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Preface

This dissertation is submitted in partial fulfillment of the requirements of the degree

of Philosophiae Doctor (PhD) in computational plasma physics at the University of

Oslo. The topic of the dissertation is kinetic-scale Particle-In-Cell (PIC) simulations of

objects in plasmas, in particular Langmuir probes. Four papers revolving around this

topic are included: first three papers presenting simulation results relating to spacecrafts

and spaceborne Langmuir probes, and then a paper on simulation methods.

The introductory chapters provide context, as well as background information. After

an introduction in Chapter 1, Chapter 2 provides a background in plasma physics and

the ionosphere. Chapter 3 describes Langmuir probes and spacecraft charging effects,

and also contain summaries of Papers I to III, in which new scientific results related to

Langmuir probes are presented. Finally, the numerical methods behind PIC simulations

are presented in Chapter 4, along with a summary of Paper IV.

I have chosen to write a rather extensive dissertation. Although much of the material

will be familiar to many, it aids providing the “big picture,” as well as complementary de-

tails. Besides, readers having different backgrounds than me may appreciate a somewhat

self-contained dissertation; it is always possible to skip the familiar parts. Established

details I feel are under-appreciated are emphasized, such as the assumptions behind

stability criteria, or the shot noise in Langmuir probes. On the other hand, I often leave

out subscripts, summation or integration limits, independent variables, etc. that I believe

the reader is capable of figuring out of in order to keep the notation simpler, and more

oriented towards relevant details.

Finally, it is no secret that I have read the dissertation of others while preparing this

one, and in particular I have been inspired by the well-composed dissertations by Diako

Darian [1], Wojciech J. Miloch [2] and Tore André Bekkeng [3].
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Chapter 1

Introduction

Figure 1.1: Illustration of the ICI sounding rocket,

including Langmuir probes. Credits: Trond Abra-

hamsen, Andøya Space Center.

Plasma is often called the fourth state

of matter, after solids, liquids and gases

[7, Ch 1.1]. When a solid is heated, its

molecules eventually gain enough kinetic

energy to break free from the rigid struc-

ture caused by intermolecular forces, and

thus it melts into a liquid. As more heat

is applied, intermolecular forces start play-

ing a very small role compared to the ki-

netic energy of the molecules, allowing

the molecules to evaporate off the surface

and drift freely in a gaseous state. Still

more heat, and electrons become energetic

enough to break free from molecules, caus-

ing a gas of charged particles, where elec-

tromagnetic forces between charged par-

ticles play a critical role in the dynamics.

This is a plasma.

Molecules may also be ionized by UV

radiation and collisions with other ener-

getic particles [8, pp. 56–61], and besides,

there is a probability of ionization even at

low temperatures [9, pp. 109–111]. Indeed, molecules in the very air we breath will be

ionized. The abundance of other matter will, however, make it recombine to neutral

molecules very quickly, and the fraction of ionized molecules at the Earth surface is

small enough that we do not see plasma behaviour. For matter to be a plasma, it must

typically be hot and/or dilute.

Although plasmas are exotic on Earth, they make up 99% of the visible universe.

Stars, the interplanetary medium and our own ionosphere (Fig. 1.1) are all made of

plasma [9, p. 1], [8, pp. 5–9]. It should come as no surprise, then, that plasmas are

important in astrophysics and space physics. Another major application of plasma physics

is controlled fusion reactors, which we hope will one day provide us with an abundance of

safe, environmentally friendly power with little waste [10]. Billions of euros are invested

in controlled fusion reactors [11], with the ITER tokamak (International Thermonuclear

1



CHAPTER 1. INTRODUCTION

Experimental Reactor) [12] and Wendelstein 7-X stellarator [13] as notable international

projects. Fig. 1.2 is an illustration of Wendelstein 7-X, whose complex design is made

possible by computer simulations. The electronic microchip insustry also relies on

plasmas techniques, for the production of integrated circuits [14]. Arcs and lightning

are examples of naturally occuring plasmas on Earth.

Figure 1.2: Illustration of the Wendelstein 7-X

fusion reactor, with plasma, supporting structure

and magnetic coils including cabling and cooling.

Credits: Max Planck Institute for Plasma Physics

(IPP).

Of prime interest for this dissertation, how-

ever, is the ionosphere, where space weather

phenomena takes place [15, Ch. 8]. Energy

is continually transferred from the solar wind

to the near-Earth environment, and unusually

high amounts of energy can lead to so-called

storms that may disrupt communication, dam-

age satellites and pose a health risk to humans

in space. Satellite navigation systems may be-

come inaccurate, and magnetic storms may

induce large, damaging transient currents in

power grids and pipelines; in 1989, for instance,

a magnetic storm broke down the entire elec-

tric power system in Quebec, leaving 6 million

customers without electricity for 9 hours. Such

events are estimated to cost more than 10 mil-

lion dollars per year on average, and a better un-

derstanding of the Earth’s space environment

is therefore of great importance.

As with most branches in physics, space

physics research is conducted using a symbiosis of theoretical, experimental and compu-

tational methods. Since the ionosphere is not fully understood, it is necessary to conduct

experiments on it, and while some experiments are ground-based, some must be on-site

through the use of sounding rockets and satellites. A common instrument in space

plasma experiments is the Langmuir probe, used to measure densities and temperatures

of the plasma [16]. Fig. 1.1 shows an example of the ICI rocket, carrying instruments

such as Langmuir probes.

A problem with putting objects such as spacecrafts and instruments in a plasma,

is that they interact with the plasma they seek to measure [16]. To some extent it is

possible to predict this interaction using theoretical derivations. However, the underlying

equations are hard if not impossible to solve analytically, for all but simplified geometries

and linearized small-scale variations. Using computer simulations, it is possible to solve

the equations from first principles with far fewer assumptions, and with an accuracy

limited only by computer resources. One may also use simulations to gain new insight,

since simulations are non-invasive and quantities not easily accessible to an experimenter

can be simulated.

In this computational plasma physics dissertation, we study plasma-object interaction

through unstructured particle-in-cell simulations. The unstructured mesh yields a good

representation to arbitrary geometries, and the particle-in-cell approach retains small-

scale plasma dynamics. We focus in particular on the application of such methods to

objects in the ionosphere, and especially on Langmuir probes.

2



Chapter 2

Plasma and Space Physics

A plasma is a gaseous substance in which a sufficient fraction of particles are ionized,

such that electromagnetic forces become important. These forces give rise to a range

of phenomena not present in a neutral gas, such as new types of waves, instabilities

and irregularities [9]. A plasma can either be described as a collection of particles

interacting through electromagnetic forces, or as a fluid. In this chapter we revisit the

mathematical descriptions of plasmas, as well as some fundamental properties of it.

Details of ionospheric plasmas are given towards the end.

2.1 Microscopic Description of Plasmas

In its most fundamental form, matter can be described as a collection of particles. For

classical, non-relativistic matter, the equations of motion of a particle p is given by [17,

p. 13]

vp =
dxp

dt
, Fp = mp

dvp

dt
, (2.1)

where xp(t) and vp(t) is the position and velocity of the particle, respectively, while

mp is its mass, and t is time. The total force Fp(t) acting on the particle may include

for instance gravity and forces due to collisions between particles.

Critical for a plasma, however, are the long-range electromagnetic forces between the

particles, giving rise to the collective behaviour of plasmas [18]. Rather than summing

up forces between any pair of particles, one may introduce the electric field E(x, t) and

magnetic flux density B(x, t) generated by the particles, and express the force on a

particle p through these fields by means of the Lorentz force [19, p. 226],

Fp = qp(Ep + vp × Bp), (2.2)

where qp is the charge of the particle, and the subscript p on the electromagnetic fields

E and B indicate that they are evaluated at xp. The electromagnetic fields are in turn

3



CHAPTER 2. PLASMA AND SPACE PHYSICS

governed by Maxwell’s equations [8, Sec. 2.1]:

Faraday’s law: ∇ × E = −∂B
∂t

, (2.3)

Ampére’s law: ∇ × B = μ0J + μ0ε0
∂E
∂t

, (2.4)

Gauss’ law: ∇ · E =
ρ

ε0
, (2.5)

Gauss’ law for magnetism: ∇ · B = 0. (2.6)

Here, the electric charge density ρ and the electric surface current density J act as

source terms which excite the fields, while ε0 and μ0 are physical constants known as

the electric permittivity and magnetic permeability of vacuum, respectively. Since we

consider the fields generated by the particles themselves, the source terms can be written

[8, pp. 104–107]

ρ(x) =
∑

p

qpδ(x − xp), J(x) =
∑

p

qpvpδ(x − xp), (2.7)

where δ is the Dirac delta function (here in three dimensions and with unit m−3). This

closes the system of equations, and we have a complete description of the plasma. Beware

that this is a highly non-linear system, since the particle positions and velocities enter

into the source terms, which eventually determines their motion. External fields may

also be included in Eq. (2.2).

A particularly relevant simplification is the electrostatic plasma approximation,

which is typically valid for small temporal and spatial scales [20, Sec. 9-1-2]. When

currents are sufficiently small at the scales of interest that they induce almost no B-field,

the right-hand side of Eq. (2.3) can be set to zero. It then follows that the electric field

can be expressed in terms of a voltage or an electric potential φ:

E = −∇φ. (2.8)

Substituting this into Eq. (2.5) reveals the Poisson equation,

∇2φ = − ρ

ε0
. (2.9)

Hence, Maxwell’s equations reduce to Eqs. (2.8) and (2.9). While the B-field induced

by the particles is negligible, it is still common to include external fields in Eq. (2.2),

e.g., due to the Earth.

2.2 Kinetic Description of Plasmas

As the number of particles for the vast majority of realistic problems is very large, very

few problems can be addressed by following individual particles. In kinetic theory, one

considers instead the dynamics of a probabilistic distribution of particles. Considering a

system of N particles, fN (x1, · · · , xN , v1, · · · , vN , t) dx1 · · · dxN dv1 · · · dvN is the

probability that particle 1 is within a small region dx1 of position x1 in configuration

4



2.2. KINETIC DESCRIPTION OF PLASMAS

space, and within a small region dv1 of velocity v1 in velocity space, and so forth for

particles 2, 3, ..., N . The time evolution of fN in its 6N -dimensional phase space is

then governed by Liouville’s equation [21, Sec. 2.3],

dfN

dt
=

∂fN

∂t
+

N∑
p=1

dxp

dt
· ∂fN

∂xp
+

N∑
p=1

dvp

dt
· ∂fN

∂vp
= 0. (2.10)

We further know that dxp/ dt and dvp/ dt are given by Eq. (2.1), and may be substituted

by it.

This is still a complete description of all particles, albeit a probabilistic one, and

therefore not much simpler than the complete microscopic description. In order to

arrive at a simpler description, a reduced n-particle distribution is first introduced by

integrating over the position and velocity of particles n + 1, ..., N ,

fn(x1, · · · , xn, v1, · · · , vn, t) =∫
fN (x1, · · · , xN , v1, · · · , vN , t) dxn+1 · · · dxN dvn+1 · · · dvN . (2.11)

If we assume that all particles are identical and therefore interchangeable, the one-particle

distribution f1(x1, v1, t) describes the probability density of finding any one particle at

some coordinate (x1, v1) in 6-dimensional phase space at time t. Next, by integrating

Liouville’s equation over particles 2, ..., N and using the definition of f1, we arrive at

the equation for the time evolution of f1, the Boltzmann equation [22]:

df1
dt

=
∂f1
∂t

+ v1 · ∂f1
∂x1

+
F1
m1

· ∂f1
∂v1

= C. (2.12)

Unfortunately, the right-hand side of Eq. (2.12), the collision operator C, depends

on the unknown two-particle distribution f2. An equation for f2 can be obtained by

integrating Eq. (2.10) over particles 3, ..., N in a similar fashion as we did for f1, but

that equation would again depend on f3, and so forth all the way to fN . The result-

ing hierarchy of equations is known as the Bogoliubov-Born-Green-Kirkwood-Yvon

(BBGKY) hierarchy [22], and is no simpler than the Liouville equation. However, if we

can truncate it, using an approximation for C, we may arrive at a valuable simplification.

For a neutral gas, it is common to model C analytically from the collision between

two particles, and including only external forces in F1. A defining feature of a plasma,

however, is the long-range electromagnetic forces acting between multiple particles

simultaneously. Because of this, it was argued by Vlasov that it is not sufficient to only

consider binary interactions between particles through the collision operator, but one

should instead include long-range interactions between the particles in F1, using the

Lorentz force as given by the distribution of particles [18].

The kinetic description of plasmas is also complicated by the presence of multiple

species that cannot be interchanged, e.g., electrons (e), ions (i) and neutrals (n). However,

by defining one-particle distributions f1,s for each species s, one can derive Eq. (2.12)

for each species, with the only difference being that C will now also include cross-

correlations, or collisions, between species. Direct collisions between neutrals and

charged particles dominate partially ionized plasmas, whereas close encounters between

5



CHAPTER 2. PLASMA AND SPACE PHYSICS

charged particles that are not captured by the averaged Lorentz force are called Coulomb
collisions and can be found in fully ionized plasmas with few neutrals [8, p. 47]. Collisions

are responsible for phenomena such as friction, viscosity and resistivity. Many plasma

phenomena, however, occur at spatial and temporal scales where collisions are sufficiently

infrequent that they can be ignored. For these cases, C = 0, and Eq. (2.12) is called the

Vlasov equation.

Kinetic theory provides a link between microscopic quantities such as the position

and velocity of the particles, and macroscopic quantities such as density. In particular,

the particle density ns(x, t) and bulk flow velocity or drift velocity us(x, t) of species s
can be obtained from the zeroth and first order velocity-moments of f1,s,

ns =
∫

f1,s dv, nsus =
∫

vf1,s dv, (2.13)

and the charge density, mass density, electric surface current density, and mass flux due

to species s may further be expressed, respectively, as

ρs = qsns, �s = msns, Js = qsnsus, js = msnsus. (2.14)

The Lorentz force (Eq. (2.2)) can then be calculated from the distributions f1,s by solving

Maxwell’s equations (Eqs. (2.3) to (2.6)) with the source terms

ρ =
∑

s

qsns, J =
∑

s

qsnsus. (2.15)

This closes the Vlasov-Maxwell system of equations. If the electrostatic approximation is

employed, we refer to the Vlasov-Poisson equations. Notice also the similarity between

Eq. (2.7) and Eq. (2.15); indeed, replacing f1,s by an exact, deterministic distribution of

particles as given by a sum of delta functions, the former is recovered.

2.3 Velocity Distributions and Particle Flux

When particles exchange momentum and energy sufficiently often through collisions, the

medium will reach a thermal equilibrium at which point the particles will be Maxwellian
distributed [23], [8, pp. 114–116], that is,

f1,s(x, v, t) = ns(x)f0,s(v), (2.16)

with a velocity distribution f0,s that is Gaussian along each direction,

f0,s(v; us, vth,s) =
(

1√
2πvth,s

)3
exp

(
−1

2
‖v − us‖2

v2
th,s

)
. (2.17)

When us = 0, we say that the plasma is non-drifting. The thermal speed vth,s relates to

the macroscopic temperature Ts of the species as1

vth,s =
√

kTs

ms
. (2.18)

1Several definitions of the thermal speed exist, differing by a constant factor. The way the thermal speed

is defined here, it coincides with the standard deviation of the distribution.
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where k is Boltzmann’s constant.

When there is sufficient interaction between species, they will be at thermal equilib-

rium with each other and have the same temperature. Consequently, electrons are much

faster than ions. One might ask, by how much, at least. Considering the ratio of thermal

speeds between ions and electrons and that ions are at least 1836 times as massive as

electrons (for hydrogen ions), the answer2 is 42.

Of particular relevance is the flux of particles passing through a surface in one

direction. If n̂ is the unit normal vector of the surface, a density ns of particles travelling

at a speed v constitutes nsv · n̂ particles through the surface per unit area and time. The

flux due to the distribution f0,s is then

Φs = ns

∫
v·n̂>0

(v · n̂)f0,s(v) dv. (2.19)

For a non-drifting Maxwellian, this evaluates to nsvth,s/
√

2π [24].

2.4 Fundamental Properties of Plasmas

It is no coincidence that many phenomena in plasma physics happen at around a few

characteristic lengths, times, frequencies, etc. This stems from the fact that it is only

possible to combine a few physical parameters and constants—such as density, tempera-

ture and permittivity—in a few ways to get a desired dimension, such as length. Any

phenomena quantifiable in terms of these parameters must therefore take place at one of

those scales, or possibly a combination of them. See, e.g., [25], [9, pp. 22–26, 150].

Three of the most common characteristic scales of a species s are the Debye length,

the angular plasma frequency, and the thermal speed,

λDs =

√
ε0kTs

q2
sns

, ωps =

√
q2

sns

ε0ms
, vth,s =

√
kTs

ms
, (2.20)

which are related as λDsωps = vth,s. The thermal speed is already discussed in Sec-

tion 2.3, but let us describe phenomena related to the former two.

A charged particle or object tends to repel particles of similar charge, and attract

those of opposite charge, such that a cloud or sheath appears around it, with on average

a surplus of the opposite charge. The size of this sheath is in the order of the electron

Debye length λDe, or more precisely, the effective Debye length λD, which can be written

[9, p. 154],

λ−2
D =

∑
s

λ−2
Ds. (2.21)

The surplus of opposite charges exactly cancel the charge of the object (on average),

thus leading to a Debye shielding of the object as seen from large distances. For exam-

ple, the electric potential due to a point charge Q in a plasma is given by φ(r) =
2It may indeed seem that we in this dissertation have found “the Ultimate Question of Life, the Universe,

and Everything” as presented in The Hitchhiker’s Guide to the Galaxy [42], an open problem since 1979,

namely “by how much, at least?”
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(Q/4πε0r) exp(−r/λD) [9, p. 154]. This is similar as in a vacuum for distances

r � λD, but is practically zero for r � λD.

While there may be local regions with a surplus of one charge carrier or another, the

neutralizing clouds makes a plasma neutral on a scale large compared to the Debye length.

This property is called quasi-neutrality, and is a requirement to classify matter as a plasma

[7, p. 1]. Quasi-neutrality requires an equal amount of positive and negative charges

on the large scale. The significance of quasi-neutrality becomes clear in comparison to

gravity; gravitational forces are far weaker than electromagnetic ones, but do not cancel

out over large distances because there is only one polarity and hence no quasi-neutrality.

The plasma frequency is a resonant frequency in a plasma. If there is a separation

between charge carriers, where neutrality is locally violated, electric forces pull the

electrons towards the ions. It is mostly the electrons being accelerated, since the ions

are heavier. Due to inertia, the electrons overshoot and start oscillating at the plasma

frequency. This is known as electron plasma oscillations or Langmuir oscillations
[9, p. 149]. The electron plasma period 2π/ωpe is typically the fastest time scale in a

plasma, and it is usually much faster than the time between collisions. This explains

why collisions can often be neglected [18]. It is interesting that even in the absence of

collisions (internal friction) such oscillations are dampened through Landau damping
[9, pp. 419–428].

Another criteria in the derivation of Vlasov’s equation is that many particles interact

simultaneously through electromagnetic forces, rather than binary collisions. This

requires the presence of many particles within the Debye sphere around a particle, or,

ignoring the constant (4/3)π in the volume of the sphere, a large plasma parameter [7,

Sec. 1.6],

Λs = nsλ3
Ds. (2.22)

A large plasma parameter also corresponds to a high kinetic energy of the particles

compared to the potential energy due to their nearest neighboring particle, and thus the

plasma is also termed weakly coupled. As the plasma parameter decreases, the plasma

becomes more strongly coupled and Coulomb collisions become important. When

considering collisional plasmas, there are also characteristic scales such as collision

frequencies, effective collisional cross sections of particles, and mean free path traveled

between collisions. These are of lesser importance to this dissertation.

There are also characteristic scales associated with the magnetic field, if any is

present [8, Sec. 2.2]. In the presence of a magnetic field, either external or caused by

the plasma itself, particles will perform a circular motion perpendicular to the B-field,

and move freely along the field lines. The angular gyrofrequency and gyroradius are,

respectively,

ωgs =
qsB

ms
, rgs =

msv⊥
qsB

(2.23)

where B = ‖B‖ and v⊥ is the speed perpendicular to the B-field. The gyroradius may

thus differ for particles with different v⊥, but as a typical speed one can use the thermal

speed vth,s. For species where rgs is much larger than the scales of interest, the plasma

can be considered non-magnetized.
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As more parameters are introduced, for instance the spatial extent of an object

immersed in the plasma, more characteristic scales appear. These may also be important

for the problem at hand.

2.5 Fluid Description of Plasmas

Plasmas can also be described as fluids, and exhibit several fluid-like phenomena such as

turbulence. It turns out that fluid equations can be derived from the Vlasov equation [9,

pp. 406–410]. By taking the average of Eq. (2.12) over all v1, i.e., the zeroth moment,

one finds the equation of conservation of mass, or the mass continuity equation. The

continuity equation contains the flow speed u, and another equation is needed to close

the system of equations. By taking the first moment in v1 of Eq. (2.12), one arrives at

the equation for conservation of momentum, which in turn depends on the tensor uu. In

a similar fashion as when deriving the Vlasov equations from the Liouville equation,

there is a hierarchy of equations that needs to be truncated. One of the most common

ways is to assume an equation of state for the pressure, using the ideal gas law, which

relies on the plasma being Maxwellian, along with an assumption of the process being

for instance isothermal or adiabatic. Incompressibility is another common assumption

[9, pp. 9–17]. Loosely speaking, fluid models are a combination of the Navier-Stokes

equations of fluids and Maxwell’s equations of electromagnetism.

It is possible to either consider a multi-fluid model where each species follows its

own set of fluid equations with momentum exchange between the species [9, Ch. 11],

or a single-fluid model where all species are combined, usually referred to as magneto-
hydrodynamics (MHD) [9, Ch. 10]. Since MHD does not discern between species, it

follows that it is only suitable for phenomena on scales that all species are responsive to,

which means phenomena significantly slower than the gyro- and plasma frequencies,

ωgi typically being the slowest, and on spatial scales much larger than the gyroradii and

Debye lengths, rgi typically being the largest [8, p. 155]. In particular, MHD smooths out

local violations of neutrality on the Debye scale and rapid electron plasma oscillations,

while retaining large-scale magnetic forces due to electric currents.

We have seen that each higher level of description discards more details to arrive at

a more tractable theory. Since this dissertation deals with small scale phenomena and

non-Maxwellian plasmas, conventional fluid theories are inapplicable.

2.6 The Ionosphere

The plasmas considered in this dissertation are predominantly ionospheric ones, and

we shall therefore give a brief description of the plasma properties of the ionosphere,

without going into details about its formation or space weather phenomena.

The atmosphere can be divised into horizontal layers according to the variation

of one of several quantities, such as temperature [15, pp. 27–32]. When we speak

of the ionosphere we mean the ionized part of the atmosphere, from about 60 km
to 1000 km, and we divide it into layers according to the ion composition. Fig. 2.1

depicts typical densities and temperatures of various constituents of the ionosphere with

respect to altitude at local noon during periods of low solar activity. The F-region (∼

9
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Figure 2.1: Densities of various species in the ionosphere (left), and the temperature

of neutrals (Tn), ions (Ti) and electrons (Te) (right). According to the International
Reference Ionosphere (IRI-2016) [26] for 01.03.2008 12:00 UT, 45◦N 0◦E.

170–1000 km) contains mostly atomic oxygen ions (O+), the E-region (∼ 90–170 km)

a mixture of molecular oxygen ions (O+
2 ) and nitrosonium ions (NO+) and the D-region

(∼ 60–90 km) contains heavy cluster ions as well as negative ions (not shown). The ions

are compensated by an equal amount of electrons, making the ionosphere quasi-neutral

[15, pp. 159–163].

The ionosphere acts as a transition region between the fully ionized hydrogen plasma

of the interplanetary medium, and the neutral collision-dominated gas of the lower- and

mid-atmosphere of the Earth. The neutral molecules outnumber the ions by a factor 108

at around 100 km altitude, and a factor 100 at around 1000 km. These figures are such

that the D-region behaves largely as a neutral gas, whereas the E- and F-regions must be

considered as a plasma. Collisions are critical also for the E-region, but become gradually

less important with altitude, and can often be ignored at a few hundred kilometers of

altitude [8, pp. 63–64]. In this dissertation we assume collisionless plasmas.

As a consequence of fewer collisions at higher altitudes, electrons and ions are no

longer at thermal equilibrium with neutrals. The ions remain in thermal equilibrium with

neutrals a little further up due to their larger collisional cross section [15, pp. 162–163].

This is witnessed in Fig. 2.1 by the differing temperatures Tn, Ti and Te for neutrals,

ions, and electrons, respectively. The temperatures are, however, close enough that they

can often be approximated by one temperature.

Finally, we should consider the magnetic flux density of the Earth. According to the

dipole approximation, the Earth’s magnetic flux density B varies from roughly 30 μT
at the magnetic equator to 60 μT at the magnetic poles on the Earth’s surface, and at

1000 km’s altitude, it has decreased to roughly 60% of that [15, p. 215]. For order-of-

magnitude estimates we assume B = 50 μT and T = 1000 K and use Eq. (2.23) to

compute the gyroradius. This yields rge = 14 mm for electrons and rgi = 2.4 m for
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O+ ions with a mass of 16 atomic mass units (the most common isotope). rgi is larger

than the simulated objects in all work presented herein and the ions can therefore be

considered non-magnetized. rge is larger than the simulated object for all cases except

for the CubeSat in Paper II. Paper II, however, does not focus on the effects due to

magnetization but is successful in describing undesirable properties due to other effects.
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Chapter 3

Langmuir Probes and Spacecraft
Charging

Langmuir probes are relatively simple instruments used to measure plasma parameters

such as electron density and temperature, and are commonly used in ionospheric rocket

and satellite missions, space exploration, and plasma laboratory experiments [3, 16, 24,

27]. They work by exposing a conductor at a certain voltage V to a plasma, which will

then attract or repel charged particles and thus collect a current I(V ) from the plasma.

The current necessarily depends on properties of the plasma, and a set of measured

currents at different voltages can therefore be used to extract physical parameters such

as the electron density. This requires knowledge about the current-voltage characteristic
I(V ), usually in the form of an analytical expression derived from the Orbital Motion-
Limited (OML) theory. Current collection also leads to electrical charging of spacecrafts,

which may have undesirable effects for Langmuir probes and other scientific instruments.

In this chapter we first revisit the OML theory, spacecraft charging phenomena, and

Langmuir probe theory. We then summarize Papers I to III, which present numerical

results in these fields. Description of the numerical methods is postponed to Chapter 4.

Finally, some new, preliminary results not yet published are presented.

3.1 OML Theory

In the OML theory, a particle of species s is considered to approach an object from far

away with a velocity v, and follow a ballistic trajectory governed by the electrostatic

potential due to the object. Whether the particle will hit the object or not, is determined

from geometrical considerations, along with conservation of energy and angular mo-

mentum. Any collisions and long-range forces due to other particles are considered

unimportant at this stage, compared to the electric forces due of the object. This is

justified when the mean free path is much larger than the dimensions of the object and

the sheath around it, the latter being in the order of the Debye length. The current

collected by the object can then be obtained by integrating over the parts of the particle

distribution f1,s(x, v, t) corresponding to particles hitting the object.

It is often convenient to work with a normalized voltage of the object,

ηs = −qsV

kTs
. (3.1)
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Particles with qsV > 0 or ηs < 0 are repelled, whereas particles with qsV < 0 or

ηs > 0 are attracted. Assuming a non-magnetized, non-drifting Maxwellian plasma,

the current collected from an attracted species (ηs > 0) is computed for a few simple

geometries by Mott-Smith and Langmuir [24]

Plane: Is(ηs) = Ith,s, (3.2)

Cylinder: Is(ηs) = Ith,s

(
2√
π

√
ηs + exp(ηs) erfc (

√
ηs)

)
, (3.3)

≈ Ith,s
2√
π

√
1 + ηs, (3.4)

Sphere: Is(ηs) = Ith,s(1 + ηs), (3.5)

where Ith,s is the current collected if the object is neutral (ηs = 0), due to the flux of

particles with random motion, and erfc is the complementary error function. Further-

more, Ith,s = SJth,s where S is the surface area of the probe, and Jth,s = qsΦs =
qsnsvth,s/

√
2π is the uniform surface current density, Φs being given by Eq. (2.19). It

should be noted that the derivation assumes spheres and cylinders to have small radii,

cylinders to be long, and planes to have wide extent, all compared to λDs.

The approximation in Eq. (3.4) is usually deemed accurate for ηs > 2, and when

this is the case, all three expressions can be neatly summarized as [28]

Is(ηs) = CIth,s(1 + ηs)β , (3.6)

with C = 2/
√

π ≈ 1.13 for cylinders and 1 for spheres and planes, and β equal to 0, 0.5

and 1, respectively, for planes, cylinders, and spheres. For this reason, it has often been

assumed that a cylinder of finite length can also be approximated by Eq. (3.6), with β
somewhere between 0.5 and 1.

For a repelled species (ηs < 0), still assuming a non-magnetized, non-drifting

Maxwellian plasma, the current is given regardless of shape by [24]

Is(ηs) = Ith,s exp(ηs). (3.7)

The total current is readily obtained through summation over all species. An example

characteristic for hydrogen plasma can be seen in Fig. 3.1. Observe that the ion current

is much smaller than the electron current due to the smaller thermal speed of the ions. It

would be even smaller for heavier ions, and for positive voltages, it is already negligible.

It is commonplace to divide the characteristic into regions, according to which

current is largest. In the ion saturation region, the current due to attracted ions dominate,

as given by one of Eqs. (3.2) to (3.5) depending on geometry, whereas for higher voltages,

the electron current dominate. The electron region is further divised into the electron
retardation region, where the electrons are repelled and the current is given by Eq. (3.7),

and the electron saturation region, where they are attracted and the current is given by

the same equation as for the ions, but with s = e instead of i. Often minor contributions

within a region are neglected to good approximation.

The assumption of no drift velocity requires some attention for ionospheric appli-

cations. In the reference frame of a low Earth orbit (LEO) satellite, the plasma comes
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streaming towards it at the orbital velocity of roughly u = 7.6 km/s, assuming an

altitude of 500 km. This number may be a bit smaller or larger for other altitudes or due

to plasma convection, but at any rate, the thermal electron speed is orders of magnitude

higher than u, so electrons can safely be regarded as non-drifting. On the contrary, the

ion thermal speed is much lower than u, and other expressions than presented herein

must be used for the ion current [29, pp. 1217–1218]. It turns out, however, that for

positive voltages, the ion current is still negligible in the ionosphere1.

3.2 Spacecraft Charging

Figure 3.1: Characteristic of a cylindrical

object in a non-drifting Maxwellian hydro-

gen plasma with Ti = Te, and associated

regions. The current is decomposed into

the contributions due to electrons and singly

charged ions.

The charge and voltage of a spacecraft in the iono-

sphere is determined by a balance of the currents

entering the object. Assuming that a non-oscillatory

steady-state is reached, the charge Q of a conducting

object will be constant, and according to charge con-

servation, the net current contributed by all species

must be zero [29, p. 1223]:

dQ

dt
=

∑
s

Is(V ) = 0. (3.8)

The solution V to this equation is known as the

floating potential. Under the circumstance where

the OML theory is valid, Is may be expressed an-

alytically as one of the expression in Section 3.1.

One may also, for order-of-magnitude estimates,

consider simplified geometries; a spacecraft much

larger than the Debye length may for instance be

considered planar locally, and collect a current ac-

cording to Eq. (3.2).

The floating potential is usually negative. Since

electrons are faster than ions, a neutral object would

initially experience a larger electron flux than ion

flux and thus get negatively charged. The resulting

negative voltage V = Q/C, where C is the capac-

itance of the object, makes the object repel further

electrons and attract ions, until eventually, an equi-

librium is reached. Note that by definition, the floating potential is the boundary between

the ion saturation and electron retardation region. For the example in Fig. 3.1, it is at

ηe = −2.96.

Other charging mechanisms may also take place [29, Sec. 3]. Most importantly,

energetic particles hitting the object may knock loose secondary electrons from atoms

in the object’s surface, or solar UV photons may energize an atom on an illuminated

1For back-of-the-envelope calculations, V = 0 and u � vth,i yields an ion current simply given by

the flux of particles as Ii = Scqiniu where Sc is the cross section of the object perpendicular to the drift

velocity. For V > 0, the ion current is necessarily even smaller due to repulsion.
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surface sufficiently to emit an electron, both causing a positive current into the object.

Both effects increases with altitude, and depends on the surface material. However, for

LEO spacecrafts, these effects are small compared to the plasma collection current and

is therefore not considered further [30, 31].

3.3 Langmuir Probes

The fact that the current collected by an object depends on the plasma allows us to deduce

plasma parameters from measured currents [24, 27]. The Langmuir probe consists of

measurement circuitry and a simple conducting collector of charged particles. The

collector typically has one of the aforementioned geometries, and is biased at a voltage

V0p with respect to the spacecraft, which is itself at an unknown floating potential V0
with respect to the plasma.

One kind of Langmuir probe, is the sweeping Langmuir probe which performs a

sweep of bias voltages to measure the shape of the characteristic across all three regions

[3, 32, 33]. The ion density, electron temperature and electron density can then be found

by considering slopes, intersections, etc., of the equations governing the different regions.

A disadvantage of this technique is that the sweeping time is in the order of a second,

during which a satellite or rocket has moved several kilometers.

The fixed-bias multineedle Langmuir probe (m-NLP), on the other hand, uses a few

thin, cylindrical collectors at different fixed bias voltages to infer electron density [34].

The collectors are assumed to satisfy ηe > 2, such that the probe current Ip can be

written as Eq. (3.4), neglecting ion current. Squaring and expanding Eq. (3.4) yields

I2
p =

(CSqene)2

2πme
(kTe − qeVp). (3.9)

This is a linear function of the probe voltage Vp = V0 + V0p, with ne as the only

unknown in the slope. Thus, if two or more probes with different fixed bias voltages are

used, the slope in I2 can be determined, and hence also ne. This allows for kilohertz

sampling rates, resulting in the unprecedented spatial resolutions necessary for studying

ionospheric irregularities.

Langmuir probes as discussed here are applicable in the E and F-regions of the

ionosphere, as well as many laboratory plasmas. Due to the high neutral density in the

D-region, the mean free path is no longer large compared to the sheath of the probe,

which is in the order of the Debye length, and the OML theory cannot be expected

to hold [34, 35, 36]. Moreover, the presence of negative ions in the D-region would

have interferred with the electron density measurements. Although secondary electron

and photoelectron emission increase with altitude, they produce negligible currents

compared to the electron collection in the electron saturation region [3], which is our

primary concern.

Other things that may interfere with the measurements are contamination of the

probe surface [16], and the presence of the sheath surrounding the carrier. For a spinning

rocket, the probes may pass through the wake of the rocket, leading to a modulation

of the probe current at the spin frequency of the rocket [34] and harmonics at integer

multiple thereof. While important, these are outside the scope of this dissertation.
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The probes are also subject to discrete particle noise and noise from surrounding

circuitry. This is also outside the scope, but we remark that the particle noise may be

reduced by increasing the probe radius r. Today’s probes often have r ≈ 0.1λDe [37],

whereas Laframboise showed that the “thin cylinder” approximation is well satisfied

even for r = λDe [27, Tab. 6c]. It’s an interesting and non-trivial fact that for sampling

times much larger than the electron plasma period, the particle noise can be described as

shot noise [38], and thus the signal-to-particle-noise ratio is proportional to
√

I ∝ √
r.

3.4 Summary of Paper I

In Paper I, “Theory and simulations of spherical and cylindrical Langmuir probes in non-

Maxwellian plasmas,” we consider the current collection in Kappa-Cairns-distributed

plasmas. The assumption of thermal equilibrium is not entirely justified in all space

applications, and the distribution is therefore not exactly Maxwellian. Instead, a Kappa

distribution is sometimes used, and a Kappa-Cairns distribution has also been suggested.

The Kappa-Cairns distribution has two spectral indices, κ and α, and reduces to the

Kappa distribution when α = 0 or to the Cairns distribution when κ → ∞. When

both α = 0 and κ → ∞, it becomes the Maxwellian distribution. We derive analytical

expressions for currents collected by a sphere and a cylinder of very big or small radius

(OML theory) in Kappa-Cairns-distributed plasmas.

In addition, the code PUNC++, which supports arbitrary velocity distributions, is

used to simulate and tabulate attracted-species currents for a range of normalized radii,

voltages, and spectral indices. All together, we carry out 594 simulations, and of these,

108 have small radii and can be compared against analytical results. 99 (18 of which

coincide with the previous 108) have spectral indices corresponding to a Maxwellian, and

can be compared against similar numerical results by Laframboise [27]. The verifiable

results are generally within 3% of the correct values. One exception is simulations

for zero voltages; the repelled-species (ion) current is not excluded from the simulated

currents, and for zero voltages this is understood to be the dominant source of errors.

The second exception is for cylinders with κ = 4 and α = 0.2, which were less accurate,

with errors up to 9%. The results, which are available in the Langmuir python library

[39], may serve as a basis for future studies on Langmuir probes and spacecraft charging

in Kappa-Cairns-distributed plasmas.

3.5 Summary of Paper II

In Paper II, “Impact of Miniaturized Fixed-Bias Multineedle Langmuir Probes on Cube-

Sats,” we simulate the floating potential of a small LEO satellite equipped with a four-

needle Langmuir probe (4-NLP) as illustrated in Fig. 3.2. The probes are biased at 2.5,

4.0, 5.5 and 7.0 V with respect to the spacecraft, which is expected to have a slightly

negative floating potential with respect to the plasma. However, positive probes will

collect a negative current that lowers the floating potential. If some probes become

negative with respect to the plasma (or more precisely if ηe < 2), they do not work as

intended. Following up a suggestion to lengthen today’s 25 mm probes, we investigate

the floating potential for 50 mm probes, which lowers the floating potential further.
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Figure 3.2: Satellite simulated in Paper II. The Lang-

muir probes are removed from this simulation geometry,

but the booms and guards the probes are mounted on

are still included. From Paper II.

To make the spacecraft floating

potential simulations more managable

(they still took months to complete), the

probes are first simulated separately for

a few different voltages, and the col-

lected currents fitted to a power-law I =
−aV β . The spacecraft were then sim-

ulated without the probes for reduced

span in scale lengths, and thus less com-

putational effort. The current from the

probes were modelled by subtracting a

charge from the spacecraft according to

the power-law every time-step.

Two main observations were made

from these simulations: First, with β ∼
0.8 the 50 mm long probes still do not

behave like infinite cylinders. This will

lead to errors in inferred densities, and

we proposed future efforts to incorpo-

rate finite-length effects into the analy-

sis, rather than trying to combat them

with longer probes. Second, the floating

potential is so negative that the probe

biased at the lowest voltage becomes

negative with respect to the plasma, and

moreover, the probe at the second lowest voltage is also at risk of becoming negative.

We also found that this could be mitigated either by using a different set of voltages, or a

shorter guard. A guard is a cylinder at the same potential as the probe, also collecting

electrons, on which the probe is mounted for reduced edge-effects. If it is to be shortened,

a relevant question is how long it must be to be effective.

A similar charging effect, recently discovered on the NorSat-1 satellite by Ivarsen et
al. [40], is the large negative current collected by the solar panels due to the photovoltaic

potential after an eclipse exit. This rendered the probe measurements temporarily invalid.

A solution to the negative potential, not mentioned in Paper II, is the use of an electron

gun to remove negative charges from the spacecraft [37].

3.6 Summary of Paper III

Following up our suggestion to account for finite-length effects in Paper II, we develop

a theory for finite-length cylindrical probes, FL theory. In Paper III, “Finite-Length

Effects on Cylindrical Langmuir Probes,” we show that the attracted-species current i(z)
per unit length at a position z of the probe can be written in terms of a function g as

i(z) = iOMLg (ζ; λ, η) , (3.10)

18



3.7. PRELIMINARY WORK: SIMULATION-BASED MEASUREMENTS

where ζ = z/λD and λ = l/λD are the normalized position and probe length, with

l the probe length and λD the attracted-species Debye length. The attracted-species

normalized voltage η is as defined in Eq. (3.1), and iOML is the attracted-species current

in A/m as given by Eq. (3.3). g is then fitted to

g̃(ζ) = C(1 + h̃(ζ) + h̃(λ − ζ)), (3.11)

h̃(ζ) = A(ζ − δ + α−1) exp(−αζ). (3.12)

where C, A, α and δ are fitting coefficients. We perform a total of 99 probe simula-

tions to characterize g for η ∈ [0, 100] for probes of virtually arbitrary lengths, all the

way down to below the Debye length at which point the probe behaves as a spherical

probe. Interpolation is used to obtain coefficients within the simulated domain. This is

implemented in Langmuir [39].

Figure 3.3: Normalized current g along a probe of 30 Debye

lengths and η = 10 without guard (λg = 0) as well as with a

guard of λg = 5, and an infinite guard. Repeating for multi-

ple voltages and integrating yields a fit to the characteristic

Eq. (3.6) with listed β-value. From Paper III.

As an example, Fig. 3.3 shows

the normalized current g along

a probe for λ = 30 and η =
10 (blue). Notice the enhanced

current collection near the ends

not accounted for by OML the-

ory. It is possible to compute

the total collected current by inte-

grating g along ζ, and repeating

this for multiple voltages reveals a

current–voltage characteristic. It

does indeed fit Eq. (3.6) well, but

with β = 0.62 instead of 0.5.

The g-function is also useful

for probes mounted on a guard.

By setting λ = λg +λp where λg

is the length of the guard and λp

the actual probe length, one can

compute charactersitics also for

guarded probes. Moreover, the

length of the guard may be as-

sessed.

3.7 Preliminary Work: Simulation-Based Measurements

It has been proposed in all of Papers I to III to use simulated characteristics to infer

plasma parameters from currents measured by Langmuir probes. This section elaborates

on this, and presents new, preliminary results towards that goal2.

Consider N currents Îp measured at bias voltages V0p with respect to the spacecraft.

This may for instance be the four currents of a multineedle Langmuir probe, or the

2The author gratefully acknowledges discussions on this idea with Richard Marchand, as well as Andres

Spicher who also showed me the Visions-2 data. The Visions-2 project is funded by the Research Council of

Norway, grant 275653, project 4DSpace turbulence.
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Figure 3.4: Electron current collected by probes of length l and 0.255 mm radius in a

plasma with n = 1011 m−3 and T = 1000 K (solid blue), along with what happens due

to a doubling in density (dashed) or temperature (dotted). The currents are according to

OML or finite-length (FL) theory.

currents in a sweep of a sweeping Langmuir probe. Measurement p is carried out by a

probe with a characteristic Ip(Vp; P), where Vp = V0 + V0p is the probe voltage with

respect to the plasma, and P is the tuple of unknown plasma parameters, for instance

P = (ne, Te). V0 is the unknown floating potential of the spacecraft. We retain the

possibility that each measurement p adheres to a different characteristic Ip.

The measurements forms a system of equations in terms of the unknowns (P, V0):

Îp = Ip(V0 + V0p; P), p = 1, ..., N. (3.13)

Given that a unique solution exists, it can be approximated by a least-squares method,

i.e., by minimizing the sum of squared residuals,

R =
∑

p

[Îp − Ip(V0 + V0p; P)]2, (3.14)

with respect to (P, V0). We remark the Ip need not be limited to specific regions or

analytic expressions. For finite-length theory, we use a function in Langmuir [39], doing

interpolation between fitting coefficients.

The premise of uniqueness deserves further attention. Assume that all measurements

are carried out by identical probes, such that Ip is the same function for all p. In order to

solve for a certain parameter, say, the temperature Te, it is necessary that the characteristic

Ip does, in fact, depend on it. Let’s first consider the characteristic of a cylindrical probe

in the electron saturation region according to the OML theory, such that Ip is given by

Eq. (3.4). The response of this characteristic due to a doubling in density or temperature

is seen in Fig. 3.4, and it hardly changes when the temperature is doubled (dotted). This

characteristic is therefore not suited for inferring temperature. This can also be found

analytically; for ηe � 1, such that
√

1 + ηe ≈ √
ηe, Eq. (3.4) becomes independent of

Te. Thus, if (ne, Te, V0) solves Eq. (3.13), so does (ne, T ′
e, V0) with T ′

e = Te, because

Ip(V0 + V0p; ne, T ′
e) = Ip(V0 + V0p; ne, Te). Even without the approximation, the

solution is provably non-unique because Ip(V ′
0 + V0p; ne, T ′

e) = Ip(V0 + V0p; ne, Te)
as long as kT ′

e − qeV ′
0 = kTe − qeV0. This translates to a non-unique minimum in R.
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Figure 3.5: Electron density ne, temperature Te and floating potential V0 during the

descent of the Visions-2 rocket through the ionosphere. Values according to IRI-2016,

and Langmuir probe currents analyzed using the slope method and finite-length (FL)

theory. The latter is prone to large variability unless the temperature is taken from

IRI-2016.

Fig. 3.4 also includes characteristics according to the finite-length (FL) theory for a

40 mm probe and a 10 mm probe, both with ideal (infinite) guards. Clearly, a shorter

probe, having more pronounced edge-effects, is more temperature-sensitive. One might

ask if this can be harnessed for temperature measurements. If the sensitivity is very

weak, however, like for the 40 mm probe, the minimum in R may be found in a “long

valley.” For such cases noise, errors and even implementation details may impact the

obtained minimum, and thus the method will be fragile and unreliable.

Nevertheless, in Fig. 3.5 we present the solution to the minimization for real data

from the Visions-2 rocket as it descends through the ionosphere. Visions-2 happens to

have four 40 mm probes like the one considered in Fig. 3.4. To speed up the calculations,

the data is averaged over chunks of 50 samples, and the solution from the previous

sample is used as an initial guess in the minimization algorithm (the trust box reflective

algorithm [41]).

As predicted, the method is fragile and unreliable, and the solution depends on

specifics of the implementation. For instance, two solutions are obtained (orange)

depending on the initial guess of the first sample. These are representative of the

variability of the method. Especially the temperature is inaccurate, spanning more

than an order of magnitude, whereas the density and floating potential at least seems

to be within a reasonable range. A technique which makes the method completely
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robust, however, is to specify the electron temperature according to the International

Reference Ionosphere (IRI-2016) [26], treating only ne and V0 as unknowns (red). This

demonstrates the necessity to resolve the temperature.

The figure also shows comparisons with IRI (green thick) as well as the established

method of obtaining density from the slope in Eq. (3.9) (blue). The OML theory

underestimates the current collected by the probe by not accounting for the additional

current collected near the end. This is consistent with an overestimate of density when

using the slope method. Fortunately, the measurement error should mostly be a distortion

of the true density, since the probes are not very temperature-sensitive. The finite-length

method, too, comes with inaccuracies, as presented in Paper III; for an infinite probe it

overestimates the current by up to 5%. If this is similar for shorter probes, it is consistent

with a small underestimate in density. We have also approximated the guard to be

infinitely long, which may in fact not be a good approximation. However, even the

IRI cannot be taken as ground truth, since it cannot replace on-site measurements. We

therefore do not make any conclusions concerning accuracy at this early stage.

Nonetheless, it demonstrates that it is possible to use simulation-based characteristics

on real Langmuir probe data to infer plasma parameters. Future work is required, first to

solve for the temperature, and then factors limiting accuracy can be identified and worked

on. It may be possible to use shorter probes to increase the temperature sensitivity, or

perhaps even a mix of different lengths. Recall that the motivation for multiple fixed-bias

probes was to increase the sampling frequency by not having to perform a sweep for

each sample. This would be true also for different lengths, or indeed, even a mixture of

planar, cylindrical and spherical probes.
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Chapter 4

Numerical Methods

Only a limited class of problems in plasma physics can be studied analytically. These

problems often have simple geometries and rely on simplifying assumptions, such as

small perturbations, which permits the use of linearization techniques. It is useful, then,

to consider solutions by computer simulations, which solves the governing equations

from first principles, where errors arise merely from discretization, and can be reduced

as far as computer resources allows. Computer simulations may also be used when

experiments are not feasible or affordable, and besides, simulations can offer insights not

easily accessible through experiments. For example, the presence of instruments disturbs

the plasma they seek to measure. Simulations, on the other hand, are non-invasive.

Another example is seen in Paper III, where we study the current collected by different

parts of a probe. The total current is accessible to an experimenter as well, but it would

be hard for him/her to infer current density along the probe.

At the heart of numerical techniques is the discretization of the governing equations

into linear-algebraic form which can be solved on a computer. One may start at any level

of description presented in Chapter 2, and accordingly, there is a whole spectrum of

plasma simulations methods, ranging from the particle scale to the fluid scales [43]. At

each higher level, the method becomes computationally more tractable, at the cost of

discarding details. It is important that the model used retain the level of detail necessary

to reproduce the phenomena of interest. The problems discussed in Chapter 3 are kinetic

in nature; the length-scale is comparable to the electron Debye length, charge-neutrality

is locally violated in the sheath surrounding the object, and the velocity distribution is

strongly non-Maxwellian in the vicinity of attractive objects. This dictates the use of

kinetic-scale simulation methods. The electrostatic approximation is valid, however.

Our method of choice is the unstructured Particle-In-Cell (PIC) method, with the

Finite Element Method (FEM) to solve the fields on the unstructured mesh. In the

following, we review the FEM method before describing the PIC method with a particular

emphasis on the differences between using a structured and an unstructured mesh. In the

end follows a short section on selected post-processing techniques before the summary

of Paper IV.
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4.1 The Finite Element Method

Let’s first describe the problem to solve. For electrostatic PIC simulations, it is necessary

to solve the Poisson equation, Eq. (2.9), subject to suitable boundary conditions. The

most common is to specify either the value of the unknown—the electric potential φ—or

its normal derivative on the boundary [44, p. 40],

Dirichlet boundary condition: φ(x) = φ0(x), (4.1)

Neumann boundary condition: ∇φ · n̂ = −σ(x)
ε0

, (4.2)

where n̂ is the unit normal vector pointing out of the domain. For electrostatics, these

both represent the conditions for perfect electric conductors. In the former case with a

known voltage φ0 (which for conductors is independent of x), and in the second case

with a known surface charge density σ(x) [19, Sec. 7-5.2].

Dirichlet conditions can also be used when the solution is known at the boundary for

other reasons. Throughout this dissertation we simulate objects in open space, and in

that case we make assumptions on the value φ(x) on the exterior boundary Γe based on

simple analytical considerations (see Paper IV). If the assumptions are poorly justified,

this may be a significant source of numerical errors. Other techniques, such as perfectly

matched layers, have been used to better emulate open space, but these are beyond the

scope of this dissertation [45, 46]. Periodic boundaries are also common [47], where for

instance the left face of a rectangular domain is set equal to the right one.

Figure 4.1: Example of an unstructured mesh.

From Paper IV.

The solutions of partial differential equations

is a mature discipline, with a large variety of

numerical methods, such as the finite difference

method [48], sinc-based methods [49], the finite

element method, finite volume method and spec-

tral methods [50]. The finite element method has

a rigorous mathematical foundation, and allows

for complex geometries and variable resolution

through the use of unstructured meshes, like the

one illustrated in Fig. 4.1, as opposed to Cartesian,
structured meshes shaped like a regular, rectangu-

lar grid. A condensed introduction follows herein,

while more details can be found in [44, 50, 51, 52,

53].

4.1.1 Variational Formulation
The finite element method consists of re-writing the differential equation, also referred

to as the strong form, to variational form or weak form, before discretizing it and solving

the resulting matrix equation. The variational form is related to the principle of least

action in classical mechanics, and is obtained by multiplying the equation throughout by

a test function ψ, and integrating across the entire domain Ω. For the Poisson equation
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(Eq. (2.9)), this yields [50, pp. 44-46],

ε0

∫
Ω

ψ∇2φ dx = −
∫

Ω
ρψ dx, (4.3)

where dx is a volume element. φ is often referred to as a trial function in FEM context.

We rewrite this by using integration by parts and the divergence theorem,

ε0

∫
Ω

∇φ · ∇ψ dx − ε0

∫
∂Ω

ψ∇φ · n̂ ds =
∫

Ω
ρψ dx, (4.4)

where ∂Ω is the boundary of Ω and ds is a surface area element. This rewriting reduces

the order of the derivatives involved, and leads to several important properties, such as

symmetry in the final matrix equation. For these integrals to exist, φ and ψ must be in

H1(Ω), where Hk(Ω) is the space of all functions whose derivative terms up to the k-th

order are in L2(Ω). L2(Ω) is the space of square-integrable functions in Ω, i.e., those

for which the L2-norm

‖φ‖L2(Ω) =
∫

Ω
|φ(x)|2 dx (4.5)

exists (is less than infinity). Hk(Ω) are known as Sobolev spaces [50, pp. 20–22].

For the sake of illustration, we shall consider Dirichlet conditions on parts of the

boundary, ΓD, and Neumann conditions on the remaining part, ΓN . Following the

approach in [53, pp. 3–4], we define two more spaces,

H1
D(Ω) = {φ ∈ H1(Ω) : φ = φ0 on ΓD}, (4.6)

H1
0 (Ω) = {ψ ∈ H1(Ω) : ψ = 0 on ΓD}. (4.7)

Since the solution φ ∈ H1(Ω) must satisfy the Dirichlet boundary, φ = φ0 on ΓD, φ is

actually in H1
D(Ω). Further on, ψ can be interpreted as a variation of the solution in a

minimization problem. However, we do not vary the solution on Dirichlet boundaries

where it is already known, but restrict the test function to ψ ∈ H1
0 (Ω). As a consequence,

the integrand in the second term in Eq. (4.4) is zero on ΓD, and we need only evaluate

the integral on ΓN . On ΓN , ∇φ · n̂ is substituted by the Neumann condition, Eq. (4.2),

which eliminates the unknown, φ. Separating the terms with and without the unknown

on the left-hand and right-hand sides, respectively, Eq. (4.4) is written,

a(φ, ψ) = L(ψ), (4.8)

where

a(φ, ψ) = ε0

∫
Ω

∇φ · ∇ψ dx, L(ψ) =
∫

Ω
ρψ dx −

∫
ΓN

σψ ds, (4.9)

are known as the bilinear and linear forms, respectively. In the FEM literature we say

that the Neumann boundary occurs naturally or weakly in the form, and that the Dirichlet

boundary is an essential condition that must be enforced strongly.
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Finally, we define the weak solution as φ ∈ H1
D(Ω) for which

a(φ, ψ) = L(ψ), ∀ψ ∈ H1
0 (Ω). (4.10)

It follows from our derivation that a solution of the original differential equation, a strong
solution, must also be a weak solution. The converse is much harder to prove, but loosely

speaking, if ∇2φ exists for the weak solution φ, φ is also the strong solution [44, p. 37],

[50, pp. 46–47].

It is inconvenient from an analytical point of view that H1
D(Ω) is not actually a vector

space, since it has a fixed non-zero value on the boundary. This is usually dealt with

by shifting φ such that it becomes zero on the boundary, and thus a member of H1
0 (Ω)

instead of H1
D(Ω). Regardless of approach, the same matrix equation is arrived at in the

end. The description herein is closer to computer implementations [50, pp. 201–203].

4.1.2 Discretization
The discretization in the finite element method consists exclusively of replacing the

infinite-dimensional space H1(Ω) with a finite-dimensional approximation V ⊂ H1(Ω).
The approximate solution is then φ ∈ VD(Ω) such that

a(φ, ψ) = L(ψ), ∀ψ ∈ V0(Ω). (4.11)

where VD and V0 is defined from V as H1
D and H1

0 is from H1.

We proceed by deriving a linear system of equations. Let {Wj(x)}j∈J be the set of

basis functions spanning V , such that any function φ ∈ V can be written

φ(x) =
∑
j∈J

φjWj(x). (4.12)

Next, let I ⊂ J be the subset corresponding to basis functions that are zero on ΓD.

These functions are then the basis of V0. It is sufficient to enforce Eq. (4.11) for ψ = Wi

for all i ∈ I, because then it must by superposition be true for every ψ ∈ V0. Substituting

Eq. (4.12) into Eq. (4.11) and using linearity we then arrive at the following system of

linear equations: ∑
j∈J

Aijφj = bi, ∀i ∈ I, (4.13)

where the stiffness matrix and load vector, respectively, are given by

Aij = a(Wj , Wi), bi = L(Wi). (4.14)

The rows i ∈ I are obtained by enforcing the Dirichlet boundary condition strongly, i.e.,

requiring φ(x) = φ0(x) on ΓD with φ(x) given by Eq. (4.12).

The FEM space V is given by the choice of basis functions. Perhaps the most common

choice is the Lagrange or Continuous Galerkin space of the first degree, CG1. Functions

in this space vary linearly within each cell, and are continuous across cell borders. A

function is then uniquely determined by its value on the vertices, and we take these as

the degrees of freedom, i.e., as the coefficients φj in Eq. (4.12). The basis functions

Wj(x) are then “umbrella” functions, like the one illustrated in Fig. 4.2. Wj(xi) = δij

on vertex xi, where δij is the Kronecker delta, and varies linearly in-between.
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Figure 4.2: Example of a

CG1 basis function on a 2D

mesh.

The CGp space of a higher degree p is similarly defined, but

vary polynomially of degree p within each cell, with more degrees

of freedom inserted in order to represent the function. The Dis-
continuous Galerkin (DGp) spaces also varies polynomially within

each cell, but are not required to be continuous across cell borders.

Note that unlike for instance in finite difference methods, the un-

known is represented everywhere in space through Eq. (4.12), and

not just on the vertices. The coefficients Aij and bi is computed

from Eq. (4.14) by piece-wise integration of the forms within each

cell. Since the basis functions are non-zero only in a small region,

i.e., they have a compact support, the matrix will be sparse.

4.1.3 Error
It is often impossible to give upper bounds on the error in numerical

solutions. However, it is possible to say something about how fast

the solution converges as the simulation is made finer. Whereas the error of a scalar

quantity (e.g., particle position) is measured simply as the absolute deviation from the

true value, the error in field quantities is measured using some norm. Most common is

the L2-error norm ‖φh − φe‖L2(Ω) between an approximate and exact solution φh and

φe, respectively.

For elements of degree p, the L2-error norm is usually expected to be O(hp+1),
where h is a representative measure of the mesh resolution, for instance the maximum or

minimum edge length of a cell in the mesh. This means that an upper bound on the error

is proportional to hp+1, at least asymptotically as h gets smaller, but the proportionality

constant is not necessarily known. However, we emphasize that the convergence also

depends on the regularity of the true solution, i.e., how continuous and differentiable it

is [50, p. 21]. For the solution to be (p + 1)-order accurate, having an error of O(hp+1),
the solution must be in Hp+1(Ω). If the solution is in a lower-order Sobolev space, the

convergence order decreases correspondingly [44, pp. 90–93]. Specifically, a piece-wise

linear approximation to a curved boundary limits the convergence to at most O(h2).

4.2 The Particle-In-Cell Method

The PIC method [17, 20, 43, 54] can either be seen as a numerical method for the

microscopic description of plasmas or for the kinetic description. If we consider the

kinetic description first, the evolution of the particle distribution of species s, f1,s, is

given by the Vlasov equation (Eq. (2.12) with C = 0). To directly discretize the Vlasov

equation and solve it is extremely costly due to its six-dimensionality, and is often

considered infeasible. We remark, however, that this has recently been done by the code

Vlasiator for ions in the magnetosheath [55].

To reduce the dimensionality, we re-introduce particles by sampling the distribution

f1,s, such that the collection of discrete particles approximates f1,s when smoothed.

The finite resolution of the mesh effectively smooths the particles. If we follow one of

these particles, p, along a trajectory (xp(t), vp(t)) in phase space given by its equation
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n := n + 1

2. Solve fields
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Figure 4.3: A typical PIC cycle. Subscripts j are indices of mesh nodes, whereas p are

indices of particles. A superscript n indicates that the quantity is an approximation at

time t = nΔt, where Δt is the time-step. The superscripts generally depend upon the

temporal discretization used.

of motion, the total derivative,

d
dt

f1(xp(t), vp(t), t), (4.15)

expands to the left-hand side of the Vlasov equation, and equals zero. Hence, the particle

trajectories are characteristics of the Vlasov equation, and following the trajectories of a

collection of particles in the exact same way as in microscopic description (Section 2.1)

is therefore an approximation to the Vlasov equation [20, Sec. 2-2-1]. The PIC method,

simply put, is a method for following the trajectories of a collection of particles under
mutual forces.

We might as well have started with the microscopic description, but the connection

to Vlasov’s equation has two important consequences. First, we cannot realistically

expect to have knowledge at a microscopic level about the initial conditions of the system

under investigation, i.e., the position and velocity of every particle, and even if we did,

numerical errors and chaotic behavior would quickly render the microscopic quantities

invalid. We do, however, expect the distribution of particles to be correct.

Second, each simulation particle we sample from f1,s may carry the statistical weight
ws of several physical particles. While a physical particle would be a delta-pulse of unit

volume in phase space, the simulation particle has a volume ws. Thus, a factor ws fewer

particles are needed to approximate f1,s, with a corresponding decrease in CPU time

and memory consumption. This improvement can often be a thousand-fold, and is a

necessity in PIC simulations. The statistical weight effectively changes the charge, mass

and density of the particles to, respectively,

q′
s = wsqs, m′

s = wsms, n′
s =

ns

ws
. (4.16)

While it is also common to refer to the number of simulation particles per cell, this

number becomes non-sensical for a non-uniform unstructured mesh, and we prefer the

statistical weight.

The conceptually simplest way to follow the trajectory of Np particles, is to add up

the forces between any pair of them, and integrate the equations of motion, Eq. (2.1).
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However, this leads to a prohibitive computational cost of O(N2
p ) per time-step. Instead,

we follow the microscopic formalism in Section 2.1, where a particle’s motion is governed

by the Lorentz force and the electromagnetic fields. The fields, in turn, depend on all

particles, but the cost is reduced by solving Maxwell’s equations on a mesh, and by

using the PIC cycle [17, Sec. 2-3], which is illustrated in Fig. 4.3.

In order to advance the particles one time-step, one first weights them to the mesh

to compute the source terms ρ and J. Second, the electromagnetic fields are computed

on the mesh by numerically solving Maxwell’s equation (Eqs. (2.3) to (2.6)), or in the

electrostatic approximation, solving Poisson’s equation (Eq. (2.9)) followed by taking

the gradient (Eq. (2.8)). Third, the fields are weighted back to the particles, and fourth,

the equations of motion (Eqs. (2.1) and (2.2)) are integrated numerically one time-step.

The PIC cycle must be repeated every time-step, and the cost per time-step is reduced

to O(Np) + f(Ng) where f is some function of the number of mesh nodes Ng that

depends on the field solver, typically f(Ng) = O(Ng log Ng) or even f(Ng) = O(Ng)
for multigrid solvers [44, Sec. 7.5].

We proceed by describing the Boris method used for integrating the equations of

motion, and then the weighting to and from an unstructured mesh. The Poisson equation

is solved using the FEM method as described in Section 4.1, and a survey of methods

for taking the gradient is presented in Paper IV. This completes the PIC cycle. We

proceed with further details on particle boundary conditions, stability and accuracy, and

normalization.

4.2.1 The Boris Method
The Boris method is by far the most used method to advance particle positions in PIC

simulations. The second-order accuracy at a cost comparable to first-order methods

is certainly desirable. Higher-order methods are usually deemed too costly, since the

scheme is to be used on vast numbers of particles, and moreover, often have worse

long-term performance because, unlike the Boris method, they do not conserve phase

space volume [56].

Let a superscript n indicate that a quantity is approximated at time t = nΔt, Δt
being the time-step. In the Boris method Eqs. (2.1) and (2.2) is discretized using finite

differences,

xn+1
p − xn

p

Δt
= vn+ 1

2
p , (4.17)

mp
vn+ 1

2
p − vn− 1

2
p

Δt
= qp

(
En

p +
vn+ 1

2
p + vn− 1

2
p

2
× Bn

p

)
. (4.18)

The positions and velocities are placed on interleaved temporal grids, i.e., displaced by

half a time-step, to facilitate the use of second-order accurate central differences. Other

quantities, too, such as electromagnetic fields, charge, current, etc., often find themselves

naturally on one of these two temporal grids upon central-differencing of the governing

equations. The temporal discretization indicated in Fig. 4.3 is typical, although this

depends on choice. The initial half-integer displacement must be computed by another

method, for instance an Euler step [57, p. 317].
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Since velocities have to be on half-integer time-steps in this scheme, the second-order

accurate approximation vn
p ≈ (vn− 1

2
p + vn+ 1

2
p )/2 was used in Eq. (4.18). This makes

Eq. (4.18) an implicit equation that must be inverted with respect to vn+ 1
2

p . Fortunately,

this can be done analytically, and the particle position and velocity is then updated by

vn+ 1
2

p = (I + Ω)−1
(

(I − Ω)vn− 1
2

p + Δt
qp

mp
En

p

)
, (4.19)

xn+1
p = xn

p + Δtvn+ 1
2

p . (4.20)

Here, I is the 3 × 3 identity matrix, and Ω = Δt(qp/mp)(Bn
p ×) where

(Bn
p ×) =

⎛
⎝ 0 −Bn

p,z Bn
p,y

Bn
p,z 0 −Bn

p,x

−Bn
p,y Bn

p,x 0

⎞
⎠ , (4.21)

such that (Bn
p ×)vn

p = Bn
p × vn

p .

4.2.2 Weighting
The weighting between fields and particles is complicated by the use of an unstructured

mesh, and a more general formalism is needed than provided in most text books and

articles. One exception is the book by Grigoryev et al. [54].

The interpolation of the fields at mesh nodes j to a particle p at position xp can

generally be described as

Ep =
∑

j

EjWj(xp), Bp =
∑

j

BjWj(xp), (4.22)

where Wj(xp) is the weight given to the field at mesh node j. For a uniform Cartesian

mesh, this would typically represent interpolation from the surrounding nodes along

each dimension by the use of B-splines bn of degree n (e.g., tri-linear interpolation for

n = 1). The weights are in that case given by

Wj(xp) = W (xj − xp) = bn

(
xj − xp

Δx

)
bn

(
yj − yp

Δy

)
bn

(
zj − zp

Δz

)
(4.23)

where Δx, Δy and Δz is the spatial resolution along x, y and z-directions [58].

Unfortunately, this description does not apply to unstructured meshes. Remember,

however, that the fields are defined at every point in space for the FEM method, and

not just on the mesh vertices. Indeed, interpolation is inherent in FEM, where any field

quantity can be expressed in terms of its basis functions through Eq. (4.12). It is thus

natural to let Wj in Eq. (4.22) be the basis function of the finite element space.

As for weighting from particles to the mesh, the source terms, Eq. (2.7), can be

approximated as

ρj =
∑

p

qpSj(xp), Jj =
∑

p

qpvpSj(xp). (4.24)
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Instead of the particles being shaped like Dirac delta-functions, they take on a discrete

weight Sj(xp) at mesh node j, leading to a smoothed shape. For uniform Cartesian

meshes, this can again be expressed in terms of B-splines [58],

Sj(xp) = S(xj − xp) = wp
W (xj − xp)
ΔxΔyΔz

, (4.25)

where wp is the particle’s statistical weight. Again Eq. (4.25) do not apply to unstructured

meshes, and a generalization must be used instead, namely [54, Sec. 2.3.2]

Sj(xp) = wp
Wj(xp)∫
Wj(x) dx , (4.26)

where again, Wj may be the FEM basis functions.

Another complicating factor is that it is necessary to keep track of which cell every

particle resides in, in order to evaluate the FEM basis functions Wj which are given by

piece-wise polynomials (see Section 4.1.2). This is unlike a structured code, where the

surrounding mesh nodes can easily be computed from the particle’s position.

It should also be mentioned that many actual codes do not compute both ρj and Jj

as explained herein. Electrostatic codes only needs ρj , whereas electromagnetic codes

often make modifications to exactly satisfy the charge continuity equation in order to

guarantee charge conservation [59, 60].

4.2.3 Particle Boundary Conditions
Boundary conditions to a large extent define what is being simulated, and in addition to

the boundary conditions discussed in Section 4.1, it is for a PIC simulation necessary to

decide what to do with particles at the boundary [17, Sec. 16.8].

For periodic boundaries, particles leaving a rectangular domain re-emerge on the

opposite side. Non-rectangular domains are more complicated and not treated here.

Reflecting boundaries act like a wall which the particles collide elastically with. Both

of these cause no loss of particles in the simulation domain. Absorbing boundaries,

on the other hand, delete the particles from the simulation. This can for instance be

a conducting object, where the total charge accumulated by the object is recorded by

counting particles. Finally, we may have a boundary facing open space.

Like for absorbing boundaries, a particle travelling out through an open boundary

is deleted from the simulation. However, one would also expect an in-flux of particles

according to Eq. (2.19). The integration limits in Eq. (2.19) is non-trivial for unstructured

meshes, where boundary facets occur at arbitrary angles. One way to deal with this is

to introduce an auxiliary distribution of particles entering the domain per unit area and

time,

gs(v) =

{
f0,s(v)(v · n̂), v · n̂ > 0,

0, v · n̂ ≤ 0,
(4.27)
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where n̂ is the inwards-directed unit normal vector and f0,s is the velocity distribution

at the boundary, typically Maxwellian. Eq. (2.19) can then be rewritten,

Φs = ns

∫
R3

gs(v) dv (4.28)

The number of simulation particles through a boundary facet with area ΔS during a

time-step Δt is then ΔSΔtΦs/ws, and their velocities are sampled from gs(v). Given

one algorithm capable of sampling from arbitrary distributions gs, and one to numerically

integrate it, it is possible to implement support for aribrary velocity distributions. It

is, however, possible to speed up the computation for specific distributions having a

closed-form expression for the inverse cumulative distribution function by using the

inverse transform sampling method [61, pp. 101–109], and moreover, if Eq. (4.28) is

known analytically, it needs not be integrated numerically.

4.2.4 Stability and Accuracy Criteria
For a simulation to be valid, it is crucial that its numerical schemes are stable. Several

criteria exists for the mesh resolution h (or Δx for structured meshes) and time-step Δt
of a PIC simulation, although the underlying assumptions are not always appreciated.

It is generally accepted that the mesh must sufficiently resolve the smallest spatial

scale, which is the electron Debye length or possibly the geometry of a sub-Debye scale

object. An advantage of the unstructured mesh is that it needs only resolve such objects

locally. As for the Debye length, Δx � 3λDe is typically reported as sufficient for

stability, although the exact figure depends on very specific details about the simulation

[62, 63, 64]. In particular, the cited references do not consider unstructured meshes and

arbitrary velocity distributions.

A temporal stability criterion is derived for the Boris method. It is interesting that

if we consider an external, homogeneous B-field, such that Bp is independent of the

particle’s position xp, Eqs. (4.17) and (4.18) are implicit in the directions perpendicular

to B, and is unconditionally stable along those directions [20, p. 113]. In the parallel

direction, however, or if B = 0, the scheme reduces to the explicit leapfrog scheme.

Conventional stability analyses such as the von Neumann analysis set the external source

term E to zero, and investigate whether the uknown xp can have harmonic modes

growing by themselves [20, Sec. 4.4]. The conclusion from such analyses is that the

leapfrog scheme is stable for Δt ≤ 2ω−1, for all resonant frequencies ω, ωpe typically

being the largest. This fails to take into account that in a PIC context, E depends on

the position of the particles, and that there is therefore a feedback, and a collective

effect also on stability. Indeed, by instead considering a numerical dispersion relation,

instabilities have been found already when Δt = 1.62ω−1
pe [17, pp. 183–196]. This

derivation assumed a non-magnetized, non-drifting Maxwellian plasma, which is not

always the case in kinetic simulations. While stability by von Neumann analysis or

similar is a prerequisite of a temporal discretization, we prefer to add som headroom

to account for collective effects as well as improved accuracy, e.g., Δt � 2ω−1. If we

introduce εp and εg as the largest permissible time-step in terms of the plasma period
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and gyroperiod, respectively, we can write

Δt ≤ εp(2πω−1
ps ), (4.29)

Δt ≤ εg(2πω−1
gs ). (4.30)

There is, however, another criterion which often limits the time-step for plasma-

object simulations, namely that a large fraction of the particles should travel less than

one cell per time-step. This is because the trajectory of a particle travelling many cells

per time-step has an inferior spatial resolution compared to the mesh, and if this is the

case for the majority of particles, they will effectively limit the spatial resolution. As

such it has more to do with accuracy than stability; indeed, if you decrease the spatial

resolution of a stable simulation from λDe to 0.1λDe the particles may travel 10 cells

per time-step instead of 1. This will not make the simulation unstable, but it might not

get much more accurate either, unless you also decrease the time-step.

This criterion is often expressed as Δt � Δxv−1
th,s, where the thermal speed is taken

as a typical particle speed. In the presence of strongly attractive objects, however, the

typical particle may be much faster. We present a revised expression1. Consider a

particle of species s entering the simulation domain with a speed v0, and then being

accelerated by an object before hitting it at a speed v1. According to energy conservation,

v2
1 = v2

0 − 2
qs

ms
Δφ (4.31)

where Δφ is the difference in electric potential from start to finish. For simulations where

all boundaries have Dirichlet conditions, the largest possible Δφ is readily obtained,

whereas for simulations of objects with floating potential, some estimate can be made

based on for instance OML theory or preliminary simulations. v0 is sampled from

the velocity distribution at the boundary, and for some particles the random velocity

component will align with the drift velocity. We write v0 = us + εthvth,s where εth

determines how much of the tail of the distribution is ignored. For an unstructured mesh,

the finest resolution, hmin, is usually near the object, and incidentally, this is also where

the particles have been accelerated to the greatest speeds, v1. Hence, if the criterion is

satisfied there, it is satisfied everywhere. To summarize,

Δt ≤ εhhmin

(
(us + εthvth,s)2 − 2

qs

ms
Δφ

)− 1
2

, (4.32)

where we introduced a parameter εh. For us = Δφ = 0 and εh = εth = 1 it reduces to

Δt ≤ hminv−1
th,s.

For electromagnetic PIC codes, there is also a temporal discretization of Maxwell’s

equations, which comes with its own stability criteria. Typical is the Courant-Friedrichs-

Lewy (CFL) stability criterion of the form Δt ≤ Δxc−1, where c is the speed of

light.

1This is based on a similar, unpublished criterion used by Richard Marchand in PTetra. He too used

energy conservation, but for a particle initially at rest, i.e., v0 = 0, and enforced that criterion in addition to

Δt ≤ hmin(us + vth,s)−1. He also used the cube-root of the volume of the smallest Vornoi cell as hmin
instead of the smallest edge length.
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Specifying Δt manually is prone to mistakes because it must satisfy many criteria,

depending on density, temperature, drift velocity, voltages and mesh resolutions. A more

robust approach in our opinion is to allow tuning of the parameters εp, εg , εth and εh and

have Δt calculated during initialization of the program.

It is worth noting that the physical time span simulated is often quite large compared

to Δt, leading to the computation of many time-steps [17, Sec. 14-13]. The reason for

this is that the phenomena being studied have a period or settling time to reach steady

state dependent on ion dynamics, such as the ion plasma frequency or ion acoustic sound

speed. Many techniques have been devised to counteract this. Perhaps the simplest is to

artificially reduce the ion mass to speed up ion dynamics, for instance to mi = 100me.

That this does not alter the results should be justified for the problem at hand. Another

possibility is to use hybrid codes, where the electrons are treated as a fluid, while ions

are treated kinetically in a PIC way [43, Ch. 8]. Such codes need not resolve the electron

frequencies, but cannot be used for problems relying on the kinetic nature of electrons,

such as charging phenomena. We should also mention implicit temporal discretizations,

which are unconditionally stable, allowing coarser time-steps and meshes [65], [43,

Ch. 9]. Implicit methods preserve the particle nature of electrons, and are suited for

kinetic phenomena on slower scales, such as drift waves, while not resolving for instance

the electron plasma frequency. However, for a good representation of the trajectories of

particles charing an object, it is desirable to resolve the time-steps as described above,

which renders implicit methods less useful.

4.2.5 Normalization
It is common practice in numerical software to normalize the equations to be solved such

that all quantities involved have magnitudes around unity, thereby avoiding round-off

errors in digital floating point arithmetic [66]. Strictly speaking it is not necessary that

they be around unity, merely that they are at similar orders of magnitude; it is taking the

difference between two numbers to obtain a quantity at a much, much smaller order of

magnitude that causes significant round-off errors.

Normalization works by dividing quantities by a characteristic scale. Lengths and

times can for instance be divided by the electron Debye length and electron plasma period,

respectively. This removes the physical dimension, as well as making them close to unity

when considering phenomena at those scales. It is interesting that from a physical point

of view, this is equivalent to changing the system of units. In the equations governing a

plasma, e.g., Eqs. (2.1) to (2.7), there are four base units: the meter, kilogram, second

and Ampére (MKSA). Correspondingly, we introduce four characteristic “base” scales

X , T , Q and M such that a length x, time t, charge q (instead of current) and mass m
are normalized as, respectively,

x̄ =
x

X
, t̄ =

t

T
, q̄ =

q

Q
, m̄ =

m

M
. (4.33)

With these four, there is one and only one way to non-dimensionalize any other

quantity. Normalized charge density, for instance, would have to be ρ̄ = ρX3/Q. By

substitution of such relations into Eqs. (2.1) to (2.7), it is found that the normalized quan-

tities are also governed by Eqs. (2.1) to (2.7). An important consequence of this, is that
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the implementer of algorithms need not worry about constants due to the normalization;

all quantities are normalized once, during initialization of the program, and units are

re-introduced after computation by means of dimensional analysis.

We remark that if fewer than four characteristic scales were chosen, it would be

impossible to eliminate the four base units and get all quantities close to unity. If more

than four were used, it would be the equivalent of introducing new base units, with more

constants appearing in the governing equations. Indeed, the constants ε0 and μ0 are

already a consequence of such “unnecessary” base units, and do not exist in systems

based on the centimeter, gram and second (CGS) [67].

One often tries to avoid the constants ε0 and μ0 in computations because they are

very small. Their non-dimensional counterparts, however, are given by,

ε̄0 =
MX3

Q2T 2 ε0, μ̄0 =
Q2

MX
μ0. (4.34)

If they are still considered undesirable, one must choose characteristic scales that satisfy

ε̄0 = 1 and, for electromagnetic simulations, μ̄0 = 1. The normalized speed of light is

then one, c̄ = (ε̄0μ̄0)−1/2 = 1.

Many normalization schemes are possible within this formalism. The program PINC,

for instance, which has a uniform, structured mesh, uses X = Δx, T = Δt, Q = |q′
e|

and M such that ε̄0 = 1. This has the advantage that the normalized step-sizes are one,

Δx̄ = Δt̄ = 1, and can be removed from the algorithms to reduce the operations count,

especially on the weighting operations. PUNC, on the other hand, is implemented with

support to specify the scales. In simulating spheres of different radius r, for instance,

the user can then generate a single unstructured mesh of a unit-radius sphere, and let

X = r (although it is also straightforward to scale the mesh).

4.3 Post-Processing Techniques

In the following we provide more context for selected post-processing techniques en-

countered in the attached publications.

4.3.1 Spatial and Temporal Averaging
PIC simulations suffer greatly from particle noise, especially for large statistical weights,

where few simulation particles are used. Some quantities suffer more than others,

however; the electric potential φ, for instance, is much smoother than the charge density

ρ due to the ∇2 operator in the Poisson equation (Eq. (2.9)), which effectively integrates

ρ twice. The integration has the effect of smoothing φ spatially.

Currents are amongst the noisiest quantities, and confusingly, they appear to depend

on the time-step Δt. One must understand that currents are inherently discrete, with one

delta-pulse occuring every time a charged particle crosses a surface. This is similar for

PIC simulations; when a simulation particle of charge q′
s crosses a surface, it contributes

a current q′
s/Δt during its time-step. The total current will thus always be an integer

multiple of this. When Δt is decreased, fewer particles will cross the surface per time-

step, and statistical variations from time-step to time-step will be relatively larger. This
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is not to say that the accuracy of the simulation has diminished. For a fair comparison,

one should average over a reasonable time that is independent of Δt.

While averaging can be done in many ways, two schemes are used in this dissertation.

The first is the Exponential Moving Average [68], where a time-series {x0, x1, ..., xN }
is averaged recursively:

x̄n = wnx̄n−1 + (1 − wn)xn, n = 1, ..., N (4.35)

Here, wn = exp(−(tn − tn−1)/τ) and τ is the relaxation time. tn is the time at time-

step n, and as written here, the scheme may be used even if the time-step is changed

during the simulation. An initial value must be chosen, e.g., x̄0 = x0.

The second scheme is due to Marchand [69]:

x̃n =
x̄n

W n
, (4.36)

W n = wnW n−1 + (1 − wn), (4.37)

with x̄0 = W 0 = 0. This tends towards the EMA scheme for times much larger than τ ,

but approaches steady-state values much more rapidly in the beginning. For τ → ∞
it reduces to the arithmetic mean of all xn up to the present step. Both schemes are

memory-efficient and can be applied to fields as well as scalars. For non-oscillatory

steady-state simulations, particularly large τ are permissible, and one can even determine

currents less than the granularity q′
s/Δt to surprising accuracy.

Spatial symmetries in the simulation geometry may also lead to a sort of averaging.

The surface current density on a sphere, for instance, will be more noisy than the total

current, which effectively averages over all directions. Thus if only the total current is of

interest, one can get acceptable results with very few particles, even though the simulation

is carried out in 3D as opposed to for instance in 1D with spherical coordinates.

4.3.2 Local Polynomial Regression
In Paper III we face the need to smooth scatterplot data. Consider for instance 200

datapoints (xi, yi) with xi ∈ [0, π], yi = sin(xi) + εi and εi is Gaussian noise with

a standard deviation of 0.1. As depicted in Fig. 4.4, a simple arithmetic average of

the datapoints within a distance 0.5 results in a “jagged” average, with many small

discontinuities, and importantly, an underestimated slope near the edges. Better results

are obtained using a local polynomial regression [70, Sec. 6.1].

To get the smoothed value at a point x0, a polynomial of the chosen degree is locally

fitted to the datapoints. The datapoints are weighted according to a window function or

kernel, centered at x0. The value of the local polynomial at x0 is the smoothed value.

A degree of at least one mitigates underestimated slopes near edges, and a degree of at

least two mitigates underestimated extrema. The use of a continuous window prevents

discontinuities in the smoothed curve.

4.3.3 Backward Liouville Test-Particle Simulations
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Figure 4.4: Illustration of a moving aver-

age and local linear regression with a unit

window width fitted to 200 datapoints. The

dashed line is the local slope fitted to the

datapoints inside the shaded window with

quadratic weighting.

In order to interpret simulation results, it is often

useful to plot the trajectories of a few particles, or

the velocity distribution at some points in space, and

to do this, various test-particle methods have been

developed [71, 72]. Test-particle methods rely on

prescribed electric and magnetic fields or potentials,

for instance from a PIC simulation that have reached

steady-state, and use these to integrate the trajecto-

ries of a few particles without having to consider

collective effects.

One way to get the velocity distribution at a

certain point in space, say x1, consists of dividing

the particles within a region near x1 into bins in

velocity space, and count the relative occurances

within each bin. This happens to be a very crude

approximation, since the bins often end up with few

particles. An alternative is the Backward Liouville
Test-Particle (BLTP) method.

In the BLTP method, one follows particles back-
wards in time using for instance the Boris method

with Δt < 0. A single particle positioned at x1
with a certain velocity v1 is integrated backwards in time from t1 until it hits the bound-

ary with a velocity v0 at position x0 at time t0. According to Liouville’s equation

(Eq. (2.10)) for a single particle, df1/ dt = 0 meaning that the one-particle distribution

function f1 is conserved along the trajectory of the particle,

f1(x1, v1, t1) = f1(x0, v0, t0). (4.38)

Since the distribution at the boundary is prescribed (typically Maxwellian), f1 is known

at (x0, v0) and therefore also at (x1, v1). The method is repeated for a grid of v1-values

in velocity space, resulting in an approximation of the velocity distribution without

particle noise.

4.4 Summary of Paper IV

A simulation program called PUNC (Particles-in-Unstructured-Cells) has been developed

jointly by the author of this dissertation and Diako Darian, for carrying out 2D and 3D

PIC simulations as well as investigating numerical methods. PUNC uses an unstructured

mesh, and relies on the third party problem solving environment FEniCS for the solution

of the Poisson equation. FEniCS comes bundled with a range of algorithms, such as

linear algebra solvers and preconditioners, which can be selected when using PUNC.

Two novel methods have been implemented and tested in PUNC, as described in

Paper IV, “A Novel Method for Circuits of Perfect Electric Conductors in Unstructured

Particle-In-Cell Plasma-Object Interaction Simulations.” The first deals with conducting

objects in the simulation domain, implemented as interior boundaries Γα as illustrated

in Fig. 4.1. Conductors are usually implemented in unstructured PIC codes by Dirichlet
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Figure 4.5: Simulated charge density of a 2D streaming plasma.

boundary conditions, where the object potential Vα must be known beforehand. For

conducturs with a known charge Qα but an unknown potential, two separate solutions

of the Poisson equation with Dirichlet boundaries are often combined. Instead, we

recognize this case as a different kind of boundary condition than Dirichlet or Neumann,

following from electromagnetic theory as

φ = const on Γα, (4.39)

ε0

∮
Γα

∇φ · n̂ = Qα, (4.40)

and we solve the Poisson equation subject to these conditions in one step. This is also

systematically expanded for cases when there are voltage sources, current sources and

passive circuit components between objects.

The equipotentiality, Eq. (4.39), is imposed by setting the value φj on the boundary

node j equal to the average of neighboring boundary values, φi, for all j on the object

boundary but one. One more equation is then necessary per object, which comes from

discretizing Eq. (4.40). If voltage sources are present these are enforced too.

The second novel method, is a rejection sampling method for the velocities of particles

to be injected into the domain, e.g., the distribution g as given in Eq. (4.27). Rejection

sampling is based on first picking a random vector v from an envelope distribution g̃(v),
along with a second random uniform number r ∈ [0, max g]. If r > g(v), the sampled

velcity v is rejected, and the method is repeated until r ≥ g(v). In our method g̃ is taken

as a piece-wise constant function. This reduces the rejection ratio of the method. While

similar methods exist, e.g., using a piece-wise logarithmic envelope, the piece-wise

constant envelope poses no restrictions on the shape of g, and thus allows for arbitrary

velocity distributions.

We further point out that, as is well known in FEM theory, holes in the domain

reduce the order of convergence. This is not exclusive for our method, but applies to

other FEM-PIC codes as well. We suggest further work on unstructured plasma-object

simulation methods towards improved convergence. We also survey various methods for

taking the gradient of the potential for unstructured meshes.
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Since the paper was written, a C++ version, PUNC++, has also been developed.

This is more efficient and contains many, although not all, of the features described

in the paper. PUNC++ has not been parallelized, but we remark that the underlying

FEM methods in FEniCS are parallelized with domain decomposition, such that only

the particles remains to be parallelized.

An example PUNC++ simulation of plasma streaming past six conductors at 105 m/s
in the x-direction is shown in Fig. 4.5. Electrons and ions have a density of 1.2·1012 m−3

and a temperature of 1000 K, yielding an electron Debye length of approximately 2 mm.

The ions have a reduced mass of 100 electron masses, and the letters have a fixed

potential of −0.2 V. The snapshot is at t = 3 μs at which point steady-state is reached.

EMA-filtering with τ = 0.1 μs is employed. Roughly 105 simulation particles are used

of each species at steady-state. This simulation took roughly 6 min on a standard laptop.
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Abstract
The collected current by spherical and cylindrical Langmuir probes immersed in an
unmagnetized and collisionless non-Maxwellian plasma at rest are theoretically studied, and
analytical expressions for the currents of attracted and repelled plasma particles are presented.
We consider Kappa, Cairns and the generalized Kappa–Cairns distributions as possible models
for the velocity field in the plasma. The current–voltage characteristics curves are displayed and
discussed. Furthermore, comparisons with the collected currents in Maxwellian plasmas are
given. The results of Particle-in-Cell (PIC) simulations of spherical and cylindrical probes in
non-Maxwellian plasmas are also presented, and compared with the theoretical expressions. The
results for the collected currents by the Langmuir probes obtained by PIC simulations are in
good agreement with the corresponding analytical expressions.

Keywords: spherical and cylindrical Langmuir probes, non-Maxwellian plasmas, particle-in-cell
simulations

(Some figures may appear in colour only in the online journal)

1. Introduction

Plasmas that are in stationary states far from thermal equili-
brium often follow power-law distributions [1, 2]. The
charged-particle velocity distributions in space plasmas are
quite commonly shown to be non-Maxwellian with super-
thermal tails decreasing as a power-law of the velocity. Such
velocity distributions have been measured [3–5], where it was
also shown that a good fit to the measurements can be
achieved for the Kappa/Vasyliunas distribution, which is a
generalization of the Maxwellian distribution.

Another velocity distribution function, known as the Cairns
distribution, has been introduced [6] in order to model super-
thermal particles observed by the Viking spacecraft [7] and the

Freja satellite [8]. Similar to the Kappa distribution, the Cairns
distribution is also a generalization of the Maxwellian distribu-
tion. As will be explained in more detail in section 2, by taking
certain limits of Kappa and Cairns distributions functions, these
distributions will reduce to a Maxwellian distribution. A gen-
eralized Kappa–Cairns velocity distribution, that effectively
blends the former two, has also been introduced [9].

There have been many theoretical investigations of the
basic plasma properties described by non-Maxwellian velocity
distributions, such as the dust charging process [10–12]. It has
been found [13] that plasmas with superthermal particles have
higher level of electrostatic fluctuations and shorter Debye
lengths when compared with Maxwellian plasmas. For plasmas
described by a Kappa distribution, it has been shown [14] that
the Debye length is always smaller than the shielding distance
in a Maxwellian plasma. Comparisons between the Debye
lengths in certain non-Maxwellian plasmas have been given in
[15, 16]. As the first task in this paper, we complement those
findings and derive the corresponding expression for the Debye
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length for both the Cairns and the generalized Kappa–Cairns
distributions, and discuss how it behaves compared with the
corresponding shielding distance in a Maxwellian plasma.

The most common experimental approach for studying
the properties of plasma is by inserting an electrostatic probe,
which collects electron and ion currents that depend on the
actual plasma velocity distribution. Electrostatic probes,
usually called Langmuir probes, are used to study different
properties of a plasma, such as temperature, density and
electric potential. Due to the geometrical simplicity, which
allows for analytical treatment, planar, spherical and cylind-
rical Langmuir probes are the most commonly utilized probes.

The current collected by Langmuir probes in Maxwellian
plasmas are extensively studied in the literature [17–19]. The
early works by Mott-Smith and Langmuir [17], Kagan and
Perel [18] and Laframboise and Parker [19], introduced the
Orbital-Motion-Limited (OML) theory, which allows to
determine the collected electron and ion currents by spherical
and cylindrical probes from the conservation of energy and
angular momentum along the particle trajectories, and OML
solutions for spherical and cylindrical probes. In other works,
the range of applicability of OML theory [20] has been
determined, the collected currents beyond the OML regime
has also been computed [21, 22], the OML theory is also
extended to include collisions [23], relativistic conditions
[24], and electron emission [25–27]. Langmuir probes in
isotropic and anisotropic non-Maxwellian plasmas have been
previously investigated and general formulas for the collected
currents are well examined [28, 29]. The main goal of this
paper is to further extend the OML theory by presenting
analytical expressions, and the results of Particle-In-Cell
(PIC) simulations, for the currents collected by spherical and
cylindrical Langmuir probes in plasmas with velocity dis-
tributions given by the Kappa–Cairns distribution functions.

This paper is organized as follows: in section 2, the
Kappa, Cairns and the generalized Kappa–Cairns distribu-
tions are introduced and the Debye length corresponding to
each distribution is determined. The electric currents due to
charged plasma particles collected by spherical and cylind-
rical Langmuir probes are obtained analytically for these
distributions, for both repelled and attracted plasma particle
species, and a comparison with the Maxwellian plasmas is
given in section 3. The numerical method is briefly described
in section 4, and the results of PIC simulations both for
spherical and for cylindrical probes are presented in section 5.
The validity of the analytical expressions are also examined.
Finally, a discussion of the results is given in section 6, with
the conclusion in section 7.

2. The Kappa–Cairns distribution and its properties

In this section, we will present the theory of spherical and
cylindrical Langmuir probes in an unmagnetized and colli-
sionless plasma, in which the velocity distribution function
(VDF) of each plasma species is given by the generalized

Kappa–Cairns distribution
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and 3D systems, κ and α are the spectral indices of the dis-

tribution function, v s
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s

s
is the thermal velocity defined

for the plasma species s at thermal equilibrium with mass ms

and temperature Ts. Here, Γ(•) is the gamma function ([30],
equation (5.4.1)). We note that the thermal velocity as it is
given here is only valid for a Maxwellian plasma, and one
should keep in mind that proper definitions of temperature
and thermal velocity are needed for the non-Maxwellian
plasmas.

A visual comparison between the Kappa–Cairns and the
Maxwellian distributions is given in figure 1 for different
values of the spectral indices κ and α. The high-thermal tails
of the distribution are clearly seen from this figure.

As it was mentioned in the introduction, the Kappa–
Cairns VDF is a generalization of the Kappa and Cairns
distributions, which are in turn generalizations of the Max-
wellian distribution. The expressions for these VDFs are
given in table 1. With α=0, the Kappa–Cairns distribution
reduces to the Kappa VDF. Taking the limit , the
Kappa VDF reduces to the Maxwellian VDF. The Cairns
distribution is obtained from (1) by taking the limit .
By setting α=0, the Cairns distribution simply reduces to
the Maxwellian VDF.

Figure 1. One-dimensional Kappa–Cairns VDF with vth,s=1, for
different values of κ and α, compared with the Maxwellian
distribution.
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2.1. The Debye length

The Debye length is the characteristic shielding distance in a
plasma, and it depends on the velocity distribution of the
plasma species. For instance, the electric fields in the vicinity
of an electrostatic probe immersed in a plasma are usually
shielded over a distance of the order of a few Debye lengths.
In the following, we will obtain an appropriate shielding
distance for a plasma given by the Kappa–Cairns VDF, and
investigate how it compares to the Debye length in a Max-
wellian plasma.

When the electrons and ions follow Maxwellian velocity
distributions in a two component (electron–ion) plasma, the
effective Debye length is given by [31]

1 1
, 2D

M

De
M 2

Di
M 2

1
2⎛

⎝⎜
⎞
⎠⎟( ) ( )

( )

where kT n eDe
M

0 e 0
2 , and kT n qiDi

M
0 i 0

2 are the
electron and ion Debye lengths, respectively. Here, e>0 is
the elementary charge, qi is the ion charge, which for sim-
plicity we will take it as qi=e in the following, ε0 is the
electric constant, n0 is the volumetric number density of the
ambient plasma, and, Te and Ti are the electron and ion
temperatures, respectively.

To derive the Debye length in a plasma with the Kappa–
Cairns distribution, we follow the approach given in [31,
p 151], and introduce an immobile test charge Q into a
plasma. In the close vicinity of Q, the electron and ion
velocity distribution functions will be modified depending on
whether the test charge is positive or negative. Without loss of
generality, we assume that Q is positive, and that the electrons
and ions follow the same kind of VDF, i.e. the Kappa–Cairns
distribution. The presence of the test charge results in a local
perturbation of the plasma potential, r( ), which we assume
is only dependent on the radial distance, r, from the charge.
The electric potential around the test charge can be found by
solving Poisson’s equation

en en Qr r r , 30 e i 0( ) ( ) ( )

where δ(•) is the Dirac delta function, ne and ni are the
electron and ion number densities, respectively, and r0 is the
position of the test charge. The electric potential, r( ), affects
the spatial distribution of particle velocities, and therefore, in
the expression for the velocity distribution function one must
take into account both the kinetic and potential energies of
the particles. Including the potential energy, q rs ( ), in the

Kappa–Cairns VDF, (1) takes the form

f v A
v q m

v

v q m

v

r v
r

r

, ; , , 1
2

1
2

2
,

4

s s
s s

s

s s

s

th, ,

2

th,
2

2

2

3

2 th,
2

1

⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞
⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟( )

( )
( )

( )

( )

( )

where qs and ms are the charge and the mass of species
sä{e, i} (e and i stands for electron and ion, respectively).
The electron and ion number densities are given by
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2 ( ) ( ) . In order to be able to solve (3)

analytically, we assume that the potential perturbations are
small, such that the solutions of (5) and (6) can be approxi-
mated by linear functions of r( ). For the Kappa–Cairns
distribution, integrating (5) and (6), and linearizing the solu-
tions, we end up with
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Inserting (7), for both electrons and ions, into (3), and
expressing Poisson’s equation in spherical coordinates, yields
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Table 1. Kappa, Cairns and Maxwellian distributions, and their properties.
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whose solution is the Debye–Hückel potential [31]
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The corresponding expressions for the Debye length for
Kappa, Cairns and Maxwellian distributions are given in
table 1. These expressions are found by taking the appropriate
limits of (12).

In figure 2, the normalized electron Debye length, given
by (12), is plotted as a function of spectral indices κ and α. As
we can see from this figure, the Debye length is crucially
dependent on κ and α. When α=0, we have

,
5

2
. 13De

3

2
1

2

De
M ( )

Interestingly, as κ approaches 5/2, the Debye length gets
smaller than the Maxwellian Debye length. Increasing κ,
leads to larger λDe and in the limit , as we would
expect, it approaches the Maxwellian Debye length. For
α>0, in the limit 5 2, the Debye length becomes
infinite. As κ increases, the Debye length decreases, and
eventually, in the limit , the Debye length takes the
form

1 15

1 3
. 14De De

M ( )

From this expression, it is apparent that when α=0, the
Maxwellian Debye length is recovered, and in the limit

, we have 5De De
M . Thus, for a given κ>5/2,

increasing α results in a larger Debye length, which, in the
limit , approaches 5 De

M .

3. OML-theory for probes in Kappa–Cairns
distributed plasmas

Before we present the theory and analytical expressions for
the currents of plasma particles to a Langmuir probe in a
plasma given by the Kappa–Cairns distribution, we will recall
the standard assumptions that we make about the ambient
plasma and its interaction with the spherical or cylindrical
probe.

In the following, we consider an electron–ion, two
component plasma that is quasineutral, stationary, homo-
geneous and isotropic. The plasma is unmagnetised and col-
lisionless, so that we do not account for the Lorentz force and
particles interact only through the Coulomb force. The probe
only disturbs the plasma within the sheath surrounding it, and
which has a well defined size and boundary. The effect of
trapped particles in the sheath is ignored. Outside the sheath,
the electric potential of the ambient plasma, denoted as fpl, is
uniform. The length Lp of a cylindrical probe is much larger
than the probe radius rp as well as the Debye length λDe. The
electric potential around the probe depends only on the radial
distance to the probe, and it is a monotonically decreasing or
increasing function, depending on the sign of the probe
potential with respect to the local plasma potential. This will
be the case for rDe p, i.e. in the thick-sheath limit, and the
potential can be approximated by the Debye–Hückel poten-
tial. Finally, all plasma particles that reach the probe surface
are collected by the probe, and contribute to the current to the
probe. There is no secondary electron emission from the
probe surface.

Although there is a long and extensive history of work
dealing with the theory of spherical and cylindrical Langmuir
probes, e.g. [17, 32–38], for the sake of completeness, and to
make this paper a stand-alone self-supporting document, all
the necessary steps required to derive the analytical expres-
sions for the collected current by spherical and cylindrical
probes are provided in the appendices of this paper.

3.1. Spherical probes

3.1.1. Collected current of repelled particles—retarding field.
The general expression for the collected current of repelled
particles is given by (see appendix A)

I r q n v f
q

m v
vv4 1 d , 15s s

v
s

s

s

2
p
2

0
3 p

1

2
2
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⎛

⎝
⎜⎜

⎞

⎠
⎟⎟( ) ( )

where, n0 is the plasma density, rp and p are the radius and
the bias potential of the spherical probe, and vmin is defined in
appendix A.

Integrating (15) for the Kappa–Cairns distribution, given
by (1) with D=3 (i.e. 3D case), the following expression is

Figure 2. The effective Debye length normalized with the
Maxwellian Debye length as function of spectral indices κ and α.
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obtained for the collected current of repelled particles
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For the sake of completeness, the corresponding expres-
sions for the Kappa, Cairns, and Maxwellian distributions are
given by
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In figure 3, we have plotted the collected current of
repelled particles, normalized with I0

sp, as a function of
normalized probe potential η, for different values of κ and α.
As we can see from this figure, increasing κ, the current
decreases, and approaches the corresponding current for a
Maxwellian plasma. For a given finite value of κ, increasing
α results in a higher current. Independent of κ and α,
increasing the probe potential, the current approaches zero.
However, the current approaches zero more slowly for lower
values of κ and higher values of α.

If the spherical probe is biased at plasma potential, i.e.
0p p pl , the collected current in (16) reduces to

I I C D . 20s 0
sp sp

,
sp ( )

This expression simply gives the current due to random flux
of plasma particles collected by the spherical probe.

3.1.2. Collected current of attracted particles—accelerating
field. In this case there are two types of currents (see
appendix A), namely, the sheath limited current (SL) and the
orbit motion limited current (OML). As it is shown in
appendix A, the expressions for both SL and OML currents
depend on the distance to the sheath edge, re, which is
unknown but can be determined from the solution of
Poisson’s equation for the electric potential. There are,
however, two limiting cases in which the expressions for
the collected current become independent of the distance to
the sheath edge.

3.1.2.1. Thin sheath approximation. If the sheath size is
small compared to the size of the probe, then re≈ rp, and we
obtain the thin sheath limit. In appendix A, the integral
expression for the collected current in the thin sheath
approximation is found to be

I r q n v f vv4 d , 21s s s
SL 2

p
2

0
0

3 ( ) ( )

which, for Kappa–Cairns VDF gives

I I C D, . 22s 0
sp sp

,
sp( ) ( )

This expression is the same as (20), and it gives the current
due to random flux of plasma particles.

3.1.2.2. Thick sheath approximation. If, on the other hand,
the sheath size is much bigger than the size of the probe, i.e.
r re p, or rp De, we are in the thick sheath limit and the
integral expression for the collected current becomes (see
appendix A)
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For the Kappa–Cairns distribution, the integral above gives
the following expression for the current in the thick sheath

Figure 3. The collected current of repelled particles for different
values of κ and α, compared with the corresponding current for the
Maxwellian distribution.
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limit
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The corresponding expressions for the Kappa, Cairns and
Maxwellian distributions are
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In figure 4(a), we have plotted the normalized current,
I Is 0

sp, given by (24), as a function of normalized potential η
for different values of κ and α. The current for the
Maxwellian distribution is also plotted in the same figure.
As we can see from this figure, the current is a linear function
of the probe potential, and the slope of this linear function
decreases with increasing values of κ and α. In figure 4(b),
we have plotted the normalized current as a function of κ and
α for η=−1. We note that since the current is linearly
dependent on the probe potential, the shape of this figure will
remain the same for other values of η. It is clear that for α
close to zero, the current decreases as κ increases, and in the
limit , it approaches 1 ∣ ∣, which is the current for
the Maxwellian distribution. Similarly, for α>0, the current
decreases as κ increases, and it slowly approaches

1 24 1 8 1 15(( ) ( )∣ ∣) ( ). In the limit α,
, the current approaches 38

15
( ∣ ∣).

3.2. Cylindrical probes

3.2.1. Collected current of repelled particles—retarding field.
In appendix B, the general expression for the collected current
of repelled particles for a cylindrical probe is found to be

I r L q n

v f
q

m v
v vv

4
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2

d d , 28

s s
v

r s
s

s r
z r

p p 0

2 p

2
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where, Lp is the length of the cylindrical probe, and vr, vz, and
vmin are defined in appendix B.

Inserting the Kappa–Cairns distribution (1) into (28), and
evaluating the double integral, yields an expression similar to
(16), except for Isp0 , which depends on the geometry of the
probe, and therefore, must be replaced with its cylindrical
counterpart

I r L q n v2 .s s0
cp

p p 0 th,

3.2.2. Collected current of attracted particles—accelerating
field. Similar to the case of a spherical probe, the collected
current of attracted particles can be divided into sheath limited
and orbit motion limited currents, i.e. Is

SL and Is
OML,

respectively. Again, analytical expressions for the current
that are independent on the distance to the sheath edge can be
obtained in the thin and thick sheath limits.

3.2.2.1. Thin sheath approximation. The general expression
for the current in the thin sheath limit is (see appendix B)

I r L q n v f v vv4 d d , 29s s r s z rp p 0
0

2 ( ) ( )

Figure 4. The normalized thick sheath current, I Is 0
sp, as (a) a function of normalized potential η for different values of κ and α, and (b) a

function of spectral indices κ and α for η=−1.
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which, again similar to (20), gives the current due to random
flux of plasma particles

I I C D, . 30s 0
cp sp

,
sp( ) ( )

3.2.2.2. Thick sheath approximation. The integral expression
in the thick sheath limit is given by (see appendix B)
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For the generalized Kappa–Cairns VDF the collected current
in the thick sheath limit becomes
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Here, F2 1 is the Gaussian hypergeometric function [30,
equation (15.2.1)]. For the sake of completeness, the
corresponding expressions for the Kappa (K), Cairns (C)
and the Maxwellian (M) VDFs are
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where erfc(•) is the complementary error function [30,
equation (7.2.2)].

It has been demonstrated [39] that for a Maxwellian
plasma, the current in the thick sheath limit can be
approximated with a much simpler expression. By finding
how (32) behaves in the limits 0 and , we can
construct the following expression

I I C D; ,
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, 36s 0
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which gives a very good approximation for the collected
current in the thick sheath limit for a Kappa–Cairns plasma.
Equivalent expressions for Kappa, Cairns, and Maxwellian
plasma can be obtained by taking the appropriate limits of the
spectral indices. We emphasize that this expression gives an
even better approximation for small values of ∣ ∣, in the case
of a Maxwellian plasma, than the one given in [39], which is
commonly used in the literature.

In figure 5, the normalized thick sheath current is plotted
as a function of η for different values of the κ and α. As we
can see, the collected current for the Kappa distribution is
very close to the Maxwellian current. For higher values of η,
these currents are indistinguishable. However, for small
values of η, it is clear that increasing κ, the current increases
and gets closer to the Maxwellian current. On the other hand,
if we increase α, the current increases beyond the Maxwellian
current. However, the current decreases as κ increases.

3.3. Current–voltage (IV) characteristics

Based on the analytical expressions obtained above, it is
possible to visualize the IV curves for plasmas following
Kappa–Cairns VDF. In figure 6, the IV curves for different
values of κ and α are displayed, and compared with the
corresponding curve for a Maxwellian plasma. The collected
current by the probe, Ip=Ie+Ii, is composed of electron
and ion currents, i.e. Ie and Ii, respectively. The plasma
density and electron and ion temperatures are set to
n=1011 m−3, Te=2000 K, and Ti=1200 K, respectively,
which are typical values obtained from the International
Reference Ionosphere model at an altitude of 300 km. We
choose this example for illustration for a hydrogen plasma, as
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these could be relevant for many spacecraft based measure-
ments of ionospheric plasma density. Note that the selected
example does not limit the discussion.

From figure 6, the first important observation is that for
both spherical and cylindrical probes the floating potential,
defined at Ip=0, decreases for higher values of α, and it
increases and gets closer to the corresponding value for a
Maxwellian VDF, as κ increases. In the case of a cylindrical
probe, the current for a Kappa–Cairns VDF is higher than for
the Maxwellian VDF, provided that α>0. And the current
increases as κ decreases. For a Kappa VDF, the current is
relatively close to the Maxwellian current. For the spherical
probe, however, the IV characteristics is somewhat different.
For negative probe voltages, while the electrons are repelled,
the ions for such voltages are attracted by the probe. The ion
current is limited by the electric shielding of the probe, and it
decreases slowly as the probe voltage becomes more nega-
tive. When α=0, the ion current, beyond a certain voltage,
becomes higher than the Maxwellian current for lower values
of κ. Increasing α, the current remains above the Maxwellian
current, albeit closer to the Maxwellian current for higher
values of κ. For positive probe voltages, the situation is
reversed. Ions are repelled and the electrons are attracted by
the probe. While the electron current is higher than the
Maxwellian current for a Kappa VDF, the current is lower for
a Kappa–Cairns VDF with α>0.

3.4. Floating potential

Figure 7 displays the floating potential for both spherical and
cylindrical probes for a hydrogen plasma as a function of
spectral indices κ and α. As we clearly see from this figure,
when α=0, the floating potential is rather close to zero.
Increasing κ, e k TB efl approaches the corresponding floating
potential for a Maxwellian plasma. For α>0, for both geo-
metries, e k TB efl decreases as α increases, and decreasing κ,
results in a lower floating potential. The major difference
between the floating potential for the spherical and cylindrical
probes is that e k TB efl decreases faster for the cylindrical
probe for smaller values of κ.

4. Finite element particle-in-cell simulations

The theoretical expressions for collected current are valid in
the thick sheath and thin sheath limits, where the Debye
length is very large or very small, respectively, compared to
the probe radius. Using numerical simulations, we are also
able to study the current collected by probes with a radius
comparable to the Debye length. This is useful amongst
others to investigate the range of radii for which the analytical
approximations are valid. We have chosen to use PIC simu-
lations with an unstructured mesh since these meshes can be
finer near the probe and more accurately approximate sphe-
rical and cylindrical geometries than structured meshes.

The PIC method works by following the trajectories of an
ensemble of particles through time under influence of their
mutual forces. Operating in the electrostatic regime without
background magnetic flux density, the force on a particle p
can be expressed as

m qx E x¨ , 37p p p p( ) ( )

where xp, qp and mp denotes the position, charge and mass of
the particle, and E is the electric field. This is integrated
numerically to follow the particles. To obtain the electric
field, the charge of all particles are weighted onto a mesh to
get a charge density ρ, and subsequently, the Poisson equation
is solved:

E, . 380 ( )

Because the charge density changes as the particles move, the
electric field must be recalculated between each time-step.
Moreover, it is customary to lump several physical particles
into one simulation particle to reduce the computational cost.
More information about the PIC method can be found
in [40, 41].

We use the openly available computer program PUNC+
+ (Particles-in-UNstructured-Cells, C++ version) for these
computations. PUNC++ integrates (37) using the Leapfrog
algorithm [41], and (38) is solved on 1st order linear, con-
tinuous finite elements using the third party problem solving
environment FEniCS [42, 43]. The particle charges are
weighted linearly to surrounding mesh vertices. More infor-
mation on the Finite Element Method is found in for instance
[44, 45], and for PIC simulations using FEM, see [46].

4.1. Modelling Langmuir probes in non-Maxwellian plasmas

Spherical Langmuir probes have been modelled in 3D using a
domain with two concentric spheres as Dirichlet boundaries.
Likewise, cylindrical Langmuir probes have been modelled in
2D using a domain with two concentric circles as Dirichlet
boundaries. The inner boundary represents the probe itself,
and its potential is fixed to the potential of the probe with
respect to the background plasma, fpl. Particles crossing the
inner boundary are removed from the simulation, but are
counted for each time-step to compute collected current. The
current is simply recorded as ΔQ/Δt for a net charge ΔQ
collected during a time-step of length Δt.

Figure 5. The normalized thick sheath current, I Is 0
cp, as a function of

normalized potential η for different values of κ and α.
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The outer boundary is supposed to be sufficiently far
away from the probe that it can be counted as being in the
background plasma, and the potential is accordingly set to be
zero. Since this is to be an open boundary, there is a free
outward flux of particles which are deleted from the simu-
lations, and there must be an inward flux of particles
according to the velocity distribution of the background
plasma. Support for arbitrary velocity distributions has been
implemented in PUNC++, as will be briefly described in
the following.

Consider f vs ( ) to be the velocity distribution of species s.
The inward flux through the outer boundary per unit area and
time due to this velocity distribution is then

n f v v n d , 39s s ( )( · ˆ ) ( )

where n̂ is the inwards-directed unit normal vector, d is the
volume element of the velocity space, and the integration
must be performed only on inwards-directed velocities, i.e.
for v n 0· ˆ . Let us define a new distribution function,

g
f

v
v v n v n

v n
, 0,

0, 0.
40s

s
⎧⎨⎩( )

( )( · ˆ ) · ˆ

· ˆ
( )

The number of particles of species s to inject into the domain
through a boundary facet with surface area ΔS during a time-
step of duration Δt is then given by

n S t g v d , 41s sD
( ) ( )

where D is the number of geometric dimensions (2 for the
cylinder and 3 for the sphere). The number of particles given
by (41) may not be an integer number, but whether to round
up or down is decided by chance with a probability according
to the fractional part of this number. Each of these particles
are then given a random velocity vp by sampling the dis-
tribution g vs ( ). The injected particles are also given a random,
uniform position xp on the boundary facet. To emulate a
continuous inward flux of particles throughout the time-step
they are also advanced a random fraction of the time-step
according to tx x vp p p p· where {ξp} are uniformly
distributed numbers in [0,1).

PUNC++ also fills the domain uniformly with particles
distributed according to f vs ( ) in velocity space prior to the
simulation. This will not be correct in vicinity of the probe,
but reduces the computational cost as steady-state is reached
faster than if all particles were to be injected through the outer
boundary.

Figure 6. The current–voltage characteristics for a spherical (left) and a cylindrical probe (right) for a hydrogen plasma with volumetric
number density n 10 m11 3, and Te=2000 K, Ti=1200 K, for different values of κ and α. Here, the electron current is chosen to be
positive. The probe radius is set to r 10 mp

3 and the length of the cylindrical probe is Lp=25×10−3 m.
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4.2. Simulation parameters and post-processing

It is interesting that the expressions for collected current for
the Kappa–Cairns distribution can be made a function of only
one variable through proper normalization, similarly as Lafram-
boise did for the Maxwellian distribution [47]. Rather than
having the current as a function of many independent parameters,
e.g. density, temperature, charge and mass of the species con-
sidered, and radius of the probe, the normalized currents Is/I0 are
only functions of the normalized voltage q kTs sp . This
means that we do not have to carry out simulations of all
combinations of densities, temperatures, etc. Instead, we only
simulate electron–proton plasma with n n 10 me i

10 3 and
λDe=1m. We do this for a range of positive normalized
potentials η, and, in order to study finite-radius effects, for a range
of radii compared to λDe. This will of course include the current
both from electrons and protons, but the proton current will be
much smaller than the electron current for η>0. We consider
six combinations of the spectral indices κ and α for both sphe-
rical and cylindrical probes.

The meshes are created using Gmsh [48], and parameters
used for simulations of different probe radii (inner boundary

radii) are shown in tables 2 and 3 for spherical and cylindrical
probes, respectively. The statistical weight is the number of
physical particles each simulation particle corresponds to.

All the simulations are run in two phases, each with a
different time-step. In the first phase, a large time-step is used
to quickly reach a steady-state. When the steady-state is
reached in the first phase, a smaller time-step is used in the
second phase, and the simulation is continued until the system
reaches a more accurate steady-state. For the spherical probe,
in the first phase, the time-step is t 0.05 pe

1 where ωpe is
the electron plasma frequency:

e n

m
, 42pe

2
e

0 e
( )

and t 0.01 pe
1 in the second phase. For the cylindrical

probe, the time-steps are: t 0.4 pe
1 in the first phase, and

t 0.01 pe
1 in the second phase.

Because the recorded currents are noisy, we apply an
Exponential Moving Average (EMA) [49] filter before taking
the last data-point as the steady-state current. EMA filtering a
series {I0, I1, ..., IN} of currents sampled with a period Δt is

Figure 7. The floating potential, e k TB efl , as a function of spectral indices κ and α for both spherical and cylindrical probes for a plasma
with volumetric number density n=1011 m−3, and Te=2000 K, Ti=1200 K. The probe radius is set to rp=10−3 m and the length of the
cylindrical probe is Lp=25× 10−3 m.

Table 2. Simulation parameters for spherical probes.

Inner boundary radius (λDe) 0.2 1.0 2.0 3.0 5.0 10.0

Outer boundary radius (λDe) 15 20 40 60 100 100
Inner boundary resolution (λDe) 0.01 0.2 0.2 0.3 0.3 0.4
Outer boundary resolution (λDe) 1 2 2 3 5 6
Statistical weight (dimensionless) 47 123 778 111 687 109 893 496 876 1809 331 174 8376 533 212 8369 202 829
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achieved recursively through

I I

I wI w I k N

,

1 , 1, , , 43k k k

0 0

1

¯

¯ ¯ ( ) ( )

where w texp( ) and τ is the relaxation time. In all the
simulations, the relaxation time is set to 1.8 10 12

pe
1.

5. Results

In the following we present the results of PIC simulations for
the collected current by positively biased spherical and
cylindrical probes. In both cases, a set of reference simula-
tions are carried out for a Maxwellian VDF (where,
and α=0), and are compared with the corresponding results
for attracted species presented in [47]. It is worth noting that

Table 3. Simulation parameters for cylindrical probes.

Inner boundary radius (λDe) 1.0 2.0 3.0 5.0 10.0

Outer boundary radius (λDe) 30 40 60 100 200
Inner boundary resolution (λDe) 0.1 0.2 0.3 0.6 0.6
Outer boundary resolution (λDe) 1.5 2 3 5 10
Statistical weight (dimensionless)—phase 1 591 945 799 1214 862 831 2733 441 369 7603 209 123 21 446 336 381
Statistical weight (dimensionless)—phase 2 36 996 612 75 928 927 170 840 086 475 200 570 1340 396 024

Figure 8. The simulations results for the spatial variations of the electric potential from the probe surface to the exterior boundary along the
radial direction (upper panel), and the time evolution of the collected current by the probes (lower panel). In these simulations, the radius of
the spherical probe is rp/λDe=0.2, and rp/λDe=1.0 for the cylindrical probe. Both probes are positively biased with e kT 5p e . The
plasma species have a Kappa–Cairns velocity distribution with κ=6 and α=0.2.
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the collected current from the PIC simulations include both
electron and proton currents, and that for e kT 0p e the
proton current becomes more significant. In this case, the
error between the total current from the PIC simulations and
the predicted current of attracted species (i.e. electron) by
OML theory becomes larger. The proton current is not
detectable for higher bias voltages, however.

To demonstrate the quality of the PIC simulations, we
have in figure 8, for both spherical (with r 0.2p De ) and
cylindrical (with rp/λDe=1.0) probes with bias potential
e kT 5p e , displayed the simulation results for the electric
potential along the radial direction and the time evolution of
the normalized collected current by the probes for a Kappa–
Cairns velocity distribution with κ=6 and α=0.2. In the
upper panel of figure 8, the simulation data are also compared
with 1/(r/λDe) and 1/(r/λDe)

2. As we can see from these
figures, the electric potential for the spherical probe drops
faster than 1/(r/λDe) in the sheath. For the cylindrical probe,
however, the electric potential drops slower than 1/(r/λDe).
The time evolution of the normalized collected currents are
shown in the lower panel of figure 8. The two simulations
phases are clearly seen in these figures, with the statistical
noise being higher in the second phase where the time-step is
smaller. The exponential moving average and the corresp-
onding analytical results from OML calculations are also
displayed in the same figures. Although the noise in the
collected current is somewhat high, the EMA filter gives
rather good results when compared to the analytical calcula-
tions from OML theory.

5.1. Spherical probe

The normalized collected currents, I I0
sp, by the spherical

probes with different radii are given in tables 4–9. The results
in table 4, where and α=0.0, correspond to a
Maxwellian VDF. The relative difference between the results
for the Maxwellian VDF obtained from PIC simulations and
table 5c in [47] range between 0.1%–1.9% for e kT 0p e ,
and less than 3.5% for e kT 0p e .

The normalized collected current, I I0
sp, for a Cairns

VDF, which is given in table 5, shows similar behavior to the
Maxwellian VDF. For a given probe radius, increasing the

bias voltage, the normalized collected current increases. And
for a given normalized bias potential e kT 1p e , increasing
the probe radius, results in a reduction of the normalized
collected current. In most of the cases, the normalized col-
lected current for a Cairns VDF is less than the Maxwellian
counterpart, except for the case with probe radius
rp/λDe=10, where the opposite is seen to be the case. It
should be noted that although the normalized current
decreases with increasing radius, the current actually increa-
ses with increasing radius, since the charge-collecting area

Table 4. Attracted-species normalized current, I I0
sp, for spherical

probe with and α=0.0.

e

kT

p

e

rp/λDe

0.2 1.0 2.0 3.0 5.0 10.0

0 0.965 0.972 0.982 0.983 1.008 0.992
1 2.019 1.950 1.958 1.916 1.851 1.749
2 3.021 2.918 2.813 2.692 2.492 2.244
3 4.042 3.828 3.618 3.440 3.059 2.583
5 5.964 5.667 5.109 4.658 3.949 3.110
10 10.961 9.956 8.454 7.283 5.703 4.086
15 15.937 13.982 11.432 9.720 7.121 4.870
20 21.155 17.886 14.380 11.743 8.605 5.507
25 26.083 21.704 17.040 13.822 9.660 6.076

Table 5. Attracted-species normalized current, I I0
sp, for spherical

probe with and α=0.2.

e

kT

p

e

rp/λDe

0.2 1.0 2.0 3.0 5.0 10.0

0 1.461 1.398 1.423 1.416 1.453 1.445
1 2.150 2.062 2.069 2.063 2.073 2.034
2 2.759 2.709 2.690 2.657 2.614 2.520
3 3.418 3.362 3.325 3.233 3.106 2.883
5 4.678 4.600 4.443 4.259 3.920 3.425
10 7.919 7.605 7.015 6.490 5.439 4.316
15 11.318 10.467 9.434 8.355 6.852 4.941
20 14.467 13.403 11.637 10.058 7.780 5.577
25 17.535 16.176 13.781 11.663 8.924 6.106

Table 6. Attracted-species normalized current, I I0
sp, for spherical

probe with κ=4 and α=0.0.

e

kT

p

e

rp/λDe

0.2 1.0 2.0 3.0 5.0 10.0

0 0.921 0.922 0.930 0.934 0.940 0.940
1 2.067 2.050 1.990 1.951 1.823 1.729
2 3.288 3.127 2.958 2.783 2.502 2.189
3 4.435 4.165 3.840 3.509 3.069 2.556
5 6.726 6.163 5.441 4.877 3.963 3.149
10 12.408 10.891 9.050 7.675 5.989 4.199
15 18.143 15.408 12.237 10.206 7.628 5.098
20 23.866 19.660 15.297 12.484 8.982 5.769
25 29.487 23.781 18.182 14.588 10.406 6.515

Table 7. Attracted-species normalized current, I I0
sp, for spherical

probe with κ=4 and α=0.2.

e

kT

p

e

rp/λDe

0.2 1.0 2.0 3.0 5.0 10.0

0 2.399 2.322 2.344 2.328 2.397 2.352
1 2.867 2.818 2.846 2.825 2.804 2.766
2 3.330 3.329 3.308 3.273 3.254 3.157
3 3.858 3.816 3.753 3.704 3.555 3.497
5 4.903 4.787 4.649 4.535 4.255 4.054
10 7.420 7.115 6.593 6.352 5.727 5.146
15 10.150 9.375 8.592 8.009 7.026 6.038
20 12.619 11.533 10.400 9.499 8.223 6.782
25 15.165 13.686 12.074 10.986 9.245 7.427
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increases. Furthermore, the actual current for a Cairns VDF is
less then the Maxwellian VDF, even for the spherical probe
with radius rp/λDe=10. For the rest of this section, we will
only consider the normalized currents, simply because we
want to compare these results with the corresponding nor-
malized currents for the Maxwellian VDF presented in [47],
and we remind the reader that the non-normalized currents
may behave differently.

As we can see from tables 6 and 8, apart from the case
with zero bias voltage, the normalized current for the Kappa
VDF decreases as the value of κ increases. This is in accor-
dance with what we have obtained with OML theory in (24)
and figure 4. It is clear from tables 7 and 9, that the nor-
malized currents further decrease, as the value of the spectral
index α increases from zero to 0.2.

5.2. Cylindrical probe

The results of normalized collected currents, I I0
sp, by the

cylindrical probes for the Maxwellian VDF are given in
table 10. Compared with the corresponding results presented
in table 6c in [47], the relative differences range between
0.1%–2.6% for e kT 0p e . When the bias voltage is zero,
the relative differences are mostly higher. The maximum
relative difference is, in this case, 6%. Again, this is because
the simulations also include collected ions.

Similar to the spherical probe, the results of the normalized
collected current by the cylindrical probe, tables 10–15, show
that for a given normalized bias potential e kT 1p e , the
normalized current decreases as the probe radius increases, and
for a given radius, increasing the bias potential, the normalized
current increases. However, unlike the spherical probe, by
increasing α and decreasing κ, the normalized collected current
increases. Interestingly, for the Kappa VDF, independent of the
value of κ, the normalized current is very close to the
corresponding normalized current by a Maxwellian VDF.

Table 8. Attracted-species normalized current, I I0
sp, for spherical

probe with κ=6 and α=0.0.

e

kT

p

e

rp/λDe

0.2 1.0 2.0 3.0 5.0 10.0

0 0.960 0.946 0.952 0.965 0.968 0.969
1 2.027 2.016 1.982 1.927 1.829 1.744
2 3.147 3.043 2.910 2.758 2.492 2.238
3 4.189 4.032 3.745 3.457 3.061 2.551
5 6.381 5.965 5.348 4.773 3.974 3.132
10 11.858 10.506 8.798 7.541 5.863 4.175
15 17.293 14.840 11.990 9.935 7.297 4.989
20 22.569 18.968 14.941 12.084 8.837 5.642
25 28.061 22.968 17.595 14.172 10.146 6.414

Table 9. Attracted-species normalized current, I I0
sp, for spherical

probe with κ=6 and α=0.2.

e

kT
p

e

rp/λDe

0.2 1.0 2.0 3.0 5.0 10.0

0 1.757 1.769 1.787 1.778 1.821 1.794
1 2.372 2.359 2.369 2.333 2.330 2.281
2 2.990 2.917 2.918 2.864 2.770 2.718
3 3.613 3.486 3.435 3.390 3.261 3.094
5 4.687 4.568 4.479 4.288 4.051 3.701
10 7.659 7.297 6.750 6.346 5.647 4.773
15 10.475 9.871 8.996 8.255 6.940 5.541
20 13.511 12.433 11.031 9.881 8.139 6.301
25 16.399 14.965 12.972 11.532 9.218 6.796

Table 10. Attracted-species normalized current, I I0
cp, for cylindrical

probe with and α=0.0.

e

kT

p

e

rp/λDe

1.0 2.0 3.0 5.0 10.0

0 0.974 0.962 0.956 0.957 0.940
1 1.553 1.543 1.538 1.545 1.483
2 1.945 1.937 1.920 1.895 1.788
3 2.269 2.257 2.231 2.176 1.957
5 2.800 2.717 2.729 2.566 2.226
10 3.764 3.682 3.581 3.254 2.661
15 4.562 4.374 4.207 3.807 2.922
20 5.163 4.978 4.831 4.251 3.132
25 5.688 5.492 5.207 4.520 3.325

Table 11. Attracted-species normalized current, I I0
cp, for cylindrical

probe with and α=0.2.

e

kT
p

e

rp/λDe

1.0 2.0 3.0 5.0 10.0

0 1.496 1.488 1.482 1.483 1.471
1 1.944 1.931 1.914 1.923 1.896
2 2.263 2.275 2.290 2.278 2.248
3 2.575 2.551 2.595 2.555 2.509
5 3.044 3.031 3.060 2.991 2.812
10 3.989 3.987 3.994 3.765 3.346
15 4.750 4.713 4.734 4.261 3.585
20 5.367 5.346 5.308 4.759 3.748
25 5.937 5.897 5.684 5.134 4.083

Table 12. Attracted-species normalized current, I I0
cp, for cylindrical

probe with κ=4 and α=0.0.

e

kT

p

e

rp/λDe

1.0 2.0 3.0 5.0 10.0

0 0.934 0.927 0.925 0.920 0.911
1 1.538 1.521 1.510 1.514 1.433
2 1.938 1.910 1.915 1.865 1.756
3 2.248 2.222 2.164 2.139 1.958
5 2.773 2.755 2.674 2.584 2.188
10 3.736 3.657 3.551 3.235 2.742
15 4.518 4.348 4.295 3.788 2.971
20 5.145 4.890 4.709 4.202 3.326
25 5.645 5.356 5.347 4.630 3.547
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6. Discussion

For probe radii less than or comparable to the Debye length it
is possible to compare the results for the collected current
from the PIC simulations with the analytical results obtained
from OML theory. In figure 9, the collected currents, from
both the simulations and the OML theory, for the spherical
probe with radius rp=0. 2λDe (left) and the cylindrical probe
with radius rp=1. 0λDe (right), are displayed. It is clearly
seen that there is a rather good agreement between the PIC
simulations and the OML theory. Apart from one of the cases

for the cylindrical probe (with κ=4 and α=0.2), which
show relative differences up to 9%, all the other cases give
relative differences less than 3%. The results for the cylind-
rical probe with κ=4 and α=0.2 are not as accurate as we
had hoped, and it might be because the Kappa–Cairns VDF
with these particular spectral indices has much higher velocity
tails than the other cases, which might require a more careful
simulation setup to obtain more accurate results.

The obtained analytical expressions for the OML theory for
spherical and cylindrical probes are in principle only valid when
rp De. In the upper panel of figure 10, the predicted OML
current versus the results from PIC simulations for the Kappa–
Cairns VDF with κ=6.0 and α=0.2 for increasing probe
radii have been displayed. From these figures it is apparent that
OML theory remains a good fit for e kT 5p e even for large
probe radii compared to Debye length. The predicted collected
currents by OML theory become less accurate for increasing
normalized bias potentials and increasing ratios between the
probe radius and Debye length, as expected due to violation of
underlying OML assumptions, including an increasing chance of
particle trapping. While the OML current for the spherical probe
already at rp=1λDe shows relative differences up to 8%, for the
cylindrical probe, however, the highest relative difference for
rp=2λDe is less than 1%, and for rp=3λDe it is 2.3%.

The maximum radius of the cylindrical probe (with high
positive bias voltages) to operate under OML conditions was
found by Sanmartín et al [20], and Estes et al [21] found the
current drop for cylindrical probes (with high positive bias
voltages) operating beyond the OML regime. In order to make a
qualitative comparison with these studies, we have in the lower
panel of figure 10, shown the IPIC/IOML versus the probe radius
rp/λDe for different values of e kTp e for the Kappa–Cairns
VDF with κ=6.0 and α=0.2. From these figures, we see that
the current drop becomes higher as both the probe radius and the
potential bias increase, which is in agreement with the results
obtained by Estes et al [21]. Moreover, we also see that the
current drop is significantly higher for the spherical probe than
the cylindrical probe. When it comes to maximum probe radius
to operate under OML conditions, we see from figure 10 that for
the cylindrical probe the OML theory gives rather good results
for radii up to 3λDe, even for as high bias voltage as
e kT 25p e . However, for the spherical probe, when the bias
voltage increases, only for rp<λDe the OML results remain in
good agreement with the results of PIC simulations. In order to
quantify the range of applicability of the OML theory for non-
Maxwellian plasmas, more detailed analysis of the particle
trapping and potential barriers in numerical simulations is
required. This is left as future work.

We have shown that the OML current collected by a
positively biased spherical probe remains a good approx-
imation only for low voltages or small radii compared to the
plasma Debye length. The validity of OML theory for a
spherical body with a negative voltage has been previously
reviewed in the case of Maxwellian plasmas [50], and it was
shown that not even for small bodies, i.e. those with
rp<λDe, the OML theory is satisfied. To address this issue, a
modified OML theory for Maxwellian plasmas has been
suggested [51], and its predictions have been compared with

Table 13. Attracted-species normalized current, I I0
cp, for cylindrical

probe with κ=4 and α=0.2.

e

kT

p

e

rp/λDe

1.0 2.0 3.0 5.0 10.0

0 2.219 2.217 2.198 2.198 2.159
1 2.559 2.530 2.547 2.551 2.495
2 2.849 2.809 2.810 2.841 2.800
3 3.113 3.059 3.043 3.074 2.986
5 3.567 3.509 3.465 3.490 3.351
10 4.379 4.347 4.341 4.264 3.948
15 5.082 5.033 4.976 4.866 4.454
20 5.692 5.614 5.530 5.359 4.894
25 6.219 6.185 6.006 5.848 5.174

Table 14. Attracted-species normalized current, I I0
cp, for cylindrical

probe with κ=6 and α=0.0.

e

kT

p

e

rp/λDe

1.0 2.0 3.0 5.0 10.0

0 0.946 0.935 0.934 0.944 0.931
1 1.540 1.540 1.509 1.541 1.486
2 1.937 1.938 1.889 1.849 1.748
3 2.257 2.241 2.213 2.145 1.958
5 2.790 2.758 2.723 2.568 2.131
10 3.770 3.691 3.552 3.239 2.640
15 4.460 4.338 4.098 3.813 2.932
20 5.115 4.975 4.815 4.276 3.232
25 5.692 5.350 5.213 4.635 3.525

Table 15. Attracted-species normalized current, I I0
cp, for cylindrical

probe with κ=6 and α=0.2.

e

kT

p

e

rp/λDe

1.0 2.0 3.0 5.0 10.0

0 1.827 1.804 1.797 1.825 1.797
1 2.209 2.190 2.165 2.185 2.154
2 2.541 2.504 2.503 2.503 2.430
3 2.791 2.768 2.751 2.791 2.730
5 3.242 3.251 3.203 3.208 3.082
10 4.153 4.132 4.058 4.033 3.682
15 4.880 4.844 4.772 4.540 4.175
20 5.483 5.440 5.332 5.202 4.327
25 6.050 5.961 5.875 5.523 4.753
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PIC simulations [52]. It has been shown that the revised OML
theory gives good approximations for radii up to 10λDe. A
corresponding revision of OML theory for Kappa, Cairns, and
Kappa–Cairns VDFs is beyond the scope of this paper, but it
will be pursued as part of future work.

With the theoretical formulas derived in this paper it is
possible to measure the type of distribution in a plasma by
means of Langmuir probes, or more precisely, to measure the
spectral indices κ and α. Consider for instance fixed-bias
probes [53] of a spacecraft having an unknown floating
potential fl. A thin Langmuir probe p on this spacecraft is
designed with a fixed bias p0 with respect to the spacecraft,
and will accordingly have a potential p pfl 0 with
respect to the background plasma. p is assumed to be posi-
tive, such that only the electrons contribute to the collected
current. The current collected by this probe will then be
according to (24) for a sphere, or (32) for a cylinder, where
the density, temperature and spectral indices of the electrons
are all unknown. Having Np probes with different biases p{ },
it is possible to write a set of equations for the currents {Ip}
collected by these probes:

I I n T

p N

; , , , ,

1, , . 44
p p e e e e

p

fl 0( )

( )

This is a set of Np equations of the five unknowns fl, ne, Te,
κe and αe. If at least five probes are used (less if some

parameters are assumed known, e.g. if α=0), this system of
equations can in principle be solved, as long as it is not
singular or nearly singular. Further investigations are required
to examine the practical aspects of this method.

7. Conclusion

Velocity distribution functions measured in space plasmas are
commonly known to be non-Maxwellian. Some of the velo-
city distribution functions that have been suggested to
describe the plasma in near-Earth space environments are the
Kappa, Cairns and the generalized Kappa–Cairns distribu-
tions. In this paper, we have derived an expression describing
the Debye shielding distance in a plasma described by a
Kappa–Cairns VDF. The Debye length varies depending on
the model parameters κ and α. If α=0, the Debye length is
always less than the corresponding Maxwellian plasma
independent of the value of κ. As 3 2, the Debye length
becomes zero independent of any plasma parameters. For any
finite value of κ, increasing α, the shielding distance quickly
becomes larger than the Maxwellian counterpart.

The main achievements of this work are the derived
analytical expressions for the collected current by spherical
and cylindrical Langmuir probes for a generalized Kappa–
Cairns VDF for both repelled and attracted plasma species.

Figure 9.Comparison between results for the collected current obtained from PIC simulations (dots) and the corresponding results from OML
theory (solid lines) for spherical probe with radius rp/λDe=0.2 (left) and cylindrical probes with radius rp/λDe=1.0 (right).
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Figure 10. Upper panel: normalized collected current from OML theory (solid line) and the corresponding results obtained by PIC
simulations for increasing probe radius for the Kappa–Cairns VDF with κ=6.0 and α=0.2. Lower panel: the ratio between the collected
current obtained by PIC and OML theory, i.e. IPIC/ IOML versus the probe radius rp/λDe for different values of e kTp e for the Kappa–Cairns
VDF with κ=6.0 and α=0.2.
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Since the Kappa–Cairns VDF is a generalization of the
Kappa, Cairns and Maxwellian VDFs, the analytical expres-
sions for the collected current for these distributions are easily
obtained from the corresponding Kappa–Cairns expressions
by taking appropriate limits of κ and α. In the case of repelled
species, it is found that for both the spherical and cylindrical
probes the collected current for Kappa–Cairns VDF is higher
than the Maxwellian VDF, provided that α>0. For the
attracted species the situation is somewhat different. For the
spherical probe, when q kT 3s sp , the collected current
decreases with increasing α and decreasing κ values. With
α=0, increasing κ, the collected current reduces and even-
tually approaches the collected current for a Maxwellian
VDF. The collected current by the cylindrical probe, on the
other hand, increases with increasing α and decreasing κ

values. When α=0, independent of the value of κ, the
collected current is very close to the corresponding current by
a Maxwellian VDF. In general, the collected current by the
cylindrical probe is less than the spherical probe.

Particle-in-Cell simulations have been carried out that
show good agreement with these analytical expressions. The
simulations also include finite radii which is useful for eval-
uating the error imposed by OML theory when using larger
probes. Based on the simulations, it is found that the OML
theory is a good approximation for radii less than 0.2 Debye
lengths (spheres) or 1 Debye length (cylinders)3.
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Appendix A. General expressions for the collected
current by spherical probes

We consider the motion of a single particle of species s, with
charge qs and mass ms. The particle reaches the probe surface,
whose radius is rp, with velocity v , and comes from a dis-
tance r>rp with an initial velocity v, see figure A1. Since
there are no other external forces exerted on the particle, the
plasma is collisionless, and stationary conditions are assumed,
conservation of particle energy gives [35]

m v q m v q
1

2

1

2
, 45s s s s

2
pl

2
p ( )

where v v and v v , are the particle speeds at the
position r and rp, respectively. Here, fp and fpl are the probe
and plasma potentials, respectively. Due to spherical sym-
metry, the particle motion remains within a plane defined by
its velocity vector, which can be decomposed into v
v v , where v is parallel to the radial direction, and v is
perpendicular to to the radial direction, see figure A1. The
angular momentum L r v , which is perpendicular to
the orbital plane, is also conserved [35]. Therefore,

rv r v , 46p ( )

where v v . Combining (45) and (46), yields

v v v
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where v v , and p p pl. A sufficient condition

for the particle to reach the surface of the probe is v 02 ,
which, from (47), puts the following constraint on the
perpendicular velocity component

v
v

1
. 48
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r
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2 2
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2
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2
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Denoting the angle between the radial direction and the
velocity vector v as j, see figure A1, and using v v sin
and v v cos , (48) reduces to

r

r

q

m v
sin 1 , 49s

s

2 p
2

2

p

1

2
2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )

which restricts j to the range v0, max[ ( )], where jmax(v) is
the maximum allowed angle the particle velocity vector can
have in order for the particle to reach the probe surface.

The current into the probe comes from the component of
the current density, j, parallel to the radial direction, which is
given by [35]

j q v nd d , 50s s ( )

Figure A1. Illustration of a spherical probe with radius rp, and a
plasma particle with charge qs at a radial distance r with velocity v.
The velocity vector defines a plane through the sphere. In this plane
v can be decomposed into v , parallel to the radial direction towards
the probe, and v , which is perpendicular to the radial direction. The
angle between v and v is denoted as j, and it is restricted to the
range 0, 2[ ], as indicated by the dashed line.

3 The results from this paper, both analytical formula and tabulated values,
are available as functions in the Python library Langmuir (https://pypi.org/
project/langmuir).
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where

n n f vd d , 51s s0 ( ) ( )

is the number density of particles within a narrow velocity range,
v v v, d[ ]. Here, v vd sin d d d2 , is the volume
element of the velocity space (expressed in spherical coordi-
nates), n0 is the ambient volume number density of species s,
and f vs ( ), is the velocity distribution function. Inserting (51) into
(50), and using spherical coordinates, we obtain

j q n v f vvd sin cos d d d . 52s s0
3 ( ) ( )

The infinitesimal current into surface element Sd of the spherical
probe is [35]

I S jd d d , 53( )

where Sd evaluates to 4πr2 upon integration of a sphere, for a
given distance r to the probe. Before integrating (53), the lower
and upper integration limits in each direction in velocity space
must be specified. These limits will change depending on whe-
ther the particles are repelled or attracted by the probe. These two
cases will be handled separately in the following subsections.

A.1. Collected current of repelled particles—retarding field

In a retarding field q 0s p , and particles are repelled by the
probe. Therefore, only those particles that have enough kin-
etic energy to overcome the potential barrier can reach the
probe surface. This means

m v q v v
q

m

1

2

2
,s s

s

s

2
p min

p
≔

where vmin is the minimum particle speed needed to reach the
probe. With reference to figure A2(a), only for v vmin, will
(49) lead to real values for j. Hence, v0, max[ ( )], where
jmax(v) is given by (49). The angle θ, represents all the planes
through the spherical probe, and since there are no restrictions
on θ, we have 0, 2[ ]. Therefore, the current of the

repelled particles to the spherical probe must be integrated
with the following limits

I r q n

v f vv

4

sin cos d d d . 54

s s
v

v

s

2
0

0

2

0

3

min

max
( ) ( )

( )

Assuming the velocity distribution function is isotropic, i.e.
independent of θ and j, integration of θ and j yields

I r q n v f
q

m v
vv4 1 d . 55s s

v
s

s

s

2
p
2

0
3 p

1

2
2

min

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟( ) ( )

Expression (55) is general and valid for any isotropic VDF.

A.2. Collected current of attracted particles—accelerating field

In an accelerating field q 0s p , and (49) can be rewritten as

r

r

q

m v
sin 1 . 56s

s

2 p
2

2

p

1

2
2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∣ ∣
( )

Since the particles are attracted to the probe, if the particles
enter the sheath region, they will be accelerated towards the
surface of the probe. Let re denote the distance to the edge of
the sheath region, which is unknown at this point, and must
be determined from the solution of Poisson’s equation. Now,
let’s consider the motion of a particle that has entered the
sheath. We define a critical particle velocity at r=re, for the
maximum allowed j-angle, for which the particle does not
miss the probe surface. The maximum allowed j-angle, as it
is illustrated in figure A1 for a spherical probe, is π/2. From
(56), this critical velocity can be defined as

v
q

m

2

1
. 57s

s
r

r

e
2 p

e
2

p
2

⎜ ⎟
⎛
⎝

⎞
⎠

∣ ∣
( )

Figure A2. Illustration of the dependency of j on the particle speed v. (a) For the case of repelled particles q 0s p . Only for v vmin, real
values of j are obtained from (49). The maximum allowed angle increases as v increases, and it eventually approaches r rsin 1

p( ). (b) For
the case of attracted particles q 0s p . For the sheath limited current (SL), where v ve, (56) is always satisfied, and all angles within the
range 0, 2[ ] are allowed. In the orbit motion limited (OML) region, v>ve, and the maximum allowed j is given by (56), and as we can
see, it decreases as v increases, and eventually approaches r rsin 1

p e( ).
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Particles entering the sheath with v ve are collected by
the probe, simply because they don’t have enough kinetic
energy to escape the electric force in the sheath. The current
due to such particles is referred to as sheath limited current
(SL). We note that, since v ve, (56) is always satisfied,
hence 0, 2[ ], see figure A2(b). The sheath limited
current is, therefore, given by

I r q n

v f vv

4

sin cos d d d . 58

s s

v

s

SL
e
2

0
0 0

2

0

2
3

e

( ) ( )

If, however, the particles enter the sheath with v>ve, only
those particles that have a velocity vector with an j-angle that
satisfies (56), are collected, see figure A2(b). In this case, the
current is referred to as orbit motion limited current (OML),
and it is given by

I r q n

v f vv

4

sin cos d d d . 59

s s
v

v

s
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e
2

0
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2

0

3

e

max
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( )

The total current is the sum of sheath limited and orbit
motion limited currents, i.e. I I Is s s

SL OML. Integrating
over θ and j, (58) and (59) reduce to

I r q n v f vv4 d , 60s s
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respectively.

For the Kappa–Cairns VDF, evaluating the integrals in
(60) and (61) for the spherical probe, yield

I r I C D
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for the sheath limited current, and
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for the orbit limited current, respectively. Here
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and the other parameters are the same as in the text.
From the expressions in (62) and (63), it is clear that the

current is dependent on the distance to the sheath edge re, which,

Figure A3. Illustration of a cylindrical probe with length Lp and radius rp, and a plasma particle with charge qs at a radial distance r with
velocity v. The velocity vector can be written as v v vr z, where vz is parallel to the probe axis z, and vr is perpendicular to the probe axis.
The perpendicular velocity, vr , can be further decomposed into v , parallel to the radial direction towards the probe, and v , which is
perpendicular to the radial direction. The angle between vr and v is denoted as j, and, in the case of a cylindrical probe, must be within the
range 2, 2[ ].
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as mentioned above, can be determined from the solution of
Poisson’s equation for the electric potential. However, there exist
two limits of the size of the sheath, for which the current
becomes independent of the distance to the sheath edge.

A.2.1. Thin sheath approximation
In the thin sheath limit, the distance to the sheath edge is
comparable to the probe radius, i.e. re≈rp, or since re∼λDe,
rp≈λDe, hence (57) gives ve . Therefore

I r q n v f vvlim 4 d , 64
v

s s s
SL 2

p
2

0
0

3

e

( ) ( )

Ilim 0. 65
v

s
OML

e

( )

A.2.2. Thick sheath approximation
If, on the other hand, the sheath size is much bigger than the
size of the probe, i.e. r re p, or rp De, from (57) v 0e ,
and therefore

Ilim 0, 66
v

s
0
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e
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I r q n v f
q
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vvlim 4 1 d . 67
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Appendix B. General expressions for the collected
current by cylindrical probes

We will now consider a cylindrical probe with radius rp and
length Lp. In order to be able to derive analytical expression
for the current to the probe, we assume the length of the
cylinder is much larger than its radius, i.e. L rp p, and than
the Debye length. Just as in the case of a spherical probe, we
will denote the velocity of a plasma particle at a radial dis-
tance r, as v, and its velocity at the surface of the probe rp, as
v . Without loss of generality, we take the z-axis to be aligned
with the probe axis. In cylindrical coordinates, the velocity
can be decomposed into v v vr z, where vz and vr are
parallel and perpendicular to the probe axis, respectively, see
figure A3. The perpendicular component of the velocity can
be further decomposed into v v vr , where v is along
the radial direction towards the probe, and v is perpendicular
to the radial direction. We note that the notation used here for
the decomposition of the velocity vector might be different
from what is found in the literature. Since the length of the
cylindrical probe is much larger than its radius, and there are
no external forces on the charge particle, the component of
the velocity vector parallel to probe axis remains constant, i.e.
v vz z. Conservation of energy yields [35]

m v v v q

m v v v q
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, 68

s z s

s z s

2 2 2
pl

2 2 2
p

( )

( ) ( )

where v v , v v , and v vz z . The z-component
of the angular momentum is also conserved, which gives [35]

rv r v . 69p ( )

Combining these two equations, we obtain

v v v
r

r

q

m
1

2
. 70s

s

2 2 2

p

2
p

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟ ( )

In order for the plasma particles to reach the probe surface, we
must have v 02 , which gives the following constraint on
the perpendicular velocity component

v
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. 71
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Denoting the angle between vr and v by j, we have
v v cosr and v v sinr . Hence, (71) reduces to
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. 72s
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This means that, for the particle to be able to reach the probe
surface, the angle between vr, and the radial direction must be
in the range v v,r rmax max[ ( ) ( )], where jmax(vr) is the
maximum allowed angle that satisfies (72), see figure A3.

In the case of cylindrical probe, the component of current
density towards the probe is given by

j q v n q n v f vd d cos d , 73s s s r s0 ( ) ( )

where the volume element in cylindrical coordinates is given
by v v vd d d dr r z.

The infinitesimal current into the probe expressed in
cylindrical coordinates, takes the form

I S j S q n v f v vvd d d d cos d d d . 74s r s r z0
2 ( ) ( )

where Sd is an infinitesimal cylindrical surface element that
evaluates to 2πrLp, for a given distance r to the probe.

Similar to the case of a spherical probe, the integration
limits of each component will be dependent on whether the
plasma particles are repelled or attracted by the probe.

B.1. Collected current of repelled particles—retarding field

In this case q 0s p , and the minimum required velocity
(perpendicular to probe axis) that the particle must have in
order to reach the probe surface is

v
q

m

2
. 75s

s
min

p
≔ ( )

Only those particles that have v vr min are collected by
the probe, provided that the j-angle is within the range

v v,r rmax max[ ( ) ( )]. Therefore, the integration limits
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of (74) are
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Again, assuming f vs ( ) is independent of j, and integrating
over j, (76) reduces to
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B.2. Collected current of attracted particles—accelerating field

In this case q 0s p , and similar to the spherical case, the
collected current is the sum of SL and OML currents, i.e.
I I Is s s

SL OML. The critical velocity, vr,e, with which par-
ticles enter the sheath, at r re, without missing the probe,
has the same form as (57). This critical velocity is defined
for maximum j-angle, which is either π/2 or −π/2.
Hence, in the case of SL current, where v vr,e, we
have 2, 2[ ]. The SL current is, therefore,
given by
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In the case of OML current v vr,e, and only those particles
that have a perpendicular velocity component with an
j-angle that satisfies (72), are collected. Therefore,
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The velocity distribution functions considered here are
isotropic, and independent of j. Integrating over j, there-
fore, yields
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For the velocity distribution in (1), the expression for
the sheath limited current for the cylindrical probe, obtained
from the integral in (80), is given by
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and the corresponding expression for the orbit motion lim-
ited current, obtained by evaluating the integral in (81), is
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The other parameters are the same as in the text.
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B.2.1. Thin sheath approximation
In the thin sheath limit, we have re≈rp, hence vr,e .
Therefore,
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B.2.2. Thick sheath approximation
In the thick sheath limit, the sheath size is much bigger than
the size of the probe, i.e. r re p, hence v 0,e . The inte-
grals become
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