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a b s t r a c t

We propose a novel procedure for solving the Deconvolution Approach to the Mapping of

Acoustic Sources (DAMAS) inverse problem. The proposed procedure is a two-stage, hybrid

greedy/non-greedy algorithm based on orthogonal matching pursuit (OMP, step 1) and non-

negative matrix factorization (NMF, step 2). The purpose of the second step is to compen-

sate for the suboptimal nature of matching pursuit. The method has been evaluated using

Monte Carlo simulations and validated on experimental data. Both simulated and experimen-

tal results were compared to a few standard methods of deconvolution. These evaluations

show that the proposed method has comparable, and in some cases, higher overall accu-

racy than the reference methods, particularly when the actual point spread function deviates

from the modeled one. Simultaneously, the calculation time is low enough for near real-time

use.

© 2019 The Author. Published by Elsevier Ltd. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Acoustic source mapping with microphone arrays is a means of locating and determining the magnitude of acoustic sources,

and has found use in detecting and locating unmanned aerial vehicles (drones), detecting and locating faults in mechanical com-

ponents, and locating turbulence-induced noise in wind tunnel measurements (aeroacoustic imaging), to name a few. Acoustic

source mapping methods may be broadly grouped into two categories: beamforming-based methods, and alternative inverse

methods. Beamforming methods, in particular conventional (i.e. non-adaptive) methods, have limited resolving power due to

the wavelengths of sound being a significant fraction of the aperture of any microphone array of practical size. An acoustic source

map obtained by a beamformer sweep (an acoustic image) may be modeled as a convolution of a real, perfectly-resolved source

map, and a position-dependent kernel. This kernel is known as the Point Spread Function (PSF), and is a function of the array

geometry and imaging frequency. The PSF is essentially the impulse response of the array—beamformer imaging system, and

takes the form of a low-pass filter, thus blurring the source map and limiting the resolution. The term deconvolution therefore

refers to methods of obtaining a higher-resolution source map by inverting the modeled convolution of a beamformed source

map.

Deconvolution was first applied to acoustic source mapping by Brooks & Humphreys [1,2] with the development of the

DAMAS algorithm, though a similar approach had been used previously to clean up astronomical images with an algorithm

called CLEAN [3,4]. Brooks & Humphreys formulated deconvolution as a matrix inversion problem, and the DAMAS algorithm

consists of solving this using a modified version of the Gauss-Seidel algorithm with a positivity constraint on elements of the
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deconvolved source map. The CLEAN family of algorithms constructs a “clean” source map (that is, without the polluting effect

of the PSF) bottom-up from the “dirty” beamformed source map. Refinements have been made to both DAMAS [5,6] and CLEAN

[7–10], mostly aiming at faster convergence.

In many cases where acoustic source mapping is employed the number of sources is small compared to the num-

ber of imaging points, which enables the application of sparse reconstruction and compressive sampling techniques to the

DAMAS inverse problem. The Sparsity Constrained-DAMAS (SC-DAMAS) [11] method solves the inverse problem using the

Least Absolute Shrinkage and Selection Operator (LASSO) method [12]. Ribeiro & Nascimento [13] explore 𝓁2-minimization

with 𝓁1 and total variation (TV) regularization. Edelmann & Gaumond [14] utilize standard basis pursuit (𝓁1-minimization

with an equality constraint), while Zhong et al. [15] employ basis pursuit denoising. Chu et al. [16,17] minimize an

𝓁2 cost function over both the source map and noise estimate simultaneously with a sparsity constraint on the source

map.

Many methods for acoustic source mapping that are not based on beamforming (i.e. non-deconvolution methods) model the

measured Cross Spectral Matrix (CSM) directly instead. Sarradj [18] uses eigendecomposition of the CSM into noise- and signal-

subspaces to estimate source levels and positions. Suzuki [19] decomposes the CSM in a similar manner and uses a generalized

inverse to find the source distribution with minimal 𝓁1-norm that best fits the largest eigenmodes of the CSM, a method that is

referred to as Generalized Inverse Beamforming (GIB, see also [20,21]).

Several of the sparsity-based methods employ convex optimization, which is in general computationally demanding. For

sufficiently sparse signals a faster approach is to use greedy algorithms [22]. The drawback, however, is that greedy algorithms

will in general converge to a local minimum (suboptimality), except in a restricted set of circumstances. Wang and Wu [23]

apply a modified Orthogonal Matching Pursuit (OMP) [24] algorithm with a local search step to the Direction of Arrival (DOA)

problem. Padois and Berry [25] use OMP to solve the standard DAMAS problem. Baburaj et al. [26] compares (Orthogonal)

Matching Pursuit to traditional beamforming.

We propose in this paper a novel matching pursuit-based procedure for deconvolution of acoustic source maps featuring a

clean-up step that aims to compensate for the suboptimal nature of the greedy matching pursuit step. The proposed procedure,

which can be regarded as a refinement of OMP-DAMAS [25], is a greedy/non-greedy hybrid algorithm and is motivated by the

need for deconvolution algorithms that can accurately reconstruct both position and power of acoustic sources, while at the

same time run fast enough for real time use. The work presented here is a continuation of prior work by the author, presented in

Bergh et al. [27], which may be considered to be a special case of the general procedure presented here. This paper is structured

as follows: Section 2 introduces some of the relevant theory necessary for understanding acoustic deconvolution and the pro-

posed procedure in particular, section 3 presents the proposed procedure, section 4 describes the simulations used to evaluate

the proposed procedure and the results, section 5 describes experimental validation of the procedure, and section 6 concludes

the paper.

Throughout this paper we will denote vectors and matrices in bold type. Single subscript indices on matrices without square

brackets are used to refer to a column of that matrix, while square-bracketed indices refer to single elements.

2. Background theory

2.1. Wavefield model

The microphone array is modeled as a set of M uniform directivity elements located in the plane z = 0, with position vectors

{rm}M
m=1

. An acoustic image consists of acoustic power (acoustic pressure squared) values at a set of points in ℝ3, usually

confined to a single plane or to the surface of a sphere centered on the microphone array. We denote the N image points by

{rn}N
n=1

. We assume that the acoustic pressure at a given point r can be expressed as

x(r, t) =
N∑

n=1

r0||||r − rn
|||| sn

(
t −

||||r − rn
||||

c

)
, (1)

i.e. a sum of spherical waves originating at each of the imaging points. The speed of sound is denoted c, while sn(t) is the

acoustic pressure of the model source at rn at a reference distance r0. Furthermore we assume that the signals sn can be Fourier

decomposed according to

sn(t) =
1

2𝜋 ∫
∞

−∞
d𝜔 ŝn(𝜔)e−j𝜔t. (2)

The Fourier transformed signal at microphone m, with position rm, can then be expressed

x̂m(𝜔) =
N∑

n=1

r0

rm,n
ŝn(𝜔)e−j𝜔rm,n∕c, (3)
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where rm,n
def
= ||||rm − rn

||||. The combined signals received at the array can be written in matrix form

X(𝜔) =
⎡⎢⎢⎢⎣

x̂1(𝜔)
⋮

x̂M(𝜔)

⎤⎥⎥⎥⎦
= G(𝜔)S(𝜔) + 𝜼(𝜔)

=

⎡⎢⎢⎢⎢⎣

r0

r1,1
e−j𝜔r1,1∕c · · · r0

r1,N
e−j𝜔r1,N∕c

⋮ ⋱ ⋮
r0

rM,1
e−j𝜔rM,1∕c · · · r0

rM,N
e−j𝜔rM,N∕c

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎣

ŝ1(𝜔)
⋮

ŝN(𝜔)

⎤⎥⎥⎥⎦
+

⎡⎢⎢⎢⎣
𝜂1(𝜔)
⋮

𝜂M(𝜔)

⎤⎥⎥⎥⎦
,

(4)

where 𝜼 represents the microphone self-noise. Column n of G(𝜔) correspond to the array manifold vector for imaging point

n scaled with the distance to that point. The conventional way to estimate the acoustic power at the image points is through

spatial filtering with the conventional beamformer (also known as the Bartlett beamformer, or the delay-and-sum beamformer

if implemented in the time domain), which can be expressed

y(rn, 𝜔) = wH(rn, 𝜔)X(𝜔). (5)

The steering vector is given by

w(rn, 𝜔) =
1

M

[
r1,n

r0

e−j𝜔r1,n∕c · · ·
rM,n

r0

e−j𝜔rM,n∕c

]T

. (6)

2.2. DAMAS

The cross-correlation of the beamformer response (called source cross-power in Ref. [9]) between two imaging points n and

n′, is given by

Yn,n′ (𝜔) = E
{

y(rn, 𝜔)y(rn′ , 𝜔)
}
= wH

n
E{XXH}wn′

def
=wH

n
Rwn′ , (7)

where E{·} denotes statistical expectation value. Substituting the signal model, Eq. (4), this may be expressed (dropping explicit

frequency-dependence from now on to reduce clutter)

Yn,n′ = E
{

wH
n GSSHGHwn′ + wH

n𝜼𝜼
Hwn′

}
, wn

def
=w(rn, 𝜔), (8)

This may be rewritten

Yn,n′ =
N∑

i=1

N∑
j=1

An,n′,i,jQi,j + wH
n

R𝜂wn′ , An,n′,i,j
def
=wH

n
GiG

H
j

wn′ ,

Qi,j = E
{̂

sîsj

}
, R𝜂 = E

{
𝜼𝜼H

}
,

(9)

where Gi denotes column i of the matrix G. The diagonal, Qi,i, represents the acoustic power which is usually the quantity of

interest. If we assume that R𝜂 is known, Eq. (9) is thus a set of N2 equations with N2 unknowns (N non-negative real values and

N complex), which is frequently too unwieldy to solve in practice. The self-noise is usually assumed to be uncorrelated between

sensors, such that R𝜂 becomes diagonal. Furthermore, the self-noise is assumed to be representable as M independent and

identically distributed (i.i.d) Gaussian processes with common variance 𝜎2. The noise term then reduces to 𝜎2∕M. By assuming

the source terms for the imaging points are uncorrelated, the source covariance matrix Q becomes diagonal, thus reducing Eq.

(9) to

Yn,n′ =
L∑

i=1

An,n′,i,iQi,i +
𝜎2

M
. (10)

If we assume that the noise power 𝜎2 is small the last term may be neglected due to division by the array gain factor M2.

Furthermore, Eq. (10) is now overdetermined, thus we may dispense with the cross terms n ≠ n′, which leaves us with the

original DAMAS problem, as formulated by Brooks & Humphreys [2]:

Y = AQ , A[n,i] =
|||wH

n
Gi
|||2. (11)

The vector Y is typically formed from the measured cross-spectral matrix, R̂, by the standard delay-and-sum method:

Y [n] = wH
n R̂wn. (12)
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The matrix A is known as the point-spread function (PSF), as column i describes the image of a single unit-strength point source

in image point ri. Eq. (11) is in principle solvable by inverting the matrix A, but, as pointed out in Ref. [2], A tends to be severely

rank-deficient, except in overly restrictive cases where the spacing between imaging points is large and/or the angular extent

of the imaging region is small. The solution strategy employed in Ref. [2] is a variant of the Gauss-Seidel iterative method with

a non-negativity constraint.

2.3. Matching pursuit

Matching pursuit (MP) [28] is an algorithm for decomposing a signal into a linear combination of a finite set of predefined

building blocks. For a discrete signal f this can be written

f =
∑
𝛾∈Γ

c𝛾g𝛾 (13)

The building blocks, g𝛾 , are referred to as dictionary atoms, or dictionary vectors, and are analogous to basis vectors of a vector

space. The set of all building blocks,  = {g𝛾}𝛾∈Γ, is called the dictionary, and generally forms a frame, or over-complete basis

for the domain of the signal. Matching pursuit is a greedy, iterative method for finding a sparse set of dictionary coefficients,

{c𝛾}𝛾∈Γ(i) , to represent the original signal. At stage i of the iteration a single dictionary element index 𝛾 (i) is chosen as the one

that maximizes the absolute value of the inner product

𝛾 (i) = max
𝛾∈Γ

|||gH
𝛾 𝝆

(i−1)||| , (14)

𝝆(i) = f −
i∑

n=1

c𝛾 (n)g𝛾 (n) , (15)

where 𝝆(i) is known as the residual. The corresponding atomic coefficient is given by

c𝛾 (i) =
gH

𝛾 (i)
𝝆(i−1)

||||||g𝛾 (i) ||||||2
, (16)

where ||·|| denotes the 𝓁2-norm. The set of selected dictionary elements at stage i, Γ(i), is known as the support set.

Numerous variations of MP have been developed [24,29–34], but perhaps the most frequently used is Orthogonal Matching

Pursuit (OMP) [24]. OMP differs from MP in that all the coefficients are updated in each iteration by an orthogonal projection of

the signal f into the space spanned by the dictionary subset (i) = {g𝛾}𝛾∈Γ(i) , Γ
(i) = {𝛾 (1), 𝛾 (2),… , 𝛾 (i)}. Note that this implies

that the dictionary coefficients are uniquely determined by the support set such that the order of their selection is irrelevant. At

iteration i the coefficients satisfy

i∑
n=1

c
(i)
𝛾 (n)

g𝛾 (n) = P

(i) f , (17)

where P


(i) is the operator that projects a vector into the space spanned by 
(i). The projection is defined by the minimum of||||||𝝆(i)||||||2, which means that the coefficients are given by

c
(i)
𝛾 (n)

= [D+
i

f ][n], (18)

where+denotes the Moore-Penrose pseudoinverse of the matrix Di = [g𝛾 (0) , g𝛾 (1) ,… , g𝛾 (i) ]. The residual can then be written

𝝆(i) = f − P


(i) f = (𝟙 − P


(i) )f , (19)

i.e. the residual is the complementary projection of f , which means that

gH
𝛾 𝝆

(i) = 0 ∀𝛾 ∈ Γ(i), (20)

thus a single dictionary element cannot be selected more than once. After i iterations the signal can be written

f =
i∑

n=1

c
(i)
𝛾 (n)

g𝛾 (n) + 𝝆(i). (21)

To obtain a sparse approximation of f the iteration is usually terminated when the norm of the residual falls below some

threshold, or when a predetermined level of sparsity is attained.
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2.4. Non-negative matrix factorization

Non-negative matrix factorization [35,36] (NMF) consists of finding a sequence of two or more matrices with non-negative

elements whose product equals (or approximates) a starting matrix, V . For the most common case of two matrices we write this

V = WH, (22)

where we refer to W as the basis matrix and H as the encoding matrix, in keeping with the terminology of [35]. One of the

useful features of NMF is that if V is a data matrix with columns representing data points, then the factorization constitutes an

encoding of the data in terms of the dictionary consisting of the column vectors of W , with encoding coefficients in H [35].

The inner dimension of the matrix product in Eq. (22) is an independent parameter of the factorization. If the size of this

dimension is less than the number of columns in V the factorization represents a compressive encoding. Another interpretation

is that the factorization represents a probabilistic clustering of the data vectors, with the columns of W containing the cluster

centroids [37].

Whereas basic NMF requires that all the elements of V be non-negative, extensions of NMF, such as Semi-NMF and Convex-

NMF [38], do not impose this constraint. Convex-NMF has the additional property that it tends to produce sparse encoding

matrices, H, and since the columns of the basis matrix, W , are constrained to be convex combinations of the columns of V , they

are guaranteed to be true centroids. Orthogonal-NMF [39] constrains the encoding matrix, H, to be orthogonal, HHT = 𝟙, i.e. the

rows of H are orthonormal (𝟙 denotes the identity matrix). This makes the factorization equivalent to k-means clustering [39].

It is also possible to construct a factorization using agglomerative clustering of the columns of V , using an auxiliary distance

function. This results in a matrix H containing 1s and 0s, indicating cluster membership, and W the cluster centroids.

A given factorization is not unique, since a simultaneous transform

W ← WSP, (23a)

H ← PTS−1H, (23b)

where P is a permutation matrix and S is a diagonal scaling matrix, leaves the product WH unchanged.

3. Proposed deconvolution procedure

The objective of the deconvolution procedure is to find the acoustic source map q ∈ ℝN
+ that best approximates the real

source distribution. We will in the following assume that the number of real sources,

Ns

def
= ||q||0,

is known. Determining Ns can be considered a separate problem, and many sparse deconvolution procedures include a sepa-

rate step to determine Ns, or a related sparsity parameter, such as the 𝓁1-norm of q. These are commonly derived from the

eigendecomposition of the CSM [11,17–19], which works well if the sources are uncorrelated.

The deconvolution procedure we propose is a hybrid of a greedy, matching pursuit-based algorithm, and a non-greedy matrix

factorization. We seek to find the best approximation of the form

Y ≈
Ns∑

n=1

A𝛾 (n)q𝛾 (n)
def
=AΓ(Ns )qΓ(Ns) (24)

where A𝛾 is column 𝛾 of the point-spread function, A, and q𝛾 is the corresponding coefficient. Eq. (24) is a sparse form of the

DAMAS problem, Eq. (11). The quality of an approximation like Eq. (24) suffers if the vector Y ∉ colsp{A}, which is known as

basis mismatch. This may be the case both because the actual sources do not exactly coincide with one of the image points ri, and

because the measurement Y contains noise. A straight application of matching pursuit, as in e.g. Ref. [25], to the DAMAS problem

can thus be expected to produce inaccurate results under more adverse conditions. Basis mismatch can be partially alleviated by

increasing the imaging point density, or resolution. However, in doing so we run into a different problem, the mutual coherence

𝜇(A) = max
i≠j

|||⟨Ai , Aj

⟩||| , (25)

increases. A larger mutual coherence is connected with a reduction in the ability of matching pursuit algorithms to reconstruct

a signal [40,41].

Our proposed procedure for solving the DAMAS problem consists of a modification to the standard OMP iteration, and to

add a second step which transforms the selected support set and associated dictionary coefficients from the matching pursuit

step to a support set whose cardinality matches the known number of acoustic sources, which defines the final solution to the

DAMAS problem. In an attempt to increase the reconstruction accuracy we have substituted the maximum correlation rule used

in MP and OMP, which can be expressed by

𝛾 (i) = max
𝛾

|||AH
𝛾 𝝆

(i−1)||| , (26)
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where the residual, 𝝆, is given by

𝝆(i) = Y −
i∑

n=1

A𝛾 (n)q𝛾 (n) . (27)

In its stead we employ the least-squares fitting of the full PSF to the residual, which can be expressed

𝜻 = min
𝜻

||||||𝝆(i−1) − A𝜻
||||||2, (28)

and choose the dictionary vector corresponding to the maximum element of
|||𝜻 |||. As pointed out in Ref. [33] this tends to give

more accurate reconstruction than the maximum-correlation rule. This leads to the selection rule expressed as

𝛾 (i) = max
𝛾∈Γ

[|||A+𝝆(i−1)|||
]
[𝛾]
, (29)

where A+ is the Moore-Penrose pseudoinverse. However, the difficulty of inverting A is precisely the reason for the large number

of different algorithms that seek to solve the DAMAS inverse problem via different means. Thus we substitute A+ with the

Tikhonov-regularized Moore-Penrose pseudoinverse of the matrix A, which is given by

A† = (AHA + 𝜆𝜎max(A)𝟙)−1AH, (30)

where 𝜆 is the regularization parameter, and 𝜎max(A) is the largest singular value of A. The coefficients are given, as in regular

OMP, by minimizing
||||||𝝆(i)||||||2, yielding the orthogonal projection

qΓ(i) = A+
Γ(i)

Y , (31)

compare Eq. (18). Since AΓ(i) generally contains a small, non-adjacent subset of the columns of A, regularization as in Eq. (30) is

not necessary.

The termination criterion is a threshold, 𝛿, on the relative change of the norm of the residual,

||||||𝝆(i−1)|||||| − ||||||𝝆(i)||||||||||𝝆(i−1)|||| < 𝛿. (32)

During development of the proposed method we have found values of 𝜆 in the range 10−2 to 10−1 and 𝛿 = 10−3 to work well

in practice. Padois & Berry [25] proposed to use a sharp drop in the 𝓁2-norm of the residual as a stopping criterion (and thus

indirectly as an estimate of the number of sources), but remark that this works best when the signal-to-noise ratio (SNR) is

high. The reasoning behind our choice is as follows. Since the dictionary elements are chosen one at a time, the final support

set is in general suboptimal. However, later choices may be considered to partially correct for the suboptimal choices of earlier

dictionary elements. This behavior is more pronounced when using the least-squares (error minimizing) rule for selection of the

support set. Since the support set generated in this way generally has more elements than there are acoustic sources there is no

simple correspondence between the support set and coefficients, and the acoustic source locations and strengths. We seek to

remedy this by transforming the representation into one where the dictionary size matches the number of sources. The method

chosen for this is an NMF-like factorization of the matrix,

VΓ(T)
def
=

⎡⎢⎢⎢⎣
| |

A𝛾 (1)q𝛾 (1) · · · A𝛾 (T)q𝛾 (T)| |
⎤⎥⎥⎥⎦

def
=AΓ(T)diag(qΓ(T) ) ≈ WH, (33)

where Γ(T) = {𝛾 (1), 𝛾 (2),… , 𝛾 (T)} is the set of indices of the dictionary vectors chosen in the matching pursuit, and T is the num-

ber of iterations required to fulfill the termination criterion, Eq. (32). The inner dimension of the product of W and H is chosen

to match the known number of sources, Ns, i.e. W ∈ ℝN×Ns , H ∈ ℝNs×T . The factorization acts like a projective transformation

from the space spanned by the support set AΓ(T) into a space with the desired dimensionality, Ns. An alternative, complementary

viewpoint is that it constitutes a (probabilistic) clustering of the support set. As is common, using an estimate of Ns that is too

low will tend to force weaker sources to be absorbed by stronger neighbors, and thus go undetected. Conversely, a too high

estimate of Ns will produce weak spurious sources.

The factorization algorithms we have investigated are:

1. Standard NMF (NMF)

2. Convex NMF (CNMF)

3. Orthogonal NMF (ONMF)

4. Hierarchical Agglomerative Clustering (HAC)
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The agglomerative clustering (HAC) requires an auxiliary distance function, for which we have used the same as in Ref. [27],

thus the distance between two dictionary vectors with indices i and j given by

ri,j = 1 −
|||aH

i
aj
|||2|||aH

i
ai
|||2
, (34)

and ai/j are corresponding array manifold vectors, given by

ai =
[
e−j𝜔r1,i∕c · · · e−j𝜔rM,i∕c

]T

. (35)

NMF and ONMF require that all elements of V are non-negative, but the matching pursuit step does not enforce non-negativity

in the dictionary coefficients. A negative dictionary coefficient may be interpreted as a correction for a previously suboptimally

chosen dictionary element, and thus contains useful information that we do not necessarily wish to discard. We have attempted

to accommodate this using a preprocessing step to eliminate negative elements from V . Each negative column of V is combined

by summation with the closest non-negative column, both of them are removed from V , and replaced by the sum, such that the

column count of V is reduced by 1 for each iteration. Proximity is defined using the distance function eq.(34), and the negative

columns are processed in order from most negative to least. This iteration proceeds until V is strictly non-negative. We denote

this preprocessing step with a lowercase “p” after (O)NMF in the method name, such that MPMF-DAMAS-NMFp- … refers to

running the described clustering preprocessing step before NMF, whereas MPMF-DAMAS-NMF- … refers to just dropping the

negative columns of V before running NMF. CNMF and HAC do not require non-negative input, thus the preprocessing is not

used in combination with these methods.

All factorization algorithms are implemented with a product-invariant scaling of W and H (Eq. (23) with P = 𝟙), such that

the maximum in each column of W is 1, matching the normalization of the PSF matrix A. After the factorization step the acoustic

source locations and strengths need to be derived from the matrices W and H. The best way to do this depends on the particular

algorithm that was used in the factorization step, as this will determine the properties of W and H. The indexing method refers

to how the acoustic source positions are determined:

1. 𝛾k = argmaxnW [n,k] (DictMax)

2. 𝛾k = arg maxn

(
AT W

)
[n,k] (CorrMax)

3. 𝛾k = arg minn

∑
s(An − Wk)2

[s] (DictLsq)

The resulting set of indices is denoted Γ(Ns) = {𝛾k}
Ns

k=1
. The power estimation method refers to how the acoustic source powers

are determined:

1. q𝛾k =
∑

nH[k,n] (CoeffSum)

2. q𝛾k = A
†
𝛾k
(Wk

∑
sH[k,s]) (CoeffLsq)

3. q𝛾k =
(

W+Y
)
[k] (WFit)

4. q𝛾k =
(

A+
Γ(Ns)

Y
)
[k]

(AFit)

The resulting set of source powers is denoted qΓ(Ns ) . We will in the following refer to the presently proposed procedure in general

as Matching Pursuit Matrix Factorization-DAMAS (MPMF-DAMAS). The parenthesized abbreviations will be used to refer to

combinations of factorization, indexing and power estimation methods. Using this naming scheme the method presented in

Ref. [27] is similar to MPMF-DAMAS-HAC-DictLsq-CoeffLsq.

4. Simulations

To evaluate the proposed MPMF-DAMAS procedure and compare the various variants (combinations of methods for matrix

factorization, indexing and power estimation) we have run Monte Carlo simulations with randomly generated parameterized

scenarios for acoustic source positions and powers, and microphone element position perturbations. For each simulation a set

of frequency-domain delay-and-sum images at a few chosen frequencies was formed from a cross-spectral matrix estimate,

with and without diagonal removal. The CSMs were estimated from 100 simulated FFT blocks, which corresponds to 1.6s of

data with an FFT window of 256 samples and a sample rate of 16 kHz. These images have then been deconvolved using MPMF,

as well as DAMAS [2], CLEAN-SC [9], and OMP-DAMAS [25]. For completeness we have also included CMF [11], implemented

as described in Ref. [42] (solved with the LARS algorithm using the Bayesian information criterion to set the regularization

parameter), though it is not strictly a deconvolution method. We have chosen to not compare with previously mentioned

methods such as SC-DAMAS [11], GIB [19], and SC-RDAMAS [17]. Although generally successful methods, we were unable to
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Table 1

Deconvolution method parameters.

Method Max. iterations Termination criterion Diagonal removed

DAMAS 1000 maxΔQ < 10−3maxY Yes

CLEAN-SC 1000 max𝝆(i) < 10−2maxY Yes

CMF 1000 – Yes

OMP-DAMAS Ns – No

MPMF-DAMAS –
||||||𝝆(i−1) ||||||−||||||𝝆(i) ||||||||||||𝝆(i−1) |||||| < 10−3 No

produce implementations of these methods that were computationally efficient enough for large-scale Monte Carlo simula-

tions.

The simulated microphones are placed on a regular quadratic grid with 8 × 8 elements, with a minimum element spacing

of d = 2.6 cm, yielding an aperture of D = 18.2 cm to each side. The imaging region is likewise quadratic with 20D = 3.64 m

to each side, and located at a distance of 10D = 1.82 m from, and centered on the broadside axis of, the simulated microphone

array. The imaging region contains Ng = 51 × 51 = 2601 imaging points in a quadratic grid. The acoustic sources, which are

modeled as uncorrelated white noise emitters, are uniformly random distributed in the imaging region, and assigned uniformly

random variances (though the variances are scaled so that the strongest source has variance 1). To simulate environmental

noise and electronic self-noise, we have added i.i.d. white noise to each microphone signal with variance 1.0, yielding a single-

channel SNR of 0 dB relative to the strongest source. To simulate sound propagation uncertainty we have perturbed the nominal

microphone positions with vectors drawn from a zero-mean 3D Gaussian distribution with variable standard deviation, denoted

𝜎m .

The evaluation criteria used are Overall level error (OLE), Specific level error (SLE) and Inverse level error(ILE), as defined by

Herold and Sarradj [42]. These error measures are calculated by

OLE = 10 log10

∑Ng

k=1
qk∑Ns

n=1
𝜖n

, (36a)

ILE = 10 log10

∑Ns

n=1

∑
k∈𝜙n

qk

∑Ng

k=1
qk

, (36b)

SLEn = 10 log10

∑
k∈𝜙n

qk

𝜖n

, (36c)

where qk is the source map value at index k, 𝜖n is the actual power of source n, 𝜙n is the set of indices of the grid points within a

circular area centered on source n. The radius of the integration area that defines 𝜙n is a quarter of the half-power beam width

at the given frequency. If the total power of a source map within 𝜙n is zero, the corresponding SLE will be −∞. If this is true for

all sources in a source map, the ILE will be −∞ as well. In order to be able to calculate meaningful average errors for comparison,

in the event of an infinite SLE/ILE for a given deconvolution method, we substitute the worst-case finite SLE/ILE from the other

methods for the same combination of frequency, source count and 𝜎m.

We have simulated scenarios with Ns ∈ {1, 2, 4, 8, 16} simultaneous sources, and 𝜎m values between 0 and
2

3
d (d is the

minimum inter-element distance). For each combination of source count and 𝜎m we have simulated 100 scenarios, for a total of

2500 scenarios. Acoustic source maps were formed for frequencies from 2 kHz to 6 kHz, in increments of 1 kHz, which served

as input to the deconvolution algorithms. This frequency range corresponds to Helmholtz numbers in the range ≈ 1 to ≈ 3

for the simulated array. DAMAS was allowed up to 1000 iterations, but terminated early if the maximal absolute change in

any grid point was less than 10−3. CLEAN-SC was capped at 1000 iterations with a loop gain of 0.6 and terminated early if

the largest element in the residual was less than 1% of largest element in the beamformed source map (before deconvolution).

The number of OMP-DAMAS iterations was set to equal the number of sources in each simulation. Conversely, the number of

OMP-iterations in MPMF-DAMAS is not bounded by the number of sources, but terminated according to Eq. (32). Using diagonal

removal tends to increase the OLE and lower the ILE for all methods. However, for the OMP-based methods the ILE was not

consistently improved, and overall not worth the increase in OLE, thus we have chosen to not use diagonal removal for these.

The main parameters of the deconvolution methods used in the simulations are summarized in Table 1. The simulations were

carried out on Intel i5-7500T CPUs, on which the average calculation time of MPMF-DAMAS was around 3s using a single core.

The calculation time was largely unaffected by the simulation parameters frequency, source count, or level of PSF mismatch.

4.1. Overall level error

The overall level error (OLE) is a measure of how well the sum of the power of the acoustic sources is reconstructed in the

deconvolved image, irrespective of the source location. Fig. 1 shows the average absolute OLE for the four reference methods, as
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Fig. 1. Average overall level error on the simulated data, as a function of (a) frequency, (b) number of simulated sources, and (c) microphone position perturbation.

Fig. 2. Average inverse level error on the simulated data, as a function of (a) frequency, (b) number of simulated sources, and (c) microphone position perturbation.

well as MPMF-DAMAS. The MPMF-DAMAS variant (combination of factorization method, index method and power estimation

method) we chose to plot is the one with the best combined OLE and ILE, which was MPMF-DAMAS-ONMFp-DictMax-WFit. The

left part of the figure shows how the OLE varies with frequency. At low frequencies the differences in the OLE are small, but a

slight lead for MPMF-DAMAS can be discerned at the lowest frequencies. As the frequency is increased this lead becomes clearer.

The OMP-based methods separate themselves from the others by having the OLE decreasing with the number of sources. This is

presumably due to the OMP projection step, eq. (18), which updates all coefficients in each iteration, or diagonal removal. We

cannot identify a compelling reason for the OLE of MPMF-DAMAS decreasing from 𝜎m = 0 to 𝜎m = d∕3, though it might be

caused by the matrix factorization getting stuck in local minima when the columns of the PSF are similar. Since the OMP-based

methods have not utilized diagonal removal, it is to be expected that the corresponding OLE is lower. It is therefore perhaps

most relevant to compare OMP-DAMAS to MPMF-DAMAS, and across most of the parameter space MPMF-DAMAS holds the

advantage. The difference is greatest at high values of 𝜎m, i.e. when the mismatch between the modeled and the actual PSF is

greatest.
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Fig. 3. Average specific level error of the strongest source in the simulations, as a function of (a) frequency, (b) number of simulated sources, and (c) microphone position

perturbation.

4.2. Inverse level error

The inverse level error (ILE) measures the location error of the deconvolved images. Fig. 2 shows the average absolute ILE for

the same methods as in the previous section. The OMP-based methods again match the expectation with having higher ILE than

the methods using diagonal removal. However, MPMF-DAMAS comes close to regular DAMAS, and actually beats it for Ns < 4,

coming close to CLEAN-SC. MPMF-DAMAS is also significantly better than OMP-DAMAS, except for the case of a single source,

in which the matrix factorization does not have any degrees of freedom and is essentially inert.

4.3. Specific level error

The specific level error (SLE) measures the difference between the actual acoustic source power and the integrated power

in the deconvolved image for each source individually. Fig. 3 shows the averaged absolute SLE for the strongest source in each

Fig. 4. Average specific level error of the weakest source in the simulations, as a function of (a) frequency, (b) number of simulated sources, and (c) microphone position

perturbation.
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Fig. 5. Experimental setup as seen from the microphone array’s position. The red circles indicate the positions of the loudspeakers serving as acoustic sources. The speakers

were located 2.7 m from the array, and the distance between speaker 1 and 3 was 2.0 m. (For interpretation of the references to colour in this figure legend, the reader is

referred to the Web version of this article.)

simulation, and Fig. 4 shows the corresponding for the weakest source. The only reference method that consistently outperforms

MPMF-DAMAS on the strongest source is CMF-LARS, though MPMF-DAMAS is slightly better when the number of sources is low.

At high levels of microphone position perturbation MPMF-DAMAS and CMF-LARS have about the same accuracy. Turning to the

SLE of the weakest source, all of the methods exhibit about the same, low level of accuracy. There is a slight tendency for MFMF-

DAMAS, CLEAN-SC and CMF-LARS to cluster at a slightly lower level of error than DAMAS and OMP-DAMAS. In both the SLE of

the strongest and the weakest source the advantage of MPMF-DAMAS over OMP-DAMAS is clear.

5. Experimental validation

In order to validate the proposed method on real data we have set up experiments using three loudspeakers to simulate

acoustic sources. The loudspeaker arrangement is shown in Fig. 5, with the loudspeakers numbered 1 to 3 from the right. The

speakers were set up to emit white noise with approximately equal volume, and with no correlation between them. The array

used in the experiments has identical geometry to the simulated one from sec. 4. Recordings were made for all possible pertur-

Fig. 6. Absolute errors averaged over the 7 source scenarios in the experiments as a function of frequency. The plotted error measures are (a) OLE, (b) ILE, (c) SLE of source

1, (d) SLE of source 2, (e) SLE of source 3.
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Fig. 7. Absolute errors averaged over frequency and scenarios with the same number of sources in the experiments as a function of source count. The plotted error measures

are (a) OLE, (b) ILE, (c) SLE of source 1, (d) SLE of source 2, (e) SLE of source 3.

bations of 1, 2, and 3 simultaneous sources, for a total of 7 recordings (3 scenarios with a single active source, 3 scenarios with

2 simultaneous sources, and 1 scenario with all three sources), with a sampling rate of 16 kHz. For each recording 100 blocks

of 256 samples were used to estimate the CSM, which corresponds to 1.6s sampling time. We applied the same deconvolution

methods as in sec. 4 with the same parameters, listed in Table 1. Since neither the loudspeakers used to generate signals nor

the microphones of the array used to record them have perfectly flat frequency responses, the reference source powers used

to calculate level errors have been estimated from the peaks of the DAS images (without diagonal removal) from each of the

single-source recordings.

The experimental errors for the various deconvolution methods are summarized in Figs. 6 and 7. The OMP-methods have

overall lower OLE, though the other methods can perhaps achieve lower OLE by not using diagonal removal. The ILE is zero

for the OMP-methods, meaning that all energy is contained in the integration regions around each source. This is partially a

result of the sources not being too close together, and the OMP-methods producing sparse outputs, while the other methods

tend to produce noisier source maps. The SLEs are less clear, but generally, MPMF-DAMAS slightly outperforms OMP-DAMAS.

It might also be worth noting that CMF, which performed very well on the simulated data compared to DAMAS and CLEAN-

SC, has more ambiguous performance on the experimentally obtained data. Overall, MPMF-DAMAS performs slightly better

than the reference methods on the experimental data. The error level is also quite stable, unlike some of the reference meth-

ods.

6. Conclusion

We have presented a greedy/non-greedy hybrid, two-stage procedure for solving the DAMAS inverse problem of acoustic

source map deconvolution, referred to as MPMF-DAMAS. This procedure may be considered to be matching pursuit with a

subsequent clean-up step to correct for the suboptimal nature of the greedy first part. Alternatively, it may be thought of as

a matrix factorization with a preprocessing step to winnow out the less significant columns of the point spread function. This

procedure has been benchmarked against a few standard deconvolution algorithms (DAMAS [2], CLEAN-SC [9], and CMF [11]),

as well as a similar matching pursuit-based algorithm (OMP-DAMAS, [25]). The comparison was made using a large number of

randomly generated source configurations, and using the error measures defined by Herold and Sarradj [42], which take into

account both the power of the reconstructed sources and their location in the source map. In addition, the proposed method

was validated experimentally using the same error measures.

Based on the results from Monte Carlo simulations and experiments we conclude that MPMF-DAMAS is overall more accurate

than OMP-DAMAS (which it can be regarded as a refinement of) at the cost of higher complexity. Compared to DAMAS (with

diagonal removal), the proposed method is more accurate, with a better Overall Level Error (OLE), and comparable Inverse Level

Error (ILE). At large values of 𝜎m , which correspond to large mismatch between the actual PSF and the modeled one, MPMF-

DAMAS gives better OLE in simulations than all of the reference methods. Our implementation of the proposed procedure has

an average calculation time around 3s on a mid-range consumer CPU, which does not vary significantly with the source setup.

This leads us to believe that MPMF-DAMAS may produce reasonably accurate results in near realtime with a properly optimized

implementation.
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A natural continuation of work on this algorithm is to focus on ways to integrate automatic estimates of the regularization

parameter, 𝜆, and the number of sources Ns, in addition to exploring additional methods of matrix factorization.
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