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Towards closing the window of primordial black holes as dark matter:
the case of large clustering
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The idea of dark matter in the form of primordial black holes has seen a recent revival triggered
by the LIGO detection of gravitational waves from binary black hole mergers. In this context,
it has been argued that a large initial clustering of primordial black holes can help alleviate the
strong constraints on this scenario. In this letter, we show that on the contrary, with large initial
clustering the problem is exacerbated and constraints on primordial black hole dark matter become
overwhelmingly strong.

Introduction.— Soon after realising that black holes
(BHs) could form in the early radiation-dominated uni-
verse [1–3] from the gravitational collapse of large density
fluctuations, it was pointed out that such objects may
even contribute appreciably to the total matter density
[4]. An obvious question is therefore whether these pri-
mordial black holes (PBHs) could explain all of the cos-
mologically observed dark matter (DM), see Refs. [5, 6]
for recent reviews. This idea has seen greatly renewed
interest [7–11] after the discovery of binary mergers by
the Advanced Laser Interferometer Gravitational-Wave
Observatory (LIGO) [12–15], proving the existence of
O(10M�) BHs with so far unclear origin.

Constraints on the allowed DM fraction fPBH of PBHs
derive from a large number of observations and have been
explored for a vast range of mass scales, see Refs. [5, 6, 10]
for an overview. While there seems to be a broad con-
sensus that fPBH ∼ 1 is essentially excluded for black
hole masses mPBH & 10−10 M� when assuming a homo-
geneously distributed population of PBHs with a single
mass, this general picture changes when either of these
conditions is not met. Intriguingly, this also opens the
window of PBH masses consistent with the LIGO obser-
vations by circumventing the stringent constraints from
microlensing and from the cosmic microwave background
(CMB) [16] (see however [17, 18]).

Clustered PBH distributions have been argued to arise
generically in Refs. [19, 20], possibly explaining the ex-
istence of super-massive BHs [21, 22]. Only recently it
was realized that significant clustering is in fact not ex-
pected for Gaussian primordial fluctuations [23, 24], as
predicted by vanilla models of cosmic inflation. How-
ever, highly clustered PBH distributions could still plau-
sibly arise, e.g., in the presence of sizeable primordial
non-Gaussianities [25] or from the collapse of domain
walls [26]. In this Letter we choose to be agnostic about
the possible origin of large PBH clustering. Instead we
demonstrate that in such a situation fPBH ∼ 1 is in fact
still excluded over a wide mass-range, thereby closing this
possibly last loop-hole for all DM consisting of PBHs with

masses larger than 10−10M�.

The initial clustering of PBHs is indeed a key param-
eter to understanding the phenomenology of PBH DM,
affecting merger rates [27, 28], the subsequent structure
formation [29], and the interpretation of observational
bounds [16]. Here we take a pragmatic and phenomeno-
logical approach by parametrising the clustering as a con-
stant, free parameter on the scales of interest. We point
out that, for the large PBH clustering discussed in the
literature, the expected merger rates easily exceed one
per binary and Hubble time. We demonstrate that mul-
tiple subsequent mergers severely constrain PBH DM as
a possible explanation of the LIGO events because of
i) the expected (as compared to observed) merger rate,
ii) the impact of the additional radiation component in
gravitational waves (GWs) on both CMB and large-scale
structure observations, and iii) a present-day stochastic
GW background (SGWB) exceeding the sensitivities of
current ground- (or future space-) based observatories.

This Letter is organised as follows. We start by
describing the GW spectrum and energy density from
cosmological PBH mergers, before discussing how the
merger rate critically depends on the initial PBH clus-
tering. We then introduce a cascading merger scenario
to capture the effects of large clustering, and hence high
merger rates. We derive the resulting contributions to
the stochastic GW background and the relativistic en-
ergy density in GWs, using the cosmological parameters
from Ref. [30] whenever relevant. Along with the actual
event rate observed by LIGO, we use this to place con-
straints on fPBH. In the accompanying material [31] we
show that deviating from our assumptions in the main
text does not qualitatively change our results.

Gravitational waves from merging black holes.— Co-
alescing binary BHs emit GWs with a characteristic spec-
trum dEGW/ dν, with a total energy that makes up a
significant fraction of the rest mass [32]. For BHs with
identical masses and negligible spins, e.g., one expects
EGW/M2BH ' 5%, where M2BH is the initial mass of the
system. For the ten events observed so far by LIGO, this



2

number ranges between 3.3% and 5.4% [33].
In the following we will study the cumulative effect of

all mergers throughout the cosmological evolution. The
resulting present energy density per logarithmic frequency
interval is conventionally expressed in units of the critical
density, ρc = 3H2

0/(8πG), and computed as [34, 35]

ΩGW(ν) =
1

ρc

∫ ∞
0

dz̃

∫
dR(z̃)

ν

(1 + z̃)H(z̃)

dEGW

dνs
. (1)

Here, the merger rate is denoted as R(z), where z is the
cosmological redshift, H is the Hubble rate, and the ob-
served frequency ν corresponds to an emission frequency
of νs = ν(1 + z). The total energy density in gravita-
tional waves at any given redshift z ≡ a− 1 is therefore

ρGW(z)

(1 + z)4
=

∫ ∞
z

dz̃

∫
dν

∫
dR(z̃)

dEGW/ dν

(1 + z̃)2H(z̃)
. (2)

Covariant conservation of energy implies that the mass
density in PBHs must correspondingly decrease as
a−3 d(a3ρPBH)=−a−4 d(a4ρGW) [36], which gives

ρPBH(z)

(1 + z)3
= C −

∫ ∞
z

dz̃

∫
dν

∫
dR(z̃)

dEGW/ dν

(1 + z̃)H(z̃)
. (3)

We fix the integration constant C such that
fPBH ≡ (ρPBH/ρDM)zCMB

is the PBH fraction at
z = zCMB ' 1100. For the spectrum dEGW/dν we use
commonly adopted fitting formulae [37–40].

Merger rates and clustering.— In the early universe,
PBH binary formation starts once the Newtonian force
between two initial PBHs overcomes the Hubble flow,
with a nearby third PBH providing the angular momen-
tum necessary to prevent a head-on collision [9, 41, 42].
Later, peculiar velocities may be too large for this to hap-
pen; instead, binary formation can be triggered by the
energy loss in GWs during close encounters of two PBHs
[43, 44]. For the parameter combinations of interest to us,
though, the rate associated to the first formation mecha-
nism largely exceeds that for the second, even for binaries
merging only today [27]. Once formed, these binary sys-
tems survive until they merge, largely unaffected by the
evolution of the surrounding Universe [45].

A crucial input for calculating those merger rates is the
initial clustering of PBHs. Phenomenologically, this can
be described in terms of an idealised two-point correla-
tion function ξPBH(r) that is constant at scales relevant
for the formation of PBH binaries [27]:

1 + ξPBH(r) ≈ δdc = const. , (4)

where δdc describes the local density contrast, evaluated
at the time when the two BHs decouple from the Hubble
expansion. A perfectly homogeneous PBH distribution
corresponds to δdc = 1, while a highly clustered PBH dis-
tribution is described by δdc � 1. Values of δdc & 105 are

particularly interesting, as they are required to circum-
vent the tight constraints on PBH DM from microlensing
and the CMB [16]. Furthermore, constraints arising from
the conversion of PBH DM into gravitational radiation
are alleviated if PBH mergers occur only at high red-
shift, which was demonstrated to happen for δdc & 104

assuming only a single merger step [27].
We will see that a highly clustered initial PBH popula-

tion not only leads to a more efficient formation of bina-
ries but also to a significantly enhanced merger rate, dur-
ing the whole cosmological evolution until today. These
findings crucially extend previous results in the literature
(see e.g. [27, 28]), which consider the impact of clustering
only on a single merger step.

Cascading black hole merger events.— We thus need
to improve these scenarios by allowing for subsequent
merger steps, i.e. binary mergers of systems of previously
merged PBHs. For simplicity, we model the PBHS distri-
bution as an initially monochromatic mass distribution
peaked at m0 and assume that the PBH masses in merger
step j are given by

mj = 2mj−1 − EGW(mj−1) ∼ 1.9jm0 . (5)

The impact of more realistic, extended initial mass
functions is discussed in the accompanying material,
where we demonstrate that our key results are not af-
fected by this choice. The average PBH number density
nj = ρPBH,∞/(2

jm0) is locally enhanced by a factor of
1 + ξ(r) ≈ δdc,j , where ρPBH,∞ denotes the initial PBH
density and we model the decrease of the PBH clustering
as δdc,j ' 2−j δdc,0. The details of this decrease will in
general depend on the exact form of the two-point corre-
lation function; as argued in the accompanying material,
the specific choice above leads to rather conservative lim-
its on the fraction of PBH DM.

The merger rate of the jth merger step is given by

Rj(t) =

∫ x̃

0

dx

∫ ∞
x̃

dy
∂2n3,j(x, y)

∂x∂y

δ(t− τ(x, y,mj)−max(tdc,j(x), tform)) , (6)

where x and y denote the comoving distances from a
given PBH to the nearest and next-to-nearest PBH,
respectively, and the number density of PBH triples
n3,j(x, y) is given by [27]

dn3,j(x, y) =
nj
2

e−
4π
3 y

3njδdc,j (4πnjδdc,j)
2x2y2 dxdy . (7)

The delta distribution in Eq. (6) ensures that the coales-
cence time τ [46],

τ(x, y,mj) = τ̃j (x/x̃j)
37

(y/x̃j)
−21

, (8)

with

τ̃j =
3a4

eqx̃
4
j

170(Gmj)3
, x̃3

j =
3

4π

2mj

a3
eqρeq

, (9)
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FIG. 1. Conversion of PBH energy density (main panel)
into gravitational wave radiation (in terms of a correspond-
ing number ∆Neff of additional neutrinos, top right inlet) for
m0 = 1M�, fPBH = 1, and different theoretical treatments.
In grey, we indicate regions excluded by cosmology [36].

is measured from when the PBHs are both formed (tform)
and decoupled from the Hubble flow (tdc,j). PBHs form
almost immediately after the corresponding density per-
turbations enter the Hubble horizon, with a mass m0

equalling the total energy within the horizon at that time,
and the decoupling from the Hubble flow occurs when the
gravitational attraction overcomes the Hubble expansion:

tform = Gm0 , tdc,j =

(
16πG

3
ρeq

)−1/2(
x

x̃j

)6

. (10)

The subscript ‘eq’ above refers to matter radiation equal-
ity. The merger rates Rj in Eq. (6) are connected to the
differential one employed in Eqs. (1)-(3) via

dR(z̃) =
∑
j

Rj(t(z̃)) δ(m−mj) dm. (11)

To recap, we consider a scenario of subsequent equal-
mass mergers with a corresponding shift in the mass dis-
tribution and local density contrast in each merger step.
Let us stress that even though there are characteristic
time-scales implied by the merger rates, we allow PBHs
of given massmj to merge at any time between the decou-
pling for the jth step (as long as tdc,j > tform) and today.
For rare very early mergers this may lead to situations
where coalescence in our model begins when, in reality,
instead of the eventually merging two PBHs a preceding
set of smaller PBHs is present; in this case, we slightly
underestimate the actual amount of emitted GWs. We
further introduce an approximate scenario to better visu-
alise the individual merger steps, adopting rates Rj that
are zero before max(tdc,j , tform), constant until the aver-
age coalescence time has passed (with average values for
x and y), and zero afterwards.
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FIG. 2. GW density parameter per logarithmic frequency
interval for m0 = 1 M�, fPBH = 1, and different theoret-
ical treatments. In grey, we indicate present (solid lower
lines) and projected (dashed lower lines) constraints from
NANOGrav [48], LISA [49], and LIGO [50] (present O1 and
projected design constraint).

In Fig. 1 we show the decrease of the PBH energy
density in our merger scenario (solid lines) as well as
the corresponding increase in gravitational wave radia-
tion (top right inlet). Overall, the agreement between
the full rates, as computed from Eq. (6), and the simple
approximate scenario mentioned above (dashed lines) is
fairly good. In particular we note the sizeable equidistant
spacing of the merger steps, justifying the assumption of
a hierarchical merging scenario. The dash-dotted curves
represent the common assumption of a single merger step.
For larger values of δdc,0, this merger step occurs earlier
[27], leading to the tempting conclusion that bounds on
the GW production can be evaded since the produced
radiation is highly red-shifted. As we discuss below, this
conclusion clearly no longer holds once multiple merger
steps are taken into account.

Cosmological bounds.— The conversion of PBH DM
into GW radiation modifies the standard cosmological
evolution and is constrained by CMB and large scale
structure (LSS) observations [36]. This can be roughly
split into i) an upper bound on the effective number of
neutrino species at the time of the CMB, ∆Neff(zCMB) .
0.3 [30], indicated by the grey area in the inlet of Fig. 1,
and ii) the amount of DM converted into invisible (‘dark’)
radiation at later times. From Fig. 6 in Ref. [36] one
can deduce that not more than ∼ 5% of DM can be
converted into dark radiation after the CMB epoch, irre-
spective of the precise time-dependence of this conversion
(and consistent with the 4.2% found for the case of de-
caying DM [47]). For simplicity, and because other con-
straints turn out to be stronger, we conservatively adopt
this bound of 5% in our analysis (indicated by the grey
region in the bottom right of Fig. 1).
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m/M� 0.2 1 10 20 40 100 200 300
RGpc3 yr 106 1.9 · 104 330 77 15 2 5 20

TABLE I. 90% CL upper limits on merger rates in the late
universe, taken from Refs. [52–55].

The stochastic gravitational wave background.—
With the cumulative merger rate described above, it

is also straightforward to compute the resulting SGWB
as given in Eq. (1). In Fig. 2, we illustrate the predictions
for an initial PBH mass of 1 M� and different initial clus-
terings δdc,0 = 105 and δdc,0 = 106. The GW spectrum
is dominated by late time mergers (z . 10), since ear-
lier GW emission is highly diluted by cosmic expansion.
Larger clustering implies that most of these late mergers
are associated with heavier BHs, which emit GWs with
lower frequencies. For the parameter example of Fig. 2
we find that the mergers occurring at z = 0 have typically
undergone 4 (9) previous mergers for δdc,0 = 105(106), re-
sulting in a PBH mass that is larger by a factor of about
20 in the latter case. Since the frequency of the emit-
ted GWs roughly scales as ν ∼ 1/M2BH, cf. [27, 51], this
explains the shift between the two solid lines in Fig. 2.
Moreover, the merger cascade described above leads to
a mild broadening of the high frequency peak. At low
frequencies, the ΩGW ∼ ν2/3 scaling indicates the early
inspiral phase of the BH binaries [38].

For comparison, the dash-dotted curves show the pre-
dictions for a single merger step, where the main effect of
large clustering is to shift the merging time to high red-
shift, strongly suppressing the GW spectrum. However,
as Fig. 2 demonstrates, later mergers completely change
the picture, leading to a large contribution to the SGWB.
The grey contours, finally, indicate the power-law inte-
grated sensitivity curves of LIGO [50] and the pulsar tim-
ing array NANOGrav [48], as well as the planned space-
based LISA [49] observatory.

Observed merger rate.— The LIGO/VIRGO obser-
vations strongly constrain the merger rate of PBHs with
masses between 0.2 and 300 M� [52–55]. Interpolat-
ing linearly between the limiting rates stated in Tab. I,
and comparing this to the calculated Rj(z = 0), allows
us to derive an upper bound on fPBH. Starting with
an initially monochromatic mass function, we would not
expect to reproduce the BH mass distribution observed
by LIGO. However, requiring to reproduce the total ob-
served merger rate (12− 213 Gpc−3yr−1 [15]) with PBH
mergers in the sensitivity band of LIGO (7− 50M�), we
obtain a (very conservative) range in m0 compatible with
the total merger rate observed by LIGO.

Results.— In the left panel of Fig. 3, we summarise
the resulting constraints on the allowed fraction of DM in
PBHs for large initial clustering, δdc,0 = 106, as a func-
tion of the initial PBH mass m0 (the shaded regions are
excluded). For reference, we also indicate contour lines

with the present, rate-averaged PBH mass mavg. We de-
pict as blue-green and orange curves, respectively, the
cosmological constraints [36] indicated as grey shaded
areas in Fig. 1. The blue solid line shows the merger
rate constraint; we note that it extends to average PBH
masses well below the LIGO/VIRGO limit because a
small fraction of PBHs will still satisfy mPBH > 0.2M�
after many merger steps. The remaining lines, finally,
correspond to the SGWB constraints from NANOGrav
(green) and LIGO (purple) indicated in Fig. 2. The up-
coming space-based LISA experiment (red, dashed) may
severely tighten these constraints.

In the right panel of Fig. 3, we show our combined re-
sults on fPBH, illustrating that larger values of the clus-
tering parameter δdc,0 in fact lead to tighter constraints.
For comparison, the dash-dotted lines indicate the much
weaker constraints obtained when taking into account
only a single merger step. The arrows indicate the range
form0, where for a suitable fPBH the total present merger
rate is consistent with all observed LIGO events being
caused by PBH mergers.

Discussion.— We made a number of simplifying as-
sumptions when modelling the PBH merger history,
which can impact the details of the limits summarized
in Fig. 3. As we argue below, however, our main result
that a large clustering leads to a tightening of existing
limits is robust. This implies, in particular, that the BHs
observed by LIGO cannot be part of a PBH population
comprising all of the DM.

To start with, we have throughout assumed a
monochromatic initial PBH mass distribution. While a
full investigation of extended mass distributions is be-
yond the scope of this work, we have checked explicitly
that a log-normal initial mass distribution does not qual-
itatively change the merger history [31] (nor the SGWB
constraints [27]). Another crucial input was our assump-
tion that the local PBH number density contrast de-
creases as δdc,j = 0.5jδdc,0. If the density contrast de-
creases less rapidly (which in fact is a more realistic as-
sumption in many situations) the constraints soon be-
come significantly stronger even for less ‘extreme’ initial
values of δdc [31]. As we further argue in [31], it is also a
well justified approximation to neglect the effect of GW
recoils of newly formed binaries.

Conclusions.— If PBHs are not homogeneously dis-
tributed in the Universe but highly clustered, existing
bounds on their abundance must be re-interpreted. Here
we have demonstrated that the resulting limits are not
weakened, as claimed previously, but instead strength-
ened because subsequent merger steps would dominate
the SGWB. Taking into account constraints from cosmol-
ogy and direct GW searches, we find that for δdc,0 > 104

the case of pure PBH DM is firmly excluded in the en-
tire range of initial PBH masses between 10−5M� and
100M�. For slightly less conservative assumptions about
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FIG. 3. Left. Constraints on the allowed fraction fPBH of PBH DM as a function of the initial PBH mass m0 for large
clustering (δdc,0 = 106) in the merger cascade scenario. The thinner black lines indicate contours of the rate-averaged PBH
mass mavg = (

∑
j Rjmj)/

∑
j Rj at z = 0. Right. Combined constraints on fPBH for different clustering parameters δdc,0.

the decrease of δdc in subsequent merger steps, this even
holds for much smaller initial density contrasts [31]. We
note that outside this mass range bounds are also very
strong [10], which essentially left this interval as one out
of only two realistic options for explaining all DM in
terms of PBHs (the second one arises for much lighter
PBHs of 10−16 . mPBH/M� . 10−11 [56]).
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EXTENDED MASS DISTRIBUTIONS

In the main text, we focused for simplicity on an ini-
tially monochromatic PBH mass distribution. Realis-
tic models of PBH formation however predict extended
mass functions. For example, if the scalar perturbations
which collapse into PBHs are formed during single-field
inflation, then the characteristic time-scale governing the
width of any peaked feature in the scalar power spectrum
is the Hubble time. Consequently, the resulting PBH
mass distribution is expected to be rather broad, since
the range of enhanced length scales is exponentially sen-
sitive to this time-scale [57] (though notable exceptions
exist [58–61]). More generally, even if the spectrum of
enhanced scalar perturbations is essentially monochro-
matic, the process of collapsing the initial perturbations
into PBHs obeys a critical scaling relation, implying a fi-
nite width for the resulting PBH mass spectrum [5]. Here
we discuss how the results in the main text are affected by
relaxing the assumptions of an initially monochromatic
PBH mass distribution.

To model an extended PBH mass function, we consider
the lognormal mass distribution

ψlog(m) =
fPBH,∞√

2πσm
exp

(
log2(m/m0)

2σ2

)
, (12)

where σ encodes the width of the distribution centered
around the reference scale m0. This distribution is nor-
malized so that fPBH,∞ =

∫∞
0

dmψ(m). Note that for
computational simplicity, we fix the PBH fraction of DM
at z →∞ in this chapter as indicated by the subscript∞.
In our scenario of multiple mergers, the strongest con-
straints on the PBH abundance arise from the bounds on
the SGWB and from the observed merger rate in LIGO,
see Fig. 3. Consequently we will focus on the impact of
the distribution (12) on these two quantities, noting that
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FIG. 4. Evolution of mass-integrated merger rate for lognor-
mal mass distributions with σ = 1 and 2 and monochromatic
mass distributions considering only one step with fPBH = 1,
δdc,0 = 106. Note the additional factor of a2 on the y-axis.

in particular significant changes in the (hierarchy of) the
merger rates at the individual steps could potentially en-
tail significant changes in our computations.

Fig. 4 shows the time evolution of the merger rate (in-
tegrated over all masses) for different mass distributions
for a single merger step, obtained by re-instating an ex-
tended mass function in Eq. (6). Here, the coalescence
time depends on the masses of the PBHs in the binary
(m(1) and m(2)) and the third PBH (m(3)) providing an-
gular momentum, and the number density of PBH triples
is now given by

dn
log/mono
3,0 (x, y) =

ρPBH,∞

2
e−N(y)(4πρPBH,∞δdc,0)2

x2y2 dxdy

3∏
i=1

ψlog/mono

m(i)
dm(i) , (13)

where

ρPBH,∞ = lim
z→∞

(1 + z)−3ρPBH(z) , (14)

N(y) =

∫ y

0

dỹ

∫ m

0

dm̃

4πỹ2δdc,0ρPBH,∞
ψlog/mono(m̃)

m̃
, (15)

ψmono(m) = fPBH,∞δ(m−m0) . (16)

For more details see [27]. We note that the time evo-
lution of this merger rate does not change significantly
when going from a monochromatic to a lognormal mass
distribution. This situation only changes at very late
times, when the merger rate of this single merger step
has however anyway dropped to a small value (note the
additional factor of a2 in Fig. 4). For the density con-
trast employed in Fig. 4, δdc,0 = 106, subsequent steps
start to dominate the total merger rate for a & 5 · 10−5

and a & 10−6 for m0 = 0.01 M� and m0 = 1 M�, re-
spectively. In conclusion, both the hierarchy among the
merger times of the individual merger steps as well as
the total amount of mergers are not significantly altered
when assuming a rather narrow lognormal mass distribu-
tion. For broader distributions the rate is even enhanced.

The SGWB for the lognormal distribution (12) was
studied in [27] for a single merger step, finding (for
σ = 1) a similar GW spectrum as in the monochromatic
case. Since the GW radiation from early PBH merg-
ers experiences a significant redshift, the SGWB in the
multiple merger scenario is dominated by the very last
merger. Consequently, since we found above that the
overall merger history is not significantly altered in the
case of a lognormal mass distribution, we conclude that
also the resulting SGWB is only moderately altered.

In summary, the strongest constraints depicted in
Fig. 3 do not appear to be very sensitive to the assump-
tion of a monochromatic initial PBH mass function. De-
pending on the mass function in question, they may vary
by a factor of a few or even an order of magnitude, but
the option of obtaining a significant PBH dark matter
fraction in the LIGO window of ∼ 10 M� remains firmly
excluded. For a given peaked mass distribution one may
conservatively estimate the constraints on highly clus-
tered PBH dark matter by considering a narrow window
around the central mass value, and applying the analysis
of the main text to this window only.

DECREASE OF LOCAL DENSITY CONTRAST

An important parameter in the modelling of the mul-
tiple merger scenario is the decrease in the local den-
sity contrast δdc, which depends on the details of the
two-point correlation function. In a large PBH ‘cloud’
of constant density, the (number) density contrast stays
approximately constant through many merger steps. On
the contrary, for PBH ‘clouds’ in which the typical dis-
tance from one PBH binary to the next is enhanced
compared to the initial size of the binary, the density
contrast drops faster. In the main text, we considered
δdc,j = 0.5jδdc,0, which we consider a conservative ap-
proach for highly clustered PBH distributions.

Here we also discuss the case of a locally approxi-
mately homogeneous density contrast. To model this,
we consider δdc,j = 0.9jδdc,0. The resulting constraints,
depicted in Fig. 5 for δdc,0 = 103, are clearly significantly
tighter than those presented in the main text. Note that
in this case the bounds can be extrapolated down to very
low masses. Taken at face value, this even allows to con-
strain masses as low as m0 = 10−16M�, but this ex-
trapolation implicitly assumes very large overdensities of
O(1015) PBHs, which seems hardly realistic. We also
note that such a slow decrease in the density contrast
weakens the hierarchy between the merger times of the
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FIG. 5. Constraints for smaller initial clustering, δdc,0 = 103

and δdc,j = 0.9jδdc,0. See Fig. 3 for details.

individual merger steps, making our analysis less robust.

We conclude this appendix by noting that for this
slower decrease in the density contrast corresponding to
rather homogeneous PBH ‘clouds’, the formation of N -
body systems may lead to a more complicated merger
history not covered by the treatment in this letter [62].

GRAVITATIONAL WAVE RECOIL

Due to asymmetries in the emitted gravitational ra-
diation, the remnant of merging binary BHs can gain
recoil velocities of O(100 − 1000 km/s) [63–65]. These
velocities are zero in the equal-mass zero-spin case, but
differ from zero if either of these conditions are not met.
Specifically, a maximal velocity of ∼ 175 km/s can be
obtained in the zero-spin case for a BH mass ratio of
0.36. For equal masses and non-zero spins with special
alignment the maximum recoil velocity can be as large as
∼ 5000 km/s [65]. As special spin alignment is unlikely
in the context of this work, we expect recoil velocities of
O(100 km/s). In our treatment of multiple merger steps
we have implicitly assumed that recoils do not affect the
evolution of the PBHs. Here we show that this approx-
imation is justified, by comparing these recoil velocities
to the relevant escape velocities.

The escape velocity from a PBH cluster will depend
on its global structure and hence on the two-point cor-
relation function. As we take the local density con-
trast to decrease as δdc,j ' 2−jδdc,0, we expect initial
clusters to contain ∼ δdc,0 PBHs with comoving radius
xclus = (3/4πn0)1/3, such that 4πx3

clusn0δdc,0/3 = δdc,0.
These clusters decouple from the Hubble flow during
radiation domination when the local energy density in
PBHs ρPBHδdc,0 is equal to the background density. This
gives a decoupling scale factor and an escape velocity

from the cluster of

adc,clus = a4
eq

ρeq

2m0n0δdc,0
, (17)

vesc,clus '

√
2Gδdc,0m0

xclusadc,clus

= 3600
km

s
f

2/3
PBH

(
m0

M�

)1/3
δdc,0

104
. (18)

This implies that for most regions of parameter space
recoils should not affect our results.

This conclusion may seemingly be challenged for small
initial masses and small values of fPBH. In this case, how-
ever, our constraints are driven by rare events of many
merger steps, implying that initially the PBHs were ex-
ceptionally close. Specifically note that any mergers we
take into account in our limits must have a coalescence
time τ smaller than the age of the universe t0, i.e.

τ = τ̃j (x/x̃j)
37

(y/x̃j)
−21 ≤ t0 . (19)

Conservatively estimating y ' 21/3x (smaller values give
larger escape velocities and larger values are exponen-
tially suppressed by the exponential term in Eq. (7)),
the escape velocity from a binary BH in merger step j
can be written as

vesc,bin =

√
2Gmj

xadc,j
& 190

km

s

(
mj

M�

)1/8

, (20)

where adc,j is the scale factor at which the binary system
decouples from the Hubble flow. We see that PBHs with
mj & 0.1M�, which are relevant for the merger rate and
the stochastic GW background from LIGO, typically do
not pick up a sufficient recoil in their previous merger
to escape the gravitational attraction of even their near-
est neighbour. Note however that even sub-critical re-
coils will generally lead to dynamical heating. A detailed
analysis of this effect is beyond the scope of this work.

In summary, due to the early formation time, the rel-
evant PBH escape velocities are very large in the highly
clustered scenarios we have studied here, allowing to ne-
glect the effect of GW recoils in our analysis.
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[8] S. Clesse and J. Garćıa-Bellido, Phys. Dark Univ. 15, 142
(2017), arXiv:1603.05234 [astro-ph.CO].

[9] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Phys. Rev. Lett. 117, 061101 (2016), [Erratum: Phys.
Rev. Lett.121,no.5,059901(2018)], arXiv:1603.08338
[astro-ph.CO].

[10] B. Carr, M. Raidal, T. Tenkanen, V. Vaskonen,
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