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Summary

We present an analytical solution based on the series expansion of Papkovich-Boussinesq’s
displacement potentials to derive the elastic solution of a spherical inclusion containing an
eigenstrain or pressurized cavity in an elastic half space. The inclusion-host interface can be
treated as perfectly bonded or allowing different amount of interface sliding as a function of
shear stress. The analytical solution allows systematic investigation on some key parameters
that control the elastic stress field, such as inclusion depth, elastic moduli and the amount of
interface sliding. The model is applied to study the distribution of stress and displacement
within and around the inclusion. Stress trajectories and slip lines are computed around a
pressurized cavity based on the analytical solution to study potential fracture modes and
patterns. The amount of inclusion pressure relaxation due to the free surface is also
systematically investigated as a function of inclusion depth and shear modulus ratio between
the host and inclusion. A MATLAB code is provided that allows one to directly apply the
analytical solution to natural systems given any elastic parameters. The code is benchmarked
with Mindlin’s solution for loaded homogeneous inclusion in proximity to a free surface and
3D finite element simulations for heterogeneous inclusion. This model may contribute to the
study of the mechanical properties of natural systems at various scales, from km size magma

chamber to mm-um size mineral inclusions sealed in thin-section.

Introduction

Natural systems are geometrically complicated but they may often be reduced to simpler
setups as a first-order approximation. One common example is a system composed of a
spherical inclusion embedded in a host material under various spatial scales, e.g. from km size
magma chambers to cm-mm size porphyroblasts in rocks, down to even um-nm size
inclusions or impurities in a single crystal. When cooling/heating or phase transformation
occurs, the volume of the inclusion and host do not necessarily vary homogeneously, thus
stress variations are generated due to this differential expansion/contraction between the
inclusion and host (Mura, 1987; Zhang, 1998). It has been known that the stress state within
an ellipsoidal inclusion is homogeneous if the inclusion is surrounded by infinite host
(Eshelby, 1957). However, when a free surface is present close to the inclusion, the stress

becomes heterogeneous within the inclusion and is significant disturbed at the location
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between inclusion and free surface (e.g. Mindlin and Cheng, 1950; Seo and Mura, 1979). This
situation is of significant importance in some geophysical and geological problems, e.g.
investigations of the surface displacement and stress caused by a pressurized magma chamber
(e.g. Browning and Gudmundsson, 2015; Galland et al.,, 2015; Gerbault et al., 2018;
Guldstrand et al., 2018; Segall, 2005), or the residual pressure of mineral inclusion sealed in a
thin-section (e.g. Enami et al., 2007; Kohn, 2014; Mazzucchelli et al., 2018; Thomas and
Spear, 2018; Zhong et al., 2018). Relevant efforts in search of the elastic solution in half-
space with different types of inclusion involve e.g. a loaded point source (Mogi, 1958),
homogeneous cuboidal inclusion (the elastic moduli of inclusion is the same as the host)
(Chiu, 1978) or pressurized horizontal circular crack (Fialko et al., 2001). Here, we present an
analytical method that yields the stress field for a heterogeneous spherical inclusion or a
pressurized cavity embedded in an elastic half-space. The method is based on the series
expansion of Papkovich-Boussinesq’s displacement potentials. It was developed to solve
engineering problems such as stress analysis around a cavity or impurity (e.g. Kouris and
Mura, 1989; Lee et al., 1992; Mi and Kouris, 2013, 2006; Mura et al., 1985; Tsuchida and
Nakahara, 1970). Additionally, the inclusion-host interface can be treated as perfectly bonded
or it can accommodate different amount of sliding due to the existing shear stress at the

inclusion-host interface.

This paper has three folds: 1) Presenting the basic mathematical derivations of the analytical
solution; 2) Providing a MATLAB code that allows simple applications of the analytical
solution to different natural systems given elastic moduli and eigenstrain within inclusion or
pressure within cavity. The MATLAB code has been validated against finite element (FE)
solutions and Mindlin’s analytical solution for an inclusion possessing the same elastic
moduli as the host (Mindlin and Cheng, 1950); 3) Using the solution to systematically
examine the effect of inclusion depth, interface sliding and elastic moduli on stress and
displacement distributions in systems composed of host materials entrapping either an

inclusion with eigenstrain or a pressurized cavity.

Analytical solution for spherical inclusion in half-space
Model setup

Consider a spherical inclusion (or cavity) is placed at the coordinate system origin as shown
in Fig. 1. Apart from Cartesian reference system, both cylindrical and spherical reference
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systems are used in this work. For cylindrical reference system, the coordinates are r, 8, z. For
spherical reference system, the coordinates are R, 6, ¢ (see Fig. 1). Due to the axial symmetry
of the model geometry and the applied load, the solution is not dependent on coordinate 6.
For mathematical convenience the inclusion radius is set as one. The inclusion may possess
different elastic moduli compared to the surrounding host. Both inclusion and host are
elastically isotropic. The free surface is located at z = —d, where d is the depth (Fig. 1). The
remaining boundaries are considered to be infinitely far away from the inclusion. The depth d
needs to be higher than one so that the inclusion is not truncated by the free surface. Two
types of inclusions are considered: 1) an inclusion subject to an isotropic eigenstrain that
corresponds to the difference of volumetric strain between inclusion and host after e.g.
temperature/pressure changes or phase transition (Mura, 1987); 2) a pressurized cavity

containing a known pressure. The far-field confining pressure is set as zero.
Host

We use the Papkovich-Boussinesq’s displacement potentials to obtain the elastic solution.
Any harmonic functions can be substituted into the potential representations, which are used
to obtain stress and displacement that automatically satisfy the mechanical equilibrium
requirement (see formulas in Appendix). For inclusion-host system, the displacement
potentials are defined separately for inclusion and host. For the host, we introduce two sets of
superimposed Papkovich-Boussinesq’s displacement potentials expanded as infinite series or
integrals of harmonic functions denoted by the Roman numbers as follow (see e.g. Tsuchida
and Nakahara, 1970):

* PTL
P = 26" Blg An ot 1
(:I:):I3 = 2Ge* 211\1120 Bn Pn (1)

RN+1

ol = 2Ge* fo‘” Y (Mo (Ar)e*2da )
DY = 2Ge” [ Mp,(N)]o(Ar)e™*2dA

where u = cos(¢), B,(w) is the Legendre polynomial of order n, J, is the Bessel function of
order zero, A,,, B, are the unknowns that control the elastic solution in the host, G is the shear
modulus of the host, e* is the eigenstrain of inclusion. In case of a pressurized cavity with
pressure P;,., the pre-factor 2Ge™ is replaced by P;,.. Both (1) and ¥, (1) are functions
later determined by the unknowns A,,, B,,. The integer N controls the order of truncation for

the series, thus the accuracy of the solution.
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The first set of potentials in Eq. 1 is defined in spherical reference system to describe the
basic solution for a spherical inclusion in infinite host. The second set of potentials in Eq. 2 in
cylindrical coordinate is introduced to impose corrections on Eq. 1 to satisfy the free surface
conditions. For this purpose, the functions ¥; (1) and ¥, (A1) are subsequently obtained based

on the constraints of stress-free surface conditions.

These two sets of displacement potentials can be transformed between cylindrical reference

system and spherical reference system as follow (see transformation relations in Appendix).

b = 2Ge* Th_o Ay SL [ Ao (Ar)e dA (3)
N z<0)
ok = 2Ge" TNy By S5 [ 1Yo (Ar) et da
off = 26e* Th_q [ (D (-1 EE B, (u)dA 4)
" o AR)"
ol = 2Ge* TNy [ 2p, (D) (-1 B P, () dA

The potentials in Eq. 3 defined in cylindrical reference system are obtained from Eq. 1 in
spherical reference system. The potentials in Eq. 4 in spherical reference system are obtained
from Eq. 2 in cylindrical coordinate. The reason for introducing such coordinate
transformation is due to the need of superposition (summation) of these two sets of
displacement potential 1 and II to obtain the stress and displacement in spherical and

cylindrical reference systems.
The free surface conditions are as follow:
(1) Gzzlz:—d =0 (5)

(2) Jrzlz:—d =0

where o denotes stress tensor. The stresses o,, and a,, at z = —d in the host can be expressed

based on the displacement potentials ®}, ® in Eq. 2 and &}, &} in Eq. 3 (see Appendix):

Osrlimma = € J§ A {21 (DM + 22 = 2v = )M, (1) + TN ELAme 424, - 2 - (6)
2v + Ad)By 1} Jo(Ar)da

Oralom-a = € J;" AN + A1 = 2v = Ad)e M, (D) - TNy S L Ame M 24, - 1= (7)
2v + Ad)B,1} ) (Ar)dA

where v is the Poisson ratio of the host. By letting the formula in curly brackets to be zero,
o,, and o,., vanish at the surface. This leads to two equations with two unknown functions.

Upon solving the system of equations, ¥, (1) and ¥, (1) are obtained.



(1) = 22 pN _ CU dmo1g (3 _ 4y — 22d)AAy, + [4(1 — v)(1 — 2v) — 242d?] By} (8)
() = —e 22 yN_ CU™ am-tg_ 234 4 (3 — 4v + 2Ad)B,,} 9)

138 These two functions are substituted into the displacement potentials ®{ and @Y in Eq. 4.

139  After substitution, we obtain a set of displacement potentials:

{(DE)I =2Ge* Zn =0an RnPn(H) (10)
ol = 2Ge* anoﬁn R™P, (1)

140  where a,, and 3, are as follow:

= T o[ (3 — 4v) + 24y (m + DAy, + Ziho [475 (11)
242y (m + 1) By
Bn = Zih=o 2(m + Dy A + [ — 4y — 2d(m + 1)y By,
141  The shorthand notation y3 is defined as:
y = EOUT [0 p-2ignamgy - CUUT i) (12)

min! “0 min! (2d)ntm+1

142 Once a, and B, are found out, we can substitute displacement potentials given in Eqg. 1 and
143 Eg. 10 into the following formulas representing displacement and stress (see Appendix). The

144  displacement potentials | and 11 need to be superimposed.

26ug =22 4y [R%— (3- 4v)c1>3]

261y = —sin(¢) [+ aa“;‘) a“’S — (3 - 4v)dy] (13)
Ogr = % + ,uR% -2(1 - v)y a¢3 ZV%%

Opr = sing [ 5 = 2220 (1 - 2) S — T2 4 2(1 - v) A2

145  We can thus derive the stress and displacement at the inclusion-host interface (R = 1). For the
146  displacement and stress of the host, we have the formula below. Some applied recurrence

147  relations of Legendre polynomials for simplification purpose are provided in Appendix.

u _ n?+n(3-4v) (n+1)(n—4v+5) nn-4+4v)
e_f =¥nzo [—(n + DA, +na, — Y By_1— i3 Bpyi + z—ﬁn 1t
(n+1)(n—-2+4v)
Tﬁnﬂ] Pu(p)

Ugp n—4+4v n+5-4v n—4+4v n+5-4v ’
ersing = _Zﬁ=1 [An +ap + n—1 Byq + ones Dn+l + 1 Bn-1+ nt3 .8n+1] Py(w)

2)B,_, + BV p o (14)

ZRR _ YN [(n + 1D+ 2)A, + n(n — Da, + 2n+3

2Ge*




148
149

150

151

152
153

154

155
156

157
158
159

160

161

162

163

nn-1)(n-4+4v) (n+1)[n?-2-n-2v
g Prat #ﬂn+1] A

nZ-242v (n+2)(n+5-4v)

(4—4v-n)(n—-1)
2n-1 Bnq + 2n+3

2n—-1

1 opp _ N+1[(n+2).4n—(n—1)0ln+

= lin= B +
2Ge” sing n=1 n+1

Bn-1+

(-n?+1-2n-2v)
2n+3

A

where B, (w) is the derivative of Legendre polynomial with respect to u. The terms with

subscript n < 0 or n > N are not accounted for in the summation.

Inclusion

Two types of inclusions are studied: 1) inclusion containing an eigenstrain; 2) pressurized

cavity.
Inclusion with eigenstrain

For an inclusion with eigenstrain, we use the following displacement potentials in spherical

coordinate (see Kouris and Mura, 1989):

{820 SR (15)
@3 = 2Ge" Xy_o ByPy (R

where 4,, and B, are the unknowns describing the elastic solution in the inclusion. The

overhead bar (e.g. G) refers to the property of inclusion. This convention is used in the entire
paper.

For inclusion, the stress and displacement can be obtained similarly to the host at R = 1:

UR G _ - n(n—-4+4v) = (n+1)(n—-2+4v) =
= Py(u) + S3N3 [nd, + D, D B )
Up _ _GynN T n—4+4V = n+5-4v = f
e*sing - Gzn=1 [An + 2n—-1 Bn—l + 2n+3 Bn+1] Pn(ﬂ) (16)

ORR - nn-1)(n—4+4v) 5 (n+1)[n?-2-n-2V] 5
TR = TN _o[n(n - DA, + 20 g DB g ] R

1 ORg _ _ yWN+1 _ — (n-1)(n—4+4v) = (n?-1+2n+27) 5 ,
2Ge*sing n=1 [(n DA, + 2n-1 Bpy + 2n+3 Bn+1] P

The displacements at the centre point of the inclusion (R = 0) are expressed as follow:
Ug = % [A; + (=3 + 4V)By]cosp a7)

Ty = — L[4, + (=3 + 40)B,sing

It is noted that iz and u, can be combined to generate a vertical displacement at the centre

e'G

= [A; + (=3 +4V)B,] . This contribution of vertical

point of the inclusion: u, =
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displacement is present within the inclusion regardless of R. Since 4, and B, do not appear
anywhere else in displacement or stress, only one of them needs to be constrained. Here, B, is

eliminated, and it is equivalent if one eliminates A;.

Pressurized cavity

A simpler scenario is when the inclusion is replaced by a cavity or any inclusion materials
with very low shear modulus (e.g. hot magma in a magma chamber) and the pressure within
the inclusion is prescribed by P;,.. The stress state at the inclusion-host interface on the

inclusion side can be simplified as follow:

Ogrr = —Pinc PO(.“) (18)

g =0

It is noted that the unknowns A, and B, are not needed anymore. This is due to the

homogeneous stress state within the inclusion as a consequence of zero shear modulus. It is
noted that in the absence of eigenstrain within the inclusion, e* needs to be replaced byPZi—’G”

for the computation of stress in the host (Eq. 14).

Obtaining the solutions

To match the traction and displacement at the inclusion-host interface, we need the following

constraints:

(1) orrlr=1 = Ogrlr=1
) 0R¢|R:1 = mlR:1 (19)

(3) uglg=1 = Urlr=1

ORplR=1

(4) uglp=1 —Uglr=1=x G

where u denotes displacement. The constraints (1) and (2) are imposed to match the traction
at the interface between inclusion and host. The constraints (3) and (4) enforce the continuity
for radial displacement and allows one to choose the type of inclusion-host interface using the
parameter y (e.g. Kouris and Mura, 1989). Here, we scale ogg|g=1 using the host’s shear
modulus G to make y dimensionless (displacement is scaled by the inclusion radius).

Perfectly bonded inclusion-host interface is chosen by letting y = 0. The amount of inclusion-
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host interface sliding can be set via letting y higher than zero. A free-sliding interface is given
if x approaches infinity or is a finite value that is large enough to generate negligible oz at

the interface.

In case of inclusion with eigenstrain, we substitute the stress and displacement of host (Eq. 14)
and inclusion (Eq. 16) at the interface into Eq. 19. Since A4, is not constrained in any of the
above equations, it is eliminated from the unknowns. By equating the coefficients of these
four equations for the same order of B,(x) and B, (u), we get 4N + 2 equations. Meanwhile,
the number of unknowns is 4N + 2 including Ay-y, Bo~n, A1~y and B, _y. We can solve the
system of equations to obtain all the unknowns that can be used to evaluate displacement and

stress at different localities.

Similarly, in case of a pressurized cavity, we substitute the stress of the host (Eg. 14) and
inclusion (Eq. 18) into (1-2) in Eq. 19 to match the traction at the interface. The unknowns are
Ay-n» Bo~y that can be solved based on the system of equations. In this case, the number of

equations and the number of unknowns are both 2N + 2.

Evaluating stress and displacement

In order to evaluate the stress and displacement for the host, we first substitute y, (1) and
P, (1) (Eq. 8, 9) into displacement potentials ®{! and 1 in Eq. 2, and subsequently apply the
results together with @[ and @1 in Eq. 3 into the formulas giving stress and displacement in
cylindrical coordinate (see Appendix). The integral involving Bessel function can be

expressed by the following relation (Tsuchida and Nakahara, 1970):

[ JiGryemataida = (~1)i —9= ‘),H Pi( (20)

et N

where Pji( ) is the associated Legendre polynomials. The derived stress and displacement

N
fields are as follow for the host:

1
Uy = e o (- D" {~4B,(2v — D(v - DAL _ (87 + 4,)(4v - 3) B+ (Boz +

RTL+1

APl 4 9B 4 — A,)(d +2)(n + 1) "“(‘*0)}

R"” RNt3

u, = e IN_o(~D" {~2(n + 2)(n + 1)(Bud — 4,)(d + 2) "n+3,§‘;°) +(4v = 3)(n+ D[B,(2d +2) —

0
APl (g2 12y 4 5)B, P"ffjg) + Bpz+A)M+ 1) ”"ﬂti‘z‘l) + (4v — 3)B,

n+2
RO

Py (ul)}

n+1
Rl

= YN o(- 1)"{ 2B,(3v—-2)(n+1) "*iﬁ’i‘)) 2B,v(n+1) ";ii’ﬁl) +(+ D+



0 0
2)[4B,(d + 2)v — 32B,, — 34, 2L — (n + 2)(n + 1)(Byz + A,) Z2L — 2(n + 1)(n + 2)(n +
0

n+3
Rl

0 1
3)(Buz — A)(d + 228 4 4p (v~ 1)(2v — 1) LD 4 (8,7 + 4,) (4v - 3) erlle)
0

n+1 n+2
R TR

Phyy(uy) Pri+2 (o)
(Buz + A) 20 21 4 1)(Byd — A,)(d + )t ) (21)

n+3
TRy

et = TN~ D" {200+ DB~ DERED 4 2+ DB, - DEEL - o+ D+

)[4 — 1)dB, + (4v — 3)zB, + Ay] ";;E‘;f') + (4 D+ 2)(Byz + A) 22 4 20 4+ 1y +

RTl+3

2)(n+3)(B,d — A,)(d + 2) n+3(lio)}

Rn+4

iz = SN o(—1)" {=Bu(2v — 1) "+,1§’;°) 20+ D(n + 2)(Byd — A)(d + 2) Zalbe) |

ZGe TL+4
(n+ 1)[4(d + 2)vB, — 2dB, — 32B, — A,] 72289 L (0 4 1)(B,z + 4,) 2242 4 B (2 —

RI3 RIS
1) Pn+1(#1)}

Rn+2

200 = SN o(— D" {~2(4v — 3)Bv(n + 1) ”"+;£’2‘°) 2B v(n+ 1)) 4 4y 4 1) (n +

2Ge n+2

2)(B,d — 4,) P"*;Y;") 4B, (v —1)(2v — 1) :”("0) (4v — 3)(B,z + A,) Tin) 4 (g, 4

ar+1 Rn+2

Ay) "";,ff;) +2(n +1)(d + 2)(Byd — Ay) ”"+2("°)}

Rn+3

210  where P2(u,) is equivalent to the Legendre polynomial P,(u,) used in the text. The
211 following shorthand notations are used:
=J@d+2)2+r2
Ry =Vz2 +12 (22)
to = (z +2d)/Ry
= —2/Ry

212 Similarly, for the inclusion, the displacement and stress fields are expressed in spherical
213 coordinate:

up = 'R + XN o 2 (AR + Byu(n + 47 — 3)R"]
_ N e'sin(¢) ;5 n-1 1 D pNrp’ _
Ugp = — Zn:OT{AnPn(M)R + B R [P (W + (47 — 3)B, (W]}

ORR _
2Ge*

N=o[AnR"?n(n — 1) + B,R" 'npu(n + 2V — 3)1P, (1) + 2B, R™ ' (u* — VP, (1) (23)

% = YN o [AR™"?n — BoR™ 'nu(2V — 1)]P, (1) + [—A,uR" 2 + B, (2vu? — p? — 2V)R™ 1P (w)

28— SN o[—AnR" 02 = BuR" np(n + 29)1P, (1) + [AguR™? — By (2902 — 3% — 27 +

2R (W)

2 = sin(¢) Zh-o(1 — 20)nBLR" 1Py (W) + [~An(n — DR™2 = Byu(n + 2V — 2)R™ 1R} ()
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Given the already obtained A,,, B,,, A,, and B,, (for pressurized cavity only 4,, and B,,), we can
calculate all the stress and displacement components in both inclusion and host using the

above functions.

Model validation

The presented analytical solution is validated against the analytical solution of Mindlin and
Cheng (1950) considering the inclusion to possess the same elastic moduli. The stress field is
generated due to an eigenstrain within the inclusion. Both inclusion and host have a Poisson
ratio of 0.25 and shear modulus of 1. The free surface is at d = 1.5, and the eigenstrain is 1.
Perfectly bonded inclusion-host interface is applied by letting y = 0. The results are shown in
Fig. 2.

In Fig. 3, the computed stresses are compared to the exact analytical solution from Mindlin
and Cheng (1950) to investigate the effect of truncation number N and inclusion depth on the
computational error. The elastic parameters are the same as in Fig. 2. The error is quantified
by the value |[gMndlin — gSeries| \where oM™l js the exact solution based on Mindlin and
Cheng (1950), and o5¢"s is the computed result from this study. It is clear that the series
expansion method provides sufficiently accurate solution, ca. 105 error, for the stress given
N >20and d > 1.2. It is also noted that as inclusion depth increases, the required N

dramatically decreases.

Additionally, we perform 3D FE simulations using the code developed from Milamin
(Dabrowski et al., 2008) to test the case for heterogeneous inclusion, i.e. the inclusion
contains different elastic moduli than the host. Several sets of simulations involving different
elastic moduli for inclusion and host have been performed. An example is shown in Fig. 4.
The shear modulus of inclusion and host are 3 and 1, respectively. The Poisson ratio of
inclusion and host are 0.25 and 0.35. The inclusion depth is 1.5. The match between the
analytical solution and FE solutions confirms that the analytical solution can produce correct
results for the case of heterogeneous inclusion. Similar level of match between the analytical
and numerical solution is also obtained for the pressurized cavity case given different host

Poisson ratio in a wide range.
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Results
Pressurized cavity

We first focus on the effect of a pressurized cavity with P;,. on the displacement and stress at
the free surface. The cavity depth and Poisson ratio of the host are systematically varied to see
how they affect the magnitude and distribution of displacement and stress on the free surface.
Stresses a,,- and agyg Scaled by cavity pressure P;,. are plotted in Fig. 5. It is shown that as
inclusion depth increases (Fig. 5A and 5B), both a,, and g4 decrease. The decrease of the
absolute value for stress is more significant when the cavity is close to the free surface. It is
noted that when the cavity is close to the free surface (d < 1.5), negative a,,. is present at the
surface at the distance greater than 0.7 to 1.1 from the centre of the surface (r=0) (Fig. 5A).
This shows that compression is present in radial direction. This observation of negative a,.,. is
not significant when d > 2. The tangential stress ggg is always positive, implying that
extension in tangential direction is present given any cavity depth. When the Poisson ratio of
the host decreases from 0.45 to 0.05 (Fig. 5C and 5D), overall o, decreases and ggg

decreases close to the centre (r=0).

The effect of cavity depth and host Poisson ratio on surface displacement is shown in Fig. 6.
The displacement is scaled by a factor of cavity pressure P;,. divided by host shear modulus
G. It is noted that as the cavity depth increases, the overall radial displacement u,. and vertical
displacement u, decrease. When the cavity depth approaches 5, both radial and vertical
displacements become relatively homogeneous. The peak radial displacement u, at the
surface is shifted towards higher distance from the centre point as cavity depth increases (Fig.
6A). As host Poisson ratio decreases, the absolute value of radial and vertical displacement

increases.

To better demonstrate the effect of pressurized cavity depth on the stress at the free surface,
o, at the centre point of the free surface is plotted as a function of cavity depth given
different Poisson ratio (Fig. 7). In this case, o, is equal to gy at the centre point of the free
surface. It is shown that o,.- dramatically increase when the cavity depth is lower than 2, and
drops below 0.1 when the cavity depth exceeds 3~4. As the host Poisson ratio decreases, the

peak a,,. decreases at the centre point of free surface.

The stress trajectories for principle stresses and slip lines are shown in Fig. 8. The results are
given for x-z plane. The host Poisson ratio is 0.3. The cavity depth is 1.5. Stress trajectories

are computed based on the orientations of the maximal and minimal principle stresses in the
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2D plane. In Fig. 8A, the background colour shows the magnitude of maximal principle stress.
The white contours show the stress trajectories of maximal principle stress, and the black
contours show the stress trajectories of minimal principle stress. If positive P;,. is imposed in
the cavity, mode | radial fractures may occur following the black contours. If negative P, is
imposed, mode | circular fractures may occur following the white contours. In Fig. 8B, the
second invariant of stress tensor is plotted as background colour. The black contours are slip

lines where mode 1l in-plane fractures may occur. The internal friction angle is set as 30°.

Inclusion-host interface sliding

Different from the previously studied pressurized cavity case, an inclusion with eigenstrain
may cause sliding at the inclusion-host interface. By varying the dimensionless parameter y, it
is possible to systematically investigate the amount and effect of inclusion-host interface
sliding. Fig. 9 shows the displacement and shear stress plotted along the inclusion-host
interface. In this example, both inclusion and host possess Poisson ratio 0.3 and shear

modulus ratio is one. The goal is to investigate how y influences the displacement and stress.

It is found that by gradually increasing y, the tangential displacements of inclusion and host
start to diverge, especially on the inclusion side. The maximal displacement mismatch occurs
at the tangential angle ca. ¢ = 90~120°. As a consequence of increasing the amount of
interface sliding, the shear stress at the interface gradually relaxes until completely vanished
when y > 1000.

The effect of inclusion depth on the amount of inclusion-host interface sliding is illustrated in
Fig. 10. The black curve shows the case for perfectly bonded interface. Therefore, the
tangential displacement u, is equal between inclusion and host. It is shown that when free
sliding interface is imposed, ug, at the inclusion side significantly diverge from the perfectly
bonded case at inclusion depth d<2. When the inclusion depth is higher than 3, these two end
members become similar. This suggests that the interface sliding effect is not negligible at
shallower inclusion depth d<2~3.

Inclusion pressure relaxation

Pressure relaxation occurs due to the proximity of inclusion to free surface. Apart from the

inclusion depth, the elastic stiffness of the host also controls the amount of pressure relaxation.
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Here, these two variables are systematically investigated: i.e. the inclusion depth, and shear
modulus ratio. The Poisson ratio of both inclusion and host is set as 0.3. The pressures at four
locations within the inclusion are shown in Fig. 11. The plotted pressure is scaled based on
the expected inclusion pressure in infinite host as follow (simplified based on Eq. 22 in Zhang,
1998). Therefore, the dimensionless pressure is a value smaller than one that allows

straightforward investigation on the relative amount of pressure relaxation.

PP = 3e*/(%+%) (24)
In Fig. 11, the entrance of 3% pressure relaxation is illustrated with white contours. This
amount of relaxed pressure is considered here as a small value. In general, elastically softer
host crystal leads to higher amount of pressure relaxation, especially when the inclusion is
close to free surface. The effect of inclusion-host interface sliding can be observed by
comparing C and D in Fig. 11. In general, the effect is significant on the locations close to the
inclusion-host interface (locations A, C and D), and much less significant at the inclusion
centre (location B). For location A (inclusion top), negative pressure (extension) is observed
when the depth is shallow and the surrounding host is elastically soft in the case of perfectly
bonded inclusion-host interface. However, this is not observed for the free sliding case. The
bottom of the inclusion (location C) undergoes significant amount of pressure relaxation in

case of free sliding interface compared to perfectly bonded interface.

Discussion and Conclusions

We present an analytical solution for the stress and displacement fields of systems composed
of a spherical inclusion or a pressurized cavity in proximity to a free surface. The analytical
solution is versatile in solving the elastic problem given any elastic stiffness of the system.
The solution can be useful in studying problems such as surface stress and displacement
above a pressurized magma chamber, or mineral inclusion containing residual pressure sealed
in a thin-section. Using the derived analytical solution, we systematically investigate the
dimensionless stress and displacement at the free surface above a pressurized cavity. Given
the obtained stress tensor from analytical solution, stress trajectories and slip lines can also be

visualized that provide insights on the potential mode and pattern of fractures.

The amount of pressure relaxation due to free surface is most significant under following

scenarios: 1) when the measurements are performed at the top of the inclusion, 2) when the
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host is elastically soft. The difference of the inclusion’s pressure variations between perfectly
bonded and sliding interface can be significant. It needs to be highlighted that the bottom
point of the inclusion undergoes significant pressure relaxation if interface sliding occurs.
This is counter-intuitive and contrary than the perfectly bonded interface where the bottom

point undergoes least pressure relaxation.
In general, the presented analytical solution has several potentials and implications:

e The analytical solution can be used for the verification of numerical codes for solving
linear elastic problems based on e.g. finite element or finite difference methods etc.

e The stress and displacement field in an inclusion-host system can be investigated
precisely at particular points that may be difficult to be approximated using numerical
methods, e.g. along the interface or at the free surface.

e The effects of some key parameters in the studies of inclusion-host system, e.g. elastic
moduli, inclusion depth from free surface, the sliding of inclusion-host interface etc.

can be directly tested analytically.

The source code is available as executable MATLAB script in the supplementary material or

upon personal request.
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361  Fig. 1. A spherical inclusion close to free surface. The Cartesian, spherical and cylindrical
362  coordinates are schematically shown using different colours. The inclusion radius is set as one.
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Fig. 2 Model benchmark results using Mindlin’s solution in half space (curves) with depth 1.5
and this method (dots) given the same depth (Mindlin and Cheng, 1950). A, B and C show the
stresses computed along the profiles denoted by the purple lines in each figure. Both inclusion
and host have a Poisson ratio of 0.25 and shear modulus of 1. The number of displacement

potential series N is chosen as 25.
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oMindlin denotes the exact solution from Mindlin and Cheng, (1950) and 63¢7%S denotes the

series expansion solutions presented in this paper. The elastic moduli are the same as in Fig. 2.
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inclusion and host are 3 and 1, respectively. The Poisson ratio of the inclusion and host are
0.25 and 0.35. The inclusion depth is 1.5 and eigenstrain is 1. The number of displacement

potential series N is chosen as 25.
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A and B show plotted displacements as a function of cavity depth given the same Poisson
ratio. C and D show plotted displacements as a function of Poisson ratio at the same depth.

The displacements are scaled based on cavity pressure and shear modulus of the host.
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Fig. 8. Computed maximal principle stress in A and the second invariant of stress tensor in B
around a pressurized cavity P;,.. In A, the stress trajectories for the maximal principle stress
are shown by white contours and the minimal principle stress by black contours. Mode |
radial fractures may occur following the black contours given positive P;,.. In B, slip lines are
shown by black contours. Mode Il fractures may occur following the black contours. The

internal friction angle is 30°. The host Poisson ratio is 0.3. The cavity depth is 1.5.
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432 Fig. 11. A-B show the pressure variations within inclusion at depth 1.2. Pressure is scaled
433 based on the expected pressure assuming infinite host radius. The shear modulus ratio is one.
434  The Poisson ratios of inclusion and host are set as 0.3. C-D show the pressure measured at
435  four locations denoted in A and B as a function of inclusion depth and shear modulus ratio. A
436 and C are for perfectly bonded inclusion-host interface, B and D are for free sliding case
437 (x =10%). The white contours in C-D show the entrances of 3% pressure relaxation

438  compared to the expected value in infinite host.
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Appendix

The displacement in Cartesian coordinate can be expressed using displacement potentials as

follow:

26, =50 4+ 252 (A1)

= EP ZE—(3—4-V)CD3

where G is the shear modulus and v is the Poisson ratio. These elastic moduli are chosen
accordingly for mineral inclusion and host to compute the displacement for each object. For

conciseness purpose, the overhead bar is not used here.

Strain and stress can be derived using the above displacement and transformed into any other

coordinate systems. In spherical coordinate, the displacement and stress are given below.

oo ad .
26ug = 220+ [RE2 — (3 — 4v) s + 2Ge"RP ()

109, D, ]

26uy = —sin(¢) [ R u e = (3 4v)ds
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520 where w is zero for host, and one for inclusion. The rest displacement (ug) and stress

521 components (ogg, 0g¢) are zero due to the axisymmetric property of this problem.

522 In cylindrical coordinate, we have:

_ 0D 9D,
Ur = or or
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523  For the coordinate transformation of the displacement potentials, the following mathematical

524  rules are needed (see e.g. Morse and Feshbach, 1953; Tsuchida and Nakahara, 1970):

Pl _ CD" 1 jnjy (e (A%)

RN+1

525 where z < 0, and:

Jore™ = 32 o(-1)" 2L p, () (A5)

526  This transformation is valid only when R~1, thus it is particularly suitable for matching the

527  traction at inclusion-host interface due to the choice of inclusion radius as one.

528  For Legendre polynomials, the following recurrence relations can be useful in deriving the

529  stress and displacement in Eq. 14 and 16:

P, (1) _2n+1 n+1(.u)+2 1 P (1)
P = = Phay () + 5= Py () (A6)
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530 The derivative of Bessel function has some useful properties that have been taken advantaged

531  of during the derivation for displacement and stress in Eq. 21 and 23.
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