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Abstract. We derive bounds for the constants in Poincaré-Friedrichs inequal-
ities with respect to mesh-dependent norms for complexes of discrete distribu-

tional differential forms. A key tool is a generalized flux reconstruction which

is of independent interest. The results apply to piecewise polynomial de Rham
sequences on bounded domains with mixed boundary conditions.

1. Introduction

Braess and Schöberl introduced differential complexes of distributional finite el-
ement spaces, using them as theoretical background for equilibrated a posteriori
error estimation in computational electromagnetism [5]. In their seminal publica-
tion, these spaces were studied in the language of vector calculus. They considered
only finite element spaces of lowest polynomial order over local element patches.

Their idea was studied in the language of differential forms and integrated into
the framework of finite element exterior calculus [18]. In finite element exterior
calculus (FEEC) [1, 3]) one considers differential complexes of piecewise polynomial
differential forms. A major example is the complex of (lowest-order) Whitney forms
with respect to a triangulation T of a domain,

P−1 Λ0(T )
d0−−−−→ . . .

dn−1

−−−−→ P−1 Λn(T ).(1)

which serves as a discretization of the L2 de Rham complex [15, 1, 3]. Higher order
finite element de Rham complexes have been addressed too [14, 2, 22, 7].

Let us recapitulate basic concepts of discrete distributional differential forms.
Fix a bounded domain Ω with a triangulation T . Arnold, Falk and Winther [1]
discuss finite element de Rham complexes

Λ0(T )
d0−−−−→ . . .

dn−1

−−−−→ Λn(T )(2)

constituted by conforming spaces of piecewise polynomial differential forms. Their
theory includes (1) and its higher order variants. Fix such a differential complex for
demonstrative purposes. Generalizing the ideas of Braess and Schöberl, we consider
the distributional finite element de Rham complex

Λ0
−1(T n)

d0−−−−→ . . .
dn−1

−−−−→ Λn−n−1(T n).(3)

Here, Λk−k−1(T n) := Λk−1(T n)⊕ Λk−1
−1 (T n−1)⊕ · · · ⊕ Λ0

−1(T n−k) is the direct sum

of the spaces Λk−1(T m) :=
⊕

C∈Tm Λk(C) of formal sums of smooth differential k-
forms associated to m-simplices C ∈ T m of the triangulation. As justification of the
term discrete distributional differential form, we may interpret each ω ∈ Λk−1(T m)

as a functional φ 7→
∑
C∈Tm

∫
C
ωC ∧ tr ?Ωφ on test forms φ ∈ C∞Λk+n−m(Ω).
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The exterior derivative between spaces of discrete distributional differential forms
is then well-defined in the sense of distributions. The simplicial chain complex

Cn(T )
∂n

−−−−→ . . .
∂1

−−−−→ C0(T ),(4)

well-known from algebraic topology [23], is embedded in (3) by identifying each
simplex with the constant function supported over that simplex.

The homology groups of these differential complexes are fully understood. The
existence of an isomorphism between the homology spaces of the finite element
complex (2), the complex of discrete distributional differential forms (3), and the
simplicial chain complex (4) has been established in an earlier publication [18].
The homology theory of the latter complex reflects topological properties of the
underlying domain. Those isomorphisms also determine the homology spaces of
the conforming finite element complex in the presence of non-trivial boundary con-
ditions.

Not only algebraic but also analytical questions are to be addressed in a finite
element context. For example, recall that for any conforming finite element complex
(2) of Arnold-Falk-Winther-type, one can prove the existence of a constant µP > 0
such that for all ω ∈ dkΛk(T ) there exists ρ ∈ Λk(T ) with

‖ρ‖L2Λk(Ω) ≤ µP ‖ω‖L2Λk+1(Ω), dkρ = ω.(5)

The Poincaré-Friedrichs constant µP of the finite element complex (2) bounds the
norm of the (generalized) solution operator for the finite element equation dρ = ω.
Additionally, µP appears in stability estimates for mixed finite element methods.

This article establishes analogous Poincaré-Friedrichs inequalities for complexes
of discrete distributional differential forms. The agenda requires that we agree on a
scalar product over the spaces of discrete distributional differential forms. We use

〈ω, η〉h :=
∑
C∈Tm

hm−nC 〈ωC , ηC〉L2Λk(C), ω, η ∈ Λk−1(T m),(6)

where we sum over all m-dimensional simplices of T and hC is the diameter of
the simplex C. Thus, (6) is an elementwise L2 scalar product with elementwise
diameter-dependent weights. This scalar product over the spaces Λk−1(T m) makes
(3) and its subcomplexes (2) and (4) into Hilbert complexes. In particular, (6)
induces the usual L2 scalar product on the standard finite element complex (2).
The main result of this article (Theorem 5.5) includes the following special case:
we bound the Poincaré-Friedrichs constants in terms of the domain, the shape
quality of the triangulation, and the polynomial degree of the finite element spaces.

Theorem 1.1. With respect to the scalar product 〈·, ·〉h, the Hilbert complexes
(2), (3), and (4) satisfy Poincaré-Friedrichs inequalities with constants that depend
only on the triangulation’s shape quality, the polynomial degree, and the Poincaré-
Friedrichs constant of the complex of lowest-order Whitney forms.

To begin with, we recall the well-known algebraic duality between the simplicial
chain complex (4) and the complex of Whitney forms (1) (see [11, 6]). Equipping the
former complex with the scalar product (6) and the latter complex with the usual
L2 scalar product, we recover an analogous duality result on the level of Hilbert
complexes. The Poincaré-Friedrichs constant of the Hilbert complex of simplicial
chains is bounded by the Poincaré-Friedrichs constant of the complex of Whitney
forms, up to a factor depending on the mesh regularity but not the mesh resolution.

This leads to bounds for the Poincaré-Friedrichs constants of the other complexes
of discrete distributional differential forms. For example, we bound the Poincaré-
Friedrichs constant of (3) by the Poincaré-Friedrichs constant of the lowest-order
finite element complex (1), up to terms depending only on the polynomial degree
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and mesh quality. Moreover, the construction of a preimage under the exterior
derivative in (3) reduces, using only local operations, to the construction of a
preimage in the simplicial chain complex (4). The computational complexity of
the latter, however, is comparable to a first-order differential equation over finite
element spaces of lowest polynomial order. We have thus reduced a problem on
high-order finite element spaces to an analogous problem on a lowest-order finite
element space.

This has implications to conforming finite element spaces from which we have
commenced our study in the first place. Reconsider the differential equation dρ =
ω between conforming finite element spaces of Arnold-Falk-Winther-type of any
polynomial degree. As it turns out, local operations reduce solving this equation
(in the sense of least squares) to solving the analogous equation between spaces of
simplicial chains. Thus, algorithmically solving dρ = ω requires global computation
only as difficult as solving dρ = ω between lowest-order Whitney forms. The other
operations are local and their stability depends on the polynomial degree.

The remainder of this article is structured as follows. Section 2 gives a summary
of discrete distributional differential forms. Section 3 derives Poincare-Friedrichs in-
equalities for the horizontal and vertical differential operators and Section 4 derives
Poincare-Friedrichs-type inequalities for complexes of simplicial chains. Finally
we analyze Poincare-Friedrichs-type inequalities for complexes of discrete distribu-
tional differential forms in Section 5.

2. Summary

This section outlines discrete distributional differential forms and their homology
theory. The reader is referred to [18] for further background and proofs of the cited
results.

2.1. Simplicial Complexes and Triangulations. We review simplicial com-
plexes and simplicial chain complexes, and their relation to the topology of do-
mains.

We call C ⊆ Rn an m-simplex if it is the convex hull of m+1 affinely independent
points, which we call the vertices of C, and then write dimC := m for the dimension
of C. We write F E C if F ⊆ C is a simplex whose vertices are also vertices
C. In this article, we assume a fixed orientation on each simplex; for technical
convenience, we assume the positive Euclidean orientation to be chosen on every n-
simplex, whereas this choice is completely arbitrary on lower dimensional simplices.

If T is a set of simplices in Rn, then we write T m for the subset of m-dimensional
simplices of T . We call T a simplicial complex if for all C ∈ T and F E C we already
have F ∈ T and for all C,C ′ ∈ T we have either C ∩C ′ = ∅ or C ∩C ′ E C. We say
that T is n-dimensional if ∀C ∈ T : ∃T ∈ T n : C E T , in which case all simplices
in T have dimension at most n. We call a simplicial complex U ⊆ T a subcomplex
of T . We let T [m] denote the smallest subcomplex of T that contains T m.

Let T be any p-dimensional simplicial complex. The space of simplicial m-chains
Cm(T ) for 0 ≤ m ≤ p is the real vector space generated by T m. The simplices in
T m constitute the canonical basis of Cm(T ). We define the simplicial boundary
operator ∂m : Cm(T )→ Cm−1(T ) as the linear extension of setting

∂mC :=
∑
FEC

F∈T m−1

o(F,C)F, C ∈ T m,

where o(F,C) = 1 if C induces the same orientation on F as the one that we
have fixed previously, and o(F,C) = −1 otherwise. An important property is
∂m−1∂m = 0.
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The simplicial chain complex of T is the differential complex

0→ Cp(T )
∂p−−−−→ Cp−1(T )

∂p−1−−−−→ . . .
∂1−−−−→ C0(T )→ 0.

For any simplicial subcomplex U of T we define the quotient spaces

Cm(T ,U) := Cm(T )/Cm(U), 0 ≤ m ≤ p.

The simplices T m \ Um constitute the canonical basis of Cm(T ,U). The operator
∂m maps chains equivalent up to Cm(U) to chains equivalent up to Cm−1(U). This
leads to a differential operator ∂m : Cm(T ,U) → Cm−1(T ,U), and a differential
complex, the simplicial chain complex of T relative to U :

0→ Cp(T ,U)
∂p−−−−→ Cp−1(T ,U)

∂p−1−−−−→ . . .
∂1−−−−→ C0(T ,U)→ 0.

We introduce the quotient spaces

Hm(T ,U) :=
ker
(
∂m : Cm(T ,U)→ Cm−1(T ,U)

)
ran

(
∂m+1 : Cm+1(T ,U)→ Cm(T ,U)

) .
We call Hm(T ,U) the m-th simplicial homology group of T relative to U .

The dimension of the homology spaces are relevant for this article in the fol-
lowing manner. Throughout this article, we assume that Ω ⊆ Rn is a bounded
Lipschitz domain [8]. Then ∂Ω is a topological manifold of dimension n− 1 with-
out boundary. Throughout this article, we furthermore assume that we are given
two topological submanifolds with boundary, ΓT and ΓN , of ∂Ω with dimension
n−1 whose intersection is their common boundary. In particular, ΓT and ΓN form
an essentially disjoint covering of ∂Ω. We call ΓT the tangential boundary part and
call ΓN the normal boundary part.

The topological Betti numbers bm(Ω,ΓN ) are topological invariants of Ω and ΓN .
They are defined as the dimensions of the homology groups of the singular chain
complex with real coefficients of Ω relative to ΓN ; see [23, Chapter 4, Section 4]
for details. When U ⊆ T is a simplicial subcomplex that triangulates ΓN , then
bm(Ω,ΓN ) = bn−m(Ω,ΓT ) (see [13, Equation (5.26)]).

Assume that T is a finite simplicial complex that triangulates Ω, which means
that Ω is the union of all simplices in T . We assume additionally that we have
subcomplexes U and V of the triangulation T such that U triangulates ΓN and
such that V triangulates ΓT . That is, ΓN is the union of all simplices in U , and ΓT
is the union of all simplices in V. An important result in algebraic topology [23],
known as Poincaré duality, gives

bm(Ω,ΓN ) = dimHm(T ,U) = bn−m(Ω,ΓT ) = dimHn−m(T ,V).

2.2. Differential forms. We provide basic facts and notation regarding differ-
ential forms; the reader is referred to the exposition in [17] for further back-
ground. We let C∞Λk(Ω) denote the space of smooth differential forms on Ω,
and let C∞Λk(Ω) ⊆ C∞Λk(Ω) be the space of restrictions of differential forms
in C∞Λk(Rn) to Ω. Recall the exterior product ∧ : C∞Λk(Ω) × C∞Λl(Ω) →
C∞Λk+l(Ω). We observe that C∞Λk(Ω) ∧ C∞Λl(Ω) ⊆ C∞Λk+l(Ω). For ω ∈
C∞Λk(Ω) and η ∈ C∞Λl(Ω) we have

ω ∧ η = (−1)klη ∧ ω, dk+l
Ω (ω ∧ η) = dkΩω ∧ η + (−1)kω ∧ dlΩη.(7)

The Euclidean Riemannian metric of Rn induces Riemannian metrics over Ω and
over all simplices of T via pullback. We recall the space L2Λk(Ω) of differential
k-forms over Ω with coefficients in L2(Ω) and denote the scalar product of L2Λk(Ω)



POINCARÉ–FRIEDRICHS INEQUALITIES OF DDDF 5

by 〈·, ·〉L2Λk(Ω). The Hodge star operator ?Ω : L2Λk(Ω)→ L2Λn−k(Ω) is a bounded
linear mapping uniquely defined by the identity

〈ω, η〉L2Λk(Ω) =

∫
Ω

ω ∧ ?Ωη, ω, η ∈ L2Λk(Ω).(8)

We also recall the exterior derivative dk : C∞Λk(Ω)→ C∞Λk+1(Ω). We know that
dkC∞Λk(Ω) ⊆ C∞Λk+1(Ω). The exterior codifferential is defined as

δkΩ : C∞Λk(Ω)→ C∞Λk−1(Ω), ω 7→ (−1)n(k+1)+1 ?Ω dn−kΩ ?Ω ω.

Note that δkΩω = (−1)k ?−1
Ω dn−kΩ ?Ω ω for all ω ∈ C∞Λk(Ω).

We have introduced differential forms over the Lipschitz domain Ω. Completely
analogous definitions provide the calculus of differential forms over any simplices
C ∈ T . We can define spaces C∞Λk(C) and L2Λk(C) with the canonical meanings,
and we can define the exterior product of differential forms over C and the exterior
derivative dkC : C∞Λk(C) → C∞Λk+1(C). The Riemannian metric on Rn induces
Riemannian metrics on the simplices in a natural manner; thus, the Hodge star
operator ?C : L2Λk(C) → L2Λn−k(C) and the codifferential δkC : C∞Λk(C) →
C∞Λk−1(C) are defined. In particular, analogues of the identities (7) and (8)
remain valid. The calculus of differential forms over Ω and over the simplices of T
are connected via trace operators. Let C ∈ T . We have a well-defined tangential
trace trkC : C∞Λk(Ω)→ C∞Λk(C), which is defined as the pullback by the inclusion
of C into Ω.

We introduce spaces of smooth differential k-forms over Ω that satisfy either
partial tangential boundary conditions or partial normal boundary conditions:

C∞T Λk(Ω) :=
{
ω ∈ C∞Λk(Ω) | ∀F ∈ T , F ⊆ ΓT : trkF ω = 0

}
,

C∞N Λk(Ω) :=
{
ω ∈ C∞Λk(Ω) | ∀F ∈ T , F ⊆ ΓN : trn−kF ?Ωω = 0

}
.

2.3. Hilbert Complexes and L2 de Rham Complexes. We review a few no-
tions of Hilbert complexes. A Hilbert complex is given by a sequence (Xk)k≥0 of
Hilbert spaces and a sequence (dk)k≥0 of closed densely-defined unbounded oper-
ators dk : dom(dk) ⊆ Xk → Xk+1 such that ran dk−1 ⊆ ker dk. This is usually
displayed as a diagram:

0 −−−−→ X0 d0−−−−→ X1 d1−−−−→ . . .

We always assume that the operators dk have closed range. Hence their adjoints
d∗i have closed range too. Then the k-th harmonic space Hk = ker dk ∩ (ran dk−1)⊥

is the orthogonal complement of ran dk−1 in ker dk. As a consequence, we have the
orthogonal abstract Hodge decomposition

Xk = ran dk−1 ⊕ Hk ⊕ (ker dk)⊥.

One can show that the adjoint operators d∗k have closed range and that Hk =
ker d∗k−1∩(ran d∗k)⊥ = ker dk∩ker d∗k−1. It follows that Xk = ran dk−1⊕Hk⊕ran d∗k
is an alternative way to write the Hodge decomposition. In the sequel, we consider
several instances of Hilbert complexes in which the harmonic spaces Hk encode
topological information. Since the operators dk are assumed to have closed range,
there exists CP > 0 such that for all ω ∈ ran dk there exists ρ ∈ dom(dk) satisfying
‖ρ‖Xk ≤ CP ‖ω‖Xk+1 and dkρ = ω. In particular, we have a bounded linear oper-

ator d†k : Xk+1 → Xk, called pseudoinverse, whose operator norm is bounded by

CP and that satisfies dkd†kd
kρ = dkρ for all ρ ∈ dom(dk). We call CP the Poincaré-

Friedrichs constant of the Hilbert complex.
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The main example for a Hilbert complex is the L2 de Rham complex. We consider
a variant of the L2 de Rham complex that incorporates partial boundary conditions,
following the exposition by Mitrea, Mitrea, and Gol’dshtein [13, Section 4]. These
Hilbert complexes appear naturally in the study of the Hodge-Laplace equation
with mixed boundary conditions. We first introduce the scalar products

〈ω, η〉HΛk(Ω) := 〈ω, η〉L2Λk(Ω) + 〈dkω, dkη〉L2Λk+1(Ω),

〈ω, η〉H?Λk(Ω) := 〈ω, η〉L2Λk(Ω) + 〈δkω, δkη〉L2Λk+1(Ω),

which we initially define for smooth k-forms only. We let HTΛk(Ω) be the comple-
tion of C∞T Λk

(
Ω
)

by 〈·, ·〉HΛk(Ω) and we let H?
NΛk(Ω) be the closure of C∞N Λk

(
Ω
)

by 〈·, ·〉H?Λk(Ω). One can show that these are dense subspaces of L2Λk(Ω). Conse-
quently, we have got a pair of densely-defined unbounded operators

dT : HTΛk(Ω) ⊆ L2Λk(Ω)→ L2Λk+1(Ω),

δN : H?
NΛk(Ω) ⊆ L2Λk(Ω)→ L2Λk−1(Ω).

One can show that these two operators are closed, mutually adjoint, and have closed
range [13]. We can assemble a pair of mutually adjoint closed Hilbert complexes:

0 −−−−→ HTΛ0 ⊆ L2Λ0 d0T−−−−→ . . .
dn−1
T−−−−→ HTΛn ⊆ L2Λn −−−−→ 0,(9)

0 ←−−−− H∗NΛ0 ⊆ L2Λ0 δ1N←−−−− . . .
δnN←−−−− H∗NΛn ⊆ L2Λn ←−−−− 0.(10)

The second Hilbert complex is the adjoint of the first complex with respect to the
L2 product. The abstract theory of Hilbert complexes applies. In particular, we
introduce the k-th space of harmonic forms Hk(Ω,ΓT ,ΓN ) := ker dkT ∩ ker δkN .

The identity bk(Ω,ΓT ) = dimHk(Ω,ΓT ,ΓN ) = bn−k(Ω,ΓN ) (see [13, Theorem
5.3]) relates the dimension of the harmonic forms to the topological Betti numbers
of the domain.

We let µΩ,ΓN
denote the Poincaré-Friedrichs constant of the L2 de Rham complex

with partial boundary conditions. The square of µΩ,ΓN
bounds the operator norm

of the generalized solution operator of the Hodge Laplace equation associated to
that Hilbert complex; see [13]. We remark that the existence of a finite Poincaré-
Friedrichs constant is typically shown using a compact embedding argument, and
refer to [25], [20], [21], [24], [16] for further details.

2.4. Discrete Distributional Differential Forms. Next, we set up the theory
of discrete distributional differential forms. We assume that for each simplex C ∈ T
and index 0 ≤ k ≤ dimC we have fixed a finite-dimensional space Λk(C) of smooth
differential forms on C. Similar to the finite element systems framework [6]. we
assume that trkC,F Λk(C) = Λk(F ) holds for F E C, and moreover that dCΛk(C) ⊆
Λk+1(C), so we have differential complexes

0→ Λ0(C)
d0C−−−−→ Λ1(C)

d1C−−−−→ . . .
dm−1
C−−−−→ ΛdimC(C)→ 0,(11)

We subsequently introduce Λk−1(T m,U) :=
⊕

C∈Tm\Um Λk(C). We agree, letting U
be understood, to abbreviate Λk−1(T m) ≡ Λk−1(T m,U) in the sequel. The horizontal

differential operators Dmk : Λk−1(T m) −→ Λk+1
−1 (T m) are defined by

Dmk ω :=
∑

C∈Tm\Um

dkCωC , ω = (ωC)C∈T m\Um ∈ Λk(T m).
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The vertical differential operators Tmk : Λk−1(T m) −→ Λk−1(T m−1) are defined by

Tmk ω :=
∑

C∈Tm\Um

F∈T m−1\Um−1

FEC

o(F,C) trkC,F ωC , ω = (ωC)C∈Tm−Um ∈ Λk(T m).

One easily verifies Dmk+1D
m
k = 0 and Tm−1

k Tmk = 0. Furthermore, Dm−1
k Tmk =

Tmk+1D
m
k . Hence we have a double complex in the sense of Gelfand and Manin [12].

Λ0
−1(T n)

Dn
0−−−−→ Λ1

−1(T n)
Dn

1−−−−→ Λ2
−1(T n)

Dn
2−−−−→ . . .

−Tn
0

y −Tn
1

y −Tn
2

y
Λ0
−1(T n−1)

−Dn−1
0−−−−→ Λ1

−1(T n−1)
−Dn−1

1−−−−→ Λ2
−1(T n−1)

−Dn−1
2−−−−→ . . .

Tn−1
0

y Tn−1
1

y Tn−1
2

y
Λ0
−1(T n−2)

Dn−2
0−−−−→ Λ1

−1(T n−2)
Dn−2

1−−−−→ Λ2
−1(T n−2)

Dn−2
2−−−−→ . . .

−Tn−2
0

y −Tn−2
1

y −Tn−2
2

y
. . . . . . . . .

(12)

Its rows and columns are differential complexes on their own. We can derive con-
ditions for the rows and columns to be exact sequences.

First we consider the row complexes

0→ Λ0
−1(T m)

Dm
0−−−−→ Λ1

−1(T m)
Dm

1−−−−→ . . .
Dm

m−1−−−−→ Λm−1(T m)→ 0,

which are simply the direct sums of the simplex-wise sequences

0→ Λ0(C)
d0C−−−−→ Λ1(C)

d1C−−−−→ . . .
dm−1
C−−−−→ Λm(C)→ 0.

We say that the local exactness condition holds if Λ0(C) contains the constant
functions over C, and if additionally ran dk−1 = ker dk for k ≥ 1. If the local
exactness conditions hold, then kerDm0 is isomorphic to Cm(T ,U).

Next we study the column complexes

Λk−1(T n)
Tn

k−−−−→ Λk−1(T n−1)
Tn−1

k−−−−→ . . .
Tk+1

k−−−−→ Λk−1(T k).

Similar to the treatment of the row complexes, the idea is to decompose the column
complexes into “local” complexes. The implementation of that idea is, however,
more technical in this case. As a technical definition, for F ∈ T we let Λ̊k(C) denote
the subspace of Λk(C) whose members have vanishing traces on the boundary
simplices of F . Two conditions together imply exactness of the column complexes.

We say that the geometric decomposition condition holds if we have linear ex-
tension operators extkF,C : Λ̊k(F )→ Λk(C) for C ∈ T with F E C, that satisfy the

following conditions: we have trkC,F extkF,C = IdΛ̊k(F ), we have trkC,G extkF,C = extkF,G
for all F E G E C, and we have trkC,G extkF,C = 0 for G E C and F 5 G. Under the

geometric decomposition assumption, we have a direct decomposition of Λk−1(T m)
into subspaces

Λk−1(T m) =
⊕

C∈T m\Um

⊕
FEC

extkF,C Λ̊k(F ).(13)

Example 2.1. The spaces PrΛk(C) and P−r Λk(C) satisfy the geometric decompo-
sition assumption. This was proven in Section 4 of [1], and we refer to [2] for an
elaboration of the details. This holds more generally for compatible finite element
systems [7].
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Let us henceforth assume that the geometric decomposition condition is valid.
By reordering the previous direct sum, we obtain the desired decomposition of the
column complexes. We have

Λk−1(T m) =
⊕
F∈T

Γmk (F ), Γmk (F ) :=
⊕

C∈Tm\Um

FEC

extkF,C Λ̊k(F ), F ∈ T ,

Hence the columns are the direct sums of the “local” vertical sequences

0→ Γnk (F ) ∩ kerTnk −−−−→ Γnk (F )
Tn

k−−−−→ . . .
Tk+1

k−−−−→ Γkk(F )→ 0

In order to obtain a useful result on their homology, we introduce a further condition
on the triangulation. For F ∈ T we define simplicial complexes

MF := {G ∈ T | ∃C ∈ T n : F E C and G E C} ,(14a)

NF :=
{
G ∈M[n−1]

F | F 5 G or G ∈ U
}
.(14b)

The simplicial complexMF describes the local patch of simplices in T adjacent to
F , whereas the subcomplex NF ⊆ MF describes the boundary of that patch. We
say that T satisfies the local patch condition relative to U if for all F ∈ T the chain
complex

0→ Cn(MF ,NF )
∂n

−−−−→ . . .
∂1

−−−−→ C0(MF ,NF )→ 0(15)

has trivial homology spaces at indices n− 1, . . . , 0, for all F ∈ T . If the geometric
decomposition condition and the local patch condition hold, then it can be shown
[18, Lemma 3] that the differential complex (15) has vanishing cohomology spaces
at the indices 0 ≤ m ≤ n− 1.

Example 2.2. These assumptions are motivated by the differential complexes of
finite element exterior calculus. On each simplex we may fix a differential com-
plex by choosing Λk(C) = PrΛk(C) or Λk(C) = P−r Λk(C) of [1], provided that
dkCΛk(C) ⊆ Λk(C). If trkC,F Λk(C) = Λk+1(F ) holds, then the basic setting of this
section applies. More general assumptions have been discussed within the framework
of element systems in [6], where the trace operators are not necessarily onto.

It was proven in Section 3 of [1] that the local exactness condition holds if
whenever Λk(C) = PrΛk(C) or Λk(C) = P−r Λk(C) we already have Λk+1(C) =
Pr−1Λk+1(C) or Λk+1(C) = P−r Λk+1(C). The exactness of finite element differen-
tial complexes was also used in [6, (5.3)]. The local patch condition is satisfied when
T triangulates a manifold with boundary, and we refer to [18] for further details.

2.5. Scalar Products. In this section we assume that each Λk−1(T m) is equipped
with a Hilbert space structure. A Hilbert space structure is uniquely determined
by a scalar product 〈·, ·〉. We focus on the scalar product

〈ω, η〉h :=
∑
C∈Tm

hm−nC 〈ωC , ηC〉L2Λk(C), ω, η ∈ Λk(T m).(16)

Here, hC denotes the diameter of a simplex C ∈ T . The choice of element-
dependent weights is crucial in Sections 4 and 5, where we prove Poincaré-Friedrichs
inequalities with respect to (16); see also Remark 5.6.

2.6. Finite Element Differential Complexes. We are particularly interested in
the kernel spaces of the vertical and horizontal differential operators. We introduce

Λk(T m) := Λk−1(T m) ∩ kerTmk , Γk(T m) := Λk−1(T m) ∩ kerDmk .(17)
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Writing Λk0(T m) ≡ Λk(T m) and Γk0(T m) ≡ Γk(T m) will be helpful in some of the
subsequent proofs. The inclusions Dmk Λk(T m) ⊆ Λk+1(T m) and Tmk Λk(T m) ⊆
Λk(T m−1) follow from definitions. Consequently, we have differential complexes

Λ0(T m)
Dm

0−−−−→ Λ1(T m)
Dm

1−−−−→ . . .
Dm

m−1−−−−→ Λm(T m),(18)

Γk(T n)
Tn

k−−−−→ Γk(T n−1)
Tn−1

k−−−−→ . . .
T1

k−−−−→ Γk(T k).(19)

Given differential complexes, it is natural to study their homology spaces. With an
additional Hilbert structure, we more precisely determine the harmonic spaces of
Hilbert complexes. We introduce the spaces

Hk(T m) :=

{
ω ∈ Λk(T m)

∣∣∣∣∣ ω ∈ kerDmk ,
∀η ∈ Dmk−1Λk(T m) : 〈ω, η〉 = 0

}
,(20)

Ck(T m) :=

{
ω ∈ Γk(T m)

∣∣∣∣∣ ω ∈ kerTmk ,
∀η ∈ Tm+1

k Γk(T m+1) : 〈ω, η〉 = 0

}
.(21)

These spaces play the role of discrete harmonic spaces in generalized finite element
complexes. The following statement has been shown in [18].

Proposition 2.3. Suppose that the local exactness condition, the geometric decom-
position condition, and the local patch condition hold. Then we have got isomor-
phisms

Hn−k(T ,U) ' C0(T n−k) ' Hk(T n).

Remark 2.4. On the one hand, the space Λk(T n) is a subspace of L2Λk(Ω). Any
ω ∈ Λk(T n) restricts to a differential form in Λk(T ) on each n-simplex T ∈ T .
The restrictions of ω to cells T, T ′ ∈ T which share a common face F have the
same trace on F . Moreover, ω has vanishing trace along V. It follows that the
differential complex (18) is a subcomplex of (9). On the other hand, the space
Γ0(T m) is isomorphic to the space of chains Cm(T ,U). Proposition (2.3) states
that the complexes (18) and (19) have homology spaces of the same dimension.

2.7. Distributional complexes. Whereas these definitions and results are of in-
terest on their own, the major motivation for this research has been to generalize
the distributional finite element complexes in [5], which study the construction of
equilibrated a posteriori error estimators. In order to generalize these differential
complexes, we introduce complexes of discrete distributional differential forms. We
start with further definitions and let

Λk−b(T m) :=

b−1⊕
i=0

Λk−i−1 (T m−i), 0 ≤ b ≤ m+ 1,(22)

Γk−b(T m) :=

b−1⊕
i=0

Λk+i
−1 (T m+i), 0 ≤ b ≤ n−m+ 1.(23)

At this point we notice that Λm0 (T m) = Λm−1(T m) = Γm−1(T m) = Γm0 (T m). We

generalize the exterior derivative to act on Λk−b(T m) and Γk−b(T m). We define

dk : Λk−i−1 (T m−i)→ Λk−i+1
−1 (T m−i)⊕ Λk−i−1 (T m−i−1)(24)

by setting

dkω := (−1)n−mDmk ω + (−1)n−m+1Tmk ω, ω ∈ Λk−1(T m).(25)
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The definition immediately yields the differential property dk+1dkω = 0, valid for
all ω ∈ Λk−i−1 (T m−i), 0 ≤ i ≤ k. With this definition we naturally obtain mappings

dk−n+m : Λk−b(T m)→ Λk−b(T m), dk−n+m : Γk−b(T m)→ Γk−b(T m),(26)

dk−n+m : Λk(T m)→ Λk+1(T m), dk−n+m : Γk(T m)→ Γk(T m−1).(27)

The elements of the spaces Λk−b(T m) and Γk−b(T m) are called discrete distributional
differential forms, and the extension of the exterior derivative to these spaces is
called discrete distributional exterior derivative.

Remark 2.5. At this point we justify the terminology discrete distributional differ-
ential form. Let C ∈ T m and let ωC ∈ Λk(C) ⊆ Λk−1(T m). If φ ∈ C∞Λn−m+k

T (Ω),

then trC ?Ωφ ∈ C∞Λm−kT (Ω). We interpret ωC as a linear functional on C∞Λn−m+k
T (Ω)

by the association φ 7→
∫
C
ωC ∧ trC ?Ωφ. If now ψ ∈ C∞Λn−m+k+1

T (Ω), then inte-
gration by parts shows∫

C

ωC ∧ trC ?Ωδ
n−m+k+1
Ω ψ = (−1)n−m

∫
C

dkCωC ∧ trC ?Ωψ

+ (−1)n−m+1
∑

C∈Tm\Um

F∈T m−1\Um−1

FEC

o(F,C)

∫
F

trkC,F ωC ∧ trF ?Ωψ.

This motivates the definition of the operators Dmk and Tmk , and subsequently the
definition of the discrete distributional exterior derivative. This is also reflected in
the sign convention of Diagram (12).

We obtain several Hilbert complexes by appending mappings of the form (26)
and (27) such that the source and target spaces of successive arrows match. To
begin with, it is easy to see that we have well-defined Hilbert complexes

0→ Λ0(T n)
d0−−−−→ . . .

dn−1

−−−−→ Λn(T n)→ 0,(28)

0→ Γ0(T n)
d0−−−−→ . . .

dn−1

−−−−→ Γ0(T 0)→ 0.(29)

The first complexes resembles the classical finite element complex, while the second
complex resembles the simplicial chain complex. At any index, we may redirect
these complexes. At a fixed index k, we may change the first complex to

. . .
dk−2

−−−−−→ Λk−1(T n)
dk−1

−−−−−→ Λk
−1(T n)

dk−−−−−→ Λk+1
−2 (T n)

dk+1

−−−−−→ . . .(30)

and, at any index k, we may redirect the second complex to

. . .
dk−2

−−−−−→ Γ0(T n−k+1)
dk−1

−−−−−→ Γ0
−1(T n−k)

dk−−−−−→ Γ0
−2(T n−k−1)

dk+1

−−−−−→ . . .(31)

We see that (28) and (29) are already trivially redirected at the last index. In this
manner, we derive two families of Hilbert complexes, each consisting of the Hilbert
complexes redirected at one of the n+ 1 indices. We moreover see that within each
family, the Hilbert complexes redirected at later indices are contained in the Hilbert
complexes redirected at earlier indices. One can use this observation to relate the
harmonic spaces of the Hilbert complexes in each family.

With regard to this inclusion ordering, each family contains maximal complexes

0→ Λ0
−1(T n)

d0−−−−→ . . .
dn−1

−−−−→ Λn−n−1(T n)→ 0,(32)

0→ Γ0
−1(T n)

d0−−−−→ . . .
dn−1

−−−−→ Γ0
−n−1(T 0)→ 0.(33)

We see that (32) and (33) are, in fact, identical. With that easy observation in
mind, we put the harmonic spaces of these Hilbert complexes into relation.



POINCARÉ–FRIEDRICHS INEQUALITIES OF DDDF 11

Recall that the harmonic spaces of the Hilbert complexes (28) – (33), whose
members we call discrete distributional harmonic forms, are defined as

Hk−b(T m) :=

{
ω ∈ Λk−b(T m)

∣∣∣∣∣ dk+n−mω = 0,

∀η ∈ dk+n−m−1Λk−1
−b+1(T m) : 〈ω, η〉 = 0

}
,

Ck−b(T m) :=

{
ω ∈ Γk−b(T m)

∣∣∣∣∣ dk+n−mω = 0,
∀η ∈ dk+n−m−1Γk−b+1(T m+1) : 〈ω, η〉 = 0

}
.

where b ≥ 0. We may abbreviate Hk0(T m) := Hk(T m) and Ck0(T m) := Ck(T m) for
notational convenience.

One can derive isomorphisms between the spaces Hk−b(T m) and Ck−b(T m) when
b ≥ 0 varies. For this, we assume that we have fixed mappings

Emk : Λk−1(T m−1)→ Λk−1(T m), Pmk : Λk+1
−1 (T m)→ Λk−1(T m)

which satisfy

Tmk = Tmk Emk Tmk , Dmk = Dmk Pmk Dmk .

The operators Emk and Pmk are generalized inverses of Tmk and Dmk , respectively.
With such operators fixed, we then define

Rk,b : Λk−b(T n)→ Λk−b(T n), ω 7→ ω + (−1)bdk−1En−b+2
k−b+1ω,(34)

Sm,b : Γ0
−b(T m)→ Γ0

−b(T m), ω 7→ ω + (−1)b+n−mdk+n−m−1Pm+b−1
b−2 ω.(35)

As already mentioned in [18], the Moore-Penrose pseudoinverses ([10]) of Dmk and
Tmk are a possible choice for Pmk and Emk . In Section 3 we will introduce generalized
inverses with stronger properties, but those are not needed at this point.

We can now derive relations between spaces of discrete distributional harmonic
forms. We summarize the results of [18] in this regard. We first provide techni-
cal observations that pertain to the range of the discrete distributional exterior
derivative:

Lemma 2.6. Suppose that b > 1. If ω ∈ Λk−b(T n) with dkω ∈ Λk+1
−b (T n), then

dkRk,bω = dkω, Rk,bω ∈ Λk−b+1(T n).

If ω ∈ Γ0
−b(T n) with dn−mω ∈ Γ0

−b(T m−1), then

dn−mSm,bω = dn−mω, Sm,bω ∈ Γ0
−b+1(T m).

Lemma 2.7. Suppose that b ≥ 0. If ω ∈ Λk−b+1(T n) with dkω = 0, then ω is not

orthogonal to dk−1Λk−1
−b+1(T n). If ω ∈ Γ0

−b+1(T m) with dn−mω = 0, then ω is not

orthogonal to dn−m−1Γ0
−b+1(T m+1).

The discrete distributional harmonic spaces Hk−1(T n) and C0
−1(T m) are easy to

describe. The spaces Hk−b(T n) and C0
−b(T m) for general b ≥ 2 can be derived

recursively.

Lemma 2.8. We have Hk(T n) = Hk−1(T n) and C0(T m) = C0
−1(T m).

Lemma 2.9. Suppose that b ≥ 2.
Let Pker dk denote the orthogonal projection onto the kernel of the operator dk :

Λk−b(T n) → Λk+1
−b+1(T n). Then the operator Pker dkR

∗
k,b acts as an isomorphism

from Hk−b+1(T n) to Hk−b(T n).
Let Pker dn−m denote the orthogonal projection onto the kernel of the operator

dn−m : Γ0
−b(T m) → Γ0

−b+1(T m−1). Then the operator Pker dn−mS∗m,b acts as an

isomorphism from C0
−b+1(T m) to C0

−b(T m).
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These findings culminate into the following main result of [18].

Theorem 2.10. Under the assumptions of this section, we have isomorphisms
between harmonic spaces:

Hn−k(T ,U) ' C0(T n−k) = C0
−1(T n−k) ' · · · ' C0

−k−1(T n−k)

= Hk−k−1(T n) ' · · · ' Hk−1(T n) = Hk(T n).

2.8. Geometric Regularity of Triangulations. We review notions of regularity
for triangulations. Let hC be the diameter of any simplex C ∈ T and let volm(C)
be its m-dimensional volume if C is m-dimensional. When C is a vertex, then we
define hC as the minimum diameter of all simplices adjacent to C and we have
vol0(C) = 1 by definition. There exists a minimal constant µT > 0, called the
shape-constant of T , for which

∀0 ≤ m ≤ n : ∀C ∈ T : hmC ≤ µT volm(C),(36)

∀C ′, C ∈ T , C ∩ C ′ 6= ∅ : hC′ ≤ µT hC .(37)

The shape-constant quantifies how far a simplex C ∈ T is from being degenerate
and how comparable adjacent simplices are in size. In applications, we handle
families of triangulations whose shape-constants are uniformly bounded. This is
the case for many algorithmically refined sequences of triangulations. Our notion
of shape-constant captures what is usually called shape-regularity.

We define the m-dimensional reference simplex ∆m as the convex closure of the
origin and the coordinate vectors in Rm, that is, ∆m := convex {0, e1, . . . , em} ⊂
Rm. For any m-simplex C ∈ T m we fix an affine mapping ΦC : ∆m → C that maps
the m-dimensional reference simplex bijectively onto C.

In addition to reference simplices of various dimensions, we introduce reference
patches. For each local patch MF , F ∈ T , we fix a reference patch ∆F whose
construction we outline as follows: ∆F is constructed by gluing n-dimensional ref-
erence cells such that the resulting simplicial complex is combinatorially isomorphic
to MF . This means in particular that we can fix a piecewise affine topological
homeomorphism ΨF : ∆F →MF .

There exists a constant µN > 0, only depending on the shape-constant µT , such
that any simplex C ∈ T is adjacent to at most µN simplices from T . In particular,
this bounds the number of possible combinatorial structures for the local patches
MF as F ∈ T varies. Thus, without loss of generality the reference patches ∆F ,
F ∈ T , constitute a finite set whose cardinality depends only on µN .

3. Local Estimates

In this section we give inequalities satisfied by the horizontal and vertical dif-
ferential operators Dmk and Tmk and introduce specific choices for the generalized
inverses Pmk and Emk , which have been introduced in Section 2 in a general form.

Below, we assume that there exists R ∈ N0 such that for each C ∈ T we have
Λ̊k(C) ⊆ P̊RΛk(C). We call this the polynomial degree R condition.

We first consider the horizontal differential operator and a special choice of gen-
eralized inverse. We leverage on the existence of an operator

P̂mk : L2Λk+1(∆m)→ HΛk(∆m)

such that P̂mk
(
PrΛk+1(∆m)

)
⊆ P−r Λk(∆m) and

dk∆m P̂mk dk∆mξ = dk∆mξ, ξ ∈ HΛk(∆m).
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The existence of such an operator P̂mk follows immediately from Proposition 4.2 of
[9] and Lemma 3.8 of [1]. Using the definition of ΦC as in Subsection 2.8, we then
define

Pmk : Λk+1(T m)→ Λk(T m),
∑
C∈Tm

ωC 7→
∑
C∈Tm

Φ−∗C P̂mk Φ∗CωC .

This is an admissible choice for a generalized inverse of the horizontal derivative as
described in Section 2. We call Pmk the horizontal antiderivative. We have

Dmk = Dmk Pmk Dmk .

Analogous constructions for the vertical differential operators require more technical
definitions. First, by the geometric decomposition assumption, for each ω ∈ Λk(C)
and C ∈ T we have the unique decomposition

ω =
∑
FEC

extF,C ζ
F
C , ζFC ∈ Λ̊k(F ).

We recall that, as a consequence of the geometric decomposition assumption, we
have for each ω ∈ Λk(T m) a unique decomposition

ω =
∑

F∈T [m]

ζF , ζF =
∑
C∈T m

extF,C ζ
F
C .

The vertical differential operator Tmk preserves the decomposition of ω into terms

associated to simplices F ∈ T [m]. In particular, the vertical complex

Λk(T n)
Tn

k−−−−→ . . .
Tk+1

k−−−−→ Λk(T k)

is the direct sum of simplex-related differential complexes

Γnk (F )
Tn

k−−−−→ . . .
Tk+1

k−−−−→ Γmk (F ), F ∈ T .
For each F ∈ T , this simplex-related differential complex is isomorphic to

Ψ∗FΓnk (F )
Ψ∗FTn

kΨ−∗F−−−−−−−→ . . .
Ψ∗FTk+1

k Ψ−∗F−−−−−−−−→ Ψ∗FΓmk (F ),(38)

where ΨF is defined as in Subsection 2.8. For each F ∈ T , we fix an operator

Êmk,F : Ψ∗FΓm−1
k (F ) → Ψ∗FΓmk (F ) that satisfies Tmk Ψ−∗F Êmk,FΨ∗FT

m
k ζ

F = Tmk ζ
F for

all ζF ∈ Γmk (F ). We then define

Emk : Λk(T m−1)→ Λk(T m−1),
∑

F∈T [m−1]

ζF →
∑

F∈T [m−1]

Ψ−∗F Êmk,FΨ∗F ζ
F .

By construction we have the identity

Tmk Emk Tmk ω = Tmk ω, ω ∈ Λk(T m).

By the results of Subsection 2.8, we may assume without loss of generality that the

collection (Êmk,F )F∈T has a cardinality that can be bounded in terms of the shape
constant.

With this preparation, the following estimates are known [19].

Lemma 3.1. There exist constants µ̌, µ̂ ≥ 0, depending only on R and µM , such
that for all α ∈ R and ω ∈ Λk−1(T m) we have∑

C∈Tm\Um

hαC ‖(Dmk ω)C‖2L2Λk+1(C) ≤ µ̌
∑

C∈T m\Um

hα−2
C ‖ωC‖2L2Λk(C) ,(39)

∑
C∈Tm\Um

hαC
∥∥(Pmk−1ω)C

∥∥2

L2Λk−1(C)
≤ µ̂

∑
C∈T m\Um

hα+2
C ‖ωC‖2L2Λk(C) .(40)
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Let α ∈ R. There exist constants µ̀, µ́ ≥ 0, depending only on R, α and µT , such
that for all ω ∈ Λk−1(T m) we have∑

Q∈T m−1

hαQ‖(Tmk ω)Q‖2L2Λk(Q) ≤ µ̀
∑
C∈T m

hα−1
C ‖ωC‖2L2Λk(C),(41)

∑
T∈Tm+1

hαT ‖(Emk ω)T ‖2L2Λk(T ) ≤ µ́
∑
C∈Tm

hα+1
C ‖ωC‖2L2Λk(C).(42)

Remark 3.2. The polynomial degree R condition holds, of course, for any fixed
finite element de Rham complex. In practice, we typically consider families of such
complexes that uniformly satisfy the polynomial degree R condition.

4. Hilbert Chain Complexes

Given a triangulation, the duality between the corresponding differential complex
of Whitney forms and the corresponding differential complex of simplicial chains
is a well-known fact of differential topology. In this section we use this duality
to derive Poincaré-Friedrichs-type inequalities on simplicial chains with respect to
mesh-dependent norms.

We assume that the reader is familiar with the notion of lowest-order Whitney
m-forms over simplices. We denote that space by P−1 Λm(C), and refer to Section
3–4 of [1] for definitions and further details; an important fact is that

dmP−1 Λm(C) ⊆ P−1 Λm+1(C).

We let Wm(T ), the space of Whitney m-forms over T , be the vector space of
collections (φC)C∈T of smooth differential m-forms over the simplices of T that
satisfy

(φC)C∈T ∈
⊕
C∈T
P−1 Λm(C),(43)

∀C ∈ T , F E C : trC,F φC = φF .(44)

We generally consider Whitney forms with partial boundary conditions. We define

Wm(T ,U) :=
{
φ ∈ Wm(T )

∣∣∀C ∈ U : φC = 0
}
.

We remark that Wm(T ) =Wm(T , ∅). It is easily seen that the exterior derivative,
applied to each cell, defines a linear mapping dm : Wm(T ,U) → Wm+1(T ,U).
Hence we introduce the differential complex of Whitney forms:

0←Wn(T ,U)
dn−1

←−−−− . . .
d0←−−−− W0(T ,U)← 0.(45)

Next, a Hilbert space structure over Wm(T ,U) is induced by the scalar product

〈φ, ψ〉L2Λm(T ) :=
∑
C∈T n

〈φC , ψC〉L2Λm(C), φ, ψ ∈ Wm(T ,U).

This scalar product has been introduced earlier in Section 2. By Wm(T ,U)L2Λm

we denote the Hilbert space that results from equippingWm(T ,U) with that scalar
product. We have a Hilbert complex

0←Wn(T ,U)L2Λn
dn−1

←−−−− . . .
d0←−−−− W0(T ,U)L2Λ0 ← 0.(46)

We let µWT ,U > 0 denote the Poincaré-Friedrichs constant of this Hilbert complex.

Hence, for every φ ∈ dmWm(T ,U) there exists β ∈ Wm(T ,U) such that

dmβ = φ, ‖β‖L2Λm ≤ µWT ,U‖φ‖L2Λm+1 .

Recall the differential complex

0→ Γ0(T n)
Tn

0−−−−→ . . .
T1

0−−−−→ Γ0(T 0)→ 0.(47)
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We equip each space Γ0(T m) with the scalar product

〈ω, η〉h :=
∑

C∈T m\Um

hm−nC ωCηC , ω, η ∈ Γ0(T m).

This makes (47) into a Hilbert complex and we write µΓ
T ,U > 0 for the square of its

Poincaré-Friedrichs constant. We relate µΓ
T ,U to the Poincaré-Friedrichs constant

of (46). For the proof of the following theorem, we refer to [19, Theorem IX.9.2].

Theorem 4.1. We have µΓ
T ,U ≤ µ0µ

W
T ,U , where µ0 depends only on µT . In partic-

ular, for 1 ≤ m ≤ n there exists a linear operator Em : Γ0(T m−1)→ Γ0(T m) such
that for all ξ ∈ Γ0(T m) we have Tmk EmTmk ξ = Tmk ξ, and∑
C∈Tm\Um

hm−nC ‖(Emξ)C‖2L2Λ0(C) ≤
(
µΓ
T ,U
)2 ∑

F∈Tm−1\Um−1

hm−n−1
F ‖ξF ‖2L2Λ0(F ) .

Remark 4.2. We express the constants of our generalized Poincaré-Friedrichs in-
equalities in terms of µWT ,U but we do not attempt to determine µWT ,U any further

here. In typical applications, µWT ,U depends on the mesh quality and the Poincaré-

Friedrichs constant µΩ,ΓN
of the L2 de Rham complex.

5. Derivation of Poincaré-Friedrichs-type inequalities

In this section we reduce the Poincaré-Friedrichs constants in Hilbert complexes
of discrete distributional differential forms to the Poincaré-Friedrichs constant µWT ,U .
The inequalities are proven with respect to the mesh-dependent scalar product

〈ω, η〉h :=
∑

C∈Tm\Um

hm−nC 〈ωC , ηC〉L2Λk(C), ω, η ∈ Λk−1(T m).(48)

This induces scalar products on the spaces Λk−b(T m) and Γk−b(T m) because these
are defined as direct sums as in (22). Note that this scalar product is already used
in Theorem 4.1 of the previous section. In this section we build upon that theorem
to prove Poincaré-Friedrich inequalities for a broader class of differential complexes.

Example 5.1. We revisit a motivating example. Suppose that T triangulates a
simply connected domain and that U = ∅. Let ω ∈ d0Λ0(T n) be the gradient of a
function in the conforming finite element space Λ0(T n). We show how to construct
a preimage under the exterior derivative. We let ξ0 = Pn0ω. Then Dn0 ξ

0 = ω because
Dn1ω = 0 and finite element spaces constitute an exact sequence on each simplex.
However, ξ0 ∈ Λ0

−1(T n) is discontinuous in general. We write η = ω− d0ξ0. Then

η = ω − Dn0P
n
0ω + Tn0P

n
0ω = Tn0 ξ

0, Dn−1
0 Tn0 ξ

0 = Tn1D
n
0 ξ

0 = Tn1ω = 0.

Hence η ∈ Γ0(T n−1) with Tn−1
0 η = Tn−1

0 Tn0 ξ
0 = 0. Note that η represents the

interelement jumps of ξ0, which are piecewise constant due to Dn−1
0 η = 0, and

which can hence be identified with an n − 1 chain of the triangulation. But since
we assume the domain to be simply connected, Tn−1

0 η = 0 already guarantees that

there exists ξ̃ ∈ Γ0(T n) such that Tn0 ξ̃ = η. But then

d0
(
ξ0 + ξ̃

)
= ω − η + d0ξ̃ = ω − η + Tn0 ξ̃ = ω.

We set ξ := ξ0 + ξ̃, so d0ξ = ω. This is the desired preimage in the conforming

finite element space. Note that the only non-local operation was finding ξ̃, which is
independent of any polynomial degree. In the remainder of this section, we extend
this simple example to general discrete distributional differential forms.
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Throughout this section we assume that ω ∈ dkΛk−k−1(T n) is a discrete distribu-

tional differential form within the range of the exterior derivative dk : Λk−k−1(T n)→
Λk+1
−k−2(T n). There is a unique way to write ω as

ω = ω0 + · · ·+ ωk+1, ωi ∈ Λk+1−i
−1 (T n−i), 0 ≤ i ≤ k + 1.

We construct ξ ∈ Λk−b(T n) such that dkξ = ω and keep track of inequalities; this
will prove the generalized Poincaré-Friedrichs inequalities.

Explicitly, we define ξ ∈ Λk−k−1(T n) as ξ := ξ0 + · · ·+ ξk + ξ̃, where we first set

ξ0 := Pnkω
0 ∈ Λk−1(T n), then recursively define

ξi := (−1)iPn−ik−iω
i + Pn−ik−iT

n−i+1
k−i+1ξ

i−1 ∈ Λk−i−1 (T n−i),(49)

for 1 ≤ i ≤ k, and eventually fix

ξ̃ := (−1)k+1Emωk+1 − EmTn−k0 ξk ∈ Γ0(T n−k).(50)

Here we have used the horizontal antiderivative Pmk and the operator Em from
Theorem 4.1. The basic idea has been standard in differential topology [4, II.9] for
a long time. First we verify the following identity.

Lemma 5.2. Let ω and ξ be defined as above. Then dkξ = ω.

Proof. First, we have Dnk+1ω0 = 0 by assumption. The local exactness condition

thus implies Dnkξ
0 = ω0. We moreover have, since dkω = 0, that

−Dn−1
k

(
ω1 + Tnkξ

0
)

= −Dn−1
k ω1 − Dn−1

k Tnkξ
0

= −Dn−1
k ω1 − Tnk+1D

n
kξ

0 = −Dn−1
k ω1 − Tnk+1ω

0 = 0.

Next we use an induction argument. Let us assume that we already have

ω − dk
(
ξ0 + · · ·+ ξi

)
= (−1)iTn−ik−iξ

i + ωi+1 + · · ·+ ωb,

Dn−i−1
k−i−1ω

i+1 = (−1)i+1Dn−i−1
k−i−1T

n−i
k−iξ

i,

for some 0 ≤ i < k. But now

Dn−i−1
k−i−1ξ

i+1 = (−1)i+1ωi+1 − Tn−ik−iξ
i.

Thus we find

ω − dk
(
ξ0 + · · ·+ ξi+1

)
= (−1)i+1Tn−i−1

k−i−1ξ
i+1 + ωi+2 + · · ·+ ωb ∈ dΛk−b(T n),

and

Dn−i+2
k−i+2

(
(−1)i+1Tn−i−1

k−i−1ξ
i+1 + ωi+2

)
= (−1)i+1Dn−i−2

k−i−1T
n−i−1
k−i−1ξ

i+1 + Dn−i−2
k−i−1ω

i+2

= Tn−i+1
k−i ωi+1 + Dn−i−2

k−i−1ω
i+2 = 0.

Hence the assumptions for index i hold again for the index i+ 1 ≤ k.
Iteration of this argument eventually provides

η := ω − dk
(
ξ0 + · · ·+ ξk

)
= ωk+1 + (−1)k+1Tn−k0 ξk,

which we study in further detail. We see that Dn−k−1
0 η = 0, and Tn−k−1

0 η = 0.
In particular η ∈ Γ0(T n−k−1). Since η ∈ dkΛk−k−1(T n) by construction, we know

that η is orthogonal to Hk+1
−k−2(T n) = Ck+1

−k−2(T n−k−1). We need to show that η

is orthogonal to C0(T n−k−1). To see this, let p ∈ Ck+1
−k−2(T n−k−1) be fixed. Then

there is a unique way to write p = p0 + · · · + pk + pk+1 with pi ∈ Λk+i(T n+i) for
each 0 ≤ i ≤ k + 1. From Lemma 2.9 we conclude that p0 ∈ C0(T n−k). Hence〈

p0, (−1)k+1Tn−k0 ξk + ωk+1
〉
h

=
〈
p, (−1)k+1Tn−k0 ξk + ωk+1

〉
h

=
〈
p, ω − dk

(
ξ0 + · · ·+ ξk

)〉
h

= 〈p, ω〉h = 0
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by assumption on ω. Thus η is orthogonal to C0(T n−k−1), and we conclude further

that (−1)k+1Tn−k0

(
ξ̃ + ξk

)
= ωk+1. This completes the proof. �

Next we show that the preimage ξ is uniformly bounded in terms of ω with
respect to the ‖ · ‖h norm. In fact, we show a slighly more general result, pa-
rameterized by a real number α ∈ R, which will be of technical interest in the
sequel.

Lemma 5.3. Let ω and ξ be as above. For any α ∈ R there exists µα, depending
only on µ̂, µ̀, and α, such that∑

C∈T n−i

hα−iC

∥∥ξiC∥∥2

L2Λk−i(C)
≤ µα

i∑
j=0

∑
C∈T n−j

hα−j+2
C

∥∥∥ωjC∥∥∥2

L2Λk−j+1(C)
.(51)

Moreover, with a constant µ̃ that depends only on µ0, µ1, µ̀, and µΓ
T ,U , we have∑

C∈T n−k

h−kC

∥∥∥ξ̃C∥∥∥2

L2Λ0(C)
≤ µ̃

k+1∑
i=0

∑
C∈T n−k−1

h−iC
∥∥ωiC∥∥2

L2Λk−i+1(C)
(52)

Proof. From Theorem 3.1 we find∑
C∈T n

hαC
∥∥ξ0
C

∥∥2

L2Λk(C)
≤ µ̂

∑
C∈T n

hα+2
C

∥∥ω0
C

∥∥2

L2Λk+1(C)
.(53)

This shows (51) in the case i = 0. We proceed with an induction argument. Suppose
that (51) holds for some index 0 ≤ i ≤ k− 1. By construction of ξi+1 we then have∑

C∈T n−i−1

hα−i−1
C

∥∥ξi+1
C

∥∥2

L2Λk−i−1(C)

=
∑

C∈T n−i−1

hα−i−1
C

∥∥Pn−i−1
k−i−1ω

i+1
C − Pn−i−1

k−i−1(Tn−in−iξ
i)C
∥∥2

L2Λk−i−1(C)

≤ µ̂
∑

C∈T n−i−1

hα−i+1
C

∥∥ωi+1
C − (Tn−in−iξ

i)C
∥∥2

L2Λk−i(C)

≤ 2µ̂
∑

C∈T n−i−1

hα−i+1
C

∥∥ωi+1
C

∥∥2

L2Λk−i(C)
+ 2µ̂µ̀

∑
C∈T n−i

hα−iC

∥∥ξiC∥∥2

L2Λk−i(C)

≤ µα
i+1∑
j=0

∑
C∈T n−j

hα−j+2
C

∥∥∥ωjC∥∥∥2

L2Λk−j+1(C)
,

where µα is a constant as in the statement of the theorem. Here we have used that
(51) holds for i, and we conclude that (51) holds for i+ 1 too. Iterative application
of this observation shows (51) for all 0 ≤ i ≤ k.

In order to show (52), let η ∈ Γ0(T n−k−1) be as in the proof of the Theorem 5.2.
Using Theorem 4.1 we first observe∑

C∈T n−k

h−kC

∥∥∥ξ̃C∥∥∥2

L2Λ0(C)
≤
(
µΓ
T ,U
)2 ∑

C∈T n−k−1

h−k−1
C ‖ηC‖2L2Λ0(C) .

From definitions we get∑
C∈T n−k−1

h−k−1
C ‖ηC‖2L2Λ0(C) =

∑
C∈T n−k−1

h−k−1
C

∥∥ωk+1
C − (Tn−k0 ξk)C

∥∥2

L2Λ0(C)
.

We now see∑
C∈T n−k−1

h−k−1
C

∥∥(Tn−k0 ξk)C
∥∥2

L2Λ0(C)
≤ µ̀

∑
C∈T n−k

h−k−2
C

∥∥ξkC∥∥2

L2Λ0(C)
.

We apply (51) with i = k and α = −2 to obtain (52). This completes the proof. �
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Corollary 5.4. The Hilbert complex

Λ0
−1(T n)

d0−−−−→ . . .
dn−1

−−−−→ Λn−n−1(T n)

satisfies Poincaré-Friedrichs inequalities with respect to the scalar product 〈·, ·〉h in
such a way that the Poincaré-Friedrichs constant depends only on µΓ

T ,U , µT , R.

We have proven Poincaré-Friedrichs-type inequalities for the “maximal” com-
plexes of discrete distributional differential forms (32) / (33). A modification of
this construction allows us to derive analogous inequalities for the complexes (28)
– (31). The guideline will be the following: if certain components of ω are zero, can
we construct ξ with the appropiate components zero? A Poincaré-Friedrichs-type
inequality follows again by carefully keeping track of the inequalities.

For example, let us suppose that ω ∈ Λk+1
−k+n−m−1(T m), which means that ωi = 0

for 0 ≤ i ≤ n−m. It is easily seen that ξi = 0 for 0 ≤ i ≤ n−m in that case. In
other words, ω ∈ Λk+1

−k+n−m+1(T m) implies ξ ∈ Λk+1
−k+n−m+1(T m).

Analogously, if ω ∈ Λk+1
−b (T n) for some 2 ≤ b ≤ k + 2, then there should exist a

preimage under the distributional exterior derivative in Λk−b+1(T n) that satisfies a
generalized Poincaré-Friedrichs inequality. We construct such a preimage from ξ.

If ω ∈ Λk+1
−b (T n), then ω = ω0 + · · ·+ ω−b+1, and we have

ξi = Pn−ik−iT
n−i+1
k−i+1ξ

i−1, b ≤ i ≤ k,

ξ̃ = −Pn−kTn−k0 ξk.

Unfolding this recursive relation, we find that

ξi = Pn−ik−iT
n−i+1
k−i+1 · · ·P

n−b
k−bT

n−b+1
k−b+1ξ

b−1, b ≤ i ≤ k,

ξ̃ = −Pn−kTn−k0 Pn−k0 Tn−k+1
1 · · ·Pn−bk−bT

n−b+1
k−b+1ξ

b−1.

By iterative application of Lemma 2.6 we find

Rk,i . . . Rk,k+1ξ ∈ Λk−i(T n), dkRk,i · · ·Rk,k+1ξ = ω

for b ≤ i ≤ k + 1. In particular, the case i = b provides an element of Λk−b+1(T n)
whose distributional exterior derivative equals ω. Going further, we have

Rk,b . . . Rk,k+1ξ = ξ0 + · · ·+ ξb−2 + θb−1 + · · ·+ θk + θ̃,

where we write

θi = (−1)i−bDn−b+2
k−b+1E

n−b+2
k−b+1 · · ·D

n−i+1
k−i En−i+1

k−i ξi, b− 1 ≤ i ≤ k,

θ̃ = (−1)k−b+1Dn−b+2
k−b+1E

n−b+2
k−b+1 · · ·D

n−k+1
0 En−k+1

0 ξ̃i.

For the terms ξ0, . . . , ξb−2 we can still use (51), but we need to derive new estimates
for the terms θb−1, . . . , θk. We will see that they satisfy very similar estimates.

We derive estimates via Lemma 3.1. When α ∈ R we obtain that∑
C∈T n−b+2

hα−b+2
C

∥∥θiC∥∥2

L2Λk−b+2(C)
≤

∑
C∈T n−i

hα−iC

∥∥ξiC∥∥2

L2Λk−i(C)

≤
∑

C∈T n−b+1

hα−b+1
C

∥∥ξb−1
C

∥∥2

L2Λk−b−1(C)
≤

b−1∑
j=0

∑
C∈T n−j

hα−b+3
C

∥∥∥ωjC∥∥∥2

L2Λk−j(C)
.
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Next, with application of Lemma 5.3, and Lemma 4.1, we find∑
C∈T n−b+2

h−b+2
C

∥∥∥θ̃C∥∥∥2

L2Λk−b+2(C)
≤

∑
C∈T n−k

h−kC

∥∥∥ξ̃C∥∥∥2

L2Λ0(C)

≤
∑

C∈T n−k

h−k−2
C

∥∥ξkC∥∥2

L2Λ0(C)
≤

∑
C∈T n−b−1

h−b−1
C

∥∥ξb−1
C

∥∥2

L2Λk−b−1(C)

≤
b−1∑
j=0

∑
C∈T n−j

h−b+1
C

∥∥∥ωjC∥∥∥2

L2Λk−j(C)
.

We have thus constructed an element of Λk−b+1(T n) whose distributional exterior
derivative equals ω, and have derived the desired bounds on the norm.

Finally, suppose that ω1 = 0, so that ω ∈ Λk+1
−1 (T n). Since ω ∈ dkΛk−1(T n), we

find that ω ∈ Λk+1(T n) and ω ∈ dkΛk(T n). The construction of ξ then assures
that ξ ∈ Λk(T n). Conclusively, we have derived bounds for the Poincaré-Friedrichs
constant of finite element de Rham complexes.

We have thus proven the following main result.

Theorem 5.5. The Hilbert complexes

. . .
dk+n−m−2

−−−−−−−→ Λk−1(T m)
dk+n−m−1

−−−−−−−→ Λk−1(T m)
dk+n−m

−−−−−→ Λk+1
−2 (T m)

dk+n−m+1

−−−−−−−→ . . .

and

. . .
dk+n−m−2

−−−−−−−→ Γk−1(T m)
dk+n−m−1

−−−−−−−→ Γk−1(T m)
dk+n−m

−−−−−→ Γk+1
−2 (T m)

dk+n−m+1

−−−−−−−→ . . .

satisfy Poincaré-Friedrichs inequalities with respect to the scalar product 〈·, ·〉h. The
constants only depend on µΓ

T ,U , µT , and R.

Remark 5.6. Braess and Schöberl prove Poincaré-Friedrichs inequalities for distri-
butional finite element de Rham complexes when the triangulation is a small patch
([5, Section 3.4]). Their scalar product is similar but different from ours and is a
special case of

〈ω, η〉∗ :=
∑
C∈T m

hn−mC 〈ωC , ηC〉L2Λk(C), ω, η ∈ Λk−1(T m).(54)

Due to the choice of weights, this scalar product is scaling invariant. In conjunction
with scaling arguments, Poincaré-Friedrichs inequalities follow over patches. How-
ever, it is not obvious how such inequalities can be generalized to triangulations.
Our scalar product facilitates a reduction of the Poincaré-Friedrichs constant to the
corresponding constant for lowest-order Whitney forms.

Example 5.7. Let T triangulate a simply connected domain and let U = ∅. The
section shows how to construct σ ∈ Λn−1(T n) for given f ∈ Λn(T n) such that
dn−1σ = f . The only global operation is finding, for a 0-chain s ∈ C0(T ) (i.e. a
linear combination of points), a 1-chain s ∈ C1(T ) (i.e. a linear combination of
edges) such that ∂S = s. The condition number of the latter global problem with
respect ‖ · ‖h depends only on the shape constant µT , but not on any polynomial
degree.
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5. Dietrich Braess and Joachim Schöberl, Equilibrated residual error estimator for edge elements,

Mathematics of Computation 77 (2008), no. 262, 651–672.

6. Snorre H. Christiansen, Hans Z. Munthe-Kaas, and Brynjulf Owren, Topics in structure-
preserving discretization, Acta Numerica 20 (2011), 1–119.

7. Snorre H. Christiansen and Francesca Rapetti, On high order finite element spaces of dif-

ferential forms, Mathematics of Computation (2015), electronically published on July 10,
2015.

8. Philippe G. Ciarlet, The finite element method for elliptic problems, North-Holland, 1980.
9. Martin Costabel and Alan McIntosh, On Bogovskĭı and regularized Poincaré integral operators
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