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Abstract

This paper aims to present the theoretical foundations for term-structure
modelling with a focus on the LIBOR market model. We will explore some
pricing problems faced when pricing European interest rate derivatives under
the LIBOR market model, and we will see how this leads us to a partial
differential equation which must be solved. This partial differential equation
can be reformulated in terms of a forward-backward stochastic differential
equation via the Feynman-Kac formula. In the last part we will introduce
neural networks, and describe a deep learning method to solve these forward-
backward stochastic differential equations, and thereby solving the partial
differential equation. Finally, we will apply the method to option pricing in the
LIBOR market model and compare the results to other methods.
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CHAPTER 1

Introduction

The LIBOR market model (LMM), also known as the Brace-Gatarek-Musiela
(BGM) model, is a widely used interest term structure model. While some
frameworks model the instantaneous short rate (Vasicek or Cox–Ingersoll–Ross)
or the instantaneous forward rates (Heath-Jarrow-Morton) which are not directly
observable in the market, the LMM takes market observable forward rates as
direct inputs to the model, and this makes it widely used to price interest rate
derivatives.

The LMM is based on discrete interest rates. The rates can be modeled log-
normally under a suitable choice of numeraire, and will thus create Black type
pricing formulas for simpler derivatives, such as caps and floors. By construction
the LMM is therefore very easy to calibrate to market data. However, the pricing
problem becomes increasingly difficult when the derivative payoff depends on
the joint distribution between LIBOR rates of multiple dimensions. For such
derivatives, Monte Carlo simulations can be used to estimate the prices.

A challenge when using Monte Carlo simulations is to find the sensitivities
of the option price. The sensitivities, also known as the Greeks, are essential
parameters that are important for traders, particularly when hedging. To
compute the Greeks, the numerical PDE approach is generally the most
natural alternative due to the fact that the Greeks are directly given by the
partial derivatives of the PDE solution. However, the restriction in the PDE
formulations is the dimensionality of the state space. For example, for LIBOR
6M European Swaption with expiry 10Y and tenor 20Y, there are 60 Libor rates.
The complexity of solving high-dimensional problems using PDEs increases
exponentially with the dimensions.

In this paper we will explore a method recently developed by a group of
researchers at Princeton University [2]. The researchers proposed a method
to solve high-dimensional partial differential equations (PDEs) based on their
formulation as backward stochastic differential equations (BSDEs). The method
then uses a new class of techniques, called deep learning, which have proven
to be very effective in dealing with high-dimensional problems. We will then
apply this method to the pricing problems under the LIBOR framework.
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CHAPTER 2

Term-Structure Modelling
Fundamentals

Changing interest rates can be a major risk source for banks and other financial
institutions, and modelling the term-structure movements can be a challenging
task. In this section we will go through the basic notations and definitions used
when talking about interest rates and bond markets. Most of the theory in this
chapter is obtained from Filipović [3], Björk [1] and Geman et al [4].

2.1 Definitions and notations

Let T > 0 and let (Ω,F ,F, P ) be a complete filtered probability space, where
F = {Ft}0≤t≤T is the filtration generated by the standard d-dimensional Ft-
adapted Brownian motion W = {W (t)}0≤t≤T .

Definition 2.1.1. Bank account. Let r = {r(t)}0≤t≤T denote the stochastic
interest rate process. Then we define the bank account B = {B(t)}0≤t≤T to be

B(t) := exp
(∫ t

0
r(s)ds

)
, 0 ≤ t ≤ T.

Note that B(0) = 1. For later we will also need the discounting factor

D(t, T ) := B(t)
B(T ) = exp

(
−
∫ T

t

r(s)ds
)
, 0 ≤ t ≤ T.

Definition 2.1.2. Zero-coupon bond. Let t ≤ T . A zero-coupon bond with
maturity T , also known as a T-bond, is a contract that guarantees the holder
one unit of currency to be paid at maturity date T . The value at time t is
denoted by P (t, T ). Note that P (T, T ) = 1 for any T .

The bond price P = {P (t, T}0≤t≤T is a stochastic process with two variables, t
and T :

• For a fixed value of t, T 7→ P (t, T ) is a function of what we call the
term-structure at t or the discount curve, and will typically be a smooth
curve. It will also normally be non-increasing, however with the presence
of negative interest rates, it is not a strict condition.
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2. Term-Structure Modelling Fundamentals

• For a fixed value T , t 7→ P (t, T ) will be a stochastic process of the price
of the bond over time, and will converge to 1 as t gets closer to T .

Definition 2.1.3. Simple forward rate. A simple forward rate agreement is
a contract involving three time moments t ≤ S ≤ T and is given by

F (t;S, T ) := 1
T − S

(
P (t, S)
P (t, T ) − 1

)
, 0 ≤ t ≤ S,

where t is the current time, S is the expiry time and T is the maturity time.
The contract is equivalent to selling a S-bond and buying P (t,S)

P (t,T ) T-bonds at
time t.

Definition 2.1.4. Simple spot rate. Letting S = t in the definition of a simple
forward rate above, we get the simple spot rate.

F (t, T ) := F (t; t, T ) = 1
T − t

(
1

P (t, T ) − 1
)
.

F (t, T ) is, for the time moment t, the simply compounding interest rate for the
investment of $P (t, T ), made at time t, to yield $1 at time T .

Definition 2.1.5. Instantaneous forward rate. By taking the maturity time
T , and take the limit as it approaches the expiry time S, we get the definition
of the instantaneous forward rate.

f(t, T ) := lim
τ→0

F (t, T, T + τ).

Although we will not use it much in this project, it can be interesting to observe
the relationship between f(t, T ) and P (t, T ):

• P (t, T ) = e
−
∫ T
t
f(t,u)du

.

• f(t, T ) = −∂ lnP (t,T )
∂T .

2.2 Options and derivatives

As interest rates fluctuate, there is a big market where financial actors can buy
and sell options in order to speculate or hedge their risk. In this section we will
introduce the basic interest rate options.

Definition 2.2.1. Caplet. Let T, δ > 0. A caplet with reset date T and
settlement date T + δ pays the holder the difference between between a simple
market rate F (T, T + δ) and the strike rate κ. Its cash flow at time T + δ is

δ(F (T, T + δ)− κ)+.

A caplet can be described as a call option on the interest rate, and it is typically
used to limit the cost of rising interest rates.
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2.2. Options and derivatives

Definition 2.2.2. Floorlet. A floorlet with reset date T and settlement date
T + δ pays the holder the difference between between the strike rate κ and a
simple market rate F (T, T + δ). Its cash flow at time T + δ is

δ(κ− F (T, T + δ))+.

A floorlet can be described as a put option on the interest rate, and it is typically
used to limit the cost of dropping interest rates.

For the following definitions, we will define a tenor structure to be a fixed
set of increasing maturities such that T0 < T1 < . . . < TM with intervals
τm = Tm+1 − Tm.

Definition 2.2.3. Cap. Let κ be the strike rate. A cap is a strip of caplets with
cash flows taking place at the dates T1, ..., TM where, at time Tm+1, the holder
receives

τm(F (Tm, Tm+1)− κ)+.

Let t ≤ T0 and write

Cpl(t;Tm, Tm+1), m = 0, ...,M − 1.

for the price of the caplet with reset date Tm and settlement date Tm+1 at time
t. Then we can write the price of the cap at time t as

Cp(t) =
M−1∑
m=0

Cpl(t;Tm, Tm+1).

As with caplets, a cap gives the holder a protection against rising interest rates
over a period of time, and it guarantees that the interest to be paid on a floating
rate loan never exceeds the predetermined strike rate κ.

Definition 2.2.4. Floor. Let κ be the strike rate. A floor is a strip of floorlets
with cash flows taking place at the dates T1, ..., TM where, at time Tm+1, the
holder receives

τm(κ− F (Tm, Tm+1))+.

Let t ≤ T0 and write

Fll(t;Tm, Tm+1), m = 0, ...,M − 1.

for the price of the floorlet with reset date Tm and settlement date Tm+1 at
time t. Then we can write the price of the floor at time t as

Fl(t) =
M−1∑
m=0

Fll(t;Tm, Tm+1).

As with floorlets, a floor gives the holder a protection against dropping interest
rates over a period of time, and is often used by a lender to guarantee that the
interest to be received on a floating rate loan never goes below the predetermined
strike rate κ.
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2. Term-Structure Modelling Fundamentals

Definition 2.2.5. Interest rate swap. An interest swap is a contractual
scheme where the holder will exchange a payment at a fixed rate of interest for
a payment stream at a floating rate (for example LIBOR).

Caps and floors are strongly related to swaps. The swap length TM−T0 is called
the tenor of the swap. Let κ be the fixed rate to be paid and let F (Tm, Tm+1)
be the prevailing floating simple market interest rate. Then, under the swap
contract, cash flows will take place at the coupon dates T1, ..., TM and at Tm+1,
the holder of the contract:

• Pays τmκ.

• receives τmF (Tm, Tm+1).

Thus the net cash flow at Tm is

τm(F (Tm, Tm+1)− κ) = τm(F (Tm, Tm+1)− κ)+ + τm(F (Tm, Tm+1)− κ)−

= τm(F (Tm, Tm+1)− κ)+ − τm(κ− F (Tm, Tm+1))+

= Cpl(t;Tm, Tm+1)− Fll(t;Tm, Tm+1).

Therefore, by this parity relationship, the value Πp(t) of a payer swap at time t
is equal to

Πp(t) = Cp(t)− Fl(t),
where the underlying cap and floor have the same tenor structure. If we
investigate further, we can actually observe that the payments τmF (Tm, Tm+1)
at time t costs (P (t, Tm)− P (t, Tm+1)). Then, we have that the value Πp(t) at
time t is equal to

Πp(t) =
(
P (t, T0)− P (t, TM )− κ

M∑
i=1

τiP (t, Ti)
)
,

which is known at time t as the bond prices are market observables.

The final thing to note is what we determine the "fair" price of κ to be. Since
the price of a receiver swap is Πr(t) = −Πp(t), we say the price is "fair"
whenever there is no benefit to the payer or receiver of the swap, i.e. when
Πp(t) = Πr(t) = 0. We then get κ set to be the forward swap rate, which, at
time t ≤ T0, is equal to

Rswap(t) = P (t, T0)− P (t, TM )∑M
m=1 τmP (t, Tm)

.

Definition 2.2.6. European Swaption. A European payer (receiver) swaption
with strike rate κ is an option giving the right to enter a payer (receiver) swap
with fixed rate κ at a given future date called the swaption maturity. Usually,
the swaption maturity coincides with the first reset date, T0, of the underlying
swap.

Hence we can write the payoff of the swaption at maturity T0 as(
Πp(T0)

)+
.
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2.3. Numeraires and measures

2.3 Numeraires and measures

In this section we will briefly go over the fundamental principles in the financial
market. These principles build the foundation for many of the methods we use
when faced with pricing problems, and the change of measure technique will be
important when we talk about the LIBOR market model. The theory in this
section is obtained from Filipović [3] and Geman et al [4].

Let T > 0 and let (Ω,F ,F, P ) be a complete filtered probability space, where
F = {Ft}0≤t≤T is the filtration generated by the standard d-dimensional Ft-
adapted Brownian motion W = {W (t)}0≤t≤T .

Definition 2.3.1. Itô process. Let b = (b1, ..., bm) ∈ Rm and σ =
(σ1, ..., σm) ∈ Rm×d be two progressive processes satisfying∫ t

0
|b(s)|ds <∞, ∀ t > 0, and

∫ t

0
‖σ(s)‖2ds <∞, ∀ t > 0.

Then, an Itô process is a stochastic process X = {X(t)}t≥0 on (Ω,F , P ) of the
form

X(t) = X(0) +
∫ t

0
b(s,X(s))ds+

∫ t

0
σ(s,X(s))dW (s), t > 0.

Now we can consider the financial market S = {S(t)}0≤t≤T where S(t) =
(S0(t), S1(t), ..., Sn(t))> consisting of a money markey account S0 = B and n
risky assets whose price processes which we assume are positive well-defined
Itô processes. If we let φ = {φ(t)}0≤t≤T where φ(t) = (φ0(t), ..., φn(t)) be our
portfolio of assets, we have the corresponding value process V = {V (t)}0≤t≤T
where V (t) = φ(t)S(t) =

∑n
i=0 φi(t)Si(t).

However, there are some restrictions on the choice of portfolio. The restriction
reflects that in reality, there must be a limit to how much debt the creditors
can tolerate, i.e. the value process V must be bounded below. More specifically,
we will say that φ is admissible if there exists a 0 ≤ K < ∞ such that
V (t) ≥ −K ∀ t.

Next we need to introduce the concept of a numeraire, which will serve as a
benchmark relative to the other assets in the market.

Definition 2.3.2. Numeraire. A numeraire N = {N(t)}0≤t≤T is any tradable,
strictly positive Ft -adapted stochastic process that can be taken as a unit of
reference when pricing an asset or a claim. Typically we use our bank account,
S0 = B, as the numeraire.

Definition 2.3.3. Self-financing strategy. We say that our portfolio/strategy
V is self-financing if it satisfies

dV (t) = φ(t)dS(t), 0 ≤ t ≤ T.

An important thing to note here is that the self-financing property does not
depend on our choice of numeraire. That is, self-financing strategies remain
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2. Term-Structure Modelling Fundamentals

self-financing after a numeraire change, which seems reasonable from a financial
viewpoint.

Definition 2.3.4. European contingent claim. A European contingent claim
X due at time T, or T-claim for short, is a FT -measurable random variable
representing the payoff at time T . We will denote Π(t;X) to be the price process
of X at time t ≤ T.

Definition 2.3.5. Attainable claim. The contingent claim X is called
attainable if there exists an admissible self-financing strategy φ such that
V (T ) = X.

It follows then that if a contingent claim is attainable in a numeraire, it is also
attainable in any other numeraire, and the replicating portfolio is the same.

Definition 2.3.6. Arbitrage. We say there is arbitrage in the market if there
exists a self-financing portfolio φ which satisfy that V (0) = 0 and V (T ) ≥ 0
and P[V (T ) > 0] > 0.

Intuitively, we can think or arbitrage as a risk-free strategy to make money in
the market. This is something we obviously aim to avoid, and it turns out that
arbitrage is deeply connected to the following concept.

Definition 2.3.7. Equivalent Martingale Measure. Let P∗ be a measure
on (Ω,F) such that

• P∗ ∼ P. That is, P(A) = 0 ⇐⇒ P∗(A) = 0.

• For a numeraire N , we have that the numeraire discounted price process
Ŝ(t) = S(t)

N(t) is a martingale under P∗.

We call such a measure an Equivalent Martingale Measure or EMM for short.

In the most common case where we use N := B, we get the special risk-neutral
measure Q. The concept of martingale measures are important. In fact, it
forms the basis for what the arbitrage free asset pricing theory says, which leads
us to the two fundamental theorems in asset pricing.

Theorem 2.3.8. First fundamental theorem of asset pricing. If there is
an EMM, then there is no arbitrage in the market.

Theorem 2.3.9. Second fundamental theorem of asset pricing. Assume
there exist an EMM. Then the market is complete, if and only if the EMM is
unique.

Taking everything we have mentioned so far into consideration, we can finally
examine what a "reasonable" price process Π(t;X) for a contingent claim X
should be. With the assumption that the there exist an EMM (and hence
the market is arbitrage free) and that X is sufficiently integrable under this
martingale measure, we will reason as follows:

If the claim is attainable with a replicating portfolio φ, then, from a financial
point of view, the holding of the derivative contract and the holding of the
replicating portfolio are equivalent, hence we must have that V (t) = Π(t;X).
But with the existence of an EMM P∗, and X being sufficiently integrable, then
the numeraire discounted value process V/N is martingale under P∗.
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2.3. Numeraires and measures

Therefore we get that

Π(t;X)
N(t) = V (t)

N(t)

= EP∗
[
V (T )
N(T )

∣∣∣∣Ft]
= EP∗

[
X

N(T )

∣∣∣∣Ft] ,
and therefore Π(;X)/N is a P∗-martingale too. The consequence of this is
that any other replicating portfolios (if they exist) will produce the same price
process.

This leads us to the following theorem.

Theorem 2.3.10. General Pricing Formula. Assume that the there exists an
EMM P∗ associated with a numeraire N . Then, for a any attainable contingent
claim X, the following holds

Π(t;X) = EP∗
[
N(t)
N(T )X

∣∣∣∣Ft] , 0 ≤ t ≤ T.

In the most common case where we use N := B, we get the special risk-neutral
measure Q. By the formula above we get

Π(t;X)
B(t) = EQ

[
X

B(T )

∣∣∣∣Ft] ,
Π(t;X) = EQ

[
B(t)
B(T )X

∣∣∣∣Ft] ,
Π(t;X) = EQ

[
e
−
∫ T
t
r(s)ds

X

∣∣∣∣Ft] .
This is the risk-neutral pricing formula which can be used to price any tradable
asset.

Example 2.3.11. We can use the formula above to find the value for P (t, T ).
Since P (T, T ) = 1, we get

P (t, T ) = EQ
[
e
−
∫ T
t
r(s)ds

P (T, T )
∣∣∣∣Ft]

= EQ
[
e
−
∫ T
t
r(s)ds

∣∣∣∣Ft] .
Another thing to take notice of here, is the fact that

B(t)P (0, T ) = e

∫ t
0
r(s)dsEQ

[
e
−
∫ T

0
r(s)ds

∣∣∣∣Ft]
= EQ

[
e
−
∫ T
t
r(s)ds

∣∣∣∣Ft] = P (t, T ).
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2. Term-Structure Modelling Fundamentals

But we do not always have to use the bank account as a numeraire. It turns
out that using other assets as numeraires can be useful when facing some
pricing problems. In the general case, suppose that we have another numeraire
denoted N̂ . Then we can define a new probability measure QN̂ ∼ Q by the
Radon-Nikodym derivative

dQN̂

dQ
:= N(0)

N(T )
N̂(T )
N̂(0)

.

For t ≤ T we have

dQN̂

dQ

∣∣∣∣
Ft

= EQ

[
dQN̂

dQ

∣∣∣∣Ft
]

= EQ

[
N(0)
N(T )

N̂(T )
N̂(0)

∣∣∣∣Ft
]

= N(0)
N̂(0)

EQ

[
N̂(T )
N(T )

∣∣∣∣Ft
]

= N(0)
N̂(0)

N̂(t)
N(t)

Let X be a T-claim with corresponding price process Π(t;X). We can show
that if Π(t;X)

N(t) is martingale under Q as above, we also have Π(t;X)
N̂(t)

is martingale

under the new measure QN̂ (provided that Π(t;X)
N(t) is integrable under QN̂ ) .

From Bayes’ rule we get

EQN̂
[

X

N̂(T )

∣∣∣∣Ft
]

=
EQ
[

X

N̂(T )
dQN̂
dQ

∣∣∣∣Ft]
EQ
[
dQN̂
dQ

∣∣∣∣Ft]

=
EQ
[

X

N̂(T )
N(0)
N(T )

N̂(T )
N̂(0)

∣∣∣∣Ft]
EQ
[
N(0)
N(T )

N̂(T )
N̂(0)

∣∣∣∣Ft]

=
EQ
[

X
N(T )

∣∣∣∣Ft]
EQ
[
N̂(T )
N(T )

∣∣∣∣Ft]
= N(t)
N̂(t)

Π(t;X)
N(t) = Π(t;X)

N̂(t)
.

This will be useful when we are dealing with stochastic interest rates. A common
alternative then is to use the bond prices, P (t, T ), as the numeraire.
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2.3. Numeraires and measures

Example 2.3.12. For this example we will use N = B as our primary numeraire,
and for our second numeraire we will use N̂ = P . Then, this will define the
forward measure QT defined via the Radon-Nikodym derivative:

dQT

dQ
= B(0)P (T, T )
B(T )P (0, T )

= 1
B(T )P (0, T ) ,

since B(0) = 1 and P (T, T ) = 1. For t ≤ T we have

dQT

dQ

∣∣∣∣
Ft

= EQ
[
dQT

dQ

∣∣∣∣Ft]
= P (t, T )
P (0, T )B(t) .

From Bayes’ rule and the risk-neutral pricing formula, we then get that

Π(t;X) = EQ
[
B(t)
B(T )X

∣∣∣∣Ft]
= B(t)EQ

[
1

B(T )X
∣∣∣∣Ft]× P (0, T )

P (0, T )

= B(t)P (0, T )EQ
[

1
B(T )P (0, T )X

∣∣∣∣Ft]
= B(t)P (0, T )EQ

[
dQT

dQ
X

∣∣∣∣Ft]
= P (t, T )EQT [X|Ft] .

This formula will be important in the following chapters, when we are discussing
pricing formulas under the LIBOR interest rate model.
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CHAPTER 3

The LIBOR Market Model

The London Interbank Offered Rate (LIBOR) is an interest rate at which major
global banks lend to one another in the international interbank market, and it
serves as a globally accepted benchmark for borrowing costs between banks.

There are many ways to model interest rates. Some popular models aim to
model the instantaneous short rate or the instantaneous forward rate, but the
disadvantage with these approaches is of course that these rates can never be
observed in the real market. The LIBOR market model solves this by directly
modelling the discrete market rates observed in the market, and by construction
the model will be easy to calibrate to market data. The theory in this section
is obtained from Björk [1], Filipović [3] and Wang et al [10].

3.1 Theory

Let T > 0 and (Ω,F ,F, P ) be a complete filtered probability space, where
F = {Ft}0≤t≤T is the filtration generated by the standard d-dimensional
Brownian motion W = {W (t)}0≤t≤T . We will define a tenor structure to
be a fixed set of increasing maturities such that 0 ≤ T0 < T1 < · · · < TM = T .
The intervals, defined by τm = (Tm+1 − Tm), is known as the tenor.

Definition 3.1.1. Let P (t, T ) denote the time t price of a zero-coupon bond
delivering $1 at maturity T. Then, for m = 0, 1, . . . ,M − 1, the forward LIBOR
rates are defined by:

L(t, Tm) , F (t, Tm, Tm+1) = 1
τm

(
P (t, Tm)
P (t, Tm+1) − 1

)
, 0 ≤ t < Tm.

As time evolves, the rates will expire. The evolvement of the LIBOR rates can
be visualised in the table below:

t ∈ [0, T0) t ∈ [T0, T1) t ∈ [T1, T2) · · · t ∈ [TM−1, TM )
L(t, T0) active expired expired expired
L(t, T1) active active expired expired

... . . . ...
L(t, TM−1) active active active · · · expired

13



3. The LIBOR Market Model

Notation 3.1.2. Sometimes we will shorthand the notation for the LIBOR rates,
and write L(t) to represent all the rates in the leftmost column in the table. In
other words, we will write L(t) = (L(t, T0), · · · , L(t, TM−1))>.

In the construction of the model, we will assume L(t, Tm) to be a martingale
under the Tm+1-forward measure QTm+1 . We will also assume that for every
m ≤ M − 1, there exists an Rd-valued deterministic bounded measurable
function σ(t, Tm), t ∈ [0, Tm], which represent the volatility of L(t, Tm). Then
it follows that we can write the dynamics as the stochastic differential equation

dL(t, Tm) = σ(t, Tm)>L(t, Tm)dWTm+1(t), t ∈ [0, Tm). (3.1)
where WTm+1(t) is a d-dimensional Brownian motion under QTm+1 .

We are interested in representing the LIBOR rates under different measures.
Ideally we would like to write them all under some common measure to make it
easier to simulate during the implementation stage of our project. The following
lemma will be crucial.

Lemma 3.1.3. Let 0 ≤ m, n ≤ M − 1. Then the dynamics of L(t, Tm) under
QTn+1 is given by the following equations

dL(t, Tm)
L(t, Tm) =



σ(t, Tm)>
dWTn+1 −

n∑
j=m+1

τjσ(t, Tj)L(t, Tj)
1 + τjL(t, Tj)

dt

 , m<n.

σ(t, Tm)>dWTn+1 , m=n.

σ(t, Tm)>
dWTn+1 +

m∑
j=n+1

τjσ(t, Tj)L(t, Tj)
1 + τjL(t, Tj)

dt

 , m>n.

for t ∈ [0, Tm ∧ Tn+1].

Proof. As we are interested in representing the LIBOR rates under different
measures, we will use the change-of-measure technique discussed in the
previous chapter. So let N(t) = P (t, Tm) as the primary numeraire and
N̂(t) = P (t, Tm+1) as the secondary numeraire, we have the Radon-Nikodym
derivative:

dQTm
dQTm+1

= P (T, Tm)
P (0, Tm)

P (0, Tm+1)
P (T, Tm+1)

Now define

Z(t) := EQTm+1
[
dQTm
dQTm+1

∣∣∣∣Ft]
= P (t, Tm)
P (0, Tm)

P (0, Tm+1)
P (t, Tm+1)

= P (t, Tm)
P (t, Tm+1)

P (0, Tm+1)
P (0, Tm)

= 1 + τmL(t, Tm)
1 + τmL(0, Tm) , 0 ≤ t ≤ Tm.

14



3.1. Theory

We need to link this to Girsanov’s theorem, so since we assume the dynamics
of the LIBOR by equation (3.1) we can find the derivative dZ(t):

dZ(t) = τmdL(t, Tm)
1 + τmL(0, Tm)

= τm
1 + τmL(0, Tm)σ(t, Tm)>L(t, Tm)dWTm+1(t)

=⇒ dZ(t)
Z(t) = τm

1 + τmL(0, Tm)σ(t, Tm)>L(t, Tm)dWTm+1(t)1 + τmL(0, Tm)
1 + τmL(t, Tm)

= τmσ(t, Tm)>L(t, Tm)
1 + τmL(t, Tm) dWTm+1(t), 0 ≤ t ≤ Tm.

So for 0 ≤ t ≤ Tm, let y(t) = τmσ(t,Tm)>L(t,Tm)
1+τmL(t,Tm) , and we see that we have the

dynamics as
dZ(t)
Z(t) = y(t)dWTm+1(t).

which actually shows that Z(t) is a stochastic exponential defined by y(t). That
can be shown by applying Itô’s lemma to lnZ(t):

d lnZ(t) = 1
Z(t)dZ(t)− 1

2
1

Z(t)2 (dZ(t))2

= y(t)dWTm+1(t)− 1
2
(
y(t)dWTm+1(t)

)2
= y(t)dWTm+1(t)− 1

2y
2(t)dt∫ t

0
d lnZ(s)ds =

∫ t

0
y(s)dWTm+1(s)− 1

2

∫ t

0
y2(s)ds

Z(t) = exp
(∫ t

0
y(s)dWTm+1(s)− 1

2

∫ t

0
y2(s)ds

)
Z(t) = Et

(
y •WTm+1

)
.

Where we have used Et(•) as the notation for the Doléans-Dade exponential.
Since we know that σ(t, Tm) is bounded, we note that this makes y(t) bounded
as well, and therefore Novikov’s condition is satisfied making Z(t) a martingale
under QTm+1 . We therefore have everything we need in order to use Girsanov’s
theorem.

Since WTm+1(t) is a Brownian motion under QTm+1 , and the Radon-Nikodym
process Et(y •WTm+1) is a martingale when y(t) = τmσ(t,Tm)>L(t,Tm)

1+τmL(t,Tm) , we can
introduce a QTm-Brownian motion by

WTm(t) = WTm+1(t)−
∫ t

0
y(s)>ds

or in differential form

dWTm(t) = dWTm+1(t)− y(t)>dt.

15



3. The LIBOR Market Model

Now we can rearrange the terms and replace the Brownian motion in equation
(3.1) which gives us the dynamics dL(t, Tm) under QTm :

dL(t, Tm) = L(t, Tm)σ(t, Tm)>
(
dWTm(t) + y(t)>dt

)
= L(t, Tm)σ(t, Tm)>

(
dWTm(t) + τmL(t, Tm)

τmL(t, Tm) + 1σ(t, Tm)dt
)
.

Iterating this argument we see that for any n < m we have the dynamics of
dL(t, Tm) under the QTn+1-measure by

dL(t, Tm)
L(t, Tm) = σ(t, Tm)>

 m∑
j=n+1

y(t)>dt+ dWTn+1(t)


= σ(t, Tm)>

dWTn+1(t) +
m∑

j=n+1

τjL(t, Tj)
τjL(t, Tj) + 1σ(t, Tj)dt

 .

This is the third equation in the lemma. We could also repeat the procedure in
the opposite direction to find the dynamics under QTn+1 , whenever m < n ≤
M − 1, in which case the drift term would become negative and we get:

dL(t, Tm)
L(t, Tm) = σ(t, Tm)>

− n∑
j=m+1

y(t)>dt+ dWTn+1(t)


= σ(t, Tm)>

dWTn+1(t)−
n∑

j=m+1

τjL(t, Tj)
τjL(t, Tj) + 1σ(t, Tj)dt

 .

This is the first equation in the lemma, which completes the proof. �

For the implementation and simulation stage in this project, we want to find
the dynamics of L(t, Tm) under the final terminal measure QTM . By letting
n = M − 1, we get the following dynamics:

dL(t, Tm) = L(t, Tm)σ(t, Tm)>
dWTM (t)−

M−1∑
j=m+1

τjL(t, Tj)
τjL(t, Tj) + 1σ(t, Tj)dt

 .

In order to simplify the notation, we will write this equation as

dL(t, Tm) , µm(t, L(t, Tm))dt+ ξm(t, L(t, Tm))dWTM
m (t),

where we have defined:

ξm(t, L(t, Tm)) , L(t, Tm)‖σm(t, Tm)‖
ρm,jdt , dW

TM
m (t)dWTM

j (t)

µm(t, L(t, Tm)) , −
M−1∑
j=m+1

τjξm(t, L(t, Tm))ξj(t, L(t, Tj))ρm,j
τjL(t, Tj) + 1 ,

and WTM
m (t) is a one-dimensional Brownian motion under the measure QTM .
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3.2. Implications for bank account and bond market

3.2 Implications for bank account and bond market

Since the LIBOR forward rates are defined over a discrete time structure, that
has implications for the bank account and bond market. Let 0 ≤ T0 < T1 . . . <
TM = T.We can define the discrete-time implied money-market account process

B∗(0) = 1,

B∗(Tm+1) =
(

1 + τmL(Tm, Tm
)
B∗(Tm), m = 0, ...,M − 1.

or similarly

B∗(0) = 1,

B∗(Tm) =
m−1∏
i=0

(
1 + τiL(Ti, Ti)

)
m = 1, ...,M.

So B∗(Tm) can be interpreted as the cash amount accumulated by rolling over
a series of zero-coupon bonds for the first available maturity.

Moving on to the bonds market, we recall from the definition of the LIBOR
rates that

L(0, Tm) = 1
τm

(
P (0, Tm)
P (0, Tm+1) − 1

)
, m = 0, ...,M − 1.

Then, by rearranging the terms we get:

P (0, Tm+1) = P (0, Tm)
1 + τmL(0, Tm) , m = 0, ...,M − 1.

We know that P (0, 0) = 0, hence we can find P (0, T1) by letting m = 0:

P (0, T1) = 1
(1 + τ1L(0, T0))

With this expression we can find P (0, T2):

P (0, T2) =
1

(1+τ1L(0,T0))

1 + τ2L(0, T1)

=
1∏
i=0

1
(1 + τ1L(0, Ti))

And we see that by iterating this argument we get:

P (0, Tm) =
m−1∏
i=0

1
(1 + τiL(0, Ti))

This formula is valid not only at time 0, but at all time instances in our time
structure. The general formula looks as follows:

P (Tm, Tn) =
n−1∏
i=m

1
(1 + τiL(Tm, Ti))

, 0 ≤ m < n ≤M.
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3. The LIBOR Market Model

To determine the bond price at some time between two tenor dates, say
for example that Tm < t < Tm+1, we need to introduce a new function
η : [0, TM ] 7→ {1, ...,M} by taking η(t) to be the unique integer such that

Tη(t)−1 ≤ t < Tη(t).

Then η(t) represents the next, closest tenor date at time t, and with this
notation we have

P (t, Tm) = P (t, Tη(t))
m−1∏
i=η(t)

1
(1 + τiL(t, Ti))

, 0 ≤ t ≤ Tm,

where P (t, Tη(t)) is the current price of the shortest maturity bond.

3.3 Simulations

For some intuition, the following plots will help visualise how the forward rates
evolve over time. In this setting we let L(t) have 5 dimensions, and we will
simulate the forward rates over 5 time periods. In the first graph, however, the
random term is removed in order to show the drift of each rate as time passes.
The corresponding bond prices are then plotted to the right.

Figure 3.1: LIBOR rates wih drift only and corresponding bond prices
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3.3. Simulations

In the second scenario we add the stochastic term, where the Brownian motions
driving the rates are completely independent.

Figure 3.2: LIBOR rates without correlation and corresponding bond prices

In this scenario, we simulate when the Brownian motions are completely
correlated.

Figure 3.3: LIBOR rates with correlation and corresponding bond prices
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3. The LIBOR Market Model

Although not necessary when simulating for pricing purposes, we can create
more realistic dynamics by having a finer time partition. Here we repeat the
scenario where the Brownian motions driving the LIBOR rates are uncorrelated.

Figure 3.4: LIBOR rates without correlation and corresponding bond prices
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3.3. Simulations

Lastly we repeat the scenario where the Brownian motions driving the LIBOR
rates are correlated.

Figure 3.5: LIBOR rates with correlation and corresponding bond prices
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3. The LIBOR Market Model

3.4 Choice of volatility function and correlation structure

As seen in the plots, the correlations between the Brownian motions has a big
influence on the dynamics of the forward rates and bonds. When implementing
the model, we need to make some choices for the volatilities σ(t, Tm), and for
the correlation between the Brownian motions in the model. We could either
explicitly define these functions, or we could choose to calibrate the values by
quoted market data. In any case we need to specify our choice.

For the volatility function, we will assume that it is constant over each time
period [Tm, Tm+1]. It is market practice to collect and use the volatility as
implied by the market quotes traded in the market, which is also what we will
be doing later in the project. Generally, since there exist Black type of formulas
for the caplets traded in the market, the caplet prices will imply a volatility,
and the caplets are actually quoted in terms of their implied volatilities. These
are numbers which we can and will use as a replacement for the volatility in
the LIBOR market model.

For the correlation structure, the popular option is ρi,j = exp(−β|i − j|). In
that case all the entries in the correlation matrix is positive, and monotonically
decreasing. The result is that the correlation between forward rates decreases
the further apart their reset dates are, which we would expect from real world
data.

3.5 Pricing European derivatives under the LIBOR market
model

There are several ways of approaching the option pricing problem in finance.
Excluding some simpler types of derivatives which we will list later, some
numerical methods have to be used to approximate the solution. In this section
we will introduce the PDE method of the pricing problem. However, as elegant
as this approach is, in a high-dimensional environment like the LMM, the
implementation complexity can make the mehod infeasable due to the curse
of dimensionality, that is the computational cost for solving them goes up
exponentially as the dimensionality increases.

As introduced in the previous chapter, we can use the risk-neutral pricing
formula to derive the price of a European contingent claim in the LIBOR
market model. Let L(t) ∈ RM be a vector with forward LIBOR rates
L(t, Tm), i = 0, 1, 2, ...,M − 1. Let g(L(T )) be the payoff of a contingent
claim at time T. As our model is Markovian, we can find a function such that
Π(t; g(L(T ))) = u(t, L(t)) for the price process Π(t; g(L(T ))). Then we can
write:

Π(t; g(L(T ))) = N(t)EQN
[
g(L(T ))
N(T )

∣∣∣∣Ft] ,
u(t, L(t)) = N(t)EQN

[
g(L(T ))
N(T )

∣∣∣∣Ft] .
Where QN is the risk neutral measure associated with the numeraire N .
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3.5. Pricing European derivatives under the LIBOR market model

Since we have derived the dynamics dL(t, Tm), we can use the multidimensional
Itô’s formula to find the dynamics of the option price.

du(t, L(t)) = ∂u(t, L(t))
∂t

dt+
M−1∑
i=0

∂u(t, L(t))
∂xi

dL(t, Ti)

+1
2

M−1∑
i,j=0

∂2u(t, L(t))
∂xi∂xj

dL(t, Ti)dL(t, Tj).

Using the simplified notation from last chapter, we can write the dynamics of
the LIBOR model under the terminal measure as

dL(t, Tm) = µm(t, L(t, Tm))dt+ ξm(t, L(t, Tm))dWTM
m (t).

We can insert that in the equation above. We then get

du(t, L(t)) = ∂u(t, L(t))
∂t

dt

+
M−1∑
i=0

∂u(t, L(t))
∂xi

(
µi(t, L(t, Ti))dt+ ξi(t, L(t, Ti))dWTM

i (t)
)

+1
2

M−1∑
i,j=0

∂2u(t, L(t))
∂xi∂xj

×
(
µi(t, L(t, Ti))dt+ ξi(t, L(t, Ti))dWTM

i (t)
)

×
(
µj(t, L(t, Tj))dt+ ξj(t, L(t, Tj))dWTM

j (t)
)

=
(
∂u(t, L(t))

∂t
+
M−1∑
i=0

∂u(t, L(t))
∂xi

µi(t, L(t, Ti))

+1
2

M−1∑
i,j=0

∂2u(t, L(t))
∂xi∂xj

ξi(t, L(t, Ti))ξj(t, L(t, Tj))ρi,j

)
dt

+
M−1∑
i=0

∂u(t, L(t))
∂xi

ξi(t, L(t, Ti))dWTM
i (t).

In order for this to to comply with the arbitrage-free condition, the process
u(t, L(t)) has to be martingale under QN , which means that the drift term in
du(t, L(t)) must be zero, i.e.

∂u(t, L(t))
∂t

+
M−1∑
i=0

∂u(t, L(t))
∂xi

µi(t, L(t, Ti))

+ 1
2

M−1∑
i,j=0

∂2u(t, L(t))
∂xi∂xj

ξi(t, L(t, Ti))ξj(t, L(t, Tj))ρi,j = 0.
(3.2)

Solving this PDE, with the boundary condition u(T, L(T )) = g(L(T )), would
give us the option price under the LIBOR market model. For simpler European
options such as caplets and floorlets, there exists Black type formulas which we
now will state.
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3. The LIBOR Market Model

Caplets and Floorlets

Let t < Tm and let Cpl(t;Tm, Tm+1) be the price of a caplet with reset date
Tm and settlement Tm+1. Then, by the risk neutral pricing formula we have

Cpl(t;Tm, Tm+1) = EQ
[

B(t)
B(Tm+1)Cpl(Tm;Tm, Tm+1)

∣∣∣∣Ft]
= P (t, Tm+1)EQTm+1

[
τm(L(Tm, Tm)− κ)+

∣∣∣∣Ft]
= τmP (t, Tm+1)

(
L(t, Tm)Φ(d1(t;Tm))− κΦ(d2(t;Tm))

)
,

where

d1,2(t;Tm) =
ln
(
L(t,Tm)

κ

)
± 1

2
∫ Tm
t
‖σ(s, Tm)‖2ds(∫ Tm

t
‖σ(s, Tm)‖2ds

) 1
2

.

Note that Φ here is the standard Gaussian cumulative distribution function.

Similarly, using d1,2(t;Tm) as above, the price of a floorlet is given

Fll(t;Tm, Tm+1) = τmP (t, Tm+1)
(
κΦ(−d2(t;Tm))− L(t;Tm)Φ(−d1(t;Tm))

)
.

Caps and Floors

Let T0 < T1 < ... < TM with τm = Tm+1 − Tm. Then from chapter 1, we know
that the price of a cap, denoted Cp(t), at time t < T0 is

Cp(t) =
M−1∑
m=0

Cpl(t;Tm, Tm+1)

=
M−1∑
m=0

(
τmP (t, Tm+1)EQTm+1

[
(L(Tm, Tm)− κ)+

∣∣∣∣Ft])

=
M−1∑
m=0

(
τmP (t, Tm+1)

(
L(t, Tm)Φ(d1(t;Tm))− κΦ(d2(t;Tm))

))
,

where we have d1,2(t;Tm) as above. Similarly we can write the price of the floor
as:

Fl(t) =
M−1∑
m=0

(
τmP (t, Tm+1)

(
κΦ(−d1(t;Tm))− L(t, Tm)Φ(−d2(t;Tm))

))
.

European Swaptions

Consider a payer swaption with nominal 1, strike K, maturity Tµ and underlying
tenor Tµ, Tµ+1, ..., Tν for some µ < ν ≤M . Then recalling from chapter 1, we
know that the payoff at maturity Tµ is
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3.5. Pricing European derivatives under the LIBOR market model

(
ν∑

m=µ+1
τmP (Tµ, Tm)(L(Tµ, Tm−1)− κ)

)+

Letting Π(t) be the price of the swaption at time t, we can find the price at
t = 0 by the formula

Π(0) = P (0, Tµ)EQTµ

( ν∑
m=µ+1

τmP (Tµ, Tm)(L(Tµ, Tm−1)− κ)
)+


We see that in order to compute Π(0) we need to know the joint distribution of
L(Tµ, Tµ), ..., L(Tµ, Tν−1) under the forward measure QTµ . This has turned out
to be difficult to do analytically.

There is another approach, and that is to construct a Swap market model where
we model the forward swap rate process

dRswap(t) = Rswap(t)ρswap(t)dW swap(t), t ∈ [0, Tµ],

where ρswap is the swap volatility process. Under the hypothesis that that
ρswap is deterministic, we end up with a Black type formula where we have the
price of the swaption at time t as

Π(t) =
ν∑

k=µ+1
τmP (t, Tk) (Rswap(t)φ(d1)− κφ(d2)) ,

with

d1,2(t) =
log
(
Rswap(t)

κ

)
± 1

2
∫ Tµ
t
‖ρswap(s)‖2ds(∫ Tµ

t
‖ρswap(s)‖2ds

) 1
2

Unfortunately, it can be shown that under the LIBOR market model, ρswap
cannot be deterministic, which makes the two models incompatible with each
other. Hence we have so far seen that in the LIBOR market model, we cannot
price swaptions with a Black type formula, and a closed form formula is not
available. An alternative is to use analytical approximations or Monte Carlo
simulations, but due to the high dimensionality of the LIBOR market model,
this can also be shown to be challenging.
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CHAPTER 4

From Partial Differential Equations
to Forward-Backward Stochastic

Differential Equations

The link between PDEs and forward-backward stochastic differential equations
(FBSDEs) has been extensively studied in the theory of mathematical finance.
Many pricing problems can be reformulated in terms of FBSDEs. Because of
the problem with high dimensions mentioned earlier, we will show how we can
reformulate our PDE in terms of a FBSDE, and by doing so we are left with a
problem that can be solved in different ways. The material in this chapter is
obtained from Zhang [11] and Ma [8].

4.1 Forward-backward stochastic differential equations

Let T > 0, and let (Ω,F ,F, P ) be a complete filtered probability space, where
F = {Ft}0≤t≤T is the filtration generated by the standard d-dimensional
Brownian motion W = {W (t)}0≤t≤T . From now, let us always assume:

1. b, σ, f, g are deterministic taking values in Rd1 ,Rd1×d,Rd2 ,Rd2 , respect-
ively; and b(·, 0), σ(·, 0), f(·, 0, 0, 0) and g(0) are bounded.

2. b, σ, f, g are uniformly Lipschitz continuous in (x, y, z) with Lipschitz
constant L.

3. b, σ, f are uniformly Hölder- 1
2continuous in t with Hölder constant L.

These assumptions will ensure that the solution of the following FBSDE is
Markov. Let X, Y and Z take values in Rd1 , Rd2 and Rd×d2 . We are interested
in studying the decoupled FBSDE:

dX(t) = b(t,X(t))dt+ σ(t,X(t))dW (t),
dY (t) = f(t,X(t), Y (t), Z(t))dt+ Z(t)dW (t),
X(0) = x, Y (T ) = g(X(T )).

(4.1)

In our case it is intuitive to think of X as the underlying asset process where
the start value x at t = 0 is known, and Y as the derivative process where
the terminal value at time T is a function of the underlying entity. The name
forward-backward comes from the fact that X moves forward as it is starting
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value is given, while Y moves backward as the terminal value is given. From
(4.1) we have

dY (t) = f(t,X(t), Y (t), Z(t))dt+ Z(t)dW (t),
Y (T ) = g(X(T )),

or equivalently, in integral form

Y (t) = Y (0) +
∫ t

0
f(s,X(s), Y (s), Z(s))ds+

∫ t

0
Z(s)dW (s),

Y (T ) = g(X(T )).
(4.2)

Then we know at time T we have

Y (T ) = Y (0) +
∫ T

0
f(s,X(s), Y (s), Z(s))ds+

∫ T

0
Z(s)dW (s)

g(X(T )) = Y (0) +
∫ T

0
f(s,X(s), Y (s), Z(s))ds+

∫ T

0
Z(s)dW (s)

Y (0) = g(X(T ))−
∫ T

0
f(s,X(s), Y (s), Z(s))ds−

∫ T

0
Z(s)dW (s).

We can then plug this expression for Y (0) into equation (4.2) and we get

Y (t) = Y (0) +
∫ t

0
f(s,X(s), Y (s), Z(s))ds+

∫ t

0
Z(s)dW (s)

Y (t) = g(X(T ))−
∫ T

0
f(s,X(s), Y (s), Z(s))ds−

∫ T

0
Z(s)dW (s)

+
∫ t

0
f(s,X(s), Y (s), Z(s))ds+

∫ t

0
Z(s)dW (s)

= g(X(T ))−
∫ T

t

f(s,X(s), Y (s), Z(s))ds−
∫ T

t

Z(s)dW (s)

= g(X(T ))−
∫ T

t

f(s,X(s), Y (s), Z(s))ds+
∫ T

t

Z(s)dW (s).

Note that for convenience, we can switch the sign in the last equality as W is a
reflected process. This final function is an equivalent alternative of writing the
BSDE (4.2), but we can also write it as in differential form as{

dY (t) = −f(t,X(t), Y (t), Z(t))dt+ Z(t)dW (t),
Y (T ) = g(X(T )).

Definition 4.1.1. A process (Y,Z) is called an adapted solution of the FBSDE
if the following holds for any t ∈ [0, T ], almost surely:{

X(t) = x+
∫ t

0 b(s,X(s))ds+
∫ t

0 σ(s,X(s))dW (s),
Y (t) = g(X(T ))−

∫ T
t
f(s,X(s), Y (s), Z(s))ds+

∫ T
t
Z(s)dW (s).

We say that the FBSDE is solvable if it has an adapted solution. In financial
mathematics, Y corresponds to the derivative value, where the function f is
called the generator, and Z is related to the hedging portfolio.
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4.1. Forward-backward stochastic differential equations

How does that connect us with the PDE’s mentioned in the previous chapters?
Let (Y,Z) be the pair of adapted processes solving the FBSDE

X(t) = X(0) +
∫ t

0
b(s,X(s))ds+

∫ t

0
σ(s,X(s))dW (s),

Y (t) = g(X(T ))−
∫ T

t

f(s,X(s), Y (s), Z(s))ds+
∫ T

t

Z(s)dW (s).

Where W = {W (t)}0≤t≤T is a d-dimensional Brownian motion, g(X(T )) is the
terminal condition, and f(t,X(s), Y (s), Z(s)) is the generator.

Define u(t, x) such that u(t,X(t)) = Y (t). By application of Itô’s formula we
then get that

du(t,X(t)) = ∂u(t,X(t))
∂t

dt+ ∂u(t,X(t))
∂x

dX(t) + 1
2
∂2u(t,X(t))

∂x2 (dX(t))2

= ∂u(t,X(t))
∂t

dt+ ∂u(t,X(t))
∂x

(b(t,X(t))dt+ σ(t,X(t))dW (t))

+1
2
∂2u(t,X(t))

∂x2 (b(t,X(t))dt+ σ(t,X(t))dW (t))2

=
(
∂u(t,X(t))

∂t
+ ∂u(t,X(t))

∂x
(b(t,X(t))

+1
2
∂2u(t,X(t))

∂x2 (σσ>)(t,X(t))
)
dt

+∂u(t,X(t))
∂x

σ(t,X(t))dW (t).

Since we know that u(t,X(t)) = Y (t) we can compare this result with
dY (t), which we already know. dY (t) = −f(t,X(t), Y (t), Z(t))dt+ Z(t)dW (t).
Therefore we see that by setting dY (t) = du(t,X(t)) we obtain

Z(t) = ∂u(t,X(t))
∂x

σ(t,X(t)),

and

0 = ∂u(t,X(t))
∂t

+ ∂u(t,X(t))
∂x

(b(t,X(t))

+1
2
∂2u(t,X(t))

∂x2 (σσ>)(t,X(t)) + f(t,X(t), Y (t), Z(t)).

Using the same argument for the multi-dimensional case we result in the
following formula.
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4. From Partial Differential Equations to Forward-Backward Stochastic
Differential Equations

Theorem 4.1.2. The nonlinear Feynman-Kac formula.
Let u be the solution to the PDE:

∂u(t, x)
∂t

+
M−1∑
i=0

∂u(t, x)
∂xi

bi(t, x) + 1
2

M−1∑
i,j=0

∂2u(t, x)
∂xixj

σi(t, x)σj(t, x)ρi,j

+f
(
t, x, u,

M−1∑
i=0

∂u(t, x)
∂xi

σi(t, x)
)

= 0,

with terminal condition u(T, x) = g(x) and ρi,jdt = dWi(t)dWj(t). Then we
have

Y (t) = u(t,X(t)), Z(t) =
M−1∑
i=0

∂u(t,X(t))
∂xi

σi(t,X(t)).

4.2 Time Discretisation of FBSDEs

Let (Y, Z) be the solution of the FBSDE
X(t) = X(0) +

∫ t

0
b(s,X(s))ds+

∫ t

0
σ(s,X(s))dW (s),

Y (t) = g(X(T ))−
∫ T

t

f(s,X(s), Y (s), Z(s))ds+
∫ T

t

Z(s)dW (s).

In order to implement these functions, we are interested in discretising the
processes. Let 0 = t0 < ... < tJ = TM−1 and denote ∆tj = tj+1 − tj and
∆W (tj) = W (tj+1)−W (tj). Using the Euler scheme we get:{

X(tj+1) = X(tj) + b(tj , X(tj))∆tj + σ(tj , X(tj))∆W (tj)
Y (tj) = Y (tj+1)− f(tj , X(tj), Y (tj), Z(tj))∆tj + Z(tj)∆W (tj)

4.3 Application to LIBOR

Starting from the PDE in the nonlinear Feynman-Kac formula, set

X(t) = L(t),
bi(t,X(t)) = µi(t, L(t, Ti)),
σi(t,X(t)) = ξi(t, L(t, Ti)),

f = 0.

We then get PDE (3.2) from the previous chapter:

∂u(t, L(t))
∂t

+
M−1∑
i=0

∂u(t, L(t))
∂xi

µi(t, L(t, Ti))

+1
2

M−1∑
i,j=0

∂2u(t, L(t))
∂xi∂xj

ξi(t, L(t, Ti))ξj(t, L(t, Tj))ρi,j = 0.
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4.3. Application to LIBOR

Hence, by the theorem, we know that

Y (t) = u(t, L(t)),

Z(t) =
M−1∑
i=0

∂u(t, L(t))
∂xi

ξi(t, L(t, Ti)).

And we can conclude that the solution of the PDE satisfies


u(t, L(t)) = u(0, L(0)) +

∫ t

0

M−1∑
i=0

∂u(s, L(s))
∂xi

ξi(s, L(s, Ti))dWi(s),

u(T, L(T )) = g(L(T )).
(4.3)

We can write Z(t) in a more compact way by using the gradient notation so
that

M−1∑
i=0

∂u(t, L(t))
∂xi

ξi(t, L(t, Ti)) = ∇xu(t, L(t))ξ(t, L(t)).

Rewriting (4.3) we getu(t, L(t)) = u(0, L(0)) +
∫ t

0

〈
∇xu(s, L(s))ξ(s, L(s)), dW (s)

〉
,

u(T, L(T )) = g(L(T )).

This leaves us with a FBSDE which we aim to solve for u(0, L(0)).
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CHAPTER 5

Deep Learning Method for PDEs

In recent years a new class of techniques called deep learning has shown
remarkable success in machine learning. Due to increased computing power and
an explosion in data collection and availability, this method has become widely
popular. The deep learning method utilises neural networks, which uses a
composition of simple function to approximate complicated ones. The practical
success of deep neural networks in artificial intelligence has been incredible, and
can today be seen used in many innovative areas such as medical diagnostics,
fraud detection and autonomous driving.

5.1 Deep learning introduction

In essence, a neural network is a function that, given some input variables and
output response, is designed in a way that aims to minimise a cost function. Its
design is inspired by the connection between neurons in the brain, hence the
name. The network consists of multiple layers, where the output of one layer is
the input of the next. So when we talk about deep learning, we are referring to
neural networks with many "hidden" layers between the first input layer and
the final output layer. The theory in this section is obtained from Higham [7].

Design

For illustration purposes, we will use the following network from an example by
Higham [7]:
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5. Deep Learning Method for PDEs

Each circle is called a neuron and the white circles are the input values. In
each layer, every neuron outputs a single real number, which is passed to every
neuron in the next layer. The value that each neuron outputs is determined by
a weighted sum of outputs from the previous layer and a bias, passed through
an activation function. There are many different types of activation functions,
each having their own properties and advantages. A common one used is the
sigmoid function, which maps its input to a value between 0 and 1 and is defined
as

φ(x) = 1
1− e−x .

In the general case, suppose a network has L layers. Then for each layer
l = 1, 2, ..., L, we denote the dimension of the layer, i.e. how many neurons a
layer has, as nl. So overall, the network maps from Rn1 to RnL . For each layer,
we can then denote the vector of biases for layer l as b[l] ∈ Rnl and we can
denote the matrix of weights as W [l] ∈ Rnl×nl−1 . And finally we can denote
the activation from from neuron j at layer l as a[l]

j . Given an input x ∈ Rn1 ,
we can then summarise the action of the network as follows:

a[1] = x ∈ Rn1

a[l] = φ
(
W [l]a[l−1] + b[l]

)
∈ Rnl for l = 2, 3, ..., L.

Going back to our example, we have a network of 4 layers, where 2 are hidden.
The input data x is in R2, hence in layer 2 we have the bias b[2] ∈ R2 and the
weights W [2] ∈ R2×2. The output from layer 2 is therefore

a[2] = φ
(
W [2]x+ b[2]

)
∈ R2.

Layer 3 has 3 neurons, and so the biases b[3] ∈ R3 and the weights W [2] ∈ R3×2.
The output from layer 3 is

a[3] = φ
(
W [3]a[2] + b[3]

)
∈ R3,

a[3] = φ
(
W [3]φ

(
W [2]x+ b[2]

)
+ b[3]

)
∈ R3.

And finally, layer 4, the final layer has 2 neurons, so b[4] ∈ R2 and the weights
W [3] ∈ R2×3. The output from layer 4, and the overall network is therefore

a[4] = φ
(
W [4]a[3] + b[4]

)
∈ R2,

a[4] = φ
(
W [4]φ

(
W [3]φ

(
W [2]x+ b[2]

)
+ b[3]

)
+ b[4]

)
∈ R2.

The final activation value defines a function F : R2 7→ R2 with 23 parameters -
the entries in the bias vectors and wight matrices.

Stochastic gradient descent

Once we have designed the layout of the network, the next aim is to adjust
the parameters to make the final output more accurate. In order to do that
we need a measure of performance, a cost function, which will let us know our
overall error.
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5.1. Deep learning introduction

Suppose we have N pieces of training data x = {x{i}}Ni=1 in Rn1 for which
there are given target outputs y = {y

(
x{i}

)
}Ni=1 in RnL . If we let θ denote the

collection of all parameters in the network, we define the quadratic cost function
to be

C(θ; y, a[L](x)) = 1
N

N∑
i=1

1
2

∥∥∥y (x{i})− a[L]
(
x{i}

)∥∥∥2

2
.

The derivative of the quadratic cost function is easy to compute, which makes
it a popular choice.

The most commonly used approach for estimating the parameters in a neural
network is based on gradient descent, which is a method of optimising a function.
Given a function f : Rd 7→ R, the gradient at a point p is a vector-valued function
∇f : Rd 7→ Rd which represents the direction in which the largest increase in
the function occurs:

∇f(p) =


∂f(p)
∂x1...
∂f(p)
∂xd

 .
Since we want to minimise the loss function, the idea is to start at some initial
guess for θ, where θ represents all our weights and biases in the network, and
move in the opposite direction of the gradient of the loss function, taking small
steps at each time. If we let η denote the learning rate, then updating the guess
looks as follows:

θ −→ θ − η∇θC
(
θ; y, a[L](x)

)
,

where, by letting Ci denote per example loss, we have

∇θC(θ; y, a[L](x)) = 1
N

N∑
i=1
∇θCi

(
θ; y

(
x{i}

)
, a[L]

(
x{i}

))
.

The algorithm will converge θ to a point where the gradient of the cost function
is close to zero. Since we do not know if this is a point which minimises the
function globally, we call it a local minimum.

One difficulty with this method is the computational cost when we have a large
number of parameters and a large number of training points. A much cheaper
alternative is therefore to divide the training set into a collection of smaller
random samples, called a mini-batches, from the collection of training data
and compute the gradient of the mini-batches instead. By randomly picking a
subset x̂ of size M < N from the training data x, we will approximate the cost
function to be

∇θC(θ; y, a[L](x)) ≈ 1
M

M∑
i=1
∇θCi

(
θ; y

(
x̂{i}

)
, a[L]

(
x̂{i}

))
.

By doing so we dramatically reduce the computational requirements for networks
with many parameters. So when we are talking about stochastic gradient descent,
we are referring to the minimisation of a loss function by gradient descent, but
where the gradient of the loss function is estimated from a mini-batch, rather
than the whole training data.
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5. Deep Learning Method for PDEs

Backpropagation

The stochastic gradient descent optimisation requires repeated computation of
the gradients of the cost function. Backpropagation is a widely used algorithm
that works by computing the gradient of the loss function by the chain rule,
one layer at the time, iterating backward from the last layer.

To derive the expressions for the partial derivatives, let

z[l] = W [l]a[l−1] + b[l] ∈ Rnl l = 2, ..., L.

We will call z[l]
j as the weighted input for neuron j at layer l. With this notation

we can summarise the network as

a[l] = φ
(
z[l]
)

l = 2, ..., L

We are interested finding the gradient of the cost function ∇θC, which consists
of the partial derivatives of C w.r.t. the weights and the biases. The idea is
that we can decompose these partial derivatives by the chain rule:

∂C

∂w
[l]
jk

=
∂z

[l]
j

∂w
[l]
jk

∂a
[l]
j

∂z
[l]
j

∂C

∂a
[l]
j

∂C

∂b
[l]
j

=
∂z

[l]
j

∂b
[l]
j

∂a
[l]
j

∂z
[l]
j

∂C

∂a
[l]
j

Now we have an easier way of computing the gradient of the cost function, as
the components are easier to compute.

Lemma 5.1.1.

∂a
[l]
j

∂z
[l]
j

= φ′(z[l]
j ) for 2 ≤ l ≤ L,

∂C

∂a
[L]
j

= (aLj − yj),

∂C

∂a
[l]
j

=
nl+1−1∑
i=0

∂z
[l+1]
i

∂a
[l]
j

∂a
[l+1]
i

∂z
[l+1]
i

∂C

∂a
[l+1]
i

for 2 ≤ l ≤ L− 1,

∂C

∂b
[l]
j

=
∂a

[l]
j

∂z
[l]
j

∂C

∂a
[L]
j

for 2 ≤ l ≤ L,

∂C

∂w
[l]
jk

=
∂a

[l]
j

∂z
[l]
j

∂C

∂a
[l]
j

a
[l−1]
k for 2 ≤ l ≤ L.

Computing the gradients this way is called backpropagation.
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5.2. Deep learning-based method

Summary

In summary, the training of a deep neural network can be described as follows:

1. Define the architecture and parameters θ of the network, i.e. how many
layers and how many neurons in each layer. Choose activation function.

2. Define a cost function, mini batch size M and learning rate η and number
of iterations K.

3. Find optimal θ.

a) Initalise parameters θ = θ0.
b) Randomly select mini-batch (x̂, ŷ) of size M from the training set

(x,y). Compute the cost C(θ, x̂, ŷ) for the mini-batch.
c) Compute the gradient ∇θC(θ, x̂, ŷ) using backpropagation.
d) Update parameters by stochastic gradient descent:

θ = θ − η∇θC(θ, x̂, ŷ)

e) Repeat (b)-(d) K times.

5.2 Deep learning-based method

Now that we have an idea of how deep neural networks work, we can revisit the
pricing problem from the previous chapter. Recall that the PDE (3.2) derived
from the LIBOR pricing problem satisfies the following BSDE:u(t, L(t)) = u(0, L(0)) +

∫ t

0

〈
∇xu(s, L(s))ξ(s, L(s)), dW (s)

〉
,

u(t, L(T )) = g(L(T )).
(5.1)

where we have L(t) as the LIBOR rates. This is the equation that we aim to
solve for u(0, L(0)). In two research papers by Weinan, Han and Jentzen [2, 6],
the authors describe a method to solve BSDEs of this form using a multilayer
feedforward neural network. Given a partition of the time interval [0, T ] so that
0 = t0 < ... < TN = T , the design of the network looks as follows:
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5. Deep Learning Method for PDEs

The idea of the network is to compute u(0, L(0)) by treating u(0, L(0)) ≈ θu0

and ∇u(0, L(0))ξ(0, L(0)) ≈ θ∇u0 as parameters to be optimised in the model.
In addition we have θn denoting the parameters of the network approximating
x 7→ ∇xu(t, L(t))ξ(t, L(t)) at t = tn.

Let us denote ∆tn = tn+1 − tn and ∆W (tn) = W (tn+1)−W (tn). We see there
are three types of connections in the network

• (L(tn),∆W (tn))→ L(tn + ∆tn) which characterises the simulation of the
LIBOR rates. There are no parameters to be optimised in this connection.

• L(tn) → h1
n → h2

n → · · · → hHn → ∇xu(t, L(t))ξ(t, L(t)) which is the
multilayer feedforward neural network with H layers approximating the
spatial gradients at time t = tn. The weights θn of this sub-network are
what we aim to optimise.

• (u(tn, L(tn)),∇xu(t, L(t))ξ(t, L(t)),∆W (tn))→ u(tn + ∆tn, L(tn + ∆tn))
which is the forward calculation of the derivative price which is
characterised by equation (5.1). This is the connection that eventually
gives us the final output of the network û(tN , L(tN )). The are no
parameters to be optimised in this connection.

To summarise, this deep neural network takes the paths {W (tn)}0≤n≤N
and {L(tn)}0≤n≤N as the input data, and gives us the final output data
û({W (tn)}0≤n≤N , {L(tn)}0≤n≤N ) where we have the total set of parameters as
θ = {θu0 , θ∇u0 , θ1, ..., θN−1}.

Recall that Z(t) = ∇xu(t, L(t))ξ(t, L(t)). We can then describe the whole
procedure step by step:

1. Use Monte Carlo method to simulate S sample paths for the LIBOR rates,
where S is some big number. For each simulation, draw random vectors
Z1, ..., ZN in Rd from N(0, ρ) where ρ is the covariance matrix. Discretise
the LIBOR rates. For every time step tn, simulate each forward rate
0 ≤ m ≤ N − 1:

L(tn+1, Tm) ≈ L(tn, Tm) + µm(tn, L(tn, Tm))∆tn
+ ξm(tn, L(tn, Tm))Zn+1

√
∆t

where we have L(0, Tm) already given and

ξm(t, L(t, Tm)) , L(t, Tm)‖σm(t, Tm)‖
ρm,jdt , dW

TM
m (t)dWTM

j (t)

µm(t, L(t, Tm)) , −
M−1∑
j=m+1

τjξm(t, L(t, Tm))ξj(t, L(t, Tj))ρm,j
τjL(t, Tj) + 1 .

2. At time t = 0, u(0, L(0)) and ∇u(0, L(0))ξ(0, L(0)) is chosen at random.
Discretise the option price. At each time step tn > t0, approximate
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5.2. Deep learning-based method

the function Z(tj) as Z(tj |θ), where θ = {θu0 , θ∇u0 , θ1, ..., θM−1} are the
parameters. Calculate u(tn+1, L(tn+1)) by equation (5.1):

u(tn+1, L(tn+1)) ≈ u(tn, L(tn)) +∇xu(tn, L(tn))ξ(tn, L(tn))∆W (tn).

3. After obtaining approximated option prices, denoted û(TM−1, L(TM−1)),
calculate the cost obtained by the function:

C

(
θ; û(TM−1, L(TM−1)), g(L(TM−1))

)
= 1
S

S∑
s=1

(
û(s)(TM−1, L(TM−1))− g(s)(L(TM−1))

)2
.

Here s represents one Monte Carlo sample, so C(θ) gives us the average
cost of the network.

4. Use stochastic gradient descent type of algorithm to optimise parameters
and minimise the loss. In the TensorFlow library, a popular option is the
Adam optimiser.

The benefits of this method, as opposed to Monte Carlo, is that the solver can
handle high dimensional problems really well. As mentioned, high dimensional
pricing problems can make numerical methods such as finite difference method
difficult due to the curse of dimensionality.

Another advantage of this method, is that the deltas of the option price are the
output of the network, as they are part of the parameters. Finding deltas can
be challenging under the Monte Carlo approach, hence this solver can reduce
the computational burden required for that task. This can save time, which of
course is valuable for trading desks.
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CHAPTER 6

Proof of Concept

Jiequn Han, one of the authors that outlined the method [2, 6] explained in the
previous chapter, has made a GitHub repository [5] with the framework for the
deep neural network where they apply the algorithm. By using their source
code as starting point, we can add our own equations to be solved and thereby
using the solver specifically for the pricing problems under the LIBOR market
model. In this section I will present the numerical result from simulated data,
and compare it to the results achieved by other methods.

6.1 Pricing cap options

In an essay on Oxford university’s web page [9], the authors have implemented
the LIBOR market model using the Monte Carlo method. They use the method
to price a cap with a cap rate at 1.1%, and then benchmark their result to
the Black type formula we discussed in chapter 3. It would be interesting to
compare these results to the results of the deep neural network using the same
parameters.

In their example they have used the tenor structure 0 = T0 < 0.5 < ... < 5 = T10
with all periods τi = 0.5. The cap rate is set to κ = 0.011. For the correlation
structure, they have used ρi,j = exp(−β|i− j|) with β = 0.2. For their example,
they have used the following initial parameters:
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6. Proof of Concept

We can verify their results by creating our own option pricer in Excel. Since
we know that a cap is decomposed of caplets, we can price the option by the
sum of each caplet price. This can easily be done in for example Excel, and the
following figure is the numerical results achieved by creating a simple function
in VBA for pricing the individual caplets. Then we can just sum them up to
get the final price.

Figure 6.1: Pricing a cap by Black’s formula

The deep neural network needs some additional configuration parameters. In
total we will create 1024 simulations of a 10-dimensional LIBOR forward rate,
for which the mini-batch size will be set to 256. Since L(0) is already given,
our simulations will run over 9 time intervals, each of length τi = 0.5. For the
activation function we use ReLU, defined as φ(x) = max(x, 0).

Once the simulations have been created, the deep neural network will use
the LIBOR forward rates as the input data for the network. The output of
the network will then be compared to the boundary condition g(L(T9, T9)) =∑9
k=1 P (0, Tk+1) × max(L(Tk, Tk) − 0.011, 0), which will result in some cost

which the network aims to minimise. We then specify that it will run for 10000
iterations, using stochastic gradient descent to find the optimal parameters. For
the test run, we set the learning rate to η = 0.01, and the initial guess for Y (0)
is set to a value between 0 and 1.
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6.1. Pricing cap options

After we run the network, we can plot the result. Below is the cost function
and initial estimate for Y (0) plotted over the iterations.

Figure 6.2: Cost function

Figure 6.3: Estimate for Y (0)

The solver seems to be converging very quickly to a local minimum as an
estimate for Y (0), and after 10000 iterations the estimate for the price of the
cap is Y (0) = 0.0164211, which is very close to the price achived by Black’s
formula.

There is of course some variation in the output depending on how many iterations
we choose to run, and although the estimate for Y (0) seems to have converged,
the cost of the network is still in decline. For this specific test run, the network
seems to be fairly accurate at pricing the cap option.
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6. Proof of Concept

6.2 Pricing European swaptions

For the next example, recall that a European swaption with nominal 1, strike κ,
maturity Tµ and underlying tenor Tµ, Tµ+1, . . . , Tν , has a payoff at maturity Tµ

g(L(Tµ)) =
(

ν∑
m=µ+1

P (Tµ, Tm)(L(Tµ, Tm−1)− κ)
)+

,

and the price at t = 0 is

π = EQ

 B(t)
B(Tµ)

(
ν∑

m=µ+1
τmP (Tµ, Tm)(L(Tµ, Tm−1)− κ)

)+


= P (0, Tµ)EQTµ

( ν∑
m=µ+1

τmP (Tµ, Tm)(L(Tµ, Tm−1)− κ)
)+
 .

In this case we do not have a neat formula which solves our problem, and in
order to compute the price we need to know the joint distribution between the
forward rates under Q or QTµ .

For comparison, we will therefore use Monte Carlo simulations to find an
estimate for the price. The idea of Monte Carlo is to simulate a large number
G samples of the forward LIBOR rates L(1)(t), . . . , L(G)(t) under the measure
QTµ . Then at time Tµ, we calculate the payoffs g(L(1)(Tµ)), . . . , g(L(G)(Tµ))
and estimate π as an average of these payoffs multiplied by the bond P (0, Tµ):

π = P (0, Tµ)× 1
G

G∑
j=1

g(L(j)(Tµ))

For the test run, we will again use the same 10-dimensional LIBOR rates as in
the previous example, however we have adjusted the tenor structure so that
τm = 1 for all m so that 0 = T0 < 1 < ... < 10 = T10. Then we set Tµ = 7, and
κ = 0.015 The payoff at maturity is therefore

g(L(T7)) =
( 10∑
m=8

P (T7, Tm)(L(T7, Tm−1)− 0.015)
)+

.

44



6.2. Pricing European swaptions

What we will do is to set G = 100 000, but run the whole process 10 times so
we can get one big sample of 1 000 000 simulations. The reason we are doing
it by multiple smaller samples like that, is to make it easier for the computer
to handle when running the simulations, and also to get a feel of how much
variation there is between the smaller samples.

Simulation π
1 0.01089269
2 0.01089761
3 0.01085022
4 0.01084317
5 0.01095630
6 0.01075123
7 0.01087586
8 0.01079081
9 0.01083877
10 0.01094436

Average 0.01086410

We see that there is some variation in π depending on what sample size we
have. If we calculate the standard error sπ over all 1 000 000 simulations, we
can find a confidence interval for π. In the our sample, the standard error is
approximately calculated to be sπ = 0.0000198, hence we will assume that the
95% confidence interval for the true value is

π ± sπ =
(
0.010825292, 0.010902908

)
.

The source codes for the Monte Carlo simulation can be found in the appendix
of this project.

Next we run the problem through the deep neural network. For the configuration,
we again have 10 000 iterations with a learning rate η = 0.001. We will have
1024 simulated LIBOR rates which will be the input for the network. Each
batch size will be of size 256, and we will have an initial guess for Y (0) between
0 and 1. The parameters for the LIBOR rates stay the same as before, but the
function for the drifts needs to be adjusted as we are simulating the rates under
different measure.
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6. Proof of Concept

After running the network, we can plot the cost function and estimate for Y (0)
over time.

Figure 6.4: Cost function

Figure 6.5: Estimate for Y(0)

After 10 000 iterations, the final estimate for Y (0) is equal to 0.0108503,
however the estimate is quite irregular. As seen on the graph, the estimate
varies somewhat, even after it seems to have converged. Looking closer at the
numbers, the price ranges between 0.0101 and 0.0114 after iteration 2000, and
so the final estimate could highly depend on how many iterations we choose to
run the network for. In order to avoid too much uncertainty, we could run the
deep learner multiple times and take an average of the final estimate. Running
the neural network 5 more times, and averaging up the final estimate for Y (0),
we get Y (0) = 0.010897, which falls within the 95% confidence interval we
estimated during the Monte Carlo simulations.
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CHAPTER 7

Conclusion

In this project we have explained the fundamentals of term-structure modelling
and the principle of European derivative pricing. We have established the theory
for the LIBOR market model, and derived formulas for pricing options under
different measures. We have also introduced the connection between PDEs and
FBSDEs via the non-linear Feynman-Kac formula, and showed how that can
be applied to the derivative pricing problem.

By the lead of Weinan, Han and Jentzen, [2, 6] we have laid out the method
and architecture of a deep neural network which we then used to price interest
rate derivatives under the LIBOR market model.

In both our numerical test runs, the deep learner performed fairly accurate with
comparative methods. The main advantages of using such a method is twofold:

1. It performs well in high-dimensional settings.

2. The sensitivities of the derivative is calculated as part of the parameters.

The model can easily be adjusted and modified to different European derivatives
on interest rates, or to other models with multiple dimensions which can be the
focus of future projects.
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APPENDIX A

Codes

For the pricing of the cap option, we used the Black formula described in chapter
3. The following code listing is the VBA code used to price the option in Excel

1 Option Explicit
2
3 Function CapletPrice(L As Double, K As Double, sigma As Double,
4 T As Double, tau As Double, P As Double)
5
6 Dim d1 As Double
7 Dim d2 As Double
8
9

10 d1 = (Log(L / K) + 1 / 2 * sigma ^ 2 * T) / (sigma * Sqr(T))
11 d2 = (Log(L / K) - 1 / 2 * sigma ^ 2 * T) / (sigma * Sqr(T))
12
13 CapletPrice = P * tau * (L * Application.NormSDist(d1)
14 - K * Application.NormSDist(d2))
15
16 End Function

Listing A.1: Pricing of cap in Excel

Jiqun Han has made a GitHub repository available online with the deep learning
solver [5]. The following code listing is the additional code where we apply it
to the LIBOR market model, and use it to price LIBOR based options. The
code below, as listed, is customised to price the cap. The adjustments needed
to price the swaption can be found in the comments in the code.

1 import numpy as np
2 import tensorflow as tf
3 from scipy.linalg import cholesky
4 from scipy.stats import multivariate_normal as normal
5
6 class LIBOR(Equation):
7 def __init__(self, eqn_config):
8 super(LIBOR, self).__init__(eqn_config)
9 # Parameters for cap and swaption pricing example

10 self.x_init = np.array([0.0112,
11 0.0118,
12 0.0123,
13 0.0127,
14 0.0132,
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A. Codes

15 0.0137,
16 0.0145,
17 0.0154,
18 0.0163,
19 0.0174])
20
21 self.sigma = np.array([0,
22 0.2366,
23 0.2487,
24 0.2573,
25 0.2564,
26 0.2476,
27 0.2376,
28 0.2252,
29 0.2246,
30 0.2223])
31
32 # Bond prices at time 0 implied by forward rates
33 self.bonds_init = np.ones(self.dim) /
34 np.cumprod(1 + self.delta_t * self.x_init)
35
36 # Correlation parameter
37 self.beta = 0.2
38
39 def sample(self, num_sample):
40
41 # correlation matrix
42 p_ij = np.zeros([self.dim, self.dim])
43 for j in range(self.dim):
44 for i in range(self.dim):
45 p_ij[i, j] = np.exp(-self.beta * np.absolute(i - j))
46
47 # Compute the upper Cholesky decomposition matrix
48 upper_chol = cholesky(p_ij)
49
50 # initialise and generate correlated brownian motions
51 dw_sample = np.zeros([num_sample,
52 self.dim,
53 self.num_time_interval + 1])
54
55 for k in range(num_sample):
56 rnd = np.random.normal(0.0,
57 1.0,
58 size=(self.num_time_interval+ 1, self.dim))
59 ans = rnd @ upper_chol
60 dw_corr = np.transpose(ans)
61 dw_sample[k, :, :] = dw_corr * self.sqrt_delta_t
62
63 x_sample = np.zeros([num_sample,
64 self.dim,
65 self.num_time_interval + 1])
66 x_sample[:, :, 0] = np.ones([num_sample, self.dim])
67 * self.x_init
68
69 # simulate LIBOR rates
70 for i in range(self.num_time_interval):
71 # feed forward expired rates
72 for m in range(i + 1):
73 x_sample[:, m, i + 1] = x_sample[:, m, i]
74
75 # init drift vector
76 drift_sample = np.zeros([num_sample, self.dim])
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77
78 # simulate time step
79 for m in range(i+1, self.dim):
80 # # replace loop below for swaption (changes measure)
81 # # also required: change - to + on line 85
82 # for j in range(self.num_time_interval, m+1):
83 for j in range(m+1, self.dim):
84 drift_sample[:, m] = drift_sample[:, m]
85 - ((self.delta_t * self.sigma[m])
86 * self.sigma[j]*x_sample[:, j, i]
87 * np.exp(-self.beta*np.absolute(m-j))
88 / (1+self.delta_t*x_sample[:, j, i]))
89 x_sample[:, m, i + 1] = x_sample[:, m, i]
90 * np.exp((drift_sample[:, m]
91 - 0.5*(self.sigma[m] ** 2))
92 * self.delta_t + self.sigma[m]
93 * dw_sample[:, m, i])
94 return dw_sample, x_sample
95
96 def f_tf(self, t, x, y, z):
97 return 0
98
99 # terminal payoff for cap derivative with strike 1.1%

100 def g_tf(self, t, x):
101 temp = tf.maximum(x - 0.011, 0) * self.delta_t
102 return tf.reduce_sum(temp[:, 1:]*self.bonds_init[1:],1,keepdims=True)
103
104 # # terminal payoff for swaption derivative with strike 1.5%
105 # def g_tf(self, t, x):
106 # maturity = self.total_time
107 # temp = (x - 0.015)*self.delta_t
108 # bonds = 1/tf.math.cumprod(1+self.delta_t*x[:, maturity:], axis=1)
109 # swap = tf.reduce_sum(temp[:, maturity:]*bonds, 1, keepdims=True)
110 # return tf.maximum(swap, 0)*self.bonds_init[maturity-1]

Listing A.2: Pricing a cap and swaption with deep learning
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1 from scipy.linalg import cholesky
2 from scipy.stats import pearsonr
3 import numpy as np
4 from scipy.stats import multivariate_normal as normal
5
6 # init parameters
7 x_init = np.array([0.0112,
8 0.0118,
9 0.0123,

10 0.0127,
11 0.0132,
12 0.0137,
13 0.0145,
14 0.0154,
15 0.0163,
16 0.0174])
17
18 sigma = np.array([0,
19 0.2366,
20 0.2487,
21 0.2573,
22 0.2564,
23 0.2476,
24 0.2376,
25 0.2252,
26 0.2246,
27 0.2223])
28
29 #define setting
30 num_sample = 100 000
31 dim = 10
32 num_time_interval = 7
33 delta_t = 1
34 sqrt_delta_t = np.sqrt(delta_t)
35
36 # correlation parameter
37 beta=0.2
38
39 # correlation matrix
40 p_ij = np.zeros([dim, dim])
41
42 for j in range(dim):
43 for i in range(dim):
44 p_ij[i, j]=np.exp(-beta*np.absolute(i-j))
45
46 # Compute the upper Cholesky decomposition matrix
47 upper_chol = cholesky(p_ij)
48
49 dw_sample = np.zeros([num_sample,
50 dim,
51 num_time_interval+1])
52
53 # Generate correlated brownian motion paths
54 for k in range(num_sample):
55 rnd = np.random.normal(0.0, 1.0, size=(num_time_interval+1, dim))
56
57 # Compute the inner product of upper_chol and rnd
58 ans = rnd @ upper_chol
59 dw_corr = np.transpose(ans)
60 dw_sample[k, :, :] = dw_corr*sqrt_delta_t
61
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62 x_sample = np.zeros([num_sample,
63 dim,
64 num_time_interval + 1])
65 x_sample[:, :, 0] = np.ones([num_sample,
66 dim]) * x_init
67
68 p_sample = np.zeros([num_sample,
69 dim,
70 num_time_interval + 1])
71 p_sample[:, :, 0] = np.ones([num_sample, dim]) /
72 np.cumprod(1+delta_t*x_sample[:, :, 0], axis=1)
73
74 # simulate libor rates
75 for i in range(num_time_interval):
76 for m in range(i+1):
77 x_sample[:, m, i + 1] = x_sample[:, m, i]
78 p_sample[:, m, i + 1] = p_sample[:, m, i]
79
80 drift_sample = np.zeros([num_sample, dim])
81
82 for m in range(i+1, dim):
83 for j in range(num_time_interval, m+1):
84 drift_sample[:, m] = drift_sample[:, m]
85 + ((delta_t * sigma[m]
86 * sigma[j] * x_sample[:, j, i]
87 * np.exp(-beta*np.absolute(m-j)))
88 / (1+delta_t*x_sample[:, j, i]))
89 x_sample[:, m, i + 1] = x_sample[:, m, i] * np.exp((drift_sample[:, m]
90 - 0.5*(sigma[m] ** 2)) *delta_t
91 + sigma[m]*dw_sample[:, m, i])
92 k=i+1
93 p_sample[:, k:, i+1] = np.ones([num_sample, dim-k])
94 /np.cumprod(1+delta_t*x_sample[:, k:, i+1], axis=1)
95
96 # swaption setup
97 maturity = num_time_interval
98 kappa = 0.015
99 swaps = np.zeros(num_sample)

100
101 for j in range(num_sample):
102 temp = x_sample[j, maturity:, maturity] - kappa
103 bonds = p_sample[j, maturity:, maturity]
104 swaps[j] = np.dot(temp, bonds)
105
106 swaption = np.maximum(0, swaps)
107 price_discounted = np.mean(swaption, dtype=np.float64)
108 * p_sample[0, maturity-1, 0]
109
110 print("Discounted price:")
111 print(price_discounted)

Listing A.3: Pricing a swaption by Monte Carlo simulations
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