
Journal of Geophysical Research: Solid Earth

Shear Versus Tensile Failure Mechanisms Induced by Sill
Intrusions: Implications for Emplacement of Conical
and Saucer-Shaped Intrusions

Ø. T. Haug1 , O. Galland1 , P. Souloumiac2, A. Souche1, F. Guldstrand1 , T. Schmiedel1 ,
and B. Maillot2

1Physics of Geological Processes, University of Oslo, Oslo, Norway, 2Géosciences et Environnement Cergy, Université de
Cergy-Pointoise, Cergy-Pointoise, France

Abstract Sills, saucer-shaped sills, and cone sheets are fundamental magma conduits in many
sedimentary basins worldwide. Models of their emplacement usually approximate the host rock properties
as purely elastic and consider the plastic deformation to be negligible. However, many field observations
suggest that inelastic damage and shear fracturing play a significant role during sill emplacement. Here we
use a rigid plasticity approach, through limit analysis modeling, to study the conditions required for inelastic
deformation of sill overburdens. Our models produce distinct shear failure structures that resemble
intrusive bodies, such as cone sheets and saucer-shaped sills. This suggests that shear damage greatly
controls the transition from flat sill to inclined sheets. We derive an empirical scaling law of the
critical overpressure required for shear failure of the sill’s overburden. This scaling law allows to predict
the critical sill diameter at which shear failure of the overburden occurs, which matches the diameters
of natural saucer-shaped intrusions’ inner sills. A quantitative comparison between our shear failure model
and the established sill’s tensile propagation mechanism suggests that sills initially propagate as tensile
fractures, until reaching a critical diameter at which shear failure of the overburden controls the subsequent
emplacement of the magma. This comparison also allows us to predict, for the first time, the conditions
of emplacement of both conical intrusions, saucer-shaped intrusions, and large concordant sills. Beyond the
application to sills, our study suggests that shear failure significantly controls the emplacement of igneous
sheet intrusions in the Earth’s brittle crust.

1. Introduction

Voluminous igneous intrusions and sand injectite complexes have been documented in many sedimentary
basins worldwide (e.g., Hansen & Cartwright, 2006; Magee et al., 2016; Planke et al., 2005; Szarawarska et al.,
2010). Their emplacement is a result of overpressurized fluids (magma or fluidized sediments) that forcefully
create room for themselves by deforming their brittle host rock. Given the layered nature of sedimentary
strata, these intrusions are dominantly flat-lying, concordant sills, but they also exhibit other shapes like cones
(Duranti et al., 2002; Mourgues et al., 2012), saucer shapes (Figure 1a; Jackson et al., 2013; Planke et al., 2005;
Polteau, Mazzini, et al., 2008; Szarawarska et al., 2010), transgressive sheets (Jackson et al., 2013; Planke et al.,
2005), and laccoliths (de Saint-Blanquat et al., 2006; Jackson et al., 2013; Pollard & Johnson, 1973; Rodriguez
Monreal et al., 2009). In addition, geophysical and geodetic data show that sills are essential components
of the plumbing systems of active volcanoes, where their occurrence greatly affects magma transport and
stalling prior to eruptions (Amelung et al., 2000; Magee et al., 2017; Sigmundsson et al., 2010).

Numerous field observations document the occurrence of complex deformation and damage patterns asso-
ciated with the emplacement of igneous intrusions and sand injectites in sedimentary basins (Figure 1b).
At local scale, that is, intrusion tip scale, significant brittle shear and/or ductile shear has been documented
to accommodate the propagation of intrusion tips (e.g., Agirrezabala, 2015; Pollard, 1973; Schofield et al.,
2012; Wilson et al., 2016; Spacapan et al., 2017). At larger scale, that is, at intrusion scale, some authors
argue that shear failure controls, at least partly, the emplacement of magma or fluidized sediments into con-
ical intrusions (Galland et al., 2014; Guldstrand et al., 2017; Phillips, 1974; Schmiedel, Galland, & Breitkreuz,
2017), saucer-shaped intrusions (Galland et al., 2009; Haug et al., 2017; Muirhead et al., 2016), or laccoliths
(Breitkreuz et al., 2015; Corry, 1988; de Saint-Blanquat et al., 2006; Schmiedel et al., 2015; Schmiedel, Galland,
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Figure 1. Saucer-shaped sills: (a) Image of the Golden Valley sill, South Africa, having roughly 10 km in diameter
(Galland et al., 2009; Polteau, Mazzini, et al., 2008). (b) Seismic interpretation of the Tulipan sill, Norway, showing
fractures beneath the domed paleosurface (Schmiedel, Kjoberg, et al., 2017). (c) Conceptual models of saucer-shaped
sills. (right) Analytical (Goulty & Schofield, 2008; Koch et al., 1981; Pollard, 1973), numerical (Malthe-Sørenssen et al.,
2004), and gelatin experiments (Kavanagh et al., 2006) models often consider elastic host rock rheology with tensile
fractures at sill tips that lead to propagation. (left) Alternatively, field observation (de Saint-Blanquat et al., 2006; Wilson
et al., 2016), seismic observation (Magee et al., 2017), and cohesive granular experiments (Galland et al., 2009) observe
plastic damage and shear fractures related to sill emplacement.

& Breitkreuz, 2017). The resulting host rock deformation pattern and associated damage likely have important
implications for fluid flow through intruded sedimentary basins (Senger et al., 2015, 2017).

These observations are evidence that inelastic deformation of the host rock plays an important role in accom-
modating the emplacement of intrusions. However, most models of sill emplacement only consider elastic
deformation of the host rock, while the plastic component is assumed to be negligible (e.g., Fialko et al., 2001;
Galland & Scheibert, 2013; Koch et al., 1981; Menand, 2008; Menand et al., 2010; Polteau, Mazzini, et al., 2008).
Of those models that take the propagation of the sill into account, the propagation is assumed to occur by
tensile opening at the sill tip, similar to hydrofractures (e.g., Bunger & Cruden, 2011; Goulty & Schofield, 2008;
Kavanagh et al., 2006; Malthe-Sørenssen et al., 2004; Michaut, 2011), and the deformation of the overbur-
den is assumed to occur by pure elastic bending, so that the inelastic deformation is limited to a negligible
size at the tip of the sill (Rubin, 1995). Nevertheless, Scheibert et al. (2017) show that adding a small compo-
nent of plastic deformation at the tips of the intrusions can significantly modify their emplacement dynamics.
In addition, Haug et al. (2017) show that the emplacement of saucer-shaped intrusion’s inclined sheets are
likely governed by shear failure, and associated damage, of the sill overburden. The models of Scheibert et al.
(2017) and Haug et al. (2017) therefore suggest that the elastic assumption of the established models of sill
and laccolith emplacement is too simplistic, and this may explain why these models cannot reproduce the
natural diversity of intrusion shapes (from conical, saucer-shaped, to flat concordant sills).

To date, our current understanding of how inelastic deformation governs intrusion emplacement is very
limited. Consequently, it is not clear whether tensile fracturing or inelastic shear deformation of brittle host
rock is the dominant mechanism accommodating intrusion emplacement (Figure 1c). Here we build on the
preliminary results of Haug et al. (2017) and perform a large parameter study to derive an empirical law of
the conditions for shear failure of sill overburdens. We then quantitatively compare the conditions for shear
failure to those for tensile failure, and we show that shear failure might be the dominant mechanism in com-
mon geological settings. In addition, our model allows us to identify the conditions for the emplacement of
cone sheets, saucer-shaped intrusions, and large, concordant sills.

2. Modeling Method
2.1. Model Concept and Setup
The aim of this study is to investigate the conditions required for plastic failure associated with sill emplace-
ment in the Earth’s brittle crust. This entails evaluating the static mechanical stability of the brittle overburden
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Figure 2. Sketch of setup: The system considered consists of an elongated cavity exerting a homogeneous pressure
within a homogeneous and isotropic Mohr-Coulomb material. The system is in an axisymmetric setting with a free
surface at the top, free slip on the right, and no slip at the bottom boundary.

of an overpressurized sill. A suitable tool for this problem is limit analysis, which is a standard engineering tool
commonly applied to assess the stability of slopes, rock masses, and buildings (Sokolovski, 1960). The principle
of limit analysis is to predict approximate values of loads that bring a brittle solid to an imminent state of
failure (Souloumiac et al., 2009, 2010). Limit analysis is based on two theorems, the lower and upper bound
theorems, also called collapse load theorems. The lower bound theorem states that failure will not occur if,
for a prescribed set of loads, an equilibrium stress field can be found such that the brittle solid is everywhere
below yield. Thus, the lower bound theorem can be used to find the highest prescribed load where no failure
occurs. The upper bound theorem states that failure must occur if, for a prescribed set of loads, the rate of
working of the external forces on the brittle solid equals or exceeds the rate of internal energy dissipation
during failure (Davis & Selvadurai, 2005; Krabbenhoft et al., 2005). The upper bound theorem can therefore
be used to find the lowest prescribed load that still allows failure. This implies that the actual critical load
leading to failure of a brittle solid is in between the loads calculated from the lower bound and upper bound
theorems. If the range between load estimates calculated from the lower and upper bound is small, the actual
critical load that leads to failure is well constrained.

In this study, we apply limit analysis to constrain the critical pressure within a sill that is required to trigger
failure of the brittle overburden. The model considers a sill represented by an elongated pressurized cavity of
radius R, already emplaced at a depth H in a homogeneous and isotropic Mohr-Coulomb host rock of density
𝜌, cohesion C, and angle of friction 𝜙 (Figure 2); the sill thickness is set constant at 50 m. To investigate the
failure conditions of the sill’s overburden, we use the limit analysis software Optum G2 (Krabbenhøft & Lyamin,
2014). The entire numerical domain is 25 km wide and 8 km high. The system is solved using an adaptive
grid with approximately 10,000 elements in an axisymmetric setting (see Krabbenhøft & Lyamin, 2014 for
more details). We use a free surface on the upper boundary, a semi free-slip condition is applied to the right
boundary (Figure 2). At the lower boundary, a no-slip condition is used. Several tests have been run using
different sill tip shapes, domain sizes, and boundary conditions, which have all been documented to produce
negligible effects.

Here we present results from varying geometrical parameters and host rock properties: The host rock cohesion
is varied from 2.5 MPa to 100 MPa (Schellart, 2000, and references therein), the angle of internal friction is
varied from 15∘ to 60∘, and the sill’s radius is varied from 100 m to 10,000 m (see also section 3, Figure 7, and
Table 1). The density of the host rock is set to 2,500 kg/m3 and the depth of emplacement is varied from 500 m
to 4,000 m. For each set of parameters, the results of the calculations are (1) both the lower and upper bound
solutions of the critical pressure Pc required for brittle failure of the sill’s overburden and (2) the resulting
distribution of energy dissipation, which we will refer to as “damage.”

The assumptions of our models are the following. The mechanical effect of magma within the sill is treated
as a homogeneous pressure, such that magma flow and magma density are not accounted for. Further,
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Table 1
List of Parameters Used in This Study and the Range of Values

Symbol Parameter definition Range of values

C Cohesion of host rock (MPa) 2.5–100

g Gravitational acceleration (m/s2) 9.81

H Depth of emplacement of sill (m) 500–4,000

R Radius of sill (m) 100–10,000

T Thickness of sill (m) 50

𝜌 Density of host rock (kg/m3) 2,500

𝜙 Angle of friction of host rock 15∘ –60∘
T
R

Thickness-to-radius ratio of sill 0.05–0.5
R
H

Radius-to-depth ratio of sill 0.05–20.0
C

𝜌gH
Cohesion-to-lithostatic stress ratio of overburden 0.05–2.0

the critical pressures estimated from limit analysis are calculated for complete collapse of the system, and any
propagation of the damage is ignored. The limit analysis formulation considers static systems, as the aim is to
investigate the conditions for failure of the overburden of a sill of a given geometry. Thus, we assume that the
considered sill is emplaced, and we do not consider any host rock damage occurring during the early emplace-
ment of the sill. This assumption implies that the earlier emplacement of the considered sill was associated
with limited damage.

2.2. Dimensional Analysis and Scaling
The aim of our study is to understand how the model parameters listed in the former section and in Table 1
affect the critical pressure Pc necessary to trigger failure of the sill’s overburden (Figure 2). In other words, the
problem consists of finding the function f that satisfies the relation:

Pc = f (C, R,H, 𝜌, g, 𝜙). (1)

where g is the gravitational acceleration. The challenge here is to find the function f that involves six vari-
ables that are likely interrelated. Instead, one can reduce the number of variable parameters by applying
dimensional analysis (Barenblatt, 2003; Gibbings, 2011). The six dimensional variable parameters (and their
dimensions) are as follows: the sill’s radius R (m) and depth H (m), the gravitational acceleration g (m/s2), the
host rock density 𝜌 (kg/m3), cohesion C (Pa), and angle of friction 𝜙 (−). From these variables, we define a set
of dimensionless variable parameters:

R
H
,

C
𝜌gH

, 𝜙. (2)

The geometric ratio R∕H expresses how wide the sill is with respect to its depth: R∕H ≫ 1 means that the
sill can be considered as large and shallow, whereas R∕H ≪ 1 means that the sill is small and deep. Natu-
ral values of R∕H are in between these two end member regimes (Table 1). Note that the established models
of sill emplacement are based on thin plate theory, which assumes that R∕H > 5, that is, large, shallow sills
(Galland & Scheibert, 2013; Pollard & Johnson, 1973; Scaillet et al., 1995; Scheibert et al., 2017). The ratio C∕𝜌gH
expresses whether the host rock deformation is gravity dominated (C∕𝜌gH ≪ 1), that is, the cohesive forces
of the rock are negligible with respect to the weight, so that the material behaves as a weak material, or
cohesion-dominated (C∕𝜌gH ≫ 1). Natural values of C∕𝜌gH ≪ 1 for sills overburden show that it is commonly
gravity dominated, with the exception of shallow sills emplaced in very cohesive rocks.

When studying magma emplacement mechanics, it is more convenient to consider the critical magma over-
pressure, which is the effective pressure that drives propagation and emplacement (e.g., Hogan et al., 1998),
instead of the absolute critical magma pressure Pc:

ΔPc = Pc − 𝜌gH, (3)
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Figure 3. Cross-section maps of damage distribution from three models with varying values of R∕H. (top) R∕H = 0.05,
(middle) R∕H = 2, (bottom) R∕H = 5. The other parameters are kept constant (C∕(𝜌gH) = 0.2, 𝜙 = 30∘). The horizontal
white lines locate the considered sill. The color scale represents the energy dissipated by damage (in kJ), which shows a
localization from the tip of the sill toward the surface.

We define a dimensionless ratio ΔPc∕𝜌gH, which expresses the relative value of the critical magma overpres-
sure with respect to the confining pressure. From equations (1) and (2), the physical problem considered in
our study now consists of finding the function f ∗ that satisfies the relation

ΔPc

𝜌gH
= f ∗

(
C

𝜌gH
,

R
H
, 𝜙

)
. (4)

Note that we do not include in the analysis the thickness-to-radius ratio of the sill. Haug et al. (2017) show that
variable values of this ratio has negligible effect on the modeling results as long as it is ≪1, which is the case
for most sills, given that they are sheet intrusions. In the rest of this paper, we will address the physical effects
of the dimensionless ratios defined in equation (2) on both the damage distribution in the overburden and
the ratio ΔPc∕𝜌gH, and ultimately we aim at constraining the function f ∗.

3. Results
3.1. Damage Distribution in Overburden
The distribution of damage for simulations of various values of R∕H, C∕(𝜌gH), and𝜙 are presented in Figures 3
and 4. In these figures, the horizontal white lines locate the considered sill, and the color distribution in the
host rock represents the intensity of the energy dissipated by damage. In all simulations, the energy dissipa-
tion concentrates in a narrow zone from the sill tip toward the free surface. In the following sections, this zone
of concentrated energy dissipation will be referred to as “damage zone.”

Figure 3 presents the distribution of damage for different values of R∕H, while keeping constant C∕(𝜌gH) = 0.2
and 𝜙 = 30∘. For low R∕H, the damage creates an almost straight line from the sill tip to the surface (Figure 3,
top), but at intermediate R∕H the damage zone curves slightly (Figure 3, middle). At large values of R∕H, the
damage zone is strongly curved, dipping nearly vertically at the sill tip while having a gentler angle (≈30∘)
close to the surface (Figure 3, bottom).

The distribution of damage for changing C∕(𝜌gH)-ratios are presented in Figure 4a, where R∕H = 5 and
𝜙 = 30∘. For C∕(𝜌gH) = 0.2 the damage zones resemble those in Figure 3 with damage concentrated from the
sill tip all the way up to the surface (Figure 4a, left panel). Note that such features are common for all simula-
tions with lower values of C∕(𝜌gH). Conversely, for C∕(𝜌gH) = 1 and 2, the sharp concentrated damage zones
are observed to no longer reach the surface (Figure 4a, middle and right panels). Instead, it appears to die out
some distance away from the tip and a triangle of distributed damage is observed above it. We will see later
that such transition occurs only in models with values of C∕(𝜌gH) larger than a critical value CC of about 0.4.

Figure 4b shows that the distribution of damage is significantly affected by the angle of friction 𝜙. Note that
the value of C∕(𝜌gH) = 0.2 in the three models displayed in Figure 4b is below the critical value CC men-
tioned in the former paragraph, such that the models calculate damage across the entire sill overburden.
At low angle of friction (𝜙 = 15∘, i.e., that of weak shale), the damage zone appears as a steeply dipping
curved line (Figure 4b, left), while it is less curved and more gently dipping for an intermediate friction angle
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Figure 4. (a) Cross-section maps of damage distribution from three models with varying values of C∕𝜌gH. The other parameters are kept constant (𝜙 = 30∘,
R∕H = 5). (b) Cross-section maps of damage distribution from three models with varying values of 𝜙. The other parameters are kept constant (C∕(𝜌gH) = 0.2,
R∕H = 2). In both (a) and (b), the color scale represents the energy dissipated by damage (in kJ).

(𝜙 = 30∘; Figure 4b, middle). At a high angle of friction (𝜙 = 60∘, i.e., that of intact granite), the damage zone
is gently dipping from the sill tip toward the surface (Figure 4b, right).

We quantified the changes of the geometry of the damage zones by measuring their dip angles at the sill
tip (vtip) and at the free surface (vsurf, Figure 5a). Figure 5b displays how these angles vary with R∕H for four
different ratios of C∕(𝜌gH), which are all below the critical value Cc and that makes the measurement of vsurf

possible. Regardless of the value of C∕(𝜌gH), the values of vtip and vsurf collapse on the same trend. At low
values of R∕H < 1, both vtip and vsurf exhibit roughly constant values around 60∘ and 50∘. The difference of
(vtip − vsurf) ≈10∘ reflects the linear shape of the damage zones (Figure 5b). A sharp transition occurs from
R∕H ≈ 1, where vsurf rapidly decreases with increasing R∕H to a constant value of ∼30∘, while vtip increases
steadily with increasing R∕H until a value of ∼80∘ for R∕H = 5. This sudden increase of (vtip − vsurf) reflects the
transition from sublinear damage zone for R∕H < 1 to curved damage zones for R∕H > 1 (Figure 3).

When C∕(𝜌gH)>Cc ≈ 0.4, the evolutions of vtip and vsurf with R∕H are more complex (Figure 5c). At values of
R∕H < 5, the evolutions of vtip and vsurf are similar to the cases when C∕(𝜌gH) < Cc. However, for increasing
R∕H, a sharp transition occurs where vsurf is no longer defined, and vtip is observed to shift down to lower
angles, before gradually increasing again with increasing R∕H (Figure 5c). This new trend reflects the damage
zones that do not cross the entire overburden, as described in Figure 4a. Note that the critical value of R∕H
between these two deformation regimes depends on the value of C∕(𝜌gH): it decreases from R∕H = 8 to
R∕H = 5 for increasing values of C∕(𝜌gH) from 0.4 to 2 (Figure 5c, inset).

We also investigated the effect of the angle of internal friction (𝜙) on the morphology of the damage zone.
We observe that both the angles vtip and vsurf decrease sublinearly with increasing 𝜙 (Figure 5d), showing
that the damage zone dips shallower with increasing 𝜙, as already observed in Figure 4b. For all values of
𝜙, vtip > vsurf showing that the damage zone is curved. However, (vtip − vsurf) decreases with increasing 𝜙

(Figure 5d), showing that the damage zone becomes straighter with increasing angle of friction, as already
observed in Figure 4b.

The damage patterns observed in Figures 3 and 4 can be categorized into three cases: (1) straight damage
zones when R∕H < 1, (2) curved damage zones when R∕H > 1 and C∕(𝜌gH) < Cc, and (3) damage zones that
do not reach all the way to the surface when R∕H > 5 and C∕(𝜌gH)>Cc. Figure 6 displays the stress trajectories
of the maximum (𝜎1) and least (𝜎3) principal stresses for each of these cases. In both Cases (1) and (2), the
trajectories of 𝜎1 are oblique to the damage zone, with an angle systematically around 30∘ (Figures 6a and 6b).
Given that the angle of internal friction in the models displayed in Figure 6 is 𝜙 = 30∘, this angular relation
shows that the dominant damage is caused by shear failure. However, a clear difference is observed between
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Figure 5. Geometry of damage zones. (a) Sketch showing where the angles vtip and vsurf are measured. (b) Plot of the
angle of vtip (circles) and vsurf (squares) as a function of R∕H for cases when C∕(𝜌gH) < Cc . (c) Plot of the angle of vtip
(circles) and vsurf (squares) as a function of R∕H for cases when C∕(𝜌gH)>Cc is reached. Inset shows the critical R∕H
value where C∕(𝜌gH) ≈ Cc . (d) Plot of vtip (circles) and vsurf (squares) as a function of 𝜙.
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Figure 6. Stress trajectories near the damage zones. Stream lines of the principal stresses with 𝜎1 in blue and 𝜎3 in red
around the damage zone. Panels (a) and (b) show the stress trajectories for cases (1) and (2), where the damage zones
dominantly orients itself obliquely to the principal stresses. (c) The stress lines for case (3) where the damage zones is
dominantly oriented parallel to 𝜎1 and orthogonally to 𝜎3.
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Figure 7. Failure conditions. Parameter study of C∕(𝜌gH) (a) and R∕H (b) on ΔPc∕(𝜌gH). (a) The overpressure increases
linearly with cohesion with a slope and intersect that depends on R∕H. (b) The overpressure reduces as a power law with
radius with a coefficient that varies with C∕𝜌gH, while the exponent appears to be unaltered.

these two cases and Case (3): For C∕(𝜌gH)>Cc, the damage zone is oriented dominantly parallel to 𝜎1 and
orthogonal to 𝜎3 (Figure 6c), which is consistent with tensile failure. We infer from this difference that Cases (1)
and (2) are dominantly caused by shear failure, whereas for Case (3) it is dominantly caused by tensile failure.

3.2. The Critical Overpressure
An important result of our models is the critical pressure ΔPc in the sill required to trigger failure of the over-
burden. Here we develop the analysis based on the dimensionless parameters defined in equation (2) in order
to constrain empirically the function f ∗ of equation (4). To achieve this, we implemented a systematic param-
eter study to investigate how the dimensionless critical overpressure ΔPc∕(𝜌gH) varies with each governing
dimensionless ratio while keeping the others constant. We foresee that there is not a simple dependence of
ΔPc∕(𝜌gH) with respect to 𝜙; therefore, we apply a systematic procedure to test the effects of C∕(𝜌gH) and
R∕H only on ΔPc∕(𝜌gH). Note that the estimates of the critical overpressures calculated with the lower bound
(circles) and the upper bound (squares) solutions plot almost on top of each other (Figure 7), showing that
the critical overpressures are well constrained.

The overpressures required for shear failure in the sill overburden, calculated with all tested parameters
(see Table 1), are presented in Figure 7; the ΔPc∕(𝜌gH) ratio varies from ∼0.01 to almost 350. Figure 7a shows
that ΔPc∕(𝜌gH) is a linear function of C∕(𝜌gH). Both the slope of the line and its intersect with the y axis
increase with increasing values of R∕H. Figure 7b shows that ΔPc∕(𝜌gH) is linked to R∕H through a power law.
The slope of the power laws with varying values of C∕(𝜌gH) are constant, showing that the exponent of the
power law is independent of C∕(𝜌gH).
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We use this systematic data set to define empirically the scaling law f ∗ linking the dimensionless critical over-
pressure ΔPc∕(𝜌gH) to the dimensionless governing parameters (see equation (4)). The details of the analysis
are described in the supporting information. The result of the analysis leads to the following empirical law:

ΔPc

𝜌gH
=
(

A
C

𝜌gH
+ B

)( R
H

)−e

. (5)

Here A, B, and e are functions of the angle of friction 𝜙 only:

A = 𝛼1𝜙 + 𝛽1,

B = 𝛼2 tan𝜙,

e = 𝛼3 log𝜙 + 𝛽3, (6)

and 𝛼1 = 0.05, 𝛽1 = 0.7, 𝛼2 = 1.68 ≈ 5∕3, 𝛼3 = 0.46 ≈ 1∕2, and 𝛽3 = 0.69 ≈ 2∕3 are fitting constants.

The values of the fitting parameters strongly control the behavior of the empirical scaling law. The function
A(𝜙) increases sublinearly with 𝜙; however, the dependence is very modest given the small value of the slope
𝛼1 = 0.05. Consequently, A varies between 1.7 and 3.3 within a range 20 < 𝜙 < 50, therefore the effect of the
angle of friction on ΔPc∕𝜌gH is of a factor 2 at a maximum. The exponent −e(𝜙) is always negative and gently
varied, an average value being −e ≈ −4∕3 (supporting information; Figure 7). This value of the exponent
e shows that the critical overpressure ΔPc∕𝜌gH greatly decreases with increasing R∕H, indicating that shear
failure of the overburden is favorable for large, shallow sills.

4. Interpretation
4.1. Damage Zone Geometry
The curved damage zones (R∕H > 1) combined with the flat preexisting sills (Figures 3 and 4) share strong
resemblance to saucer-shaped intrusions (Jackson et al., 2013; Malthe-Sørenssen et al., 2004; Planke et al.,
2005; Polteau, Mazzini, et al., 2008; Szarawarska et al., 2010). Haug et al. (2017) discussed the likely link between
the damage zones calculated in our models and the emplacement of saucer-shaped sills’ inclined sheets.
These authors suggest that the damage zones induced by the overpressurized sills represent weak path-
ways, which control the subsequent emplacement of the magma along inclined sheets. Consequently, the
inelastic deformation of the sill overburden is a precursor for saucer-shaped intrusions. The results presented
here confirm these results for a wide range of emplacement depths, sill radii, and host rock properties, thus
strengthening the hypothesis that the emplacement of saucer-shaped intrusions can be controlled, at least
partly, by shear failure of their overburden.

Our simulations produced three distinct damage zone geometries depending on the model parameters
(Figures 3 and 4): (1) relatively straight damage zones from sill tips to the surface, (2) curved damage zones
from the sill tip to the surface, and (3) short damage zones rooted at the sill tips and restricted below a certain
depth, above which damage is distributed. The stress trajectories presented in Figure 6 suggest that Cases (1)
and (2) are caused by shear failure of the sill overburden, while Case (3) is caused by tensile failure at the sill tip.

Case (1) occurs systematically when R∕H < 1, suggesting that if small sills manage to fail their overburden,
they do so along straight shear damage zones (Figure 3, top). Such geometry are very similar to V-shaped sand
injectite intrusions observed in sedimentary basins (Cartwright et al., 2008; Mourgues et al., 2012) and cone
sheets observed in volcanic systems (Burchardt et al., 2011; Galland et al., 2014; Mathieu et al., 2015). Previous
laboratory (Galland et al., 2014; Guldstrand et al., 2017) and theoretical (Phillips, 1974) models have suggested
that shear failure plays a significant role during cone sheet formation. This is in good agreement with our
results, and we infer that straight damage zones modeled in our simulations are at the origin of cone sheet
emplacement. Similar features have been observed in experiments of fluid-induced deformation, leading to
the formation of hydrothermal vent complexes (Nermoen et al., 2010), showing that straight shear damage
zones are a fundamental response to small source of fluid overpressure, assuming the fluid overpressure is
sufficient to deform the overburden.

Case (2) occurs in two distinct parameter conditions: (1) when C∕(𝜌gH) < 0.4, Case (2) occurs systematically
for values of R∕H > 1, and conversely (2) for larger values of C∕(𝜌gH), Case (2) occurs when R∕H ranges from
1 to an upper value that depends on the value of C∕(𝜌gH) (Figure 5). The observed curved damage zones
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of Case (2) match well the intrusion’s curved inclined sheets observed in the field (Polteau, Ferré, et al., 2008;
Polteau, Mazzini, et al., 2008), on seismic data (Szarawarska et al., 2010; Schmiedel, Kjoberg, et al., 2017), and
those produced in laboratory models (Galland, 2012; Galland et al., 2009). This suggests that shear failure is
likely common in nature. The transition between Cases (1) and (2) was recognized by Haug et al. (2017) in a
single series of simulations. Importantly, the transition from straight to curved damage zones always occur at
R∕H ∼ 1, regardless of the host rock properties. This suggests that it is a fundamental mechanical transition
during shear failure of sill overburden when the sill radii become comparable to their depths of emplacement.

Case (3) occurs when C∕(𝜌gH)> 0.4 and when R∕H is higher than a critical value that range between 5 and
8, depending on the value of C∕(𝜌gH) (Figure 5c, inset). This damage morphology, as well as the transition
between Cases (2) and (3), has not been described before. It is interesting to note that the transition between
Cases (2) and (3) occurs for high values of R∕H (5–10) and for relatively large values of C∕(𝜌gH). This implies
that most sills in nature are associated with Case (2), that is, dominant shear failure of the overburden, whereas
Case (3), that is, dominant tensile failure of the overburden, is expected to occur only for large, shallow sills
emplaced in competent rocks. The conditions of occurrence of Case (3) are in agreement with the models of
Goulty and Schofield (2008) and Galland and Scheibert (2013), which address the formation of saucer-shaped
intrusion’s inclined sheets through the tensile failure of a thin, elastic overburden.

The effect of the angle of friction𝜙 is quite obvious (Figure 4b). As expected, the damage zones associated with
low angle of friction are steeper than those associated with high angle of friction (Figure 4b). This suggests
that intrusions emplaced in low-friction shale, as commonly observed (Rodriguez Monreal et al., 2009), are
likely associated with steep damage zones, whereas intrusions emplaced in high-friction consolidated sand-
stone are likely associated with gently dipping damage zones. Geological observations are, however, lacking
to assess the relevance of the friction angle for the emplacement of real igneous intrusions. The angle of fric-
tion 𝜙 also affects the shape of the damage zone, given the (vtip − vsurf) decreases linearly with 𝜙 (Figure 5d),
showing that the damage zone becomes straighter with higher friction angle.

4.2. Pressure Conditions for Overburden Failure
The modeling strategy implemented in this study aims at exploring systematically the parameter space to
derive the empirical scaling law of the critical overpressure required to trigger failure of the sill overburden.
The linear relation between ΔPc∕(𝜌gH) and C∕(𝜌gH) (Figure 7a) indicates that the stronger the overburden,
the more pressure is required to fail it. This result is quite intuitive, as well as the observed linear relationship,
given that ΔPc and C have the same dimensions. The negative exponent of the power law relation between
ΔPc∕(𝜌gH) and R∕H (Figure 7b) shows that the larger the sill, the less pressure is required to fail the overburden.
This result suggests that large sills offer favorable conditions for shear failure of their overburden.

The scaling law of equation (5) indicates that the effects of the friction angle𝜙onΔPc∕(𝜌gH) are more complex
than the effects of C∕(𝜌gH) and R∕H. The main effect is related to the exponent e of our empirical scaling
law. Even if the value of −e varies slightly from −1.2 and −1.5 for friction angles between 15∘ and 60∘, such
change affects the behavior of the power law dependence of ΔPc∕(𝜌gH) on R∕H of equation (5). The value of
the exponent −e for a high friction angle is lower (−e = −1.5) than for a low friction angle (−e = −1.2). This
implies that ΔPc∕(𝜌gH) decreases faster with respect to R∕H for higher friction angles, which would result in
lines of steeper slopes in Figure 7.

The overpressuresΔPc required for shear failure of sill overburdens calculated from our simulations range from
0.01 to almost 350 times the lithostatic stress, depending on R∕H and C∕(𝜌gH) (Figure 7). The highest values
ofΔPc∕(𝜌gH) are calculated for the lowest values of R∕H and the highest values of C∕(𝜌gH). However, it is clear
that the upper range of our results is not geologically realistic. In nature, the estimated overpressures in sills
range between 1 MPa to a few tens of MPa (Rubin, 1995). Assuming sill emplacement depths between 500 m
and 4,000 m, this would mean that theΔPc∕(𝜌gH) ratio in nature range from 0.01 to 1.6. This condition implies
that very small sills (i.e., R∕H < 0.3) cannot trigger overburden failure and that small sills (i.e., 0.3 < R∕H < 1)
can lead to failure of their overburden only when C∕(𝜌gH) < 0.1 (Figure 7b), that is, when they are emplaced in
weak host rock. Conversely, our results show that larger sills are associated with more favorable overpressure
conditions for failure of their overburden: for intermediate sills (1 < R∕H < 2), the condition ΔPc∕(𝜌gH) < 1
is fulfilled for a wide range of C∕(𝜌gH) ratios, while for even larger sills (R∕H > 2), all tested scenarios fulfill the
condition ΔPc∕(𝜌gH) < 1 (Figure 7). This implies that the curved damage zones, that is, large R∕H (Figure 3,
bottom), are more likely to occur in nature than the straight damage zones.
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Figure 8. Radius versus depth of emplacement. The predicted radius of sills
compared to their depth from equation (7) by assuming that ΔPc = 20 MPa
and C = 50 MPa (upper line) and C = 1 MPa (bottom line). The gray circles
and open squares represent data from nature (given in Table 1 in Polteau,
Mazzini, et al., 2008).

5. Discussion
5.1. Geological Testing of Modeling Results
In the former sections, we discussed qualitatively the relevance of our
model results. The aim of this section is now to test quantitatively the
geological relevance of the empirical scaling law of equation (5). To do
so, we will test whether our scaling law can reproduce geological trends.
For example, in nature, we observe a relationship between the diame-
ter of saucer-shaped intrusions and their depth of emplacement (Polteau,
Mazzini, et al., 2008). Solving equation (5) with respect to R gives the radius
of a sill at failure as a function of the depth of emplacement:

R = H

(
AC + B𝜌gH

ΔPc

)1∕e

(7)

This equation shows that R is expected to increase with H and to decrease
withΔPc, in agreement with geological data and existing modeling results
(Galland & Scheibert, 2013; Goulty & Schofield, 2008; Malthe-Sørenssen
et al., 2004). It also shows a nonlinear relationship between R and H, which
takes the form of a power law of exponent larger than 1. This result dif-
fers from the linear relationships derived by Goulty and Schofield (2008)
and Galland and Scheibert (2013). Such nonlinear behavior has been high-
lighted by Malthe-Sørenssen et al. (2004), who found a relation R ∝ H𝛼 ,

where the exponent 𝛼 < 1. This means that Malthe-Sørenssen et al. (2004) predicts a concave relationship
between R and H, while we predict a convex relationship.

Now we will try to apply the empirical scaling law of equation (5) with typical geological values to calculate the
expected inner sill diameters. We assume typical value ofΔPc = 20 MPa, and we consider a case with a compe-
tent overburden (C = 50 MPa) and a case with a weak overburden (C = 1 MPa). We consider a typical value of
density (𝜌 = 2,500 kg/m3) and angle of friction (𝜙 = 30∘) of sedimentary rocks. Figure 8 displays the calculated
sill radius expected to trigger overburden failure with respect to the emplacement depth for the competent
(upper curve) and weak (lower curve) overburden rocks. We also display the geological values of R and H of
inner sills from the literature (Polteau, Mazzini, et al., 2008), that is, the intrusion diameter at the sill-to-inclined
sheet transitions. The purpose of this comparison is not to perfectly predict each individual data point from
nature, as this would require much more specific information (e.g., ΔPC and C) for each case than what is
accessible. Rather, the purpose is to see whether the empirical scaling law can predict correctly the range of
values seen in nature. Figure 8 shows that the geological data plot between the predictions of our model.
The good match between the natural data set and our model predictions supports the geological relevance
of our model. Thus, this result strengthens our hypothesis that the transition from flat inner sill to inclined
sheet in saucer-shaped intrusions is triggered by the onset of shear failure of the sill’s overburden.

A limitation of the limit analysis modeling approach is that it accounts for the complete failure of the sill’s
overburden, but not for the propagation of damage as a result of sill inflation. However, the very small differ-
ence between the lower and the upper bond estimates of the critical overpressure shows that when failure
initiates, it requires very small overpressure increment to fail entirely the sill’s overburden. In other words,
our results suggest that as soon as the sill’s overburden starts failing, it is unstable and easily fails entirely.
Therefore, pressure estimates given by the scaling law of equation (5) for the full failure of the sill’s overburden
is a good proxy for the initiation of failure.

Note that the scaling law of equation (5) is derived empirically but is not derived from a mathematical the-
ory of the plastic deformation related to pressurized sills within a brittle host. This approach is physically
relevant, because the dimensional analysis predicted the dependency of the critical pressure on the other
physical parameters of the model. This is a well-established procedure in the physics community to con-
strain quantitatively the physical laws of observed phenomena that are not described by a known theoretical
law (Barenblatt, 2003; Gibbings, 2011). Even if our model does not include all the complexity of geologi-
cal systems (e.g., viscous flow of the magma and heterogeneities of the host rock), the first-order match
between our results and geological observations (Figure 8) strongly suggests that our model is physically and
geologically relevant.

HAUG ET AL. 3441



Journal of Geophysical Research: Solid Earth 10.1002/2017JB015196

5.2. Reconciling the Shear Versus Tensile Propagation Models
Our model properly predicts the conditions for shear failure of the overburden of an overpressurized sill.
However, the disadvantage of our model is that it assumes that the sill is already emplaced and ignores the
former stage of the sill emplacement. Sills are conventionally thought to propagate as hydrofractures, that is,
propagating by tensile opening fractures at its tip (e.g., Bunger & Cruden, 2011; Galland & Scheibert, 2013;
Michaut, 2011; Rubin, 1995; Scheibert et al., 2017). The aim of this section is to discuss how our model of shear
damage-controlled emplacement of inclined sheets is compatible with the established tensile hydrofracture
propagation of sills. We propose to test the following hypothesis: sills initially propagate as tensile hydrofrac-
tures until they reach a critical radius, such that they trigger shear failure of their overburden, leading to the
emplacement of inclined sheets.

To test the relevance of this hypothesis, we compare the overpressure conditions required for shear failure of
the sill overburden [our model, equation (5)] to those required for tensile fracturing propagation at the sill’s
tip. To achieve this, we consider the model of Zhang et al. (2002), which considers an asymptotic solution to
the problem of a fluid-filled fracture that propagates in an elastic medium close to the surface, that is, relevant
for shallow sills. We consider here the so-called “toughness-dominated” regime, where the dynamics of the
physical system are dominated by the strength of the host rock, such that the viscosity of the fluid is negligible.
This model predicts that a sill propagates if the critical overpressure ΔPc fulfills the equation:

ΔPI
c =

(
K ′6

E′6V

)1∕5

E′Πk0 (8)

where ΔPI
c describes the critical overpressure required for continued mode I fractures at the sill tip, Πk0 is a

10th order polynomial of R∕H, V is the volume of the sill, K ′ = 4
√

2∕𝜋KIc where KIc is the fracture toughness,
and E′ = E∕(1−𝜈2)where E and 𝜈 are the Young’s modulus and the Poisson ratio of the host rock, respectively.

Figure 9a displays the dimensionless critical overpressures required for (1) tensile propagation of the sill tip
(ΔPI

c∕(𝜌gH)) from the model of Zhang et al. (2002) [red curve in Figure 9a, equation (8)] and (2) shear failure of
sill overburden (ΔPc∕(𝜌gH)) from our model [black curve in Figure 9a, equation (5)], with respect to R∕H. In the
calculations displayed in Figure 9a, we consider that the sill depth H = 1,000 m. The mechanical parameters
used in our models are cohesion of C = 10 MPa and friction angle of 𝜙 = 30∘. The mechanical parameters of
the model of Zhang et al. (2002) are Young’s modulus of E = 1 GPa and a fracture toughness of KIc = 800 MPa
(Bunger & Cruden, 2011). We assume a sill thickness of 50 m in our model, and we estimate the sill volume
V ≈ 50𝜋R2 m3 to be used in equation (8). Figure 9a shows that for values of R∕H < 3, the critical overpres-
sure ΔPI

c∕(𝜌gH) (gray curve) is lower than the critical overpressure ΔPc∕(𝜌gH) (black straight line). This means
that under these mechanical conditions, a small sill will preferably propagate as a tensile hydrofracture. In this
scenario, as the sill keeps propagating, the ratio R∕H increases, and the critical overpressure for shear failure
ΔPc∕(𝜌gH) becomes equal to the critical overpressure for tensile propagation ΔPI

c∕(𝜌gH) at a critical value
of R∕H > 7 (red circle in Figure 9a). This means that there is a critical value of R∕H, beyond which shear fail-
ure of the sill overburden is more favorable than tensile hydrofracture propagation. The comparison between
these two model equations therefore suggests that small sills initially grow laterally as tensile hydrofractures,
until they reach a critical value of R∕H, where shear failure of the sill’s overburden occurs, controlling the
emplacement of inclined sheets. In other words, at given mechanical properties, there is a critical value of
R∕H that controls the tensile-to-shear failure transition. We infer that this transition controls the horizontal
sill-to-inclined sheet transition.

We investigated systematically the effects of the model parameters on the critical value of R∕H controlling
the horizontal sill-to-inclined sheet transition. Figure 9b shows that high values of KIc lead to critical R∕H ≈ 1,
which increases with decreasing KIc. Ultimately, for values KIc < 109 Pa∕m1∕2, the curves from our model and
the model of Zhang et al. (2002) do not cross, showing that no shear failure of the sill overburden is expected,
that is, the sills remain flat and concordant when the overburden is weakly resistant to tensile failure. Figure 9c
shows that the crossing between the curves from our model and the model of Zhang et al. (2002) occurs for
values of E < 109 Pa only. We note also that when the crossing occurs, the critical value of R∕H decreases
with decreasing E. These results show that the crossing between the two curves is impeded by stiff over-
burden. Finally, Figure 9d shows that the crossing between the curves from our model and the model of
Zhang et al. (2002) occurs for values of C < 107 Pa only. When the crossing occurs, the critical value of R∕H
decreases with decreasing C. These results show that the tensile-to-shear failure transition is impeded by
overburden of high cohesion.
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Figure 9. Transition from lateral propagation to shear failure. (a) Comparison between an asymptotic solution for
pressure required for lateral propagation of a sill within an elastic medium (gray line, Zhang et al., 2002) and the scaling
law proposed here (equation (5); black line). Comparison between the two models for the following: (b) Varying fracture
toughness (KIc , blue lines) while keeping the condition for shear failure condition constant (black line). (c) Varying the
Young’s modulus (brown lines) while keeping the condition for shear failure condition constant (black line). (d) Varying
the cohesion (green lines) while keeping the condition for lateral propagation constant (black line). The red circles locate
the intersect between the two curves.

The results of Figure 9 show that the tensile-to-shear failure transition does not occur systematically. We there-
fore performed a systematic parameter study to explore under which mechanical condition this failure occurs,
and at which R∕H andΔPc∕(𝜌gH) values (Figure 10). Here we consider a range of fracture toughnesses (50 MPa
≤ KIc ≤ 1,500 MPa (Bunger & Cruden, 2011; Cruden et al., 2017)), Young’s moduli (0.1 GPa ≤ E ≤ 5 GPa), and
cohesions (1 MPa ≤ C ≤ 50 MPa) (Schellart, 2000).

Figure 10a shows all the overpressures for all R∕H ratios calculated in gray and where an intersect occurs in
yellow (for R∕H < 1, i.e., straight shear damage zones) and red (R∕H > 1, i.e., curved shear damage zones).
This shows that for a substantial part of the parameter space, both straight damage zones (inferred V-shaped
intrusions) and curved damage zones (inferred saucer-shaped sills) are expected.

Figures 10b and 10c displays the mechanical conditions that lead to tensile-to-shear failure transition
(colored domains) and those that do not lead to tensile-to-shear failure transition (gray domains). This map
corroborates the results of Figure 9 and highlights that a sharp transition exists between the domain with
a tensile-to-shear failure transition and the domain without. It is interesting to note that the values of R∕H
and ΔPc∕(𝜌gH) are the highest and lowest, respectively, close to the transition. Consequently, for certain con-
ditions, whether the shear failure occurs or not is rather precarious. Take, for example, the case of magma
intruding into a sedimentary basin. The presence of this sharp transition suggests that if the mechanical con-
ditions of a basin intruded by igneous sills are close to this transition, some sills can reach the conditions for
a tensile-to-shear failure transition and develop saucer shape, whereas others will not reach the conditions
for tensile-to-shear failure transition and remain concordant. Such a result explains, at least qualitatively, why
volcanic basins exhibit both saucer-shaped intrusions and large concordant sills (Jackson et al., 2013; Magee
et al., 2016; Planke et al., 2005; Schmiedel, Galland, & Breitkreuz, 2017; Svensen et al., 2012).
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Figure 10. Phase diagrams. (a) Phase diagram showing in gray all ΔPc∕(𝜌gH) values calculated over the entire parameter
space tested and in red and yellow the domain of parameter space where an intersect between the equations (5) and
(8) occurs. The red area displays where curved damage zones occur and in yellow where straight damage zones occur.
(b) Phase diagram showing which mechanical host rock properties yield an intersection between equations (5) and 8.
The colors represent the R∕H ratios for the intersection and in gray the part of the parameter space where no
intersect occurs. (c) Similar to (b) but with the color representing the value of ΔPc∕(𝜌gH) at the intersect between
equations (5) and (8).
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Figure 11. Illustration of proposed scenarios for cone sheet and saucer-shaped sill formation. Once a sill is formed,
it propagates laterally by tensile opening at its tip. At a certain radius, shear failure of the overburden that becomes
favored over tensile opening at the tip created a damage zone similar to that presented in Figures 3 and 4. The magma
predominantly follows the weakness created by the damage. Should shear failure occur for R∕H < 1, a cone sheet will be
produced, and should R∕H > 1 a saucer-shaped sill will be produced. If R∕H > 1 and C∕(𝜌gH) < Cc , the saucer-shaped sill
is caused by through-going shear failure of the sill overburden, but if C∕(𝜌gH)>Cc , it would be caused by tensile failure
in the overburden.

To summarize, the results from our models highlight the following emplacement of sills, saucer-shaped sills,
and V-shaped intrusions (Figure 11). Once a sill is formed, it propagates laterally by tensile opening at the sill
tip, until reaching a critical value of R∕H. The subsequent propagation can occur in four distinct scenarios.

1. If the sill overpressure is high and/or the overburden is weak, the sill can trigger failure of its overburden
when R∕H < 1, and shear failure occurs along straight damage zone, controlling the emplacement of
V-shaped intrusions.

2. If the sill emplaces not too close to the surface and within host rock of typical cohesion values, that is,
C∕(𝜌gH) < 0.4, the sill can trigger failure of its overburden when R∕H > 1, and shear failure occurs along
curved damage zones, controlling the emplacement of saucer-shaped sills.

3. Conversely, if sills are shallow and emplaced in high-cohesion rock, that is, C∕(𝜌gH)> 0.4, the sill can trigger
failure of its overburden for a value of R∕H larger than a critical value between 5 and 10 (depending on the
value of C∕(𝜌gH); see Figure 5c), tensile failure occurs at the tip, rather than shear failure.

4. Finally, if the elastic stiffness and resistance to tensile failure of the overburden are high and/or if its cohesion
is high, the sill is expected to keep propagating horizontally (Figure 10), leading to a large, concordant sill
as observed in numerous sedimentary basins.

5.3. Implications of Our Model to Magma Emplacement in the Earth’s Brittle Crust
The results of our limit analysis modeling highlights that inelastic deformation of the sill’s overburden can
develop along shear planes all the way from the intrusion tip to the surface. The consistent similarity between
the modeled damage zone and the saucer-shaped intrusions’ inclined sheets suggests that the emplacement
of inclined sheets are to a large degree controlled by shear failure induced by the inflating sill. In addition,
the sill radius calculated with our empirical scaling law of equation (5) reproduces well the radius of inner
sills observed in nature. Thus, these results suggest that the inner sill-to-inclined sheet transition is controlled
by the onset of shear failure of the sill overburden, indicating that shear failure is a governing factor control-
ling the emplacement of inclined sheets. These results confirm the preliminary results of Haug et al. (2017).
The geological relevance of our model is supported by the fact that it explains and assesses the mechanical
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conditions of (1) the occurrence of V-shaped intrusions, (2) the formation of curved inclined sheets of
saucer-shaped sills, and (3) the occurrence of large concordant sills (Figure 11).

Shear damage associated with the emplacement of sills and laccoliths has been observed in the field, both
in sedimentary settings (e.g., de Saint-Blanquat et al., 2006; Pollard, 1973; Spacapan et al., 2017; Wilson et al.,
2016) and in basaltic volcanoes (e.g., Berthod et al., 2016; Got et al., 2013). In addition, laboratory models of
sill emplacement in the Coulomb brittle crust strongly suggest that plastic shear damage is likely control-
ling the emplacement of magma (Galland, 2012; Galland et al., 2009; Galland et al., 2014; Montanari et al.,
2017; Guldstrand et al., 2017; Schmiedel, Galland, & Breitkreuz, 2017). However, most models of sills and lac-
colith emplacement assume that plastic failure is restricted to small process zones at the close vicinity of sill’s
tips and can be neglected (e.g., Bunger & Cruden, 2011; Cruden et al., 2017; Kavanagh et al., 2015; Michaut,
2011; Rivalta et al., 2013; Rubin, 1993; Thorey & Michaut, 2016); this assumption is the main foundation for
the majority of the state-of-the-art mechanical models of sheet intrusion emplacement, which account for
purely elastic host rock deformation. This assumption is in disagreement with the results of Scheibert et al.
(2017), which show that even if plastic deformation is restricted to a very small domain at intrusion’s tips, it
can have nonnegligible effects on the dynamics of intrusion propagation. In addition, our models show that
plastic failure is likely not restricted to domains of negligible size but might extend across large parts of the
mechanical systems. This implies that the effects of plastic shear failure should not be neglected in models of
sills and saucer-shaped sills and that the brittle Coulomb properties of the host rock should be accounted in
these models.

Our results highlight the relevance of plastic shear deformation on the emplacement of saucer-shaped intru-
sions. However, our results suggest that such a mechanism is also likely at work during the emplacement of
other types of intrusions in other volcanic settings. Numerous geological, geophysical, and laboratory obser-
vations corroborate this hypothesis. Spacapan et al. (2017) show how shear failure dominantly accommodates
the propagation of magmatic fingers in shale-dominated sedimentary host rock (see also Pollard, 1973,
and references therein). Okada et al. (1981) found that during magmatic intrusion at Usu volcano (Japan),
seismicity concentrated along circular faults, suggesting extensive reverse shear failure above the intrusion.
Detailed focal mechanism analysis of the seismicity associated with dike emplacement in Iceland (White et al.,
2011), including the 2014 Holuhraun diking episode (Bárðarbunga volcano, Ágústsdóttir et al., 2016), show
that the dominant failure mode was shear, the slip direction being parallel to the main propagation direction
of the dikes. This relation between dike propagation and shear failure is in good agreement with the labo-
ratory models of Abdelmalak et al. (2012), which show how propagating dike tips trigger conjugate shear
damage, like an indenter. In addition, Eibl et al. (2017) documented that seismicity preceded the intrusion of
magma along the Holuhraun dike, suggesting that damage was precursors to magma flow, in good agree-
ment with the mechanism we propose for the emplacement of saucer-shaped intrusions. Finally, the physical
analysis of the time evolution of seismicity and deformation of volcanic edifices in active volcanic systems
have highlighted that most geophysical observables can be explained by diffuse to localized damage associ-
ated with inflation of magma bodies (e.g., Carrier et al., 2015; Got et al., 2017; Lengliné et al., 2008; Schmid et al.,
2012). These studies strongly suggest that damage precedes magma flow, in good agreement with the con-
clusions of our study. Our study and the numerous evidence of plastic shear damage associated with magma
emplacement show that the brittle Coulomb properties of the Earth’s crust play a major role during magma
emplacement and propagation, in contrast with the assumptions of the established models of sheet intrusion
propagation as tensile fracture in a linearly elastic host rock.

6. Conclusions

This study reports the results of limit analysis numerical models to address the conditions for shear failure of
the overburden of sills emplaced in the Earth’s brittle crust. We performed a large parameter study to investi-
gate the damage patterns associated with failure, and the critical overpressure in the sill necessary to trigger
shear failure of the overburden. Our study shows that

1. The damage patterns exhibit three distinct geometries depending on the model parameters (Figures 3 and
4): Case (1) relatively straight damage zones from sill tips to the surface, Case (2) curved damage zones from
the sill tip to the surface, and Case (3) short damage zones, also rooted at the sill tips but restricted below a
certain depth, above which damage is distributed.
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2. Straight damage of Case (1) occurs when R∕H < 1, that is, when sill’s radius is smaller than the sill’s
depth. Such failure mechanism is expected to occur when the magma overpressure is high and/or if the
overburden is weak. This straight morphology strongly resembles V-shaped or cone sheet intrusions

3. Curved damage of Case (2) strongly resembles saucer-shaped intrusion’s inclined sheets. Our models show
that this failure mechanism is favorable in most geological conditions. Conversely, the damage of Case (3)
occurs only for shallow sills emplaced in high-cohesion rocks.

4. The straight damage of Case (1) and the curved damage of Case (2) dominantly accommodate shear failure,
whereas the damage of Case (3) dominantly accommodates tensile failure.

5. These damage patterns mimic typical intrusion morphologies (cone sheets, inclined sheets), suggesting
that damage associated with shear failure is a first-order mechanical precursor for magma emplacement in
the brittle crust.

6. The overpressure required to trigger shear failure follows predictable trends for variable R∕H, C∕(𝜌gH) and
𝜙, which we describe in the form of an empirical scaling law [equation (5)]. This scaling law provides accurate
predictions when compared to geological data (Figure 8).

7. We integrate our shear failure model with an established tensile hydrofracture propagation model, and we
mapped the mechanical conditions that are favorable for shear failure or tensile failure. This analysis sug-
gests that sills initially propagate laterally by tensile opening at the sill tip, until reaching a critical value of
R∕H and triggering failure of the overburden, which controls the subsequent emplacement of the magma.

8. This integration provides, for the first time, the physical conditions for the formation of V-shaped intrusions,
saucer-shaped intrusions, and large concordant sills.

Our study shows that the brittle Coulomb properties of the Earth’s crust can play a major role during magma
emplacement and propagation.
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