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Summary 
Radiotherapy is a well-established modality for cancer treatment, employed for more than 

100 years. Conventional radiotherapy aims at eliminating all cancer cells by irradiating the 

whole tumor, which will result in damage to healthy adjacent tissues. An unconventional 

approach to radiotherapy is to partially irradiate the tumor, thereby reducing normal tissue 

damage. However, by utilizing classical cancer theory, where it is assumed that the tumor 

only consists of non-interacting malignant cells, partial radiation is not expected to result in 

any therapeutic benefit . But new studies are suggesting that an anti-tumor immune response 

may be induced by partial irradiation, where the immune system is working with radiation 

to kill malignant cancer cells. In order to achieve a mechanistic understanding of these effects 

and guide new experimental designs, it is necessary to develop a mathematical prediction 

model.  

In the current study a model has been developed, encompassing the interplay between 

immune cells and cancer cells, with or without irradiation. In the model the tumor comprises 

four cell types: active and inactive CD8+ T cells (immune cells), viable cancer cells and 

doomed cells (destroyed cells). Each day the cell interactions are calculated, describing the 

tumor evolution. The main quantity of interest was the tumor volume. To test the accuracy of 

the model, experimental data of radiation-induced anti-tumor immune response from 

previous publications are sampled. The model was fitted to these data using a novel 

optimization method, which resulted in promising fits and low root mean squared (RMSE) 

values. Additionally, predictive capabilities of the model were tested by using the estimated 

model parameters to predict scenarios using higher dose and different tumor irradiation 

fraction. These predictions were validated by experimental data. The predictions slightly 

deviate from the observations, and more validation data is needed to conclude whether the 

model possess predictive capabilities. 

To achieve partial radiation a particular technique called GRID therapy may be 

implemented, where the dose e.g. can be delivered in cylinders evenly spread across the 

tumor. Clinical practice of GRID therapy is limited and has always been employed in 

combination with conventional radiotherapy. This is likely due to a lack of knowledge for 

the underlying biological mechanisms. Instead of using cylinders, we suggest partial 

irradiation GRID therapy by prescribing dose to spheres evenly distributed inside the tumor. 

Several methodologies for placing the spheres evenly distributed is developed and 

implemented in Varian Eclipse treatment planning system for a patient with a large bulky 

lung tumor (largest diameter 10 cm).  

In the treatment plans protons are employed over X-rays in order to maximize dose delivery 

precision and to decrease normal tissue damage. Protons has an increased dose deposition 

toward the end of the track, characterized by the Bragg peak. Limitations of our GRID 

therapy lies with the lateral spread of the Bragg peak. Therefore, an analysis of the proton 

beamlet is conducted in the treatment planning software, where the size of the Bragg peak in 

the lateral direction is 𝜎 ~ 0.50 mm (90 MeV) and increase with energy of the imparted 

protons.  
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Knowing the limitations of the treatment delivery, different methods of GRID therapy by 

prescribing dose into evenly distributed spheres are compared. However, a perfect dose 

distribution is impossible due to limitations in proton physics. The scoring of treatment plans 

is defined by the dose between prescription spheres (valley dose) for a given dose in the 

spheres (peak dose), where a lower valley dose is preferable. Face-centered cubic (FCC) was 

the best method with the lowest valley dose, 8.4 Gy for a 15 Gy peak dose.  

To investigate GRID plan parameters that result in the most promising anti-tumor immune 

response, the immune model is combined with the results from GRID treatment plans. By 

implementing valley dose between prescriptions spheres into the immune model, a tumor 

outcome probability space is simulated. For a GRID treatment plan using the FCC method 

the optimal parameters were 10 Gy prescribed dose and 0.2 tumor volume irradiation 

fraction with treatments twice a week. The newly obtained treatment parameters were then 

implemented in the treatment planning software and compared to a conventional intensity 

modulated proton therapy plan. GRID therapy reduced the normal tissue doses to all organs 

at risk in the tumor vicinity for the same tumor effect. However, further experimental 

validation and careful clinical testing is needed before any firm conclusions can be made. 

The current study set out to rejuvenate GRID therapy and bring into our proton-based 

approach with prescription spheres closer to clinical applications. By combining GRID 

treatment plans with the immune model, the framework may potentially be used as 

treatment support system. By predicting the extent of tumor progression and selecting the 

best treatment parameters for GRID therapy, the future goal is to pick the best treatment 

plan for the individual patient so that more can be cured with less side-effects.  
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1 Introduction 
In 2017 more than 33 000 new cancer cases were reported in Norway1.  Lung cancer is one of 

most common type of cancer with about 9 % occurrence1. Unfortunately the diagnosis has 

poor prognosis; the five year survival rate (2013-2017) was 18% for men and 24% for 

females1. A research project at the University of Oslo (UiO) is proposing a non-conventional 

method of radiation therapy for large tumors, with lung cancer as a model. The method 

proposed is GRID radiation therapy, alternatively in the combination with immunotherapy.  

Radiotherapy is a widely adopted cancer treatment, where about 11 000 cancer patients 

received radiation treatment in Norway (2010)2. By targeting DNA within the cancer cells, 

ionizing radiation is used to inactivate or kill cancer cells3. Conventional radiotherapy 

ensures all cancer cells are killed by delivering radiation to the whole tumor4. Though 

energies required to ionize DNA is relatively low3, the modern linear accelerator utilize MeV 

x-ray energies to minimize normal tissue damage.       

In the early days of radiotherapy x-ray tubes with kilovoltage x-rays were used for external 

beam radiation treatment5. X-rays in this energy range deposit most of their energy close to 

the surface of the patient, making deep seated tumors hard to treat5. In 1909 Alban Køhler 

introduced GRID therapy6, where the original principle was to irradiate the tumor while 

sparing some of the skin6-8. Køhler suggested covering the surface of the patient with a metal 

lattice, where the lattice contained holes in a systematic pattern6. This would allow higher 

doses to deep seated tumors due to the increased skin tolerance caused by the surface 

protected by the metal lattice6.  

The GRID concept was dormant for many years until it picked up interest again by 

Mohiuddin et al9 in 1990. They suggested repurposing the GRID therapy concept with 

megavoltage photon energies to decrease the size of large bulky tumors before palliative 

treatment9, 10, to relieve symptoms but without necessarily curing the disease. Several clinical 

studies yielded promising results with high response rates9-11. One possible biological 

explanation for the beneficial effects of GRID therapy is that it induces so-called bystander 

effects. Here, non-irradiated cells are affected by signals from the irradiated cells, caused by 

the partial tumor irradiation12, 13. 

In addition to the cellular effects of ionizing radiation, the immune system is capable of 

killing cancer cells14. Notably, increased immune activation can be induced by partially 

irradiating tumors15, 16. Especially T-cells, which plays an important role in the immune 

response17, present in the tumor microenvironment (TME) is of interest. Markovsky et al 15 

found that activation of particular T-cells, CD8+ cells, was increased after one single partial 

irradiation of tumors implanted in mice. The activation of CD8+ T cells was the prime reason 

for the tumors growth delay15 Conventional radiotherapy may kill CD8+ T cells in the TME 

and destroy vasculature and lymphatic vessels inhibiting the immune response15. By treating 

cancer with partial irradiation of the tumor, local tumor control may be achieved with less 

damage to normal tissue than for conventional radiotherapy. In addition to local control, 

shrinkage of secondary un-irradiated tumors were observed in two lung cancer studies15, 16, 

enabling curation of metastatic cancer, secondary tumors, simultaneously.  In combination 
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with an immune checkpoint inhibitor, which removes the brakes on the immune response18, 

partial tumor radiation for cancer treatment may reveal to be a fruitful novelty. 

To reduce normal tissue toxicity further, radiotherapy using protons is favorable19. Protons 

deposit the majority of their energy at the end of track, in the Bragg peak, minimizing 

damage to tissues in front of the tumor19. Also, while x-ray deposit substantial dose behind 

the tumor, protons come to an abrupt stop shortly after the Bragg peak decreasing normal 

tissue toxicity further19. Due to the highly localized Bragg peak, roughly a centimeter in size 

in this study, tumor coverage is achieved by stacking the Bragg peaks throughout the tumor 

volume19. Thus, using protons instead of x-rays for GRID therapy can yield higher dose 

delivery precision.  

We want to understand the mechanisms involving a radiation induced anti-tumor immune 

response and how partial irradiation of the tumor affects the response. Therefore, this thesis 

brings forth the concept of GRID therapy and the immune response induced by partial 

irradiation. In order to better understand the underlying biological mechanisms, a novel 

computational model is produced in order to capture the essence of the phenomena. The 

model is fitted to previously published data for mice, where the immune response was 

investigated. Predictive capabilities of the model are also explored. In order to promote 

GRID therapy for further clinical use, the model is used for determination of the optimal 

parameters for a patient treatment plan.  

GRID therapy is yet again relevant for future applications, utilizing the full potential of 

protons as opposed to x-rays. In the current study, patient treatment plans are devised, 

prescribing dose into spheres systematically distributed in a large bulky lung tumor. By 

combining the computational immune model and implementation of GRID therapy, the 

treatment plan with the best probability for tumor control is achieved. To quantify the 

potential reduction in normal tissue toxicity, the GRID treatment plan is compared to a 

conventional proton treatment plan.  

In addition to a thorough analysis to bring GRID therapy into the clinic, the framework may 

potentially be used as a treatment support system. By predicting the extent of tumor 

progression and selecting the best treatment parameters for GRID therapy, the best treatment 

plan for the individual patient may be achieved. 
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2 Background 

2.1 Ionizing radiation 
This chapter is based on Fundamentals of Ionizing Radiation Dosimetry by Andreo et al. 

(2017)20. To understand the action of radiotherapy, it is important to comprehend radiation 

physics and how it interacts with matter, in particular the energy absorbed from irradiation. 

Ionizing radiation is particles or electromagnetic waves carrying enough energy to eject 

valence electrons from an atom, typically 4-25 eV. Two key concepts in radiation physics are 

fluence and interaction cross section. Fluence is the number of particles 𝑑𝑁 incident on a 

sphere of cross-sectional area 𝑑𝑎  

𝛷 =
𝑑𝑁

𝑑𝐴
           (1) 

And the interaction cross section for one type of interaction and particle with a particular 

energy is defined as 

𝜎𝑝 =
𝑁𝑖

𝛷
           (2) 

Where 𝑁𝑖 is the number of that particular interactions in a small sphere divided by the 

fluence. The sum of cross sections is additive and the total cross section for interactions of 

type 𝑖 is  

𝜎 =
1

𝛷
∑ 𝑁𝑖𝑖            (3) 

 

2.1.1 Charged particle interactions 

Charged particles traversing through matter lose energy almost continuously by many small 

coulomb interactions. Though, the type of interaction depends on the distance from the 

atomic nucleus. A distance much greater than the classical atomic radius result in small 

coulomb interactions, usually tens of electron volt (eV). It is called inelastic soft collisions and 

is the most probable accounting for roughly half of the energy transferred to the medium 

irradiated. If the traversing distance is close to an atomic orbital the incident particle interact 

with atomic electrons, which then may be emitted with high kinetic energy. These secondary 

electrons are often called 𝛿 rays. Auger electrons and characteristic x-rays may be emitted 

too. It is called inelastic hard collisions and if the secondary electron receives energies higher 

than the binding energies it can undergo coulomb interactions itself. Although less frequent, 

roughly half of the total energy transferred is due to hard collisions. Traversing distances 

much smaller than the atomic radius can result in inelastic radiative collisions with the 

nucleus, where the particle is slowed down and deflected. The energy is released as a 

photon, called brehmsstrahlung. It is insignificant for particles other than electrons and 

positrons, and all of the incident particle energy can be transferred. At the same distance 

elastic collisions may occur, where the nucleus recoil slightly resulting in a very small energy 

losses. For elastic interactions the probability (differential cross section) of an energy transfer 

(energy loss) 𝐸 with an incoming energy 𝑑𝐸 is 

𝑑𝜎

𝑑𝐸
= 2𝜋𝑟𝑒

2𝑚𝑒𝑐
2 𝑧2

𝛽2

1

𝑇2         (4) 
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Where 𝑟𝑒 is the classical electron radius, 𝑚𝑒𝑐
2 is the electron rest energy, 𝑧 is the incident 

particle charge, 𝛽 = 𝑣/𝑐 where 𝑣 is the particle velocity and 𝑐 is the speed of light. An 

important observation is that low energy transfers are more probable than high energy 

transfers. For multiple interactions of a particle traversing through a medium, the average 

rate of energy loss 𝑑𝐸 per length 𝑑𝑥 in a medium of mass density 𝜌 is described by the 

electronic mass stopping power (soft and hard inelastic interactions), radiative mass 

stopping power (Bremsstrahlung) and the nuclear mass stopping power (nuclear 

interactions). The total mass stopping power is 

1

𝜌
(
𝑑𝐸

 𝑑𝑠
)
𝑡𝑜𝑡

=
𝑆𝑡𝑜𝑡

𝜌
=

𝑆𝑒𝑙

𝜌
+

𝑆𝑟𝑎𝑑

𝜌
+

𝑆𝑛𝑢𝑐

𝜌
         (5) 

The electronic mass stopping power is 

 
1

𝜌
𝑆𝑒𝑙 ∝

𝑍

𝐴

𝑧2

𝛽2 [𝑓(𝛽) − 𝑙𝑛 𝐼 −
𝐶(𝛽)

𝑍
− 𝛿(𝛽)]        (6) 

Where 𝑍 is the atomic number of the medium, 𝐴 is the atomic mass of the medium and the 

terms in the brackets are correctional terms (elaborated in chapter 2.4). An important feature 

is the 𝛽2 inverse dependency, where the stopping power increases as the velocity (kinetic 

energy) decreases. 

While most of the energy transfer is due to inelastic interactions, most of the deflection of 

trajectory is due to elastic interactions. The relativistic Rutherford differential cross section 

per unit solid angle (probability of a single scatter angle) is 

𝑑𝜎𝑅

𝑑𝛺
= 𝑟𝑒

2(𝑧𝑍)2 (
𝑚𝑒𝑐

2

𝑚0𝑐2)
2

1−𝛽2

𝛽4

1

(1−𝑐𝑜𝑠𝜃)2
         (7) 

Where 𝑚0𝑐
2 is the rest energy of the incident particle. Some features are that forward scatter 

dominates (where 𝜃 = 0 result in unity, corrected by Bethe and Ashkin (1953)), scatter is 

more probable at low velocities and that light particles have a higher probability of scatter 

than heavier charged particles because of the mass i.e. protons being 1836 times heavier than 

an electron. 

 

2.1.2 Proton interaction 

A plot of proton dose against distance travelled in a medium is shown in Figure 1. The 

distinct shape of the curve is due to the mass electronic stopping power increase with 

decreasing energy. Dose deposition increase into a sharp maximum called the Bragg peak, 

before an abrupt drop off. The Bragg peak is always recognizable, though slightly smeared 

out for higher energies. The smearing is due to variations in energy transfer of each proton 

traversing the medium (Energy-loss straggling), multiple elastic scattering and nuclear 

interactions. Though, due to a small stopping power at high energies and small scatter angles 

being dominating, the Bragg peak is still distinct.  
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Figure 1 show the dose deposition of a proton traversing through an absorber. The peak is called the Bragg peak. 

 

2.1.3 Photon interaction 

Photons are uncharged and often described as indirectly ionizing radiation, where the 

energy is transferred to charged particles in the medium traversed. High energy photons 

may travel much further in a medium before it interacts than accelerated charged particles. 

The type of interaction depends on the energy of the photon, density of the medium and its 

atomic number. Types of interactions are Rayleigh scatter (Ry), photoelectric effect (ph), 

Compton scatter (C) and pair/triplet (p/t) production. Figure 2 shows the dominant 

interaction as a function of energy and atom number. The probability of an interaction for a 

photon travelling a distance 𝑑𝑙 in a medium with density 𝜌 and the mean fraction of particles 

that interacts 
𝑑𝑁

𝑁
  is described by the mass attenuation coefficient 

 

1

𝜌 𝑑𝑙

𝑑𝑁

𝑁
 =

𝜇𝑡𝑜𝑡

𝜌
=

𝜇𝑝ℎ

𝜌
+

𝜇𝑅𝑦

𝜌
+

𝜇𝐶

𝜌
+

𝜇𝑝/𝑡

𝜌
         (8) 
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Figure 2. Illustrate the dominant type of photon interaction for a given energy and absorber material. 
 

2.1.4 Absorbed dose 

The absorbed dose is defined as the mean energy transferred 𝑑휀 ̅to matter, that stay in the 

measuring volume, divided by the mass 𝑑𝑚 for that given medium 

𝐷 =
𝑑�̅�

𝑑𝑚
     (𝐽 𝑘𝑔−1 = 𝐺𝑦)          (9) 

𝐷 is a point estimate, where 𝑑휀 ̅and 𝑑𝑚 are infinitesimal quantities. If the depth into the 

medium is greater than the secondary electron range, then the absorbed dose for charged 

particles is 

𝐷 = 𝛷
𝑆𝑒𝑙

𝜌
           (10) 

 

2.2 External beam radiation therapy  
External radiotherapy utilizes physics principles in order to deliver a radiation dose to the 

tumor while simultaneously limiting dose to other tissues. To ensure that the whole tumor is 

irradiated and critical organs are avoided, oncological insight is required to define 

anatomical volumes and organ dose limits. This chapter is based on Proton therapy physics 

by Paganetti et al. (2011)19 and Treatment Planning in Radiation Oncology by Khan et al. 

(2013)4.  

 

2.2.1 Protons in external beam radiation therapy  

Protons are delivered to the patient in beamlets, proton beams with a set intensity, energy, 

lateral spread and position. The raw beam has a statistical Gaussian distribution in the 

transverse plane, where the beam size is defined by 𝜎 (Full width at half maximum is 2.35𝜎). 

Traversing into the patient the lateral penumbra (penumbra being the distance between the 

80% and 20% dose at the beamlet edge) of the proton beam is initially quite small. But, due to 
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multiple small coulomb scatter the lateral spread increase rather fast. Thus, the lateral 

penumbra is sharp at the entrance of the patient and increase rapidly with depth. The “distal 

penumbra” (in the longitudinal direction) at the end of the Bragg peak, can be smaller or 

larger than the lateral penumbra and depend on the homogeneity of the medium and depth.  

The Bragg peak from a monoenergetic beam is sharp and cannot cover the target volume by 

itself. In clinical proton treatments individual Bragg peaks are superpositioned by altering 

the beamlet energy, creating a dose plateau called spread out Bragg peak (SOBP) illustrated 

in Figure 3. The beamlet with the highest energy define the distal penumbra, where the rest 

of the Bragg peaks create the dose plateau as homogeneous as possible. Due to the abrupt 

drop in dose after the Bragg peak, tissue behind the target is spared and is the main 

promoting feature of using protons instead of photons. 

To cover the whole target the proton beam is transported to the patient without additional 

lateral scatter, steering the beam to the shape of the target volume one energy layer at a time. 

In the gantry the beam is moved in the x- and y-direction by two orthogonal magnets. The 

method is called pencil beam scanning, provided in e.g. Varian treatment systems. 

 

 

Figure 3: Bragg peaks superpositioned to form a dose plateu called spread out Bragg peak (SOBP). The SOBP is utilized in 
clinical radiotherapy to deliver a uniform dose to the target volume. 
 

2.2.2 Proton accelerator 

Synchrotrons or cyclotrons are used to accelerate protons. Cyclotrons usually accelerate 

protons to a fixed energy that may be modified by an adjustable amount of material, either 

by the nozzle (Treatment head) or right outside the accelerator. Varian delivers a proton 

treatment system with a cyclotron, which is most common due to the rather compact design. 

The protons are injected into the center of the cyclotron by ionizing hydrogen gas. Classical 

cyclotrons accelerate a proton in an electromagnetic field between two Dee´s with an 

oscillating potential, illustrated in Figure 4, left image. The Dees are placed between 
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magnetic poles, which ensure a circular particle trajectory. However, classical cyclotrons 

cannot accelerate protons to energies higher than about 30 MeV due to an increase in 

relativistic mass that desynchronize the orbital frequency with the oscillation frequency. 

Modern cyclotrons deliver fixed energies from 230-250 MeV and have overcome the issue by 

adding an increasing magnetic field in the radial direction. But this creates an axial instability 

(instability of the center of rotation). To battle this instability the magnetic poles are divided 

into hills and valleys with high and low magnetic fields, shown in Figure 4 right image. Four 

electrodes are placed in the valleys, where the protons are accelerated in the gap at the 

beginning and end of each Dee. When the proton has reached a certain amount of energy it is 

extracted from the cyclotron in a deflector, a channel with a decreasing magnetic field.  

 

 

  

Figure 4. Left image illustrate the principles of the classical cyclotron. Protons are accelerated in an electromagnetic field 
between two Dees with an oscillating potential. The Dees are placed between magnetic poles, which force a circular 
trajectory. The right image show how that the magnetic field is divided into high and low magnetic fields (Hills and valleys) 
to battle axial instability due to an additional increase in the magnetic field in the radial direction. 

Protons are transported to the patient through a beam line with magnets controlling the 

trajectory. The beam is bent into a gantry, which can be rotated, often 360 degrees, around 

the patient. Two dielectric magnets in the gantry steer the proton beam in the x- and y-

direction. To cover the whole target volume the beam can be steered by stop-and-shoot or by 

a continuous motion called pencil beam scanning. The latter method is commonly used 

where the beam intensity is adjusted by varying the current or the speed of the beam 

movement. A range modifier in the nozzle, e.g. an RM-wheel containing steps of varying 

material thickness, modifies the proton energy. It can switch thickness quickly by rotation 

and provides a fixed number of energy levels. Finally, a common maximum field size for 

proton accelerators is about 30 x 40 cm. 

 

2.2.2 Treatment Volumes 

For radiotherapy to be successful an accurate definition of target volumes and volumes to be 

avoided is required. Advanced imaging modalities such as computed tomography (CT), 
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magnetic resonance imaging (MRI), positron emission tomography (PET), single photon 

emission computed tomography (SPECT) or ultrasound is used in order to localize these 

volumes. Still, microscopic spread of cancer may not be visible in images. Therefore margins 

are implemented to make sure the whole tumor is treated. The margins added to the target 

volume are illustrated in Figure 5. 

The gross tumor volume (GTV) is the visible tumor in the medical image. To account for 

invisible cancer cells a clinical target volume (CTV) added, which is an estimated expansion 

of the GTV. Uncertainties related to CTV location due to patient setup, internal organ 

movement, breathing and patient movement is an incentive for another margin called the 

planning target volume (PTV). This is the final volume, which is the one to be treated. In 

addition to treating the cancer, organs at risk (OAR) are volumes to be avoided. OARs have 

individual irradiation limitations, some more strict than others. 

 

 

Figure 5: The three target volumes used in radiotherapy. The gross tumor volume (GTV), clinical tumor volume (CTV) and 
planned target volume (PTV). See text for further explanation. 
 

2.2.3 Radiotherapy planning  

The goal of conventional radiotherapy is to uniformly irradiate the PTV, with a desired dose, 

without irradiating nearby tissue and organs. Using protons this can be achieved by using a 

single radiation field with a specified gantry angle that encompasses the PTV. Another 

approach is to use multiple fields, with different angles, where each field contributes to the 

full target dose. Here, each field can give a uniform or non-uniform target dose distribution, 

and is typically referred to as intensity modulated proton therapy (IMPT). This is the method 

employed in this thesis. The advantage of IMPT is that different weighting (relative field 

intensity) of irradiation fields can reduce OAR damage without influencing the dose to the 

PTV. 
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In order to optimize OAR avoidance vs. PTV coverage, knowledge of OAR endpoints 

(specific treatment complications, e.g. radiation pneumonitis) and their dose limitations is 

paramount. In Norway, for lung cancer, the Norwegian Directorate of Health define 

recommendations for these endpoints21 which is used in the clinic. Typical recommendations 

for specific organs are the cumulative dose for an organ is fixed to an upper limit, mean dose 

limits or the maximum volume percentage of the organ that can receive a specific dose e.g. 

𝑉90 = 10 𝐺𝑦. Typical recommendations for the target volumes are e.g. that 98% of the PTV 

should not receive lower than 95% of the prescribed dose (this implicitly defines the 

homogeneity requirement for the target). 

To calculate the dose distribution and visualize the treatment Varian has developed a 

treatment planning software called Varian Eclipse, referred to as Eclipse throughout the 

paper. The user selects the number of radiation fields, their angle, prescribed dose and 

number of fractions. The software then optimizes the treatment plan to target and OAR 

limitations, based on CT images of the patient. 

 

2.2.4 Dose delivery algorithms  

To optimize the SOBP all individual Bragg peaks are weighted (beam intensity modulation) 

to construct a uniform dose plateau within the target volume. Though, the optimization is 

performed in 3D. Thus multiple field angles should be used in order to produce the best 

treatment plan. Bragg peaks are placed in a grid pattern orthogonal to the beam direction, 

called spots, with lateral diameter of one beam 𝜎. There are separate Bragg peak 

distributions for each energy layer and field; a single distribution is illustrated in Figure 6. 

More fields lead to additional spots to optimize, therefore the number of fields demands 

careful selection. For instance, a head and neck plan using 3, 5 and 9 fields show meager 

parotid gland sparing by adding more than 3 irradiation fields19. For IMPT more than 4 fields 

is usually not necessary. 

Optimization of spots is influenced by so-called constraints for target volumes and OARs. 

The constraints are translated into equations comprising of how far away the current 

solution (treatment plan) is from the constraint and the importance of that particular 

constraint. For IMPT the optimizer adjust each individual spot in all energy layers and fields 

simultaneously. The sum off all individual equations, called cost functions, is minimized 

with an optimization method of choice, e.g. simulated annealing (Section 2.2.3). This strategy 

is called inverse planning, unlike forward planning where the planner tests each beam 

parameters themselves.  
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Figure 6: Illustration of how Bragg peaks are distributed in an energy layer. The image shows one energy layer and 
irradiation field together with a beams-eye-view of the target (contour in background). 
 

2.2.5 Dose volume histograms 

Dose volume histogram (DVH) is a tool used in treatment planning systems to visualize the 

absorbed dose to a specific target or OAR, in a compact manner. A cumulative DVH is a plot 

with the percentage of the specific volume on the y-axis and dose on the x-axis. Each point in 

the DVH plot, for the specific volume, shows the percentage of the total volume that receives 

less than or equal to the dose on the x-axis. 

 

 

2.3 Computed tomography (CT) 
This chapter is based on Webb´s Physics of Medical Imaging by M. A. Flower (2012)22. CT is a 

fundamental imaging modality in radiotherapy. For diagnostics, the images are used to view 

patient anatomy, but equally important for radiotherapy is that they are constituted by 

attenuation coefficients for each voxel. Attenuation coefficients are necessary for dose 

calculations in treatment planning.  

X-rays are emitted in a fan shape onto the patient, where transmitted x-rays are measured in 

a detector array on the opposite side, illustrated in Figure 7. The x-rays are perpendicular to 

the patient and the images produce slices in the transverse plane with a few millimeters’ 

width. The x-ray tube and detector array is rotated rapidly around the patient, capturing 

projections from different angles. Simultaneously the patient couch is moved through the CT 

machine. The projections are used to reconstruct the attenuation coefficient in the patient, 

e.g. by filtered backprojection.  

Each projection is added to an empty image matrix along the angle which it was captured. 

By adding angles the image becomes more defined, shown in Figure 7. Additional filters are 

added to the projections in the reconstruction procedure that sharpen the reconstructed 
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image. The resulting image is a matrix containing attenuation coefficients. When displayed 

the matrix is converted to Hounsfield units (HU), which is the attenuation coefficient relative 

to water multiplied with 1000. 

𝐻𝑈 = (
𝜇𝑡𝑖𝑠𝑠𝑢𝑒−𝜇𝑤𝑎𝑡𝑒𝑟

𝜇𝑤𝑎𝑡𝑒𝑟
) ∗ 1000         (11) 

  

 
Figure 7. The left image show the concept of CT. X-rays are emitted in a fan shape onto the patient, where transmitted x-
rays are measured in a detector array on the opposite side. The right image illustrates the concept of filtered 
backprojection with 3 angles and multiple angles. 

 

2.4 Radiobiology 
This chapter is based on Radiobiology for the radiologist by Hall et al. (2019)3 and the 

molecular biology of the cell by Alberts et al. (2008)23, otherwise referenced.  

 

2.4.1 Tumor cells and ionizing radiation  

Irradiation of biological material may lead to excitations or ionizations due to the absorption 

of energy. The ionizing effect is classified as direct and indirect, where direct effects are 

ionizations that disrupt the atomic structure within an atom contained in the critical targets 

(biological targets within a cell) leading to biological change. Indirect effects produce free 

radicals, atoms or molecules with an unpaired orbital electron (often ionized water), that 

diffuse to and damage the critical targets. Exposure to ionizing radiation may lead to cell 

death or cell transformation, where the critical target within a cell is deoxyribonucleic acid 

(DNA). There are three main modalities of cell death: apoptosis, autophagic cell death and 

necrosis.  

2.4.1.1 Apoptosis 

Apoptosis is called programmed cell death, where the cell is instructed to self-destruct. It 

breaks down from the inside and separate itself into fragments surrounded by a membrane, 

which is further broken down by the immune system. 

2.4.1.2 Autophagic cell death 

Autophagy is a process where the lysosome organelles degrade proteins or other organelles. 

It is usually a way of keeping cellular stability and considered a healthy mechanism, though 
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it can be induced by high stress conditions leading to cell death, called autophagic cell death. 

It is suggested that irradiation can induce autophagic cell death. 

 

2.3.1.3 Necrosis 

Necrosis is unlike the two other forms of cell death where the organelles swell and cell 

membrane rupture, spilling their contents and potentially inducing an inflammatory 

response23, 24. High doses usually give more necrosis25. 

 

2.4.2 LQ-model (Surviving fraction) 

The linear quadratic model describes the fraction of surviving cells after exposure from 

ionizing radiation. It is dependent on two tissue specific constants 𝛼 and 𝛽 which describe 

the radiosensitivity, the dose 𝑑 and the number of fractions 𝑛. The surviving fractions is 

𝑆𝐹 = 𝑒
−𝛼𝑑(1+

𝑑

𝛼/𝛽
)𝑛

          (12) 

For most clinical treatments, excluding stereotactic and radioablative treatments, 𝑛 is around 

30 and 𝑑 around 2 Gy. 

 

2.4.3 Biological effective dose (BED) 

BED may be utilized to compare the biological effects between two treatment courses, 

employing different dose per fraction and/or number of fractions. The biological effect for 𝑛 

doses 𝑑 is given by 

 

 𝐸 = 𝑛(𝛼𝑑 + 𝛽𝑑2)          (13) 

Where 𝛼 and 𝛽 are the same as for the LQ-model from the previous section. 𝐸/𝛼 is called the 

biologically effective dose (BED) and is used to compare fractionation regimes. The resulting 

equation is 

 𝐵𝐸𝐷 = 𝑛𝑑 (1 +
𝑑

𝛼/𝛽
)          (14) 

 

 

2.4.4 Normal tissue complication probability (NTCP) models 

Normal tissue complication probability (NTCP) is the probability of toxicity in normal tissue, 

often with dose and volume as variables. The NTCP model is unique to each endpoint, for 

each radiation side effect. The Lyman-Kutcher-Burman (LKB) model is empirical and fitted 

to clinical data, which describe NTCP with increasing dose or increasing volume of organ 

irradiated.5 For a homogeneously irradiated organ the NTCP formula is5  

 

𝑁𝑇𝐶𝑃 =
1

√2𝜋
∫ 𝑒−𝑡2/2 𝑡

−∞
𝑑𝑡         (15) 
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With 

 

𝑡 =
𝐷−𝑇𝐷50(

𝑉

𝑉𝑟𝑒𝑓
)

𝑚 𝑇𝐷50(
𝑉

𝑉𝑟𝑒𝑓
)

          (16) 

 

Where 𝑇𝐷50 is the dose that would cause a complication with 50% probability in the volume 

of interest 𝑉 of the organ with the reference volume 𝑉𝑟𝑒𝑓, which often is the whole organ 

volume. 𝑚 represent the steepness of the dose-NTCP curve5.  In 1998 Kwa et al. did a large-

scale study including 540 lung cancer patients where they examined NTCP of radiation 

pneumonitis (RP)26 after radiotherapy. They found a relation between the mean lung dose 

(MLD) and NTCP of RP, where MLD is  

 

𝑀𝐿𝐷 = ∑ 𝑣𝑖 𝐷𝑖𝑖           (17) 

Where 𝑣𝑖 is the partial lung volume in bin 𝑖, with a dose 𝐷𝑖.26 The relation between NTCP 

and MLD was reviewed by Marks et al. in 2010 using NTCP data from several published 

articles.27 A sigmoid model was the best fit 

 

𝑁𝑇𝐶𝑃𝑀𝐿𝐷 =
𝑒𝑥𝑝 (𝑏0+𝑏1∗𝑀𝐿𝐷)

1+𝑒𝑥𝑝 (𝑏0+𝑏1∗𝑀𝐿𝐷)
         (18) 

With 𝑏0 = −3.87 and 𝑏1 = 0.126 Gy−1 27. In Figure 8 NTCPMLD for RP is plotted against MLD. 

 

 

Figure 8: Normal tissue complication probability using mean lung dose, for radiation pneumonitis, 𝐍𝐓𝐂𝐏𝐌𝐋𝐃. 5% 𝐍𝐓𝐂𝐏𝐌𝐋𝐃 
is marked, which correspond to a mean lung dose of 7.37 Gy. 
 

2.4.5 Tumor growth delay assay 

Tumor growth delay is a measure of the treatment performance in experimental model 

systems such as mice with implanted tumors. The method comprises injecting cancer cells 
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into several test animals. The experiments start after the tumor has reached a certain size. 

One set of mice (control group) is left untreated, while the other is treated with e.g. radiation. 

Measurements of tumor diameter, area or volume are acquired in typically a daily interval. 

The treatment score can e.g. be the time for the irradiated tumors to reach a given size, and 

compare this time with that for controls . Figure 9 shows a tumor growth delay assay with 

tumor volumes relative to day 0.  

 

 

Figure 9: Example of a tumor growth delay (theoretical curves). One of the curves represents untreated tumors (black), 
while the two other are irradiated. One of the treatments is successful (blue), while the other show reoccurring cancer 
proliferation after a lag phase (green). 
 

2.4.6 Gompertz function 

This section is based on The Model Muddle: In Search of Tumor Growth Laws by Philip 

Geerly (2013)28. Cancer grows exponentially in early phases, where one cell divides into two 

etc. At a later stage in the development, the growth rate declines due to e.g. hypoxia. The 

Gompertz function illustrate the decline in growth rate for the volume 𝑉(𝑡) over time 𝑡 

𝑉(𝑡) = 𝑉0𝑒
𝑟0
𝜌

(1−𝑒−𝜌𝑡)
          (19) 

Where 𝑉0 is the volume at 𝑡 = 0, 𝑟0 is the initial growth rate and 𝜌 is the growth rate decay. 

An example of Gompertz function is plotted for arbitary values in Figure 10. 
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Figure 10: An example of the Gompertz function using arbitary values. Notice the tumor growth rate decay when the 
volume increases. 
 

2.5 Aspects of the immune system 
This chapter is based on Immunobiology by Janeway et al. (2012)17, otherwise referenced. The 

immune system responds to infections present in the body by eliminating pathogens 

(bacteria, virus, fungi and parasites) and infected cells. Also, some immune cells can kill 

tumor cells. T-lymphocytes or T-cells may kill cancer cells upon activation, called CD8+ T 

cells. Such T-cells circulate into lymph nodes, which are organized structures located at 

merging point of lymph vessels that filtrate fluid around cells from surrounding tissue and 

return it to the blood. Inactivated T-cells, naïve T-cells, requires antigens: a foreign body that 

can induce an immune response and e.g. activate naïve T-cells into CD8+ T cells29. Dendritic 

cells are specialized into presenting antigens to naïve T-cells, and upon infection dendritic 

cells travel from the infected site to the draining lymph nodes17, which are lymph nodes 

downstream from the infection site30. T-cells presented with antigens are arrested while 

differentiated into e.g. CD8+ T cells and then proliferating, before leaving as a cell capable of 

combating the infection. CD8+ T cells may be present in tumors31, but can be inactive due to 

tumor cells ability to avoid detection by acquiring immunosuppressive traits14.  

 

2.6 Statistics 
This chapter is based on three books describing basics of statistics: Modern mathematical 

statistics with applications by Devore et al. (2001)32, statistical learning by Hastie et al. (2009)33 

and deep learning by Goodfellow et al. (2016)34. 

 

2.6.1 Expected value 

A random variable X with set of outcomes x1,  x2, x3, …  occurring with probabilities 

p1, p2, p3, … has the expectation value 
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𝐸[𝑋] = ∑ 𝑥𝑖𝑝𝑖
∞
𝑖=1           (20) 

The expectation value of a function 𝑓(𝑋) with the probability distribution 𝑝(𝑋) is 

𝐸[𝑓(𝑋)] = ∑ 𝑓(𝑥𝑖)𝑝(𝑥𝑖)
∞
𝑖=1          (21) 

The expectation value can then be thought of as the true distribution mean and does not 

always equal to the most probable value. 

 

2.6.2 Estimator 

An estimator 𝜃 is applied when estimation a parameter and is a function of the observed 

data. If the expected value 𝜇 is estimated from a sample 𝑥1, 𝑥2, 𝑥3 … , the mean value may be 

used as an estimator. Thus, the estimator of 𝜇 is �̂� = �̅�, where �̅� is the mean value of the 

sample. 

 

2.6.3 Function estimation 

Function estimation is trying to predict the relationship between the observation 𝑦(𝑥) given 

the input 𝑥. It is assumed that 𝑦(𝑥) = 𝑓(𝑥) + 𝜖(𝑥), where 𝑓(𝑥) is the real underlying function 

and 𝜖(𝑥) is noise from the observation due to sampling uncertainties etc. The function 

estimation 𝑓(𝑥) should approximate 𝑓(𝑥) as close as possible using the sample data. 

Function estimators are thus estimators in function space. 

 

2.6.4 Mean squared error 

The mean squared error of an estimator, denoted 𝜃, with respect to an unknown parameter 𝜃 

is defined as 

𝑀𝑆𝐸(𝜃) = 𝐸[(𝜃 − 𝜃)]
2
          (21) 

It measures the squared deviation between the estimation and the parameter. Given 𝑛 

observations 𝑦𝑖 with corresponding input 𝑥𝑖, 𝑖 is the index, and the function estimator 𝑓(𝑥), 

the mean squared error is 

𝑀𝑆𝐸(𝑥, 𝑦) =
1

𝑛
∑ (𝑓(𝑥𝑖) − 𝑦𝑖)

𝑛
𝑖=1

2
        (22) 

This may be used to measure the performance quality of a model. 

 

2.6.5 Bias 

The difference between an estimated value and the true value of a parameter is called bias 

and is defined as 

𝐵𝑖𝑎𝑠(𝜃) = 𝐸[𝜃] − 𝜃          (23) 

 

2.6.6 Variance 

The variance of a random variable 𝑥 is the expected value of squared deviation from the 

expectation value of 𝑥 

𝑉𝑎𝑟(𝑋) = 𝐸[(𝑥 − 𝐸[𝑥])2]         (24) 
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This measures the variation of the data around the mean. 

 

2.6.7 Bias-Variance tradeoff  

For a point 𝑥 with corresponding value 𝑦, the underlying function is 𝑌 = 𝑓(𝑥) + 𝜖, where 𝜖 

has zero mean and variance 𝜎2 due to uncertainties in sample measurement etc. The model 

𝑓(𝑥) approximates the true function 𝑓(𝑥) as close as possible. For error approximation the 

mean squared error may apply, where the components can be decomposed into variance, 

bias and an irreducible error. 

𝑀𝑆𝐸 (𝑓(𝑥)) = 𝑉𝑎𝑟 (𝑓(𝑥)) + 𝐵𝑖𝑎𝑠 (𝑓(𝑥), 𝑓(𝑥))
2
+ 𝜎2      (25) 

               = 𝐸 [(𝑓(𝑥) − 𝐸[𝑓(𝑥)])
2
] + (𝐸[𝑓(𝑥)] − 𝑓(𝑥))

2
+ 𝜎2  

The irreducible error, 𝜎2, determines the lower bound of the error, while the variance and 

bias can be optimized. Bias and variance can indicate under- or over-complexity of a model 

and is closely related to under- and over-fitting of sample data. Figure 11 illustrates 

underfitting by fitting a linear model to sample data, which result in a high bias. In this case 

the model can benefit from adding higher polynomials, increasing the complexity. 

Overfitting is illustrated in Figure 11, where the complexity of the model is too high. This 

result in a high variance and the model can benefit from lowering the polynomial degree. 

High variance is easier visualized by focusing on one particular sample point. If several 

sample data sets are gathered this point will fluctuate a lot around its true value due to the 

stochastic sampling of data sets. Finally, figure 11 illustrates a balance between minimizing 

bias and variance. Due to a stochastic sampling of data the mean squared error will not be 

zero, but an acceptable prediction of the true function is achieved. 

 

 

Figure 11: Illustration of the bias-variance tradeoff. The sampled data points are black dots and the fit, using a polynomial 
model, is in red. The blue stippled line is the true underlying function (left). A balance between bias and variance result in 
the best fit, see text for further explanation.    
 

2.6.8 Gaussian probability density function 

The Gaussian (normal) probability density function (PDF) is given by 

𝑓(𝑥) =
1

√2𝜋𝜎2
𝑒𝑥𝑝 [−

(𝑥−𝜇)2

2𝜎2 ]         (26) 
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where 𝜎2 is the variance and 𝜇 the expectation value of 𝑥. The full width at half maximum 

(FWHM) is the width of the distribution where the value is half of the maximum. The 

FWHM is then related to the standard deviation 𝜎 as35 

𝐹𝑊𝐻𝑀 = 2√2 𝑙𝑛 2𝜎 ≈ 2.35 𝜎        (27) 

 

2.6.9 Sum of Gaussians 

If 𝑋 and 𝑌 are independent continuous random variables with PDF  𝑓𝑋(𝑥) + 𝑓𝑌(𝑦), then the 

sum of the variances is36 

 

 𝜎𝑋+𝑌
2 = 𝜎𝑋

2 + 𝜎𝑌
2          (28) 

 

2.7 Optimization 
Fitting models by advancing through the planes of parameter space may be exhaustive and a 

method of finding the best model parameters is required. Some methods are trivial, but often 

very time consuming. Other methods are stochastic and less time consuming, but may end in 

a local minimum. Most methods have pros and cons, thus employing the right one is 

important. All of the methods use a loss function which indicates a performance evaluation 

for the chosen parameter combination, e.g. mean least squares. This chapter is based on deep 

learning by Goodfellow et al. (2016)34 and an article by Borgoff et al. (2011)37. 

 

2.2.1 Grid search 

A grid search is a meticulous method for optimizing parameters, which are obtained by an 

exhaustive search through parameter space. Each parameter is evenly spaced within the 

specified upper and lower boundary, where all parameter combinations are tested. The 

method is time consuming and grows exponentially with an increasing number of 

parameters. 

 

2.2.2 Hill climbing  

Hill climbing is a less time-consuming method than the former. From a start position, a small 

increment/decrement to the current parameters, as well as all the combinations, are tested. 

The solution with the best performance evaluation is selected. Again, the process is repeated 

from the new position for a set amount of iterations or until a criterion for stopping is met.  

Though, less time consuming this method is prone to converge in a local minimum. 

 

2.2.3 Simulated annealing 

Simulated annealing is a stochastic method, less time consuming than both previously 

mentioned approaches. From a start position a random neighbor, parameter combination, is 

picked. If the neighbor’s performance evaluation is better than the current, this is the new 

best set of parameters. If the performance evaluation is worse, there is a chance of picking the 

parameter if  
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𝑃(𝑝1, 𝑝2, 𝑇) = 𝑒−
𝑝2−𝑝1

𝑇 ≥ random(0, 1)       (29)  

Here, 𝑝1 is the current performance evaluation, 𝑝2 is the neighbor’s performance evaluation, 

𝑇 is the ‘temperature’ which increases at each iteration and random(0, 1) is a uniformly 

distributed number between 0 and 1. The probability of picking worse parameters is high at 

first, but decreases as the temperature rises. Risks of converging in a local minimum may be 

smaller than hill climbing. 

 

 

2.3 Model analysis 
Evaluating how well a model describes the data is paramount and there are several methods 

of model evaluation. For small datasets cross validation is the method of choice, which 

utilize the whole dataset at all times. This chapter is based on The Elements of Statistical 

Learning: Data Mining, Inference, and Prediction by Hastie et al. (2009)33
, a lecture at 

Coursea38 about learning curves offered by Stanford university and a book by the lecturer 

called Machine learning yearning39. 

 

2.3.1 Cross validation 

To test how well a model fits a dataset, it is split into two or more subsets of the same size. 

Some of the data is used for training and the rest for validation. The validation set is 

“unseen” and test how well the fit generalizes. If the dataset is split into two subsets, A and 

B, first subset A is for training, while testing the model performance on subset B using e.g. 

mean squared error. Subsequently, training is performed on subset B and validated on 

subset A. The average of the two model performance scores describes the how well the 

model fits the data. Figure 12 illustrates a dataset split into 4 subsets, where one subset is 

used for validation and remaining for training. 

 

 

Figure 12: Illustration of a method for model evaluation, cross validation. The dataset is split into 4 subsets, where three are 
used for training and the last for validation. The evaluation is executed 4 times, while the validation subset changes. An 
average of the mean squared error is typically used as a measure of model performance. 
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2.3.2 Learning curve 

A plot of the training and validation set performance score against increasing training set 

size is a learning curve. The plot relates to the bias-variance tradeoff and can indicate what 

changes the model can benefit from and whether more experimental data will increase the 

performance of the model. In Figure 1 two examples are illustrated, where the performance 

score is the mean squared error (MSE). The left plot has a high training set MSE which 

indicate a large bias, underfitting the training data. At the same time the training and 

validation MSE converge, suggesting that adding more experimental data will not improve 

the model prediction. The right side plot has a low training MSE, indicating a low bias, but 

the gap between the training and validation MSE is large, indicating a high variance where 

the training set fit doesn’t generalize very well. Though, the curves seem to converge which 

suggest adding more experimental data will improve the model performance. The MSE may 

never be zero due to the irreducible error from the bias-variance tradeoff and in most 

scenarios the value of the irreducible error is unknown. Therefore, a change in model 

complexity, due to high bias or variance might not improve the model performance.  

 

Figure 13: Two learning curve scenarios. On the left the training set mean squared error (MSE) is high indicating a high bias, 
underfitting the training data. At the same time the training and validation MSE has converged, suggesting that adding 
more experimental data will not improve the model prediction. On the right, the training MSE is low, indicating a low bias, 
but the gap between the training and validation MSE is large, indicating a high variance where the training set fit doesn’t 
generalize very well. Though, the curves seem to converge which suggest adding more experimental data will improve the 
model performance. 
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3 Method 
Subchapters in this section have explanatory theory which is developed or repurposed for 

the experiments. Subsections are divided into theory and method, where method describes 

the procedure of the experiments. 

 

3.1 Computational model to predict immunogenic responses after                                                          

radiotherapy 
A novel computational model to predict immunogenic responses after radiotherapy is 

developed. It is fitted to experimental data from murine studies and used to predict 

experimental findings not used in the training. The model is thoroughly tested and 

evaluated, illuminating strengths and weaknesses. 

 

3.1.1 Model description 

3.1.1.1 Immunogenic response after partial tumor irradiation 

Ionizing radiation damage cancer cells, but also other cells located in the tumor 

microenviroment14. Post irradiation, dying cells release signals that may promote an immune 

response14. These signals are in the form of damage-associated molecular patterns (DAMPs) 

and are capable of activating the immune system14, in particular CD8+ T cells14, 40. The 

immune response following tumor cell kill is called immunogenic cell death (ICD)14, 41.  

Irradiation of the whole tumor with a single dose of 30 Gy has shown the highest infiltration 

of CD8+ T cells into the tumor volume, though 15 Gy show similar but dampened behavior 
40. Due to high radiosensitivity of CD8+ T cells42 and dendritic cells43, the immune cells in the 

tumor may be depleted by irradiation. Recent studies has shown that partial tumor 

irradiation may result in a similar response to that of whole tumor irradiation.15, 16 CD8+ T 

cells already present in the tumor are important for the immune response during the first 6-7 

days after irradiation. Thereafter, a supply of CD8+ T cells from the draining lymph nodes 

gives a significant contribution15, 40. Immune responses from partial irradiation seem to 

typically require 10-20 Gy, where 20 Gy seem to approach the maximum limit15, 16. The lower 

dose limit remains however unknown. Tumor necrosis is necessary for the release of 

DAMPs44 and is correlated to high doses25. It occurs at doses lower than 10 Gy, but with 

decreasing incidence45. 

 

3.1.1.2 The model 

The computational model for immunogenic responses after irradiation is an extension of the 

2-compartment tumor model introduced by Lim et al46, comprising viable (proliferating) and 

doomed (non-proliferating) cancer cells 46-49. In our 4-compartment approach, active and 

inactive CD8+ T compartments are added to the tumor model. Thus, we assume that the 

tumor volume consists of cancer cells and CD8+ T cells, as illustrated in Figure , where the 

different cell types are assumed to be homogeneously distributed over the tumor. The 

immune cells may destroy the cancer cells, but this depends on the immune activation level. 

Thus, the population of CD8+ T cells is defined as inactive or active, where the number of 
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activated immune cells is proportional to the release of DAMPs. Immediately following 

irradiation, inactive CD8+ T cells present in the tumor are activated, depending on the 

proportion of irradiated tumor cells. This also initiates a supply of activated CD8+ T cells 

from the draining lymph nodes (DLN) as a continuous diffusion into the tumor. Following 

cancer cell kill, either by radiation or CD8+ T cells, the cancer cell is transferred to the 

doomed cell pool which may reside in the tumor for some time before cleared from the 

tumor volume. Doomed CD8+ T cells, due to irradiation or a short active half-life, reside in 

the same pool as cancer cells. The dynamic tumor system is described with 4-compartments, 

where each compartment is iterated one day at a time. Cell kill is described by the linear-

quadratic formalism, while proliferation and decay functions are given as exponentials.  

25  

Figure 14: Illustration of the computational immune response model. The dynamic tumor system is described by a 4-box 
compartment scheme comprised of active and inactive CD8+ T cells, cancer cells and doomed cells. Post irradiation, dead 
cancer cells release signals (DAMPs) that may trigger an immune response leading to activation of inactive CD8+ T cells and 
initiation of active CD8+ T infiltration from the draining lymph nodes (DNL) into the tumor volume. Solid lines represent 
transfer of one cell type into another compartment and dashed lines an effect that induce cell transfer. The color and 
number refer to color-coding of corresponding model equation described in the method, where cells entering a 
compartment is placed close to the representative arrowhead and cells leaving a compartment is placed near the base of an 
arrow. The black arrow is not represented by an equation and illustrate doomed cells that are cleared from the tumor 
volume. 

Numerically the number of cells each day is calculated with an algorithm comprising of 5 

equations, describing the interactions of the 4 compartments.  In front of each equation a 

representative coloured square correspond to each cell type in the Figure . Colour-coded 

terms refer to interactions between compartments, resulting in either cells removed from or 

transferred into the compartment. White terms describe the remaining cells after irradiation 

or a half-life and are not included in the figure. In the figure coloured numbers refer to the 

corresponding equation and term, where terms  describing cells leaving a compartment is 
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placed at the base of an arrow and terms describing cells entering a compartment is placed at 

the arrowhead. All symbols are explained in Table 1. Index i refers to day. 

 
 

NiCi+1 =   ((1 − radv) + SFc ∙ radv)NiCi(1 − ε) (30)  Inactive CD8+ T cells 

 

 
 

Nti+1,I =   ((1 − radv) + SFv ∙ radv)Nti,II ∙ p (31)  Cancer cells 

  

 

NaCi+1 =   (((1 − radv) + SFc ∙ radv)NaCi + ε ∙ NiCi+1 + ω ∙ Nti+1,I) τc (32)  Active CD8+ T cells 

 

 
 

Nti+1,II =   Nti+1,I − k ∙ NaCi+1 (33)  Cancer cells 

 

 
  

Ndi+1 =   (Di + (NiCi − NiCi+1) + (
NaCi+1

τc
− NaCi+1 + (1 − SFc)radv ∙

 NaCi) + (k ∙ NaCi+1 + (1 − SFc)radv ∙ Nti,II ))τd   

 

(34)  
 

Doomed cells 

 

 

The equations calculates the percentage of cells in the respective compartment each day, with 

sizes relative to the total cell percentage at day 0. A description of each equation: 

(30) The left parentecies, including NiC𝑖, describe the surviving cells from irradiation. 

Surviving fraction 𝑆𝐹𝐶 only applies to the fraction of cells irradiated 𝑟𝑎𝑑𝑣. In rightmost 

parentecies 휀 describe the fraction of cells activated, thus the remaining cells in the 

compartment are cells that survive irradiation and do not activate.  

(31) The left parentecies is similar to (1), but using different 𝛼 and 𝛽 for the surviving 

fraction term. Thus, describing viable cancer cells that surivive irradiation and the 

purple term is the proliferation rate.  

(32) The left parentecies is the similar to (1) and describe the surviving cells from 

irradiation. Activated CD8+ T cells transferred into the compartment is the green term, 

CD8+ T cells diffusing from the draining lymph nodes into the compartment is the 

purple term and 𝜏𝑐 outside the parentecies is the decay rate of active CD8+ T cells. 

Cells in the compartment the next day are cells that survive irradiation, inactive CD8+ 

T cells which activate, active CD8+ T cells diffusing into the tumor and cells that stay 

active after calculating the decay rate. 

(33) After recruiting CD8+ T cells to the tumor volume, viable cancer cells that survied 

irradiation and after proliferation in (2) are destroyed by active CD8+ T cells is the blue 

term. Cancer cells the next day are cells that survive irradiation, new cells from 

proliferation and cells that survive destruction from CD8+ T cells. 

(34) Ndi is the number of doomed cells the previous day. The green term is the doomed 

inactive CD8+ T cells, blue term refer to active CD8+ T cells that are doomed due to a 

short active half-life, orange term refer to active CD8+ T cells killed by irradiation, 

purple term describe cancer cells killed by active CD8+ T cells and radiation and 𝜏𝑑 is 

the clearance rate of doomed cells. Remaining doomed cells the next day are old and 

new doomed cells that are not cleared from the tumor volume.  



36 

 

 

 

Equations have to be calculated sequentially as they rely on the previous compartment. The 

total percentage of cells in the tumor (relative tumor volume) is the sum of the 4 

compartments, relative to the total percentage at treatment initiation (day zero). At initiation 

the relative tumor volume has equate 100%, where it is assumed that there are no doomed 

cells. The number of cancer cells and active CD8+ T cells at initiation, Nt0 and Na0, is selected 

by the optimizer and the remaining cells are thus inactive CD8+ T cells. After treatment 

initiation the relative tumor volume either decrease or increase each day depending on the 

interplay between the cell compartments. By assuming same sized tumors comprised 80% 

cancer cells and 20% inactive CD8+ T cells at day zero for immunocompetent and 

immunocompromised patients, the tumor growth is plotted using the model in figure (15). In 

the example radiation is only administered at day zero.  

 

 

Figure 13. Example of the difference in tumor in tumor growth for immunocompetent (Left) and immunocompromised 
(Right) patients post irradiation using the computational immune response model. A single radiation dose is administered at 
day zero. 

 

Table 1: The free parameters, fixed parameters, equations and symbols contained in the model algorithm. 

Equation symbols Description Equation 

   

𝑆𝐹𝑡, 𝑆𝐹𝑐 

Surviving fraction. Subscript 𝑐 

with CD8+ T specific 𝛼, 𝛽 values 

and 𝑡 with tumor specific 𝛼, 𝛽 

values   

𝑒
−𝛼∙𝑑(1+

𝑑
𝛼/𝛽

)
 

휀 
Activation of inactive CD8+ T 

cells 
tanh (𝑠 ∙ (1 − 𝑆𝐹𝑡) ∙ 𝑟𝑎𝑑𝑣 ∙ 𝑁𝑡0) 
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𝑝 Proliferation rate 𝑒
ln(2)
𝑇𝑑  

𝜏𝑎   
Decay rate of activated CD8+ T 

cells 𝑒
−

ln (2)
𝑡𝑐  

𝜏𝑑 
Clearance rate of doomed cells 

from tumor volume 𝑒
−

ln (2)
𝑡𝑑  

   

Free parameter Description  Boundaries 

𝑇𝑑 

Potential tumor volume doubling 

time without presence of active 

CD8+ T  

∈ [1,30] days 

 

𝑘 
Average viable tumor cell kills 

per day per active CD8+ T cell 

∈ [0,24] kills 

 

𝜔 

Infiltration rate of CD8+ T cells 

per day from the draining lymph 

nodes into the tumor volume 

∈ [0,1] 

 

𝑁𝑡0 

Percentage of tumor volume 

consisting of viable cancer cells at 

initiation 

∈ [10,98]  subject to 

𝑁𝑎0 + 𝑁𝑡0 ≤ 100 

𝑁𝑎0 

Percentage of tumor volume 

consisting of active CD8+ T cells 

at initiation 

∈ [0,20] subject to 

𝑁𝑎0 + 𝑁𝑡0 ≤ 100 

   

Fixed parameter Description Value 

𝛼𝑐, 𝛽𝑐 
Radiosensitivity parameters for 

CD8+ T cells 

𝛼𝑐 = 0.182 Gy−1 

𝛽𝑐 = 0.143 Gy−2 

𝛼𝐿, 𝛽𝐿 
Radiosensitivity parameters for 

lung tumor cells 

𝛼𝐿 = 0.072 Gy−1 

𝛼𝐿

𝛽𝐿

= 15.9 Gy−2 
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The parameter values are obtained from literature and the following subchapters briefly state 

the origin of the values. 

 

Activation function 

Activation of inactive CD8+ T cells 휀 is an equation with a value between 0-1 and describe 

the fraction of inactive CD8+ T cells that activate  

 

  

𝛼𝑏, 𝛽𝑏 
Radiosensitivity parameters for 

breast tumor cells 

𝛼𝑏 = 0.05 Gy−1 
𝛼𝑏

𝛽𝑏

= 4.4 Gy−2 

𝑡𝑑 Half-life for doomed cells 17.5 days 

𝑡𝑐 Half-life active CD8+ T cells  1.7 Days 

𝑠 Steepness parameter of equation 휀 104 

   

Model symbols Description Value 

𝑖 Day index 0,1,2,… 

𝑟𝑎𝑑𝑣 Irradiated fraction 0-1  

𝐼 and 𝐼𝐼 

Subscript 𝐼 define the first cancer 

cell equation and subscript 𝐼𝐼 the 

second  
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  휀 = 𝑡𝑎𝑛ℎ (𝑠 ∙ (1 − 𝑆𝐹𝑡) ∙ 𝑟𝑎𝑑𝑣 ∙ 𝑁𝑡𝑖−1)       (35) 

It is dependent on the percentage of doomed cancer cells from irradiation, which is a number 

between 0-100 

 (1 − 𝑆𝐹𝑡) ∙ 𝑟𝑎𝑑𝑣 ∙ 𝑁𝑡𝑖−1        (36) 

The function 𝑡𝑎𝑛ℎ is selected due its simplicity, only requiring two parameters to describe 

how quickly it tends towards 1. Therefore the steepness parameter 𝑠 describe how quickly 휀 

tends towards 1 for an increasing percentage of doomed cancer cells from irradiation. Initial 

fits of the model to various data resulted in 𝑠 = 1𝑒4, indicating that all inactive CD8+ T cells 

become activated. This means the activation function  휀 = 𝑡𝑎𝑛ℎ(1000) = 1. Still the function 

is not removed from the model, because the activation fraction may be smaller than one for 

lower doses or irradiation fractions (which may become relevant in future studies) illustrated 

in figure 16.  

 

Figure 16: The activation function for inactive CD8+ T cells 𝜺 ,for variable steepness 𝒔, as a function of the percentage of 
doomed tumor cells. The activation is caused by irradiation and determine the fraction of inactive CD8+ T cells that become 
activated. 

 

Fixed parameters 

The only work considering the radiosensitivity of CD8+ T cells was carried out by Nakamura 

et al 199042. Using the colony formation assay on human cells, they found 𝛼, 𝛽-values by 

fitting the cell survival with the LQ-model. The study confirms the general consensus that 

immune cells are very radiosensitive, illustrated in Figure . Radiosensitivities for the murine 

cancer cell lines which the analysis is based upon, Lewis lung carcinoma and 67NR breast 

carcinoma, are not present in literature and therefore 𝛼, 𝛽-values selected are for human 

cancer cells and are assumed to be representative.    

Non-small cell lung cancer radiosensitivity is sparsely studied and there is no consensus on 

representative values. An 𝛼/𝛽-value greater than 10 Gy is suggested by Chi et al. (2013)50 due 

to better correlation for endpoints with high doses. In a large retrospective study by Klement 
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et al. (2019)51 an 𝛼/𝛽-value of 16.7 Gy with 𝛼 = 0.0272 Gy−1 is suggested. A third study by Tai 

et al. (2016)52 used a regrowth model, similar to the computational 2-compartment model 

mentioned earlier, to obtain 𝛼/𝛽 = 15.9 Gy with 𝛼 = 0.072 Gy−1 . Though Klement et al’s 

results suggest a lower radiosensitivity, the latter result is selected due to the similarity of Tai 

et al’s model to our model. Radiosensitivity of breast cancer cells has been thoroughly 

studied. In a substantial review paper by Van Leeiwen et al. (2018)53 several 𝛼, 𝛽-values are 

listed and the median value is chosen. Thus, 𝛼/𝛽 = 4.4 Gy and 𝛼 = 0.050 Gy−1. Parameters 

for normal, healthy lung tissue is suggested by Van dyk et al. (1989)54 to be 𝛼/𝛽 = 3.3 Gy with 

𝛼 = 0.179 Gy−1. The radiosensitivities of the different tissues employed in the current work 

are shown as clonogen survival curves in Figure 17: . 

 

 

Figure 17: Cell survival curves of non-small cell lung cancer (Blue), breast cancer (Red), normal tissue (Turquoise) and CD8+ 
T cells (Green). 

Half-life for doomed cells 𝑡𝑑, i.e. the time it takes for doomed cells to clear from the tumor 

volume, is obtained from several modelling studies using similar computational growth 

models for head and neck, lung and cervix cancer46-49, 55-57. The different cancer cell types are 

assumed to have the same 𝑡𝑑, where 𝑡𝑑 ranged from 7.9 to 20.9 days. The median value of 

17.5 days was selected.  

The half-life of active CD8+T cells 𝑡𝑐 is obtained from De Boer et al. (2003)58 where a 

mathematical model is fitted to experimental data from an immune response to lymphocytic 

choriomeningitis virus. Here, the half-life was estimated to 1.7 days. 

 

Free parameters 

Potential tumor volume doubling time 𝑇𝑑 boundaries are obtained from similar 

computational modeling studies, though the values differ substantially ranging from 3.5-29.8 

days47-49, 57. Due to the uncertainty in the literature the parameter remains free with generous 

boundaries of 𝑇𝑑𝜖 [1,30]. 
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The kill rate or the average cancer cells killed per day 𝑘 due to the action of CD8+ T cells also 

varies in the literature. Some target kill mechanism studies suggest that CD8+ T cells are 

highly efficient59, killing by direct contact with their target cell59. Also, multiple CD8+ T cells 

may be in contact with the same target cell60 and they may kill multiple target cells in rapid 

succession17, thereby increasing the kill efficiency. However, little is known about the 

frequency of these mechanisms and the average kill rate may be a preferable metric59. The 

mean maximum kill rate of cytomegalovirus obtained by Vasconcelos et al. (2015)61 is 12 

kills/12 h and if sustained 24 kills/day, while Halle et al. (2016)62 discovered a kill rate of 2-16 

kills/day of herpes- and poxviruses. The average kill rate parameter range selected is 

𝑘 𝜖 [0, 24], where the lower boundary of 0 allows for the viable cancer cells to avoid detection 

from the CD8+ T cells.  

The infiltration rate 𝜔 of CD8+ T cells into the tumor volume from draining lymph nodes is 

not found in literature. In the model, 𝜔 depend on the amount of cancer cells present in the 

tumor volume and a boundary of 𝜔 𝜖 [0, 1] is appropriate. The lower boundary of 𝜔 = 0 is 

very low and represent a scenario without infiltration of CD8+ T cells from the draining 

lymph nodes. The upper boundary of 𝜔 = 1 is very high and represent a scenario where the 

number of CD8+ T cells diffusing from the draining lymph nodes in one day is equal to the 

number of viable cancer cells.  

The number of cancer cells in a tumor can theoretically be 109 per cm3, if the tumor only 

consist of cancer cells63, 64. This is based on the average cell diameter being 10 μm64 and that 

they are perfectly packed square shaped cells. In a short article by Ugo Del Monte (2009)65 he 

challenges this number, suggesting that (1) cells may be larger than previously assumed, (2) 

tumors contain many types of cells, (3) cells may be packed in a variety of ways and (4) cells 

may come in different shapes. In a MRI spectroscopy study by Jiang et al 201666 3 colorectal 

cancer cell lines measured from 11.52-18.95 μm, suggesting that tumor cell size varies and 

might be larger than 10 μm. 

A tumor consist of cancer cells, stroma (supportive connective tissue23), immune cells and 

more67. However, tumors in the model is assumed to only consist of cancer cells and CD8+ T 

cells. The percentage of cancer cells in a tumor is not found in literature and therefore 

boundaries for the percentage of cancer cells at day zero selected is 𝑁𝑡0𝜖 [10, 98]. Both 

boundaries are considered extremities where (1) the tumor barely contains cancer cells and 

(2) the tumor almost solely consist of cancer cells. Perazoni et al. (2018)31 found that CD8+ T 

enriched tumors had a cutoff value of 361 CD8+ T cells per 𝑚𝑚2. Choosing a realistic 

scenario, assuming the tumor cell average diameter is 20 𝜇𝑚, the maximum percentage of 

tumor volume consisting of active CD8+ T cells at day zero is 
361 CD8+T cells

2500 cells /mm2 ∗ 100 = 14.4 %. 

Boundaries of initial active CD8+ T cells are set to Na0ϵ [0,20].  

 

3.1.2 Model testing 

This subchapter describes the method used for testing the novel computational model. It 

consists of 5 sections where the necessary theory is presented if applicable. 
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3.1.2.1 Data sampling 

Experimental data is gathered from two murine studies by Markovsky et al.(2019)15 and 

Kanagevelu et al. (2014)16, where they investigate the tumor growth in immune-intact murine 

hosts after a single dose of x-rays to the partial or whole tumor volume.  

The Markovsky study investigates two cell lines, 67NR breast carcinoma (BC) and Lewis 

lung carcinoma (LLC). Additionally they explore the effect of injecting anti CD8 in 

unirradiated tumors, suppressing CD8+ T cell activity, and separately FTY720 (which 

inhibits T-cell egress from lymphoid tissues15) to investigate the effect of CD8+ T cells in the 

tumor microenvironment. For BC there are 4 experiments with unirradiated tumors and 1 

experiment with anti CD8 injection in unirradiated tumors. Irradiation experiments are 

conducted for both 50% and 100% tumor volume irradiation. There are 4 irradiation 

experiments with 10 Gy, 1 experiment with 15 Gy, 1 experiment with 20 Gy and 1 

experiment with FTY720 injection. For LLC there are 2 experiments with unirradiated 

tumors and 1 experiment with anti CD8 injection in unirradiated tumors. Same as for BC, 

irradiation experiments are conducted for both 50% and 100% tumor volume irradiation. 

There are 2 irradiation experiments with 15 Gy. The experiments in the article are sampled 

from figure 1-B, 2-D, 3-C, 4-A, and 5 A/B/C. 

The Kanagavelu study investigates the Lewis lung carcinoma cell line, using higher dose and 

one additional irradiated tumor volume fraction. There is 1 experiment with 20 Gy 20% 

tumor volume irradiation, 1 experiment with 20 Gy 50% tumor volume irradiation, 1 

experiment with 20 Gy 100% tumor volume irradiation and 1 experiment with unirradiated 

tumors. The experiments are sampled from figure 2-A in the article.To extract the previously 

published tumor volume data, a screenshot for each plot is captured from the respective 

articles. The screenshot is imported into python and displayed as a plot in the python 

console. One by one, a point is added on top of the screenshot positioned on the 

measurement-points from the experiment, keeping the same scale as the original plot. After 

the measurements have been lifted from the published plots, all the points are divided by the 

volume at day 0. This results in relative tumor volume data, which are the principal 

experimental data used in the current work. 

 

3.1.2.2 Fitting 

The model is fitted to the sampled data, first using standard grid optimization. Additionally 

a novel optimization method named combined optimization (Based on Hill climbing and 

simulated annealing) is introduced, improving the execution time vastly, making model 

evaluations possible.  

 

Combined optimization method 

The aim of the optimization method is to minimize the mean squared error (MSE) by 

locating the global minima when fitting a model, thereby obtaining the optimal parameters. 

Let 𝑝 = [𝑝1, 𝑝2 …𝑝𝑛] be a vector with 𝑛 parameters. Each parameter has lower and upper 

boundaries 𝑎 = [𝑎1, 𝑎2 …𝑎𝑛]  and = [𝑏1, 𝑏2 …𝑏𝑛] . The algorithm is iterated 𝑁 times, with 

index 𝑖 = 0, 1, 2…𝑁 − 1. First the currently best parameter set 𝑝𝑖
∗ = ⌈𝑝𝑖,1

∗ , 𝑝𝑖,2
∗ …𝑝𝑖,𝑛

∗ ⌉ is 
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initialized by selecting random parameters within the boundaries, thus 𝑝0
∗ = (𝑏 −

𝑎)𝑟𝑎𝑛𝑑(0,1) where 𝑟𝑎𝑛𝑑(0,1) is a vector containing random numbers uniformly distributed 

between 0 and 1. Each iteration an incremental and decremental shift in value ±𝛿𝑖 =

±[𝛿𝑖
1, 𝛿𝑖

2 …𝛿𝑖
𝑛] is calculated relative to 𝑝𝑖−1

∗ . All combinations of value shifts 𝑝𝑖−1
∗ ± 𝛿𝑖, 

including keeping the previously best parameters set 𝑝𝑖−1
∗ , are evaluated with the MSE. If 

increments/decrements result in parameters outside the boundary the combination is not 

evaluated. This means that there are three possible values for each parameter to be tested, 

resulting in 𝑛3 combinations each iteration. The combination resulting in the lowest MSE is 

the new optimal parameter set 𝑝𝑖
∗. 

The maximum increment/decrement |±𝛿𝑖| (step size) is the difference between the 

boundaries 𝑏 − 𝑎. To vary the step sizes, enabling parameter selection from the whole 

parameter space, it is multiplied by 𝑟𝑎𝑛𝑑(0,1). While iterations increase the maximum step 

size decrease by multiplication with 𝑒−𝑇𝑖, which is equal to 1 for 𝑖 = 0 and tends towards 

zero as 𝑖 increase. The “temperature” 𝑇𝑖 = 𝛾(𝑖 𝑚𝑜𝑑 𝑟), where 𝛾 is tuned to the optimization 

problem and is selected to 𝛾 = 0.005 in the current study and enable the maximum step size 

to decrease in an acceptable pace before converge towards zero as 𝑖 become large, fine tuning 

the parameter set in a minima. Whether the current minima is local or global is unknown, 

therefore the step size is allowed to increase again permitting the optimizer to test parameter 

values outside the current minima. The modulo function allow (𝑖 𝑚𝑜𝑑 𝑟) to increase up to a 

selected value 𝑟, in the current study 𝑟 = 1500 meaning that (𝑖 𝑚𝑜𝑑 𝑟) increase to 1500 before 

starting at 0 again at 𝑖 = 1501. Together the value shift equation is: 

 ±𝛿𝑖 = ±(𝑏 − 𝑎) ∙ 𝑟𝑎𝑛𝑑(0,1) ∙ 𝑒−𝑇𝑖       (37) 

The method can be viewed in a one dimensional case in Figure 1 where the 

increment/decrement explores the parameter space before fine tuning as the temperature 

increase. The temperature is then reset in point 3, allowing the parameter step size to 

increase again, avoiding convergence to a local minimum. If the current parameter provides 

better MSE than the increment/decrement, the best parameter value is preserved. The 

number of iterations and resets needs to be tuned to the particular problem, in the current 

study 𝑁 = 3000. 
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Figure 18. The combined optimization method illustrated for fitting a model with one parameter. The starting parameter is 
point 1 (pink), where an increment/decrement in the parameter value is evaluated against the current value. The best, with 
respect to the smallest squared difference, is selected and marks a new starting point, point 2 (green). The 
increment/decrement becomes smaller after annealing, fine tuning the parameter value into point 3 (blue). Values outside 
the boundaries are not evaluated. The temperature in the optimization resets at point 3 (blue) allowing the 
increment/decrement to explore the whole parameter space again with longer step sizes to avoid converging to a local 
minimum (e.g. close to point 3). If the new value (point 4, cyan) provide a smaller mean squared difference than the original 
value, the new value is selected as optimal. 

Fitting the model 

The sampled datasets from the Markovsky study is used to fit the model, excluding 

experiments with 15 and 20 Gy for the BC cell line and FTY720 injection for both cell lines 

which are used for validation. Data for each cell line (BC and LLC) is fitted separately. The 

tumor growth curve without radiation (No RT) with anti-CD8 is used to optimize the 

potential tumor volume doubling time 𝑇𝑑. Anti CD8 is used to deplete the tumor for CD8+ T 

cells, and the estimated 𝑇𝑑 thus serves as a doubling time in the absence of a functioning 

immune system. The percentage number of viable tumor cells at day zero is set to 𝑁𝑡0 = 100 

and the infiltration rate 𝜔 = 0. A grid search is used for fitting with the mean least square as 

performance evaluation. 10 000 𝑇𝑑 values ranging between 0.5-30 days are evaluated. The 

estimated 𝑇𝑑 value obtained is then used during estimation of the 4 remaining free 

parameters: 𝑘, 𝜔, 𝑁𝑡0 and 𝑁𝑎0 (Table 1). The unirradiated (No RT), 50% and 100% tumor 

volume irradiation are simultaneously fitted, but 50% and 100% irradiation have separate 

infiltration rate denoted 𝜔50 and 𝜔100. This allow for the immune response to be 

independent for each irradiation volume.A linearly spaced step size is used with 241 𝑘 steps, 

101 𝜔 steps, 89 𝑁𝑡0 steps and 𝑁𝑎𝑖 = 100 − 𝑁𝑡𝑖 steps, with index of the current parameter 

value 𝑖. The upper boundary for 𝑁𝑎0 is 20 therefore the maximum number of steps for 𝑁𝑎0,𝑖 

also is 20. The combined optimization method is then employed for the same parameter 

optimization, with 3000 iterations and one temperature reset half way 𝑟 = 1500. For each cell 
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line the parameters obtained from the fit is used to plot the time evolution for each cell 

compartment, for observation of the underlying biological mechanics during the tumor 

growth. 

 

3.1.2.3 Prediction 

To test the predictive capabilities of the model, the remaining validation experiments using 

different doses, irradiation volumes and infiltration rates are compared to the model results. 

The parameters obtained in the fit are used for prediction, where the dose, the irradiation 

volume and infiltration rate are changed to match the respective validation experiment.For 

the BC cell line three experiments from the Markovsky study is used for validation. In the 

first experiment an FTY720 injection was administered, inhibiting the diffusion of CD8+ T 

cells from the draining lymph nodes (𝜔 = 0), the second and third are assays using 15 and 20 

Gy dose with the same irradiation volumes.For the LLC cell line there are three experiments 

from the Kanagavelu study using higher dose and one different tumor volume fraction 

irradiation. However, due to tumor volumes being ten times smaller at day zero compared to 

the Markowsky study, the potential tumor volume doubling time 𝑇𝑑 is re-fitted. This is 

because significant differences in tumor volumes may cause differences in proliferation rates, 

as described by the Gompertz equation (Section 2.4.6). The three experiments used to test 

predictive capabilities are assays with 20 Gy and 20%, 50% and 100% tumor volume 

irradiation. A full list of fit and validation experiments are found in table 2. 

 

Table 2: List of all experimental data fitted and validated for each cell line. 

Cell line Fit Validation 

BC 

Unirradiated + Anti CD8 50% irradiation volume (15 Gy) 

Unirradiated 100% irradiation volume (15 Gy) 

50% irradiation volume (10 Gy) 50% irradiation volume (20 Gy) 

100% irradiation volume (10 Gy) 100% irradiation volume (15 Gy) 

 50% irradiation volume + FTY720 (10 Gy) 

 100% irradiation volume + FTY720 (10 Gy) 

 Unirradiated + Anti CD8 𝑇𝑑 refit (10x smaller tumor) 

LLC Unirradiated 20% irradiation volume (20 Gy) 

 50% irradiation volume (15 Gy) 50% irradiation volume (20 Gy) 

 100% irradiation volume (15 Gy) 100% irradiation volume (20 Gy) 
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3.1.2.4 Model evaluation 

The model is evaluated with a learning curve. An increasing training set size is achieved by 

utilizing cross validation with an increasing number of subsets ranging from 2-10. Again, the 

combined optimization method is used to fit the training set, with 3000 iterations and one 

temperature reset half way at 𝑟 = 1500. Both the LLC and the BC cell line are evaluated. 

 

3.1.2.5 Sensitivity study 

Assuming the parameters from the original fit describe the immune response accurately, a 

sensitivity study is conducted to explore how changes in the biological parameters (𝑁𝑡0, 𝑁𝑎0, 

𝜔 and 𝑘) may affect the predicted tumor growth. The original fit is used as a baseline, where 

each parameter is adjusted sequentially by ± 1% and ± 10%, thereby evaluating the impact. 

If the parameter value is 0 or close to the boundary, the value is increased by a certain 

amount or deemed unrealistic. This is conducted for both cell lines. 

 

 

3.2 Treatment planning 
Treatment plans are developed and implemented in the Varian Eclipse treatment planning 

software (version 13.6), Eclipse abbreviated, using protons. Beam data for the proton therapy 

unit in Uppsala were employed. First, spot size measurements are conducted. Second, GRID 

therapy using prescription dose-spheres is implemented. Third and last, an IMPT treatment 

plan is created. For both GRID and IMPT treatment plans a real patient with non-small cell 

lung cancer is used as a model figure 19. The tumor is located in the left lung, where the 

largest diameter is roughly 10 cm. In this section a methodology is created for packing 

spheres within the tumor volume. It is implemented in Eclipse and used to create ideal 

prescription spheres within the GTV. Ideally the dose is deposited in the prescription 

spheres without any dose outside. However, due to the nature of physics dose outside the 

ideal prescription spheres is inevitable with external beam radiotherapy. Dose deposition for 

a GRID therapy proton plan in figure 19 demonstrate exactly that.   
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Figure 19: In all images the GTV is drawn with a brown outline. A patient with non-small cell lung cancer in the left lung is 
used as model, where a representative CT slice is selected (upper left). Ideal prescription spheres are drawn within the 
tumor volume, presented in a 3D view (upper right). However, dose deposition outside the prescription spheres is 
inevitable. A GRID therapy proton plan created for the same patient is simulated, where a representative CT slice is selected 
showing the dose deposition (bottom).  

 

3.2.1 Proton beam spot size in Eclipse 

The physical limitations of radiation treatment application lie with the proton accelerator, 

beam guidance and energy degrading system, and nozzle. To find the limitations of the 

current beam configuration with respect to spatial resolution in dose delivery, an evaluation 

of the proton spot size against depth is conducted. Also valley-to-peak doses and peak 

distances are measured for increasing distance between two monoenergic beamlets. 

 

3.2.1.1 Theory 

Valley-to-peak dose 

When irradiating a target using protons the majority of the dose deposition is located in the 

Bragg peak. By delivering two proton beamlets with a spacing, two maxima’s will be located 

in the middle of the Bragg peak. By measuring the dose profile between two maxima’s 𝑑𝑝𝑒𝑎𝑘 

(peak dose), the ratio between the peak dose and the minima between the two peaks 

𝑑𝑣𝑎𝑙𝑙𝑒𝑦(valley dose) is called the peak-to-valley ratio68. With three or more beamlets the peak 

and valley dose is defined as their means. The valley-to-peak dose is: 

 𝑉𝑃 =
𝑑𝑣𝑎𝑙𝑙𝑒𝑦

𝑑𝑝𝑒𝑎𝑘
           (38) 
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Multiple coulomb scattering  

Lateral spread of a proton beamlet (thin beam) in matter can be approximated by a 

probability density function (PDF) which is quite accurate for small scattering angles, but 

generally not accurate due to the scatter of protons by atomic nuclei69. For simplicity it is 

assumed that the scatter only consist of small angular directional changes, where the PDF for 

a beamlet along the 𝑧-axis at depth 𝑧 is69, 70 

 𝑓(𝑥; 𝑧) =
1

√2𝜋𝜎
𝑒

−
𝑥2

2𝜎2         (39) 

As we are considering the scatter from the center of the beamlet, the expectation value 𝜇 = 0. 

The PDF from the accelerator, guidance and nozzle system can be seen as one contributor to 

the total scatter function, while the scatter due to the target material is another independent 

PDF. The resulting total scatter function is approximated by the product of the two PDFs at a 

given depth 𝑧 

𝑓𝑡𝑜𝑡(𝑥; 𝑧) =
1

√2𝜋 𝜎𝑎
 𝑒𝑥𝑝 [−

𝑥2

2𝜎𝑎
2] ∙

1

√2𝜋 𝜎𝑡
 𝑒𝑥𝑝 [−

𝑥2

2𝜎𝑡
2]      (40) 

Here, 𝑎 refers to accelerator and 𝑡 to target. Using the theorem for the sum of Gaussians 

(theory section 3.2.1.3), the total variance is the sum of the two variances and therefore the 

FWHM too. 

 

Estimating the lateral spread 

The lateral spread of a proton beam is measured in a measuring plane on the x-axis 

perpendicular to the beam direction; z-axis. Using the multiple coulomb scatter 

approximation, the standard deviation 𝜎 can be measured using the relationship with the full 

width at half maximum (FWHM) 𝜎 =
FWHM

2√2 ln2 
. The multiple coulomb scatter approximation 

PDF relates to the particle fluence Φ. However, the treatment plan provides a map of dose 

distribution, which is dependent on the fluence and the mass stopping power; Φ
𝑆

𝜌
 . The mass 

stopping power is again dependent on the energy of the proton. Still, for simplicity it is 

assumed that along a measuring plane, the mass stopping power is the same. Then, the dose 

is proportional to the fluence and the FWHM remains the same.  

 

3.2.1.2 Spot size measurements 

Spot size measurements are implemented in Eclipse by irradiating two digital phantoms 

using a single spot with a monoenergic proton beamlet. The phantoms are placed 

sequentially, where the first contain air (5 x 20 x 20 cm) and the second contain water (20 x 20 

x 20 cm). Two spot size measurements are conducted. The first measurement is located at the 

end of the air phantom perpendicular to the beam direction, immediately before entering the 

water phantom. The second measurement is acquired at the Bragg peak in the water 

phantom. Figure 20: show the experimental setup. The first measurement represents the 

spread from the accelerator only (spread in air can be neglected due to its low density) and 

the second is the total scatter including scatter in the water phantom. Full width at half 

maximum (FWHM) is measured and the spot size is calculated from the formula in the 



49 

 

theory (3.2.1.1).  The standard deviation due to water scatter is calculated from 𝜎𝑤 = 𝜎𝑡𝑜𝑡 −

𝜎𝑎.  

From preliminary testing of GRID treatment plans, the most relevant proton energies range 

between 90-160 MeV. Therefore, the spot size measurements are conducted for 90, 125 and 

160 MeV monoenergic beamlets in a water phantom. The phantoms are created with the 

‘contour’ module in Eclipse and the beamline is calculated in the ‘external beam planning’ 

module, where the nominal energy is manually set to 90, 125 and 160 MeV respectively. In 

the spot editor in eclipse, all of the spot weights are set to zero except the center spot which is 

adjusted to 100. 

 

 

Figure 20: The setup for estimating spot size in Eclipse. See text for details. 

 

In the second spot size experiment a worst-case scenario is tested. The monoenergic beamlet 

is set to 160 MeV resulting in the largest spot size in the Bragg peak of the selected energies. 

Valley-to-peak doses and peak distance are measured between two beamlets with increased 

spacing. In practice, this is achieved by increasing the number of spots with zero weighting 

between the beamlets, where 0-3 spots are tested. Peak doses correspond to the maximum 

dose in the measurement plane and the valley dose is the minimum between the maximas. 

The measurements are acquired at the Bragg peak.  

 

3.2.2 GRID therapy planning using prescription spheres 

To avoid destroying the microenvironment and active CD8+ T cells in the tumor, while 

simultaneously allowing access of the active CD8+ T cells through vasculature and lymphatic 

vessels15, partial radiation of the tumor is favorable; inducing the desired tumor immune 

response. There are several ways to implement partial irradiation. Here, dose delivery to 

spherical targets (prescription spheres) distributed evenly inside the tumor is suggested, see 

figure 19. Implementation is challenging from a technical and physical perspective; the 
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former due to limitations of current proton treatment planning system and the latter due to 

smearing of the dose around the proton beamlet due to scattering. The stacking of 

prescription spheres is essential to minimize the dose smearing between spheres, where 

three patterns are analyzed. 

Stacking of spheres in a 3D target can be achieved in several ways, if the goal is an even 

distribution of equally sized spheres. A theory for positioning the spheres dependent on size 

and spacing between the spheres is introduced, which influence the dose coverage ratio of 

the tumor. The irradiation volume which result in the most favorable immune response is 

unknown, thus providing parameters that can tune the dose coverage ratio is essential for 

implementation in future studies.   

 

3.2.2.1 Sphere packing theory 

The theory is based on Fundamentals of Material science and engineering: An integrated 

approach by Callister et al. (2013)71. It is possible to pack spheres in various ways, creating 

different arrangements. The packing of spheres may be described by already developed 

geometric concepts. By placing spheres at the edges of a cubic grid with all the spheres 

touching each other, the packing structure is called simple cubic. Removing the excess of 

spheres outside a cube is called a unit cell, shown in Figure 21: . The unit cell may be packed 

indefinitely in space, where geometry of the whole system can be described by a single unit 

cell. 

 

 

Figure 21: Packing of spheres in a cube. The left image show the concept of a unit cell where the excess of spheres are cut 
off to form a unit cell, which can be packed indefinitely in all direction. The full sphere packing is shown in the right image, 
but the geometry of one unit cell can describe the infinite packing of spheres.  
 

Simple cubic is the structure with the lowest percentage of occupied space in unit cell. The 

fraction of occupied space is called the packing density (PD). For the simple cubic unit cell 

the 𝑃𝐷 ≈ 0.52 and is calculated by  

𝑃𝐷 =
𝑉𝑠𝑝ℎ𝑒𝑟𝑒𝑠

𝑉𝑢𝑐
=

𝑁∗
4

3
𝜋𝑟3

𝑎3          (41) 

Where 𝑉𝑠𝑝ℎ𝑒𝑟𝑒𝑠 is the volume of the spheres occupying the unit cell, 𝑉𝑢𝑐 is the unit cell 

volume, 𝑁 is the number of complete spheres within the unit cell, 𝑟 is the sphere radius and 
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𝑎 is unit cell edge length. For simple cubic (SC) packing, the relation between the unit cell 

edge length 𝑎𝑆𝑐 and the sphere radius 𝑟𝑆𝑐 is 

𝑎𝑆𝑐 = 2 𝑟𝑆𝑐          (42) 

The coordinates for the spheres in the unit cell is 

[
𝑖
𝑗
𝑘
] 𝑎𝑆𝑐            (43) 

Where 𝑖, 𝑗 and 𝑘 is the 𝑥-, 𝑦- and 𝑧-coordinates starting at 0. From a reference point there are 6 

nearest neighbors with distance between sphere centers of 2𝑟𝑆𝑐 and 12 next nearest 

neighbors. Another way to pack spheres is to add an additional sphere to the center of the 

unit cell, which is called the body-centered cubic (BCC), shown in Figure 2. BCC has 

𝑃𝐷 ≈ 0.68, higher than the simple cubic structure. The unit cell edge length relation to the 

sphere radius 𝑟𝐵𝑐𝑐 is 

 𝑎𝐵𝑐𝑐 =
4

√3
𝑟𝐵𝑐𝑐 ≈ 2.31 𝑟𝐵𝑐𝑐         (44) 

 

The coordinates for the spheres in the corner of the unit cell 

 [
𝑖
𝑗
𝑘
] 𝑎𝐵𝑐𝑐           (45) 

And the center points  

[
 
 
 
 
1

2
+ 𝑖

1

2
+ 𝑗

1

2
+ 𝑘]

 
 
 
 

𝑎𝐵𝑐𝑐           (46) 

The distance between the sphere centers are different from SC. Choosing a reference sphere 

there are 8 nearest neighbors with the distance of 2𝑟𝐵𝑐𝑐 and 6 next nearest neighbors. A third 

way to pack spheres is to place a sphere in all corners and in the middle of the each plane, 

shown in Figure 2. This is called face centered cubic (FCC) and is proven to be the 

arrangement with the highest PD,  0.74. The unit cell edge length relation to the sphere 

radius 𝑟𝐹𝑐𝑐 is 

𝑎 =
4

√2
𝑟𝐹𝑐𝑐 ≈ 2.83 𝑟𝐹𝑐𝑐         (47) 

The coordinates for the spheres in the unit cell corners are 

 [
𝑖
𝑗
𝑘
] 𝑎𝐹𝑐𝑐           (48) 

Front and back center points are given by: 
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[

1

2
+ 𝑖

1

2
+ 𝑗

𝑘

]𝑎𝐹𝑐𝑐           (49) 

The points in the middle, into the paper in  Figure 2, is packed by using the two previous 

coordinates with a shift in 𝑖- and 𝑘-direction by ½. The central points on the bottom are  

[

1

2
+ 𝑖

𝑗

 
1

2
+ 𝑘

]𝑎𝐹𝑐𝑐           (50) 

And side center points are 

 [

𝑖
1

2
+ 𝑗

1

2
+ 𝑘

]𝑎𝐹𝑐𝑐           (51) 

A reference point in the structure has 12 nearest neighbors with distance 2𝑟𝐹𝑐𝑐 and 6 next 

nearest neighbors. 

 

   

Figure 22: The simple cubic unit cell (left), body-centered cubic unit cell (middle), and face-centered cubic unit cell (right).  
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In the current work a novel formalism is introduced to the packing density equation. By 

removing some of the sphere with radius 𝑟 and replace it with empty space 𝑠, the remaining 

sphere radius will be 𝑟𝑓𝑖𝑙𝑙, illustrated in Figure 2 for simple cubic packing. This provide 

variables describing the spacing between the closest spheres and the radius, where 𝑟 = 𝑟𝑓𝑖𝑙𝑙 +

𝑠. The packing density is now  

 

 𝑃𝐷 =
𝑁∗

4

3
𝜋(𝑟𝑓𝑖𝑙𝑙)

3

𝑎3            (51) 

where the unit cell length 𝑎 is the same as before as a function of 𝑟.

 

Figure 23: Two spheres with spacing 𝒔 and sphere radius 𝒓𝒇𝒊𝒍𝒍. The combined sphere and spacing radius is 𝒓 = 𝒓𝒇𝒊𝒍𝒍 + 𝒔 and 

provide variables describing the sphere radius and spacing. In this example 𝒂 = 𝟐𝒓 and only applies for simple cubic 
packing. 
 
 

3.2.2.2 Sphere packing in Eclipse  

Prescription spheres (Target volumes) are created in the contour module, implementing the 

sphere packing theory in Eclipse. First, using the packing method of choice (SC, BCC or 

FCC), a line of prescription spheres are created in the traverse plane in the x-direction. The 

brush tool is set to ´static 3D´ with the desired diameter and used to create individual 

prescription spheres. By setting the grid tool to the unit cell edge length, each intersection in 

the grid marks the center of the prescription spheres. The structure is then copied and moved 

to the next row. If the row in the packing structure is translated by a half, the grid tool needs 

to be adjusted accordingly. Thereafter the two structures are merged by using the Boolean 

operator. The copying procedure is repeated until the spheres cover the GTV in the traverse 

plane and then repeated in the sagittal plane. Preferably the newly merged structure is 

copied each time, creating an exponential number of new prescription spheres.  

After the GRID structure cover the whole GTV the target volume is created by only keeping 

the overlapping structures between the GTV and the GRID structure, using the Boolean tool. 
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An additional volume is created to demand solutions with minimal dose between the 

prescription spheres from the optimizer. Only keeping the non-overlapping structures 

between the GTV and the GRID structure, using the Boolean tool, creates the additional 

volume. 

 

3.2.2.3 GRID plan optimization 

Next, the treatment plan is optimized in the external beam planning module. The recently 

created target volume is used for optimization, where all dose ideally is deposited in the 

target volume without any dose in the additional volume. To ensure that all prescription 

spheres in the target volumes receive similar dose between different treatment plans, 

standardized optimization objectives for the target volumes are created, allowing fair 

comparison between treatment plans. The target volume objectives are: 𝑉90 = 14 Gy, 𝑉95 =

13 Gy, 𝐷1𝑐𝑐𝑚 = 12 Gy and the upper dose limit is 16 Gy.  

Before optimizing, the optimum number of radiation fields and their angles are selected. 

With a conscious choice of avoiding the heart and the right lung, only gantry angles that 

penetrate the left lung are evaluated.  

 

3.2.2.4 Comparing sphere packing methods in Eclipse 

By varying the spacing over 𝑠 = [0,2] cm and the radius over 𝑟𝑓𝑖𝑙𝑙 = [0,4] cm, a space of 

possibilities for each of the three packing methods is provided using Python.  

All three sphere packing methods are implemented in Eclipse with 𝑃𝐷 = 0.2 and 𝑟𝑓𝑖𝑙𝑙 = 1.5 

cm. To compare treatment plans valley doses, minima between two spheres, are sampled 

from a CT-cross section containing the prescription spheres centers; where prescription 

spheres are at their widest. Valley doses are sampled in the x, y and z-direction, in two 

diagonals in the xy-plane and in one diagonal in the zx-plane. If possible valley doses are 

sampled from the center of the tumor and between spheres that are as complete as possible.  

In the packing structures, spacing between prescription spheres varies depending if it is the 

nearest neighbor or next nearest neighbor. One of the spacing’s is more frequent than the 

other and therefore a weighted mean valley dose is calculated as a treatment plan metric, 

used for comparing the treatment plans. First the mean of x, y and z samples is calculated, 

then for the diagonals. The weighted mean valley dose is calculated by multiplying the 

number of nearest neighbors with the corresponding mean and the next nearest neighbor 

with its corresponding mean, calculating the sum and dividing by the total number of 

neighbors. For SC the diagonal is the next nearest neighbor, for BCC and FCC the diagonal is 

the nearest neighbor. For example, BCC has 8 nearest neighbors and 6 next nearest 

neighbors. The weighted mean valley dose for BCC is: 

 𝜇𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 =
8∙(𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑚𝑒𝑎𝑛)+6∙(𝑥,𝑦,𝑧 𝑚𝑒𝑎𝑛)

8+6
       (52) 

.   
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3.2.3 Conventional IMPT plan 

To compare GRID therapy to conventional radiotherapy, an IMPT treatment plan is created. 

The same fields and angles as for GRID therapy are used. Additionally the target volume 

which the dose is prescribed to is GTV instead of PTV to make the comparison fairer. The 

dose constraints for OARs and target volume is the same as for standard treatments at Oslo 

University Hospital, which is based on recommendations from the Norwegian directorate of 

health21. Table  show the guidelines for the treatment plan optimization, where the treatment 

plan is for 2 Gy x 33 fractions. 

Table 3: OAR and target volume constraints for a near conventional IMPT treatment plan for the patient with non-small cell 
lung cancer. Demand marks constraints that are absolute and attempt marks constraints that are preferably achieved. The 
prescription dose is 2 Gy x 33 fractions. MLD is mean lung dose. 

Organ/Description Dose constraint Priority 

   

Lungs 𝑉20𝐺𝑦  < 35 % 

𝑉5𝐺𝑦    < 65 % 

𝑀𝐿𝐷  < 20 𝐺𝑦 

Demand 

Attempt 

Demand 

   

Heart 𝑉50𝐺𝑦  < 20 % 

𝑉45𝐺𝑦  < 25 % 

𝑉30𝐺𝑦  < 30 % 

Attempt 

Attempt 

Attempt 

 

   

Esophagus 𝑀𝐸𝐷 < 34 𝐺𝑦 

𝐷1𝑐𝑐𝑚 < 68 𝐺𝑦 
𝑉45𝐺𝑦  < 25 % 

𝑉30𝐺𝑦  < 30 % 

Demand 

Demand 

Attempt 

Attempt 

 

   

Spinal canal 𝐷1𝑐𝑐𝑚 < 50 𝐺𝑦 
𝐷𝑚𝑎𝑘𝑠 < 52 𝐺𝑦 

Demand 

Demand 

   

Brachial plexus (R/L) 𝐷𝑚𝑎𝑘𝑠 < 60 𝐺𝑦 
𝐷𝑚𝑎𝑘𝑠 < 66 𝐺𝑦 

Attempt 

Demand 

   

Trachea & Bronchi 𝐷1𝑐𝑐𝑚 < 74 𝐺𝑦 

𝐷1𝑐𝑐𝑚 < 68 𝐺𝑦 
Demand 

Attempt 

 

   

Global maximum dose 𝐷2𝑐𝑐𝑚 < 106 % 

 

Demand 
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Point maximum dose             < 108% Attempt 

 

   

GTV dose constraint 

(Normally PTV constraints) 

𝐷98% > 95 % 

𝐷98% > 90 % 
Attempt 

Demand 

 

 

3.3 Comparing treatment plans 
In order to compare GRID therapy against IMPT, the optimal combination of irradiation 

fraction (IF) and dose for GRID therapy needs to be selected. The immune response model is 

modified to accommodate dose smearing between prescription spheres and used to select 

the optimal GRID therapy parameters. Then, DVHs from the IMPT plan and the optimal 

GRID plan is compared. 

 

3.3.1 Optimal GRID treatment dose, irradiation volume and prescription sphere size 

To obtain the optimal dose and IF the novel computational model is used. However, dose 

deposition between the prescription spheres (dose smearing) in a GRID treatment plan is 

inevitable. Therefore the model is modified to include dose smearing for more realistic 

predictions. The degree of dose smearing is dependent on dose, IF and prescription sphere 

size. Therefore, results from treatment plans implemented in Eclipse using various 

combinations of these three factors are obtained and usedto create a dose smearing function. 

Using the same treatment plans, the optimal prescription sphere size is obtained. 

Evidently the infiltration rate 𝜔 also depend on the dose and IF, where an increase in either 

result in a lower infiltration rate. To accurately predict tumor evolution using the 

computational model for any combination of these two factors, this dependency needs to be 

included in the model. Therefore a function describing how the infiltration rate varies with 

these two factors is created, using the results from fitting the computational model. 

The two functions are implemented in the computational model and used to predict the 

optimal GRID plan, with respect to dose and IF. Tumor evolution is simulated for a variety 

of doses and IF, where the tumor volume at the last day is used to evaluate the treatment 

outcome. However, the optimal fractionation course (Number treatments and how often) is 

unknown. Therefore three fractionation courses are simulated, under the constraint of iso-

NTCPMLD. 

 

3.3.1.1 Theory 

Computational model modification – Dose smearing 

To account for valley dose between prescription spheres a modification to the computational 

model is implemented. Dose smearing results in additional CD8+ T and cancer cell kill. 

Therefore, a surviving fraction term is added to the respective compartments to account for 

the additional dose to the previously assumed unirradiated cells. In the doomed 

compartment, terms describing the additional number of doomed cells are added. The new 
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algorithm is: 

 
 

NiCi+1 =   ((1 − radv)SFsmear + SFc ∙ radv)NiCi(1 − ε) (53)  Inactive CD8+ T cells 

 

 

 

Nti+1,I =   ((1 − radvSFsmear) + SFv ∙ radv)Nti,II ∙ p (54)  Cancer cells 

  

 

NaCi+1 =  
 (

((1 − radv)SFsmear + SFc ∙ radv)NaCi

+ε ∙ NiCi+1 + ω ∙ Nti+1,I
) τc 

(55)  Active CD8+ T cells 

 

 
 

Nti+1,II =   Nti+1,I − k ∙ NaCi+1 (56)  Cancer cells 

 

 
  

Ndi+1 =   (Di + (NiCi − NiCi+1) + (
NaCi+1

τc
− NaCi+1 + (1 − SFc)radv ∙

 NaCi + (1 − radv)(1 − SFsmear)NaCi) + (k ∙ NaCi+1 +

(1 − SFc)radv ∙ Nti,II + (1 − radv)(1 − SFsmear)Nti,II))τd   

 

(57)  
 

Doomed cells 

 

Here, SFsmear is the surviving fraction of cells unintentionally hit by the radiation due to dose 

smear. The 𝛼 and 𝛽 values are still specific to the compartment (cell type), but where 

𝑑𝑠𝑚𝑒𝑎𝑟 < 𝑑. For a given prescription sphere size, dose smearing is proportional to the 

prescribed dose 𝑑 and IF. To describe dose smearing for a variety of the two parameters, a 

function is created and is tentatively described by: 

 𝑑𝑠𝑚𝑒𝑎𝑟(𝑑, 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣)) = (𝜅(𝑑)) ∙
𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣)

𝑑𝑣𝑎𝑙𝑙𝑒𝑦(1)
     (58) 

The first term describe the proportionality to the prescribed dose, where 𝜅(𝑑) is the 

proportionality function. Second term is the IF proportionality. From preliminary testing the 

relationship is not linear and therefore described by a valley dose function 𝑑𝑣𝑎𝑙𝑙𝑒𝑦, which is 

the dependent on the IF, 𝑟𝑎𝑑𝑣. However, one of the two terms needs to be relative sizes 

where the second term is selected and therefore divided by 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(1).    

Assembled, the dose smearing function describe dose between the prescription spheres for a 

variety of prescribed doses and IF´s. It is implemented into the new surviving fraction term 

in the computational model, to account for additional cell kill from dose smearing. Before the 

new scenario can be simulated, 𝜅(𝑑) and 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣) has to be obtained from treatment 

plans implemented in Eclipse. 

 

Mean dose for GTV in GRID therapy  

For calculations of NTCPMLD the mean dose in the GTV is needed. With valley dose 

𝑑𝑣𝑎𝑙𝑙𝑒𝑦 (𝑟𝑎𝑑𝑣) (Same function as in last section), prescribed dose 𝑑 and irradiation fraction 

𝑟𝑎𝑑𝑣 the mean dose to GTV is 

𝜇𝐺𝑇𝑉 = 𝑟𝑎𝑑𝑣 ∙ 𝑑 + (1 − 𝑟𝑎𝑑𝑣) ∙ 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣)       (59) 
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Equivalent number of 2 Gy fractions 

The mean dose 𝜇𝐺𝑇𝑉, equation (59), is used to compare the biologically effective dose (BED) 

for a fraction dose of 2 Gy with a given number of fractions to BED for 𝜇𝐺𝑇𝑉 Gy following 

GRID irradiation. 

 𝐵𝐸𝐷2 𝐺𝑦 = 𝐵𝐸𝐷𝜇𝐺𝑇𝑉 𝐺𝑦         (60) 

It is solved for the equivalent number of 2 Gy fractions 

 

 𝑛2𝐺𝑦 ∙ 2 𝐺𝑦 (1 +
 2 𝐺𝑦

𝛼/𝛽
) = 𝐵𝐸𝐷𝜇𝐺𝑇𝑉 𝐺𝑦       (61) 

 𝑛2𝐺𝑦 =
𝐵𝐸𝐷𝜇𝐺𝑇𝑉 𝐺𝑦

2 𝐺𝑦(1+
2 𝐺𝑦

𝛼/𝛽 
)
         (62) 

Where 𝛼/𝛽 is the fractionation sensitivity. 

 

3.3.1.2 Method 

Acquiring the dose smearing function 

Before simulating tumor time evolution using the computational model with dose smearing 

implementation, 𝜅(𝑑) and 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣) needs to be obtained for the dose smearing function. 

These parameters are acquired by extracting valley doses from several treatment plans 

implemented in Eclipse. Prelimenary tests indicated that face-centered cubic (FCC) packing 

was the most promising arrangement of prescription spheres. Therefore FCC packing is 

implemented in all treatment plans.  

To acquire𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣), four treatment plans with increasing IF 𝑟𝑎𝑑𝑣 = [0.2, 0.4, 0.6, 0.7] is 

created for  four different sphere sizes 𝑟𝑓𝑖𝑙𝑙 = [0.5, 1.0, 1.5, 2.0] cm, 16 plans in total. Plan 

implementation in Eclipse is the same as in section 3.2.2, but with different IF´s and 

prescription sphere sizes. The optimal number of fields and field angles for FCC obtained in 

3.2.2 is used and the target volume (prescription spheres) optimization objectives are 

preserved to allow fair comparison between treatment plans. Treatment plans are 

normalized to 15 Gy body max after optimization. After normalization, valley doses are 

sampled from every plan with the same procedure as described in section 3.2.2. Then, the 

valley doses are plotted against IF and fitted with a polynomial. The resulting polynomial is 

the valley dose function 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣). 

To acquire 𝜅(𝑑) one of the treatment plans previously created, for every prescription sphere 

sizes, is re-normalized to 10 Gy body max and the valley doses are sampled correspondingly. 

The IF 0.4  is selected, where dose smearing proportionality with the prescribed dose is 

assumed representative for other IF´s. Next, valley dose is plotted against prescribed dose 

and linearly fitted. The resulting polynomial is the valley dose function 𝜅(𝑑). 

Combined the two functions may be used to describe 𝑑𝑠𝑚𝑒𝑎𝑟, for a given prescription sphere 

size.  
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Acquiring the infiltration rate function 

Evidently the infiltration rate 𝜔 in the computational model varies with dose and IF. This 

proportionality may be described by a function, which is acquired by using results from 

fitting the computational model. Lung cancer is used as a model in the current study, but 

due to lack of experimental data for Lewis lung carcinoma (LLC), 67NR breast cancer (BC) 

data is used. Lung cancer parameters are assumed to have the same relative variation with 

dose and irradiation fraction. Therefore a relative change in the infiltration rate for BC is 

multiplied with the original value for LLC to estimate the variation. 

The resulting 𝜔 values obtained from fitting 50% tumor volume irradiation with the 

computational model (as a function of dose) is divided by the first point (10 Gy), to create 

relative values. Then the values are fitted with a polynomial, constructing a function that 

describes the relative change in infiltration rate with dose, 𝜔(𝑑). By multiplying the relative 

change in infiltration rate for BC with the original infiltration rate for LLC 𝜔𝐿𝐿𝐶, the change 

in infiltration rate with dose is estimated by: 

 𝜔𝑑 = 𝜔𝐿𝐿𝐶 ∙ 𝜔(𝑑)         (63) 

The infiltration rate variation with IF is obtained by using 𝜔 values obtained when fitting 10 

Gy 67NR data. They are to divided by the 𝜔 at 𝑟𝑎𝑑𝑣 = 1.0 to create relative sizes.  Then the 

values are linearly fitted, creating a function that describe the relative change in infiltration 

rate with IF 𝜔(𝑟𝑎𝑑𝑣), where 𝑟𝑎𝑑𝑣 is the IF. By multiplying the relative change in infiltration 

rate for BC with the original infiltration rate for LLC, the change is infiltration rate with IF is 

estimated by: 

 𝜔𝑟𝑎𝑑𝑣
= 𝜔𝐿𝐿𝐶 ∙ 𝜔(𝑟𝑎𝑑𝑣)         (64)

  

The two functions separately describe the infiltration rate variation with dose and IF. By 

combining them into one multivariate function, a new infiltration rate function is created 

which describe the change in infiltration rate with any combination of dose and IF. Both 

𝜔(𝑑) and 𝜔(𝑟𝑎𝑑𝑣) vary between 0-1 and when multiplied together they describe the relative 

change in the infiltration rate, also varying between 0-1. Again it is divided by the original 

infiltration rate, the change in infiltration rate with dose and IF is estimated by: 

 𝜔𝑑;𝑟𝑎𝑑𝑣
= 𝜔𝐿𝐿𝐶(𝜔(𝑑) ∙ 𝜔(𝑟𝑎𝑑𝑣))       (65) 

 

Optimal fractionation course using iso-𝑁𝑇𝑃𝐶𝑚𝑙𝑑 

Using the computational model with dose smearing implementation and the infiltration rate 

function, two fractionation courses are simulated and evaluated; fractionations once a week 

and twice a week. The prescription sphere size with the lowest valley doses, previously 

obtained in “Acquiring the dose smearing function”, is used in the fractionation course 

analysis. To allow fair comparison between fractionation courses, the number of fractions is 

limited by iso-NTPCmld for radiation pneumonitis. For both courses the number of fractions 
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is constrained by NTCP ≤ 0.05.  The tumor volume at the last day of simulation is used as a 

metric to evaluate treatment outcome. 

To compute NTCPMLD the equivalent number of 2 Gy fractions, 𝑛2𝐺𝑦 in equation (62), is 

calculated first. Thereafter, it is multiplied by the mean lung dose (MLD) for one 2 Gy 

fraction 𝑀𝐿𝐷2𝐺𝑦 obtained from the IMPT plan. This results in a 2 Gy equivalent MLD: 

 𝑀𝐿𝐷2𝐺𝑦 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 = 𝑛2𝐺𝑦 ∙ 𝑀𝐿𝐷2𝐺𝑦        (66) 

The resulting 𝑀𝐿𝐷2𝐺𝑦 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 is used in the NTCPMLD formula. For every fractionation 

course simulation, the equations are used to calculate NTCPMLD. An increasing number of 

GRID therapy fractions is tested, to find 𝑛2𝐺𝑦 that result in the maximum number of GRID 

therapy fractions under the constraint of  NTCP ≤ 0.05.  

Possibillity spaces are plotted for visual comparison of the treatment outcome, with IF 

ranging between 𝑟𝑎𝑑𝑣 = [0.2, 1.0] and prescribed dose 𝑑 = [5, 20] Gy, for each fractionation 

course. When fitting the computational model to LLC data the infiltration rate 𝜔 = 0.0. 

However, in the current simulation it is assumed that radiation induced tumor immune 

response may occur, with the original infiltration rate set to 𝜔𝐿𝐿𝐶 = 0.0001.  

NTCP of 0.05 is selected because it is a nice round number. But fractionation course 

simulations with low doses and IF may technically continue for a very long while. Treatment 

outcome evaluations are therefore selected after 15 days (length of experimental data), 7 

weeks and 14 weeks. From preliminary testing the limitation does not matter as the 

treatment outcome either fail or succeed by 7-14 weeks.  

 

3.3.2 Comparing treatment plans 

With the optimal dose, irradiation volume and sphere size selected, a GRID plan is 

implemented in Eclipse. DVHs from the GRID treatment plan and the IMPT is plotted 

together for comparison of OAR dose. 
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4  Results 

4.1 Computational model simulations 
A sample program for fitting and analyzing the LLC and 67NR breast carcinoma cell line, 

using the combined optimization method, is presented in Appendix B. 

 

4.1.1 Data sampling before simulations 

Data is sampled from both the murine experiments. A representative data sampling from 

figure 2-D in the Markovsky study is shown in Figure 2. Each of the points in Figure 2 

represents a corresponding point from the individual experiments, with a relative tumor 

volume to day 0 in percent. Some experimental results are plotted in several figures. 

However, it is recognized and therefore each experiment is only sampled once.. 

 

 

Figure 24: An example of the data sampling. Each point represents a measurement in the experiment, with a relative tumor 
volume to day 0 in percent. Data from the Markowsky study

15
, figure 2D. 

 

4.1.2 Fitting experimental data 

The potential tumor volume doubling time 𝑇𝑑 is obtained by fitting the model to 

experimental data with a grid search optimization.  Figure 2 shows the best fit for the 67NR 

cell line in the experiment without irradiation and with the anti-CD8 injection. The same 

figure shows a similar fit for the LLC cell line. The 𝑇𝑑 values and the RMSEs are listed in 

Table .  
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Figure 25 Shows the best fits for the potential tumor doubling time 𝑻𝒅, obtained through a grid search optimization. The 
left plot is for the 67NR cell line and the right for the LLC cell line, both without irradiation and with anti-CD8 injection. 
 

The 𝑇𝑑 values obtained are used to fit the remaining parameters 𝑁𝑡0, 𝑁𝑎0, 𝑘, 𝜔50 and 𝜔100 for 

each cell line separately. First a grid search optimization is used and then the combined 

optimization method is employed. The optimization time was 42 hours for the grid search 

and 20 minutes for the combined optimization method. 

 

4.1.2.1 Breast cancer fits – 67NR cell line 

62 shows the fit using the combined optimization method, where the parameters obtained 

and the RMSE is listed in Table  .The figure shows the fit for unirradiated tumors, 10 Gy dose 

with 50% tumor volume irradiation and full tumor volume irradiation. All three experiments 

are fitted simultaneously, but plotted separately for better presentation. The two datasets for 

the unirradiated experiment indicates two different trends in proliferation. The slow-

growing experiment may be due to faulty injection of tumor cells or old/damaged tumor 

cells. Based on this assumption the faster, standard-looking proliferation curve is used in the 

fit.  

 

 

Figure 26: The best fit for estimating the parameters 𝑵𝒕𝟎, 𝑵𝒂𝟎, 𝒌, 𝝎𝟓𝟎 and 𝝎𝟏𝟎𝟎 for the BC, see Table 1 for explanation. 
The data is fitted simultaneously, but plotted separately for better presentation. Left to right the plots show unirradiated fit 
(black), 50% tumor volume irradiation fit (blue) and 100% tumor volume irradiation (green).  
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Table 4: Parameter estimates from the fit to the experimental data for the NR67 cell line. 

Description Grid search Combined optimization 

𝑇𝑑 3.2 3.2 

𝑁𝑡0 73.0 73.0 

𝑁𝑎0 0.0 0.0 

𝑘 0.6 0.7 

𝜔50 0.3 0.2 

𝜔100 0.2 0.2 

RMSE (𝑇𝑑 fit) 17.7 17.7 

RMSE (No RT – simultaneous fit) 46.7 46.7 

RMSE (50% – simultaneous fit) 32.7 31.2 

RMSE (100% – simultaneous fit) 27.0 28.0 

Total RMSE (Simultaneous fit) 65.5 65.2 

   
 

 

The parameters obtained in the fit is used to plot the time evolution in the individual cell 

compartments, for the 50% and 100% tumor volume irradiation, shown in Figure 27: . 
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Figure 27: The relative compartment volume,relative to the total tumor volume at day 0, for each cell type for the 67NR cell 
line as a function of time. The parameters obtained from the combined optimization fit are used.  
 

4.1.2.2 Lewis lung carcinoma fits – LLC cell line 

LLC is fitted the same way as BC. Figure 2 show the fit for unirradiated tumors, 15 Gy dose 

with 50% tumor volume irradiation and full tumor volume irradiation. The parameters 

obtained and the RMSE is listed in Table 5: Parameter estimates from the fit to the experimental 

data for the LLC cell line. . 

 

 

Figure 28: The best fit for the parameters 𝑵𝒕𝟎, 𝑵𝒂𝟎, 𝒌, 𝝎𝟓𝟎 and 𝝎𝟏𝟎𝟎 for LLC, see Table 1 for explanation. Left to right the 
plots show unirradiated fit (black), 50% tumor volume irradiation fit (blue) and 100% tumor volume irradiation (green). 
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Table 5: Parameter estimates from the fit to the experimental data for the LLC cell line.  

Description Grid search Combined optimization value 

𝑇𝑑 3.7 3.7 

𝑁𝑡0 97.0 97.1 

𝑁𝑎0 0.0 0.0 

𝑘 23.0 24.0 

𝜔50 0.0 0.0 

𝜔100 0.0 0.0 

RMSE (𝑇𝑑 fit) 14.3 14.3 

RMSE (No RT – Simultaneous fit) 44.5 44.4 

RMSE (50% – Simultaneous fit) 22.3 22.3 

RMSE (100% – Simultaneous fit) 23.3 18.2 

Total RMSE (Simultaneous fit) 56.8 54.8 

   
 

 

The parameters obtained from the fit is used to plot the individual cell compartments, for the 

50% and 100% tumor volume irradiation, shown in Figure 29 . 

 

 

Figure 29 show the relative compartment volume, relative to the total tumor volume at day 0, for each cell type for the LLC 
cell line as a function of time. The parameters obtained from the combined optimization fit are used.  
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4.1.3 Predicting tumor outcome 

To test the predictive capabilities of the model, parameters obtained from the combined 

optimization fit is used to predict results in experiments using different dose, irradiation 

volumes and with FTY720 injection.  

 

4.1.3.1 Breast carcinoma prediction – 67NR cell line 

A prediction of the experiment with 10 Gy irradiation and FTY720 injections is shown in 

Figure 30:. The dose is the same as in the fit, but the FTY720 injection inhibits infiltration of 

CD8+ T cells into the tumor, thus 𝜔 is set to zero. The RMSE for 50% irradiation is 709.6 and 

70.0 for 100% irradiation. 

 

 

Figure 30: Predictions of the experiment with 10 Gy irradiation and injections of FTY720 for the 67NR cell line, using the 
parameters obtained in the fit. The black line is the unirradiated control, the blue is 50% tumor volume irradiation and 
green is 100% tumor volume irradiation. The markers are experimental data from the murine studies with the 
corresponding colors. 
 

Figure  show the prediction for 15 Gy dose, with 50% and 100% tumor volume irradiation . 

For both experiments a refit is executed. Parameters from the refit are found in Table 6: . The 

RMSE for 50% tumor volume irradiation prediction is 43.2 and the corresponding refit RMSE 

is 12.3. For 100% tumor volume irradiation prediction the RMSE is 58.1 and the 

corresponding refit RMSE is 27.5. 
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Figure 31: NR67 prediction using 15 Gy dose for 50% and 100% of the tumor volume. Additionally a parameter refit is 
conducted, dashed grey line, including the No RT refit. The plot on the left is the 50% tumor volume irradiation in blue and 
100% tumor volume irradiation on the right in green. 
 

The 20 Gy predictions are shown in Figure 32: . 50% tumor volume irradiation prediction 

RMSE is 41.3 and corresponding refit RMSE is 11.2. For 100% tumor volume irradiation the 

RMSE is 21.5 and the corresponding refit RMSE is 21.4. 

 

 

Figure 32: NR67 prediction using 20 Gy dose for 50% and 100% of the tumor volume. Additionally a parameter refit is 
conducted, dashed grey line, including the No RT refit. The plot on the left is the 50% tumor volume irradiation in blue and 
100% tumor volume irradiation on the right in green. 
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Table 6: Parameters obtained from the refit to 15 Gy and 20 Gy experiments for the 67NR cell line. 

Description 15 Gy 20 Gy 

𝑁𝑡0 73.4 73.2 

𝑁𝑎0 0.0 0.0 

𝑘 1.4 1.7 

𝜔50 6∙ 10−2 4∙ 10−2 

𝜔100 3∙ 10−2 0.0 

RMSE (No RT – Refit) 46.7 46.7 

RMSE (50% –Refit) 12.3 11.2 

RMSE (100% – Refit) 27.5 21.4 

Total RMSE (Refit) 55.6 52.6 

   
 

 

The parameters from the original fit, 15 Gy refit and 20 Gy refit is plotted in Figure 33: 

separately. The active CD8+ T cell percentage at day 0 is and the percentage of viable tumor 

cells at day zero show little or no dose dependency. However, the average number of CD8+ 

T kills per day per cancer cell shows an increase with dose and the infiltration rate indicate a 

decrease with dose. 
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Figure 33: The parameters obtained from the original fit (10 Gy), 15 Gy refit and 20 Gy refit. The upper left plot show the 
percentage of active CD8+ T cells at day zero, upper right show the percentage of viable tumor cells at day zero, lower left 
show the average number cancer cells killed per CD8+ T cell per day and the lower right show the infiltration rate for 50% 
and 100% tumor volume irradiation. See text for more information. 
 
 

4.1.3.2 Lewis lung carcinoma prediction – LLC cell line 

As noted in materials and methods, the experiments from the Kanagavelu study irradiate 

tumors that are 10 times smaller than in the Markowsky study. This may lead to difference in 

proliferation rate, thus a refit of the potential tumor doubling time 𝑇𝑑 is executed. The refit is 

shown in Figure 34: , with 𝑇𝑑 = 2.7 and a RMSE of 32.4. 
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Figure 34: The 𝑻𝒅 fit for the experimental results from the Kanagavelu study.  
 

The new 𝑇𝑑 value is used to predict the results in the Kanagavelu study, which employed a 

different dose and irradiation volume compared to the Markowsky study. Remaining 

parameters from fitting the model are used in the prediction  The predictions are  illustrated 

in Figure 3, where the 2 x 10% irradiation has a RMSE of 86.3, 50% irradiation has RMSE of 

282.0 and 100% irradiation has RMSE of 501.1. 

 

 

Figure 35: Predictions of the results from experiments in the Kanagavelu study. The experiments used 20 Gy and 20% (2 x 
10 %), 50 % or 100 % tumor volume irradiation. 

 

4.1.4 Learning curves and optimization method efficiency 

To evaluate if the model will benefit from more experimental data, a learning curve is 

acquired for each cell line using the experimental data from the Markovsky study. Figure 36: 

shows the training error and the validation error with an increasing training set size together 

with the standard deviation for BC and LLC. The learning curve for LLC is unaffected by an 

increasing training set size, while slowly converging for BC.  
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Figure 36: Learning curves for the LLC cell line on the left and BC on the right. The training set mean RMSE is green and test 
mean RMSE is orange; the color wash is the standard deviation. 
 

The novel combined optimization method is evaluated by plotting the root mean squared 

error per iteration to quantify the efficiency. For each optimization the temperature was reset 

once at 1501 iterations, which in this case was not necessary due to the solution already 

converging to a minimum. The plots in Figure 37: show the optimization curves for the BC 

and the LLC cell lines. Each optimization takes roughly 20 minutes, while the grid 

optimization took roughly 48 hours. 

 

 

 

 

Figure 37: The root mean square error per iteration for the BC cell line on the left and LLC on the right. The plots quantify 
the efficiency of the optimization procedure. 

4.1.5 Parameter sensitivity  

The parameters from the original fit are used as a baseline for the sensitivity study. Figure 38: 

shows BC results for 10 Gy dose with 50% and 100% tumor volume irradiation. Variations in 

each of the parameters are tested, to evaluate the impact a change in parameter value has on 

the tumor evolution. BC seem rather insensitive to parameter variations, where only large 

shifts in value have a noticable impact.  
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Figure 38: A sensitivity study for the 67NR cell line. The parameters obtained in the original fit is used as baseline (top plot) 

for 50% (blue) and 100% (green) tumor volume irradiation. The four bottom panels is the infiltration rate (top left), average 

number of cancer cells killed per day per CD8+ T cell (top right), the percentage of viable tumor cells at day zero (lower Left) 
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and percentage of active CD8+ T cells at day zero (lower right). Variations in each of the parameters are tested, where the 

percent symbol indicates a percentage difference from the baseline and without the percentage indicate a numerical 

variation. The grey lines indicate the baseline, with the corresponding line style as the baseline plot. If the plot is greyed out 

with the “unrealistic scenario” caption the parameter value is negative and if the parameter is out of boundary it is 

indicated in the legend.. 

 

The same sensitivity study for LLC is shown in Figure 3.  
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Figure 39: A sensitivity study for the LLC cell line. The parameters obtained in the original fit is used as baseline (top plot) 
for 50% (blue) and 100% (green) tumor volume irradiation. The four bottom panels is the infiltration rate (top left), average 
number of cancer cells killed per day per CD8+ T cell (top right), the percentage of viable tumor cells at day zero (lower Left) 
and percentage of active CD8+ T cells at day zero (lower right). Variations in each of the parameters are tested, where the 
percent symbol indicates a percentage difference from the baseline and without the percentage indicate a numerical 
variation. The grey lines indicate the baseline, with the corresponding line style as the baseline plot. If the plot is greyed out 
with the “unrealistic scenario” caption the parameter value is negative and if the parameter is out of boundary it is 
indicated in the legend. 
 
 
 

4.2 Treatment planning in Eclipse 

4.2.1 Proton accelerator spot size measurements 

The first spot size experiment measure the scatter due to the accelerator, beam line and 

nozzle, and water penetration, for increasing energies. Figure  show the dose deposition for 

the three monoenergic beamlets, 90, 125 and 160 MeV, respectively. 

 

 

Figure 40: The dose deposition in a water phantom (Grey) and air phantom (Black). The first vertical green line from the 
right is the air phantom boundary and the second is the water phantom boundary. The three monoenergic beamlets from 
top to bottom use 160 MeV, 125 MeV and 90 MeV. 
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The measurements from the experiment is listed in Table , see figure text for symbol 

explanation. 

 

Table 7: Spot size measurements due to water and air phantom scatter.  The full width at half maximum (FWHM) is 
measured and the standard deviation 𝝈 is calculated. 𝝈𝒘 due to water phantom (𝒘) scatter is calculated from the total 
(𝒕𝒐𝒕) and accelerator (𝒂) standard deviation. All widths and sigmas are in units of cm. 

Energy (MeV) FWHM𝑡𝑜𝑡  𝜎𝑡𝑜𝑡  FWHM𝑎   𝜎𝑎  𝜎𝑤 

90 1.25 0.53 1.16 0.49 0.04 

125 1.19 0.50 0.96 0.41 0.09 

160 1.31 0.56 0.92 0.39 0.17 

      
 

 

Figure 41 shows two monoenergic beamlets (160 MeV) irradiating a water phantom. Spacing 

between beamlets is increasing, due to an increasing number of spots with zero weighting in 

between. From right to left there are 0-3 spots used for spacing.  

 

 

Figure 41: Two monoenergic beamlets (160 MeV) with increased spacing, due to an increasing number of spots with zero 
weighting in between, depositing dose in a water phantom. From right to left there are 0-3 spots used for spacing. 
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The measurement from the experiment is shown in Table , for increasing spot spacing.  

 

Table 8: Spot size measurements from two monoenergic beamlets (160 MeV) with increased spacing, due to an increasing 
number of spots with zero weighting in between, depositing dose in a water phantom. 

Spots in-between 
Center-to-Center 

distance (cm) 
Peak dose (Gy) Valley dose (Gy) 

Valley-to-peak 

ratio 

0 Indefinable - - - 

1 0.75 15.00 14.58 0.97 

2 1.87 15.00 7.19 0.48 

3  2.51 15.00 2.30 0.15 

      
 

 

 

4.2.2 GRID therapy using prescription spheres 

Figure 4 show the packing density as a function the radius 𝑟𝑓𝑖𝑙𝑙 and spacing 𝑠 for the three 

packing arrangements. The top left is simple cubic packing, top right is body-centered cubic 

and bottom is face-centered cubic. 

  

 

 

Figure 42: The packing density as a function of the sphere radius 𝒓𝒇𝒊𝒍𝒍 and the spacing 𝒔 for the three packing 

arrangements. In the upper left is the simple cubic structure, top right is the body-centered cubic structure and face-
centered cubic structure on the bottom. 
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A treatment plan for each packing arrangement, with 𝑟𝑓𝑖𝑙𝑙 = 1.5 cm and 𝑃𝐷 = 0.2, is 

implemented in Eclipse. The number of fields and angles resulting in the best target volume 

coverage and least OAR dose is selected. From trial and error, field angles with as much of 

each sphere visible and furthest separation in the beam eye view, result in the best dose 

deposition (i.e. choosing an angle along one of the packing-planes is a bad choice). For 

simple cubic and body-centered cubic 3 fields was the optimal number and for face centered 

cubic it was 4 fields. With target volume objectives kept as similar as possible, valley doses 

are measured and the weighted mean valley dose is calculated. Measurements and 

parameters obtained are found in Table , the full measurement table is found in Appendix A. 

The actual packing density differs from the planned 𝑃𝐷 because the tumor shape differs 

from a box, which the packing theory is based upon.  This means that in the worst case 

scenario the tumor can sneak in between all the spheres in a curvy shape, but this is 

extremely improbable. 

The face-centered cubic (FCC) treatment plan has well defined prescription spheres, shown 

in Figure 14, and the lowest valley dose. However, body-centered cubic (BCC) has a higher 

actual packing density. More than one treatment plan was created for BCC, but we failed to 

achieve similar planned and actual packing density as FCC. It may be due to incompatibility 

of the tumor shape and the packing arrangement, resulting in the tumor avoiding some 

spheres. With lower valley dose and consistent actual packing density, face-center cubic 

packing is deemed the most promising structure for GRID therapy treatment planning. 

 

Table 9: Measurements and parameters obtained from the GRID treatment plan implementation for the three packing 
arrangements. 

Packing structure Field angles (o) 
Weighted mean 

valley dose (Gy) 
Actual packing density 

Simple cubic 27/63/153 13.31 0.15 

Body-centered cubic 25/116/153 10.22 0.28 

Face-centered cubic 18/72/108/162 8.44 0.19 

    
 

  

Figure 14 show dose deposition in representative CT-cross sections for each treatment plan 

in Eclipse.  
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Figure 14: Dose deposition in representative CT-cross sections for each treatment plan in Eclipse. The patient used as a 
model has non-small cell lung cancer, where the GTV is outlined in orange. The packing method used is simple cubic in the 
top left, body-centered cubic top right and face-centered cubic on the bottom. 

 

4.2.3 IMPT plan 

An IMPT treatment plan using the same number of fields and field angles as the face-

centered cubic arrangement is implemented on the same patient. The treatment plan is 

shown in figure 44 for 2 Gy x 33 fractions, with resulting mean lung dose of 2.74 Gy. 

Corresponding DVH is shown in Figure 15. All objectives were met and most OAR and 

target volume doses are significantly lower than the objectives. 

 



79 

 

                    

Figure 44: Dose deposition in representative CT-cross sections the IMPT treatment plan in Eclipse. The target volume in the 

IMPT plan is the GTV (orange outline), using the same field angles as for GRID therapy with FCC packing structure. A 

standard fractionation course for treatment of non-small cell lung cancer is planned, 2 Gy x 33 fractions.  

 

 

 

 

Figure 15: DVH from an IMPT plan on a non-small cell lung cancer patient, using OAR and dose constraint from Oslo 
university hospital. 

  

4.3 Comparing GRID and IMPT treatment plans 

4.3.1 Finding the optimal GRID treatment dose, irradiation volume and prescription 

sphere size 

4.3.1.1 Dose smearing function 

16 treatment plans are implemented in Eclipse with different dose, irradiation fractions and 

prescription sphere sizes. The sphere size with lowest valley doses were 𝑟𝑓𝑖𝑙𝑙 = 2.0 cm, 

though 𝑟𝑓𝑖𝑙𝑙 = 1.5 cm showed promising results as well. Valley doses for 𝑟𝑓𝑖𝑙𝑙 = 1.0 cm and 

𝑟𝑓𝑖𝑙𝑙 = 0.5 cm are not ideal, due to that valley doses become comparable to peak doses. 
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Results for the 𝑟𝑓𝑖𝑙𝑙 = 2.0 cm are found in Table 10: . A more detailed table, containing all 

results, can be found in Appendix A. The weighted mean valley dose is acquired after 

normalized the body max to 15 Gy and target volume objectives are acquired before the 

normalization. Therefore the max dose is less than 15 Gy, but these objectives are solely used 

to keep target volumes similar. 𝐷1𝑐𝑐𝑚 is particularly important, without this objective large 

prescription spheres tend to have a large penumbra.  

 

Table 10: Results from treatment plan implementation in Eclipse, using face-centered cubic packing, for 𝒓𝒇𝒊𝒍𝒍 = 𝟐. 𝟎 cm. 

The weighted mean valley doses are measured for 10 Gy and 15 Gy normalization, where 10 Gy only is measured for a 
packing density of 0.4. 

Packing 

Density 

Actual 

packing 

density 

(%) 

Weighted 

mean valley 

dose (Gy) 

Weighted mean 

valley dose with 10 

Gy normalization 

(Gy) 

𝑉90 

(Gy) 

𝑉95
 

(Gy) 

𝐷1𝑐𝑐𝑚 

(Gy) 

Max 

dose 

(Gy) 

0.2 20.2 5.29 - 13.70 12.87 11.69 13.61 

0.4 38.2 11.11 7.37 13.79 13.14 11.52 13.61 

0.6 56.4 12.75 - 13.75 13.25 11.37 13.71 

0.7 67.8 12.64 - 13.68 13.11 11.74 13.68 

         
 

  

The four treatment plans with 𝑟𝑓𝑖𝑙𝑙 = 2.0 cm are shown in Figure 16, where a representative 

CT-cross section is selected. For high packing densities the space between prescription 

spheres shrink. This increases dose smearing and makes the valley doses higher, which also 

apply to other prescription sphere sizes.. 
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Figure 16: GRID treatment plans implemented in Eclipse for 𝒓𝒇𝒊𝒍𝒍 = 𝟐. 𝟎 𝐜𝐦. Top left is 𝑷𝑫 = 𝟎. 𝟐, top right is 𝑷𝑫 = 𝟎. 𝟒, 

bottom left is 𝑷𝑫 = 𝟎. 𝟔 and bottom right is 𝑷𝑫 = 𝟎. 𝟕. 
 

Valley doses for 15 Gy normalization from Table 10: are plotted against irradiation fraction. 

An additional valley dose point is added for 𝑟𝑎𝑑𝑣 = 1.0, which has to be equal to the 

prescribed dose. If the whole tumor is irradiated homogeneously with 15 Gy, valley dose has 

to be 15 Gy as well. The valley doses are fitted with a third degree polynomial, resulting in 

the function; 

 𝑑𝑣𝑎𝑙𝑙𝑒𝑦(𝑟𝑎𝑑𝑣) = −9.82 + 102.65 𝑟𝑎𝑑𝑣 −  154.38 𝑟𝑎𝑑𝑣
2 + 76.54 𝑟𝑎𝑑𝑣

3    (67) 

The fit is shown in Figure 17. Next the valley dose for 15 Gy and 10 Gy normalization from 

table (10) is plotted against the prescribed dose. The valley doses are fitted with a first degree 

polynomial, resulting in the function 

 𝜅(𝑑) = − 0.11 + 0.75 𝑑         (68) 
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The fit is shown in Figure 17. Combined the equations are used to calculate the dose 

smearing function, equation (58), for 𝑟𝑓𝑖𝑙𝑙 = 2.0 cm. 

 

 

Figure 17: The valley dose dependencies of irradiation fraction and prescribed dose. The left plot is a third-degree 

polynomial fit of valley dose to irradiation fraction and the right plot is a first-degree fit of valley dose to prescribed dose. 

 

4.3.1.2 Infiltration rate function 

The infiltration rate 𝜔 is fitted to prescribed dose and irradiation fraction (IF). Average 

number of cancer cell kills per CD8+ T cell per day may change with dose and IF too, but the 

fitted value is close to the upper boundary and was chosen to remain constant. In figure 33 

the variation in dose for 𝜔50 and 𝜔100 is very similar, therefore one fit describing the relative 

change in value is assumed universal for all other IF. All the values are divided by the first 

point creating relative values and then fitted with third degree polynomial, resulting in the 

function: 

 𝜔𝑑 = 4.3636 –  0.4636 𝑑 +  0.0127 𝑑2      (69) 

This function is fitted to resulting 𝜔 parameters from the BC data, thus 𝜔𝑑 is centered on 10 

Gy dose. The LLC data used 15 Gy dose, therefore (𝑑 − 5) is used instead of 𝑑 to center the 

function on 15 Gy. Similarly the relative 𝜔 values for 10 Gy from the BC data in Figure 33:  is 

fitted with a first degree polynomial, resulting in a function describing the relative 

infiltration rate variation with IF: 

 𝜔𝑟𝑎𝑑𝑣
= 1.23 − 0.45 𝑟𝑎𝑑𝑣 

Combined the equations are used to calculate the infiltration rate function. 

 

4.3.1.3 Finding the optimal fractionation regime using iso-NTCPMLD 

To choose the optimal fractionation scheme iso-NTCPMLD is used. The mean lung dose (MLD) 

used for the calculation is 0.083 𝐺𝑦, obtained from the IMPT plan. Using the equations 

obtained in 4.3.1.1 and 4.3.1.2 possibility spaces for three fractionation courses are plotted, 

with the maximal number of fractions under the constraint that NTCPMLD < 0.05. The relative 

tumor volume is sampled at day 15, after 7 weeks and after 14 weeks. Relative tumor volume 

larger than 200% is rounded to 200% for better plot visibility, thus indicating failure of tumor 
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control. Figure 18 shows the results. Fractionation courses with large irradiation fraction (IF) 

seem to result in failure of tumor control. Very high doses seem to be prone to failure due to 

a small range in IF for tumor control and low doses result in failure for all IF. 10 Gy dose and 

𝑟𝑎𝑑𝑣 = 0.2 result in tumor control for once a week and twice a week fractionation. There is 

room for error in dose and IF before failure of tumor control, though twice a week 

fractionation seems to have slightly more room for error and is thus deemed the optimal 

choice. 

 

   

   

   

 

 
Figure 18: Possibility spaces of the relative tumor volume after 15 days in the left column, 7 weeks in the middle column 
and 14 weeks in the right column. The top row is irradiation only at day zero, middle row is irradiation once a week and 
bottom row is irradiation twice a week. All with the maximal amount of fractions under the constraint of 𝐍𝐓𝐂𝐏𝐌𝐋𝐃 <
𝟎. 𝟎𝟓. Relative tumor volume larger than 200% is rounded to 200% for better plot visibility, thus indicating failure of tumor 
control. 
 

 

4.3.2 Comparing IMPT to GRID therapy 

To compare IMPT to GRID therapy DVHs are acquired from treatment plans implemented 

in eclipse. The plans are contrained by iso-NTCPMLD. But to compare GRID therapy to a 

realistic fractionation course, iso-NTCPMLD ≤ 0.03. That is equal to 2 Gy x 33 fractions, which 
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is a common curative treatment course for non-small cell lung cancer. For the GRID plan 

using 10 Gy, 𝑟𝑎𝑑𝑣 = 0.2 and twice a week fractionation course the limit is  

For the GRID plan using 10 Gy, 𝑟𝑎𝑑𝑣 = 0.2 and twice a week fractionation regime the limit is 

14 fractions. The DVHs are shown in Figure 19. Most volumes receive lower dose and the left 

main bronchus substantially less. Though, the left lung receives higher dose to small 

volumes, but lower dose to large volumes.  

 

 

Figure 19: DVH comparison of an IMPT (dashdot) and a GRID (solid) treatment plan using 10 Gy, 𝒓𝒂𝒅𝒗 = 𝟎.𝟐 and twice a 
week fractionation regime. Both plans use the maximal amount of fractions under the contraint 𝐍𝐓𝐂𝐏𝐌𝐋𝐃 ≤ 𝟎. 𝟎𝟑, which is 
equal to a normal 2 Gy x 33 fraction non-small cell lung cancer treatment.  
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5 Discussion  

5.1 Computational immune response model 
It is difficult to compare our model against others due to the absence of papers describing a 

computational model for radiation induced anti-tumor response and the dependency on the 

fraction of tumor volume that is irradiated. The two compartment model introduced by Lim 

et al. (2008)46 is extensively studied, encompassing the tumor response due to radiation. 

However, it is limited by conventional radiotherapy theory, where cancer cell kill is 

mediated by destroying DNA within the malignant cells; still, yielding convincing results. In 

a separate study by Valentinuzzi et al. (2018)72 an immune model is presented, which utilize a 

four compartment model. The model describes an anti-tumor immune response due to an 

immunostimulant, substance that stimulates the immune system, but excludes the DAMP 

mechanisms and radiation; described by our model. Their immune model only employs 4 

free parameters and yield great results for both fitting and predictions. A fusion of the 

immune model and our model may be beneficial to simulate an anti-tumor immune response 

from partial irradiation in combination with immunotherapy, in future experiments. 

A model by Serre et al. (2016)73 incorporates immunotherapy and how radiation may increase 

the anti-tumor immune response in combination with an immunostimulant. The tumor 

volume is described by 5 compartments. However, 13/19 parameters are free, which makes 

the model prone to overfitting. In the study the model simulate the general trend of 

immunotherapy in combination with radiation, but whether experimental data was used to 

fit the model and how well the model fit the data remain elusive. Therefore that particular 

result remains inconclusive. 

All of the models are interesting, but none encompass a radiation induced anti-tumor 

immune response by itself, and particularly not whether partial irradiation may improve the 

immune response. To describe this particular mechanism our model is better suited. In our 

model the tumor is described with four compartments, four types of cells, allowing 

generalization of the tumor growth for different scenarios. The complexity of the system is 

reduced to a minimum without losing the ability to capture the biology and by using 5 free 

parameters, the model is less prone to overfitting. For the given experimental results found 

in the literature, the model captures the tumor growth characteristics with satisfactory 

confidence, while some results need to be further discussed and might require more 

experimental data to be answered.  

In the model the activation function 휀 is equal to 1, which points to that all inactive CD8+ T 

cells become activated after irradiation. As a consequence, irradiation of a single tumor cell 

or irradiation using very low doses may cause a substantial immune response, which is 

unrealistic. Therefore optimization of the steepness parameters 𝑠 in the activation function is 

needed when approaching small doses or irradiation volumes for sufficient model accuracy. 

Due to the absence of experimental data able to describe 𝑠, model simulations are downward 

limited to 20% irradiation volumes and 5 Gy dose. 

An underlying feature of the model is in what order in the algorithm (section 3.1.1.2) 

particular cells are activated and killed. Transfer from inactive to the active CD8+ T 
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compartment is executed after the surviving fraction term, which may be interpreted as 

occurring after the irradiation effects on the inactive CD8+ T cells. This is quite intuitive as 

none of the doomed inactive CD8+ T cells are likely to activate. Less intuitive is where in the 

algorithm the viable cancer cells are killed by active CD8+ T cells. First, active CD8+ T cells 

decay due to a short active half-life, which induce transfer into the doomed cell 

compartment. Decay of active CD8+ T cells may be a continuous function in real biological 

systems. The half-life introduced describes the average time for 50% of the cells to decay74 

which may be a sound approach . Next, the viable cancer cells are allowed to proliferate and 

only then the remaining active CD8+ T cells from the decay kill the cancer cells.  

The viable cancer cells are allowed to proliferate before they are killed. If the cancer cell was 

killed before it was allowed to divide into two cells the CD8+ T kill rate, average cancer cell 

kill per CD8+ T cell per day 𝑘 in the model, would be lower when fit the experimental data 

due to fewer cells killed per day. Cancer cell kill before or after proliferation seem equally 

descriptive, but the same scenario has to be implemented in future studies. Only then are the 

values comparable and describe the same biological tumor volume growth.  

Other immune cells, potentially contributing to the observed tumor effects, are left out in the 

model. In the model, other immune cells may still be included in the optimization, but with 

CD8+ T equivalent parameter values. The experimental data includes cancer cell kill from 

other cells than CD8+ T cells. These cell kills are accredited to CD8+ T cells in the model, 

meaning that the average number of cancer cell kills per CD8+ T cell per day may be slightly 

increased. In that sense other immune cells are included in the model, but described by CD8+ 

T specific parameters e.g. the radiosensitivity 𝛼, 𝛽 and active half-life. 

 

To apply the model experimental data is sampled. Data sampling has an error of roughly one 

pixel, typically representing 0.35 mm3 tumor volume. It is insignificant compared to the error 

bars from the sampled experimental plots, which from observation seem to vary between 20-

150 mm2 showing one standard error of the mean. After sampling of the volumes, these are 

transformed into relative volumes, which simplify comparison between different tumor 

growth experiments. Though, as seen in section 4.1.3.2 (LLC prediction) large initial tumor 

size differences can change the proliferation rate, where a refit of the potential tumor 

doubling time is needed. 

 

From the sampled experimental data the model fits free parameters. The separate estimation 

of the potential tumor doubling time 𝑇𝑑 allows use of individual proliferation rates for each 

cell line. The current analysis indicates a difference between the two cell lines in the 

Markovsky paper. In the unirradiated (No RT) BC fit some experimental data was not used, 

shown in Figure 26: . The anomalous, slowly proliferating trend may represent old or 

compromised cancer cells. Therefore, the fit in this thesis may represent more aggressive 

(fast-growing) 67NR cells. A separate experiment with unirradiated 67NR cells, with same 

mouse strain and number of injected cancer cells, is needed to support either of the two 

trends. 
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Model fitting to experimental growth curves for both cell lines resulted in visually adequate 

fits. Parameters obtained seem to capture the essence of the immune response biology 

without overfitting, providing satisfactory RMSE values. Between the two cell lines the 

RMSE values are lower for LLC tumors than BC tumors, which is due to the large scatter of 

data points within short intervals of days for BC. It is particularly prominent between day 1-

10 for the 50% tumor volume irradiation (Figure 26: ), where largest difference is about 100% 

relative tumor volume within 1-2 days. This particular fit resulted in a RMSE of about 31, 

indicating an adequate fit nevertheless. The other fits for both cell lines follow the same 

trends and with low RMSE values and are thus considered suitable. 

In the BC fit there are less viable cancer cells at day zero than in the LLC fit (𝑁𝑡0,𝐵𝐶 = 73.0 vs. 

𝑁𝑡0,𝐿𝐿𝐶 = 97.1) and in both cases the number of active CD8+ T cells at day zero is 𝑁𝑎0 = 0.00. 

Combined, these results imply that there are significantly more inactive CD8+ T cells at day 

zero in BC tumors. Figure 27:  and Figure 29  show the relative tumor volume percentages for 

the respective cell lines. But a large population of inactive CD8+ T cells infer that the cancer 

cells are “hiding” from the immune system, where irradiation is needed to activate the 

dormant CD8+ T cells. At day 1 the active CD8+ T cell population is thus mainly due to 

activation of inactive CD8+ T cells, shown in the same figures. For each cell line there is a 

large difference between 50% and 100% tumor volume irradiation, which is due to the high 

radiosensitivity of CD8+ T cells. Thus, whole tumor irradiation kills most of the inactive 

CD8+ T cells before they are able to become activated. Therefore, an increased population of 

inactive CD8+ T cells may potentially have an effect on the tumor control. Our results 

indicate that irradiation of BC tumors and subsequent T-cell activation tend toward curation, 

while LLC tumors tend toward treatment failure.   

The infiltration rate of active CD8+ T cells into the tumor for BC is higher at 50% than 100% 

tumor volume irradiation (𝜔50 = 0.22 vs. 𝜔100 = 0.17). This indicates that smaller irradiation 

volumes lead to an increased immune response, which is in correspondence with the 

conclusion in the Markovsky study. Both irradiation volumes tend toward tumor control, but 

especially for 100% tumor volume irradiation there is some uncertainty. For both 50 and 

100% irradiation there are significantly fewer experimental data points after day 15 than 

before (Figure 26: ). Thus, more experimental data after day 15 could improve the fit further, 

particularly for 100% tumor volume irradiation (Figure 26: ). That being said, the RMSE for 

this particular plot is low (28.0). The infiltration rate is a promising variable, which naturally 

declines as the number of viable tumor cells decline due to the dependence of these cells. 

However, an indefinitely sustained immune infiltration may not be true, and gradual fall-off 

can possibly be introduced. Still, the fits seemingly capture the immune response very well 

within the timeline of the experimental data, and a fall-off in immune infiltration might only 

be applicable further down the timeline.    

Infiltration of active CD8+ T cells into the tumor for LLC is non-existing according to the 

model. The fit result in a low RMSE value, supporting the parameter estimations. Still, 

experimental data after day 15 is absent. Particularly the average number of viable cancer 

cells killed per day per CD8+ T cell is very high (𝑘 = 24). There is a presence of tumor 

growth delay due to an immune response, shown in Figure 2. But the response is due to 
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activation of the inactive CD8+ T cells, which means that they are very efficient when 

activated. The high 𝑘 value result in the best fit, but can be disproven by experimental data 

after day 15. If this data was available and the tumor growth is slower than what to be 

expected from the proliferation rate, the optimizer has to compensate by decreasing 𝑘 and 

increasing 𝜔. Due to a short active half-life of active CD8+ T cells a tumor growth delay after 

day 10, roughly 5 half-lives, will be caused by infiltration of active CD8+ T cells from the 

draining lymph nodes (in the model). Figure 29 shows a significant decrease in active CD8+ 

T cells after day 10, illustrating this point. The relative number of viable cancer cells at day 

zero is dependent on the unirradiated (No RT) data and would remain similar, thus the only 

parameters left to adjust is 𝜔 and 𝑘. In the 100% tumor volume irradiation plot in Figure 2 

there is an indication of a slower growth rate, but this will only remain speculations. 

Therefore experimental data after day 15 could increase the insight in the immune response 

in LLC tumors and prove or disprove the high 𝑘 value and 𝜔 = 0. 

In this work, 𝑁𝑎0 seems to take an arbitrary value in the fitting. All the inactive CD8+ T cells 

become activated, where the inactive CD8+ T cells at day zero might as well be the active 

cells, with an equal result. However, for small irradiation volumes and low doses all inactive 

CD8+ T cells might not become activated. Experimental data may uncover some active CD8+ 

T cells present in the tumor at day zero, possibly leading to fine tuning the ratio of inactive 

and active CD8+ T cells. It will only have an effect on low doses and small irradiation 

volumes and separate experiments exploring the lower boundary need to be conducted for 

answers. 

Model fitting to experimental data seemingly capture the tumor growth well, providing 

satisfactory fits for the free parameters. The parameters are simultaneously fitted and all but 

𝜔 are used to describe all experiments for the particular type of cancer. This supports the 

claim that the growth characteristics are captured by the model because the free parameters 

are general and suitable for different situations. More parameters could be added into the 

model describing the immune response in even greater detail. But, keeping the number of 

parameters to a minimum, generalization of the experimental data may be achieved, just 

enough to reproduce the general trend in tumor growth due to an immune response from 

irradiation. It is important to point out that all the results are based on x-rays. A separate 

study investigating the immune response due to proton irradiation should be considered, to 

uncover whether the radiation induced immune response behaves similarly.  

Regardless, the estimated parameters are used to predict the outcome for experiments with 

different doses and irradiation volumes. None of the predictions seem perfect, though there 

are some possible explanations. Prediction of BC tumor growth with an FTY720 injection 

resulted in high RMSE values, shown in Figure 30:. The model significantly overshoots and 

predict an accelerated tumor growth compared to the experimental data. In the study by 

Markwosky et al. (2019)15 FTY720 is used to inhibit infiltration of CD8+ T cells into the tumor, 

and the experiment is presented as proof that CD8+ T cells present in the tumor is important 

for the first week of growth delay after irradiation. But, even though CD8+ T cells may not 

diffuse into the tumor from the draining lymph nodes due to the action of FTY720, this agent 

itself may by cytotoxic and has in another study been seen to induce additional tumor 
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growth delay in immunodeficient mice75. This may explain why the prediction overshoots. 

The effect may be described by additional dose or by multiplying all cell compartments 

except the doomed cells by a factor lower than one. In the FTY720 experimental results, 50% 

and 100% tumor volume irradiation result in a similar tumor growth. This is unexpected as 

dose to 100% of the tumor should kill more cancer cells. 

Predictions for the 15 Gy and 20 Gy experiment in Figure  and Figure 32: fits the 

observations to some extent, but without a fully satisfactory result. Refitting the experiments 

greatly reduce RMSE, but no experimental data exists after day 12 for 20 Gy (100%). 

Parameters from the fit and refit are plotted against dose (Figure 33: ). Very interestingly 𝑁𝑡0 

and 𝑁𝑎0 stay similar, which is expected due to the unirradiated (No RT) dependency, while 

𝑘, 𝜔50 and 𝜔100 values indicates a dependence of dose.  Whereas 𝜔50 and 𝜔100 decrease with 

increasing dose, 𝑘 increases. The reason why the BC predictions does not follow the 

experimental data, may be a result of 𝜔 and 𝑘 variation. A decrease in infiltration rate (𝜔) 

with dose may be due to destruction of vasculature and lymphatic vessels15, inhibiting the 

full extent of the immune response. The increase in 𝑘 (“CD8+ T kill rate”) with dose may be 

due to fewer active CD8+ T cells in the tumor, caused by a decreasing infiltration rate. Less 

active CD8+ T cells in the tumor indicate that there are more viable cancer cells per active 

CD8+ T cell and that the distance an active CD8+ T cell traverse between kills can be smaller. 

Therefore, the CD8+ T cell may potentially kill more cancer cells each day. Confirmation 

from a fourth independent study i.e. using 12 Gy dose with 50% irradiation is necessary to 

investigate the parameter variation. If the study confirms the dose dependency, a model 

modification to accommodate 𝜔 and 𝑘 variation may enable accurate predictions of tumor 

growth for untested experimental scenarios. 

Testing predictive capabilities for LLC, experimental results from the Kanagavelu study is 

used to validate the prediction shown in Figure 3. Due to tumors irradiated being much 

smaller in the Kanagavelu study, the potential tumor doubling time was refitted first. 

Regardless, all the predictions undershoot the experimental data providing unsatisfactory 

results. Further investigating the results from the Kanagavelu study, the experimental results 

seem odd. 50% tumor volume irradiation almost grows as fast as unirradiated tumors, while 

100% tumor irradiation show a significant growth delay. However, an experiment in the 

Markovsky study (Figure 5A)15 show similar behavior, inferring that 20 Gy may approach an 

upper dose limit for an immune response. Still the 100% tumor volume irradiation prediction 

undershoot far too much (for unknown reasons). Additionally 1 x 20% tumor volume 

irradiation, not shown in this paper (Kanavagelu figure 2A)16, shows a similar behavior to 

50% tumor volume irradiation, while the 2 x 20% experiment show significant growth delay. 

The inconsistency in the experimental results may stem from tumor volumes being 10 times 

smaller (25-30 mm3) than in the Markovsky study, where an exact irradiation volume is 

expected to be very difficult to achieve. Two reasons for the significant undershoot of the 

prediction is that the exact irradiation volume was not achieved or some of the biology is not 

properly understood. 
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In addition to predictions a sensitivity analysis of the fitted parameters is conducted, shown 

in Figure 38: and Figure 3. It is a tool to investigate how tumor progression is affected by 

changes in the free parameters, which can be considered as biological factors. BC tumors are 

mostly insensitive to parameters changes, except for a significant increase in 𝜔100 and 𝑘 

which drastically alter the tumor growth for 100% tumor volume irradiation. Most 

parameter changes result in a similar treatment outcome. Therefore the radiation induced 

anti-tumor response may be reproducible for different patients, where variations in tumor 

biology may occur, especially with partial tumor irradiation.  

For LLC tumors (figure Figure 3) a small increase in 𝜔 or decrease 𝑁𝑡0 change the tumor 

outcome from treatment failure to treatment success. This indicate that the radiation induced 

anti-tumor immune response for the LLC cell line is very sensitive to the tumor biology and 

that LLC may be a unsuitable cancer type for this particular treatment, due to the 

inconsistency in reproducibility of treatment outcome. However, the active CD8+ T 

infiltration rate (𝜔) may be increased by supplementary immunotherapy, which may 

improve the treatment outcome reproducibility between different patients. A separate 

hypothesis is that the estimated 𝜔 is to low and 𝑘 is to high due to the lack of experimental 

data after day 15 in the fit, discussed in a previous paragraph. A change in these parameters 

may decrease the sensitivity of tumor progression due to changes in the free parameters and 

more experimental data is needed to confirm or deny the hypothesis.    

Evaluating the model itself, learning curves are plotted for each cell line (Figure 36: ). For 

LLC the learning curve result in an RMSE of ~55 and stay roughly the same, indicating that 

adding more experimental data in the same timeline (days) will not result in a different 

parameter fit. For BC the training and test set RMSE is slightly converging, indicating that 

adding more experimental data in the same timeline will provide a more accurate parameter 

fit. Though, RMSE values are converging slowly, where adding more experimental data may 

not be beneficial compared to the cost of the experiments. The jump in RMSE at 90% train set 

size may indicate that there are too few data points in the test set and simultaneously to large 

spread in experimental data points within a short interval of days, as previously discussed. 

Therefore this result should not be emphasized when evaluating the learning curve. For both 

learning curves the RMSE which they are converging towards seem high, but it may be 

appropriate due to the large standard error of the mean and data point spread. Earlier 

discussion in the beginning of this section provides answers to why the RMSE is considered 

appropriate. While the learning curves indicate that additional experimental data in the same 

timeline will not benefit the fit accuracy, experimental data after the timeline could still 

provide more accurate parameter estimates. 

As a by-product of model development, the combined optimization method is created. 

Figure 37: shows a rapid optimization convergence after roughly 500 iterations, though 3000 

iterations are used throughout the study to remain on the safe side. While providing lower 

RMSE values than grid search optimization in a fraction of the time, the method can be 

confidently used for the computational immune response model. The many dimensional 

parameter space in this work is unknown, therefore the performance of the new optimization 

method in in other applications is yet to be discovered.  
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5.2 GRID treatment planning in Eclipse 
GRID therapy was implemented with MeV energies using x-rays in the clinic in 1990, where 

one or two fractions of GRID irradiation was employed in combination with conventional 

radiotherapy and chemotherapy; with good response rates9. They positioned a grid made of 

Lucite in the treatment beam path. The grid comprised holes systematically distributed and 

covered 50% of the surface. The beam scatter in the patient ensures dose homogeneity in the 

tumor, while simultaneously decreasing damage to the tissues in front of the tumor covered 

by the GRID material. Following good response rates, the technique has been further 

investigated. In one case a very large bulky tumor (18 x 15 x 8 cm) was resolved, by using 

GRID therapy in combination with immunotherapy and conventional radiotherapy76. A 

separate simulation study employed protons, investigating interlacing beams from different 

directions; crossing over and under each other. They managed to provide a homogeneous 

dose in the target volume, potentially decreasing normal tissue toxicity. 

Both GRID therapy methods strive to achieve dose homogeneity in the tumor. Our method 

attempt the opposite, to achieve an inhomogeneous dose in the tumor encompassing a 

different treatment strategy; to induce an anti-tumor immune response following cancer cell 

kill. Additionally the two methods deliver dose in cylinders, while we prescribe dose to 

spheres evenly distributed in the tumor. Both methods are called the same, but employ 

widely different treatment strategies. 

How dose is deposited within the patient is dependent on what treatment machine and 

particles are used. Limitations for proton irradiation have been analyzed in Eclipse and a 

method for delivering GRID therapy using 3D prescription spheres has been developed. By 

understanding the limitations of the proton treatment machine, strength and weaknesses for 

GRID therapy implementation is better recognized. It is assumed that the Eclipse system 

mimics the true energy deposition of protons with a high accuracy. 

With increasing proton energy the spot size remain unchanged in the Bragg peak, see Table . 

The scatter in the water phantom 𝜎𝑤 increase with increasing energy, but the proton scatter 

from the accelerator 𝜎𝑎 decrease. The main contribution to the total spot size is 𝜎𝑎, where a 

reduction in 𝜎𝑎 may have a large impact on the total spot size 𝜎𝑡𝑜𝑡. valley-to-peak ratios 

between two spots decrease with increasing center-to-center distance, where the largest 

center-to-center distance of 2.51 cm has a valley-to-peak ratio, confusingly defined as valley 

dose divided by peak dose in previous articles, of 0.15 (Table ). By halfing 𝜎𝑎 the total spot 

size is reduced to 𝜎𝑡𝑜𝑡,ℎ𝑎𝑙𝑓 = 0.37 and the resulting ratio between the total spot sizes is 

𝜎𝑡𝑜𝑡,ℎ𝑎𝑙𝑓/𝜎𝑡𝑜𝑡 = 0.66. Thus, reduction of 𝜎𝑎 by half has the potential to reduce the center-to-

center distance to 1.67 cm between two spots, while keeping the same valley-to-peak ratio. If 

possible a reduction in the proton beam width from the accelerator could increase the dose to 

both large and small prescription spheres, while lowering valley doses for all sizes. Smearing 

of dose in the longitudinal direction (Figure ) is not considered in the analysis. The lateral 

spread is larger and thus considered the limiting factor for sphere definition and valley 
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doses. The spot size is vital in GRID therapy, because each prescription sphere is defined by 

one or more spots. Smaller spots enable more defined dose edges and reduced valley dose 

between the prescription spheres.  

When packing prescription spheres in 3D, each sphere is covered by one or more proton 

spots. Even though the geometry is more complex, the same limitations apply to the dose 

distribution. To study the effect of sphere packing, three methodologies are developed. The 

face-centered cubic (FCC) packing has a potentially higher maximum packing density than 

both simple cubic (SC) and body-centered cubic before the spheres start to overlap. 

Simultaneously the same packing density (PD) can be achieved with slightly more spacing 

between the spheres, particularly prominent when comparing the PD at 𝑟𝑓𝑖𝑙𝑙 = 4.0 cm and 

𝑠 = 2.0 cm in Figure 4.   

When implementing the methods into Eclipse, field angles with the most visible prescription 

spheres and furthest separation in the beam’s eye view result in the optimal prescription 

sphere definition. This gives a dose distribution with sharp edges and least smearing of dose 

between the prescription spheres. FCC is calculated with 4 fields as the optimal choice, thus 

distributing the normal tissue dose more sparsely. This is particularly visible in the beams 

before entering the GTV in Figure 14. More fields could be used for the other packing 

structures too, but this would increase the treatment time due to gantry rotation without any 

benefit of prescription sphere definition. The total normal tissue dose would likely be similar 

to the current, but distributed over larger volumes. Also all beams could be directed from the 

right side of the patient, resulting in better sphere definition. However, there was a conscious 

choice of avoiding the heart and right lung. Since field angles are dependent on the packing 

structure rotation, the fields cannot be changed as is. However, in future applications, an 

algorithm can be implemented in Eclipse to rotate the whole structure, field angles and the 

prescription sphere packing, to optimize the normal tissue toxicity and prescription sphere 

definition depending on the patient anatomy.   

Between the three packing methods SC performed worst, resulting in significant dose 

smearing with valley doses comparable to peak doses. Both BCC and FCC performed well 

and resulted in low valley doses, though FCC was superior. Additionally the actual packing 

density of BCC was 0.28 instead of the planned 0.20. The treatment plan was re-implemented 

from scratch multiple times, with similar results. The discrepancy may be due to 

incompatibility of the packing structure and the tumor shape, where the tumor may avoid 

the prescription spheres by its complex shape. The packing density methodology is based on 

a cubic volume and therefore may act more as a packing density indicator. If BCC could be 

achieved with lower packing density the valley doses may also decrease and possibly 

compare to FCC. Though, due to higher packing density consistency and lower valley dose 

FCC is picked for further investigation as the optimal packing method. 

All the packing methods are analyzed on one patient and applicable in this scenario. It can be 

considered a proof of concept, but should be further evaluated using patients and water 

phantoms with different shapes, tumors and tumor positions for better generalization of 

field angles, actual packing densities and valley doses. SC seem to provide the worst result 

regardless, but BCC should not be ruled out yet. In addition to 3D prescription sphere 
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packing to achieve partial irradiation, there are more possibilities. It may be achieved by 

irradiating one part of the tumor, consisting of the desired irradiation volume, similar to the 

experimental data used to fit and validate the computational immune response model or by 

irradiating 2D cylinders. The concept of 2D prescription cylinders was briefly investigated in 

the current work, but discarded due to time constraints, thus resulting in a higher quality 3D 

implementation. Mathematics to build a framework similar to 3D packing structures is 

available and the method has a potential for low valley doses by using 1 or two field angles. 

Though, due to tumor shape irregularities, finding field angles that without a gap in the 

prescription cylinders may be challenging while simultaneously avoiding e.g. irradiation of 

the heart. Regardless of methodology, the irradiation method with the maximum tumor 

effect should be used. Whether evenly distributed peak doses with small valley doses or 

large volume irradiation is preferable needs to be investigated by new experiments. 

 

5.3 GRID vs. IMPT 
For GRID therapy comparison an IMPT treatment plan is created. In all plans all objectives 

are met and most OAR doses are significantly lower than the objectives. The IMPT plan is 

limited by the same four fields as the GRID plan, which should not severely affect the 

optimization since the field angles are evenly spread and covering several entrance regions. 

Thus, weighting of each angle can be adjusted for minimal OAR toxicity. Slight additional 

dose conformity may be achieved by using extra field angles through the right side of the 

patient, but as before the right lung and heart is avoided by choice. Though slightly limited 

by field angles, the IMPT plan has a large advantage of using GTV instead of PTV as target 

volume, reducing normal tissue toxicity. All considered the IMPT plan is realistic and 

comparable to the GRID plan. 

Prior to comparing treatment plans, parameters resulting in the optimal outcome for GRID 

therapy are obtained. All results previously acquired are used to quantify the treatment 

outcome based on normal tissue toxicity and tumor control. Though, parameters sampled 

from GRID implementation in Eclipse are based on one patient only and most calculations in 

this section are thus a little speculative. Therefore results should be considered carefully, 

only providing a methodology for implementing partial irradiation with an immune 

response into the clinic. Regardless, a thorough discussion of the results is commenced. 

As previously discussed FCC is the packing structure selected for further investigation, 

where 16 treatment plans are implemented in Eclipse using different sphere sizes and 

packing densities. Paramount for all treatment plans is that the dose coverage of the 

prescription spheres are similar, thus making valley dose comparison unbiased. In the 

analysis the largest prescription sphere size (𝑟𝑓𝑖𝑙𝑙 = 2.0 cm) resulted in the best valley dose 

(Appendix A). The largest sphere size can fit 3-4 protons spots side by side, enabling more 

options of dose distributions for the Eclipse optimizer. It may result in sharper prescriptions 

spheres, where more spots along an edge result in sharper definition of dose edges. If the 

spots in Figure 6 were smaller, more spots would be used to define the edge as the grid 
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would be smaller to. This may be the reason why larger prescription spheres result in 

sharper dose distributions and lower valley doses. 

For the smallest prescription sphere the valley doses are comparable to the peak doses for all 

irradiation volumes. Even though the spot size is comparable to the prescription sphere size, 

the spacing between two spheres is too small. Center-to-center distance for two spheres is 

slightly more than 1 cm. This would result in a dose distribution somewhere in between 1 

and 2 spots as spacing in Figure 41, where a significant valley dose is observed.  For 𝑟𝑓𝑖𝑙𝑙 =

1.0 cm valley doses are slightly improved, but outside an acceptable range. 

For all prescription sphere sizes the valley dose significantly increases at packing densities 

0.4-0.6. At these PDs the spacing between the prescription spheres roughly range from 0.15-

0.25 cm, which may be limitation for of the beam width from the proton accelerator. For 𝑠 = 

0.15-0.25 cm in the packing density plot in Figure 4 (FCC), the packing density is 0.4 for small 

spheres and 0.6 for larger spheres, which agree with the previous observation. If the proton 

beam spot size was decreased, the limiting spacing between prescription sphere range of 

0.15-0.25 cm could be reduced, while achieving similar valley doses. This could enable lower 

valley doses and thus potentially a better radiation induced anti-tumor immune response. 

The best choice remain a prescription sphere radius of 𝑟𝑓𝑖𝑙𝑙 = 2.0 cm. Valley dose differences 

are especially pronounced in Figure 16, where the abrupt increase in valley dose at 𝑃𝐷 = 0.6 

is further confirmed. To describe the differences the valley dose is plotted against irradiation 

volume, shown in Figure 16.Even though the FCC packing structure breaks down at 

𝑃𝐷 ≈ 0.74, where spheres begin to overlap, an additional point is added at 15 Gy valley dose 

and irradiation fraction of 1. The packing density eventually will reach 1 and the valley dose 

will then be equal to the peak dose. The extra data point enables the fit to increase after the 

breaking point instead of falling abruptly. The fit seem to flatten out at an irradiation fraction 

of ~0.5, where valley dose increased abruptly (discussed earlier), and rising at 0.74 toward 

the peak dose. The plot fits the data very well and may be prone to overfitting. More 

measurements for other packing densities should be performed before concluding that the fit 

is correct.  

Figure 16 also shows the relative valley dose against prescribed dose. The linear fit is 

assumed to be representative for other irradiation fractions. Increasing the dose will preserve 

the same dose distribution, only increasing the fluence, resulting in the same relative dose in 

each voxel. The precision in the fit is three digits, due to using relative sizes and to preserve 

an adequate fit. Both fits only apply to this particular patient, where more measurements for 

different patients and phantoms are needed to generalize the resulting polynomials. 

Capturing the infiltration rate 𝜔 dependence on irradiation fraction and dose, the breast 

cancer parameter is used with relative sizes. It may not apply for lungs as biological 

variation of CD8+ T infiltration for breast cancer may deviate from lung cancer. Additionally 

the infiltration rate is assumed non-zero, where a proof of infiltration rate still needs to be 

obtained from experiments. The experimental data itself is based on x-rays instead of 

protons, utilized for GRID implementation. Thus, the fit is highly hypothetical and should 

only be considered conceptual.  
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The dose dependency is adjusted to 15 Gy, where it assumed that the best immune response 

for LLC in the Markovsky study (15 Gy) is true. Experimental LLC data needs to be obtained 

for lower doses, further investigation the immune response variation. The dose dependency 

fit has a precision of 4 digits for an adequate fit, two more than the fitted values. This should 

not matter as the fit is hypothetical.   

Using the two fits for 𝜔𝑑 and 𝜔𝑟𝑎𝑑𝑣
 and the computational immune response model, 

different tumor growth for different fractionation courses are calculated under the limitation 

of iso-NTCPMLD. The BED formalism used to calculate NTCPMLD may have limitations, where 

the cell kill efficiency from high dose irradiation is overestimated77. Thus the number of 2 Gy 

equivalent fractions may be even higher, resulting in higher achievable dose to the tumor for 

GRID irradiation. A higher dose to tumor simultaneously means higher dose to OAR, 

meaning that the GRID DVH in Figure 19 may be underestimated. Further investigation of 

revised NTCP formulations should be explored before implementing the calculation method 

into practice. Though, a conservative NTCPMLD limit is selected at a mean lung dose of 0.03 

Gy instead of 20 Gy (Table ) used in the clinic. Nevertheless the results illustrate the process, 

providing a methodology for selecting appropriate treatment parameters. It significantly 

reduces the amount of choices, where dose and irradiation fraction is selected based on the 

largest error margins. Erroneous irradiation volume and dose will be hard to avoid due to 

small treatment delivery volumes, therefore the selection criterion is considered appropriate. 

In the analysis the irradiation volume is limited to 20%, due to a lack of experimental data 

describing small irradiation volumes. When the experimental data is fitted to the model, a 

lower limit to irradiation fraction for tumor control is likely to be found. In the 3D 

fractionation plots in Figure 18 this will result in relative tumor volume “valleys” which may 

change the preferred irradiation volume and dose. 

From the fractionation plots the optimal dose (10 Gy) and irradiation volume (0.2) is selected. 

Visually these parameters seem to allow the largest room for error in treatment delivery, 

with respect to the delivered dose and irradiated tumor volume. Irradiation twice a week has 

slightly more room for treatment delivery error than once a week and is thus selected as the 

best fractionation course. Though, if the results obtained are correct and if accurate dose 

delivery can be achieved, treatment once per week should be reconsidered. In a clinical 

setting it would allow for more patients to be treated simultaneously without increasing the 

patient flow to the treatment machine. Tumor outcome probability could be weighed against 

the increase in patient treatments if necessary. Additionally there is an absence of data 

indicating how long an effective immune response last, if the infiltration of active CD8+ T 

cells into the tumor require a “re-activation” by irradiation or the interplay between 

fractionated irradiation and the immune response. These factors could either result in more 

or less frequent fractionation courses and is interesting to investigate for a deeper 

understanding of the concept of fractionated GRID therapy.   

Using the best treatment parameters the GRID plan is compared to IMPT (Figure 19). OAR 

doses in the GRID plan is lower for all but one organ and the left main bronchus receives 

significantly less dose, which may result in less long term damage (see Table  for dose 

constraints). In the GRID plan the left lung receives higher dose to a smaller volume, roughly 
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5% of the organ volume. While in the IMPT plan a larger volume receives medium dose, in 

the dose range 0-50 Gy (Figure 19). This difference illustrate the general difference between 

IMPT and GRID therapy, where IMPT irradiate lower doses to the whole tumor and GRID 

high doses to smaller parts of the tumor. Though, radiation pneumonitis is assumed to  be 

the same for both plans under the iso-NTCPMLD constraint. Therefore GRID therapy has 

potential to reduce dose to all OARs except the lung in which the radiation traverse through. 

In general, the lung toxicity is dependent on how much total dose is needed for tumor 

control. 

Results for the fractionation course analysis are considered hypothetical, where the LLC 

partial irradiation immune response needs to be further explored in experiments. There is an 

indication that the NTCPMLD formula may not be representative, causing uncertainties in the 

DVH evaluation for lungs. However, even if the dose to OAR significantly increases, the 

dose reduction for the left main bronchus should still be large.  

Overall, the work provides a framework for implementing partial irradiation GRID therapy. 

The treatment outcome may be evaluated before commencing GRID therapy with the 

computational immune model and the optimal treatment parameters is selected for the 

individual patient and then implemented.  

5.4 Recommendations for future work 
In the previous discussion subchapters there are unfortunately a few unanswered questions. 

Many are due to lack of experimental data and other is due to limitation of an already large 

scope. There are two general areas that could be interesting to further explore involving the 

computational immune response model and GRID implementation into the treatment 

planning system. Each section is divided into separate parts. 

 

5.4.1 Future investigation for the computational immune response model 

There at least are three projects that may be interesting to investigate, one for the 67NR cell 

line, one for the lung cancer cell line and one exploring the immune response to 

fractionations. The 67NR cell line project can prove or falsify the immune response models 

predictive capabilities, while a full investigation using protons is suggested for the lung 

cancer cell line. 

A pinnacle for the predictive capabilities of the computational immune response model is 

shown in Figure 33: , where the parameter variations may be fitted with polynomials. By 

irradiating 67NR tumors with 12 Gy and 50% tumor volume irradiation, the results could be 

compared to the prediction from the immune response model. If the obtained 𝜔 and 𝑘 

parameters are in line with the trends observed for these parameters for other doses and 

volume, it would strongly indicate that the immune response model captures the biology 

and may be used to predict different scenarios not yet tested experimentally. For the 

experiment it is paramount to use the same methods as in the Markovsky study. 

Additionally an experiment using 10 Gy dose and 20% tumor volume irradiation could 

confirm or deny that there is a relationship between 𝜔 and irradiation volume. As a by-

product of these two experiments the control experiment could confirm the potential 
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doubling time 𝑇𝑑, where the two possibilities are shown in Figure 26: . Combined these 

experiments could prove the computational immune response model true or reveal that 

some biology is not fully understood. 

For the lung cancer cell line a full investigation using protons is very interesting. Obtaining 

parameters with all upper and lower boundaries using protons will make the fractionation 

course analysis considerably more interesting in terms of accuracy. If the 67NR project 

proves predictive capabilities of the computational immune response model, the number of 

lung cancer experiments could be reduced. If the irradiation volume relationship with 𝜔 is 

confirmed, irradiation experiments can be implemented for 100%, 50% and 10% tumor 

volume irradiation. Experiments can be implemented for 5 Gy, 10 Gy, 12 Gy and 15 Gy dose, 

where the 5 Gy dose experiment explore the lower limit for an immune response, thus used 

to fit the 𝑠 parameter. The immune response may decrease at 5 Gy, therefore the three other 

experiments are also needed. 50% tumor volume irradiation should be used for all 

experiments and 100% and 10% should be implemented only for 10 Gy or 12 Gy, where 10% 

tumor volume irradiation explore the lower limitations to induce an immune response. 

The last project would investigate the immune response properties in combination with 

fractionation. Two experiments are suggested, both with two irradiations of a tumor volume 

with proven immune response. The first experiment with irradiated once a week, 7 days 

after the first irradiation, and the second experiment twice a week, 4 days after first 

irradiation (Monday and Friday). After the second irradiation the measurements should 

continue as long as ethically possible considering the mice wellbeing, to gather data for the 

duration of the immune response. Preferably the projects should be implemented 

chronologically as they are based on each other. 

 

5.4.2 Future investigation of GRID implementation in a treatment planning system 

A methodology for GRID implementation using prescription spheres is developed. Though, 

valley dose measurements are only applied to one patient. Therefore the field angles and 

valley dose measurements can be generalized by implementing the analysis to a 

representative phantom and on more patients.  

To optimize GRID therapy to the individual patient, other field angles may be more optimal 

although they are static and bound by the packing structure. Therefore an implementation of 

an algorithm in the treatment planning system that rotates all angles with the structure to 

find the optimal coordination, e.g. identify the minimal tissue penetration for decreased 

toxicity and least amount of proton scatter. 

Additionally 2D prescription cylinders and partial irradiation to one part of the tumor could 

be investigated and compared to 3D prescription spheres. Valley dose and target volume 

definition could be used to evaluate the preferable technique for different parts of the body. 

The robustness for each method may be compared by investigating target motion and how it 

affects the dose delivery uncertainty. Both benefits and weaknesses for each method will be 

uncovered by this analysis, allowing a selection of the preferable method for partial 

irradiation with confidence. 
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6 Conclusion 
A novel computational immune response model is developed, describing the tumor volume 

each day after irradiation. The model is fitted to experimental data from partial irradiation of 

murine tumors, providing promising fits with low RMSE values. However, predictive 

capabilities of the model remain uncertain, where additional experimental data may confirm 

or refute the model. With the model comes robust tools for understanding how parameters 

affect each cell compartment and how different biological parameters impact the treatment 

outcome, for example in combination with immunotherapy. A by-product of the model 

development is the novel optimization method, which drastically improved optimization 

time. 

For partial irradiation of the tumor, a methodology using 3D prescription spheres in Eclipse 

treatment planning system is developed. A thorough analysis is commenced, where the best 

method is the face-centered cubic (FCC) packing. FCC is used to investigate how 

fractionation affects the treatment outcome, where twice a week fractionation was the 

optimal treatment course. A reduced organ at risk dose was obtained when comparing to an 

IMPT treatment plan. Though, the fractionation course analysis is based on hypothetical 

calculation and should be considered a demonstration of the procedure. Overall, this work 

provides a framework for understanding partial irradiation and immune response following 

GRID therapy. 
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Appendix A 
The full table containing all measurements from treatment plans in section 4.2.2 and 4.3.1.1. The table is in a raw format and all values should 

be rounded to 1 digit. In the table 𝑟𝑓𝑖𝑙𝑙 is the prescription sphere radius, PD is packing density, MLD is mean lung dose, FCC is face-centered 

cubic, BCC is body-centered cubic and SC is simple cubic.  

𝑟𝑓𝑖𝑙𝑙  

(cm) 
PD 

Valley dose 10 Gy 

(Gy) 
Valley dose 15 Gy (Gy) 

Actual 

PD (%) 

𝑉90 

(Gy) 

𝑉95 

(Gy) 

𝐷1𝑐𝑐𝑚 

(Gy) 
Upper dose (Gy) 

MLD 

(Gy)  

Mean target 

dose (Gy) 

FCC 

0.5 

0.2 - 

x: 13.45 

14.31 14.00 13.02 12.00 16.03 0.792 13.54 

y: 13.51 

z: 13.32 

Mean1: 13.43 

xy: 14.25 

yx: 13.92 

zx: 13.56 

Mean2: 13.91 

Weighted mean: 13.75 

0.4 

x: 9.34 x: 14.11 

30.01 13.81 12.89 11.59 16.55 0.924 13.64 

y: 9.18 y: 13.73 

z: 9.18 z: 13.76 

Mean1: 9.23 Mean1: 13.87 

xy: 9.24 xy: 13.90 

yx: 9.20 yx: 13.64 

zx: 9.24 zx: 13.83 

Mean2: 9.23 Mean2: 13.79 

Weighted mean: 9.23 Weighted mean: 13.82 

0.6 - 

x: 13.50 

58.01 13.88 13.40 11.89 16.19 0.994 13.62 y: 13.80 

z: 13.81 
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Mean1: 13.70 

xy: 14.00 

yx: 14.31 

zx: 14.00 

Mean2: 14.10 

Weighted mean: 13.97 

0.7 - 

x: 14.58 

72.29 13.87 13.31 11.86 16.18 0.992 13.82 

y: 14.48 

z: 14.31 

Mean1: 14.46 

xy: 14.46 

yx: 14.49 

zx: 13.62 

Mean2: 14.19 

Weighted mean: 14.28 

FCC 

1.0 

0.2 - 

x: 11.63 

19.59 13.95 13.14 11.93 16.46 0.693 13.65 

y: 11.86 

z: 11.40 

Mean1: 11.63 

xy: 11.64 

yx: 11.01 

zx: 10.10 

Mean2: 10.92 

Weighted mean: 11.15 

0.4 

x: 8.28 x: 13.33 

37.31 13.81 12.91 11.58 16.30 0.897 13.37 

y: 8.92 y: 12.60 

z: 9.19 z: 13.20 

Mean1: 8.80 Mean1: 13.04 

xy: 8.96 xy: 13.41 

yx: 8.88 yx: 13.36 
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zx: 8.75 zx: 13.13 

Mean2: 8.86 Mean2: 13.30 

Weighted mean: 8.84 Weighted mean: 13.21 

0.6 - 

x: 12.90 

55.97 13.85 13.25 11.76 16.42 0994 13.49 

y: 13.02 

z: 12.82 

Mean1: 12.91 

xy: 13.21 

yx: 13.39 

zx: 13.38 

Mean2: 13.32 

Weighted mean: 13.19 

0.7 - 

x: 12.30 

68.51 13.92 13.25 11.62 16.31 1.032 13.64 

y: 12.09 

z: 13.25 

Mean1: 12.55 

xy: 13.66 

yx: 13.30 

zx: 13.78 

Mean2: 13.58 

Weighted mean: 13.24 

FCC 

1.5 
0.2 - 

x:  

19.84 13.79 12.91 11.58 16.60 0.518 13.69 

y:  

z:  

Mean1:  

xy: 8.85 

yx: 9.89 

zx: 6.57 

Mean2: 8.44 

Weighted tot: 
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0.4 

x: 6.48 x: 8.91 

38.75 13.71 12.93 11.61 16.52 0.869 13.63 

y: 6.43 y: 10.39 

z: 6.87 z: 10.51 

Mean1: 6.59 Mean1: 9.94 

xy: 8.21 xy: 12.09 

yx: 8.30 yx: 12.58 

zx: 7.29 zx: 11.35 

Mean2: 7.93 Mean2: 12.01 

Weighted mean: 7.49 Weighted mean: 11.32 

0.6 - 

x: 10.55 

58.09 13.72 13.06 11.56 16.43 0.983 13.59 

y: 11.28 

z: 10.44 

Mean1: 10.76 

xy: 13.21 

yx: 13.47 

zx: 13.64 

Mean2: 13.44 

Weighted mean: 12.55 

0.7 - 

x: 11.34 

69.30 13.69 13.05 11.71 16.51 1.009 13.57 

y: 11.61 

z: 11.31 

Mean1: 11.42 

xy: 13.92 

yx: 13.67 

zx: 13.78 

Mean2: 13.79 

Weighted mean: 13.00 

FCC 

2.0 
0.2 - 

x:  

20.27 13.70 12.87 11.69 16.85 0.506 13.61 y:  

z:  
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Mean1:  

xy:  

yx: 7.17 

zx: 3.41 

Mean2: 5.29 

Weighted tot: 

0.4 

x: 6.98 x:  

38.21 13.79 13.14 11.52 16.48 0.845 13.61 

y: 5.57 y: 10.51 

z:  z:  

Mean1: 6.28 Mean1: 10.51 

xy: 8.01 xy: 12.11 

yx: 8.05 yx: 11.93 

zx: 7.67 zx: 10.18 

Mean2: 7.91 Mean2: 11.41 

Weighted mean: 7.37 Weighted mean: 11.11 

0.6 - 

x:  

56.43 13.75 13.25 11.37 16.43 0.937 13.71 

y: 11.06 

z: 11.07 

Mean1: 11.07 

xy: 13.53 

yx: 13.42 

zx: 13.83 

Mean2: 13.59 

Weighted mean: 12.75 

0.7 - 

x: 10.48 

67.83 13.68 13.11 11.74 16.67 1.000 13.68 

y: 9.21 

z: 9.27 

Mean1: 9.65 

xy: 13.97 

yx: 13.99 
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zx: 14.42 

Mean2: 14.13 

Weighted mean: 12.64 

BCC 

1.5 
0.2 - 

x: 10.51 

28.03 13.97 13.16 11.70 16.29 0.883 13.81 

y: 10.82 

z: 11.02 

Mean1: 10.78 

xy: 9.33 

yx: 11.25 

zx: 8.80 

Mean2: 9.79 

Weighted mean: 10.22 

SC 1.5 0.2 - 

x: 13.27 

15.76 14.05 13.56 12.00 16.03 0.404 13.86 

y: 13.68 

z: 7.54 

Mean1: 11.50 

xy: 3.92 

yx: 12.55 

zx: 12.86 

Mean2: 9.78 

Weighted mean: 13.31 
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Appendix B 
Two sample programs are included in the appendix implemented in Python: The first is for 

plotting and comparing the results from the 67NR breast cancer fit called analyse.py and the 

second is for optimizing the free parameters, with the 67NR breast cancer data included 

using the combined optimization method, called optimize.py. optimize.py plots the 

optimized fit, prints the parameter values and plots RMSE per iteration. Additionally all 

values are saved in an excel file called “67NR Breast cancer – result” for closer inspection. 

Because the parameters are rounded to two figures in the programs, the results has a minute 

deviation from the results presented. 

All scripts are fairly unreadable in this document, but the format is copied from the 

programming editor. Once the code is copied into for example the Spyder editor, the code is 

more pleasing and readable. 

To use the sample programs it is important to name the compartment scripts with the given 

name (Case sensitive) and to put all scripts and programs in the same folder. There are four 

additional python scripts included called Active.py, Inactive.py, Viable.py and Doomed.py, 

describing the respective compartments  

Active.py 

import numpy as np 

 

# The CD8+ T activation function 

def activate(NdT, s): 

    return np.tanh(s*NdT) 

 

# Surviving fraction function 

def SF(a, ab, d): 

    return np.exp(-a*d * (1 + d/ab)) 

 

# New number of active CD8+ T cells at day i + 1 

def newDay(Na, Ch, day, activatedNL, Nt, NdT, omega,s, NuC, radv, a, ab, 

d): 

     

    # Calculating the half-life for active CD8+ T cells 

    halflife = np.exp(-np.log(2)/Ch) 



110 

 

     

    # Calculating the activation function 

    active   = activate(NdT, s) 

     

    # Active CD8+ T cells killed by irradiation 

    Na_irr   = SF(a, ab, d)*Na 

    NdA      = Na - Na_irr 

     

     

    # Declearing the variable N equal to the current number of active CD8+ 

T cells 

    N = Na_irr 

     

    # New number of active CD8+ T cells due to irradiation, if a fraction 

is administerd at this day  

    if(d != 0): 

        N        = Na_irr + NuC * active     

     

    # New amount of active CD8+ T cells diffusing into the tumor from the 

draining lymph nodes 

    if(activatedNL == True): 

        N += Nt * omega  

     

    # New number of active CD8+ T cells after multiplication with the 

half-life 

    Na_new   = N * halflife      

     

    # Number of new doomed active CD8+ T cells 

    NdA     += N - Na_new     

     

    # New number of active CD8+ T cells, Number of doomed active CD8+ T 

cells, calculation of the activation function  

    return Na_new, NdA, active 

 

# CD8+ T cells killing viable cancer cells 
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def kill(Nt, NdT, Cd8Kill, Na): 

    # Number of kills due to active CD8+ T cells subtracted from viable 

cancer cells 

    # and added to doomed pool 

    kills = Cd8Kill * Na 

    Nt_new = Nt - kills 

    if(Nt_new < 0): 

        Nt_new = 0 

        NdT_new = NdT + Nt 

    else: 

        NdT_new = NdT + kills 

    return Nt_new, NdT_new 

 

Inactive.py 

import numpy as np 

 

# Surviving fraction function 

def SF(a, ab, d): 

    return np.exp(-a*d * (1 + d/ab)) 

 

 

# New number of cells at day i + 1 

def newDay(Nua, a, ab, d, radVolume):         

     

    # Surviving fraction and number of inactive CD8+ T cells 

    SurvivingFractionUA = SF(a, ab, d)          

     

    # New number of inactive CD8+ T cells due to irradiation 

    Nua_new             = Nua * ((1 - radVolume) + (SurvivingFractionUA * 

radVolume)) 

     

    # Number of doomed inactive CD8+ T cells 

    NdU_new = Nua - Nua_new 
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    # New number of inactive CD8+ T cells, Number of doomed inactive CD8+ 

T cells 

    return Nua_new, NdU_new 

 

# Remove inactive CD8+ T cells due to activation from irradiation 

def RemoveInactive(NiC, active, d): 

    return NiC - active * NiC 

 

Viable.py 

import numpy as np 

 

# Surviving fraction 

def SF(a, ab, d): 

    return np.exp(-a*d * (1 + d/ab)) 

 

 

# New number of cells before next day 

def newDay(Nt, a, ab, d, Td, radVolume):     

    # Surviving fraction 

    SurvivingFraction = SF(a, ab, d) 

    # Doubling time 

    doublingTime      = np.exp(np.log(2)/Td) 

     

    # Surviving cells 

    Nt_survive        = ((1-radVolume) + radVolume*SurvivingFraction) * Nt  

     

    # New amount of cells after irradiation 

    Nt_new            = Nt_survive * doublingTime 

     

    # Number of viable cells added to doomed cells       

    NdT_new           = Nt - Nt_survive 
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    return Nt_new, NdT_new 

 

Doomed.py 

import numpy as np 

 

# Multiply the current doomed cells with the half-life and return result 

def newDay(Nd, NdT, NdU, NdA, Dh): 

    halflife = np.exp(-np.log(2) / Dh) 

    return (Nd + NdT + NdU + NdA) * halflife 

 

Analyse.py 

import numpy as np 

import matplotlib.pyplot as plt 

from matplotlib.legend_handler import HandlerLine2D, HandlerTuple 

 

active = __import__(“Active”) 

inactive = __import__(“Inactive”) 

viable = __import__(“Viable”) 

doomed = __import__(“Doomed”) 

 

 

“”” Computational immune response model “”” 

def tumor_growth_model(days, fractions, startNt, startNa, aT, abT, Td, aC, 

abC, Ch, Cd8Kill, Dh, 

                       d, radv, dNL, omega, s): 

     

    # Nt  = Viable cancer cell matrix 

    # NaC = Active CD8+ T cell matrix 

    # NiC = Inactive CD8+ T cell matrix 

    # Nd  = Doomed cell matrix  

    Nt, Nd, NiC, NaC = np.zeros((4,days)) 
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    Nt[0]                  = startNt 

    NaC[0]                 = startNa 

    NiC[0]                 = 100 - startNt - startNa 

     

    # Calculation the tumor volume at day i + 1 for the number of days 

selected. 

    for i in range(1,days): 

         

        # Turn irradiation off after set amount of fractions 

        if(fractions == 0 or fractions < i): 

            d = 0 

         

        # Cancer cells at day i + 1 

        Nt[i], NdT  = viable.newDay(Nt[i-1], aT, abT, d, Td, radv) 

         

        # Inactive CD8+ T cells at day i + 1  

        NiC[i], NdU = inactive.newDay(NiC[i-1], aC, abC, d, radv) 

         

        # Active CD8+ T cells at day i + 1 

        NaC[i], NdA, activated = active.newDay(NaC[i-1], Ch, days, dNL, 

Nt[i], NdT, omega, s, NiC[i], radv, aC, abC, d) 

         

        # Removing inactive cells from its respective compartment due to 

irradiation 

        NiC[i] = inactive.RemoveInactive(NiC[i], activated, d) 

         

        # Transfer viable cancer cells killed by active CD8+ T cells into 

the doomed cell compartment 

        Nt[i], NdT  = active.kill(Nt[i], NdT, Cd8Kill, NaC[i]) 

         

        # Remove doomed cells from the tumor volume due to doomed cells 

half-life   

        Nd[i] = doomed.newDay(Nd[i-1], NdT, NdU, NdA, Dh) 

         

    # Returning the relative tumor volume each day 
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    volume = Nt + Nd + NiC + NaC     

    return volume 

 

 

 

 

 

“”” Tumor constants  “”” 

alphaT      = 0.05    #  Alpha value 

alphabetaT  = 4.4     #  Alpha / beta value 

Td          = 3.16    #  Potential tumor volume doubling time 

 

 

“””  CD8+T Constants  “”” 

alphaC      = 0.182   #  Alpha value 

alphabetaC  = alphaC / 0.143 #  Alpha / beta value 

Ch          = 1.7     #  Active CD8+ T half life time 

 

 

“”” Cell variables    “”” 

Dh         = 17.5     #  Doomed cell clearance time 

 

 

“”” Free parameters “”” 

s        = 100        #  Steepness parameter 

Nt0      = 73.02      #  Percentage of viable cancer cells at day zero 

Na0      = 0.0        #  Percentage of active CD8+ T cells at day zero 

k        = 0.69       #  Average cancer cells killed per day per CD8+ T 

cell 

omega50  = 0.217      #  Infiltration rate for 50% tumor volume irradiation 

omega100 = 0.165      #  Infiltration rate for 100% tumor volume 

irradiation 
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“”” Global variables “”” 

######################## 

 

“”” For all  “”” 

days      = 30 + 1    #  Days simulated 

fractions = 1         #  Number of fractions 

dNLoff    = False     #  Draining lymph node activation. True = on; False = 

off 

dNLon     = True 

 

 

“”” Un-irradiated variables “”” 

du         = 0        #  Dose 

radVu      = 0        #  Fraction of tumor volume irraadiatied 

 

 

“”” Global irradiated variables “”” 

dose       = 10        #  Dose 

 

 

“”” Field size variables “”” 

radV100 = 1.          # Fraction of tumor volume irraadiatied (100%) 

radV50  = 0.5         # Fraction of tumor volume irraadiatied (50%) 

 

######################## 

“””””””””””””””””””””””” 

 

 

 

“”” Simulation “”” 

# Unirradiatied, 50% tumor volume irradiation and 100% tumor volume 

irradiation 

unirradiated          = tumor_growth_model(days, fractions, Nt0, Na0, 
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alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch, 

                                           0, Dh, du, radVu, dNLoff, 0, s) 

 

WholeTumorIrradiation = tumor_growth_model(days, fractions, Nt0, Na0, 

alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch, 

                                           k, Dh, dose, radV100, dNLon, 

omega100, s) 

 

HalfTumorIrradiation  = tumor_growth_model(days, fractions, Nt0, Na0, 

alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch, 

                                           k, Dh, dose, radV50, dNLon, 

omega50, s) 

 

 

 

“”” Plotting “”” 

# Experimental data points for 50% = H, 100% = W, unirradiated = U 

xH  = [0, 1, 2, 3, 5, 6, 7, 8, 9, 10, 13, 14, 15, 17, 20, 21, 22, 24, 0, 1, 

3, 5, 6, 7, 8, 9, 11, 12, 14, 15, 0, 2, 5, 7, 9, 13, 16, 19, 0, 1, 2, 4, 5, 

7, 8, 11, 12, 15] 

yH  = 

[100.0,117.9245283018868,125.47169811320755,127.35849056603774,149.05660377

35849,139.62264150943395,163.2075471698113,127.35849056603774,123.584905660

37736,131.13207547169813,160.37735849056605,146.22641509433961,140.56603773

584905,136.7924528301887,105.66037735849059,102.8301886792453,98.1132075471

6981,126.41509433962266, 100., 124.59016393, 154.09836066, 173.7704918, 

183.60655738, 200. ,195.08196721, 185.24590164, 208.19672131, 200., 

196.72131148, 183.60655738, 

100.0,115.51724137931035,141.3793103448276,148.27586206896552,156.896551724

13794,168.9655172413793,137.93103448275863,125.86206896551724, 

100.0,144.57831325301206,198.7951807228916,208.433734939759,228.91566265060

243,242.16867469879517,212.0481927710843,200.0,210.84337349397592,230.12048

192771087] 

 

xW  = [0, 1, 2, 3, 5, 6, 7, 8, 9, 10, 13, 14, 15, 17, 20, 21, 22, 24, 27, 

30, 0, 1, 3, 5, 6, 7, 8, 9, 11, 12, 14, 15, 0, 2, 5, 7, 9, 13, 16, 19, 0, 

1, 2, 4, 5, 7, 8, 12, 15] 

yW  = 

[100.0,100.9433962264151,92.45283018867924,102.8301886792453,136.7924528301

887,140.56603773584905,139.62264150943395,130.18867924528303,177.3584905660

3774,163.2075471698113,194.3396226415094,180.18867924528303,149.05660377358

49,160.37735849056605,150.0,156.60377358490567,114.15094339622642,123.58490

566037736,125.47169811320755,151.88679245283018,100., 124.59016393, 

132.78688525, 157.37704918, 168.85245902, 155.73770492, 180.32786885, 
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175.40983607, 206.55737705, 188.52459016, 165.57377049, 181.96721311, 

100.0,131.0344827586207,131.0344827586207,143.10344827586206,136.2068965517

2413,136.20689655172413,108.62068965517241,106.89655172413795, 

100.0,112.98701298701297,168.8311688311688,162.33766233766232,164.935064935

06493,183.1168831168831,135.06493506493504,140.25974025974025,180.519480519

4805] 

 

xU = [0, 1, 3, 5, 6, 8, 0, 2, 4, 5, 7, 8] 

yU = [100., 121.21212121, 157.57575758, 206.06060606, 275.75757576, 

369.6969697,100.0,206.89655172413794,263.2183908045977,327.58620689655174,4

14.94252873563215,467.8160919540231] 

 

 

day = np.linspace(0, days-1, days) 

 

fig, ax = plt.subplots(figsize=(20,16)) 

plt.subplots_adjust(wspace=0.30) 

fig.suptitle(“67NR - Simeltaneous fit”, fontsize=”23”, y=0.91) 

 

ax = plt.subplot(3,3,1) 

p1, = ax.plot(xU, yU, “o”, markerfacecolor=”lightgray”, 

markeredgecolor=”black”, markeredgewidth=1.3, alpha=0.5, markersize=10) 

p2, = ax.plot(day, unirradiated, color=”black”, linewidth=2) 

plt.ylim([0,700]) 

plt.xlim(xmin=0) 

plt.xticks(fontsize=15) 

plt.yticks(fontsize=15) 

plt.ylabel(“Relative tumor volume, %”, fontsize=19) 

plt.xlabel(“Days”, fontsize=19) 

ax.xaxis.set_major_locator(plt.MultipleLocator(5)) 

l = plt.legend([p2, p1], [”Fit - No RT”,’Data’,”Unused data”], numpoints=1, 

               handler_map={tuple: HandlerTuple(ndivide=None)}, 

fontsize=18, loc=”upper right”) 

plt.grid(alpha=0.2) 

 

ax = plt.subplot(3,3,2) 

p5, = ax.plot(xH, yH, “o”, markerfacecolor=”lightblue”, 

markeredgecolor=”dodgerblue”, markeredgewidth=1.3, alpha=0.5, 
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markersize=10) 

p6, = ax.plot(day, HalfTumorIrradiation, “—“, color=”dodgerblue”, 

linewidth=2) 

plt.ylim([0,700]) 

plt.xlim(xmin=0) 

plt.xticks(fontsize=15) 

plt.yticks(fontsize=15) 

plt.ylabel(“Relative tumor volume, %”, fontsize=19) 

plt.xlabel(“Days”, fontsize=19) 

ax.xaxis.set_major_locator(plt.MultipleLocator(5)) 

plt.legend(fontsize=12, loc=”upper left”) 

l = plt.legend([p6, p5], [”Fit - 10 Gy (50%)”,’Data’], numpoints=1, 

               handler_map={tuple: HandlerTuple(ndivide=None)}, 

fontsize=18) 

plt.grid(alpha=0.2) 

 

ax = plt.subplot(3,3,3) 

p5, = ax.plot(xW, yW, “o”, markerfacecolor=”palegreen”, 

markeredgecolor=”springgreen”, markeredgewidth=1.3, alpha=0.5, 

markersize=10) 

p6, = ax.plot(day, WholeTumorIrradiation, color=”springgreen”, linewidth=2) 

plt.ylim([0,700]) 

plt.xlim(xmin=0) 

plt.xticks(fontsize=15) 

plt.yticks(fontsize=15) 

plt.ylabel(“Relative tumor volume, %”, fontsize=19) 

plt.xlabel(“Days”, fontsize=19) 

ax.xaxis.set_major_locator(plt.MultipleLocator(5)) 

l = plt.legend([p6, p5], [”Fit - 10 Gy (100%)”,’Data’], numpoints=1, 

               handler_map={tuple: HandlerTuple(ndivide=None)}, 

fontsize=18) 

plt.grid(alpha=0.2) 

plt.show() 
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Optimize.py 

import numpy as np 

from sklearn.metrics import mean_squared_error 

from xlwt import Workbook  

import time 

import matplotlib.pyplot as plt 

from matplotlib.legend_handler import HandlerLine2D, HandlerTuple 

import logging 

logging.getLogger().setLevel(logging.CRITICAL) 

 

active = __import__(“Active”) 

inactive = __import__(“Inactive”) 

viable = __import__(“Viable”) 

doomed = __import__(“Doomed”) 

 

“”” Computational immune response model “”” 

def tumor_growth_model(days, fractions, startNt, startNa, aT, abT, Td, aC, 

abC, Ch, Cd8Kill, Dh, 

                       d, radv, dNL, omega, s): 

     

    # Nt  = Viable cancer cell matrix 

    # NaC = Active CD8+ T cell matrix 

    # NiC = Inactive CD8+ T cell matrix 

    # Nd  = Doomed cell matrix  

    Nt, Nd, NiC, NaC = np.zeros((4,days)) 

    Nt[0]                  = startNt 

    NaC[0]                 = startNa 

    NiC[0]                 = 100 - startNt - startNa 

     

    # Calculation the tumor volume at day i + 1 for the number of days 

selected. 

    for i in range(1,days): 

         

        # Turn irradiation off after set amount of fractions 

        if(fractions == 0 or fractions < i): 

            d = 0 

         

        # Cancer cells at day i + 1 

        Nt[i], NdT  = viable.newDay(Nt[i-1], aT, abT, d, Td, radv) 

         

        # Inactive CD8+ T cells at day i + 1  

        NiC[i], NdU = inactive.newDay(NiC[i-1], aC, abC, d, radv) 

         

        # Active CD8+ T cells at day i + 1 

        NaC[i], NdA, activated = active.newDay(NaC[i-1], Ch, days, dNL, 

Nt[i], NdT, omega, s, NiC[i], radv, aC, abC, d) 

         

        # Removing inactive cells from its respective compartment due to 

irradiation 

        NiC[i] = inactive.RemoveInactive(NiC[i], activated, d) 

         

        # Transfer viable cancer cells killed by active CD8+ T cells into 

the doomed cell compartment 

        Nt[i], NdT  = active.kill(Nt[i], NdT, Cd8Kill, NaC[i]) 

         

        # Remove doomed cells from the tumor volume due to doomed cells 

half-life   

        Nd[i] = doomed.newDay(Nd[i-1], NdT, NdU, NdA, Dh) 
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    # Returning the relative tumor volume each day 

    volume = Nt + Nd + NiC + NaC     

    return volume 

 

 

 

“”” Tumor constants  “”” 

alphaT      = 0.05    #  Alpha value 

alphabetaT  = 4.4     #  Alpha / beta value 

Td          = 3.15765765766    #  Potential tumor volume doubling time 

 

 

“””  CD8+T Constants  “”” 

alphaC      = 0.182   #  Alpha value 

alphabetaC  = alphaC / 0.143 #  Alpha / beta value 

Ch          = 1.7     #  Active CD8+ T half life time 

 

 

“”” Cell variables    “”” 

Dh         = 17.5     #  Doomed cell clearance time 

 

 

“”” Global variables “”” 

######################## 

 

“”” For all  “”” 

days      = 30 + 1    #  Days simulated 

fractions = 1         #  Number of fractions 

dNLoff    = False     #  Draining lymph node activation. True = on; False = 

off 

dNLon     = True 

 

 

“”” Un-irradiated variables “”” 

du         = 0        #  Dose 

radVu      = 0        #  Fraction of tumor volume irraadiatied 

 

 

“”” Global irradiated variables “”” 

dose       = 10        #  Dose 

 

 

“”” Field size variables “”” 

radV100 = 1.          # Fraction of tumor volume irraadiatied (100%) 

radV50  = 0.5         # Fraction of tumor volume irraadiatied (50%) 

 

######################## 

“””””””””””””””””””””””” 

 

“”” Fitting points  “”” 

######################## 

# Experimental data points for 50% = H, 100% = W, unirradiated = U 

xH  = [0, 1, 2, 3, 5, 6, 7, 8, 9, 10, 13, 14, 15, 17, 20, 21, 22, 24, 0, 1, 

3, 5, 6, 7, 8, 9, 11, 12, 14, 15, 0, 2, 5, 7, 9, 13, 16, 19, 0, 1, 2, 4, 5, 

7, 8, 11, 12, 15] 

yH  = 

[100.0,117.9245283018868,125.47169811320755,127.35849056603774,149.05660377

35849,139.62264150943395,163.2075471698113,127.35849056603774,123.584905660

37736,131.13207547169813,160.37735849056605,146.22641509433961,140.56603773
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584905,136.7924528301887,105.66037735849059,102.8301886792453,98.1132075471

6981,126.41509433962266, 100., 124.59016393, 154.09836066, 173.7704918, 

183.60655738, 200. ,195.08196721, 185.24590164, 208.19672131, 200., 

196.72131148, 183.60655738, 

100.0,115.51724137931035,141.3793103448276,148.27586206896552,156.896551724

13794,168.9655172413793,137.93103448275863,125.86206896551724, 

100.0,144.57831325301206,198.7951807228916,208.433734939759,228.91566265060

243,242.16867469879517,212.0481927710843,200.0,210.84337349397592,230.12048

192771087] 

 

xW  = [0, 1, 2, 3, 5, 6, 7, 8, 9, 10, 13, 14, 15, 17, 20, 21, 22, 24, 27, 

30, 0, 1, 3, 5, 6, 7, 8, 9, 11, 12, 14, 15, 0, 2, 5, 7, 9, 13, 16, 19, 0, 

1, 2, 4, 5, 7, 8, 12, 15] 

yW  = 

[100.0,100.9433962264151,92.45283018867924,102.8301886792453,136.7924528301

887,140.56603773584905,139.62264150943395,130.18867924528303,177.3584905660

3774,163.2075471698113,194.3396226415094,180.18867924528303,149.05660377358

49,160.37735849056605,150.0,156.60377358490567,114.15094339622642,123.58490

566037736,125.47169811320755,151.88679245283018,100., 124.59016393, 

132.78688525, 157.37704918, 168.85245902, 155.73770492, 180.32786885, 

175.40983607, 206.55737705, 188.52459016, 165.57377049, 181.96721311, 

100.0,131.0344827586207,131.0344827586207,143.10344827586206,136.2068965517

2413,136.20689655172413,108.62068965517241,106.89655172413795, 

100.0,112.98701298701297,168.8311688311688,162.33766233766232,164.935064935

06493,183.1168831168831,135.06493506493504,140.25974025974025,180.519480519

4805] 

 

xU = [0, 1, 3, 5, 6, 8, 0, 2, 4, 5, 7, 8] 

yU = [100., 121.21212121, 157.57575758, 206.06060606, 275.75757576, 

369.6969697,100.0,206.89655172413794,263.2183908045977,327.58620689655174,4

14.94252873563215,467.8160919540231] 

 

######################## 

“””””””””””””””””””””””” 

 

“”” Boundry “”” 

# Initiating bounday conditions 

Nt0      = [40,98]  # Viable cancer cells at day zero 

Na0      = [0,60]   # Active CD8+ T cells at day zero 

k        = [0,24]   # Cancer cells kileld per day per CD8+ T cell 

omega50  = [0,1]    # Infiltration rate for 50% tumor volume irradiation  

omega100 = [0,1]    # Infiltration rate for 100% tumor volume irradiation  

s        = 100      # Initiating the steepness variable  

 

boundry = [[Nt0[0], Nt0[1]], 

          [Na0[0], Na0[1]], 

          [k[0], k[1]], 

          [omega50[0], omega50[1]], 

          [omega100[0], omega100[1]]] 

 

“”” Storing best and initiation “”” 

# Matrices for storing the best variables is created with a random initial 

value within the boundary 

bestNt0    = np.random.uniform(40,98) 

bestNa0    = np.random.uniform(0,100-bestNt0) 

bestCkill  = np.random.uniform(0,24) 

bestdnlO   = np.random.uniform(0,1) 

bestdnlH   = np.random.uniform(0,1) 

 

# Initiating the mean squared error 
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bestmse    = 1e40 

 

# Initiating holding matrices to store variables 

best = [bestNt0, bestNa0, bestCkill, bestdnlO, bestdnlH, bestmse] 

start = np.copy(best) 

 

mse  = [] 

itts = [] 

 

“”” Steplength “”” 

# Maximum step length in the same order as before. The variable m in the 

combined optmiziation method 

dmax = [88, 60, 24, 1, 1]  

 

“””” Run variables  “”” 

itterations = 1500                # Number of iterations per loop 

loops       = 2                   # How many loops, reset of the j variable 

in the combined optimization method 

t0          = time.perf_counter() # Constant used for run time calculation 

 

 

 

“”” Optimization loop “”” 

for f in range(loops): # The loop count 

    for i in range(itterations): # The iteration count 

        temp = np.copy(best)     # Variable for storing the temporarly best 

parameters 

        T    = np.exp(-0.005*i)  # Initiating the temperature for 

itteration i. 0.005 is an abritary value choosen for the temperature 

decrease in a suitable pace 

        delt = dmax * np.random.uniform(0,1,5) * T # Randomly selecting +/- 

step size for each parameter 

         

        # The for loops itterates through each parameter 

        # The if loops check if the selected parameter is within the 

boundaries 

        # Parameters selected is +/- a delta value from the current best, 

including the current best 

        # a = Na0, t = Nt0, c = k, w = omega100, h = omega50 

        # All loops are nested and therefore loops through all possible 

combinations 

        # The unirradiated, 100% and 50% tumor growth is simulated 

        # and the mean squared error is sampled for each simulation and 

summed for a total MSE 

        # The total MSE is compared to the temporary best mse. If the fit  

improves the MSE  

        # the new parameter combination is stored as the temporary best 

parameter combination 

        for a in np.linspace(best[1] - delt[1], best[1] + delt[1], 3): 

            if(a >= boundry[1][0] and a <= boundry[1][1] and a <= 100 - 

best[0]): 

                 

                for t in np.linspace(best[0] - delt[0], best[0] + delt[0], 

3): 

                    if(t >= boundry[0][0] and t <= boundry[0][1] and t <= 

100 - a): 

                         

                        for c in np.linspace(best[2] - delt[2], best[2] + 

delt[2], 3): 

                            if(c >= boundry[2][0] and c <= boundry[2][1]): 
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                                unirradiated = tumor_growth_model(days, 

fractions, t, a, alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch,  

                                                                     0, Dh, 

du, radVu, dNLoff, 0, s) 

                                upred = np.take(unirradiated, xU) 

                                umse  = mean_squared_error(yU, upred) 

                                 

                                 

                                for o in np.linspace(best[3] - delt[3], 

best[3] + delt[3], 3): 

                                    if(o >= boundry[3][0] and o <= 

boundry[3][1]): 

                                         

                                        WholeTumorIrradiation = 

tumor_growth_model(days, fractions, t, a, alphaT, alphabetaT, Td, alphaC, 

alphabetaC, Ch,  

                                                                     c, Dh, 

dose, radV100, dNLon, o, s) 

                                        wpred = 

np.take(WholeTumorIrradiation, xW) 

                                        wmse  = mean_squared_error(yW, 

wpred) 

                                         

                                        for h in np.linspace(best[4] - 

delt[4], best[4] + delt[4], 3): 

                                            if(h >= boundry[4][0] and h <= 

boundry[4][1]): 

                                                 

                                                HalfTumorIrradiation = 

tumor_growth_model(days, fractions, t, a, alphaT, alphabetaT, Td, alphaC, 

alphabetaC, Ch,  

                                                                     c, Dh, 

dose, radV50, dNLon, h, s) 

                                                hpred = 

np.take(HalfTumorIrradiation, xH) 

                                                hmse  = 

mean_squared_error(yH, hpred) 

                                                 

                                                msetot = umse + wmse + hmse 

                                                 

                                                if(msetot < temp[5]): 

                                                    temp[5] = msetot 

                                                    temp[0] = t 

                                                    temp[1] = a 

                                                    temp[2] = c 

                                                    temp[3] = o 

                                                    temp[4] = h 

                                                         

         

        # If the temporary best parameters is better than the gloabl best 

        # The new  global best is the temporary best parameters 

        if(temp[5] < best[5]): 

            best = np.copy(temp) 

         

        # Stores the mean squared error per itteration 

        mse.append(best[5]) 

        itts.append(i + f * itterations) 

         

        # Tracks the run time and prints it each 100 itteration 
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        if(i % 100 == 0): 

            t1 = -(t0 - time.perf_counter()) 

            print(“Itteration = %0.f/%0.f ### Time = %.0f s (%.1f m) ### 

MSE = %.0f ### Temperature = %.5f” %(i + f * itterations, itterations * 

loops, t1, t1/60, best[5], T)) 

 

                   

### Plot the optimized fit for each compartment ###  

day = np.linspace(0, days-1, days) 

unirradiated = tumor_growth_model(days, fractions, best[0], best[1], 

alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch,  

                                                                     0, Dh, 

du, radVu, dNLoff, 0, s) 

WholeTumorIrradiation = tumor_growth_model(days, fractions, best[0], 

best[1], alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch,  

                                                                     

best[2], Dh, dose, radV100, dNLon, best[3], s) 

HalfTumorIrradiation = tumor_growth_model(days, fractions, best[0], 

best[1], alphaT, alphabetaT, Td, alphaC, alphabetaC, Ch,  

                                                                     

best[2], Dh, dose, radV50, dNLon, best[4], s) 

 

fig, ax = plt.subplots(figsize=(20,16)) 

plt.subplots_adjust(wspace=0.30) 

fig.suptitle(“67NR - Optimized fit”, fontsize=”23”, y=0.91) 

 

ax = plt.subplot(3,3,1) 

p1, = ax.plot(xU, yU, “o”, markerfacecolor=”lightgray”, 

markeredgecolor=”black”, markeredgewidth=1.3, alpha=0.5, markersize=10) 

p2, = ax.plot(day, unirradiated, color=”black”, linewidth=2) 

plt.ylim([0,700]) 

plt.xlim(xmin=0) 

plt.xticks(fontsize=15) 

plt.yticks(fontsize=15) 

plt.ylabel(“Relative tumor volume, %”, fontsize=19) 

plt.xlabel(“Days”, fontsize=19) 

ax.xaxis.set_major_locator(plt.MultipleLocator(5)) 

l = plt.legend([p2, p1], [”Fit - No RT”,’Data’,”Unused data”], numpoints=1, 

               handler_map={tuple: HandlerTuple(ndivide=None)}, 

fontsize=18, loc=”upper right”) 

plt.grid(alpha=0.2) 

 

ax = plt.subplot(3,3,2) 

p5, = ax.plot(xH, yH, “o”, markerfacecolor=”lightblue”, 

markeredgecolor=”dodgerblue”, markeredgewidth=1.3, alpha=0.5, 

markersize=10) 

p6, = ax.plot(day, HalfTumorIrradiation, “—“, color=”dodgerblue”, 

linewidth=2) 

plt.ylim([0,700]) 

plt.xlim(xmin=0) 

plt.xticks(fontsize=15) 

plt.yticks(fontsize=15) 

plt.ylabel(“Relative tumor volume, %”, fontsize=19) 

plt.xlabel(“Days”, fontsize=19) 

ax.xaxis.set_major_locator(plt.MultipleLocator(5)) 

plt.legend(fontsize=12, loc=”upper right”) 

l = plt.legend([p6, p5], [”Fit - 10 Gy (50%)”,’Data’], numpoints=1, 

               handler_map={tuple: HandlerTuple(ndivide=None)}, 

fontsize=18) 

plt.grid(alpha=0.2) 
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ax = plt.subplot(3,3,3) 

p5, = ax.plot(xW, yW, “o”, markerfacecolor=”palegreen”, 

markeredgecolor=”springgreen”, markeredgewidth=1.3, alpha=0.5, 

markersize=10) 

p6, = ax.plot(day, WholeTumorIrradiation, color=”springgreen”, linewidth=2) 

plt.ylim([0,700]) 

plt.xlim(xmin=0) 

plt.xticks(fontsize=15) 

plt.yticks(fontsize=15) 

plt.ylabel(“Relative tumor volume, %”, fontsize=19) 

plt.xlabel(“Days”, fontsize=19) 

ax.xaxis.set_major_locator(plt.MultipleLocator(5)) 

l = plt.legend([p6, p5], [”Fit - 10 Gy (100%)”,’Data’], numpoints=1, 

               handler_map={tuple: HandlerTuple(ndivide=None)}, 

fontsize=18) 

plt.grid(alpha=0.2) 

plt.show()              

 

 

### Plot the RMSE per iteration ### 

plt.subplots(figsize=(8,6)) 

plt.title(“Root mean squared error each iteration”, fontsize=”16”, y=1.02) 

plt.xlabel(“Itterations”, fontsize=”14”) 

plt.ylabel(“Root mean squared error”, fontsize=”14”) 

plt.plot(itts, np.sqrt(mse)) 

plt.xlim([0, itterations * loops - 1]) 

 

 

### Print the optimized values ### 

print(“######################################################”) 

print(“Nt\u2080 = %.2f, Na\u2080 = %.2f , k = %.2f, 

\u03C9\u2081\u2080\u2080 = %.3f, \u03C9\u2085\u2080 = %.3f, RMSE = %.2f” 

%(best[0], best[1], best[2], best[3], best[4], np.sqrt(best[5]))) 

print(“######################################################”) 

 

# Writing results into the excel sheet 

wb = Workbook() 

 

sheet1 = wb.add_sheet(‘Results’)  

sheet1.write(0, 1, ‘Nt0’)  

sheet1.write(0, 2, ‘Na0’)  

sheet1.write(0, 3, ‘k’)  

sheet1.write(0, 4, ‘omega100’) 

sheet1.write(0, 5, ‘omega50’)   

sheet1.write(0, 6, ‘RMSE’) 

 

  

sheet1.write(1, 0, “Best”)  

sheet1.write(1, 1, best[0])  

sheet1.write(1, 2, best[1])  

sheet1.write(1, 3, best[2])  

sheet1.write(1, 4, best[3]) 

sheet1.write(1, 5, best[4])   

sheet1.write(1, 6, np.sqrt(best[5])) 

#--Start--# 

sheet1.write(2, 0, “Start”)  

sheet1.write(2, 1, start[0])  

sheet1.write(2, 2, start[1])  

sheet1.write(2, 3, start[2])  
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sheet1.write(2, 4, start[3]) 

sheet1.write(2, 5, start[4])   

sheet1.write(2, 6, start[5])  

 

sheet2 = wb.add_sheet(‘RMSE each iteration’)  

sheet2.write(0, 0, “Iterations”)  

sheet2.write(0, 1, “RMSE”) 

for i in range(len(itts)):  

    sheet2.write(i + 1, 0, itts[i])  

    sheet2.write(i + 1, 1, np.sqrt(mse[i]))  

 

wb.save(“67NR Breast cancer result.xls”)  

 


