
Epidemiological, econometric, and decision

theoretic applications of statistical inference

Emil Aas Stoltenberg

Dissertation presented for the degree of

Philosophiae Doctor (PhD)

Department of Mathematics

University of Oslo

May 2020



c©Emil Aas Stoltenberg, 2020

Series of dissertations submitted to the

Faculty of Mathematics and Natural Sciences, University of Oslo

No. 2314

ISSN 1501-7710

All rights reserved. No part of this publication may be

reproduced or transmitted, in any form or by any means, without permission.

Cover: Hanne Baadsgaard Utigard.

Print production: Reprosentralen, University of Oslo.



Preface

This is the third, and almost surely, the last time I write a preface to a thesis submitted at the

University of Oslo. I started as a PhD-student at the Department of Mathematics in August 2015,

as a member of the cross-disciplinary Pharmatox strategic research initiative. Two of the papers in

this thesis are related to ideas spurred by this collaboration. Since 2015 I have been an unofficial

member of the Focustat group, which has allowed me to pick up new ideas and continue work

initiated as a masters student. Two papers in this thesis exist due to this unofficial membership.

In January 2017 I took a course in high-frequency statistics. This led to me spending 2018–2019

as a Fulbright scholar at the University of Chicago. One of the papers of this thesis is the direct

product of my year in Chicago, at least one other is heavily influenced by things I learnt during

my stay in Hyde Park. The autumn 2019 I lectured Statistical inference theory at the Department

of Mathematics, and this spring a statistics course at BI Norwegian Business School. I am grateful

to both institutions for allowing me an extra year and the opportunity to teach.

I have enjoyed every year spent at Blindern. For that I am grateful to my friends and some-

times fellow students Calina Langguth, Tore Wig, Aksel Braanen Sterri, Ylva Dahl, Lars Petter

Berg, Adrien Vigier, Alf Butenschøn, Per Anders Langerød, Sahra Torjussen, Magnus Newth,
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Céline Cunen, Rune Busch, Øyvind Skorge, Stine Hesstvedt, Øyvind Bratberg, Magnus Rasmussen,

Sigbjørn Bore, Bendik Aunan, Victor Shammas, and many others. At the Department of Political

Science Bjørn Høyland introduced me to many things that have followed me since he was my su-

pervisor, and Bernt Hagtvet took it on himself to make sure that I don’t become a statistician only.

At the Department of Mathematics, I am grateful to my colleagues on the eighth floor, to my office

mates Emanuele Gramuglia and Jonas Moss, and to Biljana Dragisic for soothing conversations.

I am grateful to my supervisor Sven Ove Samuelsen for his careful reading of my manuscripts,

for always letting me into his office to test ideas on the blackboard, and for his humour. My

co-supervisor Hedvig Nordeng gave me the freedom to pursue my ideas. Nils Lid Hjort, also my

co-supervisor, showed me how much fun statistics is, how good a lecture can be, how aestheti-

cally pleasing one can make a latex document, to mention but a few things. I am grateful to Per

A. Mykland for teaching me statistics by phone and on the blackboard, for never saying that a

problem might be too difficult, for our conversations, and for the hospitality he and Lan Zhang

showed Vilde and me during our stay in Chicago. Sylvie Bendier Decety made sure life in Chicago

was good. I am grateful to Vilde Sagstad Imeland for being my wife and my closest friend, and to

Mathias Stoltenberg, Camilla Stoltenberg, and Atle Aas for their love and patience.

Sofies gate, May 29, 2020

Emil Aas Stoltenberg

i





List of papers and manuscripts

I Stoltenberg, E.A., and Hjort, N.L. (2020). Multivariate estimation of Poisson pa-

rameters. Journal of Multivariate Analysis.

II Stoltenberg, E.A., Nordeng, H.M.E., Ystrom, E., and Samuelsen, S.O. (2020). The

cure model in perinatal epidemiology. Statistical Methods in Medical Research.

III Stoltenberg, E.A., and Hjort, N.L. (2020). Models and inference for on-off data via

clipped Ornstein–Uhlenbeck processes. Scandinavian Journal of Statistics.

IV Stoltenberg, E.A., Mykland, P.A., and Zhang L. (2019). Volatility and intensity.

arXiv:1903.09873v2 [math.ST].

V Stoltenberg, E.A. (2020). The standard cure model with a linear hazard. Technical

report, University of Oslo.

iii





Contents

Preface i

List of articles and manuscripts iii

Contents v

Kappa 1

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 The mathematical model of random phenomena . . . . . . . . . . . 2

1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Foundations, loss, and risk . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Foundations (do we need them?) . . . . . . . . . . . . . . . . . . . . 6

2.3 Rationality and decision theory . . . . . . . . . . . . . . . . . . . . . 6

2.4 The likelihood principle . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.5 Criticism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.6 The inevitability of Bayes? . . . . . . . . . . . . . . . . . . . . . . . 15

3 Learning from data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Model uncertainty . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Prediction, explanation, and causality . . . . . . . . . . . . . . . . . 19

4 Inference on stochastic processes . . . . . . . . . . . . . . . . . . . . . . . . 23

4.1 Stable convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4.2 A model for repeated juggling . . . . . . . . . . . . . . . . . . . . . . 27

4.3 Focused model selection for composite likelihood . . . . . . . . . . . 28

5 Synopses of the articles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

5.1 Article I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

5.2 Article II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5.3 Article III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5.4 Article IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.5 Article V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

6 Common and future themes . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

6.1 Contagion and the multiplicative hazards model . . . . . . . . . . . 37

6.2 Zero-one data and high-frequency sampling . . . . . . . . . . . . . . 38

6.3 Nonparametric inference via contiguity . . . . . . . . . . . . . . . . . 39

v



vi CONTENTS

Additional details and related extra material 43

A Additional details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

A.1 The blip-model in Eq. (2.4): Estimators and risk functions . . . . . . 43

A.2 Admissible, but not generalised Bayes. . . . . . . . . . . . . . . . . . 46

A.3 The instrumental variable estimator of Section 3.2 . . . . . . . . . . 47

A.4 The claim in Eq. (4.2) of Section 4.1 . . . . . . . . . . . . . . . . . . 47

A.5 Details on some claims made in Section 6.3 . . . . . . . . . . . . . . 48

B Extra material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

B.1 A Portmanteau theorem for stable convergence . . . . . . . . . . . . 51

B.2 A stable central limit theorem for càdlàg martingales . . . . . . . . . 53
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1 Introduction

I see that you are smiling, and I think that you are happy.1 Few things are as fundamental

and quotidian as inducing from what we observe (a smile) to what we think are facts about

this world (you’re happy). We make such inferences continuously throughout the day, and

all of empirical science is based on going from data to beliefs about the world.2 Statistics,

using the language of mathematics and the power of computers, provides a formalisation

and a set of tools for how to carry out inductive operations, that is, for how to form beliefs

about the world based on data.

A crude distinction can be made between two somewhat different schools of statistics.3

In one of these the statistician assumes that the observed data are generated by a given

stochastic model, and all the theory that follows is in one way or another contingent on

this assumption. The other school, which is more of the ‘whatever works’-variety, develops

algorithms to process data and make predictions about future observations, without par-

ticular regard to the modelling of the mechanism generating the data. We return briefly

to this algorithmic school in Section 3. The five articles enclosed in this thesis are more

or less solidly anchored in the first of these two schools, and, for the time being, when I

write ‘statistics’, it is this model-based school I have in mind.

Statistics is normative in the sense that it does not attempt to describe how people

actually make inferences about the world based on data, but rather how we ought to let

data inform our conception of reality. This normative aspect of statistics emphasises that

statistical inference is, among other things, an applied branch of epistemology (which is

the theory of knowledge, its methods, validity, and scope). Statistics is therefore different

from the empirical sciences, in that in physics, biology, economics, sociology, and so on,

the ultimate arbiter of any scientific theory is Nature, the empirical facts; in statistics it

is not so.4 In all these empirical fields the researcher, at least in the idealised form of the

hypothetico-deductive model, forms a conjecture (a hypothesis); deduces predictions from

the hypothesis; then tests the hypothesis by looking for observations that contradict it.

Subject matter theory and experience in each field is necessary in order to put up good

1Parts of this introduction (kappa) is adapted from Stoltenberg (2017).
2This claim might need to be qualified. Because the available evidence might be insufficient to determine

what beliefs we should with regards to a theory (so-called ‘underdetermination of scientific theory’ (Stan-

ford, 2017)), some physicists advocate certain forms of non-empirical theory corroboration. See Dawid

(2013) for a book discussing such views.
3The distinction made here is that made by Breiman (2001).
4I am here paraphrasing a point made by Efron and Hastie (2016, p. xvi).
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2 1. INTRODUCTION

conjectures and deduce predictions from these. What the subject matter theory tells you

little to nothing about, is how to best conduct the last part, namely how one ought to test

a given conjecture against Nature, that is, in more general terms, how one ought to let

data inform what to think about the world. It is here that statistical inference comes in,

and it is on this ‘ought to’ and the challenges it entails, that I will concentrate in Section 2

of this introduction.

1.1 The mathematical model of random phenomena Before giving a brief

overview of the content of the introduction, let us plunge right in and introduce the basic

elements underlying the formalisation of inductive inference referred to above. It consists

of variations over the following setup: What we observe, the data, are assumed to be the

realisations of a random variable X taking its values in some measurable space (X,B).

Here X can be R, the numbers 0 and 1 or sequences of these, the natural numbers, the

set of continuous functions on [0, 1], you name it, almost; while B is a σ-algebra, that

is a family of subsets B of X to which we can ascribe a probability. This means that

in the background there is some probability space (Ω,F ,P) consisting of a set Ω, a σ-

algebra F , and a probability measure P.5 On this space live functions X : Ω→ X with the

property that X−1(B) = {ω : X(ω) ∈ B} ∈ F for all B ∈ B, and the data recorded in the

datasets we download on our computers are the realisations X(ω) = x of these functions.

This is the mathematical model underlying probability and statistics. The basic object

in statistics is the probability Pθ(B) = P(X ∈ B) = PX−1(B) defined on B, taken to

belong to a family of probability measures {Pθ : θ ∈ Θ}, where the index set Θ might

be finite dimensional or infinite dimensional. For example if Θ is a subset of Rp we say

that the problem is parametric; if Θ is the set of all cumulative distribution functions on

some interval of the real line, we are dealing with a problem said to be nonparametric;

and then you also have mixtures of these two, so called semiparametric problems. Since

the parameters of Nature are unknown to us, the only thing (assumed) known about the

distribution Pθ is that it belongs to the family {Pθ : θ ∈ Θ}. Based on realisations of X we

are to make statements about Pθ, and for these statements or beliefs about Pθ to provide

a viable guide for action, we must be able to say something precise about the quality of

these statements. That is, for an action to result in the desired consequences it is clearly

advantageous that the statement does not deviate too much from being true, and that

we are able to say something about how confident we are about the correctness of the

statement. Broadly then, statistics consists of three parts; the specification of the family

{Pθ : θ ∈ Θ} generating the observed data, called modelling; the development of automatic

procedures for making statements about Pθ based on data, that is, making algorithms;

and the evaluation and comparison of alternative procedures for making such statements:

the theory of statistical inference. The two latter are mathematical and computational

problems, the first is a scientific problem, and a big one as such.

5Let Ω be a set. A σ-algebra on Ω is a collection of subsets of Ω of which Ω is a member. It is closed

under complements, if A ∈ F then Ac = Ω \ A ∈ Ω; and under the formation of countable unions: If

A1, A2, . . . ∈ F , then ∪nAn ∈ F . A probability P is a non-negative, real valued function on F such that

P(Ω) = 1; and if A1, A2, . . . ∈ F are such that Ai ∩Aj = ∅ for all i 6= j, then P(∪nAn) =
∑
n P(An).
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1.2 Overview This introduction consists of five main parts. We are nearly done with

the first part. In Section 2 and Section 3, which together constitute the second main part of

this introduction, I discuss some foundational issues in statistics, and sketch some of their

proposed solutions as well as ensuing critiques of these. This part also contains a somewhat

briefer discussion of a few issues related to the use of statistics in science, concentrating on

causality and prediction. A common theme of the articles of this thesis, is that the observed

data are generated by one or more stochastic processes moving continuously through time.

Section 4 therefore treats two issues related to inference on the parameters of stochastic

processes: in Section 4.1 I have included an introduction to a form of weak convergence

of probability measures that naturally appears when making inferences on the parameters

of certain stochastic processes, and also touch upon the connection between this form of

convergence and the issue of conditionality that is discussed at length in Section 2.4 and

Section 2.5; then, in Section 4.3, I sketch the derivation of a information criterion that

might be used in situations where the likelihood is computationally intractable. In the

fourth main part, Section 5, I present the articles of this thesis. The five articles enclosed

in this thesis find themselves at different points along the modelling-algorithms-inference

continuum, and at first sight they may appear to have little in common. This is not wholly

incorrect. Indeed, claiming, as I just did, that the continuous time processes ticking in the

background of all the articles except the first one, constitute a thread weaving through

the articles, might be audacious. Frankly, in the intersection of the enclosed articles one

might just find the fact that they trace the evolution of my statistical interests from about

2013 to the present. Interests do not line up one after another, but are cumulative, and

writing this thesis has provided me with a chance to revisit some things that I have not

thought about in a while, and also to spot some new connections between various themes,

a feature that I hope is visible to the reader throughout. In Section 6 I discuss what I see

as some of the common themes of the articles, and point to what might be fertile soil for

future research in the intersection of these. For completeness, I have included an appendix

where I prove some of the claims I make along the way, and go a bit deeper into some of

the examples that are discussed in the text. The appendix also contains a stable central

limit theorem for càdlàg martingales.

2 Foundations, loss, and risk

In this section I present and discuss some of the foundational problems in statistics, and

delineate some of the different positions taken in a few key debates of the last century.

Even though few of the debates I touch upon in this section have been fully resolved, it

is my impression that most of them are less intensely debated today. There is a sort of

shoulder-shrugging consensus that I believe is a product of the immense success of statistics

in the computer age (to paraphrase Efron and Hastie’s 2016 book title): if it works, why

bother about foundations? In a first part I present opposing views of what probability is,

and some of the implications of these views on the types of statistics that are regarded

as sound. I then present the two, not mutually exclusive, programmes of constructing a

foundation for statistics: that based on axioms of rationality, and that centred around
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the likelihood principle. The likelihood principle is closely connected to the conditionality

principle,6 and this section contains a discussion of the latter. In a last part I present a

few arguments for Bayesian statistics, concentrating on the connection between Bayesian

decision procedures and admissibility.

2.1 Probability A probability measure is a countably additive set function on a σ-

algebra, with total mass one. So far, almost all agree.7 This definition, due to A.N. Kol-

mogorov (Kolmogorov, 1933, 1956), has been extremely fruitful for probabilists and statis-

ticians alike. It is when we venture beyond the purely mathematical and enter the messi-

ness of the empirical world, the world that statistics ultimately wants to say something

about, that this definition is, not less useful, but less immediate and elucidative. That

is, what is a probability, what object or facts of the world does it correspond to? This

question about the nature or ontological status of probability divides statisticians into

roughly three camps: the objectivist/frequentist, subjectivist/Bayesian, and those who do

not care or wander freely between the two. I guess most statisticians today find themselves

in the latter of these three. When it comes to using the probability calculus for inductive

inference your conception of probability can be quite important. This is one reason for

the brief outline of the varying stances on the subject, to which we now turn.

The objectivist view of probability holds that probabilities are inherent properties of

the thing we study. Just as the coffee cup to my right, they are objective facts of this

world. On this view, the probability of a coin landing heads is a property of the coin, just

as weight and circumference are properties of a coin. And similarly to how we would use a

fine tuned weighing device to ascertain the weight of a coin, we use a given number of coin

tosses to measure the property ‘probability of heads’ of a given coin. Viewing probabilities

as objective is often associated with frequentist statistics. The prefix refers to the view

that various properties of statistical procedures should be evaluated by how they perform

in the long-run, and should not be confused with the frequentist view of probability. The

latter holds that probability is long-run relative frequency (Hájek, 2009, p. 212), which is

quite different from the objectivist claim that the probability of a coin landing heads has

its own existence separate from data (Freedman, 1997, p. 21).

The objectivist position on probability has implications for what kind of probability

statements that are meaningful. Since the tendency of the coin landing heads in a single

toss is a constant quantity, it is, according to the objectivist interpretation of probability,

meaningless to claim that this quantity lies in a certain interval, between 1/3 and 2/3

for example, with a given probability. Either the quantity ‘probability of heads’ is in

this interval, or it is not, the probability is 1 or 0, and nothing in between. In other

words, the objectivist view entails that we cannot make probabilistic statements about

the tendency of the coin of showing heads. What we can make probability statements

about is the tendency of the coin to show heads in 4 of 12 tosses, for example, under a

6Under certain conditions they are equivalent. See Helland (1995b, p. 315) and the references therein.
7Since the notion of countable additivity is not derived from foundational axioms of rationality, some

statisticians reject it. These statisticians therefore restrict themselves to working with finitely additive

probabilities. See Bernardo and Smith (2001, ch. 3.5, p. 160) for a discussion, and the references therein.

I will not pursue this debate here.
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given assumption about the coin, for example that we are dealing with a fair coin. Thus,

a frequentist cannot utter probability statements about the nature of a coin, she may only

give you probabilities related to sequences of heads and tails under a specific assumption

about the nature of a coin.

For a subjectivist, a probability expresses a persons belief in a proposition. Consider

the proposition ‘I think there is a probability p that we are living in a computer simula-

tion.’ (Bostrom, 2003) This is a proposition that demands a non-trivial leap of thought

if one holds a strict objectivist interpretation of probability. The ‘probability p’ referred

to in this proposition does not exist independently of the person invoking it, it is not an

inherent property of a system being studied. Moreover, the objectivist might not like to

imagine that we are living in one of infinitely many comparable universes, and that a cer-

tain share p of these are indeed simulated on a computer. Or, to take a less mind boggling

proposition, consider ‘Sacco’s alibi evidence favors H4 over H2 in the ratio 1.2 : 1’. (The

two hypotheses are H2: Sacco was guilty but not Vanzetti; H4: Sacco and Vanzetti were

both innocent (Kadane and Schum, 2011, p. 185).) Again, on a strict objectivist account

of probability, it is not easy to tell what the ratio 1.2 : 1 in favour of the proposition ‘Sacco

was guilty’ really means. Either Mr. Sacco was guilty, or he was not. To rid oneself of

these qualms, one must reject the strict objectivist notion of probability, and accept that

probabilistic statements are just as meaningful when subjective, that is when they express

a persons degree of belief in something.

Among those allowing for subjective probabilities, there are roughly two positions, a

moderate and a radical (I borrow these terms from Freedman (1997)). The moderate

position is nicely illustrated by the following quote from Gelman and Robert (2013, p. 3):

[. . . ] priors are not reflections of a hidden “truth” but rather evaluations of the

modeler’s uncertainty about the parameter.

By assigning a prior probability distribution to a parameter, the parameter becomes,

mathematically, a random variable. What the Gelman and Robert (2013) quote stresses,

is that this does not necessarily mean that the statistician assigning the prior thinks that

the parameter is a random variable by nature, it might well be a fixed number. The prior

is only a tool used to describe the statisticians’ beliefs and uncertainty about a fixed and

immutable quantity.8 When one thinks about the type of Bayesian statistics en vogue

today, it’s clear that many, if not most, statisticians doing Bayesian work, subscribe to

this position. Because, for things such as convergence rates, consistency etc., to make

sense, one must indeed assume that there is some true fixed parameter out there (see

e.g., Diaconis and Freedman (1986), or Ghosal and van der Vaart (2017)).

8In the terminology used in the book by Schweder and Hjort (2016) on confidence distributions, the

distinction between a random variable X ∼ fθ and the use of prior distributions θ ∼ π when we really think

that there is one true value of θ, is one between aleatory and epistemic probability. I agree with Schweder

and Hjort that these are two different interpretations of probability, but I do not think that we need

to ‘handle them differently’ when doing mathematics (Schweder and Hjort, 2016, p. 419). In the same

vein, and in view of the Gelman and Robert quote on ‘priors not being reflections of a hidden truth’, I

think Schweder and Hjort (2016, p. 17) simplify matters too much when they write that the ‘Bayesian

has only one form of probability, and has no choice but to regard parameters as stochastic variables’.

Mathematically this is true of course, but only mathematically.
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The radical subjectivist position is famously encapsulated in the opening sentence of

de Finetti’s treatise on probability: ‘Probability does not exist’ (de Finetti, 1974b). By

this de Finetti meant that probability does not exist independently of the human mind.

In de Finetti (1937, p. 1) where he wrote that ‘[la probabilité], que je considère comme

une entité purement subjective’ (the italics are mine), this comes through clearly. That

all probabilities are ‘purely subjective’ must mean that the objectivist notion of a coin

having a certain chance of landing heads, is meaningless. We may think that a coin has

a certain propensity of landing heads, but this belief of ours does not, according to de

Finetti, correspond to any objective fact about the world. Given that my interpretation of

de Finetti is fair, I find this view hard to subscribe to. It is dangerously close to the type

of solipsism expressed for example by Latour (2001) who claimed that bacterias somehow

came into existence with Louis Pasteur’s discovery (that this sentence appears contradic-

tory, ‘came into existence’ and ‘discovery’, might be due to my lack of comprehension of

such views). Contrast the probability of a coin landing heads with the weight of the coin.

I am of the view that a coin has a certain weight whether or not we decide to weigh it.

On my reading, the radical subjectivists cannot be of this opinion.

2.2 Foundations (do we need them?) The philosopher of science I. Hacking

(1965, p. 1) claimed that the foundational problem of statistics is

[. . . ] to state a set of principles which entail the validity of all correct statistical

inference, and which do not imply that any fallacious inference is valid.

This rather bold philosophical programme is met with at least three different types of

responses in the statistical community. The first is one of various degrees of ignorance.

The second consists of people that think, in various ways, that Hacking asks the wrong

question, and also doubt the feasibility of Hacking’s programme due to what they see as

the non-impressive track record of such attempts. Contrast Hacking with for example

L. Le Cam (1977), who in an essay on ‘metastatistics’ wrote that

[. . . ] this author does not understand what inference, statistical or otherwise,

really means. If inference is what we think it is, the only precept or theory

which seems relevant is the following: ’Do the best you can.’

The third response is one that takes the claim seriously and has led to proposals and de-

bates about various sets of principles that may satisfy Hacking’s criterion. In the following

I present and discuss this type of work, divided into that which concentrates on decision

theoretic aspects, and that which centres around the likelihood principle.

2.3 Rationality and decision theory The statistician I.J. Good (1952) proposed

the following principle of rationality: ‘The recommendation always to behave so as to

maximise expected utility.’ A less succinct, or just more refined, definition of rationality is

that of Jon Elster (2010, p. 30), who defines rationality as consisting of three operations of

optimisation, all three of which, I would argue, are encapsulated by Good’s principle.9 The

9I.J. Good (1967) argued that the third of these follows from his principle of rationality.
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three operations of optimisation are:10 (i) Instrumental rationality: Choosing the action

that best realises one’s preferences, given one’s beliefs about the world; (ii) Epistemic

rationality: The art of achieving accurate beliefs about reality, given the information at

hand; (iii) Optimal acquisition of information: Investing, if necessary, in the collection of

more information, until the cost of acquiring more information equals the expected profit

of having more information.

Good’s and Elster’s principles spell out in plain English what statisticians interested in

these things arrive at starting from a few principles of rational behaviour.11 Here is a brief

outline of what I have in mind. Suppose that we are to estimate a parameter θ0 ∈ Θ = R.

An action a ∈ A = R is a point estimate. Agree that we would prefer the action a2 = θ′

(’I think θ0 = θ′’) to a1 = θ′′, if θ′ is in some sense closer to θ0 than is θ′′. In an estimation

problem, it is hard to conceive of a situation where we would prefer a1 to a2. We write

a1 � a2 to mean that we do not prefer a1 over a2. Now, suppose one of the two actions

are chosen at random, in the sense that δ2 equals the action a2 with probability 0.8 and

a1 with probability 0.2, while the corresponding probabilities for the randomised decision

δ1 are 0.7 and 0.3. It then seems natural that we should prefer δ2 to δ1. Since both of

these randomised decisions correspond to probability distributions, P1 and P2 say, over A,

it is clear what is meant by P1 � P2. For any random decision in the space of decisions,

there is a corresponding distribution P , and we either (i) prefer P1 to P2, so P2 ≺ P1; (ii)

prefer P2 to P1, so P1 ≺ P2; (iii) or are indifferent P1 ∼ P2. It appears irrational if our

preference over probability distributions over A did not constitute a partial ordering, that

is

if P1 � P2 and P2 � P3, then P1 � P3.

Add the two following axioms of rationality:

(A1) If P1 � P2 then αP1 + (1− α)P3 � αP2 + (1− α)P3, for all α ∈ [0, 1] and all P3;

(A2) If P1 ≺ P2 ≺ P3 then there exists α, β ∈ (0, 1) such that αP1 + (1 − α)P3 � P2 �
βP1 + (1− β)P3.

Axiom (A1) says that if we prefer the randomised decision P2 to P1, then the randomised

decision that is either P2 with probability α or P3 with probability 1−α is preferred over

the randomised decision that is either P1 with probability α or P3 with probability 1−α:

the common element does not change the ordering. In statistical language, axiom (A2)

says that if an estimator θ̂2 is preferred to θ̂1 then there is no estimator θ̂ so good that we

prefer the randomised estimator ξθ̂1 + (1 − ξ)θ̂, where ξ is Bernoulli(β), to θ̂2 no matter

how small β is. The intuition for the other preference relation is similar: if θ̂1 � θ̂2, then

there is no estimator θ̂ so exceedingly bad that ξθ̂2 + (1 − ξ)θ̂ � θ̂1 for ξ ∼ Bernoulli(α)

not matter how big α is (DeGroot, 1970, pp. 101–103). One might say that axiom (A2)

excludes Pascalian wagers. Now, if our preference over probability distributions over A
are rational in this sense, that is, they constitute a partial ordering conforming with (A1)

10The translation is mine.
11See e.g. Ferguson (1967, Chs. 1 and 2), DeGroot (1970, Chs. 6 and 7), Schervish (1995, Ch. 3.3), or

Bernardo and Smith (2001, Ch. 2), and Savage (1972) of course, and also Berger (1985).
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and (A2), then there exists a function L(a, θ) : A×Θ→ R such that

P1 � P2 ⇐⇒ Eδ|P1
L(δ, θ) ≥ Eδ|P2

L(δ, θ). (2.1)

See, for example, one of the two classical text books Ferguson (1967, p. 14) or DeGroot

(1970, p. 113) for proofs of this result. In statistical language, this theorem states that

if our preferences among randomised decisions are rational, then our preferences among

randomised decision procedures is equivalent to a preference for minimising expected loss,

called risk. In statistics, each estimator, test, or decision function δ is a mapping from

the sample space X to A, which means that if the data X is distributed according to

Pθ, then each δ(X) corresponds to a distribution Pθ ◦ δ−1 over A. So if we have rational

preferences, our preferences among estimators corresponds to their risk functions. The

function L appearing in (2.1) is called a loss function, while the two functions on the right

in (2.1) are risk functions. We write

R(θ, δ) = Eθ L(δ(X), θ),

and consider this as a function of θ for each fixed decision procedure δ.

Here is a concrete example that highlights some of the assumptions necessary for

pursuing risk minimisation. We return to this example in Section 4.2. If you plan to

juggle three torches in front of your friends at an end-of-the-semester party, you have,

after sufficient practice, to decide whether or not to go ahead with it. Ultimately what

you want to know is the probability, θ say, that your juggling performance will be a

success, defined as not losing control of the torches. A reasonable strategy in order to

learn something about θ, though with its obvious flaws, is to consider the average number

of successful runs with the torches among all the repetitions this last week and use this to

say something about θ. In so doing you have decided on the decision procedure

δ1 =
# of successes

# of repetitions last 7 days
. (2.2)

According to (2.1) the rational thing to do is to evaluate δ1 by its risk function, compare

its risk function to that of other procedures by which you can learn about θ, and use the

procedure that minimises the risk function. There are two rather different caveats with

this plan. The first has to do with risk functions only being partially ordered; the second,

and more fundamental one, is that in order to compute risk functions and compare them,

we must make strong assumptions about reality. I return to this shortly.

That the risk functions are only partially ordered means that the risk functions cor-

responding to different estimators may cross; for some values of θ the risk of δ1 may be

below that of δ2, while the opposite might be true for other values of θ. What is clear,

however, is that if δ1 and δ2 are two estimators, and R(θ, δ1) ≤ R(θ, δ2) for all θ with

strict inequality for at least one θ, then one should not use δ2. In such cases we say that δ1

dominates δ2, and δ2 is deemed inadmissible. A decision procedure that is not dominated

by any other is called admissible, and the search for an estimator should then only take

place among the admissible ones. Thus, admissibility reduces the class of estimators to be

considered, but does not point to one unique estimator.
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To the second point raised above: What is the risk of the estimator in (2.2)? The

problem is that we do not know, and we cannot know before we have specified a statistical

model for consecutive runs of juggling torches. This is the essence of the critique raised,

among many others, by Freedman (1997) and Le Cam (1977). Both Freedman and Le Cam

are of the view that an excessive focus on being rational, in the decision theoretic sense just

described, diverts attention from the empirically more important problems with statistics:

How were the data collected? How well does our model approximate nature? In the essay

on metastatistics quoted above, Le Cam (1977, p. 145) writes that12

It is characteristic of the pistimetric and preferential theories available at the

present time that they do not attempt a formalization of the concept of exper-

iment and tend to treat experiments and fortuitous observations alike.

Twenty years later, Freedman (1997, p. 35) echoes this in an essay on the foundations of

statistics, noting that

Beautiful, delicate theorems have been proved; although the connection with

data analysis often remains to be established. And an enormous amount of

fiction has been produced, masquerading as rigorous science.

We briefly return to the issues raised in these two quotes in Section 3.1.

2.4 The likelihood principle Another important attempt at spelling out founda-

tions of inductive inference is that associated with the likelihood principle. A likelihood

function is the density fθ of the experiment evaluated in the observed data viewed as

a function of the parameters; that is L(θ) = fθ(x), where x is the observed data. The

likelihood principle states that all the evidence obtained from an experiment is contained

in the likelihood function L(θ). In particular, if two experiments yield likelihood functions

L1 and L2, say, that are proportional as functions of the parameters, that is, if

θ 7→ L1(θ)/L2(θ), (2.3)

is constant, then the conclusions reached about the hypotheses from the two experiments

should be the same.

The likelihood principle is, yes, a principle, and one is therefore not forced to accept

it. The force of the likelihood principle, however, stems from the fact first proved by Birn-

baum (1962) that it is implied by the conjunction of two other principles that are more

intuitive, and widely accepted (proofs can also be found in Berger and Wolpert (1988)

and Robert (2007)). These more basic principles, or immediately acceptable principles,

are the sufficiency principle and the conditionality principle. We now turn to these.

A sufficient statistic T = T (X) is a function of the data X = (X1, . . . , Xn) such that

the distribution of X given T is independent of the parameters (see Billingsley (1995,

p. 450) or Lehmann and Romano (2005, p. 18) for the formal definition). Sufficiency

12In this quote, ‘pistimetric’ can be read as synonymous with ‘Bayesian’. It is derived from the the

Greek word πίστις (pistis), meaning trust, faith, belief (Pistis, nd).
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captures the following simple idea: If a coin is tossed five times (we tacitly understand

that the tosses are independent), giving the sequence

HH T H T,

then a person only knowing that the share of heads in this sequence is 3 out of 5 is just as

enlightened about the propensity of this coin landing heads as the person knowing that

the first, second, and fourth toss came up heads, the two other tails. This intuition is

what constitutes the sufficiency principle: Two sets of observations x = (x1, . . . , xn) and

y = (y1, . . . , ym) such that T (x) = T (y) for a sufficient statistic T , must lead to the same

conclusion about the unknown θ. In the coin tossing example, because the average of the

data is a sufficient statistic, this entails that the sequences HH T H T and T T H H H

must lead to the same inference about the probability of the coin landing heads. In fact,

the extra information contained in knowing the order in which the heads and tails appeared

is obviously redundant as regards inference about θ. Knowing the order is just noise, and

a decision procedure that insists on taking the redundant information into account cannot

be better, in a sense, than the more parsimonious decision procedures that are only based

on 3/5 = 0.6 (this is the Rao–Blackwell theorem (Lehmann and Casella, 1999, p. 47)).

The conditionality principle states that if two experiments on the unknown parameter θ

are available, and one of these is chosen in a random fashion that does not depend on θ, all

inference on θ should only be based on the experiment actually performed. This principle

appears self-evident. Why should an experiment not performed have any bearing on what

we think about the world?

Take the weighing machine example due to Cox (1958, p. 360), which in the words of

N. Reid is the ‘only thing about conditional inference that everybody at least thinks they

understand’ (Reid, 1994, p. 442). A measurement of a quantity θ is to be made by one of

two devices, both giving unbiased estimates of θ with normal errors whose variances σ2
1

and σ2
2 are known. The flip of a fair coin decides which of the two devices we end up using.

Since the outcome of the coin flip tells us nothing about the quantity θ we wish to measure,

it seems weird to let the coin flipping and the measurement device that we did not use

influence the inference we make about θ. To be specific, it seems unreasonable to report

the variance of the measurement we obtain as the average (σ2
1 + σ2

2)/2 over measurement

devices, and not simply as σ2
1 or σ2

2, depending on which device we used. We pick up on

this example in Section 4.1 in a different context, though with a similar rationale.

In this example the coin flip deciding what device to use is said to be an ancillary

statistic (see e.g. Lehmann and Romano (2005, p. 152) or Casella and Berger (2002,

Def. 6.2.16, p. 282)). An ancillary statistic for a given model {Pθ : θ ∈ Θ} is a statistic

whose distribution does not depend on θ.13 The conditionality principle is often taken to

say that inference for θ should be conditional on any ancillary.14

13More precisely, if for a given model {Pθ : θ ∈ Θ} the minimal sufficient statistic T = T (X) can be split

into components T = (S,A), where T and θ are of the same dimension, and such that the distribution of

A does not depend on θ, then A is ancillary (Barndorff-Nielsen and Cox, 1994, p. 34).
14I will not here delve into the problems of non-uniqueness of ancillaries, the presence of nuisance

parameters, the theory of relevant subsets, and partial conditioning, as this would take us too far afield,

see Berger and Wolpert (1988, ch. 2), and Cox (1971).
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Here is another example where it appears obvious that we should condition on an

ancillary statistic. (This example is close in spirit to an example given in Berger (1985,

p. 24), and in Berger and Wolpert (1988, p. 5), see also Young and Smith (2005, Sec. 7.2.2,

p. 109).) Suppose that we observe Y1 and Y2 given by

Yi = Xiθ + (1−Xi)Ui, for i = 1, 2, (2.4)

where θ is a number in (0, 1), and all the random variables involved are independent of

each other; X1 and X2 are Bernoulli (1/2), while U1 and U2 are uniform on (0, 1). The

distribution of the (Y1, Y2) is not dominated by any σ-finite measure, which means that no

likelihood function exists (this, of course, makes this example rather interesting in other

ways than the one we are to explore here; see Appendix A.1 for problems this creates for

finding an admissible estimator; and Berger and Wolpert (1988, p. 30) for a discussion of

the consequences for the likelihood principle). Since no likelihood function is available,

which excludes using the automatic procedure of maximum likelihood to find an estimator,

a natural criterion to navigate after in the search for an estimator is unbiasedness. Consider

therefore the estimator of θ given by

δu(Y1, Y2) = Y1 + Y2 − 1/2.

Apart from being unbiased, this estimator has few appealing properties. That δu might

give estimates falling outside the parameter space is only one of the less appealing things.

Notice that with probability 1/4, we observe Y1 and Y2 to be equal. When this happens,

because the probability of a uniform random variable being equal to θ is zero, we know

that Y1 = Y2 = θ, and using δu(Y1, Y2), which then gives the estimate 2θ − 1/2 is rather

foolish. The picture is this

Random variable (Y1, Y2) (Y1, Y2) (Y1, Y2) (Y1, Y2)

Observed value (θ, θ) (θ,not θ) (not θ, θ) (not θ,not θ)

Moreover, from this picture we see that if Y1 does not equal Y2, we can exclude the box

to the left, which means that with probability 2/3 one of the observations is equal to the

estimand θ. Of course, we do not know which one, so we just pick Y1. An estimator that

follows from this conditional reasoning is

δc(Y1, Y2) = Y1. (2.5)

After having observed the data, we can say that δc = θ with probability 1 (when Y1 = Y2),

or that δc = θ with probability 1/3 (when Y1 6= Y2). This is a vast improvement from δu,

which has a probability zero of being equal to θ whatever the values of Y1 and Y2. Notice

also that reporting δc to be equal to θ with probability 1 or with probability 1/3 seems

more reasonable than giving the unconditional probability of it being equal to θ, namely

1/2. Introduce the random variable

a =

{
0, if Y1 = Y2,

1, if Y1 6= Y2.
(2.6)
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Since the distribution P (a = 0) = 1/4 = 1− P (a = 1) does not depend on θ, the statistic

a is ancillary, and the arguments in favour of δc were all conditional on this statistic.

What this example highlights, is that conditional reasoning appears to be the sensible

way to go, or as Sir David Cox (1994, p. 442) puts it,

How does the long run become relevant to a particular set of data? Well,

by being suitably conditioned. The arguments for this seem to me absolutely

overwhelming [. . . ]

In view of the examples above, it is hard to disagree with this statement. The notion of

‘being suitably conditioned’, however, deserves some scrutiny.

Consider the arguments just presented in favour of δc. They were ad hoc arguments

appealing to our intuition about what properties a good estimator should have. A less arbi-

trary evaluation of the estimators is to compare their performance under the squared error

loss function. Such an evaluation rules out δu as it is inadmissible, in fact it is uniformly

dominated by δc (the computation of risk functions can be found in Appendix A.1). As

the conditional reasoning leading to δc involved some arbitrariness (why not take δc = Y2

instead?), we should, however, be a bit wary of δc. Indeed, the randomised estimator

δr = ξY1 + (1 − ξ)Y2, where ξ is Bernoulli(1/2), has risk function R(δr, θ) = R(δc, θ) for

all θ. This shows that δc cannot be admissible, because randomised decisions rules are

inadmissible under strictly convex loss functions (Lehmann and Casella, 1999, Corollary

7.9, p. 48).15 An estimator that uniformly dominates δc is the estimator δm = (Y1 +Y2)/2.

From a conditional perspective, this is mildly disturbing, because whenever Y1 6= Y2, we

can be certain that δm does not equal θ.

Above we argued that it is ludicrous to use an estimator that does not equal θ with

probability 1 when a = 0. What to do when a = 1, however, is not as clearcut. It is

therefore interesting to compare risk functions conditional on a = 1. Surprisingly, under

the conditional risk function Ra=1(δ, θ) = E {(δ − θ)2 | a = 1}, the estimator that is un-

conditionally unbiased, namely δu, is no longer uniformly dominated by δc. They are both

still inadmissible, though. See Appendix A.1 for an analysis. This change in risk func-

tion behaviour from the conditional to the unconditional case, whose implications for the

current example were (disappointingly) benign, points to certain ancillarity ‘paradoxes’.

A famous example of such a ‘paradox’ is due to Brown (1990). Here is a simple version

of it. Consider the linear regression model Yi = α + xt
iβ + εi for i = 1, . . . , n, where

β ∈ Rp and ε1, . . . , εn are independent N(0, σ2), and the problem of estimating α under

squared error loss L(δ, α) = (δ − α)2. The maximum likelihood estimator, α̂ say, is the

minimum variance unbiased estimator, and the best linear unbiased estimator. Brown

(1990, pp. 478–479) showed that when the covariates are fixed constants, then α̂ is ad-

missible for α, but that when the covariates are independent xi ∼ Np(0, Ip), this is no

longer true. The ‘ancillarity paradox’ referred to in the title of Brown’s paper is therefore

that an estimator which is admissible for each value of an ancillary statistic, in this case

the covariates, can be unconditionally inadmissible. This does indeed appear paradoxical.

15Or simply by noting that because δ 7→ (δ−θ)2 is strictly convex, the risk of the mean of the estimators

must be smaller: R{(δc + δr)/2, θ} = E ((δc + δr)/2 − θ)2 < E (δc − θ)2/2 + E (δr − θ)2/2 = R(δc, θ)/2 +

R(δr, θ)/2 = R(δc, θ).
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Moreover, since the comparison of risk functions is a pre-experimental activity, results like

that of Brown reveals that it is not obvious, and not without consequences, what kind of

pre-experimental evaluations that are the correct ones for the experiment one is about to

perform. Conditioning on the covariates might be the right thing to do if these are set by

the researcher (as in treatment vs. placebo experiments), but perhaps not if one is about

to randomly sample some individuals from a population.

2.5 Criticism The likelihood principle has important consequences for what kind of

statistical inference that is valid, the most disturbing of which is that it precludes frequen-

tist statistical inference. The theorem of Birnbaum (1962), stating that the conditionality

principle together with the sufficiency principle implies the likelihood principle cannot be

faulted, it is a theorem (see e.g., Robert (2007, Ch. 1.3) for an accessible proof), but

the principles can be criticised, and they have been. Before we continue to some of this

criticism, it will be helpful being more precise about the conditionality principle: it states

that

Ev{E, (x, a)} = Ev{Ea, x}. (2.7)

Here E denotes the experiment on the unknown parameter θ with observed outcome

(x, a); Ea denotes the conditional experiment given a, and a is assumed to be an ancillary

statistic, which means that a alone does not contain any information about θ. The central

thing here is the Ev, which stands for ‘evidence’, and is left undefined. For example, the

right hand side should be read as ‘the evidence concerning θ contained in the experiment

E and the data (x, a)’. If we relate back to the measurement devices introduced above,

E is the experiment that involves both tossing a coin and carrying out a measurement on

the randomly chosen device; a is the outcome of the coin toss, while x is the measurement

obtained; while Ea is the measurement actually performed and x is the measurement

obtained. Now, if the equality in (2.7) is replaced by an inclusion, one way or the other,

then the likelihood principle is not implied. For example, if the evidence concerning θ in

the conditional experiment is contained in the evidence concerning θ in the unconditional

experiment, that is, if Ev{E, (x, a)} ⊃ Ev{Ea, x}, the likelihood principle does not follow.

Helland (1995a,b) provides examples to this effect, arguing that in some cases (2.7) is

really an inclusion, and we will now look at one of these in some detail.16

Suppose that we wish to estimate the mean income in a population of size N ≥ 2.

The unknown incomes in the population are µ1, . . . , µN , which means that the estimand

we seek to say something about is θ = (1/N)
∑N

j=1 µj . The whole population cannot be

surveyed, and a sample of size n < N is drawn at random. Let a = 1, . . . ,
(
N
n

)
enumerate

the possible samples of size n, and let x be the set of observed µj . Helland claims that it

is obvious that {Ea, x} contains very little information about θ, while if we average over

all the possible samples, that is if we consider the unconditional experiment, we do obtain

information about θ. As I understand this example, information is closely tied to the

notion of unbiasedness. Let N = 4 and n = 2, then there are
(
N
n

)
= 6 different samples.

Since there is no upper bound on the incomes, the mean µ̄a computed on the basis of the

16Barndorff-Nielsen (1995) also argues for this inclusion and against the equivalence in (2.7); ‘the evidence

in the conditional framework is in general only part of the evidence in the original experiment.’
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a’th sample can of course be wildly misleading as regards θ. The mean of the individual

means, however, is

(µ̄1 + · · ·+ µ̄6)/6 = (3µ1 + · · ·+ 3µ4)/12 = θ, (2.8)

and can therefore be argued, as Helland does, to contain information about θ. Note

that this conclusion is unchanged if we assume that the unknown incomes in the popula-

tion are realisations of the random variables Y1, . . . , YN with expectations EYj = µj for

j = 1, . . . , N . Viewed in this manner, it is hard to disagree with this argument, it does in-

deed seem that the composite experiment contains some ‘nontrivial experimental evidence’

about θ of which the conditional experiments Ea are void (Helland, 1995b, p. 352).

Objections can be raised. A first, and perhaps not so convincing objection, already

discussed by Helland (1995a, p. 517), is that it is strange to compute the mean from a

random sample where the units have nothing in common. This is basically the same as

saying that a more sound statistical model would, for example, take the µ1, . . . , µN as

independent from some common underlying distribution. This is clearly a model where

computing the sample mean makes more sense, but as Helland points out, the proponents

of the conditionality principle argue for its universal validity, so arguing that a model is

weird does not rescue it.

The second objection turns to the understanding of evidence, that is the ‘Ev’ in (2.7).

The composite experiment is hypothetical in the sense that it is a pre-experimental con-

struct, while the conditional experiments, one of which is actually performed, are not.

This means that the average in (2.8) is an average over experiments not performed, and

it seems magical that experiments not performed should provide us with any evidence,

especially when the fact that they were not performed is uninformative on θ. Put differ-

ently, the argument Helland is advocating appears akin to saying that knowledge about

the ancillary statistic somehow makes us lose information about θ. In fact, there seems to

be a time component missing here. Unconditional computations, such as that performed

in (2.8) make sense prior to observing data, but when the experiment is performed, it as

if the world collapses into the conditional state of affairs, and closing our eyes to data

cannot yield more evidence than looking at the data. In summary, in Helland’s example

it can be argued that {E, (x, a)} and {Ea, x} live on different planets, one hypothetical

and one empirical, but that the ‘Ev’ operation should be understood in a an empirical

sense, as empirical evidence. This, of course, highlights that my objections to Helland’s

example may just be a consequence of different interpretations of what the Ev operation

really means, and since it it left undefined, well, there really is no clearcut answer.

So what is the commonly adopted interpretation? Think again about the measurement

device example of Cox (1958); suppose that σ2
1 = 1, σ2

2 = 2, and that the coin flip

dictated that measurement device 2 was to be used. The conditional variance of the

measurement is then 2, while the unconditional variance is (1 + 2)/2 = 1.5. Now, the

reason for the conditionality principle being so obvious is that to the practising statistician

it is clearly impermissible to fetch a reduction in uncertainty, from 2 to 1.5 in this case,

out of thin air. Think of a research team that failed to obtain a research grant, but

that in its uncertainty calculations accounts for the fact that they had a fair chance of

getting the grant, and thereby afford more accurate equipment yielding less uncertain
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measurements than the old equipment they are currently using. They would not have

been taken seriously. And I think that is the point; ‘evidence’ means ‘empirical evidence’,

and given that my reading of Helland is correct, the evidence he has in mind to reach the

conclusion Ev{E, (x, a)} ⊃ Ev{Ea, x}, is not empirical.

There might be another reason for the ‘Ev’ in (2.7) being vague: that the concept of a

statistical model lacks a precise definition. Consider the model, inspired by the ‘exercises’

presented by McCullagh (2002, Section 2.1), that takes X ∼ Bin(n, θ), with θ ∈ [0, 1/2)

if n is odd, and θ ∈ [1/2, 1] when n is even. As a model of repeated coin tossing, for

example, this model is clearly absurd, but notice that there is nothing in the standard

definition of a statistical model, as presented in Section 1.1, that prohibits calling this a

‘statistical model’. The only oddity about this model is that the parameter space depends

on a parameter, n in this case, but this is a feature shared by the uniform distribution on

[0, θ], for example. In an article named ‘What is a statistical model?’, McCullagh (2002,

p. 1226) writes that

[. . . ] the inadequacy of the standard definition [of a statistical model] is matched

only by the eccentricity of the formulations that are permitted.

McCullagh is right, and one may therefore speculate whether the reason for it being pos-

sible to come up with counterexamples to something as intuitive as the conditionality

principle, or, by the same token, the ‘Ev’ operation being so open to idiosyncratic in-

terpretations, is an inadequate definition of ‘statistical model’. To be fair, the argument

for the estimator in (2.5) that I used to argue in favour of the conditionality principle is

also, from a practical point of view, absurd. In practice, we would never know whether

Y1 = Y2 = 0.318 really means that they are both equal to 0.318000 . . . with zeros ad

infinitum, or if the rounding on our computer is hiding that Y2 is in fact equal to 1/π, for

example. The point is that since ‘statistical model’ lacks a precise definition, and since

the notion of an ‘experiment’ contains that of ‘statistical model’, the domain, so to speak,

of the Ev-operation is not well defined: it is not clear what counts as a proper experiment

that may be passed as an argument to the evidence-operation.

2.6 The inevitability of Bayes? A common theme among many Bayesian statis-

ticians is, loosely speaking, that if you think hard enough about what drawing conclusions

based on data is really about, and you aspire to do so in a coherent (a favourite word

among Bayesians of the more orthodox variety) and rational manner, you are inevitably

led to base all inference on the distribution of the parameters given the data, hence you

need a prior, and you are Bayesian. Indeed, when the rationality programme sketched in

Section 2.3 is pursued a little further, it does lead to this conclusion (see e.g. Schervish

(1995, Ch. 3.3)). Moreover, as all Bayesian inference is based on the posterior distribution

π(θ | x) ∝ Lx(θ)π(θ), proportional likelihood functions (look back at Eq. (2.3)) must lead

to the same conclusions about the hypotheses, hence Bayesian statistics conforms with

the likelihood principle.

A lazy argument for Bayesian statistics is that all science is subjective anyway, so why

not be open about the subjective choices we make. This argument relies on the premise
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that prior distributions are somehow reflective of all the subjective choices made, which

is, admittedly, much to ask from a prior distribution.

A famous theorem – that illustrates the fruitful interface between frequentist and

Bayesian methods and has been used as an argument for Bayesian statistics – states that

a unique Bayes solution is admissible.17 This means, for example, that if we can find a prior

for which the δ1 estimator in (2.2) is the (unique) Bayes solution, we immediately know

that it is impossible to find another estimator dominating our δ1. The converse is not true

in general, but quite often it is, and it is interesting that the if-and-only-if version of this

theorem has been used as an argument for Bayesian statistics by such figures as D. Lindley

and B. de Finetti (see e.g. Robert (2007, Theorem 8.3.3 and Prop. 8.3.10, pp. 407–408)

or Duanmu and Roy (2016, Section 2) for the conditions needed for the theorem to hold

both ways). Lindley (1971, p. 43) writes (as quoted in de Finetti (1974a, p. 120)) ‘Are

there admissible decision rules which are not Bayes decision rules for any possible prior

probabilities? The answer is a clearcut no [. . . ]’. Moreover, writes Lindley (1971, p. 43),

[The statisticians] preference for this [admissible] rule is thus formally identical

with the assignment of these prior probabilities.

The argument is that all statisticians agree that in any problem only admissible proce-

dures should be considered, and if any admissible rule is Bayes, one can infer the prior

distribution tacitly employed by the (frequentist) statistician from her choice of admissi-

ble estimator. This is a compelling argument, only limited by the fact that some extra

conditions are needed to get ‘Bayes if and only if admissible’ from ‘Bayes then admissible’.

Perhaps Lindley could have made a similar argument with more force today. Think of the

various forms of shrinkage techniques employed by frequentist statisticians today (ridge,

lasso, etc.); estimation techniques which correspond to various prior distributions centred

around zero, thus shrinking the parameter estimates towards zero. These techniques are

Bayesian, or at least empirical Bayesian in flavour, and they raise the obvious question:

If you first have accepted the idea of pulling parameter estimates towards a user-defined

point of the parameter space, almost invariably taken to be zero, why not pull the param-

eter estimates towards what might be a more informed point of the parameter space? This

question is touched upon in Article I (‘Multivariate estimation of Poisson parameters’).

Let us end with an example of a procedure that is admissible, but not generalised

Bayes.18 This example is from Brown (1986, Exercise 4.17.1, p. 135).19 Let X ∼ Bin(n, p)

17If δ is unique Bayes but dominated by δ′, then
∫
R(δ, θ) Π(dθ) ≥

∫
R(δ′, θ) Π(dθ), but this contradicts

uniqueness. Unique in what sense? Here is an example of a non-unique Bayes solution: Let X1, . . . , Xn
be i.i.d. from the uniform distribution on [0, θ], with θ > 0 unknown, and to be estimated under squared

error loss. Let us take as our prior on θ the uniform distribution on [0, b]. Derive the Bayes solution. This

solution is not unique because it may be arbitrarily modified on sets with measure zero under the marginal∫
f(x, θ)Π(dθ), but that has positive measure under Pθ. It should be mentioned that the prior used in this

example fails what Lindley (1971) called “Cromwell’s rule”, that is the rule stating that prior probabilities

of zero and one are to be avoided. See also Schervish (1995, Example 3.30, p. 155).
18A measure Π on the parameter space Θ with Π(Θ) =∞, may yield a posterior that is proper. Bayes

solutions with respect to such ‘priors’ are called generalised Bayes (Schervish, 1995, Def. 3.34, p. 156).
19Thanks to C. Robert (also known as xi’an, and the author of The Bayesian Choice (2007)) for digging

this up on a stats.stackexchange.com thread.

https://stats.stackexchange.com/questions/319905/model-with-admissible-estimators-that-are-not-the-bayes-estimator-for-any-choi
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for n ≥ 3, we are to estimate the natural parameter θ = log{p/(1− p)} under the squared

error loss function L(θ̂, θ) = (θ̂ − θ)2.20 The estimator given by

δ(x) =





−1, x = 0,

0, 1 ≤ x ≤ n− 1,

1, x = n,

(2.9)

is admissible, but it is not generalised Bayes. Appendix A.2 contains a proof of this claim.

3 Learning from data

Statistical methods and algorithms are everywhere. Our pockets are full of statistical

algorithms at work in our smartphones, political decisions are made on the basis of the

likely value of a coefficient in a regression model, the team of researchers at CERN that

discovered the Higgs boson used statistical tools familiar to anyone with an introductory

course in hypothesis testing. The success of statistics stems from many factors, of which

an obvious one is: it works! Science is inconceivable without statistics, and I do actually

watch and enjoy the videos the YouTube algorithms propose.

That these successes have taken place despite the fact that there is no consensus on

many of the foundational problems of statistics and inductive inference discussed over the

previous pages raises the question of what importance the things discussed in the preceding

section have for the theory and practice of statistics today. None, some may be inclined

to answer (at their own peril). In the following I attempt to answer this question, albeit

only indirectly, by contrasting the type of statistics discussed thus far, with what may be

called the algorithmic or predictive school of statistics, and with what may be called the

applied, qualitative, or even causal school.

To fix ideas I here reproduce a simple but enlightening figure from the classical pa-

per Breiman (2001), in which the idea of the ‘two cultures’ of statistical modelling was

introduced. The sketch of the world given by Breiman (2001, p. 199) is one in which

nature takes an input x and returns an output y,

y ← Nature ← x (3.1)

With this sketch in mind, Breiman distinguishes between two goals of statistics: (i) to

predict what the response is likely to be based on future inputs; and (ii) to extract some

information about how nature is associating x and y. We return to the possible conflict

between these two tasks in the next section.

In addition to these two tasks, Breiman also distinguishes two different approaches

towards attacking them. The first, which he calls the ‘data modeling culture’, and which

encompasses much of what is found in traditional statistics textbooks,21 is based on build-

ing a model for the black box which is Nature. It is this approach that we have been dealing

20Write the binomial distribution on exponential family form, that is, P(X = x) =
(
n
x

)
px(1 − p)n−x =(

n
x

)
(1 + eθ)−nexθ = h(x)c(θ)exθ, then θ = log(p/(1 − p)) is the natural parameter, see e.g. Casella and

Berger (2002, ch. 3.4).
21I am thinking of books such as Lehmann and Romano (2005); Lehmann and Casella (1999); Casella

and Berger (2002); Barndorff-Nielsen and Cox (1994); Schervish (1995). Two standard textbooks in the

algorithmic modelling culture are Friedman et al. (2009) and James et al. (2013).
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with so far in this introduction. The second, which he calls the ‘algorithmic modeling cul-

ture’, consists of constructing algorithms that operate on x to predict the responses y,

and, importantly, these algorithms are not intended to emulate nature. Today, Breiman’s

algorithmic modelling culture is interchangeable with what we know as ‘data science’ and

‘machine learning’, while the data modelling culture includes the type of statistics that

is in use in science, and indeed much of what we associate with theoretical statistics. Is

this divide as deep and important as it is sometimes taken to be? I think not. Efron and

Hastie (2016) put it aptly ‘[. . . ] algorithms are what statisticians do while inference says

why they do them’. Moreover, Efron and Hastie (2016) continue, despite the impressive

empirical track record of the black box algorithms lurking in the background of every

app and webpage, it might still be possible to outperform these, or, perhaps, they are

coming close to some as-yet unknown theoretical lower bound on their ability to perform

a given task. In many if not most cases we do not know, and it is ‘the job of statistical

inference to connect “dangling algorithms” to the central core of well understood method-

ology’ (Efron and Hastie, 2016, p. 447). The point Efron and Hastie are making is that

quite often the algorithms are running ahead of theory, which means that there is a lot of

theoretical catching-up to do. The work of gaining a deeper understanding of empirically

well-functioning algorithms is well under way (see e.g. Vershynin (2018) and the references

therein). In statistics, such a situation is not new. People were, for example, using aver-

ages for various purposes long before one had any theoretical understanding of why that

might be a good idea. Stigler (2016, p. 31–32) describes how in the 16th century, in order

to agree on how long a foot (the unit of measurement) was, a sample of men were gathered

after church and made to stand toes touching heels. A rope was stretched from the heel

of the man in the back to the tip of the toes of the man in front, and then the rope was

cut in as many equally long pieces as there were men.

Some premises of the data modelling approach to statistics is that there is a true data

generating mechanism out there; that an important part of the job of the statistician is

to model and approximate this mechanism; and, importantly, that there is one best way

of analysing the data (Donoho, 2015). A great deal of results in statistics are of this form:

One first replaces ‘Nature’ in the box in (3.1) with a model for it; then contingent on this

model one tries to show that there is an estimator that uniformly achieves the minimum

variance among the unbiased estimators; a class of admissible estimators; a most efficient

one; a test that is most powerful; a procedure achieving the minimax rate, or whatever.

The issues raised in the Section 2 all fall more or less squarely into this framework. From

the users of statistics, or just people who genuinely care about applied statistics (which, of

course, ought to be all statisticians, but is not), this approach has been met with various

responses, ranging from incomprehension and admiration, enlightened and critical use, to

scathing criticism.

Here I want to concentrate on two lines of critique of the type of statistics discussed

in Section 2. The first claims that because the validity of the mathematical results of

statistics are contingent on the model assumed being true, they have little if no practical

value. Importantly, the biggest source of uncertainty, namely the model itself, is rarely

if ever taken into account. The second line of critique concerns the insufficient attention

classical statistics has paid to the question of causality. Theories in the scientific fields
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that are the most eager users of statistics – economics, social science, biology, medicine,

epidemiology – are almost invariably causal theories; so how come statisticians have paid

so little attention to causality?

3.1 Model uncertainty When it comes to the uncertainty associated with the

model, we start by noting that model selection, model averaging, valid post model selec-

tion inference, and not the least, bigger classes of models as in non- and semiparametrics,

are active fields of research (see e.g. Berk et al. (2013); Claeskens and Hjort (2008); Ghosal

and van der Vaart (2017); Giné and Nickl (2016) and the references therein). That be-

ing said, if one believes that the quantification of uncertainty is a laudable endeavour, it

is hard to envisage how this can be done without any assumptions about how the data

were generated. One must be willing to assume something. It is trivially true that an ε-

improvement in expected loss might be insufficient reason to choose a complicated method

above a simpler one when we have little idea what happens to the ε-gain when the model

assumed is a little off. At the same time, the history of statistics has shown us that a deep

understanding of simple problems can shed considerable light on more complicated ones.

One response to the model uncertainty question might therefore be, on the one hand, to

admit that model uncertainty is a major challenge, while on the other, to recognise a need

for clarifying what the proper role of statistical theory is.

Take the James–Stein estimator and the proof of the inadmissibility of the maximum

likelihood estimator. Stein’s inadmissibility result is based on independent normals with

known variance, admittedly an idealised setup that is seldom if ever encountered in the

empirical world. At the same time, few statisticians doubt the importance of this result

for shrinkage estimation, sparsity priors, pruning of algorithms, and various penalisation

methods, far beyond the confines of the independent standard normal theory. In effect,

many of the algorithms that we today associate with machine learning techniques have a

distinctly Steinian flavour (see the already cited book Efron and Hastie (2016)).

A similar argument, worth paraphrasing here, is made by Johnstone (2019) in his

book on the Gaussian sequence model. The Gaussian sequence model is yi = θi + σzi for

i ∈ I finite or countable, {θi}i∈I fixed and unknown, with independent standard normals

z1, z2, . . ., and σ known. This is a rather simple model, but, Johnstone argues, the Gaussian

sequence model captures many of the conceptual issues associated with nonparametric

estimation, with a minimum of technical complication. Furthermore, argues Johnstone,

models and theory are always an idealisation of reality, and since one aim of theory is

to provide clearly formulated, generalisable insights that might inform and improve our

computational and empirical efforts, then we must accept a greater degree of idealisation

today than was necessary when the data statisticians had to deal with were small or

coming from experiments. I think Johnstone is right, and we will shortly see another

example where an extremely simple model might contain lessons for more complicated

situations.

3.2 Prediction, explanation, and causality Consider the regression model y =

α + βx + noise. An educated guess is that in the majority of problems where the linear

regression model is fit to data, β, the expected change in y with a one unit change in
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x, is intended to be given a causal interpretation. At the same time, in introductory

statistics courses one learns about the assumptions needed for a test of a null-hypothesis

β = 0 to be valid, assumptions which relate primarily to the distribution of the noise

term; independence and equal variance. At the same time, the conditions under which

it is correct to give a rejection of the null-hypothesis a causal interpretation, are given

scarce attention. A bewildering state of affairs indeed. And this is the reason, I think,

being a dilettante in the theory of causality, for the importance of the work of J. Pearl.

The theory of causality developed by Pearl (2009) (see Pearl et al. (2016) for a more

accessible account) provides empirical researchers with a framework for thinking lucidly

about how to untangle causal effects from observational data, and allows the researcher

to be transparent about the assumptions she is making in order to identify a causal effect.

According to Pearl and Mackenzie (2018, p. 139), there was no precise definition of the

concept of a ‘confounder’ before Pearl provided one. Provided this is correct, it says

something about the importance of Pearl’s work. The point I want to make here is that

Pearl’s theory complements statistical theory, it does not replace it.

Take Pearl and Mackenzie (2018, p. 192) who in discussing the Monty–Hall problem

write that:

No wonder statisticians in particular found this puzzle hard to comprehend.

They are accustomed to [. . . ] “the reduction of data” and ignoring the data-

generating process.

As is evident from this quote, and as noted by Gelman (2019), Pearl has a tendency to

mischaracterise statistics.22 When the mischaracterisation is as exorbitant as in the quote,

one is moving perniciously close to saying that there is little use in statistics (perhaps apart

from collecting data and deriving sufficient statistics?). More importantly, by statements

of this type Pearl underplays the fact that his theory only takes you half the way. Drawing

a directed acyclic graph, identifying potential confounders, colliders, and so on, is clearly

necessary in order to get a decent estimate of a causal effect (see Hernández-Dı́az et al.

(2006) for a case in point). But it is not sufficient.

First of all, Pearl’s theory is qualitative in that a well founded directed acyclic graph

does not translate directly to a statistical model that can be fitted to data. For example,

an arrow from node x to node y tells you that there is a causal relationship between x

and y, but is silent about the nature of this relationship – what is its functional form;

is it deterministic, if not, in what form comes the noise? Second, given that enough has

been said about the relationship between x and y to estimate this relationship, then, well,

comes all the trouble with how to estimate this relationship, provide a quantification of

uncertainty, etc,. in other words, do what we associate with classical statistics. In the

words of Gelman (2019), there is a division of labour here, but this division is ignored by

Pearl, to the extent that he leaves the impression that the dag-and-do-operator theory has

22Pearl and Mackenzie (2018, p. 139): ‘Statisticians have been immensely confused about what variables

should and should not be controlled for, so the default practice has been to control for everything one

can measure.’ Pearl and Mackenzie (2018, p. 151): ‘One recent book, coauthored by leading statisticians,

spends literally two pages trying to explain it [confounding], and I have yet to find a reader who understood

the explanation.’ We are not told which book this is, nor, obviously, who the ‘leading statisticians’ are.
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the potential of superseding classical statistics.

Assume that some data have been collected and that you have drawn up your directed

acyclic graph. As just elaborated on, one then has to specify a statistical model corre-

sponding to the directed acyclic graph. When this is done, the next step is to estimate

the causal effect of interest, say β. How? The theory of causality is silent on estimation, it

does not prescribe criteria by which to evaluate and choose an estimator. Nevertheless, it

appears that among epidemiologists, econometricians, and other researchers who for good

reason care about causality, estimators that are unbiased, or at least consistent, are held in

high esteem. As G. Shmueli (2010, p. 293) writes in a highly cited paper, ‘[i]n explanatory

modelling the focus is on minimizing bias to obtain the most accurate representation of

the underlying theory’. The word ‘explanatory’ is here used synonymously with ‘causal’.

Based on anecdotal evidence, I share this impression. But this begs the question of how

to assess various representations of the underlying theory. (I must point out that Shmueli

(2010) makes some of the same arguments I am making here, so I am not arguing against

her.) Say your theory is that for j = 1, . . . , k ≥ 3 independent groups

yi,j = βjxi,j + εi,j , for i = 1, . . . , n, (3.2)

where ε1,j , . . . , εn,j and x1,j , . . . , xn,j are independent standard normals, and β1, . . . , βk
are the causal effects you want to say something about. Suppose it is decided to use the

least squares estimator β̂j =
∑n

i=1 xi,jyi,j/
∑n

i=1 x
2
i,j to estimate βj for j = 1, . . . , k. We

see that β̂j ∼ N{βj , 1/(n− 2)}, so the β̂j are unbiased for the βj . In fact, among the un-

biased estimators it is the estimator with uniformly smallest variance, and may therefore

be regarded as providing the most accurate representation of the underlying theory. Such

a view, however, elevates the importance of unbiasedness at the detriment of variance,

and more generally at the detriment of admissibility, and as a principle it is clearly unten-

able.23 The following twist on this example might delineate the dilemma present here more

clearly. Suppose that the causal effects β1, . . . , βk in (3.2) are associated with k different

groups of patients, and that based on k new values of the covariates xn+1,1, . . . , xn+1,k,

each associated with one of k different patients say, we are to predict new independent

observations yn+1,1, . . . , yn+1,k. In this setting the whole notion of unbiasedness no longer

makes sense, and one needs some other criterion for guidance. Minimising the squared dis-

tance between our predictions and what we predict is a natural choice, that is minimising

the expectation of the squared error loss function L(δ, y) = k−1
∑k

j=1(δj−yn+1,j)
2. We are

now in James–Stein territory, and it is well known that the predictions ŷn+1,j = xn+1,j β̂j
for j = 1, . . . , k are uniformly dominated by the predictions given by ỹn+1,j = xn+1,j β̃JS,j ,

where

β̃JS,j =
(
1− k − 2

(n− 2)
∑n

j=1 β̂
2
j

)
β̂j , for j = 1, . . . , k.

That ŷn+1 = (ŷn+1,1, . . . , ŷn+1,k) is uniformly dominated by ỹn+1 = (ỹn+1,1, . . . , ỹn+1,k)

means that the risk Eβ L(ỹn+1, y) is strictly smaller than Eβ L(ŷn+1, y) for all values of

23Look back at the model displayed in (2.4) on page 11. Few people would seriously entertain the idea

of using an unbiased estimator in that example. Another classical example: Let X be an observation from

a Poisson distribution truncated at zero, Pθ(X = x) = θxe−θ/{(1− e−θ)x!}, and consider estimating e−θ.

The only unbiased estimator is (−1)X+1. See Romano and Siegel (1986, p. 168), and Keener (2011, p. 65).
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β = (β1, . . . , βk) ∈ Rk. The upshot of this is that if one sticks to unbiasedness in the

estimation of β, one might prefer one estimator in a point estimation problem, and another

in the associated prediction problem. Calling this a ‘paradox’ would be excessive (in the

estimation case the least squares estimator is chosen by an ad hoc criterion, unbiasedness,

while in the prediction case there is a well specified loss function), but since the notions

of causal knowledge and ability to predict are so closely related, the situation is at least

somewhat uncomfortable. The take-home message of Shmueli (2010) is that prediction

and explanation are two different challenges, a message with which one might agree, but

it is still uncomfortable that an unbiased explanation is beaten at the prediction game by

a biased one.

Here is another example where explanation, understood as consistent estimation of the

causal effect, and prediction, appear to be conflicting desiderata. Consider the regression

model

yi = βxi + εi, i = 1, . . . , n,

where, due to the presence of some confounder, the covariates x1, . . . , xn are correlated

with the noise ε1, . . . , εn. To be precise, suppose that xi = γzi + vi, with z1, . . . , zn being

independent standard normals, independent of (ε1, v1), . . . , (εn, vn) which are independent

bivariate mean zero normals with Var εi = Var vi = 1 and Cov(εi, vi) = ρn = ρ/n1/2.

Based on the observations (y1, x1, z1), . . . , (yn, xn, zn) the goal is to make inferences on the

causal effect β, as well as to use our estimate of β to make predictions about new values

yi for i ≥ n+1. The covariate zi in this model is the textbook example of an instrumental

variable. Consider the least squares estimator of β, it is β̂ml =
∑n

i=1 xiyi/
∑n

i=1 x
2
i , has

expectation β + ρn, and variance

Var β̂ml = E
1− ρ2

n∑n
i=1 x

2
i

=
1− ρ2

n

γ2 + 1

1

n− 2
. (3.3)

The two-stage instrumental variable estimator is

β̃iv =

∑n
i=1(γ̂nzi)yi∑n
i=1(γ̂nzi)2

=

∑n
i=1 ziyi∑n
i=1 zixi

, where γ̂n =

∑n
i=1 zixi∑n
i=1 z

2
i

. (3.4)

This estimator is consistent for β, and has a normal limit

n1/2(β̃iv − β) =
n−1/2

∑n
i=1 εizi

γ̂nn−1
∑n

i=1 z
2
i

d→ N(0, 1/γ2).

Consequently, the asymptotic risk functions of the two estimators are24

Risk(β̂ml) =
1

γ2 + 1
+ ρ2, and Risk(β̃iv) =

1

γ2
,

which shows that for sufficiently small values of γ, the least squares estimator has risk

below that of the instrumental variable estimator. By the same token, since the mean

24If
√
n(θ̂n − θ)→d a+ bZ, with a, b constants and Z a standard normal random variable, what I refer

to as the asymptotic risk of θ̂n is a2 + b2.
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square prediction error of any prediction of yn+1 of the form y̆n+1 = β̆nxn+1 is

E (y̆n+1 − yn+1)2 = E {x2
n+1(β̆n − β)2 − 2xn+1(β̆n − β)εn+1 + ε2

n+1}
= E (x2

n+1)E (β̆n − β)2 − 2ρE (xn+1εn+1) + 1

= (γ2 + 1)E (β̆n − β)2 − 2ρ2 + 1,

we see that this is an example where the desire to accurately explain and the desire to

accurately predict, are at odds.

4 Inference on stochastic processes

A theme that appears in various guises in the articles of this thesis is that of making sta-

tistical inferences on the parameters governing stochastic processes. A stochastic process

is a collection X = {Xt : t ∈ T} of random variables Xt : Ω → R, indexed by some set

T , all defined on the same probability space (Ω,F ,P). For a fixed point ω, the function

t 7→ Xt(ω) is called a sample path, and one can think of Ω as indexing a bunch of different

functions, chosen at random according to P. In the articles of this thesis the index set T

will be an interval of the real line: what we think of as time. In none of the applications

will we be able to directly observe the underlying process X, or processes X1, . . . , Xn,

generating the observed data; either due to censoring, noise, thresholding, or because only

discrete time observation are available. Despite important differences between the pro-

cesses and the observational schemes involved, there are certain similarities. In Section 6

I explore some of these.

In this section I discuss two topics related to inference on the parameters of stochastic

processes that are relevant for this thesis. Section 4.1 contains an introduction to the

notion of stable convergence of a sequence of random variables, a notion that plays an im-

portant role in Article IV (‘Volatility and intensity’), but also has certain connections to

the conditionality issues discussed in Section 2.4. Due to complicated dependency struc-

tures, inference on stochastic processes can oftentimes be quite computationally intensive,

if at all feasible. The idea of approximating the true likelihood of the data by the com-

position of lower-dimensional likelihood elements is employed in Article III (‘Models and

inference for on-off data via clipped Ornstein–Uhlenbeck processes’). Variations over such

constructions are used in many estimation problems, where the original likelihood is too

big, in a sense, to be dealt with. In Section 4.3 I derive a focused model selection criterion

for such estimation methods.

4.1 Stable convergence In Article IV (‘Volatility and intensity’) the notion of a

sequence of random variables converging stably in distribution, is used repeatedly. In this

section I provide an introduction to this type of convergence of probability measures. Let

us start by recalling the measurement device example due to Cox (1958) that we met in

Section 2.4. Suppose X1, . . . , Xn are unbiased measurements of θ, made with one of two

instruments; instrument zero produces independent normal errors with variance σ2
0, while

instrument one produces independent normal errors with variance σ2
1 that does not equal

to σ2
0. Before each measurement, a coin is flipped deciding which of the two devices we are
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to use. Let υ be the number of times instrument one was used. When the variances are

known, the conditionality principle dictates that inference on θ ought to be based on the

observed information (equivalently, the conditional variance of the maximum likelihood

estimator),

− d2`(θ)

dθ2
= (n− υ)/σ2

0 + υ/σ2
1,

rather than the expected Fisher information −E d2`(θ)/dθ2 = (n/2)(1/σ2
0 + 1/σ2

1), with

`n(θ) the log-likelihood of the data (this example is due to Efron and Hinkley (1978)).

This means that we ought to use a data dependent measure of uncertainty. When di-

vided by the sample size n, we see that, as the sample size increases, whether we base

our inference on the observed or the expected information does not matter because the

observed information tends in probability to the expected information. In other words,

the data dependence of the uncertainty estimate vanishes asymptotically. The need for

stable convergence arises when this is not the case. To fix ideas, suppose that we observe

Xi = θ + σiεi, i = 1, 2 . . . , (4.1)

where ε1, ε2, . . . are independent standard normals and σi =
∑i−1

j=1 ρ
jεj , for some ρ in

(−1, 1). As in the measurement device example, we seek to make inference on θ, and to do

so we would like to show that the sequence
√
n(X̄n − θ), properly normalised, tends to a

standard normal distribution. Using a martingale central limit theorem (see Appendix A.4

for the details of what follows), we have that

Zn =
√
n(X̄n − θ) d→ (σ2

∞)1/2Z, (4.2)

where σ∞ =
∑∞

j=1 ρ
jεj and Z is a standard normal random variable independent of σ∞.

Notice that the convergence result in (4.2) is similar to the finite sample measurement

device example where the variance is based on the observed information, because in (4.2)

the variance σ∞ is data dependent. That is, we could have used Eσ2
∞ as our variance,

but doing so would not be in line with the conditionality principle. The right hand side

in (4.2) is a data dependent limiting distribution, and that is what we want. For inference,

however, the result in (4.2) is useless. In order to use it for inference we need an estimator,

s2
n say, that is consistent for σ2

∞, and then normalise so that

√
n(X̄n − θ)/sn d→ Z. (4.3)

A consistent estimator for σ2
∞ is s2

n = n−1
∑n

i=1(Xi − X̄n)2 (consistency is verified in

Appendix A.4), but since σ2
∞ is a random variable and not a constant, the Cramér–Slutksy

rules are not strong enough to yield (4.3). Furthermore, in proving (4.3) one works with

the sequence Zn =
√
n(X̄n − θ) = n−1/2

∑n
i=1 σiεi, and actively uses that ε1, ε2, . . . are

independent. Thus, due to the dependency between σ∞ and the ε1, ε2, . . . one cannot

simply condition on σ∞ and treat it as a constant, which would have been the natural

thing to do if σ∞ were independent of the data. The right type of convergence for dealing

with these issues is stable convergence.

Let us start with the definition (see Mykland and Zhang (2012, p. 150), Jacod and

Shiryaev (2003, p. 512), or Aldous and Eagleson (1978), Hall and Heyde (1980), for early

accounts).
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Definition 4.1. (Stable convergence) Fix a probability space (Ω,F ,P). Let Zn be

a sequence of F-measurable random variables taking their values in a Polish space X with

its Borel-σ-algebra B.25 We say that Zn converges stably in distribution if there is a

probability measure µ on (Ω× X,F ⊗ B) such that

EY g(Zn)→
∫

Ω×X
Y (ω)g(x)µ(dω,dx), (4.4)

for all bounded and F-measurable Y , and all bounded, continuous real-valued functions

g.

To get a feel for what this definition is saying, it is useful to take a step back and

contrast it with convergence in distribution. A sequence of random variables (Zn)n≥1

defined on a probability space (Ω,F ,P), or on a sequence (Ωn,Fn,Pn) of such spaces, it

does not matter, with every Zn taking their values in (X,B), converges in distribution if

for every bounded, continuous real-valued function g it holds that
∫
g(x) dPn(x)→

∫
g(x) dP (x), (4.5)

where Pn = PZ−1
n . We typically denote this by Pn ⇒ P , or Zn →d Z, where by the

latter we understand that Z is a random variable with distribution P on (X,B), and that

this random variable is taken to be independent of the sequence (Zn)n≥1. Concretely, this

means that when we simulate from the limiting distribution of (Zn)n≥1 on our computer,

we sample (independent) copies of Z from the distribution P without taking the observed

values of Z1, Z2, . . . into account. In this sense, the limiting distribution does not contain

any prelimiting information.

Loosely speaking, the need for stable convergence arises when we do want to carry

prelimiting information into the limiting distribution, which also explains why all the

random variables in (Zn)n≥1 must be defined on the same probability space. This aspect of

stable convergence might be easier to appreciate when it is defined as a form of conditional

convergence, as we will do below (this was originally the definition, see Rényi (1963)).

In Definition 4.1, since the space (X,B) is Polish, there exists a transition probability26

Q from (Ω,F) on (X,B), such that µ(dω,dx) = Q(dω,dx)P(dω) on F⊗B (see e.g. Dudley

(2002, Theorem 10.2.2, p. 345)). Now the transition probability Q is going to play a role

similar to the P in (4.5), but this time given the prelimiting information F . That is, we

would like to ‘realise’ Q by a random variable Z, that given F has distribution Q(ω,dx)

on (X,B). To do so, we construct an extension (Ω̃, F̃ , P̃) of the original probability space

by setting

Ω̃ = Ω× X, F̃ = F ⊗ B, P̃(dω,dx) = Q(ω,dx)P(dω), (4.6)

and define a random variable Z : Ω × X → X that has F-conditional law Q(ω,dx) on

(X,B) (Aı̈t-Sahalia and Jacod, 2014, p. 93). This means that for all A ∈ F and B ∈ B,

25A Polish space is a complete (all Cauchy sequences converge) separable (it has a countable dense

subset) metric space.
26This means that B 7→ Q(ω,B) is a probability measure on (R,B) for every ω ∈ Ω, and ω 7→ Q(ω,B) is

F measurable for every B ∈ B. The σ-algebra F̃ = F ⊗B is σ(F ×B : F ∈ F , B ∈ B), that is, the smallest

σ-algebra generated by the measurable ‘rectangles’.
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we have

P̃(A, {Z ∈ B}) = µ(A×B) =

∫

A
Q(ω,B)P(dω).

Since Q(ω,dx) is a probability measure, we have that for all A ∈ F
∫

A
Q(ω,B)P(dω) =

∫

A×X
Q(ω,B)P̃(dω,dx) =

∫

A×X
I{Z∈B}P̃(dω,dx),

which show that Q(ω,B) satisfies the definition of a conditional probability (Dudley, 2002,

p. 343), and we can identify Q(·, B) with a version of P̃(Z ∈ B | F). Notice also that with

the extension introduced in (4.6), Definition 4.1 says that Zn converges stably to Z if

EY g(Zn)→ ẼY g(Z), (4.7)

for all bounded and F-measurable Y , and all bounded and continuous g, where ẼZ =∫
Z dP̃. We write Zn

d→ Z stably.

In (4.2), where it was claimed that
√
n(X̄n − θ)

d→ (σ2
∞)1/2Z, this convergence in

distribution is indeed stable (see Appendix A.4 for a proof), which here means that for any

bounded Y on (Ω,F) and any bounded continuous g, we have that EY g{√n(X̄n− θ)} →∫
Ω×R Y g(Z(ω, x))Q(ω,dx) dP(dω), where, for ω fixed, Q is given by

Q(ω,B) =

∫

B

1√
2πσ2∞

exp(− x2

2σ2∞
) dx,

while P is the probability measure according to which a limiting variance σ2
∞ is chosen.

Here are two examples from Podolskij and Vetter (2010) that highlight the need for

an extension of the type given in (4.6). Suppose that X1, X2, . . . are independent mean

zero random variables with variance 1, defined on the same probability space (Ω,F ,P),

where F = σ(X1, X2, . . .). The central limit theorem tells us that Zn = n−1/2
∑n

i=1Xi →d

Z ∼ N(0, 1), as n tends to infinity. Now, for Z to be independent of the data X1, X2, . . .,

the random variable Z must live on a probability space different from (Ω,F ,P) (this is

a consequence of the Doob–Dynkin Lemma, see e.g. Billingsley (1995, Theorem 20.1(b),

p. 255) or Cohen and Elliott (2015, p. 13)). These matters are, for good reasons, typically

pushed to the background. For the next example, let Zn be a sequence of random variables

on (Ω,F ,P), and assume that Zn →d Z stably. If Z is F-measurable, then Zn converges to

Z in probability also, for by KK below, stable convergence implies that (Zn, Z)→d (Z,Z),

so that Zn − Z →d 0, and consequently Zn − Z →p 0. What this example illustrates, is

that if you want stable convergence that is not convergence in probability, the random

variable Z must be defined on an extension of the original probability space.

That Zn converges in distribution to Z stably, in the sense of (4.7), is equivalent to

statements K and KK is illuminating, as it clarifies how stable convergence is connected

to conditioning and to joint convergence.

K P(Zn ≤ z,A) →
∫
AQ(ω,Z ≤ z)P(dω) for all F-measurable events A and all conti-

nuity points of the right hand side;

KK (Zn, Y )
d→ (Z, Y ) for all F-measurable Y .
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The equivalence between these three statements and some others is proven in Theorem B.1

of Appendix B.1. Stable convergence thus provides the right framework for carrying pre-

limiting information into the limiting distribution, and importantly, it also gives the con-

ditions under which norming by a sequence that has a (non-degenerate) random variable

as its probability limit is permitted: we have the following lemma.

Lemma 4.1. If Zn →d Z = σ∞N(0, 1) stably and σn →p σ∞ for a F-measurable random

variable σ∞ > 0, with N(0, 1) independent of σ∞, then Zn/σn →d N(0, 1).

Proof. Since Zn →d Z stably and σ∞ is F-measurable, (Zn, σ∞)→d (Z, σ∞) by KK. But

since σn − σ∞ →p 0, the Cramér–Slutksy rules yield (Zn, σn) = (Zn, σn − σ∞ + σ∞) →d

(Z, σ∞), and the result follows from the continuous mapping theorem (van der Vaart,

1998, Theorem 2.3, p. 7).

At this point it is informative to look at an example of a sequence of random variables

that converges in distribution, but not stably. This is from Aldous and Eagleson (1978,

p. 325): Let X and X ′ be independent with cumulative distribution function F . Then the

sequence

Zn =

{
X, n odd,

X ′, n even,
(4.8)

converges in distribution, but not stably. Since Zn ∼ F for all n, convergence in dis-

tribution is immediate. Let A = I{X ≤ a}, then E IAg(Zn) = E IAg(X) for n odd,

E IAg(Zn) = F (a) E g(X ′) for n even, and these are not equal.

4.2 A model for repeated juggling In Section 2.3 the problem of estimating the

probability of a successful torch juggling performance was introduced, and the importance

of modelling was mentioned. In this section I present a reasonably realistic model for

repeated juggling, propose a method for estimating its parameters, and show that the

need for stable convergence arises when deriving limit results for these estimators.

Let Xi take the value 1 if I succeed in juggling my torches at the i’th trial, and zero

otherwise. Given past practice Fi−1 = σ(X1, . . . , Xi−1), a model for the probability of me

not losing control of the torches is

pi(α, β) = 1/{1 + exp(−α− βSi−1)}, with Sk =

k∑

j=1

wj{Xj − (1−Xj)},

where we set S0 = 0, and {wj}j≥1 is a sequence of non-negative predictable weights such

that
∑∞

j=1wj < ∞ (for what follows we could also assume
∑∞

j=1w
2
j < ∞). This means

that α controls my average probability of succeeding, the ‘mean confidence’ referred to

above; while β determines to what extent I am able to forget past successes or failures,

that is, how much my confidence deteriorates when I loose control of the torches, and vice

versa. To ease the notation, we take α as known in what follows and write pi(β) = pi(α, β).

Note that in a more realistic version of this model that allows for an element of learning,

we could take α to be some function of n, perhaps bounded above by some upper mean

confidence level. I am digressing.
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Even though X1, X2, . . . are not independent, nor Markov, a natural estimator of β is

the maximiser β̂n of the function mn(β) =
∑n

i=1{Xi log pi(β) + (1 −Xi) log(1 − pi(β))}.
The function h 7→ mn(β0 + h/

√
n)−mn(β0) is concave in h, and

mn(β0 + h/
√
n)−mn(β0) = hUn(β)− h2

2
Jn(β) +Op(1/

√
n),

where Un(β) = n−1/2
∑n

i=1 Si−1{Xi − pi(β)} and Jn(β) = n−1
∑n

i=1 S
2
i−1pi(β){1− pi(β)}.

From Hjort and Pollard (1993, Basic Corollary, p. 2) we then get that

√
n(β̂n − β0) = Un/Jn + op(1),

where Un = Un(β0) and similarly Jn = Jn(β0). Define the martingales Mi = Xi − pi(β0)

for i = 1, . . . , n. Then Un,i = n−1/2Si−1Mi for i = 1, . . . , n and n = 1, 2, . . . defines an

array of square integrable martingale differences, in fact U2
n,i < 1/(4n), and

Zn(kn) = n−1/2
kn∑

i=1

Si−1Mi, for kn = 1, . . . , n,

defines a mean-zero, square integrable martingale array with differences Un,i. Since Sj
is a sequence of martingales such that supj E |Sj | < ∞, Doob’s Convergence Theorem

(Williams, 1991, p. 109) tells us that Sj converges almost surely to a finite random variable,

S∞ say, when j → ∞. By continuity of Si−1 7→ pi(β), this entails that pi(β0) → p∞ =

1/{1 + exp(−α− β0S∞)} almost surely. Skipping some important details (since they only

require changing the notation in the proof in Appendix A.4), we then have that Zn(n)

converges stably in distribution to τ∞U , where τ∞ = {S∞p∞(1 − p∞)}1/2, and U is a

standard normal random variable independent of τ∞. The important thing to note here

is that τ∞ is a proper random variable, and in order to make inference on β we need a

stable convergence result, and, of course, a consistent estimator of τ∞.

4.3 Focused model selection for composite likelihood A recurring theme

when analysing stochastic process data with complex dependency structures is that exact

likelihood inference is computationally infeasible. An example of this is encountered in the

paper “On-off data via Ornstein–Uhlenbeck processes” of this thesis. What we call a quasi–

likelihood approach in that paper, but that is also often referred to as pseudolikelihood

and composite likelihood, consists of constructing an likelihood-type object from lower

dimensional likelihoods over subsets of the data (see Varin et al. (2011) for a review of

these methods). As model selection criteria such as the Akaike information criterion, the

Bayesian information criterion, and the Focused information criterion are all based on the

likelihood, there is a need to adapt these to the composite likelihood case (Claeskens and

Hjort (2008) cover all three information criteria). In Varin and Vidoni (2005) such an

extension is pursued for the Akaike information criterion, and in Gao and Song (2010) for

the Bayesian information criterion.

In this section I sketch how an extension to quasi-likelihood estimation can be worked

out for the Focused information criterion introduced by Claeskens and Hjort (2003). Sup-

pose that the m-dimensional vectors yi = (yi,1, . . . , yi,m) are independently sampled for
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unit i = 1, . . . , n. Let ftrue(y) = fn(y) = f(y, α0, β0 + δ/
√
n) be a the true parametric

statistical model generating the yi. Fix a collection {D1, . . . , Dk} of subsets of {1, . . . ,m},
and let j = 1, . . . , k enumerate these. With θ = (α, β), the composite likelihood is given

by

Qn(θ) =
n∏

i=1

k∏

j=1

Li,j(θ),

where the Li,j are the proper likelihood elements of the data {yi,l}l∈Dj . What follows

could, at the expense of more cumbersome notation, be adapted to the case where Qn(θ) =∏n
i=1

∏ki
j=1 Li,j(θ)

wi,j for some suitable user-defined weights wi,j . What we might call the

composite likelihood score function, although we should be careful with the likelihood-

terminology, is
(
Ūn
V̄n

)
= n−1

(
Un
Vn

)
= n−1

(
∂ logQ(α0, β0)/∂α

∂ logQ(α0, β0)/∂β

)
= n−1

n∑

i=1

ki∑

j=1

(
Ui,j
Vi,j

)
,

where the Ui,j are of dimension p and the Vi,j of dimension q. The variance matrix at the

null model is

Gfull = Varθ0

(
Un
Vn

)
=

(
G00 G01

G10 G11

)
.

The corresponding matrix Gs for submodel s can be computed from Gfull using the map-

pings πs which are such that for v = (v1, . . . , vq)
t, πsv = vs = (vj1 , . . . , vj|s|)

t, and the jk
are in s. Denote Wi = ∂ftrue(Yi)/∂β for i = 1, . . . , n, note that these are independent and

identically distributed, and let

G̃01 = Eθ0 U1W
′
1, and G̃11 = Eθ0 V1W

′
1,

be p × q and q × q matrices, respectively. We have the following variant of a Lemma 3.1

in Hjort and Claeskens (2003, p. 883): Assuming that each Li,j satisfy Conditions (C1)–

(C4) in Hjort and Claeskens (2003, p. 897), we get that under the sequence of models

ftrue(y) = fn(y),

√
n

(
Ūn
V̄n

)
d→
(
G̃01δ

G̃11δ

)
+

(
M

N

)
, where

(
M

N

)
∼ Np+q(0, Gfull).

To see this, write ftrue(y) = f(y, α0, β0){1+W (y)′δ/
√
n+R(y, δ/

√
n)}. Since the U1, . . . , Un

are independent and identically distributed, we get Etrue Ūn = n−1
∑n

i=1 Etrue Ui = Etrue U1

= G̃01δ/
√
n + o(1/

√
n), using the expansion of ftrue(y). Similarly, E V̄n = G̃11δ/

√
n +

o(1/
√
n). Next, under the sequence of models ftrue,

√
n

(
α̂s − α0

β̂s − β0,s

)
d→ H−1

s GsH
−1
s

(
G̃01δ +M

πsG̃11δ +Ns

)
, (4.9)

where (M,Ns) ∼ Np+|s|(0, Gs). We might then get at a focused information criterion for

quasi-likelihood, by first applying the delta method to (4.9) to obtain an expression for the

chosen focus parameter, then estimating the unknowns in this expression. The challenge

seems to be the matrices G̃01 and G̃11, and how these should be estimated. One route,

given that the quasi-likelihodd estimators are consistent, is to plug these in to the score

function based on the full log-likelihood.
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5 Synopses of the articles

This section contains brief synopses of the five articles. In the next section I pick up on

some of the common themes of the articles and present possible future work.

5.1 Article I: Multivariate estimation of Poisson parameters As touched

upon in Section 3.1 the field of simultaneous estimation is a classical one in statistics,

whose early results still have wide-ranging repercussions for modern data analysis. In

this article the point of departure is the problem of simultaneously estimating the means

θ1, . . . , θp of p independent Poisson distributed random variables Y1, . . . , Yp under a loss

function that penalises bad estimates of the individual parameters, as well as bad estimates

of their sum γ =
∑p

i=1 θi. Concretely, we study loss functions of the form

Lc(θ, δ) =

p∑

i=1

L(θi, δi) + cL(

p∑

i=1

δi, γ), (5.1)

where c is a user-defined non-negative constant. We consider primarily L(θ, δ) = (δ − θ)2

and L(θ, δ) = (δ − θ)2/θ, but also more complicated varieties. The importance of the

c-term stems from the fact that most estimators dominating the maximum likelihood

estimator (MLE) under
∑p

i=1 L(θi, δi) are all of the shrinkage type (when p ≥ 2 or ≥ 3),

pulling the MLE towards zero, while in the one-dimensional problem L(
∑p

i=1 δi, γ), the

MLE cannot, under the loss functions we consider, be uniformly dominated. Thereby,

the constant c controls the amount of attention given to the conflicting objectives of the

estimation problem.

Under a variety of loss functions of the form (5.1) we derive estimators that dominate

the MLE uniformly over the parameter space. In particular, we study the loss function

in (5.1) with L(θ, δ) = (δ − θ)2/θ, under which we derive a class of minimax estimators

that uniformly dominate the MLE when p ≥ 2. To gain insight, we also demonstrate that

a particular member of this class, namely

δci =
(
1− p− 1

p− 1 + (1 + c)
∑p

i=1 Yi

)
Yi, for i = 1, . . . , p,

is (i) a generalised Bayes estimator; (ii) a limit of Bayes estimators; and (iii) a natural

empirical Bayes estimator. Importantly, we show that δc is admissible.

A section where we study weighted loss functions of the form Lw(θ, δ) =
∑p

i=1wi(δi−
θi)

2/θi, for user-defined weights w1, . . . , wp, is also included in the paper. Under this loss

function, with certain conditions on the weights, estimators that uniformly improve on

the MLE are derived. Notably, the uniform improvement of our estimator relative to the

MLE continues to hold in the infinite dimensional case, that is when p =∞.

We also study estimators that pull the MLE towards other data dependent points of

the parameter space than zero, such as the mean of the observations, and also covariate

dependent points. These estimators do not uniformly dominate the MLE, but achieve

substantial improvements relative to the MLE in certain regions of the parameter space,

and these are accurately described in the paper.
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Inspired by some of our prior constructions we employ in the risk function analysis,

we include a section where we construct new multivariate models for dependent count

variables. When p counting processes are observed simultaneously, our modelling allows

for either having dependence in time or between the counting processes. The starting

point for this modelling is the Poisson processes worked with earlier, where insights from

the prior constructions pave the way for modelling dependency. In a concluding remark we

extend one of the prior distributions worked with in the paper to a nonparametric setup.

Suppose that a non-homogenous Poisson process {Y (t) : t ≥ 0} is observed over a time

window [0, τ ], with cumulative intensity G(t). For the prior we introduce we write G = γF ,

and then take γ = G(τ) to stem from a distribution with density q(γ), independent of a

Dirichlet process for F , say F ∼ Dir(bF0). By utilising a lemma of the paper, we show that

γ and F are independent given the data, and derive the Bayes solution for G under the

loss function L(Ĝ,G) =
∫ τ

0 {Ĝ(s)−G(s)}2/G(s)w(ds), for some fixed weight measure w.

Although this loss function is rather different from the others worked with in the paper, as

it operates via the cumulatives, it might point towards nonparametric generalisations of

the parametric results of the paper. In this regard, an interesting question is whether the

uniform dominance result obtained for the weighted loss functions Lw(θ, δ) when p = ∞
(which is nonparametric of course), can be lifted to a continuous time process scenario.

5.2 Article II: The cure model in perinatal epidemiology In this article we

motivate and illustrate the use of the standard cure model in studies where one investigates

the relation between a gestational exposure and a condition in the offspring that can only

be ascertained after several years. In particular, the motivation for the paper comes from

the hypothesis that children whose mothers consumed paracetamol during pregnancy are

more prone to be diagnosed with attention deficit hyperactivity disorder (ADHD) than

those who were not exposed to paracetamol during pregnancy (see Ystrom et al. (2017)

and the references therein). A diagnosis of ADHD is an on-off thing, and consequently,

to investigate this hypothesis, natural options are binary regression models or, since the

data contain information on the time to diagnosis and suffer from right-censoring, Cox

regression models. As the latter takes care of censoring (there might be children in the

data that are diagnosed after the time of data collection), the Cox regression model is often

employed. In the paper, we argue that applying survival analysis methods is problematic

because the outcome is then defined as the time to diagnosis, while it is not clear why

the time to diagnosis is relevant in view of the hypothesis being tested. The paracetamol

consumed by the mother only passes through the placenta and affects the foetus as long as

the foetus is in its mothers’ womb. This means that, as regards the paracetamol-ADHD

hypothesis, the die is cast, or perhaps more precisely, the coin is flipped, when the child

is born.

This led us to adopt the view that the outcome of interest ought to be regarded as a

latent variable that takes its value at birth; either the child is susceptible, or the child is

not, and a diagnosis means that susceptibility is discovered. In statistical terms, this way

of viewing the data is easily appreciated if we think of the time to diagnosis as stemming

from a frailty model with hazard Zα(t), where Z is a frailty variable and α(t) is the hazard

rate of the susceptible individuals. Our reading of the paracetamol-ADHD hypothesis is
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that the gestational exposure to paracetamol affects the distribution of Z, which we take to

be binary, but does not affect α(t). This means that the paracetamol-ADHD hypothesis

concerns the quantity P(Z = 1 | exposure). Since the Z are partly unobservable, this

reasoning naturally leads to the standard cure model, that is a model where the survival

function Spop(t) is improper and given by

Spop(t) = P(Z = 0 | exposure) + P(Z = 1 | exposure)S(t),

where S(t) is the (proper) survival function of the susceptible children, determining the

time it takes until Z = 1 is discovered. Under different specifications of this model, we

investigate the possible relation between gestational exposure to paracetamol and ADHD

using data from The Norwegian Mother, Father and Child Cohort Study conducted by the

Norwegian Institute of Public Health, coupled with information about ADHD-diagnoses

obtained from the Norwegian Patient Registry. Our empirical findings are in line with

previous studies (see in particular Ystrom et al. (2017)), which is mildly surprising as

we employ a different model. The paper includes a section of a slightly more theoretical

nature that explains why our findings do not differ from previous studies, and explores

the conditions under which this continues to hold true.

5.3 Article III: Models and inference for on-off data via clipped Orn-
stein–Uhlenbeck processes The motivation for the model and the estimation meth-

ods we develop in the article entitled “Models and inference for on-off data via clipped

Ornstein–Uhlenbeck processes” came from a data set on Brazilian children living under

rather tough conditions in the metropolitan area of Salvador. During a period of 455 days

from October 2000 to January 2002, data collectors from the Institute of Public Health

at the Federal University of Bahia conducted regular visits to 925 different households.

One child aged under three years at entry was monitored from each of the households,

and one of the data collection efforts consisted of surveying the extent to which infants

in the Salvador area suffered from episodes of diarrhoea. In particular, it was recorded

whether or not the infant suffered from diarrhoea at the time of the visit. For each of the

925 children in our dataset, this gives rise to sequences of zeros (healthy) and ones (sick)

along with time stamps of the home visit, that is

(Yi(ti,0), Yi(ti,1), . . . , Yi(ti,ki−1), Yi(ti,ki)) = (0, 0, 1, . . . , 1, 0), for i = 1, . . . , n, (5.2)

where 0 ≤ ti,0 < ti,1 < · · · < ti,ki ≤ τ are the child specific time points at which an obser-

vation were made (i.e., a home visit conducted), and ki is the total number of observations

of the i’th child. From now on we write Yi,j = Yi(ti,j). In the paper we think of each of the

zero-one sequences in (5.2) as being discrete time observations of a continuous time process

Yi = {Yi(t) : 0 ≤ t ≤ τ} taking the values zero and one. These Yi processes are in turn

generated by ‘clipping’ independent Ornstein–Uhlenbeck process ξi = {ξi(t) : 0 ≤ t ≤ τ}
with mean zero, variance one, and covariance function

Cov{ξi(t), ξi(s)} = exp(−ai|t− s|), for i = 1, . . . , n,
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where ai is a positive parameter that may depend on covariates. The clipping involved

refers to

Yi(t) =

{
0, ξi(t) < ci(t),

1, ξi(t) ≥ ci(t),
(5.3)

where ci(t) is an unknown and potentially time varying threshold that may depend on

covariates. In the model studied in the paper we take

ai = exp(x′iβ), and ci(t) = zi(t)
′γ,

where xi and zi are covariate vectors that may be the same, overlapping, or disjoint (note,

however, that the covariates entering the covariance function are not allowed to be time

varying).

The methodological contribution of the paper consists of the development of a feasible

method for making inference on the unknown parameter vectors β and γ. As the likelihood

function

Ln(β, γ) =

n∏

i=1

Pβ,γ{Yi,0 = yi,0, . . . , Yi,ki = yi,ki},

is, for all but very small ki, computationally infeasible to maximise, inference is not

straightforward. Moreover, contrary to an Ornstein–Uhlenbeck process itself, a clipped

Ornstein–Uhlenbeck process is no longer Markov (Slud, 1989), so the likelihood contri-

butions in Ln(β, γ) cannot be factorised. To deal with this problem we work with what

we call the quasi-likelihood function (also called composite likelihood in the literature, see

Section 4.3),

Qn(β, γ) =
n∏

i=1

ki∏

j=1

∏

(u,v)

Pβ,γ{(Yi,j−1, Yi,j) = (u, v)}I{(Yi,j−1,Yi,j)=(u,v)}, (5.4)

where (u, v) is in {(0, 0), (0, 1), (1, 0), (1, 1)}. The maximum quasi-likelihood estimator

(β̂, γ̂) is the maximiser of Qn(β, γ), and these are, under regularity conditions (see Sec-

tion 3.1 in the enclosed paper), showed to be consistent for (β, γ), and limiting normality

is proved for
√
n{(β̂, γ̂)− (β, γ)}.

5.4 Article IV: Volatility and intensity The prototypical model for high-frequency

financial data takes log prices to follow a semimartingale process Xt of the form

dXt = µt dt+ σt dWt, (5.5)

where Wt is a Brownian motion; µt and σt are stochastic processes that may be dependent

on W ; and the continuous time process Xt is only observed at discrete times t0 < t1 <

· · · < tn in some interval [0, T ]. Much of the high-frequency literature has been focused

on estimation of the integrated (cumulative) volatility over one or successive intervals∫ T1
0 σ2

s ds,
∫ T2
T1
σ2
s ds, . . .. A foundational theorem in the theory of semimartingales (see

e.g., Jacod and Shiryaev (2003, Theorem I.4.47, p. 52)) says that the sum of squared

increments

[X,X]nT :=
∑

ti+1≤T
(Xti+1 −Xti)

2, (5.6)
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converges in probability to
∫ T

0 σ2
s ds as the mesh size maxi |ti+1− ti| → 0. In the practical

world of empirical finance, however, it has been observed that so called ‘realised volatility‘

in (5.6) does not converge when the sampling frequency increases, which means that the

observed log return process can not be a semimartingale (see Zhang et al. (2005) for an

excellent explanation). It has therefore become de rigueur to suppose that the log price

process observed at the sampling times is of the form

Ytj = Xtj + εtj , (5.7)

where Xt is the process in (5.5), and the εtj are mean zero noise terms. Whatever the

genesis of these noise terms, they are collectively referred to as microstructure noise.

In addition to microstructure noise, another complicating matter when estimating

parameters such as the integrated volatility is that the sampling times are likely to be

correlated with features of the underlying process Xt. In statistical terms, this means that

the observations Yt0 , Yt1 , . . . , Ytn do not constitute a random sample from the sample path

of Xt+noise. In recent years much progress have been made when the sampling times and

Xt are dependent – one says that the sampling times are endogenous. Common for the

papers dealing with endogenous observation times is that the endogeneity of these comes

about through their dependence on the level of the process Xt, and not on other features

of this process. This provides the motivation for our paper, namely that the observation

times might depend on underlying non-observable features of Xt, such as its spot-volatility

process σ2
t = d[X,X]t/dt.

Without going too deep into details, in the enclosed paper we assume that the succes-

sive observations of the Yt-process in (5.7) occur at the random times T0 < T1 < T2 < . . ..

These are the jump times of a counting process Nt =
∑

i≥1 I{Ti ≤ t}, whose compensator

we assume is given by
∫ t

0 λs ds. The process λt is then the intensity process of the obser-

vation times, and it is this process that we assume might be dependent with the volatility

process σ2
t . Therefore, the estimand of interest is the quadratic covariation

[σ2, λ]t,

over one or successive intervals of time. In the paper we construct an estimator for [σ2, λ]T ,

show that it is consistent, and derive a central limit theorem that can be applied to this

estimator. This central limit theorem is the main theoretical novelty of the paper, and

it has applications for a wide range of estimators based on second differencing estimators

of integrated spot processes. The paper (and appendix) that the enclosed article builds

on, namely Mykland and Zhang (2017a,b), contains examples of such estimators, and one

such is introduced and studied in that paper.

Here is a sketch of the type of objects the new central limit theorem may be applied

to. Suppose that we have at hand Θ̂n
t and Λ̂nt which are consistent estimators of

Θt =

∫ t

0
θs ds, and Λt =

∫ t

0
λs ds.

respectively, where θt and λt are spot parameter processes, both assumed to be semimart-

ingles. We write Θ(s,t] =
∫ t
s θu du, and similarly for Λ(s,t]. The construction is as follows.
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Divide the time interval [0, T ] into B blocks (ti−1, ti], with t0 = 0, tB = T , of the same

size ∆t = T/B, where we assume that ti = i∆t. Let K be an integer no greater than

B/2. A key component of the estimators we study is the rolling quadratic covariation of

integrated processes,

qvB,K(Θ̂n, Λ̂n) =
1

K

B−K∑

i=K

(Θ̂n
(ti,ti+K ] − Θ̂n

(ti−K ,ti])(Λ̂
n
(ti,ti+K ] − Λ̂n(ti−K ,ti]),

with qvB,K(Θ,Λ) similarly defined. Notice that qvB,K is an average over K different but

overlapping grids on [0, T ], one starting in t0, the next in t1, a second in t2, and the final

one in tK−1. Suppressed from the notation is that K and ∆t depend on n, so that when

n increases, the mesh size ∆t decreases, and the number of grids K that we are averaging

over increases. The basic insights are that

qvB,K(Θ̂n, Λ̂n) = qvB,K(Θ,Λ) + extra terms and noise, (5.8)

and that

qvB,K(Θ,Λ) =
2

3
[θ, λ]T + op(1),

when the mesh size ∆t→ zero while the number of subgrids increases so that K∆t→∞.

The trick is then to use a two scale construction, by which we mean working with qvB,K
for two different values of K, to get rid of the extra terms alluded to in (5.8). For studies

of such two scale estimators, see Zhang et al. (2005) and Mykland et al. (2019). To assess

the accuracy of estimators based on qvB,K(Θ̂n, Λ̂n) one must study sums of the type

1

2K

2K∑

l=1

∑

i≡l[2K]

(α
(l,n)
ti+K
− α(l,n)

ti−K )(β
(l,n)
ti+K
− β(l,n)

ti−K ), (5.9)

and it is for sums of this type that our new central limit theorem applies. In (5.9), the

inner sum is a sum over one of 2K overlapping partitions of an observational window,

and the outer sum, divided by 2K, averages over these. The quantities in the summands

are differences of α
(l,n)
t =

∫ t
0 f

(l,n)
s− dα

(n)
s and β

(l,n)
t =

∫ t
0 g

(l,n)
s− dβ

(n)
s , where α

(n)
s and β

(n)
s

are sequences of semimartingales, while f
(l,n)
s− , g

(l,n)
s− , for l = 1, . . . , 2K are sequences of

bounded and deterministic functions that may depend on the particular subgrid. Rolling

and overlapping sums such as that in (5.9), despite looking somewhat esoteric, naturally

appear when one studies estimators based on averaging sums of increments of processes

over overlapping partitions (or subgrids) of an observational window.

5.5 Article V: A linear hazard cure model Consider survival data (Ti, δi, Xi, Zi)

for i = 1, . . . , n that are independent and identically distributed replicated of (T, δ,X,Z)

observed over an interval of time [0, τ ], where T = T ∗∧C, for a true survival time T ∗ and an

independent censoring time C. In the standard cure model (see Amico and Van Keilegom

(2018) for a review) the i’th individual has survival function

Si(t) = 1− π(Xt
i γ) + π(Xt

i γ) exp(−
∫ t

0
α(s;Zi) ds),
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where π : R→ [0, 1] is typically taken to be the logistic function π(a) = 1/{1 + exp(−a)}.
Several authors have studied this model when the hazard rate is given a Cox regression

specification, that is α(t;Zi) = α0(t) exp(Zt
iβ), for positive baseline hazard function α0(t)

(see e.g. Sy and Taylor (2000), Fang et al. (2005), and Lu (2008)). In the working paper

“A linear hazard cure model”, we initiate a study of this model when the hazard rate is

of the linear form first introduced by Aalen (1980, 1989), that is

α(t;Zi) = Zt
iβ(t) = β0(t) + Zi,1β1(t) + . . .+ Zi,q−1βq−1(t),

where β0(t), . . . , βq−1(t) are unknown continuous functions, whose cumulatives Bl(t) =∫ t
0 βl(s) ds for l = 0, . . . , q − 1, we are to estimate from data. In the paper we introduce an

expectation-maximisation algorithm that produces estimates of the γ0, . . . , γp−1 parame-

ters in π(Xt
i γ), as well as for the cumulative regression functions B0, . . . , Bq−1. Under-

standing the large-sample behaviour of these estimators is challenging for two reasons: (i)

the semiparametric nature of the problem, and (ii) our estimators are not maximum like-

lihood estimators, they are so-called Z-estimators, that is, solutions to a set of estimating

equations. The estimating equations we use in the technical report do not correspond to

a maximisation problem. To tackle these challenges we adopt a strategy strongly inspired

by Mykland and Zhang (2009), where inference techniques and large-sample properties of

estimators in a high-frequency data setting are studied via locally constant approximations

and ex post adjustments of limiting processes. This involves using that the probability

measures associated with the underlying truth are contiguous with respect to the prob-

ability measures associated with certain locally constant approximations; then carry out

the analysis under the locally constant, and hence parametric, approximations; and subse-

quently employing a process convergence version of Le Cam’s third lemma (Mykland and

Zhang, 2009, Theorems 1–2, Remark 2, pp. 1411–1412).

In the case of the linear hazard cure model, this scheme takes the following form: Let

γ◦0 , . . . , γ
◦
p−1 and B◦` (t) =

∫ t
0 β
◦(s) ds with β◦(s) continous on [0, τ ] for ` = 0, . . . , q − 1,

be the parameters associated the underlying true model, denoted P◦. For integers K ≥ 1

introduce the models PK? associated with a partition 0 = v0 < v1 < · · · < vK−1 < vK = τ ,

and the parameters

γ? = γ◦, and β?j = β◦(vj−1), for j = 1, . . . ,K.

Importantly, for K fixed, PK? is a parametric distribution. In a first part, we assume

that the data we observe are generated by a given PK? distribution; use the likelihood

function of PK? to derive estimating equations (that are not the score functions), and

estimators based on these; then we carry out an analysis of the large-sample properties of

our parametric estimators, B̂ and γ̂ say. Subsequently, we take advantage of the contiguity

of the semiparametric distributions with respect to the parametric distributions, to derive

process convergence results of our estimators as K → ∞ – so that B?(t) =
∫ t

0 β
?(s) ds

approaches B◦(t) =
∫ t

0 β
◦(s) ds, and as n → ∞. This results in an asymptotic analysis

under the original data generating model P◦, and gives a precise description of permissible

relationships between K and n. In particular, we find that if K is proportional to
√
n,

then √
n(B̂ −B◦, γ̂ − γ◦) d→ c+ U ,
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under P◦ when n,K →∞. Here c is a non-zero function, and U is a mean zero Gaussian

martingale. If K → ∞ faster than
√
n, then c ≡ 0, and we are back to the limiting

distribution of a truly semiparametric estimator, that is, an estimator derived without

appealing to the parametric likelihood.

6 Common and future themes

In this section I present and discuss three themes for future research, all of which draw

upon the articles contained in this thesis.

6.1 Contagion and the multiplicative hazards model The classical setup

in survival analysis subject to right censoring is the following: We observe independent

non-negative random variables T1, . . . , Tn along with the observation indicators δ1, . . . , δn.

Each of the former being the minimum of a true lifetime T ∗i and a censoring time Ci, taken

as independent from a distribution on the positive real line that is non-informative on the

distribution of the lifetimes, and δi = I{T ∗i ≤ Ci}. One forms the counting and the at-risk

processes Nn(t) =
∑n

i=1 I{Ti ≤ t, δi = 1} and Yn(t) =
∑n

i=1 I{Ti ≥ t}, respectively, and

introduces the martingale

Mn(t) = Nn(t)−
∫ t

0
Yn(s)α(s) ds.

The basic object in survival analysis is the hazard rate α(s). The Nelson–Aalen estimator

is an estimator of the cumulative hazard A(t) =
∫ t

0 α(s) ds; in a Cox regression model

one takes α(t;xi) = α0(t) exp(xt
iβ) in terms of a baseline hazard α0(t), and a vector xi of

covariates specific to the i’th individual in the sample, then estimates β.

Common for most, if not all, survival analysis models based on modelling the hazard

rate, is that the jump of one individual counting process does not affect the probability

of another counting process making a jump.The situation is different when it comes to

recurrent event data, or event history analysis, where Hawkes process models (Laub et al.,

2015) have received much attention, particularly in the financial literature. Also, in a

more medical setting Gjessing et al. (2010) study recurrent event counting process models

with a Cox regression structure on the hazard, when one of the covariates is a function

of the past of the counting process itself, and derive conditions under which such models

are non-explosive. What these models have in common is that the time horizon of the

counting process(es) involved are infinite, and in the case of the Hawkes process models

that the asymptotics, are of the time-to-infinity type (i.e. not of the n→∞ type).

To my knowledge, a topic that has not been studied is when contagion, in the sense

that a jump of one of the single-jump counting processes affects the probability of one of

the remaining n − 1 others making a jump, occurs in multiplicative intensity models of

the form (6.1), observed over a finite time window [0, T ]. In the following I sketch what

this type of contagion might entail for the Nelson–Aalen estimator. The hazard rate α(t)

is the limit of

P(T ∈ [t, t+ h) | T ≥ t)/h,
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as h tends to zero. Thus, if the jump of one (single jump) counting process is to influence

the probability of a jump of the others, this would imply two things: First, that α(t) =

αn(t) is itself a stochastic process (and should be indexed by n); and, second, that the

composite counting process Nn and α are dependent. The Nelson–Aalen estimator is

given by Ân(t) =
∫ t

0 dNn(s)/Yn(s), and its asymptotics is based on the error martingale

(see Andersen et al. (1993, Ch. IV.1) for a thorough account)

Zn(t) =
√
n(Ân −A)(t) =

√
n

∫ t

0

dMn(s)

Yn(s)
,

where A(t) =
∫ t

0 α(s) ds is the cumulative hazard. The predictable quadratic variation of

Zn is 〈Zn, Zn〉t = n
∫ t

0 αn(s)/Yn(s) ds, from which we see that when the hazard rate is a

stochastic process dependent on the underlying data (the first point above), the limiting

variance will depend on the underlying data, and we find ourselves in a situation that

necessitates a stable convergence result for Zn (see Section 4.1). Now comes a more

subtle point: the dependence between Nn and αn might entail that for each t in (0, T ]

the quadratic variation [Zn, αn]t converges in probability to a non-zero process. This,

in turn, means that the third condition of Theorem B.3 in the appendix fails to hold.

In the high-frequency econometrics literature it has been shown that certain forms of

endogeneity of the observation times (see Section 5.4) induce a correlation between the

error martingale of integrated volatility estimators and the underlying data, and this

correlation persists in the limit (see Li et al. (2014) and Mykland and Zhang (2012, pp. 155–

156)). Following Mykland and Zhang (2012), one could, in the case of the Nelson–Aalen

estimator, imagine the following remedy. Define Z̃n(t) = Zn(t)−
∫ t

0 gs dαn(s), where gs is

a function that we are to determine, and assume that αn is a martingale. Then,

[Z̃n, αn]t = [Zn, αn]t −
∫ t

0
gs d[αn, αn]s,

and the function gs can be chosen so that [Z̃n, αn]t →p 0 for each t > 0. This means that

Z̃n will satisfy the third condition of Theorem B.3, and we can in principle work out the

central limit theory for Z̃n, then deduce what this means for the limiting distribution of

Zn. The limiting process will then be the sum of two martingales, one that is an integral

driven by the limiting process of αn, and another that is an integral driven by a Wiener

process independent of the underlying data. What makes this recipe hard to follow is that

it necessitates estimates of αn as well as of [Zn, αn]t. Whether or not the latter is possible

to consistently estimate is an open question.

6.2 Zero-one data and high-frequency sampling Suppose we are given n zero-

one sequences of the type described in (5.2), observed over a time interval [0, τ ]. A nat-

ural extension of the paper “Models and inference for on-off data via clipped Ornstein–

Uhlenbeck processes” is a study of what happens and how the quasi-likelihood estimation

method fares when the number of observations per individual is allowed to grow without

bounds over the time interval [0, τ ], so that in the limit we observe Yi(t) = I{ξi(t) ≥ ci(t)}
for i = 1, . . . , n continuously in time. The first thing to note is that the proof of the
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central limit theorem for the maximisers of Qn(β, γ) given in (5.4) relies on an assump-

tion of the number of observations per individual being bounded for all n (assuming that

maxi≤n ki/
√
n → 0 as n tends to infinity would also work). Whether this is a necessary

condition, whether the asymptotic regime can be tweaked in a certain way so as to get rid

of this condition, or perhaps whether the quasi-likelihood can be adapted to the averaging

techniques employed in the “Volatility and intensity”-paper, ought to be explored.

Let us sketch the last of these here. Suppose that we observe Y1(t), . . . , Yn(t) of the

form (5.3) continuously over [0, τ ], and assume for simplicity that no covariates are in-

volved, so that Cov{ξi(t), ξi(s)} = ρ(a) = exp(−a), and the threshold is constant and

equal to c for all i. Let

0 = t0 < t1 < · · · < tk = τ,

be a fixed equidistant partition with ∆ = t1 = t2 − t1. For each n, let Bn be an integer

bigger than or equal to 2, and define

t
(l)
j = tj + l∆/Bn, for j = 0, 1, . . . , k − 1, l = 0, . . . , Bn − 1,

so that t
(0)
j = tj . Consider the averaged quasi-likelihood function (compare with Eq. (5.4))

log Q̄n(β, γ) =
1

Bn

Bn−1∑

l=0

logQ(l)
n (β, γ),

where,

Q(l)
n (β, γ) =

n∏

i=1

kl∏

j=1

∏

(u,v)

Pβ,γ{(Yi(t(l)j−1), Yi(t
(l)
j )) = (u, v)}I{(Yi(t

(l)
j−1),Yi(t

(l)
j ))=(u,v)}.

Note that kl = k for l = 0 and kl = k− 1 for l = 1, . . . , Bn − 1. Since k is fixed and finite,

the theory of Section 3 in Article III (‘Models and inference for on-off data via clipped

Ornstein–Uhlenbeck processes’) applies for each Q
(l)
n . Let U

(l)
n = logQ

(l)
n (β, γ), and we see

that we only need B−2
n

∑
l<h EU

(l)
n U

(h)
n to be convergent for the quasi-likelihood theory to

apply more or less directly to Q̄n. The possibly efficiency gain of this approach compared

to the single-partition approach could be explored, that is, only using Q
(l)
n for a single l;

and also the loss in sufficiency compared with the full likelihood.

6.3 Nonparametric inference via contiguity In non- and semiparametric mod-

els, given that we have some estimators at hand, it can be quite difficult to study prop-

erties such as consistency (for some value) and derive the limiting distribution of these.

But before encountering these challenges, it might even be tough to come up with sensible

estimators. Article V “The standard cure model with a linear hazard” is a case in point.

Parametric models are easier to work with, and if these are constructed in the right way,

they can approximate the true non- or semiparametric model that generates the data, thus

allowing us to work under the assumption that the data stem from parametric distribu-

tions. Subsequently, if the approximating models are set up so that contiguity ensues, one

can adjust the limiting distribution back to the original semiparametric distribution. This

idea has been studied in the high-frequency literature by Mykland and Zhang (2009) and is
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shown to work there, and Article V is an attempt at adapting their ideas to a complicated

survival analysis model. A topic for further research is therefore whether this idea can be

extended to other non- and semiparametric classes of models, where an analysis under the

original distribution is challenging.

To be concrete, here is an example of what I have in mind, though the methods

employed in this example are an overkill as regards solving the problem. In addition to

the connection to Mykland and Zhang (2009) already mentioned, there might also be

certain connections with this example and work such as Ibragimov and Has’minskii (1981,

ch. VII), Brown and Low (1996), Donoho and Johnstone (1998), and Hermansen and Hjort

(2015), that could be further explored. In the following, to indicate what sequence of

probability measures that are converging weakly, we write Xn
Pn X for weak convergence

of Pn to P , with Xn ∼ Pn and X ∼ P .

Consider the model

Yi = g◦(i/n) + εi, for i = 1, . . . , n, (6.1)

where ε1, . . . , εn are independent N(0, σ2), with σ2 known; the function g◦ is two times con-

tinuously differentiable on [0, 1], and we seek inference for G◦(t) =
∫ t

0 g
◦(s) ds, 0 ≤ t ≤ 1.

We denote the distribution of the data in (6.1) by Pn. The parametric approximation to

g◦(s) is relative to a given partition vj = j/K, j = 0, . . . ,K of the unit interval, and takes

the form g(t; θ) =
∑K

j=1 θjI[vj−1,vj)(t), where I[vj−1,vj)(t) = 1 when vj−1 ≤ t < vj and zero

otherwise. Let G(t; θ) =
∫ t

0 g(s; θ) ds. Importantly, we write θ◦ for the value of θ that is

such that

θ◦j = g◦(vj−1), for j = 1, . . . ,K,

and denote the Pnθ◦ the distribution of the data given by Yi = g(i/n; θ◦) + ε̃i for i =

1, . . . , n, with ε̃1, . . . , ε̃n independent N(0, σ2). The maximum likelihood estimators are

θ̂j = Ȳj = n−1
j

∑
vj−1≤i/n<vj Yi, where nj is the number of i such that vj−1 ≤ i/n < vj ,

thus

G(t; θ̂) =

∫ t

0

K∑

j=1

θ̂jI[vj−1,vj)(s) ds, for 0 < t ≤ 1, (6.2)

is an estimator of G◦(t). It follows from Donsker’s theorem that
√
n{G(· ; θ̂) − G◦(·)} P

n

 
σW as n → ∞, provided n/K2 → 0, where W is a standard Wiener process (see

e.g. (Billingsley, 1999, Theorem 8.2, p. 90) for Donsker, and Hermansen and Hjort (2015,

Sec. 2.2) for this specific example). This is basically the end of the story in this simple ex-

ample. To illustrate the idea laid out in general terms at the start of this section, however,

we continue. We also have that

√
n{G(· ; θ̂)−G(· ; θ◦)}

Pn
θ◦ σW, (6.3)

as n → ∞, where W is a standard Wiener process, and we can drop the proviso about

n/K2 → 0. Define φK(s) =
√
n{g◦(s)− g(s, θ◦)}, and Zn,i = {Yi− g(i/n; θ◦)}/σ, then the

log-likelihood ratio, evaluated in 0 < t ≤ 1 can be written

log
dPn

dPnθ◦

∣∣
t

=
1

σ
√
n

∑

i/n≤t
φK(i/n)Zn,i −

1

2σ2n

∑

i/n≤t
φK(i/n)2. (6.4)
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Under the Pnθ◦ distribution the Zn,1, . . . , Zn,n are independent standard normals. Assume

that K ∝ √n, and that s ∈ [vj−1, vj) for some j, then φK(s) is proportional to ġ◦(s) +

O(1/
√
n) when n → ∞, where ġ◦(s) is the first derivative of g◦(s). Denote by

∫ t
0 φ(s) ds

the limit of
∫ t

0 φK(s) ds. Under this assumption on the relationship between n and K, one

finds that

(
√
n{G(· ; θ̂)−G(· ; θ◦)}, log

dPn

dPnθ◦
)
Pn
θ◦ (U , logL), (6.5)

as n→∞, where (U , logL) is a Gaussian process that evaluated in t has distribution

(U , logL)t ∼ −
1

2σ2

∫ t

0

(
0

φ(s)2

)
ds+ N2{0,

∫ t

0

(
σ2 φ(s)

φ(s) φ(s)2/σ2

)
ds}. (6.6)

That Pn is contiguous with respect to Pnθ◦ is proven in Lemma A.2. It then follows from

Le Cam’s third lemma that {G(· ; θ̂) − G(· ; θ◦)} P
n

 U ◦, where U ◦ is a Gaussian process

that evaluated in t is

U ◦
t =

∫ t

0
φ(s) ds+ σWt, (6.7)

where W is a standard Wiener process (Jacod and Shiryaev, 2003, Lemma V.1.13, p. 289).

Note also that if
√
n/K2 → 0 as n→∞, then φ(s) ≡ 0, and we are back to

√
n{G(· ; θ̂)−

G◦(·)} P
n

 σW , as presented above. The result in (6.7) is not surprising, it is what you

would expect by writing G(t; θ̂) − G◦(t) = G(t; θ̂) − G(t; θ◦) + G(t; θ◦) − G◦(t), setting

K =
√
n and then doing the analysis directly under Pn. The point is, however, that in

deriving (6.7) we did all our calculations under the parametric sequence of measures Pnθ◦ .

For proofs of the claims made in this section, see Appendix A.5.





Additional details and related extra material

A Additional details

A.1 The blip-model in Eq. (2.4): Estimators and risk functions As in (2.4),

we observe Yi = Xiθ + (1−Xi)Ui for i = 1, 2, where 0 ≤ θ ≤ 1; and X1, X2 independent

Bernoulli(1/2); independent of U1, U2 which are independent Uniform(0, 1). The ancillary

statistic a = I{Y1 6= Y2} ∈ {0, 1}, as introduced in Eq. (2.6), has distribution P (a =

0) = 1/4. Recall the unbiased estimator δu = Y1 + Y2 − 1/2; the conditional estimator

δc = Y1; and the mean δm = (Y1+Y2)/2. The expectation and variance of the Yi are EY =

θ/2 + 1/4, and VarY = {5/12 − θ(1 − θ)}/4, respectively. We denote the unconditonal

risk R, and conditional risk R|a. In general, R(δ, θ) = (1/4)R|a=0(δ, θ) + (3/4)R|a=1(δ, θ);

and the conditional risk given a = 1 for estimators of the form δα,β = α(Y1 + Y2) + β is

Ra=1(δα,β, θ) = (4/3)α2VarU + (2/3)(α/2 + β − θ(1− α))2 + (1/3)(α+ β − θ)2,

where VarU = 1/12; while Ra=0(δα,β, θ) = (β − θ(1− α))2.

The estimator δc has risk function have risk function,

R(δc, θ) = (1/4)Ra=0(δc, θ) + (3/4)Ra=1(δc, θ) = (3/4){1/18 + (2/3)(1/2− θ)2},

and for the two others we can use the expression above,

R(δu, θ) = (1/4)(θ − 1/2)2Ia=0 + (3/4){1/9 + (1/3)(1/2− θ)2}Ia=1,

R(δm, θ) = (3/4){1/36 + (1/2)(1/2− θ)2}Ia=1.

The distribution of Y1 and Y2 is Pθ(B) = (1/2)λ(B) + (1/2)δθ(B), for any measurable

B, where λ and δθ are the Lebesgue measure and the Dirac measure, respectively. There

does not exist a σ-finite measure dominating Pθ for all θ ∈ [0, 1], hence no likelihood

function exists, and Bayes formula is not available (see Ghosal and van der Vaart (2017,

ch. 1.3.1) for a discussion). The lack of Bayes formula means that standard techniques for

proving admissibility, for example Blyth’s lemma (see e.g. Lehmann and Casella (1999,

Theorem 7.13, p. 380)), are not available. The distribution of (Y1, Y2) is,

Pθ{(Y1, Y2) ∈ A×B} = (1/4)Pa=0
θ (A×B) + (3/4)Pa=1

θ (A×B)

= (1/4)δθ × δθ(A×B) + (1/4)(δθ × λ+ λ× δθ + λ× λ)(A×B),

where Pa=u
θ (A × B) is short for the more cumbersome P{(Y1, Y2) ∈ A× | a = u}, for

u = 0, 1. When a = 0 things are not that interesting, so in the following we concentrate

on the a = 1 situation.

43
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The family {Pa=1
θ : θ ∈ [0, 1]} is not dominated. To use Bayesian techniques we replace

the true distribution by an approximation: The idea is to have some probability mass

around θ, that is, we replace θ by θ + σN(0, 1) in (2.4). Subsequently, we approximate

P a=1
θ by letting σ → 0. Suppose therefore that instead of (Y1, Y2) | (a = 1) ∼ Pa=1

θ (A×B),

we have (Y1, Y2) | (a = 1) ∼ Qθ,σ, where

Qθ,σ(A×B) = (1/3)

∫

A
fθ,σ(y) dy λ(B) + (1/3)λ(A)

∫

B
fθ,σ(y) dy + (1/3)λ(A)λ(B),

with fθ,σ(y) the density of a N(θ, σ2) distribution. The distribution Qθ,σ is dominated,

and we can do Bayesian inference. With a flat prior π(θ) = 1 for θ on [0, 1], the posterior

is

πσ(θ | y1, y2) ∝ (1/3)fθ,σ(y1)I0≤y2≤1 + (1/3)I0≤y1≤1fθ,σ(y2) + (1/3)I0≤y1≤1I0≤y2≤1,

where proportionality constant, mσ(y1, y2) say, is given by

mσ(y1, y2) = (1/3)

2∑

i=1

{Φ((1− yi)/σ)− Φ(−yi/σ)}+ (1/3)I0≤y1≤1I0≤y2≤1.

Note that mσ(y1, y2)→ 1 for 0 ≤ y1, y2 ≤ 1, as σ → 0. The Bayes solution under squared

error loss is

δa=1,σ
B =

∫ 1

0
θπ(θ | y1, y2) dθ = (1/3)

2∑

i=1

∫ 1

0
θ
fθ,σ(yi)

mσ(y1, y2)
dθ + 1/6. (A.1)

Since the squared error loss function is convex in δ, and Qθ,σ(dy1,dy2) is dominated

by mσ(y1, y2) dy1dy2, the Bayes solution δa=1,σ
B is unique (Lehmann and Casella, 1999,

Corollary 1.4, p. 229). For i = 1, 2 we find that,

∫ 1

0
θ

fθ,σ(yi)

mσ(y1, y2)
dθ =

Φ((1− yi)/σ)− Φ(−yi/σ)

mσ(y1, y2)

∫ 1

0
θ dµyi,σ(θ)→ yi, as σ → 0, (A.2)

where µyi,σ(A) = {Φ((1 − yi)/σ) − Φ(−yi/σ)}−1
∫
A fyi,σ(θ) dθ. To see this, note that for

any ε > 0, Chebyshev’s inequality gives, µyi,σ(|θ − yi| ≥ ε) ≤ σ2/ε2 → 0 as σ → 0. As

convergence in probability implies convergence in distribution,

µyi,σ2(0, x]→
{

0, for x < y,

1, for x ≥ y, as σ → 0.

Since 0 ≤ θ ≤ 1, the Portmanteau theorem (see e.g. Billingsley (1999, Theorem 2.1, p. 16))

gives
∫ 1

0 θ dµyi,σ(θ)→
∫ 1

0 θ dδyi(θ) = yi, and since {Φ((1− yi)/σ)−Φ(−yi/σ)}/mσ(y1, y2)

converges to 1 as σ → 0, we get (A.2). This means that δa=1,σ
B → (y1 + y2)/3 + 1/6 as

σ → 0, where δa=1,σ
B is the Bayes estimator in (A.1).

We now let δa=1
B be the estimator that is equal to this limit, that is, we define the

estimator

δa=1
B =

Y1 + Y2

3
+

1

6
. (A.3)

Here is a definition from Schervish (1995, Def. 3.26, p. 154).
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Definition A.1. If ν is a measure on the parameter space, then an estimator δ is said

to be ν-admissible if for every estimator δ′ with R(θ, δ′) ≤ R(θ, δ), the set where the

inequality is strict has ν-measure zero.

When working with the squared error loss function, as we do here, or more generally

with a loss function L(δ, θ) that is strictly convex in δ for all θ, a sufficient condition for

a ν-admissible estimator to be admissible is that if {Pθ : θ ∈ Θ} is the model, then Pθ
and Pθ′ are mutually absolutely continuous for any choice of θ, θ′ ∈ Θ (Schervish, 1995,

Theorem 3.32, p. 156). In the blip-model, where for example Pa=1
θ ({θ′} × B) = 0, while

Pa=1
θ′ ({θ′} × B) = λ(B) when θ 6= θ′, this condition does not hold. Recall that π is the

flat prior on the unit interval.

Proposition A.1. Given a = 1, the estimator δa=1
B = (Y1 + Y2)/3 + 1/6 is π-admissible.

That is, there is no estimator δ such that the set {θ : Ra=1(θ, δ) < Ra=1(θ, δa=1
B )} has

positive measure under π.

Proof. Assume that δ′ is an estimator such that

Ra=1(δ′, θ) ≤ Ra=1(δa=1
B , θ), for all θ, (A.4)

with strict inequality for at least one θ. For this to be true, we must have 0 ≤ δ′ ≤ 1,

since 0 ≤ δa=1
B ≤ 1. Note also that the Bayes estimator δa=1,σ

B of (A.1) is bounded by 1.

This entails that the risk functions
∫

(δ − θ)2 dQθ,σ of both δ′ and δa=1,σ
B are bounded by

1, so that by the dominated convergence theorem and using that Qθ,σ converges weakly

to P a=1
θ as σ → 0,

∫ 1

0
Ra=1(δ′, θ)π(θ) dθ = lim

σ→0

∫ 1

0

∫
(δ′ − θ)2 dQθ,σπ(θ) dθ

≥ lim
σ→0

∫ 1

0

∫
(δa=1,σ
B − θ)2 dQθ,σ π(θ)dθ =

∫ 1

0
Ra=1(δa=1

B , θ)π(θ) dθ.

Combined with (A.4), this shows that
∫ 1

0 Ra=1(δ′, θ)π(θ) dθ =
∫ 1

0 Ra=1(δa=1
B , θ)π(θ) dθ,

thus Ra=1(δ′, θ) and Ra=1(δa=1
B , θ) may only differ on a set with measure zero under the

prior π.

That we only get π-admissibility in Proposition A.1 is, given the strangeness of the

blip-model, perhaps not that surprising. In fact, in the blip-model with only two data

points Y1, Y2, there is no admissible estimator: Let δ be an arbitrary estimator, θ′ some

point in (0, 1), and construct the estimator δ′ as follows

δ′(y1, y2) =

{
δ(y1, y2), for y1 6= θ′,
θ′, for y1 = θ′.

Its risk function Ra=1(δ′, θ) is equal to Ra=1(δ, θ) for all θ 6= θ′. In the point θ = θ′,
however, Ra=1(δ′, θ′) = (2/3)Ra=1(δ, θ′), because the probability of Y1 = θ′ under P a=1

θ′

is 1/3, in which case Ra=1(δ′, θ′) = 0. Since δ was arbitrary, no admissible estimator can

exist.

The unconditional risk functions and the risk functions conditional on the ancillary

statistic a = 1 for some of the estimators of this section are plotted in Figure 1.
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Figure 1: The unconditional and the conditional (on a = 1) risk function of Appendix A.1,

for the estimators δu (blue line), δc (green line), δm (red line), and δB (purple line), defined

as δB = Y1Ia=0 + δa=1
B Ia=1 in the unconditional case.

A.2 Admissible, but not generalised Bayes. In Section 2.6 it was claimed

that the estimator δ in (2.9) is admissible, but not generalised Bayes. Here is a proof

of this claim, based on the hints given in Brown (1986, p. 135). Note that the function

θ 7→ (R(δ′, θ)−R(δ, θ))/|θ| is continuous. Suppose that δ′(0) = −1 + a for a > 0. Then,

R(δ′, θ)−R(δ, θ)

|θ| =
n∑

x=0

(δ′(x)− θ)2 − (δ(x)− θ)2

|θ|

(
n

x

)
(1 + eθ)−nexθ → 2a > 0,

as θ → −∞. Similarly, suppose that δ′(n) = 1 − a for some a > 0, then (R(δ′, θ) −
R(δ, θ))/|θ| → 2a > 0 as θ → ∞. From this we see that the only candidates that may

dominate δ are the estimators δ′ satisfying (i) δ′(0) ≤ −1, and (ii) δ′(n) ≥ 1. For some

numbers a ≥ 0 and b ≥ 0, the risk of these estimators in the point θ = 0 is,

R(δ′, 0) = δ′(0)2(1/2)n +
n−1∑

x=1

δ′(x)2

(
n

x

)
(1/2)n + δ′(n)2(1/2)n

= (−1− a)2(1/2)n +

n−1∑

x=1

δ′(x)2

(
n

x

)
(1/2)n + (1 + b)2(1/2)n

≥ (1/2)n +
n−1∑

x=1

δ′(x)2

(
n

x

)
(1/2)n + (1/2)n ≥ (1/2)n−1 = R(δ, 0).

This shows that among the estimators satisfying (i) and (ii), δ uniquely minimises R(δ, 0);

and since it cannot be uniformly dominated by estimators that fail (i) or (ii), it is admis-

sible. It remains to show that δ is not generalised Bayes. For δ to be generalised Bayes we

need a possibly improper prior distribution π so that for all 1 ≤ x ≤ n− 1 we have that

δ(x) =

∫ ∞

−∞
θ π(dθ | x) =

∫∞
−∞ θ(1 + eθ)−nexθπ(dθ)∫∞
−∞(1 + eθ)−nexθπ(dθ)

= 0.
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But this means, for example, that
∫ ∞

−∞
θ(1 + eθ)−nexθπ(dθ) =

∫ ∞

−∞
θ(1 + eθ)−ne(x+1)θπ(dθ) = 0,

for all 1 ≤ x ≤ n− 2, which may only happen if π(θ) is the point mass at θ = 0. If all the

probability mass of π(θ) is concentrated on {0}, then δ(0) must equal δ(n), and we are

not dealing with the estimator in (2.9).

A.3 The instrumental variable estimator of Section 3.2 The construction

of the instrumental variable model, so to speak, is similar to the sequence of shrinking

submodels used in the derivation of the Focused information criterion (Claeskens and

Hjort, 2003, 2008; Hjort and Claeskens, 2003). The reason for choosing ρn = ρ/n1/2 is

for the variance and the bias to be on the same scale; if we had used ρn = ρ for all n,

the bias would completely dominate the variance as n → ∞, and the comparison of β̂ml

and β̂iv would be uninteresting. It is to gain insight into the bias-variance tradeoff that

we use this construction. An objection could be made, though. Since β̂ml has expectation

β + ρn and variance tending to zero (see Eq. (3.3)), it is consistent for β, so the rationale

for using the instrumental variable estimator β̃iv, namely the inconsistency of β̂ml, is gone.

The expectation of
√
n(β̂ml − β) is still ρ, however.

The variance of the γ̂n estimator is Var γ̂ = E (
∑n

i=1 z
2
i )−1 = 1/(n − 2), using that∑n

i=1 z
2
i is Gamma(n/2, 1/2) distributed, which gives that γ̂n →p γ. The two-stage in-

strumental variable estimator β̃iv in (3.4) can be expressed as

β̃iv = β
γ

γ̂n
+ β

∑n
i=1 zivi

γ̂n
∑n

i=1 z
2
i

+

∑n
i=1 ziεi

γ̂n
∑n

i=1 z
2
i

,

and consistency follows more or less directly from the Cramér–Slutsky rules. The same

rules can be applied to get the limiting distribution of
√
n(β̃iv − β), the i.i.d.-ness of the

data making it unnecessary to invoke the Lindeberg condition.

A.4 The claim in Eq. (4.2) of Section 4.1 Consider the model that for i = 1, 2 . . .,

Xi = θ + σiεi, where σi =
i−1∑

j=1

ρjεj ,

for some −1 < ρ < 1, where ε1, ε2, . . . are independent standard normal random variables.

In Eq. (4.2) we claimed that Zn =
√
n(X̄n − θ) converges stably in distribution to σ∞Z,

where Z is a standard normal random variable independent of σ∞. Here is a proof of this

claim. First, notice that σi ∼ N(0, τ2
i ) with τ2

i = ρ(1 − ρi−1)/(1 − ρ), but they are of

course not independent. Let Fi = σ(ε1, . . . , εi), i.e. the σ-algebra generated by ε1, . . . , εi,

and for each n = 1, 2, . . . define

Zn,i = n−1/2(Xi − θ) = n−1/2σiεi, for i = 1, . . . , n.

Then {Zn,i}1≤i≤n,n={1,2,...} is a square integrable martingale difference array adapted to the

filtration just defined. If we can prove that (i)
∑n

i=1 E(Z2
n,i | Fi−1) converges in probability
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to a non-negative random variable; and that (ii)
∑n

i=1 E(Z2
n,iI{|Zn,i| ≥ a} | Fi−1) →p 0

for all a > 0, Eq. (4.2) follows (see e.g. Hall and Heyde (1980, Theorem 3.2, p. 58) or

Häusler and Luschgy (2015, Theorem 6.1, p. 68)). For condition (i), the fact that σi is

Fi−1 measurable yields
∑n

i=1 E(Z2
n,i | Fi−1) = n−1

∑n
i=1 σ

2
i . Since σ1, σ2, . . . is a sequence

of martingales, σ2
1, σ

2
2, . . . is a sequence of submartingales by Jensen’s inequality. It follows

from Doob’s convergence theorem (see e.g. Williams (1991, pp. 111) or Cohen and Elliott

(2015, Theorem 4.4.1, p. 95)) that σ2
i converges almost surely to a square integrable

random variable, say σ2
∞ =

∑∞
i=1 ρ

jεj . Thus there is an integer n0 such that for any

b > 0, |σ2
i − σ2

∞| < b for all i ≥ n0, then

| 1
n

n∑

i=1

σ2
i − σ2

∞| ≤
1

n

n0−1∑

i=1

|σ2
i − σ2

∞|+
(n− n0)b

n
→ b, (A.5)

almost surely as n → ∞ because the (finite) sum |σ2
1 − σ2

∞|/n + · · · + |σ2
n0−1 − σ2

∞|/n
converges almost surely to zero (to see this, use the Borel–Cantelli lemma on events of the

type An = {|σ2
i − σ2

∞|/n > c} for some c > 0). We conclude that

n∑

i=1

E(Z2
n,i | Fi−1)→ σ2

∞ almost surely.

For the Lindeberg condition, use Fi−1-measurability of σ2
i ; the fact that εi is independent

of Fi−1; Hölder’s inequality and Chebyshev’s inequality (both of which hold conditionally),

n∑

i=1

E(Z2
n,iI{|Zn,i| ≥ a} | Fi−1) ≤ 31/2

n3/2a

n∑

i=1

σ2
i (E [σ2

i ε
2
i | Fi−1])1/2 =

31/2

n3/2a

n∑

i=1

|σi|3,

where the right hand side tends to zero in probability as n → ∞ because n−1
∑n

i=1|σi|3
converges to |σ∞|3 in probability as n→∞, and the third moment of σ∞ is finite.

On page 24 it was claimed that the estimator s2
n = n−1

∑n
i=1(Xi−X̄n)2 is consistent for

σ∞. To see this, write s2
n = n−1

∑n
i=1 σ

2
i ε

2
i + (n−1

∑n
i=1 σiεi)

2, and consider s2
n−σ2

∞ term

for term; n−1
∑n

i=1 σ
2
i ε

2
i−σ2

∞ = n−1
∑n

i=1(σ2
i−σ2

∞)ε2
i+σ∞n

−1
∑n

i=1(ε2
i−1), where the first

term tends to zero in probability, because (σ2
i −σ2

∞)ε2
i →p 0 by the Cramér–Slutsky rules,

then use the same type of argument as in (A.5) to conclude that n−1
∑n

i=1(σ2
i − σ2

∞)ε2
i

tends to zero in probability. The ε2
1, ε

2
2, . . . have expectation 1, so n−1

∑n
i=1(ε2

i − 1)→p 0.

A similar argument, using Doob’s convergence theorem to conclude that σi = Op(1) as

i→∞, yields that (n−1
∑n

i=1 σiεi)
2 converges to zero in probability.

A.5 Details on some claims made in Section 6.3 The models we are dealing

with are Pn : Yi = g◦(i/n) + εi and Pnθ◦ : Yi = g(i/n; θ◦) + ε̃i, for i = 1, . . . , n where

ε1, . . . , εn, ε̃1, . . . , ε̃n are independent mean zero normals with known variance σ2. Let

G(t, θ̂) be the estimator given in (6.2), and recall that φK(s) =
√
n{g◦(s) − g(s; θ◦)}. A

result we use below is that n−1
∑

i/n≤t φK(i/n)2 =
∫ t

0 φ(s)2 ds + O(1/
√
n) as n → ∞,
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provided K ∝ √n. Assume that t = v`, then this is seen by writing

1

n

∑

i/n≤t
φK(i/n)2 =

∑

i/n≤t

K∑

j=1

{g◦(i/n)− g◦(vj−1)}2I[vj−1,vj)(i/n)

=
∑

i/n≤t

K∑

j=1

{ġ◦(vj−1)(i/n− vj−1)}2I[vj−1,vj)(i/n) +O(1/n)

=

K∑

j:vj≤v`
ġ◦(vj−1)2

∑

vj−1≤i/n<vj
(i/n− vj−1)2 +O(1/n)

=

K∑

j:vj≤v`
ġ◦(vj−1)2n

∫ vj

vj−1

(s− vj−1)2 ds+O(max
j≤K

nj/n)

=
n

3K3

K∑

j:vj≤v`
ġ◦(vj−1)2 +O(max

j≤K
nj/n),

(A.6)

as n→∞, where we use that n−1
∑

vj−1≤i/n<vj (s−vj−1)2 =
∫ vj
vj−1

(s−vj−1)2 d+O(nj/n
3)

for j = 1, . . . ,K. For the sake of intelligibility, assume that K =
√
n, then nj , i.e. the

number of observations in window [vj−1, vj), will be approximately
√
n also, and as n→∞,

1

n

∑

i/n≤t
φK(i/n)2 =

1

3K

K∑

j:vj≤v`
ġ◦(vj−1)2 +O(1/

√
n)→ 1

3

∫ v`

0
ġ◦(s)2 ds,

which means that in this case φ(s) = ġ◦(s)2/3.

In order to apply Le Cam’s third lemma we use that Pn is contiguous with respect

to Pnθ◦ . For the notion of contiguity of sequences of probability measures, see for example

van der Vaart (1998, Ch. 6) or Jacod and Shiryaev (2003, Ch. V.1).

Lemma A.2. The sequence Pn is contiguous with respect to Pnθ◦.

Proof. Assume first that K ∝ √n. The log-likelihood ratio process log(dPn/dPnθ◦)|t is

as defined in (6.4), where the Zn,i are independent standard normals under Pnθ◦ . Set

ξnt = n−1/2
∑

i/n≤t φK(i/n)Zn,i, and write Fn(t) = n−1
∑

i/n≤t φK(i/n)2. For all 0 < s <

r < t ≤ 1, we have that

Eθ◦ |ξnt − ξnr |2|ξnr − ξns |2 ≤ {Fn(t)− Fn(r)}{Fn(r)− Fn(s)} ≤ {Fn(t)− Fn(s)}2,

because ξnt − ξnr and ξnr − ξns are independent, and Fn(t) is increasing in t. As seen

in (A.6), Fn(t) converges pointwise to
∫ t

0 φ(s)2 ds, which is continuous and increasing.

Tightness of the sequence ξn then follows from Jacod and Shiryaev (2003, Theorem VI.4.1,

p. 355). The random variables n−1φK(i/n)Zn,i have finite variance (as a consequence

of g◦(s) being continuous on [0, 1]), thus for any 0 < t ≤ 1, we have Eθ◦ exp(ibξnt ) =∏
i/n≤t{1− b2/(2n)φK(i/n)2 + o(1/n)}, and from (A.6) and using that g◦(s) is bounded,

one sees that the conditions on b2/(2n)φK(i/n)2 + o(1/n) of Hjort (1990, Lemma A.2,

p. 1290) are satisfied, and we conclude that Eθ◦ exp(ibξnt ) → exp(−b2/2
∫ t

0 φ(s)2 ds) as
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n→∞. Since the increments ξnt − ξns are independent for any s < t, this establishes finite

dimensional convergence. An application of the Cramér–Slutsky rules then gives

log
dPn

dPnθ◦

Pn
θ◦ logL, with logLt = − 1

2σ2

∫ t

0
φ(s)2 ds+

1

σ

∫ t

0
φ(s) dWs,

as n→∞, where W is a standard Wiener process. The process L has expectation ELt = 1

for all 0 ≤ t ≤ 1, the claim of the lemma then follows from Jacod and Shiryaev (2003,

Corollary V.1.12, p. 289). If n/K2 → 0, then dPn/dPnθ◦ →p 1 as n → ∞ hence also in

law, so L ≡ 1 and the claim is still true.

Write Un(t) =
√
n{G(t; θ̂)−G(t; θ◦)}. For the claim in Eq. (6.5), given what we have

already done, it is enough to compute the covariance of Un and log(dPn/dPnθ◦), use the

independence of the Zn,i to establish finite dimensional convergence, and then ensure that

the sequence (Un,dP
n/dPnθ◦) is tight. We summarise this in a proposition.

Proposition A.3. Suppose that K ∝ √n, then (
√
n{G(· ; θ̂) − G(· ; θ◦)}, log dPn/dPnθ◦)

converges weakly to (Z, logL) under Pnθ◦ as n→∞, where the finite dimensional distribu-

tion of (Z, logL) is as given in (6.6).

Proof. Recall that Zn,i = (Yi − g(i/n, θ◦))/σ for i = 1, . . . , n, these are independent

N(0, 1). Introduce Z̄n,j = n−1
j

∑
vj−1≤i/n<vj Zn,i for j = 1, . . . ,K, which are independent

N(0, 1/nj); and jmax = max{j : vj ≤ t}. Then Un(t) = σ
√
n
∑

j:vj≤t Z̄j/K + σ
√
n(t −

vjmax)Z̄jmax . Since K ∝ √n, this is essentially σ
∑

j:vj≤t n
−1
j N(0, 1), and it follows from

Donsker’s theorem (Billingsley, 1999, Theorem 8.2, p. 90) that Un converges weakly to

σW under Pnθ◦ , with W a standard Wiener process. This limiting process is continu-

ous, so is the limiting process for log dPn/dPnθ◦ , and both sequences are tight, ensuring

that (Un, log dPn/dPnθ◦) is C-tight (Jacod and Shiryaev, 2003, Corollary VI.3.33, p. 353).

Moreover, we have that Covθ◦ (Un(t), log dPn/dPnθ◦ |t) →
∫ t

0 φ(s) ds as n → ∞. To see

this, suppose that t = v` and K =
√
n, then by arguments similar to those in (A.6)

Covθ◦(Un(t), log(dPn/dPnθ◦)|t) =
1

K
Eθ◦

∑̀

j=1

Z̄n,j
∑

i/n≤v`
φK(i/n)Zn,i

=
1

K

∑̀

j=1

1

nj

∑

vj−1≤i/n<vj
φK(i/n) =

1

K

∑̀

j=1

∑

vj−1≤i/n<vj
ġ◦(vj−1)(i/n− vj−1) +O(1/K)

=
n

K

∑̀

j=1

ġ◦(vj−1)

∫ vj

vj−1

(s− vj−1) ds+O(1/K) =
1

2K

∑̀

j=1

ġ◦(vj−1) +O(1/K),

using that n−1
∑

vj−1≤i/n<vj (i/n−vj−1) =
∫ vj
vj−1

(s−vj−1) ds+O(n−3/2), and that nj =
√
n

for all j. The right hand side of the above expression is a Riemann sum converging

to
∫ v`

0 ġ◦(s)/2 ds as K → ∞. Combined with Eq. (A.6), we have the finite dimen-

sional convergence in Eq. (6.6) for any 0 < t ≤ 1. Convergence in distribution of any

((Un, logPn/Pθ◦n)t1 , . . . , (Un, logPn/Pθ◦n)tk) then follows from the independent incre-

ments property of the process, and continuous mapping.
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B Extra material

B.1 A Portmanteau theorem for stable convergence The setup is as in Def-

inition 4.1: The random variables (Zn)n≥1 are all defined on the same probability space

(Ω,F ,P), and take their values in a Polish space X equipped with the Borel σ-algebra B.

Theorem B.1. (A Portmanteau theorem for stable convergence). Suppose

that Zn is a sequence of random variables on (Ω,F ,P). The following statements are

equivalent. Statements (ii)–(iv) are understood to hold P-almost surely.

(i) Zn →d Z stably, in the sense of Definition 4.1;

(ii) lim infn→∞ P(Zn ∈ U,A) ≥ P̃(Z ∈ U,A) for all open sets U ∈ X and all A ∈ F with

P(A) > 0;

(iii) lim supn→∞ P(Zn ∈ C,A) ≥ P̃(Z ∈ C,A) for all closed sets C ∈ X and all A ∈ F
with P(A) > 0;

(iv) limn P(Zn ∈ B,A) = P̃(Z ∈ B,A) for all A ∈ F with P(A) > 0 and all sets B ∈ B
whose boundary ∂B = B̄ \Bo has Q probability zero P-almost surely;

(v) (Zn, Y )→d (Z, Y ) for all F-measurable Y .

Proof. (i) ⇒ (ii): Denote by d the metric on X. Let U ⊂ X be open, then F = X \
U is closed. For any B ⊂ X, define d(x,B) = inf{d(x, y) : y ∈ B}. Define hm(x) =

min{1,md(x, F )} for m = 1, 2, . . .: each hm is bounded and continuous, and hm ≤ hm+1 →
IU . Set Um = h−1

m ({1}). By continuity of measure we can for any ε > 0 find m0 large

enough for P̃(Z ∈ Um, A) ≥ P̃(Z ∈ U,A) − ε for all m ≥ m0. Thus, given ε > 0, and for

m sufficiently big

lim inf
n→∞

P (Zn ∈ U,A) = lim inf
n→∞

E IAI{Zn ∈ U} ≥ lim inf
n→∞

E IAhm(Zn)

= E IAhm(Z) = E IAIUm ≥ E IAIU − ε = P̃(Z ∈ U,A)− ε,

using that IA is bounded and F-measurable. Since ε > 0 is arbitrary, the implica-

tion follows. The implication (ii) ⇒ (iii) follows by taking complements of closed sets.

(ii)&(iii)⇒(iv): The boundary ∂B of a set B is ∂B = B̄ \ Bo, where B̄ is the closure of

B, which is always closed, and Bo is the interior of B, which is always open. Moreover,

Bo ⊂ B, and B ⊂ B̄. Also, if B is closed Bo = B; and Bo and ∂B are always disjoint.

Since ∂B has Q probability zero P-a.s., P̃(Z ∈ ∂B,A) =
∫
AQ(ω, ∂B) P(dω) = 0 for all

A ∈ F . Therefore,

P̃(Z ∈ Bo, A) ≤ lim inf
n→∞

P(Zn ∈ Bo, A) = lim inf
n→∞

P(Zn ∈ B,A)

≤ lim sup
n→∞

P(Zn ∈ B,A) ≤ lim sup
n→∞

P(Zn ∈ B̄, A) ≤ P̃(Z ∈ B̄, A).

Since P̃(Z ∈ B̄, A) = P̃(Z ∈ Bo, A) + P̃(Z ∈ ∂B,A) = P̃(Z ∈ Bo, A) by assumption, the

claim follows.

(iv)⇒ (i): Let g : X→ R be bounded and continuous. The sets g−1({y}) are disjoint

for different values of y ∈ R, so for any A ∈ F , the probability P̃(Z ∈ g−1({y}), A) =∫
AQ(ω, g−1({y})) P(dω) > 0 for only countably many y. Assume without loss of generality
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that P̃(Z ∈ g−1({0}), A) = 0. For ε > 0, and each integer k set Bk,ε = g−1[kε, (k + 1)ε).

Then ∂Bk,ε ⊂ g−1({εk}) ∪ g−1({(k + 1)ε}), so since P̃(Z ∈ g−1({0}), A) = 0, there is an

ε > 0 such that P̃(Z ∈ ∂Bk,ε, A) = 0 for all k. Since g is bounded, Bk,ε is non-empty only

for finitely many values of k, so

Ẽ IAg(Z)− ε ≤
∑

k

kε P̃(Z ∈ Bk,ε, A) = lim
n→∞

∑

k

kεP(Zn ∈ Bk,ε, A) ≤ lim inf
n→∞

E IAg(Zn)

≤ lim sup
n→∞

E IAg(Zn) ≤ lim
n→∞

E IAg(Zn) ≤
∑

k

(k + 1)εP(Zn ∈ Bk,ε, A)

=
∑

k

(k + 1)εP̃(Z ∈ Bk,ε, A) ≤ Ẽ IAg(Z) + ε.

Letting ε decrease to zero gives that E IAg(Zn) → Ẽ IAg(Z) for all A ∈ F and bounded

continuous g. Since this holds for Y = IA, it holds for simple Y =
∑

` y`IA` , and by the

monotone convergence theorem it holds for all bounded F-measurable Y .

(i) ⇒ (v). Suppose that g : X → R is bounded and continuous, and that Y = IA for

some A ∈ F . Then g(z, IA) = g(z, 0)IAc + g(z, 1)IA, and E g(Zn, IA) = E g(Zn, 0)IAc +

E g(Zn, 1)IA → Ẽ g(Z, 0)IAc + Ẽ g(Z, 1)IA = Ẽ g(Z, IA), by (i) since both IAc and IA are

F-measurable and bounded. Similarly, if Y =
∑k

`=1 y`IA` is simple, then E g(Zn, Y ) =∑k
`=1 E g(Zn, y`)IA` →

∑k
`=1 Ẽ g(Z, y`)IA` = Ẽ g(Z, Y ). Assume without loss of generality

that g ≥ 0 (if not just look at positive and negative part); for arbitrary bounded and F-

measurable Y , there is a sequence of simple functions Ym such that Ym → Y asm→∞ (see

e.g. Cohen and Elliott (2015, Corollary 1.3.30, p. 17)), and limm→∞ g(z, Ym) = g(z, Y ) by

continuity of g. The function g is bounded, so by the dominated convergence theorem and

what we have already shown for simple functions E g(Zn, Y ) = E limm→∞ g(Zn, Ym) =

limm→∞ E g(Zn, Ym) → limm→∞ Ẽ g(Z, Ym) = Ẽ limm→∞ g(Z, Ym) = Ẽ g(Z, Y ), which

means that (Zn, Y ) →d (Z, Y ). (v) ⇒ (i). Assume that (Zn, Y ) →d (Z, Y ), then

E g(Zn, Y )→ Ẽ g(Z, Y ) for all bounded and continuous g. When Y is bounded, all func-

tions of the form h(z)y for bounded and continuous h are also bounded and continuous,

so Eh(Zn)Y → Ẽh(Z)Y .

Remark 1. The sets A can be replaced by Ω throughout, and we have the standard

Portmanteau theorem, see e.g. Billingsley (1999, Theorem 2.1 p. 16).

Remark 2. For real valued random variables (Zn)n≥1, the statements above are equivalent

to

E IA exp(iθZn)→ Ẽ IA exp(iθZ),

for all A ∈ F (Aldous and Eagleson, 1978, p. 326). Moreover, if we define FA(z) = P̃(Z ≤
z,A) for all A ∈ F , then statement (iv) gives that P(Zn ≤ z,A)→ FA(z) for all continuity

points z of FA.

Remark 3. In some applications one might be interested in the convergence of the regular

conditional probabilities P(Zn ∈ B | G), for some G ⊂ F . Statement (i) in the above

theorem could have been stated as EY g(Zn)→ ẼY g(Z) for all bounded G-measurable Y ,
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and all bounded continuous g (see Mykland and Zhang (2012, p. 150)), with the appro-

priate changes made throughout the remaining statements. The transition probabilities

Qn(ω,B) can then be identified with a version of P(Zn ∈ B | G). Let g = IB for some

B ∈ B (we have seen how these can be approximated), and write QnIB for the random vari-

able ω 7→
∫
B Q(ω,dx). It then follows from statement (i) that EY Qn(·, B)→ EY Q(·, B)

for all B ∈ B, which means that QnIB → QIB weakly in L1(Ω,G,P).

B.2 A stable central limit theorem for càdlàg martingales The following

theorem is a generalisation of Theorem 2.28 in Mykland and Zhang (2012, p. 152) from the

continuous to the càdlàg case. The proof follows that found in Mykland and Zhang (2012)

closely, with the necessary adjustments to account for jumps. The theorem is a special case

of a few theorems found in Jacod and Shiryaev (2003, ch. IV.7), but with a different and

more accessible proof. Corollary B.4 provides some alternative Lindeberg type conditions

that can be easier to check than the one used in the statement of the theorem. There

is also a close kinship between Theorem B.3 of this section and Theorem 5.1 in Helland

(1982, p. 88), the important difference being that our theorem allows for a data dependent

limit, i.e. that the function f , in the notation of Helland (1982), is a stochastic process

rather than a deterministic function of time.

Recall from Section 4.1 the definition of an extension of the original probability space

(Ω,F , {Ft}t≥0, P ). A process M on the extension is called and F-conditional martingale if

the process M(ω, ·) is, P -almost surely, a martingale on the extension. In the theorem be-

low, we will use that a continuous adapted process M on the extension is an F-conditional

Gaussian martingale if and only if it is a local martingale on the extension, orthogonal

to all bounded martingales on (Ω,F , {Ft}t≥0, P ), and 〈M,M〉t is Ft-adapted (see Jacod

(1997, Proposition 1.1, p. 233), or Jacod and Shiryaev (2003, Proposition II.7.5, p. 130))

Stable convergence is convergence in distribution conditional on (parts of) the under-

lying data, it is therefore important to have something that represents the underlying

data. We have a filtered probability space (Ω,F ,F, P ), where F = {Ft}0≤t≤T . For each

n, we have a filtration Fn = {Fnt }0≤t≤T and a Fnt -adapted square integrable martingale

Mn = {Mn
t : 0 ≤ t ≤ T}. This is the martingale that we wish to show that converges

stably in distribution.

We will assume that F is countably generated, that is, F = σ(A1, A2, . . .) for a count-

able sequence A1, A2, . . . in Ω. There is then a sequence {Ym}m≥1 of random variables

that is dense in L1(Ω,F , P ) (Kolmogorov and Fomin, 1970, Theorem 3, p. 382). Set

Nm
t = E (Ym | Ft), which is then a bounded martingale on (Ω,F ,F, P ). Here are two

results that can be found in Jacod (1979, pp. 114–115) and also stated in Jacod (1997).

(a) Every bounded martingale is the limit in L2, uniformly in time, of a sequence of

stochastic integrals with respect to a finite number of Nm
t .

(b) If Gt is the smallest filtration with respect to which (Nm
t )m≥1 is adapted, then Gt = Ft

up to P -null sets.

The countably many Ft-adapted bounded martingalesNm
t play a role similar to the Wiener

processes appearing in Condition 2.26 in Mykland and Zhang (2012, p. 151). Since we are

dealing with filtrations indexed by n, we need one more condition.
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Condition B.2. For each finite family (X1, . . . , Xp) of Ft-adapted bounded martingales,

there is a sequence of Fn-adapted bounded martingales (Xn
1 , . . . , X

n
p ), such that

(Xn
1 , . . . , X

n
p )

p→ (X1, . . . , Xp),

in the Skorokhod topology.

This means that for every ε > 0, P (d(Xn, X) ≥ ε) → 0 as n → ∞ where d(x, y)

is the metric making the space of all càdlàg functions on [0, T ] a complete separable

metric space (Billingsley, 1999, Eq. (12.16), p. 125). For the definition of a sequence of

processes being P-UT, for ‘Predictably uniformly tight’, see Jacod and Shiryaev (2003,

Definition VI.6.1, p. 377). In short, if H n is the set of all Hn that are predictable

and of the form Hn
s = Y0I{0} +

∑
i YiI(ti,ti+1](s); Yi is Fnti measurable with |Yi|≤ 1; Xn

is a process; and Hn · Xn
t =

∑
ti+1≤t Yi(Xti+1 − Xti), then Xn is P-UT if for every t,

supHn∈H n P (|Hn ·Xn
t |> a) can be made arbitrarily small by choosing a > 0 big enough.

The proof of the next theorem follows closely the proof of Theorem 2.28 in Mykland

and Zhang (2012, p. 152), with some changes being made to account for the possibility

that Mn does not have continuous sample paths.

Theorem B.3. Assume Condition B.2. Let Mn = {Mn
t : 0 ≤ t ≤ T} be a sequence of

locally square integrable martingales on (Ω,F ,P), adapted to Fnt for each n. Suppose that

there is an Ft-adapted process ft such that

(i) 〈Mn,Mn〉t →p

∫ t
0 f

2
s ds for all t;

(ii)
∫
|x|>ε x

2νn([0, T ]× dx)→p 0 for all ε > 0;

(iii) 〈Mn, Xn〉t →p 0 for all t and all bounded martingales X in (Ω,F ,F,P).

Then Mn converges stably in distribution to Mt =
∫ t

0 fs dWs, where Ws is a Wiener process

defined on an extension of the original probability space.

Proof. Convergence in probability implies convergence in distribution, so (i) implies that

〈Mn,Mn〉t →d

∫ t
0 f

2
s ds. Combining this with the facts that 〈Mn,Mn〉t is a non-decreasing

process and has a non-decreasing and continuous limit, Theorem VI.3.37 in Jacod and

Shiryaev (2003, p. 354) yields process convergence of 〈Mn,Mn〉 to
∫ ·

0 f
2
s ds. The sample

paths t 7→
∫ t

0 f
2
s ds are continuous, so 〈Mn,Mn〉 is C-tight (Jacod and Shiryaev, 2003,

Def. 3.25, p. 351), implying that Mn is tight (Jacod and Shiryaev, 2003, Theorem VI.4.12,

p. 358). Condition (ii) implies that sups≤T |∆Mn
t | →p 0, combined with the tightness of

Mn this implies that Mn is C-tight (Jacod and Shiryaev, 2003, Lemma VI.4.22, p. 360, and

Theorem VI.3.26(iii), p. 351). Recall that Nm
t = E (Y m | Ft), and denote N = (Nm)m≥1.

By Condition B.2 there is a sequence N n = (Nn
1 , N

n
2 , . . .), such that N n →p N . Since

Mn is C-tight and N n = (Nn
1 , N

n
2 , . . .) is tight by Condition B.2, Corollary 3.33 in Jacod

and Shiryaev (2003, p. 353) gives that (Mn,N n) is tight. By Prokhorov’s theorem (see

e.g. van der Vaart (1998, Theorem 2.5(ii), p. 8)), this tightness entails that we can for any

subsequence nk find a further subsequence nkj such that

(M
nkj ,N

nkj )⇒ (M,N ). (B.1)
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For each n, write

Mn
t = Mn,b

t + xI{|x| > 1} ? (µn − νn)t, (B.2)

in terms of the measure µn associated with the jumps of Mn, and its compensator νn, and

where Mn,b
t is a local martingale with bounded jumps. For the decomposition in (B.2),

see e.g., Jacod and Protter (2012, Eq. (2.1.10), p. 29) and use that Mn, their X, is

a martingale; or see Proposition II.2.29 in Jacod and Shiryaev (2003, p. 82), and the

fact that their A ≡ 0 in the martingale case. Since xI{|x| > 1} ? νn is the predictable

compensator of xI{|x| > 1}?µn, it follows from Lenglart’s inequality (Jacod and Shiryaev,

2003, Lemma 3.30(a), p. 35) and Condition (ii) that xI{|x| > 1}?µnt →p 0 for all t ∈ [0, T ],

thus

sup
t≤T
|Mn

t −Mn,b
t |

p→ 0. (B.3)

But (B.3) must also hold for any subsequence, so (B.1) and the Cramér–Slutsky rules

entail that (M
nkj ,b,N

nkj ) converges in law to (M,N ). Since Mn,b has bounded jumps

|∆Mn,b| ≤ 1, Theorem IX.1.17 in Jacod and Shiryaev (2003, p. 526) gives that M is a

local martingale with respect to the filtration generated by N (hence the importance of

fact (b), and where we use that Theorem IX.1.17 extends from the finite to the countable

case, see Jacod and Shiryaev (2003, p. 586)).

We now want to show that Mn is P-UT, because that will ensure joint convergence of

(Mnkl , [Mnkl ,Mnkl ]). Let Hn ∈H n as above. Then E |Hn ·Mn
t |2= E (Hn)2 · [Mn,Mn]t ≤

E [Mn,Mn]t = E 〈Mn,Mn〉t. So by Lenglart’s inequality Jacod and Shiryaev (2003,

Lemma I.3.30(a), p. 35), for every t, and for any Hn ∈H , and for a, η > 0,

P (|Hn ·Mn
t |t≥ a) ≤ P ( sup

0≤t≤T
|Hn ·Mn

t |t≥ ε) ≤
η

a2
+ P (〈Mn,Mn〉t ≥ η).

But since 〈Mn,Mn〉t is tight, this shows that Mn is P-UT. Since Mn is P-UT, Theorem

VI.6.26 in Jacod and Shiryaev (2003, p. 384) gives that (Mnkl , [Mnkl ,Mnkl ]) converges

in law to (M, [M,M ]); from continuity of M we get that [M,M ] = 〈M,M〉 (Jacod and

Shiryaev, 2003, Theorem I.4.52, p. 55); and by Condition (i), 〈M,M〉t =
∫ t

0 fs ds.

Assume without loss of generality that fs > 0 (see Mykland and Zhang (2012, p. 152)),

and set Wt =
∫ t

0 f
−1/2
s dMs. Then 〈W,W 〉t = t and by Condition (iii) 〈W,X〉t =∫ t

0 f
−1/2
s 〈M,X〉t = 0 for any bounded martingale X. Lévy’s theorem (Jacod and Shiryaev,

2003, p. 102) then gives thatW is a Wiener process. SinceW is independent of F by Condi-

tion (iii), we can realise W on the extension Ω̃ = Ω×C[0, T ], F̃ = F⊗B, F̃t = ∩s>tFs⊗Bs,
P̃r(ω,dx) = P(dω)Q(ω, x), where C[0, T ] is the space of all continuous functions on [0, T ],

and for ω fixed, Q(ω,dx) is the Wiener measure. Then W (ω, x) is a Wiener process for

each ω, and Mt(ω, x) =
∫ t

0 fs(ω)W (ω,dx) is continuous process on the extension, orthog-

onal to all bounded martingales on (Ω,F ,F, P ), and 〈M,M〉t =
∫ t

0 f
2
s ds is F-measurable

by Condition (i). Thus, M is an F-conditional Gaussian martingale on the extension.

This proves the theorem for a subsequence nkj , but since the subsequence was arbitrary,

the claim of the theorem follows (see corollary on p. 337 in Billingsley (1995), or Billingsley

(1999, Theorem 2.6, p. 20)).

Corollary B.4. Assume (i) and (iii) of Theorem B.3. If Condition (ii) in that theorem

is replaced by one of the following conditions,
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(ii)′ E
∑

s≤t |∆Mn
s |2I{|∆Mn

s | ≥ ε} → 0 for all ε > 0 and for all t;

(ii)′′ supt≤T |∆Mn
t | →p 0, and E supt≤T |∆Mn

t |2 <∞ for all n;

the conclusion of Theorem B.3 still holds.

Proof. For (ii)′: By Proposition II.1.28 (p. 72) and Theorem I.3.17 (p. 32) in Jacod and

Shiryaev (2003), we have that

E
∑

s≤t
|∆Mn

s |2I{|∆Mn
s | ≥ ε} = E

∫

|x|≥ε
|x|2µn([0, T ]× dx) = E

∫

|x|≥ε
|x|2νn([0, T ]× dx),

which proves that (ii)′⇒(ii). For (ii)′′: We must show that (ii)′′ implies (B.3). Using the

the triangle inequality and the fact that νn is a (non-negative) measure

|Mn
t −Mn,b

t | ≤
∑

s≤t
|∆Mn

s |I{|∆Mn
s | > 1}+ |x|I{|x| > 1} ? νnt

≤ sup
s≤t
|∆Mn

s |
∑

s≤t
I{|∆Mn

s | > 1}+ |x|I{|x| > 1} ? νnt .
(B.4)

Since 〈Mn,Mn〉t is tight, Mn is P-UT, and we have that
∑

s≤t I{|∆Mn
s | > 1} = Op(1)

for all t > 0 (Jacod and Shiryaev, 2003, Theorem VI.6.16, p. 380), so the first term on the

right in (B.4) tends to zero in probability by the Cramér–Slutsky rules. For the second

term on the right, since |x|I{|x| > 1} ? νnt is the predicable compensator of the adapted

process
∑

s≤t |∆Mn
s |I{|∆Mn

s | > 1} = |x|I{|x| > 1} ? µnt , Lenglart’s inequality (Jacod and

Shiryaev, 2003, Lemma I.3.30(b), p. 35) gives that for all ε, η > 0,

P(|x|I{|x| > 1} ? νnt ≥ ε) ≤
1

ε

(
η + E sup

s≤t
|∆Mn

s |
)

+ P(|x|I{|x| > 1} ? µnt ≥ η).

As we saw above P(|x|I{|x| > 1} ? µnt ≥ η)→ 0. For all σ > 0, by Hölder’s inequality

E sup
s≤t
|∆Mn

s | ≤ E sup
s≤t
|∆Mn

s |I{|∆Mn
s | ≥ σ}+ σ

≤ (E sup
s≤t
|∆Mn

s |2)1/2 P(sup
s≤t
|∆Mn

s | ≥ σ)1/2 + σ → σ,

as n→∞. Since ε, η, σ were arbitrary, |x|I{|x| > 1} ? νnt converges in probability to zero

for all t > 0.

Remark 4. In the proof of Theorem B.3 we use that if Mn is a sequence of local square

integrable martingales, and 〈Mn,Mn〉t → 〈M,M〉t for all t as n → ∞, and 〈M,M〉t
is continuous, then Mn is P-UT. This is a useful implication that, perhaps because it is

deemed obvious, is not spelled out explicitly in Jacod and Shiryaev (2003, ch. VI.6). Using

this implication, an immediate corollary to Proposition 6 in Mykland and Zhang (2017b,

p. 12) is: If Mn converges in law to M , and 〈Mn,Mn〉t →p V , with V continuous, then

Mn converges G-stably in law, where G = σ(V ). For several other results associated with

the P-UT property, see Mykland and Zhang (2017b, Appendix D).
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Remark 5. In the above theorem we could have assumed the filtrations to be generated by

(W (1),W (2), . . . , N (1), N (2), . . .) for independent Wiener processes and point processes, re-

spectively, and then assumed that the martingales appearing in the theorem were adapted

to the filtrations so generated (see Cohen and Elliott (2015, Theorem 14.5.7, p. 360), and

also Jacod and Shiryaev (2003, Theorem III.4.34 and III.4.37, pp. 189–190)). In applica-

tions the compensators of jump measures of the processes of interest will often be assumed

absolutely continuous, which implies that the processes are quasi-left continuous (Jacod

and Shiryaev, 2003, Proposition II.2.9, p. 77), and it is sufficient to take the N1, N2, . . .

as independent Poisson processes with absolutely continuous compensators (Jacod and

Shiryaev, 2003, Proposition I.3.27, p. 34). Making the generating processes more ‘con-

crete’ in this way, makes Condition (iii) easier to check, see Article IV and Mykland and

Zhang (2012, pp. 153–154) for examples.

Remark 6. It is interesting to note the similarity between Theorem B.3 and Hall and Heyde

(1980, Thorem 3.2, p. 58), particularly when employing condition (ii)′′ of Corollary B.4.
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a b s t r a c t

This paper is devoted to the multivariate estimation of a vector of Poisson means. A novel
loss function that penalises bad estimates of each of the parameters and also the sum
(or equivalently the mean) of the parameters is introduced. Under this loss function, a
class of minimax estimators that uniformly dominate the maximum likelihood estimator
is derived. Crucially, these methods have the property that for estimating a given
component parameter, the full data vector is utilised. Estimators in this class can be fine-
tuned to limit shrinkage away from the maximum likelihood estimator, thereby avoiding
implausible estimates of the sum of the parameters. Further light is shed on this new
class of estimators by showing that it can be derived by Bayesian and empirical Bayesian
methods. In particular, we exhibit a generalisation of the Clevenson–Zidek estimator,
and prove its admissibility. Moreover, a class of prior distributions for which the Bayes
estimators uniformly dominate the maximum likelihood estimator under the new loss
function is derived. A section is included involving weighted loss functions, notably also
leading to a procedure improving uniformly on the maximum likelihood method in
an infinite-dimensional setup. Importantly, some of our methods lead to constructions
of new multivariate models for both rate parameters and count observations. Finally,
estimators that shrink the usual estimators towards a data based point in the parameter
space are derived and compared.

© 2019 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let Y = (Y1, . . . , Yp) be a vector of independent Poisson random variables with mean vector θ = (θ1, . . . , θp). In this
article we consider the problem of estimating the vector θ . The obvious estimator is δ0(Y ) = Y , that is, using δ0,i = Yi for
each of the p individual parameters. It is well known that δ0 is the maximum likelihood solution, that it has components
with uniformly minimal variance among the unbiased estimators, and that it is admissible in the one-dimensional problem
under squared error loss as well as under its weighted version, see, e.g., Lehmann [19, p. 277]. In the simultaneous or
multivariate problem, however, Peng [22] and Clevenson and Zidek [6] were the first to show that δ0 can be improved
upon under the loss functions

L∗

0(θ, δ) =

p∑
i=1

(δi − θi)2 and L∗

1(θ, δ) =

p∑
i=1

(δi − θi)2/θi, (1)

∗ Corresponding author.
E-mail address: emilas@math.uio.no (E.A. Stoltenberg).
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if p ≥ 3 and p ≥ 2, respectively. In particular, for the L∗

1 loss, Clevenson and Zidek [6] derived the estimator

δCZ,i(Y ) =

(
1 −

p − 1
p − 1 + Z

)
Yi, Z =

p∑
i=1

Yi, (2)

demonstrating that it improves uniformly on the standard procedure δ0. This Stein-type phenomenon has also been
observed for other loss functions. Hwang [15] obtained results for

∑p
i=1(δi−θ )

2/θ
mi
i , for fixed integers mi. Ghosh and Yang

[13] considered a loss function based on the entropy or Kullback–Leibler distance Le(θ, δ) =
∑p

i=1 θi{δi/θi − log(δi/θi)−1}.
An excellent review article for admissibility issues, for multivariate Poisson means and for other models for discrete data,
is [11], followed by discussion contributions by Berger [3], Morris [21], Hudson [14]. A more recent article on these issues
is [5].

More broadly, the books Efron [7] and Fourdrinier et al. [10] contribute to seeing multivariate estimation, using
shrinkage and empirical Bayes methods, as a global phenomenon. Central themes are variations on ‘borrowing strength’,
either via direct constructions or in empirical Bayes setups. Our article is a contribution in these general directions,
showing that methods developed for the multinormal and more generally spherically symmetric distributions have certain
parallels in the world of multivariate Poisson estimation. Importantly, when estimating a particular Poisson parameter θi,
the full multivariate vector of data is being used, as an integral part of our methods.

The estimators that have been found to be better than δ0(Y ) = Y in these earlier publications are essentially all of the
shrinking type, pushing the maximum likelihood estimator closer to the bottom corner of the parameter space. A good
example of the merits of this type of shrinkage is provided by Clevenson and Zidek [6], wherein 36 small θi – intensities
of an oil-well discovery process – are estimated with the estimator in (2). Clevenson and Zidek [6] had access to ‘known’
θi and could check the actual loss incurred. The procedure in (2) did indeed give much smaller loss

∑36
i=1(δCZ,i − θi)2/θi

than did δ0; the losses are 14.33 and 39.26, respectively. However, another and perhaps not so pleasant feature of their
estimation procedure is conspicuous here, namely that the sum γ =

∑36
i=1 θi (or equivalently the mean θ̄ = γ /36) is

seriously underestimated. In their oil-well discovery example the true sum is γ = 26.98, the usual δ0 has
∑36

i=1 yi = 29,
while their

∑36
i=1 δCZ,i = 12.97 is much too low.

In some situations the sum (or mean) is unimportant and all that matters is to estimate each θi. In many multiparameter
cases one wants to keep track of the sum (or the mean) of the θi as well, however, as one surely would in the oil-well
discovery process above. Other multiparameter cases where the sum (or the mean) are deemed as important as the
individual θi abound; think for example of a decision maker having to make budgetary decisions concerning each of the
boroughs of a city and the city as a whole, the resources allocated to each of p hospitals and the whole health budget,
etc.

These considerations motivate studying loss functions that take into account the need for good individual estimates,
while at the same time guarding against the underestimation of the sum. One example of such a loss function is

L(θ, δ) =

p∑
i=1

(δi − θi)2 + c
( p∑

i=1

δi − γ

)2
= L∗

0(θ, δ) + cp2(δ̄ − θ̄ )2, (3)

Since
∑p

i=1 δ0,i =
∑p

i=1 Yi is the admissible minimax solution under the loss function
(∑p

i=1 δi − γ
)2 one might wonder

whether the extra penalisation above would secure admissibility of δ0 in the simultaneous problem. In Section 2 we show
that this is not the case; δ0 is again inadmissible when p ≥ 3, under any given quadratic form loss function (δ−θ )⊤A(δ−θ ).
Another loss function that takes the guarding against underestimation of the sum (or the mean) of the parameters into
account is the weighted version of (3), that is, the loss functions that generalises the one used by Clevenson and Zidek
[6], namely

Lc(θ, δ) =

p∑
i=1

(δi − θi)2

θi
+ c

(
∑p

i=1 δi −
∑p

i=1 θi)
2∑p

i=1 θi
= L∗

1(θ, δ) + cp
(δ̄ − θ̄ )2

θ̄
, (4)

where c is a user-defined constant. Under (4), the loss in Clevenson and Zidek’s example for δ0 is 39.26 + 0.35 c while
the loss for δCZ is 14.33 + 6.35 c. Again, one might wonder whether δ0 is admissible for certain values of c . In Section 3
we show that this is not the case, and derive an estimator which is the natural generalisation of the one in (2),

δci (Y ) =

{
1 −

p − 1
p − 1 + (1 + c)Z

}
Yi, i ∈ {1, . . . , p}, (5)

which is shown to belong to a class of estimators that dominate δ0 uniformly over the parameter space when p ≥ 2. In the
somewhat similar multivariate normal setting, investigations on how to limit the shrinkage of the James–Stein estimator
have been conducted by Efron and Morris [8,9] and by Stein [24].

Another type of loss functions constructed to compromise between conflicting desiderata, and as such somewhat
similar to (3)–(4), are the so-called balanced loss functions studied, e.g., by Jafari Jozani et al. [16] and by Marchand
and Strawderman [20]. See our Remark A in Section 9 for more on this kinship.

Our paper proceeds as follows. In Section 2 we study the loss function (3) and derive a class of estimators that uniformly
dominate the maximum likelihood estimator. Section 3 concerns the weighted version of this loss function, the Lc loss
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function of (4), and we derive the already mentioned generalisation δc of δCZ. In Section 4 further light is shed on this
new class of estimators by showing that it can be derived by Bayesian and empirical Bayesian methods. We are also able
to prove that the estimator δc of (5) is admissible. Classes of alternative estimators are then studied in Sections 5 and 6,
involving Bayes and empirical Bayes strategies which shrink the raw data towards data-driven structures for the θi, such
as the data mean, or a submodel. Some of these procedures succeed in having risks well below the minimax benchmark, in
large regions of the parameter space, though without achieving uniform dominance. In Section 7 weighted loss functions
are studied, which admit relative weights of importance; notably, an infinite-dimensional setup is also included. Then
in Section 8 we demonstrate how some of our Bayesian constructions also lead to new multivariate models for rate
parameters and for count observations, of interest in their own right, pointing to models for spatially dependent count
data. Finally, Section 9 offers a list of concluding remarks.

2. General quadratic loss function

We may write the loss function of (3) as L(δ, θ ) = (δ − θ )⊤A0(δ − θ ), where A0 is the matrix with 1 + c down its
diagonal and c elsewhere. The natural generalisation is

L(δ, θ ) = (δ − θ )⊤A(δ − θ ), (6)

where A is symmetric and positive definite. Below we obtain some results for general A and apply these to two examples.
Note that in situations where there is no ordering of the individual θi and no reason to estimate some of them more
precisely than the others, the loss function in (3), that is, using A0 with an appropriate choice of c , is the natural choice.
Our method of proving inadmissibility of δ0 resembles that of Tsui and Press [25] and Hwang [15], where A is diagonal.

Let δ(y) = y − φ(y) be a competitor. The difference in risk between these two estimators is then

R(δ, θ ) − R(δ0, θ ) = Eθ {(δ − θ )⊤A(δ − θ ) − (Y − θ )⊤A(Y − θ )}

= Eθ {−2(Y − θ )Aφ(Y ) + φ(Y )⊤Aφ(Y )} = Eθ {−2(Y − θ )ψ(Y ) + ψ(Y )⊤A−1ψ(Y )},
(7)

writing ψ(y) = Aφ(y). Furthermore, since Eθ θig(Y ) = Eθ Yig(Y − ei) for any g with Eθ |g(Y )| < ∞, using ei to denote
the unit vector with the ith element equal to one, we have that Eθ (Yi − θi)ψ(Y ) = Eθ Yi{ψ(Y ) − ψ(Y − ei)}, and the risk
difference (7) can be written Eθ D(Y , φ), in which

D(y, φ) = −

p∑
i=1

2yi{ψ(y) − ψ(y − ei)} + ψ(y)⊤A−1ψ(y).

If a function ψ(y) can be found such that D(y, φ) is non-positive for all y, with strict inequality for at least one datum y,
then δ0 = Y is inadmissible, being outperformed by δ(y) = y − A−1ψ(y).

Theorem 1. Let A be symmetric and positive definite. Then δ0 = Y is inadmissible under loss function (6), if p ≥ 3. It is
dominated by δ(Y ) = Y − A−1ψ(Y ), where ψ(·) is any member of the following class

ψi(y) =
d(y)
B(y)

T (yi), i ∈ {1, . . . , p},

where T (0) = 0 and T (y) =
∑

j≤y 1/j for y ≥ 1, where B(y) =
∑p

i=1 T (yi)T (yi+1), and d(y) is nondecreasing in each argument
and obeying

0 ≤ d(y) ≤ (2/M){N(y) − 2}+,

writing a+ = max(a, 0) for truncating to zero. Here N(y) =
∑p

i=1 I{yi ≤ 1} and M is the inverse of the smallest eigenvalue of
A.

Proof. The choice of M entails ψ⊤A−1ψ ≤ M
∑p

i=1 ψ
2
i so that D(φ, y) ≤ −2

∑p
i=1 yi

{
ψi(y) −ψi(y − ei)

}
+

∑p
i=1 Mψi(y)2.

The general Theorem 2.1 in Hwang [15], with accompanying corollaries, can then be used to find ψi(·) functions that make
D(φ, y) non-positive for all y. We skip details but record that Hwang’s method gives

D(φ, y) ≤ −2d(y)

{
N(y) − 2 − Md(y)/2

}
+

B(y)
, (8)

which is non-positive for each ψ(·) described in the theorem. □

A natural choice for d(y) is d0(y) = (1/M){N(y) − 2}+, minimising the upper bound in (8). This means using
φ0(y) = A−1ψ0(y) with D(φ0, y) ≤ −M−1

{N(y) − 2}2/B(y), which shows that

δ(y) = y − A−1ψ0(y), ψ0,i(y) =
1
M

T (yi)
B(x)

{N(y) − 2}+,

achieves R(δ, θ ) − R(Y , θ ) ≤ −M−1Eθ
{
(N(Y ) − 2)+

}2
/B(Y ) < 0, for all θ . Note in particular that the same ψ0(·) function

works for a large class of loss functions (6).
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Example 2.1. Let A be the square matrix with 1 + c down its diagonal and c elsewhere. This matrix might be written
A = I + cee⊤, with I the identity matrix and e = (1, . . . , 1)⊤ the p × 1 vector of ones. This choice of A gives the loss
function (3). Here M = 1 and A−1

= I − {c/(1 + cp)}ee⊤, and ψ⊤A−1ψ ≤
∑p

i=1 ψ
2
i follows. The natural estimator is then

δ(y) = y − φ0(y), where

φ0(y) = ψi,0(y) −
c

1 + cp

p∑
j=1

ψ0,j(y) = {N(y) − 2}+
T (yi) −

cp
1+cp T̄ (y)

B(y)
,

in which T̄ (y) = p−1 ∑p
i=1 T (yi). Note that δ does not shrink the y in any particular direction, but rather pushes the

components yi in different directions according to the sign of T (yi) − {cp/(1 + cp)}T̄ (y). Note further that if the yi are
moderate or large, then

δi(y)
.
= yi −

p − 2∑p
j=1(log yj)2

{
log yi −

cp
1 + cp

1
p

p∑
j=1

log yj
}
.

Example 2.2. Samples of independent Poisson variables arise naturally when one or more Poisson processes are
observed over time. Dividing the time interval into p parts gives counts y1, . . . , yp with certain means θ1, . . . , θp. In the
nonparametric setting, where the intensity of the process is unknown, these parameters are also completely unknown. If
one wishes to estimate the cumulative intensity of the process, then (λ1, . . . , λp) are more important than (θ1, . . . , θp),
where λi =

∑i
j=1 θj. This suggests using the loss function L(θ, δ) =

∑p
i=1 (̂λi−λi)

2, where λ̂i =
∑i

j=1 δj. But this is seen to be
a special case of (6), with elements ai,j = p+1−max(i, j) filling the A matrix. Its inverse A−1 has first row (1,−1, 0, . . . , 0),
last row (0, . . . , 0,−1, 2), and in between we find (0, . . . , 0,−1, 2,−1, 0, . . . , 0). One has ψ⊤A−1ψ ≤ 4ψ⊤ψ , and can
use M = 4 when applying the theorem. Hence the following estimator improves on δ0 = Y :

δ∗

1 (y) = y1 − ψ0,1(y) + ψ0,2(y),
δ∗

i (y) = yi + ψ0,i−1(y) − 2ψ0,i(y) + ψ0,i+1(y), i ∈ {2, . . . , p − 1},
δ∗

p (y) = yp + ψ0,p−1(y) − 2ψ0,p(y),

where this time

ψ0,i(y) =
1
4
T (yi)
B(y)

{N(y) − 2}+.

Notice finally that the corresponding improved estimators for the cumulatives λi become λ̂i =
∑i

j=1 Yj−ψ0,i(Y )+ψ0,i+1(Y )
for i ≤ p − 1, while λ̂p =

∑p
j=1 Yj − ψ0,p(Y ).

3. The Lc loss function

The main consideration leading to the loss function (δi − θi)2/θi is that the statistician seeks precise estimates of small
values of θi. A loss function that penalises heavily for bad estimates of small parameters is then a natural choice. Related
to this is the obvious fact that when the parameters are small, they can only be badly overestimated, zero being the
boundary of the parameter space. The corresponding multiparameter version of this is

∑p
i=1(δi − θi)2/θi, and is the one

treated by Ghosh, Hwang, and Tsui [11], Hwang [15], Tsui and Press [25], Clevenson and Zidek [6], and others. Note that
δ0 = Y has constant risk p with this loss, and it is not difficult to establish that it is minimax.

The above mentioned authors obtain classes of estimators that perform uniformly better than δ0 if only p ≥ 2. As
discussed in Section 1 and illustrated by the oil-well example, these shrinkage estimators do not take into account the
additional desideratum, namely a precise estimate of the sum γ =

∑p
i=1 θi. We will now study the Lc loss function of (4),

Lc(θ, δ) = L∗

1(θ, δ)+ c(
∑p

i=1 δi − γ )
2/γ . If we consider the second term in (4) by itself, we recognise the one-dimensional

loss function (δ − γ )2/γ . It is well known that γ̂ = Z is admissible and the unique minimax solution under this loss
function, and can therefore not be uniformly improved upon [19, p. 277]. Consequently, since z is the sum of the yi,
higher values of c will result in estimators that lie closer the δ0. On the other hand, we know that for c = 0 the estimator
in (2) uniformly dominates δ0. Hence, the user defined constant c determines how to compromise between δ0 and δCZ.

Before we derive a class of estimators that dominate δ0 under Lc in Section 3.2, we derive formulae for the Bayes
solution and show that δ0 is minimax.

3.1. The δ0 = Y estimator is minimax

The maximum likelihood estimator δ0 = Y has constant risk p+c under Lc and is a natural candidate for being minimax.
We demonstrate minimaxity by exhibiting a sequence of priors with minimum Bayes risks BR(δ, π ) = E Rc(δ, θ ) which
converge towards p+c; that this is sufficient follows from well-known arguments, as exposited, e.g., in Robert [23, Ch. 2.4].
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Some analysis is required to characterise the Bayes solution. We first find the values δ1, . . . , δp that minimise the posterior
expected loss. Given a dataset y = (y1, . . . , yp), and with γ =

∑p
i=1 θi, introduce

ai = {E(θ−1
i | y)}−1, a =

p∑
i=1

ai, b = {E(γ−1
| y)}−1.

Then

E {Lc(θ, δ) | y} =

p∑
i=1

{
δ2i /ai − 2δi + E(θi | y)

}
+ c

{( p∑
i=1

δi

)2
/b − 2

p∑
i=1

δi + E(γ | y)
}
, (9)

assuming the moments to exist. Some analysis shows that the minimum takes place for

δBi (y) =
1 + c

1 + ca/b
ai =

1 + c
1 + ca/b

1
E {(1/θi) | y}

, i ∈ {1, . . . , p}. (10)

This generalises the familiar result that the Bayes solution is {E(θ−1
i | Y )}−1

= ai under L∗

1(θ, δ), that is, when c = 0. Note
also that if E θ−1

i = ∞ for some i, and E θi is finite, then only δi = 0 gives a finite risk, which means that (10) is correct
even in such cases.

To illustrate this, suppose θi has a Gamma prior with parameters (αi, β), which we write as G(αi, β), i.e., θi has prior
mean αi/β , and that these are independent. Then θi | y ∼ G(αi + yi, β + 1), and some calculations lead to the Bayes
estimators

δBi =
1 + c

1 + c(pᾱ + z − p)/(pᾱ + z − 1)
αi + yi − 1
β + 1

=
(1 + c)(pᾱ + z − 1)

(1 + c)(pᾱ + z − 1) − c(p − 1)
αi + yi − 1
β + 1

,

for i ∈ {1, . . . , p}, writing ᾱ = (1/p)
∑p

i=1 αi and again z =
∑p

i=1 yi. If αi ≤ 1, then the Bayes estimate is zero if yi = 0, by
the comment above about (10). We note that for large c , corresponding to the loss being essentially related to estimating
the sum γ =

∑p
i=1 θi well under (γ̂ − γ )2/γ loss,

δBi
.
=

pᾱ + z − 1
β + 1

αi + yi − 1
pᾱ + z − p

,

p∑
i=1

δBi
.
=

pᾱ + z − 1
β + 1

,

tying in with γ | y being a Gamma with parameters (pᾱ + z, β + 1).
Now consider the special case where the θi are independent G(1, β). The Bayes solution then takes the form

δBi =
1 + c

1 + cz/(p − 1 + z)
yi

1 + β
=

(1 + c)(p − 1 + z)
p − 1 + (1 + c)z

yi
1 + β

. (11)

It now remains to show that the minimum Bayes risk for this prior, say MBR(1, β), tends to p + c as β → 0. Using that
Yi given Z is binomial with mean Zθi/γ , provided Z ≥ 1, and that the Y vector and hence the δB estimator are equal to
zero when Z = 0, the risk of δBi can be expressed as

Rc(δBi , θ ) = Eθ Eθ {L(θ, δBi ) | Z} = Eγ
{ (1 + c)2(p − 1 + Z)2

p − 1 + (1 + c)Z
Z

γ (1 + β)2
− 2

(1 + c)2(p − 1 + Z)
p − 1 + (1 + c)Z

Z
1 + β

+ (1 + c)γ
}
.

Since the risk depends on the θi only through the sum γ , the minimum Bayes risk may be written

MBR(1, β) = Eγ Eγ {L(θ, δB) | Z} =
1 + c
1 + β

Eγ
p(p − 1) + (p + c)Z
p − 1 + (1 + c)Z

,

in which the expectation on the right is with respect to the marginal distribution of Z . Since Z tends in probability to
infinity as β → 0, the function {p(p − 1) + (p + c)Z}/{p − 1 + (1 + c)Z} converges to (p + c)/(1 + c) in probability when
β → 0. Furthermore, this function is bounded by p, so by the bounded convergence theorem MBR(1, β) tends to p+ c as
β tends to zero, as was to be shown.

3.2. A dominating class of estimators

We will now develop a class of estimators with uniformly smaller risk than p + c under the Lc loss function, that
is, estimators that uniformly dominate the maximum likelihood estimator. Consider estimators of the form δi(Y ) =

{1 − φ(Z)}Yi. Write D(φ, y) = Lc(θ, δ) − Lc(θ, δ0) for the difference in loss. Then

D(φ, y) =

p∑
i=1

{φ(z)2y2i − 2φ(z)yi(yi − θi)
θi

+ c
φ(z)2z2 − 2φ(z)z(z − γ )

γ

}
,

Now, use the fact that for any real valued function h with finite mean Eθ h(Y ), and with the property that h(y) = 0
whenever yi = 0, the following identity holds:

Eθ h(Y )/θi = Eθ h(Y + ei)/(Yi + 1). (12)
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Using this identity we obtain an expression for the difference in risk Eθ D(φ, Y ) = R(δ∗, θ ) − R(Y , θ ), namely

EθD(φ, Y ) = Eθ Eθ {D(φ, Y ) | Z} = Eθ
[
{φ2(Z) − 2φ(Z)}

Z{(p − 1) + (1 + c)Z}

γ
+ 2(1 + c)φ(Z)Z

]
= Eθ

{
(φ2(Z + 1) − 2φ(Z + 1)){(p − 1) + (1 + c)(Z + 1)} + 2(1 + c)φ(Z)Z

}
.

This can hence be expressed as Eγ D∗(φ, Z), with the D∗(φ, z) function not depending on the parameters; in particular, the
risk function Rc(δ, θ ) = p+ c +Eγ D∗(φ, Z) depends on the parameter vector only via γ =

∑p
i=1 θi. Also, any function φ(·)

that ensures that D∗(φ, z) ≤ 0 for all z, with strict inequality for at least one datum z, yields an estimator that uniformly
dominates the δ0. This leads to the following result.

Theorem 2. For each function φ(·) such that

0 < φ(z) <
2(p − 1)

p − 1 + (1 + c)z
, φ(z)z < φ(z + 1)(z + 1),

for all z, the estimator δc = {1 − φ(Z)}Y uniformly dominates δ0 = Y . These conditions are met for functions of the type
φ(z) = ψ(z)/{p − 1 + (1 + c)z} where ψ(·) is nondecreasing with 0 < ψ(z) < 2(p − 1). In particular, δ0 is inadmissible if
p ≥ 2.

Proof. Using the expression for D∗(φ, Z) derived above, the following holds:

Eγ D∗(φ, Z) = Eγ
[
{φ(Z)2 − 2φ(Z)}

Z{(p − 1) + (1 + c)Z}

γ
+ 2(1 + c)φ(Z)Z

]
= Eγ φ(Z)Z

[
{φ(Z) − 2}

p − 1 + (1 + c)Z
γ

+ 2(1 + c)
]

=
1
γ
Eγ φ(Z)Z

[
φ(Z){p − 1 − (1 + c)Z} − 2{p − 1 + (1 + c)(Z − γ )}

]
≤

1
γ
Eγ φ(Z)Z

[
2(p − 1) − 2{p − 1 + (1 + c)(Z − γ )}

]
= −

2(1 + c)
γ

Eγ φ(Z)Z(Z − γ )

= −2(1 + c) Eγ {φ(Z)Z2/γ − φ(Z)Z}

= −2(1 + c) Eγ {φ(Z + 1)(Z + 1) − φ(Z)Z} < 0.

This is valid for all γ since φ(z)z is a strictly increasing function of z. □

We denote by Dc the class of estimators

δ(Y ) = {1 − φ(Z)}Y , φ(z) = ψ(z)/{p − 1 + (1 + c)z},

with ψ(·) satisfying the conditions of Theorem 2. The optimal choice of ψ(·) in terms of minimising risk, based on the
simple upper bound of Eθ D∗(φ, Z), is ψ(z) = p − 1, leading to the estimator

δci (Y ) =

{
1 −

p − 1
p − 1 + (1 + c)Z

}
Yi, i ∈ {1, . . . , p}. (13)

Note that δc appropriately generalises the Clevenson–Zidek estimator of (2). Importantly, it is clearly seen how fine-tuning
of c determines the amount of shrinkage away from the δ0. We can use the expression for D∗(φ, z) derived above to find
the risk function for the estimator in (13),

Rc(δc, θ ) = p + c − Eγ
(p − 1)2

p − 1 + (1 + c)(Z + 1)

{
1 +

2(1 + c)
p − 1 + (1 + c)Z

}
.

Note that the risk depends on θi only through the sum γ , and that numerical evaluation is easy because Z is Poisson with
mean γ . The risk function starts at

Rc(δc, θ ) = p + c −
(p − 1)2

p + c
− 2(1 + c)

p − 1
p + c

=
(1 + c)2

p + c
,

for θ = 0, and then increases continuously towards the minimax risk p+ c. As illustrated in Fig. 1, the improvement over
δ0 = Y is substantial for small to moderate values of γ , and always lies below the risk of the usual estimator δ0.

3.3. Loss function robustness

Robustness of performance statements with respect to the specific loss function used is often overlooked in the
literature, as if the loss function worked with had been handed down from above with absolute precision. The matter
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Fig. 1. The risk functions of δc of (13) (full curve) and of δ0 = Y (constant, slanted), with p = 9 and c = 3.

is clearly of importance, however, as pointed to in comments by both Berger [3] and Morris [21]. If an estimator performs
well with respect to one loss function Loa, but not for another loss function Lob, say, even when these two are close, it is
a cause for concern. We argue here, however, that our estimator (13), derived under loss function Lc of (3), is somewhat
robust regarding the precise value of c .

First consider the estimator δCZ of (2), which uses φ0(z) = (p − 1)/{p − 1 + z}. It satisfies the second requirement
of Theorem 2, i.e., φ0(z)z < φ0(z + 1)(z + 1) for all z, but it does not necessarily satisfy the first requirement, namely
0 < φ(z) ≤ 2(p− 1)/{p− 1+ (1+ c)z} for all z. It is easy to verify that if 0 ≤ c ≤ 1, then it does satisfy this requirement,
however, showing that δCZ has certain robustness properties with respect to the Lc loss function: It is minimax and
uniformly dominates δ0 under Lc , provided 0 ≤ c ≤ 1.

One can similarly study how the δc0 (Y ) = [(1 + c0)Z/{p − 1 + (1 + c0)Z}] Y of (13) fares when the loss function is not
quite the Lc0 under which it was derived, but rather Lc , with another penalty value of c , that is, with a somewhat different
penalty paid to incorrect estimation of the sum γ . From the first condition of Theorem 2 we see that δc0 is still minimax
and uniformly better than δ0 = y under Lc , provided that 0 ≤ c ≤ 2c0 + 1. An immediate implication of this is that all
estimators in the class Dc are minimax and uniformly better than δ0 under the L∗

1 loss function, showing that the more
prudent estimation strategy δc , in the sense that it shrinks less that δCZ, is robust to c = 0.

4. Bayes, empirical Bayes, and admissibility

In this section a certain class of priors is studied along with Bayes and empirical Bayes consequences. The estimator
δc of (13) will be shown to be both a generalised Bayes estimator with respect to a certain noninformative prior, and
an empirical Bayes estimator with respect to independent Gamma priors. In addition, a class of proper Bayes estimators
belonging to the class Dc is derived from another prior construction. Finally, we are also able to show that for each given
c , the δc of (13) is an admissible estimator, under the Lc loss function. In particular, the Clevenson–Zidek estimator (2) is
admissible under the L0 function for which it was derived. Our result hence generalises that of Johnstone [17, Theorem
4.1].

4.1. Priors with sum independent of proportions

In the following we model the means (θ1, . . . , θp) in terms of the sum γ =
∑p

i=1 θi and proportions πi = θi/γ for
i ∈ {1, . . . , p}.

Lemma 1. Suppose that γ and π = (π1, . . . , πp) are independent with simultaneous prior density q(γ )r(π1, . . . , πp−1). This
corresponds to a density

q
( p∑

i=1

θi

) 1
(
∑p

i=1 θi)p−1
r
(

θ1∑p
i=1 θi

, . . . ,
θp−1∑p
i=1 θi

)
,
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for (θ1, . . . , θp). The posterior distribution for θ given the data is on the same form: γ and (π1, . . . , πp) are still independent,
and

γ | y ∼ const. γ ze−γ q(γ ), π | y ∼ const.π y1
1 · · ·π

yp−1
p−1 (1 − π1 − · · · − πp−1)yp r(π1, . . . , πp−1).

Proof. The first part in an exercise in the transformation of random variables, involving calculating the determinant of
Jacobi matrix |∂(γ , π1, . . . , πp−1)/∂(θ1, . . . , θp)| =

(∑p
i=1 θi

)−(p−1). The second part follows because the combined Poisson
likelihood

∏p
i=1 θ

yi
i e−θi/yi! is proportional to γ ze−γπ

y1
1 · · ·π

yp−1
p−1 (1 − π1 − · · · − πp−1)yp . □

If in particular (π1, . . . , πp) has a Dirichlet prior distribution with parameters (α1, . . . , αp), then the posterior is another
Dirichlet with updated parameters (α1 + y1, . . . , αp + yp), and this holds regardless of the prior used for γ . The important
case of independent θi from a Gamma (α, β) corresponds to a Gamma prior (pα, β) for γ and an independent Dirichlet
(α, . . . , α) for the proportions.

Suppose (π1, . . . , πp) comes from a symmetric Dirichlet (α, . . . , α) independent of γ , the latter coming from a suitable
prior q(·). The Bayes estimator under the Lc loss function takes the form (10), i.e., δi = {(1 + c)/(1 + ca/b)}ai, with

ai =
{
E (γ−1π−1

i | y)
}−1

=
{
E (γ−1

| y)
}−1{E (π−1

i | y)
}−1

=
K (z)

K (z − 1)
α + yi − 1
pα + z − 1

,

and b =
{
E (γ−1

| Y )
}−1

= K (z)/K (z − 1), writing K (z) =
∫

∞

0 γ ze−γ q(γ ) dγ . Letting in particular π be uniform over the
simplex we obtain the estimator

δB,i(y) =
1 + c

1 + ca/b
ai =

K (z)
K (z − 1)

1 + c
p − 1 + (1 + c)z

yi. (14)

We are now in a position to give three pleasing interpretations of the estimator δc of (13).
First, it is a generalised Bayes estimator. For if γ is given a flat prior q(γ ) = 1 on the halfline, then K (z) = Γ (z + 1),

which inserted in (14) gives δB = δc .
Second, it is a limit of Bayes estimators. Let the proportions (π1, . . . , πp) have a flat Dirichlet (1, . . . , 1) prior, with an

independent γ from a Gamma (1, β). The Bayes solution is then

δBi =

(
1 −

p − 1
p − 1 + (1 + c)z

)
yi

1 + β
,

and the limit as β → 0 is again δci of (13).
Thirdly, it is a natural empirical Bayes estimator. To see one of several such constructions let the θi be independent

G(1, β). The corresponding exact Bayes solution is given in (11). Now β is to be estimated from the data. The marginal
distribution of Z is found from the facts that Z given γ is Poisson with mean γ , and γ is Gamma distributed with
parameters (p, β), so

Pr{Z = z} =
βp

Γ (p)
1
z!
Γ (p + z)
(1 + β)p+z , z ∈ {0, 1, 2, . . .}.

The sum Z is sufficient for β and Z/(p−1+Z) is found to be an unbiased estimator for 1/(1+β), for any p ≥ 2. Inserting
this data-based value in (11) produces once again δc .

Finally, the Gamma (1, β) prior construction may be extended to an hierarchical setup where a prior is put on the
hyperparameter β . This extends the approach of Ghosh and Parsian [12] from the L∗

1 of (1) to the Lc setting. Let the
parameter β be distributed according to

s(β) ∝ βη−1(β + 1)−(η+ζ ). (15)

Utilising that E (θ−1
i | y) = E E (θ−1

i | y, β) = E {(1 + β)/yi | y}, the Bayes solution is then

δBi (y) =
(1 + c)(p − 1 + z)
p − 1 + (1 + c)z

yi
E (1 + β | z)

, (16)

since Z is sufficient for β . Also, β given Z = z is distributed as

β | z ∼ {B(η + p, ζ + z)}−1βη+p−1(1 + β)−(η+ζ+z+p),

where B(a, b) = Γ (a)Γ (b)/Γ (a + b) is the Beta function. Provided β comes from the s(β) of (15), and 0 < η ≤

(p − 2 − c)/(1 + c), then the Bayes solution in (16), by virtue of belonging to the class Dc , is minimax and uniformly
dominates δ0. To see this, insert E (1 + β | z) = (p + η + ζ + z − 1)/(z + ζ − 1) in (16), yielding

δBi (y) =
(1 + c)(p − 1 + z)
p − 1 + (1 + c)z

z + ζ − 1
p + η + ζ + z − 1

yi. (17)

By some algebra we obtain that for the Bayes solution we here consider

ψ(z) = (1 + c)
(p − 1 + z)(p + η)
p − 1 + η + ζ + z

− c(p − 1).



E.A. Stoltenberg and N.L. Hjort / Journal of Multivariate Analysis 175 (2020) 104545 9

This function is non-decreasing for all z ≥ 0. Moreover, we see that supz≥0 ψ(z) = (1 + c)(p + η) − c(p − 1) ≤ 2(p − 1),
since η ≤ (p−2−c)/(1+c). This means that the class of Bayes solutions in (17), with η obeying the constraint mentioned,
satisfy both conditions of Theorem 2.

Before coming to our demonstration of admissibility of the (13) estimator, we note that constructions of probability
distributions for multivariate count data somewhat similar to those treated above have recently been considered in Jones
and Marchand [18], involving concepts of sums-and-shares.

4.2. Admissibility

So far we have studied estimators that dominate the maximum likelihood estimator under the Lc loss function. In this
section we prove that the estimator δc of (13) cannot be uniformly improved upon, that is, δc is admissible. The basic
ingredient in this proof is the characterisation of admissibility given by Brown and Farrell [4, Theorem 2.6]. According to
this theorem an estimator δ is admissible for θ under (δ − θ )2/θ if and only if there exists a sequence of finite measures
νn such that the Bayes solution with respect to νn, say δn, converges to δ as n → ∞, and

lim
n→∞

{BR(δ, νn) − MBR(νn)} = 0.

This prior sequence has to satisfy certain conditions, the details of which are stated in Brown and Farrell [4] and Johnstone
[17, pages 237-238]. For our purpose, it is sufficient to know that such a sequence exists if δ is admissible.

Consider the class of estimators given by

δi =
(1 + c)κ(Z)

p − 1 + (1 + c)Z
Yi =

(1 + c)Yi

p − 1 + (1 + c)Z
κ(Z), i ∈ {1, . . . , p}. (18)

The Bayes estimators of (14) are on this form with κ(z) = K (z)/K (z − 1); in particular the estimator δc of (13) is on this
form, with κ(z) = z. As in Johnstone [17], it turns out that estimators of the class (18) are admissible provided that κ(Z)
is admissible for γ under the loss function (κ − γ )2/γ . The theorem below is in part a restatement of his Theorem 4.1.

Theorem 3. Estimators of the form (18) are admissible for (θ1, . . . , θp) under Lc if and only if κ(Z) is admissible for γ under
L(γ , δ) = (δ − γ )2/γ .

Proof. The risk function of (18) under Lc can be written

Rc(δ, θ ) = Eγ
{ (1 + c)2Z
p − 1 + (1 + c)Z

L(γ , κ(Z)) +
(p − 1)(1 + c)γ
p − 1 + (1 + c)Z

}
,

with L(γ , δ) = (κ−γ )2/γ . Introduce u(z) = (1+ c)2z/{p−1+ (1+ c)z}, and write L̄(δ, γ , z) = u(z)L(γ , δ). Let δ and δ′ be
of the form (18) with κ(Z) and κ ′(Z) respectively. If Eγ

{
L̄(κ ′(Z), γ , Z)

}
− Eγ

{
L̄(κ(Z), γ , Z)

}
≤ 0, with strict inequality for

some γ , then Rc(δ, θ ) − Rc(δ′, θ ) ≤ 0 with strict inequality for some θ . This shows that if κ(Z) is inadmissible under L∗,
then δ is inadmissible under Lc . The contrapositive statement is more enlightening: If δ is admissible under Lc then κ(z)
is admissible under L̄. Conversely, assume that κ(Z) is admissible for γ under L, let {νn(dγ )}n≥1 be a sequence of prior
measures satisfying the conditions of Brown and Farrell [4, Theorem 2.6], and let ρn(A) = Γ (p)

∫
A νn(dγ )

∏p
i=1 dπi be the

prior measure over (0,∞) × S, where S is the (p − 1)-dimensional simplex. Then, since 0 < u(z) < 1 + c for all z ≥ 1,

BRc(δ, ρn) − BRc(δn, ρn) ≤ (1 + c)
∫

Eγ {L(γ , κ(Z)) − L(γ , κn(Z))} dνn(γ ).

The right hand side is non-negative for all n since δn is the Bayes solution, and it also tends to zero by Theorem 2.6
in Brown and Farrell [4] because κ(z) is admissible. This implies admissibility of δ under Lc . □

The immediate corollary to Theorem 3 is that the estimator δc of (13) is admissible under Lc , because κ(Z) = Z is
admissible under the weighted squared error loss function L(γ , δ) = (δ − γ )2/γ . As a special case, the Clevenson–Zidek
estimator (2) is admissible under the

∑p
i=1(δi − θi)2/θi loss function.

5. Smoothing towards the mean

In the following we consider different strategies for smoothing the maximum likelihood estimator towards the mean
of the observations. Pushing the maximum likelihood estimator towards a data-based point should in many cases yield
more reduction in risk than pushing δ0 towards the origin, particularly when the θi are not small and not too spread out.
This is clearly visible in Fig. 1 where the improvement in risk of δc compared to δ0 becomes smaller as γ =

∑p
i=1 θi grows;

the improvement in risk is, in other words, biggest near the ‘point of attraction’.
Ghosh et al. [11] considered a modification of δCZ that shrinks the maximum likelihood estimator towards the minimum

of the observations, and were able to prove uniform dominance under the weighted loss L∗

1 of (1), for their modified
estimator. Albert [2] took the Bayes estimator under L0(θ, δ) =

∑p
i=1(δi − θi)

2 as his point of departure, and developed an
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estimator that pushes the observations towards the mean ȳ and performs better than the usual estimator in large parts
of the parameter space.

A complication when working with the Lc loss function of (4) is that we compete with the maximum likelihood
estimator on two turfs, so to speak, namely under

∑p
i=1(δi−θi)

2/θi and under
(∑p

i=1 δi−γ
)2
/γ . One reason for choosing the

mean as our point of attraction is that several of the estimators we construct preserve the mean, that is,
∑p

i=1 δi(Y ) = Z . In
this way such new estimators will always match the risk performance of δ0 when it comes estimating γ , and the penalty
parameter c becomes immaterial.

5.1. A restricted minimax estimator

Consider estimators of the form

δi(Y ) = Yi − g(Z)(Yi − Ȳ ), (19)

where Ȳ = Z/p. Notice that
∑p

i=1 δi = Z =
∑p

i=1 δ0,i, which means that in calculations of the difference in risk between
estimators of the form (19) and δ0 = Y , the c-term in the Lc loss function disappears. The value of g(0) is immaterial,
since δ is then equal to zero, and we may take g(0) = 0 for convenience.

Using that Y given Z = z is multinomial with cell probabilities πi, for each z ≥ 1, the risk difference Rc(δ, θ )−Rc(δ0, θ )
can be expressed as

d(θ ) = Eθ
(
g(Z + 1)2 [p − 1 + (Z + 1){B(π )/p − 1}] − 2(p − 1)g(Z + 1)

)
,

writing

B(π ) = p−1
p∑

i=1

π−1
i , (20)

for the mean of the inverse proportions. It is not possible to find a function g(·) such that the estimator in (19) dominates
δ0 = Y over the entire parameter space Θ = (0,∞)p. This is the ‘tyranny of the boundary’ phenomenon; as a single
θi → 0 the sum B(π ) → ∞ and the risk blows up for non-null choices of g .

Estimators can be found, however, that dominate δ0 over large proportions of the parameter space. Let Θ(b0) ⊂ Θ be
the subset of the parameter space where B(π ) ≤ pb0. The minimum value of B(π ) is p, so b0 > 1. In some situations one
might have prior grounds for believing that the θi are somewhat similar, that is, not too far from the mean θ̄ . One might
for example have that each θi ≥ εθ̄ = εγ /p, or equivalently πi ≥ ε/p, for some small ε > 0. This implies that B(π ) ≤ p/ε,
so b0 = 1/ε may be used, so the risk difference can be bounded:

d(θ ) ≤ Eθ g(Z + 1) {g(Z + 1)[p − 1 + (Z + 1)(b0 − 1)] − 2(p − 1)} . (21)

Based on this upper bound we derive the estimator with

δ∗

i (Y ) = Yi −
p − 1

p − 1 + (b0 − 1)Z
(Yi − Ȳ ), i ∈ {1, . . . , p}. (22)

This estimator succeeds in having

Rc(δ∗, θ ) ≤ Rc(δ0, θ ) − Eθ
(p − 1)2

p − 1 + (b0 − 1)(Z + 1)
< p + c − (p − 1)2/{p − 1 + (b0 − 1)(γ + 1)},

for all θ ∈ Θ(b0), with the last inequality following from Jensen’s.

5.2. A restricted Bayes estimator

The estimator in (22) was derived with the aim of risk function dominance in a given large region Θ(b0) of the
parameter space. We may also derive the restricted Bayes solution, that is, the best estimator among those of the form (19),
under a prior of the type discussed in Section 4. Since γ and π are independent, the Bayes risk of such an estimator is

BRc(δ) = p + c − Eq Eγ
{
2(p − 1)g(Z + 1) − g(Z + 1)2[p − 1 + {Er B(π )/p − 1}(Z + 1)]

}
, (23)

where Eq (·) and Er (·) are the expectations of γ and π with respect to their prior distributions, see Lemma 1. If we now
let Er B(π ) = pb0, this reproduces the estimator in (22), but with a differently interpreted b0. The risk function is

Rc(δB, θ ) = p + c − (p − 1) Eγ g(Z + 1)
[
2 −

p − 1 + {B(π )/p − 1}(Z + 1)
p − 1 + (b0 − 1)(Z + 1)

]
,

with g(z) = (p − 1)/{p − 1 + (b0 − 1)z}. Consider again the prior construction of Section 4. If (π1, . . . , πp) comes from
a Dirichlet distribution with parameters (α, . . . , α), then b0 = (α − 1/p)/(α − 1), provided that α > 1. Recall that the
inequality in (21) only holds if b0 > 1, which means that the subspace Θ(b0) is empty if our prior knowledge dictates
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0 < α ≤ 1. On the other side of the spectrum, as α → ∞ this estimator would assign the estimate 1/p to each of the
proportions, and since b0 goes to one as α goes to infinity, the estimator (22) tends to ȳ = z/p. In other words, having
smaller values of α > 1 expands the space Θ(b0) but results in less gain in risk.

The (22) estimator may also use a data-based value for b0. With π and γ independent, the marginal distribution of
the data is∫

S

∫
∞

0
f (y | π, γ )r(π )q(γ ) dγ dπ1 · · · dπp−1 ∝

Γ (pα)
Γ (α)p

∏p
i=1 Γ (α + yi)
Γ (pα + z)

.

This likelihood can be maximised to obtain an estimate α̂ which is plugged into b0 = (α − 1/p)/(α − 1), again provided
that α̂ > 1.

5.3. More careful smoothing towards the mean

We now consider the construction

θ̂i = Yi − g(Z)(Yi − Ȳ )h(Y ),

where h(y) is a function such that if one or more yi = 0, then h(y) = h(y1, . . . , yp) = 0. The intention is that of more careful
smoothing towards the mean than with (19), to achieve risk improvement in potentially larger parts of the parameter
space. Note that

∑p
i=1 θ̂i =

∑p
i=1 yi, so any risk difference Rc (̂θ, θ ) − Rc(Y , θ ) does not depend on the c term of the loss

function. Also, the value of g(z) at z = 0 is immaterial, so we may take g(0) = 0, for convenience. Using now familiar
techniques, the risk difference Rc (̂θ, θ ) − Rc(Y , θ ) may hence be expressed as

Eθ
p∑

i=1

{g(Z)2(Yi − Ȳ )2h(Y )2 − 2g(Z)(Yi − Ȳ )h(Y )(Yi − θi)}/θi = Eθ D(Y ),

with

D(y) = g(z + 1)2
{ p∑

i=1

(yi + 1)h(y + ei)2 − 2
z + 1
p

p∑
i=1

h(y + ei)2 +
(z + 1)2

p2

p∑
i=1

h(y + ei)2

yi + 1

}
− 2g(z + 1)

{ p∑
i=1

(yi + 1)h(y + ei) −
z + 1
p

p∑
i=1

h(y + ei)
}
.

The property that yi = 0 implies h(y) = 0 is actively used here; without such a constraint, more complicated terms need
to be added to the Eθ D(Y ) here.

Several choices may be considered and worked with for further fine-tuning, regarding the h(y) function. For the present
article we limit attention to the special case of h0(y) = I{each yi ≥ 1}. We need to study and bound the D(y) function
with this choice of h(y). Note that

∑p
i=1 h0(y+ ei) is p, if all yi ≥ 1; is 1, if one and only one of yi = 0; and is 0, otherwise.

Similarly,
∑p

i=1 yih0(y + ei) = z, if all yi ≥ 1; and 0, otherwise. Furthermore,

p∑
i=1

h0(y + ei)
yi + 1

⎧⎨⎩
≤ p/2, if all yi ≥ 1,
= 1, if only one yi = 0,
= 0, otherwise.

(i) Assume first that all yi ≥ 1. Then

D(y) = g(z + 1)2
{
z + p − 2(z + 1) +

(z + 1)2

p2

p∑
i=1

1
yi + 1

}
− 2g(z + 1)(p − 1)

≤ g(z + 1)2
{
p − 1 − (z + 1) +

1
2
(z + 1)2

p

}
− 2g(z + 1)(p − 1).

The function p − 1 − x +
1
2x

2/p for x ≥ 1 has its minimum value at position x = p, with minimum value 1
2p − 1, which

is positive as long as p ≥ 3. (ii) When there is only one yi = 0, the rest yj ≥ 1, we find

D(y) = g(z + 1)2
{
0 + 1 − 2

z + 1
p

1 +
(z + 1)2

p2
1
}

− 2g(z + 1)
{
0 + 1 −

z + 1
p

0
}

= g(z + 1)2
{
−2

z + 1
p

+
(z + 1)2

p2

}
− 2g(z + 1).

(iii) Otherwise, which means that the number of yi = 0 is between 2 and p − 1, we find that D(y) = 0. Our best choice
for g(z), based on the upper risk bound for the case of all yi ≥ 1, is g0(z) = (p − 1)/{p − 1 − z + z2/(2p)}. The estimator

θ̂i = Yi − g0(Z)(Yi − Ȳ )h0(Y ) = Yi −
p − 1

p − 1 − Z +
1
2Z

2/p
(Yi − Ȳ )I{all Yi ≥ 1}, (24)
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therefore, has risk function Rc (̂θ ) = p+ c + Eθ D0(Y ), where an exact expression for D0(Y ) is found via the above. We also
know that

D0(y) ≤ −
(p − 1)2

p − 1 − (z + 1) +
1
2 (z + 1)2/p

, yi ≥ 1 ;

and that

D0(y) =

{ p − 1
p − 1 − (z + 1) +

1
2 (z + 1)2/p

}2{
−2

z + 1
p

+
(z + 1)2

p2

}
− 2

p − 1
p − 1 − (z + 1) +

1
2 (z + 1)2/p

,

for the cases of y where precisely one yi = 0, the other yj ≥ 1; and finally that D0(y) = 0 for those y for which the number
of yi = 0 is between 2 and p − 1. As long as all θi are at least moderate, so that h0(Y ) = 1 with high probability, there
is clear risk improvement on the minimax risk p + c. The corner cases, however, where one θi is small and the others
not, are the ‘bad cases’ for the (24) estimator, where the risk might become larger than p+ c . Since D0(y) flattens to zero
when z =

∑p
i=1 yi increases, the risk converges to p + c for all θ = γ (π1, . . . , πp) where γ tends to infinity.

6. Bayes and empirical Bayes with more structure

In the previous sections we have constructed and analysed estimators essentially symmetric in the observations.
Sometimes some structure is anticipated in the parameters, however, as with setting up regressions or log-linear models
for Poisson tables, see, e.g., Agresti [1], or with classes of priors. The present section briefly complements our earlier efforts
by examining risk function consequences for estimators that favour asymmetric structures.

6.1. Risk functions with Gamma priors

A natural class of priors takes independent G(αi, β) priors for the θi. As was seen in Section 3, the Bayes estimator then
takes the form

δBi = hc(z)
αi + yi − 1
β + 1

, hc(z) =
(1 + c)(pᾱ + z − 1)

(1 + c)(pᾱ + z − 1) − c(p − 1)
, (25)

writing ᾱ for (1/p)
∑p

i=1 αi; also, for cases where αi < 1 and yi = 0, the estimator is zero.
The present task is to study the consequent risk functions, for such estimators, outside the special and simplest case

where each αi = 1. The point will be that estimators then lose the minimax property, with the risk exceeding the p + c
benchmark level when one or more of the θi come close to zero, but that the risk otherwise can be lower than p + c in
big and reasonable parts of the parameter space. For simplicity of presentation we restrict attention here to the case of
c = 0. Similar results and insights may be reached for the general loss function Lc , using more laborious methods we
develop and exploit for somewhat different purposes in Section 6.2. For the ensuing estimator (αi + Yi −1)/(β+1), some
calculations yield

R(δB, θ ) =

p∑
i=1

1
θi

[{αi + θi − 1 − (β + 1)θi
β + 1

}2
+

θi

(β + 1)2

]
=

1
(β + 1)2

{ p∑
i=1

(αi − 1 − βθi)2

θi
+ p

}
.

This is smaller than or equal to R(Y , θ ) = p when

A(θ ) =
1
p

p∑
i=1

(αi − 1 − βθi)2

βθi
≤

(β + 1)2 − 1
β

= 2 + β.

This defines a fairly large parameter region, {θ : A(θ ) ≤ 2 + β}, with the 1/θi not being too far away from the prior mean
values β/(αi − 1), and where using the Bayes estimator hence is better than with the δ0 = Y method. Under the prior
itself, the random A(θ ) has mean

1
p

p∑
i=1

{ (αi − 1)2

β

β

αi − 1
− 2(αi − 1) + β

αi

β

}
= 1,

and variance of order O(1/p), showing that only rather unlikely values of θ will have risk above the benchmark p.

6.2. Risks for a class of empirical Bayes estimators

With the independent Gamma priors used above we next note that the marginal distribution of yi becomes

g(yi | αi, β) =

∫
∞

0

βαi

Γ (αi)
θ
αi−1
i exp(−βθi)

1
yi!

exp(−θi)θ
yi
i dθi =

βαi

Γ (αi)
1
yi!

Γ (αi + yi)
(β + 1)αi+yi

,
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for yi ∈ {0, 1, 2, . . .}. In the setup where the αi are taken known but β an unknown parameter, we see that Z =
∑p

i=1 Yi
is sufficient. Since Z given the parameters is Poisson with mean γ =

∑p
i=1 θi, and γ is Gamma (pᾱ, β), writing

ᾱ = (1/p)
∑p

i=1 αi, its distribution may be written

q(z | β) =
βpᾱ

Γ (pᾱ)
1
z!
Γ (pᾱ + z)
(β + 1)pᾱ+z , z ∈ {0, 1, 2, . . .}.

From this we can derive

E
Z

pᾱ − 1 + Z
=

∞∑
z=1

1
(z − 1)!

βpᾱ

Γ (pᾱ)
Γ (pᾱ + z − 1)
(β + 1)pᾱ+z−1

1
β + 1

=
1

β + 1
, (26)

provided only that p ≥ 2. Hence Z/(pᾱ−1+Z) can be used as an estimator for the quantity 1/(β+1). With pre-specified
αi, then, a natural empirical Bayes version of estimator (25) emerges:

θ̂i =
(1 + c)(pᾱ − Z − 1)

(1 + c)(pᾱ + Z − 1) − c(p − 1)
Z

pᾱ − 1 + z
(αi + Yi − 1) = hc(Z)(αi + Yi − 1),

with hc(Z) = {(1 + c)Z}/{(1 + c)(pᾱ + Z − 1) − c(p − 1)}. In particular, under L0 loss, with c = 0, the natural empirical
Bayes estimator is

θ̂i = h0(Z)(αi + Yi − 1) =
Z

pᾱ + Z − 1
(αi + Yi − 1), (27)

generalising the earlier symmetric case with all αi = 1, which yields the already studied minimax and admissible
estimator (5).

Expressions for the risk function Rc (̂θ, θ ) can now be worked out, using the fact that yi | z is binomial (z, πi), with
πi = θi/γ . Consider the general class of estimators

θ̂i = h(Z)(αi + Yi − 1), i ∈ {1, . . . , p}. (28)

The h(z) functions we are encountering all have h(0) = 0, and will in fact have the form q(z)z, for suitable q(z). Also, they
will be nondecreasing with h(z) → 1 as z increases. The task now is to develop formulae for their risk functions, through
suitable representations of the form

R(̂θ, θ ) = Eθ H(Z, θ ) =

∞∑
z=1

H(z, θ ) exp(−γ )γ z/z!,

and then showing, for relevant choices of h(z), that this is less than p + c for large and relevant parameter regions. We
start from

Eθ
1
θi

{h(z)(αi + Yi − 1) − θi}
2

| z =
1
γπi

[{h(z)(αi + zπi − 1) − γπi}
2
+ h(z)2zπi(1 − πi)]

=
1
γπi

{
[h(z)(αi − 1) + {h(z)z − γ }πi]

2
+ h(z)2zπi(1 − πi)

}
.

For the case of c = 0 this leads to

H(z, θ ) = h(z)2
p∑

i=1

(αi − 1)2

γπi
+ {h(z)z − γ }

2 1
γ

+ 2{h(z)z − γ }h(z)(pᾱ − p)
1
γ

+ h(z)2z(p − 1)
1
γ
.

For the c-term part of the risk, note that θ̂i = h(z)(pᾱ + z − p), leading to

Eγ
{h(Z)(pᾱ + Z − p) − γ }

2

γ
= Eγ

{h(Z)Z − γ + h(Z)(pᾱ − p)}2

γ
.

This may be exploited further using the identity Eγ r(Z)/γ = Eγ r(Z + 1)/(Z + 1) for functions r(z) with r(0) = 0.
For brevity we limit attention here to the case of c = 0; extensions can be worked out using the same methods. We

use the identity pointed to for {h(z)z − γ }
2/γ = h(z)2z2/γ − 2h(z)z + γ , and find R(̂θ, θ ) = Eγ Q (Z, θ ), with

Q (z, θ ) = h(z)2
p∑

i=1

(αi − 1)2

γπi
+ h(z + 1)2(z + 1) − 2h(z)z + γ

+ 2
{h(z + 1)(z + 1) − γ }h(z + 1)

z + 1
(pᾱ − p) + h(z + 1)2(p − 1).

The risk function may hence be expressed as

R(̂θ, θ ) = pm1(γ ) C(π )/γ + R1(γ ) + 2(pᾱ − p)R2(γ ) + (p − 1)m2(γ ), (29)
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Fig. 2. Estimating p = 50 Poisson parameters, in a simulated regression setting with (xi, yi) data, with the empirical Bayes method (27), shrinking
the raw estimates yi towards prior means αi/β , with β estimated from the data.

in which C(π ) = (1/p)
∑p

i=1(αi − 1)2/πi, and

m1(γ ) = Eγ h(Z)2, m2(γ ) = Eγ h(Z + 1)2,

R1(γ ) = Eγ {h(Z + 1)2(Z + 1) − 2h(Z)Z + γ }, R2(γ ) = Eγ
{h(Z + 1)(Z + 1) − γ }h(Z + 1)

Z + 1
.

Here m1(γ ) and m2(γ ) are inside (0, 1), and increase to 1; the R1(γ ) and R2(γ ) are bounded and converge to respectively
one and zero as γ increases. For larger γ , therefore, the risk goes to the minimax risk p. The risk function (29) may exceed
the minimax threshold level p if one or more of the πi = θi/γ are small, but even for small πi the risk decreases with
increasing γ . Otherwise the situation is that the risk may become significantly smaller than p in parts of the parameter
space not disagreeing much from what is judged likely under the prior, and that it can be smaller than p also in other
larger parameter regions. An upper bound is

R(̂θ, θ ) ≤ pm1(γ ){max
i≤p

|αi − 1|}2B(π )/γ + R1(γ ) + 2(pᾱ − p)R2(γ ) + (p − 1)m2(γ ),

with B(π ) as in (20). This may in particular be investigated further, with the choice h0(z), corresponding to the estimator
(27). The risk function is bounded; converges to the minimax value p when γ increases, regardless of proportions
(π1, . . . , πp); may offer substantial improvement for sizeable portions of the parameter space; and its maximum value is
often not much bigger than p.

An illustration of the empirical Bayes strategy (27) is provided in Fig. 2, in a situation with simulated regression data
(xi, yi). The prior takes the θi to stem from G(αi, β), with αi = exp(γ0 + γ1xi), for suitable prior guess values (γ0, γ1), and
then estimates β from data, as per (26). Similar Bayes and empirical Bayes methods can be developed for priors of the
type θi ∼ G(dθ0,i, d), with either hyperpriors on the prior parameters θ0,i and d, or involving estimators for these from
the data.

7. Estimation with a weighted loss function

Above we have worked with our loss function Lc , a natural extension of the Clevenson–Zidek loss function L∗

1(θ, δ) =∑p
i=1(δi−θi)

2/θi, to account for not shrinking the mean too much. Another useful extension is to allow for weighting, with
Lw(θ, δ) =

∑p
i=1wi(δi − θi)2/θi, where w1, . . . , wp are fixed, positive, and context driven, reflecting relative importance.

This is, e.g., important when the yi result from different levels of exposure, as with yi stemming from a Poisson with
parameter wiθi. The δ0 = Y estimator is again the natural benchmark; it has constant risk w0 =

∑p
i=1wi, and it is

minimax. To prove this second claim, one may work with the prior where the θi are independent and Gamma distributed,
with parameters (α, β), and with α ≥ 1 to avoid a certain technical issue. Some work shows that the Bayes estimator
becomes θ̂i = 1/E (θi | y) = (α + yi − 1)/(β + 1), with associated minimum Bayes risk as simple as w0/(β + 1). Letting
β → 0 we have convergence to the constant risk of δ0.
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This estimator may be uniformly improved upon, however, as we now demonstrate, yielding another generalisation
of the Clevenson–Zidek estimator. Consider estimators of the form

θ̂i = {1 − φ(V )}Yi for i ∈ {1, . . . , p}, V = v(Y ) =

p∑
i=1

wiYi. (30)

Using the identity (12) we may express the risk difference between θ̂ and δ0 as

Eθ {Lw(θ, θ̂ ) − Lw(θ, δ0)} = Eθ
p∑

i=1

wi{φ(v + wi)2(Yi + 1) − 2φ(v + wi)(Yi + 1) + 2φ(V )Yi} = Eθ Dw(Y ),

say, where Dw(y) =
∑p

i=1wi{φ(v +wi)2 − 2φ(v +wi)}(yi + 1) + 2φ(v)v. As we have argued on previous occasions in our
paper, if we succeed in finding a function φ(v) such that Dw(y) ≤ 0 for all y, with strict inequality for at least one y, we
have demonstrated inadmissibility of δ0 = Y .

To work with this we set up some mild requirements regarding the wi weights. We take all wi to be inside some
[a, b] interval, situated inside (0, 1), and also stipulate that w0 =

∑p
i=1wi > 1. For estimators of the form (30), consider

φ(v(y)) = ψ(v(y))/{w0 − 1 + v(y)}, with (i) ψ(v) nondecreasing, (ii) with 0 < ψ(v) < 2(w0 − 1) for all v = v(y), and
(iii) such that vφ(v) is increasing. We then find

Dw(y) =

p∑
i=1

wi
ψ(v + wi)

w0 − 1 + v + wi

{ ψ(v + wi)
w0 − 1 + v + wi

− 2
}
(yi + 1) + 2φ(v)v

≤

p∑
i=1

wi
ψ(v + a)

w0 − 1 + v + b

{ ψ(v + b)
w0 − 1 + v + a

− 2
}
(yi + 1) + 2φ(v)v

=
ψ(v + a)

w0 − 1 + v + b

{ ψ(v + b)
w0 − 1 + v + a

− 2
}
(w0 + v) + 2φ(v)v

≤ ψ(v + a)
{ ψ(v + b)
w0 − 1 + v + a

− 2
}

+ 2φ(v)v

= ψ(v + a){ψ(v + b) − 2(w0 − 1)} − 2{φ(v + a)(v + a) − φ(v)v},

which is demonstrably negative. Our preferred generalisation of the Clevenson–Zidek estimator, to the present case of
weighted loss, becomes

θ̂i =

{
1 −

w0 − 1
w0 − 1 + v(Y )

}
Yi, i ∈ {1, . . . , p}. (31)

The special case of equal weights wi = 1 leads back to the Clevenson–Zidek estimator (2).
Remarkably, the apparatus above allows extension to the case of infinitely many Poisson parameters. Suppose

Y1, Y2, . . . are independent Poisson counts with means θ1, θ2, . . ., and that loss incurred by estimators δ1, δ2, . . . is taken
to be L(θ, δ) =

∑
∞

i=1wi(δi − θi)2/θi. Here the sequence of weights is such that w0 =
∑

∞

i=1wi is finite, and the parameter
space to be considered is Ω , the set of sequences of θi for which

∑
∞

i=1wiθi is finite (including in particular each bounded
sequence). The benchmark procedure is again δ0, with components δ0,i = yi. It has constant risk w0, and our previous
arguments may be extended to demonstrate that this procedure is minimax. Also, crucially, the estimator

θ̂i =

{
1 −

w0 − 1
w0 − 1 + v(Y )

}
Yi, i ∈ {1, 2, . . .}, (32)

offers uniform risk improvement over δ0, where now v(y) =
∑

∞

i=1wiyi. This follows from arguments used to reach the
corresponding statement for the finitely-many procedure (31), in the light of two necessary remarks. The first is that the
identity (12) continues to hold, for all h(Y1, Y2, . . .) with finite mean, with the property that h(y) = 0 as long as yi = 0.
The second is that the upper bound reached above for Dw(y), under the condition that a ≤ θi ≤ b for all i, applies here
too, but now we need a = 0, since the

∑
∞

i=1wi is finite. In other words,

Dw(y) ≤ ψ(v(y)){ψ(v(y) + b) − 2(w0 − 1)}

remains correct.
Above we stipulated a scaling of the importance weights wi so that their sum w0 =

∑
∞

i=1wi is above 1. This is partly
in order for the estimator (32) to be a natural generalisation of the Clevenson–Zidek estimator. Similar reasoning goes
through for estimators [ψ(v(Y ))/{w0 − ε + v(Y )}] Y , if we instead stipulate w0 > ε.

8. Multivariate models for count variables

The methods developed in Section 4 utilised certain constructions which also involve multivariate models for rates
and for count variables, of interest in their own right. Models can be built with both positive and negative correlations
between rates θi and between count observations Yi. These modelling ideas also point to Bayesian nonparametrics, see
our Remark C in Section 9.



16 E.A. Stoltenberg and N.L. Hjort / Journal of Multivariate Analysis 175 (2020) 104545

8.1. Sum and proportions models

Suppose first in general terms that given θ = (θ1, . . . , θp), the observations Y1, . . . , Yp have independent Poisson
distributions with these parameters, and that the θ has a background distribution, which we for simplicity of presentation
here take to be symmetric with finite variances. Let us write E θi = θ0, Var θi = σ 2

0 , Cov(θi, θj) = ρσ 2
0 for i ̸= j. We then

deduce

E Yi = θ0, Var Yi = θ0 + σ 2
0 , Cov(Yi, Yj) = ρσ 2

0 , Corr(Yi, Yj) =
ρσ 2

0

θ0 + σ 2
0
. (33)

A class of multivariate models for the θi, and by implication also for the Yi, emerges from the construction of Lemma 1,
with a prior q(γ ) for γ =

∑p
i=1 θi and a symmetric prior Dir(α, . . . , α) for the proportions πi = θi/γ . Write E γ = γ0 = pθ0

and Var γ = pτ 20 . The πi have means 1/p, variances (1/p)(1 − 1/p)/(pα + 1), and covariances −(1/p2)/(pα + 1). From
these facts we first find E θi = E (γπi) = θ0 and then

Var θi = E (γπi)2 − θ20 = (γ 2
0 + pτ 20 )

{ 1
p2

+
1
p

(
1 −

1
p

) 1
pα + 1

}
− θ20 = θ20

p − 1
pα + 1

+ τ 20
α + 1
pα + 1

.

Similarly, some calculations lead to Cov(θi, θj) = (τ 20 α− θ20 )/(pα+ 1), so that the correlation parameter ρ of (33) may be
expressed as

ρ =
ατ 20 − θ20

(α + 1)τ 20 + (p − 1)θ20
.

For the special case of γ ∼ G(pα, β), we have θ0 = α/β and τ 20 = α/β2, the covariance is zero, and the formula for Var θi
gives α/β2. This is indeed the familiar case of independent θi ∼ G(α, β).

For other models for γ , however, the construction above leads to useful multivariate models for (θ1, . . . , θp) and for
(Y1, . . . , Yp). In general terms, if γ has density q(γ ), the distribution of the data vector can be written as

f (y1, . . . , yp) = E
p∏

i=1

exp(−θi)θ
yi
i /yi! = E exp(−γ )γ zπ

y1
1 · · ·π

yp
p /(y1! · · · yp!)

= K (z)
Γ (pα)

Γ (α) · · ·Γ (α)
Γ (α + y1) · · ·Γ (α + yp)

Γ (pα + z)
1

y1! · · · yp!
,

(34)

with K (z) =
∫

∞

0 exp(−γ )γ zq(γ ) dγ as in Section 4. If in particular γ ∼ G(α0, β0), then

f (y1, . . . , yp) =
Γ (α0 + z)
Γ (pα + z)

Γ (pα)
Γ (α0)

Γ (α + y1)
Γ (α)

· · ·
Γ (α + yp)
Γ (α)

β
α0
0

(β0 + 1)α0+z

1
y1! · · · yp!

.

The point is that this has a multiplicative independence structure only if α0 = pα, then with negative binomial marginal
distributions. In this light, the (34) construction amounts to an extended class of models for count data, allowing both
positive and negative correlations. The generalisation to the nonsymmetric case takes π ∼ Dir(α1, . . . , αp), and leads to

f (y1, . . . , yp) = K (z)
Γ (α1 + · · · + αp)
Γ (α1) · · ·Γ (αp)

Γ (α1 + y1) · · ·Γ (αp + yp)
Γ (α1 + · · · + αp + z)

1
y1! · · · yp!

,

with the particular choice γ ∼ G(
∑p

i=1 αi, β) yielding independent negative binomials.

8.2. Poisson processes with dependence in time and space

Suppose independent Poisson processes Y1(t), . . . , Yk(t) are observed over a time period [0, τ ], and divide this period
into p cells or windows, say (tj−1, tj]. We take Yi(t) to have cumulative intensity function Gi(t), with consequent Poisson
parameters θi,j = Gi(tj) − Gi(tj−1) for the counts Yi,j = Yi(tj) − Yi(tj−1), for j ∈ {1, . . . , p}. There are now different ways
of modelling the k × p matrix of rate parameters, using aspects of the apparatus above. For simplicity of presentation
we limit these brief pointers to the neutral cases, where the vectors of fractions involved come from symmetric Dirichlet
distributions.

Idea (a) is to allow for dependence over time, for each process:

θi,j = γiπi,j, j ∈ {1, . . . , p}, γi =

p∑
j=1

θi,j,

and with (πi,1, . . . , πi,p) from a Dir(αi, . . . , αi). The particular case of γi ∼ G(pαi, βi) corresponds to independent θi,j ∼

G(αi, βi), j ∈ {1, . . . , p}.
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Idea (b) is to build dependence structure into the sequence of processes:

θi,j = κjπi,j, i ∈ {1, . . . , k}, κj =

k∑
i=1

θi,j,

and with (π1,j, . . . , πk,j) from a Dir(αj, . . . , αj). If in particular κj ∼ G(kαj, βj), then we have independent θi,j ∼ G(αj, βj), i ∈

{1, . . . , k}.
Both ideas (a) and (b) have Bayesian counterparts, and motivate extensions of the Lc loss function. Suppose we are

interested in precise estimates of the full k×p parameter matrix and in the cumulatives γi = Gi(τ ). A natural loss function
is then

L∗

c (θ, δ) =

k∑
i=1

Lc(θi, δi) =

k∑
i=1

{ p∑
j=1

(δi,j − θi,j)2/θi,j + c
( p∑
j=1

δi,j − γi
)2
/γi

}
,

where Lc is the loss function introduced in Section 3, and c is a positive constant set by the statistician. The Bayes solution
is

δBi,j =
1 + c

1 + cai/bi
ai,j, j ∈ {1, . . . , p}, i ∈ {1, . . . , k},

where ai,j = {E (θ−1
i,j | y)}−1, ai =

∑p
j=1 ai,j, and bi = {E (γ−1

i | y)}−1. Suppose prior knowledge dictates that intensities
of the k processes are functionally somewhat alike, but at different levels; then a natural prior construction takes
(πi,1, . . . , πi,p) ≡ (π1, . . . , πp) ∼ Dir(α1, . . . , αp) (i.e., one draw for all i) and γi ∼ G(α0,i, β0,i), i ∈ {1, . . . , k}, with these
being independent and also independent of (π1, . . . , πp). The posterior is then

(π1, . . . , πp) | data ∼ Dir(α1 + Z1, . . . , αp + Zp),
γi | data ∼ G(α0,i + Yi(τ ), β0,i + 1), i ∈ {1, . . . , k},

where Zj =
∑k

i=1{Yi(tj) − Yi(tj−1)}, j ∈ {1, . . . , p}, and the γi | data, i ∈ {1, . . . , k} are independent. The Bayes estimator
that emerges is

δBi,j =
(1 + c)(pᾱ + Zj − 1)

(1 + c)(pᾱ + Z − 1) − c(p − 1)
a0,i + Yi(τ ) − 1

β0,i + 1
, (35)

for j ∈ {1, . . . , p} and i ∈ {1, . . . , k}, where ᾱ = (1/p)
∑p

j=1 αj and Z is the total sum
∑p

j=1 Zj. This and the accompanying
natural frequentist estimator

θ̂i,j =
(1 + c)(p − 1 + Zj)

(1 + c)(p + Z − 1) − c(p − 1)
Yi,j =

(1 + c)(p − 1 + Zj)
p − 1 + (1 + c)Z

Yi,j, (36)

are interesting because they borrow information in all directions, so to speak; cross-sectionally through Zj; in time through
Yi(τ ); and both horizontally and vertically via the total sum Z . From Section 3 we know that if the two parts of L∗

c are
viewed separately, the estimators

δ′

i,j =

(
1 −

kp − 1
kp − 1 + Z

)
Yi,j, δ′

i =

(
1 −

k − 1
k − 1 + Z

)
Yi(τ ),

uniformly dominate Yi,j and Yi(τ ), under the loss functions
∑k

i=1
∑p

j=1(δi,j−θi,j)
2/θi,j and

∑k
i=1(δi−γi)

2/γi, respectively. The
estimators (35)–(36) provide guidance on how to exploit the multivariate nature of the problem in order to compromise
between δ′

i,j and δ
′

i , and thereby achieve risk dominance in large parts of the parameter space, or even uniformly.

9. Concluding remarks

We round off our paper by offering a list of concluding remarks, some pointing to further research.
A. Balanced loss functions. As pointed out by a referee the loss functions (3) and (4) are somewhat similar to the balanced

loss functions studied by Jafari Jozani et al. [16] and by Marchand and Strawderman [20]. In the univariate case these
are of the type Lω,δtarget (θ, δ) = ωq1(θ )(θ − δtarget)2 + (1 − ω)q2(θ )(δ − θ )2, where 0 ≤ ω ≤ 1, the q1, q2 are positive
weight functions, and δtarget = δtarget(Y ) is a target estimator, i.e., a data-dependent point the statistician seeks to draw
the estimates towards. Extensions to multivariate estimation are found in [20]. Note that the Lc loss function in (4) has
a natural counterpart in the balanced loss function Lω,ȳ(θ, δ) = (1 − ω)L∗

1(θ, δ) + ωp(δ̄ − ȳ)2/θ̄ . Furthermore, observe
that the corresponding risk function is E Lω,z(θ, δ) = (1 − ω) E L∗

1(θ, δ) + ωp E (δ̄ − θ̄ )2/θ̄ + ω, which entails that the
results we derive for Lc in this paper can be recast as results for Lω,z . A balanced loss function type idea, merging the
ideas underlying (3)–(4) with those of the balanced loss functions of Marchand and Strawderman [20], are loss functions
compromising between two different transformations of the parameter(s). As an example, consider the generalisation of
the Lc loss function given by Lω,h(θ, δ) = (1−ω)L∗

1(θ, δ)+ωq(θ ){h(δ)− h(θ )}2, where h(·) is a given transformation of the
parameters and q(θ ) is a weight function, i.e., q(θ ) = (

∑p
i=1 θi)

−1 and h(θ ) =
∑p

i=1 θi lead back to the Lc loss of (4).
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B. Normal approximations and the square-root transformation. When the θi are likely to not being small, normal
approximations might work well, and multiparameter estimation may proceed via, e.g., the approximate model 2y1/2i ∼

N (2θ1/2i , 1). The point is that there is a voluminous literature on shrinkage methods for normal setups, with Stein–James
estimators etc. This also invites loss functions of the type

∑p
i=1(δ

1/2
i −θ

1/2
i )2, which may also be motivated via the Hellinger

distance between the real and estimated Poisson distributions. Methods of our paper, using exact Poisson calculations as
opposed to normal approximations, may indeed be used to demonstrate that estimators of the type θ̂1/2i = {1− g(z)}y1/2i
may be found, which dominate the default method’s y1/2i in large parts of the parameter space. Specifically, if p ≥ 2, and
given a lower positive threshold π0, methods exist which dominate the default method in the region characterised by
having all πi = θi/γ ≥ π0.

C. Bayesian nonparametrics. Suppose a time-inhomogeneous Poisson process Y = {Y (t): t ≥ 0} is observed over some
time window [0, τ ], with cumulative intensity G = {G(t): t ≥ 0}. We wish to estimate this function, with the loss function

L(G, Ĝ) =

∫ τ

0
{̂G(t) − G(t)}2/G(t)w(dt),

with some fixed weight measure w. Note however that this is not an obvious extension of our previous Clevenson–Zidek
loss function, since it works via the cumulatives. A natural estimator is Y itself, with constant risk function r0 =

∫ τ
0 w(dt).

A natural class of priors takes G ∼ G(aG0, a), say, a Gamma process with independent increments and G(t) ∼ G(aG0(t), a).
Then G(t) | data ∼ G(aG0(t) + Y (t), a + 1), and the Bayes estimator becomes

Ĝ(t) =
1

E {1/G(t) | data}
=

aG0(t) + Y (t) − 1
a + 1

.

Working with expressions for the minimum Bayes risk one may show that this converges as a → 0 to the value r0, proving
that the estimator Y is minimax.

A larger class of priors can however also be investigated, inspired by methods and results of our Section 4. Write
G = γ F , with γ = G(τ ) the full mass and F = G/γ normalised to be a cumulative distribution function. Now construct
a prior by having γ from some density q(γ ) independent of a Dirichlet process for F , say F ∼ Dir(bF0), i.e., prior mean
F0 and b the mass or precision parameter. An appropriate extension of our Lemma 1 then shows that (i) γ and F are
independent, given data; (ii) γ | data has a density proportional to q(γ )γ z exp(−γ ), with z = Y (τ ); and (iii) F | data is a
Dirichlet bF0 + Y . The Bayes estimator becomes

G∗(t) = {E (γ−1
| data)}−1

[E {F (t)−1
| data}]−1

=
K (z)

K (z − 1)
bF0(t) + Y (t) − 1
b + Y (τ ) − 1

,

with K (z) =
∫

∞

0 γ ze−γ q(γ ) dγ as in Section 4. Note that this construction provides a genuine extension of the Gamma
process, and still with easy control of the posterior distribution for G = γ F . The usual Gamma process, with G(t) ∼

G(aG0(t), a), corresponds to the special case of G = γ F , where γ has a G(aG0(τ ), a) and is independent of F ∼ Dir(aG0),
i.e., with prior mean F0 = G0/G0(τ ) and mass parameter aG0(τ ).

D. Separating sum and proportions. When estimating Poisson parameters θ1, . . . , θp, another type of loss function than
those worked with above is to separate the sum γ and proportions πi = θi/γ , and then work with (γ̂ − γ )2/γ +

z
∑p

i=1(π̂i − πi)2/πi. The maximum likelihood procedure corresponds to π̂i = Yi/Z and γ̂ = Z , having constant risk
function 1 + (p − 1) = p. Procedures achieving lower risk in large parameter regions may be constructed via empirical
Bayes arguments.

E. Shrinking towards submodels. There is scope for extension of our methods and constructions in several directions
for multiparameter Poisson- and Poisson-related inference. It is inherently useful to shrink raw estimates towards
meaningful submodels, such as with log-linear setups for analysis of tables of count-data, see e.g. Agresti [1]. There are
notable Poisson-related models for small-area estimation, involving also mixed Poisson models, zero-inflated versions,
etc. Generally speaking Bayes and empirical Bayes constructions can be brought to such tables, and will tend to work
well for sizeable parameter regions, whereas the exact risk calculations worked with in the present article are harder to
generalise.
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Abstract

In the statistical literature, the class of survival analysis models known as cure models has received much attention in

recent years. Cure models seem not, however, to be part of the statistical toolbox of perinatal epidemiologists. In this

paper, we demonstrate that in perinatal epidemiological studies where one investigates the relation between a gesta-

tional exposure and a condition that can only be ascertained after several years, cure models may provide the correct

statistical framework. The reason for this is that the hypotheses being tested often concern an unobservable outcome

that, in view of the hypothesis, should be thought of as occurring at birth, even though it is only detectable much later in

life. The outcome of interest can therefore be viewed as a censored binary variable. We illustrate our argument with a

simple cure model analysis of the possible relation between gestational exposure to paracetamol and attention-deficit

hyperactivity disorder, using data from the Norwegian Mother, Father and Child Cohort Study conducted by the

Norwegian Institute of Public Health, and information about the attention-deficit hyperactivity disorder diagnoses

obtained from the Norwegian Patient Registry.
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1 Introduction

Perinatal epidemiological studies investigating the possible effects of some gestational exposure on a postnatal
condition can roughly be split into two categories. Those where the condition is observable immediately after birth
and those where it may take years before the condition is ascertained, if ever. This paper is concerned with the
latter. Smoking and low birth weight; infant supine position and sudden infant death syndrome; and foetal
alcohol spectrum disorders fall in the first category. The association between prenatal marijuana exposure on
neuropsychological conditions1 and the association between prenatal exposure to pharmaceuticals and neuro-
developmental disorders belong to the second category. The present study was motivated by the hypothesis
linking gestational exposure to paracetamol and an increased risk of neurodevelopmental disorders, attention-
deficit hyperactivity disorder (ADHD) in particular,2–5 hypotheses that are pertinent examples of the
latter category.

1Department of Mathematics, University of Oslo, Oslo, Norway
2PharmaTox Strategic Research Initiative, Faculty of Mathematics and Natural Sciences, University of Oslo, Oslo, Norway
3PharmacoEpidemiology and Drug Safety Research Group, University of Oslo, Oslo, Norway
4Norwegian Institute of Public Health, Oslo, Norway
5Department of Psychology, University of Oslo, Oslo, Norway

Corresponding author:

Emil A Stoltenberg, Department of Mathematics, University of Oslo, P.O Box 1053, Blindern, 0316 Oslo, Norway.

Email: emilas@math.uio.no

Statistical Methods in Medical Research

2020, Vol. 29(10) 2783–2794

! The Author(s) 2020

Article reuse guidelines:

sagepub.com/journals-permissions

DOI: 10.1177/0962280220904092

journals.sagepub.com/home/smm



From a statistical modelling perspective, the main difference between these two types of hypotheses is that the
data in the latter are plagued by censoring. That is, the outcome in studies in the second category may be
unknown at the time of study due to a lack of follow-up. Thus, for studies in the first category, standard regression
analysis is a natural choice (e.g. linear, Poisson, logistic), while for the latter type of studies, the need to handle
censoring often leads to survival analysis methods being employed (e.g. the Cox model). A consequence of opting
for a survival analysis model is that the outcome is defined as the time to diagnosis, a convenient choice due to the
availability of efficient survival analysis software, but that, we argue, can in many cases be an imprecise oper-
ationalisation of the outcome in view of the hypothesis being tested. The reason for this is that in perinatal studies
belonging to our second group, the hypotheses often concern an exposure that is only present during pregnancy,
and consequently the outcome of interest should be thought of as occurring when the effect of the exposure ceases
to have an effect, that is, at birth. Think of a frailty model with hazard ZaðtÞ, where Z is a frailty variable. Our
reading of the hypotheses in the second group is that they concern the effect of the exposure on the distribution of
Z, but not on aðtÞ. By defining the outcome as the time to diagnosis, one is effectively testing another hypothesis
than initially intended. In this paper, we show that in cases where the outcome (occurring at birth, but unob-
servable at that time) can be thought of as binary, the class of statistical models known as cure models is a viable
alternative to standard regression and survival analysis models. In concluding, we also propose modelling alter-
natives for situations where the unobservable outcome variable is continuous, and for situations where the pres-
ence of the condition under study can be ruled out during the course of a life.

In the statistical literature, cure models have received much attention in recent years.6–12 The name stems from
medical applications where some patients never experience a relapse of the disease under study, and these patients
are therefore considered cured. Cure models have also been proposed in the field of reproductive epidemiology to
account for the possibility of some of the individuals under study being sterile.13

It is worth noting that the motivation typically underlying cure models is rather different from the argument we
put forward in this paper. Typically, cure models are solidly anchored in the survival analysis world, while
our approach, which is focused on the probability of belonging to the susceptible group, is more akin to a
misclassification- or missing data problem. In other words, in this paper, we are less interested in survival quan-
tities such as hazard rates and survival functions per se, but view them as nuisance parameters that must be tended
to in order to make inferences on the parameters determining whether a child is born susceptible or not. See
Farewell14 for an early paper advocating for cure models in a similar manner.

The article proceeds as follows. In Section 2, we provide a brief introduction to the cure model, and motivate
this class of models in light of the hypothesis linking paracetamol and ADHD (hereafter referred to as the
paracetamol–ADHD hypothesis). This section also contains some theoretical results on simple logistic and
Cox models when such are fitted to data that contain a cure fraction. These results are illustrated with two
small simulation studies. In Section 3, we fit different cure models to the data on gestational exposure to para-
cetamol and ADHD, and compare these with a logistic regression and a Cox regression model. The aim of this
application is to investigate whether our reading of the paracetamol–ADHD hypothesis finds empirical backing,
and illustrate the fact that all three classes of models are likely to lead to rather similar conclusions about the
paracetamol–ADHD hypothesis.

2 The cure model and ADHD

In this section, we first, using the paracetamol–ADHD hypothesis as our example, elaborate on why we find the
class of cure models appropriate for the perinatal studies discussed in this paper. Subsequently, we give a brief
introduction to the standard mixture cure model.

2.1 The paracetamol–ADHD hypothesis

The use of cure models in perinatal epidemiological studies can be motivated by the directed acyclic graph (DAG)
in Figure 1. In this DAG, x represents the gestational exposure, Y is a binary indicator representing the condition
the child is born in, while u is a set of confounders. In perinatal studies belonging to our second category, we think
of Y as an indicator of a being born susceptible (Y¼ 1) or nonsusceptible (Y¼ 0) to the condition in question, i.e.
the variable Y indicates the incidence of, or vulnerability to, a particular disease or condition, or a lifetime free of
the disease or condition under study.14 The variable T is the minimum of the time at which the presence of the
condition in the child is discovered and a censoring time, d is an indicator taking the value 1 if the value Y¼ 1 is
discovered before censoring and z is a set of postnatal variables influencing the time to an eventual diagnosis.
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The paracetamol–ADHD hypothesis suggests that gestational exposure to paracetamol is associated with ADHD.

More precisely, it states that – all else equal during the gestational period – two children with the exact same

gestational exposure to paracetamol should lead to the same conclusion about the effect of gestational exposure

to paracetamol on the risk of ADHD, even though the two children were diagnosed at different ages. This

entails that the exposure effectively ceases to have an effect once the child is born, which is the reason

for there not being a direct arrow from x to ðT; dÞ in Figure 1. From this perspective, the outcome variable of

interest is not the time to diagnosis, nor is it the time to onset of ADHD, but rather a latent susceptibility variable

whose realisation takes place when the exposure ceases, which is at birth. This latent variable is represented by

the Y in the DAG, so according to the hypothesis, it is the relation between x and Y we seek to make inferences

on. That is, had Y been observable, we would have analysed the relationship between x and Y by a binary

regression analysis.
The Y’s are, however, only partially observable so the T; d’s are what we have at our disposal for making

inferences on the relation between x and Y. It is tempting to use the censoring indicators d as stand-ins for the

latent Y’s. The problem with this is that the probability of observing a diagnosis is not the same as the probability

of being susceptible. The former probability depends on the distribution of the diagnosis times, hence the need to

model the diagnosis times, which is what the cure model of the next section does.

2.2 The standard cure model

As above, let Y be the indicator of susceptibility (Y¼ 1), or of a lifetime free of the condition (Y¼ 0), with p the

probability of Y¼ 1. The time to diagnosis is a variable ~T subject to right censoring, i.e. what we observe is T ¼
min ~T;C

� �
and d ¼ If ~T � Cg, where C is a random censoring time. The standard cure model takes the popu-

lation survival function as given by

SpopðtÞ ¼ 1� pþ pSðtÞ; (1)

where SðtÞ ¼ Pr ~T � tjsusceptible
� �

is the survival function of the susceptible group. This latter survival function is

assumed to be proper in the sense that it tends to 0 as t ! 1, hence SpopðtÞ ! 1� p, which is the nonsusceptible

fraction of the population.

Figure 1. A DAG illustrating the data generating mechanism presented in Section 2.1. The exposure of interest (paracetamol) is x, Y
is the latent susceptible/nonsusceptible indicator and u is a confounder of this relation. Given susceptibility (Y¼ 1), z is a postnatal
covariate influencing the possibly right-censored time to diagnosis ðT; dÞ.
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Both p and S(t) are typically modelled as functions of covariates, common choices being a logistic function for

the probability of being susceptible, and a proportional hazards model for the survival function of the susceptible
group. That is, for the i’th individual

pi ¼ p xtib
� � ¼ 1= 1þ exp �xtib

� �� �
; and SiðtÞ ¼ exp

(
�expðzticÞ

Z t

0

a0ðsÞds
)
; (2)

in terms of a baseline hazard function a0ðtÞ that might be parametric or nonparametric, and covariate vectors xi
and zi that can be equal, overlapping or completely different. As regards perinatal studies, an important feature of

the cure model (equation (2)) is that it allows the researcher to distinguish between prenatal and postnatal
covariate effects. The covariate vector x governs the distribution of Y, while the covariate vector z governs the

distribution of the diagnosis times. This means that in order to give the effect estimates of the covariates in x a

direct causal meaning, they must be present during the gestational period. The covariate vector z, on the other
hand, might contain covariates that do not influence the foetus, such as characteristics of the kindergarten or the

school the child attends.
For the perinatal studies that are the object of this paper, two features of the model in equation (1) should be

pointed out. First, by using this model, we are assuming that the nonsusceptible individuals are never diagnosed

with the condition in question, that is, we assume that there are no false positives in the sample. In the case of
ADHD, this assumption may be questioned. In the US, there is evidence of ADHD overdiagnosis in some

communities,15 meaning that the prevalence of ADHD is higher than the standard 3–5% prevalence esti-
mate.16–18 In the data set we analyse in Section 3, only about 2.3% of the children are diagnosed with ADHD.

Since this number is well below the standard prevalence estimates, it would lead one to believe that false positives

are not a major issue in our data.
Notice that if d¼ 1, then we know that Y¼ 1, while if d¼ 0, we do not know whether the individual is

susceptible or nonsusceptible. This brings us to the second point, if the data contain information on nonsuscept-

ibility (e.g. a medical test that ascertains immunity to a certain disease), then this information ought to be taken
into account. As it stands, the model in equation (1) cannot incorporate such information (see Remark 1 in

Section 4 for further discussion).
The log-likelihood function of the model in equation (2) is

‘n b; c; a0ð Þ ¼
Xn
i¼1

fdi log pi þ log a0ðtiÞ þ zticþ logSiðtiÞ
� �þ 1� dið Þlog 1� pi þ piSi tið Þð Þg:

If a0ðtÞ is parametrically specified, it is straight forward to maximise this log-likelihood. When the hazard rate is
nonparametric, the log-likelihood can be maximised using the expectation-maximisation algorithm introduced in

Sy and Taylor7 and Peng and Dear.8 The R-package smcure19 implements this algorithm. The asymptotic theory
of the maximum likelihood estimator in the semiparametric case was worked out by Fang et al.9 and Lu10,

building on previous work of Murphy20 for the Gamma frailty model.

2.3 Fitting logistic and Cox models to cure data

In this section, we provide some insight on the bias incurred in the parameter estimates when the data stem from a
cure model, but a logistic regression model or a Cox regression model, is chosen.

Suppose that the data ðT; dÞ are generated from a model with survival function

Spop tð Þ ¼ 1� p b0 þ b1xð Þ þ p b0 þ b1xð ÞS tð Þ; (3)

where pðuÞ ¼ expðuÞ=ð1þ expðuÞÞ, x a binary indicator and S(t) is a proper survival function that can be
expressed as SðtÞ ¼ expð�AðtÞÞ, in term of the cumulative hazard A(t). Thus, we assume that the true data

generating mechanism is that of a cure model. Our parameter of interest is b1, giving the effect of the exposure

x on susceptibility (Y¼ 1).
Consider fitting a logistic regression model to independent data ðT1; d1Þ; . . . ; ðTn; dnÞ generated by equation (3),

with fixed covariates x1; . . . ; xn, and independent censoring. The expectation of d given x is
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E ½djx� ¼ EE ½If ~T � Cgjx;C� ¼ pðb0 þ b1xÞEG ½1� SðCÞ�, with EG½�� the expectation with respect to the distri-
bution G of the censoring times. Since x is binary, we can define n0 ¼ #fi : xi ¼ 0g; n1 ¼ #fi : xi ¼ 1g; p0 ¼ pðb0Þ
and p1 ¼ pðb0 þ b1Þ. The maximum likelihood estimators of p0 and p1 are

p̂0 ¼ 1

n0

X
i:xi¼0

di; and p̂1 ¼ 1

n1

X
i:xi¼1

di;

which converge in probability to E ½d j x ¼ 0� and E ½d j x ¼ 1�, respectively. Being invariant under transformation,
the maximum likelihood estimator of b1 is then

b̂1 ¼ log
p̂1

1� p̂1
� log

p̂0

1� p̂0
;

so that by continuous mapping

b̂1!
p
log

p1EG½1� SðCÞ�
1� p1EG½1� SðCÞ� � log

p0EG½1� SðCÞ�
1� p0EG½1� SðCÞ� ¼ b1 � log

1þ expðb0 þ b1ÞEG ½SðCÞ�
1þ expðb0ÞEG ½SðCÞ� ; (4)

as n tends to infinity. From this expression, we see that the estimator b̂1 will be biased (negatively if b1 > 0), and
that the degree to which the estimator is biased depends on the distribution of the diagnosis times and on the value
of b0 (and on the distribution of the censoring times).

If S(t) rapidly approaches zero, which is the case if the condition under study is likely to be discovered early in
life, then the bias term will be small. And, through its dependence on b0, we see that the bias of b̂1 is less
pronounced if the condition in question is rare, which is the case with ADHD (recall that only 2:3% of the
children in our sample were diagnosed with ADHD).

Now, consider fitting a Cox regression model with hazard rate h0ðtÞexpðcxÞ, with h0ðtÞ left unspecified, to the
data generated by equation (3). In this case, it turns out that if expðb0 þ b1xiÞ is close to zero for all xi, then the
point estimate ĉ obtained by maximising the Cox partial likelihood will not deviate much from the estimate b̂1

obtained by maximising the likelihood of the true model. The details are as follows (an excellent exposition of the
machinery used in the following can be found in Gill21): the counting processes corresponding to the model in
equation (3) are NiðtÞ ¼ MiðtÞ þ KiðtÞ; i ¼ 1; . . . ; n, with

KiðtÞ ¼
Z t

0

YiðsÞp b0 þ b1xi � AðsÞ� �
dAðsÞ;

for i ¼ 1; . . . ; n, where the MiðtÞ and YiðtÞ are martingales and at-risk indicators, respectively; A(t) is the cumu-
lative hazard of the susceptible individuals; while pð�Þ is the logistic function; and we have used that
d logSpopðtÞ ¼ �pðb0 þ b1xi � AðtÞÞdAðtÞ.

Let Bnðt; cÞ ¼
Xn

i¼1
xiYiðtÞexpðcxiÞ=

Xn

i¼1
YiðtÞexpðcxiÞ, then the score function UnðcÞ of Cox’s partial likeli-

hood is

UnðcÞ ¼
Xn
i¼1

Z T

0

fxi � Bnðs; cÞg dNiðsÞ ¼
Xn
i¼1

Z T

0

fxi � Bnðs; cÞgdMiðsÞ þ
Z T

0

fxi � Bnðs; cÞgdKiðsÞ
" #

:

If the second term on the right is zero, which it is when the model h0ðtÞexpðcxÞ is the true model, then UnðcÞ ¼ 0
is an unbiased estimating equation. The function

EUnðcÞ ¼ E
Xn
i¼1

Z T

0

fxi � Bnðs; cÞg dKiðsÞ ¼ E
Xn
i¼1

Z T

0

xi �
Xn

j¼1
xjYjðsÞecxjXn

j¼1
YjðsÞecxj

8<
:

9=
;YiðsÞ eb0þb1xi�AðsÞ

1þ eb0þb1xi�AðsÞ dAðsÞ;
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is approximately zero when the function

x 7! gðx; tÞ ¼ expðb0 � AðtÞÞ= 1þ expðb0 þ b1x� AðtÞÞ� �
;

is approximately constant. Since a more rapidly increasing cumulative hazard A(t) will on an average result in
shorter lifetimes, the function x 7! gðx; tÞ is approximately constant only when b0 is small, that is, if the probability
of being susceptible to the event of interest is low.

In summary, when it comes to estimating b1, the logistic model provides decent estimates when b0
is small or the cumulative hazard increases rapidly, while the Cox model only gives decent estimates when b0
is small.

To illustrate this, we performed two simulations studies with varying parameter values. In both, the data were
simulated from a cure model of the form given in equation (3), with the parameter of interest set to b1 ¼ 1:5, x
being a binary exposure, the censoring variables were drawn from an exponential distribution with mean 8 and the
sample size set to 4000.

In the simulations reported in Figure 2, we set AðtÞ ¼ t=8 (i.e. the lifetimes of the susceptible population
stemmed from an exponential distribution with mean 8) and varied the b0 parameter. We see that the logistic
model and the Cox model estimates are close to the truth for small values of b0, and that the bias of these
estimators increases with b0. The increasing variability of the semiparametric estimates is due to pðb0 þ b1xiÞ
approaching one as b0 increases.

In the simulations reported in Figure 3, we set b0 ¼ 1:2 (thus pðb0Þ ¼ 0:77 and pðb0 þ b1Þ ¼ 0:94) and varied
the cumulative hazard AðtÞ ¼ at, taken to be that of exponential distributions. As the hazard rate a increases, the
bias of the logistic model decreases, eventually converging to ‘unbiasedness’. Varying values of a does not, as
discussed above, have an effect on the estimates of the Cox model.

In the data set we analyse in Section 3, only 2:3% of the children are diagnosed with ADHD.
This indicates that b0 is small. Moreover, more than half of the diagnoses occur before the age of 12 years,
indicating that the cumulative hazard increases quickly. The insights of the current section therefore
suggest that we should expect to see a nominal similarity between the Cox model estimates and the estimates
of the logistic model, as well as a similarity of both these estimates to the estimates of the logistic part of the
cure models.

−2 −1 210

0.
0

0.
5

1.
0

1.
5

2.
0

β0

E
st

im
at

es
 o

f β
1

−2 −1 210

0.
1

0.
2

0.
3

0.
4

β0

P
ro

po
rt

io
n 

of
 n

on
−

ce
ns

or
ed

 o
bs

er
va

tio
ns

Figure 2. Upper panel: estimates of b1 from a semiparametric cure model (red dots), logistic model (green dots) and a Cox model
(purple dots), with varying values of b0. The grey line overlapping the green and purple dots is the term on the right in equation (4)
as a function of b0. The black line is the true parameter value of b1. Lower panel: Proportion of non-censored observations as a
function of b0.
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3 Data analysis

The cure models we fit to the paracetamol–ADHD data have population survival functions

Spopðt; xi; ziÞ ¼ 1� pðxtibÞ þ pðxtibÞS0ðtÞexpðz
t
icÞ; (5)

with pðxtibÞ ¼ expðxtibÞ=f1þ expðxtibÞg and S0ðtÞ a baseline survival function being either nonparametric or that

of a gamma distribution. The argument presented in Section 2.1 entails that we expect gestational exposure to

paracetamol to have an effect on whether or not a child belongs to the susceptible group, but, given that a child

belongs to the susceptible group, we do not expect paracetamol to have an effect on determining when in life the

child might be diagnosed with ADHD. This means that if the exposure variable enters both covariates vectors in

equation (5) (i.e. both xi and zi), then we anticipate that the true b- and c-coefficients corresponding to the

exposure should be positive and zero, respectively.
For comparison, we also fit a logistic model and a Cox model to the paracetamol–ADHD data. As elaborated

on in Section 2.3, we have reason to expect a nominal similarity between the exposure estimates from these models

to those of the corresponding cure models. This is because the prevalence of ADHD in the data is low, and

because most children diagnosed with ADHD are diagnosed quite early in life.
The data used in this analysis stem from the Norwegian Mother, Father and Child Cohort Study (MoBa)

conducted by the Norwegian Institute of Public Health. Information about the ADHD diagnoses was obtained

from the Norwegian Patient Registry (NPR). The analyses of this section are motivated by and use essentially the

same data as Ystrom et al.,2 and a more elaborate discussion of the MoBa and the NPR can be found therein.
After having removed observations with missing values, the sample consisted of n ¼ 95 545 units (pairs of

mothers and one of their offspring). Among the children in this sample, 2 165 had been diagnosed with ADHD by

the end of the follow up in 2016, that is about 2:3%, a number which is about half the international estimate of

ADHD prevalence.16–18 The mean and median age at diagnosis were 10.8 and 11 years, respectively. Half of the

children with a diagnosis of ADHD were diagnosed when they were between 9 and 12 years old, while the

youngest and oldest child to be diagnosed were 1 and 16 years old, respectively. Table 1 gives the birth year of
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Figure 3. Upper panel: estimates of b1 from a semiparametric cure model (red dots), logistic model (green dots) and a Cox model
(purple dots), with varying values of a0. The grey line is the term on the right in equation (4) as a function of a0. The black line is the
true parameter value of b1. Lower panel: proportion of non-censored observations as a function of a0.
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the children in the full sample (before deleting 7 713 observations due to missing values on the covariates), the

number of diagnoses observed in the relevant birth cohort and the percentage of mothers who consumed para-

cetamol at least once during pregnancy in each cohort.
The cure models we fit have population survival functions of the form (equation (5)), with the baseline survival

function being either nonparametric or that of a gamma distribution with density ðba=CðaÞÞta�1expð�btÞ. The
four covariates we considered were binary indicators of gestational exposure to paracetamol; of whether para-

cetamol was consumed due to fever; of whether the mother consumed alcohol more than once a month during

pregnancy; and of whether the mother had four years or more university education (or equivalents). The para-

cetamol indicator is the exposure of interest, while the three other covariates are potential confounders. Summary

statistics for these covariates are presented in Table 2.
We fitted three different cure models for each of the two specifications of the baseline survival function S0ðtÞ.

One where all four covariates entered both regression parts of the model, one where they only entered the survival

part and one where they only entered the logistic part. Note that the second corresponds to treating the latent Y’s

as independent and identically distributed, and the third to treating the diagnosis times of the susceptible group as

independent and identically distributed. Estimates from a logistic regression on the event indicators d, and from a

Cox regression model (assuming no cured fraction), with the same four covariates, are included for comparative

purposes. The nominal similarity of the estimates in the logistic model and Cox model to those of the logistic part

of the cure models is discussed in Section 2.3.
Table 3 reports the parameter estimates and estimated standard errors of these for all eight models. Figure 4

displays estimates of the proper survival functions (that is, S0ðtÞ in equation (5)) for the two cure models that treat

the diagnosis times as independent and identically distributed (Gamma 1 and Semipara. 1).
In Table 3, the first thing to notice is that in the cure models that include covariates on both the logistic and the

survival part (Gamma 2 and Semipara. 2), the estimated effects of paracetamol on the logistic part are significant

Table 1. The 11 birth year cohorts included in the data, size of cohort and number of children within each
cohort with a diagnosis of ADHD.

Year Births Diagnosis % % Paracetamol

1999 46 0 0.00 41.3

2000 2010 89 4.43 38.7

2001 3950 137 3.47 41.3

2002 8331 338 4.06 41.8

2003 12,163 449 3.69 42.1

2004 13,085 398 3.04 43.2

2005 15,176 395 2.60 42.6

2006 16,858 278 1.65 42.8

2007 15,504 221 1.43 43.8

2008 12,910 78 0.60 42.8

2009 3225 5 0.16 44.1

Total 103,258 2388 2.31 42.7

Note: The last column is the percentage of mothers in the data who consumed paracetamol at least once during pregnancy.

Table 2. Summary of covariates.

ADHD (%) not ADHD (%) All (%)

Paracetamol 48.4 43.1 43.2

Mother educ. 40.4 65.2 64.6

Alcohol 0.5 0.2 0.2

Fever 9.6 7.5 7.6

ADHD: attention-deficit hyperactivity disorder.

Note: All the covariates are binary (0–1). For an individual, a value of 1 means, respectively, that paracetamol was

consumed at least once during gestation, the mother has higher education, the mother consumed alcohol at least once a

month during gestation and that paracetamol has been consumed to alleviate fever.

2790 Statistical Methods in Medical Research 29(10)



T
a
b
le

3
.
E
st
im
at
e
s
b
as
e
d
o
n
n
¼

9
5
5
4
5
M
o
B
a
ch
ild
re
n
.

L
o
gi
st
ic

Su
rv
iv
al

b
0

P
ar
ac
e
ta
m
o
l

Fe
ve
r

A
lc
o
h
o
l

M
o
th
e
r
e
d
u
c.

a
b

P
ar
ac
e
ta
m
o
l

Fe
ve
r

A
lc
o
h
o
l

M
o
th
er

e
d
u
c.

A
IC

L
o
gi
st
ic

–
3
.3
3

(�
3
.4
,
�3

.2
6
)

0
.2
0

(0
.1
1
,
0
.2
9
)

0
.1
8

(0
.0
2
,
0
.3
3
)

0
.8
0

(0
.1
9
,
1
.4
1
)

–
1
.0
2

(�
1
.1
1
,
0
.9
4
)

C
o
x

0
.1
9

(0
.1
0
,
0
.2
8
)

0
.2
0

(0
.0
5
,
0
.4
0
)

0
.7
6

(0
.1
6
,
1
.3
5
)

–
0
.9
2

(�
1
.0
0
,
�0

.8
3
)

G
am

m
a
1

–
2
.9
4

(�
3
.0
2
,
�2

.8
6
)

0
.2
0

(0
.1
1
,
0
.2
9
)

0
.2
1

(0
.0
5
,
0
.3
7
)

0
.8
0

(0
.1
7
,
1
.4
3
)

–
0
.9
4

(�
1
.0
3
,
�0

.8
5
)

1
2
.2
6

(1
1
.2
7
,
1
3
.2
5
)

1
.2
7

(1
.1
5
,
1
.4
0
)

–
2
8
0
4
9
.5
8

G
am

m
a
2

–
2
.9
8

(�
3
.0
6
,
�2

.8
9
)

0
.1
7

(0
.0
5
,
0
.2
8
)

0
.4
5

(0
.1
8
,
0
.7
2
)

0
.8
6

(0
.0
3
,
1
.6
8
)

–
0
.8
3

(�
0
.9
5
,
�0

.7
1
)

1
2
.6
5

(1
1
.5
6
,
1
3
.7
4
)

1
.3
4

(1
.2
0
,
1
.4
9
)

0
.0
8

(�
0
.0
9
,
0
.2
4
)

–
0
.4
7

(�
0
.8
4
,
�0

.0
9
)

–
0
.1
2

(�
1
.2
6
,
1
.1
0
)

–
0
.2
3

(�
0
.4
1
,
�0

.0
5
)

–
2
8
0
4
1
.2
3

G
am

m
a
3

–
2
.9
0

(�
2
.9
8
,
�2

.8
3
)

1
0
.9
1

(9
.9
4
,
1
1
.8
9
)

1
.1
3

(1
.0
0
,
1
.2
5
7
)

0
.2
3

(0
.1
1
,
0
.3
5
)

0
.0
6

(�
0
.1
4
,
0
.1
2
)

0
.5
1

(�
0
.1
9
,
1
.2
0
)

–
1
.3
0

(�
1
.4
2
,
�1

.1
8
)

–
2
8
1
3
9
.4
0

Se
m
ip
ar
a.
1

–
2
.9
2

(�
3
.0
1
,
�2

.8
3
)

0
.2
0

(0
.1
1
,
0
.2
9
)

0
.2
1

(0
.0
5
,
0
.3
7
)

0
.7

(0
.0
4
,
1
.3
8
)

–
0
.9
4

(�
1
.0
3
,
�0

.8
5
)

Se
m
ip
ar
a.
2

–
2
.9
7

(�
3
.0
6
,
�2

.8
8
)

0
.1
6

(�
0
.0
3
,
0
.2
9
)

0
.4
4

(0
.2
2
,
0
.6
5
)

0
.7
9

(0
.0
9
,
1
.4
9
)

–
0
.8
3

(�
0
.9
6
,
�0

.7
0
)

0
.0
7

(�
0
.1
1
,
0
.2
5
)

–
0
.4
1

(�
0
.7
0
,
�0

.1
2
)

–
0
.0
5

(�
0
.7
3
,
0
.6
2
)

–
0
.2
2

(�
0
.3
9
,
�0

.0
5
)

Se
m
ip
ar
a.
3

–
2
.8
7

(�
3
.0
8
,
�2

.6
6
)

0
.2
3

(0
.1
0
,
0
.3
5
)

0
.0
8

(�
0
.1
1
,
0
.2
8
)

0
.4
6

(�
0
.1
9
,
1
.1
1
)

–
1
.1
8

(�
1
.3
2
,
�1

.0
4
)

N
o
te
:
T
h
e
se
m
ip
ar
am

e
tr
ic
m
o
d
e
ls
w
e
re

fit
te
d
u
si
n
g
th
e
sm

cu
re
-p
ac
k
ag
e
in

R
,
w
it
h
st
an
d
ar
d
e
rr
o
rs

b
as
e
d
o
n
1
0
0
b
o
o
ts
tr
ap

sa
m
p
le
s.
T
h
e
ga
m
m
a
d
e
n
si
ty

o
f
th
e
th
re
e
p
ar
am

et
ri
c
cu
re

m
o
d
e
ls
is
ðba

=
C
ðaÞ

Þta
�1
e
x
p
ð�

bt
Þ.



at the 95% level, while the estimated effects of paracetamol on the survival part is close to zero and insignificant at

all reasonable significance levels. Among the three parametric cure models, Gamma 2 is the one with superior

performance according to the Akaike information criterion (AIC), albeit only slightly better than the gamma

model treating the diagnosis times as independent and identically distributed (Gamma 1). Not surprisingly,

removing the paracetamol indicator and alcohol indicators from the survival part of the Gamma 2 model results

in an improvement of the AIC score, that is, it has an AIC superior to all the models reported in Table 3 (this

model has an AIC score of –28038.08. The estimates are similar and not reported).
The results reported in Table 3 are interesting because they can be seen as corroborating the reading of the

paracetamol–ADHD hypothesis expounded in Section 2.1, namely that gestational exposure to paracetamol

determines whether or not a child is susceptible, while being unimportant for the time to diagnosis. In other

words, given susceptibility the time to diagnosis appears to be independent of the exposure.
The important issue of identifiability of the semiparametric cure model should be pointed out. Loosely speak-

ing, for the fraction of susceptible children to be accurately estimated, we must assume that the (covariate

dependent) distribution function of the survival times of the susceptible individuals reaches unity before the

distribution function of the censoring times.12 In effect, for identifiability reasons, when we fit the semiparametric

cure models, the survival functions are set to zero for all survival times above the largest observed diagnosis time.

No such fix is demanded when fitting fully parametric cure models. See Section 4 for further discussion of these

issues, and Amico and Van Keilegom12 for a thorough discussion of identifiability in semiparametric cure models.

4 Discussion and concluding remarks

In this section, we briefly discuss the above findings and introduce some topics for possible future research.
The cure model was motivated by arguing that the scientifically interesting question in many perinatal studies is

how the exposure relates to a partly unobservable variable indicating whether or not the child is susceptible to the

condition or disease of interest.
The empirical analysis of the paracetamol–ADHD hypothesis of Section 3 indicates that the diagnosis times are

independent of the exposure when susceptibility is accounted for. These findings have important implications for

studies on most childhood long-term outcomes as there will always be a fraction of the children that is never

diagnosed with the condition studied, and among these many should, for all practical purposes, be regarded as

nonsusceptible to the condition in question. When a fraction of the offspring are nonsusceptible, conventional

survival analysis methods will give biased effect estimates.

Figure 4. Estimates of the survival curve of the susceptible children, i.e. the proper survival functions S(t) in equation (5). The
estimates are based on the model Semipara. 1 and Gamma 1 of Table 3.
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4.1 Remark 1

As discussed in Section 2.1, when using the cure model, we assume that we do not have data on the absence of the

condition or disease, i.e. d¼ 0 does not inform us on what the true value of Y is. Now, consider a different

scenario, where one does indeed have data on the absence of a condition or disease. Then, one would want to

model a positive probability of nonsusceptibility (Y¼ 0) being discovered. This motivates a model where the

children born susceptible (Y¼ 1) have a hazard rate aðtÞ governing the time to diagnosis, while the nonsusceptible

(Y¼ 0) children have a hazard rate bðtÞ, governing the time to it is ascertained that they do not have the condition

or disease under study. Define the variable, Di¼Yi if di ¼ 1, and 0 otherwise. The likelihood function is then

Ln ¼
Yn
i¼1

�
piaðtiÞe�

R ti

0
aðsÞ ds�Didi�ð1� piÞbðtiÞe�

R ti

0
bðsÞ ds�ð1�DiÞdi �

�
pie

�
R ti

0
aðsÞds þ ð1� piÞe�

R ti

0
bðsÞds�1�di

:

If p, aðtÞ and bðtÞ are parametrically specified, one can proceed with likelihood inference on this model. Theory

for the situation where one or both of the hazard rates are nonparametric is a topic for further research.

4.2 Remark 2

A class of survival models that can give estimates of continuous levels of susceptibility are so called first hitting

time models.22,23 One example is the following. Consider a Wiener process Z(t) with drift l and VarðZðtÞÞ ¼ r2,
starting at c0 > 0. It is well known that the first time Z(t) hits zero follows an Inverse Gaussian distribution with

parameters l; r and c0.
24 Here, the parameter c0 can be interpreted as the degree of susceptibility, with higher

values translating to lower degrees of susceptibility. One could also let c0 stem from some distribution on the

positive half line and build some regression structure on this distribution. Moreover, if l > 0, then the distribution

of the first hitting times is not proper. In particular, the probability of never being diagnosed is

1� expf�2c0l=r2g > 0, which is what we want in order to allow for some of the children to be nonsusceptible

to the condition in question.

4.3 Remark 3

We have argued that in the perinatal studies discussed in this paper, the quantity of scientific interest is p, the
probability of being born susceptible, while parameters related to the distribution of the diagnosis times are

nuisance parameters. Nevertheless, the model selection criterion employed in Table 3 is the AIC, a criterion

that assesses general overall issues and goodness of fit aspects of the cure models, and not only how good the

inference on p or related quantities is. Preferably, when the scientific question directs attention to one part of the

cure model, the model selection criterion employed ought to reflect this. Therefore, a possible topic for future

research is developing a focused information criterion (see Jullum and Hjort25 and Claeskens and Hjort26) for

comparing different parametric, as well as parametric and semiparametric cure models. The idea is to select the

model that best estimates a focus parameter, say w, where the quality of the estimator is assessed by (an estimate

of) the mean squared error E ½ðŵ � wÞ2�. The obvious focus parameter in the context of the paracetamol–ADHD

hypothesis is b1, but other interesting quantities include Prfsusceptiblejnondiagnosed at tg, or pðxt0bÞ, for a

covariate vector x0 of particular interest.
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Abstract
We introduce a model for recurrent event data subject
to left-, right-, and intermittent-censoring. The obser-
vations consist of binary sequences (along with covari-
ates) for each individual under study. These sequences
are modeled as generated by latent Ornstein–Uhlenbeck
processes being above or below certain thresholds. Fea-
tures of the latent process and the thresholds are taken
as functions of covariates, allowing the researcher to dis-
tinguish factors that have an effect on the frailty, from
those that have an effect on the variability, of the obser-
vational unit. Inference is achieved by a quasi-likelihood
approach, for which consistency and asymptotic nor-
mality is established. An advantage of our model is that
particularities regarding the censoring need not be taken
actively into account, and that it is well suited for situa-
tions where the individuals under study are irregularly
and asynchronously observed. The motivation for our
model came from a dataset pertaining to the incidence of
diarrhoea among Brazilian children growing up under
rather harsh conditions. We analyze these data with our
model and contrast the results with an intensity-based
counting process analysis of the same data.
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1 INTRODUCTION

Many phenomena, in the biosciences, epidemiology, engineering, and the social sciences, are
recorded over time as being in one of two states, “on or off.” An epidemiologist has follow-up
data on the health history of a number of individuals; an engineer on the stress level of a
given component over time; an economist has data on the employment status of group of
individuals surveyed at various points in time. Such data are often binary (sick/healthy, over-
heated/temperate, employed/unemployed), and the data gathering is not performed continuously
in time, but irregularly with differing lengths between the observation times. Observational
schemes of this kind abound in many fields of science, and have in common that they generate
sequences of zeros and ones where the state of the observational unit between the observation
times is unknown (i.e., censored). The statistical modeling and analysis of this kind of data can
be quite challenging because one needs to tend to the dependence in time as well as account for
rather complicated patterns of censoring. An appealing feature of the model we introduce in this
paper is that both the temporal dependence, as well as all types of censoring, are accommodated
in a straightforward and neat manner requiring minimal statistical ingenuity on the part of the
applied researcher doing the analysis.

The data that inspired the present study have previously been analyzed in Borgan, Fiaccone,
Henderson, and Barreto (2007), and is shown in Figure 1. The plot shows the health status of a
sample of Brazilian children living in the metropolitan area of Salvador, observed at discrete and
irregular times over a period of 455 days. In the figure the children are plotted according to their
identification number (the y-axis), with the color of the dots indicating whether the child suffered
from diarrhoea (black dots) or were in good health (grey dots) at the time of observation. The
blank dots are times at which no observation was made, thus we see that the data are left-, right-,
and intermittently censored. That the observations took place at discrete and irregular times,
means that the data consist of a time stamp and an indicator of the state of the child (sick/healthy)
at that time, along with covariates. (In Figure 1 we have only included every 10th child in the
sample of 925, because the resolution becomes problematic when the entire dataset is included.)
The pattern depicted among the 93 children in the plot is characteristic for the entire sample.

Approaches to data such as those in Figure 1 include intensity-based counting-process meth-
ods, renewal processes, and models for the time between events (Andersen, Borgan, Gill, &
Keiding, 1993; Borgan et al., 2007). A comprehensive overview of recurrent event methods is given
by Cook and Lawless (2007). Borgan et al. (2007) developed a recurrent event version of Aalen's
additive hazard model, and fitted such models to the Brazilian data.

In this paper we introduce a class of models where the sequences of zeros and ones are gen-
erated by latent and independent Ornstein–Uhlenbeck processes being below or above certain
thresholds. Differences between the observational units are accounted for by letting features of
the Ornstein–Uhlenbeck processes as well as the thresholds be governed by covariates. Each
covariate might enter into one or both of the regression structures of the model, thus allowing for
inference on the effect of each covariate on the temporal correlation of the underlying process, its
effect on the level of the process, or its effect on both these features. In the setting of the Brazilian
data, this means that our model enables us to say something about how different factors affect the
fluctuation of a child's health, and on how these same or other factors affect the frailty of a child.

These two features of the model are rather different, and subject matter knowledge on a case to
case basis is required to decide which covariates should enter where. Given that such knowledge
is available, the fact that our model allows the covariates to affect the data generating process in
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F I G U R E 1 Observation pattern and actual observations for diarrhoea data (for every 10th child in the
sample of 925). The grey dots indicate that the child was healthy at the observation time, and the black dots
indicate that the child was sick. The white areas are time points at which no observations were made

two different ways is appealing as it potentially permits for a more detailed understanding of the
phenomenon under study. As already mentioned, another appealing property of our method, and
one which sets it apart from the above-mentioned approaches, is that by explicitly modeling the
mechanism generating the zeros and ones, all three types of censoring are taken care of without
further efforts.

The paper proceeds as follows. In Section 2 we introduce the latent processes ticking in
the background as well as the observational scheme, based on which we derive our model.
The complexity of the likelihood of the model presented in Section 2 makes it computationally
infeasible to maximize; in Section 2.2 we therefore present what we call the quasi-likelihood
method of estimation. This and related estimation methods are variably called quasi-, pairwise-
and composite-likelihood (Cox & Reid, 2004; Hjort & Omre, 1994; Hjort & Varin, 2008; Nott &
Rydén, 1999; Varin, 2008; Varin, Reid, & Firth, 2011; Varin & Vidoni, 2005). A lucid review paper
of quasi/composite-likelihoods methods is Varin et al. (2011). In Sections 3.2–3.3 we prove consis-
tency of the maximum quasi-likelihood estimator, and derive its limiting distribution. Section 3.4
contains a study of the maximum quasi-likelihood estimator when the chosen parametric model
is misspecified, a model selection criterion is derived, and we introduce a goodness of fit measure
based on the ratio of two nested quasi-likelihoods. In Section 3.5 we conduct a small simulation
study to assess the asymptotic results in a finite-sample setting. Finally, in Section 4 we analyze
the Brazilian data using clipped Ornstein–Uhlenbeck process models, and contrast the results
with those obtained by the linear hazard model of Borgan et al. (2007). Most of the proofs are
deferred to Appendix.
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2 DATA AND MODEL

2.1 A clipped Ornstein–Uhlenbeck process

The data consist of n children observed at various points in time over a finite interval [0,T]. Associ-
ated with each of the i = 1,… ,n children there is a latent stochastic process {𝜉i(t) ∶ 0 ≤ t ≤ T}
governing the health condition of the child. The child is sick if the process is above a certain
threshold, and in good health otherwise, and it is only this zero-one version of the latent process
that is actually observed. Moreover, the sample is not continuously monitored, and the health
status of a child is only ascertained at certain points in time. These time points might be fixed
and different for each of the children, they need not be equidistant, or they might be generated
according to a stochastic process independent of the underlying latent processes.

The observation times are denoted by

0 ≤ ti,0 < ti,1 <… < ti,ki ≤ T, i = 1,… ,n.

Let 𝜏i = {ti,0,… , ti,ki} be the set of observation times of the ith child. The zero-one sequences
available for analysis are given by

Yi,j = I{𝜉i(ti,j) ≥ ci(ti,j)}, j = 0,… , ki,

for i = 1,… ,n, where ci(t) is the possibly time-varying child specific threshold above which the
child is sick. Let Yi = (Yi,0,Yi,1,… ,Yi,ki) be the zero-one vector of the ith child.

In this paper we take the 𝜉1(t),… , 𝜉n(t) to be independent Ornstein–Uhlenbeck processes.
More precisely, the health process of the ith child is a mean zero Gaussian process with covariance
function Cov(𝜉i(t), 𝜉i(s)) = exp(−ai|t − s|), for a nonnegative parameter ai. The children may differ
among each other and over time with regard to how prone they are to falling ill (frailty), and
they may also differ in how fast their health is changing. Our model captures differences in frailty
among the children and over time through the thresholds c1(t),… , cn(t). Differences in oscillation
of the child-specific health processes are accounted for by the parameters a1,… , an. If covariates
are available, say xi = (1, xi,1,… , xi,r1 )t and zi(t) = (1, zi,1(t),… , zi,r2 (t))t, both ai and ci(t) can be
modeled as functions of these. We propose a model with

ai = exp(xt
i𝛽), ci(t) = zt

i(t)𝛾, (1)

where the vectors xi and zi(t) can be identical, overlapping or disjoint, and the vector zi(t) might
contain time-varying elements. In particular, in this model the probability of the ith child being
ill at time t is 1 − Φ(ci(t)), with Φ(x) the standard normal distribution function. Notice that there
is no loss in generality by letting the marginal variance of the 𝜉i(t) processes be 1 and by not
explicitly introducing a drift parameter. In effect, the introduction of such parameters would lead
to an overparametrization of the model: A drift parameter would be indistinguishable from the
time-varying thresholds, while the introduction of a variance parameter would just result in a
scaling of the 𝛾 coefficients. Finally, let

Di = (Yi, 𝜏i, {zi(t)}t∈𝜏i , xi), i = 1,… ,n,

be the observed data, and D = (Y, 𝜏, {z(t)} t∈𝜏 , x) denote a generic such observation vector.
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F I G U R E 2 A sample path of a stationary Ornstein–Uhlenbeck process with the values of Yi,0,… ,Yi,ki

superimposed. The red sine-curve is one realization of the time-varying threshold used in the simulations of
Section 3.5. The grey ticks on the x-axis are the times at which observations were made [Color figure can be
viewed at wileyonlinelibrary.com]

Figure 2 displays one sample path of the process defined in this section. The wiggly line is a
sample path of a stationary Ornstein–Uhlenbeck process, the sampling times are indicated by the
ticks on the time axis, and the values of Yi,j (the zeros and ones) are superimposed on the plot.

The true likelihood contribution of the ith child is the multivariate normal probability,

Li(𝛽, 𝛾) = Pr𝛽,𝛾 (Yi,0 = yi,0,Yi,1 = yi,1,… ,Yi,ki = yi,ki ), (2)

which is, for moderate ki and n, computationally burdensome to compute. Moreover, contrary to
an Ornstein–Uhlenbeck process itself, a clipped Ornstein–Uhlenbeck process is no longer Markov
(Slud, 1989), so the likelihood contribution in (2) cannot be factorized. In other words, likelihood
inference based on ∏n

i=1 Li(𝛽, 𝛾) is, excluding the trivial cases, for example, ki ≤ 4, infeasible. To
deal with this issue we propose what we call the quasi-likelihood approach for inference on the
parameters governing the underlying Ornstein–Uhlenbeck processes as well as on the parameters
determining the varying frailties of the individuals under study. The quasi-likelihood is the topic
of the next section.

2.2 The quasi-likelihood approach

Define the (r1 + r2 + 2) × 1 vector 𝜃 = (𝛽t, 𝛾 t)t, and the probabilities

puv(𝜃, i, j) = Pr𝜃{(Yi,j−1,Yi,j) = (u, v)},
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for (u, v) in the set {(0, 0), (0, 1), (1, 0), (1, 1)}. Throughout the article we write “∑(u,v)” for sums
over this set, and follow the same convention for “∏(u,v),” “min(u,v),” and so on. The bivariate
normal probabilities puv can easily be computed with the formulas presented in Appendix. To not
overburden the notation, we may drop some of the arguments from puv(𝜃, i, j) when it is clear
from the context what probability we are referring to.

The quasi-likelihood approach consists of approximating the true likelihood in (2) with the
pairwise construction

Qn(𝜃) =
n∏

i=1

ki∏
j=1

∏
(u,v)

puv(𝜃, i, j)I{(Yi,j−1,Yi,j)=(u,v)}. (3)

We define the functions q and qj via Qn(𝜃) =
∏n

i=1 q(𝜃,Di) =
∏n

i=1
∏ki

j=1 qj(𝜃,Di), where the jth
quasi-likelihood contribution of the ith child, that is qj(𝜃,Di), is given by

qj(𝜃,Di) = p00(𝜃, i, j)(1−Yi,j−1)(1−Yi,j)p11(𝜃, i, j)Yi,j−1Yi,j p01(𝜃, i, j)(1−Yi,j−1)Yi,j p10(𝜃, i, j)Yi,j−1(1−Yi,j).

The quasi-maximum likelihood estimator �̂�n is the value of 𝜃 maximizing Qn(𝜃). Notice that
qj(𝜃,Di) is the probability mass function of a multinomial experiment with four outcomes, hence
it is a proper likelihood contribution for such an experiment, and the Bartlett identity

E𝜃0

𝜕
𝜕𝜃

log qj(𝜃0,Di)
( 𝜕
𝜕𝜃

log qj(𝜃0,Di)
)t

= −E𝜃0

𝜕2

𝜕𝜃𝜕𝜃t log qj(𝜃0,Di), (4)

holds, where 𝜃0 denotes the true parameter value. In a similar manner, the quasi-score func-
tion Un(𝜃) = 𝜕Qn(𝜃)∕𝜕𝜃 and its contributions u(𝜃,Di) and uj(𝜃,Di) are defined by Un(𝜃) =∑n

i=1 u(𝜃,Di) =
∑n

i=1
∑ki

j=1 uj(𝜃,Di). The jth quasi-likelihood score contribution of the ith child is

uj(𝜃,Di) =
(
−xiai(ti,j − ti,j−1)e−ai(ti,j−ti,j−1)Ai,j(𝜃)

zi(ti,j)Bi,j(𝜃) + zi(ti,j−1)Ci,j(𝜃)

)
, (5)

in terms of the random variables

Ai,j(𝜃) =
∑
(u,v)

I{(Yi,j−1,Yi,j) = (u, v)}𝜕puv(𝜃, i, j)∕𝜕𝜌
puv(𝜃, i, j)

,

Bi,j(𝜃) =
∑
(u,v)

I{(Yi,j−1,Yi,j) = (u, v)}
𝜕puv(𝜃, i, j)∕𝜕ci(ti,j)

puv(𝜃, i, j)
,

Ci,j(𝜃) =
∑
(u,v)

I{(Yi,j−1,Yi,j) = (u, v)}
𝜕puv(𝜃, i, j)∕𝜕ci(ti,j−1)

puv(𝜃, i, j)
, (6)

where all three derivatives are bounded as long as the correlations 𝜌(𝜃, i, j) are bounded away from
1. Note also that the derivatives appearing in Bi,j and Ci,j are not the same function evaluated in
different time points, but derivatives with respect to differentarguments of puv.

Remark 1. The pairwise quasi-likelihood we consider in this paper can of course be extended
to involve triplets of observations, that is, (Yi,j−1,Yi,j,Yi,j+1), quadruples, and so on. Such strate-
gies were pursued in Hjort and Varin (2008) for the Markov Chain case. Quasi-likelihood
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constructions of this type are likely to yield more efficient estimators, at the cost, however, of a
larger computational burden. Another pairwise construction not considered in this paper is to let
the quasi-likelihood involve all pairs of child-specific observations, that is (Yi,l,Yi,j) for all l ≠ j,
and not only the adjacent ones.

3 LARGE-SAMPLE PROPERTIES

3.1 Assumptions and notation

For a vector x, ||x|| is the Euclidean norm, while for a function z, ||z||∞ = sup{|z(t)| ∶ t ∈
[0,T]} is the uniform norm. For the covariance function on the observation grids we write
𝜌(𝜃, i, j) for j = 1,… , ki, i = 1,… ,n, that is 𝜌(𝜃, i, j) = Cov𝜃(𝜉i(ti,j), 𝜉i(ti,j−1)) = exp(−ai|ti,j −
ti,j−1|). Throughout the paper we assume that the following hold: (i) the vectors (xi, zi, ki)
for i = 1,… ,n are i.i.d. from a distribution 𝜈 independent of the latent Ornstein–Uhlenbeck
processes; (ii) 𝜈 is such that with probability one (xi,1,… , xi,r1 ) ∈ [−K,K]r1 , zi is continuous
on [0,T], the number of observations is 2 ≤ ki ≤ kmax < ∞ for all i, and that given ki, the
observation times ti,0 < ti,1 <… ti,ki are generated from a distribution that is continuous on
[0,T]; (iii) the matrices n−1 ∑n

i=1 (xi, zi(ti,j−1) + zi(ti,j))t(xi, zi(ti,j−1) + zi(ti,j)) become positive def-
inite with probability one under 𝜈 for all j; and (iv) the parameter space Θ ⊂ Rr1+r2+2 is
compact.

We note that assumption (ii) entails that none of the processes 𝜉1(t),… , 𝜉n(t) are degenerate,
in particular, the correlation function 𝜌(𝜃0, i, j), evaluated in the true parameter value, is strictly
smaller than one with 𝜈-probability one for all i and j. This implies that none of the probabili-
ties p00, p01, p10, p11 approaches zero, ensuring that the random variables Ai,j(𝜃0),Bi,j(𝜃0),Ci,j(𝜃0)
are bounded when evaluated in 𝜃0. In particular, for any 𝜈-integrable real valued function
g we have n−1 ∑n

i=1 g(xi, {zi(t)}t∈𝜏i , 𝜏i) → ∫ g(x, {z(t)}t∈𝜏 , 𝜏) d𝜈 as n → ∞, by the law of large
numbers. The compactness assumption on the parameter space is used in the consistency
proof below.

3.2 Consistency

Define the Kullback–Leibler divergence KL(𝜃) of the quasi-likelihood by

KL(𝜃) = ∫ KL(𝜃, 𝜏, x, z) d𝜈, (7)

where KL(𝜃, 𝜏, x, z) = E𝜃0 log{q(𝜃0,D)∕q(𝜃,D)} =
∑k

j=1 E𝜃0 log{qj(𝜃0,D)∕qj(𝜃,D)}. Since Qn con-
sists of proper multinomial likelihood elements, standard techniques (e.g., Ferguson, 1996,
chapter 17) can be applied to prove that KL(𝜃) is nonnegative and equals zero if and only if 𝜃 = 𝜃0.
This is the content of Lemma 1 in Appendix. We have the following result.

Theorem 1. The value �̂�n maximizing Qn(𝜃) is consistent for 𝜃0.

Proof. The function q(𝜃,D) is continuous in 𝜃 for all D, and log{q(𝜃,D)∕q(𝜃0,D)} is bounded
above by the integrable function −

∑k
j=1 log qj(𝜃0,D). By compactness of Θ, it follows from

Theorem 16(b) in Ferguson (1996, p. 109) that sup𝜃∈Θ |log(Qn(𝜃)∕Qn(𝜃0)) + KL(𝜃)| = op(1). By
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Lemma 1, the function KL(𝜃) attains its maximum in the unique point 𝜃0. Theorem 5.7 in van der
Vaart (1998) then gives the result. ▪

3.3 Asymptotic normality

Due to the Bartlett identity in (4), the variance of the quasi-score function given the covariates
(xi, zi, ki)i≤n is given by

Var𝜃 Un(𝜃) =
n∑

i=1

{ ki∑
j=1

E𝜃 uj(𝜃,Di)uj(𝜃,Di)t + 2
∑
j<l

E𝜃 uj(𝜃,Di)ul(𝜃,Di)t

}
.

Under the assumptions imposed above, this variance is finite, and assumption (i) ensures the
existence of matrices

H(𝜃) = ∫ H(𝜃, x, z, 𝜏) d𝜈 = ∫
k∑

j=1
E𝜃 uj(𝜃,D)uj(𝜃,D)t d𝜈;

C(𝜃) = ∫ C(𝜃, x, z, 𝜏) d𝜈 = ∫
∑
j<l

E𝜃 uj(𝜃,D)ul(𝜃,D)t d𝜈, (8)

such that

1
n Var𝜃 Un(𝜃) =

1
n

n∑
i=1

Var𝜃0 u(𝜃0,Di)
𝜈
→H(𝜃0) + 2C(𝜃0),

in probability under 𝜈. When evaluated in the true parameter values, we write H = H(𝜃0) and
C = C(𝜃0).

Theorem 2. The sequence n−1/2Un(𝜃0) converges to a mean zero normal distribution with covari-
ance matrix H + 2C.

Proof. By assumption (i) and (ii), n−1Var𝜃0 Un(𝜃0) converges to H + 2C. From Lemma 2 we have
that ||uj(𝜃0,Di)|| is bounded by something that is proportional to ||xi|| + 2||zi||∞ (see Lemma 2 for
details). Hence, for all i

||u(𝜃0,Di)|| ≲ ki(||xi|| + 2||zi||∞) ≤ kmax(||xi|| + 2||zi||∞),

where the right-hand side is finite with 𝜈-probability one. The u(𝜃0,D1),… ,u(𝜃0,Dn) are then
i.i.d. and bounded random variables, and the central limit theorem yields the result. ▪

In order to get the limiting distribution of the estimator �̂�n we need to prove that
√

n(�̂�n − 𝜃0) = H−1n−1∕2Un(𝜃0) + op(1). (9)

By theorem 5.23 in van der Vaart (1998, p. 53) the equality in (9) holds if the quasi-likelihood
functions log q(𝜃,X) are Lipschitz in a neighbourhood of the true 𝜃0 and H is invertible. That this
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is indeed the case is proved in Theorem 4. To summarize, we have that at the model, the estimator
�̂�n is consistent for the true value 𝜃0, and that n1∕2(�̂�n − 𝜃0) converges to a mean zero normal
distribution with covariance matrix H−1(H + 2C)H−1. In the next section we consider the state of
affairs when the model on which the quasi-likelihood is based is misspecified, and derive a model
selection criterion and a goodness-of-fit test.

3.4 Model selection

Suppose that the observed sequences of zeros and ones are generated by Ornstein–Uhlenbeck
processes 𝜉i(t) with covariance functions Cov(𝜉i(t), 𝜉i(s)) = exp(−a0(xi)|t − s|) for some continu-
ous, non-negative and bounded function a0(x); and that the thresholds are c0(zi(t)), i = 1,… ,n,
with c0(z(t)) a bounded function. Otherwise, both functions are unknown. In this situation the
parametric models of the form given in (1) can be viewed as parametric approximations to the
true model, perhaps lying out of reach of the parametric models employed for estimation. The
quasi-likelihood estimator �̂�n then aims at the least-false parameter value 𝜃lf minimizing the
distance

KL(𝜃) = ∫ E0 log q0(𝜏, x, z)
q(𝜃, 𝜏, x, z) d𝜈, (10)

where q0(𝜏, x, z) is the hypothetical quasi-likelihood based on the true underlying distribution,
and the expectation is taken with respect to the true distribution.

Theorem 3. The estimator �̂�n is consistent for the least-false parameter value 𝜃lf; and

n1∕2(�̂�n − 𝜃lf)
d
→N(0,H−1(K + 2C)H−1),

where H = ∫ ∑k
j=1 E0 𝜕uj(𝜃lf,D)∕𝜕𝜃 d𝜈 and C = ∫ ∑k

j<l E0 uj(𝜃lf,D)ul(𝜃lf,D)t d𝜈, and K =
∫ Var0(

∑k
j=1 uj(𝜃lf,D)) d𝜈.

Proof. Follows, with minor modifications, from the results given in Sections 3.2 and 3.3. ▪

If the parametric model we are employing happens to be the correct one, then K = H, since
the Bartlett identity is then back in force.

The model presented in display (1) contains two regression models, one on the covariance of
the Ornstein–Uhlenbeck processes and one on the thresholds. Since each covariate available for
analysis might enter into one, the other, or both of these, we are left having to choose between
4r1+r2 different models. Without subject matter knowledge, this quickly becomes a insurmount-
able task, as exploring all models would quickly exhaust the computing power at one's disposal.
Given that there are only a handful of models that are deemed plausible, however, the model selec-
tion criterion and the test statistic that we now introduce can assist in choosing the best among
these.

(1) The quasi-likelihood information criterion (qlic) is a special case of the composite likeli-
hood information criterion introduced in Varin and Vidoni (2005). It is given by

QLIC = log Qn(�̂�n) − tr {Ĥ−1
n (K̂n + 2Ĉn)}, (11)
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where Ĥn, K̂n, Ĉn are consistent estimators of H, C, K. Among the candidate models, the model
with the highest value of the qlic is to be preferred. The derivation of the qlic follows the
same principles as the derivation of the Akaike information criterion in the standard likelihood
case (e.g., Claeskens & Hjort, 2008, chapter 2.3), and can thus be viewed as an aic-type cri-
terion for the quasi-likelihood method of inference. Consistent estimators of the matrices H,
C and K are Ĥn = n−1 ∑n

i=1
∑ki

j=1 𝜕uj(�̂�n,Di)∕𝜕𝜃, Ĉn = n−1 ∑n
i=1

∑
j<luj(�̂�n,Di)ul(�̂�n,Di)t, and K̂n =

n−1 ∑n
i=1

∑ki
j=1 uj(�̂�n,Di)uj(�̂�n,Di)t, respectively.

(2) The quasi-likelihood ratio test. The adequacy of different models whose parameters have
been estimated by the quasi-likelihood methods can also be assessed by the likelihood ratio
inspired statistic

Mn = 2{log Qn,wide(�̂�1, �̂�2) − log Qn,narrow(�̃�1, 0)}. (12)

Here we have partitioned the (r1 + r2 + 2) parameter vector 𝜃 = (𝛽, 𝛾) as (𝜂1, 𝜂2), with 𝜂1 and 𝜂2 of
dimension p and q, respectively. We are interested in testing whether the subset 𝜂2 of parameters
is equal to zero. Here, Qn,wide(�̂�1, �̂�2) and Qn,narrow(�̃�1, 0) are the quasi-likelihoods of the model
including the full parameter vector (𝜂1, 𝜂2), and a narrow model where 𝜂2 = 0; both evaluated in
their respective maximizers (�̂�1, �̂�2) and (�̃�1, 0). For a given choice of (𝜂1, 𝜂2), corresponding to a
wide and a narrow model, write

H =
(

H00 H01
H10 H11

)
,

for the (p + q) × (p + q) matrix where H00, H01 = Ht
10, and H11 are the probability lim-

its of n−1 ∑n
i=1

∑ki
j=1 𝜕

2qj(𝜂1, 𝜂2,Di)∕(𝜕𝜂1𝜕𝜂t
1), n−1 ∑n

i=1
∑ki

j=1 𝜕
2qj(𝜂1, 𝜂2,Di)∕(𝜕𝜂1𝜕𝜂t

2), and
n−1 ∑n

i=1
∑ki

j=1 𝜕
2qj(𝜂1, 𝜂2,Di)∕(𝜕𝜂2𝜕𝜂t

2), respectively, all evaluated in (𝜂1, 𝜂2) = (𝜂1, 0). Provided the
conditions of Theorem 2 are satisfied, we have

log Qn(𝜂1, 0) = log Qn(�̂�1, �̂�2) −
1
2 n

(
�̂�1 − 𝜂1
�̂�2 − 0

)t
H
(
�̂�1 − 𝜂1
�̂�2 − 0

)
+ op(1),

for estimation in the wide model, as well as

log Qn(𝜂1, 0) = log Qn(�̃�1, 0) −
1
2 n(�̃�1 − 𝜂1)tH00(�̃�1 − 𝜂1) + op(1),

for estimation in the narrow model. Coupling this with

n1∕2
(
�̂�1 − 𝜂1
�̂�2 − 𝜂2

)
= H−1n1∕2

(
Un
Vn

)
+ op(1), and n1∕2(�̃�1 − 𝜂1) = H−1

00 n1∕2Un + op(1),

we find that under the null hypothesis 𝜂2 = 0,

Mn
d
→M =

(
U
V

)t
H−1

(
U
V

)
− U tH−1

00 U, (13)

where (U,V) is mean zero multinormal with covariance matrix H + 2C, with C the probability
limit of n−1 ∑n

i=1
∑

j<luj(𝜂1, 0,Di)ul(𝜂1, 0,Di)t. Contrary to the standard likelihood case, the limiting
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random variable M will not be a chi-square (e.g., chapter 22 of Ferguson, 1996 for Wilks theorem),
but can relatively easily be simulated, via multinormal realizations of (U,V) from the Np+q(0,H +
2C) distribution, inserting the consistent estimators for H and C, similar to those introduced
above.

3.5 A simulation study

In this section we assess the asymptotic results in a finite-sample setting. To do so, we simu-
lated data of the form presented in Section 2 for n = 1, 000 individuals. Specifically, exploiting
the Markovian property of the Ornstein–Uhlenbeck processes, we simulated these over a fine
partition of the unit interval according to

𝜉i(jΔ) = 𝜌i(Δ)𝜉i((j − 1)Δ) + (1 − 𝜌i(2Δ))1∕2𝜀i,j, for j = 1,… , 1∕Δ,

with Δ = 1∕103; the 𝜀i,j, j = 0,… , 1∕Δ, i = 1,… ,n being independent standard normals; and
𝜉i(0) = 𝜀i,0. The correlation and threshold functions were set to

𝜌i(Δ) = exp(− exp(−0.55 + 1.23 xi)Δ), and ci(jΔ) = 1.04 − 0.70 zi,1 + 1.55 zi,2(jΔ),

with zi,2(jΔ) = zi,2 sin(2𝜋jΔ), j = 0, 1,… , 1∕Δ, and xi, zi,1, zi,2, i = 1,… ,n taken as independent
standard normals. The time points, say Ji ⊂ {tj ∶ j = 0, 1,… , 1∕Δ}, at which observations were
made, were determined by independent Bernoulli sampling with success probability 1∕60, which
means that the number of observations per individual is about 17. Finally, the observed zero-one
processes were generated by taking Yi,ji = I{𝜉i(jiΔ) ≥ ci(jiΔ)}, ji ∈ Ji, for i = 1,… ,n.

To these data, we fit three models; one small, one correctly specified, and one big; with the
misspecification in both the small and the big model taking place in the threshold function. In
the small model the time varying covariate is excluded, that is, csmall,i = 𝛾0 + 𝛾1 zi,1; while the big
model contains an extra covariate zi,3, also taken as independent standard normal, independent
from the three other covariates; thus cbig,i(t) = 𝛾0 + 𝛾1 zi,1 + 𝛾2zi,2(t) + 𝛾3zi,3.

In Figure 3 we display quantile–quantile plots of the estimates from the correctly specified
model, that is, for n1∕2(𝛽j − 𝛽j)∕�̂�j,j, j = 1, 2 and n1∕2(�̂�j − 𝛾j)∕�̂�j+2,j+2, j = 1, 2, 3, with �̂�2

j,j being the
jth diagonal element of Ĥ−1

n (Ĥn + 2Ĉn)Ĥ−1
n . The estimators Ĥn and Ĉn are the consistent plug-in

estimators introduced at the end of Section 3.4.
The simulations and the estimation were conducted in the R programming language (R Core

Team, 2013). Implementing the quasi log-likelihood functions only requires computing bivari-
ate normal probabilities of the type Pr𝜌{𝜉i(tj−1) ≤ ci(tj−1), 𝜉i(tj) ≤ ci(tj)}, which can be done by
numerical integration using the formula displayed in (A2). The remaining three probabilities
are then taken care of by the identities in (A3). Note, however, that these probabilities may dif-
fer for each individual and for each time point. The quasi log-likelihoods were then maximized
using the nlm()-function in R. With the amount of data used for the simulations, that is about
n × (n−1 ∑n

i=1 ki) ≈ 1,000 × 17 individual data points, the optimization took about 10 min on a
standard portable computer.

For each simulation we computed the qlic score for each of the three models. In 86 of 100
simulations, the qlic selected the true model above the big model, and it always chose the true
model over the smaller model.
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F I G U R E 3 Quantile–quantile plots of
√

n(�̂�j − 𝜃j)∕�̂�j,j, j = 1,… , 5, for the estimated parameters of the
model presented in Section 3.5 [Color figure can be viewed at wileyonlinelibrary.com]

When studying the quantile–quantile plots in Figure 3, it should be kept in mind that the
number of observations per individual is small (i.e., low sampling frequency), and that the under-
lying truth, involving the time varying covariate zi,2(t) = zi,2 sin(2𝜋t), is quite complicated. The
estimates and the qlic do, however, appear to be behaving as expected.

Remark 2. Sampling frequency. In Section 3.3, consistency and limiting normality were derived
under the n → ∞ regime. One could, however, consider other types of asymptotic regimes, either
of the infill-variety where n is held constant and the kis tend to infinity; or where a ratio of maxi≤nki
and n tends to some constant. Even in the n → ∞ setup of this paper, a pertinent question is
whether the sampling frequency (the size of the kis) affects the precision of the quasi-likelihood
estimates. As a first stab at this question, we estimated the asymptotic relative efficiency of the esti-
mates of the true model estimated above, compared to the same model but with higher sampling
frequency. Recall that in the former, we sampled the 1001 equidistant time points partitioning
the unit interval, with probability 1∕60. In a new set of simulations, we sampled them with
probability 1∕40. This means that the expected number of observations per child increases from
about 17 to about 25. Looking at the average over 100 simulations of estimated ratios of the type
Var(low freq. estimate)∕Var(high freq. estimate), for the estimates of 𝛽0, 𝛽1, 𝛾0, 𝛾1, and 𝛾2 in the
correctly specified model, we got 1.164, 1.340, 1.047, 1.007, and 1.057, respectively. These num-
bers indicate that the variance decreases as the sampling frequency increases, notably, the rather
modest increase in sampling frequency appear to have a large effect on the precision with which
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we are able to estimate the parameters entering the covariance function, that is, 𝛽0 and 𝛽1. These
results merit further investigation.

4 THE BRAZILIAN DATA

4.1 The data and previous modeling strategies

The data analyzed in this section have previously been studied in Borgan et al. (2007) using a ver-
sion of Aalen's linear hazard regression model. A more elaborate discussion of the data is found
in that paper. For comparative purposes, we briefly present the model of Borgan et al. (2007)
and fit one such to the data, thereafter, we fit three different latent Ornstein–Uhlenbeck pro-
cess models. The adequacy of the Ornstein–Uhlenbeck process models compared to the linear
hazard models may be evaluated using the focused information criterion introduced in Jullum
and Hjort (2017), and extended to regression models in Cunen, Walløe, and Hjort (2020)
and Claeskens, Cunen, and Hjort (2019). Since such comparisons must be rather elabo-
rate and would lead us too far afield, we do not pursue such a study of different model
classes here.

As part of a sanitation program in the metropolitan area of Salvador, Brazil, the Institute of
Public Health at the Federal University of Bahia conducted several studies and data gathering
efforts. One of these consisted of surveying the extent to which infants in the Salvador area suf-
fered from episodes of diarrhoea. Data collectors were assigned to households and conducted
home visits over a period of 455 days from October 2000 to January 2002. One child aged under
3 years at entry was monitored from each household. A major challenge with these data is the
different types of missingness, clearly visible by the white rectangles in Figure 1. Some 16% of
the children entered late into the study and about 21% of the children dropped out of the study
before the completion date. In addition, there are the intermittent missingness, whereby observa-
tion was interrupted but later resumed. According to Borgan et al. (2007), this type of missingness
was mainly due to data collectors not being available. Cases where the child was not available for
a home visit are more problematic as they can invalidate our assumption of the observation times
being independent of the underlying processes. Such breaches of the independence assumption
occur if the children could not be visited, or were not at home, because of their health condi-
tion. The data do not contain information about the reasons for which censoring occurs, and in
our analysis we have assumed that censoring is independent of the underlying health processes.
See Remark 5 for further discussion of this point. The data collectors were assigned contiguous
identification numbers, which explains the white rectangles visible in Figure 1. The periods dur-
ing which there are no observations are due to periods of vacation and a strike among the data
collectors.

Borgan et al. (2007) studied a class of counting process models for recurrent events data in
discrete time with linear hazard rates

𝛼i(t) = 𝛽0(t) + 𝛽1(t)xi,1(t) +… + 𝛽p(t)xi,p(t), i = 1,… ,n, (14)

and used martingale methods to derive the limiting distribution of the estimators of the cumu-
lative coefficients Bk(t) =

∑t
s=1 𝛽k(s), k = 0,… , p. Due to the three forms of censoring they had

to introduce a ‘missingness process’ indicating whether a child was observed, not observed, or
had dropped out of the study (Borgan et al., 2007). The value of this process at a given time must
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T A B L E 1 Estimated cumulative regression coefficients,∑228
s=1 𝛽j(s) for the model in (14), along with standard errors (SEs)

Estimates SEs
Baseline 3.46 0.28

≥ 3 bedroom 2.56 0.30

≤ 12 months 3.49 0.29

> 24 months −3.86 0.22

Contaminated water storage −0.99 0.25

Standing water 0.48 0.30

Contaminated water source 1.80 0.27

Other children ≤ 5 years 0.90 0.22

Male 0.67 0.21

Rain-affected accommodation 2.10 0.25

Mother < 25 years 1.65 0.22

Open sewerage 4.16 0.38

Poor street quality −0.58 0.24

Low social economic class 0.03 0.23

be assumed known prior to this time (i.e., it must be predictable), and it is assumed condition-
ally independent of the counting process, given the past. This latter assumption is similar to our
assumption of the observations times being independent of the latent Ornstein–Uhlenbeck pro-
cesses, while the former is immaterial for our model. In our model, the reason for which a value
is missing is irrelevant, as long as it is independent of the state of 𝜉i(t).

Table 1 displays estimated cumulative regression coefficients for a model of the form (14),
along with standard errors (SEs). Estimators have approximately normal distributions, so Wald
ratio tests may be read off from the table, pointing to those cumulative coefficients which are
significantly present.

4.2 Fitting clipped Ornstein–Uhlenbeck process models

We fitted three clipped Ornstein–Uhlenbeck process models to the Brazilian data. The results are
shown in Table 2. This table contains the parameter estimates and the estimated standard errors,
along with the Wald statistics; the latter are the parameter estimates divided by their approximate
standard errors, that is, the statistic testing the null-hypothesis of no effect against its two-sided
alternative. For illustrative purposes we also include the qlic score of the three models, along
with the Mn statistics of (12), comparing a big model to a medium model, and a medium model
to a small model. As the three models in Table 2 are arrived at in a rather ad hoc fashion, the two
model selection criteria should not be taken too seriously. In the big model we see that six of the
estimated coefficients are not significant at the 0.05 percent level, removing these we obtain the
medium model, with a somewhat superior qlic score. The small model, that only includes the
two intercepts and the log of time since the start of the study, appears to be too parsimonious as
its qlic score is inferior to the two bigger models. The Mn-statistic of (12) comparing the big and
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the medium model does not lead to rejection of the null-hypothesis of the medium model being
true; the Mn-statistic pitting the medium against the small model does reject the hypothesis of the
small model being true.

The linear hazard model and the clipped Ornstein–Uhlenbeck process models are very dif-
ferent models, so one should be careful in comparing the two. It is, however, interesting to
note that some of the covariates seem to have an effect in the linear hazard model of Table 1,
but not in the big model of Table 2, while the converse is only true for one of the covariates.
Two possible reasons for this could be the efficiency loss due to the quasi-likelihood estima-
tion, or the fact that four of the insignificant coefficients in the big clipped Ornstein–Uhlenbeck
model enter the covariance function of the Ornstein–Uhlenbeck process and thereby play a dif-
ferent role in this model compared to the linear hazard model, where they work directly on the
hazard.

This brief discussion highlights the importance of meticulously thinking through which
covariates should enter what regression part of the clipped Ornstein–Uhlenbeck process model,
a task that, admittedly, requires a certain intuition for the phenomenon under study.

According to the qlic, the medium model provides a better fit to the data than the big and the
small models. The negative estimate of the coefficient on the binary age variable (> 24 months)
indicates that children older than 2 years tend to have less oscillating health than those below
2 years. The effects of consuming water from a contaminated water storage and living in the
proximity of standing water seem to work in the same direction, that is, by attenuating the
oscillation of the underlying health processes, but it is likely that they do so for rather differ-
ent reasons. Older children are less prone to falling sick and have longer streaks of good health,
while children exposed to polluted water are likely to stay ill for longer periods of time when they
fall ill.

In Figure 4 we have plotted the medium model quasi-likelihood estimate of the ratio

Pr𝜃(ill at t|open sewerage)
Pr𝜃(ill at t|no open sewerage) =

1 − Φ(𝛾0 + 𝛾1 + 𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 log t)
1 − Φ(𝛾0 + 𝛾1 + 𝛾2 + 𝛾3 + 𝛾5 log t) .

This is the ratio for boys whose mothers are below 25 years old and that are living in rain-affected
accommodation, in the proximity or not to open sewerage. The upward sloping curve indicates
that the sanitation program had a larger effect in the areas that were not plagued by open sew-
erage at the start of the program. The estimate displayed in the plot was obtained by plugging in
the quasi-likelihood parameter estimates, and then using the delta method to obtain a pointwise
confidence band.

5 CONCLUDING REMARKS

In this section some possible extensions of the clipped Ornstein–Uhlenbeck process model are
briefly introduced, along with some complementing remarks.

Remark 3. Dependency/Contagion. Since diarrhoea is a highly contagious disease, a shortcoming
of the model introduced in this paper is that possible dependencies between the children is not
taken into account. An extension of our model that accounts for dependency between the children
is obtained by taking the zero-one processes Yi(t) = I{𝜉i(t) ≥ ci(t)} as above, but with 𝜉i(t) a spatial
Gaussian process {𝜉i(t) ∶ i = 1,… ,n, 0 ≤ t ≤ T}. In the case of the Brazilian data, such a model
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F I G U R E 4 The estimated ratio of the probability of being sick when living and not living in the proximity
of open sewerage, for boys whose mothers are below 25 years old living in rain affected accommodation.
Estimates are based on the Medium model of Table 2. Pointwise 95% confidence intervals

demands information about the geographical proximity of the children to each other. Given that
such information is available, one could take

Cov(𝜉i(t), 𝜉j(s)) = exp(−a1|t − s| − a2d(i, j)),

for nonnegative constants a1 and a2 and some distance d. The child-specific covariates would then
enter the threshold functions. One extension of the quasi-likelihood appropriate for this model is
to consider pairs of observations horizontally and vertically, so to speak, thus letting the extended
quasi-likelihood consist of probabilities of the type Pr𝜃{(Yi,j−1,Yi,j) = (u, v)}, for j = 1,… , ki, i =
1,… ,n, as above, but also

Pr𝜃{(Yi,j,Yi+1,j) = (u, v)}, for i = 1,… ,nj − 1, j = 0, 1,… , max
1≤i≤n

ki,

where nj is the number of children with a jth observation. Other constructions along the lines of
Hjort and Omre (1994) and Nott and Rydén (1999) could also be worked with. Other applications
where this type of extension of our model is of interest include random effects type models, where
the zero-one sequences are clustered in subgroups of various sizes, and associated with each indi-
vidual in a group there is an unobservable threshold, ci,k say, centered around a group specific
threshold ck; or in genomics, where the assessment of genomic co-occurrence—which comes
down to assessing the similarity of genome-wide binary vectors—is an active field of research.
See the recent PhD thesis of Rand (2019), and in particular Salvatore et al. (2019), where it is
argued that genome-wide binary vectors ought to be regarded as generated by correlated Gaussian
processes, clipped at various thresholds.
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Remark 4. Focused inference for the quasi-likelihood. The qlic introduced in (11) assesses overall
goodness-of-fit issues of the model. In many situations the research question concerns a clearly
specified statistical quantity, and the statistical model works as a vehicle in providing inference
about this specified quantity. The focused information criterion (fic) (Claeskens et al., 2019;
Claeskens & Hjort, 2003, 2008; Cunen et al., 2020; Jullum & Hjort, 2017) takes this into account
and aims at selecting the optimal model in terms of mean squared error for a prespecified statis-
tical quantity. fic-theory can be developed for the quasi-likelihood worked with in this paper, as
well as for the general composite likelihood case (Varin et al., 2011), thus yielding the possibility
of focused model selection in cases where the full likelihood is computationally infeasible.

Remark 5. Endogenous observation times. As noted in Section 4.1 the assumption of the observa-
tions times being independent of the underlying process 𝜉i(t) is in many application untenable. An
interesting future research project is the development of methods of inference, for example, the
quasi-likelihood approach, for clipped Ornstein–Uhlenbeck processes when the observation
times are endogenous. As an example, consider the following modification of the model studied
in this paper: For the ith child, the process 𝜉i(t) defined in Section 2.1 can be characterized as
the solution to the stochastic differential equation d𝜉i(t) = −ai𝜉i(t) dt + (2ai)1/2 dBi(t), where Bt is
a standard Brownian motion. Let B′

i(t) be a Brownian motion correlated with Bi(t) and suppose
that the observation times are generated by a point process whose intensity 𝜆i(t) is the solution to
d𝜆i(t) = 𝜇i(𝜆i − 𝜆i(t)) dt + 𝜈i𝜆i(t)1∕2 dB′

i(t), for positive parameters 𝜆i, 𝜇i and 𝜈i satisfying the Feller
condition.

Remark 6. Multistate data and several thresholds. Consider multistate data where the states are,
at least, on the ordinal level of measurement. Data on the stages of a disease might be of this
type. Pursuing the idea of this paper, one could consider models where the indicator function
Yi(t) takes on more than two values, and where the different states correspond to the level of an
underlying continuous process. For example, a three-state model takes Yi(t) = I{ci,1(t) < 𝜉i(t) ≤
ci,2(t)} + 2I{ci,2(t) < 𝜉i(t)}, where ci,1(t) < ci,2(t), and these are possibly time-varying thresholds,
and 𝜉i(t) is an Ornstein–Uhlenbeck process of the type introduced in Section 2.1.

Remark 7. Crossings data. Suppose that what we observe are the times at which the underlying
process crosses the thresholds in either direction. Such data would for example arise if each of
the children in the Brazil data were continuously monitored. The true likelihood would in this
situation consist of probabilities of the type

Pr[{𝜉i(t) ≥ ci(t), t ∈ [0, ti,1)},… , {𝜉i(t) ≤ ci(t), t ∈ [ti,ki−1, ti,ki )}],

with ti,1,… , ti,ki the times of the crossings. This is a rather different object from the likelihood
given in (2), and the quasi-likelihood of (3) would in this situation incur a larger efficiency loss
than when the true likelihood is that of (2). Since likelihoods consisting of probabilities such as the
one above are computationally burdensome, quasi-likelihood techniques ought to be developed
for this kind of data. Note that the model we sketch here is closely related to first hitting time
models in survival analysis, see Caroni (2017) for a booklength treatise such models.
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APPENDIX A

Let

f𝜌(x, y) =
1

2𝜋(1 − 𝜌2)1∕2 exp
{
−(x2 − 2𝜌xy + y2)

2(1 − 𝜌2)

}
, (A1)

be the bivariate normal density we are working with. Since {𝜉i(ti,j), 𝜉i(ti,j−1)}, as defined in
Section 2.1, has the density f(x, y) with 𝜌 = 𝜌(i, j) = exp(−ai|ti,j − ti,j−1|), standard facts about the
multivariate normal distribution give that

p00(𝜃, i, j) = ∫
ci(ti,j)

−∞ ∫
ci(ti,j−1)

−∞
f𝜌(x, y) dx dy = ∫

ci(ti,j)

−∞
Φ
(ci(ti,j−1) − 𝜌(i, j)y

{1 − 𝜌(i, j)2}1∕2

)
𝜙(y) dy, (A2)

where 𝜙(x) and Φ(x) are the standard normal density and distribution function, respectively.
Moreover,

p01(𝜃, i, j) = Φ(c(ti,j−1)) − p00(𝜃, i, j),
p10(𝜃, i, j) = Φ(c(ti,j)) − p00(𝜃, i, j),
p11(𝜃, i, j) = 1 − Φ(c(ti,j−1)) − Φ(c(ti,j)) + p00(𝜃, i, j). (A3)

These identities are used in some of the proofs below.

Lemma 1. The function KL(𝜃) in (7) is nonnegative, and KL(𝜃) = 0 if and only if 𝜃 = 𝜃0.

Proof. Since the function log x is concave,

KL(𝜃, 𝜏, x, z) = −E𝜃0

k∑
j=1

log
qj(𝜃,D)
qj(𝜃0,D)

≥ −
k∑

j=1
log E𝜃0

qj(𝜃,D)
qj(𝜃0,D)

= 0, (A4)

where we have used that E𝜃0 qj(𝜃,D)∕qj(𝜃0,D) =
∑

(u,v)puv(𝜃, j) = 1. This establishes that
KL(𝜃, 𝜏, x, z) is nonnegative, and so is KL(𝜃). Clearly, if 𝜃 = 𝜃0 then KL(𝜃) = 0. Assume that
KL(𝜃) = 0. The inequality in (A4) entails that KL(𝜃) = 0 implies ∫ E𝜃0 log{qj(𝜃0,D)∕qj(𝜃,D)} =
0 for each j. That 𝜃0 is the unique maximizer of the limiting multinomial likelihood func-
tion ∫ E𝜃0 log qj(𝜃,D) d𝜈 follows from assumption (iii), which ensures the concavity of this
function. ▪

Lemma 2. Let pmin(𝜃) be the smallest of all the probabilities puv(𝜃, i, j) that enter the quasi
log-likelihood function. Then, for all i and j

||uj(𝜃,Di)|| ≤ K ||xi|| + 2||zi(t)||∞
pmin(𝜃){1 − 𝜌(i, j)2}1∕2 ,

where the constant K does not depend on i, j, or n. The right-hand side of this equality is finite with
𝜈-probability one when evaluated in the true value.

Proof. An expression for uj(𝜃,Di), the jth quasi-score contribution of the ith individual, is given
in (5). We have that

||uj(𝜃,Di)|| ≤ ||xi|||aiΔi,je−aiΔi,j Ai,j| + ||zi(ti,j)|||Bi,j| + ||zi(ti,j−1)|||Ci,j|.
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Since aiΔi,je−aiΔi,j ≤ e−1 and the covariates are bounded by assumption, we need bounds on
Ai,j,Bi,j, and Ci,j as defined in (6). From (A3) we see that the absolute values of the derivates
of p00, p01, p10, and p11 with respect to 𝜌, are all equal to |𝜕p00∕𝜕𝜌|. We now derive a bound on
𝜕p00(𝜃, i, j)∕𝜕𝜌.

|𝜕p00(𝜃, i, j)∕𝜕𝜌| =
|||||∫

ci(ti,j)

−∞

ci(ti,j−1)𝜌 − z
1 − 𝜌2 f𝜌(i,j)(ci(ti,j−1), z) dz

|||||
≤ ∫

ci(ti,j)

−∞

|||||
ci(ti,j−1)𝜌 − z

1 − 𝜌2

|||||
f𝜌(i,j)(ci(ti,j−1), z) dz

≤ ∫
∞

−∞

|||||
ci(ti,j−1)𝜌 − z

1 − 𝜌2

|||||
f𝜌(i,j)(ci(ti,j−1), z) dz = (2∕𝜋)1∕2𝜙(ci(ti,j−1))

(1 − 𝜌2)1∕2 . (A5)

To justify the interchange of differentiation and integration taking place here: Fix 𝜌 and let
h1, h2,… be a sequence decreasing to 0, with h1 < 1 − 𝜌. With 𝜁hj a value in (𝜌, 𝜌 + hj),

Φ
( c − (𝜌 + hj)z
(1 − (𝜌 + hj)2)1∕2

)
− Φ

(
c − 𝜌z

(1 − 𝜌2)1∕2

)
=

c 𝜁hj − z
(1 − 𝜁2

hj
)3∕2

𝜙
⎛⎜⎜⎝

c − 𝜁hj z
(1 − 𝜁2

hj
)1∕2

⎞⎟⎟⎠
hj.

The right-hand side divided by hj converges pointwise to (c𝜌 − z)∕(1 − 𝜌2) f𝜌(c, z) as 𝜁hj → 𝜌,
and

|||||||

c 𝜁hj − z
(1 − 𝜁2

hj
)3∕2

𝜙
⎛
⎜⎜⎝

c − 𝜁hj z
(1 − 𝜁2

hj
)1∕2

⎞
⎟⎟⎠

|||||||
≤ |c| + |z|

(1 − (𝜌 + h1)2)3∕2𝜙(0),

where the right-hand side is integrable w.r.t. 𝜙(z) dz. The first equality in (A5) then follows from
dominated convergence. This means that in a neighborhood of the true 𝜃0 we have that for all i
and j,

||||
𝜕p00(𝜃, i, j)

𝜕𝜌
|||| ≤ (2∕𝜋)1∕2 𝜙(ci(ti,j−1))

{1 − 𝜌(i, j)2}1∕2 ≤ 1
𝜋

1
{1 − 𝜌(i, j)2}1∕2 .

The derivatives of 𝜕puv∕𝜕ci(ti,j) and 𝜕puv∕𝜕ci(ti,j−1) appearing in Bi,j and Ci,j can all be expressed
in terms of the standard normal density 𝜙(⋅) and the functions 𝜓1(i, j) and 𝜓2(i, j) given by

𝜓1(i, j) = Φ
{ci(ti,j−1) − 𝜌(i, j)ci(ti,j)

(1 − 𝜌(i, j)2)1∕2

}
𝜙{ci(ti,j)},

𝜓2(i, j) =
1

{1 − 𝜌(i, j)2}1∕2 ∫
ci(ti,j)

−∞
𝜙
{ci(ti,j−1) − 𝜌(i, j)x

(1 − 𝜌(i, j)2)1∕2

}
𝜙(x) dx, (A6)

where for 𝜓2 the interchange of differentiation and integration can be justified by an argument
similar to that above. Note that |𝜓1(i, j)| ≤ 𝜙(0), and that

|𝜓2(i, j)| ≤ Φ(ci(ti,j))𝜙(0)
(1 − 𝜌(i, j)2)1∕2 ≤ 𝜙(0)

(1 − 𝜌(i, j)2)1∕2 . (A7)
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By several applications of the triangle inequality, this gives

||uj(𝜃,Di)|| ≤ K
||xi|| + ||zi(ti,j)|| + ||zi(ti,j−1)||

pmin(𝜃){1 − 𝜌(i, j)2}1∕2 .

Since ||zi(t)|| ≤ ||z(t)||∞ the first claim follows. Moreover, by assumption (ii), pmin(𝜃0) is bounded
away from zero, and the 𝜌(i, j, 𝜃0) are bounded away from one with probability one under 𝜈. ▪

Lemma 3. The matrix H of Theorem 2 is invertible.

Proof. The Hessian of KL(𝜃) evaluated in 𝜃0 equals H. Let v be an arbitrary non-zero vector of
the same dimension as 𝜃, and 𝛼 a scalar. Since 𝜃0 is the unique minimizer of KL(𝜃) (as proven in
Lemma 1), we have that

0 = KL(𝜃0) < KL(𝜃0 + 𝛼v) = KL(𝜃0) +
1
2𝛼

2vtHv + o(𝛼2) = 1
2𝛼

2vtHv + o(𝛼2),

hence vtHv∕2 > o(𝛼2)∕𝛼2, which shows that vtHv > 0 for every nonzero vector v. ▪

Theorem 4. The quasi-likelihood contributions log q(𝜃,D) are Lipschitz in a neighborhood B𝜀(𝜃0)
of the true value. Consequently, (9) holds.

Proof. By the mean value theorem there exists a 𝜃 in B𝜀(𝜃0) such that for 𝜃1, 𝜃2 ∈ B𝜀(𝜃0),

| log q(𝜃1,D) − log q(𝜃2,D)| ≤ |u(𝜃,D)t(𝜃1 − 𝜃2)| ≤ ||u(𝜃,D)||||𝜃1 − 𝜃2||,

where the second inequality is the Cauchy–Schwarz inequality. Moreover, the quasi-score func-
tion ||u(𝜃,D)|| ≤ sup𝜃∈B𝜀(𝜃0)||u(𝜃,D)||, and by Lemma 2 the right-hand side is bounded. Theorem
5.23 in van der Vaart (1998, p. 53) in combination with Lemma 3 then give the result. ▪
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Abstract. In this paper we introduce a mixture cure model with a linear hazard rate

regression model for the event times. Cure models are statistical models for event times

that take into account that a fraction of the population might never experience the event

of interest, this fraction is said to be ‘cured’. The population survival function in a mixture

cure model takes the form S(t) = 1− π+ π exp(−
∫ t
0
α(s) ds), where π is the probability of

being susceptible to the event under study, and α(s) is the hazard rate of the susceptible

fraction. We let both π and α(s) depend on possibly different covariate vectors X and Z.

The probability π is taken to be the logistic function π(X ′γ) = 1/{1 + exp(−X ′γ)}, while

we model α(s) by Aalen’s linear hazard rate regression model. This model postulates that a

susceptible individual has hazard rate function α(t;Z) = β0(t)+β1(t)Z1 + · · ·+Zq−1βq−1(t)

in terms of her covariate values Z1, . . . , Zq−1. An EM-algorithm for estimating γ and the

cumulatives
∫ t
0
β1(s) ds, . . . ,

∫ t
0
βq−1(s) ds is introduced. The large-sample properties of

these estimators are studied by way of parametric models that tend to a semiparametric

model as a parameter K → ∞. For each model in the sequence of parametric models, we

assume that the data generating mechanism is parametric, thus simplifying the derivation

of the estimators, as well as the proofs of consistency and limiting normality. Finally,

we use contiguity techniques to switch back to assuming that the data stem from the

semiparametric model. This technique for deriving and studying estimators in non- and

semiparametric settings has previously been studied and employed in the high-frequency

data literature (Mykland and Zhang, 2009), but seems to be novel in survival analysis.

1. Introduction

Cure models are statistical models for event times that take into account that a fraction of

the population might never experience the event of interest. This fraction of the population

is referred to as cured, or nonsusceptible. In the most common cure model construction the

hazard rate takes the form

(1.1) α(t, U) = Uα(t),

where U is a Bernoulli random variable with success probability 0 < π < 1. See Amico and

Van Keilegom (2018) for a review of the cure model literature. Under (1.1) a random survival

time can be thought of as either stemming from a proper survival distribution with hazard

Date: September 27, 2020.

Key words and phrases. Aalen’s additive hazard; contiguity; counting processes; cure models; EM-

algorithm; likelihood ratio; locally constant; measure change; nonparametric; semiparametric.
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rate α(t), with probability π; or as being constant and equal to infinity, with probability

1 − π. This model is therefore known as the mixture cure model. The survival function

S(t) = exp(−
∫ t

0 α(s) ds) only applies to the susceptible fraction of the population. The

survival function for the entire population is

E exp(−U
∫ t

0
α(s) ds) = 1− π + π exp(−

∫ t

0
α(s) ds).

Assuming that exp(−
∫ t

0 α(s) ds) is a proper survival function, which we do, we see that

the population survival function E exp(−U
∫ t

0 α(s) ds) tends to 1 − π > 0 as t → ∞, which

means that it is improper. In the cure model literature π is often called the incidence part of

the model, while the hazard rate and related (survival) quantities are said to belong to the

latency part of the model. We adopt this terminology in the following. Usually, both parts

of the model are made to depend on covariates, the most common choice being a logistic

specification for the incidence part, and a Cox regression model for the latency part, that is

π(X ′iγ) = 1/{1 + exp(−X ′iγ)} and αi(t) = α0(t) exp(Z ′iβ), in terms of the covariate vectors

Xi and Zi. The unknown parameters of this model are β, γ, and A0(t) =
∫ t

0 α0(s) ds, and

these are estimated from the data. Methods for estimating the parameters β, γ, and A0(t)

were developed by Sy and Taylor (2000), and by Peng and Dear (2000); while the asymptotic

properties of these estimators were studied by Fang et al. (2005) and by Lu (2008), building

on the work of Murphy (1994, 1995) for the gamma frailty model.

In this paper we introduce a mixture cure model with a linear hazard rate regression

model for the susceptible fraction of the population, and a logistic regression model for the

incidence part. This means that in our model the i’th individual has survival function

S(t,Xi, Zi) = 1− π(X ′iγ) + π(X ′iγ) exp(−Z ′i
∫ t

0
β(s) ds),

where

(1.2) π(X ′iγ) =
exp(X ′iγ)

1 + exp(X ′iγ)
, and Z ′iβ(t) = β0(t) + β1(t)Zi,1 + · · ·+ Zi,q−1βq−1(t).

We assume that Z ′β(t) > 0 for all Z in the support of the covariate distribution; the

covariate vectors (Xi,1, . . . , Xi,p−1)′ and (Zi,1, . . . , Zi,q−1)′ may be completely different, partly

overlapping, or the same; the γ0, . . . , γp−1 are unknown parameters, and the β0(t), . . . , βq−1(t)

are unknown functions. For l = 0, . . . , q − 1, write Bl(t) =
∫ t

0 βl(s) ds for the cumulative

regression coefficients, and B(t) = (B0(t), . . . , Bq−1(t))′, so that Z ′iB(t) is the cumulative

hazard of the i’th individual. The full parameter vector, denoted ϕ, is

ϕ = (B′, γ′)′ = (B0, . . . , Bq−1, γ0, . . . , γp−1)′.

In the standard survival analysis setting, that is, the no cured fraction π ≡ 1 case, counting

process models with hazard rates of the form Z ′iβ(t) = β0(t) +
∑q−1

l=1 Zi,lβl(t) were first

introduced and studied by Aalen (1980, 1989, 1993). See the monograph Andersen et al.

(1993, Ch. VII.4, p. 562) for a general discussion of this model, and Huffer and McKeague

(1991), McKeague and Sasieni (1994), Lin and Ying (1994), and Sinha et al. (2009), for

important extensions and variations of the linear hazard regression model in the standard

survival setting (that is, π ≡ 1).

This technical report proceeds as follows. In Section 2 we make a brief detour by the

estimator introduced by Aalen (1980, 1989). Appendix E contains proofs of consistency and
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limiting normality of this estimator. These results are not new, of course, but the versions of

the proof that we provide are instructive, and shed light on some of the challenges encoun-

tered, as well as techniques employed, when proving something similar for the cure model.

In addition, the form of the Aalen’s linear hazard estimator provides the motivation for the

estimation strategy that we adopt in the cure model setting. Section 2.2 introduces this

estimation strategy. In Section 3 we state our assumptions, and introduce a parametric ap-

proximation to the true semiparametric model. In Section 3.1 we work under the assumption

that this parametric approximation is indeed the true model (i.e. the model generating the

data) and derive consistency and limiting normality of our estimators under this assumption.

In Section 4.2 we use contiguity techniques to switch back from the parametric models to

the semiparametric model, thus obtaining asymptotic results for semiparametric estimators

under a semiparametric data generating mechanism.

The reason for taking the route by a sequence of parametric models models and contiguity,

rather than doing the computations directly under the semiparametric model, is that it eases

some of the proofs, the consistency proof in particular. A by-product of this approach is

that one is spared some approximations in some of the arguments.

2. Linear hazard regression models

In Section 2.1 we give a brief introduction to Aalen’s linear hazard rate regression model

and the estimator proposed by Aalen (1980, 1989). In particular, we emphasise that this

estimator lends itself naturally to an asymptotic analysis based on martingale theory. The

form of Aalen’s estimator provides the motivation for the estimator of ϕ that we propose

in this technical report, and in Section 2.2 we explain how. From one section to the other,

we reuse many of the symbols, N , Y , and M , because the are so ingrained, the reader

should be aware, though, that they are counting processes, at-risk processes, and martingales,

associated with different models.

2.1. The classical setting. Suppose that we are in a setting where all the individuals

under study are susceptible to the event of interest. We refer to this as the ‘classical’ or

‘standard‘ survival analysis setup. The data take the form (T1, δ1, Z1), . . . , (Tn, δn, Zn) in

terms of observed lifetimes Ti = T ∗i ∧ Ci, being the minimum of a true lifetime T ∗i and a

censoring time Ci; the censoring indicators δ1, . . . , δn take the value 1 if Ti = T ∗i , and zero

otherwise; and Zi is a q-dimensional vector of covariates. Under Aalen’s linear hazard rate

regression model, the lifetimes T ∗i | Zi stem from a distribution with hazard rate given by

Z ′iβ
◦(t) = β◦0(t) + Zi,1β

◦
1(t) + · · ·+ Zi,q−1β

◦
q−1(t),

where the ◦-superscript indicates that these are the true values of the parameters. Based on

the vector (Ti, δi, Zi) we form the counting processes Ni(t) and at-risk processes Yi(t) defined

by

(2.1) Ni(t) = I{Ti ≤ t, δi = 1}, and Yi(t) = I{Ti ≥ t}, for i = 1, . . . , n.

We also need the martingales

Mi(t) = Ni(t)−
∫ t

0
Yi(s)Z

′
iβ
◦(s) ds, for i = 1, . . . , n,

which are orthogonal and square integrable with predictable quadratic variation, 〈Mi,Mi〉t =∫ t
0 Yi(s)Z

′
iβ
◦(s) ds. To estimate the cumulative B◦(t), Aalen (1980, 1989) introduced the
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estimator whose increments are given by

(2.2) dB̃(s) = G̃n(s)−1n−1
n∑

i=1

Zi dNi(s), with G̃n(s) = n−1
n∑

i=1

Yi(s)ZiZ
′
i.

The relation d{B̃(s) − B◦(s)} = n−1G̃n(s)−1
∑n

i=1 Zi dMi(s) shows that this estimator is

amenable to martingale theory. In particular, n−1/2
∑n

i=1

∫ t
0 Zi dMi(s) is a martingale with

variance process Hn(t) = n−1
∑n

i=1

∫ t
0 Yi(s)ZiZ

′
iZ
′
iβ
◦(s) ds. Provided G̃n(s) →p G(s) and

Hn(s) →p H(s) as n → ∞, where G(s) and H(s) are full-rank q × q matrix functions, we

have process convergence of
√
n(B̃ −B) to an independent increments Gaussian martingale

U , whose variance process is

(2.3) 〈U ,U 〉t =

∫ t

0
G(s)−1 dH(s)G(s)−1.

Three proofs of this result can be found in Appendix E, and all three are different from what

might be called the standard martingale based proof, see for example Andersen et al. (1993,

Theorem VII.4.1, p. 575). These proofs are of some interest in themselves, and they shed

light on some of the challenges with deriving, but also some of the techniques used to derive,

a similar result for linear hazard cure model.

2.2. A cured fraction is present. The estimator we introduce below is the natural gener-

alisation of B̃ in (2.2) to the cure model setting. To understand how, we must delve a little

deeper into the cure model. As touched upon in the introduction, when working with the

cure model we split the covariates in two, the p-dimensional vector Xi, and the q-dimensional

vector Zi. This is done to distinguish those covariates affecting the probability π(X ′iγ
◦) of

being susceptible, and those working on the hazard rate Z ′iβ
◦(t) = β◦0(t) +

∑q−1
l=1 Zi,lβ

◦
l (t).

The counting processes and the at-risk processes are defined as in (2.1). With respect to

the history of the observable quantities (N1(t), Y1(t), X1, Z1), . . . , (Nn(t), Yn(t), Xn, Zn), the

compensator of the i’th counting process is (see Nielsen et al. (1992) for details)
∫ t

0
Yi(s)wi(s, ϕ

◦)Z ′iβ
◦(s) ds,

where the functions wi(t, ϕ) are given by

wi(t, ϕ) =
π(X ′iγ) exp(−Z ′i

∫ t
0 β(s) ds)

1− π(X ′iγ) + π(X ′iγ) exp(−Z ′i
∫ t

0 β(s) ds)
.

Importantly, note that when π(v) = exp(v)/{1 + exp(v)} is a logistic function, which it will

be throughout the paper, the wi(t, ϕ) functions are also logistic functions, that is

(2.4) wi(t, ϕ) = π(X ′iγ − Z ′i
∫ t

0
β(s) ds) =

exp(X ′iγ − Z ′i
∫ t

0 β(s) ds)

1 + exp(X ′iγ − Z ′i
∫ t

0 β(s) ds)
.

This means that with respect to the filtration of observables, the

Mi(s) = Ni(s)−
∫ t

0
Yi(s)wi(s, ϕ

◦)Z ′iβ
◦(s) ds, for i = 1, . . . , n,

are orthogonal, square integrable martingales. Comparing Mi(s) here with the martingale

in (2.2), it appears that a natural estimator, say B̂, of B◦ in the cure model setting is
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characterised by

dB̂(t) = Gn(t, ϕ̂)−1n−1
n∑

i=1

Zi dNi(t),

Gn(t, ϕ) = n−1
n∑

i=1

ZiZ
′
iYi(t){δi + (1− δi)wi(Ti, ϕ)},

(2.5)

where ϕ̂ is an estimate of the true ϕ◦. The weights δi + (1 − δi)wi(Ti, ϕ) on the at-risk

indicators Yi(t) are intuitively appealing because δi = 1 implies that Ui = 1, so if δi = 1, the

at-risk status of the i’th individual at time t is indeed Yi(t). If δi = 0, on the other hand,

the value of Ui is unknown, Yi(t) is equal to 1 for all t, and wi(Ti, ϕ) is the probability we

subscribe to the i’th individual being at risk.

Contrary to what is the case for the Aalen estimator in (2.2), however, the difference

B̂(t)−B◦(t),
is not a martingale, hence the analytical tractability of the Aalen estimator provided by the

availability of martingale theory does not immediately carry over to the estimator in (2.5).

There are two reasons for still studying the estimator in (2.5): First, it is computationally

extremely easy to compute, and, second, it is almost a martingale.

3. The true model and an approximation

We have independent and identically distributed (i.i.d.) replicates (Ti, δi, Xi, Zi) for i =

1, . . . , n of (T, δ,X,Z), observed over a finite interval of time [0, τ ], where X and Z are p-

and q-dimensional column vectors of covariates, respectively, with the first elements being

a 1 corresponding to an intercept. The observed time T is the minimum of a true survival

time T ∗ and a censoring time C, that is T = T ∗∧C, and δ is an indicator taking the value 1

if an event is observed, zero otherwise. The censoring times are assumed to be independent

draws from an absolutely continuous distribution Hc on (0, τ ], independent of both the X-

and Z-covariates, and of the survival times. The survival times T ∗i | Zi stem from a mixture

distribution with hazard rates

UiZ
′
iβ
◦(t) = Ui{β◦0(t) + Zi,1β

◦
1(t) + · · ·+ Zi,q−1β

◦
q−1(t)}, for i = 1, . . . , n,

where U1, . . . , Un are independent Bernoulli random variables whose means conditional on

X are

πi = π(X ′iγ
◦) =

exp(X ′iγ
◦)

1 + exp(X ′iγ
◦)
, for i = 1, . . . , n.

As above, the ◦-superscript denotes the true values of the parameters. The function denoted

π(v) = exp(v)/{1 + exp(v)} will always be the logistic function, and we use the shorthand

πi = π(X ′iγ) for the Bernoulli mean of the i’th individual. The true survival function of the

i’th individual is then

(3.1) S(t;Xi, Zi, ϕ
◦) = 1− π(X ′iγ

◦) + π(X ′iγ
◦) exp{−Z ′iB◦(t)}.

In addition to the distributional assumptions already mentioned, we impose the following

conditions:

Assumption 1. The functions β◦0(s), . . . , β◦q−1(s) are two times continuously differentiable

on [0, τ ].
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Assumption 2. The parameter γ◦ = (γ◦0 , . . . , γ
◦
p−1)′ lies in the interior of a set Θγ ⊂ Rp,

and Θγ is closed and bounded.

Assumption 3. The covariates X and Z are linearly independent; bounded with probability

one; and the matrices EZZ ′ and EXX ′ are both positive definite.

Assumption 4. Apart from the intercept terms, all the components of both covariate vectors

X and Z stem from the same distribution.

The last assumption is only used in the proof of Lemma 3.1 where uniqueness of the

solution to the expectation of a set of estimating equations is proved. It is likely not a

necessary condition for this lemma to be true. The first derivative of β◦l (s) with respect

to time is β̇◦l (s), and β̇◦(s) is the column vector (β̇◦0(s), . . . , β̇◦q−1(s))′, and similarly for the

second derivative β̈◦l (s), and the column vector β̈◦(s) of second derivatives.

From now on, when expectations are taken with respect to a distribution of T1, . . . , Tn,

both conditionally on the covariates and unconditionally, this will be denoted by subscripts,

for example Eϕ (·); while an expectation without a subscript E (·), means that the expectation

is taken solely with respect to the distribution of the covariates. In the following we use

the notation Y (s) and w(s, θ) for the random variables I{T ≥ s} and π{X ′γ − Z ′B(s)},
respectively; and write

y(s;X,Z) = Eϕ {Y (s) | X,Z} = π(X ′γ){1−Hc(s)} exp{−Z ′B(s)}+ 1− π(X ′γ),

for the conditional expectation of Y (s), and y(s) for the marginal y(s) = E y(s;X,Z). It will

be clear from the context what distribution the expectations in y(s) and y(s;X,Z) are with

respect to. Notice also that y(s) and y(s;X,Z) are continuous in s, with continuous deriva-

tives on [0, τ ]. Moreover, from the i.i.d. assumption, it follows from the Glivenko–Cantelli

theorem (see e.g. van der Vaart (1998, Theorem 19.1, p. 266)), that n−1
∑n

i=1 Yi(t)→p y(t),

and also

n−1
n∑

i=1

Eϕ {Yi(t) | X,Z} p→ y(t),

both uniformly on [0, τ ]. The distribution of the data specified by Assumptions 1–2 is denoted

P◦. This is the distribution associated with the parameter value ϕ◦ = {(B◦)′, (γ◦)′}′, where

B◦l (t) =
∫ t

0 β
◦
l (s) ds for l = 0, . . . , q − 1, and the β◦0(s), . . . , β◦q−1(s) are at least two times

continuously differentiable on [0, τ ].

The approximation alluded to in the title of this section are the parametric distributions

PK? constructed as follows: For some integer K ≥ 2, let

0 = v0 < v1 < · · · < vK−1 < vK = τ,

be a partition of [0, τ ]. Set Wj = [vj−1, vj) and assume that vj = jτ/K for j = 1, . . . ,K,

and let IWj (t) = 1 if t ∈Wj , and zero otherwise. For some K, the parameters of PK? are

γ? = γ◦, and B?(t) =

∫ t

0
β?(s) ds,

where

β?(t) =
K∑

j=1

β?j IWj (t), and β?j = β◦(vj−1), for j = 1, . . . ,K,

are column vectors, e.g. β?j = (β?0,j , . . . , β
?
q−1,j)

′. To not overburden an already heavy nota-

tion, we avoid using K super/sub-script for the parameters of the distributions PK? . The
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distributions PK? are fully specified by the parameter vector θ? that lives in ΘK ⊂ RqK×Θγ ⊂
RqK × Rp, where an arbitrary element of ΘK is of the form

θ = (β′0, . . . , β
′
q−1, γ

′)′ = (β0,1, . . . , βq−1,1, . . . , β0,K , . . . , βq−1,K , γ0, . . . , γp−1)′.

Notice that by Assumptions 1–2 we can, and will, assume that the parameter spaces ΘK

are all closed and bounded. With a slight abuse of notation, we index functions both by θ

and by ϕ, even though these are parameters living in different spaces. Throughout, ‖α‖ =

(
∑q

`=1 α
2
` )

1/2 is the Euclidian norm, and ∆ξ(t) = ξ(t)− ξ(t−) is the jump of a process ξ at

time t. Here ξ(t−) = lims↑t ξ(s−), with the limit taken from the left, as usual.

The strategy is now as follows: In Section 3.1 we work under the assumption that the

data stem from the distribution PK? for some fixed K, and study the large-sample properties

of our estimators as n → ∞. This section is thus purely parametric. In Section 4.1 we

switch to a triangular array setup, where we assume that the data are generated by PK? for

increasing values of K, eventually tending to infinity, and derive large-sample results when

both n → ∞ and K → ∞. Finite dimensional convergence in distribution is denoted by

“→d ”, while “⇒ ” indicates full process convergence. In Section 4.2 we use measure change

techniques, inspired by those developed in Mykland and Zhang (2009) in a high-frequency

setup, to switch back to having the data generated by the distribution P◦ associated with

the continuous regression functions β◦0(s), . . . , β◦q−1(s).

3.1. The locally constant model. In this section we assume that for a fixed partition

0 = v0 < v1 < · · · vK−1 < vK = τ , the data are generated by a PK? distribution, that is, K is

held fixed. The expectation taken with respect to this distribution is denoted Eθ?(·). This

means that our model for the data is given by the survival functions

(3.2) S(t;X,Z, θ) = 1− π(X ′γ) + π(X ′γ) exp{−Z ′
∫ t

0

K∑

j=1

βjIWj (s) ds},

with the true model being S(t;X,Z, θ?). The distributional assumptions on the covariates

and censoring times are as stated above. In particular, for i = 1, . . . , n,

Mi(t, θ
?) = Ni(t)−

∫ t

0
Yi(s)wi(s, θ

?)Z ′iβ
?(s) ds,

are martingales under PK? .

The natural counterpart of (2.5) under the model given here are the estimators β̂1, . . . , β̂K
characterised by

(3.3) β̂j = Gn,j(θ̂)
−1n−1

n∑

i=1

Zi

∫

Wj

dNi(s), for j = 1, . . . ,K,

with

(3.4) Gn,j(θ) = n−1
n∑

i=1

ZiZ
′
irj(Ti){δi + (1− δi)wi(Ti, θ)}, for j = 1, . . . ,K,

for some estimator γ̂. The functions rj(t) are given by

(3.5) rj(t) =

∫

Wj

I{t ≥ s} ds =

∫ t

0
IWj (s) ds, for j = 1, . . . ,K.
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Thus, rj(Ti) =
∫
Wj
I{Ti ≥ s} ds =

∫
Wj
Yi(s) ds is the amount of time the i’th individual

spends in the j’th time interval. Apart from the intuitive appeal of the β̂j in (3.3), these

estimators can be motivated, and are in fact defined, by certain estimating equations. To

see how, we start with the log-likelihood function of the model in (3.2). It is

`Kn (θ) =
n∑

i=1

[δi{log πi + logZ ′iβ(Ti)− Z ′iB(Ti)}+ (1− δi) log{1− πi + πi exp(−Z ′iB(Ti))}],

where the superscript K indicates that this likelihood function is defined relative to a given

partition W1, . . . ,WK of [0, τ ]. After some algebra and using the expression for the wi(Ti, θ)

given in (2.4), one finds that the score functions are1

∂

∂βj
`Kn (θ) =

n∑

i=1

[ZiδiIWj (Ti)

Z ′iβj
− rj(Ti){δi + (1− δi)wi(Ti, θ)}Zi

]
, for j = 1, . . . ,K,

∂

∂γ
`Kn (θ) =

n∑

i=1

Xi{δi + (1− δi)wi(Ti, θ)− πi}.

The estimators characterised by (3.3)–(3.4) are not necessarily the zeros of these equations,

and it turns out that for moderate K the likelihood `Kn (θ) is computationally very hard to

maximise (it is, after all, a model with qK + p parameters). Therefore, we multiply each of

the elements of the sums ∂`Kn (θ)/∂βj by Z ′iβj for j = 1, . . . ,K, to obtain the vector valued

function

ΨK
n : RqK+p → RqK+p,

whose vector valued elements are

ΨK
n,j(θ) =

1

n

n∑

i=1

Zi[δiIWj (Ti)− rj(Ti){δi + (1− δi)wi(Ti, θ)}Z ′iβj ], for j = 1, . . . ,K,

ΨK
n,K+1(θ) =

1

n

n∑

i=1

Xi{δi + (1− δi)wi(Ti, θ)− πi}.
(3.6)

Thus, ΨK
n (θ) is the qK + p dimensional column vector where the ΨK

n,1(θ), . . . ,ΨK
n,K+1(θ) are

stacked on top of each other. The estimator θ̂ = (β̂′, γ̂′)′ ∈ ΘK is defined as the solution to

(3.7) ΨK
n (θ) = 0.

The estimator θ̂ depends, of course, on both n and K, but we stick to writing θ̂. Given

an estimator γ̂, we see that the solution θ̂ to ΨK
n,j(θ) = 0 for j = 1, . . . ,K must have β̂j

as defined in (3.3)–(3.4). It should be noted that the estimating equations leading to the

Aalen estimator B̃ of (2.2) can be derived in the same manner, that is, by way of the score

functions. This is done explicitly in Appendix E, and also in McKeague and Sasieni (1994),

in both cases leading to estimating equations amenable to martingale theory. Note also that

1For ∂`Kn (θ)/∂γ, use that 1−wi(Ti, θ) = (1−πi)/{1−πi+πie
−ZiB(Ti)}, then ∂`K(θ, Ti)/∂γ = δi(1−πi)−

(1− δi){πi(1− πi)− πi(1− πi)e−ZiB(Ti)}/{1− πi + πie
−ZiB(Ti)} = δi(1− πi)− (1− δi)[πi{1− wi(Ti, θ)} −

(1− πi)wi(Ti, θ)] = δi(1− πi) + (1− δi)(wi(Ti, θ)− πi) = δi + (1− δi)wi(Ti, θ)− πi.
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we can rewrite the equations in (3.6) as (see Appendix A),

ΨK
n,j(θ) =

1

n

n∑

i=1

Zi

∫ τ

0

{
IWj (s)− (1− wi(s, θ))rj(s)Z ′iβj

}
dMi(s, θ), j = 1, . . . ,K,

ΨK
n,K+1(θ) =

1

n

n∑

i=1

Xi

∫ τ

0
{1− wi(s, θ)} dMi(s, θ),

(3.8)

where dMi(s, θ) is a shorthand for dNi(s)−Yi(s)wi(θ, s)Z ′iβ(s) ds, that is, when evaluated in

θ? the dMi(s, θ
?) are martingale increments under PK? . Consequently, ΨK

n (θ?) is a martingale

under PK? , and ΨK
n (θ) = 0 is an unbiased estimating equation.

3.2. Parametric large-sample results. We now proceed to the asymptotics of θ̂ as n

tends to infinity (and K is held constant), working under a fixed distribution PK? for the

data. Let h(t, x, z, θ) ∈ RqK+p be the function

(3.9) h(t, x, z, θ) =




h1(t, x, z, θ)
...

hK(t, x, z, θ)

hK+1(t, x, z, θ)


 =




zg1(s, x, z, θ)
...

zgK(s, x, z, θ)

x{1− w(s, θ)}


 ,

where

gj(s, x, z, θ) = IWj (s)− {1− w(s, θ)}rj(s)z′βj , for j = 1, . . . ,K.(3.10)

Denote by ΨK
? the probability limit of ΨK

n under the PK? -distribution when n→∞, that is

ΨK
? (θ) = Eθ? ΨK

n (θ), where

(3.11) ΨK
? (θ) = E

∫ τ

0
h(s,X,Z, θ)y(s;X,Z){w(s, θ?)Z ′β?(s)− w(s, θ)Z ′β(s)} ds.

Clearly, θ? is a solution to the equation ΨK
? (θ) = 0. The next lemma shows that, in ΘK , it

is the only one.

Lemma 3.1. The parameter value θ? is the unique solution to ΨK
? (θ) = 0.

Proof. See Appendix C. �

Lemma 3.2. The sequence of solutions θ̂ to ΨK
n (θ) = 0 is consistent for θ?.

Proof. We have that

ΨK
n (θ) =

1

n

n∑

i=1

∫ τ

0
h(s,Xi, Zi, θ) dMi(s, θ)

=
1

n

n∑

i=1

∫ τ

0
h(s,Xi, Zi, θ)

[
dMi(s, θ

?) + Yi(s)Z
′
i{wi(s, θ?)β?(s)− wi(s, θ)β(s)} ds

]

=
1

n

n∑

i=1

∫ τ

0
h(s,Xi, Zi, θ) dMi(s, θ

?) + ΨK
? (θ) + op(1),

uniformly in θ by Assumptions 1–2, that is, using that ΘK is compact, that the summands

are continuous in θ for every data point, and that they are dominated by an integrable
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function (Ferguson, 1996, Theorem 16(a), p. 108). By Assumptions 1–2, the same applies to

the function θ 7→
∫ τ

0 h(s, x, z, θ) dM(s, θ?), therefore,

sup
θ∈ΘK

‖ΨK
n (θ)−ΨK

? (θ)‖ = sup
θ∈ΘK

‖ 1

n

n∑

i=1

∫ τ

0
h(s,Xi, Zi, θ) dMi(s, θ

?)‖+ op(1)
p→ 0,

as n → ∞. Coupled with the uniqueness of θ? from Lemma 3.1, Theorem 5.9 in van der

Vaart (1998, p. 46) gives the result. �

From the expression for ΨK
n (θ) in the proof of Lemma 3.2, we see that, when it is evaluated

in θ?,

ΨK
n (θ?) =

1

n

n∑

i=1

∫ τ

0
h(s,Xi, Zi, θ

?) dMi(s, θ
?) + op(1),

which gives the following expression for the approximate variance of Ψn(θ?), namely,

ΓKθ? = Eθ?

∫ τ

0
h(s, x, z, θ?)h(s, x, z, θ?)′y(s;x, z)w(s, θ?)z′β?(s) ds.

Let Ψ̇K
θ be the derivative of −ΨK

? (θ) with respect to θ. In the remainder of the paper, we

assume that this matrix is invertible for all K. This assumption likely follows directly from

Assumption 3, but since we have yet to show it, we state it as an assumption.

Assumption 5. For all K, the matrices Ψ̇K
θ? are invertible.

Proposition 3.3. For some fixed K,
√
n(θ̂ − θ?) = (Ψ̇K

θ?)
−1√nΨK

n (θ?) + op(1)→d NqK+p{0, (Ψ̇K
θ?)
−1ΓKθ?((Ψ̇

K
θ?)
−1)′},

under PK? as n→∞.

Proof. By van der Vaart (1998, Theorem 5.21, p. 52) it suffices to show the terms in the sum

ΨK
n (θ), that is

∫ τ
0 h(s,Xi, Zi, θ) dMi(s, θ), are Lipschitz, and that Ψ̇K

θ? is invertible. From

Appendix D, we see that in the matrix Ψ̇K
θ the parameters enter either linearly or through

functions that are bounded by 1, so supθ∈ΘK‖Ψ̇K
θ ‖ < ∞ by Assumptions 1–2, and the

Lipschitz condition follows. �

Recall that rj(s) =
∫
Wj
I{s ≥ u} du as defined in (3.5), and introduce the (q+p)×(qK+p)

matrix Ht that for θ ∈ ΘK is such that

Htθ = (B0(t), . . . , Bq−1(t), γ0, . . . , γp−1)′.

As an example, suppose p = 2, q = 2, and K = 3. In this case

θ = (β0,1, β1,1, β0,2, β1,2, β0,3, β1,3, γ0, γ1)′,

and

Ht =




r1(t) 0 r2(t) 0 r3(t) 0 0 0

0 r1(t) 0 r2(t) 0 r3(t) 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


 .

Corollary 3.4. For fixed K and some fixed 0 < t ≤ τ

(3.12)
√
nHt(θ̂ − θ?) =

√
n

(
B̂(t)−B?(t)

γ̂ − γ?

)
d→ Nq+p{0, Ht(Ψ̇

K
θ?)
−1ΓKθ?((Ψ̇

K
θ?)
−1)′H ′t},

under PK? as n→∞.
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Proof. This is direct from Proposition 3.3 via an application of the delta-method. �

The next lemma presents an approximation that is key to what follows. Recall from (3.4)

that Gn,j(θ) = n−1
∑n

i=1 ZiZ
′
irj(Ti){δi + (1 − δi)wi(Ti, θ)} for j = 1, . . . ,K. For each j,

define

Gj(θ) = EZZ ′
∫

Wj

y(s;X,Z)w(s, θ) ds

+ EZZ ′
∫ τ

0
rj(s){1− w(s, θ)}y(s;X,Z){w(s, θ?)Z ′β?(s)− w(s, θ)Z ′β(s)}ds.

(3.13)

Lemma 3.5. For j = 1, . . . ,K, Gn,j(θ) = Gj(θ) + op(1), as n→∞, uniformly in θ.

Proof. Write

Gn,j(θ) =
1

n

n∑

i=1

ZiZ
′
i

[ ∫

Wj

Yi(s)wi(s, θ) ds+

∫ τ

0
rj(s){1− wi(s, θ)} dMi(s, θ

?)

+

∫ τ

0
rj(s){1− wi(s, θ)}Yi(s)Z ′i{wi(s, θ?)β?(s)− wi(s, θ)β(s)} ds

]
.

and note that |rj(s)| ≤ |vj−vj−1|. The claim follows from the same arguments used to prove

Lemma 3.2. �

Note also that since θ 7→ Gn,j(θ) is continuous and θ̂ is consistent for θ?,

Gn,j(θ̂) = Gn,j(θ
?) + op(1), as n→∞,

and we get from Lemma 3.5 thatGn,j(θ
?) = Gj(θ

?)+op(1) = EZZ ′
∫
Wj
y(s;X,Z)w(s, θ?) ds+

op(1), where Gj(θ) is defined in (3.13) (see Ferguson (1996, p. 108)). Also, because θ? is the

probability limit of θ̂, we can use the expression for β̂j in (3.3), continuous mapping, and

the Cramér–Slutsky rules to see that

β̂j = Gn,j(θ̂)
−1 1

n

n∑

i=1

Zi

∫

Wj

dNi(s)

= Gn,j(θ̂)
−1 1

n

n∑

i=1

Zi{
∫

Wj

dMi(s, θ
?) + Yi(s)w(s, θ?)Z ′iβ

?
j ds}

= Gj(θ
?)−1 1

n

n∑

i=1

Zi

∫

Wj

Yi(s)w(s, θ?)Z ′iβ
?
j ds+ op(1) = β?j + op(1), for j = 1, . . . ,K.

From this expression it is immediate that

β̂j − β?j = Gj(θ
?)−1 1

n

n∑

i=1

Zi

∫

Wj

dMi(s) + op(1), for j = 1, . . . ,K,(3.14)

as n → ∞. This expression mimics the exact martingale expression for the corresponding

difference in the standard survival case (i.e. π ≡ 1), as explored in Appendix E, and is key

to the theory of the next section.
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4. Shrinking intervals

In this section we study the result Ht
√
n(θ̂− θ?)→d Nq+p{0, Ht(Ψ̇

K
θ?)
−1ΓKθ?((Ψ̇

K
θ?)
−1)′H ′t}

from (3.12) when the mesh size tends to zero, that is, when K →∞, with the aim of arriving

at a process convergence result for our estimators. For a given partition, ∆j = vj − vj−1 for

j = 1, . . . ,K, so that K →∞ means that maxj≤K ∆j → 0. We also assume that vj = jτ/K

for all j. In a first part we work under the sequence (PK? )K of distributions. Subsequently,

we adjust back to assuming that the data stem from the distribution P◦ associated with γ◦

and the continuous regression coefficients β◦0(t), . . . , β◦q−1(t), as defined in Assumptions 1–2.

4.1. Shrinking intervals and triangular arrays. For the matrices introduced in Propo-

sition 3.3, write

(4.1) Ψ̇K
θ =

(
Ψ̇K
θ,00 Ψ̇K

θ,01

Ψ̇K
θ,10 Ψ̇K

θ,11

)
, and (Ψ̇K

θ )−1 =

(
Ψ̇K,00
θ Ψ̇K,01

θ

Ψ̇K,10
θ Ψ̇K,11

θ

)
,

where Ψ̇K
θ,00 is of dimension qK × qK; Ψ̇K

θ,01 is qK × p; Ψ̇K
θ,10 is p × qK; and Ψ̇K

θ,11 is p × p,
with the same dimensions for the blocks of the inverse. See Appendix D for more detail on

these two matrices. Denote by h1:K(s, x, z, θ) the vector containing the first qK elements of

the vector h(s, x, z, θ) introduced in (3.9), that is

h1:K(s, x, z, θ) =



h1(s, x, z, θ)

...

hK(s, x, z, θ)


 =



zg1(s, x, z, θ)

...

zgK(s, x, z, θ)


 .

Define the sequence of processes

(4.2) U K
n =

√
n{(B̂ −B?)′, (γ̂ − γ?)′}′,

so that U K
n (t) =

√
nHt(θ̂− θ?) when evaluated in t. Assume for simplicity, and without loss

of generality, that t = vj for some 1 ≤ j ≤ K, then, using Proposition 3.3 and the expression

in (3.14), we can write

U K
n (t)

.
=

1√
n

n∑

i=1

( ∑
j:vj≤tGj(θ

?)−1Zi
∫
Wj

dMi(s, θ
?)∆j∫ τ

0 {Ψ̇
K,10
θ? h1:K(s,Xi, Zi, θ

?) + Ψ̇K,11
θ? hK+1(s,Xi, Zi, θ

?)} dMi(s, θ
?)

)
,

as n tends to infinity, where a
.
= b means that a = b+ op(1). This representation of U K

n is

used actively when studying the variance process 〈U K
n ,U K

n 〉t as n and K tends to infinity.

Define the matrix function

ΣK
t =

(
ΣK
t,00 ΣK

t,01

ΣK
t,10 ΣK

11

)
= 〈U K

n ,U K
n 〉t,

where ΣK
t,00 = n〈B̂−B?, B̂−B?〉t and ΣK

11 = n〈γ̂− γ?, γ̂− γ?〉τ are q× q and p× p matrices,

respectively, while ΣK
t,01 is q × p and ΣK

t,10 is p × q. The limit of ΣK
t as both n and K tend

to infinity is denoted Σt, with Σt,00, Σt,01, Σt,10, and Σt,11 being its four blocks. Define the

functions

λθ(s) = y(s;x, z)w(s, θ), for j = 1, . . . ,K,

µθ(s) = y(s;x, z)w(s, θ){1− w(s, θ)}, for j = 1, . . . ,K,

νθ(s) = y(s;x, z)w(s, θ){1− w(s, θ)}z′βj , for j = 1, . . . ,K,

ξθ(s) = y(s;x, z)w(s, θ){1− w(s, θ)}2z′β(s),

(4.3)
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and recall that all of these are bounded. We also need the function

(4.4) G(s, θ) = EZZ ′λθ(s) = EZZ ′y(s;X,Z)w(s, θ).

Since s 7→ y(s;x, z) and s 7→ w(s, θ) have bounded derivatives for all parameter values, and

because the covariates are bounded with probability one, we see that

(4.5) Gj(θ
?) = G(vj−1, θ)∆j +O(∆2

j ), for j = 1, . . . ,K,

as K →∞. In Lemma D.2 it is shown that for the lower right corner Ψ̇K,11
θ? of Ψ̇−1

θ? in (4.1),

Ψ̇K,11
θ? = Ψ̇11 +O(1/K),

as the mesh size tends to zero, where Ψ̇11 is the inverse of the p× p matrix

(Ψ̇11)−1 =

∫ τ

0
EXX ′ξϕ◦(s) ds−

∫ τ

0
E {XZ ′νϕ◦(s)}G(s, ϕ◦)−1E {ZX ′µϕ◦(s)} ds.

We have the following result.

Lemma 4.1. For fixed t, as n→∞ and K →∞, the matrix ΣK
t →p Σt, with blocks

ΣK
t,00

p→ Σt,00 =

∫ t

0
G(s, ϕ◦)−1EZ y(s;X,Z)w(s, ϕ◦)Z ′β◦(s)Z ′G(s, ϕ◦)−1 ds,

ΣK
11

p→ Σ11 = Ψ̇11E

∫ τ

0
A(s, ϕ◦)A(s, ϕ◦)′y(s,X,Z)w(s, ϕ◦)Z ′β◦(s) ds (Ψ̇11)′,

ΣK
t,01

p→ Σt,01 =

∫ t

0
G(s, ϕ◦)−1EZA(s, ϕ◦)′y(s;X,Z)Z ′β◦(s) ds (Ψ̇11)′,

and ΣK
t,10 →p Σt,10 = (Σt,01)′, where A(s, ϕ) ∈ Rp is the function

A(s, ϕ) = EXZ ′νϕ(s)G(s, ϕ)−1Z −X{1− w(s, ϕ)}.

Proof. Since θ 7→ G(s, θ) and θ 7→ w(s, θ) are continuous and Htθ
? → (B◦(t), γ◦)′ as K →∞,

we have that G(s, θ?) → G(s, ϕ◦) and w(s, θ?) → w(s, ϕ◦). This is used without further

comment in the following. Write 〈B̂ −B?, B̂ −B?〉Wj = 〈B̂ −B?, B̂ −B?〉vj − 〈B̂ −B?, B̂ −
B?〉vj−1 . Over an interval Wj , as n→∞,

n〈B̂ −B?, B̂ −B?〉Wj =
1

n

n∑

i=1

Gj(θ
?)−1Zi

∫

Wj

Yi(s)wi(s, θ
?)Z ′iβ

?
j dsZ ′iGj(θ

?)−1∆2
j

= Gj(θ
?)−1EZ

∫

Wj

y(s;X,Z)w(s, θ?)Z ′β?j dsZ ′Gj(θ?)−1∆2
j + op(1).

From (4.5) we get Gj(θ
?) = G(vj−1, θ

?)∆j + O(∆2
j ) for j = 1, . . . ,K, as K → ∞, where

G(s, θ) is defined in (4.4). A similar approximation for the nominator in n〈B̂−B?, B̂−B?〉Wj

gives that

n〈B̂ −B?, B̂ −B?〉Wj = {G(vj−1, θ
?)}−1Eλθ?(vj−1)Z ′β?j {G(vj−1, θ

?)}−1∆j +O(∆2
j ),

as n→∞ and K →∞. Then ΣK
t,00 = n〈B̂ −B?, B̂ −B?〉t is

ΣK
t,00 =

∑

j:vj≤t
{G(vj−1, θ

?)}−1Eλθ?(vj−1)Z ′β?j {G(vj−1, θ
?)}−1∆j +O(1/K),
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which converges to Σt,00 as n→∞ and K →∞. As a consequence of Lemma D.2 we have

that

Ψ̇K,10
θ? h(s,Xi, Zi, θ

?) = −Ψ̇11
K∑

j=1

E {XZ ′νθ?(vj−1)}G(vj−1, θ
?)−1ZiIWj (s) +O(1/K).

Write Ai,j(s, θ) = E {XZ ′νθ(vj−1)}G(vj−1, θ
?)−1ZiIWj (s)−Xi{1−wi(s, θ)}, and Aj(s, θ) =

E {XZ ′νθ(vj−1)}G(vj−1, θ
?)−1ZIWj (s)−X{1− w(s, θ)}. Then, also using Lemma D.2,

ΣK
11 =

1

n

n∑

i=1

Ψ̇K,11
θ?

K∑

j=1

∫

Wj

Ai,j(s, θ
?)Ai,j(s, θ

?)Yi(s)wi(s, θ
?)Z ′iβ

?(s) ds (Ψ̇K,11
θ? )′

= Ψ̇11
K∑

j=1

E

∫

Wj

Aj(s, θ
?)Aj(s, θ

?)′λθ?(s)Z
′β?(s) ds (Ψ̇11)′ +Op(1/K) + op(1),

as n,K →∞. Since all the elements of the Aj(s,X,Z, θ
?) are bounded with probability one

by Assumption 3,

K∑

j=1

E

∫

Wj

Aj(s, θ
?)Aj(s, θ

?)′λθ?(s)Z
′β?(s) ds

=
K∑

j=1

EAj(vj−1, θ
?)Aj(vj−1, θ

?)′λθ?(vj−1)Z ′β?j∆j +Op(1/K),

whose limit is E
∫ τ

0 A(s, ϕ◦)A(s, ϕ◦)′y(s;X,Z)w(s, ϕ◦)Z ′β◦(s) ds as K → ∞. By similar

arguments and using the same notation,

ΣK
t,01 =

1

n

n∑

i=1

∑

j:vj≤t
Gj(θ

?)−1Zi

∫

Wj

Ai,j(s, θ
?)′Yi(s)w(s, θ?)Z ′iβ

?
j ds (Ψ̇11)′∆j +Op(1/K

2)

=
∑

j:vj≤t
Gj(θ

?)−1 EZ

∫

Wj

Aj(s, θ
?)′λθ?(s)Z

′β?j ds (Ψ̇11)′∆j +Op(1/K
2) + op(1)

=
∑

j:vj≤t
G(vj−1, θ

?)−1 EZAj(vj−1, θ
?)′λθ?(vj−1)Z ′β?j (Ψ̇11)′∆j +Op(1/K

2) + op(1),

and the claim follows by letting K →∞. �

Recall from (4.2) that U K
n =

√
n{(B̂−B?)′, (γ̂−γ?)′}′. The first, triangular array, process

convergence result takes place under the sequence (PK? )K≥1 of measures.

Theorem 4.2. As n→∞ and K →∞,

U K
n ⇒ U ,

under the sequence (PK? )K , where U = (U1, . . . ,Uq+p) is a Gaussian martingale with mean

zero and variance process Σt, where Σt is given in Lemma 4.1.

Proof. From the expression for U K
n below (4.2) we see that

U K
n (t) = n−1/2

n∑

i=1

∫ t

0
Ξn(s,Xi, Zi) dMi(s),
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in terms of functions Ξn(s,Xi, Zi) with values in Rq+p. From Assumptions 1–3, there is a

constant b <∞, such that ‖Ξn(s,Xi, Zi)‖ ≤ b. From Lemma 4.1 we have 〈U K
n ,U K

n 〉 →p Σt

as n,K →∞, where each component of Σt is absolutely continuous with respect to Lebesgue

measure. The claim then follows from Theorem C.1 in Appendix C. �

4.2. Shifting back to P◦. In this section we use measure change techniques closely associ-

ated with those developed and studied in Mykland and Zhang (2009), to obtain large-sample

results for the estimators in (3.3) when n and K tend to infinity, under the distribution P◦
associated with the survival function in (3.1), that is, under the parameter values γ◦0 , . . . , γ

◦
p−1

and β◦0 , . . . , β
◦
q−1. The measure change techniques we use are akin to process convergence ana-

logues of Le Cam’s third lemma (see e.g. van der Vaart (1998, p. 90), or Jacod and Shiryaev

(2003, Def. V.1.1, p. 285)). The log-likelihood of the model presented in Section 2.2 is (see

e.g. Andersen et al. (1993, p. 98))

`n(ϕ◦) =

n∑

i=1

∫ τ

0
[log{w(s, ϕ◦)Z ′iβ

◦(s)} dNi(s)− Yi(s)w(s, ϕ◦)Z ′iβ
◦(s) ds].

The log of the Radon–Nikodym derivative dP◦,n/dPK?,n is

log
dP◦,n
dPK?,n

=
n∑

i=1

∫ τ

0

[
log

w(s, ϕ◦)Z ′iβ
◦(s)

w(s, θ?)Z ′iβ
?(s)

dNi(s)

− Yi(s){w(s, ϕ◦)Z ′iβ
◦(s)− w(s, θ?)Z ′iβ

?(s)} ds
]
.

Define

(4.6) φK(s) =
√
n{β◦(s)− β?(s)},

so that β◦(s) = β?(s) + φK(s)/
√
n. Recall that β?(s) =

∑n
j=1 β

?
j IWj (s) with β?j = β◦(vj−1)

for j = 1, . . . ,K. Under Assumption 1, the difference β◦(s)− β?(s) tends to zero uniformly

in s as K →∞.

Lemma 4.3. The log-likelihood ratio log(dP◦,n/dPK?,n), evaluated in t, is

log
dP◦,n
dPK?,n

∣∣
t

=
n∑

i=1

{
ζKi (t)− 1

2
〈ζKi , ζKi 〉t

}
+ op(1),

as K →∞, where ζK1 , . . . , ζ
K
n are the PK? martingales given by

(4.7) ζKi (t) =
1√
n

∫ t

0
aK,i(s) dMi(s, θ

?),

with aK,i(s) = {Z ′iφK(s)}/{Z ′iβ?(s)} − {1− wi(s, θ?)}
(
Z ′i
∫ s

0 φK(u) du
)

for i = 1, . . . , n.
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Proof. The log-likelihood ratio evaluated in t is

log
dP◦,n
dPK?,n

∣∣
t

=

n∑

i=1

∫ t

0

[
log

w(s, θ◦)Z ′i{β?(s) + φK(s)/
√
n}

w(s, ϕ?)Z ′iβ
?(s)

dNi(s)

− Yi(s)[w(s, ϕ◦)Z ′iφK(s)/
√
n+ {w(s, ϕ◦)− w(s, θ?)}Z ′iβ?(s)] ds

]

=

n∑

i=1

[ ∫ t

0

{
log

Z ′i{β?(s) + φK(s)/
√
n}

Z ′iβ
?(s)

dNi(s)− Yi(s)wi(s, ϕ◦)Z ′iφK(s) ds
}

+

∫ t

0

{
log

wi(s, ϕ
◦)

wi(s, θ?)
dNi(s)− Yi(s){w(s, ϕ◦)− w(s, θ?)}Z ′iβ?(s) ds

]
.

Note that ‖φK(s)‖ = ‖β◦(s) − β◦(vj−1)‖ ≤ sups∈Wj
‖β̇◦(s)‖|s − vj−1|, for s ∈ Wj . For s

fixed, and as K →∞,

w(s, ϕ◦)− w(s, θ?) = −w(s, θ?){1− w(s, θ?)}Z ′i
∫ s

0
φK(u)/

√
n du

+
1

2
w(s, θ?){1− w(s, θ?)}

× {1− 2w(s, θ?)}
(
Z ′i

∫ s

0
φK(u)/

√
n du

)2
+Op(1/K

4),

and, writing log(a/b) = log{1 + (a− b)/b},

log
w(s, ϕ◦)
w(s, θ?)

=
w(s, ϕ◦)− w(s, θ?)

w(s, θ?)
− 1

2

(w(s, ϕ◦)− w(s, θ?)

w(s, θ?)

)2
+Op(1/K

4),

while

log
Z ′i{β?(s) + φK(s)/

√
n}

Z ′iβ
?(s)

=
Z ′iφK(s)

Z ′iβ
?(s)

− 1

2

{Z ′iφK(s)/
√
n}2

{Z ′iβ?(s)}2
+Op(1/K

3),

where the probability is with respect to the distribution of the covariates. Consider only

the i’th term in the sum in log(dP◦,n/dPK?,n)|t. Then the two first terms on the right are,

using (4.6),

∫ t

0

{
log

Z ′i{β?(s) + φK(s)/
√
n}

Z ′iβ
?(s)

dNi(s)− Yi(s)wi(s, ϕ◦)Z ′iφK(s)/
√
n ds

}

=
1√
n

∫ t

0

Z ′iφK(s)

Z ′iβ
?(s)

dMi(s, θ
?)− 1

2n

∫ t

0

{Z ′iφK(s)

Z ′iβ
?(s)

}2
d〈Mi(·, θ?),Mi(·, θ?)〉s

− 1

2n

∫ t

0

{Z ′iφK(s)

Z ′iβ
◦(s)

}2
dMi(s, θ

?) +Op(1/K
3).
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For the last two terms on the right hand side in log(dP◦,n/dPK?,n)|t (the i’th term only),

∫ t

0

{
log

wi(s, ϕ
◦)

wi(s, θ?)
dNi(s)− Yi(s){wi(s, ϕ◦)− wi(s, θ?)}Z ′iβ?(s) ds

=

∫ t

0

wi(s, ϕ
◦)− wi(s, θ?)
wi(s, θ?)

dMi(s, θ
?)− 1

2

∫ t

0

(wi(s, θ?)− wi(s, ϕ◦)
wi(s, ϕ◦)

)2
dNi(s) +Op(1/K

4)

= − 1√
n

∫ t

0
{1− wi(s, θ?)}

(
Z ′i

∫ s

0
φK(u) du

)
dMi(s, θ

?)

− 1

2n

∫ t

0

[
{1− wi(s, θ?)}

(
Z ′i

∫ s

0
φK(u) du

)]2

×
{

dMi(s, θ
?) + Yi(s)wi(s, θ

?)Z ′iβ
?(s) ds

}
+Op(1/K

4).

Collecting the terms from the last two displays, and using that both

1

n

n∑

i=1

∫ t

0

{Z ′iφK(s)}2
Z ′iβ

?(s)
dMi(s, θ

?), and
1

n

n∑

i=1

∫ t

0
[{1−wi(s, θ?)}

(
Z ′i

∫ s

0
φK(u) du

)
]2 dMi(s, θ

?),

areOp(1/
√
n), uniformly in t by Lenglart’s inequality (Jacod and Shiryaev, 2003, Lemma I.3.30,

p. 35), we obtain the claim. �

If the ∆1, . . . ,∆K are proportional to 1/
√
n, then there is a function φ(s) such that

(4.8)

∫ t

0
φK(s) ds→

∫ t

0
φ(s) ds,

for all t, as n,K → ∞, where φ(s) ∈ Rq is a function not identically equal to zero. This

follows from Assumption 1, and is seen by looking at φK(s) component for component.

Assume for simplicity that φK(s) is one-dimensional; that ∆j = 1/
√
n for all j = 1, . . . ,K,

i.e. τ = 1, and that t = v`, then
∫ t

0
φK(s) ds =

√
n

∫ t

0
{β◦(s)− β?(s)} ds =

∑

j:vj≤t

1

∆j

∫ vj

vj−1

{β◦(s)− β◦(vj−1)} ds

=
∑

j:vj≤v`

1

∆j

∫ vj

vj−1

{β̇◦(vj−1)(s− vj−1) +
1

2
β̈◦(sj)(s− vj−1)2}ds

=
1

2

∑

j:vj≤v`
β̇◦(vj−1)∆j +O(max

j≤K
∆j),

(4.9)

where sj is some point between s and vj−1, hence dependent on the partition; and the right

hand side is a Riemann sum tending to
∫ v`

0 β◦(s)/2 ds as K → ∞. In this simple case, this

means that φ(s) = β◦(s)/2. The same argument goes through for
∫ t

0 φK(s)2 ds.

The generic version of the aK,i(s) defined in (4.7) is the random variable

aK(s) = {Z ′φK(s)}/{Z ′β?(s)} − {1− w(s, θ?)}
(
Z ′
∫ s

0
φK(u) du

)
,

and a(s) is the same thing but evaluated in ϕ◦ and φ(s) instead of θ? and φK(s).

Corollary 4.4. Assume that K is of order
√
n. Then,

log
dP◦,n
dPK?,n

⇒ logL,
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under PK?,n as n → ∞ and K → ∞, where L is the process Lt = exp(−
∫ t

0 σ(s)2 ds/2 +∫ t
0 σ(s) dWs), with W is a standard Wiener process, and

σ(s) = E
[ Z ′φ(s)

Z ′β◦(s)
− {1− w(s, ϕ◦)}

(
Z ′
∫ s

0
φ(u) du

)]
{y(s;X,Z)w(s, ϕ◦)Z ′β◦(s)}1/2.

Proof. The martingale
∑n

i=1 ζ
K
i (t) = n−1/2

∑n
i=1

∫ t
0 aK,i(s) dMi(s, θ

?) is the sum of the mar-

tingales ζK1 , . . . , ζ
K
n defined in (4.7). Since the counting processes are independent, the qua-

dratic variation is n−1
∑n

i=1〈ζKi , ζKi 〉t = n−1
∑n

i=1

∫ t
0 aK,i(s)

2Yi(s)w(s, θ?)Z ′iβ
?(s) ds which

converges in probability to E
∫ t

0 aK(s)2y(s;X,Z)w(s, θ?)Z ′β?(s) ds for all t as n→∞, pro-

vided ∆j ∝ 1/
√
n for j = 1, . . . ,K; and by Assumptions 1–2,

E

∫ t

0
a2
K(s)y(s;X,Z)w(s, θ?)Z ′β?(s) ds→

∫ t

0
σ(s)2 ds,

for all t as K →∞ by dominated convergence, using (4.9) (see the proof of Lemma E.3 for

more detail). By Assumptions 1–3, the functions aK,i(s) are all bounded above, so claim

follows from Theorem C.1 in Appendix C. �

Since the limiting process has Eϕ◦ Lt = 1 for all t, this corollary entails that P◦,n is

contiguous with respect to PK?,n (see e.g. van der Vaart (1998, Lemma 6.4, p. 88), Jacod

and Shiryaev (2003, Corollary V.1.12, p. 289), or Mykland and Zhang (2009, Remark 2,

p. 1411)).

Define the sequence of processes given by,

(4.10) cK,nt =
〈
U K
n , log

dP◦,n
dPK?,n

〉
t
, for 0 ≤ t ≤ τ .

In the next lemma we find the probability limit of cK,nt , and then change back to conver-

gence of U K
n under the distribution P◦ associated with the continuous regression functions

β◦0(s), . . . , β◦q−1(s).

Lemma 4.5. Assume that K is of the order
√
n, then cK,nt →p ct = (c′t,1, c

′
t,2)′ as n and K

tend to infinity, where

ct,1 =

∫ t

0
G(s, ϕ◦)−1 EZa(s)y(s;X,Z)w(s, ϕ◦)Z ′β◦(s) ds,

ct,2 = (Ψ̇11)′
∫ t

0
EA(s, ϕ◦)′a(s)y(s;X,Z)w(s, ϕ◦)Z ′β◦(s) ds,

which are of dimensions q × 1 and p× 1, respectively.

Proof. With aK,i(s) defined as in (4.7), and using the expression for U K
n given on page 12,

then a straight forward calculation yields that for cK,nt = {(cK,nt,1 )′, (cK,nt,2 )′}′,

cK,nt,1 =
1

n

n∑

i=1

∑

j:vj≤t
Gj(θ

?)−1∆jZi

∫

Wj

aK,i(s)Yi(s)wi(s, θ
?)Z ′iβ

?(s) ds

= E
∑

j:vj≤t
Gj(θ

?)−1∆jZ

∫

Wj

aK(s)λθ?(s)Z
′β?(s) ds+ op(1)

= E
∑

j:vj≤t
G(vj−1, θ

?)−1ZaK(vj−1)λθ?(vj−1)Z ′β?(vj−1) ∆j +O(1/K2) + op(1),
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as n,K → ∞. The right hand side is a Riemann sum, and by the same argument used in

the proof of Lemma E.3, cK,nt,1 tends to ct,1 as K → ∞, where we use that the functions

aK(s), y(s;x, z), and w(s, θ) are all continuous in the parameters. A similar argument gives

ct,2. �

Theorem 4.6. Provided ∆1, . . . ,∆k are of order 1/
√
n or smaller,

U K
n ⇒ c+ U ,

under P◦ as n→∞ and K →∞. The function ct is the probability limit of cK,nt as defined

in (4.10) under PK? as n,K →∞; and where U = (U1, . . . ,Uq+p) is a mean zero Gaussian

martingale with covariance function Cov(Ut,Us) = Σt∧s, with Σt given in Lemma 4.1. In

particular, the function ct ≡ 0 if
√
nmaxj≤K ∆j → 0.

Proof. Since the processes U K
n and log(dP◦,n/dPK?,n) have the same driving martingales, joint

weak convergence of {U K
n , log(dP◦,n/dPK?,n)} under PK? can be deduced from Theorem 4.2,

Lemma 4.4, Lemma 4.5, using Theorem C.1. The claim, namely joint convergence under

P◦, then follows from a general version of Le Cam’s third lemma (see van der Vaart (1998,

Theorem 6.6, p. 90) or Jacod and Shiryaev (2003, Lemma V.1.13, p. 289)). �

Remark 4.7. The condition
√
nmaxj≤K ∆j → 0 will be met again in Appendix E, where we

derive the limiting distribution of the Aalen estimator B̃ of (2.2), both ‘directly’ under the

P◦ distribution, and by contiguity techniques à la those of the preceding theorem.

5. Simulations

Figure 1 contains plots of the estimated parameters γ̂0 and γ̂1, as well as the estimated

cumulative regression function Bl(t) =
∫ t

0 βl(s) ds for l = 0, 1, 2, with β0(t) = 1/2+(1/2)t{1−
(1/2)t}, β1(t) = t/(1/2 − 8t2), and β2(t) = −β1(t)/2, for 0 ≤ t ≤ 2. The data were

simulated from a cure model of the form (3.1), with n = 5000; γ0 = 0.54, γ1 = 2.60,

and the Xi independent standard normals; and the hazard of the i’th individual being

β0(t)+β1(t)Zi,1 +β2(t)Zi,2, with Zi,1 and Zi,2 independent mean zero normals with variance

1/4. The censoring variables were independent draws from a uniform distribution on (0, 2).

We ran 100 simulations, and sampled new covariates for each simulation. The parameters

were estimated using the algorithm in (B.1) of Appendix B.

6. Concluding remarks

The techniques used in this technical report to arrive at process convergence results for a

semiparametric survival model are, to my knowledge, new in survival analysis. As mentioned,

similar techniques have been studied in the high-frequency literature by Mykland and Zhang

(2009), where stochastic volatility Itô-process models are discretised, easing the derivation of

estimators, as well as the study of their asymptotic properties. The semi-canonical strategy

for studying the asymptotics of estimators in semiparametric models in survival analysis

where the martingale theory is not immediately available, has become the methods initiated

by Gill et al. (1989) and by Murphy (1995). See Appendix E.3 for an example. I believe that

the model studied in this technical report is easier handled with the methods employed here,

rather than with the nonparametric likelihood theory used by Murphy (1995) for the gamma

frailty model (and by the papers that tweak her proof to apply to other models). For future

research, it would be interesting to investigate other problems in survival analysis that might
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Figure 1. Upper panel: Estimates of γ0 and γ1, with the vertical lines

indicating the true values. Lower panel: The nonparametric estimators

B̂0(t), B̂1(t), and B̂2(t), see eq. 2.5, with black lines indicating the true cumu-

lative regression functions. The simulations on which these plots are based,

are described in Section 5.

be easier handled by employing parametric approximations and contiguity, rather than other

available techniques. The same remark extends, of course, to semiparametric models beyond

the survival analysis world.

There are also Bayesian connections worth exploring here. Hermansen and Hjort (2015)

study parametric priors (as opposed to prior processes) for unknown functions f that set f

constant over windows, as in this paper, and then let the number of windows increase with

the sample size. Nonparametric cure models are complicated to handle in a Bayesian manner.

The theory of this paper could possibly be merged with the theory of Hermansen and Hjort

(2015) to enable straighforward nonparametric Bayesian inference, and large sample results.

Appendix A. Deriving the estimation equations

For any possibly right-censored event time T = T ∗ ∧ C observed on [0, τ ], with C and

censoring variable and δ = I{T ∗ ≥ C}, one can write δf(T ) =
∫ τ

0 f(s) dN(s) and f(T ) =∫ τ
0 Y (s) df(s), for any f , and for any f with f(0) = 0, respectively. Recall also the definition

of the rj(t) functions rj(t) =
∫
Wj
I{t ≥ s}ds =

∫ t
0 IWj (s) ds, so that rj(Ti) =

∫
Wj
Yi(s) ds.

The derivative of rj(Ti) is IWj (Ti). With the locally constant hazard β(t) =
∑K

j=1 βjIWj (t)

and π(v) = exp(v)/{1 + exp(v)}, we also recall that

wi(t, θ) = π
(
X ′iγ − Z ′i

∫ t

0

K∑

j=1

βjIWj (s) ds
)

= π
(
X ′iγ − Z ′i

∫ t

0
β(s) ds

)
,
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hence, except at points of discontinuity,

d

dt
wi(t, θ) = −wi(t, θ)(1− wi(t, θ))Z ′i

K∑

j=1

βjIWj (t).

These results were used to get from (3.6) to (3.8), as follows

δiIWj (Ti)−
∫

Wj

Yi(s) ds(δi + (1− δi)wi(Ti))Z ′iβj

=

∫ τ

0
IWj dNi(s)− rj(Ti)δi(1− wi(Ti))Z ′iβj − rj(Ti)wi(Ti)Z ′iβj

=

∫ τ

0
IWj dNi(s)−

∫ τ

0
rj(s)(1− wi(s))Z ′iβj dNi(s)− rj(Ti)wi(Ti)Z ′iβj .

(A.1)

For rj(Ti)wi(Ti)Z
′
iβj we use that f(t) =

∫ τ
0 Yi(s) df(s), then

d{rj(t)wi(t)} = {IWj (t)wi(t)}dt− {rj(t)wi(t)(1− wi(t))Z ′i
K∑

j=1

βjIWj (t)} dt

= {IWj (t)wi(t)} dt− {rj(t)wi(t)(1− wi(t))Z ′iβ(t)}dt.

Inserting this in (A.1) gives

δiIWj (Ti)−
∫

Wj

Yi(s) ds(δi + (1− δi)wi(Ti))Z ′iβj

=

∫ τ

0
IWj dNi(s)−

∫ τ

0
rj(s)(1− wi(s))Z ′iβj dNi(s)− rj(Ti)wi(Ti)Z ′iβj

=

∫ τ

0
IWj dNi(s)−

∫ τ

0
rj(s)(1− wi(s))Z ′iβj dNi(s)

−
∫ τ

0
Yi(s)IWj (s)wi(s)Z

′
iβj ds+

∫ τ

0
Yi(s)rj(s)wi(s)(1− wi(s))Z ′iβjZ ′iβ(s) ds

=

∫ τ

0
IWj{dNi(s)− Yi(s)wi(s)Z ′iβ(s) ds}

−
∫ τ

0
rj(s)(1− wi(s))Z ′iβj{dNi(s)− Yi(s)wi(s)Z ′iβ(s) ds}

=

∫ τ

0

{
IWj − rj(s)(1− wi(s))Z ′iβj

}
dM(s, θ),

because
∫ τ

0 IWj (t)Z
′
iβ(t) dt =

∫ τ
0 IWj (t)Z

′
iβj dt.

Appendix B. An algorithm

Let `n(γ, U) be the log-likelihood function that we would have used to estimate γ had the

Bernoulli vector U = (U1, . . . , Un) in (1.1) been observable. It is given by

`n(γ, u) =
n∑

i=1

{ui log π(X ′iγ) + (1− ui) log(1− π(X ′iγ))}.

Let D = (D1, . . . , Dn), with Di = (ti, δi, xi, zi) for i = 1, . . . , n be the observed data. Since

`n(γ, u) is linear in u, we get that Eϕ {`n(γ, u) | D} = `n{γ,Eϕ (u | D)}, where

Eϕ (ui | Di) = δi + (1− δi)wi(Ti, ϕ).
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The algorithm we use to estimate γ◦ and B◦ is as follows: First, pick some initial values

ϕ(0) = (γ(0), β
(0)
1 , . . . , β

(0)
K ). Second, for some small ε > 0, iterate

γ(r+1) = arg max
γ

E {`n(γ, u) | D,ϕ(r)},

dB(r+1)(t) = Gn(t, ϕ(r))−1n−1
n∑

i=1

ZidNi(t),
(B.1)

for r = 1, 2, 3, . . ., until ‖ϕ(r+1) − ϕ(r)‖ < ε, with Gn(t, ϕ) as defined in (2.5). The ‘locally

constant’ version of this algorithm, that is, the one finding the solution to (3.7), replaces (B.1)

with

γ(r+1) = arg max
γ

E {`n(γ, u) | D, θ(r)},

β
(r+1)
j = Gn,j(θ

(r))−1n−1
n∑

i=1

Zi

∫

Wj

dNi(s),

until ‖θ(r+1)− θ(r)‖ ≤ ε, where Gn,j(θ) for j = 1, . . . ,K are defined in (3.4). To see that this

algorithm is in effect a Newton–Rhapson algorithm, denote the complete data estimating

equation by, (which is a qK + p dimensional column vector)

Υn(θ,D,U) = (Υn,1(θ,D,U)′, . . . ,Υn,K(θ,D,U)′,Υn,K+1(θ,D,U)′)′ = 0.

These are complete data estimating equations in the sense that they treat the U1, . . . , Un as

observables. Using that Uiδi = δi, we can write

Υn,j(θ,D,U) =
1

n

n∑

i=1

Zi(δiIWj − Uirj(Ti)Z ′iβj), for j = 1, . . . ,K,

Υn,K+1(θ,D,U) =
1

n

n∑

i=1

Xi(Ui − πi).

Notice that Υn,j(θ,D,U) = Υn,j(β,D,U) for j = 1, . . . ,K and that Υn,K+1(θ,D,U) =

Υn,K+1(γ,D,U). Let

Υ̇n(θ,D,U) =
∂

∂θ
Υn(θ,D,U) =

(
Qn(β,D,U) 0

0 Vn(γ, U)

)
,

and note that Qn(β,D,U) is a block diagonal matrix whose blocks are {Qn(β,D,U)}j,j =

−n−1
∑n

i=1 ZiZ
′
iUirj(Ti) for j = 1, . . . ,K, while Vn(γ, u) = −n−1

∑n
i=1XiX

′
iπi(1−πi), is the

Hessian of `n(γ, U). The observed data estimating equations given in (3.7) can be expressed

in terms of the complete data estimating equation as

Ψn(θ,D) = Υn(θ,D,E{U | D, θ}) = 0.

Note also that Υn(θ,D,E{U | D, θ}) = E {Υn(θ,D,U) | D, θ}. It can then be verified (this

fact follows more or less directly from the fact that the inverse of a block diagonal matrix is

the matrix with the inverses of its diagonal) that the sequence θ(r) produced by (B.1) is the

same as the Newton–Raphson sequence

θ(r+1) = θ(r) − Υ̇n(θ(r), D,E {U | D, θ(r)})−1Υ(θ(r), D,E {U | D, θ(r)}),
and convergence of the sequence (θ(r))r≥1 ought to follow more or less directly from, e.g.,

Ortega (1990, Th. 8.1.7 and Th. 8.1.8, p. 145–146).
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Appendix C. A theorem and proof of Lemma 3.1

Recall that ∆ξ(t) = ξ(t)− ξ(t−) is the jump of a process ξ(t) at time t. The next theorem

is used in many of the proofs.

Theorem C.1. For n = 1, 2, . . . let Ξn(s, x) = Ξn(s, x1, . . . , xp) be functions with values

in Rp, p ≥ 1, and assume that ‖Ξn(s, x)‖ ≤ b < ∞ for all s, x and n. Let X1, . . . , Xn be

i.i.d. replicates of X, where X is a covariate satisfying Assumption 3. Suppose that Mi(t) =

Ni(t) −
∫ t

0 Yi(s)α(s,Xi) ds, for i = 1, . . . , n, are independent counting process martingales

observed over [0, τ ], and set

ξn(t) = n−1/2
n∑

i=1

∫ t

0
Ξn(s,Xi) dMi(s).

Suppose there is a function H(s, x) = Ξ(s, x)
√
y(s;x)α(s, x), such that

(C.1) 〈ξn, ξn〉t p→ E 〈ξ, ξ〉t = E

∫ t

0
H(s,X)H(s,X)′ ds, for all 0 < t ≤ τ ,

as n→∞. Then ξn ⇒ ξ, where

ξ(t) =

∫ t

0
H(s,X) dW (s),

with W (s) a one-dimensional Wiener process.

Proof. Write ξn = (ξn,1, . . . , ξn,p)
′, where ξn,l for l = 1, . . . , p are one-dimensional square

integrable local martingales. Tightness of ξn follows from Jacod and Shiryaev (2003, The-

orem VI.4.13, p. 358) because the process Qn(t) =
∑p

l=1〈ξn,l, ξn,l〉t is C-tight (Jacod and

Shiryaev, 2003, Def. VI.3.25, p. 351). To see that Qn(t) is C-tight, note that both Qn(t) and

its probability limit as n→∞, say Q(t), are increasing processes, and t 7→ Q(t) is continuous,

which by Jacod and Shiryaev (2003, Theorem VI.3.37, p. 354) yields process convergence of

Qn to Q, and hence C-tightness of Qn. From tightness of ξn it follows that for any subse-

quence nk, we can find a further subsequence nkl such that ξnkl converges in law to ξ, say

(Billingsley, 1999, Theorem 2.6, p. 20). Since no two counting processes jump at the same

time ‖∆ξn(t)‖ = ‖n−1/2
∑n

i=1 Ξ(t,Xi)∆Ni(t)‖ ≤ n−1/2 maxi≤n ‖Ξ(t,Xi)‖ ≤ n−1/2b ≤ b.

The fact that ‖∆ξn(t)‖ ≤ b entails that ξ is a local martingale with respect to the filtra-

tion that it generates (Jacod and Shiryaev, 2003, Corollary IX.1.19, p. 527). The tight-

ness of ξn combined with sup0≤t≤τ‖∆ξn(t)‖ ≤ n−1/2b, gives that ξn is C-tight, hence ξ is

continuous (Jacod and Shiryaev, 2003, Proposition VI.3.26, p. 351). Moreover, that the

jumps of ξn are uniformly bounded for all n, combined with 〈ξn, ξn〉t being tight for all t,

gives that ξn is P-UT (Jacod and Shiryaev, 2003, Proposition 6.13, p. 379). From ξn be-

ing P-UT we get joint convergence of (ξnkl , [ξnkl , ξnkl ]) to (ξ, [ξ, ξ]) (Jacod and Shiryaev,

2003, Theorem VI.6.26, p. 384), but [ξ, ξ] = 〈ξ, ξ〉 since ξ is continuous. From (C.1)

this means that 〈ξ, ξ〉t =
∫ t

0 H(s,X)H(s,X)′ ds. Since ξ is a continuous local martingale

and 〈ξ, ξ〉t is absolutely continuous with respect to Lebesgue measure, we can realise ξ

as ξ(t) =
∫ t

0 H(s,X) dW (s) in terms on a one-dimensional Wiener process W (Jacod and

Shiryaev, 2003, Proposition II.7.12, p. 133). Since the subsequence nkl was arbitrary, the

claim of the theorem follows (see the corollary on p. 337 in Billingsley (1995)). �

Remark C.2. The boundedness assumption on Ξ(s, x) and the fact that the Mi(s) are count-

ing process martingales ensure that sup0≤t≤τ‖ξn(t)‖ ≤ b <∞ for all n. This bound, in turn,
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implies that
∫
|x|>ε|x|2νn([0, τ ], dx) →p 0 for all ε > 0, where νn is the compensator of the

jump measure of ξn (see Stoltenberg (2020, Corollary B.4(ii)′′)). Therefore, Theorem C.1

can be stated without an explicit Lindeberg type condition.

Here is the proof of Lemma 3.1. As above, rj(s) =
∫
Wj
I{s ≥ u} du.

Proof. (of Lemma 3.1) Notice that rj(s) = 0 for s ≤ vj−1; for s ∈Wj it is rj(s) = s− vj−1;

and for s ≥ vj , rj(s) = ∆j . Assume that θ is such that ΨK
? (θ) = 0, then for 1 ≤ j ≤ K − 1,

0 = {ΨK
? (θ)}j = EZ

∫ τ

0
gj(s,X,Z, θ)y(s;X,Z){w(s, θ?)Z ′β?(s)− w(s, θ)Z ′β(s)} ds

=
K∑

`=j

EZ

∫

W`

[IWj (s)− {1− w(s, θ)}rj(s)z′βj ]y(s;X,Z){w(s, θ?)Z ′β?` − w(s, θ)Z ′β`} ds

= EZ

∫

Wj

y(s;X,Z){w(s, θ?)Z ′β?j − w(s, θ)Z ′βj} ds

− EZ
K∑

`=j+1

∫

W`

{1− w(s, θ)}∆jZ
′βjy(s;X,Z){w(s, θ?)Z ′β?` − w(s, θ)Z ′β`} ds.

Consider only the intercept term of Z = (1, Z1, . . . , Zq−1)′ and of X = (1, X1, . . . , Xp−1)′,
and use that {ΨK

? (θ)}K+1 = 0, then for j = 1,

0 = {ΨK
? (θ)}1,1 = E

∫

W1

y(s;X,Z){w(s, θ?)Z ′β?1 − w(s, θ)Z ′β1} ds

−∆1 EZ ′β1

K∑

`=2

∫

W`

{1− w(s, θ)}y(s;X,Z){w(s, θ?)Z ′β?` − w(s, θ)Z ′β`}ds

= E

∫

W1

y(s;X,Z){w(s, θ?)Z ′β?1 − w(s, θ)Z ′β1} ds

+ ∆1 EZ ′β1

∫

W1

{1− w(s, θ)}y(s;X,Z){w(s, θ?)Z ′β?1 − w(s, θ)Z ′β1} ds,

where we use Assumption 4 to get the third equality. Because both y(s;x, z) and 1−w(s, θ)

are positive functions, and because the function w(s, θ?)Z ′β?1 − w(s, θ)Z ′β1 cannot change

sign on W1 when both hazards are constant over W1, we must have that

EZ ′{w(s, θ?)β?1 − w(s, θ)β1} = Eπ(X ′γ? − Z ′β?1s)Z ′β?1 − π(X ′γ − Z ′β1s)Z
′β1} = 0,

for all s ∈ W1. Since the functions on the right are not linear in s, this equality may only

hold if

X ′γ? − Z ′β?1s = X ′γ − Z ′β1s = X ′(γ? − γ)− Z ′(β?1 − β1)s = 0,

almost surely with respect to the distribution of the covariates. But because the covariates

are linearly independent by Assumption 3, this implies that γ? = γ and β?1 = β1. �
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Appendix D. Some notes on the Ψ̇ matrix

The vector valued function ΨK
? = {(ΨK

?,1)′, · · · , (ΨK
?,K)′, (ΨK

?,K+1)′}′ is the (qK+p) column

vector defined in (3.11), restated here

ΨK
? (θ) := Eθ? ΨK

n (θ) = E

∫ τ

0
h(s,X,Z, θ)y(s;X,Z){w(s, θ?)Z ′β?(s)− w(s, θ)Z ′β(s)} ds.

Define fθ(t) = w(t, θ)Z ′β(s), where the locally constant function β(s) =
∑K

j=1 βjIWj (s).

We now derive an expression for Ψ̇K
θ . The functions gj(s, x, z, θ) are defined in (3.10). For

j = 1, . . . ,K,

∂ΨK
?,j(θ)

∂βj
= −Eθ?ZZ

′
∫ τ

0
y(s;X,Z)w(s, θ)gj(s,X,Z, θ)[IWj (s)− {1− w(s, θ)}rj(s)Z ′β(s)] ds

− Eθ?ZZ
′
∫ τ

0
y(s;X,Z){1− w(s, θ)}rj(s){fθ?(s)− fθ(s)} ds

− Eθ?ZZ
′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}Z ′βjrj(s)2{fθ?(s)− fθ(s)} ds

The first set of cross derivatives are, for j = 1, . . . ,K,

∂ΨK
?,j(θ)

∂β`
= −Eθ?ZZ

′
∫ τ

0
y(s;X,Z)w(s, θ)gj(s,X,Z, θ)[IW`

(s)− {1− w(s, θ)}r`(s)Z ′β(s)] ds

− Eθ?ZZ
′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}r`(s)rj(s)Z ′βj{fθ?(s)− fθ(s)} ds.

And, for j = K + 1, (recall from (4.3) that µθ(s;x, y) = y(s;x, y)w(s, θ){1− w(s, θ)})

∂ΨK
?,K+1(θ)

∂βj
= −Eθ? ZX

′
∫ τ

0
µθ(s;X,Y )[IWj (s)− {1− w(s, θ)}rj(s)Z ′β(s)] ds

+ Eθ? ZX
′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}rj(s){fθ?(s)− fθ(s)}ds.

For j = 1, . . . ,K.

∂ΨK
?,j(θ)

∂γ
= −Eθ?XZ

′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}gj(s)Z ′β(s) ds

+ Eθ?XZ
′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}rj(s)Z ′βj{fθ?(s)− fθ(s)} ds,

and, for j = K + 1,

∂ΨK
?,K+1(θ)

∂γ
= −Eθ? XX

′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}2Z ′β(s) ds

− Eθ? XX
′
∫ τ

0
y(s;X,Z)w(s, θ){1− w(s, θ)}{fθ?(s)− fθ(s)}ds.
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This gives the matrix

Ψ̇K
θ =

(
Ψ̇K
θ,00 Ψ̇K

θ,01

Ψ̇K
θ,10 Ψ̇K

θ,11,

)
,

where,

Ψ̇K
θ,00 = −




∂
∂β1

ΨK
?,1(θ) · · · ∂

∂β1
ΨK
?,K(θ)

...
. . .

...
∂

∂βK
ΨK
?,1(θ) · · · ∂

∂βK
ΨK
?,K(θ)


 , Ψ̇K

θ,01 = −




∂
∂β1

ΨK
?,K+1(θ)
...

∂
∂βK

ΨK
?,K+1(θ)


 ,

and

Ψ̇K
θ,10 = −




∂
∂γΨK

?,1(θ)
...

∂
∂γΨK

?,K(θ)




′

, Ψ̇K
θ,11 = − ∂

∂γ
ΨK
?,K+1(θ).

Lemma D.1. When Ψ̇K
θ is evaluated in θ?,

{Ψ̇K
θ,00}j,j = − ∂

∂βj
ΨK
?,j(θ

?) = Gj(θ
?) +O(∆2

j ),

{Ψ̇K
θ,00}j,` = − ∂

∂β`
ΨK
?,j(θ

?) = O(∆2
j ∨∆2

` ),

{Ψ̇K
θ,01}j = − ∂

∂βj
ΨK
?,K+1(θ?) = EZX ′

∫

Wj

y(s;X,Z)w(s, θ?){1− w(s, θ?)} ds+O(∆2
j ),

{Ψ̇K
θ,10}j = − ∂

∂γ
ΨK
?,j(θ

?) = EXZ ′
∫

Wj

y(s;X,Z)w(s, θ?){1− w(s, θ?)}Z ′β?j ds+O(∆2
j ),

Ψ̇K
θ,11 = − ∂

∂γ
ΨK
K+1(θ?) = EXX ′

∫ τ

0
y(s;X,Z)w(s, θ?){1− w(s, θ?)}2Z ′β?(s) ds,

as K →∞.

Proof. Recall that gj(s,X,Z, θ) = IWj (s) − {1 − w(s, θ)}rj(s)Z ′βj for j = 1, . . . ,K. That

rj(s) ≤ ∆j for any 0 < s ≤ τ is used repeatedly. We also use that if α(s) is a real function

with a bounded derivative α̇(s) on [0, τ ], then

|
∫

Wj

α(s)rj(s) ds| ≤ ∆j

∫

Wj

|α(s)| ds ≤ ∆2
jα(vj−1) + ∆j

∫

Wj

|α(s)− α(vj−1)| ds

≤ ∆2
jα(vj−1) + ∆j sup

s∈Wj

|α̇(s)|
∫

Wj

|s− vj−1|ds

= ∆2
jα(vj−1) + ∆j sup

s∈Wj

|α̇(s)|
∆2
j

2
= O(∆2

j ).
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Evaluated in θ?,

− ∂

∂βj
Ψ?,j(θ

?) = EZZ ′
∫ τ

0
y(s;X,Z)w(s, θ?)gj(s,X,Z, θ

?)

× [IWj (s)− {1− w(s, θ?)}rj(s)Z ′β?(s)] ds

= Gj(θ
?)− 2 EZZ ′

∫

Wj

y(s;X,Z)w(s, θ?){1− w(s, θ?)}rj(s)Z ′β?j ds

+ EZZ ′
∫ τ

0
y(s;X,Z)w(s, θ?){1− w(s, θ?)}2rj(s)2z′β?jZ

′β?(s) ds

= Gj(θ
?) +O(∆2

j ),

and,

− ∂

∂β`
ΨK
?,j(θ

?) = EZZ ′
∫ τ

0
y(s;X,Z)w(s, θ?)gj(s,X,Z, θ

?)

× [IW`
(s)− {1− w(s, θ?)}r`(s)Z ′β?(s)] ds

= −EZZ ′
∫

Wj

y(s;X,Z)w(s, θ?){1− w(s, θ?)}r`(s)Z ′β?(s)] ds

− EZZ ′
∫

W`

y(s;X,Z)w(s, θ?){1− w(s, θ?)}rj(s)Z ′β?j ] ds

+ EZZ ′
∫ τ

0
y(s;X,Z)w(s, θ?){1− w(s, θ?)}2rj(s)r`(s)Z ′β?(s)Z ′β?j ] ds

= O(∆2
j ∨∆2

` ).

By the same arguments we get the approximations for ∂ΨK
?,K+1(θ?)/∂βj and ∂ΨK

?,j(θ
?)/∂γ,

while the lower right corner ∂ΨK
?,K+1(θ?)/∂γ remains unchanged. �

The inverse of Ψ̇K
θ is

(Ψ̇K
θ )−1 =

(
(Ψ̇K

θ,00)−1 + (Ψ̇K
θ,00)−1Ψ̇K

θ,01Ψ̇K,11
θ Ψ̇K

θ,10(Ψ̇K
θ,00)−1 −(Ψ̇K

θ,00)−1Ψ̇K
θ,01Ψ̇K,11

θ

−Ψ̇K,11
θ Ψ̇K

θ,10(Ψ̇K
θ,00)−1 Ψ̇K,11

θ

)
,

where

Ψ̇K,11
θ = (Ψ̇K

θ,11 − Ψ̇K
θ,10(Ψ̇K

θ,00)−1Ψ̇K
θ,01)−1.

From Lemma D.1 we have that ΨK
θ?,00 is approximately a block diagonal matrix, that is

ΨK
θ?,00 = E



ZZ ′

∫
W1

λθ?(s) ds · · · 0
...

. . .
...

0 · · · ZZ ′
∫
WK

λθ?(s) ds


+O(max

j≤K
∆2
j ),



28

where Gj(θ
?) = EZZ ′

∫
Wj
λs(θ

?) ds for j = 1, . . . ,K, which results in the nice form of the

following matrix,

(ΨK,11
θ? )−1 =

∫ τ

0
EXX ′ξθ?(s) ds

−
K∑

j=1

E {XZ ′
∫

Wj

νθ?(s) ds}(E {ZZ ′
∫

Wj

λθ?(s) ds})−1E {ZX ′
∫

Wj

µθ?(s) ds}+O(max
j≤K

∆2
j ).

Lemma D.2. As K →∞,

Ψ̇K,11
θ? = Ψ̇11 +O(max

j≤K
∆j).

where

(Ψ̇11)−1 =

∫ τ

0
EXX ′ξϕ◦(s) ds−

∫ τ

0
E {XZ ′νϕ◦(s)}G(s, ϕ◦)−1E {ZX ′µϕ◦(s)} ds,

Proof. Since λθ(s) = λθ(vj−1)∆j + O(∆2
j ), µθ(s) = µθ(vj−1)∆j + O(∆2

j ), and νθ(s) =

νθ(vj−1)∆j +O(∆2
j ) for s ∈Wj and j = 1, . . . ,K, all with bounded derivatives on (0, τ ],

K∑

j=1

E {XZ ′
∫

Wj

νθ?(s) ds}(E {ZZ ′
∫

Wj

λθ?(s) ds})−1E {ZX ′
∫

Wj

µθ?(s) ds}

=
K∑

j=1

E {XZ ′νθ?(vj−1)}G(vj−1, θ
?)−1E {ZX ′µθ?(vj−1)}∆j +O(max

j≤K
∆j),

where G(s, θ) = EZZ ′λθ(s) = EZZ ′y(s;X,Z)w(s, θ) as defined in (4.4), and the result

follows. �

Appendix E. Limit theorems for Aalen’s linear hazard model

In this appendix we return to the classical setting (that is, no cured fraction, π ≡ 1)

introduced in Section 2.1, and derive the limiting distribution of the Aalen’s linear hazard

regression estimator B̃ of (2.2) in three different ways. In Section E.1 we start out with a

locally constant model for a continuous truth (i.e. continuous regression function β◦l (s) for

l = 0, . . . , q − 1), derive an estimator, and then let the mesh size tend to zero. See Hermansen

and Hjort (2015, Section 5.3, p. 149) for a similar construction in the case of independent

and identically distributed lifetimes. In Section E.2 we use the measure change techniques

introduced in Section 4.2, that is, we derive our estimator under a data generating mechanism

associated with a locally constant truth, and then shift back to the measure associated

with a continuous truth. The third technique, employed in Section E.3, consists for using

nonparametric likelihood theory, as well as some results for the theory of empirical processes.

(see e.g., Gill et al. (1989); Gill and van der Vaart (1993) or Andersen et al. (1993, Ch. IV.1.5

and Ch. VIII)).

Recall that we have i.i.d. survival data (T1, δ1, Z1), . . . , (Tn, δn, Zn), that are replicates of

(T, δ, Z), observed over the interval [0, τ ], where T = T ∗ ∧C, the C stem from an absolutely

continuous distribution Hc. The survival times T ∗i | Zi stem from a distribution with hazard

rate

(E.1) α◦i (t) = Z ′iβ
◦(t) = β◦0(t) + Zi,1β

◦
1(t) + · · ·+ Zi,q−1β

◦
q−1(t),
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where the functions β◦0(s), . . . , β◦q−1(s) are assumed to be continuously differentiable on [0, τ ];

the covariates are linearly independent, bounded with probability one, and the matrix EZZ ′

is positive definite. Also assume that Z ′β◦(t) > 0 for all Z in the support of the distribution

of the covariates. We denote the distribution associated with the β◦0(s), . . . , β◦q−1(s) by P◦.
As above, we write y(s) = E y(s;Z) = E Eϕ◦ {Y (s) | Z}, and note that

sup
0≤t≤τ

|n−1
n∑

i=1

Eϕ◦ {Yi(s) | Z} − y(s;Z)| p→ 0,

as n→∞.

E.1. Locally constant model. As a model for (E.1) we take the regression functions β(s)

as locally constant. More precisely, let 0 = v0 < v1 < · · · < vK−1 < vK = τ be a partition of

the interval. For j = 1, . . . ,K set Wj = [vj−1, vj); we assume vj = jτ/K for j = 1, . . . ,K;

and IWj (t) = 1 if t ∈ Wj and zero otherwise. Suppose that τ = 1. Define the vector valued

function and the model for the hazard rate by

(E.2) β(t) =
K∑

j=1

βjIWj (t), and αi(t) = Z ′iβ(t) = Z ′i

K∑

j=1

βjIWj (t),

respectively. Here βj = (β0,j , . . . , βq−1,j)
′ for j = 1, . . . ,K are q-dimensional column vectors

of coefficients, so this is a model with qK unknown parameters to be estimated from the data.

The functions rj(t) are defined as in (3.5), namely, rj(t) =
∫
Wj
I{t ≥ s} ds =

∫ t
0 IWj (s) ds

for j = 1, . . . ,K. The likelihood function of the model in (E.2) is given by

`n(β) =

n∑

i=1

{δi logαi(Ti)−
∫ Ti

0
αi(s) ds} =

n∑

i=1

∫ τ

0
{logαi(s) dNi(s)− Yi(s)αi(s) ds}.

Differentiate with respect to the j’th column vector βj to get the score functions, they are

Un,j(β) =
n∑

i=1

Zi
{δiIWj (Ti)

αi(Ti)
− IWj (Ti)

}
=

n∑

i=1

Zi
IWj (Ti)

Z ′iβj

{
δi − Z ′iβj

}
, for j = 1, . . . ,K.

This motivates the Z-estimators β̂1, . . . , β̂K , defined as the zeros of

Ψn,j(β) =
1

n

n∑

i=1

ZiIWj (Ti)
{
δi − Z ′iβj

}

=
1

n

n∑

i=1

Zi

∫

Wj

{dNi(s)− Yi(s)Z ′iβj ds}, for j = 1, . . . ,K.

(E.3)

The equations (E.3) are similar to those that in the nonparametric case lead to the Aalen

linear hazard estimator. We see that the β̂j are given by

β̂j = G−1
n,j

1

n

n∑

i=1

Zi

∫

Wj

dNi(s), with Gn,j =
1

n

n∑

i=1

ZiZ
′
irj(Ti),

for j = 1, . . . ,K. Denote the asymptotic versions of the functions Ψn,j(β) by Ψj(β). These

are given by

Ψj(β) = Eϕ◦ Z

∫

Wj

y(s;Z)Z ′{β◦(s)− βj} ds. j = 1, . . . ,K.
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The zeros of Ψj(β), which we refer to as the least-false parameter values and denote by βlf
j ,

are given by,

βlf
j = G−1

j EZ

∫

Wj

y(s;Z)Z ′β◦(s) ds, for j = 1, . . . ,K,

whereGj = EZZ ′
∫
Wj
y(s;Z) ds. Since n−1

∑n
i=1 Zi

∫
Wj

dNi(s) = EZ
∫
Wj
y(s;Z)Z ′β◦(s) ds+

op(1) and Gn,j = Gj + op(1) for j = 1, . . . ,K, it follows from the Cramér–Slutsky rules that

β̂j = βlf
j + op(1), for j = 1, . . . ,K,

as n→∞, and the mesh size is held constant. Let jmax = jmax(t) = max{j : vj < t}, then

B̂(t)−Blf(t) =
1

K

∑

j:vj≤t
(β̂j − βlf

j ) + (t− vjmax)(β̂jmax+1 − βlf
jmax+1) + op(1),(E.4)

as n→∞, and we see that this holds independently of the mesh size.

Lemma E.1. As n→∞ and K →∞

sup
0≤t≤τ

‖B̂(t)−B◦(t)‖ p→ 0.

Proof. Since we already have (E.4), it suffices to prove that sup0≤t≤τ‖Blf(t) − B◦(t)‖ → 0.

But for s ∈Wj , β
lf
j − β◦(s) = O(1/K), because

‖βlf
j − β◦(s)‖ = ‖G−1

j E z

∫

Wj

y(u; z)z′β◦(u) du− β◦(s)‖

= ‖G−1
j E z

∫

Wj

y(u; z)z′{β◦(u)− β◦(s)} du‖

≤ sup
u∈Wj

‖β◦(u)− β◦(s)‖ ≤ sup
u∈Wj

‖β̇◦(u)‖|u− s| ≤ sup
u∈Wj

‖β̇◦(u)‖
K

,

where we use that G−1
j E zz′

∫
Wj
y(u; z) du = Iq. Then

Blf(t)−B◦(t) =

K∑

j:vj≤t

∫

Wj

{βlf(s)− β◦(s)}IWj (s) ds = O(1/K),

for all t, which combined with (E.4) proves the lemma. �

Proposition E.2. The sequence
√
n(B̂−B◦) converges weakly to U under P◦ as n,K →∞,

provided
√
n/K → 0; where U is a mean zero Gaussian martingale with

〈U ,U 〉t = E

∫ t

0
G(s)−1Zy(s;Z)Z ′β◦(s)Z ′G(s)−1 ds, and G(s) = EZZ ′y(s;Z).

Proof. Let U lf
n (t) =

√
n{B̂(t)−Blf(t)}. From the proof of Lemma E.1,

(E.5)
√
n{B̂(t)−B◦(t)} =

√
n{B̂(t)−Blf(t)}+O(

√
n/K) = U lf

n (t) +O(
√
n/K),

From the Cramér–Slutsky rules (or, alternatively, use that Ψn,j(β) in (E.3) is Lipschitz;

that −∂Ψj(β)/∂βj = Gj , and ∂Ψj(β)/∂βl = 0 for l 6= j; and that the block diago-

nal matrix with G1, . . . , GK on its diagonal is invertible because EZZ ′ is positive defi-

nite, then appeal to van der Vaart (1998, Theorem 5.21, p. 52)) we have that β̂j − βlf
j =
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G−1
j n−1

∑n
i=1 Zi

∫
Wj

dMi(s) + op(1/
√
n), as n→∞, so that,

(E.6) U lf
n (t) =

√
n{B̂(t)−Blf(t)} =

1√
nK

n∑

i=1

∑

j:vj≤t
G−1
j Zi

∫

Wj

dMi(s) + op(1),

as n→∞. The quadratic variation of this process is

〈U lf
n ,U

lf
n 〉t =

1

nK2

n∑

i=1

∑

j:vj≤t
G−1
j Zi

∫

Wj

Yi(s)Z
′
iβ
◦(s) dsZ ′iG

−1
j + op(1)

=
1

K2

∑

j:vj≤t
G−1
j EZ

∫

Wj

y(s;Z)z′β◦(s) dsZ ′G−1
j + op(1).

Because y(s; z) and β◦(s) have bounded derivatives, Gj = G(vj−1)/K + O(1/K2) for j =

1, . . . ,K, and
∫
Wj
y(s;Z)Z ′β◦(s) ds = y(vj−1;Z)Z ′β◦(vj−1)/K +Op(1/K

2), we find

〈U lf
n ,U

lf
n 〉t =

1

K

∑

j:vj≤t
G(vj−1)−1EZy(vj−1;Z)Z ′β◦(vj−1)Z ′G(vj−1)−1 +O(1/K) + op(1),

as n,K → ∞, which is a Riemann sum converging to 〈U ,U 〉t as K → ∞. Due to (E.5),

this means that n〈B̂−B◦, B̂−B◦〉t →p 〈U ,U 〉t for all t, as n→∞ and K →∞, as long as√
n/K → 0. Write

√
n(B̂(t)−B◦(t)) = n−1/2

∑n
i=1

∫ t
0 Ξ(s, Zi) dMi(s) +Op(

√
n/K) + op(1),

where Ξ(s, Zi) = K−1
∑K

j=1G
−1
j ZiIWj (s). Since G−1

j is positive definite, ‖Ξ(s, Zi)‖2 ≤
maxj≤K‖G−1

j Zi‖2 ≤ maxj≤K λ2
max,j‖Zi‖2, where λmax,j is the largest eigenvalue of G−1

j . By

assumption, ‖Zi‖ is bounded with probability one for all i. The result then follows from

Theorem C.1 in Appendix C.

�

The limiting process U of
√
n(B̂ − B◦) of Theorem E.2 is, not surprisingly, the same as

that of the Aalen linear hazard estimator presented in (2.3).

E.2. The limiting distribution by contiguity. In this section we use the techniques

employed in Section 4.2 to derive the limiting distribution of
√
n(B̂ − B◦) under P◦. We

retain the assumptions of the preceding section, except that we now assume that the data

are generated by the distributions (PK? )K , associated with the regression function β?(s) =∑K
j=1 β

?
j IWj (s), with β?j = β◦(vj−1) for each j = 1, . . . ,K. This means that,

Mi(t, β
?) = Ni(t)−

∫ t

0
Yi(s)Z

′
iβ
?(s) ds, for i = 1, . . . , n,

are martingales under PK? . We start by studying
√
n(B̂ − B?) under PK? . By an argument

similar to that employed to obtain (E.6), we now have that

√
n{B̂(t)−B?(t)} =

1√
nK

n∑

i=1

∑

j:vj≤t
G−1
j Zi

∫

Wj

dMi(s, β
?) + op(1),

as n → ∞, and we see that sup0≤t≤τ‖B̂(t) − B?(t)‖ →p 0. By a proof that is essentially

the same as that of Theorem E.2, the sequence
√
n(B̂ − B?) converges weakly to U under

(PK? )K as n,K → ∞, but now we do not need that
√
n/K → 0. Here U is a mean zero

Gaussian martingale, whose quadratic variation 〈U ,U 〉 is the same as in said theorem.

Define φK(s) =
√
n{β◦(s) − β?(s)}, so that β◦(s) = β?(s) + φK(s)/

√
n. If K ∝ √n, by

the same argument used in (4.8), there is a function φ(s), such that
∫ t

0 φK(s) ds→
∫ t

0 φ(s) ds
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for all t. By setting all the wi(s, θ) in Lemma 4.4 to one, it follows from that lemma that

the log-likelihood ratio log(dP◦,n/dPK?,n), evaluated in t, is

log
dP◦,n
dPK?,n

∣∣∣∣
t

=
n∑

i=1

{ζKi (t)− 1

2
〈ζKi , ζKi 〉t}+Op(1/K

3),

as K →∞, where

(E.7) ζKi = n−1/2

∫ t

0
aK,i(s) dMi(s, β

?), with aK,i(s) =
Z ′iφK(s)

Z ′iβ
?(s)

,

are PK? martingales for i = 1, . . . , n and all partitions K. In analogy with Section 4.2, define

aK(s) = {Z ′φK(s)/Z ′β?(s)} and a(s) = {Z ′φ(s)/Z ′β◦(s)}.

Lemma E.3. Assume that K ∝ √n. When n→∞ and K →∞,

log
dP◦,n
dPK?,n

⇒ logL,

under PK? , where L is the process Lt = exp{−σ(t)2/2 +
∫ t

0 σ(s) dWs}, with W a standard

Wiener process and σ(t)2 = E {Z ′φ(t)}2/{Zβ◦(t)}y(s;Z).

Proof. The quadratic variation n−1
∑n

i=1〈ζKi , ζKi 〉t = n−1
∑n

i=1

∫ t
0 aK,i(s)

2Yi(s)Z
′
iβ
?(s)ds

converges in probability to E 〈ζK1 , ζK1 〉t = E
∫ t

0 aK(s)2y(s;Z)Z ′β?(s) ds. Assume w.l.o.g. that

K =
√
n, τ = 1, that t = v`, and that φK(s) is one-dimensional,

〈ζK1 , ζK1 〉t = n

∫ v`

0
Z2{β◦(s)− β?(s)}2 y(s;Z)

β?(s)
ds

= n
∑̀

j=1

∫ vj

vj−1

Z2{β◦(s)− β◦(vj−1)}2 y(s;Z)

Zβ◦(vj−1)
ds

= n
∑̀

j=1

Z2β̇◦(vj−1)2

∫ vj

vj−1

(s− vj−1)2 y(s;Z)

Zβ◦(vj−1)
ds+Op(K/n)

= n
∑̀

j=1

Z2β̇◦(vj−1)2

∫ vj

vj−1

(s− vj−1)2 y(vj−1;Z)

Zβ◦(vj−1)
ds+Op(K/n)

=
n

3K3

∑̀

j=1

Z2β̇◦(vj−1)2 y(vj−1;Z)

Zβ◦(vj−1)
+Op(K/n)

p→ 1

3

∫ v`

0

Z2β̇◦(s)
Zβ◦(vj−1)

y(s;Z) ds,

as K → ∞, because n/K3 = 1/K. The function β◦(s) is at least twice continuously dif-

ferentiable, hence there is a B > 0 such that sup0≤s≤1|β̇◦(s)|≤ B and sup0≤s≤1|β̈◦(s)|≤ B.

Since |n
∫ v`

0 Z2{β◦(s)− β?(s)}2y(s;Z)/β?(s) ds|≤ 4B2
∑`

j=1

∫ vj
vj−1

Z2y(s;Z)/β?(s) ds, which

is integrable, the dominated convergence theorem yields E 〈ζK1 , ζK1 〉t →
∫ t

0 σ(s)2 ds. In this

case φ(s) = β̇◦(s)/3. We have used that y(s;Z) is at least one time continuously differen-

tiable, and the assumption of Z ′β◦(s) > 0. Since Z ′β◦(s) is continuous on [0, τ ], it achieves

its minimum, say m. By the Cauchy–Schwarz inequality, |aK,i(s)|≤ (1/m)|Z ′i
√
n(β◦(s) −

β?(s))|≤ (1/m)‖Zi‖‖
√
n(β◦(s) − β?(s))‖ ≤ (q/m) maxl≤q sup0≤s≤τ |β̇◦l (s)|√n/K. So pro-

vided
√
n/K ≤ b < ∞ for all n, Theorem C.1 applies to

∑n
i=1 ζ

K
i as defined in (E.7), and

the results follows. �
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Since they have the same driving martingale, we deduce from Proposition E.2 and Lemma E.3

that we have joint convergence of

{√n(B̂ −B◦), log(dP◦,n/dPK?,n)},

under (PK? )K as n,K →∞. By the general version of Le Cam’s third lemma that we used in

Section 4.2 (see e.g. van der Vaart (1998, Theorem 6.6, p. 90) or Jacod and Shiryaev (2003,

Lemma V.1.13, p. 289)), one finds that

√
n(B̂ −B◦)⇒ c+ U ,

under P◦, provided 1/K ∝ 1/
√
n or smaller, where c is the function

ct = E

∫ t

0
G(s)−1zy(s;Z)Z ′φ(s) dsZ ′G(s)−1,

and U = (U1, . . . ,Uq)
′ is a mean zero Gaussian martingale with

〈U ,U 〉t = E

∫ t

0
G(s)−1Zy(s;Z)Z ′β◦(s) dsZ ′G(s)−1.

If 1/K → 0 faster than 1/
√
n, then ct is constant and equal to zero and we are back to the

limit process of Proposition E.2.

E.3. Nonparametric likelihood theory. The asymptotic theory for the proportional haz-

ards cure model as developed by Fang et al. (2005) and by Lu (2008) draw on the work of

Murphy (1994, 1995) for the gamma frailty model. They all use a theorem due to van der

Vaart and Wellner (1996, Theorem 3.3.1, p. 310), also stated in van der Vaart (1998, The-

orem 19.26, p. 281), and in Murphy (1995, Theorem 2, p. 187). It appears evident that

this theorem could have been applied to reach the same result as we reach in Theorem 4.6

(for the cure model) of this technical report. Such a theorem would allow one to circumvent

going via parametric models, likelihood ratios, and contiguity, but would come with its own

technical costs. In this last section we sketch how one may use nonparametric likelihood

techniques, and Theorem 3.3.1 of van der Vaart and Wellner (1996, p. 310) in particular, for

the Aalen linear hazard estimator B̃(s) of (2.2). In other words, we aim to reproduce the

conclusions of Theorem E.2 by other means. The remainder of this section is inspired by,

and follows closely Gill et al. (1989, Example 3, p. 119) and Breslow et al. (2015, Example

2, p. 496), who exemplify these techniques using the Nelson–Aalen estimator.

First some notation. For independent variables X1, . . . , Xn with distribution P , write

Pf = E f(X) =
∫
f dP and Pnf = n−1

∑n
i=1 f(Xi), for some real function f . A Z-estimator

θ̂n is the solution to a set of estimating equations Pnψθ,h = 0, where h belongs to some set

H. In a parametric setting H is a finite index set {1, . . . , p}, with p the dimension of θ; in

the nonparametric setting H indexes an infinite number of estimating equations.

We have n independent and identically distributed triplets of survival data Xi = (Ti, δi, Zi)

observed over a finite interval [0, τ ]; the counting process N(t) = δI{T ≤ t} has the additive

hazard α(t) = z′β(t) of (1.2); and Bl(t) =
∫ t

0 βl(s) ds for l = 1, . . . , q. Denote the parameter

space in which these B1(t), . . . , Bq(s) live by Θ. Assume that Zi and β(t) are such that

α(t) is positive and uniformly bounded over [0, τ ], and that E [Y (s)ZZ ′] is positive definite

for all s ∈ [0, τ ]. Define the one-dimensional parametric submodels βη(t) = β(t) + ηh(t).

Let BV[0, τ ] be the set of all bounded variation functions on [0, τ ]. Equip this space with
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the norm ‖h‖H = V τ
0 h + |h(0)|, where V b

a h is the total variation of h over [a, b],2 and let

H = {h ∈ BV[0, τ ] : ‖h‖ ≤ 2}, and denote by Hq the product space H × · · · × H. Let

h = (h1, . . . , hq)
′ ∈ Hq and consider the estimating equations PnψB,h = 0, where ψB,h is the

real-valued function given by

(E.8) ψB,h(X) =

∫ τ

0
h(s)′Z{dN(s)− Y (s)Z ′ dB(s)}.

We get (E.8) by following the same procedure as in McKeague and Sasieni (1994, p. 503).

Suppose that we have established that the sequence of roots B̂n of PnψB,h = 0 is consistent

for the true value B◦. We must first show that
√
n(PnψB◦ − PψB◦) converges to a tight

Gaussian process in `∞(Hq), with `∞(Hq) the space of bounded real-valued functions on

Hq under the supremum norm ‖g‖ = suph∈Hq |g(h)|. In the case of (E.8) this may be done

by arguing that Zh and
∫
h′Y ZZ ′ dB form Donsker classes since they are both of bounded

variation (see Example 19.11 in van der Vaart (1998)), and that sums of Donsker classes

are Donsker. We then use weak convergence results suitable for doubly indexed martingales

due to Nishiyama (2000). By our choice of Hq, the conditions of Nishiyama (2000, Theorem

3.2, p. 697) are satisfied, implying that
√
n(PnψB◦ −PψB◦) converges weakly to a Gaussian

process in `∞(Hq). The next step is to show that the map B 7→ PψB is Fréchet-differentiable

at B◦, with a derivative V : Θ → `∞(Hq) that has a continuous inverse on its range. We

have that

PψB,h = E

∫ τ

0
h′Z

(
dN − Y Z ′ dB

)
= −

∫ τ

0
h′ E [Y ZZ ′]

(
dB − dB◦

)
.

Since the map B 7→ PψB is linear in B, that is

V (B −B∗)h := PψB−B∗,h = PψB,h − PψB∗,h = −
∫ τ

0
h′ E [Y ZZ ′]

(
dB − dB∗

)
,

this difference equals the Fréchet-derivative V (B − B∗). For a map ξ in the range of V

(i.e., in a subset of `∞(Hq)) given by ξh =
∫ τ

0 h
′ dξ, the inverse map is thus

V −1(ξ)h = −
∫ τ

0
h′ E [Y ZZ ′]−1 dξ.

The theorem mentioned at the beginning of this section then gives that (van der Vaart and

Wellner, 1996, Theorem 3.3.1, p. 310),

√
n(B̂n −B◦)h = −V −1√nPnψB,h + op(1)⇒ G(V −1ψB◦,h),

with G a Gaussian process on `∞(Hq). We remark that we tacitly have identified the

parameter space with a subset of `∞(Hq), consisting of elements Bh =
∫ τ

0 h
′ dB, that is,

the functions in the original parameter space Θ indexes this auxiliary parameter space. Also

note that

V −1ψB◦,h =

∫ τ

0
h′E [Y ZZ ′]−1dψB◦ =

∫ τ

0
h′E [Y ZZ ′]−1Z dM.

2The total variation of a real function h on [a, b] is V ba h = sup
∑K
j=1 |h(vj)−h(vj−1)|, where the supremum

is over all partitions a = v0 < v1 < · · · < vK−1 < vK = b of [a, b]. By the triangle inequality V τ0 (h + f) ≤
V τ0 h+ V τ0 f ; that ‖ah‖H = |a|‖h‖H for constant a is clear; and the addition of |h(0)| ensures that ‖h‖H = 0

implies h = 0, so ‖h‖H is a norm.
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Let ht(s) = (I{s ≤ t}, . . . , I{s ≤ t})′, which is in Hq. One then finds that

√
n(B̂n −B◦)ht =

q∑

j=1

√
n(B̂n,j(t)−B◦j (t)),

converges to a mean zero Gaussian process (indexed by time!) with covariance function

P
(
V −1ψB,htV

−1ψB,hs
)

= P
( ∫ τ

0
h′tE [Y ZZ ′]−1ZdM

∫ τ

0
h′sE [Y ZZ ′]−1Z dM

)

= P

∫ τ

0
h′tE [Y ZZ ′]−1ZZ ′ d〈M,M〉E [Y ZZ ′]−1hs

=

∫ τ

0
h′t E [Y ZZ ′]−1E [ZZ ′Z ′] dB◦ E [Y ZZ ′]−1hs

Indicator functions in the right places give the various elements of the covariance matrix,

for example, ht(s) = (I{s ≤ t}, 0, . . . , 0)′ gives the limiting variance of the first element of√
n(B̂n −B◦) and so on. From P

(
V −1ψB,htV

−1ψB,hs
)

above, we see that B̂n has the same

limiting distribution as the estimator B̃ in (2.2). It is in fact the same estimator.
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function analysis via locally constant modelling: A unified approach. Journal of Statistical

Planning and Inference, 166:138–157.



36

Huffer, F. W. and McKeague, I. W. (1991). Weighted least squares estimation for Aalen’s

additive risk model. Journal of the American Statistical Association, 86:114–129.

Jacod, J. and Shiryaev, A. (2003). Limit Theorems for Stochastic Processes. Second Edition.

Springer, Berlin.

Lin, D. and Ying, Z. (1994). Semiparametric analysis of the additive risk model. Biometrika,

81:61–71.

Lu, W. (2008). Maximum likelihood estimation in the proportional hazards cure model.

Annals of the Institute of Statistical Mathematics, 60:545–574.

McKeague, I. W. and Sasieni, P. D. (1994). A partly parametric additive risk model.

Biometrika, 81:501–514.

Murphy, S. A. (1994). Consistency in a proportional hazards model incorporating a random

effect. The Annals of Statistics, 22:712–731.

Murphy, S. A. (1995). Asymptotic theory for the frailty model. The Annals of Statistics,

23:182–198.

Mykland, P. A. and Zhang, L. (2009). Inference for continuous semimartingales observed at

high frequency. Econometrica, 77:1403–1445.

Nielsen, G. G., Gill, R. D., Andersen, P. K., and Sørensen, T. I. (1992). A counting process

approach to maximum likelihood estimation in frailty models. Scandinavian Journal of

Statistics, 19:25–43.

Nishiyama, Y. (2000). Weak convergence of some classes of martingales with jumps. The

Annals of Probability, 28:685–712.

Ortega, J. M. (1990). Numerical Analysis: A Second Course. SIAM.

Peng, Y. and Dear, K. (2000). A nonparametric mixture model for cure rate estimation.

Biometrics, 56:237–243.

Sinha, D., McHenry, M. B., Lipsitz, S. R., and Ghosh, M. (2009). Empirical Bayes estimation

for additive hazards regression models. Biometrika, 96:545–558.

Stoltenberg, E. A. (2020). Kappa. Introduction to PhD-thesis. PhD-thesis submitted at the

Department of Mathematics, University of Oslo.

Sy, J. P. and Taylor, J. (2000). Estimation in a Cox proportional hazards cure model.

Biometrics, 56:227–236.

van der Vaart, A. (1998). Asymptotic Statistics. Cambridge University Press, Cambridge.

van der Vaart, A. and Wellner, J. (1996). Weak Convergence and Empirical Processes. With

Applications to Statistics. Springer.

Current address: Sofies gate 75A, 0454 Oslo, Norway

Email address: emilstoltenberg@gmail.com


	Preface
	List of articles and manuscripts
	Contents
	Kappa
	Introduction
	The mathematical model of random phenomena
	Overview

	Foundations, loss, and risk
	Probability
	Foundations (do we need them?)
	Rationality and decision theory
	The likelihood principle
	Criticism
	The inevitability of Bayes?

	Learning from data
	Model uncertainty
	Prediction, explanation, and causality

	Inference on stochastic processes
	Stable convergence
	A model for repeated juggling
	Focused model selection for composite likelihood

	Synopses of the articles
	Article I
	Article II
	Article III
	Article IV
	Article V

	Common and future themes
	Contagion and the multiplicative hazards model
	Zero-one data and high-frequency sampling
	Nonparametric inference via contiguity


	Additional details and related extra material
	Additional details
	The blip-model in Eq. (2.4): Estimators and risk functions
	Admissible, but not generalised Bayes.
	The instrumental variable estimator of Section 3.2
	The claim in Eq. (4.2) of Section 4.1
	Details on some claims made in Section 6.3

	Extra material
	A Portmanteau theorem for stable convergence
	A stable central limit theorem for càdlàg martingales


	Bibliography
	Multivariate estimation of Poisson parameters
	The cure model in perinatal epidemiology
	Models and inference for on-off data via clippedOrnstein–Uhlenbeck processes
	Volatility and intensity
	The standard cure model with a linear hazard

