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Last year, we reported a perturbative theory of the Casimir-Lifshitz torque between planar biax-
ially anisotropic materials in the retarded limit [Phys. Rev. Lett. 120, 131601 (2018)], which is
applied here to study the change of sign and magnitude of the torque with separation distance in
biaxial black phosphorus having excess charge carriers. The study is carried out both in vacuum
as well as in a background fluid medium. The presence of extra charge carriers and that of an
intervening fluid medium are both found to promote enhancement of the magnitude of the torque
between identical slabs. The degree of enhancement of the magnitude of torque increases not only
with an increased carrier concentration but also with separation distance. In the non-identical case
when different planes of anisotropic black phosphorus face each other, owing to the non-monotonic
characteristic of the sign-reversal effect of the torque, the enhancement by carrier addition and
intervening medium also becomes non-monotonic with distance. In the presence of a background
medium, the non-monotonic degree of enhancement of the torque is observed even between identical
slabs.

I. INTRODUCTION

The introduction of a pair of material slabs in vac-
uum breaks its translational symmetry giving rise to
the Casimir force between the slabs. Birefringence or
anisotropy in the material properties of the slabs fur-
ther induces breaking of the rotational symmetry of the
vacuum in which case a torque appears between the
slabs tending to rotate and align their principal opti-
cal axes1. Parsegian and Weiss presented an analytical
calculation of this torque in the non-retarded limit be-
tween semi-infinite uniaxial bulk slabs interacting across
an anisotropic medium2, while Barash derived the same
in the retarded limit but in an isotropic medium3. Last
year4, we demonstrated, using a perturbative theory, that
the retarded Casimir torque between two biaxially polar-
izable material slabs can exhibit a non-trivial reversal of
sign as a function of separation distance if the in-planar
frequency-dependent polarizability components of one of
the dielectric slabs intersect at a certain frequency. In the
uniaxial limit, this theory yields the exact non-retarded
result of Barash while for the retarded case, the results
were found to match numerically for reasonable values of
the perturbative parameter4. Very recently, Broer et al.
reported an independent derivation via Maxwell eigen-
mode approach confirming Barash’s results5.

Though the Casimir-Lifshitz torque was theoretically
predicted as early as 19611, it was only in 2018 that its
existence was experimentally confirmed6. With this ac-
complishment, further investigations of the magnitude
and nature of the torque are indispensable for the ulti-
mate goal of feasible practical applications. The small-
ness of the magnitude of torque has so far thwarted ex-
perimental progress. The magnitude of the torque for
a pair of discs each of cross-sectional area 1 µm2 at a
separation distance of micrometer range is consistently
reported in the literature to be of the order of 10−20
Nm for several uniaxial materials7–9. While this degree
of sensitivity has now been established as achievable by
the precision experiment in Ref.6, theoretical efforts to
augment the magnitude of torque from material consid-
erations7,8 as well as techniques such as application of
an external magnetic field10 had been underway. Ref-
erence11 predicted a Casimir torque between photonic
topological insulators tunable by an external magnetic
field. Reference12 showed that an intervening dielectric
medium, contrary to the expectation that the medium
would screen the interaction, could instead enhance the
magnitude of torque by a factor of 2. More recently,
Ref.13 reported a giant Casimir torque between rotated
finite gratings, that is several times larger in magnitude
than between the corresponding infinite ones. Optical
modulation of the Casimir force by varying density of
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charge-carriers had been demonstrated in Refs.14,15.
In this work, we shall demonstrate an increase in the

magnitude of the Casimir-Lifshitz torque between a pair
of biaxial slabs as a result of carrier insertion as well
as the presence of an intervening medium between the
two slabs. We shall also show non-trivial changes of the
sign of the torque with separation distance4 for these
cases, while elucidating why this particular effect fails to
show up in the experiment of Ref.6. We consider biax-
ially anisotropic bulk black phosphorus (black P) as an
illustration. This material displays a unique puckered
honeycomb structure rendering a non-planar feature to
the layer. Its exhibition of in-plane anisotropy of various
material properties has been attributed to this feature16.
The layered bulk crystal is of the van der Waals type
but with a more sophisticated nature of interlayer inter-
action17 exhibiting varying band gap energies inversely
proportional to the number of layers18–20. Moreover, it
has high carrier mobility16,21–23, high reactivity24–27 and
high exciton binding energy18,28 making it a desirable
material for potential device applications. We explore
the possibility of modifying the anisotropy through ad-
dition of free electrons (which can either be achieved by
dopants or by carrier injection) where the mobility of the
additional free carriers is governed by the dispersion of
the conduction band. In the following section, we briefly
present the perturbative method of Ref.4 for computing
the torque, generalised to the case when the interven-
ing isotropic medium is an isotropic dielectric medium.
In section III, we describe the model of carrier injection
in bulk black P, for which the electronic structure and
the dielectric tensor were computed by density functional
theory (DFT). The analysis of the torque with the result-
ing dielectric tensors is presented in section IV, and the
effect of the presence of an intervening medium is dis-
cussed in section V. In section VI, we present a brief
section on the enhancement featuring cases with large
magnitudes of the torque, and we end with conclusions
in section VII. We also provide an appendix elaborating
the expressions for the reduced reflection coefficients of
the retarded interaction between biaxial finite-thickness
planar materials, and another on the anisotropic struc-
ture of black P.

II. PERTURBATIVE FORMALISM FOR
CASIMIR-LIFSHITZ TORQUE

Let us consider two biaxial dielectric slabs, of thick-
nesses d1 and d2, as shown in Fig. 1, with principal axes
of their respective dielectric tensors along (û1, v̂1, n̂) and
(û2, v̂2, n̂),

ε1(ω) = εu1 (ω) û1û1 + εv1(ω) v̂1v̂1 + εn1 (ω) n̂n̂, (1a)
ε2(ω) = εu2 (ω) û2û2 + εv2(ω) v̂2v̂2 + εn2 (ω) n̂n̂, (1b)

where we have chosen one of the principal axes of the
slabs to be along n̂. Further, we choose the slabs to be
parallel and their normals to be in the direction of n̂.

n̂

a

d1 d2

ε1 ε2
û1

v̂1

û2

v̂2

θ

Figure 1. Two biaxial dielectric slabs, of thicknesses di, with
dielectric functions described by Eqs. (1), separated by dis-
tance a. The orientation of the principal axes û1 and v̂1 of
the first slab relative to the principal axis of the second slab
û2 and v̂2 is illustrated on the right. The third principal
axes, n̂, for both the slabs is chosen normal to the plane of
the slabs.

The distance between the inner surfaces of the slabs is
a. The intervening medium is assumed to be isotropic,
characterized by the frequency-dependent dielectric func-
tion, ε3(ω). In what follows, the frequency dependence
is suppressed for brevity.

In the perturbative approach, following the theory de-
veloped in Refs.29–31 for the perturbation in the shape of
the material slabs, we choose the decomposition of the
dielectric function of the biaxial material to be

εi = ε̄i + ∆εi (2)

with ε̄i representing a uniaxial background with

ε⊥i =
εui + εvi

2
and ε

||
i = εni . (3)

ε
||
i is parallel with the direction normal to the surface.
The degree of anisotropy of each material is defined as

βi =
εui − εvi
εui + εvi

, (4)

which is the perturbation parameter in our theory. Thus
the anisotropy leading to the biaxial nature of the mate-
rial is then completely captured inside

∆εi =

(
εui − εvi

2

)
(ûiûi − v̂iv̂i), (5)

This particular choice renders

Tr∆εi = 0, (6)

and ensures that the first order contribution in βi is zero.
The leading-order contribution to the interaction energy
per unit area between the two biaxial slabs originates
from the second-order terms in the perturbation parame-
ters, i.e. β2

1 , β2
2 , and β1β2. We are particularly interested
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in the latter, which depends on the angle θ between the
in-planar principal axes of the two slabs, and gives rise
to a nonvanishing torque:

T (2) =−kBT sin 2θ

2π

∞∑
m=0

′β1β2

∫ ∞
0

k dkTr(R̃1R̃2)e−2κ3a,

(7)
where kB is the Boltzmann constant and T the temper-
ature. The prime on the summation denotes that the
zero frequency mode is taken with half-weight. We de-
fine κ3 =

√
k2 + ζ2mε3/c

2, where ζm = 2πmkBT/~ is the
imaginary Matsubara frequency, ω = iζ. The reduced
reflection coefficients R̃i are defined in Appendix A.

III. CALCULATION OF THE DIELECTRIC
TENSOR FOR BLACK P WITH EXCESS OF

FREE CARRIERS

We model bulk black P (space group Cmce, number
64) with the primitive cell comprising four P atoms with
the electronic configuration [Ne]:3s2p3; thus n = 20 va-
lence electrons. Addition of excess charge carriers implies
that a fraction dn of an electron is introduced in each cell,
and the carrier concentration ne is dn/V , where V is the
volume of the primitive cell. We expect this method of
carrier insertion to be a reasonable assumption for low-to-
moderate doping of shallow donors or for carrier injection
by weak applied electric fields. For doping with shallow
donors, the donor electrons form a free electron gas in
the conduction band. A proper choice of dopant elements
will have negligible impact on the electronic structure of
the host material32. For carrier-injection, the electrons
diffuse into the material by the electric field and form an
excess of free carriers. Alternatively, or in combination,
the free carriers can be achieved by optical excitation
from absorption of light. For weak applied electric fields,
the electronic structure of the host material will not be
greatly affected33. Here, we will not consider alterations
of the host material due to electric field or dopants, but
explore how an electron gas in the conduction band af-
fects the dielectric functions and subsequently the torque.

With the free electrons in the conduction band, a
plasma contribution to the response function appears
in the system34,35. We consider some values of frac-

tion dn that give carrier concentration ne in the range of
1×1019–5×1020 cm−3, with the expectation that a con-
centration of the order of 1020 cm−3 is the very upper
region that can be achieved with only small impact on
the host material36.

We determine the dielectric tensors of phosphorous for
different carrier concentration ne from electronic struc-
ture calculations using VASP (Vienna ab initio simula-
tion package)37–39. The bulk P structure is relaxed with
the optB88-vdW functional40,41 to treat the exchange-
correlation part of the layered configuration, with the
cut-off energy for the plane-wave basis set fixed at 600
eV. The resulting volume of the unit cell is 80.1 Å3. That

Table I. The fraction dn of electron added per unit cell, the
resulting concentration of extra carriers ne per cm3 and the
generated plasma frequencies along the three principal direc-
tions.

dn ne (cm−3) plasma frequency (eV)
xx yy zz

0.001 1.25×1019 0.11 0.28 0.31
0.01 1.25×1020 0.42 0.70 0.91
0.04 4.99×1020 0.98 1.37 1.42

yields fractions 0.001, 0.01 and 0.04 as some of the suit-
able choices of dn. The resulting number of carriers ne
injected per cm3 and the corresponding plasma frequen-
cies35 along the three principal directions are presented
in Table I. The converged plasma frequencies are deter-
mined by calculating the intraband transitions in the low-
est conduction band using the modified Becke-Johnson
(mBJ) functional42,43 with a cut-off energy of 325 eV for
the plane-wave basis set. To ensure convergence, a large,
automatic k-mesh of 50×50×54 is used for the Brillouin
zone summation with a Gaussian smearing of 0.02 eV.
From the plasma frequency the dielectric response due
to the free carriers is determined with the Drude model
assuming a damping constant of 0.244. In addition, the
dielectric response from the host, carrier-free material is
determined by calculating the optical interband transi-
tions using the Heyd-Scuseria-Ernzerhof (HSE06) func-
tional45,46 and a 8× 8× 10 k-mesh.

The computed dielectric tensors of the original bulk
and the carrier-added bulk P are shown in Fig. 2. εx

and εy are the planar components that correspond to
the principal axes û and v̂ respectively while εz forms
the normal component perpendicular to the slab and cor-
responds to the principal axis n̂ (see Appendix B for the
structure of bulk black P and determination of principal
axes). The immediate effect seen as a result of carrier

insertion is an increase of dielectric values at lower Mat-
subara frequencies due to intraband transitions. As the
concentration ne of extra carriers increases, the range
of frequencies affected increases. Consequently, the in-
planar crossing of εx and εy components, denoted by ζxy,
is pushed towards higher frequencies. An additional fea-
ture that is observed is the intersection of the εz and
εx components that is not seen in the original carrier-
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Figure 2. (Color online) The principal components εx, εy and εz of the dielectric tensors at room temperature of carrier-free
black P and carrier-excess black P with different concentrations of extra electrons ne. The Matsubara frequency ζm of the
bottom x-axis and the Matsubara number m of the top x-axis correspond to each other. The dielectric values at m = 0 are
placed on the y-axis. εx and εy form the planar components while εz is the component normal to the face of the P slab. That
is, εx is measured along the direction defined by lattice constant 3.34 Å, εy along that defined by lattice constant 4.47 Å and
εz along 10.74 Å. See Appendix B for the structure of bulk black P.

Table II. The frequencies of intersection of the planar dielec-
tric components of the XY plane ζxy, the Y Z plane ζyz and
the XZ plane ζxz in the original P bulk and the carrier-excess
P dielectric tensors in rad/s.

ne (cm−3) ζxy ζyz ζxz

0 3.89×1015 - -

1.25×1019 3.94×1015 - -

1.25×1020 4.13×1015 3.29×1014 7.9×1014

4.99×1020 4.50×1015 - 1.03×1015

free bulk P. As can be noted from Table I, the plasma
frequency along the principal z-direction has relatively
higher values than in the x-direction resulting in higher
dielectric values along z, notably at lower frequencies. As
a result, the static value of εz component becomes nearly
equal to that of εx component for ne = 1.25×1019 cm−3.
For higher carrier insertion, εz gradually overtakes and
crosses the εx component. The plasma frequency along
z also is higher than along y, and εz overtakes and in-
tersects with εy as well for the case of ne = 1.25 × 1020

cm−3. The frequencies at which the in-planar dielectric
components intersect for the different faces (XY , Y Z and
XZ) are tabulated in Table II for the computed dielectric
tensors.

IV. CASIMIR-LIFSHITZ TORQUE

The rich characteristics of the carrier-excess dielectric
functions with several in-planar crossings enable a com-
parative study of the magnitude as well as a detailed
analysis of the sign-reversal behaviour of Casimir-Lifshitz
torque as a function of distance that we earlier predicted
in Ref.4. In this work, we consider only black P slabs of
infinite thicknesses whose in-planar principal axes are at
an angle θ = π/4, which corresponds to the maximum
value of the torque.

A. Identical configuration

We first evaluate the torque between a pair of identical
carrier-free black P slabs and between identical carrier-
excess black P slabs for each carrier concentration at
room temperature. The leading-order contribution to
the torque, as given by Eq. (7), for the four cases is
plotted in Fig. 3. It is observed that the higher the con-
centration of carriers, the larger is the magnitude of the
torque. In Fig. 4, we display the plots of the ratio of the
carrier-excess torque and the carrier-free torque (T (2)

cf ).
With extra carriers corresponding to 1.25×1019 per cm3,
the magnitude of the torque is greater than that of the
original identical carrier-free bulk slab interaction at all
separations. The magnitude of the torque is even larger
for the case of ne = 1.25×1020 cm−3, which is twice as
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Figure 3. (Color online) Torque per unit area as a function
of separation distance between identical P slabs and identical
carrier-excess slabs in vacuum (XY -XY configuration). ne is
in cm−3.
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Figure 4. (Color online) Ratio of the carrier-excess torque to
the carrier-free torque as a function of the separation distance
in vacuum (XY -XY configuration). ne is in cm−3.

strong as the torque between a pair of original P slabs
beyond ∼60 nm. For ne = 4.99×1020 cm−3, it becomes
more than three times as large beyond ∼55 nm. That is,
while the magnitude of torque itself decreases with dis-
tance, the degree of carrier enhancement increases with
distance. This seems to be a consequence of the fact that
carrier addition increases the dielectric values at lower
Matsubara frequencies. The results indicate that an en-
hancement of the magnitude of the torque is attainable
by means of carrier insertion.

B. Non-identical configuration

Next, we consider the torque between non-identical
configurations of the slabs. We have pointed out ear-
lier that an intersection of the planar components of the
dielectric tensor of a biaxial material when interacting
with another biaxial material with non-crossing planar
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Figure 5. (Color online) The torque per unit area as a function
of distance when the XY plane of the first slab interacts with
the Y Z plane of the second slab, shown here for the carrier-
free and carrier-excess P dielectric tensors. ne is in cm−3.
The two panels are for different distance regimes.

components can render a reversal of the sign of torque
between them. The sign reversal is possible when the
second material also has a crossing of the planar compo-
nents but at a frequency significantly different from that
of the crossing of the first material. Below and above
this critical frequency at which β = 0, the contributions
to the torque will be of opposite signs. The overall sign
of the torque at a fixed separation distance is then deter-
mined by the summation of the contributions to torque
from each frequency. We will first consider the config-
uration when the XY plane of one slab interacts with
the Y Z plane of the other slab. That is, the face XY of
the first slab and the face Y Z of the second slab are set
parallel to each other and perpendicular to the normal
direction n̂. In this configuration, the carrier-inserted di-
electric tensor with ne = 1.25×1020 cm−3 has a crossing
of the planar components on each face at frequencies ζxy
and ζyz respectively. We observe a reversal of the sign
of torque twice with separation distance corresponding to
each intersection as shown in Fig. 5. For ne = 1.25×1019

cm−3 and 4.99 × 1020 cm−3, the sign of torque changes
once corresponding to the crossing ζxy on the XY face.

The magnitudes of torque in this configuration are
quite different compared to the case of identical slab
interaction. At smaller separations, the carrier-excess
slabs with greater concentrations of extra carriers start
out with smaller magnitudes of torque but they change
sign sooner and exhibit higher peaks on the positive side
of the axis; see Fig. 5. An exception is the case of
ne = 1.25×1020 cm−3 displaying the largest magnitude
of torque on the negative side and the least magnitude
on the positive side that gradually goes to zero again to
exhibit the second sign reversal. The magnitude of the
torque thus sensitively depends on the cancellation be-
tween the positive and the negative contributions arising
from the in-planar crossing of the dielectric tensors. The
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plot of the ratios with respect to the carrier-free torque in
this orientation, T (2)

cf(XY−Y Z) is depicted in Fig. 6. Due
to the sign-reversal effect, the increase in the degree of
enhancement with distance that we earlier observed for
the identical orientation (see Fig. 4) is no longer seen
here. The peaks in this figure do not have any signifi-
cance regarding relative magnitudes of the torque, and
correspond only to the distance where the carrier-free
torque, T (2)

cf(XY−Y Z) tends to zero and changes sign.

In Fig. 7, we show the torque between the XY and XZ
planes. In this configuration also, each face has an inter-
section of in-planar dielectric components at ζxy and ζxz
respectively for the carrier-excess dielectric tensors with
ne = 1.25 × 1020 cm−3 and 4.99 × 1020 cm−3. How-
ever, we observe no double reversal of sign. Moreover,
the change of sign corresponding to the ζxy crossing seen
for ne = 0 and 1.25 × 1019 cm−3 is suppressed in the
case of ne = 1.25 × 1020 cm−3 and 4.99 × 1020 cm−3.
As displayed in Fig. 7, the curves for ne = 1.25 × 1020

cm−3 and 4.99× 1020 cm−3 do show non-monotonic fea-
tures with extrema, but the negative contributions to the
torque dominate and curb the sign reversal. This empha-
sizes that the property of in-planar crossing of dielectric
components is a necessary but not sufficient prerequisite
for the prediction of sign reversal. A detailed computa-
tion of the contributions from each Matsubara frequency
mode is always required. This also explains why the sign-
reversal with distance did not show up in the experimen-
tal measurement of the torque between calcite (CaCO3)
and a liquid crystal (5CB) in Ref.6. The crossing of the
in-planar frequencies of CaCO3 occurs too early, and the
contribution to the torque before the crossing is not suffi-
cient to dominate the contribution to the torque after the
crossing. Hence, the overall torque will bear the sign of
the dominating side throughout and will not change sign
with distance. For a suitable choice of a pair of materials,
it is our expectation that the sign-reversal will appear in
experiments.
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Figure 7. (Color online) Torque per unit area as a function of
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XZ plane of the second slab, shown here for the carrier-free
and carrier-excess P dielectric tensors. ne is in cm−3.
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Figure 8. (Color online) Spectral plot showing the contribu-
tion to the torque from each Matsubara frequency T (2)

m for
the interaction between the XY plane and XZ plane fixed
at a separation distance of 50 nm. The values at m = 0 are
placed on the y-axis. ne is in cm−3.

The spectral plot in Fig. 8 of each frequency mode
contribution T (2)

m illustrates why we observe no sign re-
versal in the expected cases of ne = 1.25×1020 cm−3 and
4.99 × 1020 cm−3. The figure indicates that the contri-
bution from each Matsubara frequency is important. At
a separation of 50 nm, for instance, the area under the
positive curves remains smaller than the area under the
negative curves, and the torque stays negative. In this
regard, the plot of the perturbative parameter β as given
by Eq. (4) may throw a little insight on the expectation of
sign reversal. β for the different faces of the original and
the carrier-excess P is displayed in Fig. 9. Where there is
no crossing of the planar dielectric components on either
of the two interacting faces, the product of the β pa-
rameters for the two faces retains the same sign through-
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Figure 9. (Color online) Plot of the perturbative parameter
β as given by Eq. (4) for the XY , Y Z and XZ planes of the
carrier-free bulk P dielectric tensor and the different carrier-
excess dielectric tensors. The values at m = 0 are placed on
the y-axis.

out the whole frequency regime, and a sign reversal is
not predicted. Where there is a crossing of the planar
components, the product of the β parameters possesses
opposite signs above and below the critical crossing fre-
quency. The contributions from the k-integral is always
positive. The sign of β1β2 coupled with the contributions
from the k-integral, and summed over all frequencies will
finally determine the overall sign of torque, as given by
Eq. 7.

A plot of the torque for the remaining configura-
tion when the Y Z plane faces the XZ plane is shown
in Fig. 10. In this case, the sign reversal occurs for
ne = 4.99×1020 cm−3, but not for the other investigated
concentrations. The striking feature of this configuration
lies in the magnitude of torque which is almost an order
larger than for the rest of the configurations.

The quantitative results presented here are, however,
subject to limitations of the modeling of carrier injec-
tion by DFT and the subsequent dielectric tensors. It
is also subject to how well the perturbative theory esti-
mates the torque in the leading order. In this regard, we
compare the leading order torque in the uniaxial limit
with the exact uniaxial result of Barash’s shown for one
case (XY -Y Z) in Fig. 11. For this purpose, we set the
dielectric component in the normal direction n̂ equal to
one of the in-planar dielectric components εn = εv , that
is εz = εy in black P. Figure 11 illustrates the excel-
lent agreement between the two theories for black P with
the relative error remaining mostly below 2 %. Since
we consider the XY -Y Z orientation, the relative error
tends to grow near the separation distance where the
torque changes sign, which is expected as the denomina-
tor tends to zero. The agreement turns out to be equally
good for the other orientations as well. Thus, the leading
order contribution to the torque is dominant, and results
in faster computation than the exact calculation. For
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Figure 10. (Color online) Torque per unit area as a function of
distance when the Y Z plane of the first slab interacts with the
XZ plane of the second slab, shown here for the carrier-free
and carrier-excess P dielectric tensors.
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Figure 11. (Color online) Comparison of the leading order
torque in the uniaxial limit (setting εz = εy) and Barash’s
exact result in the XY -Y Z orientation of black P with ne =
1.25×1020 cm−3. The inset shows the relative percentage er-
ror.

example, in a laptop using Mathematica, the perturba-
tive calculation runs more than 50 times faster than the
corresponding exact calculation.

Theoretically, the distance at which the sign changes
could be roughly estimated as ac,est = c/2ζc, where
ζc = ζxy or ζyz or ζxz47. The empirical distance ac,est
and the theoretical distance ac,obs at which sign-change
occurs are compared in Table III. This is a simple order
of magnitude estimation based on the crossing frequency
of the planar dielectric components, and as seen from
Table III, it works qualitatively for the anisotropically
polarizable materials as well. Note again from this table
that the sign-reversal does not always show up where it
is expected.
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Table III. The estimated (empirical) distance ac,est (nm) and
the observed (theoretical) distance ac,obs (nm) at which the
torque reverses sign corresponding to each crossing frequency
in the three configurations of interaction between different
faces of black P.

XY -Y Z XY -XZ Y Z-XZ
ne (cm−3) ac,est ac,obs ac,est ac,obs ac,est ac,obs

0 38.5 22 38.5 36 - -
1.25×1019 38.1 21 38.1 36 - -
1.25×1020 36.3 23 36.3 - 455.9 -

455.9 1000 189.9 - 189.9 -
4.99×1020 33.3 16 33.3 - 146 301

- - 146 - - -

V. EFFECT OF INTERVENING MEDIUM

The effect of an intervening isotropic medium on the
torque between a pair of interacting slabs is also con-
sidered in this study. Usually, an intervening medium
reduces the normal attractive interaction between mate-
rials. However, the torque between two anisotropic ma-
terials is shown here to increase, as was also observed
in Ref.12. For the purpose of illustration, we consider
methanol, chlorobenzene and bromobenzene as the back-
ground intervening media. The dielectric functions of
the media under consideration here are obtained from
Ref.48. Figure 12 compares the torque per unit area
between identical carrier-free P slabs in vacuum and in
medium. Enhancement is observed for all the media and
at all separation distances. The strength of enhancement,
however, does not reach a factor of 2. The plot of the ra-
tios of the torque in the media with respect to that in
vacuum is shown in Fig. 13. An interesting result noted
here is the non-monotonous degree of enhancement with
respect to distance even in the identical orientation of
the interacting slabs without any excess charge carriers.

In Fig. 14, we compare magnitudes at different orien-
tations of the carrier-free as well as carrier-excess P slabs
in the presence and the absence of the medium. Medium
induces enhancement in most cases. However, at certain
orientations such as the XY -XZ, the medium instead
acts to induce faster reversal of the sign of the torque
without enhancement. It is interesting that the original
bulk P slabs at the orientation Y Z-XZ without any extra
carriers turns out to be most effective for torque enhance-
ment when a medium is involved. At the same orienta-
tion, addition of extra carriers of ne = 1.25×10−19 cm−3
to black P results in slight reduction of the torque mag-
nitude in bromobenzene; compare bottom left and top
right panels of Fig. 14. This may in fact be a favourable
feature in view of experimental tests, since involvement
of both carrier injection and intervening medium may
lead to complications.
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Figure 12. (Color online) Torque per unit area as a func-
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Figure 15. (Color online) A collection of cases with relatively
larger magnitudes of torque. They involve a combination of
carrier-excess dielectric functions, different orientations and
intervening medium.

VI. ENHANCEMENT

Finally, the cases with the greatest degrees of enhance-
ment are collected in this section and compared with the
identical vacuum case. The ratios of the torque for these
select cases involving both medium and excess charge car-
riers to the torque between identical carrier-free P slabs
(XY -XY ) in vacuum, T (2)

cf , are shown in Fig. 15 as a
function of separation distance. At the Y Z-XZ orien-
tation of the planes of the interacting P slabs in the
background medium of bromobenzene, we observe occur-
rence of more than an order of magnitude enhancement of
torque as compared with the identical (XY -XY ) vacuum
case in the absence of extra carriers; see the blue smooth
curve in Fig. 15. As stated earlier, addition of extra
carriers raises the degree of increase of torque with sep-
aration in vacuum in the identical XY -XY orientation;
see the red curve (dash-dotted). The increase in torque is
further enhanced in the presence of bromobenzene as an
intervening medium; see the green dashed curve. How-
ever, the non-monotonic degree of enhancement that we
earlier observed in Fig. 13 in the identical orientation in
the presence of a medium no longer prevails, and the ef-
fect of excess charge carriers dominates. With the change
in orientation of the slab shown here for Y Z-XZ, non-
monotonicity appears in the ratio with distance. This is

caused by the tendency in this orientation towards sign
reversal. This figure highlights the possibilities of torque
enhancement with suitable choices of interacting materi-
als and intervening media.

VII. CONCLUSIONS

In this work, we present an investigation on the sign-
reversal behaviour of the Casimir-Lifshitz torque with
separation distance using biaxially polarizable black P
whose frequency-dependent dielectric tensor components
are enhanced by introducing extra charge carriers. It is
observed that the reversal of the sign of torque with sep-
aration distance does not always occur when the prereq-
uisite of a crossing of the in-planar dielectric components
of one of the interacting slabs is satisfied. The calcula-
tion needs to be performed to ascertain the prediction
of sign-reversal. However, a sign-reversal with distance
can take place only when the said prerequisite is satis-
fied. It is our expectation that, for a suitable choice of
a pair of dielectric materials, the effect will emerge in
future experimental endeavours. The presence of the ex-
tra carriers results in an enhancement of the magnitude
of torque between identical slabs. Between non-identical
slabs, the sign-reversal effect acts to either increase or de-
crease the magnitude non-monotonically with separation.
We further investigate the influence on the torque by an
intervening dielectric medium between the two slabs and
find that medium enhances rather than dampens the in-
teraction for identical slabs.

Although subject to the limitation of the modeling
and computation, the enhancement in the magnitude of
torque predicted is considerable. The numerical com-
putation of the torque using our perturbative formalism
proves to be several times faster than numerical com-
putations of Barash’s exact result3, rendering possible
comprehensive analyses of the torque for several differ-
ent cases.
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Appendix A: Reduced reflection coefficients in the presence of an intervening isotropic medium

We present here the reduced “reflection coefficients” R̃i, for i = 1, 2, for the retarded interaction between planar
biaxial materials of finite thickness in the presence of an intervening isotropic fluid. The resulting expressions after
separating the dependence on the degree of anisotropy βi and relative orientation of two materials θ consequent of
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the polar angle φk integration in the k-space, are given by

R̃i =


1

∆H

κ3κ̄
H
i

(κ3 + κ̄Hi )2
CHi

1√
∆E∆H

2κ3ζmκ
H
i

(κ3 + κ̄Hi )(κ3 + κ̄Ei )

(
Fi

κEi + κHi
− Gi
κEi − κHi

)
1√

∆E∆H

2κ3ζmκ
H
i

(κ3 + κ̄Hi )(κ3 + κ̄Ei )

(
Fi

κEi + κHi
− Gi
κEi − κHi

)
1

∆E

κ3ζ
2
mε

⊥
i

κEi (κ3 + κEi )2
CEi

 .
(A1)

The TE and TM modes do not separate in the case of the interaction between anisotropic materials. Thus,

Tr(R̃1R̃2) =
1

(∆H)2
κ23κ̄

H
1 κ̄

H
2

(κ3 + κ̄H1 )2(κ3 + κ̄H2 )2
CH1 C

H
2 +

1

(∆E)2
κ23(ζ2mε

⊥
1 )(ζ2mε

⊥
2 )

(κ3 + κE1 )2(κ3 + κE2 )2κE1 κ
E
2

CE1 C
E
2

+ 2
1

∆E∆H

(2κ3)2ζ2mκ
H
1 κ

H
2

(κ3 + κ̄H1 )(κ3 + κE1 )(κ3 + κ̄H2 )(κ3 + κE2 )

[
F1

κE1 + κH1
− G1

κE1 − κH1

] [
F2

κE2 + κH2
− G2

κE2 − κH2

]
,

(A2)

where ∆̄E = (1−RE
1 3
RE

2 3
e−2κ3a) and ∆̄H = (1−RH

1 3
RH

2 3
e−2κ3a). The reflection coefficient for the TM mode, for an

in-plane isotropic uniaxial dielectric slab, is

RH
i j

= −
ᾱHij (1− e−2κ

H
i di)

1− (ᾱHij )
2e−2κ

H
i di

, ᾱHij =
κ̄Hi − κ̄Hj
κ̄Hi + κ̄Hj

. (A3)

The TE mode RH
i j

is obtained by replacing H → E in the reflection coefficient for the magnetic mode in Eq. (A3).
Here we have used short hand notations

κHi =

√
k2
ε⊥i

ε
||
i

+
ζ2m
c2
ε⊥i , κEi =

√
k2 +

ζ2m
c2
ε⊥i , (A4)

where κ̄Hi = κHi /ε
⊥
i and κ̄Ei = κEi . For the isotropic intervening medium κE3 = κHi = κ3 =

√
k2 +

ζ2m
c2 ε3 and

κ̄H3 = κ3/ε3. Note the modification of the expressions by the dielectric function ε3 of the medium as compared to the
vacuum case presented in the Supplemental Material of Ref.4. We have suppressed the explicit frequency dependence
in ε⊥ and ε||i . The coefficients CH,Ei , Fi, and Gi are given by

CXi =

{
(1− e−2κX

i di)
[
1 + (ᾱXi )2e−2κ

X
i di
]
∓ 4ᾱXi κ

X
i die

−2κX
i di
}

[
1− (ᾱXi )2e−2κ

X
i di
]2 di→∞−−−−→ 1, (A5a)

Fi =
(1− e−(κE

i +κH
i )di)

(
1− ᾱEi ᾱHi e−(κ

E
i +κH

i )di
)

[
1− (ᾱEi )2e−2κ

E
i di
] [

1− (ᾱHi )2e−2κ
H
i di
] di→∞−−−−→ 1, (A5b)

Gi =

(
ᾱEi e

−κE
i di − ᾱHi e−κ

H
i di
)(

e−κ
E
i di − e−κH

i di
)

[
1− (ᾱEi )2e−2κ

E
i di
] [

1− (ᾱHi )2e−2κ
H
i di
] di→∞−−−−→ 0. (A5c)

Here X = H,E, and the negative and positive signs (∓) in the numerator of Eq. (A5a) correspond to H and E,
respectively.

Appendix B: Structure of black phosphorus

We show in Fig. 16 the layered structure of black P.
In our convention, we define the planar layer by x and y
directions while z direction corresponds to the perpendic-
ular direction along the layers. Note, however, that the
optical calculation itself is carried out with the bulk prim-

itive unit cell whose three geometrical symmetry axes are
not orthogonal to each other. The principal directions
are determined by comparing with the orthogonal, con-
ventional unit cell of bulk black P consisting of 8 atoms.
Consequently, x is along the direction defined by the lat-
tice parameter 3.34 Å, the so-called zig-zag direction in
the literature. y is along the direction spanned by lat-
tice constant 4.47 Å also known as the armchair direc-
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y
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Figure 16. (Color online) Structure of black phosphorus indi-
cating the convention of directions followed in this paper.

tion, and z is perpendicular to the layers defined by lat-
tice parameter 10.74 Å. For details of the comparison of
the bulk primitive and conventional unit cells that corre-
spond to the optical calculations performed in this work,
see Ref.49.
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