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We derive the equations of motion of dyonic black hole binaries with electric and magnetic charges and
explore features of static orbits. By using a Newtonian method with the inclusion of radiation reaction, we

calculate the total emission rate of energy and angular momentum due to gravitational radiation and
electromagnetic radiation for circular orbits. Moreover, we obtain the evolutions of orbits and calculate
merger times of dyonic binaries. We show that electric and magnetic charges significantly suppress the

merger times of dyonic binaries. Our results provide rich information about dyonic binaries and can be used

to test black holes with magnetic charges.
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I. INTRODUCTION

The first direct detection of gravitational waves (GWs)
from a binary black hole coalescence [1] has opened a new
window of physics and astronomy. Ten merger events of
binary black holes have been reported by LIGO/Virgo
during the O1 and O2 observing runs over the past few
years [1-7]. The progenitors of these binaries are under
intensive investigation but still unknown [8—12]. These
LIGO/Virgo black holes show a much heavier mass dis-
tribution than the mass distribution inferred from x-ray
observations [13—15], which presents a gigantic challenge to
the formation and evolution mechanisms of astrophysical
black holes. One possible explanation for LIGO/Virgo black
holes is that they are primordial black holes (PBHs)
[8,9,11,16—-19] formed in the radiation-dominated era of
the early universe due to the collapse of large energy density
fluctuations [20,21]. Besides being the sources of LIGO/
Virgo detection, PBHs can also be a candidate for dark
matter or the seeds for galaxy formation [22-24].

Black holes can have additional hairs of electric and
magnetic charges besides the mass and angular momentum.
These charged black holes have rich phenomena compared
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to uncharged black holes. In recent years, charged black
holes have attracted a lot of attention and have been studied
extensively [25-31]. For GW 150914, the first merger event
of binary black holes reported by LIGO/Virgo, it is shown in
Refs. [30,31] that these black holes can have some electric
charge, while Ref. [26] argues that the magnetic charged
black holes have to be small. A binary of black holes with
charges emits not only GWs but also electromagnetic waves.
For a binary of black holes with electric charges, the
Coulomb force gives an additional central force to the
gravitational force and thus modifies the Keplerian orbit
by the relative ratio of the Coulomb force to the gravitational
force. This ratio affects the power distribution of GWs and
leads to a different power-law of the merger rate [28].
Compared to electric black holes, magnetic black holes can
be relatively long-lived and a possible candidate for dark
matter. Very recently, Maldacena has argued that the
extremely strong magnetic field near the event horizon of
a magnetic black hole may restore the electroweak sym-
metry and affect the phase-transition scenario in the early
universe [32]. Magnetic black holes, which can have
electroweak-symmetric coronas outside of the event hori-
zon, are studied as PBHs [33].

While purely electric (or magnetic) binary black holes
have been studied comprehensively, few works have
focused on gravitational and electromagnetic radiation from
binary black holes with electric and magnetic charges. In this
paper, we investigate binaries of black holes with electric
and magnetic charges in the FEinstein-Maxwell theory.
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A nonrotating black hole with an electric charge ¢ and a
magnetic charge g, the so-called dyonic black hole, has the
same metric as the Reissner-Nordstrom black hole with g>
replaced by ¢ + g7, and a rotating dyonic black hole has a
similar structure [34]. A binary of dyonic black holes has a
generalized angular momentum, which is a conserved
Laplace-Runge-Lenz vector [35], around which the orbital
plane precesses, and which confines the orbit to a cone [36].
The binary follows the Keplerian orbits with the conserved
energy and the square of angular momentum that are modified
by magnetic charges. The emission power of electromagnetic
waves and GWs thus drastically changes, which may provide
a new window to identify primordial magnetic charges.

The primary aim of this paper is to investigate gravita-
tional and electromagnetic radiations from binary black
holes with electric and magnetic charges in circular orbits.
Compared to purely magnetic (or electric) black holes, we
show that dyonic black hole inspirals have richer features.
For dyonic binaries, in the Oth order post-Newtonian (PN)
expansion, a noncentral and angular-momentum-dependent
force causes the orbits to display complex and three-
dimensional trajectories. We calculate the total emission
rate of energy and angular momentum due to gravitational
radiation and electromagnetic radiation within the Oth order
post-Newtonian (PN) expansion, particularly, in circular
orbits (the case of e = (0). Moreover, we obtain the
evolutions of orbits, calculate merger times of dyonic
binaries and show that electric and magnetic charges
significantly suppress merger times of dyonic binaries.
Our methods can be applied to the early inspirals of low-
mass binaries in LIGO/Virgo which have a longer signal in
the detector-band. Of course, when black holes approach to
the merger stage, a higher-order PN expansion or numeri-
cal-relativity simulation is needed. The main region of
applicability of our results is the long inspirals that space-
based GW detectors, such as LISA [37] and Taiji [38], will
detect.

The organization of this paper as follows. In Sec. II, we
derive the equations of motion of dyonic binaries and
investigate characteristics of the static orbits. In Sec. III, we
calculate the total emission rate of angular momentum and
energy due to gravitational radiation and electromagnetic
radiation, derive the evolution of a and @, and find the
merger time. The Sec. IV is devoted to conclusions and
discussions. In the Appendix, we show the chaotic orbits in
general for dynonic binaries.

II. SOLUTIONS WITHOUT RADIATION

Using a Newtonian method, we study the orbital motion
of a binary of black holes with electric and magnetic
charges. Maxwell’s equations with magnetic monopoles
are given by1

'In this paper, we use units of G = ¢ = 4xey = =1

V-E =dzp.,
VXE = —4zj,, —OB/ot, 0
V-B =4,

VxB =4z, + OE/ot,

where p,, is a magnetic charge density and j,, is a magnetic
current. The Lorentz force on a dyon with an electric charge
q and a magnetic charge g is

F=¢g(E+vxB)+gB-vxE). (2)

A point dyon generates the electric and magnetic fields

r
3

r

E=gq B=g. (3)

r r

In this paper we consider a black hole binary with
electric and magnetic charges (g, ¢g;) and (g, ¢,). For
a nonrotating dyonic black hole, its metric can be
described by

dr? 20002 1 20042
+ r*(dO* + sin*0d¢*), (4)

ds* = —f;(r)dr* +fi(r)

where

2m; 2+ g7
z+ql 2917
r r

fi(r)=1-

where m; is the mass of the black hole.

The nonrelativistic interaction of two dyons in the
Minkowski spacetime was studied in classical theory
[39] and in a quantum theory [40]. We will study the
bounded motion of two dyonic black holes as a binary
system. The Keplerian motions with or without an angular
momentum-dependent force term are classified [35].

For a binary of dynonic black holes, we choose the
center of mass system at the origin

i:_@Ri i:ﬂRi 6
r M ) M (6)
where

R =rb—rt, M=m; +m,. (7)

Considering the Lorentz force and gravitational force, the
equation of motion is given by

. .. R! . R
merz = IMR! = CF - De;kﬁvk, (8)
where
mymy i
= b ! B R b 9
Y v )
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and

C=(=uM+q19:+919). D=(09-9%q) (10)
Note that the case of D = 0, which corresponds to purely
electric or magnetic charges or ¢,/q; = g»/g; of balancing
out the velocity-dependent Lorentz forces, yields the same
orbital motion as that of purely electric charges. Here, we
rewrite Eq. (8) as

. R R
pR = C5 =D . (11)

and take a cross-product on both sides with R. Then we get

S d, . .. d ..

i k i ky i
pe RIR" = E(ueijfR ) = EL , (12)
where L = uR x v is the real angular momentum of the
binary system. Writing the right-hand side as

£ = DeiR ey X i
= —Ler jeklmﬁ

D . o .
= —F((S;(S{n - 8,6 )R;,R'R"
D .. .
:E(Rl —R'R/R), (13)
and using the relation

. d (RY 1 .. . A
r—E<§>xi—E(R’—R’R/R)x,-, (14)
where 7 is the unit vector along R and %; is the unit vector
along x; axis, we find a conserved quantity

L=0 L=L-Dp (15)

Note that L is a Laplace-Runge-Lenz vector [35] and has a
meaning of the generalized angular momentum of the
binary system. From the definition (15) and the fact that
L is perpendicular to #, we can obtain

(L)? = (L)* + D~ (16)

Since L is conserved and D is a constant, we arrive at a
conclusion that the magnitude of the real angular momen-
tum L is conserved even though the direction of L changes.

Now, we derive the orbit equation of the binary system.
Because L is conserved, we can pick our coordinate system
such that it points along the z-axis, that is, L coincides with
the polar axis. Some conventions in a spherical coordinate
system are shown in Fig. 1. Using Z = fcos§ — @sin6 in
the spherical coordinate (r, ¢, 9), we have

zZ r
9
0

FIG. 1. Some conventions in a spherical coordinate system.
cos 0 -D
L=Lz=L| 0 =L-Dr=| Ly |. (17)
—sin@ I:(.)
and
cos =—-D/L. (18)

Due to both D and L being constants for the binary system,
it means that @ associated with the mass center of the
system keeps as a constant. The special case of D = 0 gives
an orbit on the equatorial plane. Thus, the orbital equation
is given by

sin @ cos ¢
sinfsin¢g |. (19)

cos @

R =R

For the energy of the system, we have

E:%uvz+%=%u(vﬁ+vi) +%
— % uR* + 25;2 + %, (20)
where v = RF# is the velocity along R and
v, = RepsinOd + ROO = R¢p sin O (21)

is the velocity that is perpendicular to R. To start with, we
can solve Eq. (20) for R and obtain

2 > c
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From the definition, the conserved module of the real
angular momentum can be expressed by

L=ulR xv|=puRv, = uR?sin 0, (23)

while the conserved module of the generalized angular
momentum is given by

L .
L =—"— = uR%p. 24
sin 6 R ¢ (24)

For the equation of the orbit, we need the relationship of R
and ¢ by eliminating the parameter 7. From Eqgs. (22) and
(24), we get

¢ dp  (2uE _, 2uC . ., \7

Setting x = 1/R and integrating by quadrature, we
finally obtain the Keplerian orbit on the cone with half-
aperture angle 6

iZ
HIC]

I+4/1 —I—%Ecos(gﬁsin@)

_a(l-é%)
" 1+ ecos(psing)’

R =

(26)

while the conserved energy and the magnitude of angular
momentum are, respectively,

C
E=—, 27
7 (27)
and
[? = u|Cla(1 - ez). (28)

Note that by introducing the conic section parameters
(a,e), we have expressed the radius on a conic section
in the standard Keplerian form. The bounded motion of our
binary system requires £ < 0, which means C < 0. From
Egs. (23) and (28), we obtain the evolution of the azimuthal
angle

b= (=C)2 csc(Q)i(e cos(zq,’zisiln(g)) +1)2 | )
@(1 =)

Further, by choosing z-axis along L, the orbit is explicitly
given by

sin @ cos ¢
- 1-¢) sin @sin ¢ (30)
~ 1+ ecos(¢sin®) ’
cos @

Note that € is a constant, we are able to interpret Eq. (30)
as a conic-shaped orbit of the binary which is confined to
the surface of a cone with half-aperture angle €, as shown
in Fig. 2. In Fig. 2, we plot the orbit by choosing a = 1,
0 =r/2x%x0.6 and e = 0.5. Now that we have orbits of
dyonic binaries, we have explored the features in general
and chaotic behaviors of orbits in the Appendix A.

First, let us consider the case e =0 for our binary
system. From Egs. (29) and (30), the three-dimensional
trajectory

sin @ cos ¢
sinfsing |, (31)

cos @

R=a

is effectively a two-dimensional circular orbit with
z = cos 6, as illustrated in Fig. 3, and the orbital rate

b= (32)
has a finite period

2z .
T, = / dpg™" = 2na®*\/—u/Csind.  (33)
0

Next, we consider a conical elliptical orbit of e # 0 for
our binary system. To get a closed orbit, we need to analyze
Eq. (30). If and only if sin@ is a rational number

l
ing = — 34
sin . (34)

0=r1/2%0.6,6=0.5

FIG. 2. A conic-shaped orbit of the binary which is confined to
the surface of a cone is plotted in the range of ¢ from O to
40z/ sin @ and the parameters a = 1, e = 0.5, and 6 = /2 x 0.6
according to (30). Though the orbit is bounded, it is not closed
and has an infinite period in three dimensions since sin(37/10) =
(1 ++/5)/4 is an irrational number.
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a=1,6=r1/2+0.6,e=0

FIG. 3. A circle-shaped orbit of the binary is plotted for the
parameters a =1, 6 =x/2x0.6, and e =0, according to
Eq. (31). Though sin(3z/10) is an irrational number, the orbit
is closed, has a Keplerian form and has a finite period in three
dimensions.

with [ and n relatively positive prime numbers and / < n,
the orbit will be closed after n revolutions, the system will
complete one exact ellipse and return to the initial position.
In such a case, one period is given by

T, = /Ozmr dpg™" = 2ra®?*\/—u/Cl. (35)

Moreover, the different numbers / and n will determine the
different topology of the orbit, as shown in Fig. 4.

For e # 0, no matter how rational or irrational sin @ is, R
is a periodic function of ¢(¢) with the period

2r/ sin(0) .
T3 = A dpg™" =2za*\/—p/C.  (36)

as shown in Fig. 5. When e # 0 and sin 4 is irrational, the
orbit is not closed and shows a chaotic behavior of a
conserved autonomous system [41]; for instance, in Fig. 2,
we plot the orbit of the binary by choosing a =1,
0 =r/2x%x0.6, and e = 0.5.

Particularly when |D| < L, we have

€] e
cosO = |D|/L = (14 5pa(l=¢®) ), (37)
sinf ~ 1, (38)

a=1,Sin6=3/4,e=0.5

a=1,Sin6=2/3,e=0.5

FIG. 4. Two different closed orbits of the binary with the
parameters @ = 1 and e = 0.5 are illustrated for the rational
values of sind = 3/4 (top) and sin@ = 2/3 (bottom).

and the orbit is approximately given by

cos ¢
sin¢ . (39)
(1+Spua(1 - &)™

_oa(l- e?)
"1+ ecos(g)

In the limiting case of D =0, the orbit becomes the
Keplerian on the equatorial plane (6 = 7/2).

Now that we have a description for orbits, we will
calculate the emissions of energy and angular momentum
for the e = 0 case in the next section.

III. SOLUTIONS WITH RADIATION

In this section, we will consider the case of e =0
only, i.e., the circular orbits and leave the case of e # 0

103520-5
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a=1,e=0.5,6=71/2x0.6

2.0
15F
o 1.0
0.5}
Oo Il Il Il Il
0 5 10 15
¢
FIG. 5. The plot of R as a function of ¢ by choosing a = 1,

0 =n/2x0.6, and e = 0.5, according to (30).

for future work. By using the quasistatic approximation,2
we will calculate the total emission rate of energy and
angular momentum due to gravitational and electromag-
netic radiations.

A. Electromagnetic radiation

We first calculate the emission of electromagnetic
radiation from electric charges on the orbit (31), averaged
over an orbital period. Then we consider the emission from
magnetic charges in the same orbit and finally superimpose
their fields. This derivation follows the same procedure as
that in Refs. [28,29].

Following [28,29], the vector potential A atr (r > a) is
given by

ij

Al ~ )/, 40
=0 (40)

where
Q' = qix| + qxh = MAUqRi, (41)

is the electric dipole, PV = &/ —nin/ is the transverse
projection, and

Aﬂq = qy/my —q,/m. (42)
The energy emission due to electric charges is given by

2’ (Ag,)?

P =
¢ 3

RR, (43)
and the average energy loss over an orbital period 7T is

*The quasistatic approximation is that the emission is assumed
constant during one averaging period.

P _ 1 2z d¢P éﬁ—l
e Tl 0 e
_ 2C*(Ao,)? csc?(0) ' (44)
3a*

The angular momentum emission due to electric charges is
given by

. 2. 2u?(Ac,)?
Je = —G}ngij — AT

3 el RIRE.  (45)

For the angular momentum loss due to electromagnetic
radiation averaged one orbital period 7, we have

dJi 1 T, -
Y= dt].,. 46
< dt > T, /0 ¢ (46)

For e = 0, we can get

Jo=10;= () =3 =0 (47)

2(=C)*2\/u(Ac,)? csc(0) ‘

73\ _ 73 _
<Je>*-]e*_ 3a5/2

(48)

A great consequence of the enhanced symmetry due to
the existence of magnetic monopoles is that Maxwell’s
equations and thus the classical dynamics of all the fields
and charges remain invariant under the dual transformation

E' =Ecosa—Bsina,
B' = Esina+ Bcosa,
q' = gcosa+ gsina,

g = gcosa — gsina. (49)

By choosing a = /2, pure electric charges transform to
pure magnetic charges. This allows us to immediately find
the fields emanating from magnetic charges on the orbit
from our results for pure electric charges so far. We may
then superimpose them to find the total emission. For
a=r/2, we see

where Ac, determines the magnetic dipole:

Aﬁgzgz/mz—gl/ml- (51)

Here, we have used the transformation between the electric
and magnetic fields and the vector potential (40) to infer
their proportionality with the charges.

103520-6
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In fact, we need not superimpose the fields; instead we
may superimpose their emissions. This does not hold true
in general since the superposition principle of the Maxwell
theory applies only to the fields. However, we show in the
following that the addition of emissions applies for this
specific situation of adding dual fields together. A way to
immediately and conceptually show that this is correct, is to
notice that, far away on a shell where we calculate the
emissions, the electric and magnetic fields from the electric
charges are perpendicular to those from the magnetic
charges, while the electric (magnetic) fields from the
electric charges are parallel with the magnetic (electric)
fields from the magnetic charges, and so, all the cross-terms
vanish while superimposing the fields.

We explicitly show this by considering the integrated
energy- and angular momentum-density on a shell for
electric and magnetic fields, labeling the fields from the
electric charge configuration E;, B;, and those from the
dual transformation E,, B,. Notice that the electric dipole
has the same direction as the magnetic dipole. So, we have
El J_EQ, Bl _LB2, EIHBZ’ EZHBI Now we look at the
result for the energy density and momentum density:

1 1
”:§(E2+Bz) :E(E%"‘B%
+E3+ B35+ 2(E,-E,+ B, -By)) = u; +uy. (52)

P=ExXB=E,xB,+E,xB,
+E1X32+E2XB1 :P1+P2. (53)

Noting that

P=-r / dQi - P, (54)

J=-r / dQr x P, (55)

we have

Py = <1 i (i—))” (56)
Jem = <1 + <iZ>Z>J1. (57)

This means that our final results for the energy and angular
momentum emissions from our binary system are

, 2C%((Ao,)* + (Ao,)?)esc?(6)

EM = 3 , (58)
. —C)3/? 6,)? c,)?) csc
(Jem) = 29 \/ﬁ((A32)5/2+ (8,)) (9) (59)

Following [28], the gravitational field or electromagnetic
field carries away a total angular momentum J, which
consists of an orbital angular momentum contribution and a
spin contribution. This total angular momentum is drained
from the total angular momentum of the source, which, for
our binary system has the origin of a pure orbital motion.
So, the loss rates of the energy and angular momentum in
our binary system due to electromagnetic radiation are
given by

<d];’7;M> _2C((Ag,)? J; ;fog)Z)CSCZ(e), (60)
<dLEM> __2(=0)/u((Ac,)* + (Ag,)?) csc(6)
dt | 3q5/2 :
(61)

from which we find the relation
(L)
<d1?];M> =/ (=C)'pa’sin(0) = pa*/L.  (62)

B. Gravitational radiation

Now, we compute the total radiated power in GWs. In
our reference frame where L is along z axis, the second
mass moment can be written as

MU = uR'RI. (63)

Following [42],
expressed as

the radiated power of GWs is

1/. . 1, .
Pow = = (Wb = 5 (¥14)?) (64)

Using Egs. (32) and (63), one has

4(=C)3/? csc(0) sin(2¢)

My, = T :
i — _4(=C)** csc(0) cos(24)
CZS/Z\/'E ’
PP (=C)*2 cot(0) csc(0) sin(¢)
13 = a7 [ )

i SO esl0) i) cos()

& /i :
iy = — (=C)*2 cot(0) csc(6) cos(¢p)

&7 i :
Ms3 = 0. (65)

103520-7
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Therefore, we obtain

(=C)3(15cos(20) — 17)csc*(0)
5a’u

Pgw = — ., (66)

which is independent of ¢. The energy of GWs is only well
defined by taking an average over one period. In our case, a
well-defined quantity is the average of Pgy over one period
T,. Thus we perform the time average to get the total
radiated power

- 1 T,
Pow = T_/ dtPgw = Pgw, (67)
1Jo

and the averaged energy loss over an orbital period 7 is
given by

dEGw _ (=C)3(15cos(20) — 17)csc*(0)
< dt > = faw = 5a°u ’

(68)

Similarly, following [43], the rate of angular momentum
emission due to GWs is given by

dL} 2
_d(;.w == gelkl (M M,,). (69)

We have the angular momentum loss due to gravitational
radiation averaged one orbital period T';:

dL! 1 (7 ..

For the case of e = 0, i.e., circular orbits, we get

12(=C)%/* cot(@) csc(8) cos(¢p)

Lty = 5 -
: 12(=C)3/2 cot(0) csc(0) sin(¢h)
L&y = 5472 N ’ (72)

from which it follows
(Low) = (Law) =0, (73)
and the nonvanished average

(—=C)/2(15 cos(26) — 17)csc’(0)
5a7/2\/ﬁ .

Because L is along z axis, we thus conclude that the loss
rates of the energy and angular momentum in our binary
system due to gravitational radiation are

dEgw\ _ (—=C)*(15cos(26) — 17)csc(9)
< dt > B 5a°u

(Léw) = Lgw = (74)

. (75)

dL _ (=C)*/*(15c0s(20) — 17)csc?(0)
< d(;w>_ 547\ /i . (76)
the ratio
(o e
(e =1/ (=C)ua® sin(0) = pa’/L. (77)
dt

From the results for electromagnetic and gravitational
radiations, we can show, for any 0 and a, a universal relation

(o) () -
(Abe) (i %)

C. Evolutions of a and @

For the static orbit, 8 and a are constants. However, when
the emissions of energy and angular momentum due to
gravitational and electromagnetic radiations are included, 6
and a become functions of time 7. In this subsection, we
will explore the evolutions of a and 6.

The total emission rates of energy and angular momen-
tum due to gravitational and electromagnetic radiations are
given, respectively, by

(@) o
(@)-E)itp)

From the definitions

E— % (81)
L= VS;IP(‘QC)“, (82)

we find the evolution of the semimajor axis and the conic
angle

da 4C((Ac,)? + (Ac,)?) cscX(0)

dr 3a?
N 2C%(15 cos(29)3 —17) csc*(0) ’ (83)
S5a’u
do  2C(Ac,)* + (Ac,)?) cot(0)
dr 3a®
N C%(15 cos(20) — 17) cot(8) csc?(0) (84

5a*u

Note that these two expressions have a similar form. Using
the chain rule for differentiation, we can find

103520-8



GRAVITATIONAL AND ELECTROMAGNETIC RADIATION FROM ...

PHYS. REV. D 102, 103520 (2020)

da
0 2acsc(0) sec(9), (85)

a = cytan’(6), (86)

where ¢, is determined by the initial condition a = q
when 0 = 6,. From Eq. (82) and

cos(8) = |D|/L, (87)
we have
D2
Co = % . (88)

Now we get the evolutions of orbits by using dL/dt. When
we consider gravitational radiation and electromagnetic
radiation, we find only L? # 0, which implies that the
direction of L does not change and the magnitude of L
decreases while the direction and magnitude of L both
change. We show how to use dL/dt to get the same results
of da/dt and df/dr in Appendix B. Next, we calculate
merger times of dyonic binaries. For arbitrary 6 and a,
Eq. (78) is explicitly given by

(E ) 3C015e0s(20) = 1T)es(0) g
()~ ) 10a((Bo, ) + (Boy

From Eq. (B2) in the Appendix, we find that the rates of the
semimajor axis increase quickly when semimajor axis
decreases no matter what the first term or the second term
dominates. So, the binary system spends most of the decay
time in the part of orbit where a =~ a,. For a given q, the
total rate of energy and angular momentum emission is
dominated by gravitational radiation or electromagnetic
radiation which depends on m, m,, q;, g2, g1, and g,.
First, we consider the case where electromagnetic
radiation dominates over the gravitational radiation around
a=~ay. When D =0 or 6 = z/2, we have the rates

da 4C((As,)? + (Ac,)?)
dr 3a? ’ (90)

do
=0

i (91)

which gives the coalescence time

TEm <ao’9=§) = / 0 da (%) . ﬂc((m}i (Acy)?)
(92)

On the other hand, when D # 0 or 6 # /2, Egs. (B2)
and (84) become

da 4C((Ac,)* + (Ac,)?) csc(0)

dr 3a? ’ (93)
a0 _2C((30,) + (Ao P)eotl®)
dt 3a’

So, we similarly have
% = 2acsc(0) sec(0) (95)
a = cytan®(6). (96)

Then we can have

do\~' 3cy’tan’(0)
(E) ~2C((Ac,)? + (Ac,)?)’ (97)

For the orbit, we can integrate Eq. (93) by requiring
a(t) =0 at 1 = tgpm(ag, Oy) or, equivalently, we can inte-
grate Eq. (94) by requiring 6(7) = 0 at 1 = zgy(ag, 6p),
since we can see that at the coalescence € goes to zero.
Because the analytic expression for a(0) is simpler than the
form of the inverse function 6(a), it is much better to use
Eq. (95) and to get

7em(ag.0p) 0 -1
/EM " dt:/ d9<ﬁ> , (98)
0 0 dt

a(3)F1 (90)

tem(ag, Oy) = _4C((A0'q)2 T (Aag)z)’ (99)
where
Fy(600) = m(z secS(6p) — 9 sec*(0)
+ 18 sec?(6,) + 121log(cos(6y)) — 11),  (100)
tan(y) = ngf"". (101)

We plot F(6,) as a function of 6, in Fig. 6. When 6, — 0,
F(6y) = 0 while 6, — z/2, F{(6,) — 1, which is con-
sistent with Eq. (92) and that obtained in [28].

Next, we consider the case where gravitational radiation
dominates over the electromagnetic radiation around
a=ay. When D =0 or 0 = z/2, we have

da —64C?
— =, 102
dt 5a*u (102)
do
_— = 1
T 0, (103)
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F1(60)

F2(60)

FIG. 6. Upper panel: the plot of F,(6,) as a function of 6.
Bottom panel: the plot of F,(6,) as a function of 6.

which gives the merger time

b 0 da\~! Sa‘u
0=")= [ aa(L) =222 (14
fow (“0 2> A “ (dt) e 10

In the other case where D # 0 or § # n/2, Eqs. (B2) and
(84) become

da _2C*(15c0s(20) — 17) csc*(6)
dt 5a°u '

(105)

do  C*(15cos(20) — 17) cot(6) csc*(6)

== (106)

S5a*u

The functional dependence of da/d0 has the same form as
Eq. (95). Similarly, the coalescence time for the gravita-
tional-radiation dominated merger is given by

S5aiukF, (6
Tgw(ag. ) =0 2 2( O),

107
256C (107)

where

F,(6y) (245760 sec®(6,)

" 245760tan® (6,)
— 1331200 sec®(6y) + 3043200 sec*(6y)
— 4124400 sec®(0,) — log (15sin*(6y) + 1)
— 2097150 log (cos(6y)) + 2166640).  (108)

We plot F,(6y) as a function of 6 in Fig. 6. When 6, — 0,
F,(0y) = 0 while 8y — /2, F,(6y) — 1, which is again
consistent with Eq. (92) and that found in [28]. From
Egs. (100) and (108), when 6, goes near zero, F(6,)
and F,(6p) become much smaller than unit (e.g.,
Fi(r/20) = 0.018, F,(x/20) = 0.005), which implies
the electric and magnetic charges or 0, can significantly
suppress merger times of the dyonic binaries. As 6,
approaches to zero, the binary coalesces immediately and
7gm and 7gw vanish, as expected. But this case corresponds
to the general relativistic regime, which requires methods
beyond the Newtonian method. In this paper, we have only
considered the leading orders of orbits and radiations,
namely, the 0-PN corrections. Some aspects of the higher
PN corrections in the context of dyonic black holes will be
discussed in the future.

IV. CONCLUSIONS AND DISCUSSIONS

Dyonic black holes have attracted much attention not
only in theoretical study but also in recent observations of
GWs. In this paper, we have derived the equations of
motion of dyonic binaries and explored features of the
static orbit including the chaotic behavior. By using a
Newtonian method with radiation reactions included, we
have calculated the total emission rate of energy and
angular momentum due to gravitational and electromag-
netic radiations for circular orbits. Moreover, we have
found the evolution of a, 8 and calculated merger times of
dyonic binaries. It has been shown that the electric and
magnetic charges can significantly suppress merger times
of dyonic binaries no matter what gravitational radiation or
electromagnetic radiation dominates. The results of this
paper provide rich information about dyonic binaries and
may be used to test black holes with magnetic charges.

Finally, we would like to discuss the potential implica-
tions of our formulas. So far, many merger events of binary
black holes have been reported by LIGO/Virgo. Our
methods can be applied to the early inspiral of low-mass
binaries in LIGO (like GW151226), which have a long
signal in the detector-band. However, when LIGO/Virgo
black holes nearly merge, our methods are not valid and a
higher-order PN expansion or numerical-relativity simu-
lations are needed. In the future, many merger events are
expected to be detected by space-based GW detectors, such
as LISA and Taiji. Space-based GW detectors might be able
to detect massive black hole binaries in the inspiral phase.
The inspiral of such massive black hole binaries can last
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several days, months or even years in the frequency band of
space-based GW detectors. Obviously, our formulas are
applicable to those inspirals of massive black hole binaries.
Such merger events will provide a good chance for our
formulas to investigate whether these black holes indeed
have electric and magnetic charges by using inspiral wave-
forms, which provides an unexplored arena to probe
fundamental physics in the standard model of particle
physics and beyond. We leave these topics for future studies.

ACKNOWLEDGMENTS

We thank the anonymous referee for providing construc-
tive comments and suggestions to improve the quality of this
paper. This work is supported in part by the National Natural
Science Foundation of China Grants No. 11690021,
No. 11690022, No. 11851302, No. 11821505, and
No. 11947302, in part by the Strategic Priority Research
Program of the Chinese Academy of Sciences Grant
No. XDB23030100, No. XDA15020701 and by Key
Research Program of Frontier Sciences, CAS. The work
of S.P.K. was supported in part by National Research
Foundation of Korea (NRF) funded by the Ministry of
Education (2019R111A3A01063183).

APPENDIX A: CHAOTIC ORBITS

Here we will explore chaotic behaviors of orbits by
observing how two neighboring orbits deviate from each
other during their evolutions. For this, we choose two
neighboring orbits R(¢) and R;(¢). At time ¢ = 0 (assum-
ing ¢p; = 0), we set the initial separation as

R;(0) — R(0) = (dx. dy. dz). (A1)

Notice that we just change the initial positions but the
generalized angular momentum and the charges C and D
are fixed. And then we introduce a new parameter d/ which
corresponds to the distance of two cones as shown in Fig. 7.
The orbit of R;(¢) can be expressed as

sin@ cos(¢p + dep)
. a(1-e}) sin@sin(¢h + dep)
L ey cos((¢ + dep) sin6)
cosd
0
—dl| 0], (A2)
1
where
al :a+da’ el :e+d€. (A3)

From the conserved magnitude of the real angular momen-
tum,

L? = p|Cla(1 — &) = p|Cla; (1 — €?), (A4)

FIG. 7. Schematic illustration on two neighboring orbits R(¢)
and R;(¢).

we obtain the change of eccentricity,

(1-e*)da
de = ——"—. A5
¢ 2ae (A5)
To proceed further, we solve the vector equation
OR OR OR dx
— dp+— da+— de—dl| 0| =]|dy
64) $=0 aa $=0 ae $=0
1 dz
(A6)
Solving Eq. (A6), we have
2 0
da = —&C(z)dx, (A7)
(I-e)
csc(0)
d¢p = , A8
¢=- ki (A8)
dl = dx cot(0) — dz. (A9)

Now, we introduce a new function A(¢) defined as

(Ri(¢) —R(¢))*

Ap) = ®,(0)—R(0))"" (A10)

which describes the ratio of the evolution of the distance
between two neighboring orbits R(¢) and R;(¢).
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For the case, dx # 0, we can set

dr

V1 +k+ k2

(Al1)

R;(0) = R(0) = (dx,dy,dz) = (1, k,, k)

where k, = dy/dx and k, = dz/dx. Using Eq. (A2) and
the definition (A10), we obtain

M) = (kK + k2 +1)7"A((e + 1)*(A%k} + B?)

+ (A%(k. — cot(0)) + B(e + 1) cot(0))?).  (A12)
which is independent of a, where we have used the
short-hand notations A = ecos(¢sin(0))+ 1 and B =
(e 4 1) cos(¢sin()) + ek, sin(6) sin(¢ sin(6)). The func-
tion A(¢) is periodic with the same period 75 as R, as
shown in Fig. 8. The ratio of the distance to the initial one
decreases and increases periodically for some ranges of ¢.
For dl #0, or k, #0, two orbits R(¢) and R,(¢) are
confined to different cones. When dl =0 which corre-
sponds to two orbits R(¢) and R, (¢) confined to the same
cone, A(¢) is given by

M) = (cot?(0) + k3 + 1) 1A~ (e + 1)?

X (A%k3 + B csc?(0)). (A13)

When k, = 0, k, = cot(), we have
dl = dp = 0, (A14)
2p) = (e + 1)* cos*(¢sin(0)) (AL3)

(ecos(¢sin()) + 1)*°

which means that two orbits are confined to the same cone,
and when R| = R, two orbits intersect, that is, 1 = 0. By
analyzing Eq. (A13), we conclude that only when &, = 0,

k, = cot(0), ¢ = (i;;g”, where [ is an integer, we have
A= 0. For other cases, 4 > 0. By using Egs. (29) and
(A13), we plot A(¢(r)) as function of ¢ by choosing
0 =r/2x%x0.3, e=0.5 in Fig. 8. Dashed lines represent
the case dl = 0 while solid lines represent the case dl # 0.

For the case with dx = 0 and dy # 0, we can set

dr

R;(0)—R(0) = (dx,dy,dz) =(0,1,k,) T (A16)
By using Eq. (A2), 4 can be expressed as
Ap)=(k+1)'A

x ((e+1)*(e*sin?(0) sin?(¢hsin(0)) + A?)

+ (e(e+1)cos(0)sin(¢sin(0)) +k.A%)?).  (Al7)

€=0.5,0=71/2+0.3

ky=1,kz=1

| J— k,=1,k=Cot[6]
ky=-1,k;=0

1 ----- k,=—1,k,=Cot[6]
——— ky=0,k,=0

1 ky=0,k,=Cot[6]

4
. e=0.5,'6=rr/2*0.3'

ky=1,kz=1

i ky=1,k,=Cot[6]
ky=—1,k;=0

B ky=-1,k;=Cot[6]
——— ky=0,k,=0
R ky=0,k,=Cot[6]

A(D)

the time t with unit [a%24"/2(~C)"2]

FIG. 8. Upper panel: the plot of A(¢) as a function of ¢ by
choosing 6 = z/2 x 0.3 and e = 0.5, according to (A13). Bot-
tom panel: the plot of A(¢(¢)) as a function of 7 by choosing
0 = /2 x 0.3 and e = 0.5. Dashed lines represent the case dl =
0 while solid lines represent the case dl # 0. For each period,
there are growths (decreases) in time.

For the case with dx = 0, dy =0, dz # 0, we have

da =de =0, dl = —dz, (A18)

R\(¢) - R(¢) = (0,0, dz), (A19)

which means that A(¢) =1 is a constant. We have
observed, as expected for the conserved autonomous
systems, that the relative ratio of two neighboring orbits
during their evolutions is periodic as a function of ¢ and
also as a function of time. For each period, there are
exponential growths (decreases) in time.

APPENDIX B: THE LOSS RATE OF L

When we consider gravitational and electromagnetic
radiations, we find only L3 # 0, which implies that the
direction of L does not change and the magnitude of L
decreases, while the direction and magnitude of L both

change. Here, we show how to use dL/dt to get the same
results of da/dt and d@/dt. From Eq. (16), we obtain

dL\  /dL\ 1

dt/ \dt/sinf
From L = \/=uCa, we have the time revolution of the
semimajor axis

(B1)
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da 4C((Ac,)* + (Ac,)?) csc(6)
dt 3a?
2C%(15cos(26) — 17) csc*(0)
+ . .
Sa’u

According to L = \/=uCa, tan(0) = Vl_l’)‘lca, we have

2

a= %tanz 9),

da _ 2acsc(0) sec(0) ﬁ

B4
dt dt (B4)

Thus we can find the time evolution of the conic angle:

do  2C(Ac,)* + (Ac,)?) cot(0)
dr 3a3
N C*(15cos(20) — 17) cot(0) csc?(0)
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