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Abstract

In this paper we investigate a logarithmic utility maximization problem of the ter-
minal wealth for an insider portfolio, where the inside information consists of knowledge
of some future values of the Brownian motion B(t) driving the financial market. More
specifically, we assume that at time ¢ the insider has access to market information at
least £; > 0 time units ahead of time. We consider two cases:

e Case 1: t+¢; >T.
In this case we assume that at time ¢ the insider knows the value of B(t+e;+1);0 <
r < e —t— &, for some g9 > T. More precisely, we assume that the inside
information H is a progressive inside information flow:

H = {Ht}te[O.T}) Ht = ft\/U(B(t-f-Et-FT),O <r< Eo—t—é‘t),vt S [O,T], (01) {er.Q}

for t + e, > T, where F; is the o-algebra generated by B(s);0 < s < t.

e Case 2: t+e; < T.
In this case we consider the enlarged filtration H = {H},c[o.7) where Hy = Fiie,.

The goal of this paper is to study when the market is wviable, in the sense that the
corresponding utility maximization problem admits a finite value.

To study this problem we first consider the case when the inside information at time ¢ is
given by knowledge of the values of Y; = (B(t—i—gil)), B(t+5§2))) for 0 < 5151) < 59, te
[0,T], and we use forward integrals, Hida-Malliavin derivatives and the Donsker delta
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functional in our approach. In Case 1 we give a necessary condition for the viability of
the market. We prove that the market is viable only if

T
/ —dt < 0. (0.2)
0

&t

In Case 2 we give a sufficient and necessary conditions for the viablity and we prove
that the market is not viable for any choice of g; > 0.

1 Introduction

The problem of insider trading is studied in many works for example [A, AIS, Al, BO, C,
DMOP2, DO1, H, IPW, PK]. This type of problems is related to the enlargement of filtra-
tion [Ja, J, Je, M].

The purpose of this paper is to study the classical Merton problem of portfolio optimization
in a financial market, extended to the case when the trader has inside information, i.e. has
access to information about the value of random variables related to the terminal value S(T')
of the price of the risky asset.

We are using basically the same framework as in the paper [PK], but with a progressive
inside information flow rather than a fixed initial inside information. In first time we consider
the inside information given by

H = {Hi}ticpr), Hi=FVo(Bt+e+71),0<r<e—1t—¢),Vte|0,T], (1.1)

where t +¢; > T and t + ¢, goes to T" when ¢ goes to T'.
Here B(t) is a Brownian motion on a given filtered probability space (Q,F = {F; }o<i<r, P),
where F; is the o-algebra generated by B(s);0 < s < t. Secondly we consider the enlarged
filtration given by H = {H;}cjo.r] where H; = Fpye, for t + ¢, < T.

For each t € [0, T] we fix a constant ; > 0 and we let Y; be a given o(B(t+¢;))-measurable
random variable representing the inside information available to the controller.

We consider the problem of optimal inside portfolio 7(t) = 7 (¢,Y}) in a financial market
with a corresponding wealth process X (t) = X7 (¢) modelled by

(1.2)

dX(t) =n(t,Y)X()[a(t)dt + B(t)dB(t)]; te[0,T]
X(0) =1.

where a and [ are F-adapted bounded processes.
It is not clear if B(t) is a semimartingale with respect to H. Therefore we interpret the
dB— integral in equation (1.2) as a forward integral. See Section 2.

Let A be the set of H—adapted, self-financing portfolios 7(¢,Y;) such that the forward
equation (1.2) has a unique solution. We study the following insider optimal portfolio prob-
lem:

{eq1.3}



Problem 1.1 Find 7 € A such that

J(7*) = sup J(n), (1.3)
TeA
where
J(m) == Ellog(X™(T))]. (1.4)

Definition 1.2 The market(1.2) is called viable if

sup J(m) < oo. (1.5)
TeA
The purpose of this paper is to study under what inside information flow H the insider
market is viable or not.
More precisely to study this problem we consider the inside information of the form
Y; = (B(t+ 5§1)), B(t + EEQ))) for 5?) < e®. Using the Donsker delta functional of ¥; and
its Hida-Maliavin derivative we prove that the maximal expected logarithmic utility of the
terminal wealth process depends only on the knowledge of B(t + 5,51)). Therefore we deduce
that given the information o(B(t+¢,+7),0 <r < ¢y —t —¢),Vt € [0, T] for the insider, the
information of B(t + ¢) is relevant.
When ¢ + ¢, > T we give a necessary condition in terms of ¢; in order to obtain a viable
market.
We show that the insider market is not viable if

T
1

/ —dt = o0.
0o €t

This extends a result in [PK], where it is proved that if the insider knows the value of B(T)
already from time 0 (corresponding to the case ¢, = T' — ¢ for all ), then the market is not
viable.

Then we give some examples of characterization of viability.

Finally we treat the case where ¢ + ¢, < T and H; = Fi1,. We give a sufficient and
necessary conditions in terms of ¢; for the viability of the market. We show that this insider
market is viable if and only if fOT édt < 00. Hence the market is never viable in this case.

This type of problem has been studied in the paper [DOPP] (see in particular Section
6.3), but the methods there are different and the results are no as explicit as in our paper.
Also Corcuera et al. [C] treated this type of problem but using another kind of filtration
called dynamical enlargement of filtration. This filtration consists in the knowledge of a
functional of the underlying deformed by an independent noise process which tends to 0 as
T approaches. This type of information is different from the one that we consider in this
paper. The technique also of treating the problem is different from [C].

This paper is organized as follows:
In Section 2, we give a brief review of forward integrals, Donsker delta functional and Hida-
Malliavin calculus.

{eq17}
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In Section 3 we consider the inside information Y; = (B(t—i—g,gl)), B(t—i—a‘?))) for eV < e? to
give a necessary condition in terms of ¢, to study the viability of the market when t+¢, > T.
Finally in Section 4 we consider the case where ¢ + ¢; < T" we give sufficient and necessary
conditions for the viability of the market.

2 Forward integrals and the Donsker delta functional

2.1 The forward integral with respect to Brownian motion

Since we are not sure that B(t) is a semimartingale under H or not we interpret the equation
(1.2) as forward integrals. The forward integral with respect to Brownian motion was first
defined in the seminal paper [RV] and further studied in [RV1], [RV2]. This integral was
introduced in the modelling of insider trading in [B@)] and then applied by several authors
in questions related to insider trading and stochastic control with advanced information
(see, e.g., [DMOP2]). The forward integral was later extended to Poisson random measure
integrals in [DMOP1].

Definition 2.1 We say that a stochastic process ¢ = ¢(t),t € [0,T], is forward integrable
(in the weak sense) over the interval [0,T] with respect to B if there exists a process I =
I(t),t € [0,T], such that

aup | [ o(s P BC)

te[0,7] Jo

ds—I(t)] =0, e—0F, (2.1)
wn probability. In this case we write

t
— [ o) Bls)t e 0.7, 2:2)
0
and call I(t) the forward integral of ¢ with respect to B on [0, t].

The following results give a more intuitive interpretation of the forward integral as a limit
of Riemann sums:

Lemma 2.2 Suppose ¢ is caglad and forward integrable. Then

/ ¢(s)d” B(s) = lim Z¢ 1) — B(t;-1)), (2.3)

with convergence in probability. Here the limit is taken over the partitions
O=ti<t;1 < .. < tJn =T Oft € [O,T] with At := man:L”.’Jn(tj — tjfl) — O,n — OQ.

Remark 2.3 From the previous lemma we can see that, if the integrand ¢ is F-adapted,
then the Riemann sums are also an approximation to the Ito integral of ¢ with respect to
the Brownian motion. Hence in this case the forward integral and the Ito integral coincide.
In this sense we can regard the forward integral as an extension of the Ito integral to a
nonanticipating setting.



We now give some useful properties of the forward integral. The following result is an
immediate consequence of the definition.

Lemma 2.4 Suppose ¢ is a forward integrable stochastic process and G a random variable.
Then the product G¢ is forward integrable stochastic process and

/OTG¢( /¢ )d~ B(t (2.4)

The next result shows that the forward integral is an extension of the integral with respect
to a semimartingale:

Lemma 2.5 Let G := {G;,t € [0, T|}(T > 0) be a given filtration. Suppose that

1. B is a semimartingale with respect to the filtration G.

2. ¢ is G-predictable and the integral

/0 6(1)dB(1), (2.5)

with respect to B, exists.
Then ¢ is forward integrable and

/gb t)d~ B(t /(b t)dB(t (2.6)

We now turn to the It6 formula for forward integrals. In this connection it is convenient
to introduce a notation that is analogous to the classical notation for It6 processes.

Definition 2.6 A forward process (with respect to B) is a stochastic process of the form

t t
X(t) = ZL‘+/ u(s)ds+/ v(s)d”B(s), te€]l0,T], (2.7)
0 0
(x constant), where fOT lu(s)|ds < oo, P-a.s. and v is a forward integrable stochastic process.
A shorthand notation for (2.7) is that
d-X(t) = u(t)dt + v(t)d” B(t). (2.8)

Theorem 2.7 The one-dimensional Ito formula for forward integrals.
Let

d-X(t) = u(t)dt +v(t)d” B(t), (2.9)
be a forward process. Let f € CY([0,T] x R) and define
Y(t)=f(t,X(t), tel0,T]. (2.10)

Then Y (t),t € [0,T1], is also a forward process and

88{ (t, X (t))dt + %(t,X(t))dX(t) + 1aQ—f(t,X(t))v?(t)alt. (2.11)

d7Y(t) = 5 92

{forward f



We also need the following forward integral result, which is obtained by an adaptation
of the proof of Theorem 8.18 in [DOP]:

Proposition 2.8 Let ¢ be a caglad and forward integrable process in L*(\ x P). Then
1

exists in L*(\ x P) and

E[/O SO(S)d_B(S)]ZE[/O E[Ds+p(s)|Fo]ds]. (2.12)

where Dy is the Hida-Malliavin derivative of ¢ with respect to the Brownian motion B.

Similar definitions and results can be obtained in the Poisson random measure case. See
[DMQ@P1] and [DOP].

2.2 The Donsker delta functional

In this section we will define the Donsker delta function of a random variable Y = (Y1, Y?)
with value in R?, because in section 3 we want to prove that under the filtration H the

knowledge of the value of B(t + ¢;) is required to study the viability of the market That is

mean we will prove that if we know the values of B(t + el ) and B(t + el ) for eV < &

then th(e )maxmial expected utility of the terminal wealth depends only on the knowledge of
B(t+eM).

Definition 2.9 Let Y = (Y1, Y?): Q — R? be a random variable which also belongs to the
Hida space (S)* of stochastic distributions. Then a continuous functional

Sy () R? = (S)* (2.13)

is called a Donsker delta functional of Y if it has the property that

[ oty = ov) e (214)

for all (measurable) g : R* — R such that the integral converges. Here, and in the following,
dy = dy,dys denotes 2-dimensional Lebesgue measure.

Proposition 2.10 [Aa@U] Suppose Y : Q — R? is a normally distributed random variable
with mean m = E[Y] and covariance matriz C = (c;j)1<ij<2. Suppose C' is invertible with
inverse A = (a;j)1<ij<2 . Then dy(y) is unique and is given by the expression

2

S (y) = (2m) A exp* {5 D iy~ Vi) o (s — i), (215)

ij=1

where |A| is the determinant of A

{eq2.12}
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Explicit formulas for the Donsker delta functional are known in many cases. For the
Gaussian case, see Section 2.3. For details and more general cases, see e.g. [Aa@U],
[Di1],[Di2],[MOP] and [DO1].

In the next subsection we choose the particular example Y'(¢) = (B(t + egl)), B(t+ 6,52)))

where egl) < e,@ because in Section 3 we aim to prove that the knowledge of B(t + egl)) is

required to study the viability of the market.
Here are some useful formulas used in the calculation of Example 2.1:
Let F and G € (S)*, we have:

D{(FoG)=FoDG+ D,F oG, ( )
Dy(F°") = nF°" Vo D,F,  (n=1,2..), (2.17)
D, exp® F = exp® F o D,F, (2.18)
Elexp® F|F] = exp oE[F|F], (2.19)

D4éﬂmw@»=ﬂw (2.20)

2.3 Examples

Example 2.1 Let Y(t) = (B(t+e§1)), B(t+ e?))) where egl) < 6752). The expectation of Y is
giwen by E[Y (t)] = (0,0) and the variance matriz is

t+el e

t+ egl) t+ e,§2)

Its inverse matriz is given by

t+e§2) —1
A= | @rag?-a") a¥oqb
€§2)—E§1) E§2)_E§1)
The determinant of A is given by:
1
det(A) = > 0. (2.21)

(t+ ) (el — eV

Then the Donsker delta of Y (t) = (B(t + egl)), B(t+ e§2))) is given by:

t+ e§2)

2(t + ) (e?) — V)

1 1 )
+ NOREO) (yy — B(t+ €§1))) o (yo — B(t + Eiz))) - —(1)(92 —B(t+ e§2))) 2])
_p

€ 2<51(52) — &)
(2.22)

(1 — B(t + €M)

Op1+e) Blere®) = (2m) 7"/ det(A) exp® < -



Using the Wick rule when taking conditional expectation and using the martingale property
of the process B(t + et ) and B(t + 6§ )) we get

t—i—e(Q)

2(t + i) (e — )
1

+ Bl — Blt+ ") o (12 — B(t +¢2))| F]

E[dy (y)|F] = (2m) 7 \/det(A) exp® (E[— (31 — B(t + e”)?| 7]

EEQ) €4
1 02

—E[m(y B(t+ €)™ |F)

-1 o t+ 6(2) 2
= (o) ek A) exp” (s (1 = B(0)
= BO) o = BO) ~ o 0 = B()*)

—1 (y1 — y2)? o 1 2
= (2r) "' \/det(A) exp(—ﬁmxp (=g amy  — BN, (2.23)

To be with same notation as in [Aa@U], we denote by a = —m and ¥ = 1y .
€t

We have 2|al||¥|| = ﬁ < 1 then using Corollary 3.6 in [Aa@DU] we get

E[oy (y)|Fi] = (2m) " exp(— tn = 92()12)))\/6( 1) (2)1_ 6(1))

2(6152) — &

exp<—ﬁ<yl ~B)). (2.24)

€

Now we want to compute E[D;dy (y)|F]. We have

(2)
_ t+€ 1)
D6y (y) = Dy[(2m) "t/ det(A) exp® ( — y—Bt—i—e(
Dy (y) = Di[(2m) () exp* ( Ty Bl )
1 1
gy~ B+ ) o (i — B+ e¥) — (= B+ 7))
€ € (& € ")
2)
_ t+e 1)
= (2m) " \/det(A) exp® [ — ! Y — B(t + €M) 2.25
(2n) () exp’ ( Tyt~ B+ e (2.25)
1 (1) (2) 1 (2)
+W(91—B@+€t Doy —Blt+¢7)) - W(?/ B(t+¢7))° ])
(2.26)
2)
t+e
of ! (yy — B(t +€")) (2.27)

(t+ ) = ")

1 1 2 1 2
) (1)(y1_B(t+€1E ))+y2—B(t+€§ )))—i-m(lﬁ—B(t—i—Eg )))} (2.28)
& — & € —€&



Then

t+ e,§2)

E[D,dy (y)|F] = (27) ' \/det(A)Elexp® | — y—Bt+e(1) 02
[ ' Y( )l t] ( ) ( ) [ ( 2<t+6§1))(6§2)_6§1))< 1 ( t ))
1 1 .
g = Bl V) ol = Bl ) = gy (v~ B+ 7)) 7]
“ € (€t &) 2.20)
2.29
(2
t+e 1)
(t+ ") — &)
1 1
- a7 — B(t+¢' ))+y2—B(t+e§2)))+—(2) a5 (w2 — B(t+ )| 7]
& — &
(1 — y2)? o — (P — M) ”
XPl—— o ./ XP (— y1 — B(t
\/Het @ am) Py @ ) Py )y PO
B(
{ o) )y (2.31)
€4
By Lemma 3.8 in [Aa@U]
1 o 1 . B(t
exp®(————q5- (11 — B(1))”) yl—(f)) (2.32)
t+ et 2(t+¢ ) t+ ¢
1 (yi — B(t))* 1 — B(t)
= exp(— ) (2.33)
e 2¢t) el
Then
(11 — y2)? 1
E[D,8y (y)|F:] = (2m) " exp(—
DAl = ey o PP -
(y1 — B(t))*\y1 — B(?)
exp(— 1 ) ) 1 0 (2.34)
2¢; €

3 The main results with ¢t + ¢, > T for all ¢

In this section we prove a necessary condition for the viability of the market when t4+¢; > T
for all . To this end, we first consider the case when the inside information is given by

Y= (Bt +eM), Bt +2)); te0,T), (3.1)

for 5§ ) < 852).

Then we have the following result, which is of independent interest:

{eq4.4}



Theorem 3.1 The maximal expected logarithmic utility of Problem 1.1 in the insider market
(1.2)-(1.4) with inside information Y; = (B(t + €}), B(t + €?)) is

Bllos X (7)) = 551 [ (5 + (28249 (3.2)

Proof.
This type of problem is studied in [DO1] and [@R]. In [DO1] it is proved that the optimal
insider portfolio 7*(¢,Y;) with V; = (B(t + ¢\")), B(t + £*)) of Problem 1.1 is given by

_ o) | EDedy () F oy,
(1) " BOERy: ()| Fly

T (t,Yy) (3-3)

In terms of y we have:

o alt) | EDién@)F
"9 = B0 T BOERy () B (34)

We have, with y = (y1, y2),
E[dy (y)|F]

-1 (y1 — 3o)? 1 1 2
= (2m) eXP(—2<Z/£2) _ygg)))\/g(l)(ggz) _ €§1)) eXp(_fgl)(yl — B(1))%), (3.5)

and
E[D;dy (y)|Fi]

= (2m) " exp(— - 1) )>\/€(1)< O I D

2(6,&2) — 6§1) €£2) —€ 25,?1) sgl)

Substituting (3.5) and (3.6) in (3.4), we get

at)  B(t)—w
2t gy

™ (t,y) = (3.7)

The solution of the stochastic differential equation (1.2) is given by:

X() = expl | w(sYHB() + [ (rlsVoals) = gr ORI 6

Using the Donsker delta functional, Hida-Malliavin derivative and the following duality for-
mula for forward integrals:

E| / o(t)dB(1)] = E| / E[Dy ()| F)dt), (3.9)

10

{eq3.3ench]

{eq3.3ch}

{eq0.9}

{eq0.10}
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we get

Ellog X™ (T /RZ / {m(t,y)B(t)E[Dy+ by, (y) | Fe] + 7 (t, y)eu(t)E[dy, (y)] F
— S ) BB (0) Fi Yl dy. (310) {eq0.5ch}

For more details about equation (3.10) see [DO1].
Substituting (3.7) in (3.10) we get

B( alt)  B(t)—wn
/R 2 / R AR [Dt+5n<y>|f4+[52(t)— o ORI )1
B(t ) Z/l

[ —

7eD)~4 exp(— W ()) alt) — B{t) —un
(2 exp( =D -
y1 — B(t) L o a(t) B(t) —
(5t el — 38 OlEg ~ S 1) dy ]
— —(2re)3 /R E| /0 exp(— 8 (’;) E)yl) (B (i)(jyl - gg)mt]dm. (3.11) {eqo0.12}
Put
b= B(t) and 0 = @. (3.12)

11



Integrating the above with respect to dy; we get:

-

(27T6t)_2 /Rexp(_ (B(t) — y1)2)<B(t) — Y1 . a(t) )2dy1

2¢M) e B(t)
1 b—y)? b—y
= et} [ exp= B oy,
R 2g, gy
_1 (b—y1)*, b= b—wy
— (2meV)-3 / exp(~ I (P22 g)ay,
R 2¢e, E; Ioh

= (b—1)° (b—9)* b—y
27T8t 2 /{dy1 eXp 265)1 ) UeXp(_ 2€§1)1 )}< 8(1)1 _U)dyl

t

7; (b— b— b—
~ e [ - en(- f{;) = oy +0* [ (- L=y,
R 2e

dy € ¢
1 b— 1 b—y1)?
~ @re) Y] / exp(—%x i+ exp(~ L0 )y
R 2g4 R 2g,
1 1 a(t)
EURK S + G (3.13)
Then from equation (3.11) we get:
o X7 (7)) = 281 [ (hy + (20 3.1
2o e B

which is what we wanted to prove. O

Remark 3.2 From this Theorem we get that the maximal expected utility of the terminal
wealth depends only on the value of B(t + Egl)). Thus the additional information about the
value of B(t + 59) is irrelevant for the optimisation problem if we already know B(t + e§1>).
This is a strong indication that if the insider already knows the value of B(t + &), then
knowing in addition the values of B(t + 1) for all r €|es, g9 — t] does not increase the value
of the optimal portfolio. However, we have not been able to prove this.

As a corollary of Theorem 3.1, we get the following necessary condition for viability:

Theorem 3.3 This insider market (0.1), (1.2)-(1.4) is viable only if

1
/ —dt < 0. (3.15)
0o &t

Remark 3.4 As noted in Remark 3.2, Theorem 3.1 supports our conjecture that we in fact
have that the market is viable if and only if (3.15) holds.

12
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Example 3.1 1. Ife; = (T —t)? for some q > 1, then

T T
—dt = / —dt = 0. 3.16
/o =) T (3.16)

and the market is not viable.

In particular, for ¢ = 1 (corresponding to t + e, = T for all t), this was first proved
by [PK] by different methods. In this case B(:) is a semimartingale with respect to
H :=K := {K}t>0, where Ky = F; vV o(B(T)),Vt € [0,T].

2. Ifey = (T —t)P for some p < 1, then

T 1 T Tl—p
—ﬁ:/ﬂT—QWﬁ: < 0. (3.17)
o &t 0 1—p

In view of Theorem 3.3 this indicates that the market is viable.

4 The case when t +¢; < 7T for all t

If t+ ¢ < T for all ¢, then the natural corresponding information filtration for an insider
with perfect memory is
H = {H;}+>0 where Hy = Frye,. (4.1)

In this case B(:) is not a semimartingale with respect to H (see below). Nevertheless, our
calculation above shows the following:

Theorem 4.1 The insider market (1.2)-(1.4), (4.1) is viable if and only if

1
/ —dt < 0. (4.2)
0

Et

Since in this case e, < T —t and fT dt = 00, we conclude that the market is never viable
in this case. This is also a genemhsatzon of the [PK] result, but in a different direction.

Proposition 4.2 Suppose that t — ¢, is of finite variation. Then B(-) is not a semimartin-
gale with respect to H where H; = Fiye,, VYVt 2> 0.

Proof.  Suppose that B(:) is an H-semimartingale. Then
B(t) = B(t) + A(t), (43)

where B(t) is an H- martingale and A(t) is an H-adapted finite variation process. Then, for
t+e <t+h<T,

=E[B(t +h) — B(t)|H,]

= E[B(t +h) — B(t)[H] — E[A(t + h) — A(t)[H,]
=E[B(t + h) — B(t)[Fire,] — E[A(t 4+ h) — A(t)[H4]
= B(t+e,) — B(t) — E[A(t + h) — A(t)|H,]. (4.4)

13

{eqg3.21}



Then we get
B(t+e¢) — B(t) =E[A(t+ h) — A(t)|H4)- (4.5)

This is a contradiction, because A is a finite variation process.
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