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Abstract We consider a stochastic hydroelectric power plant management
problem in discrete time with arbitrary scenario space. The inflow to the sys-
tem is some stochastic process, representing the precipitation to each dam. The
manager can control how much water to turbine from each dam at each time.
She would like to choose this in a way which maximizes the total profit from
the initial time 0 to some terminal time T . The total profit of the hydropower
dam system depends on the price of electricity, which is also a stochastic pro-
cess. The manager must take this price process into account when controlling
the draining process. However, we assume that the manager only has partial
information of how the price process is formed. She can observe the price, but
not the underlying processes determining it. By using the conjugate duality
framework, we derive a dual problem to the management problem. This dual
problem turns out to be simple to solve in the case where the profit rate pro-
cess is a martingale or submartingale with respect to the filtration modeling
the information of the dam manager. In the case where we only consider a
finite number of scenarios, solving the dual problem is computationally more
efficient than the primal problem.

Keywords Stochastic control · Hydropower management · Conjugate
duality · Martingales

1 Introduction

We consider the problem of managing a hydroelectric power plant system.
The system consists of N hydropower dams, which all have some maximum

K. R. Dahl
Department of Mathematics, University of Oslo
Tel.: +47-22854183
E-mail: kristrd@math.uio.no



1 INTRODUCTION

production capacity. The inflow to the system is some stochastic process, repre-
senting the precipitation or other natural source of inflow such as snow melting
or streams to each dam. The manager of the facility can choose how much wa-
ter to turbine from each dam at each time. She would like to choose this in a
way which maximizes the total profit from the initial time 0 to some terminal
time T . The total profit of the hydropower dam system depends on the price of
electricity, which is assumed to be a stochastic process. The manager must take
this price process into account when controlling the draining process. Hence,
the dilemma of our dam manager is how much water she should drain at each
time, when she must respect the natural constraints of the facility (e.g. the
maximum storage capacity and maximum production capacity) as well as take
into consideration the uncertainty regarding inflow and electricity price. We
apply the conjugate duality framework of Rockafellar (1974) to derive a dual
problem to the initial problem of the dam manager. This dual problem turns
out to be simple to solve in the case where the profit rate process is a martin-
gale or submartingale with respect to the filtration modelling the manager’s
information.

In Huseby (2016), the allocation of draining between the different dams
is the focus. Hence, they do not maximize the total income, but instead they
aim to satisfy the demand for electricity. In Alais et al. (2017), they consider
a single multi-usage hydropower dam. The goal is to maximize the expected
gain under a bound on the control, non-anticipativity of the draining strat-
egy and a tourist constraint. This constraint requires that the water level of
the dam is high enough during the tourist season with a certain probability.
This is a different kind of constraint than what we have. Chen and Forsyth
(2008) consider a problem somewhat similar to ours, but in continuous time.
They derive a Hamilton Jacobi Bellman (HJB) equation, which turns out to
be a partial integrodifferential equation and use viscosity solutions to study its
properties. Niu and Insley (2016) add ramping rate restrictions to the continu-
ous time problem, and derive an HJB equation for the value of the hydropower
station. Hamann et al. (2017) consider a finite scenario space, and reformulate
the problem in such a way that is can be solved via quadratic programming.
Apostolopoulou et al. (2018) study a cascading hydroelectric system via tech-
niques from robust optimization.

In contrast, we consider a discrete time, arbitrary scenario space setting
and use conjugate duality techniques to derive a dual problem. To the best
of our knowledge, such methods have not been applied to hydroelectric dam
management problems before. However, in mathematical finance, the use of
duality methods have been extensively studied by Pennanen (2011 and 2012),
Pennanen and Perkkio (2012), King (2002), King and Korf (2001) and others
over the past decade. Some advantages with duality methods are:

– The optimal value of the dual problem gives a bound on the optimal value
of the primal problem.

– In some cases, so-called strong duality holds: The optimal primal value is
actually equal to the optimal dual value.
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2 MODELING A SYSTEM OF HYDROPOWER DAMS

– The method is extremely suitable for handling various kinds of constraints
without added complexity. This is not the case for classical stochastic con-
trol methods such as stochastic dynamic programming and the stochastic
maximum principle, see Ji and Zhou (2006) for more on this.

– If the case where the problem and the constraints are linear, in the finite
scenario space case, the method reduces to linear programming which can
be solved efficiently using e.g. simplex or interior point methods. Using
the simplex algorithm for solving the dual problem at the same time pro-
vides the primal optimal control variables as shadow prices of the dual
constraints, see e.g. Vanderbei (1996)

Gauvin et al. (2018) also consider the stochastic hydropower management
problem in discrete time, but they use a successive linear programming ap-
proximation to solve the problem. Also, Gauvin et al. (2018) do not consider
partial information like we do.

The structure of the paper is as follows: In Section 2, we present the model
for the hydropower dam system and the stochastic processes involved. We also
introduce the maximization problem of the dam manager, and rewrite this to
a more tractable form. Then, in Section 3, we choose a suitable perturbation
space and derive its dual space. Based on this, we derive the dual problem.
In a special case, this dual problem turns out to be simple to solve, so we
find the dual solution in this case. In general, this optimal dual value gives
an upper bound on the optimal value of the primal problem. If we consider
a finite number of possible scenarios, these optimal values are equal, and we
can find the optimal dam management process by solving the dual problem.
Under some additional assumptions, we prove that the optimal primal and
dual values coincide in the case where the number of scenarios is infinite as
well.

In Section 4 we discuss whether strong duality holds for our problem. We
use this to discuss some computational properties of the problem, in particular
when it is simpler to solve the dual problem than the primal. In Section 5, we
impose a constraint on the total production capacity of the hydro-dam system
instead of on the individual dams. In Section 6, we add structure to the dam
system. However, despite the added complexity, the conjugate duality methods
works in the same way as before.

2 Modeling a system of hydropower dams

We consider a system consisting of N hydropower dams over a discrete time
period t = 1, 2, . . . , T < ∞. This framework is equipped with an (arbitrary)
probability space (Ω,P,F). Related to this probability space, we have several
different stochastic vector processes. For each of the following processes, vector
component i ∈ {1, 2, . . . , N} corresponds to dam i of the facility:

The electricity price process is denoted by S(t, ω), t = 1, 2, . . . , T . Let
r ∈ R, r ≥ 0, denote the (constant) interest rate. The dams may have dif-
ferent production costs per unit of electricity. We assume that these costs are
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linear, where the coefficients are denoted by Ci ∈ R, i = 1, 2 . . . , N . We de-
fine Si(t, ω) = (S(t, ω) − Ci)/(1 + r)t to be the discounted profit process per
unit of electricity produced in dam i = 1, 2, . . . , N , and let {S(t)}t denote the
composed profit rate process,

S(t, ω) := (S1(t, ω), S2(t, ω), . . . , SN (t, ω)) ∈ RN .
Note that we do not make any assumptions on the structure of the price

process, so it can be any discrete time stochastic process. The reason for this
is that we want to highlight the structural properties of the dam management
problem that are independent of the specific price process. Of course, econom-
ically reasonable price processes are non-negative. Several different processes
are used to model electricity prices in the literature, see Weron (2014) for
an overview. Three classes of processes are commonly used: mean-reverting
jump diffusion models, mean-reverting Markov regime switching models and
threshold autoregressive (TAR) models. Some examples of papers using the
different classes of electricity price models are Weron (2014) and Benth et al.
(2007) who use jump diffusion models, Weron et al. (2004) and Bierbrauer et
al. (2007) who consider regime switching models and Rambharat et al. (2005)
where a TAR model is used. An advantage of our approach is that the re-
sults in the present paper apply regardless of the choice of process to model
the prices. In contrast, Alais et al. (2017) and Niu and Insley (2016) consider
hydropower dam management problems for a specified stochastic electricity
price process.

In the following, we will usually (for ease of notation) omit writing out
the ω ∈ Ω in the notation of the various processes. The inflow process is
R(t, ω) ∈ RN , and for any time t, the random variable R(t) is interpreted
as the amount of precipitation and other natural inflow to the dams between
times t and t+ 1. The inflow is measured in terms of units of electricity which
the water corresponds to. Note that this can take both positive and negative
values. In practice, this means that we allow for both positive inflow such
as rain and snow melting as well as negative “inflow” such as evaporation or
natural draining of water.

The amount of water in the dams is denoted by V(t, ω) ∈ RN . For any
time t, the random variable V(t) is the amount of water in the dam (measured
in terms of units of electricity which the water corresponds to) at time t. Note
that we must have V(t, ω) ≥ 0 (since the dams cannot hold a negative amount
of water). In particular, the initial water level V(1) ≥ 0. The manager can
drain water to use it for electricity production, or simply release water without
using it to produce power. Clearly, releasing water without using it for power
production is only done (by a profit maximizing manager) in the case where
the production capacity is already at the maximum level. The drain process
corresponding to the water released without using it for electricity production
is denoted by Drel(t) ∈ RN , while the drain process which is used to produce
power is denoted byDprod(t) ∈ RN . The composed draining process is denoted
by

D(t, ω) := Dprod(t, ω) + Drel(t, ω)
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and for any time t, the random variable D(t) is interpreted as the amount
of water which is drained from the dams between times t and t + 1. The
draining process is also measured in terms of units of electricity which the
water corresponds to.

Remark 1 Throughout the paper, we choose to measure the amount of water in
terms of units of electricity which the water corresponds to. Hence, the drain
process {D(t)}t, the water level process {V(t)}t and the precipitation process
{R(t)}t are all measured as electricity units. By choosing this unit of mea-
surement, we implicitly assume that there is a linear correspondence between
the release of water and the number of units of electricity produced. We also
assume that the generation efficiency is constant, so it does not depend on e.g.
the level of water in the dams. This is a simplification made in order for the
profit function to be linear. This allows us to use linear programming duality
to solve the problem in the finite scenario space case. This leads to a more
transparent solution of the problem, as well as availability of efficient compu-
tational methods such as the simplex algorithm. Note that this assumption is
not necessary for the general conjugate duality approach to work. However,
the derivation of the dual problem becomes more complicated if there is a com-
plex dependence between the water release and the electricity production. If the
relationship between the water release and the number of units of electricity
produced is nonlinear, the dam management problem becomes a nonlinear op-
timization problem. If there is a concave relationship between the two, the dam
management problem is a concave maximization problem. This is equivalent to
a convex optimization problem. For theoretical results, Lagrange duality (a par-
ticular case of conjugate duality may be applied). For computational purposes,
interior point methods or subgradient methods can be used. This is beyond the
scope of this paper.

The drain process, {D(t)}t, can be controlled by the dam manager. When
the dam manager chooses D(t), she does so based on her current information,
which may only be partial. In particular, in the case where the manager has
full information, she observes S(t),V(t) and R(t − 1) as well as all previous
values of these processes. When selling the electricity from the drained water,
the manager will get the unknown price S(t+ 1). Note also that the manager
must choose how much to drain in a period before knowing how large the
inflow will be over the same period of time. An illustration of the order which
information is revealed and choices are made is shown in Figure 1.

Remark 2 There is an ambiguity in the way we have chosen to interpret the
draining process. As an alternative, one could say that the draining happens
instantaneously, and hence D(t), the water drained at time t could be sold
at the price S(t). This kind of interpretation would eliminate some of the
uncertainty of the dam manager. However, note that the manager still has to
take into consideration that the water she drains now may have been better
off being saved for a later time when the electricity price is potentially higher.
Hence, the electricity price is an important source of uncertainty in this case
as well.
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Fig. 1: The order of information

S(t) Electricity price
r Interest rate (constant)
C Cost per unit electricity produced
S(t) Discounted profit rate process
R(t) Inflow process
V(t) Amount of water in dams
D(t) Composed draining process (control variable)
Dprod(t) Part of drain process used for production of electricity
Drel(t) Part of drain process released due to max production reached
m Maximum amount of water in dams
b Maximal production capacities
c Maximal release capacity (in addition to production capacity)

Fig. 2: An overview of the notation

Dam 1 Dam 2

. . .
Dam Nm m m

Turbine 1 Turbine 2 Turbine N

Fig. 3: The hydropower system: N separate dams

Since water cannot be turbined infinitely fast, we also have a maximal pro-
duction capacity for the different dams. These maximal production capacities
are the components of the vector b = (b1, b2, . . . , bN ). The maximal amounts
of water which can be released (in addition to the maximum production capac-
ity, but not be used for energy production) is c = (c1, c2, . . . , cN ). In addition,
the dams have a finite capacity to hold water without flooding, so we let the
vector m = (m1,m2, . . . ,mN ) be the maximal amount of water in the dams.
An overview of the notation is shown in Table 2, and Figure 3 is an illustration
of the dam system.

The information of the dam manager is given by a filtration (Gt)Tt=1 which
can be a subfiltration of the full information filtration, i.e., the manager may
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only have partial information. Recall that the full information filtration, de-
noted (Ft)Tt=1 is the one generated by S(t),V(t) and R(t− 1). Hence, Gt ⊆ Ft
for all times t = 1, 2, . . . , T . We assume that FT = GT = Ω, i.e., that at the
terminal time the true scenario is revealed to the manager. Note that this
concept of partial information is quite general. For instance, the dam manager
may have delayed price information, incomplete information about the inflow
to the dams or the price formation. In Example 1 we consider such a situation.

Let
DG := {all {Gt}-adapted processes}.

The problem of the dam manager is as follows:

max{Dprod(t),Drel(t)} E[
∑T−1
t=1 Dprod(t) · S(t+ 1) + αV(T ) · S(T )|G0]

such that
(1)

V(t+ 1) = V(t) + R(t)−D(t), t = 1, . . . , T − 1 a.s.,
D(t) ≤ V(t) ≤m, t = 1, . . . , T − 1 a.s.,

0 ≤ Dprod
i (t) ≤ bi, i = 1, . . . , N and t = 1, . . . , T − 1 a.s.

0 ≤ Drel
i (t) ≤ ci, i = 1, . . . , N and t = 1, . . . , T − 1 a.s.

where we maximize over all drain processes Dprod,Drel ∈ DG . By maximizing
over this set, the expectation in the objective function is implicitly conditional
on the initial information. For transparency, we have written this out in prob-
lem (1), but we will omit this in the following. The initial water level V(1) is
given and α is a constant. Note that the constant α gives weight to the termi-
nal value of the water in the reservoir. It can be any value, but it is natural to
have α ∈ (0, 1]. This is natural because the remaining water should have some
value, but perhaps not S(T ) ·V(T ), since it cannot be turbined immediately.

That is, she wants to maximize the total profit from the hydropower dams
while not draining more water than what is available at any time (given the
development of the water level) while also respecting the maximum production
capacities and maximum water levels of the different dams and not draining
more water than what’s available at each time.

Remark 3 In addition to the variable cost depending on the number of units of
electricity produced (reflected in the profit rate process {S(t)}t), the hydropower
dam facility may have some fixed costs. This just corresponds to a constant in
the objective function (1), and has no effect on the solution of the problem.
Hence, for ease of notation, we skip writing this out. It can simply be added
to the optimal function value at the end instead.

Remark 4 In some cases, there are regulations requiring that the water level in
each dam should not fall below a fixed level. This corresponds to adding a con-
straint of the form l ≤ V(t) for all times t for some vector of lower bounds,
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l = (l1, l2, . . . , lN ). Adding such a constraint does not pose any mathemati-
cal problems. The dam management problem can be solved precisely as what
will be done in the following sections, with the additional constraint treated
just like all of the other constraints of problem (1). However, adding another
constraint requires another dual variable, and makes the notation somewhat
messier. Hence, for ease of notation, we omit such a constraint. Similarly,
there are sometimes minimum water release requirements in dams, so the drain
process may be bounded by a positive number below. Again, adding such a con-
straint poses no mathematical problems, but complicated the notation further.
For this reason, it is omitted. The exact same solution method as what will
presented in the following sections can be applied.

Note that problem (1) is an infinite linear programming problem, i.e., the
problem is linear with infinitely many constraints and variables. For more on
infinite programming, see for instance Anderson and Nash (1987) and for a
numerical method, see e.g. Devolder et al. (2010). However, if Ω is finite, (1)
is a linear programming problem. In this case, the problem can be solved
numerically using the simplex algorithm or an interior point method, see for
example Vanderbei (1996).

Example 1 Partial information which is not delayed information
This example is a twist on the one in Dahl (2017). In this example, we

illustrate a kind of partial information which is not delayed information. Al-
though the results of this paper hold when Ω is an arbitrary set, we consider a
situation where Ω is finite. This simplifies the intuition and allows for illustra-
tion via scenario trees. For computational purposes and practical applications,
this is also the most relevant.

Consider times t = 1, 2, 3, Ω := {ω1, ω2, . . . , ω5} and a hydropower facility
with only one dam. The inflow process to the dam is R(t, ω), and the electricity
price process is S(t, ω). Let

R(t, ω) := X(t, ω) + ξ(t, ω),

i.e., the inflow process is composed of two other processes, X and ξ. For in-
stance, X(t) may be the precipitation, while ξ(t) is the inflow due to snow-
melting.

The seller does not observe these two processes, only the current inflow.
The following scenario trees show the development of the processes X and ξ,
as well as the inflow process observed by the seller.

Full information in this market corresponds to observing both processes
X and ξ (as well as full information corresponding to the price process S(t)),
i.e., the full information filtration (w.r.t. the inflow) (Ft)t is the sigma algebra
generated by X and ξ, σ(X, ξ). However, the filtration observed by the seller
(Gt)t, generated by the inflow process R(t), is (strictly) smaller than the full
information filtration. For instance, if you observe that ξ(1) = 3 and X(1) = 4,
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Fig. 4: The process ξ
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Ω = {ω1, ω2, . . . , ω5}

X = 4, {ω1, ω2}

X = 2, {ω3, ω4, ω5}

ω1

ω2

ω3

ω4

ω5q q q
t = 1 t = 2 t = T = 3

Fig. 5: The process X

you know that the realized scenario is ω1. However, this is not possible to
determine only through observation of the inflow process R(t). Hence, this
is an example of a model with hidden processes, which is a kind of partial
information that is not delayed information.

ut

It turns out that we can rewrite the problem in such a way that we remove
the V(t) process. Since V(t + 1) = V(t) + R(t) −D(t), t = 1, . . . , T − 1, we
have:

∆V(t) := V(t+ 1)−V(t)
= R(t)−D(t).

Hence,
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R = 6, Ω = {ω1, ω2, . . . , ω5}

R = 7, {ω1, ω4}

R = 9, {ω3, ω5}

R = 5, {ω2}

R = 3, ω1

R = 8, ω4

R = 9, ω2

R = 7, ω3

R = 4, ω5q q q
t = 0 t = 1 t = T = 2

Fig. 6: The inflow process R(t)

V(t) = V(t)−V(t− 1) + V(t− 1)−V(t− 2) + V(t− 2)− . . .
−V(2) + V(2)−V(1) + V(1)

=
∑t−1
s=1∆V(s) + V(1)

=
∑t−1
s=1(R(s)−D(s)) + V(1).

(2)

Therefore, problem (1) can be rewritten:

max E[
∑T−1
t=1 Dprod(t) · S(t+ 1) + αS(T ) ·

(∑T−1
s=1 (R(s)−D(s)) + V(1)

)
]

such that

D(t) ≤
∑t−1
s=1(R(s)−D(s)) + V(1) ≤m, t = 1, . . . , T − 1 a.s.,

0 ≤ Dprod
i (t) ≤ bi, i = 1, . . . , N and t = 1, . . . , T − 1 a.s.

0 ≤ Drel
i (t) ≤ ci, i = 1, . . . , N and t = 1, . . . , T − 1 a.s.

(3)

where
∑0
s=1 . . . = 0, so D(1) ≤ V(1) ≤m. Also, as previously, the maximiza-

tion is over all Dprod,Drel ∈ DG .

Remark 5 In the current framework, we consider N different hydro-dams, but
since they are not connected to one another and there is a separate maximal
production capacity for each dam, we could separate the problem and consider
just one dam instead. However, in Section 6, we will add network structure
connecting the dams. To have a consistent notation, we choose to formulate
the problem in vector form from the beginning.

Note also that if the hydropower facility has a maximal total production
capacity C, we could not just consider one dam instead of N dams.
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3 THE DUAL PROBLEM

3 The dual problem

In this section, we will use the conjugate duality framework of Rockafellar
(1974) to derive a dual problem to the rewritten version of the manager’s
problem (3).

The main idea of conjugate duality is to represent the original, or primal,
problem as one half of a minimax problem where a saddle point exists. The
other half of this minimax problem is called the dual problem. In order to do
this, we introduce a functionK(D,y), called the Lagrange function, depending
on some perturbation variables y such that there exists a saddle point for
this function. The function K(D,y) is chosen such that our primal problem is
supD∈DG

infy∈Y K(D,y). Then, the dual problem is infy∈Y supD∈DG
K(D,y),

and this optimal value bounds our primal problem (from above). Under some
conditions, these optimal primal and dual values coincide (and are attained
in the saddle point of K(D,y)). In this case we say that strong duality holds.
For a more detailed presentation of conjugate duality theory, see Rockafellar
(1974).

Theorem 1 The dual problem to problem (1) is:

C + infy≥0

∑T−1
t=1 E[λt · {V(1) +

∑t−1
s=1 R(s)}+ zt · c

+vt · b + wt · {m−V(1)−
∑t−1
s=1 R(s)}]

such that

E[Si(t+ 1)|Gt]− αE[Si(T )|Gt] = vi,t − γi,t + λi,t + E[
∑T−1
s=t+1

(
λi,s − wi,s

)
|Gt],

αE[Si(T )|Gt]− E[Si(t+ 1)|Gt] = ξi,t − zi,t − λi,t − E[
∑T−1
s=t+1

(
λi,s − wi,s

)
|Gt].
(4)

Here, the maximization is over

{y ∈ Lq(Ω,F , P : R6(T−1)N )| y = (γ, v, λ,w, z, ξ) ≥ 0},

and C := αE[S(T ) · V(1) +
∑T−1
t=1 S(T ) · R(t)]. The constraints hold for all

t = 1, . . . , T − 1, i = 1, . . . , N , and vi,t, γi,t, zi,t, ξi,t are Gt measurable.

Proof Let p ∈ [1,∞), and define the perturbation space

U = {u ∈ Lp(Ω,F , P : R6(T−1)N )| u = (uγ ,uv,uλ,uw,uz,uξ)}

where writing u = (uγ ,uv,uλ,uw,uz,uξ), ui(ω) ∈ R(T−1)N for i = γ, v, λ, w, z, ξ,
is to highlight the different parts of the permutation vector corresponding to
the constraints of the manager’s problem (3).

Corresponding to the perturbation space U , we define the dual space

Y = U∗ = {y ∈ Lq(Ω,F , P : R6(T−1)N )| y = (γ,v, λ,w, z, ξ)}
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where the vector of dual variables is y = (γ,v, λ,w, z, ξ). Here, γ is the vector
of γi,t, i = 1, . . . , N, t = 1, . . . , T − 1 and similarly for v,λ and w. Note that
the components of y and u correspond to one another.

We define a bilinear pairing between the dual spaces U and Y by 〈u,y〉 =
E[u · y], where 〈·, ·〉 denotes the Euclidean inner product. The perturbation
function F : DG × U → R is defined in the following way:

F (Dprod,Drel,u) = E[

T−1∑
t=1

Dprod(t)·S(t+1)+αS(T )·
( T−1∑
s=1

(R(s)−D(s))+V(1)
)

]

if

Drel(t)− c ≤ uz,

−Drel(t) ≤ uξ,

Dprod(t)− b ≤ uv,

−Dprod(t) ≤ uγ ,

D(t)−
∑t−1
s=1(R(s)−D(s))−V(1) ≤ uλ,t for t = 1, . . . , T − 1,∑t−1

s=1(R(s)−D(s)) + V(1)−m ≤ uw,t for t = 1, . . . , T − 1

(5)

and F (D,u) = −∞ otherwise.
Then, the Lagrange function is

K(Dprod,Drel,y) = E[
∑T−1
t=1 Dprod(t) · S(t+ 1) + αS(T ) ·

(∑T−1
t=1 (R(t)−D(t)) + V(1)

)
]

+E[
∑T−1
t=1 γt ·Dprod(t)] + E[

∑T−1
t=1 vt · (b−Dprod(t))]

+E[
∑T−1
t=1 ξt ·Drel(t)] + E[

∑T−1
t=1 zt · (c−Drel(t))]

+E[
∑T−1
t=1 λt · (V(1) +

∑t−1
s=1(R(s)−D(s))−D(t))]

+E[
∑T−1
t=1 wt ·

(
m−V(1)−

∑t−1
s=1(R(s)−D(s))

)
]

The dual objective function is

g(y) = supDprod,Drel K(Dprod,Drel,y)

= E[αV(1) · S(T ) +
∑T−1
t=1 V(1) · λt + α

∑T−1
t=1 S(T ) ·R(t) +

∑T−1
t=1 vt · b

+
∑T−1
t=1 wt ·

(
m−V(1)−

∑t−1
s=1 R(s)

)
+
∑T−1
t=1

∑t−1
s=1 λt ·R(s)]

+
∑T−1
t=1 zt · c +

∑T−1
t=1

∑N
i=1 sup{Dprod

i (t)} F̃ (Dprod
i (t))

+
∑T−1
t=1

∑N
i=1 sup{Drel

i (t)} G̃(Drel
i (t))

where λ,v, γ,w, z, ξ ≥ 0 and

F̃ (Dprod
i (t)) := E[Dprod

i (t){Si(t+1)−αSi(T )+γi,t−vi,t−λi,t+
T−1∑
s=t+1

(
wi,s−λi,s

)
}],

12



3 THE DUAL PROBLEM

G̃(Drel
i (t)) := E[Drel

i (t){αSi(T )−Si(t+1)−ξi,t+zi,t+λi,t+
T−1∑
s=t+1

(
λi,s−wi,s

)
}].

From Lemma 2.1 and 2.2 in Dahl (2017), it follows that the dual problem
is equivalent to

C + infy≥0

∑T−1
t=1 E[λt · {V(1) +

∑t−1
s=1 R(s)}+ zt · c

+vt · b + wt · {m−V(1)−
∑t−1
s=1 R(s)}]

such that∫
A
{S(t+ 1)− αS(T ) + γt − vt −

∑T−1
s=t λs +

∑T−1
s=t+1 ws}dP = 0 ∀ A ∈ Gt∫

A
{αS(T )− S(t+ 1)− ξt + zt +

∑T−1
s=t λs −

∑T−1
s=t+1 ws}dP = 0 ∀ A ∈ Gt

where C := αE[S(T ) ·V(1) +
∑T−1
t=1 S(T ) ·R(t)] and the constraints hold for

all t = 1, . . . , T − 1. From the definition of conditional expectation (see e.g.
Øksendal (2000)), the constraints can be rewritten:

E[Si(t+ 1)|Gt]− αE[Si(T )|Gt] = vi,t − γi,t + λi,t + E[
∑T−1
s=t+1

(
λi,s − wi,s

)
|Gt],

αE[Si(T )|Gt]− E[Si(t+ 1)|Gt] = ξi,t − zi,t − λi,t − E[
∑T−1
s=t+1

(
λi,s − wi,s

)
|Gt]

where the constraints hold for t = 1, . . . , T−1, i = 1, . . . , N , and vi,t, γi,t, zi,t, ξi,t
are Gt measurable.

Note that from the conjugate duality theory, see Rockafellar (1974), the op-
timal value of the dual problem is an upper bound to the primal maximization
problem. So, the optimal value of the hydroelectric dam system is bounded
from above by the optimal value of the minimization problem (4). ut

In some cases, such as in the following Example 2, the dual problem is very
simple to solve analytically.

Example 2 An analytical solution of the dual problem
Assume the following:

– The profit rate process S(t) satisfies the following property w.r.t. the partial
information filtration (Gt)T−1

t=1 , i.e.:

E[S(t+ 1)|Gt] = αE[S(T )|Gt].
We say that the profit rate process is an α-martingale w.r.t. the partial
information filtration. Note that if α = 1, this is the regular martingale
property.

– In addition, assume that

m−V(1)−
t−1∑
s=1

R(s) ≥ 0 a.s. (6)

for all times t = 1, . . . , T − 1. This says that almost surely, none of the
dams will flood even without draining any water.

13



3 THE DUAL PROBLEM

The final assumption may seem fairly strict, however it is only necessary
in order to ensure that the problem has a solution. The production capacities
are limited and so is the ability to release water. Hence the total amount of
water which can be removed is limited as well. Since we are not specifying
the precipitation process explicitly, this condition ensures that a feasible solu-
tion for the dam manager is to do nothing. However, this condition is hardly
any problem for real life problems. Having too much water and no means of
removing it is not a major concern in relation to dam management.
We remark that we also need the following inequality to hold

V(1) +

t−1∑
s=1

R(s) ≥ 0 a.s. for t = 1, . . . , T − 1 (7)

i.e., there cannot be more natural draining or evaporation than the total
amount of water in the dams either coming from rain or what was there orig-
inally. This will always be the case in a real life situation. If there is no water,
there is no evaporation or natural draining. Therefore, we have not specified
this as an assumption.

From the assumptions above and the form of the dual problem (4), we see
that the optimal solution of the dual problem is to choose λ = v = γ = w =
ξ = z = 0. Due to the α-martingale property, this choice implies that the
constraints are satisfied and the dual optimal value, d∗, is the lowest it can
possibly be:

d∗ = E[S(T ) ·V(1) +

T−1∑
t=1

S(T ) ·R(t)].

If assumption (6) still holds, but the profit rate process is an α-submartingale
with respect to the manager’s information, it is also easy to see how to find an
optimal dual solution. In this case, we know that E[S(t+1)|Gt] ≤ αE[S(T )|Gt].
Therefore, we can let λ = v = w = z = 0 and ξt = γt = E[αS(T ) − S(t)|Gt]
for all t = 1, . . . , T −1. For this choice of y = (λ,v, γ,w, ξ, z), we get the same
optimal dual value as in the α-martingale case.

In the case where the profit rate process is an α-supermartingale w.r.t. the
filtration (Gt)T−1

t=1 , it is not obvious what the optimal dual solution will be. In
this case, we cannot define γi,t as in the submartingale case, since we must
have γi,t ≥ 0. The same is true if assumption (6) does not hold.

Note that in the case where assumption (6) holds and the profit rate pro-
cess is either an α-martingale or an α-submartingale, the constraint vectors b
and m (on the maximal production capacities and maximal levels of water in
the dams respectively) do not affect the optimal value of the dual problem.
The reason for this is as follows: Consider the case where the profit rate pro-
cess is an α-martingale. In this case, the manager always expects the current
profit to be the same as the terminal time profit weighted by α, given her
current information. Because of assumption (6), the manager does not expect
to worry about the dams flooding, so she can just wait until the terminal time,

14



4 STRONG DUALITY

and then be left with the remaining water value. This value is d∗. Due to the α-
martingale assumption, she does not expect to lose money with this strategy.
The argument in the α-submartingale case is completely parallel. However,
since the profit rate process is an α-submartingale, the manager actually ex-
pects to gain money based on this. ut

In Example 2, we were able to find an analytical solution to the dual
problem even though solving the primal problem directly was difficult. This
illustrates how the dual problem provides more flexibility: In some cases, it
may be easier to solve the dual than the primal, while in others, the primal
can be simpler. Having the possibility of using duality doubles our tool-box.

Remark 6 As mentioned, we could also consider the situation where the drain-
ing of water D(t) happens instantaneously, so the electricity can be sold at
the known price S(t) instead of having to be sold at the next time step for
S(t+ 1). However, the calculations in this case become completely identical to
those above, except that S(t+1) is replaced by S(t) throughout. If the price pro-
cess (S(t))Tt=1 is (Gt)Tt=1-adapted, this implies that E[S(t)|Gt] = S(t). Hence,
we get a slight simplification of the previous expressions. However, the case
where the dual problem is simple to solve is the same as before.

4 Strong duality

Another natural question is when strong duality holds, i.e., when is the optimal
value of problem (1) equal to the optimal value of the dual problem (4)? In
the case where Ω is finite, we get the following result:

Theorem 2 Assume that the scenario space Ω is finite. If the dam man-
agement problem (1) has a feasible solution, then the optimal values of prob-
lems (1) and (4) are equal and we can derive the optimal management strategy
by solving the dual problem.

Proof Since Ω is finite, the conjugate duality technique reduces to linear pro-
gramming (LP) duality (see Rockafellar (1974)). Hence, since the nature of
the dam management problem implies that it is bounded (it is not possible
to have infinite revenue in a finite amount of time), it follows from the fun-
damental theorem of linear programming (Theorem 3.4 in Vanderbei (1996))
that if there exists a feasible solution to the primal problem, it has an optimal
solution. From Theorem 5.2 in Vanderbei (1996), we then get that the dual
problem (4) is feasible as well, and that the optimal values of the primal (1)
and dual (4) coincide. From the dual simplex algorithm, we get the optimal
management strategy as slack variables to the optimal dual variables. ut

To illustrate the dam management problem in the finite scenario space
case, we present a numerical example.
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Fig. 8: The process R1

Example 3 A numerical illustration

Consider the dam management problem (1) with two dams. Let Ω =
{ω1, ω2, ω3}, P (ωi) = 1

3 for i = 1, 2, 3 and t = 1, 2, 3. Assume that the dis-
counted profit rate process is the same for both dams, and that the discounted
profit and precipitation processes are as in Figures 7-9. To avoid an excessive
number of variables, we remove the possibility of releasing water without using
it for power production. Hence, D = Dprod.

Assume that the dam manager has full information. Then, by (quite a
lot of) basic algebra and linear algebra, we can rewrite the dam manager’s
problem (1) as a linear programming problem in standard form:
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−minD(t){− 1
3 f ·D}+ ( 177

3 + E[S(3)] ·V(1))α

such that
AD ≤ c,
BD = 0
0 ≤ D ≤ b.

(8)

Here,

D = (D1
1(1), D1

2(1), D1
1(2), . . . , D3

2(1), D3
1(2), D3

2(2))

is the draining strategy sorted wrt. dam, time and scenario. For example,
D3

1(2) is the drain process chosen for dam 1 at time 2 in state 3.

f = (4− 4α, 4− 4α, 4− 4α, 4− 4α, 2− 5α, 2− 5α,

5− 5α, 5− 5α, 2− α, 2− α, 1− α, 1− α)

c = (m1 − V1(1)− 5,m1 − V1(1)− 9,m1 − V1(1)− 9,m2 − V2(1)− 1,m2 − V2(1)− 7,

m2 − V2(1)− 7, V1(1) + 5, V1(1) + 9, V1(1) + 9, V2(1) + 1, V2(1) + 7, V2(1) + 7)

A = [−A1;−A2;A1;A2]

where

A1 =

1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0

 ,
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4 STRONG DUALITY

A2 =

0 1 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 1

 .

Finally,

B =


1 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 −1 0 0 0
0 0 0 0 0 0 1 0 0 0 −1 0
0 1 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 −1 0 0
0 0 0 0 0 0 0 1 0 0 0 −1

 .

Note that the constraint BD = 0 reflects the full information of the manager
(see Figure 7).

Let α = 0.5, m = (50, 30), b = (15, 10) and V(1) = (12, 8). Then, we
can use MATLAB’s linprog function to compute the optimal solution. This
function uses the dual simplex algorithm, which is equivalent with deriving
the dual problem and applying the simplex algorithm. The result is that this
problem has an optimal solution, and the optimal draining strategy is

D = (6, 5, 11, 4, 6, 5, 15, 10, 6, 5, 15, 10).

We see that the manager uses only the information she has available at each
time because Di(1, ω1) = Di(1, ω2) = Di(1, ω3) and Di(2, ω2) = Di(2, ω3) for
i = 1, 2. For example, D1(1, ω1) = D1(1, ω2) = D1(1, ω3) = 6. The correspond-
ing optimal value is 16.8333.

ut

Remark 7 In Example 3, we omitted the algebra of writing out problem (1) and
transforming it to a linear programming problem in standard form. Though this
is not difficult, it is notationally messy and it is time consuming, even for this
very simple example. For larger, more complex systems, this becomes a massive
task, though actually solving the optimization problem via e.g. the dual simplex
method is simple once it has been written in the correct form.

We now turn to the case of arbitrary (infinite) Ω, which is more compli-
cated. The case of general Ω is clearly interesting from a theoretical point of
view. It is also relevant for applications. For example, it may be difficult to
choose just a few possible future scenarios to study. In this case, considering
e.g. a set of scenarios which is normally distributed can be interesting. Such
an assumption could reflect that most of the scenarios are somewhere in the
middle, but in some cases the realized scenario is very good or very bad.

In the remaining part of this section, we make some weak additional as-
sumptions, all of which are very natural:

Assumption 3 Assume that:
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4 STRONG DUALITY

– The discounted profit rate process S(t) is bounded on [0, T ].
– The inflow process R(t) is bounded on [0, T ] and Ri(t) > 0 for all times t

(so there is always some inflow to the dam).
– The initial water level of the dam is bounded, i.e. V(1) <∞.

Note that most of the theory on conjugate duality is formulated for convex
functions. However, the results can readily be rewritten to the concave case.
Since our primal problem (9) is a maximization problem, we consider the
concave version of the theory. By using this theory, we can prove that there is
no duality gap for our problem:

Theorem 4 There is no duality gap for our problem, i.e., the optimal value
of problem (1) is equal to the optimal value of problem (4). Also, there exists
a ȳ ∈ Y which solves the dual problem.

Proof It follows from Example 1 in Pennanen and Perkkiö (2012) and Example
14.29 in Rockafellar and Wets (2004) that our choice of −F is in fact a convex
normal integrand, and in particular, it is convex. Hence, the perturbation
function F (which we have chosen) is concave.

From Theorem 17 and Theorem 18 a) in Rockafellar (1974) rewritten to
the concave case, we find that if F is concave and there exists a D ∈ DG such
that the function u 7→ F (D,u) is bounded below on a neighborhood of 0, the
primal and dual optimal values coincide and there exists a ȳ ∈ Y which solves
the dual problem.

Since we know that our choice of F is concave, the theorem will follow if
we can find D ∈ DG such that the function u 7→ F (D,u) is bounded below on
a neighborhood of 0.

The only possible problem is the case where F (D,u) = −∞. This fol-
lows because in the other case, F is bounded from below by definition (see
equation (5)) and the assumptions on the stochastic processes involved (see
Assumption 3).

This means that we have to find a {D(t)}t∈[0,T ] such that for all u in a
neighborhood of 0, we avoid the case where F (D,u) = −∞. That means that
for our choice of D(t), the constraints of equation (5) have to be satisfied for
all such u. However, this can be achieved by choosing Di(t) = min{Ri(t) −
ε, Vi(1)− ε, bi − ε}, where epsilon is chosen to be so small that this Di(t) > 0
for all i = 1, . . . , N, t = 1, . . . , T . Then, all the constraints of equation (5) are
satisfied for all u in an ε-neighborhood around 0, and hence F is bounded
below on this neighborhood.

Hence, it follows that there is no duality gap, i.e., that the optimal value of
the primal problem (1) is equal to the optimal value of the dual problem (4).

ut

A weakness of the solving the dual problem instead of the primal prob-
lem is that we do not get the optimal drain process directly from the dual.
However, in practice when Ω is finite, one could for instance solve the dual
problem by using a dual simplex algorithm. Such an algorithm would provide
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5 A CONSTRAINT ON MAXIMAL TOTAL PRODUCTION

the optimal draining strategy directly as shadow prices (slack variables) of the
dual constrains.

In the case where Ω is finite, it is typically more efficient to solve the
dual problem than it is to solve the primal (from a computational point of
view) when the number of constraints in the primal problem is greater than
the number of variables. This is the case for the our problem: The number of
variables is N(T − 1)|Ω|, while the number of constraints is 4N(T − 1)|Ω|.
Hence, there are 3N(T − 1)|Ω| more constraints than variables. For a large
T and |Ω|, this is substantial and it will be faster to use the dual simplex
algorithm than using the primal simplex method.

Remark 8 Note that instead of having the terminal value of water equal to
αS(T ) · V(T ), we could consider some function K(V(T )), K : RN → R of
the terminal water level as in Alais et al. (2017). However, since our solution
technique eliminates the water level process {V(t)}, we get that

K(V(T )) = K
( T−1∑
s=1

(R(s)−D(s)) + V(1)
)
.

In order to be able to use the solution method we have presented, we need to
be able to separate out Di(t) in order to separate the maximizations to derive
the dual value function. Hence, we need K to be an affine function.

5 A constraint on maximal total production

In this section, we consider the same problem as in Section 2, but instead of
having constraints on the maximal production capacity of each dam individu-
ally, we introduce a constraint on the total production of the whole hydro-dam
system. Hence, we can imagine that the system has only one common turbine
for all the dams, such as in Figure 10, instead of having N different turbines
as in Figure 3.

This aggregation technique simplifies the problem and can reduce compu-
tational times (see Shayesteh et al. (2016), but of course ignores individual
constraints for each dam. In some cases, this is quite realistic. For instance,
Löschenbrand and Korpås (2017) show how this summation method can lead
to incorrect behavior in the case where some reservoirs are congested while
others are not. However, if the reservoirs have homogeneous behavior, this
aggregation leads to little loss of information. For a further discussion on
this aggregation, see Shayesteh et al. (2016), Härtel and Korpås (2017) and
Löschenbrand and Korpås (2017).

This means that the question of how to distribute the production between
the dams becomes important. This is similar to the problem in Huseby (2016),
however the maximization objective in our paper is different from the one in
Huseby (2016), and our framework is more general.

For the remaining part of the paper, in order to simplify the notation
slightly, we remove the possibility of releasing water without using it to produce
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Fig. 10: The hydroelectric dam system: Constrained maximal total production

electricity. This will not affect the structure or solution of our problem, just
the notation. Such a constraint can be introduced in precisely the same way
as in Section 2. As mentioned in Example 3, this means that D = Dprod.

The new problem of the dam manager is:

max{D(t)} E[
∑T−1
t=1 D(t) · S(t+ 1) + αV(T ) · S(T )]

such that
V(t+ 1) = V(t) + R(t)−D(t), t = 1, . . . , T − 1 a.s.,

D(t) ≤ V(t) ≤m, t = 1, . . . , T − 1 a.s.,
0 ≤ Di(t), i = 1, . . . , N and t = 1, . . . , T − 1 a.s.∑N

i=1Di(t) ≤ C̃, t = 1, . . . , T − 1 a.s.

(9)

where, like previously, we maximize over all drain processesD ∈ DG , the initial
water level V(1) is given and α, C̃ are constants. Note that the only difference
between problems (1) and (9) is that the maximum production constraint on
each dam is replaced by a maximal total production constraint for the whole
facility (the final constraint of problem (9)).

Note that there are (N − 1)(T − 1)|Ω| more constraints in problem (9)
than there are in problem (1), but the two problems have the same number
of decision variables. Hence, from the comments before Remark 8, we see that
from a computational point of view, using a dual method is less profitable in
this case, than for our original problem (1). However, since there are N(T −
1)|Ω| variables and (3N + 1)(T − 1)|Ω| constraints in (9), dual methods are
still faster than primal methods.

Problem (9) can be rewritten in the same way as problem (1) in Section 2
by eliminating the water level process. The rewritten problem is

maxD E[
∑T−1
t=1 D(t) · S(t+ 1) + αS(T ) ·

(∑T−1
s=1 (R(s)−D(s)) + V(1)

)
]

such that
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D(t) ≤
∑t−1
s=1(R(s)−D(s)) + V(1) ≤m, t = 1, . . . , T − 1 a.s.,

0 ≤ Di(t), i = 1, . . . , N and t = 1, . . . , T − 1 a.s.∑N
i=1Di(t) ≤ C̃, t = 1, . . . , T − 1 a.s.

(10)
Like previously, the maximization is over all D ∈ DG .

The dual problem can be derived in just as in Section 3. We omit writing
out all details, as the approach is nearly identical to the one already presented.

The Lagrange function is

K(D,v) = E[
∑T−1
t=1 D(t) · S(t+ 1) + αS(T ) ·

(∑T−1
t=1 (R(t)−D(t)) + V(1)

)
]

+E[
∑T−1
t=1 γ ·D(t)] + E[

∑T−1
t=1 vt(C̃ −+

∑N
i=1Di(t))]

+E[
∑T−1
t=1 λt · (V(1) +

∑t−1
s=1(R(s)−D(s))−D(t))]

+E[
∑T−1
t=1 wt ·

(
m−V(1)−

∑t−1
s=1(R(s)−D(s))

)
]

The dual objective function is

g(v) = supDK(D,v)

= E[αV(1) · S(T ) +
∑T−1
t=1 V(1) · λt + α

∑T−1
t=1 S(T ) ·R(t) + C̃

∑T−1
t=1 vt

+
∑T−1
t=1 wt ·

(
m−V(1)−

∑t−1
s=1 R(s)

)
+
∑T−1
t=1

∑t−1
s=1 λt ·R(s)]

+
∑T−1
t=1

∑N
i=1 supDi(t) F̃ (Di(t))

where λ,v, γ,w ≥ 0 and

F̃ (Di(t)) = E[Di(t){Si(t+ 1)−αSi(T ) + γi,t − vt − λi,t +

T−1∑
s=t+1

(
wi,s − λi,s

)
}]

From Lemma 2.1 and 2.2 in Dahl (2017), it follows that the dual problem
is equivalent to

C + infy≥0

∑T−1
t=1 E[λt · {V(1) +

∑t−1
s=1 R(s)}

+C̃
∑T−1
t=1 vt + wt · {m−V(1)−

∑t−1
s=1 R(s)}]

such that∫
A
{Si(t+ 1)− αSi(T ) + γi,t − vt −

∑T−1
s=t λs +

∑T−1
s=t+1 wi,s}dP = 0 ∀ A ∈ Gt,

i = 1, . . . , N,
(11)

where C := αE[S(T ) ·V(1) +
∑T−1
t=1 S(T ) ·R(t)] and the constraint holds for

all t = 1, . . . , T − 1.
Note that for each time t, the same variable vt is in all of the dual con-

straints (that is, for i = 1, . . . , N). This is the main difference between the
original dual problem (4) and the dual problem (11) for the total maximum
production constraint, and provides less flexibility for the dam manager. In
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Fig. 11: The hydroelectric dam system: Transfer of water between dams

the finite scenario space case, where we know that strong duality holds, for
C̃ =

∑N
i=1 bi, this implies that the optimal value of problem (9) for the total

production constraint is less than or equal the optimal value for problem (1)
for the individual dam constraints. This is what we would expect.

Also, note that in the special case discussed after problem (4), the new
dual problem (11) is also simple to solve, and the solution is the same as the
one found in Section 3.

Again, we can prove that strong duality holds in the arbitrary Ω case for
problems (9) and (11) in the same way as in Section 4. Like previously, in the
finite scenario space case, we get strong duality directly from the LP duality
theorem (or as a special case of the strong duality proof of Section 4).

6 Transfer of water between the dams

To make our problem more realistic, we add a network structure to the model.
To simplify, we consider two dams placed after one another as shown in Fig-
ure 11. The first dam lies above the second one. Hence, we can release water
from the first dam to the second dam, but not the other way around. Both
the dams have turbines with some given maximum capacities. In addition,
from the second dam, we can choose to release excess water into the ocean
if the dam is about to flood. This cannot be done directly from dam 1 (only
indirectly by first transferring the water to dam 2) and then releasing it.

The water from each dam which is released through the respective turbine
at time t is, like before, denoted byDi(t), i = 1, 2, t = 1, 2, . . . , T−1. The water
transferred from dam 1 to dam 2 is denoted by T̄ (t), t = 1, 2, . . . , T − 1 (the
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T stands for “transfer”). Let MT̄ > 0 be a given real number. We require that
0 ≤ T̄ ≤MT̄ , i.e., one can maximally transfer MT̄ units of water from dam 1
to dam 2 at each time. We assume that the transferred water cannot be used
for power production in dam 1, so it is transferred without being turbined.

The amount of water let out from dam 2 into the ocean (without being
turbined) at time t is denoted by O(t), t = 1, 2, . . . , T − 1 (the O stands for
“out”). Let NO > 0 be a real number We require that 0 ≤ O(t) ≤ NO, i.e.,
that there is a maximum amount of water which can be released at each time.

We want to study the same problem as in Section 2, but adapted to our new
system setting. The problem can be written similarly as in Section 2, however
we need to add the new constraints on T̄ (t), O(t) and take into account that
the dynamics of the water levels in the dams have changed due to the added
network structure:

max{D(t),T̄ ,O} E[
∑T−1
t=1 D(t) · S(t+ 1) + αV(T ) · S(T )]

such that
V1(t+ 1) = V1(t) +R1(t)−D1(t)− T̄ (t), t = 1, . . . , T − 1 a.s.,
V2(t+ 1) = V2(t) +R2(t) + T̄ (t)−D2(t)−O(t), t = 1, . . . , T − 1 a.s.,

0 ≤ D(t) ≤ b, D(t) ≤ V(t) ≤m, t = 1, . . . , T − 1 a.s.
0 ≤ T̄ (t) ≤MT̄ , 0 ≤ O(t) ≤ N0, t = 1, . . . , T − 1 a.s.

(12)
Note that the processes {T̄ (t)} and {O(t)} are controls, i.e., they can be chosen
by the dam manager. Just as for the drain processes D1(t) and D2(t), we
assume that {T̄ (t)} and {O(t)} are adapted to the information filtration G of
the dam manager.

Remark 9 We assume that there is no delay in the transfer of water between
the dams. This is clearly a simplification, and a model where this is taken into
account would be more realistic. If we were to assume a constant delay, say d
time steps, this could be added directly into problem (12) by letting V2(t + 1)
depend on T̄ (t − d) (instead of T̄ (t)). This complicates the notation and the
interpretation of the analytical solution, but poses no problem to the method
itself. Aasgård et al. (2014) take into account river flow travel delay in their
model and study the consequences of this.

It turns out that we can use the same approach as in Sections 2-3 to rewrite
problem (12) and then derive the corresponding dual problem. However, note
that due to the system structure, we now have

∆V1(t) = V1(t+ 1)− V1(t)

= R1(t)−D1(t)− T̄ (t).

Similarly, ∆V2(t) = R2(t) + T̄ (t)−D2(t)−O(t). Hence, by the same kind
of calculations as in (2), we find that
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V1(t) = V1(1) +
∑T−1
t=1 {R1(t)− T̄ (t)−D1(t)}

V2(t) = V2(1) +
∑T−1
t=1 {R2(t) + T̄ (t)−D2(t)−O(t)}.

(13)

By proceeding precisely as in Section 3, we can derive the corresponding
perturbation function, Lagrange function and dual objective function. We omit
writing out the perturbation function as it is lengthy and very similar to the
one in Section 3. The Lagrange function is:

K(D, T̄ , O,y) = E[
∑T−1
t=1 D(t) · S(t+ 1) + αS(T ) ·V(T )]

+E[
∑T−1
t=1 vt · (b−D(t))] + E[

∑T−1
t=1 λt · (V(t)−D(t))]

+E[
∑T−1
t=1 wt ·

(
m−V(t)

)
]

where V(t) should be replaced with the expressions in equation (13) to get
a Lagrange function only depending on the control processes D(t), T̄ (t), O(t),
the input processes R(t),S(t) and the initial water levels in the dams V(1).
The dual objective function is

g(y) = supDK(D,y)

= E[αV(1) · S(T )] +
∑T−1
t=1 E[V(1) · λt + αS(T ) ·R(t) + vt · b

+vT̄ (t)MT̄ + vO(t)NO + wt ·
(
m−V(1)−

∑t−1
s=1 R(s)

)
+
∑t−1
s=1 λt ·R(s)]

+
∑T−1
t=1 {supT̄ (t) K̄(T̄ (t)) + supO(t)G(O(t)) +

∑N
i=1 supDi(t) F̃ (Di(t))}

where λ,v, γ,w ≥ 0 and for i = 1, 2,

F̃ (Di(t)) = E[Di(t){Si(t+ 1)− αSi(T ) + γi,t − vi,t − λi,t +
∑T−1
s=t+1

(
wi,s − λi,s

)
}],

K̄(T̄ (t)) = T̄ (t){α(S2(T )− S1(T )) +
∑t−1
s=1[λ

(2)
s − λ(1)

s ] +
∑t−1
s=1[w

(2)
s − w(1)

s ]

+γT̄ (t) + vT̄ (t)},
G(O(t)) = O(t){−αS2(T ) +

∑t−1
s=1 w

(2)
s −

∑t−1
s=1 λ

(2)
s + γO(t)− vO(t)}.

From Lemma 2.1 and 2.2 in Dahl (2017), it follows that the dual problem
is equivalent to

C + infy≥0

∑T−1
t=1 E[λt · {V(1) +

∑t−1
s=1 R(s)}+ vT̄ (t)MT̄ + vO(t)NO

+vt · b + wt · {m−V(1)−
∑t−1
s=1 R(s)}]

such that∫
A
{S(t+ 1)− αS(T ) + γt − vt −

∑T−1
s=t λs +

∑T−1
s=t+1 ws}dP = 0 ∀ A ∈ Gt,∫

A
{α(S2(T )− S1(T )) +

∑t−1
s=1[λ

(2)
s − λ(1)

s ] +
∑t−1
s=1[w

(2)
s − w(1)

s ]

+γT̄ (t) + vT̄ (t)}dP = 0 for all A ∈ Gt,∫
A
{−αS2(T ) +

∑t−1
s=1 w

(2)
s −

∑t−1
s=1 λ

(2)
s + γO(t)− vO(t)}dP = 0 for all A ∈ Gt.

(14)
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where C := αE[S(T ) ·V(1) +
∑T−1
t=1 S(T ) ·R(t)] and the constraints hold for

all t = 1, . . . , T − 1.
Note that the duality approach still works precisely as in Section 3, despite

the added complexity of the structure between the dams. In problem (14), we
see that the added complexity leads to two extra constraints (corresponding
essentially to the two added control variables). In addition, the dual objective
function has two extra terms added compared to the dual problem (4) of
Section 3. However, these are of a very simple form.

Note also that in problem (4), the constraints are fairly simple because
constraint i only depends on Si(t). This means that the constraints are all
separate. This is natural, as the dams are also assumed to be detached from
one another. In problem (14), because transferring water between the dams is
possible, we see that this is reflected by the fact that the dual constraints are
connected (f.ex. both S1(T ) and S2(T ) are a part of the second constraint in
equation (14)).

As mentioned, the duality approach works precisely as in Section 3, despite
the added complexity of the structure between the dams. The same would be
true for alternative, more complex, system structures between the dams. The
general framework of conjugate duality allows up to upper bound our problem
for any combination of structures. If the system structure is very complex,
the dual problem will also be more complex. However, so will the primal dam
management problem be. It is not possible to say in general whether the primal
or the dual problem will be the most complex, but by using duality theory we
have an another option in the case where the primal problem turns out to be
too complicated to solve.

In the finite scenario space case, Theorem 2 generalizes to any kind of
system structure (by the same proof as before). Hence, we know that the
optimal value to the dam management problem is equal to the optimal dual
value, and we get the optimal drain strategy as slack variables from the dual
simplex method. However, the more complex the system is, the more laborsome
it will be to write out the primal problem and the corresponding dual.

Example 4 An analytical solution of the dual problem, continued
Like before, the dual problem is simple to solve in some special cases. Make

the same assumptions as in Example 2, and in addition we assume that the
dams’ technologies are identical, so S1(t) = S2(t) for all t = 1, . . . , T − 1.

Since the profit rate process is an α-martingale and because of the as-
sumptions, we see that the optimal solution of the dual problem is to choose
λ = v = γ = w = 0. Due to the α-martingale property, this choice implies
that the constraints are satisfied and the dual optimal value, d∗, is the lowest
it can possibly be:

d∗ = E[S(T ) ·V(1) +

T−1∑
t=1

S(T ) ·R(t)].
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In a completely corresponding way as in Section 4, we can prove that
strong duality holds for this modified setting. Hence, the optimal value of
problem (14) is equal to the optimal value of the original problem (12).

ut

As an alternative to the duality method, we could try to use a more direct
approach and solve the primal problem (12) directly. The natural idea would
be to use dynamic programming. However, the constraints in problem (1)
complicate this method significantly. According to Dohrman and Robinett
(1999), even in the deterministic case, inequality constraints such as the those
in equation (1), demand more sophisticated methods than unconstrained or
equality constrained problems. One complicating factor is to determine which
of the constraints are binding (i.e., hold with equality) in the optimum.

In Dahl and Stokkereit (2016), a method combining Lagrange duality and
some method of stochastic control, for instance dynamic programming, is de-
rived. However, this approach is based on having equality constraints, and the
proofs of that paper no longer work when considering inequality constraints in-
stead. As already mentioned, in the case where the scenario space Ω is assumed
to be finite, the primal problem (1) is a linear programming problem which
can be solved efficiently by well-known methods (see for example Vanderbei
(1996)). Hence, the difficulty is to handle the case where Ω is not finite.

In the deterministic case, there are ways to overcome this problem and find
the optimal control under the constraints; active set theory, projected Newton
methods or interior point methods, see Dohrman and Robinett (1999). In
particular, for “box”-type constraints, projected Newton algorithms have been
shown to be efficient. However, to the best of our knowledge, such algorithms
have not been generalized to the stochastic setting.

Acknowledgments: The authors would like to thank two anonymous re-
viewers for their helpful comments which have significantly improved the pa-
per.
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