A DIFFERENCE METHOD FOR THE MCKEAN-VLASOV EQUATION

G. M. COCLITE AND N. H. RISEBRO

ABSTRACT. We analyze a model equation arising in option pricing. This model equation takes
the form of a non-linear, non-local diffusion equation. We prove the well-posedness of the Cauchy
problem for this equation. Furthermore, we introduce a semidiscrete difference scheme and show
its rate of convergence.

1. INTRODUCTION

A huge amount of option pricing models has been developed since the seminal work of Black,
Scholes and Merton [2], who model the evolution of an underlying (e.g. stock) as a geometric
Brownian motion with drift. One branch of literature focuses on local volatility models, which
extend the Black-Scholes model by the introduction of a spatially (and temporaly) inhomoge-
neous volatility parameter. It is well-known that these models allow for a perfect fit under weak
assumptions on the data. A drawback of such models is their inability to produce realistic paths
of the underlying, and unrealistic parameters in certain situations. Another branch of literatures
focuses on stochastic volatility models, such as the Hull-White model, the Heston model or the
SABR model, see [6, 7]. These models assume a stochastic evolution of the volatility variable.
Such models often lead to more realistic pricing paths, but usually do not allow for a perfect fit to
data, due to a small number of degrees of freedom. More recently, [5] introduced a combination
of both models, so-called local-stochastic volatility models, which combine the advantages of both
approaches.

This paper is dedicated to the well-posedness and convergence of a numerical scheme fo the
Cauchy problem

(1.1) Ou = Ay (Z{ulu) + Ayu, t>0, 2 €RM yc RV,
. u(05$7y):u0(x7y)’ IGRM,yeRN,
where
(1.2) Tlu](z) = / / b(x,&, z)u(€, z)dédz, r € RM.
RJM RN

Here M > 1, and N > 0, if N = 0 the last term with A, is absent.

Pricing of European options in the described models leads to different type of partial differential
equations (see [3]). While option prices in the Black-Scholes model correspond to solutions of a
univariate parabolic PDE with constant coefficients, option pricing in local volatility framework
leads to the solution of parabolic PDEs with non-constant and non-degenerate diffusion coefficients
o such as

13) {atu — 9y (0(2)u) = 0,

u(0,+) = uo.
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Option pricing in the Heston model leads to the solution of the bivariate degenerate parabolic
PDE

(1.4) {3tu — 1tr (Q(z)D%u) + b(x) " Vu(z) = 0,

u(0, ) = uo.
Pricing equations for local-stochastic volatility models are the following fully-non linear PDEs
(15) Ou — 0y (c1 + o(t, z,u)u) — 02(o(t, z, u)u) — dy(ca(y)u) — 82(cs(y)u) = 0,

. U(O, ) = Uo,

where ¢o and c3 are sufficiently regular. The function ¢ depends on the solution u and takes the
following form

Jr (t z)dz

Jres(2)ult, z) dz’

for some regular function ¢4 and c5. Some results on the stochastic analysis for the corresponding

o(t,z,u) = c4(t, x)

SDEs are given in [10]. A particle method for the approximation of solutions of the arising pricing
SDEs was provided by [1]. An existence result for the arising PDE under certain assumptions
on the coefficients is given in [1]. Discretization schemes have been suggested, but to our best

knowledge, a thorough numerical analysis of the corresponding class of differential equations is
not available. The aim of this paper is to provide some steps in this direction. We focus on
the following class of non-linear PDEs, which are closely related to the pricing equation in local
stochastic volatility model

(1.6) Oru = Ay (Z[ulu) + Ayu, t>0,2cRM yecRY,

where the operator Z[-] is defined as follows
(1.7) Tlu)(z) = / b(z, z)u(x, 2)dz, r € RM,
RN

for some suitable function b. The fact that both b and u are evaluated in the same x adds several
difficulties to the problem. To avoid some of these issues, in this paper we shall approximate the
operator Z[-] by

(1.8) Islu)(z) = lew /]RN/B ( b(x, 2)u(€, 2)dédz, reRM,

Unfortunately, several of our estimates blow up as § — 0 so we did not obtain any results for (1.6).
We shall assume that

(H.1) be C*RM x RM x RN) N W4(RM x RM x RN), b > 0, and
sup [|Vab(z, -, ')HL?(RMXRN) <G,

r€RM
sup ||A b( €, 7')||L2 RMX]RN) < C
Z’G]RM
sup Hb(l‘, " ) - bO||L2(RJ\/I><RN) < O,
IER]VI

for some constants C > 0, by € R;
(H.2) up € HY(RM x RV) N LY RM x RY), 0 < up < u* for some positive constant u*.

In all the financial applications we have
HUOHLl(RMxRN) =L

An example of coefficient b satisfying (H.1) is

b(z, &) = \/Ee —|z—¢| /52’

for some 0 > 0. We use this in our numerical example, see Section 4.
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Remark 1.1. Our model is a simplification of a more complicated model. We can have several
different definitions of the functional Z[-]. Two cases deserve to be noted

T4 [u)(z) z(/RM /RN bl(x,f,z)u(g,z)dédz)z, reRM,

IQ [u] (SC) _ fRJ\/I f]RN b2 (.CE, 57 Z)u(§7 Z)d5d27

fRM fRN b3 (xa 57 z)u(f, Z)dgdz
Our arguments can be applied also in these two cases. To do this we do not need to assume that
b1 > 0, but we do need to assume that by > 0 and that bs > b, > 0.

(1.9)
reRM,

The rest of this paper is organized as follows. In Section 2 we give the definition of solution to
(1.1) and prove that it is well-posed. In Section 3 we introduce a difference numerical scheme for
(1.1) and prove its convergence to the solutions of (1.1). We provide also an estimate on the rate
of convergence. Finally, in Section 4 we present some numerical experiments based on the scheme
introduced in Section 3.

2. WELL-POSEDNESS

We use the following definition of solution to (1.1).

Definition 2.1. A function u : [0,00) x RM x RN — R is a solution of (1.1) if
(D.1) v € C([0,00); L2(RM x RN))NL>®(0,T; HY(RM x RN)) N H((0,T) x RM x RN) for every
T>0
(D.2) for every test function ¢ € C®(R x RM x RN) with compact support

/ / / (uOip — Vg (Zuu) - Vyp — Vyu - Vi) dtdedy
o JrM JrN

[ ] wteel.0,mdzdy =0,
RM JRN
We prove the well-posedness of (1.1). The main result of this section is the following.

Theorem 2.1. Assume that (H.1) and (H.2) hold. The Cauchy problem (1.1) admits a solution
u in the sense of Definition 2.1 such that

(2.1) u(t, z,y) =20, [[u(t, -, ')”Ll(]RM «&n) = ol prmar xrvy s (t,z,y) € [0,00) xRM xRY.
Moreover, if we assume also

(2.2) be CORM x RM x RM) nWO2(RM x RM x RY), o € H*(RM xRY),

we have the additional regularity on u

(2.3) u € L®0,T; H*(R™ x RY)), T >0.

Finally, let u and v be two solutions of (1.1) with initial data uy and vy respectively, and assume
that (2.2) holds and that |[uol| pr gar wgrvy = l|Voll 1 gar xray- Then

(24) lua(t, ) = v(ts s Mo ggar sy <€ uolt, ) = volt, - )72 @ar ) -

for everyt > 0 and some constant k> 0 depending only on b, [[uol| 1 gar wrny, and [[voll 11 gar cgy-

Our arguments are based on two steps. First we fix € > 0 and study the well-posedness of the
approximated problem

(2.5) Opue = Ay (Zeluelue) + Ayue, t>0, xRN, yeRM,
. us(O,x,y):uo(I,y), ‘TERN7y€RMa

using a fix point argument, where
Liw) = [ [ 06t ouadeds v ceRY.
RM JRN

Secondly, we send € — 0 and prove Theorem 2.1.
We prove the well-posedness of (2.5) for every given 0 < & < 1.
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Theorem 2.2. Assume that (H.1) and (H.2) hold. The Cauchy problem (1.1) admits a solution
ue such that (D.1) hold,
(26) ua(taxvy) >0, ”us(tv R ')HLl(]RMX]RN) = ||u0HL1(]RM><RN) ) (tvmvy) € [Oa OO) X RNI X RN?

and for every test function p € C®(RM x RYN) with compact support

/ / / (ueat@ - Vm(Is[ue]ue) : VzSO - vyua : vy@) dtdl‘dy
RM JRN

+/ / uo(z,y) (0,2, y)drdy = 0.
RM JRN

Moreover, if we assume also (2.2) we have the additional regularity on u.
(2.8) ue. € L0, T; HA(RM x RN)), T >0.

Finally, if u. and v. are two solutions of (1.1) with initial data uy and vy respectively such that

2.7)

(2.2) [luoll pr mar vy = llvoll prgas vy then
(2.9) lete(t ) = ety M aqon iy < € ot ) = vt s )G qmas ey »
for everyt > 0 and some constant k > 0 depending only on b, |[uol| 1 gar gy, and [|voll pr gar wrwy-
Consider the set B of functions u : [0,00) x RM x RY — R such that
0 <u(t,z,y) <ue™, t>0, (z,y) € RM x RV,
[[ut, -, ')HLl(]RM xRN) = HuOHLl(RMx]RN) » 120,
ue HY((0,T) x RM xRN), T >0,
where

Ko = ”Aﬂcb”LOO(]RM XRM xRN) ”uOHLl(RM XRN) -
Since for every u € B we have that

0<e<Z[ul(t,x) = /RM /RN(b(at,f,z) +e)u(é, z)dédz + ¢

< (”bHLoc(]RMX]RMX]RN) + 5) ||U0||L1(RM><RN) +e

(2.10)

we can define the operator T such that, for every u € B, v = T [u] is the solution of

(2.11) 0w = Ag(Zeulv) + Ayv, t>0, zeRY yeRM,
' v(0,2,y) = uo(z,y), zeRN, y e RM.
Lemma 2.1 (Nonnegativity). Let v € B, we have that
(2.12) Tl > .
Proof. Since

0w — Ay (Ze[ulv) — Ayv 0 0, ug > 0,

v=

0 is a subsolution of (2.11). Therefore, (2.10) and the maximum principle for parabolic equations
give (2.12). O

Lemma 2.2 (L' estimate). For any u € B, we have

(2.13) (7 [wl(2, a')HLl(RM xRN) = = [Juoll 1 (RM xRN )
for every t > 0.
Proof. Let v = Tlu]. By (2.12),

/ / |v|dady = / / vdzdy :/ Oyvdzdy
RM JRN RN RM JRN
/ / )+ Ayv) dedy = 0.
RM JRN

Therefore, integrating over (0,¢) we get (2.13). O
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Lemma 2.3 (L* estimate). For any u € B, we have
(2.14) Tlu)(t, z,y) < u*e™?,
for every t > 0 and (x,y) € RM x RV,

Proof. By (H.1), (2.12), and (2.13)

|ALZ [u](t, z)| < /]RM /]RN |[ALb(x, &, 2)|u(t, &, 2)dEdz

2.15
( ) S HA$bHL°°(]RM><]RM><]RN) / / u(t,f,z)dfdz
RM JRN
= HAwbHLw(RMxRMxRN) ||“0||L1(RMxRN) = ko-
Therefore
0w — Ay (Ze[ulv) — Ayv = rou*e™! — u*e AT [u]
,U:u*eriot
= u*e"™" (ko — AyZ:[u]) > 0,
u*eﬁ,gt = u* > U,
=0
namely, u*e™ is a supersolution of (2.11). Thanks to (2.10) and the maximum principle for
parabolic equations we have (2.14). O

Lemma 2.4 (L? estimate). Let u € B, we have that

(2.16) (|7 [ul(t, 7')||L2 RM xRN) < erot/? ||u0||L2(RM XRN) 3
for every t > 0.

Proof. Let v = T[u]. By (2.10), (2.12), and (2.15), we have

/ / —dxdy—/ / vOyvdxdy

RM JRN RM JRN
/ / vAL( dxdy+/ / vAyvdrdy
]R]\/I ]RN ]RI\/I ]RN

= / VoV (Ze }v)dxdy—/ / |V v|?drdy
RM JRN RM JRN
<0
—/ / |V$U|215[u]d$dy—/ / vV v - VoI |u)dxdy
RM JRN RM JRN
<0
U2 Ko
§/ / — AT [u]dxdy < —/ / v2dady.
rM JrN 2 2 Jrm JrN

Therefore, the Gronwall Lemma gives (2.16). O

Lemma 2.5 (H' estimate in (z,y)). Let u € B, we have that

IV TTul(t, - Mgz ey + 1V Tl -, 7 s vy

2 2

(2.17) < e (|| Va3 gunr ) + 1Vt | )
K1 2

+3K/O (64:%015 — eli[)t) HUOHLZ(]RJWX]RN) 5

for every t > 0, where

k1= ||(Ar) b||L°°(RM><RM><RN) [woll 11 (s ey -
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Proof. Set v = Tu]. Arguing as in (2.15) we can prove
(2.18) [(A)*Ze[u)(t, )| < k.
Thanks to (2.10), (2.12), (2.15), (2.16), and (2.18) we have

2 2
/ / Mdd —/ / (Vv - V0o + Vv - V,0pv)dady
dt ]RM RN ]RM ]RN

/ (Vav - Vo Ar(Ze[ulv) + Vv - Vo Ayv)dedy
RM ]RN

+ /RM o (Vyv - VyAr(Ze[ulv) + Vyv - VyAyv)dedy
M
= Z/ / (0,003, Ay (Ze [u]v) + Oy, 005, Ayv)dady
i=1 /RM JRN
N
+)° / / (Dy, 08y, Ay (Zo[u]v) + 8y, 08y, Ayv)ddy
o JrM RN

M
- / (02 0AL(Z-[ulv) + |02,V y0[)dexdy
i—1 ]R]M ]RN H—/

>0
—Z/ / 0y, Vv - Vo (Ze[u]dy,v) + |0y, Vyv|* dudy
>0
< —/ AL oA [u)v + 28,0V, I [u] - Vv + T [u] (Agv)? dady
RM JRN —_———
>0
—Z/ / (18y, Vo | *Ze[u] + Dy, Vv - VoI [u]dy,v)dzdy
RM JRN L
>0
2 |Vl
< - A V)AL [u] — AT [u] | 2|Vev]? + 24— ) dxdy
rM JrN 2 2

(V) (AL T [u] + AT [u] (2|vzv2+|vév|> dady

R1

5 —(v?) + 2k¢ (|Va0]* + |Vy0|?) dady

fo ks

“Jo ke
< e ualfa ey + 200 [ [ Vool + (9,0 dady,

The Gronwall Lemma gives (2.17). O

Lemma 2.6 (H' estimate in t). For u € B, we have

(2.19) 10eT Tulll L2 (0,7 x ) < K2 (”at““L2 0,T)xR) T ”uO”iIl(RMx]RN) v) ,

for every T > 0, where k2 is a positive constant depending only on T', |[ugl| 1 (RM xRN, and b.

Proof. Let v = T [u]. Multiplying (2.11) by 9,v and using (2.10), (2.15), (2.16), and (2.17) we get

T
/ / (Opv)?dtdxdy
0 RM JRN

T
= / / Ay (Z: [u]v) 0w + Ayvovdtdrdy
RM JRN

T
—/ / Ve (Ze[ulv) - V0w + Vyv - Vyovdtdady
RM JRN
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T
— / / / vVoZ[u] - Vo0 + L [u] Vv - V00 + Vyv - Vyopvdtdzdy
RM JRN

T 2 2
= / / / AT [u]vopw + Vv - Vo I [u)Opv — T [u) 0y <|va| ) — 0 (Wyvl> tdxdy
o JrRM JRN 2 2
T
= / / AT [u]vopw + Vv - Vo I [u]Opw — I, [Opu] ——— [V v| dtdxdy
RM JRN
2
R]VI RN 2 2
2 2
/ / ug) V2 “°| + Vvl iy
RJVI RN 2

/ /]R /RN (Oue) (AL Zc[ulv)® 4 (Vv - VoI [u])*didzdy

L Vs v|2 ’
+3 III [Beu] (t, 7w (rar dt+ drdy ) dtdrdy
RM JRN

2
RM JRN

2 2

v 2 v 2
/ / ‘ xu0| + [Vyuol dtdxdy
RM JRN 2

< 2 O pizay+ L [ 1210 2 d
< clluoll gy mr xrny + g dtdrdy + 3 1 Z [0eul (¢, )| 7 o0 (v @,
0 Jrm Jrw 0

where kg is a positive constant depending only on T, ||“0HL1(JRMxRN)v and b. Using the Holder
inequality,

o) = | [ | /R b6 2)hu(t, €, 2)dedz|

d
=1 [, [ 0.6~ twdnate.e e + by [ atieas

= ‘/RM /RN(b(x,f,Z) - b0>3tu(t,£,z)d§dz|
: /RM /RN [b(, &, 2) = bol|Bru(t, €, 2)|dEd=

< ”b('ra ) ) - bOHL2(RM xRN) ”atu(tv ) ')”L?(]RMXRN) ’
we get

2 2
5/0 /RM . (atU)thdl‘dy <c HUOHHl(RJ\lXRN) +c ||atuHL2((O,T)><RM><RN) .

Lemma 2.7 (Continuity). For every u, @ € B, we have that

(2.20) 1T Tul = Tl Lo 0,72 M xr ) < “3T1/4€K3T\/||u = | o ((0,7) xRM xRN Y)
for every T' > 0 and some constant k3 > 0 depending only on b, uy, and vg.

Proof. Define

v ="Tlu, v = Tlul, w=v—7.
We have that

(2.21) w(0,z) =0, Ow = Ag(Ze [uw + (Ze[u] — Z:[@])D) + Ayw.

We begin with some observations regarding the nonlocal term Z.[u] — Z.[q]

Tl =L = [ [ sl g o) —alee2)deds
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Jre/RM /]RN u(t, &, z) —u(t, &, z))dédz
— [ ] bt gz~ ute g 2)deds
RJW RN

& (Hult s ) g uar ey = ICE ) s o )

=0

/ / b, €, 2) (ult, £, 2) — T(t, €, =))dedz
RM RN

:/RM /RN (z,€,2) — bo)(u(t, &, 2) —ult, &, z))dédz,
V. (L. u] — Z.[a]) (¢, ) = /R L Vablo & ). 2) — e € e

AL (T u) — Z.[a)) (¢, z) = /}RM - Ab(x, & 2)(u(t, &, 2) —ul(t, &, z))dEdz.
Using the Holder inequality,
(@l =Tl < [ ] 62— hllueg,2) —a(e.6 2l
< ||b ) b0||L2(]RM><RN ”u( ’ 7') _ﬂ(tv'7')HLQ(]RI‘/IX]RI\’)7
10, (Z.Ju] - T.[@) (¢, 2)| g/ / 10ub(z, €, 2)|[u(t, £, 2) — T(t, &, 2)|dedz
RM JRN
< ”a b( z,-, )HL2(]RM><]RN) ”u( 5"y )7ﬂ(tv'a')”L2(RM><RN)7

O2(L.lu] — Z.[u ])(tx|</ / 12b(x, €, 2)\ult, &, 2) — (t, &, 2)|dédz

< |jozb(z, -, - HL2(RMxRN) ) =Tt ) 2 s )
Therefore we have
(Tl = Ze[@) (1, 2)] < C llult, ) = Tt ) ooy

(2.22) |0 (Zelu] = Zeful) (8, 2)| < Cllult, ) =@ty )l 2 @rwmny »

|02(Ze[u] = Ze[a)(t, )| < Cllult, ) = at, -, ) o ) -
Thanks to the Holder inequality, (2.10), (2.15), (2.16), (2.17), and (2.21), we have for every
0<t<T,

%-/RM o gdxdy = /RM /]RN woyw dzdy
/}RM /]RN WA (L [ulw) + s (Z.[u] = Z.[)0) + wiyw dedy

/ Vow - Vi (Zlulw) + Vew - Vo ((Ze[u] — Z.[a))v) + |V w|? dzdy
RM JRN R>,0_/

< - / |V ow|* T [u] +wV w - VI, [u] dedy
RM RN N—

>0

+ /R . Vaow - Vi (Zelu] — Ze[a))T + Vyw - V,0(Ze[u] — Z:[a))) dedy

R
/ / ( u] + Vyw - Vo (Zeu] — Ze[u))v + Vew - Vo (Ze [u] Is[u])> dxdy
RM JRN
w2
< IIAIIE[u}(t,.,.)||LOO(RMxRN)/RM RN?dxdy
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+ |V (Ze[u] = Ze[@)) (¢, -, )| oo (v ey /R /RN(W“" + |V, 7|)T dzdy
+H(IE[U]—Is[ﬂ})(t,-,')IILoomeRN)/ / (IVav] + [Va0)) [V dady

/ / w dxdy+ 13 grat ult, ) =@t )l p2@s xrvy »
RM JRN

for some constant k3 depending on ug, vp, and b. Thanks to the Gronwall Lemma and (2.21) we
have, for every 0 <t < T,

ot )2 st gy < Fige™ / (5,2 ) = T8, M s o 05

</€36K3t\[\// HU’ S, 0y- _7( a'a')HiQ(RMXRN) ds

= H3€'€3t\[||u - u||L2((07t)><]RM xRN )

that gives (2.20) when ¢t = T. O
Lemma 2.8 (Invariance). We have that

(2.23) T|B] C B.

Proof. This is a direct consequence of Lemmas 2.1, 2.2, 2.3, 2.4, 2.5, and 2.6. O

Lemma 2.9 (Compactness). We have that
(2.24) T[B] cc B.

Proof. Let {u,}n, C B be a bounded sequence and T' > 0 be given. Lemmas 2.4, 2.5, and 2.6

guarantee that
(2 25) {un}n is bounded in LOO(O, T'7 Hl (RM x RN)))
. {O4un}n is bounded in L*((0,T) x RM x RY).

Since (see [8])
H'(RM x RY) cc L (RM x RY),
using [9, Theorem 5|, there exists a subsequence {uy, }; and a function u such that
Up, — U in LP(0,T; L*(R)), 1 < p < 0.
O

Lemma 2.10 (Existence). The Cauchy problem (1.1) admits a solution u. such that (D.1),
(2.1), and (2.7) hold.

Proof. The existence of a solution for (2.5) follows from the previous lemmas and the Schauder

fixed point theorem. O
Lemma 2.11 (Additional Regularity) Let ue solve (2.5). If (2.2) holds we have that

596 HD2 HL2(]RM XRN) et HD u0HL2(RM xRN) + kg™t HuoHlﬂfl(RMXRN) )
220 [ Zeu] D3, T ||L1((O B)XRM xRN) = e || D, u0H2Lz(RM &Ny T rae™t't HUOH?LP(HWleN) ’

for every t > 0, where k4 > 0 depends on b and |[uol| pr gar xg)-

Proof. Set v = Tu]. Thanks to (2.10), (2.15), (2.16), (2.17), and (2.19), we have
g MAN

g/ / IDi,yvl Z/ / v\2
dt RM RN 2 dt RM ]RN

M+N

Z / / 3i2j3tvdxdy:
RM JRN

i,7=1
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M+N

= Z / / 070,07 (Ze[ulv) + 070,070 dady
5oy JRM JRN
M+N
= _ Z /RM /RN Vmﬁfjv . Vzafj(fg[u]v) + |vy3i2jv|2 drdy
ij=1 —
>0
M+N
< - Z /RM o V20350 - Vo Leulv + V30750 - Vv I [u] dudy
ij=1
M+N
-2 Z / / Vmafjv - V20, I [u]0jv + Vwafjv - V30,00, Z.[u] dedy
=1 RM JRN
M+N
- Z / / Vmﬁfjv . Vng[u]afjv + \Vyafjv\2 + |Vm8i2jv|215[u] dxdy
i,jzl RM JRN \
>0
M+N 8$<(v2) ) ) ,
< - Z /RM /RN Vi 12 V0L [u] — 0;(Vv0jv) - Vi 0;Le[u] — 0;vV . 05v - V0, L [u] dedy
ij=1
M+N 2 2
0% (|Vy
— Z / / i 5 U| )3i2jI€[u] — Vg0iv - Vg 0;vZ, [u] dedy
i,jzl RM JRN
M+N
- Z / V2 0i(|0;0) - VoOiZ[u] — 2050V 10;v - Vo 0i Lo [u] + 9;(|V 20;0*) 0, L [u] dady
=1 TR RN
| MAN
—3 > /RM /RN Vo (|0750]%) - VoI [u] + [V, 070 + |V 00 *Ie[u] dady
ij=1
M+N )2
S Z / / ?Axaij]-’zs [’LL] + 8i(vmvajv) . vzazQJIg [U] + 3¢7}Vzajv . anifg[u] d.%'dy
=1 RM JRN
M+N Va2
i,j:1 RM JRN
M+N
-3 / / 10702 A 0L [u] — 2020V 1050 - Vo0, Leu] — |V 40s0[20% L [u] dudy
=1 TR SR
| MAN
+ 3 Z /RM /RN \81‘2jv|2Ang[U] + \Vyafjv\z + |Vz8i2jv|215[u] dxdy
ij=1

(D2z v)2
< ,@4/ / Y L V02 (Vo + 0% + |V, 05 0] + (V.02 02T [u] dedy
]R]\l ]RN 2

(D? )2 K
<o [ ] V00 4 908 ) dady + e o ey
where r4 > 0 depends on b and [|ug|| 11 gar xgr)- The Gronwall Lemma gives (2.26). O

Lemma 2.12 (Uniqueness and Stability). Let u. and v. be two solutions of (1.1) with initial
data ug and vy respectively. If (2.2) holds and |[uo| 1 (g wrvy = [[Voll 1 gar gy s then the stability
estimate (2.9) holds.

Proof. The difference

We = Ue — Vg
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solves the problem
(2.27) Owe = Ay (Tlue|lwe + Lo [welve) + Aywe, t>0, (z,y) € RM x RN,
. w€(07m7y) ZUO(m7y)_UO(xvy)7 (:U,y) ERM XRN'

Arguing as in (2.22), we can prove

|[(Ze[we]) (2, @)
(2.28) |0, Ze [we](t, )]
|02 [we] (¢, )|

Thanks to the Hélder inequality, (2.10), (2.12), (2.16), (2.17), and (2.26), we have for every
0<t<T,

/ / e dxdy—/ / weOyw, drdy
RM JRN RM JRN

/ / WAy (Ze[us|we ) + we Ay (Ze [welve) + weAywe dedy
RM JRN

C st(tv " ')HL?(]RMX]RN) )

<
t, )| < Cllwe(t, - )l L2 xrmy »
t,x)| < CHU}E(ta"')HL?(RMx]RN)'

/ / —Vawe - Vo (Zeuglwe ) + we Ay (Is[ws]va)f\vyuﬂ2 dxdy
RIM RN %,—/

<0

< / / —|Vowe P L. [u] —w:V pw, - VI [u.] drdy
RM JRN S
<0

+ / / WeApZe [welve 4+ 2we Vo I [we] - Vove + weZe[we] Agve dady
]RJ\l ]RN

// EAIuE+2w+M+(V I.[w.] - Vaue)? + W
RM JRN

2
(”0+2+0//6 20e)? + (Avf dd)//wdxdy
rM JrN 2 RM JRN
gﬁe""’t/ / w? dzdy,
2 RM JRN

for some constant x5 > 0 depending only on b, [uo|| 11 (g wrwys and [[vo|[ 1 gas gy Therefore,
the Gronwall Lemma gives (2.4). O

dxdy

IA

Proof of Theorem 2.2. This is now seen to be a direct consequence of Lemmas 2.10, 2.11, and
2.12. O

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. For every 0 < ¢ < 1 let u. be the solution of (2.5). For every T > 0,

Lemmas 2.4, 2.5, and 2.6 guarantee that
(2 29) {ua}s is bounded in LOO(O’T’ Hl(RM % RN))’
. e }o is bounded in .T) x % 7

Since (see [8])
H'(RM x RY) cc LE (RM x RY),
using [9, Theorem 5], there exists a subsequence {u., }; and a function u such that
Uey, —> U in L2 .((0,T) x R).
Therefore, thanks to (2.29), we have
Ue, —> U in LP(0,T; L*(R™ x RM)), 1 < p < .
Moreover, Lemmas 2.1, 2.2, 2.3, 2.4, 2.5, and 2.6 imply (D.1), (2.6), and (D.2).
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Finally, (2.3) follows from (2.26) and the same argument of (2.9) gives (2.4) and Lemma 2.11
proves (2.8). O

3. A DIFFERENCE METHOD IN (141)D

We present the scheme in the semi-discrete case where the ¢ variable is continuous. To this end,
fix small positive Az and Ay, and set z; = jAz, yi, = kAy for integers j and k. With the usual
notation u;x(t) ~ u(t, z;,yx), define the discrete derivatives

Ujt1,k — Ujk
Ax

The discrete derivatives DY, DY and DY are defined analogously. When possible, we shall use the

abbreviated notation u = {u;r}; ;5. as well as u = wy, for any j and k, so that Y u = > uj,
’ ik ik

Diu]"k =+

etc.
The scheme reads

(3.1) +2 (D31; V 0) DY wjy, + DY D? Liuje + DY DY uji, > 0,5, k,
u;jk(0) = uo (7, yr), ik,
where the initial datum ug is assumed to be a continuous function defined on R? and (a A 0) =

min {a, 0}, (a vV 0) = max {a,0}. In order to define I;, we need to introduce the following piecewise
constant function

UALAy(t’ T,y) = uj’f<t)a (z,y) € R;‘C,Az X Ré{Ay’

x 1 | 1 1
o[- 1) ). [ -2) ).

We define I; as follows

where

5(8) = Lult) = Tluas.p)(t) = [ [ by, p)uns s 6.6 9) dedy.
To emphasize the dependence on the argument of Z, we also write
(3.2)  L[v] = I[v|DID? +2 (Df[[v] A 0) D? +2 (Dﬁ[[v] \% 0) DY + (DiDiI[v]) + DYDY,

where v is some fixed nonnegative function in L'(R).
Regarding the solvability of (3.1), we can argue as in the continuous case, by first obtaining &
priori estimates on the solution of

di7(v) = Liv]r(v),

for a fixed nonnegative function v = v(¢, ), and then showing that for small ¢, the mapping 7 has
a fixed point.
Introducing the following piecewise constant functions

uO,Az,Ay(x»y) = uO(xjvyk)a (l',y) € R?,Az X R‘;{Ayv
IAw(t,l‘) :Ii(t), x ERZ’ZA:N
we can rewrite the scheme (3.1) in the following form
8tuA:1:,Ay = IAwDiDiuAa:,Ay
+2 (D% Ing AO) DT upg ny +2 (D% Iaz V 0) DFung, ay
+(D.x|.D£[Ax) uA:c,Ay"'DZ-DZiUA:c,Aya t> OaxayeRa
UAz, Ay (O; z, y) = uO,Az,Ay(x, y)a T,y € R.

(3.3)

The main result of this section is the following.
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Theorem 3.1. Assume that (H.1), (H.2), and (2.2) hold. We have that
(3.4) Unz Ay — u strongly in LP(0,T; L*(R?)), 1 < p < oo, T > 0, as Az, Ay — 0,
(3.5) luac.ay(t, ) — ult, ')“L?(R?) < ket (AmAy + luo,az,0y — UO||L2(R2)) , 20,

for some constant k depending only on b and ug, where u is the unique solution of (1.1) with the
itial datum ug.

The following lemmas are needed.
Lemma 3.1 (Pointwise bounds). We have that
0 < upgay(t,z,y) < eFtu*, (t,x,y) € [0,00) x R?,
for some constant k depending only on b and uyg.

Proof. Assume that ug > 0 for all j, and that m_;nuug(t) = u;i(t) = 0 for some ¢ > 0. Then
Oruji(t) <0, if ¢ is such that w;(s) > 0 for all s <t and all < and £. We may choose j and k such
that if DY DY uj, = 0, then either D% uj;, > 0 and D*uj; < 0 or DY uj, > 0 and D* uj;, > 0. Or
D3 D?uj, > 0 and DE{_Dguij > 0. This is so since otherwise we would have u;i(t) = 0 for all j, k
and uj,(s) = 0 for all s > ¢ and all j, k. Hence I;D% D* u;(t) + DYDY u;;, > 0. We get
O zﬁtujk = Iij_Dfqu —|— 2 (DfIJ A O) Di’u]‘k —|— 2 (D_zi_IJ V 0) Df_ujk —|— D}{_inu]k
>IjDinUjk + D%/,_D?iujk > 0,
which is a contradiction. Hence u > 0.
For an upper bound, set w = e~ **u, we have that

dw =IDYD*w+2((D*IA0) D*w+ (DYIV0) DYw) + (DY DI — k) w+ DY D w.

We shall see later that u € L>(0,00; L'(R?)), bounded independently of ¢, Az and Ay, hence
ujp < O (||u||LQQ(L1)/(AxAy)). If u has a local maximum we have that D% D¥u;; < 0 and

DY DY u;; < 0, with one inequality being strict, and u;; is the value of the local maximum.
< (Dinfz‘ — k) w;; < 0,

if we choose k > sup D% D® I;. Thus w < maxw;;(0), and u(t) < e* maxu;;(0). O
i ij ij

Lemma 3.2 (L' bound). We have that

HUAI,Ay(tv ) ')HLI(RZ) = ”uOHLl(R?) )
for every t > 0.

Proof. We have that

d d
pn lluae,ay(t, - .)||L1(R2) = Ag:Ay% zk: Ujk = A:cAyzk: Orujk
J J
=AzAy Y " (I; D% D" uji + 2 (D I; AO) D" ujy,
jk
+2 (DY 1; V 0) DYy + DY D® Iy, + DY DY ujy)

=2AzAy > (D% (D™I; AO) + D* (D%1; v 0) + DY D" I;) ujp = 0.

ik

=0



14 G. M. COCLITE AND N. H. RISEBRO

Remark. Strictly speaking, the above computations assumed that lim uljDiuij =0, and a
ij—

similar assumption must be imposed for the discrete y derivative. However our calculation can

be made rigorous by multiplying the equation for u; by a smooth cut off function ¢.(z,y) such

that

1 lz] + |y| < RE,
pe(r,y) = ¢ €(0,1) RL<|z|+ ]yl <RZ, ozl + oy <e.
0 |lz| + |y| > RZ,

We also have that lin% R = oo for £ = 1,2. This would lead to estimates that are ¢ independent,

E—r
and one would then let € tend to zero. In the subsequent computations we shall use summation
by parts assuming that the relevant limits are zero without using this technique. Also these
calculations can be justified rigorously by the same device.

Lemma 3.3 (L? bound). We have that

H'UfAm,Ay(t? R ')HLZ(]RZ) < ||u0||L2(R2) ekt’

for some constant k depending only on |luol| 11 gy and 02b.

Proof. Since
A
uDiu = fDiu T —‘” (Dau)?.
We have that
1d d u?y
2 dt || UAz Ay( ) 7')||L2(R2 A.I?Ay% Z % = AIAyZUjkatujk
Jjk jk
:AxAyZ ('UijIij_Dfujk' + 2Ujk- (DfI] A O) Dfujk.
ik
+2uj (DY 1; V 0) DY wjy, + DY D* Ljugy, + uj DY DY ujy,)

_AgcAyZ (D ujk)? —ujp D™ I; D" uj + 2ujp (D™ I; A 0) D¥ gy,
\—,_/

<0

+2ujy, (DY I; V 0) DY ujp + DY D* Tugy, —(DY ujp)?
N————

<0
T T,
<AzAy Y —DEI] D? (uji)? —%DII (D% u)? + (D% I; A 0) D* (ujs)°
Jk >
+AzAy Y (DY v 0) DY (ujx)® + DY.D” Iius,)
Jjk
+Azdy Y- (A (D71; A 0) (D2w)* = Ax (D1 v 0) (Dfu)?)
Jk
=0

SAwAyZ (D%;IJ - DY (Dflj A 0) — D* (Dﬁlj Vv 0)) u?

D3 DI
< — AxAyZ 7] Qk < C’AxAyZu]k,
jk jk
where C is a constant depending only on 92b and ||u|| ri(r)- Therefore, the claim follows from
the Gronwall Lemma. O
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Lemma 3.4 (H! bound). We have that
[Dunz,ay(ts s ) p2ge) < et [Du(0)[| 22y + C llw(0)]l L2 (r2) (¥ -1),
for some constants C and k depending only on b and its x derivatives, where
Du = (D u, DY u).
Proof. Let w = D* u, then
dyw = D* (ID%w) +2(D*I A0) D*w + 2D* (D1 A0)w™
+2(DYIV0)DYw+2D* (DYIV0)w+ D* DY Iw+ D* D* DY Iu~ + DY D¥ w,
where Wi = Wi, and Ujp = Ui—1,j- Therefore
Sowd =3 —1(Diwy)’ — (DYwy)’ + (D21 A0) (DZw? + Az (D wyy))
ij ij

+(DE1v0) (D5wd — Aw (Dfwy)?) + D2 D Iw? + (D2 D2 D) w1 g

IN

=3 I (Dfwig) + (DY wyg)” = A (D21 A 0) (DZwyy)* = (DATV 0) (Dfwiy)?)
j

+ C ([[baall oo + [[baaell ) Z wizj + u’L2j
ij
Since I[u] is independent of j, we have that (D”u); = L[u] (D”u). Therefore, using the same
arguments as we used when obtaining the L? bound on u, we obtain the bound

> (DY ui (1) < e Y7 (D uy(0)°
ij ij
Thus setting Du = (D% u, DY u), we get
1Dl L2 (gey < € [|Du(0)l| 2gey + C lu(0)] pazey (" = 1),
for some constants C' and k depending only on b and its x derivatives. O

Lemma 3.5 (H? bound). We have that
D%, syt ey < D% gy + (€ = 1) (1100) L3 ey + 1Du(0) ey )

for some constant C' depending only on |[uo|[11(gey and on b and its x derivatives, where D2y
denotes the discrete Hessian of u, i.e.,

Dzui’ _ (Dg_DfUij D;Dg_uij> )
J D_,'_D‘E’U,ij D+D_u1'j

Proof. Let 2°% = D% D® u, then

J
+2(D2IV0) 25 +2D_ (DI V0) D uy

Oz = DyD_(IZ5) + Dy [2 (D2I A 0) 2%, +2D (D21 A0) Diuy

+ DD D% usy + D2 DEDE Tui | + DYDY 257
= ;D D* 277 + DY ;D% 207 + D* I;D” 27 + 2 (DI A 0) D* 2§ + 2 (DY 1V 0) DY 27
+ DYDY 27 + “lower order terms”,

where by “lower order terms” we mean terms depending linearly on I and its derivatives, and on
2 D¥Yu and u, but not on D% 2** or D¥ D* z**. Multiplying by 2** on both sides and summing
over i and j, we get
1d
5 S () < 3 DiLa DL + DL DY
J ij
+2 (D”j] A 0) zig D27 +2 (D'j[ Vv 0) 2y DYz + K



16 G. M. COCLITE AND N. H. RISEBRO

=L+,
where

2
IC CZ D UU) =+ (Dliu,]) + (uij)Q,
for some constant depending on the z-derivatives of b. Estimating £ we find that

L=y (D1 +2(D””I/\O))<1 D* (257)” +A7(D“ M)2>

ij

3142 (031 0) (308 (i) - 5 (1))

= 3§ (DLDZI +2D% (D1 A0) +2D7 (Dif v0)) (27)?

+ Z A; (D2257)* (D21 + 2 (DZI A0), = D2 =2 (DEIV0),_, )

SZC(W
Zm D) (D21 A0), = (D5TV0),) + Az (D-27)" (D31 v 0), = (D5Tv0),_,)

= O L (25)" = IjAx (D 2%) | D2 I| + Aa®D® (D21 V0), (D-z)"

<> c),
i

where we have used 3, Az* (D” sz)z <23 (zj”f)2 in the last line. We conclude that
d T T 2 2 T T 2
T Z (D% D7 uy)” < C > (i) + | Dug|* + (DY D ui5) "
ij
for some constant C' only depending on b and its derivatives.
Next, let 2%¥ = DY D* u. We have that
Oz} = D* (IiD%2Y) +2((Ii A0)) (D*2¥) + 2 (I vV 0)) (DY 2))
+2 (Dr Iz N O)) z7Y jt2 (DI (Ip; V 0)) RS (D”” DYD*I; ) (Diui_l,j) + DinIizf]y

= D* (D% 2Y) +2((D"L; A0)) (DT 2}) +2 ((Difi v 0)) (D%z))

(3.6)

+ lower order terms,

where as before the “lower order terms” depend linearly on DiYu, and on 2*Y. Multiplying by
z™ and summing over ¢ and j, we get

- jtz <Xl (D=7)" + (DY=57)?
+2Z Ipi N0) 25 D" 20 + (I3 v 0) 25/ DY 277
+CZ )" + | Dug
<3 (i h0) (D” (1) + A (D22)*) + (Lo v 0) (D3 (257)° = A (D527)7)

+CZ )* + | Dus; |

SCZ (25} )? + [Duyy|*.
i
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Therefore

(3.7) d

- > (DY D i) P <O () + |Duyl’ + (DYDZuy)”

ij ij
To bound DY DY u, we note that
(DY DYw), = Llu] (DY D" u),
and then use the same techniques as used to obtain an L? bound on u to conclude that
d
(3.8) " > (DYDY uy;) ’< > (DYyD? uU) .
1] ij
Equations (3.6), (3.7) and (3.8) imply that
(3.9)  ||D?u(t) < || D?u(0)]| o oy € + (7 = 1) (IIu(O)IIL2<Rz) + IIDu(O)IILz(R2)) ;

for some constant C' depending only on [[uf| ;1 g2y and on b and its  derivatives. O

||L2(]R2)

Proof of Theorem 3.1. The previous lemmas and the same argument of Lemma 2.10 and the
uniqueness of u give (3.4).
We have to prove (3.5). Consider the piecewise constant functions
Unsay(tz,y) = ult,zj,y0),  (2,9) € Rj Az X RY Ay
’U(t) = U‘ACE,Ay(tv Bl ) - qu,Ay(tv ) )
We have that
(310) ”uAf-,Ay(ta Bl ) - U(t, ) .)”LQ(RQ) S ”U(tv ) ')||L2(R2) + ||UACE,Ay(t7 ) ) - u(t, ) ')HL2(]R2) .

A B

The Holder Inequality and (D.1) give

Z/ / u(t, z,y) — u(t, z;, yp )| *dady

] Ay
<A:cAyZ / / |Vu(t, x y)|dxdy
fAT R;! Ay
<(AzAy) Z/ / |Vu(t, z,y)|*drdy

J. Ay
—(AwAy)? | Vu(t ,~,~>||L2<Rz> < C(AzAy)?,
therefore
(3.11) B < CAzAy,

for some constant C' depending only on b and wuy.
On the other hand,

(3.12) 0wk = Cjk + Dji + Ejk + Fjk,

where
Cjk =1;D% D*vjj, + 2 (D*I; A0) D% vji + 2 (D% 1; V 0) DY v, + D5 D* Ijvj, + DY D vy,
Dji =1;D5 DT u(t, xj, yr) — (t,xj)aiu(t,xj,yk),
Eir =2 (D I; A 0) D u(t,xj,yx) + 2 (D51 V 0) DY u(t, zj, yi) — 20,Z(t, x)Opult, x5, yk),
Fijk = (DY D™ I; — 02Z(t, x;)) u(t, z;, yr).

Arguing as in Lemma 3.3 we have

(3.13) AxAyZv]k Cjk < kAxAyZvjk

J.k Jk
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for some constant k£ > 0 depending only on b and wug.
We have that

AJ:AyZ Vi, (t)Djk
3k
<C’Aa:AyZU]k —|—C’Aa:AyZ Z(t, a:]))2 (0. D" u(t, x;,yx))?
J.k J.k
+ CA%AZ/Z (t,x;))? (0 DT ult, zj,yr) — aiu(tvxjayk))Q
7,k
<CAzAy Z vj(t) + CAzAy sup (I; —Z(t, mj))2 Z(Dinu(t, T, yk))?
3k 3k
T T 2 2
+ CAxAyZ (t,z; ))? (D+D7u(t,mj,yk) — 8wu(t,xj,yk))
7,k
<CAzAy Z v} (t) + C(AzAy)? / I[u]|D} ul*dydz,
J.k R
therefore
(3.14) A:cAyZ vk () Dy < CAzAy Z vy (1) + C(AzAy)? / I[u]|D27yu‘2dyd3:,
ik ik R?
for some constant C' > 0 depending only on b and ug.
Moreover
AxAy Z vik(t)Ejk
7.k
<C’AxAyZ vy (t) + CAxAyZ D”” I; — 0,Z(t, xj))2 (DZu(t, x;, yr))?
J.k 3.k
+ OAIAy Z(awz(tv xj))z (Dfu(t7 Zj, Zlk) - aﬂtu(ta Zj, yk))2
3.k
<CAxAyZ v3.(t) + CAzAy bup (D*I; — 0,Z(t, a:]))2 Z(Dfu(t, i yk))?
Jsk 3.k
+ CA],‘Ay bup(aLI(ta Z‘j))2 Z (Dfu(ta Tj, yk) - 8Lu(t7 Zj, Z/k))2
J gk
<CAzAy Y v}, (1) + C(AzAY) [[ult, -, )iz ey »
7,k
therefore
(3.15) AJ:AyZv]k ik < C’AszZUjk + C(AzAy)?,
J.k J.k
for some constant C' > 0 depending only on b and ug.
Since
A:vAyZv]k Fik <kAxAyZvjk +ksup|D"”D‘” R AC T | AacAyZu (t, x5, Uk),
Jik gk gk
(D.1) gives
(3.16) AmAyZv]k Fik < k:Zvjk

J.k

for some constant & > 0 depending only on b and wug.
(3.13), (3.14), (3.15), and (3.16) guarantee

d A2 d AxAy
a2 Zlvak Amyjzkjvjk@)atvjk(t)
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=AzAy Z vk (t)Cjk + AzAy Z 0k (t)Dj

J.k g,k
+AzAY D vtk + AxAy Y vk () F;
Jk g,k
<CAzAy Z vjzk(t) + C(ArAy)? + C(AzAy)? / I[u]|D§’yu\2dydx.
ik R

Therefore, the Gronwall Lemma and Lemma 2.11 give

A%(t) <etA%(0) 4+ C(AzAy)? (€t — 1)
¢
+ C’(AxAy)zeCt/ / e*CSI[u]|D27yu|2dsdyd:r
o Jr?

<e“ A%(0) + C(AzAy)? (€t — 1)

¢
+ C’(AxAy)ZBCt/ / I[u]|Di7yu\2dsdydx
o Jr?
<e'A%(0) + C(AzAy)? (€t — 1)
+ C(AzAY)2e |uoll32 g2
that gives
(3.17) A(t) < eCLA(0) + CAzAye”?,

for some constant C' > 0 depending only on b and uyg.
Clearly, (3.5) follows from (3.10), (3.11), and (3.17). O

4. NUMERICAL EXPERIMENTS

In order to calculate, we have to discretize (3.1) in time. Since the solution is sufficiently regular,
we can achieve second order accuracy in time by using the Crank-Nicholson scheme below, (4.1).
We must also consider a finite domain, and choose a square (z,y) € [-X, X] x [-X, X]| where X
is a fixed positive number.

With the notation in (3.2) we then define
wtH —qyn 1
Jk Jk _ ni, n n+17, n+1
(4.1) =3 (L[u"u™ + L{u™u™th)

This is supposed to hold for n > 0,0 < j < N+1and 0 < k < M + 1 where (N + 1)Az =
(M + 1)Ay = 2X. For simplicity we impose Dirichlet boundary conditions

Jk*

n o _ n _.n _ .n _
(4.2) Ug g = UNni1,k = Ujo = Uy pr41 = 0,

for0<j<N+land0< k< M +1 and all n > 0. To solve the nonlinear equation (4.1) for
u" ! we used simple iteration, which worked well, and usually converged within a relative error
of 107*Ax after 2 — 3 iterations.

In our example, we choose the function b as

1 2 /52
(43) b($7§) = Ve_(x_g) /6 s 0 =0.1.
T

We choose X = 1 and initial data
(4.4) uo(z,y) = 16(1 — %) (1 — y?)e 8"+,

In Figure 1 we show the approximate solution using 300 grid points in each direction, and At =

0.01Az for t = 0, ¢ = 0.03 and ¢ = 0.06. In order to test the convergence of the scheme we

computed the L? error for various grid sizes. The L? error is defined by

HUAQ:,Ay(t» Yy ) - Uref(t, %y ')||L2
luret (¢, 5 )| 2

(4.5) error = 100 x

)
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FIGURE 1. The approximate solution defined by (4.1) with initial data (4.4).

where u,ef is a reference solution. In all of our computations we used Az = Ay = 2/(N + 1),
t = 0.06 and the reference solution is the approximate solution computed by the scheme with
N = 1600. In Table 1 we show the errors and the convergence rate for various N. We see that the
error seems to be first order in Az, which is to be expected since the L? error in the approximation
of the initial data by a piecewise constant function is first order, cf. (3.5).

N ‘ 50 100 200 400 800
error | 20.5 10.7 5.2 2.3 0.8
rate 0.9 1.0 1.2 1.6

TABLE 1. Errors for various N.

We remark that since we do not have any solution in closed form, the convergence we are
measuring is only “self-convergence”, and that actual convergence rates may be lower.
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