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Summary 29 

We present an analytical solution based on the series expansion of Papkovich-Boussinesq‟s 30 

displacement potentials to derive the elastic solution of a spherical inclusion containing an 31 

eigenstrain or pressurized cavity in an elastic half space. The inclusion-host interface can be 32 

treated as perfectly bonded or allowing different amount of interface sliding as a function of 33 

shear stress. The analytical solution allows systematic investigation on some key parameters 34 

that control the elastic stress field, such as inclusion depth, elastic moduli and the amount of 35 

interface sliding. The model is applied to study the distribution of stress and displacement 36 

within and around the inclusion. Stress trajectories and slip lines are computed around a 37 

pressurized cavity based on the analytical solution to study potential fracture modes and 38 

patterns. The amount of inclusion pressure relaxation due to the free surface is also 39 

systematically investigated as a function of inclusion depth and shear modulus ratio between 40 

the host and inclusion. A MATLAB code is provided that allows one to directly apply the 41 

analytical solution to natural systems given any elastic parameters. The code is benchmarked 42 

with Mindlin‟s solution for loaded homogeneous inclusion in proximity to a free surface and 43 

3D finite element simulations for heterogeneous inclusion. This model may contribute to the 44 

study of the mechanical properties of natural systems at various scales, from km size magma 45 

chamber to mm-   size mineral inclusions sealed in thin-section.  46 

 47 

Introduction 48 

Natural systems are geometrically complicated but they may often be reduced to simpler 49 

setups as a first-order approximation. One common example is a system composed of a 50 

spherical inclusion embedded in a host material under various spatial scales, e.g. from km size 51 

magma chambers to cm-mm size porphyroblasts in rocks, down to even   -nm size 52 

inclusions or impurities in a single crystal. When cooling/heating or phase transformation 53 

occurs, the volume of the inclusion and host do not necessarily vary homogeneously, thus 54 

stress variations are generated due to this differential expansion/contraction between the 55 

inclusion and host (Mura, 1987; Zhang, 1998). It has been known that the stress state within 56 

an ellipsoidal inclusion is homogeneous if the inclusion is surrounded by infinite host 57 

(Eshelby, 1957). However, when a free surface is present close to the inclusion, the stress 58 

becomes heterogeneous within the inclusion and is significant disturbed at the location 59 



between inclusion and free surface (e.g. Mindlin and Cheng, 1950; Seo and Mura, 1979). This 60 

situation is of significant importance in some geophysical and geological problems, e.g. 61 

investigations of the surface displacement and stress caused by a pressurized magma chamber 62 

(e.g. Browning and Gudmundsson, 2015; Galland et al., 2015; Gerbault et al., 2018; 63 

Guldstrand et al., 2018; Segall, 2005), or the residual pressure of mineral inclusion sealed in a 64 

thin-section (e.g. Enami et al., 2007; Kohn, 2014; Mazzucchelli et al., 2018; Thomas and 65 

Spear, 2018; Zhong et al., 2018). Relevant efforts in search of the elastic solution in half-66 

space with different types of inclusion involve e.g. a loaded point source (Mogi, 1958), 67 

homogeneous cuboidal inclusion (the elastic moduli of inclusion is the same as the host) 68 

(Chiu, 1978) or pressurized horizontal circular crack (Fialko et al., 2001). Here, we present an 69 

analytical method that yields the stress field for a heterogeneous spherical inclusion or a 70 

pressurized cavity embedded in an elastic half-space. The method is based on the series 71 

expansion of Papkovich-Boussinesq‟s displacement potentials. It was developed to solve 72 

engineering problems such as stress analysis around a cavity or impurity (e.g. Kouris and 73 

Mura, 1989; Lee et al., 1992; Mi and Kouris, 2013, 2006; Mura et al., 1985; Tsuchida and 74 

Nakahara, 1970). Additionally, the inclusion-host interface can be treated as perfectly bonded 75 

or it can accommodate different amount of sliding due to the existing shear stress at the 76 

inclusion-host interface. 77 

This paper has three folds: 1) Presenting the basic mathematical derivations of the analytical 78 

solution; 2) Providing a MATLAB code that allows simple applications of the analytical 79 

solution to different natural systems given elastic moduli and eigenstrain within inclusion or 80 

pressure within cavity. The MATLAB code has been validated against finite element (FE) 81 

solutions and Mindlin‟s analytical solution for an inclusion possessing the same elastic 82 

moduli as the host (Mindlin and Cheng, 1950); 3) Using the solution to systematically 83 

examine the effect of inclusion depth, interface sliding and elastic moduli on stress and 84 

displacement distributions in systems composed of host materials entrapping either an 85 

inclusion with eigenstrain or a pressurized cavity. 86 

 87 

Analytical solution for spherical inclusion in half-space 88 

Model setup 89 

Consider a spherical inclusion (or cavity) is placed at the coordinate system origin as shown 90 

in Fig. 1. Apart from Cartesian reference system, both cylindrical and spherical reference 91 



systems are used in this work. For cylindrical reference system, the coordinates are      . For 92 

spherical reference system, the coordinates are       (see Fig. 1). Due to the axial symmetry 93 

of the model geometry and the applied load, the solution is not dependent on coordinate  . 94 

For mathematical convenience the inclusion radius is set as one. The inclusion may possess 95 

different elastic moduli compared to the surrounding host. Both inclusion and host are 96 

elastically isotropic. The free surface is located at     , where   is the depth (Fig. 1). The 97 

remaining boundaries are considered to be infinitely far away from the inclusion. The depth   98 

needs to be higher than one so that the inclusion is not truncated by the free surface. Two 99 

types of inclusions are considered: 1) an inclusion subject to an isotropic eigenstrain that 100 

corresponds to the difference of volumetric strain between inclusion and host after e.g. 101 

temperature/pressure changes or phase transition (Mura, 1987); 2) a pressurized cavity 102 

containing a known pressure. The far-field confining pressure is set as zero.  103 

Host 104 

We use the Papkovich-Boussinesq‟s displacement potentials to obtain the elastic solution. 105 

Any harmonic functions can be substituted into the potential representations, which are used 106 

to obtain stress and displacement that automatically satisfy the mechanical equilibrium 107 

requirement (see formulas in Appendix). For inclusion-host system, the displacement 108 

potentials are defined separately for inclusion and host. For the host, we introduce two sets of 109 

superimposed Papkovich-Boussinesq‟s displacement potentials expanded as infinite series or 110 

integrals of harmonic functions denoted by the Roman numbers as follow (see e.g. Tsuchida 111 

and Nakahara, 1970): 112 
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where         ,       is the Legendre polynomial of order  ,    is the Bessel function of 113 

order zero,   ,    are the unknowns that control the elastic solution in the host,   is the shear 114 

modulus of the host,    is the eigenstrain of inclusion. In case of a pressurized cavity with 115 

pressure     , the pre-factor      is replaced by     . Both       and       are functions 116 

later determined by the unknowns   ,   . The integer   controls the order of truncation for 117 

the series, thus the accuracy of the solution.  118 



The first set of potentials in Eq. 1 is defined in spherical reference system to describe the 119 

basic solution for a spherical inclusion in infinite host. The second set of potentials in Eq. 2 in 120 

cylindrical coordinate is introduced to impose corrections on Eq. 1 to satisfy the free surface 121 

conditions. For this purpose, the functions       and       are subsequently obtained based 122 

on the constraints of stress-free surface conditions.  123 

These two sets of displacement potentials can be transformed between cylindrical reference 124 

system and spherical reference system as follow (see transformation relations in Appendix).  125 
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The potentials in Eq. 3 defined in cylindrical reference system are obtained from Eq. 1 in 126 

spherical reference system. The potentials in Eq. 4 in spherical reference system are obtained 127 

from Eq. 2 in cylindrical coordinate. The reason for introducing such coordinate 128 

transformation is due to the need of superposition (summation) of these two sets of 129 

displacement potential   and    to obtain the stress and displacement in spherical and 130 

cylindrical reference systems.  131 

The free surface conditions are as follow: 132 

                   

                   

(5) 

where   denotes stress tensor. The stresses     and     at      in the host can be expressed 133 

based on the displacement potentials   
  ,   

   in Eq. 2 and   
 ,   

  in Eq. 3 (see Appendix): 134 
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where   is the Poisson ratio of the host. By letting the formula in curly brackets to be zero, 135 

    and     vanish at the surface. This leads to two equations with two unknown functions. 136 

Upon solving the system of equations,       and       are obtained. 137 
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These two functions are substituted into the displacement potentials   
   and   

   in Eq. 4. 138 

After substitution, we obtain a set of displacement potentials: 139 
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where    and    are as follow: 140 
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The shorthand notation   
  is defined as: 141 
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Once    and    are found out, we can substitute displacement potentials given in Eq. 1 and 142 

Eq. 10 into the following formulas representing displacement and stress (see Appendix). The 143 

displacement potentials I and II need to be superimposed. 144 
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(13) 

We can thus derive the stress and displacement at the inclusion-host interface (   ). For the 145 

displacement and stress of the host, we have the formula below. Some applied recurrence 146 

relations of Legendre polynomials for simplification purpose are provided in Appendix. 147 
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where   
     is the derivative of Legendre polynomial with respect to  . The terms with 148 

subscript     or     are not accounted for in the summation. 149 

 150 

Inclusion 151 

Two types of inclusions are studied: 1) inclusion containing an eigenstrain; 2) pressurized 152 

cavity. 153 

Inclusion with eigenstrain 154 

For an inclusion with eigenstrain, we use the following displacement potentials in spherical 155 

coordinate (see Kouris and Mura, 1989): 156 
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where  ̅  and  ̅  are the unknowns describing the elastic solution in the inclusion. The 157 

overhead bar (e.g.  ̅) refers to the property of inclusion. This convention is used in the entire 158 

paper. 159 

For inclusion, the stress and displacement can be obtained similarly to the host at    : 160 
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The displacements at the centre point of the inclusion (   ) are expressed as follow: 161 
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It is noted that   ̅̅̅̅  and   ̅̅̅̅  can be combined to generate a vertical displacement at the centre 162 

point of the inclusion:    
   

 ̅
[ ̅        ̅  ̅ ] . This contribution of vertical 163 



displacement is present within the inclusion regardless of  . Since  ̅  and  ̅  do not appear 164 

anywhere else in displacement or stress, only one of them needs to be constrained. Here,  ̅  is 165 

eliminated, and it is equivalent if one eliminates  ̅ . 166 

 167 

Pressurized cavity 168 

A simpler scenario is when the inclusion is replaced by a cavity or any inclusion materials 169 

with very low shear modulus (e.g. hot magma in a magma chamber) and the pressure within 170 

the inclusion is prescribed by     . The stress state at the inclusion-host interface on the 171 

inclusion side can be simplified as follow: 172 

    ̅̅ ̅̅ ̅               

   ̅̅ ̅̅ ̅     

(18) 

It is noted that the unknowns  ̅  and  ̅  are not needed anymore. This is due to the 173 

homogeneous stress state within the inclusion as a consequence of zero shear modulus. It is 174 

noted that in the absence of eigenstrain within the inclusion,    needs to be replaced by 
    

  
 175 

for the computation of stress in the host (Eq. 14). 176 

 177 

Obtaining the solutions 178 

To match the traction and displacement at the inclusion-host interface, we need the following 179 

constraints: 180 
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where   denotes displacement. The constraints     and     are imposed to match the traction 181 

at the interface between inclusion and host. The constraints     and     enforce the continuity 182 

for radial displacement and allows one to choose the type of inclusion-host interface using the 183 

parameter   (e.g. Kouris and Mura, 1989). Here, we scale         using the host‟s shear 184 

modulus   to make   dimensionless (displacement is scaled by the inclusion radius). 185 

Perfectly bonded inclusion-host interface is chosen by letting    . The amount of inclusion-186 



host interface sliding can be set via letting   higher than zero. A free-sliding interface is given 187 

if   approaches infinity or is a finite value that is large enough to generate negligible     at 188 

the interface. 189 

In case of inclusion with eigenstrain, we substitute the stress and displacement of host (Eq. 14) 190 

and inclusion (Eq. 16) at the interface into Eq. 19. Since  ̅  is not constrained in any of the 191 

above equations, it is eliminated from the unknowns. By equating the coefficients of these 192 

four equations for the same order of       and   
    , we get      equations. Meanwhile, 193 

the number of unknowns is      including     ,     ,  ̅    and  ̅   . We can solve the 194 

system of equations to obtain all the unknowns that can be used to evaluate displacement and 195 

stress at different localities. 196 

Similarly, in case of a pressurized cavity, we substitute the stress of the host (Eq. 14) and 197 

inclusion (Eq. 18) into (1-2) in Eq. 19 to match the traction at the interface. The unknowns are 198 

    ,      that can be solved based on the system of equations. In this case, the number of 199 

equations and the number of unknowns are both     . 200 

 201 

Evaluating stress and displacement 202 

In order to evaluate the stress and displacement for the host, we first substitute       and 203 

      (Eq. 8, 9) into displacement potentials   
   and   

   in Eq. 2, and subsequently apply the 204 

results together with   
   and   

   in Eq. 3 into the formulas giving stress and displacement in 205 

cylindrical coordinate (see Appendix). The integral involving Bessel function can be 206 

expressed by the following relation (Tsuchida and Nakahara, 1970): 207 

  ∫        
             

      

       
   
 

  
  

 

√     
 

 

 
        (20) 

where   
  

 

√     
  is the associated Legendre polynomials. The derived stress and displacement 208 

fields are as follow for the host: 209 
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where   
      is equivalent to the Legendre polynomial        used in the text. The 210 

following shorthand notations are used: 211 
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Similarly, for the inclusion, the displacement and stress fields are expressed in spherical 212 

coordinate: 213 
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Given the already obtained   ,   ,  ̅  and  ̅  (for pressurized cavity only    and   ), we can 214 

calculate all the stress and displacement components in both inclusion and host using the 215 

above functions.  216 

 217 

Model validation 218 

The presented analytical solution is validated against the analytical solution of Mindlin and 219 

Cheng (1950) considering the inclusion to possess the same elastic moduli. The stress field is 220 

generated due to an eigenstrain within the inclusion. Both inclusion and host have a Poisson 221 

ratio of 0.25 and shear modulus of 1. The free surface is at      , and the eigenstrain is 1. 222 

Perfectly bonded inclusion-host interface is applied by letting    . The results are shown in 223 

Fig. 2.  224 

In Fig. 3, the computed stresses are compared to the exact analytical solution from Mindlin 225 

and Cheng (1950) to investigate the effect of truncation number   and inclusion depth on the 226 

computational error. The elastic parameters are the same as in Fig. 2. The error is quantified 227 

by the value                   , where          is the exact solution based on Mindlin and 228 

Cheng (1950), and         is the computed result from this study. It is clear that the series 229 

expansion method provides sufficiently accurate solution, ca.      error, for the stress given 230 

     and      . It is also noted that as inclusion depth increases, the required   231 

dramatically decreases.  232 

Additionally, we perform 3D FE simulations using the code developed from Milamin 233 

(Dabrowski et al., 2008) to test the case for heterogeneous inclusion, i.e. the inclusion 234 

contains different elastic moduli than the host. Several sets of simulations involving different 235 

elastic moduli for inclusion and host have been performed. An example is shown in Fig. 4. 236 

The shear modulus of inclusion and host are 3 and 1, respectively. The Poisson ratio of 237 

inclusion and host are 0.25 and 0.35. The inclusion depth is 1.5. The match between the 238 

analytical solution and FE solutions confirms that the analytical solution can produce correct 239 

results for the case of heterogeneous inclusion. Similar level of match between the analytical 240 

and numerical solution is also obtained for the pressurized cavity case given different host 241 

Poisson ratio in a wide range. 242 

 243 



Results 244 

Pressurized cavity 245 

We first focus on the effect of a pressurized cavity with      on the displacement and stress at 246 

the free surface. The cavity depth and Poisson ratio of the host are systematically varied to see 247 

how they affect the magnitude and distribution of displacement and stress on the free surface. 248 

Stresses     and     scaled by cavity pressure      are plotted in Fig. 5. It is shown that as 249 

inclusion depth increases (Fig. 5A and 5B), both     and     decrease. The decrease of the 250 

absolute value for stress is more significant when the cavity is close to the free surface. It is 251 

noted that when the cavity is close to the free surface (     ), negative     is present at the 252 

surface at the distance greater than 0.7 to 1.1 from the centre of the surface (r=0) (Fig. 5A). 253 

This shows that compression is present in radial direction. This observation of negative     is 254 

not significant when    . The tangential stress     is always positive, implying that 255 

extension in tangential direction is present given any cavity depth. When the Poisson ratio of 256 

the host decreases from 0.45 to 0.05 (Fig. 5C and 5D), overall     decreases and     257 

decreases close to the centre (r=0).  258 

The effect of cavity depth and host Poisson ratio on surface displacement is shown in Fig. 6. 259 

The displacement is scaled by a factor of cavity pressure      divided by host shear modulus 260 

 . It is noted that as the cavity depth increases, the overall radial displacement    and vertical 261 

displacement    decrease. When the cavity depth approaches 5, both radial and vertical 262 

displacements become relatively homogeneous. The peak radial displacement    at the 263 

surface is shifted towards higher distance from the centre point as cavity depth increases (Fig. 264 

6A). As host Poisson ratio decreases, the absolute value of radial and vertical displacement 265 

increases. 266 

To better demonstrate the effect of pressurized cavity depth on the stress at the free surface, 267 

    at the centre point of the free surface is plotted as a function of cavity depth given 268 

different Poisson ratio (Fig. 7). In this case,     is equal to     at the centre point of the free 269 

surface. It is shown that     dramatically increase when the cavity depth is lower than 2, and 270 

drops below 0.1 when the cavity depth exceeds 3~4. As the host Poisson ratio decreases, the 271 

peak     decreases at the centre point of free surface. 272 

The stress trajectories for principle stresses and slip lines are shown in Fig. 8. The results are 273 

given for x-z plane. The host Poisson ratio is 0.3. The cavity depth is 1.5. Stress trajectories 274 

are computed based on the orientations of the maximal and minimal principle stresses in the 275 



2D plane. In Fig. 8A, the background colour shows the magnitude of maximal principle stress. 276 

The white contours show the stress trajectories of maximal principle stress, and the black 277 

contours show the stress trajectories of minimal principle stress. If positive      is imposed in 278 

the cavity, mode I radial fractures may occur following the black contours. If negative      is 279 

imposed, mode I circular fractures may occur following the white contours. In Fig. 8B, the 280 

second invariant of stress tensor is plotted as background colour. The black contours are slip 281 

lines where mode II in-plane fractures may occur. The internal friction angle is set as 30
o
.  282 

 283 

Inclusion-host interface sliding 284 

Different from the previously studied pressurized cavity case, an inclusion with eigenstrain 285 

may cause sliding at the inclusion-host interface. By varying the dimensionless parameter  , it 286 

is possible to systematically investigate the amount and effect of inclusion-host interface 287 

sliding. Fig. 9 shows the displacement and shear stress plotted along the inclusion-host 288 

interface. In this example, both inclusion and host possess Poisson ratio 0.3 and shear 289 

modulus ratio is one. The goal is to investigate how   influences the displacement and stress. 290 

It is found that by gradually increasing  , the tangential displacements of inclusion and host 291 

start to diverge, especially on the inclusion side. The maximal displacement mismatch occurs 292 

at the tangential angle ca.          . As a consequence of increasing the amount of 293 

interface sliding, the shear stress at the interface gradually relaxes until completely vanished 294 

when       .  295 

The effect of inclusion depth on the amount of inclusion-host interface sliding is illustrated in 296 

Fig. 10. The black curve shows the case for perfectly bonded interface. Therefore, the 297 

tangential displacement    is equal between inclusion and host. It is shown that when free 298 

sliding interface is imposed,    at the inclusion side significantly diverge from the perfectly 299 

bonded case at inclusion depth d<2. When the inclusion depth is higher than 3, these two end 300 

members become similar. This suggests that the interface sliding effect is not negligible at 301 

shallower inclusion depth d<2~3. 302 

 303 

Inclusion pressure relaxation 304 

Pressure relaxation occurs due to the proximity of inclusion to free surface. Apart from the 305 

inclusion depth, the elastic stiffness of the host also controls the amount of pressure relaxation. 306 



Here, these two variables are systematically investigated: i.e. the inclusion depth, and shear 307 

modulus ratio. The Poisson ratio of both inclusion and host is set as 0.3. The pressures at four 308 

locations within the inclusion are shown in Fig. 11. The plotted pressure is scaled based on 309 

the expected inclusion pressure in infinite host as follow (simplified based on Eq. 22 in Zhang, 310 

1998). Therefore, the dimensionless pressure is a value smaller than one that allows 311 

straightforward investigation on the relative amount of pressure relaxation.  312 
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In Fig. 11, the entrance of 3% pressure relaxation is illustrated with white contours. This 313 

amount of relaxed pressure is considered here as a small value. In general, elastically softer 314 

host crystal leads to higher amount of pressure relaxation, especially when the inclusion is 315 

close to free surface. The effect of inclusion-host interface sliding can be observed by 316 

comparing C and D in Fig. 11. In general, the effect is significant on the locations close to the 317 

inclusion-host interface (locations A, C and D), and much less significant at the inclusion 318 

centre (location B). For location A (inclusion top), negative pressure (extension) is observed 319 

when the depth is shallow and the surrounding host is elastically soft in the case of perfectly 320 

bonded inclusion-host interface. However, this is not observed for the free sliding case. The 321 

bottom of the inclusion (location C) undergoes significant amount of pressure relaxation in 322 

case of free sliding interface compared to perfectly bonded interface.  323 

 324 

Discussion and Conclusions 325 

We present an analytical solution for the stress and displacement fields of systems composed 326 

of a spherical inclusion or a pressurized cavity in proximity to a free surface. The analytical 327 

solution is versatile in solving the elastic problem given any elastic stiffness of the system. 328 

The solution can be useful in studying problems such as surface stress and displacement 329 

above a pressurized magma chamber, or mineral inclusion containing residual pressure sealed 330 

in a thin-section. Using the derived analytical solution, we systematically investigate the 331 

dimensionless stress and displacement at the free surface above a pressurized cavity. Given 332 

the obtained stress tensor from analytical solution, stress trajectories and slip lines can also be 333 

visualized that provide insights on the potential mode and pattern of fractures.  334 

The amount of pressure relaxation due to free surface is most significant under following 335 

scenarios: 1) when the measurements are performed at the top of the inclusion, 2) when the 336 



host is elastically soft. The difference of the inclusion‟s pressure variations between perfectly 337 

bonded and sliding interface can be significant. It needs to be highlighted that the bottom 338 

point of the inclusion undergoes significant pressure relaxation if interface sliding occurs. 339 

This is counter-intuitive and contrary than the perfectly bonded interface where the bottom 340 

point undergoes least pressure relaxation.  341 

In general, the presented analytical solution has several potentials and implications: 342 

 The analytical solution can be used for the verification of numerical codes for solving 343 

linear elastic problems based on e.g. finite element or finite difference methods etc.  344 

 The stress and displacement field in an inclusion-host system can be investigated 345 

precisely at particular points that may be difficult to be approximated using numerical 346 

methods, e.g. along the interface or at the free surface. 347 

 The effects of some key parameters in the studies of inclusion-host system, e.g. elastic 348 

moduli, inclusion depth from free surface, the sliding of inclusion-host interface etc. 349 

can be directly tested analytically. 350 

The source code is available as executable MATLAB script in the supplementary material or 351 

upon personal request.  352 

 353 

Acknowledgements 354 

This project has been supported by Swiss National Science Foundation (P2EZP2_172220) to 355 

XZ, and the European Union's Horizon 2020 Research and Innovation Programme under the 356 

ERC Advanced Grant Agreement n°669972, „Disequilibrium Metamorphism‟ („DIME‟) to BJ. 357 

MD acknowledges PGI-NRI project no. 61-9015-1601-00-0.   358 



Figures 359 

 360 

Fig. 1. A spherical inclusion close to free surface. The Cartesian, spherical and cylindrical 361 

coordinates are schematically shown using different colours. The inclusion radius is set as one. 362 

The free surface is located at     . 363 

  364 



 365 

 366 

Fig. 2 Model benchmark results using Mindlin‟s solution in half space (curves) with depth 1.5 367 

and this method (dots) given the same depth (Mindlin and Cheng, 1950). A, B and C show the 368 

stresses computed along the profiles denoted by the purple lines in each figure. Both inclusion 369 

and host have a Poisson ratio of 0.25 and shear modulus of 1. The number of displacement 370 

potential series   is chosen as 25.  371 

  372 



 373 

 374 

Fig. 3. Accuracy test showing the effect of   on computed error at different inclusion depth. 375 

A is for the normal stress     at the top point of inclusion, B is for the shear stress     at the 376 

lateral point of inclusion. For A, the error is represented by     
           

       , where 377 

   
        denotes the exact solution from Mindlin and Cheng, (1950) and    

       denotes the 378 

series expansion solutions presented in this paper. The elastic moduli are the same as in Fig. 2. 379 

  380 



 381 

Fig. 4. Model benchmark results with FE solutions (dots). A, B and C show the stresses 382 

computed along the profiles denoted by the purple lines in each figure. The shear modulus of 383 

inclusion and host are 3 and 1, respectively. The Poisson ratio of the inclusion and host are 384 

0.25 and 0.35. The inclusion depth is 1.5 and eigenstrain is 1. The number of displacement 385 

potential series   is chosen as 25. 386 

 387 



 388 

Fig. 5. Computed     and     along r direction at the surface above a cavity with pressure 389 

    . A and B are plotted stresses as a function of cavity depth given same Poisson ratio. C 390 

and D are plotted stresses as a function of Poisson ratio given the same cavity depth. The 391 

stresses are scaled by     . 392 

 393 

 394 



 395 

Fig. 6. Computed    and    along x direction at the surface above a cavity with pressure     . 396 

A and B show plotted displacements as a function of cavity depth given the same Poisson 397 

ratio. C and D show plotted displacements as a function of Poisson ratio at the same depth. 398 

The displacements are scaled based on cavity pressure and shear modulus of the host.  399 

  400 



 401 

 402 

 403 

Fig. 7. Plotted     as a function of pressurized cavity depth evaluated at the centre point of 404 

free surface shown by the black dot in the small figure. The host Poisson ratio are denoted by 405 

different colour.  406 

  407 



 408 

 409 

Fig. 8. Computed maximal principle stress in A and the second invariant of stress tensor in B 410 

around a pressurized cavity     . In A, the stress trajectories for the maximal principle stress 411 

are shown by white contours and the minimal principle stress by black contours. Mode I 412 

radial fractures may occur following the black contours given positive     . In B, slip lines are 413 

shown by black contours. Mode II fractures may occur following the black contours. The 414 

internal friction angle is 30
o
. The host Poisson ratio is 0.3. The cavity depth is 1.5. 415 
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 417 

 418 

Fig. 9. Tangential displacement and shear stress plotted along the inclusion-host interface 419 

with different  . The inclusion and host possess Poisson ratio 0.3. The displacements on both 420 

sides of host and inclusion overlap when     for perfectly bonded case and diverge when 421 

   . The inclusion depth is set as 1.2. 422 



 423 

Fig. 10. Effect of inclusion depth on the amount of interface sliding. The shear modulus ratio 424 

is set as one. The tangential displacement    is taken at the locality shown by the grey dot on 425 

the inclusion. The parameter   is set as 10000 to guarantee free sliding. The inclusion and 426 

host have Poisson ratio 0.3. 427 

  428 



 429 

 430 

 431 

Fig. 11. A-B show the pressure variations within inclusion at depth 1.2. Pressure is scaled 432 

based on the expected pressure assuming infinite host radius. The shear modulus ratio is one. 433 

The Poisson ratios of inclusion and host are set as 0.3. C-D show the pressure measured at 434 

four locations denoted in A and B as a function of inclusion depth and shear modulus ratio. A 435 

and C are for perfectly bonded inclusion-host interface, B and D are for free sliding case 436 

(     ). The white contours in C-D show the entrances of 3% pressure relaxation 437 

compared to the expected value in infinite host.   438 



 439 

 440 

References 441 

Browning, J., Gudmundsson, A., 2015. Surface displacements resulting from magma-chamber 442 

roof subsidence, with application to the 2014-2015 Bardarbunga-Holuhraun 443 

volcanotectonic episode in Iceland. J. Volcanol. Geotherm. Res. 308, 82–98. 444 

https://doi.org/10.1016/j.jvolgeores.2015.10.015 445 

Chiu, Y.P., 1978. On the Stress Field and Surface Deformation in a Half Space With a 446 

Cuboidal Zone in Which Initial Strains Are Uniform. J. Appl. Mech. 45, 302. 447 

https://doi.org/10.1115/1.3424292 448 

Dabrowski, M., Krotkiewski, M., Schmid, D.W., 2008. MILAMIN: MATLAB-based finite 449 

element method solver for large problems. Geochemistry, Geophys. Geosystems 9, 1–24. 450 

https://doi.org/10.1029/2007GC001719 451 

Enami, M., Nishiyama, T., Mouri, T., 2007. Laser Raman microspectrometry of metamorphic 452 

quartz: A simple method for comparison of metamorphic pressures. Am. Mineral. 92, 453 

1303–1315. https://doi.org/10.2138/am.2007.2438 454 

Eshelby, J.D., 1957. The determination of the elastic field of an ellipsoidal inclusion, and 455 

related problems, in: Proceedings of the Royal Society of London A: Mathematical, 456 

Physical and Engineering Sciences. The Royal Society, pp. 376–396. 457 

Fialko, Y., Khazan, Y., Simons, M., 2001. Deformation due to a pressurized horizontal 458 

circular crake in an elastic half-space, with application to volcano geodesy. Geophys. J. 459 

Int. 146, 181–190. 460 

Galland, O., Holohan, E., van Wyk de Vries, B., Burchardt, S., 2015. Laboratory Modelling 461 

of Volcano Plumbing Systems: A Review, in: Physical Geology of Shallow Magmatic 462 

Systems. pp. 147–214. https://doi.org/10.1007/11157 463 

Gerbault, M., Hassani, R., Novoa Lizama, C., Souche, A., 2018. Three-Dimensional Failure 464 

Patterns Around an Inflating Magmatic Chamber. Geochemistry, Geophys. Geosystems 465 

19, 749–771. https://doi.org/10.1002/2017GC007174 466 

Guldstrand, F., Galland, O., Hallot, E., Burchardt, S., 2018. Experimental Constraints on 467 

Forecasting the Location of Volcanic Eruptions from Pre-eruptive Surface Deformation. 468 



Front. Earth Sci. 6, 1–9. https://doi.org/10.3389/feart.2018.00007 469 

Kohn, M.J., 2014. “Thermoba-Raman-try”: Calibration of spectroscopic barometers and 470 

thermometers for mineral inclusions. Earth Planet. Sci. Lett. 388, 187–196. 471 

https://doi.org/10.1016/j.epsl.2013.11.054 472 

Kouris, D.A., Mura, T., 1989. The elastic field of a hemispherical inhomogeneity at the free 473 

surface of an elastic half space. J. Mech. Phys. Solids 37, 365–379. 474 

Lee, M., Jasiuk, I., Tsuchida, E., 1992. The sliding circular inclusion in an elastic half-plane 475 

59, 57–64. 476 

Mazzucchelli, M.L., Burnley, P., Angel, R.J., Morganti, S., Domeneghetti, M.C., Nestola, F., 477 

Alvaro, M., 2018. Elastic geothermobarometry: Corrections for the geometry of the host-478 

inclusion system. Geology 1–4. 479 

Mi, C., Kouris, D., 2013. Stress concentration around a nanovoid near the surface of an elastic 480 

half-space. Int. J. Solids Struct. 50, 2737–2748. 481 

https://doi.org/10.1016/j.ijsolstr.2013.04.029 482 

Mi, C., Kouris, D.A., 2006. Nanoparticles Under the Influence of Surface/Interface elasticity. 483 

J. Mech. Mater. Struct. 1, 763–791. 484 

Mindlin, R.D., Cheng, D.H., 1950. Thermoelastic Stress in the Semi-Infinite Solid. J. Appl. 485 

Phys. 931, 931–933. https://doi.org/10.1063/1.1699786 486 

Mogi, K., 1958. Relations between the Eruptions of Various Volcanoes and the Deformations 487 

of the Ground Surfaces around them. Bull. Earthq. Res. Inst. 36, 99–134. 488 

Morse, P.M., Feshbach, H., 1953. Methods of Theoretical Physics. McGraw-Hill. 489 

Mura, T., 1987. Micromechanics of Defects in Solids. Springer Science & Business Media. 490 

Mura, T., Jasiuk, I., Tsuchida, B., 1985. The stress field of a sliding inclusion. Int. J. Solids 491 

Struct. 21, 1165–1179. https://doi.org/10.1016/0020-7683(85)90002-2 492 

Segall, P., 2005. Earthquake and Volcano deformation, Princeton University Press. 493 

https://doi.org/10.1002/0471743984.vse7429 494 

Seo, K., Mura, T., 1979. The elastic field in a half space due to ellipsoidal inclusions with 495 

uniform dilatational eigenstrains. J. Appl. Mech. 46, 568–572. 496 

https://doi.org/10.1115/1.3424607 497 

Thomas, J.B., Spear, F.S., 2018. Experimental study of quartz inclusions in garnet at 498 



pressures up to 3.0 GPa: evaluating validity of the quartz-in-garnet inclusion elastic 499 

thermobarometer. Contrib. to Mineral. Petrol. 173, 1–14. https://doi.org/10.1007/s00410-500 

018-1469-y 501 

Tsuchida, E., Nakahara, I., 1970. Three dimensional stress concentration around a spherical 502 

cavity in a semi infinite elastic body. Bull. Jpn. Soc. Mech 13, 499–508. 503 

https://doi.org/10.1248/cpb.37.3229 504 

Zhang, Y., 1998. Mechanical and phase equilibria in inclusion-host systems. Earth Planet. Sci. 505 

Lett. 157, 209–222. https://doi.org/10.1016/S0012-821X(98)00036-3 506 

Zhong, X., Moulas, E., Tajčmanová, L., 2018. Tiny timekeepers witnessing high-rate 507 

exhumation processes. Sci. Rep. 8, 2234. https://doi.org/10.1038/s41598-018-20291-7 508 

 509 

 510 

 511 

Appendix 512 

The displacement in Cartesian coordinate can be expressed using displacement potentials as 513 

follow: 514 

      
   

  
  

   

  
  

     
   

  
  

   

  
  

     
   

  
  

   

  
           

 

(A1) 

where   is the shear modulus and   is the Poisson ratio. These elastic moduli are chosen 515 

accordingly for mineral inclusion and host to compute the displacement for each object. For 516 

conciseness purpose, the overhead bar is not used here.  517 

Strain and stress can be derived using the above displacement and transformed into any other 518 

coordinate systems. In spherical coordinate, the displacement and stress are given below.  519 
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where   is zero for host, and one for inclusion. The rest displacement (  ) and stress 520 

components (   ,    ) are zero due to the axisymmetric property of this problem. 521 

In cylindrical coordinate, we have: 522 

    
   

  
  

   

  
  

   
   

  
  

   

  
           

    
    

   
  

    

   
   

   

  
  

    
    

          
   

  
  

    

     

    
    

    
       

   

  
  

    

    
  

    
 

 

   

  
 

 

 

   

  
   

   

  
  

 

 

(A3)  

For the coordinate transformation of the displacement potentials, the following mathematical 523 

rules are needed (see e.g. Morse and Feshbach, 1953; Tsuchida and Nakahara, 1970): 524 

      

     
     

  
∫          

    
 

 
  (A4)  

where    , and: 525 
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This transformation is valid only when    , thus it is particularly suitable for matching the 526 

traction at inclusion-host interface due to the choice of inclusion radius as one. 527 

For Legendre polynomials, the following recurrence relations can be useful in deriving the 528 

stress and displacement in Eq. 14 and 16: 529 
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(A6) 



The derivative of Bessel function has some useful properties that have been taken advantaged 530 

of during the derivation for displacement and stress in Eq. 21 and 23. 531 
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