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Abstract

Two stationary and non-negative processes that are based on continuous-

time autoregressive moving average (CARMA) processes are discussed. First,

we consider a generalization of Cox-Ingersoll-Ross (CIR) processes. Next, we

consider CARMA processes driven by compound Poisson processes with expo-

nential jumps which are generalizations of Ornstein-Uhlenbeck (OU) processes

driven by the same noise. The way in which the two processes generalize CIR

and OU processes and the relation between them will be discussed. Further-

more, the stationary distribution, the autocorrelation function, and pricing of

zero-coupon bonds are considered.

Keywords: Continuous-time ARMA processes, Lévy processes,

Ornstein-Uhlenbeck processes, Stationary processes, Square-root process

2010 MSC: 60G10, 91G30

1. Introduction

The CIR process has been studied extensively and found many applications,

in particular, as a model for the volatility of a financial asset (known as the Hes-

ton volatility model [24]) and as a model for spot interest rates (see [19]). More

recently, a CIR process has been proposed to model wind speeds in [5] where a

significant reduction in the mean-square prediction error is obtained compared

with more classical static models. The OU process is another extensively studied

∗Corresponding author
Email address: victor@math.au.dk (Victor Rohde)

Preprint submitted to Journal of Mathematical Analysis and ApplicationsDecember 18, 2018



process that is popular in modeling volatility (see [35]), interest rates (known

as the Vasicek model [38]), and wind (see [8]). Both the CIR and OU processes

have the desirable trait of being continuous-time processes that are relatively

simple, analytically tractable, stationary and, when the OU process is driven

by a subordinator, non-negative. On the other hand, a drawback of CIR and

OU processes is that the correlation structure is not very flexible; the autocor-

relation function (ACF) is simply an exponential function. This often results

in models that do not capture some of the correlation structure. For example,

in their application of a CIR process to wind, we see in [5, Figure 1] (see also

Figures 1 and 2 in this paper) that the model ACF overshoots the population

ACF for small lags and undershoots it for large lags. This motivates studying

non-negative and stationary processes that generalize CIR and OU processes

but with a correlation structure that is more flexible.

A natural generalization of OU processes is CARMA processes. CARMA

processes are stationary, there are conditions for non-negativity (see [15, 37]),

and they have a more flexible correlation structure (cf. Proposition 4.1). Many

results about CARMA processes are given in the literature, for example, a

prediction formula, a multivariate extension, noise recovery, an extension to

Hilbert space valued processes, an extension to incorporate long memory, and

a CAR(∞) representation (see [4, 9, 14, 15, 17, 30]). Moreover, there exists a

large body of literature on the application of CARMA processes. For example,

CARMA processes have been used to model realized volatility, interest rates,

electricity prices, and temperature (see [1, 6, 7, 13, 15, 22, 36]).

CIR and OU processes are closely related in two ways. First, sums of in-

dependent copies of squared Gaussian OU processes constitute special cases of

CIR processes. Second, both a CIR process and an OU process driven by a

compound Poisson process with exponentially distributed jumps have a gamma

distribution as their stationary distribution and an exponential function as their

ACF. In this paper we discuss two stationary and non-negative models based on

CARMA processes that build on these two connections between CIR and OU

processes.
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Firstly, we consider a sum of independent copies of squared Gaussian CARMA

processes which, motivated by the discussion above, we will call a CIR-CARMA

process. Using a connection between the sum of independent copies of squared

CARMA processes and Wishart processes, we are able to extend this class of

non-negative stationary processes that naturally generalizes CIR processes.

Secondly, we will discuss a CARMA process driven by a compound Poisson

process with exponential jumps. This model is very tractable but its stationary

distribution is not well understood. We show that, under assumptions frequently

satisfied in practice, the stationary distribution is an infinite sum of independent

gamma distributed random variables.

In both models we also discuss the ACF, which we will compare with the

ACF of a CIR process (or, equivalently, an OU process), and we price zero-

coupon bonds when the spot interest rate is governed by the models to show

their analytical tractability.

We start with Section 2 where we briefly introduce the setup. Section 3

introduces the CIR-CARMA model and Section 4 discusses CARMA processes

with a focus on when the Lévy process is a compound Poisson process with

exponential jumps.

2. Preliminaries

Let (Ω,F ,P) be a complete probability space, equipped with a filtration

(Ft)t≥0 satisfying the usual hypotheses (complete and right-continuous).

We now introduce CARMA processes. We will only consider causal CARMA

processes that is, where the auto-regressive polynomial P has roots with negative

real part, and we therefore limit our discussion to those. For a more thorough

discussion see for example [12]. For p ∈ N, q ∈ N∪{0}, consider two polynomials

P and Q given by

P (z) = zp + a1z
p−1 + · · ·+ ap and

Q(z) = b0 + b1z + · · ·+ bq−1z
q−1 + zq,

3



where p > q, and assume that the roots of P have negative real part. Then a

causal CARMA(p, q) process (Y (t))t∈R satisfies the formal differential equation

P (D)Y (t) = Q(D)DL(t) (2.1)

where (L(t))t∈R is a two-sided square integrable Lévy process. In the case

(L(t))t∈R is a standard Brownian motion, we denote it by (B(t))t∈R. CARMA

processes may be defined for Lévy processes possessing only finite log-moments

(see [16]) but, for convenience, we restrict ourselves to the square integrable

case. The representation (2.1) can be made rigorous by considering the state-

space representation. In particular, let (X(t))t∈R be a p-dimensional Ornstein-

Uhlenbeck process that satisfies

dX(t) = AX(t) dt+ epdL(t),

where ep is the p-th standard basis vector in Rp and

A =



0 1 0 · · · 0

0 0 1 · · · 0
...

...
. . . . . .

...

0 0 · · · 0 1

−ap −ap−1 · · · −a2 −a1


. (2.2)

Then (Y (t))t∈R is defined by Y (t) = b>X(t) where

b = (b0, . . . , bq−1, 1, 0, . . . , 0)> ∈ Rp, (2.3)

and x> denotes the transpose of x. We call (X(t))t∈R the state-space process

associated to the CARMA process (Y (t))t∈R.

CARMA processes have a moving average representation, that is,

Y (t) =

∫
R
g(t− u) dL(u), t ∈ R, (2.4)

where g : R→ R is characterized by

F [g](y) :=

∫
R
e−iyxg(x) dx =

Q(iy)

P (iy)
, y ∈ R.
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If (Y (t))t∈R is causal then g(x) = b>eAxep for x ≥ 0 and zero otherwise.

If the polynomial P has distinct roots with negative real part then the spec-

tral decomposition of g takes the simple form

g(x) =

p∑
i=1

Q(αi)

P ′(αi)
eαix, x ≥ 0, (2.5)

where α1, . . . , αp are the roots of P and P ′ denotes the differential of P . In

general, if P does not have distinct roots, g still has a spectral decomposition

but, to remain brief, we will not give the details here (see [12] for more on this

case).

We will say a random variable has an exponential distribution with param-

eter κ > 0 if it has density

x 7→ κe−κx, x > 0,

and say it has a gamma distribution with shape α > 0 and rate β > 0 if it has

density

x 7→ βα

Γ(α)
xα−1e−βx, x > 0.

Here, Γ denotes the gamma function.

3. The CIR-CARMA process

A sum of independent copies of squared OU processes constitutes a special

case of a CIR process. In this section we will investigate what happens if the

OU processes are replaced by CARMA processes. In particular, we will con-

nect a sum of independent copies of squared CARMA processes to the Wishart

process, which is an extension of CIR processes to the matrix valued case. As

we will see, the Wishart process will play a similar role to a sum of indepen-

dent copies of squared CARMA processes as the state-space process does for

CARMA processes.

We start by introducing CIR processes. A process (r(t))t≥0 is said to be a

CIR process if it has dynamics given by

dr(t) = a(b− r(t)) dt+ σ
√
r(t) dB(t), r(0) = r0 ≥ 0, (3.1)
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where a, b, σ > 0 are constants and (B(t))t∈R is a standard Brownian motion.

The process (r(t))t≥0 is mean-reverting and non-negative (even positive under

the Feller condition 2ab ≥ σ2).

Another extensively studied mean-reverting stochastic process is the OU

process (see, for example, [2, 34]). We say (X(t))t≥0 is a Gaussian OU process

with mean-reversion λ > 0 and volatility σ2
OU > 0 if

dX(t) = −λX(t) dt+ σOU dB(t), X(0) = X0 ∈ R.

The stationary distribution of (X(t))t≥0 is a mean zero Gaussian distribution

with variance σ2
OU/2λ. The following connection between CIR and Gaussian OU

processes is well-known (see, for example, [23, Proposition 4] or [26, Chapter 6]).

Proposition 3.1. Let (Xi(t))t∈R, i = 1, . . . , n, be OU processes driven by in-

dependent standard Brownian motions (Bi(t))t∈R, i = 1, . . . , n, all with mean-

reversion λ > 0 and volatility σ2
OU > 0. Then r(t) =

∑n
i=1X

2
i (t) is a CIR

process of the form in (3.1) with

a = 2λ, b =
nσ2

OU

2λ
, and σ = 2σOU .

Remark 3.2. From Proposition 3.1 we see that not all CIR processes are squared

OU processes. In particular, for a and σ fixed, λ and σOU are determined.

Then b needs to be an integer times σ2
OU

2λ for the CIR process to be a squared

OU process. A CIR process makes sense for general b, and, in this way, CIR

processes generalize sums of squared OU processes.

Instead of summing independent copies of squared Gaussian OU processes as

in Proposition 3.1 we will now consider a sum of independent copies of squared

causal Gaussian CARMA processes. Let n ∈ N and (Yi(t))t∈R, i = 1, . . . , n,

be independent copies of a causal CARMA(p, q) process driven by (σBi(t))t∈R,

i = 1, . . . , n, for σ > 0, where (Bi(t))t∈R, i = 1, . . . , n are independent standard

Brownian motions, and let (Xi(t))t∈R, i = 1, . . . , n be the associated state-space

processes. Finally, we define the process (C(t))t∈R by

C(t) =

n∑
i=1

Y 2
i (t) = b>Z(t)b (3.2)
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where (Z(t))t∈R is given by

Z(t) =

n∑
i=1

Xi(t)X
>
i (t). (3.3)

We will say that (C(t))t∈R is a CIR-CARMA(p, q) process.

The following proposition is a direct consequence of the definition of (C(t))t∈R

but we still highlight the result since it is an important point for the model.

Proposition 3.3. Let (C(t))t∈R be given by (3.2). Then C(t) is gamma dis-

tributed with scale n/2 and rate (2σ2‖g‖22)−1, where g : R→ R is given by

g(x) = b>eAxep, x ≥ 0,

and zero otherwise, and ‖ · ‖2 is the L2(R)-norm.

Proof. It follows by the moving average representation of a CARMA process in

(2.4) that Yi(t)/(σ‖g‖2) has a standard Gaussian distribution. Since

C(t) = σ2‖g‖22
n∑
i=1

(
Yi(t)

σ‖g‖2

)2

we therefore have that C(t) is the product of σ2‖g‖22 and a chi-square distributed

variable with n degrees of freedom, or, equivalently, C(t) is gamma distributed

with scale n/2 and rate (2σ2‖g‖22)−1.

We now state the ACF of a CIR-CARMA process.

Proposition 3.4. Let (C(t))t∈R be given by (3.2). Then, for s ≤ t,

corr(C(t), C(s)) =

(
b>eA(t−s) ∫∞

0
eAuepe

>
p e

A>u du b∫∞
0

(b>eAuep)2 du

)2

. (3.4)

Proof. Initially, we note that for any mean zero two-dimensional Gaussian vari-

able (G1, G2) it follows from Isserlis’ Theorem (cf. [25]) that

E[G2
1G

2
2] = E[G2

1]E[G2
2] + 2(E[G1G2])2,

and therefore

cov(G2
1, G

2
2) = E[G2

1G
2
2]− E[G2

1]E[G2
2]

= 2(E[G1G2])2.
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Next note that we may assume n = 1 in (3.2) since C(t) is a sum of independent

copies. Then, since (Y1(t))t∈R is a mean zero Gaussian process and

E[Y1(t)Y1(s)] = E
[∫ t

−∞
g(t− u) dB(u)

∫ s

−∞
g(s− u) dB(u)

]
=

∫
R
g(t− u)g(s− u) du

= b>
∫ ∞

0

eA(t−s+u)epe
>
p e

A>u du b,

the result follows.

If the roots of P are distinct, then it is argued in [12, section 3] that

b>eA(t−s)
∫ ∞

0

eAuepe
>
p e

A>u du b

=

p∑
i=1

Q(αi)Q(−αi)
P ′(αi)P (−αi)

eαi(t−s)
(3.5)

where α1, . . . , αp are the roots of P , which simplifies calculating the correlation

given in Proposition 3.4.

In Figure 1 the population ACF for the wind speeds at the turbine rotor

height every 10 minutes over 365 days in 2005 (ID 24500 located 43.48N and

107.29W in Wyoming, USA) is plotted.1 We also plot the ACFs of the CIR and

CIR-CARMA(2, 1) that minimize the squared distance between the 10 minutes

lags for a total of 4 days. A similar plot can be found in [5, Figure 1] where

the population ACF is compared with the CIR ACF calibrated using maximum

likelihood estimation on the same data. The CIR process given by (3.1) has

ACF

t 7→ e−at, t ≥ 0,

(see, for example, [5]). Here, t is measured in units of ten minutes. For the

CIR process we find a = 0.0069 as the calibrated parameter and for the CIR-

1These data have been made available to us by Alexandre Brouste and corresponds to the

same data used in [5]. Unfortunately, these data are not anymore available on wind.nrel.gov

as referred to in [5].
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CARMA(2, 1) process we find the calibrated parameters

α1 = −0.0024, α2 = −0.0296, and β1 = −0.0165,

where α1 and α2 are the roots of P and β1 is the root of Q. The CIR-CARMA

process is seen to capture the correlation structure very well and, in particular,

overcome the difficulties of the CIR process in both capturing the rapid decay

for small lags and slow decay for large lags of the population ACF.
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Figure 1: Population ACF in gray, CIR ACF (dotted line), and CIR-CARMA(2, 1) ACF (solid

line).

Next, to show the analytical tractability of the CIR-CARMA process, we

apply it to zero-coupon bond pricing. We assume that the short rate is given

by the CIR-CARMA process in (3.2), that is, r(t) = C(t), and where we use

P as the pricing measure. Following the standard theory for pricing based on

short rate processes, see e.g. [21], we define the zero-coupon bond price P (t, T )

at time t ≥ 0 for a contract maturing at time T ≥ t by

P (t, T ) = E

[
exp

{
−
∫ T

t

r(s) ds

}∣∣∣∣∣Ft
]
. (3.6)

We find the following result:
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Theorem 3.5. Let (C(t))t∈R and (Z(t))t∈R be given by (3.2) and (3.3), respec-

tively. Then, for 0 ≤ t ≤ T <∞,

P (t, T ) = exp{nφ(T − t) + tr(Φ(T − t)Z(t))}, (3.7)

where tr is the trace operator,

Φ(t) = Φ1(t)Φ2(t)−1 (3.8)

with Φ1 : R→ Rp×p,Φ2 : R→ Rp×p, and φ : R→ R given byΦ1(t)

Φ2(t)

 = exp

 A> −bb>

−2σ2epe
>
p −A

 t

0p

Ip

 (3.9)

and

φ(t) = σ2

∫ t

0

e>p Φ(s)ep ds.

Here, Ip is the p× p identity matrix and 0p is the matrix in Rp×p of zeros.

Proof. Initially, we note that, by independence, we may assume n = 1 in (3.2).

For u : [0,∞)× Rp → R, consider the parabolic partial differential equation

∂tu(t, x) = 1
2σ

2∂2
pu(t, x) +∇xu(t, x)Ax− (b>x)2u(t, x)

u(0, x) = 1.
(3.10)

Here, x ∈ Rp, t ≥ 0, and ∂p denotes the differentiation with respect to the p’th

entry of x. Assume that the solution u is given by

u(t, x) = exp{φ(t) + x>Φ(t)x}. (3.11)

Then

∂tu(t, x) = (φ′(t) + x>Φ′(t)x)u(t, x)

∇xu(t, x) = x>(Φ(t) + Φ>(t))u(t, x)

∂2
pu(t, x) = (2e>p Φ(t)ep + x>(Φ(t) + Φ>(t))epe

>
p (Φ(t) + Φ>(t))x)u(t, x),
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and it therefore follows that u solves (3.10) if Φ is symmetric, and φ and Φ

solves

φ′(t) = σ2e>p Φ(t)ep,

φ(0) = 0,

Φ′(t) = 2σ2Φ(t)epe
>
p Φ(t) + Φ(t)A+A>Φ(t)− bb>,

Φ(0) = 0p, t ≥ 0.

(3.12)

Here, we have used that x>2Φ>Ax = x>A>Φx + x>Φ>Ax. Given Φ, φ is

readily found by integration. To find Φ we recognize the equation as a matrix

Riccati equation (see for example [28] where a simple change of variable is

necessary since the Riccati equation is considered backward). It follows from

[28, Theorem 8] that (3.12) has a unique solution on [0,∞). Since the transpose

of a solution again is a solution, it is symmetric. By [28, Theorem 9] we have that

the solution is negative semi-definite and therefore that u of the form in (3.11)

is bounded and, in particular, of at most polynomial growth. Furthermore, by

[29], the solution is given by (3.8) and (3.9).

By the Feynman-Kac formula (see for example [27, Theorem 7.6, Chapter 5]),

the solution u is unique with representation

E

[
exp

{
−
∫ T

t

(b>X(s))2 ds

}∣∣∣∣∣X(t) = x

]
= u(T − t, x).

Since

E

[
exp

{
−
∫ T

t

r(s) ds

}∣∣∣∣∣Ft
]

= E

[
exp

{
−
∫ T

t

(b>X(s))2 ds

}∣∣∣∣∣Ft
]

= E[exp{φ(t) +X(t)>Φ(t)X(t))}|Ft]

= exp{φ(t) + tr(Φ(t)Z(t))},

the result now follows.

Some comments are in place. Firstly, by considering the case p = 1 where we

are back to the classical CIR process, it is simple to see that Theorem 3.5 reduces
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to the known zero-coupon bond price for CIR short rate models (see [19]). Next,

in mathematical finance, one usually differentiates between the market proba-

bility and pricing measures, sometimes called equivalent martingale measures,

denoted Q ∼ P. In the theorem above, we simply used Q = P. We may, how-

ever, assume that the CIR-CARMA model is formulated under some Q ∼ P

directly, and obtain the price for P (t, T ) under a conditional expectation with

respect to Q. We obtain, of course, the price as in Theorem 3.5. The market

prices of P (t, T ) is, on the other hand, observed under the market probability P,

and to have its dynamics under P we must specify the P-dynamics of (Z(t))t∈R.

As we have a Brownian-based model for (Z(t))t∈R, this can be done by referring

to Girsanov’s Theorem. Further, we note that the zero-coupon bond price is

represented in terms of the process (Z(t))t∈R, which is not directly observable.

This is contrary to the CIR model, where the price is explicit in terms of the

current state of the interest rate r(t). To make inference, say filtering techniques

are called for in the general CIR-CARMA case.

We now connect the CIR-CARMA model to Wishart processes. This will

allow us do define more general processes that still are generalizations of CIR

processes. The main idea of the proof is to connect multivariate Gaussian OU

processes to a Wishart process. This is also discussed in [18].

Theorem 3.6. Let (C(t))t∈R be defined as in (3.2) and assume n ≥ p. Then

C(t) = b>Z(t)b, (3.13)

where (Z(t))t∈R is an p× p dimensional process with dynamics

dZ(t) = (nσ2epe
>
p +AZ(t) + Z(t)A>)dt

+ Z(t)1/2dW (t)σepe
>
p + σepe

>
p dW (t)>Z(t)1/2,

(3.14)

and (W (t))t∈R is a p × p dimensional standard matrix Brownian motion, that

is, the entries consist of independent standard Brownian motions.

Proof. We have
n∑
i=1

Yi(t)
2 = b>

(
n∑
i=1

Xi(t)Xi(t)
>

)
b.
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By the multivariate version of Ito’s lemma (see for example [32, Theorem 4.2.1])

d(Xi(t)Xi(t)
>) = Xi(t)dXi(t)

> + (dXi(t))Xi(t)
> + dXi(t)dXi(t)

>

= (Xi(t)Xi(t)
>A> +AXi(t)Xi(t)

> + σ2epe
>
p )dt

+ (Xi(t)e
>
p + epXi(t)

>)σdBi(t).

Since n ≥ p,
∑n
i=1Xi(s)Xi(s)

> is positive definite almost surely. Let

W̃ (t) =

∫ t

0

(
n∑
i=1

Xi(s)Xi(s)
>

)−1/2 n∑
i=1

Xi(s)e
>
p dBi(s),

where we have used the notation A−1/2 = (A1/2)−1 for a positive definite matrix

A. Denote by [·, ·] the quadratic covariation and by Bi,j the (i, j)’th entry of a

p× p matrix B. Consider 1 ≤ i1, i2, j1, j2 ≤ p. Then

[
W̃i1,j1 , W̃i2,j2

]
(t) =

n∑
i=1

∫ t

0

( n∑
i=1

Xi(s)Xi(s)
>

)−1/2

Xi(s)e
>
p


i1,j1

×

( n∑
i=1

Xi(s)Xi(s)
>

)−1/2

Xi(s)e
>
p


i2,j2

ds.

(3.15)

If either j1 or j2 is not equal to p then (3.15) is zero. Furthermore,

n∑
i=1

( n∑
i=1

Xi(s)Xi(s)
>

)−1/2

Xi(s)e
>
p


i1,p

×

( n∑
i=1

Xi(s)Xi(s)
>

)−1/2

Xi(s)e
>
p


i2,p

=

n∑
i=1

( n∑
i=1

Xi(s)Xi(s)
>

)−1/2

Xi(s)Xi(s)>

(
n∑
i=1

Xi(s)Xi(s)
>

)−1/2

i1,i2

= (Ip)i1,i2 .

It follows that (W̃ (t))t∈R is a p × p dimensional Brownian motion by Lévy’s

characterization of Brownian motion (see for example [32, Theorem 8.6.1]) of

the form W (t)epe
>
p , where (W (t))t∈R is a p × p standard matrix Brownian
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motion, that is, the entries of (W (t))t∈R are independent standard Brownian

motions. Let Z(t) be given by (3.3). We then conclude that

dZ(t) = (nσ2epe
>
p +AZ(t) + Z(t)A>)dt

+ Z(t)1/2dW (t)σepe
>
p + σepe

>
p dW (t)>Z(t)1/2

and the proof is complete.

It is natural to generalize the level nσ2epe
>
p in the dynamics of (Z(t))t≥0

given in (3.14) to a general level as a direct parallel to the way sums of squared

OU processes can be generalized by a CIR process to accommodate a general

level. Thus, we are interested in finding a solution to

dZ(t) = (κepe
>
p +AZ(t) + Z(t)A>)dt

+ Z(t)1/2dW (t)σepe
>
p + σepe

>
p dW (t)>Z(t)1/2, Z(0) = Z0

(3.16)

for some general κ and positive semi-definite p × p matrix Z0. Such processes

are Wishart processes and have been studied in [18, 20, 31]. In particular, in

[20], it is argued that whenever κ ≥ (p−1)σ2 then there exists an affine Markov

process on the space of positive semi-definite matrices with the dynamics in

(3.16). We are led to extending the class of CIR-CARMA(p, q) processes to be

a process (C(t))t∈R of the form

C(t) = b>Z(t)b (3.17)

where b is given in (2.3), A is given in (2.2), and where (Zt)t≥0 is the affine

Markov process given in [20] with dynamics given by (3.16).

The definition of a CIR-CARMA process has a similar structure to that of

a CARMA process. In particular, it is defined as a linear transformation of

a higher dimensional process. It therefore seems natural to consider the pro-

cess (Z(t))t≥0 as a state-space process associated to the CIR-CARMA process

(C(t))t≥0.

It follows immediately from the definition of b and the CIR-CARMA(p, q)

process that its paths are p− q − 1 times continuously differentiable. This is a

direct parallel to CARMA processes where a similar statement holds.
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If we have κ ≥ (p + 1)σ2 in (3.16) then [31] shows that there is a strong

unique solution, and it is argued that if, additionally, Z0 is positive definite

then Z(t) remains positive definite for all t ≥ 0. This result may be regarded

as a version of the Feller condition for Wishart processes. We summarize in the

following Proposition:

Proposition 3.7 ([31]). Let (C(t))t≥0 be a CIR-CARMA(p, q) process and as-

sume that Z0 is positive definite and κ ≥ (p + 1)σ2. Then C(t) > 0 for all

t ≥ 0.

4. CARMA processes driven by a subordinator

In this section we will consider causal CARMA processes as an alternative

to CIR-CARMA. We are mainly interested in the case where the background

driving Lévy process is a compound Poisson process with exponentially dis-

tributed jumps and specifications of the CARMA parameters such that the

kernel function is non-negative. In this case, the CARMA process will itself

become non-negative.

Modeling with a non-negative CARMA process as opposed to the CIR-

CARMA discussed above has the advantage of, in many respects, being a sim-

pler non-negative model that still maintains a large class of possible correlation

structures. A downside is, however, that the stationary distribution is more

complicated. We address the question of characterizing the stationary distri-

bution under some specific assumptions, but start by considering the ACF and

pricing of zero-coupon bonds when the spot interest is modeled by the CARMA

process.

The following proposition is well-known (see for example [12, Section 3]).

Proposition 4.1. Let (Y (t))t∈R be a causal CARMA(p, q) process driven by a

square integrable Lévy process. Then

corr(Y (t), Y (s)) =
b>eA(t−s) ∫∞

0
eAuepe

>
p e

A>u du b∫∞
0

(b>eAuep)2 du
, s ≤ t.
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Remark 4.2. The above result should be compared with Proposition 3.4. Fur-

thermore, (3.5) may be applied to easily calculate the ACF if the roots of P are

distinct.

We again compare the correlation structure of a CARMA(2, 1) with that of

a CIR process when calibrated to the wind data described in Section 3. The

resulting correlations are given in Figure 2. The calibrated CARMA parameters

are

α1 = −0.0049, α2 = −0.0339, and β1 = −0.0179, (4.1)

where α1 and α2 are the roots of P and β1 is the root of Q. Appealing to [37],

these parameters corresponds to a non-negative CARMA kernel.
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Figure 2: Population acf in gray, CIR ACF (dotted line), and CARMA(2, 1) ACF (solid line).

For comparison with the CIR-CARMA case, we give the zero-coupon bond

price when the short rate is modeled as a CARMA(p, q) process.

Proposition 4.3. Let (Y (t))t∈R be a causal CARMA(p, q) process driven by

a compound Poisson process with intensity µ > 0 and exponentially distributed

jumps with parameter κ > 0. Assume that the kernel of the CARMA process is

16



non-negative. Then

P (t, T ) :=E

[
exp

{
−
∫ T

t

Y (s) ds

}∣∣∣∣∣L(t)− L(u), u < t

]

= exp

{
b>A−1

(
Ip − eA(T−t)

)
X(t)

+ µ

∫ T−t

0

b>A−1
(
Ip − eAu

)
ep

κ+ b>A−1(eAu − Ip)ep
du

}

where (X(t))t∈R is the associated state-space process.

Before proving Proposition 4.3 we first give the following expression for the

moment generating function of a moving average process, which also will be

useful in the proof of Theorem 4.8:

Lemma 4.4. Let f ∈ L1(R) be a right-continuous and non-negative bounded

function with support on [0,∞) and define d = supu≥0 |f(u)|. Let (L(t))t∈R be

a compound Poisson process with intensity µ > 0 and exponentially distributed

jumps with parameter κ > 0. Then

logE
[
exp

{
x

∫ t

−∞
f(t− u) dL(u)

}]
= µ

∫ ∞
0

xf(u)

κ− xf(u)
du

for x ∈ (−∞, κ/d), and∫ ∞
0

xf(u)

κ− xf(u)
du =

∞∑
n=1

(x
κ

)n ∫ ∞
0

f(u)n du

for x ∈ (−κ/d, κ/d).

Proof. Initially we note that for s < t and any x ∈ (−∞, κ),

logE[exp{x(L(t)− L(s))}] = (t− s)µ x

κ− x
. (4.2)

Since f is right-continuous and non-negative there exists an increasing sequence

of piece-wise constant functions (fn)n∈N of the form

fn(t) =

∞∑
m=0

am,n1[m/2n,(m+1)/2n)(t) (4.3)

17



with fn → f which implies that
∫
R fn(t − u) dL(u) →

∫
R f(t − u) dL(u) in

probability as n → ∞ (cf. [33]). Since (L(t))t∈R is non-decreasing and fn is

given by (4.3),
∫
R fn(t−u) dL(u) is non-decreasing in n. We therefore also have

almost sure convergence. Let x ∈ (−∞, κ/d), and note that

|κ− xf(u)| ≥ κ− |x|d > 0.

Now it follows from (4.2) and (4.3) that

logE
[
exp

{
x

∫ t

−∞
f(t− u) dL(u)

}]
= lim
n→∞

logE
[
exp

{
x

∫ t

−∞
fn(t− u) dL(u)

}]
= µ lim

n→∞

∫ ∞
0

xfn(u)

κ− xfn(u)
du

= µ

∫ ∞
0

xf(u)

κ− xf(u)
du,

(4.4)

where we have used both monotone and dominated convergence. The last state-

ment of the lemma is straightforward.

Proof of Proposition 4.3. Since (X(t))t∈R is a multivariate OU process,∫ T

t

X(s) ds = A−1(X(T )−X(t)− ep(L(T )− L(t)),

and therefore∫ T

t

Y (s) ds =

∫ T

t

b>X(s) ds = b>A−1(X(T )−X(t)− ep(L(T )− L(t))).

Note that

X(T ) =

∫ T

t

eA(T−u)ep dL(u) + eA(T−t)X(t)

and, since the kernel is non-negative,

b>A−1
(
eAt − Ip

)
ep =

∫ t

0

b>eAuep du ≥ 0.
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Consequently, by Lemma 4.4, with f(t) = b>A−1(eAt − Ip)ep and x = −1, we

conclude that

E

[
exp

{
−
∫ T

t

Y (s) ds

}∣∣∣∣∣L(t)− L(u), u ≤ t

]
= exp{b>A−1(Ip − eA(T−t))X(t)}

× E

[
exp

{
−b>A−1

(∫ T

t

eA(T−u)ep dL(u)− ep(L(T )− L(t))

)}]

= exp

{
b>A−1(Ip − eA(T−t))X(t) + µ

∫ T−t

0

b>A−1(Ip − eAu)ep
κ+ b>A−1(eAu − Ip)ep

du

}
.

The proof is complete.

The following Corollary follows from Lemma 4.4, and gives a series repre-

sentation of the cumulant function of Y .

Corollary 4.5. Let (Y (t))t∈R be a causal CARMA(p, q) process driven by a

compound Poisson process with intensity µ > 0 and exponentially distributed

jumps with parameter κ > 0. Let d = supu≥0 |g(u)|. Then

logE[exY (t)] = µ

∞∑
n=1

an
n

(x
κ

)n
, x ∈ (−κ/d, κ/d), (4.5)

where

an = n

∫ ∞
0

(
b>eAuep

)n
du. (4.6)

Let us consider the case of an OU process:

Example 4.6. Let (Y (t))t∈R be an OU process (corresponding to the CARMA(1, 0)

case). Then A is a negative scalar and therefore

an = n

∫ ∞
0

enAu du = − 1

A
.

Consequently, the expression in (4.5) reduces to

logE[exY (t)] = − µ
A

∞∑
n=1

1

n

(x
κ

)n
=
µ

A
log
(

1− x

κ

)
,
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which we recognize as the cumulant of the gamma distribution with shape −µ/A

and rate κ. In particular, by Corollary 4.5, we recover the well-known result that

an OU process driven by a compound Poisson process with exponential jumps

has the gamma distribution as its stationary distribution (see for example [3]).

We now constrain our analysis to the case of CARMA(p, p− 1) processes.

Lemma 4.7. Let (Y (t))t∈R be a causal CARMA(p, p − 1) process driven by a

compound Poisson process with intensity µ > 0 and exponentially distributed

jumps with parameter κ > 0. Let (an)n∈N be given by (4.6) and assume

d

du
b>eAuep = b>AeAuep < 0, u > 0.

Then (an)n∈N is a convergent sequence with

a1 = −b>A−1ep and a∞ := lim
n→∞

an = − 1

b>Aep
.

Proof. Using integration by parts we find that

an = n

∫ ∞
0

(b>eAuep)
n du

=

∫ ∞
0

d

du

(
(b>eAuep)

n
) b>eAuep
b>AeAuep

du

=

[
(b>eAuep)

n+1

b>AeAuep

]∞
0

−
∫ ∞

0

(b>eAuep)
n d

du

b>eAuep
b>AeAuep

du

= − 1

b>Aep
−
∫ ∞

0

(b>eAuep)
n

(
1− b>eAuepb

>A2eAuep
(b>AeAuep)2

)
du.

(4.7)

Since the function u 7→ b>eAuep is continuous, converges to zero when u→∞,

is 1 at u = 0, and is strictly decreasing on (0,∞) by assumption, we conclude

that 0 < b>eAuep < 1 for all u > 0. Thus, by monotone convergence, (an)n∈N is

convergent with limit − 1
b>Aep

. The statement about a1 is a simple calculation.

Let Γ(η, θ) denote the gamma distribution with rate η and scale θ. The

following is the main result of this section.

Theorem 4.8. For p ≥ 2, let (Y (t))t∈R be a causal CARMA(p, p − 1) process

driven by a compound Poisson process with intensity µ > 0 and exponentially
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distributed jumps with parameter κ > 0. Let α1, . . . , αp be the roots of P and

assume that they are distinct and real. Furthermore, assume

Q(αi)

P ′(αi)
> 0, i = 1, . . . , p. (4.8)

Then G+
∑m
i=1Gi,m converges to Y (t) in distribution as m→∞ where

G ∼ Γ(µη, κ) and Gi,m ∼ Γ(µηi,m, κθi,m)

are independent. Here η = −1/(b>Aep), and ηi,m > 0 and θi,m > 1, for

i = 1, . . . ,m, are such that

m∑
i=1

ηi,m
θni,m

→ −
∫ ∞

0

(b>eAuep)
n d

du

b>eAuep
b>AeAuep

du (4.9)

as m→∞.

Proof. By the spectral decomposition,

b>eAtep =

p∑
i=1

cie
αit

where ci = Q(αi)
P ′(αi)

> 0. Since the CARMA process is causal, αi < 0, i = 1, . . . , p,

and we conclude that the derivative of t 7→ b>eAtep is negative. It follows that

the assumptions of Lemma 4.7 are satisfied. Furthermore,

∆

∞∑
i=0

(b>eA∆(i+1/2)ep)
n

(
b>eA∆iep
b>AeA∆iep

− b>eA∆(i+1)ep
b>AeA∆(i+1)ep

)
→ −

∫ ∞
0

(b>eAuep)
n d

du

b>eAuep
b>AeAuep

du

(4.10)

as ∆→ 0. From the assumption in (4.8) we have 0 < b>eA∆(i+1/2)ep < 1, and

we find that

(b>AeAuep)
2 =

p∑
i=1

c2iα
2
i e

2αiu +

p∑
i=1

p∑
j>i

cjci2αjαie
(αj+αi)u

<

p∑
i=1

c2iα
2
i e

2αiu +

p∑
i=1

p∑
j>i

cjci(α
2
j + α2

i )e
(αj+αi)u

= b>eAuepb
>A2eAuep,
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which implies d
du

b>eAuep
b>AeAuep

< 0. Let

θi,m =
1

b>eA∆m(i+1/2)ep
(4.11)

and

ηi,m = ∆m

( b>eA∆miep
b>AeA∆miep

− b>eA∆m(i+1)ep
b>AeA∆m(i+1)ep

)
, (4.12)

for i = 1, . . . ,m and a sequence (∆m)m∈N such that ∆m → 0 and m∆m → ∞

as m → ∞. Then we conclude that (4.9) is satisfied. Now, since convergence

of the moment generating function implies convergence in distribution (see, for

example, [10, Example 5.5]), the result follows from Corollary 4.5 and (4.7).

Remark 4.9. The condition in (4.8) ensures that the kernel function of the

CARMA process is a sum of positive scalars times exponential function by the

spectral decomposition in (2.5). This is often the case when CARMA(p, p− 1)

processes are calibrated to data, for example, it holds for all the applications of

CARMA(p, p−1) processes discussed in the introduction in which the calibrated

parameters are reported, that is, for [13, 15, 22, 36]. Additionally, it also holds

for the parameters in (4.1).

Remark 4.10. The distributional result in Theorem 4.8 is closely related to

generalized gamma convolutions albeit slightly different since the gamma dis-

tributed variables are dependent on m. A distribution µ is a generalized gamma

convolution if there exists a sequence of independent gamma distributed random

variables (Gi)i∈N such that
∑m
i=1Gi converges to µ in distribution as m→∞.

For more on gamma convolutions see for example [11].

Remark 4.11. From (4.11) and (4.12) in the proof of Theorem 4.8 we have

available an explicit expression of shapes and rates of gamma distributions where

the sum approximates the stationary distribution of the CARMA(p, p − 1). In

practice however, it may be more natural to find coefficients that minimize

M∑
n=1

|η +

m∑
i=1

ηi,m
θni,m

− an|2.
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for some M ∈ N, where (an)n∈N is given by (4.7). This works well for small m,

but we quickly face an identification problem for large m. In such cases, the

explicit expression of the approximating coefficients have been found to work

well.

We now investigate numerically the approximating sequence of the gamma

distribution given in Theorem 4.8. We will consider two CARMA(2, 1) pro-

cesses, the first with

α1 = −0.5, α2 = −1, and β1 = −0.75,

and the second with

α1 = −0.5, α2 = −2, and β1 = −0.75,

where α1 and α2 are the roots of P and β1 is the root of Q. We will also consider

a CARMA(3, 2) process with

α1 = −0.5, α2 = −1, α3 = −1.2, β1 = −0.75, and β2 = −1.1,

where α1, α2, and α3 are the roots of P , and β1 and β2 are the roots of Q. The

compound Poisson process has intensity µ = 1 and the exponential jumps have

parameter κ = 1 in all three CARMA models. A simulation of the stationary

distributions together with the approximating sum of gamma distributions are

given in Figure 3, 4, and 5. We have also plotted the gamma distribution with

a probability density function (pdf) that minimizes the squared error to the

empirical pdf for comparison. The shape and rate in the approximating gamma

distribution are calculated using the approximation in (4.11) and (4.12) with

∆ = 1 and where we truncate the sum at i = 3, resulting in a sum of 4 gamma

distributed variables that approximate the distribution of the CARMA process.

The stationary distribution of the CARMA processes is simulated by discretizing

the state-space equation over an interval of length 1, 000, 050. We simulate on

a grid with grid-size 1/10 but only consider every tenth simulated value, and

we disregard the first 50 observations to approximately be in the stationary
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Figure 3: Histogram for simulated stationary distribution of a CARMA(2, 1) process in grey,

pdf of sum of 4 independent gamma distributed variables (solid line), and pdf of the gamma

distribution minimizing the squared error to the histogram (dotted line). Here, α2 = −1.

distribution. The simulation of the stationary distribution is therefore based on

1, 000, 000 observations.

We see that the sum of independent gamma distributed variables approxi-

mates the stationary distribution of the CARMA process well and that there is

a significantly better fit than the gamma distribution.
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