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TOPOLOGICAL COMPARISON THEOREMS FOR

BREDON MOTIVIC COHOMOLOGY

J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

Abstract. We prove equivariant versions of the Beilinson-Lichtenbaum con-

jecture for Bredon motivic cohomology of smooth complex and real varieties
with an action of the group of order two. This identifies equivariant motivic

and topological invariants in a large range of degrees.
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1. Introduction

A major achievement of motivic homotopy theory is the proof of the Bloch-Kato
conjecture relating Milnor K-theory to Galois cohomology [Voe03a], [Voe11], and
consequently the solution of the Beilinson-Lichtenbaum conjecture by the results
in [SV00, §7]. With finite mod-n coefficients and X a smooth scheme of finite type
over a field k of characteristic coprime to n, one form of the Beilinson-Lichtenbaum
conjecture asserts that the comparison map between motivic and étale cohomology

(1.1) Hp,q
M (X,Z/n)→ Hp

et(X,µ
⊗q
n )

is an isomorphism when p ≤ q [SV00, Conjecture 6.8] and [VSF00, Chapter 1].
This “étale descent” property identifies a large range of motivic cohomology groups,
a.k.a. higher Chow groups, with more computable étale cohomology groups. For
a smooth complex variety X, the étale cohomology groups in (1.1) agree with
the singular cohomology groups of its corresponding analytic space X(C). Thus
the Beilinson-Lichtenbaum conjecture provides a powerful link between algebro-
geometric and topological invariants. This can further be enhanced to prove the
Quillen-Lichtenbaum conjectures comparing the algebraic and hermitian K-theories
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2 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

of X with their analytic or étale counterparts, see e.g., [Sus95, Theorem 4.7],
[Voe03a, Theorem 7.10] and [BKSØ15, Theorem 5.1].

A framework for invariants of smooth varieties equipped with a group scheme
action has recently been organized in the subject of equivariant motivic homotopy
theory [Del09], [HKO11], [HKØ15], [Her13], [Hoy15], [CJ14]. Of particular inter-
est are actions by the group C2 of order two governing the examples of hermitian
K-theory and motivic Real cobordism [HKO11]. Bredon motivic cohomology in-
troduced in [HVØ15, §5] is an equivariant generalization of motivic cohomology for
finite group actions. This theory is now amenable to a homotopical analysis on
account of the equivariant cancellation theorem shown in [HVØ15, Theorem 9.7].

We employ this setup to prove an equivariant Beilinson-Lichtenbaum comparison
theorem for smooth complex (and real) varieties. Before stating our main theorem,
we review the players involved. If M is a topological space with C2-action and A is
an abelian group, the Bredon cohomology groups Ha+pσ

C2
(M,A) are an equivariant

analog of singular cohomology groups. Here a, p are integers and σ stands for
the sign representation, i.e., topological Bredon cohomology is graded by virtual
representations of C2. Now if X is a smooth complex C2-scheme of finite type,

the Bredon motivic cohomology groups Ha+pσ,b+qσ
C2

(X,A) have a grading by a 4-
tuple of integers. This 4-tuple is a pair of virtual representations V = a + pσ and
W = b+ qσ which are respectively the “cohomological degree” and the “weight” of
the grading.

In Appendix A we construct a natural comparison map between Bredon motivic
cohomology and its equivariant topological counterpart

(1.2) Ha+pσ,b+qσ
C2

(X,A)→ Ha+pσ
C2

(X(C), A).

The map in (1.2) is induced by a Betti realization functor for the stable C2-
equivariant motivic homotopy category. In fact, the groups on the left hand side
of (1.2) are represented by a C2-equivariant Bredon motivic cohomology spectrum
MA, whose Betti realization agrees with the C2-equivariant Eilenberg-MacLane
spectrum for the constant Mackey functor A, cf. Definition 3.2, Section A.6, and
Theorem A.29.

A virtual C2-representation U = a + pσ has the dimension given by dim(U) =
a + p and dim(UC2) = a. The Beilinson-Lichtenbaum comparison theorem says
that the comparison map (1.1) is an isomorphism (resp. injection) for cohomological
degrees less than or equal than the weight (resp. weight plus one). Our main result,
which appears as Theorem 6.8 below, asserts that the condition of isomorphism
depends on the dimensions of the representations and their fixed points. A precise
statement is the following.

Theorem 1.3. Let X be a smooth complex scheme of finite type with C2-action.
Write V = a + pσ and W = b + qσ. Then, the comparison map (1.2) is an
isomorphism for a + p ≤ b + q and a ≤ min{b, b − q} and an injection when
a+ p ≤ b+ q + 1, and a ≤ min{b, b− q}+ 1 for any finite abelian group A.

The condition a ≤ b − q cannot be improved as we can see from Remark 5.6.
From this theorem it also results that in the above range of degrees it follows that

Ha+pσ,b+qσ
C2

(X,A) is a finite abelian group.
We also establish an equivariant version of the Beilinson-Lichtenbaum compari-

son theorem in the case of smooth real C2-schemes of finite type, see Theorem 7.10.
In this case, if X is a finite-type C2-scheme over R, the space of complex points
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TOPOLOGICAL COMPARISON THEOREMS FOR BREDON MOTIVIC COHOMOLOGY 3

X(C) has a C2 × C2-action. One copy of C2 acts algebraically through the action
on X and the other acts via complex conjugation. Thus Theorem 7.10 is a com-
parison result which relates C2-equivariant Bredon motivic cohomology of X with
C2 × C2-equivariant topological Bredon cohomology of X(C).

We expect that over other fields, there is an analogous comparison between
Bredon motivic cohomology and an appropriate equivariant étale analog of the
topological Bredon cohomology. However it doesn’t appear that this has been
developed yet. Doing so here would lead us too far astray and so we leave this for
a future paper.

The nonequivariant Beilinson-Lichtenbaum comparison theorem is a fundamen-
tal ingredient in the proof of Theorem 6.8. We leverage this nonequivariant compari-
son result to an equivariant comparison by means of a motivic version of the isotropy
separation cofiber sequence together with some computations in Borel motivic co-
homology. We emphasize that these arguments rely both on the representability of
Bredon motivic cohomology in the stable equivariant motivic homotopy category as
well as that it can be computed as sheaf hypercohomology. That the representable
theory coincides with sheaf hypercohomology is basically a recasting of the homo-
topy invariance and equivariant cancellation theorems, established in [HVØ15], and
is proved in Theorem 3.4 below.

The equivariant Beilinson-Lichtenbaum comparison theorem is a first important
step towards understanding the Bredon motivic cohomology ring H?,?

C2
(k,Z/2) of a

field k. As in (1.2), the gradings are sums of C2-representations. These invariants
are fundamental for understanding key features of C2-equivariant motivic homotopy
theory, e.g., H?,?

C2
(k,Z/2) forms part of the largely unknown C2-equivariant motivic

Steenrod algebra of cohomology operations. Another fundamental aspect of Bredon
motivic cohomology is that the zeroth slice of the C2-equivariant motivic sphere
spectrum turns out to be the highly structured C2-equivariant Bredon motivic
cohomology spectrum MZ introduced in Definition 3.2, cf. [HØ16].

This paper is structured as follows. Sections 2-7 are devoted to the proof of
our main result for the comparison map (1.2). The proof rests on techniques from
equivariant motivic homotopy theory: roughly speaking, taking complex or real
points induces a Betti realization functor which in turn gives rise to the compar-
ison map for Bredon motivic cohomology. The details of these constructions are
found in Appendix A. In Section 2 we develop the homotopical techniques that we
need in the sequel; in particular, the motivic isotropy separation cofiber sequence
plays a central role in our approach. The computational core of the paper lies in
Sections 3-7. First, in Section 3, we establish that Bredon motivic cohomology is
represented by MZ and show that it affords Thom classes for a certain class of equi-
variant vector bundles as well as Gysin sequences. In Section 4 we compare Bredon
motivic cohomology with Edidin-Graham’s equivariant higher Chow groups. In
Section 5 we show that the generalized “geometric” Borel motivic cohomology ring
H?,?
C2

(EC2,Z/2) is periodic with period (2σ − 2, σ − 1). These preliminary results
are used to prove the complex and real comparison theorems for Bredon motivic
cohomology in Section 6 and Section 7, respectively.

Notation and Conventions: Throughout k is a perfect field of characteristic
char(k) 6= 2. Unless said otherwise, a scheme is always assumed to be separated.
For a finite group G, let GSch/k denote the category of separated schemes of finite
type over k with left G-actions and equivariant maps. Similarly, GSm/k is the
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4 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

category of smooth schemes of finite type over k with left G-actions and equivariant
maps. We use the term k-variety synonymous with separated, finite type, scheme
over k.

We write A(V ) = Spec(Sym(V ∨)) for the affine scheme associated to a vector
space V over k, and P(V ) = Proj(Sym(V ∨)) for the associated projective scheme.

The construction of the stable G-equivariant motivic homotopy category SHG(k)
is recalled in Appendix A. We write [−,−]G for maps in SHG(k). We distin-
guish four sphere objects in the C2-equivariant motivic homotopy category, see
Section 2.3. These are denoted S1, Sσ, S1

t , and Sσt . The sphere S1 is the usual
simplicial sphere and Sσ the simplicial sign representation sphere. The algebro-
geometric sphere S1

t is the pointed scheme (Gm, 1) equipped with trivial action and
Sσt is the pointed scheme (Gm, 1) equipped with the inversion action, x 7→ x−1.
We write V = a+ pσ for the C2-representation which is the sum of a-copies of the
trivial representation and p-copies of the sign representation, and define

(1.4) Sa+pσ,b+qσ := Sa−b ∧ S(p−q)σ ∧ Sbt ∧ S
qσ
t .

We adopt the convention that ∗ refers to an integer grading of homotopy or coho-
mology groups while ? refers to grading by representations.

2. Background

Equivariant motivic homotopy theory was introduced by Voevodsky [Del09] as a
tool for understanding symmetric products and motivic Eilenberg-MacLane spaces.
Stable equivariant motivic homotopy category was introduced by Hu-Kriz-Ormsby
[HKO11] as part of their study of the homotopy limit problem for hermitian K-
theory of fields. In this section we recall definitions and basic results about equivari-
ant motivic homotopy theory. Technical details and a fairly complete, self-contained
discussion are given in Appendix A.

2.1. Equivariant Nisnevich topology. The equivariant Nisnevich topology was
introduced by Voevodsky [Del09, §3]. See [HVØ15, §3] and [HKØ15, §2] for more
details concerning the equivariant Nisnevich topology.

Definition 2.1. An equivariant distinguished square

(2.2) W //

��

Y

p

��
U
� � i // X

is a cartesian square in GSch/k such that p is étale, i : U ⊆ X is an open embed-
ding, and p induces an isomorphism of reduced schemes (Y \W )red ∼= (X \ U)red.
An elementary Nisnevich cover is the cover {U → X,Y → X} associated to an
equivariant distinguished square. The equivariant Nisnevich topology on GSm/k is
the smallest Grothendieck topology containing the elementary Nisnevich covers.

Recall that the set-theoretic stabilizer Sx of a point x ∈ X is the subgroup
Sx := {g ∈ G | gx = x}. By [HVØ15, Proposition 3.5], an equivariant étale map
f : Y → X is an equivariant Nisnevich cover if and only if for every x ∈ X there is
y ∈ Y such that f induces an isomorphism k(y) ∼= k(x) on residue fields as well as
an isomorphism Sx ∼= Sy on set-theoretic stabilizers.
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TOPOLOGICAL COMPARISON THEOREMS FOR BREDON MOTIVIC COHOMOLOGY 5

Remark 2.3. Using this characterization of Nisnevich covers we see that every
smooth G-scheme is locally affine. Every point x ∈ X has an Sx-invariant affine
neighborhood (take any affine neighborhood and consider the intersection of the
translates by elements of Sx). Let Ux be such a neighborhood. Then G×SxUx → X,
where for a subgroup H ⊆ G and H-scheme Z we write G×H Z for (G×Z)/H, is
an equivariant Nisnevich neighborhood of G·x in the sense of [HKØ15, Section 2].
The collection {G ×Sx Ux → X} is an “infinite” equivariant Nisnevich cover of X
by smooth affine G-schemes admitting a finite subcover by [HKØ15, Remark 2.18].

2.2. Motivic G-spaces and spectra. A motivic G-space over k is a presheaf of
simplicial sets on GSm/k. We write GSpc(k) and GSpc•(k) respectively for the
categories of motivic G-spaces and pointed motivic G-spaces over k. The unstable
equivariant motivic homotopy category is constructed following a pattern familiar
from ordinary motivic homotopy theory; technical details are found in Appendix A.
In brief, it is the homotopy category of a model structure which is constructed so
that the following two relations hold.

(i) Any equivariant distinguished square (2.2) is a homotopy cocartesian square.
(ii) The projection X×A1 → X is an equivariant motivic weak equivalence for

any X in GSm/k.

These relations have non-obvious consequences. For example, by the Whitehead
theorem, a map inducing isomorphisms on equivariant Nisnevich sheaves of homo-
topy groups is an equivariant motivic weak equivalence, cf. [MV99, §3.2, Proposition
2.14]. Moreover, every G-equivariant vector bundle is an equivariant motivic weak
equivalence [HKØ15, Proposition 4.10].

Let V be a representation of G, e.g., the regular representation ρG = k[G].
The associated motivic representation sphere is defined to be the pointed motivic
G-space

TV := P(V ⊕ 1)/P(V ).

For an integer n ≥ 0 we use the smash product in GSpc•(k) to define

TnV := (TV )∧n.

Consider the equivariant distinguished square

A(V ) \ {0} //

��

A(V )

��
P(V ⊕ 1) \ P(1) // P(V ⊕ 1).

It is in particular a homotopy cocartesian square. The inclusion of P(V ⊕ 1) \ P(1)
into P(V ⊕ 1) is equivariantly A1-homotopic to the inclusion P(V ) ⊆ P(V ⊕ 1); the
requisite deformation is given by ([x0 : · · · : xn+1], t) 7→ [x0 : · · · : xn : txn+1]. We
conclude there is an equivariant motivic weak equivalence

TV ' A(V )/A(V ) \ {0}.

Also note that TnV ' TV ⊕n and more generally TV ∧ TW ' TV⊕W .
The stable equivariant motivic homotopy category SHG(k) is the stabilization

of GSpc•(k) with respect to the sphere T ρG . We use symmetric T ρG-spectra as a
model for SHG(k), see Section A.4. It is a tensor triangulated category with unit
the sphere spectrum 1 = Σ∞TρGS

0. Here, S0 = Spec(k)+ is the unit for the smash
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6 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

product in GSpc•(k). If X is an unbased motivic G-space, e.g., a smooth G-scheme,
we have an associated based motivic G-space X+, by adding a disjoint basepoint,
and an associated suspension spectrum Σ∞TρGX+. When no confusion should arise,
we sometimes simply write X for Σ∞TρGX+ and S0 for the sphere spectrum.

2.3. C2-equivariant spheres. When G = C2 there are only two representations,
the trivial representation and the sign representation which we write as σ. It is
convenient to introduce the following sphere objects. The sign Tate sphere S1

t is
the pointed C2-scheme (Gm, 1) where Gm is equipped with the action x 7→ x−1. The
simplicial sign representation sphere Sσ is defined to be the unreduced suspension
of C2, i.e., it is the homotopy cofiber of C2 + → S0. We have as well the usual
simplicial sphere S1 and the Tate sphere S1

t which is the pointed scheme (Gm, 1)
considered with trivial action. As observed in [HKO11, §4.1], there is an equivariant
motivic weak equivalence Sσ ∧ Sσt ' Tσ.

The indexing convention

Sa+pσ,b+qσ := Sa−b ∧ S(p−q)σ ∧ Sbt ∧ S
qσ
t

in (1.4) is a mixture between the convention standardly used in motivic homotopy
theory and that used in classical equivariant homotopy theory. The translation
between the convention of indexing here and the one in [HKO11, §4.1] is given by

Sa+pσ,b+qσ = S(a−b)+(p−q)γ+bα+qγα.

The convention we use in this paper has the feature that the effect of the complex
Betti realization functor (constructed in Section A.5) is the first entry of the index,

ReC(Sa+pσ,b+qσ) = Sa+pσ.

A real Betti realization (taking value in SHC2×Σ2) is constructed in Section A.7. In
this case,

ReC,Σ2
(Sa+pσ,b+qσ) = Sa−b+(p−q)σ+bε+qσ⊗ε,

where σ is the sign representation corresponding to the factor C2 and ε is the sign
representation corresponding to Σ2.

The following two fundamental homotopy cofiber sequences of pointed motivic
C2-spaces are useful for computations,

(2.4) C2 + → S0 → Sσ,0

and

(2.5) (A(nσ) \ {0})+ → S0 → S2nσ,nσ.

Here, the first maps in these sequences are induced respectively by the projections
C2 → Spec(k) and A(nσ) \ {0} → Spec(k).

2.4. Motivic isotropy separation. The isotropy separation cofiber sequence is a
fundamental tool for analyzing equivariant homotopy types in classical equivariant
homotopy theory. Our proof of the main Theorems 6.8 and 7.10 makes use of an
appropriate motivic version. We shall restrict our attention to the group C2. See
[GH16] for a general discussion of motivic isotropy separation.

Recall that the classical topological isotropy separation cofiber sequence is

E•C2 + → S0 → Ẽ•C2,
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where the last term is defined by this sequence. A check of fixed points shows that

a model for Ẽ•C2 is given by

(2.6) Ẽ•C2 ' colim
n

Snσ.

The geometric classifying space BC2 for C2 is defined as the quotient of

EC2 := colim
n

A(nσ) \ {0}

by the free C2-action. This space plays an important role in nonequivariant motivic
homotopy theory because it is a geometric model for the étale classifying space
[MV99, §4.2]. A similar interpretation of the geometric classifying space is also
true in equivariant motivic homotopy theory as well, see [GH16].

The motivic isotropy separation cofiber sequence is the cofiber sequence

(2.7) EC2 + → S0 → ẼC2,

where the space ẼC2 is defined by this cofiber sequence. Because of the definition
of the geometric classifying space we have an equivariant motivic equivalence

(2.8) ẼC2 ' colim
n

S2nσ,nσ.

Proposition 2.9. The maps S0 → S2σ,σ and S0 → Sσ,0 induce equivariant motivic

equivalences ẼC2 ' S2σ,σ ∧ ẼC2 and ẼC2 ' Sσ,0 ∧ ẼC2.

Proof. The first equivalence follows from (2.8) together with the fact that the cyclic
permutation on T 3σ is the identity by Lemma 2.10 below. Using Lemma A.9, and
that EC2,+ is nonequivariantly contractible [MV99, Proposition 4.2.3], we have
equivariant motivic equivalences

EC2+ ∧ C2 + ' (EC2 +)e ∧ C2+ ' C2 +.

It follows that (C2)+ ∧ ẼC2 ' ∗. Thus the second equivalence follows from the
cofiber sequence (2.4). �

Lemma 2.10. Let W be a representation. Let γ ∈ Σk be an even permutation.
Then the induced map on T kW is the identity map in HG,•(k).

Proof. Since W⊕k = 1⊕k⊗W , any automorphism of 1⊕k induces an equivariant au-
tomorphism of W⊕k and thus a pairing GLk×A(W⊕k)→ A(W⊕k) in GSmk (where
GLk has trivial action). This induces in turn a pairing (GLk)+ ∧ T kW → T kW in
GSpc•(S). An even permutation γ is the product of row multiplication and addi-
tion of elementary matrices. We therefore have a map A1 → GLk connecting the
identity and γ. This implies that the map on T kW induced by an even permutations
is equivariantly A1-homotopic to the identity. �

3. Bredon motivic cohomology

In [HVØ15, §5] we introduced a Bredon motivic cohomology theory on GSm/k.
Here we define an equivariant motivic spectrum which is a representing object for
the Bredon motivic cohomology groups of loc. cit., and record some of its basic
properties. To keep the exposition streamlined, we restrict our discussion to the
group C2.
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8 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

3.1. Motivic complexes. For X and Y smooth k-schemes of finite type we write
Cork(X,Y ) for the group of finite correspondences [SV00, §3.1]. If X and Y have
an action by C2 then C2 acts on Cork(X,Y ) as well. The category of equivariant
correspondences C2 Cork has the same objects as C2Sm/k and maps Cork(X,Y )C2 .
A presheaf with equivariant transfers on C2Sm/k is an additive presheaf on C2 Cork.

If Y is a smooth C2-scheme over k, write Ztr,C2
(Y ) for the free presheaf with

equivariant transfers,

Ztr,C2(Y )(X) := Cork(X,Y )C2 .

More generally, if A is an abelian group, we write Atr,C2
(Y ) = Ztr,C2

(Y ) ⊗ A.
It is useful to extend the definition of Atr,C2

(−) to quotients of G-schemes. If
X = colimiXi, where Xi are smooth C2-schemes over k and the colimit is in the
category of presheaves, then we define Atr,C2(X ) := colimiAtr,C2(Xi), where the
colimit is computed in the category of presheaves of abelian groups.

Defining Ztr,C2
(X) ⊗tr Ztr,C2

(Y ) := Ztr,C2
(X × Y ) determines a symmetric

monoidal product ⊗tr on the category of presheaves with equivariant transfers.
If W is a finite C2-set, viewed as a smooth C2-scheme over k, we have isomor-

phisms as presheaves on C2Sm/k, Ztr,C2(W ) ∼= Z(W ) := ZHomk(−,W )C2 . More-
over, if F is a presheaf with equivariant transfers, then we also have an isomorphism
F ⊗tr Ztr,C2

(W ) ∼= F ⊗ Z(W ) of presheaves on C2Sm/k.
If F is a presheaf of abelian groups we write C∗F (X) for the simplicial abelian

group F (X ×∆•k). We use the same notation for the associated cochain complex.
Here, ∆•k is the standard cosimplicial object in Sm/k.

Write D−(C2 Cork) for the derived category of bounded above chain complexes
of equivariant Nisnevich sheaves with equivariant transfers on C2Sm/k. According
to [HVØ15, Lemma 5.12] the cone Ztop(σ) of the map Ztr,C2

(C2)→ Z is invertible
in (D−(C2 Cork),⊗tr). If F• is a cochain complex of presheaves with equivariant
transfers, write F•[σ] = F• ⊗tr Ztop(σ).

Let V = a + bσ be a representation of C2 and A an abelian group. Define the
motivic Bredon complex

A(V ) := aNis(C∗Atr,C2(TV ))[−2a− 2bσ],

where aNis denotes sheafification in the equivariant Nisnevich topology, see Defini-
tion 2.1. There are quasi-isomorphisms aNis(C∗Atr,C2

(T )) ' aNis(C∗Atr,C2
(S1
t ))[1]

and aNis(C∗Atr,C2
(Tσ)) ' aNis(C∗Atr,C2

(Sσt ))[σ], see [HVØ15, p.328]. It follows
that there is a quasi-isomorphism

(3.1) aNis(C∗Atr,C2(TV )) ' aNis(C∗Atr,C2(Sat ∧ Sbσt ))[a+ bσ].

Now let A be a commutative ring. We construct a product pairing

A(V )⊗A(W )→ A(V ⊕W ).

First, we have an associative pairing Atr,C2
(TV )⊗Atr,C2

(TW )→ Atr,C2
(TV ∧TW )

of presheaves which is induced by the pairing

Atr,C2(P(V ⊕ 1))(U)⊗Atr,C2(P(W ⊕ 1))(U)

×−→ Atr,C2(P((V ⊕ 1)× P(W ⊕ 1))(U × U)

∆∗−−→ Atr,C2
(P(V ⊕ 1)× P(W ⊕ 1))(U).

Let A∗,∗ be a bisimplicial abelian group. We write A∗,∗ as well for the associated
cochain complex. By the Eilenberg-Zilber theorem [GJ99, Theorem IV.2.4], taking
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TOPOLOGICAL COMPARISON THEOREMS FOR BREDON MOTIVIC COHOMOLOGY 9

totalizations and diagonals yields a natural quasi-isomorphism of chain complexes
Tot(A∗,∗)→ diag(A∗,∗). We thus obtain the natural pairing

Tot
(
Atr,C2(TV )(U ×∆•k)⊗Atr,C2(TW )(U ×∆•k)

)
→ diag

(
Atr,C2

(TV )(U ×∆•k)⊗Atr,C2
(TW )(U ×∆•k)

)
→ Atr,C2(TV ∧ TW )(U ×∆•k)

∼=←− Atr,C2(TV⊕W )(U ×∆•k).

This induces our desired pairing upon sheafification. Now the quasi-isomorphism
obtained from the Eilenberg-Zilber theorem is homotopy associative, so the pairing
is also homotopy associative.

3.2. Stable representability. Let A be an abelian group. Let F be a presheaf
of sets. we may consider Atr,C2(F) as a presheaf of sets and therefore as a based
motivic C2-space, the basepoint is 0. We have a canonical map γ : F → Atr,C2

(F) of
motivic C2-spaces and there is a pairing µ : Atr,C2

(X)∧Ztr,C2
(Y )→ Atr,C2

(X×Y )
of motivic C2-spaces.

Definition 3.2. Let A be an abelian group. The motivic Bredon cohomology
spectrum MA, is defined by letting MAn := Atr,C2

(TnρC2 ) with structure maps

Atr,C2
(TnρC2 ) ∧ T ρC2

id∧γ−−−→Atr,C2
(TnρC2 ) ∧ Ztr,C2

(T ρC2 )
µ−→Atr,C2

(T (n+1)ρC2 ).

The symmetric group Σn acts on MAn by permuting the factors of T ρC2 . The
iterated structure maps MAn ∧ T kρC2 →MAn+k are (Σn ×Σk)-equivariant. This
means that MA is a symmetric motivic C2-spectrum, cf. Definition A.10. Moreover,
if A is a commutative ring, there are pairings MAn ∧MAk →MAn+k which give
MA the structure of a commutative ring spectrum (i.e., a commutative monoid in

the category of equivariant symmetric motivic spectra SptΣ
C2

(k)).
Finally, we note that the spectrum MA is stably equivalent to MZ ∧ SA where

SA is a Moore spectrum associated to A. This can be seen by noting that the
assignment A 7→ MA defines a functor Ab → SptΣ

C2
(k) which has the following

properties.

(i) If A = colimiAi is a filtered colimit of abelian groups, then colimi MAi '
MA.

(ii) If A = ⊕jAj , then ∨jMAj 'MA.
(iii) If 0 → A1 → A2 → A3 → 0 is an exact sequence of abelian groups, then

MA1 →MA2 →MA3 is a homotopy cofiber sequence of spectra.

Moore spectra satisfy similar properties and so it suffices to check the statement
when A = Z, where it is trivial. Of course, an important advantage of the model
MA is that it is a commutative ring ring spectrum when A is a commutative ring
while this is not necessarily a priori clear for MZ ∧ SA.

Definition 3.3. The Bredon motivic cohomology of a motivic C2-spectrum E, with
coefficients in the abelian group A, is defined by

H̃a+pσ,b+qσ
C2

(E, A) := [E, Sa+pσ,b+qσ ∧MA]SHC2
(k).

If X is a smooth C2-scheme, then its unreduced Bredon motivic cohomology is
defined via its suspension spectrum by setting

Ha+pσ,b+qσ
C2

(X,A) := H̃a+pσ,b+qσ
C2

(Σ∞
T
ρC2

X+, A).
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10 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

Next we verify that the definition of Bredon motivic cohomology which we have
just given agrees with the one given in [HVØ15]. (Note, however, that the indexing
we use in the present paper is slightly different than in loc. cit.). The fact that
Bredon motivic cohomology defined in the stable equivariant motivic homotopy
category is equal to the hypercohomology groups of the motivic complexes, plays a
crucial role in our arguments in the later sections. This fact relies on the homotopy
invariance and equivariant cancellation theorems for presheaves with equivariant
transfers proved in [HVØ15, Theorem 8.12, Theorem 9.7].

If X = colimXi is a colimit (in presheaves) of smooth C2-schemes over k, write
Z(X ) := colimi Z(Xi) and

Ha
C2Nis(X , A(V )[pσ]) := ExtaC2Nis(Z(X ), A(V )[pσ]).

Theorem 3.4. Let V = b + qσ be a virtual representation of C2, W = c + dα
a representation such that V ⊕W is a representation, X a smooth C2-scheme of
finite type over k, and A an abelian group. Then there is a natural isomorphism

Ha+pσ,b+qσ
C2

(X,A) ∼= Ha
C2Nis(T

W ∧X+, A(W ⊕ V )[2c+ (2d+ p)σ]).

Proof. We assume that V = b + qσ is an actual representation; the more general
case of a virtual representation is similar. Let MA →MA′ be a levelwise motivic
fibrant replacement, i.e., for each n, MA′n is motivic fibrant and MAn → MA′n
is a motivic weak equivalence (see Section A.4 for details on the motivic model
structure). We claim that MA′ is already a fibrant motivic C2-spectrum. Indeed,
using Theorem A.6, the map

πi(MA′n)(X)→ πi(ΩTρC2 MA′n+1)(X)

is naturally identified with the map

H−iC2Nis
(X,A(nρC2))→ H−iC2Nis

(T ρC2 ∧X+, A((n+ 1)ρC2)).

This is the map of the equivariant Cancellation Theorem [HVØ15, Theorem 9.8],
which is an isomorphism for all i. Therefore, MA′n → ΩTρC2 MA′n+1 is a weak
equivalence of motivic C2-spaces, which implies that MA′ is an ΩTρC2 -spectrum
and so is a fibrant motivic C2-spectrum, cf. Section A.4.

Let i, j, k, l be nonnegative integers such that

S(i+k)+(j+l)σ,k+lσ ∧ Sa+pσ,b+qσ ' TmρC2

for some m ≥ 0. In particular, m = i+ a− b = j + p− q = k + b = l + q. We have

Ha+pσ,b+qσ
C2

(X,A) = [X+, S
a+pσ,b+qσ ∧MA]SHC2

(k) and

[X+,S
a+pσ,b+qσ ∧MA]SHC2

(k)

∼= [S(i+k)+(j+l)σ,k+lσ ∧X+, T
mρC2 ∧MA]SHC2

(k)

∼= [Si ∧ Sjσ ∧ Skt ∧ Slσt ∧X+, T
mρC2 ∧MA′]SHC2

(k)

∼= [Si ∧ Sjσ ∧ Skt ∧ Slσt ∧X+, (MA′)m]H•,C2
(k)

∼= H−iC2Nis
(Sjσ ∧ Skt ∧ Slσt ∧X+, C∗Atr,C2

(Tm))

∼= H−iC2Nis
(Sjσ ∧ Skt ∧ Slσt ∧X+, C∗Atr,C2

(Smt ∧ Smσt )[m+mσ])

∼= H0
C2Nis(X,C∗Atr,C2

(Sm−kt ∧ S(m−l)σ
t )[(m− i) + (m− j)σ])

∼= Ha
C2Nis(X,A(V )[pσ]).
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The first two isomorphisms are immediate. The third follows from [Hov01, The-
orem 8.10] and the standard adjunction relating H•,C2(k) and SHC2(k), the fourth
from Theorem A.6, the remaining isomorphisms follow from (3.1) and equivariant
cancellation [HVØ15, Theorem 9.8].

�

Remark 3.5. Under the isomorphisms above, the product structures arising from
the pairing of spectra MA ∧MA→MA agrees with that arising from the pairing
of complexes A(V )⊗A(W )→ A(V ⊕W ).

3.3. Basic properties. We record some of the basic properties of Bredon motivic
cohomology.

Cancellation. Let V = s + tσ be a virtual representation. We defined Bredon
motivic cohomology via a representing spectrum in SHC2

(k). Immediate from this
definition we have natural isomorphisms

(3.6) H̃a+pσ,b+qσ
C2

(TV ∧ E, A) ∼= H̃
a−2s+(p−2t)σ,b−s+(q−t)σ
C2

(E, A).

Equivariant transfers. Recall we write D−(C2 Cork) for the derived category of
bounded above chain complexes of equivariant Nisnevich sheaves with equivariant
transfers on C2Sm/k.

Proposition 3.7. Let X be a smooth C2-scheme over k and K• a cochain com-
plex of presheaves with equivariant transfers. Then there is a natural isomorphism
ExtnD−(C2 Cork)(Ztr,C2

(X),K•) ∼= Hn
C2Nis

(X,K•).

Proof. The argument is as in [Voe00, Proposition 3.1.9], using that smooth C2-
schemes have finite equivariant Nisnevich cohomological dimension [HVØ15, Corol-
lary 3.9] together with [HVØ15, Theorem 4.15]. �

Corollary 3.8. If K• is a cochain complex of sheaves with equivariant transfers
then Hn

C2Nis
(−,K•) is a presheaf with equivariant transfers.

Theorem 3.4 shows that for any a, b, p, q, Ha+pσ,b+qσ
C2

(X,A) is naturally identified
with equivariant Nisnevich hypercohomology groups with coefficients in a (bounded
above) cochain complex of sheaves with equivariant transfers. It is therefore a
presheaf with equivariant transfers.

Mayer-Vietoris sequences. Since Bredon motivic cohomology is a representable the-
ory, associated to an equivariant distinguished square (2.2) is a Mayer-Vietoris long
exact sequence

· · · → Ha+pσ,b+qσ
C2

(X,A)→Ha+pσ,b+qσ
C2

(U,A)⊕Ha+pσ,b+qσ
C2

(Y,A)

→Ha+pσ,b+qσ
C2

(W,A)→ Ha+1+pσ,b+qσ
C2

(X,A)→ · · · .

Ring structure. When A is a commutative ring, then MA is a commutative ring
spectrum. We thus have a cup product pairing for smooth C2-varieties

Ha+pσ,b+qσ
C2

(X,A)×Hc+sσ,d+tσ
C2

(X,A)
∪−→ H

(a+c)+(p+s)σ,(b+d)+(q+t)σ
C2

(X,A)

given by the usual formula

x ∪ y := ∆∗(x� y),
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12 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

where ∆ : X → X × X is the diagonal and � is the external product. The cup
product makes H∗,∗C2

(X,A) into a Z4-graded ring. Since it is a representable theory,

it is a module over πC2
0 (1) := EndSHC2

(k)(1) and in fact an algebra over this ring.

Consider the following endomorphisms of 1 in SHC2(k)

ε =Σ−2
S1
t

(
S1
t ∧ S1

t
twist−−−→ S1

t ∧ S1
t

)
,

ε′ =Σ−2
Sσt

(
Sσt ∧ Sσt

twist−−−→ Sσt ∧ Sσt
)
,(3.9)

u =Σ−2
Sσ

(
Sσ ∧ Sσ twist−−−→ Sσ ∧ Sσ

)
.

We also write ε, ε′, u ∈ H0,0
C2

(k,A) for the respective elements in cohomology,
induced by these endomorphisms.

Proposition 3.10. Let x ∈ Ha+pσ,b+qσ
C2

(X,A) and y ∈ Hc+sσ,d+tσ
C2

(X,A). Then

x ∪ y = (−1)ac(u)ps(ε)bd(ε′)qt(y ∪ x).

Proof. This follows by the same argument as [Dug14, Proposition 6.13] (see also
Remark 6.14 of loc. cit.). The point is to carefully analyze the endomorphism
of Sα1+α2,β1+β2 arising from the twist Sα1,β1 ∧ Sα2,β2 → Sα2,β2 ∧ Sα1,β1 , where
(α1, β1) = (a+ pσ, b+ qσ) and (α2, β2) = (c+ sσ, d+ tσ). �

Remark 3.11. We will see in Proposition 3.24 below that ε = 1, ε′ = 1, and
u = −1 in H?,?

C2
(k,A) and therefore x ∪ y = (−1)ac+ps(y ∪ x).

Topological realization. Let k = C. The functor C2Sm/C → C2Top, X 7→ X(C)
extends to a functor ReC : SHC2

(C) → SHC2
from the stable equivariant motivic

homotopy category over C to the classical stable equivariant homotopy category, see
Section A.5. For a topological space M with C2-action we write Ha+pσ

C2
(M,A) for

the topological Bredon cohomology theory, and H̃a+pσ,b+qσ
C2

(X , A) for the reduced
Bredon cohomology of a pointed motivic C2-space X . By Theorem A.29, the Betti
realization ReC(MA) represents topological Bredon cohomology with A-coefficients.
This yields the comparison functor

ReC : Ha+pσ,b+qσ
C2

(X,A)→ Ha+pσ
C2

(X(C), A).

Moreover, this yields a ring homomorphism since ReC : SHC2(C) → SHC2 is a
symmetric monoidal functor, see Theorem A.14.

Change of groups. Consider the adjunction C2 × − : Sm/k � C2Sm/k : (−)e,
where Xe is the underlying smooth scheme of a smooth scheme with C2-action.
This extends to an adjunction on pointed motivic spaces and by Proposition A.11
it stabilizes to yield the adjunction

C2 + ∧ − : SH(k)� SHC2
(k) : (−)e

on stable homotopy categories. The functor (−)e should be thought of as forgetting
the action. Similarly, the adjunction (−)triv : Sm/k � C2Sm/k : (−)C2 induces an
adjunction on stable homotopy categories

(−)triv : SH(k)� SHC2(k) : (−)C2 .

Here (−)triv : Sm/k → C2Sm/k sends a smooth scheme X to the C2-scheme con-
sisting of X with the trivial action. If E is a motivic spectrum then C2 + ∧E agrees

25 Jan 2018 11:24:30 EST
Version 2 - Submitted to Trans. Amer. Math. Soc.

AlgTopologyThis is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



TOPOLOGICAL COMPARISON THEOREMS FOR BREDON MOTIVIC COHOMOLOGY 13

with C2 + ∧ (E)triv (the latter being the smash product of two equivariant motivic
spectra). Typically we simply write E again for the spectrum Etriv.

Write H∗,∗M (−, A) for motivic cohomology theory and MA for the representing
motivic spectrum. There is a natural map

(3.12) φ : H̃a+pσ,b+qσ
C2

(X , A)→ H̃a+p,b+q
M (X e, A)

obtained from (−)e : [X , Sa+bσ,b+qσ∧MA]SHC2
(k) → [X e, (Sa+bσ,b+qσ∧MA)e]SH(k)

and the facts that (Sa+bσ,b+qσ ∧MA)e = Sa+b,b+q ∧ (MA)e and (MA)e is a T 2-
spectrum representing motivic cohomology. When k = C, by Proposition A.15 and
Theorem A.29 we have a commutative square

(3.13) H̃a+pσ,b+qσ
C2

(X , A)
φ //

��

H̃a+p,b+q
M (X e, A)

��
H̃a+pσ
C2

(ReC(X ), A)
φ // H̃a+p

sing(ReC(X )e, A).

Proposition 3.14. Let X be a pointed motivic C2-space. For integers a, b, p, q,
there is a natural isomorphism

H̃a+pσ,b+qσ
C2

(C2 + ∧ X , A)
∼=−→ H̃a+p,b+q

M (X e, A).

Moreover, when k = C, there is a commutative square

H̃a+pσ,b+qσ
C2

(C2 + ∧ X , A)
∼= //

ReC

��

H̃a+p,b+q
M (X e, A)

ReC

��
H̃a+pσ
C2

(C2 + ∧ ReC(X ), A)
∼= // H̃a+p

sing(ReC(X )e, A).

Proof. By Lemma A.9, the adjoint of the inclusion X e → (C2 + ∧ X )e = X e
∐
X e

as the first summand, is an isomorphism i : C2 +∧X e ∼= C2 +∧X in the equivariant
motivic homotopy category. Together with the adjunction isomorphism and the
observation that (MA)e represents motivic cohomology, we obtain isomorphisms

[C2 + ∧ X ,Σa+pσ,b+qσMA]SHC2
(k)
∼= [C2 + ∧ (X )e,Σa+pσ,b+qσMA]SHC2

(k)

∼= [X e,Σa+p,b+qMA]SH(k),

yielding the first part of the proposition.
We have ReC(X )e ∼= ReC(X e) and C2 + ∧ ReC(X ) ∼= ReC(C2 + ∧ X ) by Proposi-

tion A.13. The map ReC(i) is an isomorphism C2 + ∧ ReC(X )e ∼= C2 + ∧ ReC(X ).
Together with the isomorphism ReC(MA) ∼= HA in Theorem A.29 this implies the
second part of the proposition. �

Proposition 3.15. Let X be a smooth k-scheme considered as a C2-scheme with
trivial action. For integers m,n, the map (3.12) is an isomorphism

φ : Hm,n
C2

(X,A)
∼=−→ Hm,n

M (X,A).

Proof. The functor (−)e : C2Sm/k → Sm/k takes equivariant Nisnevich covers to
Nisnevich covers and so induces a morphism of sites (Sm/k)Nis → (C2Sm/k)C2Nis.
This induces a map on cohomology φ : Hm

C2Nis
(X,A(n)) → Hm

Nis(X,A(n)). Here
A(n) is the Nisnevich sheafification of C∗Atr(T

∧n)[−2n], i.e., it is the “usual”
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14 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

weight-n motivic complex. Under the isomorphism of Theorem 3.4 this map φ
is identified with the map φ in the statement of the proposition.

There is also a morphism of sites t : (C2Sm/k)C2Nis → (Sm/k)Nis, induced
by (−)triv : Sm/k → C2Sm/k. The functor t∗ is exact and t∗A(n) = A(n), see
[HVØ15, Lemma 3.19]. We thus have an induced isomorphism ψ : Hm

Nis(X,A(n)) ∼=
Hm
C2Nis

(X,A(n)); this is an inverse to φ. �

Proposition 3.16. Let X be a smooth quasi-projective C2-scheme over k. Suppose
that X has free action. For integers m,n, there are isomorphisms

Hm,n
M (X/C2, A) Hm,n

C2
(X/C2, A)

∼=
π∗
//∼=

φ
oo Hm,n

C2
(X,A),

where π : X → X/C2 is the quotient. Moreover, when k = C, there are commutative
squares

Hm,n
M (X/C2, A)

ReC

��

Hm,n
C2

(X/C2, A)
∼=
π∗

//

ReC

��

∼=
φ

oo Hm,n
C2

(X,A)

ReC

��
Hm
sing(X(C)/C2, A) Hm

C2
(X(C)/C2, A)

∼=
π∗
//∼=

φ
oo Hm

C2
(X(C), A).

Proof. The first arrow is an isomorphism by Proposition 3.15. By Theorem 3.4,
the second map is identified with the map between equivariant Nisnevich hyperco-
homology groups π∗ : Hm

C2Nis
(X/C2, A(n)) → Hm

C2Nis
(X,A(n)). Since X/C2 has

trivial action we have the isomorphism

Hm
C2Nis(X/C2, A(n)) ∼= Hm

Nis(X/C2, A(n)).

Under this identification, the isomorphism

Hm
Nis(X/C2, A(n)) ∼= Hm

C2Nis(X,A(n))

of [HVØ15, Lemma 3.19] is π∗ : Hm
C2Nis

(X/C2, A(n))→ Hm
C2Nis

(X,A(n)).
When k = C, we have that X(C)/C2 = (X/C2)(C). The commutativity of

the first square is a specialization of (3.13). The commutativity of the second is
immediate. �

We embed C2 ⊆ A(σ) via C2 = {±1}. By the equivariant homotopical purity
theorem [HKØ15, Theorem 7.6], [Hoy15, Theorem 3.23], there is an equivariant
motivic weak equivalence

C2+ ∧ Tσ ' P(σ ⊕ 1)/P(σ ⊕ 1) \ C2.

Since P(σ ⊕ 1) \A(σ) ⊆ P(σ ⊕ 1) \C2 and Tσ ' P(σ ⊕ 1)/P(σ ⊕ 1) \A(σ) we have
a map τ ′ : Tσ → C2+ ∧ Tσ, and hence a stable map τ : S0 → C2+.

Remark 3.17. Presumably topological Bredon cohomology is a presheaf with equi-
variant transfers (in the sense of [HVØ15, §4]), but establishing this would require
a lengthy digression. For this reason we use the map τ in the following proposition
rather than transfer maps coming from the theory of presheaves with equivariant
transfers.
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Proposition 3.18. Let E be a motivic C2-spectrum over C. Write π : C2+∧E→ E
for the projection. Then the diagram below commutes and τ∗π∗ = 2,

H̃?,?
C2

(E, A)
π∗ //

ReC
��

H̃?,?
C2

(C2+ ∧ E, A)
τ∗ //

ReC
��

H̃?,?
C2

(E, A)

ReC
��

H̃?
C2

(ReC(E), A)
π∗ // H̃?

C2
(C2+ ∧ ReC(E), A)

τ∗ // H̃?
C2

(ReC(E), A).

Proof. The commutativity of the diagram is immediate. It suffices to treat the
case E = S0 and to see that τ∗(1) = 2. The topological realization of τ is the
Spanier-Whitehead dual of the projection C2+ → S0. In particular τ∗(1) = 2 in

H0
C2

(pt., A). It remains to show that τ∗(1) = 2 ∈ H0,0
C2

(k,A) = A. This follows
from the commutative diagram

A = H̃0,0
C2

(C2+, A)
τ∗ //

∼= φ

��

H̃0,0
C2

(S0, A) = A

∼=φ

��
A = H̃0,0

M (S0 ∨ S0, A)
τ∗ // H̃0,0

M (S0, A) = A

and that the bottom arrow sends 1 to 2. �

3.4. Thom isomorphisms. Let R be a C2-equivariant motivic commutative ring
spectrum, X a smooth C2-scheme over k, and E → X a C2-equivariant vector
bundle.

Definition 3.19. An R-Thom class (or simply Thom class, when R is understood)
for E is a class u ∈ R?,?C2

(Th(E)) with the property that for any equivariant map
f : Y → X of smooth C2-schemes over k, the composition

R?,?C2
(Y+)

id⊗f∗u−−−−−→ R?,?C2
(Y+)⊗ R?,?C2

(Th(f∗E))
∆∗−−→ R?,?C2

(Th(f∗E))

is an isomorphism. Here, ∆ : Th(f∗E)→ Y+ ∧ Th(f∗E) is the Thom diagonal.

Proposition 3.20. Let V = a+ bσ. There are classes uV ∈ H̃2a+2bσ,a+bσ
C2

(TV ,Z)
such that

H̃?,?
C2

(X+,Z)
−∪(1X×uV )−−−−−−−−→ H̃?+2a+2bσ,?+a+bσ

C2
(X+ ∧ TV ,Z)

is an isomorphism, for any C2-variety X. Moreover, if φ is an automorphism of
the C2-equivariant vector bundle X × A(V )→ X, then

(3.21) φ∗(1X × uV ) = 1X × uV .

Proof. Let u1 ∈ H̃2,1
C2

(T,Z) and uσ ∈ H̃2σ,σ
C2

(Tσ,Z) be elements corresponding to
the unit under the suspension isomorphism (3.6). For a representation V = a+ bσ
define uV = (u1)a(uσ)b. This element satisfies the first condition and it remains to
check that (3.21) holds for any equivariant bundle automorphism φ of X × A(V ).
We will proceed by induction on the dimension of V .

We first consider the case V = σ. Write α = a+ pσ, β = b+ qσ and write

Hα,β
C2

(X,Z)(−σ) = coker
(
Hα,β
C2

(X × A(σ),Z)
i∗−→ Hα,β

C2
(X × (A(σ) \ {0}),Z)

)
.
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16 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

Since Hα,β
C2

(−,Z) is a presheaf with equivariant transfers (see Section 3.3), if X is
affine then by [HVØ15, Proposition 8.3] the map i∗ has a retraction and we have a
natural splitting

(3.22) Hα,β
C2

(X × (A(σ) \ {0}),Z) = Hα,β
C2

(X × A(σ),Z)⊕Hα,β
C2

(X,Z)(−σ).

Consider the cofiber sequence (A(σ) \ {0})+ → A(σ)+ → Tσ. The induced long
exact sequences break into (split) short exact sequences

0→ Hα,β
C2

(A(σ),Z)
i∗−→ Hα,β

C2
(A(σ) \ {0},Z)

δ−→ H̃α+1,β
C2

(Tσ,Z)→ 0.

The element uσ lifts to an element u′σ ∈ H
2σ−1,σ
C2

(A(σ) \ {0},Z). We choose u′σ so

that under the splitting (3.22), we have u′σ ∈ H
2σ−1,σ
C2

(Spec(k),Z)(−σ). Let φ be an
automorphism of the equivariant vector bundle X×A(σ) over X. By naturality, to
show that φ∗(1X ×uσ) = 1X ×uσ for a smooth affine C2-variety X, we are reduced
to showing

(3.23) φ∗0(1X × u′σ) = (1X × u′σ) + β,

where β is some element in ker(δ) and φ0 is the restriction of φ to X ×A(σ) \ {0}.
For any X (not necessarily affine), the group of equivariant linear automorphisms
of X × A(σ) over X is (O∗X)C2 , i.e., an equivariant automorphism is given by
multiplication with an invariant unit. An invariant unit is specified (uniquely) by
an equivariant map X → Gm. By naturality, to verify the relation (3.21) for 1X×uσ
and any automorphism φ of X×A(σ), it suffices to verify it for X = Gm and φ the
automorphism of Gm×A(σ)\{0} → Gm given by multiplication with the canonical
unit t of Gm. In this case, φ0 is the map 〈pr1, µ〉, where pr1 is the projection to
the first factor and µ : Gm × (A(σ) \ {0}) → A(σ) \ {0} is the multiplication. We
have that φ∗0(1Gm × u′σ) = 1 ∪ µ∗(u′σ) = µ∗(u′σ).

From the naturality of the decomposition (3.22) we see that µ∗ restricts to a
map

µ∗ : H2σ−1,σ(k,Z)(−σ) → H2σ−1,σ(Gm,Z)(−σ).

Moreover, this map has a splitting induced by e : Spec(k) → Gm, the inclusion at
1 ∈ Gm.

It follows that µ∗(1Gm×u′σ) = 1Gm×u′σ+γ, where γ ∈ ker(e∗). An easy diagram
chase shows that δ(ker(e∗)) = 0, and so (3.23) holds. It follows that (3.21) holds
for 1X × uσ for any X and any automorphism of X ×A(σ). A similar (but easier)
argument establishes (3.21) for 1X × u1 as well. This takes care of the case when
V has dimension one.

Now we proceed by induction on the dimension of V . Let V = a + bσ be an
n-dimensional representation. Let AutC2(V ) be the presheaf whose value on X is
the group of equivariant bundle automorphisms of X×A(V ). It is represented by a
group scheme in C2Sm/k, in particular it is an equivariant Nisnevich sheaf. Under
the isomorphism (3.6), the assignment 1X×uV 7→ φ∗(1X×uV ) is an automorphism

of H0,0
C2

(X,Z) = H0
C2Nis

(X,Z). This assignment is natural and defines a morphism

of sheaves AutC2(V ) → Z×. To check that the image of this map is {1}, we
may assume that X is a point of the equivariant Nisnevich topology. Recall that
for a finite group G, the points of the equivariant Nisnevich topology are of the
form G ×H Spec(R) where H ⊆ G is a subgroup and R is an essentially smooth
Henselian local k-algebra with H-action, see [HVØ15, Theorem 3.14]. For G = C2,
there are two possibilities, X = C2×Spec(R) or X = Spec(R), where R is a smooth
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local ring with C2-action. In the first case the claim follows from Proposition 3.14
and that the uV are nonequivariant Thom classes. Now we consider the case that
X = Spec(R), where R is a smooth local ring with C2-action. The equivariant
automorphisms of X ×A(V ) are (AutR(VR))C2 . If A is a matrix with entries in R,
write Aσ for the matrix obtained by applying the involution σ to its entries. Under
the identification EndR(VR) = Matn×n(R) the C2-action is given by[

A B
C D

]
7→
[

Aσ −(Bσ)
−(Cσ) Dσ

]
.

Here, A is an a× a-matrix and B is an b× b-matrix, and a+ b = n. It follows that
this matrix is in Matn×n(R)C2 if and only if A and D have coefficients in RC2 and
σ acts by −1 on the coefficients of B, C.

Let x ∈ R and for i 6= j write Eij(x) for the elementary matrix corresponding
to adding x times row j to row i, i.e., it has x in position (i, j) and is the same as
the identity matrix in all other entries. Then Eij(x) is in GLn(R)C2 if

(i) either i, j ≤ a or a < i, j and x ∈ R is invariant, or
(ii) i ≤ a, j > a or i > a, j ≤ a and σx = −x.

The matrix Eij(x) is equivariantly homotopic to the identity via the equivariant
A1-homotopy t 7→ Eij(tx).

Let Tij be the elementary matrix corresponding to switching the ith and jth
rows. If i, j ≤ a then Tij is in Matn×n(R)C2 . Moreover, in this case there is
an algebraic map A1 → GLa(RC2) ⊆ GLn(R)C2 joining Tij and the diagonal
matrix 〈−1, 1 . . . , 1〉. Thus there is an equivariant A1-homotopy joining Tij and
〈−1, 1, . . . , 1〉 in GLa+b(R). Similarly, Tij is equivariantly A1-homotopic to the
identity for i, j > a.

Let M = (mij) be an invertible matrix in Matn×n(R)C2 . We show that there is
an A1-homotopy

M 'A1

[
u 0
0 M ′

]
or

[
M ′ 0
0 u

]
.

Here, u ∈ R is an invariant unit and M ′ is an invertible (n− 1)× (n− 1)-matrix in
Mat(n−1)×(n−1)(R)C2 . First we assume the entry m11 of M is a unit. In this case,
the claim follows by multiplying with the elementary matrices Ei1(−mi1/m11),
i > 1 on the left and with E1j(−m1j/m11), j > 1 on the right. If m11 is not a
unit but some mij is a unit for i, j ≤ a, then by multiplying by T1i on the left and
Tj1 on the right, we are reduced to the previous case. If all entries mij of A (i.e.,
i, j ≤ a) are non-units, we can repeat the previous arguments for the elements of
D, if at least one of its entries is a unit. The only remaining case is when all entries
of A and of D are in the maximal ideal of R. For t ∈ A1 we write Mt for the
matrix which agrees with M in all positions except (Mt)11 = t+m11. This gives a
map A1 → Matn×n(R)C2 . Write M ′t for the a × a-matrix consisting of (Mt)ij for
i, j ≤ a. The reduction of Mt modulo the maximal ideal of R is

Mt =

[
M ′t B
C 0

]
.

Since M = M0 is invertible so is M t. It follows that Mt is invertible for all t. Now
M1 is equivariantly A1-homotopic to M and the previous case applies to M1, so we
are done. �
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18 J. HELLER, M. VOINEAGU, AND P. A. ØSTVÆR

Recall (3.9) that we have elements ε, ε′, u ∈ H0,0
C2

(k,Z) which determine the com-

mutativity properties of the ring H?,?
C2

(X,Z). These elements are ε = Σ−2
T τ∗T (Σ2

T 1),

ε′ = Σ−2
Tστ

∗
Tσ (Σ2

Tσ1), and u = Σ−2
Sσ τ

∗
Sσ (Σ2

Sσ1), where τE : E ∧ E→ E ∧ E is the twist
endomorphism.

Proposition 3.24. In H0,0
C2

(k,Z), ε = 1, ε′ = 1, and u = −1. In particular, if

x ∈ Ha+pσ,b+qσ
C2

(X,Z) and y ∈ Hc+sσ,d+tσ
C2

(X,Z), then

x ∪ y = (−1)ac+ps(y ∪ x).

Proof. We have that H̃4,2
C2

(T 2,Z) is a free H0,0
C2

(k,Z)-module with basis u2. The

map τT is induced by the twist automorphism of the vector bundle A2 → Spec(k)
and so by Proposition 3.20, τ∗T (u2) = u2. In particular, τ∗T = id and it follows that

ε = Σ−2
T τ∗T (Σ2

T 1) = 1, as claimed. The argument for ε′ is entirely similar.
Now we compute u. Recall from Section 3.1 the complex Ztop(σ) of presheaves

with transfers. Under the identification of Theorem 3.4 the element u corresponds to
the twist isomorphism Ztop(σ)⊗tr,LZtop(σ)→ Ztop(σ)⊗tr,LZtop(σ) in D−(C2 Cork).
The twist isomorphism of complexes C ⊗D → D ⊗ C is given componentwise by
(−1)pq times the twist Cp ⊗Dq → Dq ⊗ Cp. The complex Ztop(σ)⊗tr,L Ztop(σ) is
isomorphic to

Ztr,C2
(C2 × C2)

〈q2,−q1〉−−−−−→ Ztr,C2
(C2)⊕ Ztr,C2

(C2)
p∗⊕p∗−−−−→ Z,

where Z is in degree 0, p : C2 → Spec(k) is the projection, and qi : C2 × C2 → C2

is the projection to the ith factor. Under this isomorphism, the twist isomorphism
is given respectively in degrees −2, −1, and 0, by −τ∗, τ , and id.

A chain homotopy between the twist map and −id is given by {si}, si = 0,
i 6= 0,−1, and s0 = 〈0, pt〉, s−1 = ∆′∗ ⊕∆′∗. Here ∆′ : C2 → C2 × C2 is given by
e 7→ σ×e, σ 7→ e×σ and pt is the transpose of p. Indeed, it is quickly checked that
s−1〈q2,−q1〉 = ∆′∗q2 −∆′∗q1 = −τ∗ + id and (p∗ ⊕ p∗)s0 = 2·id. For the remaining
chain homotopy relation, we have that 〈q2,−q1〉s1 + s0(p∗ ⊕ p∗) is equal to(

q2∆′∗ q2∆′∗
ptp∗ − q1∆′∗ ptp∗ − q1∆′∗

)
=

(
id id

(id +m∗)−m∗ (id +m∗)−m∗

)
= τ + id,

where m : C2 → C2 is the nontrivial involution. �

Definition 3.25. Let V be a C2-representation and E → X a C2-equivariant vector
bundle. Say that E is type V if every point x ∈ X is contained in an invariant open
neighborhood U ⊆ X such that E|U is isomorphic, as a C2-equivariant vector
bundle, to the product bundle U × A(V )→ U .

Theorem 3.26. Let X be a smooth C2-scheme over k, V = a + bσ, and E → X
a C2-equivariant vector bundle of type V . Then there are Thom classes

th(E) ∈ H̃2a+2bσ,a+bσ
C2

(Th(E), A).

Proof. By assumption, there is a cover X = U1 ∪ · · · ∪ Un by open invariant sub-
schemes such that E|Ui ∼= Ui × A(V ). Proceeding by induction on n, we can use
the Mayer-Vietoris long exact sequence to patch the elements 1Ui ×uV constructed
in the previous proposition. The condition of (3.21) guarantees that they patch
together. �

In the following, A denotes an abelian group.
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Corollary 3.27. Let i : Z ↪→ X be a closed immersion of smooth C2-schemes
over k, with open complement j : U ↪→ X and normal bundle Ni. Suppose that
Z =

∐
Zr, with each Zr invariant, and Ni|Zr is of type ar + brσ. Then there is a

Gysin long exact sequence

· · · → ⊕rH?−2αr,?−αr
C2

(Zr, A)→ H?,?
C2

(X,A)
j∗−→ H?,?

C2
(U,A)→ · · · .

Proof. By equivariant homotopical purity [HKØ15, Theorem 7.6], we have a cofiber
sequence of motivic C2-spaces

(3.28) U → X → Th(Ni).

This induces a long exact sequence

· · · → H̃?,?
C2

(Th(Ni), A)→ H?,?
C2

(X,A)
j∗−→ H?,?

C2
(U,A)→ H̃?+1,?

C2
(Th(Ni), A)→ · · · .

Note that Th(Ni) = ∨rTh(Ni|Zr ). Applying the previous theorem to each Th(Ni|Zα)
identifies the long exact sequence induced by (3.28) with the desired Gysin se-
quence. �

Remark 3.29. An important case is the following. Let X be a smooth C2-scheme
and Z a connected component of the fixed point subscheme XC2 ⊆ X. Then the
fibers of the normal bundle of Z ⊆ X are of type codimX(Z)σ. Indeed, we have
(TzX)C2 = Tz(X

C2) = Tz(Z) for any z ∈ Z, by e.g., [HVØ15, Lemma 8.10].

When k = C, the same construction as in the proof of Theorem 3.26 applies to
topological Bredon cohomology. Moreover, this construction is compatible with the

Betti realization functor ReC : H̃?,?
C2

(Th(E), A)→ H̃?
C2

(Th(E)(C), A).

Proposition 3.30. Let k = C and E → X be a C2-equivariant vector bundle and

suppose th(E) is a Thom class. Then ReC(th(E)) ∈ H̃?
C2

(Th(E)(C), A) is a Thom
class.

Proof. To show that ReC(th(E)) is a Thom class it suffices to show that i∗(th(E))

is a generator of the free H∗(C2/H,A)-module H̃∗(Th(i∗E), A), where H ⊆ C2

is a subgroup and i : C2/H → X(C) is an equivariant map [May96, XVI.9].
Write V = a + bσ, where i∗E = C2/H × A(V ). Then, i∗(th(E)) = a(ΣTV 1) in

H̃2a+2bσ,a+bσ
C2

(Th(i∗E), A), for some a ∈ H0,0
C2

(Spec(C), A) = A. It follows that

i∗ReC(th(E)) = a(ΣSV (C)1), which is a generator of H̃2a+2bσ
C2

(Th(i∗E(C)), A), and
so ReC(th(E)) is a Thom class. �

4. Bredon cohomology and equivariant higher Chow groups

In [HVØ15, Theorem 5.19] we constructed a natural comparison map between
the Bredon motivic cohomology groups and Edidin-Graham’s equivariant higher
Chow groups. In this section we elaborate on the comparison between these two
constructions of equivariant motivic cohomology. Throughout, A denotes an abelian
group.

Proposition 4.1. Let X be a smooth quasi-projective C2-scheme over k. There is
a natural isomorphism

CHb
C2

(X, 2b− a,A) ∼= Ha,b
C2

(X ×EC2, A).
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Proof. By definition, CHb
C2

(X, 2b−a,A) = CHb(X×C2
(A(nσ)\{0}), 2b−a,A) for

n sufficiently large, see [EG98, p. 599, 605]. In particular, the value of this latter
group is constant for n � 0. Write Un = A(nσ) \ {0}. Using the isomorphism
between higher Chow groups and motivic cohomology [Voe02, Corollary 2] together
with Proposition 3.16 we obtain the natural isomorphisms

CHb
C2

(X, 2b− a,A) ∼= limnH
a,b
M (X ×C2

Un, A)

∼= limnH
a,b
C2

(X × Un, A)

∼= Ha,b
C2

(X ×EC2, A).

For the last isomorphism we have used the Milnor exact sequence

0→ lim1
nH

a,b
C2

(X × Un)→ Ha,b
C2

(X ×EC2)→ limnH
a,b
C2

(X × Un)→ 0,

and the fact that the lim1-term vanishes. �

The groups H?,?
C2

(X×EC2, A) define the Borel motivic cohomology of X. In light

of the identification above, we view H?,?
C2

(X × EC2, A) as a generalized version of
equivariant higher Chow groups (in which the grading is by representations instead
of just integers). By the motivic isotropy separation cofiber sequence (2.7), the
projection map EC2 + → S0 induces the comparison map between the Bredon
motivic cohomology and the Borel motivic cohomology theories. Their difference
is measured by ẼC2.

Lemma 4.2. Let X be a smooth, quasi-projective C2-scheme. Suppose that either
(i) X has free action, (ii) b < 0, or (iii) a ≤ 1 and A is finite, then

H̃a+pσ,b+qσ
C2

(X+ ∧ ẼC2, A) = 0.

Proof. By Proposition 2.9 we have isomorphisms

H̃a+pσ,b+qσ
C2

(X+ ∧ ẼC2, A) ∼= H̃a,b
C2

(X+ ∧ ẼC2, A).

First we consider the case when X has free action. Then X/G is smooth and

applying Proposition 3.16, the map Ha,b
C2

(X,A)→ Ha,b
C2

(X×EC2, A) becomes iden-
tified with the natural isomorphism

Ha,b
M (X/G,A)

∼=−→ Ha,b
M (X ×G EC2, A)

for all a, b. This establishes the vanishing in case (i).
Now consider the case when X has trivial action. In this case we have

Ha,b
C2

(X ×EC2, A) = Ha,b
M (X ×BC2, A).

The projection map X ×BC2 → X affords a section and the long exact sequence
associated to the motivic isotropy sequence breaks up into short exact sequences

0→ Ha,b
C2

(X,A)→ Ha,b
M (X ×BC2, A)→ H̃a+1,b

C2
(X+ ∧ ẼC2, A)→ 0.

The two left groups vanish whenever b < 0 and so does the third, which establishes
case (ii). The space BC2 is the complement of the zero section of the line bundle
O(−2) on P∞, see e.g., [Voe03b, Lemma 6.4]. It thus fits into a cofiber sequence

BC2 → P∞ → Th(O(−2))

of motivic spaces. Now we suppose that A is finite. We have, as a consequence

of the Bloch-Kato conjectures, that Ha,b
M (X,A) = 0 for a < 0. Combined with

the sequence in motivic cohomology resulting from the above cofiber sequence, the
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Thom isomorphism, and the projective bundle theorem, we find an isomorphism

Ha,b
M (X,A)→ Ha,b

M (X ×BC2, A) for a ≤ 0 and A finite.
Now consider an arbitrary smooth C2-scheme X. The fixed points XC2 ⊆ X are

smooth and its open complement U = X \XC2 has free action. The previous para-
graphs applied to XC2 and U together with the Gysin sequence of Corollary 3.27
and Remark 3.29 yields the result. �

Theorem 4.3. Let X be a smooth quasi-projective C2-scheme over k. Then the
natural map

Ha+pσ,b+qσ
C2

(X,A)→ Ha+pσ,b+qσ
C2

(X ×EC2, A)

is an isomorphism if either (i) X has free action, (ii) b < 0, or (iii) and A is finite
a ≤ 0. In case (iii) the map is injective if a = 1.

Proof. This follows immediately from the previous lemma and the motivic isotropy
separation cofiber sequence (2.7). �

Remark 4.4. Combining the identification of Proposition 4.1 and the periodicity
of Corollary 5.5 we find that there is a natural map

Ha+pσ,b+qσ
C2

(X,Z/2)→ Ha+p,b+q
M (X ×C2 EC2,Z/2)

∼= CHb+q(X, 2(b+ q)− a− p,Z/2)

which is an isomorphism if (i) X has free action, (ii) b < 0, or (iii) a ≤ 0. Moreover
in case (iii) the map is an injection for a = 1.

5. Periodicity and Borel motivic cohomology

In this section we show that the ring H?,?
C2

(EC2,Z/2) is periodic with period

(2σ − 2, σ − 1). It follows that the groups H?,?
C2

(X × EC2,Z/2) are also periodic.
These form a generalized ”geometric” Borel motivic cohomology theory. The integer
graded portion of these groups is isomorphic to equivariant higher Chow groups,
see Section 4. This periodicity of the generalized Borel motivic cohomology will
play an important role in our comparison theorem between motivic and topological
Bredon cohomology.

We remind the reader that our convention is that (∗, ∗) stands for an integer
bigrading and (?, ?) stands for the bigrading determined by representations, see
(1.4). We begin with the cohomology of C2.

Lemma 5.1. Let A be an abelian group. There is an H∗,∗M (k,A)-algebra isomor-
phism

H?,?
C2

(C2, A) ∼= H∗,∗M (k,A)[s±1, t±1],

where s ∈ Hσ−1,0
C2

(C2, A) and t ∈ Hσ−1,σ−1
C2

(C2, A).

Proof. Write (α, β) = (a+ pσ, b+ qσ) and |a+ pσ| = a+ p. We have isomorphisms

H?,?
C2

(C2, A)
∼=−→ H̃?+α,?+β

C2
(Sα,β ∧ C2 +, A)

∼=−→ H̃?+α,?+β
C2

(S|α|,|β| ∧ C2 +, A)
∼=←− H?+α−|α|,?+β−|β|

C2
(C2, A);

the first and last isomorphisms are instances of the suspension isomorphism, and
the middle isomorphism follows from Lemma A.9. This is an isomorphism of free
one-dimensional H?,?

C2
(C2, A)-modules and thus is given by multiplication with an
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invertible element xα,β ∈ Hα−|α|,β−|β|
C2

(C2, A). Taking s = xσ−1,0 and t = xσ−1,σ−1,

we get an H∗,∗M (k,A)-algebra map

H∗,∗M (k,A)[s±1, t±1]→ H?,?
C2

(C2, A),

which is an isomorphism. �

Lemma 5.2. The map C2+ → S0 induces an isomorphism

H2σ−2,σ−1
C2

(k,Z/2)
∼=−→ H2σ−2,σ−1

C2
(C2,Z/2).

Proof. By Theorem 3.4, this map is identified with the map

H0
C2Nis(T,Z/2(σ)[2σ])→ H0

C2Nis(C2+ ∧ T,Z/2(σ)[2σ]).

We have that Z/2(σ)[2σ] = C∗Ztr,C2
(Tσ)⊗LZ/2 and by [HVØ15, Proposition 5.14],

C∗Ztr,C2(Tσ) ' cone((O∗)C2 ⊕ Z→ Z).

We now see that

Hi
C2Nis(T,C∗Ztr,C2(Tσ))

∼=−→ Hi
C2Nis(C2+ ∧ T,C∗Ztr,C2(Tσ))

is an isomorphism for all i (for example, by applying [HVØ15, Lemma 3.19]).
�

Lemma 5.3. Let A be an abelian group. There are isomorphisms

H0,0
C2

(EC2, A) ∼= lim
n
H0,0
C2

(A(nσ) \ {0}, A) ∼= A.

Proof. We have H0,0
C2

(A(nσ) \ {0}, A) ∼= H0,0
M ((A(nσ) \ {0})/C2, A) = A by Propo-

sition 3.16 and the maps

H0,0
M ((A(nσ) \ {0})/C2, A)→ H0,0

M ((A((n+ 1)σ) \ {0})/C2, A)

are isomorphisms. �

Write v = st ∈ H2σ−2,σ−1
C2

(k,Z/2) for the element obtained from Lemma 5.1 and

Lemma 5.2. We also write v for the corresponding image in H?,?
C2

(EC2,Z/2).

Theorem 5.4. The element v ∈ H2(σ−1),σ−1
C2

(EC2,Z/2) is invertible.

Proof. Consider the equivariant embedding in : C2 ⊆ A(nσ)\{0} given by including
at {±1}. We show that in induces an isomorphism

i∗n : H2−2σ,1−σ
C2

(A(nσ) \ {0},Z/2)
∼=−→ H2−2σ,1−σ

C2
(C2,Z/2).

This will imply the theorem as follows. For each n, the elements v−1 inH?,?
C2

(C2,Z/2)

lift uniquely to elements un in H?,?
C2

(A(nσ) \ {0},Z/2). The uniqueness of these

lifts implies that {un} determine elements (un), in limnH
?,?
C2

(A(nσ) \ {0},Z/2).

These in turn lift to an element u, in H?,?
C2

(EC2,Z/2). We now find that v ∪ u ∈
H0,0
C2

(EC2,Z/2) = Z/2 must be equal to 1 since it maps to 1 ∈ H0,0
C2

(C2,Z/2) = Z/2.
For typographical simplicity we will suppress the coefficients Z/2 of the coho-

mology groups from the notation. We will also write Un := A(nσ) \ {0}. Consider
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the comparison of exact sequences, induced by (2.5)

H1,1
C2

(Un) //

��

H1,1
C2

(U1 × Un) //

��

H̃2,1
C2

(Tσ ∧ Un+) //

��

0

H1,1
C2

(C2) // H1,1
C2

(U1 × C2) // H̃2,1
C2

(Tσ ∧ C2+) // 0.

The quotient U1×C2
Un is the complement of the zero section of the line bundle

L := A(σ)×C2
Un on Un/C2. By Proposition 3.16, the left hand square of the above

diagram is identified with the left hand square of the commutative diagram

H1,1
M (Un/C2) //

��

H1,1
M (U1 ×C2

Un) //

��

H̃2,1
M (Th(L)) //

��

0

H1,1
M (Spec(k)) // H1,1

M (A1 \ {0}) // H̃2,1
M (T ) // 0.

The map H̃2,1
M (Th(L))→ H̃2,1

M (T ) sends the Thom class of L to a generator and so

this map is an isomorphism. In particular H̃2,1
C2

(Tσ ∧Un+)→ H̃2,1
C2

(Tσ ∧C2+) is an
isomorphism, as desired.

�

Corollary 5.5. Multiplication by v−q ∈ H2q(1−σ),q(1−σ)
C2

(EC2,Z/2) induces a nat-
ural isomorphism

H̃a+pσ,b+qσ
C2

(E ∧ (EC2)+,Z/2) ∼= H̃
(a+2q)+(p−2q)σ,b+q
C2

(E ∧ (EC2)+,Z/2)

of H?,?
C2

(EC2,Z/2)-modules for any motivic C2-spectrum E.

Remark 5.6. This (2σ− 2, σ− 1)-periodicity does not decompose into a (σ− 1, 0)
and a (σ−1, σ−1)-periodicity (contrary to an erroneous claim in a previous version
of this paper). We also note that the failure of (σ− 1, σ− 1)-periodicity shows that
the condition a ≤ b− q in Proposition 6.4 is unavoidable.

To see the failure of (σ − 1, 0)-periodicity, consider the exact sequence, where
Un = A(nσ) \ 0,

H0,0
C2

(Un,Z/2)→ H0,0
C2

(C2 × Un,Z/2)→ H̃1,0
C2

(Sσ ∧ Un+,Z/2)→ H1,0
C2

(Un,Z/2).

Since H1,0
C2

(Un,Z/2) ∼= H1,0
M (Un/C2,Z/2) = 0 and the lefthand map is an iso-

morphism, we have H1−σ,0
C2

(Un,Z/2) = 0. Therefore H1−σ,0
C2

(EC2,Z/2) = 0; in

particular, H?,?
C2

(EC2,Z/2) is not (σ − 1, 0)-periodic. Consequently it is also not
(σ − 1, σ − 1)-periodic.

We note as well that Proposition 2.9 immediately implies that the cohomology

of any X+ ∧ ẼC2 is periodic in the following sense.

Proposition 5.7. Let X be a smooth C2-scheme over k and A be a commutative
ring. For all integers a,b,p,q, there are H?,?

C2
(X,A)-module isomorphisms

H̃a+pσ,b+qσ
C2

(X+ ∧ ẼC2, A) ∼= H̃
a+(p−1)σ,b+qσ
C2

(X+ ∧ ẼC2, A)

and

H̃a+pσ,b+qσ
C2

(X+ ∧ ẼC2, A) ∼= H̃
a+(p−2)σ,b+(q−1)σ
C2

(X+ ∧ ẼC2, A).
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6. Comparing motivic and topological Bredon cohomology over C

Let X be a smooth variety over a field. The Beilinson-Lichtenbaum conjecture
[SV00, Conjecture 6.8] is the assertion that the map

(6.1) Hp,q
M (X,Z/n)→ Hp

et(X,µ
⊗q
n )

is an isomorphism when p ≤ q and is an injection when p = q + 1. The validity of
this conjecture is a consequence of the Milnor and Bloch-Kato conjectures [Voe03a,
Voe11] together with [SV00, Theorem 7.4]. Now if X is a complex variety this can
be rephrased using singular cohomology; topological realization

(6.2) Hp,q
M (X,Z/n)→ Hp

sing(X(C),Z/n) is

{
an isomorphism if p ≤ q,
a monomorphism if p = q + 1.

In this section, we establish a C2-equivariant generalization of the Beilinson-
Lichtenbaum conjecture for smooth complex varieties X with involution. We begin
with a consideration of the Borel part of the Bredon cohomologies.

Lemma 6.3. Let U be a smooth quasi-projective complex C2-variety with free ac-
tion. Then

ReC : Hm+iσ,n
C2

(U,Z/2)→ Hm+iσ
C2

(U(C),Z/2),

is an isomorphism if m ≤ n and m + i ≤ n. It is a monomorphism if m ≤ n + 1
and m+ i ≤ n+ 1.

Proof. When i = 0 the result holds by (6.2) together with Proposition 3.16. The
result follows in general using induction on i and considering the comparison of
exact sequences obtained from (2.4),

// Hm+jσ,n
C2

(U) //

��

H
m+(j+1)σ,n
C2

(U) //

��

Hm+j+1,n
M (U) //

��

Hm+1+jσ,n
C2

(U) //

��
// Hm+jσ

C2
(U(C)) // Hm+(j+1)σ

C2
(U(C)) // Hm+j+1

sing (U(C)) // Hm+1+jσ
C2

(U(C)) // .

�

Proposition 6.4. Let X be a smooth complex C2-variety and A a finite abelian
group. Then

ReC : Ha+pσ,b+qσ
C2

(X ×EC2, A)→ Ha+pσ
C2

(X(C)×EC2(C), A),

is

(i) an isomorphism if a ≤ b− q and a+ p ≤ b+ q, and
(ii) a monomorphism if a ≤ b− q + 1 and a+ p ≤ b+ q + 1.

Proof. We first assume that X is quasi-projective. It suffices to assume that
A = Z/`i where ` is a prime. Suppose that 2 is invertible in A. Consider the com-
mutative diagram coming from and Proposition 3.14 and Proposition 3.18, where
the coefficient group A has been suppressed

Ha+pσ,b+qσ
C2

(X ×EC2) �
� π∗ //

ReC

��

Ha+p,b+q
M (X ×EC2)

τ∗ // //

ReC

��

Ha+pσ,b+qσ
C2

(X ×EC2)

ReC

��
Ha+pσ
C2

((X ×EC2)(C)) �
� π∗ // Ha+p

sing((X ×EC2)(C))
τ∗ // // Ha+pσ

C2
((X ×EC2)(C)).
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The horizontal compositions are multiplication by 2 and so are isomorphisms. By
the Beilinson-Lichtenbaum conjecture (6.2), the middle map is an isomorphism for
a+ p ≤ b+ q and an injection for a+ p = b+ q + 1. This implies that the same is
thus true of the outer vertical arrows.

It remains to consider the case A = Z/2i. By comparing the exact sequences aris-
ing from the short exact sequence 0 → Z/2i−1 → Z/2i → Z/2 → 0 and induction,
we are reduced to the case A = Z/2.

We now assume that A = Z/2 (and continue suppressing the coefficients as
needed). Using the periodicity from Corollary 5.5 we may replace (a+ pσ, b+ qσ)
by ((a+ 2q) + (p− 2q)σ, b+ q) and we write (m+ iσ, b) for this new bidegree. The
hypothesis on (a + pσ, b + qσ) implies that (m + iσ, b) satisfies the hypothesis of
the previous lemma. The result now follows in this case from the previous lemma
together with the comparison of Milnor exact sequences

0 // lim1
nH

m−1+iσ,b
C2

(Un) //

��

Hm+iσ,b
C2

(X ×EC2) //

��

limnH
m+iσ,b
C2

(Un) //

��

0

0 // lim1
nH

m−1+iσ
C2

(Un(C)) // Hm+iσ
C2

((X ×EC2)(C)) // limnH
m+iσ
C2

(Un(C)) // 0

where Un := X × (A(nσ) \ {0}), since Un is a smooth quasi-projective variety with
free action.

To deduce the proposition for a general smooth X from the quasi-projective case,
we use that X is locally affine in the equivariant Nisnevich topology, see Remark 2.3.
There are several ways to turn this observation into a formal argument; we proceed
directly as follows. Suppose that we have a cartesian square of smooth C2-complex
varieties

W
� � //

��

Y

φ

��
U �
� // X,

where Y is quasi-projective, φ is equivariant étale, U is an invariant open, and the
restriction φ|Y \W has an equivariant section. Then, if the proposition is true for
U it is also true for X. Indeed, this square leads to a distinguished equivariant
Nisnevich square, via standard techniques,

W ′ �
� //

��

Y ′

��
U
� � // X,

where Y ′ is open in Y ; in particular, it is quasi-projective. Comparing the resulting
Mayer-Vietoris long exact sequences then shows that under these assumptions, the
proposition holds for X.

Now we let A ⊆ X be a dense invariant affine open and Y any quasi-projective
equivariant Nisnevich cover of X. Let ∅ = Zn+1 ⊆ Zn ⊆ · · ·Z1 ⊆ Z0 := X \ A be
an equivariant splitting sequence for Y |Z0

. Set Xi = X \ Zi and Yi = Y |Xi . The
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cartesian square

Yi
� � //

��

Yi+1

��
Xi
� � // Xi+1

satisfies the conditions of the previous paragraph, and so proceeding by induction
we find that the proposition holds for each Xi. �

Next we consider the isotropic part of the Bredon cohomologies.

Proposition 6.5. Let X be a smooth complex C2-variety and A a finite abelian
group. Then

ReC : H̃a+pσ,b+qσ
C2

(X+ ∧ ẼC2, A)→ H̃a+pσ
C2

(X(C)+ ∧ ẼC2(C), A),

is an isomorphism if a ≤ b and an injection if a = b+ 1.

Proof. First we consider the special case when X has trivial action. By the pe-
riodicities supplied by Proposition 5.7 and the corresponding ones in topological
Bredon cohomology, we may assume that p = q = 0.

Since X has trivial action, the map Ha,b
C2

(X,A) → Ha
C2

(X(C), A) is naturally

isomorphic to the map Ha,b
M (X,A) → Ha

sing(X(C), A), by Proposition 3.15. In
particular, by the Beilinson-Lichtenbaum conjecture, it is an isomorphism if a ≤ b

and an injection if a = b+1. The map Ha,b
C2

(X×EC2, A)→ Ha
C2

(X(C)×EC2(C), A)
is an isomorphism for a ≤ b and an injection for a = b + 1, by the previous
proposition. The proposition thus follows for X with trivial action by comparing
the long exact sequences associated to the motivic isotropy cofiber sequence

(6.6) X+ ∧EC2 + → X+ → X+ ∧ ẼC2.

We now treat the general case. The fixed point scheme XC2 is smooth and so
by the equivariant homotopical purity theorem [HKØ15, Theorem 7.6], we have a
cofiber sequence

X \XC2 → X → Th(N ),

where N is the normal bundle of the inclusion XC2 ⊆ X. By Lemma 4.2, the map
X → Th(N ) induces an isomorphism

(6.7) H̃?,?
C2

(Th(N ) ∧ ẼC2, A)
∼=−→ H̃?,?

C2
(X+ ∧ ẼC2, A)

and similarly for the topological Bredon cohomology. Note that XC2 is a disjoint
union XC2 =

∐
r Zr of connected smooth varieties with trivial action. We may

apply Theorem 3.26 and Proposition 3.30, together with Remark 3.29 to each N|Zr
in order to obtain the commutative square

H̃a+pσ,b+qσ
C2

(Th(N ) ∧ ẼC2)
∼= //

��

⊕r
H̃
a+(p−2pr)σ, b+(q−pr)σ
C2

(Zr+ ∧ ẼC2)

��
H̃a+pσ
C2

(Th(N (C)) ∧ ẼC2(C))
∼= //⊕r

H̃
a+(p−2pr)σ
C2

(Zr(C)+ ∧ ẼC2(C)),

where pr = codimX(Zr). The proposition holds for the right hand map and thus
it holds for the left hand map as well. Applying the isomorphism (6.7) yields the
conclusion of the proposition. �
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Combining the previous two results now implies our equivariant generalization
of the Beilinson-Lichtenbaum conjectures over C.

Theorem 6.8. Let X be a smooth complex C2-variety and A a finite abelian group.
The comparison map

ReC : Ha+pσ,b+qσ
C2

(X,A)→ Ha+pσ
C2

(X(C), A)

is

(i) an isomorphism if both a+ p ≤ b+ q and a ≤ min{b− q, b},
(ii) an injection if both a+ p ≤ b+ q + 1 and a ≤ min{b− q, b}+ 1.

Proof. This follows by comparing the long exact sequences induced by the motivic

isotropy cofiber sequence X+ ∧ EC2 + → X+ → X+ ∧ ẼC2 together with Proposi-
tion 6.4 and Proposition 6.5. �

Notice that in the case p = q = 0 and X complex variety with trivial Z/2−action
the above theorem reduces to the usual Beilinson-Lichtenbaum conjecture for com-
plex varieties (which we actually used in the proof). (See also (6.2).)

7. Comparing motivic and topological Bredon cohomology over R

Let X be a smooth real variety and write Σ2 = Gal(C/R). The space X(C)
has an Σ2-action. This extends to the topological realization functor ReC,Σ2

:
SH(R)→ SHΣ2

, see [HO14, Proposition 4.8]. We have ReC,Σ2
(MA) = HA [HO14,

Theorem 4.17] and thus a comparison map relating motivic cohomology and Bredon
cohomology. By [HV12, Corollary 5.11], the Beilinson-Lichtenbaum conjecture (6.1)
for real varieties can be reinterpreted as the statement that the map

(7.1) Ha,b
M (X,A)→ Ha−b+bσ

Σ2
(X(C), A) is

{
an isomorphism if a ≤ b,
a monomorphism if a = b+ 1.

We now consider a smooth real variety X with a C2-action. The space of complex
points X(C) has two involutions, one coming from complex conjugation and the
other coming from action on the variety X. To avoid confusing these actions, we
write C2 for the group acting algebraically on the real variety X while we write
Σ2 = Gal(C/R) for the Galois group and its action is by complex conjugation. Thus
X(C) has an C2 × Σ2-action. This extends to the topological realization functor,
see Theorem A.17,

ReC,Σ2 : SHC2(R)→ SHC2×Σ2 .

Write τ1 (resp. τ2) for the nontrivial element of C2 (resp. of Σ). Write σ for
the C2 × Σ2-representation which is defined by letting τ1 act by −1 and τ2 by the
identity. Write ε for the representation which is defined by letting τ1 act by the
identity and τ2 by −1. The four representations of the Klein group C2 × Σ2 are 1,
σ, ε, and σ ⊗ ε.

The effect of the topological realization functor on spheres is as follows.

Lemma 7.2. We have ReC,Σ2(S1) ' S1, ReC,Σ2(Sσ) ' Sσ, ReC,Σ2(S1
t ) ' Sε,

and ReC,Σ2(Sσt ) ' Sσ⊗ε. Thus

ReC,Σ2(Sa+pσ,b+qσ) ' S(a−b)+(p−q)σ+bε+qσ⊗ε.
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Proof. The first relation is obvious. The second follows from the cofiber sequence
C2 + → S0 → Sσ. We have that S1

t (C) and Sσt (C) are equivariantly homotopic to
the unit circle in C∗. In the first case, τ1(z) = z and τ2(z) = z, and in the second
case τ1(z) = 1/z and τ2(z) = z. The displayed equalities follow immediately from
these formulae. �

Since ReC,Σ2
(MA) ∼= HA in SHC2×Σ2

, see Theorem A.29, there exists a compar-
ison map

(7.3) ReC,Σ2
: Ha+pσ,b+qσ

C2
(X,A)→ H

a−b+(p−q)σ+bε+qσ⊗ε
C2×Σ2

(X(C), A).

Observe that ReC,Σ2(A(σ)) = σ+σ⊗ε. Applying ReC,Σ2 to the motivic isotropy
cofiber sequence (2.7) yields the cofiber sequence of C2 × Σ2-spaces

EΣ2C2+ → S0 → ẼΣ2C2.

Here EΣ2
C2 is the Σ2-equivariant universal C2-space, see [May96, VII.1] or [HHR09,

Definition B.108]. We have ẼΣ2C2 = colimn S
nσ⊗ε ∧ Snσ. For any representation

V , the cyclic permutation on S3V is equivariantly homotopic to the identity (e.g.,
a similar argument as in Lemma 2.10 works topologically) and so we conclude the
following.

Proposition 7.4. The unit maps S0 → Sσ, S0 → Sσ⊗ε induce C2×Σ2-equivariant

homotopy equivalences ẼΣ2
C2 ' ẼΣ2

C2 ∧ Sσ and ẼΣ2
C2 ' ẼΣ2

C2 ∧ Sσ⊗ε. In

particular, H̃?
C2×Σ2

(E ∧ ẼΣ2
C2, A) is σ-periodic as well as σ ⊗ ε-periodic for any

C2 × Σ2-equivariant spectrum E.

Since (7.3) is a ring map, Theorem 5.4 implies there is an invertible element
v ∈ H?

C2×Σ2
(EΣ2

C2,Z/2), the degree of v is σ − 1 + σ ⊗ ε − ε. This immediately
implies the following.

Proposition 7.5. Multiplication by v−q ∈ Hq−qσ+qε−qσ⊗ε
C2×Σ2

(EΣ2
C2,Z/2) induces a

natural isomorphism

H̃a+pσ+cε+qσ⊗ε
C2×Σ2

(E ∧ (EΣ2C2)+,Z/2) ∼= H̃
(a+q)+(p−q)σ+(c+q)ε
C2×Σ2

(E ∧ (EΣ2C2)+,Z/2)

of H?
C2×Σ2

(EC2
Σ2,Z/2)-modules for any C2 × Σ2-spectrum E.

We proceed, as in the previous section, towards our equivariant version of the
Beilinson-Lichtenbaum conjecture over the reals by establishing the following case.

Lemma 7.6. Let U be a smooth quasi-projective real C2-variety with free action.
Then

ReC : Hm+iσ,n
C2

(U,Z/2)→ Hm−n+iσ+nε
C2×Σ2

(U(C),Z/2),

is an isomorphism if m ≤ n and m + i ≤ n. It is a monomorphism if m ≤ n + 1
and m+ i ≤ n+ 1.

Proof. If Y is a C2 × Σ2-space, then we have Hs+tε
C2×Σ2

(Y,A) ∼= Hs+tσ
Σ2

(Y/C2, A).
Moreover, if Y = X(C), where X is a real variety with free C2-action, arguing as
in Proposition 3.16, we have a commutative square

Hm,n
C2

(X,A)

ReC,Σ2

��

∼= // Hm,n
M (X/C2, A)

ReC,Σ2

��
Hm−n+nε
C2×Σ2

(X(C), A)
∼= // Hm−n+nσ

Σ2
(X(C)/C2, A).

25 Jan 2018 11:24:30 EST
Version 2 - Submitted to Trans. Amer. Math. Soc.

AlgTopologyThis is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



TOPOLOGICAL COMPARISON THEOREMS FOR BREDON MOTIVIC COHOMOLOGY 29

When i = 0 the result thus holds by (7.1). The result follows in general using
induction and considering the comparison of exact sequences obtained from (2.4),

// Hm+(j−1)σ,n
C2

(U) //

��

Hm+jσ,n
C2

(U) //

��

Hm+j,n
M (U) //

��
// Hm−n+nε+(j−1)σ

C2×Σ2
(U(C)) // Hm−n+nε+jσ

C2×Σ2
(U(C)) // Hm+j−n+nσ

Σ2
(U(C)) // .

�

Proposition 7.7. Let X be a smooth real variety with C2-action and A a finite
abelian group. Then the map

Ha+pσ,b+qσ
C2

(X ×EC2, A)→ H
a−b+(p−q)σ+bε+qσ⊗ε
C2×Σ2

(X(C)× EΣ2C2, A)

is

(i) an isomorphism if a ≤ b− q and a+ p ≤ b+ q, and
(ii) a monomorphism if a ≤ b− q + 1 and a+ p ≤ b+ q + 1.

Proof. It suffices to consider the case of a quasi-projective X by the same argu-
ment as in the second half of Proposition 6.4. It also suffices to consider the case
A = Z/2 by the same argument as in Proposition 6.4, using an obvious variant of
Proposition 3.18.

Using Corollary 5.5 and Proposition 7.5, we can replace (a + pσ, b + qσ) by
(a+2q+(p−2q)σ, b+q) and a−b+(p−q)σ+bε+qσ⊗ε by (a−b−q)+(p−2q)σ+(b+q)ε.
For simplicity, we reindex, replacing a + 2q + (p − q)σ by m + iσ and b + q by b.
The hypothesis on (a+ pσ, b+ qσ) implies that (m+ iσ, b) satisfies the hypothesis
of the previous lemma 7.6.

Considering the comparison of Milnor exact sequences, as in Proposition 6.4, we
see from lemma 7.6 that

(7.8) Hm+iσ,b
C2

(Un,Z/2)→ Hm−b+iσ+bε
C2×C2

(Un(C),Z/2)

is an isomorphism for m+ i ≤ b and m ≤ b and a monomorphism for m+ i = b+ 1
and m ≤ b+ 1. Here Un := X × (A(nσ) \ {0}). Replacing back m by a+ 2q and i
for p− 2q and b for b+ q we get the result.

�

We also have the following:

Proposition 7.9. Let X be a smooth real variety with C2-action and A a finite
abelian group. The map

H̃a+pσ,b+qσ
C2

(X+ ∧ ẼC2, A)→ H̃a−b+bε
C2×Σ2

(X(C)+ ∧ ẼΣ2C2, A)

is an isomorphism for a ≤ b and a monomorphism for a = b+ 1.

Proof. In the case of a free C2-action on X the above map is an isomorphism for
all the indexes because the groups are zero. Consider the comparison of long exact
sequences in cohomology associated to the motivic isotropy cofiber sequence

X+ ∧EC2 → X+ → X+ ∧ ẼC2.

Suppose that X has trivial action. Using Proposition 5.7 and Proposition 7.4, we
may assume that p = 0 and q = 0. Consider the map

H̃a,b
C2

(X+ ∧ ẼC2, A)→ H̃a−b+bε
C2×Σ2

(X(C)+ ∧ ẼΣ2
C2, A).
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Because X has a trivial action, we have that the middle map in the long exact
sequence given by the motivic isotropy cofiber sequence is identified with

Ha,b
M (X,A)→ Ha−b,b

C2
(X(C), A).

This is an isomorphism if a ≤ b and a monomorphism if a = b+ 1 by the Beilinson-
Lichtenbaum conjecture (7.1).

The other significant map in the diagram is

H̃a,b
C2

(X ×EC2, A)→ H̃a−b+bε
C2×Σ2

(X(C)× EΣ2
C2, A)

which according to Proposition 7.7 is an isomorphism for any a ≤ b and monomor-
phism for any a = b+ 1. This confirms the isomorphism in the statement when the
action is trivial.

The isomorphism in the general case follows as in Proposition 6.5 by considering
the equivariant cofiber sequence for the real variety X

X \XC2 → X → Th(N ),

where N is the normal bundle of the inclusion XC2 ⊂ X. �

Theorem 7.10. Let X be a smooth real variety with C2-action and A an abelian
group. Then the map

Ha+pσ,b+qσ
C2

(X,A)→ H
a−b+(p−q)σ+bε+qσ⊗ε
C2×Σ2

(X(C), A)

is

(i) an isomorphism if both a+ p ≤ b+ q and a ≤ min{b− q, b},
(ii) an injection if both a+ p ≤ b+ q + 1 and a ≤ min{b− q, b}+ 1.

Proof. This follows by comparing the long exact sequences induced by the motivic

isotropy cofiber sequence X+ ∧ EC2 + → X+ → X+ ∧ ẼC2 together with Proposi-
tion 7.7 and Proposition 7.9. �

When p = q = 0 and X a smooth real variety with trivial C2-action the above
theorem reduces to the version of the Beilinson-Lichtenbaum conjecture for a real
variety (see 7.1) established in [HV12]. (Of course this was used to prove the
theorem.)

Appendix A. Equivariant motivic homotopy theory

Unstable equivariant motivic homotopy theory was first considered by Voevod-
sky [Del09]. A stable version was considered by Hu-Kriz-Ormsby [HKO11] as part
of their work on the completion problem in Hermitian K-theory. General founda-
tions and model structures are constructed in [HKØ15] and representability results
for equivariant algebraic K-theory are also established. A general framework for
stable equivariant motivic homotopy theory emphasizing the six functor formalism
is introduced in [Hoy15]. Alternate versions of a homotopy theory for smooth G-
schemes are studied in [Her13] and [CJ14]; however, theories of interest, such as
equivariant algebraic K-theory, are not representable in the homotopy categories
constructed there.

The main results in this paper rely on a Betti or topological realization functor,
which is constructed in this appendix, relating equivariant motivic homotopy and
classical equivariant homotopy theory. We begin by giving a brief but self-contained
construction of a model for the unstable and stable equivariant motivic homotopy

25 Jan 2018 11:24:30 EST
Version 2 - Submitted to Trans. Amer. Math. Soc.

AlgTopologyThis is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



TOPOLOGICAL COMPARISON THEOREMS FOR BREDON MOTIVIC COHOMOLOGY 31

categories, which is geared towards the construction of the Betti realization func-
tor. We also record the details of the construction of several comparison functors
between equivariant and nonequivariant homotopy categories in this setting. Fi-
nally in the last sections of this appendix we verify that the topological realization
of the Bredon motivic cohomology spectrum is the topological Bredon cohomology
spectrum.

A.1. Unstable equivariant motivic homotopy theory. To keep exposition
streamlined, we restrict attention to the case of a finite group G over a field k. Fur-
thermore we always assume that the order of G is invertible in k. A motivic G-space
over k is defined to be a presheaf of simplicial sets on GSm/k. We write GSpc(k)
and GSpc•(k) respectively for the categories of motivic G-spaces and pointed mo-
tivic G-spaces over k. We are primarily interested in the stable equivariant motivic
homotopy category, and so we only treat the unstable model structure for pointed
motivic G-spaces. The category GSpc•(k) is a symmetric monoidal category via
the pointwise smash product (F ∧G)(X) := F (X) ∧G(X) of motivic G-spaces.

We make use of an equivariant version of the “closed flasque model structure”
introduced in [PPR09], a variation on the flasque model structure of [Isa05]. This
model structure is particularly well-suited for topological realization.

Let Z = {Zi ↪→ X} be a finite collection of closed immersions (∅ → X is allowed)
in GSm/k. Define

∪Z := coeq(
∐
r,r′

Zr ×X Zr′ ⇒
∐
r

Zr),

where the coequalizer is computed in Spc(k) (i.e., ∪Z is the categorical union of
the Zr ⊆ X). Write iZ : ∪Z → X for the resulting monomorphism.

The pushout product i � j of two maps i : A→ X and j : B → Y is defined to
be the map A ∧ Y

∐
A∧B X ∧B → X ∧ Y . Define two sets of maps:

(1) Ic is the set of maps of the form (iZ)+ � g+, where Z is a finite set of
closed equivariant immersions in GSm/k and g : ∂∆n → ∆n, n ≥ 0 is the
standard inclusion.

(2) Jc is the set of maps of the form (iZ)+ � g+, where Z is a finite set of closed
equivariant immersions in GSm/k and g : Λn,k → ∆n, n ≥ 1, 0 ≤ i ≤ n is
the standard inclusion.

Definition A.1. Let f : F → G be a map of pointed motivic G-spaces.

(1) Say that f is a schemewise weak equivalence provided f : F (U)→ G(U) is
a weak equivalence of simplicial sets for all U in GSm/k.

(2) Say that f is a closed flasque fibration if it has the right lifting property
with respect to Jc.

(3) Say that f is a closed flasque cofibration if it has the left lifting property
with respect to acyclic closed schemewise fibrations.

The schemewise weak equivalences, closed flasque cofibrations, and closed flasque
fibrations define the global closed flasque model structure on GSpc•(k), see e.g.,
[HKØ15, Theorem 3.8].

Proposition A.2. The global closed flasque model structure is a simplicial, proper,
cellular, monoidal model structure on GSpc•(k). The sets Ic and Jc are respectively
generating cofibrations and acyclic cofibrations.
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For a distinguished equivariant Nisnevich square Q as in (2.2), write PQ for the
pushout of A← B → Y in GSpc(k).

Definition A.3. (1) The closed flasque (equivariant Nisnevich) local model
structure on GSpc•(k) is the left Bousfield localization of the global closed
flasque model structure at the set of maps {(PQ)+ → X+}, where Q ranges
over the set of distinguished equivariant Nisnevich squares. The associated
homotopy category is denoted HNis

G,• (k).

(2) The closed flasque motivic model structure on GSpc•(k) is the left Bous-
field localization of the closed flasque local model structure at the set of
projections (X × A1)+ → X+ for all X in GSm/k. For brevity, we refer
to the weak equivalences and fibrations of this model structure as motivic
weak equivalences and motivic fibrations. The associated homotopy cate-
gory is the unstable equivariant motivic homotopy category and is denoted
HG,•(k).

Theorem A.4. The closed flasque local and closed flasque motivic model structures
are simplicial, proper, cellular, monoidal model structures on GSpc•(k). The iden-
tity functor from the projective model structures to the closed flasque model struc-
tures is a left Quillen equivalence. In particular, the homotopy category HG,•(k)
coincides with the one defined in [HKØ15] (and hence also with the one defined by
Voevodsky in [Del09]).

Proof. The global closed flasque model structure is left proper (in fact proper) as
well as cellular and so by [Hir03, Theorem 4.1.1] the left Bousfield localization of
this model structure at a set of maps exists (and is again left proper and cellular).
This implies that the above model structures exist, are simplicial, left proper, and
cellular. Right properness follows from the fact that the local projective and motivic
model structures are proper, see [HKØ15, Theorem 4.3].

Every projective cofibration is a closed flasque cofibration and the weak equiv-
alences in the global model structures coincide so that the identity is a Quillen
equivalence between the global model structures, and hence a Quillen equivalence
on the localized model structures.

To show that these are symmetric monoidal model structures we need to check
that if f and g are cofibrations, then the pushout product of f � g is also a
cofibration and that it is a weak equivalence if either f or g is an acyclic cofibration.
It suffices to assume that f and g are generating cofibrations. Note that taking
smash products preserve motivic weak equivalences since every object is injective
cofibrant. The pushout product of maps of the form (iZ)+ → X+ are again of the
same form. The pushout product axiom in simplicial sets therefore implies that
the pushout product of closed flasque cofibrations is again a cofibration. If one of
f or g is a weak equivalence, so is the pushout product because the smash product
preserves equivariant motivic equivalences. �

Remark A.5. It follows from the definitions that F is motivic fibrant on GSm/k
if and only if the following three conditions hold.

(1) F is fibrant in the global closed flasque model structure.
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(2) F is equivariant Nisnevich excisive, i.e., for any distinguished square in
GSm/k the square

F (X) //

��

F (Y )

��
F (A) // F (B)

is homotopy cartesian.
(3) F is A1-invariant, i.e., F (X×A1)→ F (X) is a weak equivalence for all X.

A.2. Hypercohomology and motivic homotopy. Let F be a presheaf of simpli-
cial abelian groups on GSm/k. Write NF for the associated presheaf of normalized
cochain complexes. Forgetting the group structure, we view F as a pointed motivic
G-space, with 0 as basepoint. There is a natural isomorphism (see e.g., [MV99,
Proposition 2.1.26]) of homotopy classes of maps in HNis

G,• (k) and sheaf cohomology
groups

[Sn ∧X+,F ]HNisG,• (k)
∼= H−nGNis(X, (NF)GNis).

Moreover, if F is equivariant Nisnevich excisive then both of these groups agree
with the homotopy group πnF(X).

In [HVØ15] we introduced an equivariant generalization of Voevodsky’s machin-
ery of presheaves with transfers. A presheaf with equivariant transfers is an additive
presheaf on the category GCork, which has the same objects as GSm/k and whose
maps are given by Cork(X,Y )G. From the viewpoint of motivic homotopy theory,
a fundamental feature of the transfer structure is that it allows one to construct a
“small” motivic fibrant replacement.

Write LGNis for a fibrant replacement functor in the equivariant Nisnevich local
model structure of Theorem A.4. If F is a presheaf of abelian groups recall that
C∗F (X) is the simplicial abelian group F (X ×∆•k). By the exponent exp(G) of a
group G we mean the least common multiple of the orders of elements of the group.

Theorem A.6. Suppose that G is abelian group, |G| is coprime to char(k), and k
contains a primitive exp(G)th-root of unity. Let F be a presheaf with equivariant
transfers. Then F → LGNisC∗F is a motivic fibrant replacement functor. In
particular, we have a natural isomorphism

[Sn ∧X+,F ]HG,•(k)
∼= H−nGNis(X,NC∗F).

Proof. By definition LC∗F is closed flasque fibrant and equivariant Nisnevich ex-
cisive. It remains to see that LGNisC∗F is A1-invariant. We have natural isomor-
phisms

πnLGNisC∗F(X) ∼= [Sn ∧X+, C∗F ]HNisG,• (k)
∼= H−nGNis(X,NC∗F).

The A1-invariance of this presheaf follows from [HVØ15, Theorem 8.12] together
with an application of the spectral sequence

Hp
GNis(X,H

q) =⇒ Hp+q
GNis(X,NC∗F),

where Hq is the sheafification of the presheaf U 7→ HqNC∗F(U). �
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A.3. Adjunctions of motivic spaces. Next we record some motivic analogues of
familiar adjunctions in topology relating G-spaces and ordinary spaces. We begin
with the adjunctions

i := (−)triv : Sm/k � GSm/k : (−)G =: φ,

ε := G×− : Sm/k � GSm/k : (−)e =: ρ.

Here, (−)e simply forgets the action, the underlying scheme of Xtriv is X and it is
considered as a G-scheme with trivial action, and XG is the fixed points scheme,
which is smooth since |G| is invertible in k, see e.g., [Edi92, Proposition 3.4]). We
obtain several adjoint pairs of functors on based motivic spaces

i∗ : Spc•(k)� GSpc•(k) : i∗,

i∗ = φ∗ : GSpc•(k)� Spc•(k) : φ∗,

ε∗ : Spc•(k)� GSpc•(k) : ε∗,

ε∗ = ρ∗ : GSpc•(k)� Spc•(k) : ρ∗.

Proposition A.7. Each of the pairs (i∗, i∗), (φ∗, φ∗), (ε∗, ε∗), and (ρ∗, ρ∗) are
Quillen adjoints on the closed flasque motivic model structures.

Proof. Each of the functors i, φ, ε, and ρ commute with fiber products and preserve
closed immersions. It follows that i∗, φ∗, ε∗, and ρ∗ preserve generating cofibrations
and generating acyclic cofibrations for the global closed flasque model structure.
These are thus left Quillen adjoints on the global closed flasque model structure.

Both i and ε send distinguished Nisnevich squares to distinguished equivariant
Nisnevich squares. The functor ρ sends distinguished equivariant Nisnevich squares
to distinguished Nisnevich squares and by [Her13, Corollary 3.2.6], φ does as well.
Moreover, i, φ, ε, and ρ all send maps of the form X×A1 → X to maps of the same
form. It follows by the universal property of Bousfield localization that the functors
i∗, φ∗, ε∗, and ρ∗ are also left Quillen functors on the closed flasque motivic model
structure.

�

We may now define motivic analogues of the classical change of groups functors.

Definition A.8. Define the

(1) trivial action functor by (−)triv := Li∗,
(2) G-fixed points functor by (−)G := Ri∗,
(3) induced motivic G-space functor by G+ ∧ − := Lε∗,
(4) coinduced motivic G-space functor by F (G+,−) := Rρ∗,
(5) underlying motivic space functor by (−)e := Rε∗.

Note that i∗ = φ∗ and ε∗ = ρ∗ are both Quillen left and Quillen right adjoints.
We thus have natural motivic equivalences Ri∗ = (−)G ' Li∗ and Rε∗ = (−)e '
Lε∗.

In summary, we have adjunctions

(−)triv : H•(k)� HG,•(k) : (−)G,

G+ ∧ − : H•(k)� HG,•(k) : (−)e,

(−)e : HG,•(k)� H•(k) : F (G+,−).
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We note that (G+∧X)e '
∐
|G|X. Indeed, we have ε∗ε

∗(X) =
∐
|G|X since this

formula holds for smooth schemes and both sides commute with colimits. If Xcof

is a cofibrant replacement for X, then we have the weak equivalences (G+ ∧X)e =
Rε∗Lε∗(X) ' Lε∗Lε∗(X) ' ε∗ε

∗(Xcof ) =
∐
|G|X

cof , which establishes the claim.

The inclusion Xe → (G+ ∧ X)e at the summand corresponding to e ∈ G induces
the map i : G+ ∧Xe → G+ ∧X.

Lemma A.9. The map i : G+ ∧Xe
∼=−→ G+ ∧X is an isomorphism in HG,•(k).

Proof. We have that G+ ∧ (−)e ∼= Lε∗Lε∗(−) = Lε∗Lρ∗(−). Note that these
commute with homotopy colimits, as does G+ ∧ −. It thus suffices to assume that
X is representable. If Y is a G-scheme, then the map G × Y e → G × Y given by
(g, y) 7→ (g, gy) yields the desired equivariant isomorphism. �

A.4. Stable equivariant motivic homotopy theory. Stable model structures
on motivic spectra are constructed in [Jar00], yield the stable motivic homotopy
category. A stable equivariant motivic homotopy category was first constructed in
[HKO11]. In this paper we will work with model structures for equivariant motivic
spectra by using Hovey’s machinery [Hov01, Section 8].

Let V be a representation. The associated motivic representation sphere is the
quotient TV := P(V ⊕ 1)/P(V ), where the quotient is taken in the category of
presheaves. It is naturally an object of GSpc•(k). We also write TnV := (TV )∧n.
Since P(V )→ P(V ⊕1) is a closed flasque cofibration, TV is closed flasque cofibrant
motivic G-space. We write ρG for the regular representation.

Let K be a pointed motivic G-space. We write hom(K,−) for the right adjoint
of K ∧ −. In particular, ΣTρGF = T ρG ∧ F and ΩTρGF = hom(T ρG , F ).

Definition A.10. A symmetric K-spectrum is a sequence E = (E0, E1, . . .) con-
sisting of objects En of GSpc•(k) together with the following data

(i) a Σn-action on En,
(ii) Σn-equivariant maps σn : En ∧K → En+1,

where the structure maps σn are required to satisfy the condition that the compos-
ites En ∧K∧p → En+p are Σn × Σp-equivariant for all n, p ≥ 0.

A map E → F of symmetric K-spectra is a collection of Σn-equivariant maps
En → Fn which are compatible with the structure maps. Write GSptΣ

K(k) for the
category of symmetric K-spectra in GSpc•(k). Now suppose that K is a closed
flasque cofibrant based motivic G-space. The category GSpc•(k) equipped with
the closed flasque motivic model structure is a left proper, cellular, simplicial, sym-
metric monoidal model category, and so we can use [Hov01, Definition 8.7] to define
a stable model structure on the category of symmetric K-spectra. It is again a sym-
metric monoidal model category by [Hov01, Theorem 8.11]. If K ′ is another closed

flasque cofibrant based motivic G-space, we write GSptΣ
K,K′(k) for the category

of symmetric (K,K ′)-bispectra (i.e., symmetric K ′-spectra in GSptΣ
K(k)). This is

again equipped with the stable model structure of [Hov01, Section 8].
A symmetric K-spectrum E is fibrant if and only if it is an ΩK-spectrum, i.e.,

Ei is motivic fibrant and Ei → ΩKEi+1 is a motivic weak equivalence for all i. By
Theorem 3.4 the Bredon motivic cohomology spectrum MA is an ΩTρC2 -spectrum.

The adjunctions of Section A.3 stabilize.
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Proposition A.11. The adjoint pairs of Section A.3 induce adjoint pairs

(−)triv : SH(k)� SHG(k) : (−)G,

G+ ∧ − : SH(k)� SHG(k) : (−)e,

(−)e : SHG(k)� SH(k) : F (G+,−).

The functors (−)triv, and (−)e are symmetric monoidal and (−)G is lax monoidal.

Proof. First we note that we have an equivalence, as tensor triangulated categories

SHG(k) ' Ho(GSptΣ
T,TρG (k))

where the category GSptΣ
T,TρG (k) of symmetric (T, T ρG)-bispectra equipped with

the stable model structure as above. Indeed, the model category GSptΣ
T,TρG (k) is

isomorphic to GSptΣ
TρG ,T (k) and the endofunctor −∧T on GSptΣ

TρG (k) is a Quillen

equivalence, since T ∧T ρ̃G = T ρG (where ρ̃G is the reduced regular representation).
By [Hov01, Theorem 9.1], the stabilization functor (which is symmetric monoidal)

GSptΣ
TρG (k)→ GSptΣ

TρG ,T (k) is therefore a left Quillen equivalence.
The monoidal functor i∗ : Spc•(k)→ GSpc•(k) makes GSpc•(k) into a Spc•(k)-

model category in the sense of [Hov99, Definition 4.2.18] and the Quillen functor i∗

is a Spc•(k)-module functor (see [Hov99, Definition 4.1.7]). By [Hov01, Theorem
9.3], the Quillen pairs (i∗, i∗) extends to a Quillen pair on spectra. Combined with
the stablization adjunction, we have the composition of Quillen functors

SptΣ
T (k)

i∗ //
GSptΣ

T (k)
Σ∞
TρG//

i∗
oo GSptΣ

T,TρG (k).
Ω∞
TρG

oo

The pair ((−)triv, (−)G) is the induced adjunction on homotopy categories, i.e.,
(−)triv = L(Σ∞TρG ◦ i∗) and (−)G = R(i∗ ◦ Ω∞TρG ).

The other two adjunctions are attained as follows. We use SptΣ
T |G|(k) as our

model for SH(k). Note for X in Spc•(k) and Y in GSpc•(k) we have a natural
isomorphism ε∗(X ∧ ρ∗(Y )) ∼= ε∗(X) ∧ Y . Indeed, this holds when X is in Smk
and Y is in GSm/k and both sides commute with colimits. Since ρ∗(T ρG) = T |G|,
we have ε∗(X ∧ T |G|) = ε∗(X) ∧ T ρG . We also have ρ∗(Y ∧ T ρG) = ρ∗(Y ) ∧ T |G|.
By [HO14, Lemma 4.1], the adjunctions (ε∗, ε∗) and (ρ∗, ρ∗) extend to Quillen
adjunctions on stable model structures

ε∗ : SptΣ
T |G|(k)� GSptΣ

TρG (k) : ε∗,

ρ∗ : GSptΣ
TρG (k)� SptΣ

T |G|(k) : ρ∗.

We have ε∗ = ρ∗ : GSpc•(k)→ Spc•(k). The prolongations to functors on spectra
are levelwise isomorphic and it is straightforward to verify that they are in fact
isomorphic as spectra. In other words, ε∗ = ρ∗ : GSptΣ

TρG (k) → SptΣ
T |G|(k). In

particular, Rε∗ ' Lρ∗. The adjunctions (G+ ∧ −, (−)e) and ((−)e, F (G+,−)) on
the homotopy categories are thus obtained as G+∧− = Lε∗, F (G+,−) = Rρ∗, and
(−)e = Lρ∗.

Since i∗ and ρ∗ are symmetric monoidal functors, so are (−)triv and (−)e. Since
(−)G is right adjoint to a symmetric monoidal functor, it is lax monoidal. �
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A.5. Topological realization over C (unstable). If X is a complex variety,
we consider X(C) as a topological space with the Euclidean topology. If X has
a G-action, then X(C) also has a G-action and X 7→ X(C) defines a functor
GSm/C→ GTop. The topological realization functor ReC : GSpc•(C)→ GTop• is
defined by the Kan extension

ReC(F ) = colim
(X×∆n)+→F

(X(C)×∆n
top)+

where ∆n
top is the standard topological n-simplex, considered with trivial action. It

has a right adjoint K 7→ SingC(K), defined by SingC(K)(X) = HomG(X(C),K)
(where HomG(−,−) is the simplicial set of continuous equivariant maps). Equip
GTop• with the model structure where a map X → Y is a weak equivalence or
a fibration if XH → Y H is a weak equivalence or a fibration for all subgroups of
G, see e.g., [MM02, Theorem III.1.8]. The resulting homotopy category HG,• is
the classical unstable equivariant homotopy category. For the corresponding model
structure on G-simplicial sets, see e.g., [DRØ03, §9.2].

Proposition A.12. The adjoint pair

ReC : GSpc•(C)� GTop• : SingC

is a Quillen adjunction and ReC is a symmetric monoidal functor.

Proof. The argument is similar to that given in [PPR09, Theorem A.23]. First we
show that ReC is a left adjoint on the closed flasque model structure. For any finite
collection of closed immersions {Zi → X} in GSm/C, ReC((iZ)+) is the inclusion
of an equivariant subcomplex, and hence an equivariant cofibration. It follows that
ReC sends Ic to cofibrations in GTop• and Jc to weak homotopy equivalences in
GTop•. This implies that SingC preserves trivial fibrations as well as fibrations
between fibrant objects. By Dugger’s lemma [Dug01, Corollary A2], ReC is thus a
left Quillen functor on the closed flasque global model structure.

Next we claim that ReC sends equivariant distinguished squares to homotopy
pushouts. By [Her13, Corollary 2.13], the H-fixed points of an equivariant distin-
guished square is a distinguished Nisnevich square in Sm/k. A square in GTop• is a
homotopy pushout if and only if it is so on all fixed points. Since XH(C) = X(C)H ,
it suffices to show that the square obtained by taking complex points of a distin-
guished Nisnevich square is a homotopy pushout square in topological spaces. This
follows from [DI04, Theorem 5.2], establishing the claim. As A1(C) is equivariantly
contractible, ReC(X+)→ ReC((X×A1)+) is an equivariant homotopy equivalence.
It follows by the universal property of Bousfield localization that ReC is a left
Quillen functor on the closed flasque motivic model structure.

That ReC is symmetric monoidal is a simple consequence of the fact that there
is a natural equivariant homeomorphism (X × Y )(C) ∼= X(C)× Y (C). �

Proposition A.13. The squares of left adjoints commutes up to natural isomor-
phisms

H•(C)
G+∧− //

ReC

��

HG,•(C)

ReC

��
H•

G+∧− // HG,•,

H•(C)
(−)triv//

ReC

��

HG,•(C)

ReC

��
H•

(−)triv // HG,•,

HG,•(C)
(−)e //

ReC

��

H•(C)

ReC

��
HG,•

(−)e // H•.
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Proof. Using the notation from Section A.3, we have a natural isomorphism ReC ◦
ε∗(−) ∼= G+ ∧ ReC(−) of functors Spc•(C) → GTop. Indeed, this is clear on
representable motivic spaces and since these functors commute with colimits, this
suffices. Similarly, we have natural isomorphisms ReC ◦ i∗(−) ∼= (ReC(−))triv and
ReC ◦ ρ∗(−) ∼= (ReC(−))e. These isomorphisms imply the isomorphisms of derived
functors on the homotopy categories. �

A.6. Topological realization over C (stable). Now we turn our attention to a
stable realization functor. For any real orthogonal representation V there is a rep-
resentation sphere SV = V+, where (−)+ denotes the one-point compactification.
Since C[G] = R[G]⊕ R[G] as real representations, we have ReC(T ρG) = S2ρG .

If E is a motivic G-spectrum, define the topological S2ρG -spectrum ReCE by
(ReCE)i = ReCEi with structure maps

ReCEi ∧ S2ρG = ReC(Ei ∧ T ρG)→ ReCEi+1.

The functor SingC extends as well to a functor on S2ρG-spectra. In fact, we obtain
an adjoint pair of functors

ReC : SptΣ
TρG (C)� SptΣ

S2ρG (GTop•) : SingC .

Theorem A.14. The adjoint pairs

ReC : SptΣ
TρG (C)� SptΣ

S2ρG (GTop•) : SingC,

ReC : SptΣ
TρG (C)fp � SptΣ

S2ρG (GTop•) : SingC

are both Quillen adjoint pairs. Moreover, ReC is symmetric monoidal.

Proof. This is straightforward from Proposition A.12, cf. [PPR09, Theorem A.45].
�

Proposition A.15. The squares of left adjoints commute up to natural isomor-
phisms

SH(C)
G+∧− //

ReC

��

SHG(C)

ReC

��
SH

G+∧− // SHG,

SH(C)
(−)triv//

ReC

��

SHG(C)

ReC

��
SH

(−)triv // SHG,

SHG(C)
(−)e //

ReC

��

SH(C)

ReC

��
SHG

(−)e // SH.

Proof. Straightforward using the unstable result in Proposition A.13. �

A.7. Topological realization over R. Write Σ2 = Gal(C/R). If X is a real
variety with G-action, then X(C) is a (G × Σ2)-space, where the Σ2-action is via
complex conjugation. We thus have a functorGSm/R→ (G×Σ2)Top which induces
the topological realization functor ReC,Σ2 : GSpc•(C)→ (G×Σ2)Top•, defined by
the Kan extension

ReC,Σ2
(F ) = colim

(X×∆n)+→F
(X(C)×∆n

top)+.

Its right adjoint is defined by SingC,Σ2
(K)(X) = HomG×Σ2

(X(C),K), where K is
a G× Σ2-space and X is a smooth real G-variety.

Proposition A.16. The adjoint pair

ReC,Σ2 : GSpc•(R)� (G× Σ2)Top• : SingC,Σ2

is a Quillen adjunction and ReC,Σ2
is a symmetric monoidal functor.
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Proof. The argument is similar to Proposition A.12. �

Now we turn our attention to a stable realization functor. Since C[G] = R[G×Σ2]
as real representations, we have ReC(T ρG) = SρG×Σ2 .

If E is a motivic G-spectrum, define the topological SρG×Σ2 -spectrum ReC,Σ2
E

by (ReC,Σ2
E)i = ReC,Σ2

Ei with structure maps

ReC,Σ2
Ei ∧ ReC,Σ2

(SρG×Σ2 ) = ReC,Σ2
(Ei ∧ T ρG)→ ReC,Σ2

Ei+1.

The functor SingC extends as well to a functor on SρG×Σ2 -spectra, adjoint to
ReC,Σ2 .

Theorem A.17. The adjoint pair

ReC,Σ2
: SptΣ

TρG (C)� SptΣ
S
ρG×Σ2

((G× Σ2)Top•) : SingC,Σ2
,

is a Quillen adjoint pair. Moreover, ReC,Σ2 is symmetric monoidal.

Proof. This is straightforward from Proposition A.16, cf. [PPR09, Theorem A.45].
�

A.8. Symmetric powers. In order to analyze the topological realization of the
Bredon motivic cohomology spectrum, we need to make precise that it is represented
by symmetric powers. In this subsection we introduce and analyze symmetric pow-
ers for motivic G-spaces. This discussion parallels the treatment of symmetric
powers in [Del09], [Voe10a], and [Lev14, Appendix]. Throughout this subsection,
we assume that char(k) = 0.

Write GSm′/k for the category of smooth, quasi-projective G-schemes over k and
GSpc′(k) and GSpc′•(k) for the corresponding categories of simplicial presheaves
and pointed simplicial presheaves. These can also be given a motivic model struc-
ture as above. The inclusion φ : GSm′/k ⊆ GSm/k induces an adjoint pair
φ∗ : GSpc′(k)� GSpc(k) : φ∗ and similarly for based motivic spaces.

Lemma A.18. The adjunction φ∗ : GSpc′(k)� GSpc(k) : φ∗ is a Quillen equiva-
lence on motivic model structures. Similarly for based motivic G-spaces.

Proof. This follows easily from the fact that smooth G-schemes are locally affine in
the equivariant Nisnevich topology, see Remark 2.3. �

Write GSch′/k for the category of reduced, quasi-projective G-schemes of finite
type over k. Consider the functor (−)×n : GSch′/k → (Σn×G)Sch′/k which sends
a G-scheme X to the n-fold product X×n, where G acts diagonally and Σn acts by
permuting the factors. The composition of (−)×n and the Yoneda embedding gives
us a functor GSch′/k → sPre((Σn ×G)Sch′/k) and we define Π(n)(−) to be its left
Kan extension, yielding the functor

Π(n) : sPre(GSch′/k)→ sPre((Σn ×G)Sch′/k),

and similarly for pointed motivic spaces.
Let N E K be a normal subgroup of a group K and write Γ = K/N for the

quotient group. If X is a quasi-projective K-scheme over k then a quotient scheme
X/N exists and the K-action on X induces a Γ-action on the scheme X/N . We
write qK,N : KSch′/k → ΓSch/k for the quotient functor, i.e., qK,N (X) = X/N .
The functor qK,N induces an adjoint pair of functors

(qK,N )∗ : sPre(KSch′/k)� sPre(ΓSch/k) : (qK,N )∗
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and similarly for based presheaves. For X in KSpc′(k), define X/N := (qK,N )∗(X ).
If X is represented by a quasi-projective G-scheme X, then X/N is represented by
X/N .

Let C be a category with finite coproducts and F a presheaf of sets on C. Say
that F is additive1 provided F (∅) = ∗ and F (X

∐
Y ) = F (X) × F (Y ) for any

X,Y ∈ C. By [AR01, Theorem 2.6], a presheaf of sets on C is additive if and only if
the opposite of its category of elements is sifted. In particular an additive presheaf is
canonically a sifted colimit of representable presheaves. Recall that filtered colimits
and reflexive coequalizers are sifted colimits.

Note that a presheaf on GSch′/k is additive if and only if it is sheaf for the
topology generated by covers by G-connected components. The inclusion of the
full subcategory of presheaves i : PreΣ(GSch′/k) ⊆ Pre(GSch′/k) whose objects
are additive presheaves has a left adjoint

a# : Pre(GSch′/k)→ PreΣ(GSch′/k)

given by sheafification (or as a special case of [Voe10b, Lemma 3.8]). Since we do
not work in the category PreΣ(GSch′/k), we will also simply write a# again for the
composite ia#.

Definition A.19. Define the nth symmetric product Symn : sPre(GSch′/k) →
sPre(GSch′/k) by

Symn(X ) := Π(n)(a#X )/Σn.

The inclusion of categories i : GSm′/k ⊆ GSch′/k induces an adjoint pair of
functors

i∗ : GSpc′(k)� sPre(GSch′/k) : i∗

and similarly for pointed motivic spaces. Note that i∗ preserves colimits, as these
are computed sectionwise. If X is an object of sPre(GSch′/k), when no confusion
should arise we again write Symn(X ) for i∗(Symn(X )) in GSpc′(k) and also for
φ∗i∗(Symn(X )) in GSpc(k).

If X is represented by a scheme X in GSch′/k, then Symn(X ) is represented by
the scheme-theoretic symmetric power Symn(X). Moreover, Symn(−) commutes
with sifted colimits.

If (X , x) is an object of sPre•(GSch′/k), then Symn(X ) has a canonical basepoint
given by Symn(x) and we write Symn

• (X ) for the corresponding pointed motivic
space in GSpc′•(k). If X is represented by a pointed scheme X in GSch′/k, then
Symn(X ) is represented by the scheme-theoretic symmetric power Symn(X). Note
that Symn

• (−) commutes with sifted colimits.

Remark A.20. We avoid here any explicit discussion of the derived functors nec-
essary to make this construction A1-invariant. However, consideration of the sym-
metric powers of a coproduct shows that any sensible definition can’t both commute
with all colimits and compute the correct value of quotient spaces. Some amount of
“derived-ness” needs to be baked into the definition. This explains the appearance
of a# in the definition.

We have natural pairings (X×m)/Σm × (X×n)/Σn → (X×(m+n))/Σm+n and
(X×m)/Σm × (Y ×n)/Σn → (X × Y )×mn/Σmn, for X,Y ∈ GSch′/k. These induce

1In [Voe10b] the term radditive is used.
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addition and multiplication maps,

Symm
• (X )× Symn

• (X )
σm,n−−−→ Symm+n

• (X ) and

Symm
• (X ) ∧ Symn

• (Y)
µm,n−−−→ Symmn

• (X ∧ Y).

Stabilization maps stn+1 := σn,1(−, ∗) : Symn
• (X ) → Symn+1

• (X ) are thus ob-
tained by adding the basepoint. Define

Sym∞• (X ) := colim
n

(X st2−−→ Sym2
•(X )

st3−−→ Sym3
•(X )

st4−−→ · · · )

Recall that the group of finite correspondences Cork(Y,X) is the free abelian
group generated by integral closed subschemes Z ⊆ Y ×X such that Z is finite over
Y and dominates an irreducible component of Y . When G acts on X and Y there is
an induced action on Cork(Y,X). The group of equivariant finite correspondences
is defined to be GCork(Y,X) := Cork(Y,X)G. We write Ztr,G(X) for the presheaf
of equivariant correspondences, Ztr,G(X)(Y ) := GCork(Y,X). If A ⊆ X is a
closed invariant subscheme we define Ztr,G(X/A) := Ztr,G(X)/Ztr,G(A), the group
quotient.

The submonoid Coreffk (Y,X)G of effective equivariant correspondences consists
of those equivariant correspondences

∑
nZZ such that all nZ ≥ 0. We write

Zefftr,G(X) for the corresponding presheaf of effective equivariant correspondences.
Let A ⊆ X is a closed invariant subscheme and define an equivalence relation ∼
on Zefftr,G(X)(Y ) by declaring Z ∼ Z ′ if Z − Z ′ ∈ Ztr,G(A)(Y ). Now define the

presheaf Zefftr,G(X/A) := Zefftr,G(X)/ ∼. We have that Ztr,G(X) = (Zefftr,G(X))+ and

Ztr,G(X/A) = (Zefftr,G(X/A))+, where (−)+ denotes group completion.

Consider the subset Ln(X)(Y ) ⊆ Coreffk (Y,X) of effective correspondences of
degree n. Write LGn (X)(Y ) = (Ln(X)(Y ))G for the subset of equivariant corre-
spondences of degree n. Addition of cycles induces a pairing

σi,j : LGi (X)× LGj (X)→ LGi+j(X)

Now we consider a pointed G-scheme (X,x). The presheaf LGn (X) is pointed by
n(Y × x) in LGn (X)(Y ). Let A ⊆ X be a closed invariant subscheme containing
x ∈ X. Adding the basepoint induces stabilization maps

st = σ(−, ∗) : LGi (X)→ LGi+1(X).

Define the presheaf LGn (X/A) to be the coequalizer (in GSpc(k))

(A.21)

n∐
j=0

LGj (A)× LGn−j(X)⇒ LGn (X)→ LGn (X/A)

where the top arrow is induced by the inclusion A ⊆ X and addition of cycles and
the bottom map is the composition

LGj (A)× LGn−j(X)
proj−−→ LGn−j(X)

st−→ LGn (X).

Note that the presheaf LGn (X/A) has a canonical basepoint and the quotient map
LGn (X) → LGn (X/A) is a map of based presheaves. The addition map induces
an addition map LGi (X/A) × LGj (X/A) → LGi+j(X/A) and in particular we have

stabilization maps st : LGi (X/A)→ LGi+1(X/A) obtained by adding the basepoint.
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Proposition A.22. Let X be a pointed, semi-normal, quasi-projective G-scheme
over k and A ⊆ X an invariant closed reduced subscheme containing the basepoint.
There are isomorphisms LGn (X) ∼= Symn

• (X) in GSpc•(k) which induce isomor-
phisms LGn (X/A) ∼= Symn

• (X/A).

Proof. There is a natural isomorphism ψ : Symn
• (X)→ Ln(X) by [SV96, Theorem

6.8], which is given as follows. Let Wn ⊆ Symn(X)×X be the image of the closed
subscheme Xn−1 × ∆X ⊆ Xn+1 under πn × idX , where πn : Xn → Symn(X) is
the quotient. If f : Y → Symn(X) is a map, with Y smooth, then ψ(f) = (f ×
idX)∗(Wn) is defined to be the pullback cycle. This is an equivariant isomorphism.
Since Symn(−) commutes with sifted colimits, we can compute Symn

• (X/A) as the
coequalizer (in GSpc(k))

(A.23) Symn(A
∐

X)⇒ Symn(X)→ Symn
• (X/A)

where the top arrow is induced by the inclusion A ⊆ X and the identity on X while
the bottom arrow is induced by mapping A to the basepoint and the identity on X.
Since Symn(A

∐
X) ∼=

∐n
j=0 Symj(A)×Symn−j(X), comparing with (A.21) yields

the isomorphisms LGn (X/A) ∼= Symn
• (X/A). �

The maps LGn (X) → Zefftr,G(X) induce maps LGn (X/A) → Zefftr,G(X/A) which

are compatible with the stabilization LGn (X/A) → LGn+1(X/A). We thus have an

induced map colimn L
G
n (X/A)→ Zefftr,G(X/A).

Proposition A.24. Let (X,x) be a pointed smooth quasi-projective G-scheme over
k and A ⊆ X a closed reduced subscheme which contains the basepoint x ∈ X. Then
we have isomorphisms in GSpc•(k)

Sym∞• (X/A)
∼=←− colim

n
LGn (X/A)

∼=−→ Zefftr,G(X/A).

Proof. The left hand isomorphism follows from the previous proposition. The map

colimn Ln(X+) → Zefftr,G(X) is immediately seen to be an isomorphism. The map

f : colimn L
G
n (X/A) → Zefftr,G(X/A) is surjective and we check injectivity. Let

[W ], [V ] ∈ LGn (X/A)(Y ) and represent them by elements in LGn (X)(Y ) which we
again write as W,V . We can write W = WA + W ′ and V = VA + V ′ uniquely as
a sum of effective cycles with WA, VA supported on Y × A and no component of
the supports of W ′, V ′ contained in Y ×A. If f([W ]) = f([V ]), then we have that
W ′ = V ′. It follows from the definition of LGn (X/A) that [W ] = [V ]. �

Proposition A.25. Let X be a smooth quasi-projective G-scheme over k and V
a representation which contains a copy of the trivial representation. Then the map
Sym∞• (TV ∧X+)→ Ztr,G(TV ∧X+) is an equivariant motivic weak equivalence.

Proof. If E is a presheaf of sets, write C∗E as usual for the presheaf of simplicial sets
defined by CnE(Y ) = E(Y ×∆n

k ). The map E → C∗E is an A1-weak equivalence.

Write F1 = Zefftr,G(TV ∧ X+) and F2 = Ztr,G(TV ∧ X+) and let φ : F1 → F2

be the group completion. Under the isomorphism of Proposition A.24, the map
in the statement of the proposition is identified with φ. It suffices to show that
φ : C∗F1 → C∗F2 is a motivic weak equivalence. In fact, we show that if S is a
point for the equivariant Nisnevich topology, then φ : C∗F1(S) → C∗F2(S) is a
weak equivalence of simplicial sets. We claim that π0C∗F1(S) = 0. Granted this,
since φ is the group completion of a free commutative monoid, by [FM94, Theorem
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Q4] the map φ is a homology equivalence. Since φ is a map between simple spaces,
this implies that φ is in fact a homotopy equivalence.

It remains to see that π0C∗F1(S) = 0. We have that S = G×H Spec(R) where
H ⊆ G is a subgroup and R is a smooth, local Henselian ring with H-action, see
[HVØ15, Theorem 3.14]. Write ρH : GSch/k → HSch/k for the functor which
restricts the action. Note that ρH(Sym∞• (Y )) = Sym∞• (ρHY ) for any based quasi-
projective G-scheme Y and so for any H-scheme Z

HomGSch/k(G×H Z,Sym∞• (X)) = HomHSch/k(Z,Sym∞• (ρHX)).

Thus, replacing G with H and S with Spec(R), we may assume that S is a local
Henselian G-scheme.

Write

F ′1 = Zefftr,G ((P(V ⊕ 1)/(P(V ⊕ 1) \ P(1)) ∧X+)) .

First note that since P(V ) ⊆ P(V ⊕ 1) \ P(1) has an equivariant section, that

π0C∗F1(S) ⊆ π0C∗F
′
1(S).

(In fact, C∗F1(S) and C∗F
′
1(S) are weakly equivalent, but the weaker statement is

enough for our purposes here.) Therefore, it suffices to show that π0C∗F
′
1(S) = 0.

An element of CdF
′
1(S) is represented by an effective invariant cycle

∑
niZi on

∆d
S×X × P(V ⊕ 1) such that Zi is finite over S and has nontrivial intersection with

∆d
S×X × P(1).

Let Z be an element of C0F
′
1(S) and

∑
niZi ∈ Zefftr,G(P(V ⊕1)×X)(S) an element

representing Z, as in the previous paragraph. Since the Zi are finite over S, they
are local. Since Zi has nontrivial intersection with P(1)S×X the closed points are
supported in P(1)S×X and Zi are contained in the open A(V )S×X ⊆ P(V ⊕ 1)S×X
(where P(1)S×X = 0S×X in A(V )S×X). By assumption, V contains a copy of the
trivial representation so we can write V = 1 ⊕ V ′. Consider the equivariant map
φ : A1 × A(V )S×X → A(V )S×X given by (t, (xi), y) 7→ ((xi − t), y). Let Φ be the
cycle on A1 × A(V )S×X obtained by pull-back of Z along φ. Then Φ ∈ C1F

′
1(S)

and has the property that Φ|0 = Z and Φ|1 is supported in (P(V ⊕ 1) \ P(1))S×X
(the closed points lie in {1}S×X ⊆ A(V )S×X). Thus Z = 0 in π0C∗F

′
1(S). �

A.9. Realization of Eilenberg-MacLane spectra. Our next goal is to show
that the topological realization, in both the complex and real case, of the Bredon
motivic cohomology spectrum MA is the topological Bredon cohomology spectrum
(for the constant Mackey functor A). The construction of the motivic G-spectrum
MZ is spelled out in detail in Section 3.2 for the case G = C2 and the construction
for a general finite group G is similar. In brief, we set MZn := Ztr,G(TnρG) and
structure maps are defined by MZn ∧ T ρG → MZn ∧ Ztr,G(T ρG) → MZn+1, the
first map being induced by the inclusion T ρG → Ztr,G(T ρG) together with the
addition-of-cycles map.

Lemma A.26.

(1) Let V be a complex representation which contains a trivial summand. For
any X in GSch/C the natural map

LReC(TV ∧X+)→ SV (C) ∧X(C)+

is an equivariant equivalence in GTop•.
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(2) Let V be a real representation which contains a trivial summand. For any
X in GSch/R the natural map

LReC,Σ2(TV ∧X+)→ SV (C) ∧X(C)+

is an equivariant equivalence in (G× Σ2)Top•.

Proof. We treat the complex case, the real case is similar.
Over a field of characteristic zero there are equivariant resolutions of singularities,

see e.g., [Kol07, Proposition 3.9.1]. We may thus find a simplicial scheme X• → X
over X such that XH

• → XH is a proper cdh-hypercover for every subgroup H ⊆ G.
We have |X•|H = |XH

• | and since V H 6= 0, it follows from [Voe10c, Theorem 4.2]
that the map (TV ∧ |X•|+)H → (TV ∧ X+)H is a motivic weak equivalence in
Spc•(C). Therefore the map LReC(TV ∧|X•|+)→ SV (C)∧X(C)+ is an equivariant
weak equivalence in GTop•.

Since eachXn is smooth, LReC(TV ∧|X•|+) ' SV (C)∧|X(C)•|+. To complete the
proof it remains to show that SV (C)∧|X(C)•|+ → SV (C)∧X(C)+ is an equivariant
weak equivalence. It suffices to show that this map is a weak equivalence on all
fixed points. Note that XH(C) = X(C)H . Applying (−)H to the map above we

obtain the map S2|V H |∧|XH(C)•|+ → S2|V H |∧XH(C)+. Since XH(C)• → XH(C)
is a proper hypercover, it is a universal cohomological descent hypercover [Del74,
5.3.5]. It follows that H∗sing(|XH(C)•|, A) → H∗sing(X

H(C), A) is an isomorphism

for all abelian groups A. It follows that S2|V H | ∧ |XH(C)•+| → S2|V H | ∧XH(C)+

is a homology isomorphism. Since |V H | ≥ 1, these are simply connected spaces and
thus this homology isomorphism is a weak equivalence. �

Lemma A.27. (1) Let W ,V be complex representations with V containing a
trivial summand and X a smooth quasi-projective complex variety with G-
action. Then for n ≥ 0,

LReC(ΣTV Symn
• (ΣTWX+))→ ΣSV (C)Symn

• (ΣSW (C)X(C)+)

is an equivariant weak equivalence in GTop•.
(2) Let W ,V be real representations with V containing a trivial summand and

X a smooth quasi-projective real variety with G-action. Then for n ≥ 0,

LReC,Σ2
(ΣTV Symn

• (ΣTWX+))→ ΣSV (C)Symn
• (ΣSW (C)X(C)+)

is an equivariant weak equivalence in (G× Σ2)Top•.

Proof. We treat the complex case, the real case is similar. From (A.23), we see that
LReC,Σ2

(ΣTV Symn
• (ΣTWX+)) is the homotopy coequalizer of

LReC,Σ2(ΣTV Symn(A
∐

Y ))⇒ LReC,Σ2(ΣTV Symn(Y )).

The result now follows from Lemma A.26.
�

Corollary A.28.

(1) Let X be a smooth quasi-projective complex variety with G-action. For any
n,m ≥ 0 the natural map

LReC(Σ∞TρGSymn
• (Σ

m
TρGX+))→ Σ∞S2ρGSymn

• (Σ
m
S2ρGX(C)+)

is a stable equivariant equivalence.
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(2) Let X be a smooth quasi-projective real variety with G-action. For any
n,m ≥ 0 the natural map

LReC,Σ2
(Σ∞TρGSymn

• (Σ
m
TρGX+))→ Σ∞S2ρGSymn

• (Σ
m
S2ρGX(C)+)

is a stable equivariant equivalence.

Define

(Σ∞TρGX)efftr = (Sym∞• (X+),Sym∞• (ΣTρGX+),Sym∞• (Σ2
TρGX+), . . .)

with obvious structure maps.

Theorem A.29. There is an isomorphism ReC(MA) ∼= HA in SHG, for any
abelian group A. Similarly, there is an isomorphism ReC,Σ2

(MA) ∼= HA in SHG×Σ2
.

Proof. We treat the complex case. The real case is similar.
Since MA = MZ ∧MA and HA = HZ ∧MA, where MA is a Moore spectrum

for A, and LReC(MA) = MA, it suffices to establish the result for A = Z. The

map (Σ∞TρG (S0))efftr →MZ is a stable equivalence by Proposition A.25.
It follows from [dS03, Proposition 3.7] that the spectrum {ZS2nρG}n≥0 is a S2ρG -

spectrum model for HZ. It follows from [Dug05, Proposition A.6] that the natural

map (Σ∞
S2ρG

(S0))efftr := {Sym∞• (ΣS2nρGS
0)} → {ZS2nρG}n≥0 is an equivariant sta-

ble equivalence. It thus suffices to see that LReC(Σ∞TρG (S0))efftr → (Σ∞
S2ρG

(S0))efftr

is a stable equivalence.
We have the natural isomorphism colimn(Σ∞TρGEn)[−n] ∼= E in SHk(G), where

D[n] is the shifted T ρG -spectrum given by (D[n])i = Di−n. Similarly, we have
the natural isomorphism colimn(Σ∞

S2ρG
Fn)[−n] ∼= F in SHG. Since LReC preserves

homotopy colimits and shifts, the result follows from Corollary A.28. �
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