplier andZa normalization constant . When calculating the
entropy

S = logZ+λE〈E〉

we see that the term multiplying d〈E〉 in the differential dS is the Lagrange multiplier,
which for thermodynamic consistency should be renamed the temperature λE = 1/T . In
dimension-full units one should allow for the appearance of the Boltzmann constant kB in
the entropy, leading in stead to λe = 1/(kBT ). The probability density is in this case called
a Boltzmann distribution:

ρ = Z−1e−E/kBT

In a similar way one can generalize to other ensembles depending on which quantities are
fixed and which are allowed to fluctuate.
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chapter 3

Passive Brownian particles

This chapter introduces the core ideas behind passive Brownian motion, frommicroscopic
considerations to the continuummodels on large scales. Although this thesis is not con-
cerned with fluid flow, we begin with a brief discussion of spherically symmetric particles
suspended in fluids in the Stokesian regime, with focus on the known results regarding the
drag forces experienced by such a particle due to relative particle-fluid motion. We then
move on to discuss the Langevin and Fokker-Planck description of Brownian motion in
some detail. Throughout this chapter we will use both vector notation and index notation
interchangeably, with greek indices α,β, .. labeling spatial coordinates.

3.1 Spheres suspended in fluids

3.1.1 Fluid mechanics: microscopic considerations
A single-component fluid may be considered as a collection of a large number of particles
that interact through binary collisions. Such situations are often modeled by a kinetic
equation. We know that the joint phase space distributionforN particles, denoted here by
fN , satisfies the Liouville equation

ḟN = ∂tfN + {fN ,HN } = 0

reflecting the Hamiltonian nature of theN -particle systems and the conservation of proba-
bility. HereHN is theN -body Hamiltonian consisting of a sum over theN free-particle
Hamiltonians plus binary interaction terms. To obtain the equation of motion for the
single particle distribution f1 one calculates the marginal probability by integrating out the
remainingN −1 (identical) particles. This together with a moment closure approximation
leads to the Boltzmann equarion:

∂f1 = {f1,H}+ Q[f1]

Q[f1] =
∫

d~p2~p
′
1~p
′
2ω(~p,~p2→ ~p′1, ~p

′
2)
[
f1(~p)f1(~p2)− f1(~p′1)f1(~p′2)

]
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where Q is called the Boltzmann collision operator and ω are transition probabilities
between momentum states. See the appendix for a heuristic derivation of this equation.

Suppose that a quantityψ(~p) is conserved in the microscopic collisions. Onemay show
that this is equivalent to the fact that

∫
d~pQ[f1]ψ = 0, as is discussed in the appendix.

Multiplying the Boltzmann equation withψ and performing some algebra results in the
following macroscopic equation for the conserved quantity [19]:

∂t(n〈ψ〉p) +
∂

∂~q
·
n〈

~p

m
ψ

〉
p

 = n

〈
~p

m
·
∂ψ

∂~q

〉
p

−n
〈
∂V

∂~q
·
∂ψ

∂~p

〉
p

, (3.1)

where n is the number density for the particles, obtained by integrating the phase space
distribution f1, and the average is defined by

〈g〉p =

∫
d~pg(~p)f1(~q,~p, t)∫
d~pf1(~q,~p, t)

=
1

n(~q, t)

∫
d~pg(~p)f1(~q,~p, t).

Balance equation for mass:
For conservation of mass we simply have ψ = 1. This results in the following balance
equation:

∂tn+
∂

∂qα

[〈pα
m

〉
n
]

= 0 (3.2)

This is simply the continuity equation for the particle density as expected.

Balance equation for momentum:
For the momentum invariantsψβ = pβ the balance equation takes the form

∂t(n〈pβ〉) +
∂

∂qα

(
n
〈pαpβ

m

〉)
−nFβ = 0

By writing 〈pβ〉/m = uβ and decomposing the velocity into pβ/m = vβ = uβ +wβ and
using the continuity equation and product rule repeatedly one finds

Dtuβ −
1
ρ

∂
∂qα

σαβ −
Fβ
m

= 0 (3.3)

where Dt = ∂t −uα∂/∂qα, ρ = mn, and the stress tensor σ is given by σαβ = −ρ〈wαwβ〉.
This is the Cauchy momentum balance equation, from which the Navier-Stokes equation
may be obtained if one performs further calculations of the stress tensor. This would
require a more detailed discussion of the distribution f1 used in that calculation, as done
in for example [19]. This turns out to involve quite a bit of phenomenology or educated
guesses, and from our perspective we might as well perform that phenomenology directly
at the level of the stress tensor which is the approach taken here.
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3.1.2 Suspensions in Stokes flow
The stress tensor typically contains a contribution from the pressure, and a

Figure 3.1: Body B suspended in a fluid.
Sασαβ gives the force on a surface element.

second contribution from the viscosity,
called the viscous stress tensor. We write

σαβ = −pδαβ + 2µEαβ

where µ is the viscosity and 2Eαβ = ∂αuβ+
∂βuα defines the strain tensorEαβ. To non-
dimensionalize the resulting momentum
balance equation, we use a characteristic
length scale L, a characteristic flow speed
U and non-dimensionalize the pressure as
p → p̃ = pL/µU . The momentum bal-
ance the reads

ReDt̃ũβ −∂ασαβ = 0

wherewe set the external force to zero. Here
Re = ρLU/µ is the Reynolds number,
which is the only dimensionfull variable left
in the problem. In the limit of slow flows of
high viscosity flows the Reynolds number
is very small, and the material time deriva-
tive term may be neglected. In this case the equation governing fluid pressure and velocity
is simply ∂βσαβ = 0. This is called the Stokes regime of fluid flow.

Given a bodyB suspended in the fluid, the force acting upon in is obtained by inte-
grating the stress tensor over the body contour ∂B:

Fα =
∫
∂B

dSn̂βσαβ

with n̂β the β component of the outward normal vector of the body. By Newtons third law,
an opposite force is exerted on the fluid by the particle, which in general can have important
consequences. For example, this disturbance of a fluid around a moving body will mediate
hydrodynamic interactions between the body and other solid bodies. See [20] for some
simple examples.

For a general bodyB it can be rather tricky to find exact solutions to the force. For the
much simpler case of a sphere of radius amoving with velocity ~v relative to a stationary
fluid with viscosity µ, one may solve the Stokes equations and show that the stress tensor
on the particle surface takes the form [21, 20]

n̂βσαβ = −p∞n̂α −
3µ
2a

vα
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wherep∞ is the far-field pressure value. Using the expression for the force above this trivially
gives the drag force

Fα = −6πµavα

This is Stokes law for drag through a simple viscous fluid. The linearity of the Stokes
equation suggests that the drag is always proportional to the relative particle-fluid velocity,
while the prefactor is determined by the geometry of the particle.

3.2 Motion in homogeneous environments

3.2.1 Derivation a la Fox and Uhlenbeck and the Zwanzig method
At this point there are several approaches one could take to derive the equationofmotion for
a particle immersed in a fluid. Note first that so farwe have only discussed the hydrodynamic
drag force on the particle, which, in one dimension for simplicity, would lead to an equation
of the type

mv̇ = −γv

where γ = 6πaµ if the drag coefficient, or friction coefficient, as discussed above. This has
exponentially decaying solutions, which leads to energy being dissipated away from the
system, which may be readily seen by calculating the time derivative of mechanical energy.
This is however inconsistent with the equipartition theorem, in which the average kinetic
energy is a constant that depends on the temperature [22]. To remedy this inconsistency,
another effect of the particle-fluid interactions has to be included, namely the momen-
tum transfer from the fluid particles to the immersed spherical particle. In the case of a
stationary fluid the motion of the fluid particle is due to thermal fluctuations, which in
the hydrodynamic context may be included by adding a random term to the stress tensor
σ = σ0 + σr , where σ0 is the stress tensor as in the previous section. This approach, taken
by Fox and Uhlenbeck [23, 20], can easily be seen to lead to a random force on the particle
through

Fα =
∫
∂B

dSn̂βσαβ = −6πµavα +
∫
∂B

dSn̂βσ
r
αβ

The statistical nature of this fluctuating force would have to be derived from some con-
siderations of a more microscopic origin, but in the simplest case one divides the fluid
domain into small regions and assumes that the fluctuations in the fluid velocity in each do-
main is independent. In the continuum limit, this gives rise to an uncorrelated fluctuating
component of the stress tensor, as discussed in [20].

Another approach, wherein one can easily see the whole range of possible classes of fluc-
tuating forces is in the Zwanzig approach. In contrast to the point of view taken when we
derived the hydrodynamic equations above, this approach solves the deterministic Hamil-
tons equations and introduced randomness only in later stages through initial conditions.
Here a particle is coupled to a stationary environment (meaning that there is no net flow
for example, if the environment is a fluid) close to equilibrium. Discussions can be found
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Figure 3.2: Sketch of the Zwanzig oscillator bath.

in the book by Zwanzig[24] or in the book by Bhattacharjee [25]. Useful comments are
given by Hänggi in [26].

The environmental degrees of freedom are represented as harmonic oscillators that
perform oscillations close to their equilibrium, while being coupled to a particle of interest.
Consider a particle with massM with phase space variables (X,P ) coupled to a set of n
oscillatory degrees of freedom (qα,pα) through the Hamiltonian

H= H0 +Hb +Hint (3.4)

H0 =
P 2

2M
+V (X) (3.5)

Hb =
n∑
α=1

(
p2
α

2mα

+
1
2
ωαq

2
α

)
(3.6)

Hint = E0 −X
n∑
α=1

cαqα (3.7)

where E0 is a constant term that we allow ourselves to shift so that the minimum of the
total Hamiltonian is at the X where ∂XV (X) = 0. The subscript ”b” denotes the bath
degrees of freedom. The interaction term is assumed to be a simple linear coupling ofX
and the qα’s with coupling strength cα, which we may think of as the first order term is an
expansion of a more general interactionHint = Hint(X, {qα}). One should note here that
the interactions are in a sense non-local and this approach would not be suitable to any
relativistic considerations. Identifying the value for qα for which the total HamiltonianH

is minimal and demanding ∂XH= ∂XV allows to solve for E0. This results in [24]

H= H0 +
n∑
α=1

 p2
α

2mα

+
1
2

[
qα −

cα
mαω

2
α

X

]2
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The resulting Hamiltonian equations of motion take the form

Ẋ = ∂PH=
P
M

(3.8)

Ṗ = −∂XH= −∂XV +
n∑
α=1

cα

(
qα −

cα
mαω

2
α

X

)
(3.9)

q̇α = ∂pαH=
pα
mα

(3.10)

ṗα = −∂qαH= −mαω
2
α

(
qα −

cα
mαω

2
α

X

)
(3.11)

While this coupled set of equations seem rather daunting, they will provide us with im-
portant insights into the behavior of the particle (X,P ). From these equations, we see
that

q̈α =
cα
mα

X −ω2
αqα

which is easily solved by trigonometric functions when cα = 0, i.e. when there is no
coupling between particle and bath. One can solve this equation completely by writing the
solution at this homogeneous solution plus some inhomogeneous part. This results, after
massaging the expression by integrating by parts, in

qα −
cα

mαω
2
α

X =
[
qα(0)− cα

ω2
α

X(0)
]

cos(ωαt)

+pα(0)
sin(ωαt)
ωα

− cα
∫ t

0
ds

P (s)
M

cos[ωα(t − s)]
ω2
α

This is exactly the expression needed to write down the Ṗ equation for our particle. We can
finally write the equation as

Ṗ = −∂XV (X)−
∫ t

0
ds

P (s)
M

K(t − s) + ξ(t) (3.12)

where we have introduced two functions:

K(t) =
n∑
α=1

c2
α

ω2
α

cos(ωαt),

ξ(t) =
n∑
α=1

([
qα(0)− cα

ω2
α

X(0)
]

cos(ωαt) + pα(0)
sin(ωαt)
ωα

)
,
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and where we have setmα = 1 without loss of generality. The second term in Eq. (3.12) is
a type of memory effect, since it integrates over the history of the particle. The function
K is therefore called a memory kernel. Note that the function ξ(t), which is a force on
the particle, is determined by the initial conditions of the problem. In particular, it is
determined by the bath initial conditions. As discussed in the introduction to this section,
we are interested in modeling the environment as random since they represent a large bath
with degrees of freedom we dont have complete control over. If the initial conditions
(qα(0),pα(0)) are random, the function ξ is simply a sum of random variables. By the
discussion of the renormalization group is the introductory chapter on probability, we
therefore expect that ξ is described by some limit density in the n → ∞ limit. In the
simplest case of independent bath degrees of freedom, the central limit theorem holds
and we therefore expect that ξ is completely determined by its two first moments. In this
probabilistic treatment, Eq. (3.12) is called the generalized Langevin equation (GLE).

By initially distributing the bath degrees of freedom according to the equilibrium
Boltzmann distribution

pb(q,p) = Z−1
b e−Hb/kBT

one can show that the noisy force satisfies a form of the fluctuation-dissipation theorem,
namely:

〈ξ(t)ξ(s)〉 = 2MkBTK(t − s).

Based on the stochastic set of equations, Eq.(3.12) together with Ẋ = P /M , one can now
realize the motion of a particle in a noisy environment. One should note that the exact
nature of the environment has not been modeled with any precision here, but a rather
general consideration was made where we decided to group some of the degrees of freedom
together into what we called noise. Exactly which degrees of freedom we model as random
depends on what situation we wish to model and what experiments we wish to compare
it to. If experiments have access only to the motion of a passive particle under the effect
of thermal fluctuations due to a surrounding fluid, using something like a PIV method, it
does not make sense to theoretically spend time representing the fluid degrees of freedom
in large detail. As Zwanzig himself says, "Noise is not an intrinsic property of a material;
it is determined by the experiment used to measure it" [24]. This ties together with the
objective Bayesian perspective on statistical physics that we discussed in the introductory
chapter (sec 2.1) to this thesis.

3.2.2 Diffusive properties in the Markovian case

The derivation of the GLE is instructive in order to see that Langevin equations do not
appear simply by adding some noise term to deterministic equations, but as a general conse-
quence of a particle being weakly coupled to an environment near equilibrium. However,
in order to extract from the GLE physical information one needs to determine the memory
kernelK , which is determined by the frequency spectrum {ωα} of the bath. This spectrum
can in principle be tuned in order to construct a wide range of models. The simplest case,
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which is sufficient for our purposes, is to consider a spectrum so that the memory kernel is
simply

K(t) = γδ(t)

where the constant γ is determined by the frequency spectrum, but will here we treated
as an independent variable [24]. This is called the Markovian limit of the GLE, and is the
famous model for passive Brownian motion. Consider the case where there is no external
force (V = 0). In this case the Langevin equation takes the form

v̇ = −γv + ξ(t)

where we have also set the particle mass to unity for simplicity. At this point there are two
popular ways to approach the problem. One is called the overdamped limit, where one
assumes that the frictional forces dominate over the inertial forces, and sets the left hand
side to zero. We will consider this limit again when we discuss Fokker-Planck equations
below. The standard approach to solve the full Langevin dynamics above, sometimes called
the underdamped limit, is to multiply by eγt and then integrate over time:

v(t) = v0e
−γt +

∫ t

0
dt′e−γ(t−t′)ξ(t′)

This further implies for the velocity correlation function

〈v(t1)v(t2)〉 = v2
0e
−γ(t1+t2) +

∫ t1

0

∫ t2

0
dt′1dt

′
2e
−γ(t1+t2−t′1−t

′
2)2γkBT δ(t

′
1 − t

′
2)

= v2
0e
−γ(t1+t2) + 2γkBT

∫ min(t1,t2)

0
dt′1e

−γ(t1+t2−2t′1)

= v2
0e
−γ(t1+t2) + kBT

[
e−γ|t1−t2| − e−γ(t1+t2)

]
On large time scales compared to1/γ the decaying exponential termsmay be neglected. The
position of the particle can be obtained by integrating the velocity over the time interval
[0, t]. This implies that the mean-squared displacement is determined by the velocity
correlation function

〈(x(t)− x0)2〉 =
∫ t

0
dt1dt2〈v(t1)v(t2)〉

which is an example of a Green-Kubo relation. In the large time limit, we are only faced
with the following integral:

I =
∫ t

0
dt2dt2e

−γ|t1−t2| =
∫ t

0
dt1

{∫ t1

0
dt2e

−γ(t1−t2) +
∫ t

t1

dt2e
−γ(t2−t1)

}
where we split the integral into two domains to deal with the absolute value. Performing
the integral and cleaning up gives

I =
2t
γ
− 2
γ2

[
1− e−γt

]
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Clearly the exponential term vanishes in the limit t→∞, resulting in the mean-squared
displacement

〈(x(t)− x0)2〉 ∼ 2kBT
γ

t ≡ 2Dt

where we defined the diffusion coefficientD . This formula for the diffusion coefficient is
called an Einstein relation.

3.3 Effective models for heterogeneous media

The above Langevin dynamics assumes that the medium in which the particle moves is
homogeneous, in the sense that the experienced drag force is spatially constant. There are
several physical situations in which this is no longer a valid assumption.

Hydrodynamic interactions are one of the main causes of a spatially non-constant drag.
In cases where a particles moves through a viscous fluid (Re � 1) in the presence of a
planar wall, one has to make corrections to the Stokes force 6πaµv bymultiplying it with a
factor λ(a,z) which depends on both the particles radius a and its center-of-mass distance
to the wall z, as shown by Brenner [27]. In the case of a solid infinite wall, the correction
factor in the limit where a/z is small takes the form

λ(a,z) = 1 +
9
8
a
z
,

a result that was known already in 1907 through the work of Lorentz [28]. Far from the wall
the experienced drag can for all practical purposes be treated as the normal Stokesian drag.
It has also been shown that the diffusion coefficientD for a Brownian particle becomes
very small when the particle is close to the wall of a confining geometry [29].

Using the same logic, we assume that in a general heterogeneous media the drag force
takes the form γ(~x)~v = 6πaµλ(~x)~v where λ(~x) is some general correction factor to the
Stokes drag stemming from the possible inhomogeneities in the medium. Through the
fluctuation-dissipation theorem above, which we assume still holds, we therefore expect
thatD(~x) = kBT /γ(~x). This is a type of local equilibrium assumption, where we assume
that is small spatial regions all equilibrium relations hold.

This class ofmodels have beenused inmany situations. For example, for passive particles
moving in a complex fluid it may be that the diffusivity (or equivalently, the drag) will
depend on the temperature fieldD = D[T (~x)] or on the inhomogeneous concentration
φ(~x)] of some solute, D = D[φ(~x)]. It may also be that the spatial dependence of the
diffusivity arises due to the "field" of solid obstacles. If the spatial distribution of such
obstacles is sufficiently regular they may be treated with homogenization methods like
the multiscale expansion, leading to a constant effective diffusivity on large scales [30].
However, if the system is spatially more complex, there may not be any solid analytical
approach for deriving an effective large-scale diffusivity. In such cases one may resort to
educated guesswork or seek aid from numerical simulations to identify the diffusivityD(~x)
relevant for large scales. On the microscopic scale, a numerical framework similar to that
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described inAppendix B could be utilized to gain insights into the spatio-temporal behavior
of Brownian particles in disordered spaces.

Some reassurance that the above form of the effective drag force is sensible can be
obtained from the Lorentz reciprocal theorem. In many cases where a particle diffusing
through a liquid feels spatially dependent drag forces, be it from obstacles or any of the
other phenomena mentioned above, one can consider the effective description as a fluid
with a spatially dependent viscosity µ(~x). Consider a sphere moving through a space S,
which is typically quasi-two dimensional, in the sense that is consists of the full infinite
plane and a small finite width in the third direction. We consider two Stokes flows with
stresses (σ,σ0), viscosities (µ(~x),µ0) and flow fields (~v, ~v0). The viscosity µ0 is a constant.
Consider the equation

∂β(σαβv
0
α)− σαβ∂αv0β = 0

which can be seen to hold by using the Stokes equation∇ ·σ = 0 and σαβ = σβα. Since the
tensorial quantity ∂αv0

β is contracted with a symmetric tensor we may replace it with the
strain E0

αβ. This results in the equation

∂β(σαβv
0
α)− 2µ(~x)EαβE

0
αβ

The same equation must also hold if we interchange the two Stokes solutions, i.e. if we
change the quantities with a zero superscript and those without it. Subtracting these two
equations then yield

∂β(σαβv
0
α)−∂β(σ0

αβvα) = 2
[
µ(~x)− µ0

]
EαβE

0
αβ

In the casewhere the viscosities are the same and the right hand side of this equation vanishes,
one has the normal form of the Lorentz reciprocal theorem. It relates two solutions to the
Stokes equations. To proceed, note that by integrating over the fluid volume and using the
divergence theorem one finds

Fαv
0
α −F0

αvα =
∫
S−Da(~y)

d~x∂β(σαβv
0
α)−∂β(σ0

αβvα)

whereDa(~y) is a disc of radius a centered at ~y which represents the spherical particle. Using
the above formulas, and introducing a rank 3 tensor by Eαβ = Eαβγvγ following [31], one
finds for the force

Fα = 6πaµ0

{
1 +

1
3πa

∫
S−Da(~y)

d~x

[
µ(~x)
µ0
− 1

]
EρβγE

0
ρβγ

}
vα

For more details of the derivation leading up to this result, see [31]. The expression in the
curly brackets can now be interpreted as the correction factor λ(~y).

In the limit where the viscosity gradients are small, we expect that a result similar to
the Stokes drag should appear. Indeed, the contracted tensors in the above equation are
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found in [31] to be very local, which means that if the viscosity changes slowly, we can use
the approximation

λ(~y) = 1 +
[
µ(~y)
µ0
− 1

]
1

3πa

∫
S−Da(~y)

d~xEρβγE
0
ρβγ

Now, if we consider for example the simple case where µ(~y) = 2µ0, where the second
Stokes problem is simply the same fluid with double the viscosity, we have

λ(~y) = 1 +
1

3πa

∫
S−Da(~y)

d~xE0
ρβγE

0
ρβγ

Since λ should be 2 in this case, we see that the integral of the contracted tensors E0
ρβγE

0
ρβγ

should be 3πa. If we to first approximation in the case of slowly varying viscosity replace
Eρβγ with E0

ρβγ , we obtain a force similar to the stokes drag law with λ(~y) = µ(~y)/µ0. The
Langevin equation for a particle in such a medium is

v̇α = −γ(~x)vα +
√

2kBT γ(~x)ξα(t) (3.13)

where the first term is the generalized Stokesian drag for inhomogeneous friction with
γ(~x) = 6πaµ(~x), and the second term is the noise. Here we have extracted the noise
strength so that the noise now has variance given by 〈ξ(t)ξ(s)〉 = δ(t − s) and still zero
mean. One should note that we in this thesis work under the assumption that we are
dealing with small spherical particles. For elongated particles more care must be taken, and
even in the case of larger spheres one would have to be careful if the viscosity gradients have
a length scale that is comparable to the particle diameter - this would introduce a torque on
the particle in addition to inhomogeneous frictional forces.

The Langevin descriptions discussed so far would suffice to study Brownian motion is
rather complex scenarios. While it will be hard to solve the stochastic equations analytically
for complex functions µ(~x) it is possible to integrate the equations numerically. This is
discussed in Appendix A.

3.4 From Langevin to Fokker-Planck

So far in this chapterwe have dealt with the stochastic trajectories of a particle as described by
the Langevin equation in homogeneous and inhomogeneous media, and performed noise
averages to obtain expectation values like the mean square displacement. A complementary
approach derives a continuum equation for the evolution of the particle probability density,
P (x,v, t), the Fokker-Planck equation.

3.4.1 The Kramers-Moyal expansion
There are several great sources that deals with the transition from a Langevin equation to a
Fokker-Planck equation, for example the classic textbook by Risken [22]. A first-principles
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derivation would start with the definition of conditional probability P (x, t|x′, t′) that a
particle starting at space-time coordinate (x′, t′) propagates to the point (x, t) at a later
time. This propagator is the quantity in question. From the definition of conditional
probabilities as in the chapter on probability basics, one can show that the Chapman-
Kolmogorov equation is satisfied, which is a sum-over-paths equation. From this one can
derive the master equation. Here we will start with the master equation and derive the
Fokker-Planck equation. For a more detailed discussion see, for example [32].

The master equation takes the form

∂tP (x, t) =
∫

dx′W (x|x′)P (x′, t)−W (x′ |x)P (x, t)

whereW is the transition probability per unit time. Here we have simplified the notation
so that P (x, t|x0, t0) = P (x, t). Note that this discussion is rather general, and the variable
x need not be the position of a particle. To derive the Fokker-Planck equation one performs
the so-called Kramers-Moyal expansion, which is a series expansion in the small parameter
b = x − x′ . For simplicity we write

W (x′ |x) = W (x − b|x) = W−b(x),

W (x|x′) = W (x′ + b|x′) = Wb(x′).

One may then expand the productWbP in the following way:

(WbP )(x − b) =
∞∑
n=0

(−1)n

n!
∂nx(WbP )bn.

Insertion into the master equation and cleaning up some algebra gives

∂tP (x, t) =
∞∑
n=1

(−1)n

n!
∂nx

[
a(n)P

]
(x),

a(n) =
∫

dbWb(x)bn, (3.14)

where the a(n) are calledMoyal coefficients. One should note that at this point, this infinite
order partial differential equation is a completely equivalent description as the full master
equation and does not contain and more or less information. The Fokker-Planck equation
is obtained by truncating the Kramers-Moyal expansion at second order:

∂tP (x, t) = −∂x(a(1)P )(x, t) +
1
2
∂2
x(a(2)P )(x, t) (3.15)

In fact, the Pawula theorem states that the Kramers-Moyal expansion either stops at second
order or does not stop at all [22]. At this point the Fokker-Planck equation is rather general,
and to make a connection to Brownian motion one has to calculate the Moyal coefficients.
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3.4.2 The Itô-Stratonovich dilemma
When calculating the Moyal coefficients, we consider a Langevin equation of the form

ẋ = h(x) + g(x)ξ(t)

Here the strength of the noise has been absorbed in the function g , such that 〈ξ(t)ξ(t′)〉 =
δ(t − t′). We wish to find the corresponding Fokker-Planck equation for this Langevin
system. We will follow [22, 32] closely.

First of all, it is known that for a Langevin system of this type the Kramers-Moyal
expansion does indeed end after two terms [22]. As we will see, the main task will be to
understand the first coefficient a(1). A Langevin equation in this form is often associated
with the so-called Itô-Stratonovich dilemma, originating in the fact the the noise strength
g(x) depends directly on the stochastic variable that we try to solve for. We here derive the
Fokker-Planck equation for this class of Langevin equation in some detail, before discussing
the case of coupled systems.

Note that the Kramers-Moyal coefficients Eq. (3.14) can be written

a(n)(x) =
∫

dx′(x′ − x)nW (x′ |x)

For small time increments t→ t + τ we have that [32]∫
dx′(x′ − x)nP (x′, t + τ|x, t) = τa(n)(x) + ...

where we used that the conditional probability is a delta function when evaluated at equal
times. Hence, we may write the Kramers-Moyal coefficients for small τ as

a(n) =
1
τ
〈(X(t + τ)−X(t))n〉.

These jump moments can be calculated from the Langevin equation. Integrating the
generalized Langevin equation above for a small time increment gives

x(τ)− x0 =
∫ τ

0
dsh(x(s)) +

∫ W (τ)

W (0)
g(x(s))dW (s)

where we have introduced theWiener processW as the integrated white noise:

W (t) =
∫ t

0
dsξ(s)

such that dW (t) = ξ(t)dt. Note that we have here integrated over the domain (0,τ),
which we will later shift back to (t, t + τ). Now expand the function g to first order:

g(x(τ)) = g(x0) +
∂g

∂x

∣∣∣∣∣
x=x0

[x(τ)− x0] + ...
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To eliminate x(τ)− x0 in this expression we insert the slightly cruder approximation

x(τ)− x0 ≈ h(x0)τ + g(x0)W (τ)

Our original increment then reads

x(τ)−x0 = h(x0)τ+g(x0)W (τ)+h(x0)τ
∂g

∂x

∣∣∣∣∣
x=x0

W (τ)+
∂g

∂x

∣∣∣∣∣
x=x0

g(x0)
∫ W (τ)

W (0)
W (s)dW (s)

We see that once averages are taken, the terms proportional toW will simply vanish due to
the properties of the noise. To proceed we need to interpret the integral over theWiener
process:

I =
∫ W (τ)

W (0)
W (s)dW (s)

We discretize the time into n times {si} and writeWi = W (si), dWi = Wi+1 −Wi . There
are then various ways to proceed [22]:

1. Itô interpretation : In the Itô interpretation the integral I , as defined above, is
discretized according to

IItô ≈
n−1∑
i=0

WidWi

Recall the formula for summation by parts, in complete analogy with the integral
case:

n∑
k=m

fk(gk+1 − gk) = fn+1gn+1 − fmgm −
n∑

k=m

gk+1(fk+1 − fk).

This implies

IItô ≈W 2
n −

n−1∑
i=0

Wi+1dWi = W 2
n −

n−1∑
i=0

WidWi −
n−1∑
i=0

(dWi)
2

Rearranging gives One can easily show that the variance of the Wiener process is
〈W 2(t)〉 = t, so in expectation of taking averages we can write

n−1∑
i=0

WidWi =
W 2

n

2
− τ

2
.

2. Klimontovich interpretation : In the Klimontovich interpretation we integral
is discretized as

IKlim =
n−1∑
i=0

Wi+1dWi =
n−1∑
i=0

WidWi +
n−1∑
i=0

(dWi)
2 =

W 2
n

2
+
τ

2
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2. Stratonovich interpretation :Here the integrand is evaluated at the middle of
the interval, with

IStrat =
n−1∑
i=0

Wi+1 +Wi

2
dWi

which we see is the average of the previous two interpretations. Hence we have

IStrat =
W 2

n

2

The three above interpretations can be summarized as follows:

Ia =
∫ τ

0
W (s)dW (s) =

W 2(τ)
2

+ (a− 1/2)τ

where a = 0,1/2,1 corresponds to the Itô, Stratonovich and Klimontovich interpretations
respectively. Our increment x(τ)− x0, after averaging, now takes the form

〈x(τ)− x0〉 = h(x0)τ +
1
2
g(x0)

∂g

∂x

∣∣∣∣∣
x=x0

〈W 2(τ)〉+ g(x0)
∂g

∂x

∣∣∣∣∣
x=x0

(a− 1/2)τ

Using the fact that 〈W 2(τ)〉 = τ we get the first Kramers-Moyal coefficient

a(1) =
1
τ
〈x(τ)− x0〉 = h(x0) + ag(x0)

∂g

∂x

∣∣∣∣∣
x=x0

For the second coefficient, it is known that there are no problems with stochastic interpre-
tations, and a(2) = g2 [22]. The resulting Fokker-Planck equation after performing a time
translation from (0,τ) to (t, t + τ) then reads

∂tP −∂x[−h(x)P + (1− a)P ∂xD(x) +D(x)∂xP ] = 0 (3.16)

whereD(x) = g2(x)/2 is a diffusion coefficient. More details and clarifying discussions
regarding stochastic calculus in the context of Brownian motion in inhomogeneous media
can be found in [33, 34]

3.4.3 Overdamped limit
Let us consider some specific cases. First, in the overdamped limit where friction dominates
the Langevin equation in Eq. (3.13) simplifies to ẋ =

√
2kBT /γ(x)ξ(t). Here h = 0 and

g(x) =
√

2kBT /γ(x). This results in a Fokker-Planck equation for the form

∂tP (x, t) = ∂x [(a− 1)P (x, t)∂xD(x) +D(x)∂xP ]

41



whereD(x) = kBT /γ(x) is the relevant diffusion coefficient. One should note that there
are different diffusion coefficients depending on the equations one would like to solve. In
particular, the two diffusivities in the over and underdamped limits differ by a factor of γ2.
In the Klimontovich interpretation of stochastic calculus (a = 1) one finds the simplest
form of the Diffusion equation in a inhomogeneous environment:

∂tP = ∂x[D(x)∂xP ] (3.17)

This may be straight forwardly generalized to higher dimensions by replacing ∂x→∇x. In
the case where the diffusivity is constant the diffusion equation has the solution

P (x, t) =
1

(4πDt)d/2
exp

(
− ~x2

4Dt

)
, (3.18)

which can be readily checked by performing a Fourier transform of the diffusion equation
and using the fact that the Fourier transform of a Gaussian is a Gaussian. When an external
force is present, the overdamped Langevin equation in stead takes the form ẋ = F/γ(x) +√

2D(x)ξ(t). The resulting Fokker-Planck equation in the Klimontovich interpretation
then has a steady state (∂tP = 0) of the form

P (x) ∼ exp
∫

dx
∂xV (x)
γ(x)D(x)

Since the standard Einstein relation still holds locally in space γ(x)D(x) = kBT , this takes a
Boltzmann form e−V (x)/kBT . For the other stochastic conventions this standard form of the
Einstein relation does not hold since a ∂xD term would also be present in the exponential.
One may then have to add additional drift terms to the Fokker-Planck equation if one
wishes to have this classic thermodynamic resultDγ = kBT still valid [34]. For this reason,
the Klimontovich interpretation is often referred to as "thermodynamically consistent".

3.4.4 Underdamped limit
For a more general multi-variable case we do not perform a similarly detailed derivation
of the Fokker-Planck equation, but one can proceed completely analogously. From [32]
we have the following set of Langevin and Fokker-Planck equations in the case of many
stochastic variables ~y = (y1, y2, ...):

ẏi = Ai(~y, t) +
∑
k

Bik(~y, t)ξk(t)

∂tP = −
∑
i

∂
∂yi

Ai(~y, t) +D
∑
jk

Bjk(~y, t)
∂Bik(~y, t)

∂yj

P
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+D
∑
ij

∂2

∂yi∂yj

∑
k

Bik(~y, t)Bjk(~y, t)

P
where 〈ξi(t)〉 = 0 and 〈ξi(t)ξj(s)〉 = 2Dyδijδ(t − s). HereD is the noise strength of the
noise in the y equation, which can often be set to unity or absorbed into the coefficients
Bij .

In particular, for the underdamped set of equations describing a particle with general-
ized friction γ(x,v) we have

ẋ = v (3.19)

v̇ = −γ(x,v)v −∂xV +
√

2Dv(x,v)ξ(t) (3.20)

with 〈ξ(t)ξ(s)〉 = δ(t − s). Here we writeDv(x,v) = kBT γ(x,v) for the noise strength
(or diffusivity) of velocity. One should here note that the stochastic dilemma again is
relevant, since the noise strength depends directly on the stochastic variable v. However,
we are typically interested in the case where the diffusivity of velocity only depends on the
particles spatial coordinate. In this case, there are no ambiguities associated with the choice
of stochastic calculus [35].

We consider theDv = Dv(x) case. Using the above general Fokker-Planck equation
for a coupled system of equations we haveAx = v,Av = −γv +F and for the matrix B all
elements are zero except Bvv =

√
2Dv . This gives rise to the equation for P = P (x,v, t):

DtP = ∂v
[
γ(x)vP + (∂xV )P +Dv(x)∂vP

]
(3.21)

which is of the form of a diffusion-advection equation, with Dt = ∂t + v∂x. Above we
saw the the overdamped dynamics in the presence of an external potential has a stationary
solution where the probability is peaked at the minima of the external potential. In the
absence of external potentials, the stationary solution is the uniform distribution. In the
underdamped case, with velocity still a relevant variable, we can integrate out space to find
the stationary velocity distribution. Setting ∂tP (x,v, t) = 0 results in

∂v
[
γ(x)vP +Dv(x)∂vP

]
Hence the expression in the brackets should be velocity-independent. Furthermore, since
we expect that the distribution P decays to zero at infinite v, this constant can be taken to
be zero. This gives the steady state equation

γ(x)vP = −Dv(x)∂vP

UsingDv(x) = kBT γ(x) we can integrate out space as a variable to obtain the steady state
velocity distribution

P (v, t) = Z−1 exp
(
− 1
kBT

1
2
v2

)
.

This is the Maxwell-Boltzmann distribution for a particle with unit mass.
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3.5 Moments in heterogeneous media

While a lot can be said for the case of a homogeneous frictional force, the inhomogeneous
case is trickier to treat analytically. Here we consider the expected behavior of the spatial
moments, in particular the mean square displacement. As we have seen above, a spatially
dependent friction becomes equivalent to a diffusivity with a spatial dependence. Such
models need not be directly related to Brownian particles moving in fluids with a complex
frictional environment, as we discussed in past sections, but it could also represent an
effective coarse-grained model at large scales for Brownian particles in a simple fluid but
in the presence of many obstacles. This would be similar in spirit to how one can coarse-
grain the Stokes equation for a porous medium and end up with the Darcy law where the
permeability depends on the geometry of the medium [36].

Consider the Fokker-Planck equation for a particlemoving in a heterogeneous frictional
environment

∂tP + vα∇αP = ∂αv
[
γ(x,y)vαP +Dv(x,y)∂αvP

]
Note that we are here using the index notation where sum over repeated indices are implied,
althoughwe do not take care to distinguish covariant and contravariant vectors. To calculate
the spatial momentMn(t) = 〈rn〉we consider its equation of motion inherited from the
Fokker-Planck equation:

∂tMn(t) =
∫

d~xd~vrn
{
∂αv

[
γ(x,y)vαP +Dv(x,y)∂αvP

]
− vα∂αP

}
Using integration by parts one can easily show that ∂tMn(t) = 〈vα(∂αrn)〉, where ∂αrn =
nrn−2xα. In principle one can in this way find the equation of motion for any expectation
value. The set of equations required to solve for the n’th moment are

∂tMn(t) = n〈xαvαrn−2〉

∂t〈xαvαrn−2〉 = 〈v2rn−2〉+ (n− 2)〈xαxβvαvβrn−4〉 − 〈xαvαrn−2γ(x,y)〉

One can see that one quickly runs into a hierarchy of coupled equations, in addition to
problems originating in the spatial dependence of the friction coefficient. To proceed one
would need some sort of closure scheme. Consider the second moment. As can be seen
from the above equations, the n = 2 case simplifies dramatically, resulting in

∂tM2(t) = 2〈xαvα〉

∂t〈xαvα〉 = 〈v2〉 − 〈xαvαγ(x,y)〉

In the case of Brownian motion in a homogeneous environment γ(x,y) = γ0 one can
solve for the correlation function 〈xαvα〉 straightforwardly:

〈xαvα〉 =
dkBT
2γ0

+Ke−γ0t
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Figure 3.3: a) Inertial particle moving in a 2D periodic frictional landscape. Fig. b) shows
the correlation function 〈xαvα〉 together with 〈v2〉/〈γ〉 in dotted line, showing a good
agreement with the closure assumptions made in the above discussion. Fig c) shows
〈γ(x,y)xαvα〉 togetherwith 〈γ(x,y)〉〈xαvα〉, showing a similar behavior in type but con-
vergence to a slightly shifted numerical value.

whereK is an integration constant and the equipartition theorem was used for the 〈v2〉
term. We see that the correlation 〈xαvα〉 decays and approaches a constant at late times.
To be able to proceed in the heterogeneous case, we make the simplifying closure ap-
proximation 〈xαvαγ(x,y)〉 = 〈xαvα〉〈γ(x,y)〉. If the correlations between the position
and velocity approach a constant at late times as in the homogeneous case, one finds
〈xαvα〉 = 〈v2〉/〈γ(x,y)〉. This would mean for the second moment that

∂tM2(t) =
2〈v2〉
〈γ(x,y)〉

= d
kBT
〈γ(x,y)〉

, (3.22)

where we assumed the equipartition theorem to hold, with d the spatial dimension. While
the prefactors on the righthand side heremay not be unique since different moment closure
schemes could include various combinatorial factors, we expect that the temporal scaling
for the second moment can be found through this relation.

Unbounded case : First, let us consider a power-law behavior γ ∼ rξ. A Gaussian-like
moment closure scheme would give 〈rξ〉 = Mξ/2

2 , up to a constant, in which case Eq. (3.22)
can be integrated explicitly to give

M2(t) ∼ t
2

2+ξ . (3.23)

This is consistent with known solutions of power-law friction/diffusivity studied in the
past, and we will meet such power-law situations again in Paper 1 and 2 appended in this
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thesis [37]. Non-linear scaling of the second moment with time is referred to as anomalous
diffusion, and appears in many disordered systems like diffusion on a fractal, randomwalks
on networks or tracer particles in turbulent flows [38]. The scaling exponent 2/(2 + ξ) is
called the diffusion exponent, typically given the symbol α, not to be confused with the
greek symbols we use for spatial components of vectors and tensors.

Bounded case : Assume that the friction coefficient is a bounded function γmin ≤
γ(x,y) ≤ γmax. In this case the secondmoment would be bounded by two linear functions

dkBT
γmax

t ≤M2(t) ≤ dkBT
γmin

t

This does not imply that the diffusion is normal and scales linearly with time, but it means
that it is not anomalous, since in that case the linear bounds would eventually be violated.
One can imagine that the likely behaviors one could encounter would be a function that
asymptotically approaches one of the linear bounds, or something that oscillates between
them. For a behavior that is periodic one could perform a temporal average, resulting in
normal diffusion with an effective diffusivity.

As an explicit example where we can see the above closure assumptions come into play,
let us consider a particle moving in a periodic frictional landscape with a friction coefficient
of the form

γ(x,y)
γ0

= 1 +
(
sin2(x)sin2(y)

)
Figure (3.3) shows an example of the resulting stochastic trajectory obtained by integrating
the Langevin equation

v̇α = −γ(x,y)vα +
√

2Dv(x,y)ξα(t)

using the algorithm explained in the appendix. Part b) of the figure shows that the correla-
tion function between position and velocity does indeed converge to a constant as in the
homogeneous case, and the predicted asymptotic value is a good match.
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chapter 4

Dry active matter

For a long time, the ability of matter to move seemingly on its own accord was seen as a sign
of life. Indeed, when R. Brown first studied the motion of pollen grains, he believed to be
observing small living organisms - how else could they move given that the fluid in which
they were immersed was stationary. Today we have a much more complex view of what
constitutes life, but one characteristic of many living biological organisms is their ability to
self-propell, or be active. This self-generated motion is different from the randommotion
observed for Brownian particles, and is often of a more persistent nature, with a typical
non-zero timescale for which the particles direction of motion changes. To model such
motion we can use equations very similar to those used in the case of passive Brownian
particles, but the active element now has to be included. This chapter discusses a few of
these basic models, covering only the minimum knowledge needed to understand the
appended papers 3 and 4.

4.1 Classes of active matter

Throughout this text so far we have tried to present a self-consistent discussion of the
effective theories for random thermal motion of suspended passive particles that move
through a complex environment. The main quantity of interest so far has been the particle
density and its spatio-temporal evolution, modeled either from a Langevin equation or
obtained directly on amacroscopic scale through Fokker-Planck equations. From amodern
condensedmatter physics point of view, one could say thatwe have been dealingwith a form
of passive scalar matter, where the only order parameter of interest is the (scalar) density.
More generally, one could have a system of particles suspended in a liquid where the order
is not fully characterized by a scalar quantity such as the density, but may require higher
rank tensorial objects. This is for example the case in liquid crystals or in the XY-model
[39].

As was discussed briefly in the introduction, active matter is a class of systems where the
microscopic constituents are able to convert energy into work or motion and thereby drive
the systemout of equilibrium. This is in contrast to passive systems, where non-equilibrium
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4.1. Classes of active matter

states typically result from external driving forces. This internal driving mechanism can
result in surprising non-equilibriumphenomena even in the absence of particle interactions.
The microscopic constituents in active matter systems can be realized by a wide range of
systems, ranging from biologic entities like bacteria or birds, to synthetic lab-made particle
with a self-propulsion mechanism. Historically, the classic example of an active matter
system is perhaps that of murmurations in large flocks of starling. Such collective motion
in active matter systems can often be modeled using simple heuristic interaction rules as in
the so-called Vicsek model [40, 41, 42]. Here the microscopic constituents interact with
their neighbors through an alignment interaction similar to that found in magnetic spin
systems. This leads to a polar state, also called a flocking state, where the particles tend to
move in the same direction.

Active matter is typically classified as scalar, polar or nematic, depending on whether
the order is characterized by a scalar, vectorial or a tensorial quantity respectively. Active
matter systems are further classified as wet or dry depending onwhether or not momentum
conservation with respect to interactions with a fluid is included. The classes of relevance
to this thesis are dry scalar and polar active matter. We will be dealing only with spherical
particles, as we did in the case of passive Brownian motion, that typically will have a "head
and a tail" and move in a direction of motion ~P . The vector ~P is typically referred to as the
polarization vector, or sometimes the director. If wewant to emphasize that the polarization
vector is a unit vector we may in the following use the hat notation P̂ .
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Chapter 4. Dry active matter

4.2 Langevin description of an active particle

A typical model for active particles is the so called energy depot model for active Brownian
particles (ABP).AnABP is typically an active particlewhere the noise in the stochasticmodel
looks thermal in the same sense as in normal Brownian motion.

Figure 4.1: Sketch of the balance between in-
put and output energy for anABP - The par-
ticle gains q units of energy per unit time,
while c andd2 are rates atwhich energy is lost
from the internal energy depot.

In the energy depot model the particles
move according to a stochastic equation
similar to that of passive Brownian parti-
cles, but this equation is coupled to an in-
ternal energy that allows the particle to self-
propell.

For a passive Brownian particle moving
in a frictional environment v̇α = −γvα −
∂αV with constant dissipation rate γ the
mechanical energy dissipation takes the
form

Ḣ0 = −γv2

whereH0 = v2/2 +V (x). While this type
of dissipative dynamics can provide useful
models for the motion of a passive parti-
cle in a (homogeneous) fluid, it does not
contain the relevant ingredients for active
particles. In particular, there is no mecha-
nism for self propulsion. Following Ebeling
[49], we assume that the particle has an in-
ternal energy ε(t) acting as a "fuel tank" or energy depot. The energy dissipation for a
particle that is able to convert energy from this energy depot ε into mechanical energy takes
the form

Ḣ0 = −γv2 + d(x,v)ε

where d(x,v) is some general conversion rate. The dynamics of the energy depot is typically
assumed to take the form

ε̇ = q − cε− d(x,v)ε

where q is a constant influx of energy to the particle from the environment, c is a dissipation
rate due to for example internal dissipative processes like metabolism, and the last term
reflects the conversion of internal energy into mechanical energy, as sketched in Fig. (4.1).
Writing the abovemechanical energy dissipation formula in terms of positions and velocities
we have

vαv̇α +∂αV vα = −γv2 + d(x,v)ε
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4.2. Langevin description of an active particle

Based on this we make the following ansatz for the Langevin dynamics :

v̇α = −
[
γ − d(x,v)

v2 ε(t)
]
vα −∂αV +

√
2Dvξα(t) (4.1)

where we have added a Gaussian white noise ξ as in the case of passive Brownian motion.
This is the energy depot model for an active Brownian particle proposed in [49].

4.2.1 Homogeneous case
First we consider the case where the friction is constant. In the above Langevin dynamics
for the energy depot model, the conversion rate d is often assumed to be of the general
form

d(v) =
∑
n,m

dn,mx
nvm

while the most popular assumption is that d(x,v) = d2v
2. Effects of more general conver-

sion rates was studied in [50], leading for example to particles with an internal breaking
mechanism.

To get some more intuition concerning the steady states, it is instructive to consider
the deterministic dynamics

ε̇ = q − cε− d2v
2ε (4.2)

v̇α = −γvα + d2εvα (4.3)

Solving the fixed-point equation d
dt (~v∗,ε∗) = (0,0) results in the fixed point velocities and

energies

v2
∗ =

q

γ
− c
d2

, ε∗ =
γ

d2

Hence, the system reaches a steady-state speed where there is a balance between the dissipa-
tion and energy uptake. The direction of motion still changes stochastically, however, and
the Langevin dynamics at the fixed point reduce to [51]

ẋα = v∗P̂α(φ)

φ̇ =

√
2Dv

v2
∗
ξ(t)

The resulting Fokker-Planck equation takes the form

∂tΨ +∂α(v∗P̂αΨ ) =
Dv

v2
∗
∂φΨ ≡Dφ∂

2
φΨ
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Chapter 4. Dry active matter

Just like in the case of passive Brownian particles we can derive equations for the second
moment of the position:

∂t〈r2〉 = 2〈v∗P̂αxα〉
∂t〈v∗P̂αxα〉 = v2

∗ −Dφ〈v∗P̂αxα〉

This set of equations may be solved analytically for 〈r2〉, resulting in

Deff ≡ lim
t→∞

1
2
∂t〈r2〉 =

v2
∗

Dφ

where the effective spatial diffusivity has been introduced in anticipation of a mean square
displacement of the form 〈r2〉 = 2Defft.

4.2.2 Heterogeneous case
Consider the energy depot model for an active particle moving freely (in the absence of
external forces) through a spatially varying landscape of frictional forces:

ẋα(t) = vα(t) (4.4)
ε̇(t) = q − cε(t)− d2v

2ε(t) (4.5)

v̇α(t) = − [γ(x,y)− d2ε(t)]vα(t) +
√

2Dv(x,y)ξα(t) (4.6)

The passive limit can be taken to be d2→ 0, since in this case there is no coupling between
the dynamics of the particle and the internal energy available. In this limit we expect the
normal Einstein relation to hold which would giveDv(x,y) = kBT γ(x,y). However, in
the present case the noise need not be of a thermal nature. In the case of passive Brownian
particles we saw the the noise originated in the weak coupling with a large number of
environmental modes. This is still true in the active case. However, the Einstein relation
entered through the fact that the environmental degrees of freedom were assumed to be a
bath close to equilibrium, where initial conditions were randomly distributed according
to a equilibrium Boltzmann distribution. For an active particle this need not be the case,
since the noise may have an origin that is not an equilibrium bath. For example, the noise
could represent many external stimuli like chemical gradients or visual cues depending on
the situation. Therefore, we can think of the temperature in the above set of equations
as an effective temperature that determines the strength of the noise in the system. We
absorb the Boltzmann constant into this effective temperature, or equivalently set it to
unity. The resulting coupled set of equations are hard or impossible to solve analytically.
However, one can solve the equations numerically, as we have done in paper 4 in this thesis.
To do this we use a numerical scheme similar to that discussed in appendix A for passive
Brownian motion. The numerical integration scheme is included at the end of this section.
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Rather than using the full set of coupled equations for the position, velocity and
internal energy one may consider simplified models for the motion of an active particle
through a complex landscape. The simplest models of a self-propelled Brownian particle is
of the form

ẋα = uP̂α(φ) (4.7)

φ̇ =
√

2Dφξ(t) (4.8)

wereDφ is a rotational diffusion coefficient and ξ is a Gaussian white noise. The particle
moves in a direction specified by P̂ (φ) = (cosφ,sinφ) with constant self-propulsion
speed u. There are now several natural generalization of the model that could model
heterogeneity. The most natural perhaps is to assume that the self-propulsion speed is
time dependent, as in [52], or depends on the particles position. When the self-propulsion
speed is spatially dependent, while the rotational diffusivity is a constant, the Fokker-Planck
equation for the above set of equations take the form

∂tΨ +∂α
(
u(~x)P̂αΨ

)
= Dφ∂

2
φΨ

where we use Ψ (~x,φ, t) for the particles phase-space density since P here denotes the
direction of motion. Just like in the homogeneous case we may now derive the equations
of motion for the second moment:

∂t〈r2〉 = 2〈u(~x)P̂α(φ)xα〉

∂t〈u(~x)P̂α(φ)xα〉 = 〈u2(~x)〉+
〈(
∂βu(~x)

)
u(~x)xαP̂α(φ)P̂β(φ)

〉
−Dφ〈u(~x)P̂α(φ)xα〉

In paper 4 in this thesis we consider the scaling behavior of these equations in the limit
where u(~x) is slowly varying so that the second term on the right hand side can be ignored.

Other models for heterogeneous media could allow the rotational diffusivity to be
spatially dependent, as in [53]. Tomodel anisotropicmedia, a beautiful geometric approach
was proposed in [54], where the director follows the surface of a deformed hypersphere
rather than a sphere as in isotropic media.

4.3 Non-equilibrium effects

Active matter, even in its simplest forms, exhibit a wide range of phenomena not observed
in their passive counterparts. We here want to briefly mention a few examples.

A phenomena appearing for active particles that is not observed in the passive case is
that of accumulation by walls or obstacles. In general, active particles in confined systems is
a very active topic of research, and much more is still to be known. Phenomena like particle
migration towards walls [43], separation in systems with more than one type of active
particles [44], as well as trapping [45] has been observed. Similar,y when active Brownian
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particles are confined to a disc, their steady state density has spikes near the walls [46]. This
is in strong contrast to passive Brownian particles, where a uniform distribution is the only
steady state.

An archetypal active particle is a so-called run-and-tumble particle that moves with
constant speed v for a time τ before it tumbles and changes its direction. A stochasticmodel
for such motion can be obtained by choosing tumble times through a Poisson process,
and updating the position and velocities in the straightforward way between tumbles.
The equation governing themacroscopic behavior is a Boltzmann-type equation for the
phase-space densityΨ (~x, P̂ , t) of the form [47]

∂tΨ (~x, P̂ , t) +∂α[v(x)P̂αΨ ] =
1
τ

−Ψ (~x, P̂ , t) +

∫
dP̂Ψ (~x, P̂ , t)∫

dP̂


The left-hand side is a self-convective derivative, while the two terms on the right-hand side
can be seen as a collision operator including particles tumbling out of the direction P̂ and
into the direction P̂ respectively. Spatial variations in the particles speed v is here included.
By performing a gradient expansion and integrating out the polarization variable from the
above equation, it has been shown elsewhere that the particle density obeys [47]

∂tρ(~x, t) =
τ

d
∂α[v(~x)∂α(v(~x)ρ(~x, t))]

where d is the spatial dimension. In the case of a constant speed v the steady state is the
uniform distribution. However, for non-trivial speeds v(~x) the steady state takes the form
ρst ∼ v−1(~x), so the particles tend to accumulate where they move slower. The above
equation should hold also for active Brownian particles that continuously change their
direction of motion, with the replacement of τ with the inverse of the rotational diffusivity.

As is pointed out by several authors [48, 47], this is an effect that is not possible in
the case of passive particles, even if one makes the diffusivity spatially inhomogeneous
in a similar way to how the self-propagation speed was made spatially inhomogeneous
above [47]. We here elucidate this statement a bit before proceeding to another type of
active particle, namely the active Brownian particle. Recall from our discussion of the
derivation of the Fokker-Planck equation from the Langevin equation that generally the
particle density satisfies

∂tρ = ∂α[(a− 1)ρ∂αD +D(x)∂αρ]

While this equation naively may have non-trivial steady states that is dependent on the
functional form ofD(x), the above equation is only thermodynamically consistent (in the
sense of Einstein relations) in the a = 1 (Klimontovich) convention. If one insists on using
the other conventions, an additional a-dependent drift has to be added in the Langevin
equation, as discussed in [34]. Either way, the thermodynamically consistent way to write
down the Fokker-Planck equation for a spatially inhomogeneous diffusivity is

∂tρ = ∂α[D(x)∂αρ]
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4.3. Non-equilibrium e�ects

Figure 4.2: Simulation of active Brownian particles in a spatially dependent friction
γ(x,y)/γ0 = 1 + [sin(πx/L) + sin(πy/L)]2 with γ0 = 1 and L = 10. Left part of fig-
ure shows the particle configuration (white dots) at late times, while the left part shows a
late-time temporal sampling of the particle positions.

In the absence of external forces, this only has a steady state that is uniform, independent
of the functional form ofD(x). One should note that phase separation phenomena can
be observed in passive systems, but in those cases it is typically short-range collisions of a
non-elastic nature that causes the particle to slow down.

Figure (4.2) shows a simulation of active Brownian particles (using Eqs. (4.7) ) in the
case where their self-propulsion speed changes as u(x) = u0/

√
γ(~x) with γ(~x) a spatially

dependent friction. This is inspired by the fixed-point relation between self-propulsion
speed and friction in the case of the energy depotmodel discussed above. On the right-hand
side of the figure we see a temporal sampling of the particle positions, clearly consistent
with a steady-state with the behavior ρst ∼ 1/u(~x) ∼ γ1/2(~x).
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Numerical scheme a la Farago and Grønbech-Jensen

In the appendix we discuss some numerical integration schemes for Langevin equa-
tions in inhomogeneousmedia. This algorithmcanbeminimally adjusted to account
for the active term as well. For a passive Brownian particle, the Langevin equations

ẋ = v

v̇ = −γ(x)v +
√

2kBT γ(x)ξ(t)

can be numerically integrated through the scheme derived in [55]:

xn+1 = xn +
vndt

1 + γdt/2
+

dt
2 + γdt

√
2kBT γ ∆Wn+1

vn+1 =
1− γdt/2
1 + γdt/2

vn +
1

1 + γdt/2

√
2kBT γ ∆Wn+1

Here the overline indicates a spatial average of the friction coefficient over the interval
(xn+1,xn) while the double overline indicated a temporal average over the relevant
interval. See the appendix for details. In a minimal extension to the active case we
replace γ(x)→ γ(x) − d2ε(t) and integrate the equation for the internal energy
through a forward Euler scheme. Then:

εn+1 = εn + qdt − cεndt − d2v
2
nεndt

xn+1 = xn +
vndt

1 + (γ̃ − d2ε̃)dt/2
+

√
2kBT (γ̃ − d2ε̃)

2 + (γ̃ − d2ε̃)dt
dt∆Wn+1

vn+1 =
1− (γ̃ − d2ε̃)dt/2
1 + (γ̃ − d2ε̃)dt/2

vn +

√
2kBT (γ̃ − d2ε̃)

1 + (γ̃ − d2ε̃)dt/2
∆Wn+1

Here we have used γ − d2ε = γ − d2ε = γ̃ − d2ε̃where the tilde signifies a choice
of stochastic convention. In the simplest case of the Itô convention for example,
γ̃ = γn. If one wishes to use the Klimontovich convention, one should assume
γ̃ = γ(xn+1) ≈ γ(xn + vndt). To generate the noise itself, it is convenient to write
∆Wn+1 =

√
dtσ , where σ is a normal random variable with vanishing mean and

unit variance. One should note that if one naively expands the above equations to
first order in dt one gets a simple Euler-like scheme. This scheme may suffice for
some choices of γ(x) and for sufficiently small time steps. Such questions regarding
accuracy and stability should be treated on an individual basis depending on the
nature of the inhomogeneities.
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4.4. The Vicsek models

4.4 The Vicsek models

So far we have discussed scalar active matter, where the main quantity of interest is, like in
the case of passive Brownian motion, the scalar density of particles and its moments. As we
have mentioned repeatedly many living organisms organize into flocking states that require
a polar bulk order parameter. A minimal model that is able to reproduce such flocking
states is the Vicsek model [40, 42, 41].

Figure 4.3: Sketch of the Vicsek model with various interactions. Fig. a) shows metric
isotropic interactions where particles interact with every other particle inside some inter-
action range. Fig. b) shows metric anisotropic interactions where particles interact with
every other particle inside some interaction range and angular range. Fig c) shows the case
of topological interactions, where the particles interact with nearest neighbors indepen-
dent of the separation.

In the above energy depot model we saw that the ABPs will reach a steady state speed
while there is still rotational diffusion in the direction of motion P̂ . In the case of self-
propelled particles with a constant speed v0 we have for particle i the equation ~̇xi = v0P̂i ,
while the direction of motion changes according to

˙̂Pi(t) = Dη
(
P̂i(t)

)
where Dη is a rotation operator that rotates randomly by an angle (−ηπ,ηπ), chosen
uniformly. This is perhaps the simplest model for a self-propelled particle that can be
implemented numerically, which is reminiscent of the simple self-propelled particle models
discussed above.

In other to include interactions, one could include a two- or many-body interaction
potential term in a coupled set of Langevin equations. In the Vicsek model, interactions are
treated in a somewhat simpler manner. The simplest form of the Vicsek model is obtained
from the equation above through a replacement

Dη
(
P̂i(t)

)
−→Dη

(
P̂ i(t)

)
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Chapter 4. Dry active matter

Figure 4.4: Numerical simulation of Vicsek particles. Colorwheel indicates direction of
motion.

where P̂ i is a local average of the particle polarization field. In this way particle i is advected
by the local polarization field of the other particles. The typical definition of the local
polarization average is through an isotropic interaction with some range rint:

P̂ i(t) =

∑
j:|xi−xj |<rint P̂j(t)∣∣∣∣∑j:|xi−xj |<rint P̂j(t)

∣∣∣∣
although other averages may be considered, resulting in different dynamics. For example,
one may restrict the "field of vision" of particle i to some forward cone if one wants to
mimic animal behavior where interactions are based on visual information, or one could
consider so-called topological interactions. In the topological case, one forms a network
where each particle is a node, which interacts with all nearest neighbors on the network,
independent on their separation in space ("metric-independent interactions"). Different
Vicsek models are sketched in Fig. (4.3).

Figure (4.4) shows a simulation of Vicsek particles with an initial uniform distribution
with isotropic metric interactions and periodic boundary conditions. Pseudocode used is
found at the end of this section. As time passes the particles form clusters and start moving
in the same direction. The fact that particles tend to align can be quantitively measured
through an order parameter. The vectorial order parameter that captures translational
order, like in Fig. (4.4), is the macroscopic polarization field 〈P̂i〉 averaged over all particles.
The modulus of this gives the scalar order parameter

ΦT (t) =
1
N

∣∣∣∣∣∣∣
N∑
i=1

P̂i(t)

∣∣∣∣∣∣∣ .
This quantity is 0 is the disordered phase when there i no collective motion and the active
particles behave reminiscent to a gass. In the ordered phaseΦT = 1 and the particles move
collectively.

For active particles moving in more complex geometries, other definitions of order may
be more natural. For example, in cases where one predicts ordered states with a circular
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4.4. The Vicsek models

Figure 4.5: Numerical simulation of Vicsek particles confined to an annular domain with
an obstacle. The three images show three successive times, with time increasing to the
right. The flocking state changes orientation due to interactions with the obstacle. Color
intensity represents particle density.

order, one can use the rotational order parameter

ΦR(t) =
1
N

∣∣∣∣∣∣∣
N∑
i=1

(
~xi
|~xi |
× P̂i

)
· ẑ

∣∣∣∣∣∣∣ .
Similarly, this order parameter takes the value 0 in the disordered phase without any
collective order, while it takes a value close to unity for ordered states, where particles
are moving collectively in a circular pattern. While the translational order parameter is a
natural choice for systems with translational symmetry, the rotational order parameter is a
natural choice for systems with rotational invariance, for example motion inside a disc or
in a circular racetrack-like geometry.

As an example of rotational order, one can consider a system where Vicsek particles
are trappen in an annular domain as in Fig. (4.4), with very simple reflecting boundary
conditions. Since the particles flock together one would very quickly find an ordered state
where every particle is moving clockwise or anti-clockwise. In this case one could use the
order parameter parameter

ΦR(t) =
1
N

N∑
i=1

(
~xi
|~xi |
× P̂i

)
· ẑ

where the absolute value is removed. This would allow to distinguish between clockwise
and anti-clockwise motion. Here an obstacle (red dot) is placed in the annular region, from
which the particles reflect. If the particles have a finite diameter with hard-core repulsions,
the obstacle may induce a jammed state which can lead to a reversal of the motion. Such
effects could be classified by treating the order parameterΦR(t) ∈ (−1,1) as a time series,
and calculating the zero-crossing rate.
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Vicsek model algorithm

For active particles in the Vicsek model with a fixed self-propulsion speed u, the
dynamics of particle j can be expressed in discretized form as [41]:

x
j
n+1 = x

j
n +udt cosφj

n+1 , y
j
n+1 = y

j
n +udt sinφj

n+1

φ
j
n+1 = arg


∑
k∈Iint

eiφ
k
n

+ησ

where σ is a random variable chosen uniformly in (−π,π) and η ∈ (0,1) is a noise
strength. Here the sum is over particle indices in a set Iint defined as the other
particles within the interaction range. We here have represented the direction of
motion of the particles in the interaction domain as complex numbers. Note that∑

k∈Iint

eiφ
k
n =

∑
k∈Iint

cosφk
n + i

∑
k∈Iint

sinφk
i

Since any complex number a+ ibmay be written
√
a2 + b2 exptan−1(b/a)we can

alternatively write

arg


∑
k∈Iint

eiφ
k
n

 = tan−1

∑k∈Iint sinφk
n∑

k∈Iint cosφk
n

 .
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chapter 5

Papers: Summary & Outlook

5.1 Paper I

Paper I: Geometric universality and anomalous diffusion in frictional fingers
Published in New Journal of Physics, 2019.

Summary : The purpose of this paper is twofold: one part deals with improving the
understanding of the geometric properties of frictional finger patterns, while the secondpart
studies Brownian motion inside the patterns and the relation between the dynamics and
the geometry. Frictional finger patterns are 2D branching geometries that appear through
instabilities in frictional fluids. A mixture of a liquid and spherical beads with a randomly
uniform filling fraction ϕ is placed in a Hele-Shaw cell, before liquid is removed from a
central point in the cell. This allows air to invade from the boundaries, forming fingers of air
with walls made out of bulldozed beads. These patterns are per construction space-filling,
in the sense that their Euclidean fractal dimension is 2, and they have a characteristic length-
scale associated with the finger width. This however does not characterize the geometry
in its entirety. Taking inspiration from both network and graph theory and the study of
real-world river networks we present different ways of quantitatively characterizing two
important features of the pattern that hitherto has remained unexplored: the branching
and folding properties. Two fractal dimensions that are associated with the internal metric
(branch-length rather that Euclidean air distance) are explored through both analytical and
numerical methods. One of these dimensions is the connectivity dimension dc, which is
completely analogous to the Euclidean mass-radius fractal dimension. This was found to
take a value close to dc = 1.67. The other is the shortest of minimum path dimension dm
which is the fractal dimension of the curve connecting two point in the pattern. This was
found to take a value close to dm = 1.25 through one method, and dm = 1.20 through
another.

Although the minimum path dimension was not determined in a completely satisfac-
tory manner, the ballpark estimate lies in the range of the uniform or minimum spanning
trees. These are tree-structures on the 2D square lattice of sizeL, obtained either by drawing
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connected spanning configurations of links without loops uniformly, or by minimizing a
random energy landscape over the lattice links respectively. The uniform and minimum
spanning trees have minimum path dimensions close to dm = 1.25 and dm = 1.22 re-
spectively. Since the frictional finger patterns are constructed by air invading paths of least
resistance, we hypothesized that they belong to the geometric universality class ofminimum
spanning trees. While this is consistent with the finding no final conclusion could be made.

The second purpose of the paper is to consider a minimal model for anomalous diffu-
sion inside such patterns. Through scaling arguments and an Einstein relation we end up
with a simple model for an overdamped Brownian particle where the branching patter is re-
placed with an effective medium represented by a radial power-law friction (or equivalently
diffusivity). In chapter 3 such effective media was discussed, and for the particular case of
a power-law friction we found Eq. (3.23) governing the mean square displacement. The
diffusion exponent that controls the temporal scaling of the mean square displacement
is related to the various fractal measures, and the predictions agree well with numerical
simulations of random walkers released inside the pattern.

Outlook :At the time of writing paper I the main direct continuation was to improve
the measurements of the minimum path dimension, possibly by newmethods. Further
insights into this was offered in paper II. Paper I has studied anomalous diffusion of passive
particles in a frictional finger pattern that we for practical purposes treated as infinitely
large. In reality, such patterns have an exit where the air started to invade at the beginning
of the pattern formation process. One could therefore extend the study to finite sizes,
where the flux out of the system could be considered. This would serve as an example of
geometry-controlled release of confined particles, which could be useful for example in the
context of drug delivery. Another possible extension is to promote the passive Brownian
particles to active Brownian particles and consider the effect of collective effects on the
dynamics inside such complex geometries.

5.2 Paper II

Paper II: Diffusion entropy and the path dimension of frictional finger patterns
Published in Frontiers in Physics, 2020.

Summary : In paper I a connection between the late-time dynamics of Brownian
particles inside the complex geometry of the frictional finger patterns and the geometric
feature of the pattern was made. In paper II this connection it utilized further to gain more
insight into the minimum path dimensions of the frictional fingers. Here the Brownian
particles, which were assumed to obey the effective large-scale model with a power-law
friction, were used as a probe of the systems geometry. It was shown analytically that the
entropy production of the effective model was controlled by theminimumpath dimension,
which could thus be extracted fromknowledge of the dynamics. The entropywas calculated
numerically in a new and improved random walk model for the finger patterns, and best
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fits were made to the analytical prediction. By extracting the minimum path dimension
through through the dynamics of Brownian particles, we found the value dm = 1.22,
which is the dimension for minimum spanning trees. This result gave further evidence
to the hypothesis that the finger patterns belong to the universality class of minimum
spanning trees.

Outlook :The idea that Brownian particles can be used as a probe of complex geome-
tries provides a way of characterizing complex media in general. The particles will by their
nature explore the system in an unbiased way, and the late time dynamics should reflect
some of the coarse geometric features of the system. This approach can in principle be used
to study several other complex systems, given that a coarse-grained model for the diffusion
process is available.

5.3 Paper III

Paper III: The escape problem for active particles confined to a disk
Accepted in Physical Review Research, 2020.

Summary :Aclassic problem in statistical physics is the escapeproblem,where particle
obeying some dynamical rules are confined inside a domain where the boundary is partially
absorbing and partially reflecting. This is called the narrow escape problem in the cases
where the absorbing part of the boundary is small compared to the remainder of the
boundary. In this case the absorbing window represents an exit where particles leave and
never re-enter. The survival probability can be easily estimated as the fraction of remaining
non-absorbed particles, and is known to have a wide range of behaviors depending on the
dynamics of the particles confined to the domain.

In the case of Brownian particles the temporal behavior of the problem can be easily
obtained to expanding the particle density field in terms of Laplacian eigenfunctions.
This leads asymptotically to an exponentially decaying survival probability. Exponential
probabilities are rather special, since they are the only continuum distributions that satisfy
the memoryless property. In paper III we investigate a minimal model where we expect
memory to be important. More precisely, we investigate the survival probability for active
particles described by a Vicsek model, in which case the collective escape events depend on
howmany particles have already left the system. A phenomenological model that includes
the effect of breaking the memoryless property is proposed.

Active matter in confinement can exhibit surprising behaviors originating in an inter-
play between the length scale introduced by the confinement and the lengths involved in
the patterns of motion that the active particles try to maintain. In the case of active particles
with local alignment interactions confined to a disc, a rotational order is quickly achieved
where a flocking state moves clockwise or anti-clockwise around the boundary. When a
small part of the boundary is absorbing however, the order is broken and decrease again
at later times after having increased as early times. The rotational order does not decay to
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zero however, and rather stabilizes at a lower value. This remaining order suggests that
the late time (low density) scaling of the survival probability is not exponential as in the
non-interacting case as one might guess.

Outlook : Paper III is mainly a numerical study, and an analytical calculation of the
survival probability could perhaps be performed in some limit or through approximation
schemes. This could offer key insights into the range inwhich our simple phenomenological
model holds. The model used in the paper was also minimal, as mentioned. To model
more concrete systems, like biological microswimmers for example, one should include
more realistic interactions with the system boundaries. A final outlook is to consider the
escape problem from amore complex domain. In other geometries, it may be that obstacles
or contorted walls destroy any order that builds up and that the role of collective effects is
smaller.

5.4 Paper IV

Paper IV: Active Brownian particles in disordered viscosity landscapes
Submitted, 2020.

Summary : Realistic scenarios where active particles move through complex land-
scapes of varying viscosity are ubiquitous in Nature. In the lab one can construct such
situations by using a fluid where viscosity can be tuned, like a photorheological fluid, or
by confining a fluid between two parallel plates with a small spacing that varies spatially.
In biological contexts it is also possible to find active particles moving through a complex
landscape of entangled polymers or fibers that on large scale effectively can be modeled as a
inhomogeneous viscosity. In paper IV we consider a simple model where the active particle
is small and spherical so that Stokes drag law holds. We consider an active particle with
an internal energy depot, that converts internal energy into motion. While such particles
quickly reach a steady state where their self-propulsion speed is constant, this is not the
case for disordered viscosity landscapes. This leads to a wide range of behaviors, including
a fast-relaxation regime where the particles self-propulsion speed is determined by the vis-
cosity landscape, and a regime with unpredictable speed in the case of strongly disordered
random landscapes. The particle dynamics is studied analytically and numerically in both
regimes.

Outlook :There are several possible interesting outlooks. First, one may include the
effect or rotational drag or even torques arising due to viscosity gradients across the particle
diameter. This could offer important insights into the details of how active particles move
through complex landscapes, rather that their general features as studied here. In the past
it has also been found that in the case of active particles with alignment interactions, the
ordered flocking state can experience instabilities due to coupling to an external turbulent
flow [56]. It would be interesting to see if a complex viscosity landscape could provide
similar effects on the cluster size distribution in the case where interactions are present.
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appendix A

Numerical integration of stochastic equations

In most instances where one considers Brownian motion in a inhomogeneous medium,
analytical solutions are not easily available. Here we present a couple of numerical integra-
tion schemes for such problems. For additional information, see for example [57].

Overdamped dynamics : In the case of the overdamped dynamics of a Brownian
particle moving in the absence of external potentials, the stochastic equation of interest is

ẋ(t) =
√

2D(x)ξ(t)

whereD(x) is the diffusivitywhichmaybe spatially inhomogeneous due to inhomogeneous
friction, of as an effective medium theory for more generic porous or disordered media.
For simplicity we write g(x) =

√
2D(x). The noise is white and Gaussian with zero mean

and unit variance. To develop a integration scheme for such equations, we proceed very
similarly to what was done in chapter 3. We discretize time into intervals (tn, tn+1) with
tn+1 = tn + dt. Integrating over a small time interval (tn, tn+1) gives

xn+1 = xn +
∫ tn+1

tn

dtg(x)ξ(t)

So far this is exact, and various approximation schemes exist for different stochastic calculus.
Expanding g(x(s)) = gn + g ′n∆x(s) we have

xn+1 = xn + gn

∫
dW + g ′n

∫
∆xdW

withW theWiener process as introduced in chapter 3 and gn = g(xn). In the last we use
the approximation x(s) = gnW (s). Using integration identities for the Wiener process
derived in chapter 3 and keeping only leading order terms give

xn+1 = xn + gn∆Wn+1 +
1
2
gng
′
n

[
∆W 2

n+1 + (2a− 1)dt
]
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The Itô interpretation uses a = 0, which yields the Itô-Milstein scheme. Similarly the
Stratonovich-Milstein scheme is obtained at a = 1/2. The Klimontovich interpretation
uses a = 1. If we do not expand the noise strength g but rather simply use g ≈ gn one gets
the Euler-Maruyama scheme. For more details regarding these schemes, see [58]. In any
case, it is convenient to write∆Wn+1 =

√
dtσn+1 where σn+1 is a normal random variable

with zero mean and unit variance, σn+1 ∈N(0,1). This ensures the right temporal scaling
of the Wiener process increment.

Underdamped dynamics :As mentioned in chapter 3, the underdamped dynam-
ics of a Brownian particle in a inhomogeneous environment has no ambiguities due to
stochastic calculus interpretations. However, there are still integration schemes worth
considering that aremore accurate that e.g. simple Euler schemes. The dynamical equations
are

ẋ = v

v̇ = −γ(x)v +
√

2kBT γ(x)ξ(t)

where we have included a force f . A simple Euler-like scheme would use

xn+1 = xn + vndt

vn+1 = vn − γ(xn)vn +
√

2kBT γ(xn)∆Wn+1

which in principle should to the job for very small time steps dt. In a Klimontovich scheme
one would evaluate both the frictional and noise terms at the end of the intervals:

vn+1 = vn − γ(xn + vndt)vn +
√

2kBT γ(xn + vndt)∆Wn+1

An approach taken by Farago and Grønbech-Jensen argues that it is more physical to treat
the frictional and noise term separately [55]. Here the authors consider the equations

xn+1 = xn +
dt
2

(vn+1 + vn)

vn+1 = vn −
∫ tn+1

tn

dtγ(x(t))v(t) +
∫ Wn+1

Wn

dW
√

2kBT γ(x)

The first integral can be written as∫ tn+1

tn

dtγ(x(t))v(t) =
∫ xn+1

xn

dxγ(x) = γ(xn+1 − xn)

where γ is a spatial average of the friction coefficient over the relevant interval. The noise
term can similarly be treated as∫ Wn+1

Wn

dW
√

2kBT γ(x) =
√

2kBT γ ∆Wn+1

68



Appendix A. Numerical integration of stochastic equations

where γ is a temporal average. In this way, the two terms are treated differently, which is
shown in [55] to perform well numerically and give almost indistinguishable results from
the Klimontovich interpretation. The coupled system of equations can be solved, to give

xn+1 = xn +
vndt

1 + γdt/2
+

dt
2 + γdt

√
2kBT γ ∆Wn+1

vn+1 =
1− γdt/2
1 + γdt/2

vn +
1

1 + γdt/2

√
2kBT γ ∆Wn+1

In the case where γ = γ one obtains schemes for the different stochastic calculi, and one
can use this scheme to simulate all stochastic conventions if desired. When the frictional
and noise terms are treated differently, one has a spatial average given by

γ =
1

(xn+1 − xn)

∫ xn+1

xn

dxγ(x)

while the temporal average is given by

γ =
γn + γn+1

2
= γn +

1
2
γ′nvndt

where one uses the approximation γn+1 ≈ γn + vndt [55]. Again it is useful to write
∆Wn+1 =

√
dtσn+1 with σn+1 ∈ N(0,1). Note that in the above equations the same

random number σn+1 should be used for the x and the v equation.
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appendix B

Random walk algorithm in the presence of obstacles

Figure B.1: Sketch of a simple numerical algorithm for modeling diffusion in a complex
media.

It is often convenient tomodel diffusion as randomwalks on a lattice. This is particularly
convenient is cases where diffusion takes place in a crowded of complex media where solid
obstacles or system boundaries are present.

A discrete random walk jumps with equal probabilities to all neighboring lattice sites.
We consider the square lattice here, although everything here is trivially generalizable to
other lattices as well. In a system of sizeL×Lwe can represent space as amatrix in which the
random walker moves. We can then define a solid matrix S as having elements S(x,y) = 0
in the case of a bulk or void point and S(x,y) = 1 if the spatial point (x,y) is a solid from
which the random walker should be reflected. The algorithm, sketched in Fig. (B), for the
random walk is then the following. First calculate the naive step

x̃i+1 = xi + σx

ỹi+1 = yi + σy

where the σ’s are randomly chosen ±1 representing the random step. Then, the real step
can be written as

xi+1 = xi + [1− S(x̃i+1, ỹi+1)]σx

yi+1 = yi + [1− S(x̃i+1, ỹi+1)]σy

If the naive step lands the particle inside a solid with S(x̃i+1, ỹi+1) = 1, the step is discarded.
If S(x̃i+1, ỹi+1) = 0 the step can be taken. In this way one can easily include any complex
media through, say, an image that is converted into a binary matrix.
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appendix C

The Boltzmann collision operator

In chapter 3 we discussed spheres suspended in liquids, and a short discussion of the Navier-
Stokes equation and the connection to the Boltzmann equation was mentioned without
much detail. Here we discuss the collision operator for the sake of completeness, following
largely the discussion found in [19].

A single-component fluid may be considered as a collection of a large number of
particles that interact through binary collisions. Such situations are often modeled by a
kinetic equation. We know that the joint phase space distributionforN particles fN satisfies
the Liouville equation

ḟN = ∂tfN + {fN ,HN } = 0

reflecting the Hamiltonian nature of theN -particle systems and the conservation of proba-
bility. HereHN is theN -body Hamiltonian consisting of a sum over theN free-particle
Hamiltonians plus binary interactions through a potentialΦ . One may consider a reduced
distribution for s particles by integrating outN − s particles[59]:

fs(X1, ...,Xs; t) =
N !

(N − s)!

∫ N∏
i=s+1

dXi

f (X1, ...,Xs,Xs+1, ...,XN ; t) (C.1)

whereX = (q,p). Onemay show by going through some tedious algebra that such reduced
densities satisfy a similar equation, namely

∂fs = {Hs, fs}+
s∑

j=1

∫
dXs+1

∂Φ(~qj − ~qs+1)

∂~qj
·
∂fs+1

∂~pj

whereHs is the same many-particle Hamiltonian but truncated to a s-particle subspace.
This is a hierarchical set of coupled equations known as the BBGKY hierarchy.

A commonly used closure scheme is the so-called molecular chaos assumption whereby
one sets f2(~p1, ~p2) = f1(~p1)f1(~p2). Assuming that collisions induce a transition rate
between a state where two ingoing particles have momenta (~p1, ~p2) and the outgoing state
with new momentum (~p′1, ~p

′
2), denotedω(~p1, ~p2→ ~p′1, ~p

′
2), one can argue that the single
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particle equation takes the form

∂f1 = {f1,H}+ Q[f1]

Q[f1] =
∫

d~p2~p
′
1~p
′
2ω(~p,~p2→ ~p′1, ~p

′
2)
[
f1(~p)f1(~p2)− f1(~p′1)f1(~p′2)

]
This is the Boltzmann equation, where Q is the collision operator. Symmetries of the
transition rate were used to simplify the expression [19].

Hydrodynamics is the description of macroscopic degrees of freedom. These are the
collective long wavelength, low frequency, excitations of the many-particle system. The
starting point for deriving these equations from the Boltzmann equation is to consider
so-called collision invariants. A collision invariant is a function ψ(~q,~p) with no explicit
time dependence, which satisfies ∫

d~pψ(p)Q[f1] = 0.

Using the form of the collision operator for the Boltzmann equation and relabeling p→ p1
we have for the left hand side∫

d~p1d~p2~p
′
1~p
′
2ω(~p,~p2→ ~p′1, ~p

′
2)ψ(~p1)

[
f1(~p)f1(~p2)− f1(~p′1)f1(~p′2)

]
Note that every momenta in this expression is just a dummy variable that is integrated over.
Hence we can relabel them as we please. By interchanging subscripts 1↔ 2 and adding
the result, and then interchanging primed and unprimed momenta and adding we end up
with the following equation for collision invariants [19]∫

d~p1d~p2~p
′
1~p
′
2ω(~p,~p2→ ~p′1, ~p

′
2)(ψ(~p1) +ψ(~p2)−ψ(~p′1)−ψ(~p′2))

×
[
f1(~p)f1(~p2)− f1(~p′1)f1(~p′2)

]
= 0

Since we have not necessarily reached equilibrium so that detailed balance f1(~p)f1(~p2)−
f1(~p′1)f1(~p′2) = 0 holds we must have that the collision invariants satisfy

ψ(~p1) +ψ(~p2)−ψ(~p′1)−ψ(~p′2) = 0

It is known that in d-dimensional space there are d + 2 collision invariants [60] {ψk}with

ψ0(~p) = 1

ψα(~p) = ~pα , α = 1, ...,d

ψd+1(~p) = ~p2

whereα denoted the component of Euclidean vectors. Aside from the trivial invariant 1 the
other invariants are the momenta and kinetic energy. The time evolution of the collision
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invariants can be found from the Boltzmann equation. Let us multiply the Boltzmann
equation with an invariantψ and integrate over the momentum∫

d~pψ(~p)
(
∂t +

~p

m
· ∂
∂~q
− ∂V

∂~q
· ∂
∂~p

)
f1(~q,~p, t) =

∫
d~pψ(~p)Q[f1]

From the definition of a collision invariant the right-hand side clearly vanishes. Since the
invariants have no explicit time dependence we can move it freely around the partial time
derivative. Since we integrate over the momentum we may also integrate by parts to move
the momentum derivative to the invariant. Using the product rule for the spatial derivative
we end up with the following partial differential equation [19]

∂t(n〈ψ〉p) +
∂

∂~q
·
n〈

~p

m
ψ

〉
p

 = n

〈
~p

m
·
∂ψ

∂~q

〉
p

−n
〈
∂V

∂~q
·
∂ψ

∂~p

〉
p

(C.2)

where we define the average of some function g with respect to the momentum by

〈g〉p =

∫
d~pg(~p)f1(~q,~p, t)∫
d~pf1(~q,~p, t)

=
1

n(~q, t)

∫
d~pg(~p)f1(~q,~p, t).

This equation is the one describing the macroscopic degrees of freedom. If one considers
non-collisional invariants one must add to the right-hand side of this equation Q[f1]ψ,
integrated over momentum space. For more details on the Boltzmann equation and the
connection to fluid dynamics, see for example the lecture notes of D. Tong [19].
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Abstract
Frictional finger trees are patterns emerging fromnon-equilibriumprocesses in particle-fluid systems.
Their formation share several properties with growth algorithms forminimum spanning trees (MSTs)
in random energy landscapes.We propose that the frictional finger trees are indeed in the same
geometric universality class as theMSTs, which is checked using updated numerical simulation
algorithms for frictionalfingers.We also propose a theoreticalmodel for anomalous diffusion in these
patterns, and discuss the role of diffusion as a tool to classify geometry.

1. Introduction

Frictionalfinger patterns are a result offlow instabilities in quasi-two-dimensional (2D) deformablemedia due
to frictional and capillary forces [1, 2]. Although these patterns have been studied for over a decade, the only
means of characterizing their complex geometry has been their channel width. Thefingers appear when liquid is
withdrawn from a two-phase, particle-fluid system [1–3]. The particles are initially distributed throughout the
systemwith an approximately uniformpacking fractionf, before themoving fluid-air interface compactify the
particle packing. This process leaves behindwalls of particles while the invading air forms bifurcating fingers in a
tree-like pattern (as illustrated infigures 2 and 3 ). The randomgeometry of the emerging patterns arises due to
non-uniformity in the initial packing fraction. Figure 3 shows several patterns, displaying the range of sizes
available. This set offigures is generated numerically, following the procedure outlined in appendix A. Figure 1
shows the 1D skeleton of the pattern, where the fingerwidth has been contracted as infigure 2(c). It is the
geometry of this skeleton treewewish to understand.

The process that generates the frictional finger patterns is inmanyways an optimal pathfinding process that
happens in small bursts. The bursts take place along the existing interface where the force needed to overcome
the compactified particle front is the smallest. This is very reminiscent of the formation ofminimum spanning
trees (MST). Here one assigns aweight e, often thought of as an energy, to every link in a graph or lattice. The
MST is then the tree spanning all the vertices of the lattice (but not all bonds) such that the total energy is
minimized [4]. Hence theMST is a geometry constructed on the basis of global optimization. For the frictional
finger structure, a very similar thing happens although the process now is off-lattice. Both processes terminate
when the structures are space-filling, i.e. they are both examples of random spanning trees.

TheMSTuniversality class is a famous one, towhichmany systems have been argued to belong [5].Minimal
paths onMST,minimal paths on invasion percolation clusters andwatershed lines are examples of random
planar curves with the same apparent fractal dimension of 1.22 [5]. Although the frictional finger trees and the
MSTs follow similar dynamical construction rules it is not obvious that they share universality class. By
numericallymeasuring various geometric exponents wewill see that these differences seemingly does not
significantly alter the resulting tree geometry and that the two are in the same universality class.

Once the geometric universality class is knownwe can predict other exponents by using existing scaling
relations.Most interesting perhaps is the relation between the exponents that define the geometric universality
class and the exponents of dynamical variables of a randomwalker. Randomwalks in randomgeometries,
fractals and tree-like structures often display anomalous diffusion [6–10], whereby themean-squared
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displacement of the randomwalk has a nonlinear asymptotic scalingwith time

x x t t, 1. 1t 0
2á - ñ ~ a ∣ ∣ ( )

In open and uniform space the diffusion exponentα=1 for any dimension. By contrast, in complex
geometries or underflow, the diffusion exponentαmay depart fromunity, being subdiffusive 0<α<1 or
superdiffusive 1<α<2. This type of anomalous transport is typical in complex systems [11–18]. Themost

Figure 1.A frictional finger tree representing the 1D skeleton of the frictional finger pattern. Inset shows a 5×magnification. The
colors represent aHorton–Strahler ordering, as explained in section 3.

Figure 2. (a)A small frictional finger pattern generated numerically. Note the inlet where the growth begins. (b) Frictional fingers with
simplified one-dimensional skeleton tree. (c) Simplified tree only.
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famous example of subdiffusion is perhaps deGennes ‘la fourmi dans le labyrinthe’ (the ant in the labyrinth),
referring to a randomwalker on a 2D critical percolation cluster [9]. In this case the diffusion exponentα is
determined by the critical percolation exponents [10]. Oftenα can be expressed in terms of a handfull of
parameters reflecting the system geometry and boundary conditions. For example, in the case of a random comb
model, the relevant geometric parameter is the tail index (scaling exponent) of the branch-length probability
density [7]. In this way,α depends on the class of geometries constructed using a certain type of length
distribution. Similarly, the universality class ofMST specify such a class of randomgeometries in the case of
spanning trees.

The rest of the paper is organized as follows. In section 2, we introduce the different scaling exponents and
fractal dimensions in random tree-like geometries.We also discuss an effectivemodel for anomalous diffusion
in the finger geometry, relating the diffusion exponent to the systems geometry. Section 3 discusses statistical
measures of branch ordering to classify different tree-like structures. This is then used to determine theHack
exponent of the system.Numericalmeasurements of scaling exponents are presented in section 4. Finally,
concluding remarks are offered in section 5.Numerical details on the frictional finger labyrinths and pattern
analysis are included in the two appendices.

2. Theory

For simplicity, wewillmake the assumption that thewidth of the fingers can be ignored.We therefore replace
the 2D geometry offigure 2with the one-dimensional (1D) tree shown in part (c) of thefigure. This corresponds
to studying the pattern on space and time scales that aremuch larger than the finger width. Amuch larger
version of the 1D tree is shown infigure 1.

2.1. Non-Euclidean fractalmeasures
Let us consider a 1D tree  inwhich distances aremeasured by the intrinsic distance function d, given by the
shortest-path or the geodesic distance between two points. Thus, our trees aremetric spaces consisting of 1D
curves that are topologically equivalent to line intervals. For any two points a b, Î there is a unique non-
intersecting curve connecting them,with a geodesic length d(a, b). This formally describes trees such as those in
figures 1 and 2(c).

To convert from the geodesic distance to the Euclidean one, we need to embed our tree into the plane. The
only requirementwe put on our embedding is that the tree becomes space-filling, tomimic the frictional finger
trees or theMST. The space-filling property ismeasured by the fractal dimension. Let us recall somewell-known
relations between various fractal dimensions.Wewill use themass-length definition of fractal dimension,
following the conventions of [10].

Let a, b be points in  and d(a, b) the geodesic distance between them. Ifj is the function that embeds 
into the Euclidean plane, wewill write x aa j= ( ) and x bb j= ( ) for the 2D vectors. The intrinsic distance d and
the Euclidean distance are related by theminimum-path dimension dm, typically introduced as [10]

Figure 3. Labyrinth-like frictional fingers of different sizes generated numerically.
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x xd a b, . 2b a
dm~ - j( ) ∣ ∣ ( )( )

Wewill use scalar variables r andℓ for a generic Euclidean and geodesic distance respectively. Tomake a
global estimate for the typical fractal dimension of shortest paths, we propose the following. Pick a point s inside
the tree that is not a branching point or end point. Then consider the set of points a geodesic distanceℓ away
from s:

P p T d s p, .s = Î =ℓ ℓ( ) { ∣ ( ) }
This is nothing but a circle in the geodesicmetric. The average Euclidean distance to these points are then

x xr
P

1
,s

s p P
s p

s

åá ñ º -
Îℓ∣ ( )∣ ∣ ∣

ℓ( )

where Ps ℓ∣ ( )∣are the number of points a geodesic distanceℓ away from s. Based on this we could define a local
estimate for theminimumpath dimension. To go to a global estimate we pick a discrete set of sample points S
along line segments and perform aweighted average

r
W r

W
,s S s s

s s

å
å

=
á ñ

Îℓ( )

where theweightsWs are taken to be the length of the line segment containing s asmeasured between the two
nearest branching points. In the remainder of this paper, the overline will signify such an average over sample
points.Wewill then use the following definition for the globalminimumpath dimension

r 3d1 m~ jℓ ℓ( ) ( )( )

which of course depends on the embeddingj through the local average ... sá ñ .
The standard Euclidean fractal dimension df is defined by [10]

m r r , 4df~ j( ) ( )( )

wherem is themasswithin Euclidean radius r. By assumption, our embedding produces df=2 for the space-
filling frictional finger trees.We also introduce the scaling exponent of the connectedmass

m r r , 5c
df

c
~ j( ) ( )( )

wheremc(r) is themass of the connected part of the structure within radius r from a chosen reference point. That
is, if a branch exists the disc of radius r and then enters again somewhere else, the disconnected part is ignored.
On length scales wheremc(r)/m(r) is a constant, the two Euclidean fractal dimensions coincide. This is the scale
where the systemhas awell-developed fractal behavior, butwhere stillfinite-size effects has not significantly
entered.Note that for small radii the ratiomc(r)/m(r) is close to 1 since all themass is connected. In larger scales
when the twomasses deviate wemust have thatmc(r)<m(r), so the graph of their ratio initially decrease with
radius.However, sincewe areworkingwith afinite system size the ratiowill become unity againwhen the
systems radius is hit. To avoid the finite size effects we therefore work in an intermediate range of radii where
mc(r)/m(r) has not yet began to increase towards 1.Wewill discuss this again for the frictional fingers in the
numerical section.

Finally we introduce the connectivity dimension dc as a fractal dimension that ismeasured using themetric
of  (geodesic distance d) and therefore does not depend on the embedding of the tree. For a ball of geodesic
radiusℓcentered at a point s on the tree

B s p d s p, , ,= Î <ℓ ℓ( ) { ∣ ( ) }
we can define the connectivity dimension dc by looking at how themasswithin the ball scales withℓ, i.e.
B s, dc~ℓ ℓ∣ ( )∣ [10, 19]. To get a global estimatewewill again perform an average over a set of sample point, and
we define

B s, . 6dc~ℓ ℓ∣ ( )∣ ( )
Sincewewill only refer to the global connectivity dimension, wewill write d dc cº for simplicity. The three
fractalmeasures, d d,m f and dc, are related by the fact that themass, i.e. total length, of the tree should be
conserved under an embedding. Using equations (3) and (6)we see that

B s r, .d dc m~ℓ ℓ∣ ( )∣ ( )
The averagedmass B s, ℓ∣ ( )∣measured using Euclidean length is nothingmore that the connectedmass in
equation (5). Hence, we expect that d d df

c
c m= . Asmentioned above, there is a range of length scales where the

connectedmass and the totalmass scales with the same dimension, so in this rangewe expect that
d d d df

c
f c m= = . Hencewe only need two of these three exponents.We already know that our trees have df=2

by construction, so dc and dm are the interesting quantities.
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2.2. Anomalous diffusion
Tomodel anomalous diffusion in the space-filling frictional fingers we use an effectivemedium approach, where
the tree structure is replacedwith a homogeneousmediumwith a spatially varying diffusion coefficient.

We are interested in the transport in the radial direction. The current can bewritten

j r r r
r

,D r r d
d
t

= - +[ ( ) ( )]
where τ is the time step and r x xr t t1d = -+ˆ · ( ) is the projection onto the radial direction of the random
walkers step. Expanding in small step size wefind

j
r

.D r

2d
t

r= - ¶

By performing an ensemble averagewe can read of the diffusion coefficient

D r
r

,
2

ens

d
t

=( )

where ... ensá ñ is an ensemble average andD is defined so that the current takes the standard Fickian form
j DD rr= - ¶ . Since the diffusion happens on the tree structure, theremay be a non-trivial spatial dependence in
the diffusion coefficient.

Whenever the particlesmove in an external potentialV, the equations take the altered forms [20]

j x , 7tr¶ = - · ( ) ( )
j x x V D . 8m r r= -  - ( ) ( ) ( )

Hereμ is themobility. The current should vanish in equilibrium,where the distribution takes on a Boltzmann
form Z e V x k T1 Br = - - ( ) . Using this to calculate the gradient r we find

j x x D x k T V .Bm r= - + ( ) [ ( ) ( ) ]( )
For this current to vanish, the Einstein relation x D x k TBm =( ) ( ) must hold locally [20].

Themapping between the frictional fingers and the effectivemedium ismade through the Einstein relation
for conductivity.Wewill demand that the effectivemedium satisfies the same Einstein relation as in the tree
structure. In the presence of an electric field themobility reads x x nq2m s=( ) ( ) , whereσ is the conductivity, n
the equilibriumparticlemass density and q the particle charge [10]. At large times the particle density n is
uniform throughout the space-filling tree, so it has no interesting scaling. The Einstein relation then implies the
scalingD(r)∼σ(r), wherewe assumed a radial dependence only.

To extract the spatial scaling of the diffusion coefficient consider two large concentric circles in the frictional
finger tree, centered on the initial position of the randomwalker. LetΔR denote the radial distance separating
the two circles. Since the tree has a statistical self-similarity we expect that if we remove all the shortest branches
and increaseΔR the statistics of the paths connecting the two circles remains the same. In particular, the number
of paths remains the same. A randomwalker starting at the inner circle will pick one of the paths on its journey to
the outer circle, and the typical geodesic distance of the path is Rdmá ñ ~ Dℓ , where ...á ñ is some average over the
fixed number of paths. The conductivity of a single path scales with its inverse length, so the effective
conductivity should behave a leading order scaling behavior

R
1 1

... .dmsá ñ ~ =
á ñ

+ ~D -

ℓ ℓ

Using this as the relevant conductivity, the Einstein relation gives the power-law scaling D r r dm~ -( ) .
We can now solve the free diffusion problem.Using the continuity equation for our Fickian current

j D rD r= - ( ) we get the diffusion equation

r
rD r

1
0. 9t r rr r¶ - ¶ ¶ =[ ( ) ] ( )

If we think of the diffusion problemwith spatially depending diffusivity as a Langevin problem x g r th=˙ ( ) ( )
with δ-correlatedwhite noise η and g2/2=D an interpretation of the stochastic integrals is needed to derive the
Fokker–Planck/diffusion equation. Equation (9) corresponds to theHänggi interpretation, in contrast to the Ito
and Stratonovich interpretations which have an additional drift term proportional to∂r D(r) [20, 21].

The solution of equation (9) for a power-law diffusivity D r D r0= x-( ) is known to be [22]

r t
d D t

r

D t
,

2

2 2

1

2
exp

2
,

s 0
2

2

0
2

ds
2

r
x

p x x
=

+
G +

-
+

x+⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( ) ( )

where ds=4/(2+ξ) is the so-called spectral dimension governing the scaling of the return probability
t t0, d 2sr ~ -( ) . The distribution is normalized as r rd 2 1

0ò p r =
¥ ( ) . Themoments of the distribution reads
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r
D t2

.m

m 2

2 0
2

2

2

m
2x

á ñ =
G +

G

x

x

+
+

+

x+( )
( )

[ ( ) ]

In particular, the secondmoment scales as r t2á ñ ~ a, withα=2/(2+ξ).We know that ξ=dm, which implies
the diffusion exponent

d

2

2
. 10

m

a =
+

( )
Hadwe not assumed that the particle density was uniform throughout a space-filling structure, the number 2 in
the denominator would have been replacedwith the fractal dimension, yielding the standard equation for
diffusion exponent in trees [10].

2.3.MSTuniversality class
AnMST is an example of a spanning tree generated byfindingminimal energy configurations on a lattice. If we
write (i,j) for a link connecting sites i and j on the square lattice we assign some energy òij to the links using some
probability distribution P(ò). A subset S of the lattice nowhas the energy [4]

E S .
i j S

ij
, 2




å=
Î Ì

( )
( )

AnMST is the tree on the lattice with lowest energy. This globally optimized structure can be obtained through
algorithms based on a local optimization procedure [23]. Here one chooses an initial site in the lattice and grows
a spanning tree byfirst choosing the bond connected to the initial site with the lowest energy, and the proceeds
by addingminimal energy links connecting sites in the cluster to ones neighboring the cluster. One can only add
bonds that does not form a loop in the cluster. The resulting geometry is independent of the initial site and is the
uniqueMST on the lattice provided that the energies òij of bonds are unique [23]. This can in practice be assumed
to hold, since if it were not the case some infinitesimal perturbation of the energies can be applied tomake them
unique.

It is well known that there is some universality associatedwith theMST. In particular, the values of the link
energies are irrelevant—only the ordering of energiesmatter [4]. Clearly, if wewere to shift all energies ò→f (ò)
in such away that the order remains unchanged, the same linkswill be invaded at every time step. This set of
transformations on the energy landscape leaves invariant the final geometry of the resultingMST. This freedom
in choosing the energies by any order-preserving function f is the a source of universality for theMST [4]. For
example, it does notmatter if the energies are distributed close to each other orwith largefluctuations, as long as
the energy hierarchy is the same.

Since it is a spanning tree, theMSThas fractal dimension d mst 2f =( ) . It is also known that theminimum
path dimension takes the value d mst 1.22 0.01m = ( ) [4]. This is also theminimumpath dimension of strands
in invasion percolation, optimal path cracks and fractal watershed lines [5]. From equation (6)we see that the
connectivity dimension forMSTs should be roughly d mst 2 1.22 1.64c » »( ) . Using equation (10), which
should hold for any space-filling tree structure, we also get an approximate diffusion exponent mst 0.62a =( ) .

Aswe noted in the introduction, the formation of frictional finger trees follow similar rules as theMST. The
interface in the fluid-particle system evolves by finding the region along the interface where the energy barrier is
smallest, and then evolves until friction stops the growth.Hence the frictional finger trees are formed by local
optimization rules. Also in this case it is the ordering thatmatters. If onewere to partition the interface into
boxes, eachwith an average energy barrier height, it is clear that the interface will evolve in the boxwith smallest
energy. Once the interface has evolved it has become longer, andmore boxes are needed for the partition.New
energies corresponding to newboxes are then added to the hierarchy of energies. The evolution of the interface
then proceeds again by finding the smallest energy. The distribution of energy barriers for the frictional finger
case depends on the random initialization of the packing fraction. Although the frictional finger trees are
constructed in the continuumwhile theMST on a lattice there is a lot of similarity in the two systems.Whether
or not this analogy can bemade into a statement of equivalence is one of themain questions asked in this paper.

3.Horton–Strahler statistics

The ordering scheme due toHorton [24] and Strahler [25] is a way to classify topologically complex networks.
Recall that ourworking definition of a tree is a connected set where for every two points there is a unique curve
connecting them.Wewill need somemore terminology for trees to proceed. A endpoint of the tree  is a point p
such that by removing it, p⧹ , we still have one connected component. A branching point is a point p Î such
that p⧹ has at least three disconnected components. Similarly, removing point along a line segmentwill split
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the tree into two connected parts. The line segment connecting an endpoint to its closest branching point is
called a leaf. By a root wewillmean a designated endpoint of the tree, and the line segment connecting this point
to a branching point is no longer considered a leaf.

3.1. Topological branch ordering
The pruning of a rooted tree is a transformation

:    ( )
that gives a new tree obtained by removing all leaves from the original tree [26]. The order of a line segment in the
tree is nowdefined as the number of pruning transformations needed to remove it. The union of a collection of
connected line segments with the same order is called a branch. TheHorton–Strahler number of the tree is
defined as the number of pruning transformations needed to eliminate the tree in its entirety, i.e. if   = Æ( )
the tree hasHorton–Strahler number [26].Whenwewant tomake theHorton–Strahler number of a tree
explicit wewill write . An example of these ordering rules are shown infigure 4.

Note that theHorton–Strahler number is a topological invariant of the tree—there is no reference to a
metric when defining it. It is also ameasure of the size and complexity of the tree. Another interesting topological
invariant for trees is the bifurcation ratio. Let nw be the number of branches with orderw. Following [27], the
bifurcation ratio is defined as

r w
n

n
. 11B

w

w 1

=
+

( ) ( )

This quantity contains information regarding the self-similarity of the tree. The type of self-similarity is a
topological one because it only relies on the counting of branches- if the bifurcation ratio is independent of
branch order rB(w)=rB the structure has rBmore branches at orderw than at orderw+1, and rBmore
branches at orderw+1 than at orderw+2 et cetera. The termination of this process is dictated by the
Horton–Strahler number, i.e. when w 1= - .

Analogously to the bifurcation ratiowe can define a length scaling ratio. Let Lw be the average internal length
of a branch of orderw. Then the length scaling ratio is defined as

r w
L

L
. 12L

w

w 1

=
-

( ) ( )

Figure 4.Example of a tree structurewith highest order 3. This tree has seven order 1 branches, two order 2 branches and one order 3
branch. The root is denotedR.
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3.2. The topological fractal dimension
With theHorton–Strahler parameters definedwe can analyze another generalized dimension of our system.
This analysis closely resembles that in [28, 29], but we review it here for the sake of completeness.

Consider a treewith givenHorton–Strahler parameters rB(w), rL(w) and. The totalmass of the tree can be
written as a sumover all orders

m n L .
w

w w
1




å=
=

( )

The topological fractal dimension dt can nowbe defined through thismass and the length of the highest order
branch m L dt ~( ) [28]. This can be rewritten as

d
m

L
lim

log

log
. 13t 










=
¥

( ) ( ) ( )

The number of branches of a given order nw can bewritten as a product of bifurcation ratios. Using the definition
in equation (11), we have

n r w .w
w w

B



= ¢
¢=

( )

Similarly, using equation (12) the average lengths can bewritten

L L r w .w
w

w

L1
2

=
=

¢

¢

( )/

Wewill set the leaf lengths L1=1, for simplicity. Assuming thatwe can approximate our treewith a self similar
treewe get n rw B

w= - and L rw L
w 2= - . Themass is then in the formof a geometric series

m
r

r

r

r

r

r r r

r

r
1 .B

L w

L
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Using equation (13)with L rL
2


= - and assuming that rL/rB<1wefind as in [28]

d
r

r

log

log
. 14t

B

L

 =¥( ) ( )

This topological fractal dimension is expected to satisfy the same relation as the connectivity dimension, i.e.
df=dt dm [30], and hencewe expect that dc=dt. This will be checked numerically in the next section.

The topological fractal dimension is closely related to the so-calledHack exponent. For any point p Î we
denote by p the subtree rooted at p containing all points further away from themain root. Let also m pℓ ( )
denote the geodesic length of the largest path containing p in such a subtree. TheHack exponent h is then
defined through [30]

m . 15p
h

m p ~ ℓ( ) ( ) ( )
In the study of river network topology, this exponent is typically defined through the relation between the
drainage basin area connected to p, sometimes denoted ap, and themaximal geodesic length inside it, but for
space-filling structures we expect a mp p~ ( ). For self-similar trees it is also expected that m pℓ ( ) scales in the
sameway as the highest order branch in the subtree. In this case theHack exponent should be h d1 t= . It is
known that theHack exponent indeed satisfies the inverse of equation (14) [30].Wewillmeasure theHack
exponent independently in addition to theHorton–Strahler ratios in the next section.

Beforewe turn to the numerical sectionwewant to point out that for space-filling systemswith df=2 every
other geometric exponent discussed in this paper can be expressed in terms of theHack exponent by using the
discussed scaling relations. In summary:

d d h1 , 16c t= = ( )

d h2 , 17m = ( )

h1 , 181a = + -( ) ( )

r r . 19L B
h= ( )

The last of these equations can be seen as a consistency condition between theHorton–Strahler ratios and the
Hack exponent for self-similar systems in the thermodynamic limit.
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4.Numerical results

In this section, we numerically calculate the various dimensions and exponent that we have discussed in the
theory andHorton–Strahler sections.We alsomeasure the diffusion exponent and comparewith equation (18).
The frictional finger patterns used are generated numerically using the scheme presented in appendix A, and
they aremapped into 1D trees using the pattern analysismethod from appendix B. Table 1 summarizes the
values for various exponents.

4.1. Connectivity andminimumpaths
The connectivity dimension dc and theminimum-path dimension dm are defined by equations (6) and (3)
respectively. A set of sampling points a is chosen such that it contains one randompoint along the length of each
line segment of the tree. Then for a series of lengths l along the branches, wemeasure both the total branch length
within l from a, B a l,∣ ( )∣, and themean Euclidean distanceD from a of the set of points exactly l from a. For
each l, we take aweighted average by branch length of both B a l,∣ ( )∣andD across all points a to derivemean
values for thewhole pattern. To avoid influence from the pattern’s edge, only points a at least a geodesic distance
l from the labyrinth perimeter are considered.

The fractal dimensions dc and dm can be found by plotting B a l,∣ ( )∣andD respectively against l, as is shown
infigure 6, using data from the largest labyrinthwithHorton–Strahler number 9. Numerical values are obtained
of dc=1.67±0.05 and dm=1.25±0.03.Note that d d d 2.09 0.08c m f= =  , which, in theory, should
correspond to the Euclidean fractal dimension df.

The range corresponding to the unshaded region infigure 6 is taken fromfigure 5, which shows the ratio
mc(r)/m(r).We see that as expected the graph interpolated between 1 at small r and 1 at large r, and in between
stabilizes in a range of radii. This range depends on the size of the system. The data infigure 6 corresponds to the
largest system.

4.2. Anomalous diffusion in frictionalfinger labyrinths
Diffusion in frictional fingers is studied by Brownian randomwalkers. Figure 7 shows the schematic setup of the
simulations. A discrete randomwalk is released inside the frictional fingers, with a lattice spacing that is smaller
than thefinger width by one order ofmagnitude. For the sake of simplicity, we use hard-wall boundary
conditions, i.e. when the particle hits thewalls that step is discarded and a new step is taken.

Themean-squared displacement x x tt 0
2á - ñ ~ a∣ ∣ is then calculated for labyrinths of different sizes.

Figure 8 shows the simulation results in systemswhere the sizes differ by a factor of 16. The largest system
corresponds tofigure 1.We see that the diffusion exponent decreases with system size, and for the biggest system
we haveα≈0.64.

Infigure 8 the slopes are found by the bestfit of the data points. The diffusion exponent could also be found
through detrended fluctuation analysis (DFA). In general, DFA is a tool that can be used to study correlations or
scaling for long time series [31–33]. By applying themethods ofDFA to the randomwalkers position xt, one can
through the scaling exponentαDFA of theDFA fluctuation function find the anomalous diffusion exponent
through 2 1DFAa a= -( ) [33]. Hencewe expectαDFA≈1.32, signifying a time signal with positive
correlations [31, 32].

Table 1.Definitions and values for various exponents. The fourth column shows the value of various exponents based on direct
measurements in the frictional finger trees. The last two columns shows the values for frictional finger trees and forMSTbased on expected
scaling relations from equations (16)–(18). The values forMST are based on the value for dm given in [4], and the values for the frictional
finger trees are based on the directmeasurement of theHack exponent. In both cases we assume df=2 is known. The algorithms used for
directmeasurements are described in the text.

Exponents

Defining relation Name

Value (direct
measurement)

Value (UsingHack

exponent) Value (MST)

df m r rdf~( ) Fractal dimension 1.997±0.007 × 2

h m p m p
h1 ~ ℓ( ) ( ) Hack exponent 0.60±0.015 × 0.61±0.005

dc m dc~ℓ ℓ( ) Connectivity dimension 1.67±0.05 1.67±0.04 1.64±0.01
dm rdm~ℓ Minimumpath dimension 1.25±0.03 1.20±0.03 1.22±0.01 [4]
dt m L dt ~( ) Topological fractal

dimension

× 1.67±0.04 1.64±0.01

α x x tt 0
2á - ñ ~ a( ) Diffusion exponent 0.64±0.03 0.63±0.01 0.62±0.002
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4.3. Topological scaling andHack exponent
From the simplified 1D tree structure, it is possible tofind theHorton–Strahler order of each branch, and to
report the number andmean length of branches of each order. These trees are not perfectly self-similar, but to a

Figure 6.Graph showing, for a series of lengths l along the branches, the total length B a l,∣ ( )∣within l of a position (red squares), and
themean Euclidean distanceD of points exactly l away from aposition (blue circles), averaged overmany reference positions within
the largest labyrinth. Equations (6) and (3)may be used to estimate the fractal dimensions dc and dm respectively from the gradients of
these lines. Lengths l are in arbitrary units, ranging between the typical width offingers at the left of the graph to the radius of the
labyrinth at the right. Values for small length scales—which are strongly influenced by the characteristic length scale of thefingers—
are not used for estimating the slopes. The non-shaded area, obtained fromfigure 5, is the domain usedwhenfitting the data.

Figure 7. Sketch of the numerical situation. The fingers are discretized so that the fingerwidth is of the order 5−7 lattice spacings.
Boundary conditions are reflective.

Figure 5.Graph showing the ratio of connectedmass to totalmass as a function of radius for finger patterns of various radiiR in
arbitrary units. A range of radii are identified as the domainwhere this ratio ismore or less constant. In thefigure this corresponds to
the unshaded region for the largest labyrinth.
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good approximationwe can use an average value of theHorton–Strahler ratios when doing our calculations.
Figure 9 shows the number of branches of a given order and their average geodesic length in a logarithmic scale.
Note that in a self-similar tree we should have n rw B

w= - , so that n w rlog logw B~ - ( ). Hence the slope in this
plot determines the bifurcation ratio for a self-similar structure, giving rB≈4.1±0.15. Similarly we find
rL=2.15±0.10 from the slope of the blue (circular) data points infigure 9.

Figure 10 shows themass of subtrees versusmaximal geodesic length, which gives us theHack exponent
h=0.60±0.015. Using equation (19) one can show that themeasured value for h and the values for rB and rL
indeed are consistent, within the uncertainties. Using the numerical values of the ratios and equation (19),
solving for h gives the value 0.54±0.06.However, there are larger sources of error in themeasurements of the
ratios, so the directmeasurement of theHack exponent ismore reliable.

Using equations (16)–(18)wehave from themeasuredHack exponent the values

d d1.67 0.04; 1.20 0.03; 0.63 0.01.t m a=  =  = 

We see this value of dt agrees verywell with the directmeasurement of the connectivity dimension dc as expected.
The diffusion exponent also agrees with simulations on frictional fingers.Within the uncertainties these values
all agreewith those of theMSTuniversality class.

Figure 9.Graph showing the scaling of branch count nw (red squares) andmean branch length lw (blue circles)with branch orderw.
Black lines showfits of rB=4.1 and rL=2.15, ignoring the points corresponding to branch order 1 in each case. Uncertainties on nw
are assumed equal to nw , and uncertainties on lw are estimated from the standard deviation. There is no uncertainty for l8 or l9 due to
insufficient data to find a standard deviation, and these values are not used in thefit. The error bars onmost other points are smaller
than the symbols.

Figure 8. Figure showing themean-square displacement for systems of different size. The orange line corresponds to a labyrinthwith
diameter d1=30 cm, the blue line to a diameter d2=8d1, and the purple line to the biggest labyrinthwith diameter d3=16.7d1. For
reference, lines with slope 6/10 and 7/10 has been included.We expect that the slopes have an uncertainty of the order±0.03.
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5. Conclusion

Wehave argued that the frictional finger trees belong to the same universality class as theMSTs. Several
geometric exponent weremeasured, both directly and indirectly, and comparedwith values forMSTs, which
confirmed the hypothesis. The values of the geometric exponents also give a value for the diffusion exponent
associatedwith the universality class, which agrees with randomwalk simulations.
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AppendixA.Numerical generation of labyrinths

The numerical simulations that generate the labyrinth are in principle the same as those described in [2].Motion
of the air-grain front takes placewhere there is least resistance in terms of frictional and capillary forces. This
means that both inertial and viscous forces are neglected.

The simulations are based on a discretization of the front into points labeled iwhich are updated bymoving
one point at the time a certain length dx along the local unit normal ni at each update, as is illustrated in
figure A1.

Wheremotion takes place, the driving pressure P balances the frictional and capillary forces so that

P
R

L. A.1
g

m= + ( )
Here γ is the effective surface tension,μ a friction coefficient,R the local radius of curvature and L the local

frontwidth. Figure A1 shows how these quantities are discretized.Here ri is the point to bemoved so that
xr r n di i i + . The normal vector is simply taken to be the unit normal to r ri i1 1-+ - . The curvature is

calculated as follows.
Consider the shaded triangle infigure A2.Here
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r r r r n

r r

1

2
1

2
.

i i i i i

i i

1 1

1 1

=- - + -

= -

- +

+ -

[( ) ( )] ·

∣ ∣

Figure 10. Figure showing themaximal length of subtrees versus theirmass, for simplicity denoted a (‘area’). Slope gives theHack
exponent h 0.60 0.015=  .
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Pythagoras theorem then immediately gives

R

a

b a b

1

2 1
.

2 2
=

+[ ( ) ]
In the limit where b?awehave the following expression for the curvature

R

r r r n

r r

1

2

2 2
. A.2i i i i

i i

1 1

1 1
2

=
- -

-
+ -

+ -

( ) ·
( ) ( )

In addition to the front particle positions ri{ }, the local front thickness needs to be stored and updated.
When xr r n di i i + the front thicknessmust be updated simultaneously. This happens by the combined
action of front stretching, which reduces Li, andmass accumulation, which increases L. Themass accumulation
happens because a region of packing densityf<1 becomes af=1 region. Themass added to the front gives
an additionf /(1−f ) dx to L. The stretching adds nomass to the front, so that this step conserves the area Ls
(see figure A1), that is, d(Ls)=0, so that dL=−Lds/s. The two steps combined then gives

L x L
s

s
d

1
d

d
, A.3i i

i

i

f
f

=
-

- ( )

where s r r r ri i i i i1
2

1
2= - + -+ -( ) ( ) , so that wemaywrite the increment

s
x

s

r r r n
d

2 d
. A.4i

i i i i1 1=
+ -+ -( ) · ( )

Figure A2.Triangle used in the calculation of the radius of curvature.

Figure A1.The discretized front, showing the point ri to bemoved along the unit normal ni. Here Li+1 is the local front width, and the
radius of curvatureR coincides with the local position vector ri.
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If the front folds back tomeet itself, it is stopped, as is illustrated infigure A3. Randomness is introduced by
adding a 10%white noise on the initial packing fractionf.

Appendix B. Pattern analysismethods

In order tomeasure branching statistics and fractal dimensions of our patterns, it is necessary to represent them
as logical tree structures. Labyrinths are first rendered as binary images, and a binary closing operation is
performed to remove small-scale structure on length scales below that of the frictional fingers. A skeletonizing
algorithm then reduces all branches to single-pixel width. A custom algorithm (previously used in [34]) uses this
skeletonized image to produce a formof the labyrinth expressed as a hierarchical tree of nodes, inwhich each
node holds information on its parent and descendant nodes, on its position, and on the length and shape of its
branch. Leaves with length below the length scale of the binary closing operation are pruned from the tree, as
they are unlikely to represent real structural features.
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The authors investigate, using both analytical and numerical methods, the entropy

associated with a diffusion process inside frictional finger patterns. The entropy obtained

from simulations of diffusion inside the pattern is compared to analytical predictions

based on an effective continuum description. The analytical result predicts that the

entropy depends in a particular way on the path dimension of the system, which governs

the scaling of simple paths in the system. The findings indicates that there is a close

analogy between the frictional fingers in the continuum and minimum spaning trees on

the lattice, as the path dimension is found, through studies of the entropy, to be close to

the defining value for the minimum spanning tree universality class.
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1. INTRODUCTION

Patterns with complex geometry and topology are ubiquitous in Nature. When transport processes
take place inside such patterns, their dynamical properties are typically anomalous due to the non-
trivial geometry. The case of anomalous diffusive transport, where the mean-square displacement
scales non-linearly with time, has been studied in some detail since the 1980s and remains a
popular topic to this day [1–9]. While many of the systems studied in this context are idealized and
synthetic, like that of hierarchical fractals, real systems are noisy and often have a geometry that
is too complex to be exactly captured by the simplified models. In order to utilize the simplified
models, one has to identify the right set of relevant geometric properties when a scaled-up effective
continuum description is used. These coarser geometric properties then determine the long-time
dynamical properties of diffusing particles in the geometry, like the mean square displacement
and the entropy. The entropy associated with anomalous diffusion processes has been studied in
some detail in the framework of fractional diffusion equations [10–13]. We here instead consider
diffusion with spatially dependent diffusivity, where the analytical form of the diffusivity is linked
to the systems geometry. It is the aim of this paper to investigate the entropy for such an effective
continuum description of diffusion in frictional finger patterns, and the associated insight it brings
into the systems coarser geometric properties.

Fricitonal patterns are space-filling bifurcating two-dimensional geometries that arise due to
instabilities in frictional fluids. Experimentally, the frictional finger patterns are produced by
preparing a mixture of glass beads and liquid in a Hele-Shaw cell before pumping out of liquid
from the center of the cell. When the cell has open ends, this forces air into the glass bead / liquid
mixture resulting in a deformation of the boundary of the mixture [14, 15]. The deformation takes
place where the energy needed to move the boundary is the smallest. A simulated version of the
pattern is shown in Figure 1A, based on the algorithms discussed in Olsen et al. [16].
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FIGURE 1 | Figure showing a frictional finger pattern (A) together with the one-dimensional skeletonized tree-structure obtained by contracting the finger widths to

zero (B). The skeletonized pattern is pixelized before random walkers are released as discussed in section 3.

It was recently hypothesized by the authors that since the
frictional finger patterns are formed through a optimal path-
finding process it may belong to the geometric universality
class of minimum spanning trees (MST)[16]. These are tree-
structures constructed on a lattice by assigning a random energy
to every lattice link and finding the loopless configuration
of links that globally minimizes the total system energy [17].
Universality in this context refers to the exponents reflecting
geometric properties of a pattern, like the fractal dimensions df
or minimum path dimension dm, the latter being the scaling
exponent connecting Euclidean and intrinsic distance measures.
Since on loopless structures there is an unique path connecting
any two points we will simply refer to dm as the path dimension.
The 2D MST class has df = 2 and dm = 1.22 ± 0.01 [17].
Direct measurements of the path dimension in the frictional
fingers have proven to be difficult, due to the noisy and complex
nature of the patterns. In particular, the path dimension can be
estimated locally by fixing a sample point in the system and
considering the average length ℓ of paths out to a radius of
Euclidean length r. To obtain a global "coarse-grained" estimate

dm for the path dimension of the system this local path dimension
should be averaged over many sample points. This gives a path

dimension of dm = 1.25 ± 0.03 [16]. The path dimension
can also be estimated by treating the pattern as a tree structure
and using branching statistics, similar to the study of river

networks. This method in stead gives dm = 1.20 ± 0.03 [16].
While both of these measurements are consistent with the MST
class, they are inconsistent with each other. Rather that directly
measuring the path dimension we will here use the diffusing
particles as a probe of the system geometry. In particular, since
the entropy is a measure of how fast the diffusion process is
relaxing toward equilibrium, the entropy will be a function of the
systems geometry and will therefore give us some insight into the

value of dm.
The rest of this paper is outlined as follows. Section 2 discusses

the diffusion entropy associated with the effective continuum

description, which is based on a simple power-law scaling of
the diffusivity. The entropy associated with the corresponding
Fokker-Planck equation is calculated analytically and compared
to results obtained using fractional diffusion equations. Section
3 discusses a new numerical implementation of random walkers
in frictional finger patterns that is expected to increase both
efficiency and accuracy. The entropy is calculated, and compared
to analytical predictions. Finding the best fit of the analytical
prediction as system parameters are varied gives a value for the
path dimension. Concluding remarks are offered in section 4.

2. ENTROPY OF THE EFFECTIVE
CONTINUUM DESCRIPTION

To study the diffusion process in the frictional finger patterns
on a large length scale we use state-dependent diffusion
equations where the diffusivity can depend of the particle
position. Microscopically, Brownian particles move throughout
the pattern with a constant diffusivity. However, the collisions
with the walls of the confining geometry affects the macroscopic
transport properties. We imagine that after a sort of coarse-
graining or homogenization procedure the diffusion process can
be described by an overdamped Langevin equation of the form

ẋa =
√

2D(x)ηa(t) (1)

where a is the spatial component of the vector and η is a delta-
correlated white noise with 〈ηa(t)ηb(t

′)〉 = 2δabδ(t − t). The
diffusivity is here assumed to be isotropic but inhomogeneous.
When going from a Langevin description on the microscopic
scale to an evolution equation for the particle density on the
macroscopic scale one has to decide on which stochastic calculus
to be used, as discussed in the classical books by Risken [18] and
Van Kampen [19]. This problem, known as the Itô-Stratonovich
dilemma, results in different forms of the macroscopic equations
that differ in the presence of an additional drift term proportional
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to the gradient of the diffusivity. Recently it has also been showed
that these different form of the density evolution equation can be
obtained as scaling limits of a random walk on a lattice where
inhomogeneities are associated with bonds and/or vertices of
the lattice [20].

In the case of diffusion in frictional finger patterns we
chose the diffusion law associated with the Hänggi-Klimontovich
convention, where no drift term associated with diffusivity
gradients are present. This choice of diffusion law together with
the Einstein relation was recently used to identify the form of
the spatially dependent diffusivity for transport in the frictional
fingers, where under an isotropy assumption one has D(r) =

D0r
−ξ [16]. As is the case for perfectly hierarchical fractals, the

exponent ξ is related to the fractal dimensions of the pattern as
ξ = df − 2+ dm = dm, where we used the space-filling property
of the finger pattern [1, 16].

The corresponding density evolution equation in the Hänggi-
Klimontovich interpretation takes the following form

∂tρ(r, t) = ∂r[rD(r)∂rρ(r, t)] (2)

This generalized Ficks equation has a well-known solution for
radial power-law diffusivity, taking the form [6]

ρ(r, t)=
2+ ξ

2πŴ
(

ds
2

)

[

1

D0(2+ ξ )2t

]
ds
2

exp

(

−
r2+ξ

D0(2+ ξ )2t

)

(3)

where dS = 4/(2 + ξ ) is the spectral dimension and the
normalization used is

∫

dr(2πr)ρ = 1. This solution is typically
thought of as a smoothened out envelope of the discrete set of
probabilities associated with the vertices of a fractal, as discussed
in the original paper [6]. There are several properties of this
solution that are only approximately shared with the actual
frictional finger system. For example, the solution is completely
isotropic ∂θρ(r, t) = 0. Since diffusing particles will be forces
to move along fingers in our pattern, we know that locally the
system is very anisotropic. However, on large time and length
scales, the different anisotropies are expected to cancel to produce
an approximately isotropic behavior. Furthermore, the solution
assumed a single globally well-defined path dimension dm, while
it is known that in noisy real systems this dimension can vary
locally. Again we expect that on large space and time scales
the inhomogeneities average out, producing a single global path

dimension dm as discussed in the introduction. The predicted
second moment of the solution Equation (3) was tested against
themean-square displacement of randomwalk simulations in the
pattern with reflecting boundary conditions in previous work and
was seen to agree well with the simulations, adding to its validity
as an effective model [16].

Given the above solution Equation (3) the entropy of the
diffusion process can be calculated analytically. What type of
entropy we consider is not of great importance here, as long
as it is the same entropy that is calculated later in section 3 in
the numerical methods. This is because at the end of the day,
we are interested in using the numerical measurements of the
entropy as an indirect measurement of the path dimension for

the frictional fingers. From an information theoretic perspective
there are dozens of entropies that could be considered, most of
which can be thought of as an analytical continuation of the
Shannon-Gibbs entropy which is recovered as some entropic
parameter is tuned correctly [21].We here consider the Shannon-
Gibbs formula as it is not only readily calculated but also closer
connected to the entropy familiar in extensive thermodynamics.

The Shannon-Gibbs entropy for the particle density takes the
form [22]

H[ρ] = −

∫

dVρ(x) log ρ(x). (4)

We will write Equation (3) in the form ρ(r, t) = A(t, ξ ) exp ( −
r2+ξ/a(t, ξ )) for notational simplicity. According to Equation (4)
we then have the entropy in terms of a non-integer moment:

H[ρ(t), ξ ] =
〈r2+ξ 〉

a(t, ξ )
− logA(t, ξ ). (5)

Since our distribution is a simple shifted Gaussian a change of
variables easily allows us to find this moment. Using the integral

∫ ∞

0
dxxµe−xν/a =

a
µ+1

ν

ν
Ŵ

(

µ + 1

ν

)

. (6)

With µ = 3+ ξ and ν = 2+ ξ , the entropy can be calculated as

H[ρ(t), dm] =
2

2+ dm

[

1+ log
(

D0(2+ dm)
2
)]

+

log

[

πŴ

(

4

2+ dm

)]

+
2

2+ dm
log t, (7)

where we used ξ ≈ dm based on the above discussion.
Interestingly the associated entropy production Ḣ = 2/(t(2 +

dm)) has also been obtained by using a two-dimensional diffusion
equation with Caputo or Weyl fractional-time derivative [13].

In Equation (7) we see that the global path dimension dm
determines the temporal evolution of the entropy. As expected,
a higher path dimension, meaning a more disordered system
geometry, will give a lower entropy production since the diffusion
process is more hindered. Using the same integral formula as
above it is also easily shown from the solution Equation (3) that
the mean-square displacement takes the form

〈r2〉 =
Ŵ (2α) [D0(2+ dm)

2]α

Ŵ(α)
tα (8)

where the diffusion exponent is given by α = 2/(2 + dm). Note
that the diffusion exponent also governs the temporal scaling of
the entropy H ∼ α log t.

3. RESULTS FROM NUMERICAL
SIMULATION

To calculate the numerical entropy we construct a simplified
discrete random walk-based model for the diffusion process. To
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FIGURE 2 | The entropy associated with three randomly chosen initial

positions inside the finger pattern. The point were chosen inside a circle of

∼ 50% pattern radius in order to avoid the outer boundaries of the pattern.

The dotted line is a reference line 0.62 log10(t).

FIGURE 3 | Averaged entropy H shown in semi-log scale. The entropy grows

with a linear slope of α = 0.62. Since the entropy of the three different initial

positions may vary at short times we have ignored the first 20% of the

datapoints when performing the linear fit. The slope α = 0.62 is in good

agreement with the expected minimum spanning tree value.

make these simulations more efficient, wemake some simplifying
assumptions. The biggest simplification comes from applying
a topological contraction on the pattern so that the finger
widths are set zero, effectively turning the problem into a
one dimensional one. The resulting skeletonized version of the
pattern, showed in Figure 1B, is what we will release random
walkers on. This topological simplification will not change the
main geometric features of the pattern, since the folding and
connectedness of every branch is conserved.

When performing the numerical simulations the one-
dimensional skeletonized pattern is discretized before a discrete
random walk process is released. In the resulting discrete
"morphological graph" of the pattern there are no additional

inhomogeneities associated with transition probabilities over
links as all the inhomogeneity we are interested in stems from
the pattern itself. In practice, the discretization is obtained
by pixelating the skeletonized pattern and treating the pixels
as sites for the random walker. A cartoon of the pixels are
shown in Figure 1B. A random walker jumps to one of its
neighboring pixels, including diagonal neighbors, with equal
probability. Since the code is ran with a very large number of
particles, we estimate the number of particles that move to a
given neighboring pixel according to a binomial distribution.
Hence, at every time step we only need as many random
numbers as there are neighbors for a given pixel rather
than one number for every particle as in traditional random
walk methods.

To calculate the entropy numerically we use the Gibbs-
Shannon formula for the discrete random walk

Hnum(t) = −
∑

pixels i

ρi(t) log ρi(t) (9)

where ρi(t) is the probability of finding a particle at pixel i at time
t. This probability is straightforwardly calculated as the ratio of
the number of particles at pixel i at time t to the total number of
particles in the system

ρi(t) =
ni(t)

N
. (10)

The system is initialized with all particles released at the
same position, as the analytical solution assumes a Dirac
delta-like initial condition. Figure 2 shows the entropy of
the simulation for three different randomly chosen initial
positions close to the center of the pattern. We see that
while the temporal scaling agrees, they have different zero-
point entropies. By inspection of Equation (7) we see that it
is possible to have the same temporal scaling but a different
zero-point entropy is the diffusion constant D0 is allowed
to vary throughout the system. This may indicate that a
more realistic diffusivity is D(x, y) = D0(x, y)r

−ξ where
D0 is a slowly varying function taking into account small
inhomogeneities in the pattern not captured by the simplified
power-law model.

Figure 3 shows the average entropy H(t) =
∑3

i=1Hi(t) where
i runs over the three different initial positions. The entropy
shows a very convincing growth proportional to log t over several
decades. The best fit for the slopes of the entropies in Figure 2 is
given by α = 0.62. This is consistent with the global estimate

of the path dimension dm ≈ 1.22, which is exactly the path
dimension of minimum spanning trees [17]. This value for the
path dimension is consistent with the ones obtained in earlier
work, although the value obtained through the entropy is much
closer to the MST value [16]. This significantly strengthens our
belief that the frictional finger pattern lies in theMST universality
class and can be seen as a continuum analog of the lattice MST.
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4. CONCLUSION

In this paper we have studied the entropy of diffusion in frictional
finger patterns. In addition to being a measure of how fast
the non-equilibrium process is evolving, the entropy is also
considered as a tool for studying the systems coarser geometry
as the diffusing particles explore the large-scale structure at late
times. Our results show that the (coarse) path dimension takes
a value close to dm = 1.22 which is the defining value of the
minimum spanning tree universality class. This strengthens the
current hypothesis that the frictional fingers belong to this class.

DATA AVAILABILITY STATEMENT

The datasets generated for this study are available on request to
the corresponding author.

AUTHOR CONTRIBUTIONS

KO performed analytical calculations and wrote the paper. JC
developed numerical code crucial for the paper, analyzed the
pattern, and aided in the writing process.

FUNDING

This work was supported by the Research Council of Norway
through the Center of Excellence funding scheme, Project No.
262644(PoreLab).

ACKNOWLEDGMENTS

The authors thank Eirik G. Flekkøy, Luiza Angheluta, and Signe
Kjelstrup for insightful input and discussions during this work.

REFERENCES

1. ben Avraham D, Havlin S. Diffusion and Reactions In Fractals And

Disordered Systems. Cambridge: Cambridge University Press (2000).

doi: 10.1017/CBO9780511605826

2. Bouchaud J-P, Georges A. Anomalous diffusion in disordered media:

statistical mechanisms, models and physical applications. Phys Rep. (1990)

195:127–293. doi: 10.1016/0370-1573(90)90099-N

3. de Gennes PG. La percolation: un concept unificateur (Percolation a unifying

concept). La Recherche. (1976) 919:72–82.

4. Havlin S, Djordjevic ZV, Majid I, Stanley HE, Weiss GH. Phys Rev Lett. (1984)

53:178. doi: 10.1103/PhysRevLett.53.178

5. Havlin S, Kiefer JE, Weiss GH. Anomalous diffusion on a random

comblike structure. Phys Rev A. (1987) 36:1403. doi: 10.1103/PhysRevA.36.

1403

6. O’Shaughnessy B, Procaccia I. Analytical solutions for diffusion on fractal

objects. Phys Rev Lett. (1985) 54:455. doi: 10.1103/PhysRevLett.54.455

7. B’nichou O, Illien P, Oshanin G, Sarracino A, Voituriez R. Diffusion and

subdiffusion of interacting particles on comblike structures. Phys Rev Lett.

(2015) 115:220601. doi: 10.1103/PhysRevLett.115.220601

8. Tamm MV, Nazarov LI, Gavrilov AA, Chertovich AV. Anomalous

diffusion in fractal globules. Phys Rev Lett. (2015) 114:178102.

doi: 10.1103/PhysRevLett.114.178102

9. Tan P, Liang Y, Xu Q, Mamontov E, Li J, Xing X, et al. Gradual crossover from

subdiffusion to normal diffusion: a many-body effect in protein surface water.

Phys Rev Lett. (2018) 120:248101. doi: 10.1103/PhysRevLett.120.248101

10. Hoffmann KH, Essex C, Schulzky C. Fractional diffusion and

entropy production. J Non Equilib Thermodyn. (1998) 23:166–75.

doi: 10.1515/jnet.1998.23.2.166

11. Essex C, Schulzky C, Franz A, Hoffmann KH. Tsallis and R’nyi

entropies in fractional diffusion and entropy production. Physica A

Stat. Mech. Appl. (2000) 284:299–308. doi: 10.1016/S0378-4371(00)

00174-6

12. Li X, Essex C, Davison M, Hoffmann KH, Schulzky C. Fractional diffusion,

irreversibility and entropy. J Non Equilib Thermodyn. (2003) 28:279–91.

doi: 10.1515/JNETDY.2003.017

13. Aghamohammadi A, Fatollahi AH, Khorrami M, Shariati A.

Entropy as a measure of diffusion. Phys Lett A. (2013) 377:1677–81.

doi: 10.1016/j.physleta.2013.05.015

14. Sandnes B, Knudsen HA, Måløy, KJ, Flekkøy, EG. Labyrinth patterns

in confined granular-fluid systems. Phys Rev Lett. (2007) 99:038001.

doi: 10.1103/PhysRevLett.99.038001

15. Knudsen HA, Sandnes B, Flekkøy EG, Maåløy KJ. Granular labyrinth

structures in confined geometries. Phys Rev E. (2008) 77:021301.

doi: 10.1103/PhysRevE.77.021301

16. Olsen KS, Flekkøy EG, Angelutha L, Campbell JM, Maåløy KJ, Sandnes B.

Geometric universality and anomalous diffusion in frictional fingers.N J Phys.

(2019) 21:063020.

17. Dobrin R, Duxbury PM. Minimum spanning trees on random networks. Phys

Rev Lett. (2001) 86:5076. doi: 10.1103/PhysRevLett.86.5076

18. Risken H. The Fokker-Planck Equation. Berlin; Heidelberg: Springer-Verlag

(1984). doi: 10.1007/978-3-642-96807-5

19. Van Kampen NG. Stochastic Processes in Physics and Chemistry, Vol. 1.

Amsterdam: Elsevier (1992).

20. Andreucci D, Cirillo ENM, Colangeli M, Gabrielli D. Fick and fokker-

planck diffusion law in inhomogeneous media. J Stat Phys. (2019) 174:469.

doi: 10.1007/s10955-018-2187-6

21. Rapisarda A, Thurner S, Tsallis C. Nonadditive entropies and complex

systems. Entropy. (2019) 21:538. doi: 10.3390/e21050538

22. Wehrl A. The many facets of entropy. Rep Math Phys. (1991) 30:119–29.

doi: 10.1016/0034-4877(91)90045-O

Conflict of Interest: The authors declare that the research was conducted in the

absence of any commercial or financial relationships that could be construed as a

potential conflict of interest.

Copyright © 2020 Olsen and Campbell. This is an open-access article distributed

under the terms of the Creative Commons Attribution License (CC BY). The use,

distribution or reproduction in other forums is permitted, provided the original

author(s) and the copyright owner(s) are credited and that the original publication

in this journal is cited, in accordance with accepted academic practice. No use,

distribution or reproduction is permitted which does not comply with these terms.

Frontiers in Physics | www.frontiersin.org 5 March 2020 | Volume 8 | Article 83



104



paper III

105



106



The escape problem for active particles confined to a disc
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We study the escape problem for interacting, self-propelled particles confined to a disc, where
particles can exit through one open slot on the circumference. Within a minimal 2D Vicsek model,
we numerically study the statistics of escape events when the self-propelled particles can be in a
flocking state. We show that while an exponential survival probability is characteristic for non-
interaction self-propelled particles at all times, the interacting particles have an initial exponential
phase crossing over to a sub-exponential late-time behavior. We use a phenomenological model based
on non-stationary Poisson processes which includes the Allee effect to explain this sub-exponential
trend and perform numerical simulations for various noise intensities.

Keywords: Active matter; Escape problems; Vicsek model; Poisson processes

I. INTRODUCTION

A common trait for many active matter systems,
formed by the self-propelled (active) individuals, is their
ability to self-organize into complex flowing states that
arise due to many-body interactions and an energy in-
put on the particle level [1, 2]. A wide range of systems
live under the umbrella of active matter including bio-
logical microswimmers [3, 4], Janus particles [5–7] and
vibrated granular rods [8, 9], and most of these systems
are embedded into an environment or a spatial confine-
ment which can alter the open-space particle dynamics
[10]. Recently, experiments and simulations have shown
that the interactions between the self-propelled particles
or interactions with obstacles and boundaries give rise
to interesting behaviours like particle migration towards
walls [11, 12], separation in systems with more than one
type of active particles [13], as well as trapping [14]. The
role of confinement of active particles is undoubtedly of
central importance for in realistic systems, especially for
biological matter and biotechnology [15, 16]. However,
it is also one of the least understood and open topics in
current active matter research.

Many living systems form ordered states where the un-
derlying organizational principle is assumed to be a lo-
cal ferromagnetic-like alignment interactions. Just like in
magnetic systems, such interactions can give rise to glob-
ally ordered states, in this case called flocks, as well as
disordered states in the noise-dominated regime. In such
systems, confinement will introduce a length scale which
interacts with the many other length scales that are al-
ready present, possibly changing the emergent patterns
in the ordered states. In the simple case of a confining
disc, one can broadly distinguish between three phases,
sketched in Fig. (1a); a disordered gas-like phase at low
densities or in the noise-dominated regime, and a flock-
ing state with complete orbital order when interactions
dominate. In between these phases there is what may
be called a motile droplet phase where smaller flocks of
varying sizes move as individual units with a renormal-
ized interaction strength. In an open system, however,
this picture may change. In the narrow escape problem,

particles move inside a bounded two-dimensional domain
with a small open window through which the particles
may escape (see Fig. (1 b)). In addition to geometric
effects from the confining domain which may change the
patterns of motion one can expect, the non-conservation
of the particle number may also have a non-trivial effect
on the order of the system.

FIG. 1. A sketch of the system considered in this paper.
The polar particles ( Head and Tail particles as in c)) have a
small volume exclusion radius rve = 1 in units of the parti-
cle step length. The particles interact through a Vicsek-type
alignment interaction with range rint = 5, enabling collective
escape events. The angular opening of the escape window is
fixed to 2π/18.

Recently the narrow escape problem has gained re-
newed interest due to its relevance in biological processes,
where the absorbing window may for example represent
a small patch of a cellular membrane where receptors
are located, and the diffusing particle represents an ion



2

[17, 18]. An exponential decay is also found in chaotic
billiard systems, while deterministic billiards give rise to
a 1/t decay in particle number [19]. Escape problems for
active particles without alignment interactions have also
been studied recently in the case of a wedge geometry
and a disc geometry [20, 21]. The survival probability in
a 1D setting has also recently been studied in a run-and-
tumble model of bacterial motion [22].

In this paper we study the narrow escape problem for
interacting active particles, modelled with a Vicsek-like
model, confined to a circular domain. The system is
sketched in Fig.(1b). In the high-noise, weak-interaction
limit the problem is similar to that of the Brownian es-
cape problem in the sense that interactions are negligible,
while in the opposite regime we expect collective effects
to alter the escape process, leaving the decay of particle
number non-exponential. It is the low-noise regime that
is of primary interest in this paper. We perform numer-
ical simulations for both interacting and non-interacting
self-propelled particles, and study both the rotational or-
der and the escape statistics. The simulations reveal a
sub-exponential decay at late times which may be cap-
tured by a phenomenological model with an escape rate
that is density-dependent.

The paper is organized as follows. Section 2 discusses
the rotational order in the system, and consequently
which phases of the Vicsek model to be expected when
the system is open and particles can escape. Section 3
discusses the connection to Poisson processes as well as
the role of memory in the escape process, and proposes
a phenomenological model to capture the escape statis-
tics. Section 4 discusses the results of escape simulations
on both interacting and non-interacting particles, before
concluding remarks are given in section 5.

II. ROTATIONAL ORDER IN OPEN SYSTEMS

Vicsek models are undoubtedly the archetypal numer-
ical models for collective swarming and flocking effects
[23, 24]. The particles are self-propelled with velocity

~̇xi = v0P̂i(θ) where the polarization vector P̂i(θ) for par-
ticle i is updated according to the standard Vicsek rule
[25]

P̂i(t+ 1) = Dη

(
vi
||vi||

)
, (1)

vi =
∑

k:||~xi−~xk||≤rint
~vk, (2)

where Dη is a rotation matrix rotating a vector by a ran-
dom uniformly chosen angle in (−ηπ, ηπ). The param-
eter η ∈ (0, 1) determines the noise in the system. The
velocity vi in Eq. (2) is the average velocity of the neigh-
boring particles of particle i, representing the velocity
with which particle i tries to align. The alignment inter-
action has a range rint. Note that the velocity of particle
i itself is included in this sum leading to vi, so that in the

non-interacting limit rint → 0, particle moves according
to a very simple stochastic model governed only by the
parameter η and the self-propulsion speed v0, which we
here set to unity without loss of generality.

Eq. (1) and (2) must be supplemented with additional
information when boundaries or obstacles are present. In
the current case, the reflecting boundary of the disc can
be simply dealt with by letting the director P̂i be reflected
about the tangent to the circle at the point of impact.
When interactions are present and clusters of particles
are formed, we include a small volume exclusion interac-
tion with range rve to avoid clusters being compressed by
the bounding walls. This is numerically included simply
by moving particles a step length apart is the direction
separating them should they come to close to each other.
Fig. (2) shows an example of the dynamics produced by
this model.

In unconfined space the Vicsek model is known to pro-
duce a wide range of phases, like the gaseous phase at
high noise, a band phase and a globally ordered phase.
Confinement and complex environments typically inter-
fere with these phases and result in new behaviors re-
quiring new ways of characterization. For example, the
band phase of the Vicsek model is a consequence of the
toroidal topology of periodic boundary conditions [26].
Hence we do not expect that such phases are present
in the confined case. Because of the symmetry of the
circular domain it is natural to consider a rotational or-
der parameter that distinguishes collective orbital motion
where the particles are moving collectively clockwise or
anti-clockwise around the system boundary, and other
types of dynamics of varying degree of correlation. Such
an order parameter may be written as

ΦR(t) =

∣∣∣∣
1

n(t)

n(t)∑

i=1

(
~xi
||~xi||

× P̂i
)
· ẑ
∣∣∣∣

where we should note that when the system is open the
particle number is no longer a conserved quantity so the
range of the sum is time-dependent. For a closed system,
a gas phase (ΦR ≈ 0) still exists at strong noise/weak
interaction, and a motile droplet phase (0 < ΦR < 1)
where smaller clusters of particles moving as collective
units exist between the disordered ΦR = 0 and ordered
ΦR = 1 phase. In an open system the story is differ-
ent. Here the order parameter does not stabilize at the
would-be value in the closed case due to the inherent
non-stationary nature of the problem. In stead, the or-
der quickly increases at short times when the particles
form flocks, while as time goes on the order decreases
again due to the diminishing particle number. By con-
struction the order parameter is an intensive quantity, so
the diminishing nature of ΦR(t) is a consequence of lack
of order rather than an effect from the particle numbers.
However, the rotational order does not immediately ap-
proach zero, but rather stabilizes at a lower value, indi-
cating some remaining order. This is shown in Fig. (3).
This may be interpreted as follows. At early times the
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FIG. 2. Snapshots of a simulation based on Eq. (1)-(2) with active particles confined to a disc with an absorbing window with
opening angle 2π/18 centered at (R, 0). Background color map shows relative particle density for all the particles (absorbed
and non-absorbed), bright implying high density. We see that as time progresses the density at the absorbing window increases
as particles accumulate. System parameters: η = 0.2, rve = 2, N0 = 29.

FIG. 3. Plot showing the rotational order parameter ΦR(t)
as a function of time some some choices of noise strength.
Inset shows the corresponding order parameter for a system
without an escape window.

the particles form clusters in accordance with the given
noise strength and interaction range. At time goes on,
(collective) escape events take place, reducing the particle
number. However, the rotational order does not imme-
diately fall to zero, implying that the low-density states
at late times still carry some correlations. This may for
example happen if larger flocks hit the exit, and parts
of the flock sheds of into smaller flocks due to the colli-
sions with the boundaries while most of the flock escapes.
Flocks will move more or less balistically, but since the
flock size distribution is not likely to be sharply peaked
around a constant value, one should not expect the 1/t
scaling in particle number as in the case of ballistic bil-
liards. Rather the size of the flocks depend on how many
particles have already escaped, and hence depends on the
history of the system. Such memory effects are discussed
further in the next section.

III. PHENOMENOLOGICAL MODEL FOR
ESCAPE STATISTICS

In general terms, an escape process considers parti-
cles moving in a 2D bounded domain Ω with bound-
ary ∂Ω = ∂Ωr ∪ ∂Ωa where the subscripts denote the
reflective and absorbing parts of the boundary respec-
tively. The particles have a density ρ(~x, t), assumed to
be normalized to unity at t = 0, which follows a continu-
ity equation. From this probability density the survival
probability is defined as

S(t) =

∫

Ω

dΩρ(~x, t). (3)

The first hitting time (FHT), in this case also the escape
time, is the time at which a particle escapes the domain.
The distribution of first hitting times H(t) is closely re-
lated to the survival probability, namely

S(t) =

∫ ∞

t

dsH(s),

which simply states that the probability of survival up to
time t is equivalent to the FHT being larger than t. This
implies for the FHT distribution that

H(t) = −∂tS(t). (4)

We see that the distribution of escape times can be in-
terpreted as the probability flux out of the system.

On the hydrodynamic scale, let us assume that the
phase space density Ψ(~x, θ, t) of an active particle sat-
isfies a Boltzmann-type mean field equation DtΨ =
Q[Ψ] where the total time derivative includes the self-

propulsion term and takes the form Dt = ∂t+v0P̂ (θ)·∇x.
This must of course be supplemented with appropri-
ate boundary conditions for the reflective and absorbing
parts of the boundary. The operator Q[Ψ] contains a
part resulting from the noise in the direction of motion
and a non-linear part that originates from alignment in-
teractions [27]. The particle density and velocity fields
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are simply the zeroth and first velocity moments of the
field Ψ:

ρ(~x, t) =

∫
dθΨ(~x, θ, t), (5)

ρ~V =

∫
dθ~v(θ)Ψ. (6)

By integrating the Boltzmann equation over the angles
one obtains the mass conservation equation

∂tρ(~x, t) +∇x ·
(
ρ(~x, t)~V (~x, t)

)
= 0. (7)

Since the collision operator is in general non-linear we do
not expect a full solution to be available for Ψ through
the method of separation of variables. However, it is in-
structive to make the somewhat weaker assumption that
the density is separable after integration of the angles,
namely ρ = X(~x)S(t). Integrating Eq. (7) over the do-
main and using the divergence theorem then immediately
gives

Ṡ(t) = −λ(t)S(t), (8)

λ(t) =

∫

∂Ωa

d`(n̂ · ~V )X(~x) ≥ 0, (9)

where n̂ is the outward normal vector for the domain.
This shows that rather generally we expect the escaping
Vicsek particles to behave like a non-stationary Poisson
process, allowing to make phenomenological connection
to other growth/decay process like those in population
ecology.

In the absence of interactions when the non-linear col-
lision term is not present, one can attempt a solution in
terms of a fully separated set of variables. Writing the
phase-space density as Ψ = X(~x)Θ(θ)S(t) we easily see
that the velocity field equation Eq. (6) reduces to

~V =

∫
dθ~v(θ)Θ(θ),

which is time-independent. In this case Eq. (9) becomes
a constant, and we expect a stationary Poisson process
to be a valid description of the escape process. That the
non-interacting system behaves like a stationary Pois-
son process can also understood from the memoryless-
ness property [28]. This property states that, if ones
waited some time t1 and no escape has takes place, the
probability of having to wait a further time t2 is simply
the probability of having to wait a time t2 in the first
place. This type of lack of memory, regarding how much
time has passed, can be written in terms of the survival
probability simply as S(t1 + t2) = S(t1)S(t2) which is
only satisfied by an exponential function. We expect the
correlations between the particles in the interacting case
to break this memoryless property through the fact that
the system now depends on its history: flocks of parti-
cles may form and escape the system collectively, and the

FIG. 4. Escape rates plotted as a function of S(t) = n(t)/n(0)
showing a power-law behavior. Although the range is insuf-
ficient for a highly reliable extraction of the power-law expo-
nent (number attached to each solid black line) the numerical
values can be used as initial guesses in a non-linear regression
to fit S(t) as a function of time.

potential size of the clusters is limited by how many par-
ticles have already left the system. We therefore expect
the escape rate to be a function of the particle number
λ(t) = λ[n(t)].

Such processes where rates are dependent on density or
number of particles are ubiquitous in Nature. In epidemi-
ology, for example, both death and infection rates may
have non-trivial density or population size dependencies,
which may be traced back to some sort of competition of
resources or the simple fact that a higher-density popula-
tion will have more contacts which act as possible disease
transmission routes [29, 30]. These ideas are found in sev-
eral mathematical models in population ecology, and are
sometimes associated with the Allee effect [31]. Roughly
speaking, this is the effect where there is a correlation
between the general well-being or chance of survival for
an individual in a population and that populations size
or density.

Trying to solve the full mean field equations for the
Vicsek model with the appropriate boundary conditions
is outside the scope of this paper as it is a numerical
study, and we therefore proceed with an empirical model.
While we do not make connections to the microscopic pa-
rameters that control the Vicsek particles, this approach
allows us to quantify how far from exponential the decay
process is. Generally the process ∂tS(t) = −λ[S(t)]S(t)
has stationary states given either by S = 0 or by the
roots of λ[S]. Since there is no reason to expect any-
thing but a decaying particle number until no particles
remain, the only zero of λ[S] should be zero. It should
also be a monotonically increasing function of the number
of particles, since many particles imply more, or larger,
collective escapes. This already constrains the functional
form for the rate somewhat, and to numerically extract
the density dependence from the simulation data, we
consider Eq. (8) in the form λ[S] = −Ṡ/S, where we
used S = n(t)/n(0) to write the rate in terms of the sur-
vival probability. Fig. (4) shows these data, displaying a
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power-law behavior. This motivates the use of the simple
ansatz λ[n(t)] = λ0S

ζ(t). This is easily shown to have
the solution

S(t) = [1 + λ0ζt]
−1/ζ

. (10)

Here the parameter λ0 is an escape rate, while the shape
parameter ζ deforms the decaying function S(t) away
from the exponential behavior which is regained in the
limit ζ = 0. For short times we have an exponential-type
behavior S(t) = 1− λ0t+ .. which is independent of the
shape parameter. For ζ > 0, the solution in Eq. (10)
represents a sub-exponential growth at intermediate and
late times, while for negative shape parameters the decay
reaches zero at some finite time.

FIG. 5. Behavior of the survival probability for self-propelled
non-interacting particles. Simulations use N0 = 29 particles
in a system with volume fraction 5%. a) Survival probabil-
ity in semi-log plot for some different values of noise strength
showing exponential behavior. b)FHT distribution also con-
sistent with exponential decay.

IV. RESULTS

We are interested in the effect of collective order in a
low-density system where we are far away from the jam-
ming or glassy transitions at high densities. We consider
two cases with n(0) = 29 and n(0) = 2000 particles, with
a volume filling fraction of around 5% and 10% respec-
tively. This is well within the range of filling fractions
where ordered collective states has been previously ob-
served but also far from the jamming or glassy states
[32].

Recall from our earlier discussions that the non-
interacting case is expected to be described by a memory-
less Poisson process, just like Brownian motion. The non-
interacting limit is only formally equivalent to Brownian
particles when the self-propulsion velocity is set to zero

FIG. 6. Behavior of the survival probability for self-propelled
interacting particles. Simulations use N0 = 29 particles in
a system with volume fraction 5%. a) Survival probabil-
ity for some different values of noise strength showing non-
exponential behavior together with best fit of Eq. (10) in
solid black lines. The exponent ζ is taken from Fig. (4). b)
FHT distribution also consistent with the same parameters.

FIG. 7. Survival probability for n(0) = 2000 particles in a
system with volume fraction of 10%, together with fits from
the phenomenological model. Quantitatively, a larger system
and a larger initial filling fraction does not alter the escape
process.

and the noise is maximal, or equivalently the time scale of
rotational diffusion approaches zero. Simulation results
from non-interacting active point particles are shown in
Fig. (5), together with best fit exponential lines. We see
that both the survival probability and the FHT distri-
bution is exponential at late times as expected, with a
rate that decays rapidly as a function of angular noise
strength. Note that in the non-interacting case we use
point particles without spatial extent, to probe only the
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effect of activity and noise.

FIG. 8. Plot showing the interacting and non-interacting sur-
vival probabilities for the 5% volume fraction case as a func-
tion of time for the same system parameters. The interactions
make the number of escapes be higher at early times, while
the behavior is clearly sub-exponential at late times.

Results from fully interacting simulations are shown
in Fig. (6) for the 5% volume fraction case and in Fig.
(7)for the 10% volume fraction case, both together with
best fits from the phenomenological model showing good
agreement. Fig. (8) shows the interacting and non-
interacting survival probability together for some cho-
sen values of the noise for the 5% case. We clearly see
that while the interacting particles are leaving the system
more rapidly at short time scales, they are less efficient at
emptying the system at late times. Note that the limit of
high noise produces equivalent curves for interacting and
non-interacting particles, since in this limit we expect a

disordered phase.

V. CONCLUSION

We have studied the effect of collective motion on the
escape process for self-propelled active particles. In the
interacting case, the numerical results agree well with
a phenomenological model where the escape rate is a
power-law in the population fraction, leading to an early
time exponential behavior followed by a sub-exponential
decay in time. In the flocking phase, the collective align-
ment effects makes the escape process slower than the
non-interacting case in the long run, and faster on short
time scales. In the disordered phase, fluctuations will
dominate over the alignment mechanism and the inter-
acting and non-interacting cases are more or less identical
and characterized by exponential decay.
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Active Brownian particles in disordered viscosity landscapes

Kristian S. Olsen,∗a Luiza Angheluta,a‡ and Eirik G. Flekkøya

Disordered media are ubiquitous in systems where active particles are present, ranging from realistic
biological situations to synthetic active matter system like in active microfluidic devices. Here we
investigate the behavior of active Brownian particles with an internal energy depot moving through a
spatially inhomogeneous viscosity landscape. Various limits and instances are considered, in particular
the extreme cases of very fast internal relaxation processes and the limit of strong disorder. Analytical
calculations of the mean square displacement in the fast-relaxation approximation is shown to agree
well with numerically integrated energy depot dynamics. Furthermore, we show that in the strongly
disordered limit the self-propulsion speed can for practical purposes be considered a fluctuating
quantity, and the resulting steady-state distribution is discussed.

1 Introduction
Transport of active matter in complex media has become a field
of great importance and interest, no only because of its relevance
to realistic biological systems, but also due to the possible new
insights into non-equilibrium physics. In active matter systems a
steady input of energy on the scale of the particles leads to self-
propulsion, driving the system away from equilibrium1,2. Trans-
port processes of biological entities typically take place in confin-
ing or disordered environments, leading to non-trivial behaviors.
Examples include cell migration through the porous medium of
the extracellular matrix3, bacteria in soil4, cells utilizing their
environment to enhance transport5, and various forms of taxis,
like topotaxis6,7 and curvotaxis8, where cells direct their motion
depending on substrate topography and curvature respectively. In
such cases, it is insufficient to model the motion with an homoge-
neous active stochastic equation since the complex environment
must be coupled to the particle motion. One way to do this is to
also model the environment, for example as solid stationary ob-
stacles9, or even mobile or deformeable obstacles10. In a more
minimal approach a la homogenization theory, one can consider
an effective model for the behavior on large scales where the par-
ticles experience spatially inhomogeneous frictional forces, possi-
bly leading to non-trivial dynamics. There are several instances
imaginable where this could happen. For example, motion be-
tween two parallel plates with small local variations in the plate
separation distance would lead to a local effective viscosity. One
could also imagine a mean-field approach where one describes
the dynamics of a single particle while including the effect of
other particles present through a spatially modulating viscosity
that reflects the packing of particles, given for example by Ein-

a PoreLab, Department of Physics, University of Oslo, Blindern, 0316 Oslo, Norway
‡ Present address: Kavli Institute for Theoretical Physics

steins formula for the effective viscosity of a packing of small
spherical particles. Fig. (1) shows a third realization, where a
simple setup allows for optical control of the viscosity through a
photorheological fluid11.

In stochastic particle-based models of active matter, it is com-
mon to assume that the particles are self-propelled with a con-
stant speed while the direction of motion changes stochastically,
for example continuously in the case of active Brownian particles
(ABPs) or discontinuously as in the case of run-and-tumble par-
ticles like e-coli. However, this typically relies on an assumption
that the dissipation due to drag is balanced by the anti-dissipative
nature of the process where internal energy is converted to kinetic
energy. It is our intention in this paper to elucidate the behavior
of active particles in heterogeneous viscosity landscapes, when
such a balance is not necessarily achieved.

2 The depot model with heterogeneous friction
The energy depot model for an ABP in classically expressed as the
following set of coupled stochastic equations12:

ẋα = vα (1)

v̇α = −[γ(x,y)−d2ε(t)]vα +√2D(x,y)ξα(t) (2)

ε̇(t) = q−cε(t)−d2v2ε(t) (3)

Note that the Einstein summation convention is assumed through-
out this manuscript, with α being the index of the spatial compo-
nent. Here γ is the normal dissipative friction coefficient, which
in general may be spatially heterogeneous in realistic disorder
environments. In the passive limit d2 = 0 we expect the Einstein
relation to hold, leading to the spatial dependence also in the dif-
fusivity. The number q is the energy per unit time that the particle
takes up from the environment which is stored in the internal en-
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Fig. 1 Sketch of a setup where light can be used to control and design viscosity patterns in photorheological fluids. Such fluids typically have a
polymeric suspension where the degree of entanglement in the polymeric network can be altered with UV light. Such setups can be used to optically
control active or passive particles by strategically selecting appropriate optical filters, leading to a distribution of light intensities I(x,y). Small spherical
particles moving in such quasi-2D fluid environments experience a inhomogenetous Stokesian drag, as depicted in the rightmost figure.

ergy depot ε, while c is the dissipation rate of the internal energy
due to some unknown internal processes like metabolism in the
case of animals. The rate at which the internal energy is con-
verted into motion is d2.

2.1 Homogeneous case

Before we generalize to a heterogeneous spatial friction coeffi-
cient, let us first consider what is known for the homogeneous
case where γ(x,y) = γ is a constant13. We consider the case c = 0,
when the internal energy of the particle is only used for motion.
Much of the following holds also for non-zero values of c. We let
u(t) = ∣v⃗(t)∣ be the self-propulsion speed (SPS) of the particle and
consider the deterministic (D = 0) version of the above Langevin
equations, which reads

u̇(t) =[−γ +d2ε(t)]u(t) (4)

ε̇(t) =q−d2u2ε(t) (5)

The dissipative nature of the spatial friction is here being battled
by the energy being converted from internal to kinetic energy.
After some time, the above dynamical system with phase space(u,ε) is well known to have a (non-trivial) fixed point d

dt (u,ε) = 0
given by u =√

q/γ, ε = γ/d2.
The full stochastic dynamics drastically simplifies under the as-

sumption that such a fixed point is reached. Using vx = ucosφ and
vy = usinφ results in the following dynamics:

ẋα = uP̂α (6)

φ̇ =√
2Dφ ξ(t) (7)

where P̂α = (cosφ ,sinφ) is the unit vector describing the particles
direction of motion, and ξ is a scalar Gaussian white noise. We
have also introduced Dφ = D/u2. This angular diffusivity sets the
characteristic timescale for changing orientation τφ = 1/Dφ .

The corresponding Fokker-Planck equation for the above equa-
tions take the form

∂tΨ(x,y,φ ,t)+u∂α [P̂α Ψ(x,y,φ ,t)] = Dφ ∂ 2
φ Ψ(x,y,φ ,t) (8)

where the second term is the self-advection due to the propulsion
mechanism, and the term on the right-hand side is the angular
diffusive term originating in the noise in the direction of motion.
From the Fokker-Planck equation for the density Ψ one can derive
equations of motion for expectation values through

∂t⟨ f (x⃗, v⃗)⟩ = ∫ dx⃗dφ f (x⃗, v⃗)∂tΨ(x⃗,φ ,t) (9)

Using Eq. (8), one has the coupled equations

∂t⟨r2⟩ = 2⟨uP̂α xα ⟩ (10)

∂t⟨uP̂α xα ⟩ = u2−Dφ ⟨uP̂α xα ⟩ (11)

This set of equations may be solved analytically for the mean
square displacement, resulting in an effective late-time diffusion
coefficient

Deff ≡ lim
t→∞

1
2

∂t⟨r2⟩ = u2

Dφ
(12)

This implies a linear mean square displacement with ⟨r2⟩ = 2Defft.
This well-known result for ABPs is in part what we want to gen-
eralize to active particles in heterogeneous frictional landscapes.

2.2 Heterogeneous case

In disordered media, the energy depot model (Eq.(1)) do not sim-
plify in a similar way to the homogeneous case. Consider a simple
example where the disordered media is regular and periodic, for
example synthetically manufactured as sketched in Fig.(1). We
first consider the behavior of the deterministic system. In this
case the particle moves in a one-dimensional subspace of the two-
dimensional landscape, and we can consider a one-dimensional
model.

First, let us consider the case of a single short wavelength vari-
ation in the viscosity, leading to a friction γ(x) = γ0(1+sin2(x/λ)).
Fig. (2) shows the phase space behavior of a depot particle with
λ = 1/2, which after some initial transient regime stabilizes at a
limit cycle. The associated self-propulsion speed is also shown in
the figure, where we see that the naive guess from the homoge-
neous result does not hold. Fig. (3) shows the case of a single
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Fig. 2 Leftmost plot shows the phase space orbit of the depot particle, which approached a stable limit cycle rather than a fixed point as in the
homogeneous viscosity case. The corresponding self-propulsion speed in shown in the right plot, where we see the mismatch between the self-propulsion
speed and the naive guess with dependence u(t) ∼ γ−1/2(x(t))

Fig. 3 For a medium with a single slowly varying Fourier mode, the
homogeneous result is in good agreement with the numerically solved
depot equations.

long wavelength mode with λ = 2. Here the self-propulsion speed
u(t), obtained by numerically integrating the full energy depot
dynamics, shows good agreement with the naive extension of the
homogeneous case u(t) =√

q/γ(x(t)).
The problem has two characteristic time-scales. If ` is a length

scale of the environment, for example the shortest wavelength
present, then a time-scale associated with a drastic change in the
experienced spatial frictional force is τS = `/u, for a characteristic
particle speed u. There is also a time-scale τI for the internal dy-
namics of the active particle, which dictates how quickly the fixed-
point with constant speed and internal energy is reached. In the
limit where τI ≪ τS the particles speed will relax quickly towards
what would be the fixed-point value for the current value of fric-
tion. In contrast, when τS ≪ τI the particle will not have time to
relax towards a constant value of self-propulsion speed before the
frictional landscape changes. In the extreme with a strongly dis-
ordered landscape with several short-wavelength modes present
the particle has a seemingly unpredictable speed that is uncorre-
lated with the friction. We considered these two limiting cases
separately.

3 Fast-relaxation approximation
The simple overdamped stochastic dynamics of Eq. (6) has been
used with much success to model active Brownian particles in
both trivial and non-trivial environments, like media with obsta-
cles or scatterers. In the limit of fast internal relaxation processes
compared to environmental changes, it makes sense to consider

the Langevin description

ẋα = u(x,y)P̂α (13)

φ̇ =√
2Dφ ξ(t) (14)

where u2(x,y)= q/γ(x,y). Here we do not consider rotational drag
or the effect of viscosity gradients on the length scale of the parti-
cle diameter, which may introduce additional torques which could
be important for larger diameter particles.

The Langevin description in Eq.(13) has the Fokker-Planck
equation

∂tΨ+∂α [u(x⃗)P̂α(φ)Ψ] = Dφ ∂ 2
φ Ψ

A set of equations analogous to those in Eq. (10) can be obtained
under the assumption of a slowly varying frictional landscape:

∂t⟨r2⟩ = 2⟨u(x⃗)P̂α xα ⟩ (15)

∂t⟨u(x⃗)P̂α xα ⟩ = ⟨u2(x⃗)⟩−Dφ ⟨u(x⃗)P̂α xα ⟩ (16)

In the case of homogeneous speed u the quadratic term above
raises no problems, but here it may have a non-trivial temporal
behavior. Multiplying Eq. (16) with eDφ t and using the inverse
product rule one finds

∂t (⟨u(x⃗)P̂α xα ⟩eDφ t) = ⟨u2(x⃗)⟩eDφ t (17)

Integration results in

⟨u(x⃗)P̂α xα ⟩ = e−t/τφ ∫ t

0
ds⟨u2(x⃗(s))⟩es/τφ (18)

If the implicit time dependence of the u2 factor is much slower
than exponential we can extract the late-time behavior as

⟨u(x⃗)P̂α xα ⟩ ∼ ⟨u2(x⃗)⟩e−t/τφ ∫ t

...
dses/τφ (19)

This results in ⟨u(x⃗)P̂α xα ⟩ = τφ ⟨u2(x⃗)⟩, which in turn implies for
the mean square displacement that

∂t⟨r2⟩ = 2τφ ⟨ q
γ(x⃗)⟩ (20)
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Fig. 4 Mean-square displacement (solid line) obtained by integrating the
energy-depot equations Eq. (1) with γ ∼ r2, compared to the predicted
scaling from the fast-relaxation model (dashed line).

Clearly the homogeneous result is re-obtained in the case of a
constant SPS, while now there may be non-trivial temporal de-
pendencies coming from ⟨u2(x⃗)⟩.

Various cases could now be considered. For example, in the
case where the friction is a bounded function γmin ≤ γ(x⃗) ≤ γmax

one can obtain bounds for the effective diffusivity rather trivially
by inserting the bounds into the above equation. The unbounded
case, however, is more interesting.

Consider a power-law medium γ = γ0rβ . This case has
been much studied in the passive case, and has been used to
model transport on fractals and other complex geometric struc-
tures14–16. Under the moment closure approximation ⟨r−β ⟩ =
K⟨r2⟩−β/2, where K is some combinatorial factor that depends on
the details of the closure scheme, one can integrate the equation
for the mean square displacement, resulting in

⟨r2⟩ ∼ t
2

2+β (21)

This is exactly the same anomalous diffusion behavior that is
found for passive Brownian particles in similar viscosity land-
scapes17. At this point one should note that the prediction from
this fast-relaxation model is not immediately clear from looking
the full energy depot model in Eq. (1). The generalized fric-
tion term γ(x⃗)−d2ε(t) may have a wide range of behaviors, since
while the spatial friction grows in an unbounded way the internal
energy storage also has no bounds in this model, and the particle
will keep taking up energy leading to a diverging ε(t) as well.

Fig. (4) shows the mean square displacement for an active par-
ticle with internal energy depot moving in a power-law medium
γ(x,y) ∼ r2 with β = 2. The fast-relaxation calculations predict a
diffusion exponent of 1/2, which is consistent with the numeri-
cal findings. Fig. (5) shows the mean square displacement for
γ(x,y) ∼ r2/3, agreeing well with the predicted exponent of 3/4.

4 Strongly disordered limit
So far we have studied the fast-relaxation limit where the par-
ticles respond instantly to the surrounding medium. We now
consider the opposite extreme, where a rapidly changing random
medium causes the particle to change its dynamics before it has
time to relax internally. We consider the deterministic dynamics
again, as we did previously for a single wavelength viscosity, and

Fig. 5 Mean-square displacement (solid line) obtained by integrating the
energy-depot equations Eq. (1) with γ ∼ r2/3, compared to the predicted
scaling exponent 3/4 from the fast-relaxation model (dashed line).

focus of the randomness originating in a random medium rather
than thermal noise.

Inspired by random media controlled with optical speckle pat-
terns, we consider a simplified model for a disordered media
where the friction coefficient is of the form

γ(x)/γ0 =1+(∑
k

ak sin(x/λk))2

(22)

≡1+F(x) (23)

A disordered frictional media can be modelled by letting (ak,λk)
be random variables. Here we let them both be uniform variables
in the domains ak ∈ (−1,1) and λk ∈ (0,λmax). Since the Fourier co-
efficients are randomly uniform, the power spectrum is constant
and without any preferred mode. The maximal wavelength λmax

can in principle be taken to be infinite, but in the numerical code
we set it to some large number so that the particle does not expe-
rience any clear maximal length scale. Note also that the above
equation is one-dimensional since the deterministic motion of a
particle through such a landscape will be practically 1D.

In the disordered case where several random Fourier modes
are present, the self-propulsion speed fluctuates dramatically.
Fig. (6) shows the distribution of self-propulsion speeds ob-
tained by running ensemble averages over many realizations of
the quenched disordered media. The distribution appears to be
exponential, while the phase space trajectories show no regular-
ity in their behavior. This exponential behavior in a disordered
landscape is very reminiscent to the Alessandro-Beatrice-Bertotti-
Montorsi model for an elastic interface moving through a disor-
dered medium18. In this mean-field model, the center-of-mass
velocity of the interface follows a Langevin equation with square-
root multiplicative noise19. In this case the dynamics is governed
by a a balance between the internal elastic energy stored in the
deformable interface and the interactions with the disordered
medium, in the absence of external driving forces. This is sim-
ilar to the internal energy of the active particle that also interacts
with the disorders through frictional drag. The equation for the
self-propulsion speed may be written

u̇(t) = −γ0u+[F(x)
γ0
−d2ε(t)]u (24)

4 | 1–6Journal Name, [year], [vol.],



Fig. 6 Ensamble averaging over many realizations of the disordered land-
scape reveals an exponential distribution of self-propulsion speeds. Inset
shows a typical phase space trajectory.

As a minimal model for the active motion through the disordered
landscape, we replace the term in the square brackets with a mul-
tiplicative noise term inspired by the analogy to interface motion:

u̇(t) = −γ0u+h0
√

uζ(t). (25)

Here ζ a white noise with zero mean and ⟨ζ(t)ζ(t′)⟩ = δ(t − t′),
and h0 is a constant. The corresponding steady-state Fokker-
Planck equation depends on the choice of stochastic calculus. In
general, one solves

∂uP(u) = −2γ0

h2
0
P(u)−(1−a)P(u)

u
(26)

where a = 0,1/2 and 1 corresponds to Itô, Stratonovich and
Hänggi-Klimontovich calculus respectively. The equation has the
solution

P(u) =Nua−1 exp(−2γ0

h2
0

u) (27)

As the Hänggi-Klimontovich convention (a = 1) is known to pro-
duce correct equilibrium distribution, we use this convention
here20,21. This results in an exponential distribution of self-
propulsion speeds, consistent with numerical findings. This
framework where the self-propulsion speed is fluctuating may in
principle be taken further by also including the effect of rotational
diffusion. There would then be two sources of noise; one mul-
tiplicative noise originating in the disordered medium and one
"thermal" noise describing the rotational diffusion. This would
lead to a phase space distribution that was conditional on the self-
propulsion speed, and a superstatistical framework would have to
be developed22.

5 Conclusion
Active Brownian particles with an internal energy depot moving
in spatially heterogeneous viscosity landscapes has been consid-
ered using both analytical and numerical methods. We show that
in the fast-relaxation approximation an equation of motion for the
mean square displacement can be derived, from which temporal
scaling can be extracted. For a power-law medium, the predicted
anomalous diffusion exponent agrees well with numerical find-

ings. In the limit of a strongly disordered random landscape the
self-propulsion speed shows irregular phase-space behavior, and
a minimal model with multiplicative noise is proposed.
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