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Summary
Yttrium-doped barium zirconate (BZY) is a promising electrolyte material, with good
chemical stability and excellent bulk proton conductivity. A major drawback for applications is, however, that the grain boundaries (GBs) of BZY are highly resistive. This
thesis seeks to improve the fundamental understanding of the large GB resistance, both
with theoretical and experimental approaches.
The literature consensus is that the GB resistance is caused by charge carrier depletion in resistive space charge layers. To reduce lattice strain mismatch, positively
charged defects segregate to the GB core, such that the core gets a net, positive charge.
This leads to electrostatic repulsion, and, consequently, depletion of positive charge carriers in space charge layers adjacent to the core. In such a case, the depletion of charge
carriers can be described by the electrostatic potential barrier across the GB. Understanding the potential barrier, and its relation to the GB resistance, is a recurring
subject in this thesis.
Using a transmission electron microscope (TEM), we measured the total electrostatic potential across a BZY grain boundary with inline electron holography, finding a
potential well of −1.3 V. The potential well was caused by barium vacancies and lattice
distortions, with the negative sign being opposite of the predictions from impedance
spectroscopy results in the literature. This apparent discrepancy can be explained when
considering the two major contributions to the total potential. The first contribution
– the potential due to redistribution of free charge carriers – is usually considered in
the literature, and will be positive across a positively charged GB core. Both protons
and the fast TEM electrons are sensitive to this contribution. The second contribution
– the mean inner potential of the crystal – is typically disregarded in the literature.
Protons are not necessarily sensitive to variations in the mean inner potential, but the
fast TEM electrons are highly sensitive. In our inline electron holography experiment,
variations in the mean inner potential are most likely the cause of the measured potential well across the BZY grain boundary. Since inline electron holography is sensitive
to an additional contribution as compared to the potentials derived from impedance
spectroscopy data, opposite signs of the two methods does not imply a discrepancy.
Calculations performed with density functional theory (DFT) confirmed the negative
sign of the total potential.
With impedance spectroscopy, the characteristic frequencies of the aggregated electrical response of the GBs can be obtained. We show that the experimentally obtained
characteristic frequencies are 10–40 times larger than the ones predicted by the space
charge model, indicating that the space charge model needs modifications to better
describe the physical reality. We assess a number of such modifications: Increasing the
width of the GB core reduces the error with a factor of 1.6–3.0; including trapping of
protons next to yttrium dopants into the model reduces the error with up to factor of
1.6; and considering reduced proton mobility in the GB may give a reduction in the
fitting error of a factor of 2. Even when combining the modifications, the majority of
the error in the modelled characteristic frequency remains.
iii

The computational characterization the GB resistance can be split into two main
tasks: identifying physically realistic GB structures, and characterizing the electrical
properties of such structures.
Identifying GB structures involves a large combinatorial problem: for each GB
misorientation angle, the two grains can be shifted relative to each other in three
dimensions. The simplest option is to calculate all possible structures with the brute
force method, but due to the high number of possible structures, this comes with a
large computational cost. To identify GB structure with lower computational cost, we
applied a machine learning based selective sampling procedure, predicting the energy
landscape with a Gaussian process model, and selecting structures to calculate based
on the expected improvement method from the Bayesian optimization literature. The
sampling procedure identified energetically favorable GB structures with 75–85 % lower
computational cost than the brute force method.
To characterize electrical properties of GB structures, we calculated defect segregation energies, showing that oxygen vacancies and protons tend to segregate towards
the GB core. With such segregation energies, one can solve Poisson’s equation to obtain the defect concentrations in the space charge layer, and from there, estimate the
GB proton conductivity. Such modelling depends on various assumptions, extensively
explored in this thesis. Assuming the GB core to be a single, abrupt atomic plane,
rather than a set of multiple atomic planes, gives an error in the modelled GB proton
conductivity with around one order of magnitude. Allowing a continuous redistribution of charge carriers in between atomic planes, rather than a discrete redistribution
where charge carriers are constrained to be located at atomic planes, gives a deviation
in the modelled GB proton conductivity around a factor of five. Neglecting trapping
of protons and oxygen vacancies next to the yttrium dopant only has a minor effect on
the modelled GB proton conductivity.
Overall, this work examines the high GB resistance in BZY from multiple perspectives. Experimentally, we have measured the potential of an individual GB, and shown
how to interpret an electron holography result in a defect-rich region. Computationally,
we have modelled the GB potential to level of detail beyond what has been done before,
revealing the high sensitivity of commonly used approximations. In sum, this thesis
contributes both to improve the fundamental understanding of the high GB resistance,
and to critically assess methods typically used in that pursuit.
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Chapter 1: Introduction
Since the dawn of the industrial revolution, economic growth has changed the world
radically. The last century, the real gross domestic product per capita has increased
by 500% [1], leading to several extraordinary benefits: a rise in global life expectancy
from 34 to 71 years [2]; a reduction in extreme poverty rate from 74 to 10% [3]; and
an increase in the global literacy rate from 26 to 86% [4].
To continue the path of increased prosperity, access to cheap energy is a necessity.
Today, this is provided by fossil fuels. However, as the amount of available fossil fuels
is limited, other sources of energy are needed in the future. Renewable energy sources
are such an alternative, as they, in principle, can supply the world with energy for
billions of years. A problem with renewable energy is that the energy production is
often variable, depending on the weather rather than the market demand. In a society
relying on renewable energy, there will thus be a need for effective energy storage. One
way to store energy is to produce hydrogen from electricity. Such a process will require
a proton conducting electrolyte, where the energy loss in the storing process should be
as low as possible.
Yttrium-doped barium zirconate (chemical formula BaZr1−x Yx O3−δ , abbreviated
BZY) is a promising electrolyte material for proton conducting fuel cells and electrolyzers, due to its chemical stability [5, 6] and high bulk proton conductivity in the
presence of water vapor [7–10]. At a typical operating temperature of 500 ◦C, BZY
has a reported bulk proton conductivity larger than 10−2 S cm−1 [9], approaching a
performance suitable for applications. However, a major drawback for applications of
BZY is the low grain boundary (GB) conductivity [11], typically orders of magnitude
lower than the bulk conductivity [12].
The goal of this thesis is to improve the fundamental understanding of the low
GB conductivity in BZY. I will do that with three main approaches: investigating
the GB experimentally with transmission electron microscopy (TEM); simulating the
GB computationally with density functional theory (DFT); and studying impedance
spectroscopy results from the GB in a theoretical manner. In this introduction, I will
briefly present the basic properties of BZY, before I relate the work in this thesis to
the relevant literature.
BZY can be both ionic and electronically conducting, depending on the temperature
and atmospheric conditions [13]. In this thesis, we will mostly consider temperatures
below 750 ◦C with a water vapor partial pressure pH2 O = 0.025 bar in air. Under
these conditions, protons in the form of protonated oxide ions and oxygen vacancies
dominate the charge compensation of yttrium [5], with the charge neutrality condition
(in Kröger-Vink notation)
 0 
YZr = [OHO] + 2 [vO ] .

(1)

With Y0Zr being considered immobile at these temperatures, the conductivity becomes
σ = e [OHO] µOHO + 2e [vO ] µvO ,
1

(2)

where e is the elementary charge and µ the charge mobility. From Eq. (2), there are two
possible causes of the low GB conductivity in BZY: reduced concentration, or reduced
mobility, of ionic charge carrying defects.
Any secondary phases at the GB could alter both the charge carrying concentration
and mobility completely, and would have been a viable explanation for the low GB
conductivity. However, several TEM studies reveal an absence of secondary phases at
the GBs [14–16], meaning that the low GB conductivity must be caused by intrinsic
mechanisms within the BZY structure.
The literature consensus emerging the last decade states that low GB conductivity is
caused by space charge layers [11,12,17–27], where positively charged defects segregate
to the GB core to lower lattice strain mismatch there. With a positively charged core,
protons and oxygen vacancies are depleted in space charge layers next to the core, due
to electrostatic repulsion. The charge carrier concentrations are believed to decrease
by orders of magnitude, such that the space charge layers, only a few nanometers wide,
contribute significantly to the total resistance in BZY.
The arguments in favor of space charge layers being responsible for the GB resistance will be elaborated in the papers as well as the Discussion part of this thesis;
two of the strongest arguments will briefly be stated here. First, the observed inverse
correlation between the yttrium concentration and the GB resistance [12] fits well with
space charge theory, because increased yttrium concentration means stronger charge
screening and hence a narrower space charge layer for a given GB core charge, resulting in less GB resistance. Furthermore, Shirpour et al. observed a positive correlation
between applied bias across a GB and the width of the resistive part of the GB region [11]. This observation fits reasonably well with space charge theory, and would
be hard to explain if reduced charge mobility – and not space charge – was the major
cause of the high GB resistance.
Verifying space charge layers directly with experiments is, however, challenging, as
the area of interest is in the range of a few nanometers. For example, the impedance
spectroscopy measurements consistently revealing high GB resistance are based on
macroscopic measurements [9, 12, 17], where it is the aggregated electrical response of
typically thousands of GBs that is being measured. To extract properties about individual GBs from these experiments, such as the GB potential barrier, one usually
assumes that all GBs have identical impedance. This assumption is somewhat crude,
given that most BZY grain boundaries have different, random orientations [28]. The
problem can be circumvented by using microelectrodes, where the impedance from
individual GBs can be found [11]. However, these measurements also have their problems, such as contact resistance between the microelectrodes, as well as the possibility
of current detours, meaning that it is hard to know if one indeed is measuring the
impedance from an individual GB.
Computational results support the space charge model, with several DFT studies
suggesting that protons and oxygen vacancies segregate to the GB core [22–27]. These
studies do, however, have several weaknesses. First, due to computational limitations,
only simple GB structures with small supercells can be studied. As most GBs are
randomly oriented [28], the typical BZY grain boundary may differ substantially from
2

those possible to study with DFT. Furthermore, segregation of cations and yttrium
dopants, as well as cluster formation, are usually not considered in the calculations,
even though experimental results indicate segregation of both yttrium dopants [17]
and barium vacancies [29] to the GB core in BaZrO3 -based systems, as well as protons
forming clusters with yttrium dopants [30].
To complicate the picture further, nudged elastic band calculations imply a reduction in the proton mobility of around three orders of magnitude across the GB
core [26, 27, 31]. Although these results are from a tiny subset of the possible BaZrO3
grain boundaries, they show that the usual assumption of constant mobility in the GB
core [12, 17] may be too simple.
Even with a range of studies supporting the space charge theory, several gaps remain in our fundamental understanding of the space charge layers in BZY. There are
no direct observations of charge depletion, or varying potential, in the space charge
layers. Computational studies supporting space charge theory are based on a range of
assumptions, some of which may be questionable. And, as we will see in this work, the
impedance obtained from a space charge model fails to match experimental data on
some parameters. The overall aim of this thesis is to reduce this gap of knowledge, by
investigating the BZY grain boundary resistance both with a theoretical and experimental approach. The work in the thesis is described in a total of four papers. I am
also co-authoring two papers that are not included in the thesis.
Paper I addresses the challenge with the large number of possible GB configurations, arising when studying GBs computationally. By shifting the two adjacent grains
relative to each other, one can easily perceive thousands of different GBs for each misorientation angle. Calculating all possible alternatives give a very large computational
cost. However, many of the possible GB energies are highly correlated, and can also be
described somewhat accurately by fast calculations. This can be exploited in machine
learning algorithms, used in Paper I to identify energetically favorable GBs with a
substantial reduction in the computational cost.
Paper II explores variations in the electrostatic potential across an individual BZY
grain boundary. The electrostatic potential is a relevant property for describing space
charge resistance, since positively charged protons and oxygen vacancies may be depleted in regions with positive electrostatic potential. To study the potential we apply
TEM inline electron holography, demonstrating how the post-analysis is non-trivial, as
various effects contribute to the potential.
A common way to describe the GB computationally is to calculate the segregation
energy of defects to the GB with DFT. Using defect segregation energies, one can calculate the charge in the GB core, and model the compensating space charge by solving
Poisson’s equation. This modelling relies on various simplifying approximations. In
Paper III, we study the validity of four of these approximations. From the space charge
profile, one can calculate the GB resistance. Based on the choice of approximations, the
modelled GB resistance may vary by more than one order of magnitude, demonstrating
the high sensitivity of commonly used approximations in space charge modelling.
Paper IV compares experimental data from impedance spectroscopy with simulated data from a space charge model. If the space charge theory is correct, it should
3

in principle be possible to build a space charge model whose impedance match the
experimental GB impedance. The model we built deviates rather strongly from the
experimental data, giving suggestions to how the space charge model can be modified
to better resemble the physical reality.
Before presenting the papers, I will give a brief introduction to some of the underlying theory of the thesis, as well as provide a critical assessment of the methods that have
been used. After the papers, I will discuss three key issues that emerged while working
with the thesis: the fundamental cause of the GB resistance; the utility of TEM inline
electron holography; and the effectiveness of machine learning based selective sampling
algorithms. A significant portion of the programming code used in the four papers is
published at GitHub: https://github.uio.no/tarjeibo/bondevik-phd-thesis.

4

Chapter 2: Theory
In this chapter, I will discuss parts the underlying theory of the thesis. My aim is
twofold: explain the most central theory of the thesis, and describe some complicated
aspects in slightly more detail than what space constraints allow for in a scientific
paper, leaving the reader well-prepared for the four papers. Specifically, I will focus on
the electrostatic potential, and space charge theory. Underlying theory directly related
to TEM and DFT, is presented in the Methodology chapter.

2.1

Electrostatic potential

The charge carrier concentrations in a material are affected by the electrostatic potential. For example, the large resistance of BZY grain boundaries is commonly attributed
to charge carrier depletion due to an electrostatic potential barrier [11, 12, 17]. In this
section, I will describe the two main contributions to the total electrostatic potential in
a material. Furthermore, I will show why it is hard to separate the two contributions,
and consequently, that a careful interpretation is critical when analyzing experimentally obtained electrostatic potentials.
The total electrostatic potential in a material can be divided into four separate
terms,
Vtot = VMIP + VE + VXC + Vfields ,
(3)
where VMIP is the mean inner potential, VE the potential due to redistribution of free
charge carriers, VXC the exchange correlation potential, and Vfields the potential caused
by external electrostatic fields. Since VMIP is defined as the average electrostatic potential in the material not given by the other terms, it must be evaluated over at least
the unit cell volume to be meaningful. Hence, Eq. (3) does not give the potential at
every point r in space; rather, it gives the average potential of some volume not smaller
than the unit cell volume.
In TEM experiments performed in this thesis, fast electrons travel through the
specimen with an energy of 200 keV and 300 keV. The specimen’s charge distribution
is largely unaffected by the fast electrons because of their high energy, meaning that
contributions from VXC can be neglected in TEM experiments [32]. Furthermore, as the
area of interest in a GB is around 10–20 nm in a specimen less than 100 nm thick, any
effect from external fields can be considered constant in this small volume, meaning
that Vfields can be neglected if one is interested in relative differences. In our case, we
mainly study the relative potential difference between the GB and bulk region, and
neglecting Vfields is therefore reasonable. Hence, I will focus on the first two terms of
Eq. (3), usually considering
∆Vtot = ∆VMIP + ∆VE ,
where ∆VMIP ≡ VMIP − VMIP,bulk , and similarly for VE .
5
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Nucleus
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ΔkA

Figure 1: Sketch giving a physical interpretation of the electron scattering factor, where
fast electrons travelling closer to the nucleus are more strongly scattered.
2.1.1

Mean inner potential

To get a conceptual understanding of the mean inner potential in a material, let us first
consider the electron scattering factor, fel (∆k), where ∆k is the momentum transfer
in a scattering event. The electron scattering factor is a measure of the scattering
amplitude from an isolated atom. In TEM experiments, which will be introduced in
the Methodology chapter, fel (∆k) is a well-established measure of the scattering the
fast TEM electrons experience as they travel through the specimen.
Considering first a single atom, the scattering from a sub volume ∆Vn in the electron
cloud depends on the potential of the atom in the sub volume, Vat (rn ), and can be taken
as [33]
2πm0 e
Vat (rn )∆Vn ,
(5)
∆fel,n =
h2
where h is Planck’s constant, m0 the rest mass of the electron, and e the elementary
charge. A physical interpretation of the above equation is that a large potential in
the sub volume gives more scattering of electrons. One can imagine a fast electron
travelling very close to the nucleus – electron A in Fig. 1 – being strongly scattered
by the large potential. Another fast electron (B) travelling in the outer parts of the
atomic orbitals only feels a weak potential, and is barely scattered: ∆kA  ∆kB .
To consider the whole atom, we let the sub volumes approach zero and include a
6

phase factor, such that the total electron scattering factor from a single atom becomes
[33]
Z
X
2πm0 e
−i∆k·rn
∆fel,n e
=
fel (∆k) = lim
Vat (r)e−i∆k·r d3 r.
(6)
2
∆Vn →0
h
n
If we now observe the scattering in the forward direction (∆k = 0), we see that Eq. (6)
becomes a simple integration of the potential all over space. Summing the contributions
from all atoms in the unit cell then yields the relation between the electron scattering
factor and the mean inner potential [34]
VMIP =

X
h2
nj felj (0),
2πm0 eΩ j

(7)

where Ω is the unit cell volume, and nj the number of atoms of species j per unit
cell. Interestingly, the mean inner potential is generally positive in a material. For
example, using Eq. (7) with tabulated electron scattering factors from [34], the mean
inner potential of BaZr0.9 Y0.1 O3 is found to be 15.1 V. Given the material’s global
charge neutrality, a non-zero mean inner potential may seem counterintuitive. However,
this is an inevitable consequence of the non-uniform distribution of the positive and
negative charges. The positive charges are highly localized in the atomic nuclei, while
the negative charges are delocalized in the atomic orbitals.
A simple example with solving Poisson’s equation can demonstrate how anisotropic
distribution of charge leads to a non-zero potential. To represent the nucleus and the
electron cloud, let us consider a one-dimensional charge distribution with a localized
positive charge (qpos ) and delocalized negative charge (qneg ),
(
qneg if δ/2 ≤ |x| ≤ L
Q(x) =
(8)
qpos if |x| ≤ δ/2
where L  δ, qneg < 0, qpos > 0. Furthermore, charge neutrality is satisfied through
RL
Q(x)dx = 0. The charge distribution is shown in Fig. 2. From Q(x), the potential
−L
V (x) can be found through Poisson’s equation,
V 00 (x) = −

Q(x)
,


(9)

RL
1
and is also shown in Fig. 2. The mean potential, V = 2L
V (x)dx, is greater than
−L
zero even though the material is charge neutral. One can imagine an observer being
inside the electron cloud at x = L/2. At this position, the charge of the nucleus is
not fully screened by the electron cloud, and the observer will therefore experience a
positive potential. This will be the case for a significant part of the volume in a real
crystal. Close to the nucleus the screening from the electron cloud nearly diminishes,
yielding a very large positive potential there. Hence, the non-uniform distribution of
positive and negative charges gives VMIP > 0 for every material.
The mean inner potential is sensitive to changes in the crystal. A vacancy will
generally reduce VMIP , since nj is reduced in Eq. (7); a substitutional foreign atom can
7

Potential and charge / a.u.

V(x)
Q(x)

1.0

V
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x = -L

x
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Figure 2: Potential profile resulting from solving Poisson’s equation with charge distribution given in Eq. (8), where the potential at x = |L| is set to zero. For simplicity,
units are normalized.
change VMIP either way depending on the change in felj (0); a reduction in atomic density
will increase Ω and hence reduce VMIP . Its high sensitivity combined with multiple
variables affecting it complicates the interpretation of the mean inner potential, which
will be discussed in Paper II.
2.1.2

Separating contributions from ∆VE and ∆VMIP

The change potential due to redistribution of free charge carriers, ∆VE , is the contribution that is usually referred to in literature. For example, when the relation between
potential barrier and the GB resistance in BZY is discussed [12], it is ∆VE (and not
∆Vtot ) one refers to, although this is rarely explicitly stated.
Separating the contributions from ∆VE and ∆VMIP in an experiment is challenging,
as they may exhibit opposite signs for the same physical process. As an example, let us
consider a BZY grain boundary, whose core has a width of one unit cell and an oxygen
vacancy concentration [vO ] = 50 mol%. With a positively charged core, ∆VE should
be positive across the GB. However, any vacancy in the core will cause ∆VMIP < 0,
meaning that the sign of ∆Vtot = ∆VMIP + ∆VE will in this case be ambiguous. Fig. 3
illustrates this example, where the concentration and potentials are found through
solving Poisson’s equation, with modelling details given in the caption. Part (a) shows
how the oxygen vacancy concentration is strongly depleted close to the GB core; part
(b) shows how ∆VE and ∆VMIP have opposite signs.
An interesting feature of the potential profiles in Fig. 3 is their extensions for a
given GB core charge. If ∆VE and ∆VMIP have a different spatial extent, it may be
possible to separate their contributions to ∆Vtot without any additional experiments.
The width of ∆VE depends on how free charge carriers redistribute in the crystal; in the
case of BZY, how oxygen vacancies and protons redistribute in response to a positive
core charge. This charge redistribution is governed by the relative dielectric constant
r , typically in the range of 60–100 for BZY [12]. In contrast, the change in ∆VMIP
8

1.0

10

Electrostatic potential / V

10

-5

-9

O

[v ] / per formula unit

10

-1

10

-13

0.5

0.0

-0.5

V
V

-1.0

MIP

a
10

b

E

-17

-2

-1

0

1

2

-2

x / nm

-1

0

1

2

x / nm

Figure 3: Part (a) shows oxygen vacancy concentration, part (b) shows the mean
inner potential and the potential due to redistribution of free charge carriers. ∆VMIP
2−
is found from Eq. (7), using felO (0) = 0.409 92 nm from [34]. [vO (x)] and ∆VE (x)
is found by solving Poisson’s equation with the full
[17] and Mott-Schottky
 0depletion

approximations, with T = 500 K, r = 75, and Y = 2 [vO bulk ] = 0.1. Note that
Poisson’s equation is not solved in the GB core; a constant ∆VE is assumed there,
indicated with dotted lines.
does not extend beyond the GB core. The mean inner potential originates from the
local positive potential around the nucleus. Creating a vacancy, that is, removing a
nucleus, leads to a reduced mean inner potential. This effect is short ranged: one unit
cell away from the vacancy, the mean inner potential should be close to its bulk value
(as long as the atomic density is close to its bulk value). However, due to experimental
resolution limitations, the measured ∆VMIP may appear wider than its true width.
In the example given in Fig. 3, an observer located at |x| = 1 nm will feel a positive
total potential. As the observer moves towards but not all the way to the GB core,
the positive total potential increases, resembling a typical potential barrier. Within
the GB core, however, the observer will feel a negative total potential. This has a
counterintuitive consequence: the total potential (∆VMIP + ∆VE ) in the GB core can
be negative, but still cause the typical characteristic of a positive potential barrier
everywhere expect for at the GB core.
In TEM inline holography, which will be explained in a later chapter, one can
measure ∆Vtot with resolution around 1 nm. Given the complexity of the different contributors to ∆Vtot , such results require careful interpretation. Even a simple example
with only one defect yields confusing results, as shown in Fig. 3; in a real GB multiple
defects may segregate, complicating the picture further.
9

The relation between ∆VE and the GB conductivity is explained by space charge
theory, which I will describe in the next section.

2.2

Space charge

Space charge layers are considered to be the cause of the high BZY grain boundary
resistance. In this section I will lay out parts of the underlying theory, focusing on
the origin of the space charge, modelling of the space charge potential, and how space
charge affects electrical conductivity.
2.2.1

Origin of space charge at a grain boundary

At a grain boundary, the symmetry of the crystal is broken, leading to a dramatic
change in the local structure. With a different structure, defects may segregate to the
GB to reduce the overall energy of the crystal. For example, oxide ions located at the
GB may be unstable due to an unsatisfied valence. In such a case, the crystal energy
should be reduced if the protons stabilize the oxygen by segregating to the GB.
If positively charged defects selectively segregate to the GB, a build-up of net,
positive charge will occur at the GB core. This is likely the case for the BZY grain
boundary. Computational studies suggest that both OHO and vO strongly segregate to
the BZY grain boundary [22–25]. These studies typically do not consider the negatively
00
charged defects such as Y0Zr, v40
Ba, and vZr, which, in principle, can segregate to the GB
and balance out or even flip the sign of the charge. Indeed, TEM studies in literature
suggest segregation of Y0Zr [17] and v40
Ba (in Sc-doped BaZrO3 [29]) to the GBs. However,
since there is a strong consensus in literature that the GB core is positively charged for
various reasons which will be discussed throughout the thesis, I will for now assume a
net positive charge in the GB core.
A positively charged GB core will have to be charge compensated to preserve the
material’s overall charge neutrality. Under the conditions usually considered in this
thesis (T < 750 ◦C, pH2 O = 0.025 bar), the free charge carriers in BZY are OHO
and vO . In the proximity of the GB core they will be depleted, due to the repelling
positive charge in the core. The defect concentrations and the electrostatic potential
are schematically shown in Fig. 4, together with our precise definitions of the GB
interface, core and region. Close to the GB core the charge carrier concentrations drop
by several orders of magnitude, causing a high GB resistance. Note that even with
defect concentrations being discontinuous in the interface between the space charge
and the GB core, the potential profile ∆VE is smooth and continuous. This curvature
of ∆VE can be seen directly from Poisson’s equation (Eq. (10) below), where Q(x) <
00
0 ⇒ ∆VE (x) > 0 (concave shape), and vice versa for Q(x) > 0.
2.2.2

Modelling

Space charge modelling is thoroughly explained in several of the four papers, in particular Paper III, and I will therefore only give a brief introduction here. The GB
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Figure 4: Schematic space charge model across a positively charged GB core, showing
the logarithmic defect concentrations and electrostatic potential due to redistribution
of free charge carriers. Note that oxygen vacancies are more strongly depleted than
protons due to their doubly positive charge.
potential and the defect concentrations are obtained by solving Poisson’s equation,


e · 2 [vO (x)] + [OHO(x)] − Y0Zr(x)
Q(x)
d2 ∆VE (x)
=−
=−
.
(10)
dx2


Expressions for the equilibrium proton and oxygen vacancy concentrations are found
by assuming constant electrochemical potential throughout the GB region. Since ∆VE
and Q depend on each other, Eq. (10) has to be solved numerically. An exception is
assuming full depletion of OHO and vO in the space charge layer such that Q becomes
independent of ∆VE , enabling an analytical solution to Eq. (10). For all solutions we
apply, convergence occurs when global charge neutrality is obtained.
With a few notable exceptions [23–25], Poisson’s equation is in literature typically
not solved across the GB core [22, 27, 35]. Rather, the GB core is defined as a region
with a certain charge and potential, and the starting point of solving Eq. (10) is at
the (infinitely abrupt) interface between the GB core and the space charge layer. In
reality however, no such abrupt interface exists; a more gradual transition should
better resemble the physical reality. Using defect segregation energies for each atomic
plane, it is possible to solve Eq. (10) across the entire GB region, where the transition
between core and space charge layer is gradual. In this thesis we compare the two
methods (Paper III), where the resulting defect concentrations differ by more than one
order of magnitude, illuminating a crucial point about the space charge modelling: the
defect concentrations are extremely sensitive to any seemingly minor adjustments in
E
dependency.
the modelling, due to their exponential ∆V
kB T
For most of the space charge modelling in this thesis we have applied the MottSchottky approximation, implying constant yttrium concentration throughout the GB
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region. The justification is the combination of high sintering temperature (roughly
T = 1600 ◦C) and low mobility of cations at temperatures below 1000 ◦C in BZY. At
high sintering temperatures entropic contributions are expected to exceed enthalpic
contributions in the free energy, leading to an even distribution of yttrium dopants
throughout the crystal. As temperature is reduced and enthalpy becomes increasingly
important, it may be energetically favorable for yttrium dopants to segregate to the
GBs. However, low cation mobility prevents equilibrium, keeping their concentration
constant. Despite the above considerations, already mentioned TEM work in literature
do indeed suggest yttrium segregation to the GB [17], thus questioning the validity of
the Mott-Schottky approximation. The yttrium concentration in the space charge layer
is hence a possible source of error for our space charge modelling.
2.2.3

Conductivity

From the space charge modelling, we can obtain the GB conductivity. Assuming oxygen
vacancies and protons to be the dominating charge carriers, the conductivity is
σ = e [OHO] µOHO + 2e [vO ] µvO ,

(11)

repeated here due to its importance in this thesis. From Eq. (11), it is clear that the
low GB conductivity in BZY must be a result of reduced charge carrier concentration
or reduced charge mobility. For now, the charge mobility in the GB region is assumed
to be constant; we will briefly revisit this assumption at the end of this subsection.
Setting µ constant leaves reduced charge carrier concentration as the cause of the
low GB conductivity; hence, the ratio between the GB and bulk conductivity can be
obtained directly from the solution of Eq. (10).
Fig. 5 shows an example of the resistivity and potential obtained from space charge
modelling, where the full depletion approximation has been applied (charge carriers
are assumed to be fully depleted in the space charge layers). Further modelling details
are given in the caption. Here, we consider the resistivity (ρ = 1/σ) rather than
the conductivity, because it simplifies the notation in our impedance considerations
following in the next subsection. The resistivity in the space charge layer is calculated
by [17]


e∆VE (x)
(12)
ρ(x) = ρbulk exp
kB T
where protons are assumed to be the dominating charge carrier. The effective resistivity, ρgb , is in literature typically defined as the average resistivity throughout the
space charge layer [12,17,36]. Interestingly, the local space charge layer resistivity ρ(x)
varies by order of magnitude within the space charge layer. Hence, for most of the
space charge layer, ρ(x) differs from ρgb with orders of magnitude. As we will see,
choosing either ρgb or ρ(x) for an impedance model will greatly affect the result.
The charge mobility, usually assumed to be constant in the GB region, can for
protons be taken as [27]


D0 e
−Ebar
µOHO =
exp
(13)
kB T
kB T
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Figure 5: Space charge layer resistivity and potential obtained by solving Poisson’s
equation analytically
 0  as done by Kjølseth et al. [17], with experimental parameters
◦
T = 250 C, Ybulk = 10 mol%, and r = 59. The potential profile is found by
R λ∗
solving Rgb = 2 0 ρ(x)dx, where Rgb is the experimentally measured area specific
GB resistance for a single GB at T = 250 ◦C, in our data from Paper IV.
where D0 is the diffusion coefficient, and Ebar the migration barrier of a proton jump. A
similar expression applies for oxygen vacancies. The dominating term in Eq. (13) is the
exponential term. By definition in the space charge model, Ebar cannot be constant in
the GB region, because the negative proton segregation energy at the GB core implies
an increased migration barrier for the proton to leave the GB core. Nudged elastic band
calculations suggest that this migration barrier is in the range 0.61–1.08 eV [26,27,31],
considerably higher than the bulk migration barrier of around 0.2 eV [27]. However,
even if the charge mobility is reduced in the GB core, it may still hardly affect the
total GB resistance, since the GB core has high charge carrying concentration and is
usually considered to be at most 1 nm thick [12, 15]. The charge mobility in the GB
core will be examined in further detail in the Discussion of this thesis.
2.2.4

Impedance spectroscopy

To extract the GB impedance from BZY, one typically applies the equivalent circuit shown in Fig. 6a [11, 12], where the bulk, GB and electrode contributions to the
impedance are connected in series, with each of them represented as a resistor (R) and
a constant phase element (Q) connected in parallel. The impedance from each RQ
parallel connection in such a circuit can be taken as [37]
Z=

R
,
1 + RY (jω)n

(14)

where j is the imaginary unit, and Y and n are constants, with 0 ≤ n ≤ 1. In the limit
n = 1, the circuit element behave like a capacitor. Using a constant phase element
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Figure 6: Part (a) shows the typical equivalent circuit for extracting the GB impedance,
with three RQ elements connected in series. Part (b) shows an equivalent circuit for the
space charge layer, with infinite RC elements connected in series in the limit m → ∞.
gives an extra fitting parameter, enabling accurate fitting with experimental data.
The bulk, GB and electrode impedance can be separated as long as they have
sufficiently different characteristic frequencies. A Nyquist plot with the resulting fit is
shown in Fig. 7a, where only the GB contribution of the fit is plotted. The constant
phase element produces an almost perfect fit, where the deviation at low frequencies
occurs because the electrode impedance contributes only in the experimental data.
Fig. 7b, showing the imaginary impedance as a function of frequency, confirms the
excellent fit produced by the constant phase element.
Although the above described fitting is commonly performed in literature, it does
not explicitly consider the varying resistivity in the space charge layer, shown in Fig. 5.
Rather, the space charge layers and GB inhomogeneities are implicitly included in the
Y and n parameters of the constant phase element. One alternative equivalent circuit
for the GB is shown in Fig. 6b, with the space charge layer is divided into m RC cicuits
connected in series. The aim is to capture the varying resistivity through the space
charge layer. Letting m → ∞, the GB impedance can be taken as [38]
Z ∞
ρ(x)
dx.
(15)
Zgb =
1 + jωρ(x)
0
The Nyquist plot resulting from Eq. (15) is shown as the space charge model in Fig. 7a,
where the local resistivity ρ(x) used in Eq. (15) is the resistivity shown in Fig. 5. Considering only the Nyquist plot, the space charge model seems to fit experimental data
fairly well: the peak of the imaginary impedance is slightly higher, and the semicircle
becomes distorted (as reported in [17]), but the overall shape resembles the experimental −Z 00 vs Z 0 plot. However, the −Z 00 vs ω plot in Fig. 7b reveals that the space charge
model’s characteristic frequency is off by more than one order of magnitude. Paper IV
thoroughly discusses this deviation between the space charge model and experimental
data.
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Figure 7: A constant phase element model, and a space charge model, fitted against
the experimental impedance data (the BZY15 sample at T = 250 ◦C from Paper IV),
showing (a) the Nyquist plot (Z 0 vs −Z 00 ), and (b) the −Z 00 vs ω dependency. Note
that both models deviates considerably from the experimental data at low frequencies,
because impedance contributions from the electrode dominates in that regime, and the
two models are fitted against the GB contribution of the impedance.
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Chapter 3: Methodology
In this chapter, I will explain the two most important methods used in this thesis:
inline electron holography, and density functional theory. My aim is to provide a brief
introduction to the methods, with a critical assessment of each.

3.1

The transmission electron microscope (TEM)

The TEM is a powerful tool, enabling imaging with sub angstrom resolution. In this
section, I will briefly explain the techniques used in this thesis, with most emphasis on
inline electron holography. For readers interested in more details, thorough descriptions
of electron holography are given by Ness [39], and Schmidt [40].
3.1.1

Introduction to TEM

Figure 8 shows a simplified schematic of the TEM column, highlighting the parts most
relevant for electron holography. The electrons leaving the electron gun – the fast
electrons – typically have an energy 100–400 keV. The condenser lens is a magnetic
lens, directing the electron beam such that it is focused when reaching the specimen.
While transmitting through the specimen the electrons are scattered. Further down
the column, the electrons pass through an objective lense and, if inserted, an objective
aperture that filters electrons scattered to high angles. Between the objective aperture
and the image plane are projector lenses (not drawn here), magnifying the image.
In a TEM experiment, the specimen needs to be very thin, since it has to be electron
transparent. Generally, specimens thinner than 100 nm are usually necessary; highresolution TEM requires a specimen thickness of less than 50 nm [41]. The requirement
of having a thin specimen leads to an intricate specimen preparation procedure that
may affect the specimen’s structure and chemistry.
While the spatial resolution of an electron microscope is fundamentally limited only
by the wavelength of the electrons, the practical limitations are much more severe. The
wavelength of 200 keV electrons is approximately 0.0025 nm, while the practical resolution limit of standard TEM instruments is on the order of 0.2 nm. The main reasons
for this discrepancy are the spherical and chromatic aberrations of the magnetic lenses
used. Due to spherical aberration, electrons going through a lens are bent differently
as a function of their distance to the optical axis; from chromatic aberration, electrons
have different wavelengths, meaning that they cannot simultaneously be focused on
the specimen. Corrections of the spherical and chromatic aberrations are necessary to
obtain sub-angstrom resolution.
For the electrons that are transmitted through the specimen, there are three options:
they can transmit as a direct beam; they can scatter elastically; or they can scatter
inelastically. An astonishing range of analysis techniques can be performed, providing
crystallographic information found by analyzing the diffraction pattern of elastically
scattered electrons; elemental information found by analyzing the energy loss of the
16
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+Δf
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–Δf

Figure 8: Basic schematic of the TEM column. If the image plane is out of focus,
contributions to the image with different scattering angles will not appear in the same
lateral location in the image plane, blurring the image. This problem can be corrected
by inserting an objective aperture, as done in the figure.
electrons or by detecting characteristic X-rays; and information about specimen thickness found by analyzing the intensity of the direct beam. And, most importantly for
this thesis, the electrostatic potential can be found with electron holography.
3.1.2

Inline electron holography

Inline electron holography is a technique that can be performed with ordinary TEM
equipment. In a conventional TEM image, the fast electron’s phase information collapses, since the recorded intensity is propertional to the square of the fast electron’s
wave function. In inline holography, several defocused images are acquired, enabling a
reconstruction of the fast electron’s phase shift ∆φ. The schematics in Fig. 8 illustrate
how the image plane may change for different values of defocus ∆f .
As they travel through the specimen, the fast electrons will be accelerated by the
specimen’s electric and magnetic fields, such that they experience a phase shift. Conceptually, this can be understood from Fig. 9, where a fast electron approaches a specimen. The fast electron has an initial wave function Ψ0 and a wavelength λvacuum .
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Upon entering the specimen the fast electron is accelerated, with its wavelength being reduced to λspecimen . With a shorter wavelength, the object wave function, Ψobj ,
obtains a phase shift relative to the reference wave function, Ψref . In this particular
case, the difference is half a wavelength, corresponding to the phase shift ∆φ = π rad.
The illustration shows the phase shift of a specimen relative to vacuum. One way
to retrieve this phase shift is by off-axis holography [40], where a positively charged
biprism is introduced into the TEM column, deflecting both the object wave and the
reference wave. Due to the deflection, the two waves overlap and create an interference
pattern, which can reveal the relative phase shift of the object wave.
In this thesis, we apply inline electron holography, partly because off-axis holography gives a more complex experimental setup due to the requirement of a vacuum
reference wave. We investigate phase shifts within a specimen occurring because the
electrostatic potential varies in the specimen. Specifically, we are interested in variations in the electrostatic potential across GBs.

Ψ0

Ψ0

λvacuum

λspecimen

λvacuum
Δϕ=π
Ψobj

Ψref

Figure 9: Since fast electrons are accelerated by the magnetic and/or electric field of
the specimen, a phase shift occurs in the object wave function (Ψobj ) relative to the
reference wave function (Ψref ).
Assuming that the material is non-magnetic, that the electrostatic potential is
constant in the beam direction, and that the phase object approximation applies [41],
the relation between the change in the total electrostatic potential and the phase shift
of the fast electron can be taken as
∆Vtot (r) =

∆φ(r)
,
CE t

(16)

where t is the specimen thickness, CE the electron interaction constant [41], and r is
a two-dimensional position on the specimen. Recovering the phase information and
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finding the thickness of the specimen gives the electrostatic potential as a function of
r.
In this thesis, we applied the Full Resolution Wave Reconstruct (FRWR) software
provided by C. T. Koch [42] both for acquistion of the focal series, and reconstruction
of the phase shift. We will not delve into details about the reconstruction algorithm as
this is provided elsewhere [39, 42], but rather lay out key elements in the experimental
setup, necessary for conducting a successful experiment.
3.1.3

Key elements for a successful holography experiment

Here I describe what we found to be the most critical parts of the experimental setup.
Note that some of the parts depend on each other, with several trade-offs occurring to
find the optimal setup.
Image intensity To reduce the amount of noise, a sufficient number of counts per
image pixel was necessary for a successful reconstruction. Specifically, we experienced
that with fewer than 1000 counts per pixel, results from the reconstruction tended to
have low reliability. The optimization of several other parameters lowers the image
intensity, causing this requirement to be perhaps the most challenging.
Objective aperture Applying an objective aperture leads to an improved reconstruction. Preferably, one should isolate the (000) diffraction spot with the objective
aperture, such that electrons going through the point r at the specimen arrives at the
same position on the screen, even at large defocus. This is illustrated in Fig. 8, where
scattering from the (000) spot goes through the objective aperture, and higher angle
scattering is blocked. In our experiments, we applied an objective aperture of 20 µm,
yielding a collection semi-angle 14.1 mrad. Blocking higher angle scattering is easier to
achieve with a parallel beam, especially at larger defocus. However, making the beam
more parallel reduces the intensity of the image, complicating the reconstruction.
Defocus range Setting the defocus range involves a trade-off. To reconstruct features with high spatial frequency, small defocus values give the best result, while for
features with low spatial frequency, high defocus values give the best result. Choosing
a wide range of defocus values could then yield an acceptable reconstruction for all features of the specimen, but this gives practical challenges. Isolating the (000) diffraction
spot with the objective aperture becomes increasingly harder at large defocus, and an
apparent drift in the image may also occur. In our experiments, we acquired a focal
series of 29 images with the quadratic defocus step 40 nm, yielding the defocus range
±7840 nm.
Energy filtering The presence of inelastically scattered electrons affect the holography experiment; [39] showed how a non-filtered experiment increased the reconstructed
phase shift with 30–50 %. To prevent this, we applied an energy slit of 10 eV centered
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around the zero-loss peak. A disadvantage with energy filtering is increased noise to
due reduced image intensity.
Drift Since optimizing the objective aperture, the defocus range, and the energy
filtering introduces challenges with respect to image intensity, the problem can be
solved with very long camera acquistion times. However, then specimen drift arises
as a serious problem, smearing out the images. In our experiments, acquisition times
around 8 s for each defocused image worked reasonably well.
3.1.4

Techniques to obtain elemental information

Two TEM techniques were applied in the thesis to obtain high spatial resolution concentration profiles of chemical elements: energy-dispersive X-ray spectroscopy (EDX),
and electron energy loss spectroscopy (EELS). Both techniques were used in scanning
transmission electron microscopy (STEM) mode, where a converged beam is rastered
across the specimen. For detailed descriptions of STEM, please refer to [33, 41].
EDX A thorough description of EDX is given in [41]. In the TEM, fast electrons
interact with the specimen, such that some electrons in the inner atomic orbitals will
be excited, creating holes in the inner orbitals. These inner orbitals will be filled
by electrons from outer orbitals with higher energy, where the excess energy may be
released as X-rays with a frequency characteristic for the element. In STEM-EDX,
the electron beam is focused on a small part of the specimen, such that elemental
information can be obtained as a function of r, with a resolution of around 1 nm on
the FEI Titan G2 60-300 microscope.
EELS EELS is well described in a review article by Wilfried Sigle [43]. As the fast
electrons interact with the specimen, some will lose energy. In EELS, the density
of fast electrons as a function of their energy loss is measured to extract elemental
information. Using the FEI Titan G2 60-300 microscope, elemental information with
a sub nano meter resolution can be obtained.

3.2

Density functional theory (DFT)

With the ever growing availability of computational resources, DFT is becoming an increasingly useful tool to analyze and interpret data in materials science. For phenomena
on the nano scale in particular, which are inherently tedious to study experimentally,
DFT is powerful. In this section, I will describe some of the critical aspects with
the DFT work in this thesis. Specifically, I will discuss the convergence of numerical
parameters, the optimization of the size of a GB supercell, and complications arising
when introducing defects to a supercell. Only a short introduction to DFT will be
given as this is described extensively in many other sources, among them the book
from Sholl and Steckel [44], used in the materials science DFT course at the University
of Oslo.
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3.2.1

A brief introduction

DFT is a quantum modeling approach to find approximate solutions to the timeindependent, non-relativistic Schrödinger equation, given as
HΨ = EΨ,

(17)

where H is the Hamiltonian, and Ψ and E the system’s wave function and energy,
respectively. DFT is based on the variational principle, where the ground state energy E0 can be found by minimizing the energy functional of the system. Solving
the Schrödinger equation is computationally nearly impossible in large many-particle
systems. Hence, approximations will have to be made.
The Born-Oppenheimer approximation [45] assumes fixed position of the nuclei
due to their heavy masses. This simplifies the Hamiltonian as the kinetic energy of the
nuclei can be set to zero, and the nucleus-nucleus interaction can be considered constant
and hence independent of electrons. Furthermore, the Hohenberg-Kohn theorems [46]
state that the system’s potential can be entirely explained by its electron density.
Hence, the system’s exact ground state energy can be found by minimizing its energy
functional E [n(r)] with respect to its electron density n(r). To do this, the KohnSham approach [47] – where a non-interacting reference system built from one-electron
functions enabling simple calculation of major parts of the kinetic energy – has been
useful, laying the basis for modern DFT.
Within the Kohn-Sham formalism, the majority of the error lies in the exchange
correlation potential. The simplest possible approximation is the local density approximation (LDA) [47], where the exchange-correlation potential is calculated from a
uniform electron gas with constant density. An improvement from LDA with a somewhat larger computational cost is the generalized gradient approximation (GGA) that,
in addition to the electron density, also takes into account the gradient of the electron
density. A good introduction to LDA, GGA and other exchange correlation potentials
is given in [48]. In this thesis, we applied GGA [49], implemented in the VASP package [50, 51] using the projected augmented wave method [52]. The number of valance
electrons included for each chemical element was 10 (Ba), 12 (Zr), 6 (O), 11 (Y), and
1 (H).
3.2.2

Convergence of numerical parameters

As with any numerical method, there is a trade-off between computational cost and
accuracy. In this subsection, I will discuss the errors introduced by applying finite
values for two important parameters: the plane wave cut-off energy, and the k point
density.
There exist an infinite number of solutions to the plane wave basis. Low energy
solutions are, however, more physically important than high energy solutions. Applying
a plane wave cut-off energy, Ecut , excludes plane waves with kinetic energy larger than
Ecut from the basis set. Fig. 10a shows the numerical error as a function of cut-off
energy. Egb − Ebulk is the DFT calculated energy difference between a (111) GB
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supercell, and a bulk supercell with the same size; further computational details are
given in the caption. In this thesis, we applied an Ecut convergence criterion of 20 meV,
indicated by the dotted line in Fig. 10a. Such a criterion means that for a 50 eV stepwise
increase in the Ecut parameter, |Egb − Ebulk | should change by less than 20 meV.
To evaluate integrals numerically in k space, one has to apply a k point density. In
the limit of infinite k point density, the error in the evaluation goes to zero, analogous
of a Riemann sum approaching the true value of the integral. Egb − Ebulk as a function
of k point densities are shown in Fig. 10b for the (111) GB, with further details given
in the caption. In Paper I, we applied k point densities of 5 × 5 × 1 for this particular
GB. At that density, the calculated energy difference between GB and bulk changed
with less than 10−3 eV compared to the 4 × 4 × 1 k point densities. As the change
in error decreases with increasing k point density, we can thus expect an error of less
than 10−3 eV originating from using the finite k point density 5 × 5 × 1.
3.2.3

Optimization of grain boundary separation

In a GB supercell, the GB will interact with itself, which may pose a problem for the
DFT calculation. Fig. 11 shows a BaZrO3 (111) GB supercell, where the GB plane is
in the middle of the supercell. Inevitably from the periodic boundary conditions, the
supercell will also have a GB plane at its edge, also indicated in the figure. The two
GBs will then interact with each other in an unphysical interaction. In the real BaZrO3
material, the grain size is typically 100–1000 nm [12], preventing any substantial GBGB interaction. In contrast, the two GBs are separated by a few nanometers at most in
a DFT supercell, due to the size restriction on supercells stemming from computational
cost.
When determining the size of a GB supercell, there is thus a trade-off between computational cost, and limiting the unphysical GB-GB interaction. To find the optimal
size, one has to define a criteria where the interaction is sufficiently low. One such
criteria can be the GB energy, defined as
γgb =

Egb − Ebulk
,
2A

(18)

where Egb is the energy of a GB supercell, Ebulk the energy of a bulk supercell of the
same size as the GB supercell, and A is the area of the GB interface, where the factor
2 is included to account for both GBs in a supercell. Fig. 12 shows the GB energy
as a function of GB separation for the (111) GB, with computational details given in
the caption. As the GB separation increases, the GB energy seems to stabilize around
0.60 Jm−2 . Based on this, a feasible GB separation is 15 Å; above this, computational
cost increases considerably, without notable reduction in GB-GB-interaction. Indeed,
several authors in literature [22], [27], as well as myself in Paper I and III, use 15 Å as
the GB separation for this particular grain boundary.
Another possible convergence parameter to consider is the interplanar distance in
the bulk region of the GB supercell, defined in Fig. 11 as dgb−bulk . In the limit of
zero GB-GB interaction, dgb−bulk should equal the bulk interplanar distance obtained
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Figure 10: Convergence test of the (a) plane wave cut-off energy, and (b) k point
density. The energies are from DFT calculations on the (111) GB from Paper I.
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Figure 11: (111) GB supercell, with separation between the two GBs, as well as the
interplanar distance in the bulk region of the cell (dgb−bulk ), are indicated.
by relaxing bulk supercells, labelled dactual−bulk . Fig. 12 shows the dgb−bulk /dactual−bulk
ratio as a function of GB separation. In this case, dgb−bulk deviates with more than 2 %
at 15 Å GB separation, which may be considered a poor convergence in some situations.
For example, defect energies are highly dependent on the local chemical environment,
and a relative change in interplanar distance of 2 % may significantly affect the defect’s
segregation energy. Hence, determining the optimal GB-GB distance is dependent on
the subjectively chosen convergence parameter.
3.2.4

Defect calculations

Several complications arise when introducing defects into a DFT supercell. Most important in this thesis are the defect-defect interactions stemming from the periodic
boundary conditions of the supercell. Although defects do interact with each other
also in real crystals, the periodic defect-defect interactions resemble an ordered defect
super structure, probably quite different from the physical reality of entropic chaos.
The remedy from periodic defect-defect interactions is large supercells, increasing the
defect-defect distance and hence limiting their interaction. Due to computational limitations, this may not be possible, especially if other factors also contribute to an
increased supercell size. In a GB supercell for example, it is strictly necessary with a
large supercell in the direction perpendicular to the GB, leaving less available space
for the two other dimensions.
To increase the validity of the calculations, one typically calculates relative energies
under the assumption that the defect-defect interaction error cancels out. For GBs,
the defect segregation energy at position x can be defined as
∆Eseg (x) = Edef (x) − Edef,bulk ,

(19)

where Edef is the DFT calculated energy of a system with a defect. If the errors from
the defect-defect interactions in Edef (x) and Edef,bulk are roughly similar, the calculated
segregation energy should be fairly accurate. This is however not necessarily the case.
As an example, consider the segregation energies shown in Fig. 13, from the (210)
BaZrO3 GB studied in Paper I and III. The Figure shows oxygen vacancy segregation
energies, calculated from√two different supercell sizes. In the top part the minimum
defect-defect distance is 5a0 = 9.5 Å, yielding a feasible segregation energy profile,
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Figure 12: GB energy and bulk interplanar distance in a GB supercell, plotted as a
function of GB separation.
with nearly constant values in the bulk, and strong fluctuations around the GB plane.
The bottom segregation energy profile is clearly erroneous. Here, the minimum defectdefect distance is only a0 = 4.3 Å, yielding fluctuations in (nearly) identical bulk sites
with around 2 eV. Hence, even when calculating relative segregation energies, supercell
size is a critical criteria. This strongly limits the number of GBs one can perform defect
calculations on.
A note about the assumption of a stoichiometric host structure in defect calculations
is also worth mentioning. Prior to introducing defects, we have in this thesis relaxed the
stoichiometric host structure, hence assuming that the most energetically favorable host
structure can be found without considering defects. Since defects definitely affect their
surroundings, this assumption may be erroneous. However, the practical arguments for
applying this assumption are strong. Including the effect of defects prior to relaxation
will increase the combinatorics – and hence the computational cost – with at least one
order of magnitude. In addition, calculating the segregation energies from Eq. (19)
requires an identical host structure, for the comparison of relative energies to be valid.
3.2.5

Computation of the local potential

In this thesis, we have used DFT to calculate the electronstatic potential in the GB
region with two different methods. As these methods actually output two different
potentials this may be a point of confusion, and will briefly be clarified here.
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The most common method in BZY literature is to use defect segregation energies
(calculated from DFT) to obtain the potential stemming from redistribution of free
charge carriers, VE [22–24,27]. This method is explained in more detail in section 2.2.2.
The second, less commonly used method, is to extract the total electrostatic potential (Vtot ) directly from a DFT calculation. In the Kohn-Sham formalism with electron
density n(r), the total electrostatic potential is [53]
Z
n(r0 ) 3
2
d r + µxc [n(r)] ,
(20)
Vtot,DFT = V (r) + e
|r − r0 |
where the first term is the ionic contribution, the second term the Hartree potential,
and the third term the exchange-correlation potential. The total potential given in
Eq. (20) can easily be extracted from a DFT calculation [54]. In some cases, it is
appropriate to neglect the exchange-correlation potential. For example, if considering
experimental Vtot obtained with TEM inline holography, the fast TEM electron can
be approximated to not interact with the specimen [32]. Extracting only the first two
terms of Eq. (20) is similarly straight forward with DFT.
The DFT calculated VE and Vtot are not comparable for two main reasons. First,
Vtot ≈ VMIP + VE , meaning that if VMIP is dominant (which often is the case), their true
physical values should differ substantially. Second, in this thesis we calculate Vtot from
a stoichiometric supercell, while VE is calculated upon introducing defects. Hence, the
two calculations essentially describe different mechanisms.
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Chapter 4: Research papers
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Paper summaries
I Applying machine learning-based selective sampling to find grain boundary structures
T. Bondevik, A. Kuwabara & O. M. Løvvik Computational Materials Science 164, 57
(2019)
Determining the most energetically favorable GB structures with DFT calculations
is expensive, partly due to the large number of possible GB configurations. By shifting
the two grains constituting the GB relative to each other in rigid body translations, a
large number of GB configurations arise for each given misorientation angle. To consider all GB configurations without explicitly calculating each one of them, we apply a
machine learning-based selective sampling procedure, reducing the computational cost
with up to 85%. The sampling procedure uses a Gaussian process to estimate the
energies of all GB configurations based on the input from calculating only a few, as
well as Bayesian optimization to select which GB structures to calculate. With this
approach, the computational effort is automatically focused on the GB structures most
likely to be energetically favorable. Using fast, inaccurate DFT calculations as input to
the Gaussian process model reduces the computational cost of the sampling procedure
with up to 40%.
II Investigation of the electrostatic potential of a grain boundary in Y-substituted BaZrO3 using inline electron holography
T. Bondevik, H. H. Ness, C. Bazioti, T. Norby, O. M. Løvvik, C. T. Koch & Ø. Prytz
The high GB resistance of BZY is in the literature commonly explained by a potential barrier across the GB. These potential barriers are not directly measured, but
derived from the assumption that the high GB resistance is caused by space charge
layers adjacent to the GB core. With TEM inline electron holography, we measure the
electrostatic potential across an individual BZY grain boundary to be −1.3 V. The
observed negative potential is not necessarily in conflict with positive values reported
in literature, since TEM electron holography is sensitive to changes in the mean inner
potential, while the literature reports consider the potential due to redistribution of
free charge carriers, disregarding the mean inner potential. To find the cause of the
measured potential well we complement the analysis with EELS, EDX and geometric phase analysis (GPA). These results suggest that the observed potential well most
likely is caused by segregation of barium vacancies to the GB, and possibly also reduced
atomic density at the GB.
III Assessing commonly used approximations in space charge modelling to
estimate proton conductivity in BaZrO3 grain boundaries
T. Bondevik, T. S. Bjørheim & T. Norby To be submitted (2019)
We estimate the GB proton conductivity in BZY using segregation energies calcu28

lated with DFT as input, assessing commonly used approximations in space charge
modelling. By assuming the GB core to be a single, abrupt plane rather than a set
of multiple atomic planes, the GB proton conductivity is overestimated by one order
of magnitude. Furthermore, allowing the protons to redistribute infinitely close to the
GB core, rather than being constrained to be located in specific atomic planes, gives
a deviation in the estimated GB conductivity with up to a factor of 5. Disregarding
trapping between protons and the yttrium dopant, and assuming the space charge layers to be fully depleted of charge carriers, are approximations that only have a minor
effect on the estimated proton conductivity.
IV Disagreements between space charge models and impedance data in yttrium-substituted barium zirconate
T. Bondevik, J. M. Polfus, T. Norby To be submitted (2019)
If the space charge model correctly describes the high GB resistance in BZY, it should
in principle be possible to model the space charge layer impedance, and obtain a
good fit with experimental impedance data. Here, we show that when modelling the
impedance with the commonly used space charge model in literature, the modelled
characteristic frequency deviates from the experimental value by more than one order
of magnitude, across a wide temperature range. To improve the modelling, we attempt
several modifications, only to obtain minor improvements. Including trapping in the
model reduces the error with a factor of 1.0–1.6 ; increasing the width of the GB core
reduces the error with a factor of 1.6–3.0 ; adjusting the dielectric constant and discretizing the space charge layer both have negligible effect. Consequently, we are not
able to adjust the space charge model to make a satisfactory fit with the experimental
impedance data. From this, we suggest three possible outcomes: there is a fundamental
mistake in our impedance space charge modelling; there exists a modification of the
space charge model that will reproduce experimental data which we have not found
yet; or, the space charge model is not able to describe impedance from individual space
charge layers that fits with experimental data.
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Paper I: Applying machine learning-based selective sampling to
find grain boundary structures
T. Bondevik, A. Kuwabara & O. M. Løvvik Computational Materials Science 164, 57
(2019)
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A selective sampling procedure is applied to reduce the number of density functional theory calculations needed
to ﬁnd energetically favorable grain boundary structures. The procedure is based on a machine learning algorithm involving a Gaussian process, and uses statistical modelling to map the energies of the all grain boundaries.
Using the procedure, energetically favorable grain boundaries in BaZrO3 are identiﬁed with up to 85% lower
computational cost than the brute force alternative of calculating all possible structures. Furthermore, our results
suggest that using a grid size of 0.3 Å in each dimension is suﬃcient when creating grain boundary structures
using such sampling procedures.

1. Introduction
Grain boundaries (GBs) play an important role in polycrystalline
materials, as they aﬀect macroscopic properties such as electrical conductivity, capacitance, and diﬀusion. In the proton-conducting oxide
BaZrO3, used as case material in this paper, resistive GBs lower the
overall electrical conductivity signiﬁcantly [1–3]. Studying GBs experimentally can be challenging, as the area of interest is in the range of
a few nanometers. Thus, it is fruitful to also investigate GBs with a
theoretical approach.
One option is to perform density functional theory (DFT) calculations on the grain boundaries, where a periodic supercell of the atomic
GB structure is given as input, and the structure’s calculated potential
energy (PE) is the output. However, when constructing a GB supercell,
we face a problem: the atomic GB structure is unknown and the number
of possible conﬁgurations is large. Even for a simple coincidence-site
lattice GB, one typically has to consider hundreds or thousands of
possible conﬁgurations arising when shifting the two grains relative to
each other in three dimensional rigid body translations [4].
To ﬁnd the correct atomic GB structure, the brute force method is
the most accurate: perform DFT calculations on all conﬁgurations, and
deﬁne the GB structure as the structure with lowest PE. Due to the
computational cost, only a limited number of GBs can be treated this
way. As a GB increases in complexity, the number of atoms needed to
describe its structure in a periodic supercell increases, rising the

⁎

computational cost in two ways. First, the computational cost of a DFT
calculation roughly goes as the cube of the number of atoms in the
supercell. Second, with a larger GB supercell, the number of possible GB
conﬁgurations increases, rising the number of required DFT calculations.
One alternative to DFT are classical interatomic potentials with
signiﬁcantly lower computational cost, such that complex GBs with
large supercells can be described [5]. A problem with the classical interatomic potentials is however their limitations in accuracy, since the
pair potentials usually have been developed for simpler geometries so
that GBs are outside their validity range. This is increasingly problematic as the number of diﬀerent elements increases, giving rise to an
exploding number of many-body interactions.
To reduce computational cost while maintaining high accuracy,
several reports in the literature apply machine learning-based techniques. Methods based on selective sampling with Bayesian optimization
[6] has identiﬁed stable fcc-Cu [4] and metal oxide [7] GBs with a
computational cost around two orders of magnitude lower than the
brute force method. Other methods, where the algorithm was trained
on a subset of GBs to predict properties of the remaining GBs – sometimes labelled transfer learning – was able to eﬀectively predict GB energies in fcc-Cu [8] and fcc-Al [9]. The combination of selective sampling and transfer learning is also fruitful, shown to reduce
computational cost by around three orders of magnitude in determining
the GB energies in Fe [10] and fcc-Al [11]. Furthermore, proton
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respectively. Also, the GB will typically expand in the z-direction perpendicular to the GB plane: Due to a diﬀerent chemical environment at
the GB core than in the bulk, distances between the atomic planes tend
to diﬀer signiﬁcantly. The two grains may also be twisted relative to
each other. Since the supercell’s periodic boundary conditions are
violated when twisting the grains, a treatment within the DFT framework is non-trivial, and twisted GBs are therefore not considered in this
work.
The geometrical freedom in the z-direction is trivial to eliminate. By
only allowing atom movement and supercell expansion in the z-direction during DFT relaxation, the most energetically favorable GB expansion will be found and is hence not necessary to know prior to the
calculation. Treating the degrees of freedom in the x- and y-direction is
more complicated.
Applying a ﬁne grid size of 0.12 Å in the x- and y-direction yields a
mesh of 80 × 36 = 2880 grid points. Fig. 1 shows the supercell with a
view perpendicular to the x-direction. The left structure shows the
symmetric tilt GB; in the right structure, Grain 1 is shifted 0.1 unit cell
lengths in the x-direction relative to Grain 2. Increasing the grid size
will reduce the number of grid points. However, in the x-direction, the
atomic plane arrangement is complicated, and it is not straightforward
to increase the grid size without risking missing the most energetically
favorable GB conﬁguration.
In the y-direction an increased grid size is possible, as shown in
Fig. 2. Due to symmetry, only conﬁgurations where y = 0 or y = 0.5 are
likely, where y is the grain shift in direct coordinates, with the starting
point being the symmetric tilt GB shown in Fig. 2. In the case of a
conﬁguration with for example y = 0.3, the close-packed atomic planes
in the y-direction are not aligned across the grain boundary. In a DFT
calculation with no volume constraints, such a structure will therefore
very likely relax into either a y = 0.0 or a y = 0.5 conﬁguration. This
was tested by relaxing several conﬁgurations with starting points
0.1 ≤ y ≤ 0.4 , and with no exceptions the conﬁgurations relaxed into
either y = 0.0 or y = 0.5. Hence, the number of required grid points in
the y-direction can be reduced to 2. Such reduction can, however, only
be done in orientations with a special symmetry.
The total number of grid points is then 80 × 2 = 160 for the (2 1 0)
GB. Since we expect a low correlation in the DFT calculated energy
between the y = 0 and y = 0.5 structures, it is convenient to treat these
grid points as two separate datasets, shown as Datasets I and II in
Table 2. In the (1 1 1) GB, the atomic plane arrangement is complex in
both x- and y-directions, and it is not possible to reduce the grid density
vastly in one of the directions. To keep the number of conﬁgurations
2
reasonably low, a coarser grid of 0.50 × 0.50Å was applied, shown as
Dataset III in Table 2.
The simple brute force method would be to calculate all conﬁgurations for all datasets, but that comes with a large computational cost.
Rather, we will only calculate some conﬁgurations for each dataset, and
use the Gaussian Process model to predict the entire PES.

conduction has been characterized in BaZrO3 [12] and atomic pathways
have been identiﬁed in BaZrO3 and LaNbO4 [13], by combining DFT
with selective sampling.
In this paper, we apply an approach inspired by the ones described
in [4,7,12]: combine DFT calculations with a machine learning-based
selective sampling procedure, to identify the low PE grain boundary
structures with as few DFT calculations as possible. A ﬁne grid is introduced, where one grain is shifted relative to the other grain along the
grid points. We deﬁne the potential energy surface (PES) to be the DFT
calculated potential energy over the entire grid. Instead of calculating
the entire PES, only a few grid points are calculated initially. Then we
apply a statistical model that predicts the remaining part of the PES,
based on the already calculated grid points. With a prediction of the
entire PES, GB structures that are likely to have low PE can be identiﬁed. Then we apply selective sampling: the next grid point to calculate
is selected based on the probability of that grid point being in a low PE
region, as well as the uncertainty of that grid point. As more GB
structures are calculated, the statistical model is updated and becomes
increasingly accurate, particularly in the low PE region where most of
the computational eﬀort is focused. After a number of DFT calculations,
all low PE structures are with a certain probability identiﬁed, and the
sampling procedure can be terminated. At that point, only a few of the
unphysical, high energy GB structures have been calculated. The accuracy from DFT calculations is maintained, but careful selective
sampling prevents us from wasting computational resources on unphysical GBs.
BaZrO3 is well-studied, and suitable as a case material in this study.
Several DFT studies have been done on BaZrO3 GBs, however, most of
the studies either neglect the rigid body translations [14–16] or treat
them inaccurately in a coarse grid [17]. Due to their relatively small
−
supercell sizes, the (210)[001] and (111)[110] GBs will be used for demonstration in the present work. For these particular GBs, calculating
all possible grain shifts with the brute force method is possible with a
reasonable computational cost. In more complex GBs however, the
brute force method is ruled out due to large computational cost. Hence,
this study serves as a demonstration of a method useful in more complex GBs.
2. Theoretical background
First, we discuss the number of possible GB conﬁgurations in greater
detail, and how a grid with as few conﬁgurations as possible can be
introduced. Since the grains can be shifted relative to each other in
three dimensions, a large number of possible conﬁgurations arise.
Second, we introduce the Gaussian Process (GP), the statistical model
on which the procedure is based. In the GP, each grid point is assigned
with an expected potential energy as well as an uncertainty of that
energy. That enables us not only to identify conﬁgurations with low
expected PE, but also conﬁgurations with high uncertainty, that is,
areas where the GP model has low precision. Third, we explain the
actual selective sampling procedure. After the model is initialized by
calculating a few grid points, the next grid point to calculate is selected
based on two considerations: the grid point should have a low expected
PE, and a high expected uncertainty. Finally, the computational details
of the DFT calculations are laid out.

2.2. Gaussian Process model
In this section, we introduce the machine learning-based Gaussian
Process (GP) model that describes the PES over the entire grid [18]. A
GP model can roughly be seen as a collection of Gaussian functions: for
the entire conﬁguration space, the GP model returns the mean and the
variance of the normal distribution at a given location. In our case, the
GP model speciﬁcally returns the expected DFT calculated energy and
its variance for each grid point: The potential energy Ei at grid point i is
described as a normally distributed variable,

2.1. Number of grain boundary conﬁgurations
In this consideration the (2 1 0) GB will be used as an example, but a
similar procedure applies for the (1 1 1) GB. Detailed information about
the GB supercells is shown in Table 1.
With three geometrical degrees of freedom, the number of possible
GB conﬁgurations is obviously very high, and we will reduce that
number as much as possible. Keeping the right grain ﬁxed, the left grain
can be shifted in the x- and y-direction, shown in Figs. 1 and 2,

Ei ~N (μi , σi2),

i = 1, ⋯, N .

(1)

(μi , σi2)

Here, N is the total number of GB conﬁgurations and N
is
the normal distribution of the potential energy at grid point i, with μi as
the expected mean and σi2 as the variance. The probability density
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Table 1
Angles, dimensions, number of atoms, grain boundary separation of the GB supercells in this study. a0 = 4.235 Å is the lattice parameter.
GB

Angles
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(111)[110]

function
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∑⎛

2σ 2

point

i

is
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the

⎝

2.3. Descriptors
In principle, any kind of descriptor can be used as input to the GP
model. Yet, for a descriptor to be eﬀective, it should be correlated with
the output of the model, which in our case is the DFT calculated PES. In
this work we have used ﬁve descriptors, shown in Fig. 4.
The already mentioned x descriptor, and its equivalent y, are the
two most obvious choices of descriptors, describing relative grain shifts
in the x- and y-direction, respectively. It is reasonable to assume that
two GB conﬁgurations close to each other in space have a similar potential energy. Hence, including these descriptors should improve the
GP model.
There is also a correlation between the energy calculated from fast,
inaccurate DFT calculations and slow, accurate ones. The prePES descriptor, standing for preliminary PES, exploits this principle. It describes the entire PES using deliberately sloppy convergence criteria
(see Table 3 for details) with zero ionic relaxation steps, having around
two orders of magnitude lower computational cost than a full DFT relaxation. Performing fast prePES calculations across the entire grid
thus comes with a relatively low computational cost.
In the 6steps descriptor, the DFT calculation is slow and accurate,
and diﬀers from the full calculation only at one point: the calculation is
stopped after six ionic relaxation steps. The energies given by the descriptor will thus be more accurate than those from the prePES descriptor. However, acquiring all the data needed for the 6steps descriptor comes with a signiﬁcant computational cost, typically around
one order of magnitude higher than the cost of acquiring the prePES
descriptor. Hence, including the 6steps descriptor will likely improve
the GP model, but it is not clear if the total computational cost will be
reduced.
The bond length ratio (BLR) descriptor captures deviations in the
bond lengths of the GB supercell compared to bulk bond lengths. These
bond length deviations correlate with higher calculated potential energies, indicating that this descriptor may improve the performance of
the GP model. To calculate the BLR coeﬃcient, let i be an atom type in
the supercell that consists of N atoms. Each atom has three types of
neighbors, with each neighbor type denoted as j, that is, j = {Ba, Zr, O} .
Each atom type i with neighbor type j has mij nearest neighbors. For

2

⎞ ⎞.
⎟
⎠⎠
⎟

θl

(2)

th

Here, χil is the value of the l descriptor at grid point i, and θl is the
length scale parameter for the lth descriptor, automatically tuned by the
“fmin_l_bfgs_b” algorithm from the Python scipy.optimize library
[19]. The covariance function can be understood intuitively from Fig. 3.
There, only one descriptor is applied, meaning that χi = x i . For two
points i and j very close to each other, |x i − x j| ≈ 0 ⇒ k (x i , x j ) → 1,
implying a high correlation between point i and j; for two points i‘ and j‘
far from each other, k (x i′, x j′) → 0, implying zero correlation.
To apply the GP model on the entire PES, we ﬁrst need to calculate
at least two potential energies to initiate the model. Calculating t potential energies from the grid, we deﬁne the kernel matrix as

⎡ k (χ1 , χ1 ) ⋯ k (χ1 , χt ) ⎤
⎥.
⋮
⋱
⋮
K=⎢
⎢ k (χ , χ ) ⋯ k (χ , χ ) ⎥
t
1
t
t ⎦
⎣

(3)

We apply the kernel matrix to provide a prediction of the mean and
variance over the entire descriptor space [20]:

μ (χ ) = k (χ )TK−1E
σ 2 (χ )

= k (χ , χ ) −

(4)

k (χ )TK−1k (χ ).

2 a0 × 4 3 a0

To implement the model, the Gaussian Processes software from Python
sklearn [21] is used, whose implementation is based on Algorithm 2.1
in [18].

usual

).

χil − χjl

⎜

l=1

GB separation [Å]

α = 90Â°, β = 90Â°, γ = 60Â°

A simple illustration of a one-dimensional GP model is shown in
Fig. 3, where the model is based on ﬁve observed data points. Close to
observed data points (such as x = x2) the model has a low uncertainty,
while further away from the observed data points (such as x = x1) , the
uncertainty increases.
Moving from one to d dimensions, we introduce a d-dimensional
vector of descriptors as χi ∈ dfori = 1, ⋯, N , where a descriptor can
be interpreted as a variable describing the PES. The descriptors we use
will be explained in a later section; an example of a descriptor is the
grain shift in the x-direction. The covariance function k, which roughly
describes the similarity between grid point i and grid point j, is deﬁned
as a radial basis function:

⎛ 1
k (χi , χj ) = exp ⎜−
2
⎝

# of atoms

α = 90Â°, β = 90Â°, γ = 90Â°

grid

(−

Dimensions

(5)

Here, E represents a vector with the t calculated potential energies,
E = [E1, ⋯, Et ], and k(χ )=[k (χ , χ1 ), ⋯, k (χ , χt )]T . Each time we do a
new DFT calculation, the GP model is updated with improved accuracy.

Fig. 1. Supercells of the (210)[001] grain boundary. In the left part, the grains are in the symmetric tilt conﬁguration. In the right part, Grain 1 is shifted 0.1 unit cells
in the x-direction, while Grain 2 is kept ﬁxed. Only half of the atoms in the supercell are shown. Green, blue and red colors indicate Ba, Zr and O atoms, respectively.
The black dashed line shows the grain boundary, the horizontal lines mark the supercell edges.
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Fig. 2. Supercells of the (210)[001]grain boundary. In the left part (y = 0.0), the grains are in the symmetric tilt conﬁguration. When the shift in the y-direction is 0.0
or 0.5, the atomic planes are aligned across the GB. However, with a shift between 0.0 and 0.5, the symmetry is lost; the structure is not stable and will, if allowed,
relax into a y = 0.0 or y = 0.5 conﬁguration during unconstrained relaxation. Less than half of the atoms in the supercell are shown. Colors as in Fig. 1. The black
dashed line shows the grain boundary, the horizontal lines mark the supercell edges.
Table 2
The datasets on which the selective sampling procedure are applied. In Datasets
I and II, the shift in the y-direction is ﬁxed, reducing the problem to one spatial
dimension. In Dataset III, the shift in both x- and y-direction is free, leading to a
two-dimensional problem.
Dataset

GB

x

y

Grid size

# of conﬁgurations

I

(210)[001]

Free

0.0

0.12Å

80

II

(210)[001]

Free

0.5

0.12Å

Free

Free

0.50 × 0.50Å

III

−

(111)[110]

Table 3
Key parameters of the DFT calculations, where the plane wave cut oﬀ energies
in the ordinary calculations had numerical precisions better than 0.5 meV for
relative total electronic energies. In the ordinary calculations, k-point densities
according to the Monkhorst-Pack scheme were applied; the prePES calculations were gamma-centered.
GB

Calculation

Plane wave
cut-oﬀ
energy / eV

k-point
density

Convergence
criterion, residual
forces / eV Å−1

(210)[001]
(210)[001]

Ordinary
prePES
Ordinary

500
300
500

3 × 6 × 11
2×3×1
5×5×1

0.02
N/A
0.02

prePES

300

2×2×1

N/A

80
2

144

−

(111)[110]
−

(111)[110]

The ﬁrst relaxation was performed with the k-point density 2 × 3 × 1 before 3 × 6 × 1 was applied, to reduce the overall computational cost.
1

example, in the BaZrO3 perovskite structure, the Ba-Ba bond has
mij = 6, and the Ba-O bond has mij = 12 . The BLR coeﬃcient is
m

BLR =

N
3
ij
|rijk − rbulk, ij |
1
·∑∑∑
.
rbulk, ij
2 i j k

(6)

1
2

Here, the factor prevents double counting, rijk is the distance between the ith and kth atom and rbulk, ij the bulk distance between atom
2

type i and atom type j. For example, for the Ba-O bond, rbulk, ij = a0 2 ,
where a 0 is the lattice parameter. Atoms located very close or very far
from each other yields a high |rijk − rbulk, ij| value, increasing the BLR
coeﬃcient. Fig. 5 provides an illustration of how the BLR coeﬃcient is
calculated.

Fig. 3. One dimensional GP model, with ﬁve observed (in this work: calculated
by DFT) data points. The orange line shows the mean prediction, with the
shaded area being the uncertainty. E − is deﬁned as the lowest energy among
the observed data points.

2.4. The selective sampling procedure
The selective sampling procedure follows these steps:
a) Initialize the GP model by calculating Nrand random points from the
grid
b) Select the next grid point to calculate
c) Calculate the next grid point, and update the GP model. Repeat b)
and c) until convergence.
The initialization is straightforward: DFT calculations are performed
on Nrand random grid points, and the resulting energies are used to
initiate the GP model. To set Nrand one has to consider a trade-oﬀ between convergence rate and robustness: low Nrand values typically lead
to faster convergence, but also a higher chance of convergence at a local
rather than global minimum. In this work, Nrand = 10 was found to be a
suitable compromise.
When selecting the next grid point to calculate, we balance the
tradeoﬀ between exploration and exploitation. On one hand, we exploit
the low PE region by spending most of our computational resources
there. On the other hand, we also explore by calculating the high PE

Fig. 4. Relation between the PES and the other descriptors. Each spatial point
in the PES is described by the x and y shift, as well as three additional descriptors. When all descriptors are included in the model, it becomes ﬁve dimensional.
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Fig. 5. Illustration of the distances going into the
BLR coeﬃcient, for a (2 1 0) GB whose left grain is
shifted 0.27 unit cell lengths in the x-direction. The
interatomic distances diﬀer signiﬁcantly at the GB
core compared to those at the bulk, illustrated by the
length of the arrows. Colors as in Fig. 1. The black
dotted line shows the grain boundary, the horizontal
lines mark the supercell edges.

2.5. Energy ﬁltering

region with at least some precision, to be conﬁdent that we do not miss
the global minimum.
To achieve a suitable balance, the expected improvement method
from the Bayesian optimization literature was applied [20]. Speciﬁcally, we want to calculate the expected improvement relative to the
minimum value of the t sampled data points, E − = min{Ei} . The ap-

Sometimes the sampling procedure will select GB structures whose
DFT calculations will either not converge or have a very large energy.
These very large energies pose a problem for the algorithm, which is
addressed by ﬁltering out the largest energies. The energy ﬁlter can be
seen in in Fig. 6 for 0.59 < x < 0.78. Deﬁning ΔEf as the energy ﬁlter, it
is applied on the t calculated energies by

i∈t

proach is to calculate the expected improvement for each grid point and
select the “best” (here: the most negative) expected improvement for
the next grid point to calculate. The expected improvement EI(χi ) for
grid point i is [20]

EI(χi ) = (μ (χi ) − E −)(1 − Φ(Zi )) − σ (χi ) ϕ (Zi ).

Ei: =argmin{min(E ) + ΔEf , Ei}
i∈t

(7)

Here, Φ(Zi ) is the cumulative distribution function and ϕ (Zi ) the
probability density function of the standard normal distribution, with Zi
μ (χ ) − E −
being the usual standardized value given as Zi = σi (χ ) . Eq. (7) rei
veals the balance between exploration and exploitation: the second
term explores and may dominate when σ (χi ) is large; the ﬁrst term
exploits and usually dominates when μ (χi ) < E −. Calculating the expected improvement for all grid points, its most negative value is selected as the next grid point it + 1 to calculate:

it + 1: =argminEI(χi ).

2.6. Computational details
To construct the grain boundary supercells, the Python package
Atomic Simulation Environment (ASE) was applied [22]. The DFT
calculations were performed using the projected augmented wave
method [23] implemented in VASP [24,25] employing the generalized
gradient approximation [26], with key parameters shown in Table 3.
The GB supercells were relaxed in two steps. In the ﬁrst step, the
atoms and the supercell were only allowed to move and expand in the zdirection perpendicular to the GB. The selective sampling procedure
was applied only on calculated potential energies from the ﬁrst step. In
the second step, we performed an unconstrained relaxation, where both
the atoms and the supercell were allowed to move and expand in all
directions. This unconstrained volume relaxation is computationally
costly and was only performed on GB structures located at a local
minimum after the ﬁrst step. The GB structure with the lowest energy
after the second step was then deﬁned as the most energetically favorable structure.

(8)

i∈N

(9)

With the energy ﬁlter, the largest and the non-converged energies
are set to a ﬁxed value, improving the GP model performance. By optimizing with respect to the convergence time of the sampling procedure, ΔEf was set to 10 eV. The prePES and 6steps descriptors were
ﬁltered in a similar way. Since fast, inaccurate DFT calculations have a
higher variance in the calculated energy, the magnitude of the energy
ﬁlters must diﬀer. By optimization, ΔEfprePES = 3.0·ΔEf and
ΔE f6steps = 1.2·ΔEf .

After grid point it + 1 is calculated with DFT, the selection procedure
is repeated until convergence. Our convergence criterion is based on the
probability of improvement. As more grid points are calculated, the
absolute value of the expected improvement will approach zero. This is
because most or all grid points in the low PE region will already be
calculated, and any improvement is unlikely. In this work, the sampling
was terminated when min |EI(χi )| < 10−15 , under the condition that
i∈N

Ei ~N (μi , σi2) was standardized when applied in the GP model. The
standardization sets the mean to zero and the variance to unity, and is
commonly used as preprocessing to enhance performance of machine
learning algorithms. Our convergence criterion was compared to the
false negative rate convergence criterion in [12], and they performed
similarly.
Fig. 6 provides an example of how the procedure works by showing
the ﬁrst eleven steps of a demonstration calculation where all values on
a dense grid were calculated from before. For simple visualization, only
the x descriptor is applied in a one-dimensional model. Both exploration and exploitation are balanced, step 6 being an example of the
former, and step 4 an example of the latter. After 11 steps, it is clear
that the selective sampling procedure focuses the computational eﬀort
on the low PE region. Since the goal of the procedure is to identify the
lowest PE, this is an eﬀective way to spend computational resources.
For our purpose, there is nothing particularly interesting about the high
PE region, other than knowing that it is in fact a high PE region. To be
suﬃciently conﬁdent of this, only a few calculations are needed there.

3. Results and discussion
3.1. Lowest grain boundary energy
Table 4 shows the GB energy of the most energetically favorable
conﬁgurations, found by unconstrained volume relaxations. The GB
energy is deﬁned as γgb = (Egb − Ebulk )/2A , where Egb is the energy of
the GB supercell, Ebulk the energy of the bulk supercell and A the GB
interface area. Notably, the most energetically favorable (210) GB is the
same GB that Lindman et al. identiﬁed when applying the brute force
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Fig. 6. Example of how the GP algorithm identiﬁes the lowest energy of a one-dimensional PES. Data points are the calculated potential energies from the entire grid;
Calculated data points are the potential energies the GP model is based on; GP model prediction is the predicted expected energy given by Eq. (4); GP model uncertainty is
the predicted standard deviation given by Eq. (5); Last calculated data point is the last selected data point based on the GP model from the previous step. For clearer
visualization, ﬁve (not ten) initial random grid points are selected in this demonstration. A GP model based on those ﬁve initial points is made. Note that the GP
model uncertainty is lowest close to the selected points. For steps 1–11, the algorithm selects the next grid point to calculate based on the expected improvement
approach. In step 4, the lowest PE is actually identiﬁed, but we cannot know at that point. In step 6, one of the highest PE are calculated, and after that, the algorithm
can focus on other areas. Due to the applied energy ﬁltering, all the highest PEs have the same constant value. The data in the ﬁgure are from Dataset I in Table 2.

procedure with six diﬀerent combinations of descriptors, on all three
datasets. For each descriptor combination, the sampling procedure was
simulated 500 times with diﬀerent random seeds, to eliminate any effect from the random initialization. We assessed the descriptors by
three deﬁned parameters: the accuracy α , the fraction of the grid calculated at convergence β , and the fractional CPU cost. The accuracy is
deﬁned as

Table 4
The most energetically favourable grain boundary energies displayed for both
GBs.
Grain boundary

x shift

y shift

γgb [J/m2]

(210)[001]

32/80
0

1/2
0

1.13
0.51

−

(111)[110]

α=
method on a coarse mesh of 5 × 2 grid points [17].

nsuccess
,
ntot

(10)

where n success is the number of simulations where the actual lowest PE
was identiﬁed at convergence, and n tot is the total number of simulations, set to 500 in this work. Occasionally, the sampling procedure
converged at a local rather than global minimum, for example at the
local minimum around x = 0.2 in Fig. 6. Such deviation from optimal
performance is captured by the α parameter. The fraction of the grid
calculated at convergence is deﬁned as

3.2. Descriptor performance
To assess the descriptor performance, we ﬁrst found the PES by
performing DFT calculations on the entire grid. With a known PES, we
could test if the selective sampling procedure indeed converged at the
global energy minimum. This was done by simulating the sampling
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simulations. The xy+6steps descriptor combination reached convergence with fewest steps. However, the computational cost of acquiring the 6steps descriptor is high. The best performing descriptor
combination in terms of computational cost is xy+prePES, with
CPU = 14.4%.
The 6steps descriptor performs diﬀerently on the two GBs.
Although the complete causes of varying descriptor performance are
hard to provide, it can partly be explained by diﬀerences in complexity
between the two GBs. The (1 1 1) GB is simpler, with fewer ionic steps
needed to obtain full relaxation. This means that relaxing with six ionic
steps may yield a structure close to the fully relaxed structure. On the
contrary, the (2 1 0) GB has a more complex structure, meaning that the
structure obtained after the ﬁrst six ionic steps may diﬀer substantially
from the fully relaxed structure. This diﬀerence becomes evident when
considering the computational cost of acquiring the 6steps descriptor.
In the (1 1 1) GB, the ﬁrst six steps consumes on average 19.0% of the
total CPU cost from a full relaxation, compared to only 6.2% for the
(2 1 0) GB. The 6steps descriptor is hence expected to describe the
PES better in the (1 1 1) GB than in the (2 1 0) GB, which normally
would lead to a better performance in the (1 1 1) GB.
In both GBs, it is clear that adding more descriptors does not always
help. The BLR descriptor performs poorly on the (1 1 1) GB, and adding
it worsens the performance even in the case where BLR is combined
with four other eﬀective descriptors. Increasing the number of descriptors does not necessarily result in eﬃcient prediction.
For future work on other GBs, one has to choose descriptors without
prior knowledge of the energy landscape. Since the descriptors perform
much diﬀerently on the two GBs this study is not clear on how to choose
appropriate descriptors, but some careful recommendations can be
made. The spatial x and y descriptors are certainly a good choice. In
addition, the prePES descriptor seems to work well to balance accuracy with computational cost. It has by far the best performance in the
(1 1 1) GB among the descriptors. The 6steps descriptor is probably
too costly to acquire, and although it performs well in the (1 1 1) GB, it
has a surprisingly poor performance in the (2 1 0) GB. The BLR descriptor performs very diﬀerently on the two GBs, and more results
from other GBs are needed to assess this descriptor. In summary, we
recommend using the x, y and prePES descriptors for other GBs.
Finally, a note should be made about the convergence criterion.
Here, there is an optimization trade-oﬀ: with a stricter criterion, all
three parameters α , β and CPU will increase. Applying a convergence
criterion lower than 1e-15 used in this work will push the accuracy in
the (2 1 0) GB closer to 100%, but comes with a higher computational
cost.

Fig. 7. Performance of six diﬀerent descriptor combinations, with α , β , and
CPU deﬁned in Eqs. (10)–(12). Each descriptor combination has been simulated 500 times for all three datasets. The results for the (2 1 0) GB (part a) are
the average from Dataset I and II, with datasets being deﬁned in Table 2. Note
that since y is ﬁxed in the (2 1 0) GB calculations, the y descriptor does not
aﬀect the results in part a).

β=

1
ntot

ntot

∑
j=1

tconv, j
N

,
(11)

where tconv, j is the number of calculated grid points at convergence in
the j-th simulation, and N again is the total number of grid points. Finally, the fractional CPU cost is deﬁned as

CPU =

1
ntot

ntot

∑
j=1

κj
κ tot

,
(12)

where κj is the CPU cost of the j-th simulation and κ tot is the total CPU
cost of calculating the entire grid with the brute force method. The goal
is to achieve a high accuracy while calculating as few data points as
possible, that is, maximize α , and minimize β and CPU .
Fig. 7 shows how six diﬀerent descriptor combinations performes on
the (2 1 0) and the (1 1 1) GBs. Overall, the sampling procedure reduces
the computational cost in the range of 65–85%, largely dependant on
the descriptor combination in use. Notably, the procedure performs
better on the (1 1 1) GB both in terms of accuracy and computational
cost.
Fig. 7a) shows performance on the (2 1 0) GB, with the displayed
data being the average from Datasets I and II. The results serve as an
example of the challenge in understanding descriptor performance.
Both the prePES and the 6steps descriptors lower the accuracy when
applied only with the x descriptor. This is surprising in itself since these
descriptors are highly correlated with the potential energy. When applying these descriptors simultaneously in the x+prePES+6steps
combination, the accuracy somehow improves and is similar to the case
of only applying the x descriptor. Choosing the optimal descriptor
combination involves a trade-oﬀ. Applying all descriptors gives the
highest accuracy (99.3%) but has also a relatively high CPU cost
(29.8%). A better choice may be the x+BLR descriptor combination,
with α = 99.1% and CPU = 24.3%.
In the (1 1 1) GB the picture is more clear and easier to explain
intuitively, shown in Fig. 7b). All descriptor combinations have 100%
accuracy, meaning that the true global minimum was found in all

3.3. Finding the optimal grid size
When choosing the grid size, there is a trade-oﬀ between accuracy
and computational cost. A ﬁner grid increases the probability of ﬁnding
the global energy minimum, but also increases the computational cost.
At one point, however, improving the grid resolution does not improve
the accuracy any further. This is when two neighboring structures on
the grid relax into the same structure during DFT relaxation. For example, as shown in Fig. 2, the y = 0.3 shift for the (2 1 0) GB will relax
into either y = 0.0 or y = 0.5, and hence a ﬁne grid in the y-direction is
not necessary.
To ﬁnd the optimal grid size in the x-direction, we performed unconstrained volume relaxations on the entire Dataset I. By visually inspecting the 80 relaxed supercells, eight distinct structures were found.
Quantitatively, the distinct structures can be identiﬁed by their relative
grain shift and potential energy: if two relaxed GB structures are
equivalent, their grain shift and their potential energy should be
roughly similar. Fig. 8a) shows the post-relaxation grain shift and potential energy as a function of pre-relaxation grain shift in the x-direction, where the eight distinct structures are marked with dotted
lines. Fig. 8b) visualizes these eight GB structures.
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Fig. 8. a) Post-relaxation grain shift and potential energy as a function of pre-relaxation grain shift in the x-direction. The post-relaxation grain shift is
the × component-distance between to equivalent atoms in the middle of each grain. The DFT relaxations of the structures 0.575 ≤ x ≤ 0.75 did not converge, and their
potential energies are outside the range of this plot. b) Grain boundary structures, corresponding to the eight distinct structures in part a). The supercell edges are
marked with horizontal lines; the grain boundaries are marked with a vertical line. Colors same as in Fig. 1.

To ﬁnd the optimal grid size, we observe that the narrowest distinct
regions in Fig. 8a) have a width of 0.36 Å, serving as an upper bound for
the grid size. Based on this, we suggest that a grid size of 0.3 Å is sufﬁcient to include all distinct GB conﬁgurations in the dataset. This
yields a mesh of 32 × 2 grid points for the (2 1 0) GB, thereby reducing
the computational cost of the brute force method with around 60%.
If a grid size of 0.3 Å is suﬃcient for other GBs than the (2 1 0) GB
remains an open question. The optimal grid size should be related to
density of chemical bonds that can form across the grain boundary,
which in turn is related to the atomic density at the grain boundary.
Although the various GBs have diﬀerent atomic densities at the GB core
plane, the densities are rather similar when also neighboring planes are
included – and the neighboring planes do also contribute to chemical
bonding across the grain boundary. Hence, we suggest that a grid size of
0.3 Å is generally reasonable for BaZrO3 GBs.
A grid size of 0.3 Å implies a very large number of possible conﬁgurations for more complex GBs. For example, the BaZrO3 (2 1 1) and
(3 1 1) GBs, supercells will have 640 and 900 conﬁgurations, respectively. The computational cost of the brute force method is hence very
large for these GBs and applying the proposed selective sampling procedure is probably a better choice.
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Abstract
We apply inline electron holography to investigate the electrostatic potential across an individual
BaZr0.9Y0.1O3 grain boundary. With holography, we measure a grain boundary potential of -1.3 V.
Electron energy loss spectroscopy analyses indicate that barium vacancies at the grain boundary are
the main contributors to the potential well in this sample. Furthermore, geometric phase analysis
and density functional theory calculations suggest that reduced atomic density at the grain boundary
also contributes to the experimentally measured potential well.

Introduction
With good chemical stability and high bulk proton conductivity, yttrium-doped barium zirconate (BZY)
is the basis for state-of-the-art electrolytes for ceramic proton conducting fuel cells [1]. A major
drawback is the low grain boundary (GB) conductivity, typically orders of magnitude lower than the
bulk conductivity [2-6]. This is usually explained by strongly proton-depleted and hence highly
resistive space charge layers. These are induced by positively charged defects segregating to the GB
core to lower lattice mismatch strain there [4], generating a net electrostatic potential. The potential
across the GB is hence a relevant parameter related to the low GB conductivity in BZY. Since the area
of interest around the GB is in the range of only a few nanometers, direct experimental observation
of the GB potential is challenging.
The low GB conductivity is generally revealed by impedance spectroscopy of polycrystalline samples
which then represents average properties of a number of differently oriented GBs [4, 6, 7]. By
application of several assumptions and knowledge of the grain size, the average effective thickness of
GBs can be deduced, and from this the specific GB conductivity can be obtained. The GB potential
giving rise to the charge carrier depletion can then be estimated from the ratio between the GB and
bulk conductivity [8] over a wide temperature range with a relatively simple experimental setup.
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However, individual variations in the potentials of the GBs will generally be hidden in impedance
spectroscopy. To circumvent this, one might have used bi-crystals of BZY, but these have proven
challenging to make, and instead, measurements with microelectrodes have been performed,
extracting impedances from individual GBs [7]. In these experiments, however, there arise problems
of contact resistance of the microelectrodes as well as possible current detours across other grains.
As a result, it is difficult to know if one is measuring solely the electrical response across an individual
GB.
Computationally, individual BZY grain boundaries have been studied with density functional theory
(DFT), revealing a strong tendency of defect segregation towards the GB, and a corresponding
potential barrier across the GB calculated after numerical equilibration of the GB region with the
segregation energies as input [9-12]. Different types of GBs exhibit similar potential barriers,
increasing the confidence in the results. However, most BZY grain boundaries have random
orientations [2] whose description is incompatible with the DFT requirement of a small, periodic
supercell. Hence, DFT calculations only tell part of the story.
Inline electron holography is a transmission electron microscopy (TEM) technique where the
projected electrostatic potential across an individual GB can be directly measured with subnanometer resolution. When TEM electrons travel through a specimen they experience a phase shift
related to the thickness and the potential of the specimen. While this phase information collapses
when acquiring a conventional TEM image, it is recovered in inline holography by using several
defocused images. The technique has previously recovered a negative potential in the core of GBs in
other polycrystalline materials [13-15].
Although measuring the electrostatic potential with TEM resolution is attractive, inline holography
also has several challenges. First, the sample preparation and experimental setup is considerably
more intricate than an impedance spectroscopy experiment or a DFT calculation. Second, the
technique relies on a complex reconstruction algorithm to recover the collapsed phase information,
necessitating careful post-analysis of the experiment. Third, inline holography is sensitive to all
contributions to the electrostatic potential, including those less relevant for defect concentrations in
the space charge layers. In addition, sample bending, or changes in specimen thickness may also
affect the phase and amplitude of the transmitted electron beam. This requires a careful
interpretation of the results. Despite its complications, holography gives insight in GB potentials
different from what impedance and DFT studies can provide.
In this work, we apply inline electron holography to measure the electrostatic potential across an
individual BZY grain boundary. We discuss how segregation of defects and structural distortions
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affect the measured GB potential, using electron energy loss spectroscopy (EELS), energy dispersive
X-ray spectroscopy (EDX), geometric phase analyses (GPA) and DFT calculations to complement the
analysis. Finally, we discuss the results’ implications for the electrical properties of the GB, and the
utility of holography for understanding such properties.
For a clear discussion, we define three terms referring to different parts of the grain boundary, used
extensively in this work. The interface of the GB refers to the infinitely thin (two-dimensional)
boundary between two grains, the core refers to the area around the GB interface that is structurally
distorted relative to the bulk structure, and the GB region comprises of the GB core and space charge
layers in the bulk-like structure outside of the GB core.

Theory
The electrostatic potential of a crystal
At any position in a material, the total electrostatic potential

can be divided into four

contributions:
=
Here,

is the mean inner potential,

+

+

+

.

(1)

the potential due to redistribution of free charge carriers,

the exchange correlation potential, and

the potential caused by external electrostatic

fields. The specimen’s charge distribution is largely unaffected by the high energy TEM electrons
(hereafter: fast electrons) passing through it, approximating
Furthermore, we assume that any change in

measured by TEM to zero [16].

in the microscope itself is constant across a GB

region of roughly 10 nm. This leaves local variations in

and

as the relevant quantities to

consider in this work.
The mean inner potential of a finite crystal is generally positive relative to vacuum, and, within the
independent atom approximation, can be expressed as [17]
=

2

ℎ

Ω

0 ,

(2)

where the summation includes all atomic species within the material, h is Planck’s constant,
rest mass of the electron, e the elementary charge, Ω the unit cell volume,
species j per unit cell, and

the

the number of atoms of

0 the electron scattering factor at zero scattering angle for atoms of

species j. Equation (2) reveals at least three processes that may cause variations in the local mean
inner potential at a GB interface, shown qualitatively in Figure 1. Part (a) shows how vacancies at the
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GB will lower the number of atoms per unit cell

and hence lower

. In part (b), reduced atomic

density due to lattice distortion
distortionss at the GB increase
increases the unit cell volume Ω locally and reduces
reduce

.

Part (c)
c) shows a substitutional foreign atom in the GB core with a different electronic scattering
factor, hence yielding a different
affect

. Also, a local rearrangement of charges due tto
o bonding may

, however, in most cases to a lesser degree than the former
fo mer three effects.

Figure 1. Qualitative description of three main types of phenomena that can affect the mean inner potential at the GB:
segregation of vacancies (a), lattice distortions with ' * + ' (b), and segregation of substitutional foreign atoms(c). The
black, white and red dis
disks
ks represent host atoms, vacancies, and substituted atoms, respectively. The mean inner
potential ((#$%&) is the average of the potentials at each atomic layer ((#/0123), and needs to be summed for all atoms in
the compound (Ba, Zr, Y, O) according to equation (2).
( ).

The other major contribution to the total potential,

, originates in a redistribution of free charge

carriers. For instance,
ance, a positively charged GB core will induce a redistribution of free charge carriers
in its vicinity, resulting in negatively charged space charge layers. Due to the large bandgap of BZY,
protons and oxygen vacancies are the predominant free charge carr
carriers.
iers. The relation between the
concentrations of the free charge carriers and
,

can be calculated with Poisson’s equation
equation,
"
=. ,
(

(3)

where " is the charge density and ( the dielectric constant. A procedure for numerically solv
solving
ing
Poisson’s equation to obtain

in the space charge layer is given in Appendix B. Net positive charge

at the GB core yields a positive

)

across the GB, and vice versa for a negatively charged core. The

positive GB core potential obtained for BZY with impedance spectroscopy in the literature stems
from redistribution of free charge carriers and is hence represented by

, not

In a holography experiment it is the change in total electrostatic potential

, in equation (1).
(
relative to some

reference position that is measured. Separating its main contributions given in equation ((1)) is
challenging when interpreting holography results. For instance, oxygen vacancies with an effective
positive charge have two opposite effects on the total potential:
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will decrease because of the

vacancies (ref. Figure 1a)) while

increases because of the vacancies’ effective positive charge,

making it non-trivial to find their net contribution to the total potential.
To quantify the GB potential, the bulk potential is chosen as the reference such that
Δ
and similarly for

and

5 ≡

5 .

,78 9 ,

(4)

. We report the potentials in two distinct ways. Most commonly, the

magnitude of the GB potential is reported. However, the spatial resolution of the DFT calculated
potential is 0.01 Å, around three orders of magnitude finer than the experimental resolution. Hence,
the DFT calculated potential will fluctuate strongly around the atomic nuclei, and comparing the
magnitude of its GB potential with more smeared out experimental data may not be meaningful.
Alternatively, comparing with the 2-dimensional projected potential defined as
Δ

:

<

≡ ;Δ

5 d5,

=<

(5)

where x is the direction perpendicular to the GB plane, may be more fruitful. The dimension of

:

is

voltage times length; we will report this in units of V∙nm.
Inline holography
The fast electrons travelling through the specimen are accelerated by the electrostatic potential of
the specimen, giving rise to a phase shift ΔC 5, D . Within the phase object approximation and
assuming a non-magnetic specimen, this phase shift is
ΔC 5, D = E F ;

HI J

where z is the optical axis,

5, D, G dG ≈ E F ⋅ M 5, D ⋅

5, D the average of the potential

5, D ,

(6)

5, D, G through the specimen,

M 5, D the sample thickness, and E the electron beam energy. The electron interaction constant is
E F =

2
O +F
,
N F 2 O +F

where N is the electron wavelength. As seen in equation (6), the electrostatic potential

(7)
5, D is

obtained if we can find the local specimen phase shift and thickness. The phase shift can be found by
using the Full-Resolution Wave Reconstruction (FRWR) software, briefly described in the
Methodology section of this paper. The thickness is obtained by
M 5, D = NRST
P IQ ln V

W 5, D
X
W 5, D

(8)

where NRST
P IQ is the inelastic mean free path of electrons going through the specimen, W 5, D is the

intensity of an unfiltered image, and W 5, D is the intensity of the zero-loss filtered image. The
5

inelastic mean free path of BZY was estimated to be NRST
P IQ = 123 nm using the algorithm given in
[18].

Methodology
Experimental details
The TEM specimen was made from a piece of the BaZr0.9Y0.1O3 sample sintered at 2200 °C by Duval et
al. [19]. Electron transparent wedge samples were prepared by mechanical grinding and polishing in
tripod polisher (Allied MultiPrep). Final thinning was performed by Ar ion milling with a Fischione
Model 1010, and plasma cleaning with a Fischione Model 1020 was applied before the TEM
investigations.
Holography experiments were performed using a JEOL 2100F equipped with a ZnO/W(000) field
emission gun and a Gatan imaging filter (GIF) and operated at 200 kV. Energy filtered focal series of a
GB were automatically acquired on a US1000 FTPX camera using the Full Resolution Wave
Reconstruction (FRWR) plugin for Digital Micrograph (DM) [20]. A set of 29 images were acquired
using an objective aperture to isolate the (000) reflection from other reflections, and the angular
spread was limited to 14.05 mrad thereby limiting the spatial frequencies to 5.23 nm-1. The images
were acquired using a slit width of 10 eV centered on the Zero Loss Peak of the EELS spectrum,
thereby limiting the contribution of inelastically scattered electrons. A corresponding reference focal
series was also acquired of a vacuum region away from the sample, this was done to compensate for
any changes in electron flux density caused by changes in the objective pre-field induced by
defocusing the objective lens. The reconstruction was performed using the FRWR code with the
gradient flipping method implemented. The reconstruction parameters were set to match the
experimental setup described above. Dead pixels were removed using the remove X-rays function
built in standard DM 1.85.
High resolution (S)TEM imaging, EDX, and EELS were conducted on an FEI Titan G2 60-300 equipped
with a CEOS DCOR probe-corrector, Super-X EDX detectors and a Gatan GIF Quantum 965 EELS
Spectrometer. Observations were performed at 300 kV with a probe convergence angle of 31 mrad,
using High-Angle Annular Dark Field (HAADF) detectors, and the resulting spatial resolution was
approximately 0.08 nm. The EELS spectra were acquired with an energy dispersion of 0.1 eV/channel
and the energy resolution measured using the full width at half maximum (FWHM) of the zero-loss
peak was 1.2 eV. GPA was performed on high resolution (S)TEM images in order to extract lattice
strain maps, using the Gatan GMS software suite.
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Computational details
The DFT calculations were performed with the VASP code [21],, employing the generalized gradient
approximation (GGA
(GGA-PBE) [22] and projector augmented wave ((PAW
PAW) potentials [23] on the
he two
stoichiometric BaZrO3 GB supercells shown in Figure 2.. Details about the supercells are provided in
Table 1.. We applied k-point
point densities according to the Monkhorst
Monkhorst-Pack
Pack scheme:
scheme: 2 ^ 2 ^ 1 for the

(111) GB, and 3 ^ 3 ^ 1 for the (210) GB. Ionic relaxation
relaxationss were performed with the supercell being
allowed to vary in size
size, and were considered to be converged when the residual forces were smaller
than 0.03
03 eV Å=a . The plane wave cut-off
cut off energy was set to 600 eV, yielding a numerical precision
better than 0.1 meV for relative total electronic energies. After relaxation we calculated the local
electrostatic potential of the supercell, where the
he exchange-correlation
exchange correlation part was excluded
excluded.. This gives
resultss comparable to the TEM data,
data, because that contribution can be neglected for the fast
electrons [16].

Figure 2. The BaZrO3 GB supercells used in this study,
study, with (a) showing the (111) GB used in [12],, and (b) showing the
(210) GB used in [11]. For clarity, the non-relaxed
non relaxed supercell is shown.
Table 1. Angles, dimensions, number of atoms, and GB separation for the two GBs studied with DFT
DFT, where mnis the
lattice constant
constant.

GB
] 0b
111 \11
1
210 \001
001b

Angles
c = 90°,
90° f = 90°, g = 60°
c = 90°,
90° f = 90°, g = 90°

Dimensions
2√2
2k ^ 2√2k ^ 4√3k
√5k
√5k
k ^ 3k ^ 4√
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# of

GB sepa
separation

atoms

/ nm

240

1.488

300

1.95
95

Results and discussion
The measured electrostatic potential
Figure 3aa shows a TEM image of a GB,, with the area used for the FRWR reconstruction indicated by
the red box
box. The specimen was tilted such that the electron beam was parallel to the GB interface.
interface
The reconstructed phase map is shown in Figure 3b,
b, where a clear dip in phase was observed along
the GB. By averaging 150 one pixel wide line profile
profiles perpendicular
pendicular to the GB and apply
applying
ing equation
(6),
), we obtain
obtained the potential profile shown in Figure 3c.. The
he GB potential had th
the
e magnitude
Δ

0 = .1.3 V, with a 2-dimensional
2 dimensional projected potential of Δ

:

= .2.6 V v nm.

Figure 3. ((a)
a) TEM image of grain boundary. (b)
b) Phase map, reconstructed from the red box in part (a). (c)
c) Potential profile
across the GB region
region, extracted from the 150 pixels wide white box in part (b). The grain boundary is randomly oriented,
with Euler angles o = pp.
pp p°, q = rs. s°,
s t = n. u° between the orientations of the two grains.

The literature based on impedance spectroscopy
spectroscopy exclusively reports
report a positive GB potential for BZY
[24].. This stems from the assumption that the GB core is positively charged with an excess of
segregated oxygen vacancies
vacancies and protons, and that the GB resistance is a result of the depletion of
these charge carriers in the adjacent space charge layers.
At first glance, our holography result yielding a negative GB potential therefore seems to be in
conflict with the es
established
tablished literature and model
model. However
owever,, when we recall that impedance
spectroscopy reflects Δ

and holography reflects Δ

≈Δ

+ Δ , and consider the special

nature of this particular sample, we shall see that the negative GB potential we observe with
holography is reasonable,
reasonable and not in conflict
conflict with the existing model and literature.
The origin of the potential well
To find the origin of the observed potential well as felt by the electron beam,
beam, we consider the local
variations in Δ

and Δ

in the GB region
region. It is here fruitful to distinguish between two different

phenomena affecting the GB potential.
potential First, defects may segregate to the GB core, affecting both
8

Δ

and Δ . Second, the GB may be free of point defects but have a lower mass density due to

lattice distortions, affecting only Δ

. In reality, a combination of these two effects may occur. We

will first discuss the possibility of defects at the GB core, before considering possible lattice
distortions later in this section.
Defects at the grain boundary
As seen in Figure 1a, any vacancy will reduce the local mean inner potential of the crystal. Also, any
substitutional foreign atom will have a different electronic scattering factor
atom and modify

0 than the host

, shown in Figure 1c. To determine how defects affect the potential, the

relevant simple unassociated and fully ionized defects to consider are (in Kröger-Vink notation) the
**
{*
three vacancies (vx⦁⦁ , vRI
, vSz
), protons in the form of protonated oxide ions (OHx⦁ ), and yttrium

*
doping on the zirconium site (YSz
). Furthermore, loss of Ba during fabrication is believed to lead to
⦁
occupation of Y on the Ba site YRI
[25].

Figure 4a shows the barium core loss EELS signal (Ba M edge) across the GB region. An appreciable
drop in the Ba signal is evident, and is not caused by any local thickness variation, as demonstrated
by the M/N profile across the GB. We therefore conclude that the reduced Ba signal is caused by a
lower concentration of Ba atoms in the GB region.
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Figure 4. (a) Normalized barium core loss signal and TEM specimen thickness in the GB region, with € being the standard
deviation of the Ba signal in the bulk region. The total number of counts per data point in the bulk region was roughly
• ⋅ rn• . The profile was acquired very close to the potential profile in Figure 3c, along the same GB. (b) Experimental

holography potential ‚#ƒ„ƒ,2…†ƒ. , shown together with modelled ‚#$%& and ‚#‡ , assuming the Ba core loss signal to be
pŠ

proportional to its concentration. To calculate ‚#$%& , the tabulated electronic scattering factor ˆ‰0
2/

9

n = n. ‹un Œ•

was used [17]. To calculate ‚#‡ we assumed Ž• = ‹• [9], ‘ = •nn’ and \“”“⦁ b = n in bulk (due to low pH2O in the TEM
column: see Appendix A); a Jupyter Notebook of this calculation is provided at GitHub:
https://github.uio.no/tarjeibo/bondevik-phd-thesis

If we assume that the barium signal is proportional to its concentration, and further that barium
vacancies are the only segregating defect, we can calculate their effect on the potential. Modelling
only one defect at a time does not give a realistic overall picture, but can demonstrate the effect of
that particular defect. Using the Ba concentration profile in Figure 4a as input, Δ

and Δ

can be

modelled from the equations (2) and (3), respectively, shown together with the experimental
holography result in Figure 4b (details given in the caption). Note that the accuracy in
to model Δ

RI•Š

0 used

is limited, since isolated atoms were assumed and the redistribution of charges in

the crystal environment was not considered.
**
From Figure 4b it is clear that the concentration of vRI
has a much larger effect on Δ

demonstrating how retrieving information about Δ

than Δ ,

is challenging with electron holography. If the

GB core is negatively charged from barium vacancies, the free charge carriers (that is, oxygen
vacancies) will redistribute such that they contribute to the potential Δ
since electron holography measures Δ

information about Δ

≈Δ

+Δ

in Figure 4b. However,

, and in this case |Δ

| ≫ |Δ

|,

will be almost completely hidden.

Barium deficiency starting in the GBs tends to occur during sintering of BZY samples [25, 26], and
should be expected in this sample as well, especially when considering the very high sintering
temperature (2200 °C). Hence, the large Ba deficiency we observe at the GB core seems reasonable.
Several studies have reported yttrium segregation towards the GB core [4, 27, 28]. Figure 5a shows
the yttrium concentration across the GB, measured with EDX. The results indicate an increased
*
⦁
yttrium concentration at the GB core, either as YSz
segregating from bulk or YRI
due to loss of

barium during fabrication. The concentration from Figure 5a is used to model both cases in Figure 5b.
*
⦁
Again, the potential profiles are modelled based on the assumption that the defects (here: YSz
or YRI
)

are the only contributors to the total potential.
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Figure 5. Part (a): EDX profile of the yttrium segregation, normalized to the known bulk concentration, with € being
standard deviation of the bulk signal. The profile was acquired very close to the potential profile in Figure 3c, along the
*
same GB. Part (b): Two independent modelling results of ‚#$%& and ‚#‡ , assuming that ˜™3
is the system’s only defect

⦁
is the system’s only defect (blue color), modelled with the same method as in Figure 4b (using
(red color), and ˜‰0

tabulated electronic scattering factors from [17] to model ‚#$%& ).

Although considerable yttrium enrichment is observed in the GB core, its effect on the potential is
*
has a negligible effect on both Δ
modest. Segregation of YSz

core has a somewhat larger effect on both Δ

⦁
and Δ . YRI
enrichment in the GB

and Δ , contributing slightly to a negative 2-

dimensional projected GB potential. Another important point is that part of the barium deficiency
⦁
**
rather than vRI
. If this is the case, the reported effect
shown in Figure 4a may be in the form of YRI

**
vRI
has on Δ

, shown in Figure 4b, is overestimated.

Figure 6a shows the zirconium core loss EELS signal in the GB region. No clear trends in the
concentration profile are observed; however, the interpretation is challenging due to the high noise
level. The oxygen signal, shown in Figure 6b, is less noisy, with no indications of any segregation of
oxygen vacancies to the GB core. Finally, the bulk proton concentration can be calculated to be
negligible in the high-vacuum TEM column (ref. Appendix A), and from that we assume that there
was no significant proton accumulation in the GB core during our holography experiment.
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Figure 6. Normalized zirconium (a) and oxygen (b) core loss signal in the GB region, with the total number of counts being
roughly p ⋅ rnš (a), and s ⋅ rnš (b). The profiles were acquired close to the potential profile in Figure 3c. Thickness
measurements are not shown, but indicated constant thickness in the region. Principle component analysis was used on
both datasets to reduce spectral noise.

To find which defects contributing to the GB potential well, let us summarize our findings, shown in
{*
Table 2. There are no indications of neither vSz
nor vx⦁⦁ accumulation at the GB core, although the

*
⦁
EELS data has a high noise level for Zr. There may be considerable YSz
or YRI
accumulation, but they

only have a small effect on

. OHx⦁ most likely has a negligible contribution due to the high vacuum

**
inside the TEM column. This leaves vRI
as the remaining defect that can explain the measured

potential well.
Table 2. Potential wells and projected potentials. The holography potential is directly read from the graph in Figure 3c.
The EELS and EDX potentials are found by summing contributions from ‚#$%& and ‚#‡ in Figure 4b and Figure 5b,
respectively.

Contribution to ‚#ƒ„ƒ

Technique

GB core width / nm

All effects

Holography

4.4*

-1.3

-2.6

**
vRI

EELS

2.1†

-1.1

-2.0

EDX

2.8‡

-0.01

+0.08

EDX

2.8‡

+0.08

-0.42

EELS

N/A

0

0

EELS

N/A

N/A

N/A

*
YSz

⦁
YRI

vx⦁⦁

{*
vSz

‚#ƒ„ƒ n / ›

‚#pœ
ƒ„ƒ / › ⋅ Œ•

Width of the region with Δ
< 0 from Figure 3c.
Average width of the Ba deficient region in three EELS profiles (one of the profiles is shown in Figure 4a).
‡
Average width of the Y enriched region in two EDX profiles (one the profiles is shown in Figure 5a).
*
†
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Given the similarity between the modelled Δ

and the experimental Δ

in Figure 4b, barium

vacancies are a plausible cause of the measured potential well. Further analyses suggest, however,
that lattice distortions in the GB core may also contribute to the potential well.
Lattice distortion at the grain boundary
Lattice distortions can be caused by at least two factors. First, local lattice distortions may occur at
the GB. This is a simple geometrical argument: as two crystals join at the GB, the abrupt termination
of each crystal leads to an energetically unfavorable structure. To reduce the energy of the crystal,
atoms at the GB will relax into new positions, lowering the mass density. Second, repelling charged
defects in the GB core may induce tensile strain, lowering the mass density and hence lowering the
GB potential. Following the methodology laid out by Dunin-Borowski et al. [29], we calculated that
tensile strain from repelling charged defects affects the potential with less than 0.01 V, and can thus
be neglected. Effects from local lattice distortions on the other hand are significant.
To investigate the effect from local lattice distortions, we performed a GPA analysis. Such an analysis
is challenging to perform across a GB since it requires the crystals to be in zone axis, which may be
impossible to achieve simultaneously on both sides of the GB. Figure 7 shows a GPA analysis across
the GB, where the grain on the right-hand side is in zone axis. The analysis suggests an increased
lattice parameter in the direction perpendicular to the GB plane. The region of strain is about 1.3 nm
wide into the grain on the right-hand side, leading to a 2-3 nm wide strained region if we assume
similar strain on the other side of the GB interface. With strain resulting in lower atomic density, we
expect a lowering of the mean inner potential. At the GB interface the GPA results claim an increased
lattice parameter of 4 %, corresponding to Δ

0 = .0.58 V calculated from equation (2).
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Figure 7. High resolution TEM image of the GB (a) with GPA strain map (b) and corresponding strain profile (c), showing
the lattice expansion in the directio
direction
n perpendicular to the GB, acquired from the indicated rectangle in part (b).
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To complement the experimental data on lattice distortions, we used DFT to calculate the local
potential on the stoichiometric (111) and (210) GBs, whose supercells are shown in Figure 2. These
particular GBs were chosen because of their relatively small supercell sizes. Figure 8 shows the
calculated potentials: each GB has a potential well in the GB core, explained by reduced mass density.
In the (111) GB supercell, the mass density was 6.2 % lower in the indicated GB region compared to
the bulk region from the same supercell. In the (210) GB supercell, the reduction in mass density in
the GB region was as much as 13.2 %.
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Figure 8. Potential calculated with DFT for the (111) GB (a), and the (210) GB (b), where the 3-dimensional potential
‚#ƒ„ƒ Ÿ, , ¡ has been projected to the x-axis. The GB core is defined as where the increase in interplanar distance (due
to relaxation) between atomic planes parallel to the GB interface is more than 1%. As a guide for the eye a rolling
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average of the potential is shown, calculated as ‚#3„/.0¢£. Ÿ = p' ¤Ÿ=' ‚#ƒ„ƒ Ÿ ¥Ÿ, where ' is the interplanar distance
between the atomic planes parallel to the GB plane.

The DFT calculated potential wells (-3.0 and -5.3 V) were significantly deeper than the potential well
obtained with holography (-1.3 V). This may be due to the simple GB models used in the DFT
calculations, which may not be directly comparable to the complex, randomly oriented GB studied
experimentally. Even if they did exhibit similar changes of the potential around the GB, experimental
resolution limitations and imperfections may explain the discrepancy between modelling and
experiment. The potential wells from the DFT calculations are only around 1 Å wide. If such narrow
potential wells indeed exist in the real specimen, it is beyond the resolution limit of holography and
will be smeared out in the experimental data. In addition, imperfect sample tilt such that the TEM
electron beam is not entirely parallel with the GB plane may contribute to further smearing.
A point of confusion may be DFT results in literature exclusively showing a positive potential across
the BaZrO3 grain boundary [9, 11, 12, 30]. These results are not in conflict with our DFT simulations
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showing the opposite sign of the potential. The DFT work in literature considers Δ , calculated with
space charge modelling where defect segregation energies are used as input data. To obtain the
proton concentration in the space charge layer – which is a governing quantity of the GB conductivity
–Δ

is the relevant potential to consider. Our simulations on the other hand consider Δ

in a

defect free supercell. They simply show how that the atomic density in the GB core is reduced during
relaxation, and that the reduced density is linked to a negative Δ

in the core. They do not,

however, provide information about segregation and redistribution of defects. For example, the
experimentally observed reduction in Ba occupancy not considered in these simulations is expected
to further reduce the total GB potential.
Table 3 summarizes our findings, where both GPA analysis and DFT calculations indicate that reduced
atomic density may contribute to the measured potential well. Note that the 2-dimensional
projected potential obtained with holography has significantly larger magnitude, implying that lower
mass density alone is unlikely to cause the entire potential well.
Table 3. Potential wells and projected potentials from experimental and theoretical work. The holography and DFT
potentials are directly read from the graphs in Figure 3c and Figure 8. The GPA potential is found by assuming the strain
in Figure 7c to be identical on both grains.

Contribution to ‚#ƒ„ƒ

Technique

GB core width / nm

‚#ƒ„ƒ Ÿ = n / ›

All effects

Holography

4.4§

-1.3

-2.6

All effects except

DFT, (111)

1.0**

-3.0

-0.26

defects

GB

All effects except

DFT, (210)

1.2**

-5.3

-0.53

defects

GB

Strain (lower mass

GPA

2.7††

-0.58

-0.73

‚#pœ
ƒ„ƒ / › ⋅ Œ•

density)
Width of the region with
< 0 from Figure 3c.
Width of the GB core region from relaxed supercells, defined in Figure 8.
††
Width of the strained region from the GPA analysis in Figure 7c, assuming identical strain on both grains.
§

**

The grain boundary resistance
Here, we discuss the results’ implications for the electrical properties of our GB. The general view of
BZY grain boundaries based on impedance spectroscopy and DFT calculations is that they have
positively charged cores and adjacent resistive space charge layers. Our results suggest that our GB
core may in fact be negative, such that this particular GB does not exhibit any resistive space charge
layers. It is important to stress that the absence of space charge layer resistance only applies for this
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particular GB and this particular sample; other GBs in the sample or in other samples may be
different.
We will, however, speculate that our results indicate reduced proton mobility in the GB core that
may be significant for the GB resistance. All four experimental techniques (holography, EELS, EDX,
GPA) show a GB core width of around 2 nm or more, resulting from either structural distortions or
defects. This implies strongly reduced crystal symmetry in a 2 nm wide region. The relation between
reduced symmetry and poor proton mobility is well established [1]. Computationally, nudged elastic
band calculations show a reduction in GB proton mobility of 3-4 orders of magnitude at § = 800 K
[30, 31]. Considering that roughly 20 proton jumps in a highly distorted crystal is needed for a proton
to diffuse through a 2 nm wide core, the usual assumption of constant proton mobility through the
GB region seems somewhat unlikely. Whether the reduced proton mobility has a significant
contribution to the aggregated GB resistance such that the space charge model should be modified,
is, however, beyond the scope of this work.
The utility of holography to determine space charge
Finally, we discuss the utility of electron holography to describe space charge related phenomena in
materials like BZY. The space charge model relies upon redistribution of free charge carriers, hence
the relevant potential for describing space charge is Δ , not Δ

. To find information about Δ

across a GB, holography is not necessarily an effective method. This is because Δ

in many cases

dominates Δ , making it challenging to extract reliable information about Δ . One therefore has to
be cautious about relating the potential measured with holography to space charge in the GB region.
In cases of low defect densities, the space charge layer and thus Δ

much further than the extent of Δ

may, however, be extended

, providing some chance to still separate the two effects.

The high resistance normally resulting from the space charge model also relies upon positive carriers
like oxygen vacancies and protons segregating to the GB core. A tempting conclusion is that our
reported Δ

0 = .1.3 V < 0 implies that protons should feel an electrostatic attraction to the

GB core. Although this may be true for our particular GB, since Δ
accumulation of

**
vRI

0 < 0 most likely is caused by

that attract protons, it does not hold in general. For example, if the GB core

⦁
rather is filled with YRI
and has low atomic density, it may simultaneously exhibit Δ

0 < 0 and

still be positively charged, repelling protons. Hence, a holography result showing a deep potential
well in the GB core does not necessarily imply that protons will segregate to the core.

Conclusions
1) A potential of –1.3 V from an individual BZY grain boundary in a sample sintered at 2200°C
[19] was experimentally observed with electron inline electron holography. EELS results
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indicate that barium vacancies may have contributed significantly to the potential well, while
DFT calculations and GPA analysis suggest that GB lattice distortions also play an important
role.
2) The negative sign of the potential is not in conflict with reported positive values of the
potential in the literature for BZY grain boundaries. The literature values are based on
impedance spectroscopy measurements and are only based on the potential due to
redistribution of free charge carriers in the crystal. Inline holography is also sensitive to the
mean inner potential of the crystal, which may yield a different sign.
3) EELS and EDX results suggest segregation of yttrium to the GB as a response to barium loss
during fabrication. This however only slightly affects the total electrostatic potential.
4) The result suggests that the GB core is structurally distorted and has significant barium
deficiency in a region around 2 nm wide, which may be linked to lower proton mobility
across the GB.
5) If the goal is to measure the potential due to redistribution of free charge carriers,
holography should be applied with caution: the large magnitude of the mean inner potential
may mask variations in the potential due to redistribution of free charge carriers if both
effects have a similar spatial extent.
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Appendix A
To find the bulk oxygen vacancy and proton concentrations inside the TEM column, consider the
hydration reaction of BaZrO3,
H O g + vx⦁⦁ + Oªx ↔ 2OHx⦁ ,

(9)

with equilibrium constant
¬J-

z

§ =

\OHx⦁ b
⦁⦁
\vx b \Oªx b®¯• x

°
= exp².³Δ´J-

°
. §ΔµJz ¶/·R §¸,

z

(10)

where ®¯• x is the water vapor pressure, \vx⦁⦁ b and \OHx⦁ b the volume concentrations of oxygen

°
vacancies and protons, and Δ´J-

z

°
and ΔµJ-

z

the standard enthalpy and entropy of hydration. In

°
this work, the thermodynamic parameters Δ´J-

z

°
= .0.82 eV and ΔµJ-

z

= .0.92 meVK =a are

used [1]. Three oxygen sites per formula unit yields the site restriction
\vx⦁⦁ b + \OHx⦁ b + \Oªx b = 3.

(11)

Furthermore, neglecting the contribution from electrons and holes, the charge neutrality condition
becomes

where

* b
\YSz

* b
2\vx⦁⦁ b + \OHx⦁ b = \YSz
,

(12)

is the volume concentration of yttrium substituents. Equations (10-12) are a set of three

equations with three unknowns; its solution gives the oxygen vacancy and proton concentrations as
functions of yttrium concentration, water vapor pressure and temperature. Figure 9 shows the
nominal bulk concentrations of a 10 mol% Y-substituted BaZrO3 as a function of pH2O for T = 300 K.
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1

pH2O / bar
Figure 9. Nominal bulk concentrations of oxygen vacancies and protons in BaZr0.9Y0.1O3 as a function of water vapor
pressure, at T = 300 K.

It is hard to estimate the exact pH2O level in the TEM column, but it is clearly very low. The total
pressure inside the column is ~2 ⋅ 10=a bar, and the partial pressure of water should be lower for
two reasons. First, assuming that the TEM column has the same relative water vapor content as the
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atmosphere at sea level gives ®H O ≈ 7 ⋅ 10=a bar. Moreover, the cold trap in the TEM column
inserted near the specimen stage enhances the vacuum even further. As the specimen stayed inside
the TEM column for 12 hours before conducting the holography experiment, it is reasonable to
assume the vx⦁⦁ and OHx⦁ concentrations to have reached equilibrium. Hence, we can approximate

the bulk defect concentrations to be \vx⦁⦁ b = 5 mol% and \OHx⦁ b = 0 mol% inside the TEM column.

Appendix B
Here, we show how Poisson’s equation (3) is solved numerically to obtain

in the space charge

layers (SCLs). Assuming the GB to be homogenous and infinitely planar reduces the problem to one
dimension, simplifying Poisson’s equation. With x as the direction perpendicular to the GB plane, the
space charge density can be taken as
" 5 =

* b
2\vx⦁⦁ b 5 + \OHx⦁ b 5 . \YSz
.

(13)

In the Mott-Schottky approximation, we assume a constant acceptor doping concentration in the SCL
region, independent of x, which simplifies the further treatment considerably.
Using the oxygen site restriction in equation (11), and assuming constant electrochemical potential in
the entire grain boundary region, the oxygen vacancy concentration in the SCL can be taken as

\vx⦁⦁ b

5 =

3 \vx⦁⦁ b exp V.

3 + \vx⦁⦁ b Àexp V.

2 ΔV 5
X
·R §

2 ΔV 5
ΔV 5
X . 1Á + \OHx⦁ b Àexp V.
X . 1Á
·R §
·R §

.

(14)

Similarly, the proton concentration in the SCL is

\OHx⦁ b

5 =

3 \OHx⦁ b exp V.

3 + \vx⦁⦁ b Àexp V.

Note the dependence on Δ

)

ΔV 5
X
·R §

2 ΔV 5
ΔV 5
X . 1Á + \OHx⦁ b Àexp V.
X . 1Á
·R §
·R §

(15)

5 : a larger potential will reduce the concentration of these positively

charged defects.
A fundamental requirement is the material’s overall charge neutrality, that is, that the sum of the SCL
charge and the core charge is zero. From the above charge density, the total charge per area in the
SCLs can be taken as
ÂÃ

<

Ä

= 2 ⋅ ; " 5 d5
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(16)

where 5 = 0 at the interface between the GB core and the SCL, and ∞ denotes a position in bulk, far
away from the grain boundary. The factor 2 is included to account for both sides of the GB core. The
per area charge at the GB core due to defect segregation is
ÂÆ
where GÇ is the charge and

Ç

:

z

=

Ç

GÇ

Ç

:

,

(17)

the two-dimensional concentration of defect i. To solve Poisson’s

equation, we apply the two boundary conditions Δ

*

∞ = 0 and Δ

0 = ΔV , . Initially, ΔV

guessed and adjusted with small increments until the charge neutrality condition ÂÃ
satisfied. At this point we have obtained

in the SCL.
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Ä

+ ÂÆ

z

,

is

= 0 is
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Abstract
We model grain boundary (GB) proton conductivity as a function of temperature in yttrium doped
BaZrO3, assessing four commonly used approximations in space charge modelling. The abrupt core
approximation, which treats the GB core as a single atomic plane rather than a set of multiple atomic
planes, yields a GB conductivity around one order of magnitude too high. The full depletion
approximation, which assumes full depletion of charge carriers in the space charge layers, has
negligible effect on the modelled GB conductivity. Allowing protons to redistribute in the void
between atomic planes gives a GB conductivity up to 5 times lower than the case where protons are
restricted to be located at atomic planes. Finally, neglecting trapping effects between the acceptor
doping and the defect charge carriers increases the GB conductivity with a factor of 2.

Introduction
Yttrium-doped BaZrO3 (BZY) is a promising electrolyte material due to its high bulk conductivity and
good chemical stability [1]. A major drawback is, however, the low grain boundary (GB) conductivity
[2-6], commonly explained by the presence of space charge layers (SCLs) [3-5]. Such SCL formation is
induced by segregation of positively charged defects (e.g. oxygen vacancies or protons) to the GB
core to lower lattice strain mismatch there. The excess positive charge in the core is charge
compensated by depletion of positive charge carriers in SCLs next to core, hence yielding highly
resistive SCLs.
As the area of interest is usually around a few nanometers, it is challenging to study GBs
experimentally on the microscopic level. Impedance spectroscopy measurements reveal a high GB
resistance in BZY, but these measurements output the aggregated behavior of typically thousands of
GBs in the sample, making it challenging to retrieve information about fundamental properties of
individual GBs. To obtain a fundamental understanding of the high GB resistance and the SCLs,
applying atomistic density functional theory (DFT) simulations, with subsequent space charge
modelling, is a fruitful approach. Choosing which approximations to use in the space charge
modelling is, however, not straightforward, and greatly affect the results.
In the space charge modelling performed in literature, four of the commonly used approximations
are the full depletion approximation, the abrupt core approximation, the neglecting of trapping, and
what we here will refer to as the continuity approximation. In the depletion approximation, used by
Kjolseth et al. [4], the charge carrying defects are assumed to be fully depleted in the SCLs, yielding a
constant charge in the SCLs given by the concentration of acceptor dopants. In the abrupt core
approximation, defects are assumed to segregate towards only a single atomic plane in the GB core,
neglecting segregation to multiple atomic planes. This simplifies the space charge modelling
substantially, and is typically adopted in computational studies of interface defect chemistry [7, 8].

However, as density functional theory (DFT) calculations on BaZrO3 GBs suggest that defects
segregate to multiple atomic planes [9, 10], treating the GB core as a single plane is problematic. By
trapping, we refer to the association of oxygen vacancies and protons next to acceptor dopants,
found experimentally to influence the bulk proton conductivity [11]. Trapping will affect the
concentrations of unassociated defect charge carriers, but is typically neglected in space charge
modelling of BZY [7-10]. Finally, in the continuity approximation, applied in [7, 8], charged defects are
allowed to redistribute at infinitely small length scales. In reality, charged defects are located at
specific sites in discrete atomic planes, and are generally not energetically stable in the void region
between atomic planes. Assuming continuity may become problematic in cases where the space
charge modelling predicts varying defect concentrations by orders of magnitude within the distance
between two atomic planes.
In this work, we assess the effect of the four above-mentioned approximations when modelling GB
proton conductivity in BZY. Two different BZY grain boundaries will be studied: the Σ5 (210)[001]
and the Σ3 (111)[110] grain boundary, hereafter referred to as the (210) and (111) GB, respectively.
These particular GBs are suitable as case studies because they have previously been studied
theoretically [7, 9, 10, 12] and are observed experimentally [2]. The experimental data on GB
conductivity of yttrium-doped BaZrO3 has a large spread (Figure 1), resulting from complex relations
between sample preparation and performance. Modeling the GB conductivity with an atomistic
approach will improve our fundamental understanding, and may shed light on the causes of the
spread in the experimental data. Here, we perform such modeling to a level of detail beyond what
has been done previously, by including trapping into the consideration and rigorously assessing three
other commonly user approximations.
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Figure 1. Experimental data on yttrium-doped BaZrO3, from Shirpour et al. [13], Duval et al. [14], Iguchi et al. [15],
Kjølseth et al. [4], and Yamazaki et al. [6]. Although all results display the same trend of decreasing
/
ratio with

decreasing temperature, the spread in the data based on different sintering conditions and doping level is very large.

Theoretical background
Bulk defect chemistry of acceptor-doped BaZrO3
Finding the bulk defect concentrations is the first step in the space charge modelling, as they serve as
baselines for the defect concentrations in the SCL. Acceptor doped BaZrO3 is typically dominated by
protons and oxygen vacancies as charge compensating defects, with their relative dominance
described by the hydration reaction (in Kröger-Vink notation),
H O(g) + v ⦁⦁ + O
with corresponding equilibrium constant

↔ 2OH ⦁ ,

(1)

% &
(2)
= exp-−/Δ1 ° !" − #Δ3 ° !" 4/56 #7.
%' % (&)
% , %' and % & are the bulk concentrations in mol% of oxide ions, oxygen vacancies and protons,
respectively, Δ1 ° !" and Δ3 ° !" are the standard enthalpy and entropy of hydration, respectively,
!" (#)

=

(&) is the water vapor partial pressure, and 56 # the thermal energy. Both oxygen vacancies and
protons can form clusters with the acceptor dopants, given by the defect chemical reactions

and

(Acc;" O)< + v ⦁⦁ ↔ (Acc;" v )⦁ + O ,

(Acc;" O)< + OH ⦁ ↔ (Acc;" OH ) + O .
The two cluster formation reactions have equilibrium constants

and
where %>?? , %(>??-') and %(>??-

(>??-')

=

%(>??-') %
,
6 ⋅ %>?? %'

(3)

(4)

(5)

%(>??- &) %
,
(6)
6 ⋅ %>?? % &
&) are the bulk concentrations in mol% of the unassociated acceptor
(>??- &)

=

dopant, acceptor-vacancy cluster, and acceptor-proton cluster, respectively. The factor 6 stems from
the additional configurational entropy occurring because each acceptor dopant can form six
equivalent clusters with its oxygen neighbors. With three oxygen sites per formula unit the site
restriction becomes
% + %' + %
with the charge neutrality condition

2%' + %

&

+ %>??-' + %>??-

&

&

+ %(>??-') = %>??,

= 3,

where the contribution from electrons and holes neglected, as they are minority charge carriers in
BZY. Finally, mass balance on the acceptor site yields

(7)

(8)

%>?? + %(>??- &) + %(>??-') = C,
(9)
where D is the total acceptor doping level per formula unit. Solving the six equations (2) and (5-9)
gives the bulk concentrations of the five defects in the system as well as the oxide ion concentration,
serving as baselines for the SCL concentrations.

Charge density in the grain boundary region
A schematic of the relations between charge density (D), electrostatic potential (E) and space charge
is given in Figure 2. The thermodynamic stability of the defects will differ in the GB core compared to
the bulk region, described by their standard chemical potential F°!GH . This leads to accumulation of
charge in the core, in turn leading to a non-zero potential across the GB. In the figure, we have
defined the GB core as the region with positive net charge.

Figure 2. Schematic grain boundary, showing the relations between the charge density and potential in the space charge
model, as well as our definitions of the GB interface, core and region.

Table 1 shows the electrochemical potential (I) and the concentrations as functions of oxygen sites i,
for the four defects in the system positioned next to or at an oxygen site. To compact the notation,
we define a relative defect concentration as
K
%!GH
/% K
,
%!GH /%
and the exponential term of the defect concentration is defined as
K
J!GH
=

γK!GH = exp M−

K
ΔN!GH
+ O!GH PΔϕK
R,
56 #

(10)

(11)

K
where O!GH P is the defect charge. The defect segregation energy is ΔN!GH
= F° K!GH − F° T
!GH , and the
K
K
T
potential difference between site i and bulk is ΔE = E − E , with ∞ denoting a position in bulk,
far away from the GB interface. The analytical expressions for %'K and % K & are found by setting

K
I'K = I'T and I K & = I T& at equilibrium and solving two equations with two unknowns; %/>??-v4
and
K
%/>??-OH4
are found in a similar way. With that, our analytical expressions for the concentrations of

the isolated defects and the clusters depend on each other. The defect concentrations can be

K
K
determined numerically by first guessing %/>??-v4
= %(>??-v) and %/>??-OH4
= %(>??-OH) , and then

solving the equations for the isolated defect and cluster concentrations in Table 1 iteratively until
convergence is reached.

Table 1. The expressions for the defect electrochemical potentials and concentrations, as a function of oxygen site i. V is
defined in equation (10), W is defined in equation (11).

Defect

Electrochemical potential

Concentration

XY⦁⦁

%'K
IvK = F° K' + 2PE K + 56 # ln M K R
%

%'K =

Y\Y⦁
(]^^_` -XY )⦁

%K &
K
IOH
= F° K & + PE K + 56 # ln M K R
%

K
(]^^_` -Y\Y )a I(>??-

&)

= F° K(>??-

&)

3

%K & =

K
%(>??-')
%K
K
I(>??-')
= F° K(>??-') + PE K + 56 # ln M
R
K
6%>?? %'K
K
K
%(>??&) %
+ 56 # ln M
R
K
6%>??
%K &

+ %' (γK'

&) 4

K
K
/3 − %(>??-')
− %(>??-

&) 4

− 1) + %

& /γ &

3 + %' (γK' − 1) + %

K
%(>??-')
=
K
%(>??-

K
K
/3 − %(>??-')
− %(>??-

&)

C+

=

K

− 14 −

& /γ &
K

− 14

⋅ %' γK'
K
K
%(>??-') − %(>??&)
⋅%

K
&γ &
K
K
− %(>??-') − %(>??&)

C%(>??-') γK(>??-') J'K

%(>??-') /γK(>??-') J'K

− 14 + %(>??-

C%(>??-

K
K
&) /γ(>??- &) J &

K
K
&) γ(>??- &) J &

C + %(>??-') /γK(>??-') J'K − 14 + %(>??-

K
K
&) /γ(>??- &) J &

To reduce the problem to one dimension, we assume infinitely large, planar GBs, and express the
defect concentrations as functions of the atomic layer j. The atomic layers are chosen to be parallel

to the GB interface. Defining bc as the number of oxygen sites in layer j, the defect concentrations
for each atomic layer are set to the average concentration of the defects in that particular atomic
layer,
d

1

%!GH =

h

fg

K
e %!GH
,
d
bc Kij
for the four defects in Table 1. From this, the concentration of the fifth defect in the system,
unassociated acceptors, is found as
d

%>?? = C − %(>??-') − %(>??d

d

d

− 14

&) .

(12)

(13)

Here the Mott-Schottky approximation is applied, meaning that the total acceptor doping level D is
assumed constant throughout the GB region. From the above concentrations, the charge density in
the atomic layer j becomes

P
d
d
d
d
(14)
l2%' + % & − %> + %(>-') m,
k
where k is the unit cell volume. The above expression for the charge density is valid in the entire GB
region.
Dd =

Poisson’s equation for solving the space charge potential
Poisson’s equation relating the electrostatic potential to the charge density can in one direction
(perpendicular to the GB core) be taken as

d ΔE(O)
D(O)
(15)
=−
.
dO
op oq
There are several methods to solve the above equation; we will here present five models using
different combinations of the four approximations mentioned in the Introduction. An overview of the

− 14

models is given in Table 2. In all models, convergence is reached when the net positive charge in the
GB core region equals the negative charge in the two adjacent SCL regions.
Table 2. Schematic overview of the approximations included in each model in the study.

Approximation
Full depletion
Abrupt core
Continuity
Neglecting trapping

Model M1

M2

M3

M3-T

M3-C

Yes
Yes
Yes
Yes

No
Yes
Yes
Yes

No
No
No
Yes

No
No
No
No

No
Yes
No
Yes

Model M1
Model M1 uses all four approximations. The full depletion approximation assumes that oxygen
vacancies and protons are fully depleted in the SCL, simplifying the charge density to

P%>??
(16)
= const.
k
With a constant charge density, Poisson’s equation can be solved analytically: this is the big
advantage of Model M1. Defining u∗ as the length of the SCL at one side of the GB core and applying
the boundary conditions ΔE(0) = Φp and ΔE < (u∗ ) = ΔE(u∗ ) = 0, the solution of Poisson’s equation
becomes
D(O) = −

O
ΔE(O) = Φp l ∗ − 1m
u
for 0 ≤ O ≤ u∗. Here, Φp is the electrostatic potential in the GB core, and the SCL length is

(17)

j

2op oq Φp
(18)
u∗ = y
z .
P%>??
Outside the SCL region, that is, for O > u∗ , ΔE(O) is zero. The total charge per area in the SCLs is then
a function of the electrostatic potential in the core Φp ,

j
−2u∗ P%>??
−2
(19)
(Pop oq %>?? Φp ) ,
=
k
k
where the factor 2 is included to account for both sides of the GB core. To obtain charge neutrality,
the negative charge in the two SCLs must equal the positive core charge. The core charge per area
can be calculated from equation (14),

|}~• = 2u∗ D(O) =

(20)
|?€"G = •D di?€"G ,
where • is the length of an atomic layer, and ‚ = core refers to the atomic layer at the GB core.
Importantly, the position of the GB core has to be explicitly defined when initiating the modelling.
This is a major disadvantage of Model M1 (and M2), as it implies that an additional free parameter
must be set.

Observing that both |}~• and |?€"G depend on the core potential, convergence is reached by the
following steps: 1) With an initially guessed Φp , calculate |}~• + |?€"G from equations (19) and (20);
2) Check for convergence. If ||}~• + |?€"G | < o, where o is a small number, convergence is reached;
if not, make an incremental update of Φp , and re-calculate |}~• + |?€"G; 3) Repeat the previous step
until convergence is reached.

Model M2
Model M2 differs from M1 in that it does not use the full depletion approximation. From the abrupt
core approximation, all segregation energies in the SCLs are set to zero, simplifying equation (14) to

P
−2PΔE(O)
−PΔE(O)
(21)
D(O) = − †2%' exp †
‡ + % & exp †
‡ − %>?? ‡
k
56 #
56 #
for the charge density in the SCL. Here, the continuity approximation is applied by substituting j with
z, such that the charge density is calculated as a continuous function. Inserting this charge density
into equation (15) yields Poisson’s equation with no analytical solution. Poisson’s equation is solved
numerically as a first order system of ordinary differential equations, applying the two boundary
conditions ΔE(0) = Φp and ΔE < (∞) = 0. Using ΔE(O) resulting from Poisson’s equation, the charge
per area in the SCLs is calculated as
T

|}~• = 2 ˆ D(O)dO,

(22)

p

where D(O) from equation (21) is used. Similar to Model M1, |?€"G is calculated from equation (20).
Again, both |?€"G and |}~• depend on the Φp ; convergence is reached by the same iterative
approach as in Model M1.
Model M3
The assumption of an abrupt GB core plane is somewhat crude, as multiple atomic planes in the GB
differ chemically and structurally compared to bulk. To capture this effect, defect segregation
energies from multiple planes are included in Model M3. Rather than treating a single atomic plane
in the GB core as a special case, all atomic planes in the GB region are treated in the same manner.
Convergence is reached when the overall GB region is charge neutral, that is,
‰e D d ‰ < o,

(23)

d

where o is a number close to zero, set to 10Š P in this work. Here, the atomic planes j span from the
bulk region on the left hand side of the GB interface, to the bulk region on the right hand side of the
GB interface. The big advantage of this approach is that one does not have to strictly define any GB
core.
Model M3 is initialized by setting the electrostatic potential to zero in the entire GB region, and
calculating the charge density from equation (14). With a charge density, an updated electrostatic
potential is calculated from equation (15) using the Jacobi method, with ΔE(−∞) = ΔE(∞) = 0 as
boundary conditions. The procedure continues: equations (14) and (15) are iteratively solved until
convergence is reached.
In Model M3-T, we include trapping effects by considering how the formation of defect-acceptor
⦁

⦁

clusters, such as /Y;" -v 4 and /Y;" -OH 4 , affect the SCL model. When creating an /Y;" -v 4
cluster in bulk, there are six degenerate states due to symmetry. Close to the grain boundary this
⦁

symmetry breaks down, and each of the six possible /Y;" -v 4 clusters will have a distinct formation
energy. However, to reduce the computational cost with a factor of six, we assume degeneracy also
in the SCL region.

Finally, Model M3-C differs from M3 in that it applies the abrupt core approximation, setting all the
calculated segregation in the SCL to zero. Model M3-C is thus not an effective model as it has the
same complexity as M3, but lower accuracy; we employ this model only as a case study, to isolate
the effects of the abrupt core approximation and the continuity approximation.
Grain boundary conductivity calculations
Assuming constant proton mobility in the entire GB region, the ratio between the GB proton
conductivity and the bulk proton conductivity can be taken as
”∗

Šj

Œ•Ž
1
% &
=’ ∗ ˆ
dO• ,
ŒŽ••‘
2Λ
% & (O)
Š”∗

(24)

where 2Λ = 10 nm is the length of the GB region, introduced so that the Œ•Ž /ŒŽ••‘ ratios from the
various models can be compared. For the discrete models M3 and M3-T, the integral in equation (24)
has to be replaced by a sum over the atomic planes j across the GB region. In Model M1, we first
assume zero proton concentration to obtain the potential ΔE(O), and from that, plug the proton
∗

concentration calculated from —

—˜™

˜™ (š)

= exp

›œ•(š)
žŸ

[4] into equation (24).

Defect calculations
In addition to the bulk concentrations, defect segregation energies serve as inputs to the space
charge modelling. The DFT calculated defect segregation energy for defects at site i is defined as

T
T
K
K
K
ΔN!GH
= N!GH
− N!GH
, where N!GH
is the calculated energy for a defect placed at site i, and N!GH
the
energy for a defect placed at a bulk reference site, as far away from the GB as possible. For isolated
K
K
defects N!GH
is obtained directly from DFT; for clusters, N!GH
is the cluster formation energy, that is,
the energy difference between the associated clusters and the isolated point defects. The GB
supercells used for defect calculations are shown in Figure 3, with details laid out in Table 3.

Figure 3. The GB supercells used in this study, with the segregation energies calculated from the shaded areas. The
atomic planes are indicated with dotted lines. For clarity, the non-relaxed supercell is shown. Details are given in Table 3.
Part (a) shows the (210) GB supercell, used in [10]; part (b) shows the (111) GB supercell, used in [7] and [8].

Table 3. Angles, dimensions, number of atoms and grain boundary separation. ¡¢ is the lattice constant.

GB

Angles

Dimensions

(210)

£ = 90°, J = 90°, ¥ = 90°

√5§p × 3§p × 4√5§p

(111)

£ = 90°, J = 90°, ¥ = 60°

2√2§p × 2√2§p × 4√3§p

# of
atoms
i
300

GB separation
[Å]
19.54

240

14.82

For the proton defect calculations, a 200 atom supercell with dimensions √5§p × 2§p × 4√5§p was used

i

Calculating the energy of a GB supercell with an oxygen vacancy is done by simply removing an
oxygen atom from the supercell, and performing a DFT calculation with a homogenous negative
background charge. For the proton calculations, the most energetically favorable proton starting
position in bulk [16] is used in most of the GB region. Close to the innermost planes the symmetry
breaks down; these energies are found by calculating a few different proton starting positions and
choose the one with the lowest energy.
When calculating cluster formation energies, we have to choose which of the six possible clusters to
calculate. The (210) GB has two oxygen sites in the same atomic plane as the acceptor dopant. The
oxygen site closest to the acceptor in the same atomic plane is chosen for the cluster. With this
choice, cluster segregation energies are only obtained from even numbered atomic planes. In the
space charge modelling, oxygen sites also in odd numbered planes can be associated with an
acceptor. For odd plane number ±‚, the cluster segregation energy from plane ‚ ± 1 is used. The
(111) GB has no oxygen sites in the same atomic plane as the acceptor dopant. For an acceptor in
plane ±‚, the oxygen closest to the acceptor in plane ‚ ∓ 1 is chosen for the cluster. Hence, cluster
segregation energies are only obtained from even numbered atomic planes, which is sufficient for
the space charge modelling since there are no oxygen sites in odd numbered planes.
A point of confusion may arise around the Mott-Schottky approximation. Even with segregation of
clusters, the Mott-Schottky approximation applies, because the total acceptor doping concentration
D is constant throughout the GB region. A cluster segregating does not refer to a movement of the
entire cluster; it refers to protons or oxygen vacancies being energetically attracted to sites next to
an acceptor at a fixed location.
Computational details
The DFT calculations were performed with the VASP code [17, 18], employing the generalized
gradient approximation (GGA-PBE) [19] and projected augmented wave method (PAW) [20]
potentials. The calculations were performed in two steps. First, a defect free GB supercell was
relaxed with no volume constraints. Second, defects were introduced to the relaxed supercell, and
the energy was minimized under constant volume conditions. The plane wave cut-off energy was 600
eV for volume relaxations and 470 eV for constant volume calculations, and the ionic relaxations was
considered to be converged when the residual forces were smaller than 0.03 eV ÅŠj. For calculations
with charged defects, a homogeneous background charge with opposite sign was added to retain
charge neutrality. We applied k-point densities according to the Monkhorst-Pack scheme: 3 × 3 × 1
for the (210) GB, and 2 × 2 × 1 for the (111) GB. To find the cluster formation energies, a bulk
(5 × 5 × 5) cubic supercell was used, with the same cut-off energy and residual force convergence
as the GB supercells, and a gamma centered k-point density of 1 × 1 × 1.

Results and discussion
Bulk concentrations
Neglecting trapping, the bulk oxygen vacancy and proton concentrations depend on the hydration
enthalpy and entropy, the water partial pressure, and the doping concentration. From experimental
results [1], we used Δ1 ° !" = −0.82 eV and Δ3 ° !" = −0.92 meVK Šj. The water vapor partial

pressure was set to (&) = 0.025 bar, and the doping concentration to %>?? = C = 10 mol%.
Under these conditions, the bulk defect concentrations as a function of temperature are shown in
Figure 4a. Below 900 K, the acceptor doping is predominantly charge compensated by protons.
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Figure 4. Bulk defect concentrations per formula unit as a function of temperature, when neglecting (a) and including (b)
trapping.

Including trapping, the bulk concentrations also depend on the formation energies of the clusters.
⦁

The formation energies of /Y;" -v 4 and /³;" -OH 4 , calculated with DFT to be −0.33 eV and
−0.14 eV, respectively, where used to find the cluster concentrations. Experimentally, the formation

energy of /Acc;" -OH 4 in BZY20 has been measured as −0.30 eV [11], agreeing with the sign of our
calculations. With negative formation energies the defects prefer to be associated in clusters, shown
in Figure 4b.
The exact values of the cluster formation energies are uncertain but have large impact on the defect
concentrations, and are therefore possible sources of error in the subsequent space charge
modelling. For instance, our DFT calculated formation energies yields ´/Y;" -OH 4 µ = 1.1 mol% at
typical operating temperatures of T=900 K. Rather applying the aforementioned experimentally
measured formation energy of −0.30 eV yields the concentration ´/Y;" -OH 4 µ = 4.9 mol%.

Segregation energies
The supercell used for the (210) GB is shown in Figure 3a, where an oxygen site at plane ‚ = ±10 was
chosen as the bulk reference site. This supercell was found to be the most energetically favorable
(210) GB by Lindman et al. [10]. Defect energies were calculated from 32 oxygen sites across 21
atomic planes; the resulting segregation energies are shown in Figure 5a. From the figure it is clear
that defect segregation occurs not only at the innermost plane, but across a wider region of several
atomic planes. Prior to the DFT relaxation, only the innermost plane and its two neighboring planes
are structurally distorted relative to the bulk region. During relaxation the distortion spreads to the
neighboring planes: at convergence, seven atomic planes are considerably distorted. The structurally
disordered planes have a different chemical environment, leading to non-zero segregation energies
in a ~0.7 nm wide region. The segregation energies of the two clusters are mostly around zero except
at the two innermost atomic planes (see Figure 5c).
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Figure 5. Defect segregation energies calculated with DFT. (a) and (c): The atomic planes in the (210) GB alternates
between having one and two unique oxygen sites. Due to symmetry, the planes ¶ = ±10 are identical; one of the two
oxygen sites in that plane is used as the bulk reference site. (b) and (d): The (111) GB is symmetric with respect to the
grain boundary core (¶ = ¢), hence it is only necessary to calculate energies from one side of the GB. The three oxygen
sites at each even-numbered plane are equivalent. The oxygen site at plane ¶ = · is used as the bulk reference site.

For the (111) GB, defect energies were calculated using the supercell shown in Figure 3a. From
symmetry considerations, both sides of the GB interface and all three oxygen sites in each atomic
plane are equivalent, leaving only four unique oxygen sites to calculate. With plane ‚ = 6 being the
reference plane, Figure 5b shows the resulting segregation energies: the two innermost planes

exhibit considerable segregation energies. Hence, the (111) GB is less structurally distorted than the
(210) GB. The segregation energies of the clusters are for the (111) GB close to zero for all atomic
planes, shown in Figure 5d.
Our calculated oxygen vacancy and proton segregation energies largely have similar values as
previously calculated segregation energies in literature [7-10, 12], and are also related to the
structural distortion of the host lattice in a predictable manner. Hence, the oxygen vacancy and
proton segregation energies can be considered valid. The validity of the cluster segregation energies
is, however, less clear. As the cluster formation energy is defined as the energy difference between
the cluster and the isolated point defects, our reported ΔN/>?? -' 4⦁ will depend on ΔN'˜⦁⦁ . Oxygen
¸¹

˜

sites with very negative ΔN'˜ may contribute to a positive ΔN/>??
⦁⦁

⦁
¸¹ -'˜ 4

and vice versa; hence, the

choice of which of the six possible oxygen sites to include in the cluster may affect the reported
ΔN/>?? -' 4⦁ considerably. The magnitude of such errors in the space charge modelling will, however,
¸¹

˜

be limited due to mass balance, which constrains the cluster concentration to be at most C =
10 mol%.

Space charge modelling
We will first present the results of the space charge modelling, before discussing, one at a time, how
each approximation affects the results. Finally, we provide an evaluation of the models, illuminating
the tradeoff between accuracy and model complexity.
Figure 6 shows modelled potentials and proton concentrations for both GBs, from four of the models
evaluated at 600 K. Model M1 and M2 require as input defect segregation energies from a single
atomic plane at the GB core, chosen to be plane 0 for both GBs. As seen in Figure 5a, it is not
immediately obvious where the (210) GB core plane is. Choosing plane 0 means that the lowest
proton segregation energy, -1.30 eV from plane -2, is actually omitted from the calculation,
demonstrating that the requirement of defining a GB core can be problematic. In the (111) GB using
Model M2, our calculated potential barrier was 0.57 V, somewhat larger than the barrier found by
Polfus et al. 0.54 V [7] and Yang et al. 0.52 V [8]. Our calculated potential barrier in the (210) GB using
Model M3 was 0.71 V, again somewhat larger than the literature value of 0.66 V, found by Lindman
et al. [10].
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Figure 6. Space charge modelling results calculated at T = 600 K and pH2O = 0.025 bar, showing the (a) potential for the
(210) GB; (b) potential for the (111) GB; (c) proton concentrations for the (210) GB; and (d) proton concentrations for the
(111) GB. The proton concentration at the GB core is not shown for Model M2. The distance between the data points in d)
is twice the atomic plane distance: only the even-numbered planes have oxygen sites in the (111) GB, and hence oddnumbered planes are not explicitly evaluated in the SCL modelling

From the proton concentrations, equation (24) was used to calculate the ratio between the GB and
bulk proton conductivities as functions of temperature. Figure 7 shows the conductivity ratios of all
five models in the study, in the operating temperature range. All models converge towards
Œ•Ž /ŒŽ••‘ = 1 for very high temperatures, which is expected, as the effect of the GB potential barrier
diminishes with increased thermal energy of the conducting proton.
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Figure 7. GB conductivity ratios, as a function of temperature with constant pressure pH2O = 0.025 bar. The conductivity
ratio is obtained from equation (24); all five models in the study are evaluated.

The full depletion approximation
The two models M1 and M2 differ in that M1 applies the full depletion approximation; examining
their difference will hence reveal the effect of the full depletion approximation. Figure 6a and b show
that the potential difference between M1 and M2 is negligible close to the GB core, meaning that the
full depletion approximation is very accurate in regions with high electrostatic potential. Closer to the
bulk region the difference between M1 and M2 expectedly increases, since the charge carriers are far
from being fully depleted there.
The error in the outer parts of the SCLs only has a small effect on the modelled GB conductivity,
shown in Figure 7. This is because nearly the entire GB resistance stems from the inner parts of the
SCLs. In cases where an analytical solution is preferable, M1 may thus be a good choice of model, as
it only slightly differs from M2.
The abrupt core approximation
The two models M2 and M3 differ in that M2 applies the abrupt core and continuity approximations.
The continuity approximation does not affect the potential, and only affects the proton
concentration in the innermost atomic layer, within the GB core. Examining the difference between
M2 and M3 with respect to the potential, and the proton concentration outside of the innermost
layer, will reveal the effect of the abrupt core approximation. A direct comparison between M3-C
and M3 will also reveal this effect; however, we prefer a comparison between M2 and M3, because
M2 is extensively used in the literature [7, 8].

Figure 6a shows the (210) GB potential profiles at T = 600 K, displaying several differences between
M2 and M3. Notably, the potential barrier is around 0.1 V higher in M3, primarily stemming from the
inclusion of multiple segregation energies, leading to increased accumulation of positive charge in
the core region. The higher potential leads to a stronger depletion of protons in the inner parts of the
SCLs. In the less distorted (111) GB, the difference between the modelled potentials is small, shown
in Figure 6b. This can be explained by the segregation energies (Figure 5d): in the (111) GB, only one
atomic plane exhibits negative defect segregation energies. Including defect segregation to multiple
planes will have a small effect on the charge accumulated in the GB core, and expectedly, M2 and M3
yield similar potential barriers. For the proton concentration the positive segregation energy in plane
2 plays a role, leading to a stronger depletion of protons in M3 compared to M2.
For both GBs, the proton depletion is underestimated with the abrupt core approximation. Figure 7
shows that this underestimation produces an error in the Œ•Ž /ŒŽ••‘ ratio of roughly one order of
magnitude across a wide temperature range, where we have to compare M3 and M3-C to isolate the
effect of the abrupt core approximation. Hence, the abrupt core approximation introduces large
errors in the Œ•Ž /ŒŽ••‘ ratio, even in clean GBs such as the (111) GB, where the segregation energy
landscape probably is simpler than in a real, randomly oriented GB.
The continuity approximation
The two models M2 and M3-C differ only in that M2 applies the continuity approximation. Figure 8
shows the proton concentration and potential in the (111) GB for the two models. The potential
profiles are almost identical, but there is a significant difference in the proton concentration in the
innermost atomic layer. In the model assuming continuity (M2), charge is allowed to redistribute
everywhere, including the void region very close to the GB interface (between plane 0 and plane 1).
The GB potential is largest close to the GB interface, leading to a strong depletion in this area.
Consequently, the minimum proton concentration becomes more than one order of magnitude
lower in M2 compared to M3-C.
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Figure 8. Proton concentrations and potentials from Model M2/M3-C for the (111) GB at T = 600 K.

The reduced proton concentration from the continuity approximation gives a deviation in the
conductivity ratio: Figure 7 shows that M2 has a Œ•Ž /ŒŽ••‘ ratio lower than M3-C with a factor of 5
for low temperatures. This difference stems almost entirely from contributions between the plane 0
and plane 1, and because of the large potential close to the GB interface, this narrow region 0.2 Å
wide gives a significant contribution to the modelled Œ•Ž .

Whether our reported deviation in the Œ•Ž /ŒŽ••‘ ratio is indeed an error when comparing to a real,
physical GB, is an open question. Applying the continuity approximation is clearly wrong, since it
assumes a continuous proton concentration in the void between two atomic planes; in a real crystal,
protons are located at specific sites next to oxygen atoms within an atomic plane. However, the M3C model has related problems, as it assumes a known distance between the atomic planes. While this
distance is correct for the specific (111) GB, it is probably not representative of a typical, randomly
oriented BZY grain boundary. Furthermore, the proton charge are in M3-C assigned to the position of
the atomic planes in the host lattice, but this is not correct: the proton is located roughly 1 Å away
from the oxygen atom [16], and its charge may therefore be placed up to 1 Å away from its
associated atomic plane. To advance this discussion further one would have to consider crystal
anisotropy in the GB region on the atomic scale, which is beyond the scope of this work.
When GB potentials are extracted from experimental data in literature [4, 21], they typically apply
the continuity approximation by using the resistivity ratio method, which may cause an
underestimation of the reported GB potentials. Consider our reported Œ•Ž /ŒŽ••‘ = 4.2 ⋅ 10Šº at T =
600 K in the (111) GB, for Model M3-C. Without the continuity approximation this corresponds to a
potential barrier of 0.57 V. When applying the continuity approximation, a lower potential barrier is
needed to get the same GB resistance, due to the inclusion of the highly resistive region between
plane 0 and plane 1. Specifically, the resistivity ratio method yields a potential barrier of 0.48 V for
the same Œ•Ž /ŒŽ••‘ ratio, meaning that GB potentials obtained with the resistivity ratio method may
underestimate the true potential with roughly 0.1 V.
The neglecting trapping approximation
To isolate the effect of trapping in the space charge modelling, we compare the models M3-T with
M3. Including trapping in the modelling reduces the charge in the GB core. As v ⦁⦁ and OH ⦁ associate
with acceptor doping, their bulk concentrations are significantly reduced, meaning that fewer
positive defects are available to segregate and charge the GB core. Reduced charge in the GB core
will lower the potential barrier, reducing the GB resistance. Figure 7 shows that trapping increases
the Œ•Ž /ŒŽ••‘ ratio with a factor of roughly 2.

Our starting hypothesis was that trapping would reduce the concentration of unassociated yttrium
dopants in the SCL, and thereby lowering the charge compensation per unit length and widening the
SCL. Experimentally, there is an inverse correlation between doping level and SCL width [21]. Our
modelling suggest, however, that the SCL width is largely unaffected by trapping. This is because in
the regions of high potential, oxygen vacancies and protons are depleted, pushing the equilibrium
such that the cluster concentration becomes negligible. The resulting charge compensation is similar
to the case where trapping is neglected.

⦁

The negative segregation energy of positively charged /Acc;" -v 4 clusters, present in the (210) GB,
leads to a slight increase in the GB core charge and, therefore, a slight reduction in the Œ•Ž /ŒŽ••‘
⦁

ratio. Since the maximum concentration of /Acc;" -v 4 is restricted to 10 mol%, this effect is modest.

Overall model evaluation
In this work, we have shown that the choice of model affects the Œ•Ž /ŒŽ••‘ ratio substantially. There
is a trade-off between model complexity and accuracy. The simplest and very commonly used models
(M1 and M2) yield Œ•Ž /ŒŽ••‘ ratios up to one order of magnitude higher than the more complex
models (M3 and M3-T), serving as a strong argument for applying complex models. In particular the
abrupt core approximation, used in M1 and M2, give large errors. It is further hard to justify the
abrupt core approximation from a physical viewpoint. Hence, we will argue that using M3 or M3-T is
strictly necessary for modelling the GB conductivity somewhat accurately.

For other properties than the GB conductivity, simpler models may in some cases have utility. Figure
9 shows, as a function of temperature, the potential barrier and the full width at half maximum
(FWHM) of the potential profiles for the models used in this study. In the (111) GB, the potential
barriers are similar for all models, mainly because segregation only occurred in a single atomic plane
for that GB. As segregation to multiple atomic planes becomes important in the (210) GB, the simpler
models underestimate the potential barriers across a wide temperature range. A precise description
of the FWHM is important when comparing the modelling with experimental data, because the GB
width is related to the GB capacitance. The various approximations do not affect FWHM substantially.

FWHM / nm
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Figure 9. (a) and (b): Potential barrier as a function of temperature for the various models, in the (210) and (111) GB,
respectively. Note that the scales on the vertical axes differ. (c) and (d): FWHM of the potential profile as a function of
temperature for the various models, in the (210) and (111) GB, respectively.

Although the M3 and M3-T models are our best choice at present moment, they still exhibit serious
limitations that will have to be solved to obtain a correct model of the GB conductivity. Notably,
defect-defect interactions between protons and/or vacancies will likely play an important role when
the segregation is strong in multiple neighboring atomic planes. A part of this effect is included: when
a proton is placed in one plane, it will through Poisson’s equation contribute with increased potential

and hence have a repelling effect on protons in the neighboring plane. However, a proton in the
structure will also distort the surrounding lattice, changing the probability of a second proton
segregating to any neighboring atomic plane. This latter effect is not included in the models.
Another clear problem is the assumption of constant mobility through the GB core. A simple
qualitative consideration can easily prove that this assumption is wrong. The entire space charge
model relies upon segregation of positive charge carriers to the GB core. These positive charge
carriers are located at energetically favorable sites. For electrical conductance, the charge carriers
will have to jump out of these sites, upwards in the energy landscape, inevitably leading to a reduced
mobility. Quantitatively, nudged elastic band calculations by Yang et al. suggest that the reduced
proton mobility has a significant effect on the GB conductivity [8]. These calculations are, however,
problematic, as they first assume ~99.9% of the protons in the GB core to be fully immobile, and then
assign the remaining ~0.1% of the protons with greatly reduced mobility, hence accounting for
reduced mobility twice in the calculations.
A final problem with the models is that the GBs studied with DFT are only from small supercells due
to computational limitations, and not necessarily representative. Most of the BZY grain boundaries
are found to be randomly oriented [2], and likely to be more distorted than the GBs that are possible
to study with DFT. Hence, one has to be cautious when developing a GB conductivity model based on
a limited set of DFT results.

Conclusions
Space charge modelling was performed to calculate the conductivity ratio of two different yttriumdoped BaZrO3 GBs, studying the validity of four commonly used approximations:
1. The abrupt core approximation greatly underestimates the GB resistance by only considering
defect segregation to a single rather than multiple atomic planes. This leads to an error of
around one order of magnitude in the modelled Œ•Ž /ŒŽ••‘ ratio at T = 600K, for both studied
GBs.
2. The full depletion approximation has a small effect both on the potential barrier height and
the Œ•Ž /ŒŽ••‘ ratio, and may be a good choice in cases where an analytical solution of
Poisson’s equation is preferable.
3. Allowing protons to redistribute continuously in the void between atomic layers gives a
deviation in the Œ•Ž /ŒŽ••‘ ratio up to a factor of 5, compared to a discrete model where
protons only can be located at atomic planes. Also, the use of the continuity approximation
may lead to an underestimation of the GB potentials reported in literature with about 0.1 V.
4. Including trapping in the modelling reduces the GB core charge, increasing the Œ•Ž /ŒŽ••‘
ratio of a factor of 2. Trapping does not have a significant effect on the SCL width.
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Abstract
Although the space charge model is commonly used to explain the high grain boundary resistance in
proton conducting yttrium-substituted BaZrO3, it fails to fit experimental data with respect to the
characteristic frequency of the grain boundary impedance: we show that the space charge model
exhibits an error of a factor 10-40 in the characteristic frequency. We suggest modifications to the
space charge model, somewhat improving its fit. Including trapping effects of protons near yttrium
substitutes reduces the error with a factor of 1.0-1.6. Increasing the width of the grain boundary core
reduces the error with a factor of 1.5-3. Discretizing the space charge layer, such that protons only
can be located on specific, discrete locations, reduces the error with a factor of around 2.
Considering reduced proton mobility in the GB by reducing its effective area may give a reduction in
the fitting error of a factor of 2. Neither each single modification, nor their combined effect, can,
however, account for most of the discrepancy between the simple space charge model and
experimental data.

1. Introduction
Impedance spectroscopy consistently shows that proton conducting yttrium-substituted BaZrO3 (BZY)
grain boundaries (GBs) exhibit a higher resistance than the bulk region [1-7]. As no secondary phases
are observed at the GBs, the high resistance is commonly attributed to an intrinsic space charge
effect: positively charged defects segregate to the GB core, leading to a depletion of positive charge
carriers in space charge layers (SCLs) adjacent to the core. This is in line with the results and
conclusions also for many other ceramic proton conductors, like alkaline-earth substituted LaNbO4
[8], and a wide range of oxide ion conductors [9-11].
The space charge model successfully predicts several electrical properties on the macroscopic scale.
Notably, the ratio between the GB and bulk conductivity ( / ) decreases with increasing
temperature. Such GB conductivity would be characteristic of a space charge layer, where the charge
carrier depletion becomes less prominent at higher temperatures. While this temperature
dependence may be a result of reduced mobility in the GB core, two experimental observations point
in the direction that space charge contribution indeed is dominant. First, there is an inverse
correlation between yttrium concentration and the SCL width [2]. According to the space charge
model, higher yttrium concentration yields increased charge compensation per unit length in the SCL,
meaning that a narrower SCL is sufficient to compensate a specific GB core charge. Second,
impedance spectroscopy results show an inverse correlation between applied bias and GB
capacitance [3, 7]. Such behavior agrees with a space charge description, and is difficult to explain if
reduced mobility was the cause of the increased GB resistance: then the GB capacitance should have
remained largely unchanged under applied bias [7]. Computationally, density functional theory
calculations consistently show segregation of positive charge to the GB core [12-16]. Hence, there

are strong arguments for SCLs being responsible for the majority of the increased GB resistance in
BZY. If this is the case, it should in principle be possible to model the aggregated GB impedance with
a bottom-up approach by summation of the impedances from individual SCLs.
In this work, we show that the characteristic frequency of the impedance predicted by the space
charge model fails to fit experimental data, with a mismatch larger than one order of magnitude.
Thereafter, we discuss modifications in the space charge model that may improve the fit. Specifically,
we consider the effect of 1) proton trapping next to the yttrium dopant; 2) discretized SCL
concentration profiles; 3) varying width of the GB core; 4) reduced mobility of the GB core; and 5)
varying dielectric constant in the SCL.

2. Theoretical background
2.1 Derivation of the basic space charge model
We will now derive what we hereafter refer to as the basic space charge model. For simplicity, we
assume protons to be the dominant charge carrier BZY throughout the paper, although in reality,
oxygen vacancies also contribute to the conductivity for higher temperatures and/or low water vapor
partial pressures [17]. Furthermore, we assume constant proton mobility in the GB region. With
these two assumptions, the resistivity becomes inversely proportional to the proton concentration.
Figure 1 shows the three distinct regions considered in the basic space charge model. Due to
structural distortions, point defects such as protons may be energetically more stable at the GB core,
leading to defect segregation and, consequently, charge accumulation, at the core. While the GB
core thereby necessarily acts as a trap for the excess protons, it can be expected to exhibit negligible
resistance due to its overall high proton concentration and narrow width. To preserve the global
charge neutrality of the material, the positive core is charge compensated by the depletion of
protons in negatively charged SCLs adjacent to the core. The low proton concentrations gives a high
, in the SCL. The bulk
effective resistivity ( ), defined as the average of the local resistivity,
region outside of the SCLs is charge neutral with a high, constant proton concentration, yielding a
constant low resistivity .

Figure 1. Schematic of the GB region, with a positive GB core charge compensated by two adjacent SCLs.

The first step in the derivation is to find an expression for
in the SCL. Figure 2 shows the
relations between the quantities in the SCL model for a positively charged GB core. By assuming
electrochemical equilibrium in the GB region, the local resistivity ratio in the SCL can be taken as [2]

=

= exp

Δ

=−

Δ

,

where Δ
≡
−
is the electrostatic potential relative to the bulk potential, the bulk
the SCL proton concentration, the elementary charge, and
the
proton concentration,
thermal energy. An expression for Δ
can be found by solving Poisson’s equation. The onedimensional Poisson’s equation in the SCL is
,

(1)

(2)

where
is the charge density in the SCL. Assuming constant yttrium concentration in the GB
region (Mott-Schottky approximation) and that the SCL is fully depleted of protons yields
=
−
!≈ c .
With a constant charge in the SCL, Poisson’s equation can be solved analytically. Applying the
boundary conditions Δ $∗ = Δ $∗ = 0 gives its solution for 0 ≤ ≤ $∗ [1],
Δ

with SCL length
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From the above equations, we observe that the local resistivity
in the SCL is a function of the
potential at the GB core, Δ 0 . To determine Δ 0 , we assume that the entire GB resistance
stems only from SCLs. Furthermore, we assume that all GBs in the material have equal resistance.
With these assumptions, the basic space charge model can be fitted to the experimental data in two
different ways.
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Figure 2. The relations between the potential, the local resistivity and the effective resistivity in the SCL layer region.
0 = 1∗ marks the edge of the SCL region. To obtain the above plot, equation (1) is solved, with 23 4 = 4. 5 7,
8 = 9:; <, => = 5? and 20 mol% yttrium substitution.

2.2 Fitting impedance data based on intrinsic or geometric parameters
The high GB resistance of BZY depends on both intrinsic and geometric parameters, both of which
can be extracted from impedance spectroscopy measurements. The characteristic frequency
describes the intrinsic electrical properties of a material, and it can be determined from the peak
frequency of a Nyquist plot. The ratio between the GB and bulk characteristic frequency is

@A,
B C
=
=
=
,
(6)
@A,
B C
where R is the resistance, C the capacitance, the dielectric constant. In the last step, we assume
constant permittivity in the entire GB region. The relevant geometric parameters appear in the
expression for the GB resistance,

D
J,
(7)
E FGHI
where D is the width of the GB region, E FGHI the average grain size and J the sample thickness.
Here and throughout the paper the area of the sample and electrodes is set to unity for simplicity. An
acceptable model describing the electrical response of a GB should satisfy both (6) and (7)
simultaneously.
B

=

To fit the experimental data to the basic space charge model, our first option is to fit with respect to
intrinsic experimental parameters. The left hand side of equation (6), @A, ,KLMN /@A, ,KLMN , is found

experimentally, where expt denotes experimental parameter. To fit the basic space charge model to
intrinsic parameters, we substitute the resistivity expression on the right hand side of equation (6)
with the resistivity expression from the basic space charge model (equation (1)), yielding
@A,
where we have used

=
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d . The above equation can be solved numerically by

approximating the integral to Riemann sums; its solution gives the modelled potential profile Δ
in the SCL. With Δ
known, the local SCL resistivity
can be found from equation (1). This
method is sometimes referred to as the resistivity ratio method [18], used extensively in literature to
extract GB potentials [1-3, 10, 11]. As we will see, this method matches the experimental value of
B somewhat accurately with an error of a factor of 2-3, but fails by more than one order of
magnitude on @A, . The second option is to fit the data to geometric parameters. First, the left hand
side of equation (7), B ,KLMN , is found experimentally. To fit the basic space charge model to
geometric parameters, we insert the resistivity expression from the basic space charge model
(equation (1)) into the right hand side of equation (7), yielding
B

,KLMN

2
=
E

J

FGHI

S∗

⋅ P exp
A

Δ

d ,

(9)

where the factor 2 is included to account for SCLs on both sides of the GB core. It is solved similarly
as equation (8), yielding Δ
and, subsequently,
, in the SCL. To our knowledge, this method
of extracting the GB potential has not been commonly used in the literature. Equations (8) and (9) do

not necessarily give the same, or even similar, potential profiles. As we will see, the subjective choice
of fitting to either intrinsic or geometric parameters may greatly affect the modelled impedance.
Using
obtained either from equation (8) or (9), the modelled impedance from a single space
charge layer can be found as [19]
Y

S∗

=P
A

d .

1 + [@

(10)

The above equation can be solved numerically by approximating the integral to Riemann sums. There
are disagreements in literature whether it is possible to calculate the SCL impedance from a
continuous resistivity function, as done in equation (10). Our justification is based on experimental
data, laid out in Supplementary Information A.

3. Disagreement between experimental data and the space charge model
3.1 Impedance comparison at a fixed temperature
First, we compare the modelled and the experimental impedance at a fixed temperature. The
experimental data was obtained from an impedance spectroscopy measurement on a BZY15 sample,
acquired at T = 423 K. Figure 3a shows a Nyquist plot (−Y′′ vs Y′), comparing the experimental data
(subscript expt) with the basic space charge model (subscript basic). A fit with a constant phase
element [20] (also shown) has been used to set B ,KLMN , and geometric parameters (equation (9))
have been used to find
. At first glance, the basic space charge model seems to fit experimental
data fairly well, as both datasets yield similar, depressed semicircles. However, the frequency
dependence of the modelled impedance (Figure 3b) is off by more than one order of magnitude
compared to the experimental data. Hence, the basic space charge model does not reproduce the
experimental impedance at this temperature.
Experimental data
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Figure 3. Impedance spectroscopy results from the BZY15 sample at T = 423 K, comparing the basic space charge model
with experimental results in a (a) Nyquist (-Z'' vs Z') plot, and (b) -Z'' vs ] plot.

3.2 Characteristic frequency comparison as a function of temperature
Figure 4a compares the basic space charge model with experimental data as a function of
temperature, where the fitting error @A, , G^H_ /@A, ,KLMN is plotted. Here, we compare the basic

space charge model with our own as well as literature experimental data; an overview of the data is

given in Table 1. Both cases where the model is fitted to intrinsic and geometric experimental
parameters are shown in the figure.
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Figure 4. Space charge model performance as a function of temperature and doping concentration for (a) ]4,`a,abcde /
]4,`a,fghi ratio using intrinsic and geometric parameters, and (b) j`a,abcde /j`a,fghi ratio using intrinsic parameters.

Details about the samples are given in Table 1. The code used for the modelling is provided at GitHub:
https://github.uio.no/tarjeibo/bondevik-phd-thesis

Table 1. Details about the samples used in the modelling. The sample name refers to the amount of yttrium doping in
mol%.

Sample
BZY5
BZY8
BZY20
BZY15

k`lbdm nopq

=

66
85
58
60

0.24
0.09
0.40
N/A

r`a nmpq
12.4
8.5
4.9
N/A

When the SCL model is fitted to intrinsic data by equation (8), @A,
roughly 10-15. The value for @A,

, G^H_

, G^H_

Reference
Chen et al. [2]
Chen et al. [2]
Chen et al. [2]
This work
is too low by a factor of

was determined according to the following steps. First,

Δ 0 , was obtained by fitting the basic space charge model to intrinsic parameters using equation
(8). Second,
was obtained by inserting Δ 0 into the expression for the local resistivity in
equation (1). Third,
was inserted into the expression for the modelled impedance in equation
(10); the impedance was modelled and the characteristic frequency extracted for comparison with
the experimental value.
The large error in the @A,

, G^H_ /@A,

,KLMN

ratio can be understood from the effective resistivity

.

The local resistivity
is very different than
in most of the space charge region (Figure 2), with
a high contribution from the innermost atomic layers. Noting that @A ~1/ , we should expect a low
@A, , G^H_, due to the dominance of the highly resistive inner layers. Hence, fitting the effective

resistivity

to the basic space charge model by equation (8) will inevitably give a large error in the

characteristic frequency.

Figure 4b shows that the modelled GB resistance, B

, G^H_ ,

is a factor of 2-3 lower than the

experimental value, when fitting to intrinsic parameters. This error was calculated from two steps.
First, the effective resistivity
was obtained using equation (8). Second,
was inserted into
equation (7), and the modelled GB resistance was extracted for comparison with the experimental
value.
Fitting to intrinsic experimental parameters gives significant errors in the basic space charge model,
both in the @A, , G^H_ /@A, ,KLMN and B , G^H_ /B ,KLMN ratios. The discrepancy holds for different
doping levels and across a wide temperature range.

Another option is to rather fit the basic space charge model to geometric parameters using equation
(9). In that case it is possible to model B , G^H_ accurately, simply by adjusting Δ 0 until the right

hand side of equation (9) equals B

error in @A,

, G^H_ .

,KLMN .

While this removes the error in B

, G^H_ ,

it increases the

Figure 4a shows errors of factors 20-40 when geometric parameters are used for

the fitting. These errors are calculated in the same way as with the fit to intrinsic parameters, except
that the
used to model the impedance was obtained from equation (9).

Hence, fitting to either intrinsic or geometric parameters will both give space charge models that
poorly fit experimental data. In the following section, we discuss how the poor fit can be explained
by limitations in the space charge model.
In the literature, fitting the model to intrinsic parameters with equation (8) is the common choice; in
this work from now on, we will rather fit the model to geometric parameters through equation (9),
for two reasons. First, getting a correct B , G^H_ is then trivial, leaving @A, , G^H_ as the single fitting

parameter. Second, one avoids using the somewhat arbitrarily defined effective resistivity. In the SCL,
varies with typically five orders of magnitude, so using the average
for impedance
calculations is questionable. By instead fitting experimental data to geometric parameters, this
problem is bypassed.

4. Possible explanations for the disagreement
The space charge model presented until this point contains several simplifications and does not take
into account several phenomena which may affect the GB impedance. We will now increase the
complexity in the model by introducing plausible effects occurring at the GB, and study if we can
obtain a better fit to the experimental data.
4.1 Proton trapping
Both experimental work [21] and our DFT calculations suggest that it is energetically favorable for
protons to associate next to yttrium. This trapping mechanism can be described by the reaction (in
Kröger-Vink notation)
Ou -YxF + OHu⦁ ↔ YxF -OHu
with corresponding equilibrium constant

L

+ OLu ,

(11)

|

=

6
where Δ•N is the cluster binding energy, and
}__-

-

u

,

= exp −Δ•N /
-

and

u

,

are the bulk concentrations of

unassociated yttrium, yttrium-proton clusters and oxide ions, respectively. The above bulk
concentrations are found by imposing charge neutrality, = , and mass balance, € =

where D is the doping level.

(12)

+

-

By considering cluster formation, the concentration of unassociated yttrium in bulk is reduced. This
can in principle affect the modelled SCL impedance, as the charge density in the SCL becomes lower
with lower . With lower charge density, one would expect a wider SCL to compensate a given
positive core charge. Most of this effect, however, vanishes due to the positive GB potential. With a
positive potential, protons are strongly depleted, shifting the equilibrium (11) to the left hand side.
Figure 5 compares the basic space charge model with two cases where trapping is considered, with
cluster binding energies Δ•N = −0.14 eV , found from our DFT calculations, and Δ•N = −0.30 eV,
found experimentally by Yamazaki et al. [21]. The comparison is done by fitting the models to
experimental data from the BZY20 sample, at = 423 K. When considering trapping, the charge
density is not constant in the SCL, meaning that Poisson’s equation can no longer be solved
analytically. Poisson’s equation is solved numerically as a first order system of ordinary differential
equations (ODEs), applying the two boundary conditions Δ 0 = ΦA and Δ ∞ = 0, where ΦA is
the guess of the GB core potential. ΦA is updated iteratively until convergence is reached, when the
modelled and experimental GB resistances are equal. At each ΦA , an additional iterative loop is
needed to calculate , and Δ
as they depend on each other; usually five iterations is
sufficient to achieve convergence of this additional loop. The trapping model is denoted trap, and
basic* denotes a slightly modified basic space charge model, solved as a system of ODEs with varying
proton concentration in the SCL. This modification is done to enable valid comparison with the
trapping model, and has a small effect on the modelled characteristic frequency (@A, , G^H_∗ /
@A, , G^H_ = 1.05).

,

a

b

ω0,gb,basic*

ω0,gb,trap

ω0,gb,trap

1.0
10-1
10-2

-Z'' / arbitrary units

Concentration / per formula unit

100

ω0,gb,trap / ω0,gb,basic = 1.04
*

10-3

ω0,gb,trap / ω0,gb,basic = 1.60
*

10-4

∆Et = -0.14 eV

∆Et = -0.30 eV

cH(x) / cH

cH(x) / cH

cH(x) / cH

cY(x)

cY(x)

cY(x)

No trapping

10-5
0

1

2

3

x / nm

4

0.5
No trapping
∆Et = -0.14 eV
∆Et = -0.30 eV

5

0.0

104

105

106

ω / s-1

Figure 5. The effect of trapping on found by fitting the model against experimental data from the BZY20 sample at
8 = 9:; <, showing (a) proton and unassociated yttrium doping concentration as a function of cluster binding energy
and distance from the GB core, and (b) the imaginary impedance as a function of cluster binding energy and frequency.

Even though the bulk concentration of unassociated yttrium varies substantially as a function of
cluster binding energy, they all approach the doping level of 20 mol% in the inner parts SCL.
Consequently, the proton concentrations in the inner parts of the SCLs are similar, and the modelled
characteristic frequency remains largely unchanged. Using the computational binding energy
Δ•ˆ = −0.14 eV yields
‰Š,‹Œ,•Ž••

‰Š,‹Œ,Œ•‘’“∗

‰Š,‹Œ,•Ž••

‰Š,‹Œ,Œ•‘’“∗

= 1.04, and the experimental value Δ•ˆ = −0.30 eV yields

= 1.60. Hence, considering trapping only slightly affects the modelled characteristic

frequency. It gives a minor improvement by shifting the model somewhat closer to the experimental
data, but not nearly enough to explain the discrepancy of factors 20-30 for the BZY20 sample.

4.2 Discretization of the space charge layer
In the basic space charge model, a potential profile is determined, and the proton concentration is
evaluated as a continuous functional and infinitely close to the GB core. In a real material, protons
are located at specific sites, and considering the proton concentration infinitely close to the GB core
may become meaningless. Here, we discretize the SCL, such that the protons are only allowed to be
located a specific distances ” ⋅ E from the GB core, where E is the distance between the proton sites,
S∗

and ” ∈ –1, 2, … , nint ( › *œ, with nint

being a function returning the nearest integer to x. In such

a model, the integral calculating the impedance in equation (10) is replaced by a sum with n
elements. To determine a plausible value for d, we note that the proton jump distance between
oxygen sites in BZY is roughly 1.6 Å = 0.38ŸA ≈ ŸA /3. Hence, a reasonable value for d should be
around ŸA /3, or perhaps slightly lower, as the proton may jump in directions not perpendicular to
the GB core plane.
By discretizing the SCL, the highly resistive region closest to the GB core in the continuous model is
omitted from the calculation of the resistance. Thus, a larger Δ
is needed to satisfy our

convergence criteria in equation (9) requiring the modelled and experimental resistances to be equal.
Figure 6 shows the potential and the proton concentration when discretizing the SCL using E = ŸA /3,
where discrete denotes discrete space charge model. The concentrations are obtained by fitting the
models to experimental data from the BZY20 sample, at = 423 K. The larger potential in the
discretized model yields a lower proton concentration in the SCL. However, the minimum proton
concentration at the innermost layer is 1.5 ⋅ 10V per formula unit, roughly a factor of 4 larger than
/
¡

the minimum proton concentration in the basic space charge model. Since @A ~ ~

, we expect

the discretized model to give a larger characteristic frequency than the basic space charge model.
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Figure 6. The effect of discretizing the SCL, where k = ¢4 /; have been used to fit the models to experimental data from
the BZY20 sample at T=423 K, showing (a) the potential and proton concentrations in the SCL, and (b) the imaginary
impedance as a function of frequency.

Figure 7 compares the characteristic frequency of the discretized model with the basic space charge
model as a function of temperature, for various plausible values of d. The comparison is done by
fitting the models to experimental data from the BZY20 sample. For E = ŸA /3, the @A, ,£H^_FKNK /
@A, , G^H_ ratio is around 2; for smaller d values, however, the effect of discretization is vanishingly
small. Discretization also gives increased GB potentials, where the increase becomes larger for larger
values of d. Although discretization does bring the model closer to experimental values, the effect is
modest, and not nearly enough to explain the discrepancy of factors 20-30.
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Figure 7. The effect of the discretized model on the characteristic frequency (a) and the GB core potential (b) as a
function of temperature, where the data was obtained by fitting the models to the BZY20 sample.

4.3 Widening the GB core
In the basic space charge model, the GB core and the SCL have been treated separately: the GB core
is simply defined as a very thin, positively charged area, and the SCL reaches infinitely close to the
core, with bulk structural properties all the way up to the core. In reality the interface may not be as
abrupt, and the transition between bulk and core should most probably be more gradual. Our DFT
calculated proton segregation energies in the (210)[001] grain boundary suggest that protons
segregate towards multiple atomic planes in the GB region (see Figure 8a), with a range of different
segregation energies. This means that a segregation region wider than a single atomic plane, with
varying segregation energy, should be considered in a space charge model. In this section, we will
show how widening the GB core by applying different segregation energy functions affects the
modelled characteristic frequency.

Segregation energies
Gaussian Fit A (SD = σA)
Gaussian Fit B (SD = 2σA)
Gaussian Fit C (SD = 3σA)
Basic model fitted to Gaussian Fit C
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Figure 8. Part (a) shows DFT calculated segregation energies, with three segregation energy functions, where SD in the
legend indicates different standard deviations for the Gaussian functions. Part (b) and (c) shows the potential and proton
concentration, respectively, for the different segregation energy functions, acquired at T = 423 K.

Our approach is to fit the segregation energy profile given in Figure 8a as a Gaussian function with
the Python scipy library [22]. This function, labelled Gaussian Fit A, can be written

− ¤} +
(13)
R.
2 }+
To study the GB width as a parameter, we introduce two additional Gaussian functions to represent
the segregation energy. Gaussian Fit B has standard deviation
= 2 } , expectation value ¤ = ¤} ,
with Ÿ set to satisfy
Δ•^K

P exp Q−

V

= Ÿ} exp Q−

,}

Δ•^K

,

R d = P exp Q−
V

Δ•^K

,}

Rd .

(14)

Gaussian Fit C has standard deviation ¥ = 3 } , fitted to the same constraints as Fit B. All three
functions are shown together with the segregation energy profile in Figure 8a.
To assess the effect of the GB width, we applied the above segregation energy functions in a space
charge model hereafter referred to as the Gaussian space charge model. The fitted segregation
energy profiles were used to numerically solve Poisson’s equation with the Jacobi method with the
charge density
=

−

}

=

,

⋅ exp Q−

Δ•^K

+Δ

R−

}

(15)

used throughout the entire GB region. Hence, the artificial distinction between core and SCL is no
longer applied. Using the boundary conditions Δ −∞ = Δ −∞ = 0, equation (2) and (15) can
be solved iteratively until convergence is reached when the system is charge neutral.
Figure 8b shows the resulting potential profile from the three different segregation energy functions,
modelled at = 423 K. Larger standard deviation in the segregation energy function gives a wider
potential profile, although the difference between Gaussian Fit B and C is small. More interestingly,
Figure 8c shows the concentration of protons throughout the GB region. Gaussian Fit A has a small
spread in the segregation energies. This gives a narrow charge profile, with the positively charged GB
core being less than 0.2 nm wide, and a strongly depleted region next to the GB core. Gaussian Fit C
on the other hand has a wider segregation energy profile, yielding a wider but less depleted SCL.
To assess the effect of the three segregation energy profiles, we modelled the characteristic
frequency, @A, ,¦H£K, where subscript wide denotes the Gaussian space charge model. The Gaussian
space charge model was compared with the basic space charge model, where Δ
was found by
demanding equal GB resistances in the two compared models, satisfying the condition
P

V

,

S∗

d = 2 ⋅ P exp Q
A

Δ

Rd ,

(16)

where the left and right hand sides represent B ,¦H£K and B , G^H_, respectively. The resulting
@A, ,¦H£K /@A, , G^H_ ratio is in the range of 1.5-3, shown in Figure 9, implying that the Gaussian
space charge model improves the fit with experimental data. Furthermore, the match with
experimental data improves with increasing width of the segregation energy function. Still,
@A, ,¦H£K /@A, , G^H_ is fairly close to unity: widening the GB core brings the space charge model in
the right direction, but is still far from explaining the discrepancy with experimental data.
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Figure 9. Comparing the Gaussian space charge model with the basic space charge model, showing (a) GB characteristic
frequencies, and (b) the imaginary impedance as a function of frequency, at T=423 K.

Although considering a wider GB core probably more closely resembles the physical reality of a GB, it
has several disadvantages. First, applying a Gaussian fit to the segregation energies requires – in the
case of Fit B and C – subjective user-input in setting the standard deviation parameter. Second, the

model complexity is severely increased, limiting its availability. The simplicity of the basic space
charge model is one of its great advantages, and a reason for its wide use.
Importantly, the widening of the GB core and the discretization of the SCL are not fully independent
modifications. In both cases, the most strongly depleted region are omitted from the resistance
calculations, and their effect on @A, are expectedly similar. Hence, if applied simultaneously, their
combined effect on @A, is not the product of each individual effect.
4.4 Reduced GB core mobility
Up to this point we have neglected any impedance contribution from GB core. With the assumption
of constant proton mobility ¤ in the entire GB region, the impedance in the GB core becomes
negligible. This is seen from the expression for proton resistivity,

1
(17)
,
¤
where is very large in the GB core, leading to a negligible GB core impedance. When looking more
closely, however, assuming constant mobility in the GB region is a somewhat crude assumption.
=

The GB core is by definition a reduction in crystal symmetry, shown experimentally to be an
important parameter for proton mobility in perovskites [17]. Furthermore, several computational
studies show that structural distortions give significantly reduced proton mobility across the BaZrO3
GB core [15, 16]. The open question is whether the reduced mobility at the GB core is visible in an
impedance spectroscopy measurement. Even a very low GB mobility can be compensated by a large
proton concentration or a very thin GB core, and hence have negligible contribution to the measured
impedance.
In its simplest way, the reduced mobility can be described by splitting the GB into a conducting part
with bulk mobility, and a blocking part with zero mobility. Letting §K¨¨, be the area of the
conducting part, and § the total GB area, equation (9) can, for this modification, be updated to
B

,KLMN

2
=
E

J

FGHI

S∗

⋅ P exp
A

Δ

d ⋅

§

§K¨¨,

.

(18)

A low conducting GB area §K¨¨, constraints the current and increases the GB resistance for a given
resistivity. This means that a lower potential barrier Δ 0 is needed to fit the experimental data,
reducing the resistivity (and thus keeping the resistance constant). Figure 10a shows ωA, ,GFKG /
ωA, , G^H_ and Δ 0 GFKG as a function of §K¨¨, /§, where subscript area denotes the basic space
charge model with reduced effective area. As the area with zero mobility increases, ωA, ,GFKG
approaches the experimentally measured value; at §K¨¨, /§ = 0.5, the error in the basic space
charge model is reduced with a factor of 2. The exact value of §K¨¨, /§ remains an open question. In
order to match the experimental data, however, §K¨¨, /§ has to be less than 0.05, which seems
unreasonably low.
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Figure 10. The effect of (a) reduced proton mobility, and (b) varying dielectric constant, on the modelled characteristic
frequency and GB potential, on the BZY20 sample at T = 423 K.

4.5 Dielectric constant
Strong lattice distortions close to the GB core is a good argument for questioning the usual
= ª«¬ . Figure 10b shows ωA, ,£HK«K_NFH_ /ωA, G^H_ as a function of dielectric
assumption of
constant in the GB region, where subscript dielectric refers to this model, where the dielectric
constant in the space charge layer,
, is varied relative to its bulk value. Even with significant
changes in
, the modelled ωA, ,£HK«K_NFH_ remains largely unchanged, far from the experimental
value. Hence, any deviation from the
= ª«¬ assumption is not expected to explain much of the
discrepancy between the basic space charge model and experimental data.

Summary and conclusions
There is a large disagreement between the basic space charge model and experimental data.
Specifically, the characteristic frequency of the basic space charge model deviates from experimental
data with a factor of 10–40, due to the dominant contributions from the highly resistive innermost
atomic layers closest to the GB core. This implies that the basic space charge model is not able to
correctly describe the impedance of a GB.
Even when we introduce additional free parameters and conduct a targeted effort to improve the fit
of the space charge model, we end up with only minor improvements. Including proton trapping
reduces the fitting error of @A, by a factor of 1-1.6. The effect of trapping is modest because the

cluster concentration is low in the SCL. Widening the GB core reduces the fitting error of @A, by a
factor of 1.5-3. Discretizing the SCL by only allowing the protons to be located at specific sites
reduces the fitting error of @A, by a factor of around 2. Considering lower GB core mobility by
reducing the effective area of the GB, reduces the fitting error of @A, by a factor of around 2 if
AK¨¨, /A = 0.5. Finally, setting
≠ ª«¬ has a negligible effect on the modelled @A, . By
combining our independent modifications we arrive at a maximum improvement of a factor of
roughly 10, meaning that the majority of the initial discrepancy is unexplained. We propose three

possible outcomes. One or several of the assumptions in the basic space charge model are wrong and
the present results are hence not valid; there exist physically justifiable modifications of the basic
space charge model that aligns the model with experimental data, but we have not found them; or
the basic space charge model does not accurately describe GB impedance at the level of individual
GBs.

Methodology
The BZY15 sample was commercially produced by NORECS (Oslo, Norway), sintered with the SSRS
method with 1 wt% NiO. The sample diameter was 20 mm, with an electrode diameter of 10 mm and
a sample thickness 1.0 mm. For the impedance spectroscopy measurements we applied a frequency
range 0.1 Hz to 5 MHz in wet inert atmosphere, using a ProboStat sample holder cell produced by
NORECS.
The DFT calculations were performed with the VASP code [23, 24], employing the generalized
gradient approximation (GGA-PBE) [25] and projected augmented wave method (PAW) [26]
potentials. The calculations on the (210)[001] GB supercell, with dimensions
√5ŸA × 2ŸA × 4√5ŸA , were performed in two steps. First, a defect free GB supercell was relaxed with
no volume constraints. Second, protons were introduced to the relaxed supercell, and the energy
was minimized under constant volume conditions. The plane wave cut-off energy was 600 eV for
volume relaxations and 470 eV for constant volume calculations, and the ionic relaxations was
considered to be converged when the residual forces were smaller than 0.03 eV ÅV/. For the proton
calculations, a homogeneous background charge with opposite sign was added to retain charge
neutrality. We applied k-point densities of 3 × 3 × 1 according to the Monkhorst-Pack scheme. To
find the cluster binding energy, Δ•N , a bulk 5 × 5 × 5 cubic supercell was used with defects far
apart in the same cell, with a gamma centered k-point density of 1 × 1 × 1.
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Supplementary Information A
Here we will justify our use of the equivalent circuit shown in Figure 1a in the SCL. With a varying SCL
resistivity given as
exp

Δ

,

(1)

it is fruitful to split the SCL into n layers of width Δ , where the area specific resistance for each layer
is
Δ

(2)

where is the average resistivity in the i'th layer. Assuming constant dielectric function throughout
the grain boundary region, the capacitance for each layer is
(3)
.
Δ
When applying an equivalent circuit for the space charge layer impedance, we arrive at a point with
disagreements in literature. One option, done in [1, 2], is to represent each layer as a RC term, as
shown in Figure 1a. This equivalent circuit will be referred to as Circuit A. Letting the layer width Δ
become infinitesimal, the total grain boundary impedance can be taken as

,

-∗

Δ
⋅ lim &
"#→%
1 ( )*

⋅+
%

1 ( )*

d ,

(4)

where m is the number of grain boundaries, and the subscript a refers to Circuit A.

Figure 1. Different equivalent circuits to describe the space charge layer, showing (a) Circuit A and (b) Circuit B.

Alternatively, as pointed out by Jamnik [3], chemical capacitance may block the connection between
the carrier rail and the displacement rail, resulting in an equivalent circuit shown in Figure 1b –
hereafter referred to as Circuit B. The space charge layer impedance in this case is
̅ 0∗
(5)
,
1 ( )* ̅
where ̅ is the mean resistivity in the space charge layer. The real part of the above impedance is
,

1

,

̅ 0∗
1 ( *2
̅

.

(6)

Both

,

,
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are found by ensuring that the models satisfy the experimental

,
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,

,89:;.

345
36

ratio, as well

We will now follow the procedure laid out by Young [2] to select the appropriate equivalent circuit
for the space charge layer impedance, by comparing the frequency dependence of the models to
experimental data. Specifically, we are interested in the *-dependency of 1/ ′. Equation (6) reveals
that if Circuit B is correct, the experimental 1/ ′ data should have a *2 frequency dependency.
We used our experimental data acquired at 250 °C, because the grain boundary semicircle was
particularly clear at this temperature, shown in the Nyquist plot in Figure 2a. In the frequency range
3.2 ⋅ 10A sDE < * < 9.1 ⋅ 10H sDE, the grain boundary semicircle was the dominant part of the
Nyquist plot.
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Figure 2. (a): Nyquist plot of BZY-15 sample, in wet conditions. Two angular frequencies are indicated, showing the region
where the grain boundary contribution of the semicircle dominates. For frequencies lower than I J. K ⋅ LMJ N DL , the
electrode contribution becomes significant. (b) OPQ L/R′ vs OPQ I plot, with the dominant grain boundary region being
between the dashed, vertical lines. The slope of each profile is indicated next to graph.

Figure 2b shows log 1/ ′ as a function of log * for the experimental data and both modelled circuits.
The two vertical lines in the figure mark the frequency range where the impedance is predominantly
from the grain boundary. The slope of the experimental data is only 0.52 in this range; hence, Circuit
B with the slope of 2 has a very bad fit. Circuit A has a slope of 0.92, much closer to the experimental
value.
In this calculation, it is assumed that all grain boundaries in the sample are homogenous by assigning
them the same resistance. This is almost certainly not the case. Introducing inhomogeneity by
allowing some grain boundaries to be more resistive than others has however only a small effect on
the slope: Circuit B still matches experimental data poorly. Hence, it is reasonable to use Circuit A for
the modelling the impedance in the space charge layer.
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Chapter 5: Summarizing discussion
In this chapter, I will discuss three main issues emerging while working with this thesis.
First and most importantly, I will examine the fundamental cause of the high GB
resistance, illuminating cases where the space charge model may become inaccurate
on the microscopic level. Second, I will discuss whether electron holography – the
most labor intensive technique used in this thesis – is useful for understanding ionic
conductivity in GBs. Third, I will provide an evaluation of the machine learning
methods used in Paper I to identify GB structures.

5.1

What is the fundamental cause of the high GB resistance
in BZY?

In this thesis, I have explored the GB resistance from multiple angles: experimentally,
with inline holography; computationally, with DFT; as well as theoretically, by building
a microscopic impedance model based on space charge theory. From the beginning
of this work, the main hypothesis has been that space charge layers cause the high
GB resistance in BZY. Given the clear consensus in literature, this was a meaningful
hypothesis. However, as I have delved deeper into the details, I have increasingly
encountered results suggesting that space charge only is a part of the story.
In this section I discuss possible causes of the high GB resistance, divided into three
parts. First, I lay out the arguments in favor of the space charge model. Second, I
point out limitations with the space charge model, and discuss their importance for
the GB resistance. Finally, I discuss how our knowledge about the fundamental cause
of the GB resistance can be improved, with suggestions to both computational and
experimental work that can be done in the future.
One of my favorite scientific quotes, relevant to have in mind for this discussion, is
that
All models are wrong, but some are useful.
There is of course no surprise that the space charge model becomes wrong under sufficiently detailed inspections. Assumptions such as infinitely planar GBs, constant
mobility in the entire GB region, and zero cation mobility all breaks down when examined closely enough. Even Newton’s theory of gravity is wrong on a fundamental level,
because it excludes relativistic effects. Still, Newton’s theory of gravity is highly useful
in most circumstances. The correct question to ask is not whether the space charge
model is wrong – because fundamentally, we know that it is wrong – but whether it is
a useful model to understand the origin of the high GB resistance.
5.1.1

Arguments in favor of the space charge model

In this subsection, I will lay out four commonly used arguments for why space charge
layers cause the GB resistance in BZY. Some of the arguments are not able to discriminate between space charge layers and other possible explanations for the high GB
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Figure 14: ADF-STEM image of the GB studied thoroughly in Paper II. To see the
atomic columns the crystal has to be tilted in zone axis; this may not be possible
to achieve simultaneously for both grains (depending on the orientation of the GB).
Hence, the atomic columns are only clear on the grain on the left hand side in this
image.
resistance. In these cases, I will briefly point it out, but the majority of the criticism
of the space charge model will follow in the next subsection.
No secondary phases at the grain boundary
In TEM experiments, secondary phases are typically not observed along BZY grain
boundaries [14–16]. Rather, the atomic structure has a bulk-like structure throughout
the entire GB region. All the GBs studied with TEM in this thesis exhibited similar
behavior, with bulk-like structure throughout the GB region. Fig. 14 shows a annular
dark field scanning transmission electron microscopy (ADF-STEM) image of a BZY
grain boundary, revealing the bulk-like structure all the way till the GB interface. The
absence of secondary phases suggest that the low conductivity is an intrinsic property
of BZY grain boundaries, but does not discriminate between lower ionic concentrations
and reduce charge mobility as the dominant cause of the low conductivity.
Temperature dependent conductivity ratio
The ratio between the GB and bulk conductivity (σgb /σbulk ) is highly temperature de115
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Figure 15: Although the spread is large, σgb /σbulk consistently increases with increased
temperature. This figure is also shown in Paper III, repeated here. The data is from
Shirpour et al. [11], Duval et al. [55], Iguchi et al. [14], Kjolseth et al. [17], and Yamazaki
et al. [9], where the amount of yttrium doping is x mol% on the format BZYx.
pendent. Fig. 15 shows various data from the literature. With increasing temperature,
the σgb /σbulk ratio becomes smaller by orders of magnitude. This is a clear indication that the effect causing the low GB conductivity diminishes exponentially with
increased temperature. Reduced ionic concentration is such a process: in a bulk-like
structure where site restrictions can be neglected due to low ionic concentrations, the
proton concentration goes as


−eVE (x)
[OHO] ∝ exp
,
(21)
kB T
with a similar expression applying for the oxygen vacancy concentration. Hence, the
inverse correlation between the σgb /σbulk ratio and the temperature supports the space
charge model. However, the correlation does not discriminate between c and µ as the
cause of the low conductivity. Charge mobility goes as


−Ebar (x)
−1
µ(x) ∝ T
,
(22)
kB T
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 − 1
the dashed line is a linear fit of δgb vs Y0Zr 2 .
where Ebar is the energy barrier for the ion jump between two adjacent sites. With a
large energy barrier, the exponential term of Eq. (22) dominates, meaning that if low
mobility indeed governs σgb , a temperature dependency as shown experimentally in
Fig. 15 is expected.
The GB width is dependent on the yttrium doping concentration
According to the space charge
 model, there should be a correlation between the yttrium
0
doping concentration, YZr , and the width of the resistive region associated with the
GBs (δgb ). Using the depletion approximation, the length of the space charge layer λ∗
goes as [17]
 − 1
(23)
λ∗ ∼ Y0Zr 2 .
Eq. (23) can be understood the following way: With increasing doping concentration
the charge compensation per unit length increases, and narrower space charge layers
are sufficient to fully compensate the positively charged GB core. The space charge
 − 1
model hence predicts that δgb increases linearly as a function of Y0Zr 2 . Fig. 16 shows
 − 1
experimentally obtained δgb as a function of Y0Zr 2 , where the data is from Table 1 in
Chen et al. [12]. This data has several weaknesses. The sample preparation differs substantially, which may yield variations in the GB properties; the doping concentration
is certainly not the only changing variable. Furthermore, δgb has considerable uncertainty, as it is calculated using the brick layer model [56], with the highly uncertain
average grain size used in the calculation.
Despite inherent challenges in the data, Fig. 16 shows a rather strong correlation
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Figure 17: GB width as a function of effective DC bias, calculated from the data in [11].
To calculate δgb , I used 150 µm as grain size (in [11], the grain size of the sample was
suggested to be in the range of 100–200 µm).
 − 1
between δgb and Y0Zr 2 , with an R2 score of 68 %. This is an important argument in
favor of the space charge model, because – contrary to the two above arguments – it
only applies for reduced ionic concentration, not reduced ionic mobility. There are no
obvious reasons why a lower doping concentration should give wider region of reduced
 − 1
ionic mobility across the GB. Hence, the correlations between δgb and Y0Zr 2 strongly
suggest that space charge layers play an important role for the BZY grain boundary
resistance.
Bias dependent grain boundary width
The final argument I will highlight is the correlation between increased bias across the
GB and increased width of the resistive region associated with the GB. Shirpour et
al. [11] demonstrated this correlation both in macroscopic electrical measurements on
a large-grained sample, as well as across individual GBs using microelectrodes. Fig. 17
shows δgb as a function of applied bias, where the brick layer model [56] is used to find
the GB width. The data is from Fig. 5 in [11].
This correlation fits reasonably well within the space charge model, as the capacitance (which goes as ∼ 1/δgb ) is expected to decrease with increased GB bias [57].
Moreover, the GB core charge may increase under bias, which will lead to a further
increase of δgb [11]. On the other hand, the correlation in Fig. 17 does not fit well in
a model where reduced ionic mobility is the cause of the high GB resistance. Hence,
this is yet another argument suggesting that the space charge model provides a fruitful
description of the GB resistance.
5.1.2

Weaknesses with the space charge model

Although a large amount of data supports the space charge model as a useful description
of the GB resistance, the model also have several weaknesses. In this subsection, I will
elaborate on the weaknesses discussed in several of the papers, and add additional
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arguments.
High sensitivity to a range of uncertain parameters
The space charge model is highly sensitive to a range of input parameters, which are
difficult to determine. This does not necessarily mean that the space charge model as
such is wrong, but rather that its sensitivity may be underestimated in the modelling
typically performed in literature.
Discretization of the space charge layer is another parameter greatly affecting the
space charge model. Typically in space charge models from the literature the ionic
charge is allowed to redistribute in a continuous way [22, 27], while in reality, ions can
only be located at an atomic plane (expect for the very short time ions spend diffusing
between atomic planes). In the innermost atomic layers close to the GB core, this
approximation becomes erroneous, because the electrostatic potential – and hence the
charge carrier concentration – changes very rapidly. In Paper III, we showed that using
a continuous rather than a discrete space charge model gives a deviation in the GB
resistance with a factor of up to 5 for a given GB core potential. Consequently, the
GB core potentials derived from impedance spectroscopy results in literature [12, 17]
should be larger – roughly 0.1 V, according to Paper III – because they are estimated
based on the unphysical assumption that protons are allowed to redistribute within an
atomic layer. Discretization clearly effects the space charge modelling, but exactly how
the GB region should be discretized remains an open, complicated question. It depends
among other things on the interplanar atomic distances in the GB region, which may
vary substantially among the GBs in the sample.
The width of the GB core is another parameter usually neglected. Segregation
energies computed with DFT in Paper III suggest that the transition between bulk and
the GB core is gradual and not abrupt. Consequently, the transition between the zones
with defect accumulation and defect depletion is gradual, and for a precise description
of the conductivity through the GB region, this should be taken into account. Usually
in space charge modelling, however, the GB core is treated as a distinct region [22,27],
with negligible contribution to the GB resistance because it is considered infinitely
thin. In Paper III, we show that treating the GB core as an abrupt, single atomic
plane rather than considering segregation to multiple atomic planes, gives an error
in σgb of around one order of magnitude. Hence, the gradual transition between GB
core and space charge layer clearly affect the space charge modelling. It is however
complicated to state the effect on a general GB: our results are only based on DFT
calculations, which – due to computational limitations of small supercell sizes – only
span a very limited part of the space of possible GB configurations in BZY.
Poor experimental match with the characteristic frequency
Paper IV thoroughly discusses how the space charge model exhibits different characteristic frequencies compared to the experimental data. In an inhomogeneous sample
with multiple effects in play, it is unlikely that a simple model should match the experimental data. Still, the deviation is more than one order of magnitude, which is
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Figure 18: Schematics of the proton segregation energy across a GB, according to the
space charge model: if protons accumulate in the GB core due to energetically favorable
sites, they inevitably have to move upwards in the energy landscape to escape from
the core.
probably too much for an acceptable model. This indicates that other effects than
space charge – or an improvement of the current space charge model – is needed to
obtain a model that fits with impedance data. Since this is thoroughly discussed in
Paper IV, I will not go into more details in this paragraph.
The assumption of constant mobility through the GB region
The usual assumption in space charge modelling is to assume a constant ionic mobility
through the GB region [12, 17]. Qualitatively, it is easy to show why this assumption
is clearly wrong. The more interesting question is, however, not if the ionic mobility is
constant – it is if the varying mobility has any considerable effect on the GB resistance.
I will first explain the simplest form of the argument that the ionic mobility cannot
be constant through the GB region. In fact, that µgb 6= µbulk , is an inherent property
of the space charge theory. Fig. 18 shows a qualitative plot of the segregation energy of
positively charged defects across a GB. Within the space charge model, the segregation
energy is negative at the GB, because positively charged defects accumulate at the GB,
aiming for the bottom of the energy landscape.
Proton diffusion through a GB can roughly be divided into two steps. First, the
proton has to get into the region of the GB core, indicated as (1) in Fig. 18. Second,
the proton has to leave the GB core (step (2) in Fig. 18). In the second step, the proton
has to move from a low energy site to a higher energy site. Since µ ∼ exp (−Ebar /kB T ),
this has to imply that the proton mobility out from the GB core is lower than the bulk
mobility.
An objection to this argument may be that the proton does not do the entire jump
in one step; rather, it may stepwise move upwards in the energy landscape in the
gradual transition between the GB core and the bulk-like structure in the space charge
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layer. Nevertheless, the proton has to pass additional energy barriers to get upwards
in the energy landscape, implying a reduced mobility. A second objection is that
only some sites in the GB core are energetically favorable and occupied by (effectively
stationary) protons, while proton diffusion occurs through neighboring sites. This is a
valid objection and may be the case, but DFT results from Fig. 5 in Paper III suggest
otherwise. In the five innermost planes of the (210) GB, there are 7 oxygen sites.
On 5 of those 7 sites, protons exhibit segregation energies lower than −0.30 eV. The
results imply that the path through the GB goes via low energy sites, meaning that
the mobility is reduced when the proton jumps back to the bulk structure. It should
be noted, however, that the segregation energies are calculated neglecting defect-defect
interactions, which may change the picture: a proton located at one oxygen site will
almost certainly alter the energy landscape on neighboring oxygen sites.
Nudged elastic band (NEB) calculations provide a more quantitative argument for
why the proton mobility is not constant in the GB region. Using NEB calculations,
Yang et al. showed proton energy barriers in the GB region of 0.71–1.08 eV, as opposed
to 0.18–0.25 eV in the bulk region [27]. Fig. 19a shows unpublished NEB calculations
across a BZY (210) grain boundary. There are two possible paths for proton migration
through the GB shown in Fig. 19a, labelled 1-5 and A-G. For both paths, the proton
can take a few different routes; I have calculated the different alternatives, and present
here the paths with the lowest migration barriers as they are most likely to occur. The
migration barriers are shown in Fig. 19b, with further details about the calculations
given in the caption. I was not able to find the converged proton transition state
between point C and D, but this does not affect the conclusions from these results.
Most notably, path A-G has an extraordinary high energy barrier when the proton
migrates across the GB plane, from E to F. This migration barrier is 3.3 eV, meaning
that this path can be ruled out as a viable option for proton migration. Path 1-5 is a
more likely migration path, but the migration barrier across the GB is considerable here
as well: the steps 2-3 and 3-4 have migration barriers 0.68 eV and 0.79 eV, respectively.
This corresponds
to a dramatic decreasein the local mobility across the GB: At T =


−0.68
= 7.1 · 10−6 .
500 ◦C, exp kB T = 3.7 · 10−5 and exp −0.79
kB T
Two important insights can be drawn from the NEB calculations in the present
work and from literature. First, some proton migration paths may be completely
blocking (like path A-G), meaning that the effective area for proton migration should
be lower at the GB than in bulk. This will lead to a current constriction, affecting
the GB resistance. Second, even the proton migration paths with the lowest energy
barriers still may exhibit reduced proton mobility by orders of magnitude, contributing
substantially to the GB resistance.
Also experimental results question the assumption of µgb = µbulk . Fig. 20 shows
a histogram of GB widths extracted from 11 different EELS and EDX profiles, with
further details given in the caption. Here, the GB width is defined as the width of
the region around the GB interface with non-stoichiometry. Although the literature on
EELS and EDX studies across BZY grain boundaries is limited – leading to few data
points in the histogram in Fig. 20 – it suggests that BZY grain boundaries are non121

(a) Two possible paths for proton migration through the (210)
GB. The host supercell is the (210) GB supercell used in Paper
III.
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(b) Calculated proton energies for the two paths shown in Fig. 19a. I applied a k point density according to the Monkhorst-Pack scheme of 3×3×1,
and an energy cutoff of 500 eV.

Figure 19
stoichiometric in a region of about 2 nm. In a highly non-stoichiometric environment,
crystal symmetry is reduced, which is expected to reduce the proton mobility [5]. If
the width of the area with reduced proton mobility is 2 nm – which is what Fig. 20
suggests – µgb may have a non-negligible contribution to the total GB resistance.
A note should be made about the validity of the GB widths presented in the histogram in Fig. 20. They represent an upper bound of the widths, for two important
reasons. First, any imperfections in resolution will smear out the signal, making the
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Figure 20: Histogram showing GB widths, extracted from six EELS profiles in Scdoped BaZrO3 (Figures 4a, 4b, 4c, 5a, 5b, 5c in [29]), three different EELS profiles of
the Ba counts from this work, and two EDX profiles of the Y counts from this work.
The EELS and EDX profiles from this work are from different positions but nearby
each other, along the same BZY grain boundary.
GB appear wider. Second, if the GB is not perfectly planar but slightly bent in the
spectroscopy region, the appeared GB width will be larger than the true GB width.
Hence, the true distribution of the GB widths is probably shifted slightly towards lower
values than Fig. 20 indicates.
Disregarding crystal anisotropy
By assuming crystal isotropy with respect to the atomic planes parallel to the GB
interface, the properties of the GBs can be modelled as one dimensional. This assumption simplifies the space charge modelling substantially, and is to my knowledge always
done on BZY grain boundaries. However, disregarding crystal anisotropy restrains an
accurate description of defect-defect interactions and proton diffusion.
In space charge modelling done on BZY, defect-defect interactions on the local
atomic level are usually neglected. In this thesis, we have extended the model and included more defect-defect interactions than is commonly done, by demonstrating how
trapping of OHO and vO next to Y0Zr probably have a negligible effect on the space
charge layer width. Furthermore, in our modelling that covers segregation energies
from multiple atomic planes, an electrostatic contribution to the defect-defect interaction is included: a proton located at an atomic plane will in the modelling contribute
to an increased potential in its proximity, reducing the proton concentration in neighboring atomic planes. However, the modelling assumes crystal isotropy with respect
to the planes parallel to the GB interface plane. A more precise consideration of this
electrostatic contribution would be to calculate its effect in three dimensions, allowing
crystal anisotropy.
In general, the approximation that the GB is infinitely planar with a homogeneous
charge becomes somewhat crude when considering proton diffusion at the atomic level.
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Protons are not delocalized like electrons, but diffuse between specific locations in the
crystal, next to oxygen sites. Also, the charge at the GB is obviously not homogeneously
distributed, but again located at specific sites (given that the GB charge predominantly
consist of OHO and vO – and not electron holes). Far away from the positively charged
GB core, dipoles will re-arrange in the dielectric material, and the electrostatic force
on a proton may be identical to what a homogeneously charged GB core would give.
However, as the proton gets closer to the core, the electrostatic force would not be
from a homogeneous GB plane, but rather from charged defects at specific sites. In
addition, the proton is highly localized, meaning that it cannot redistribute freely in
response to the electrostatic force – it is restricted to be located next to oxygen sites.
In this picture, crystal anisotropy may be important for a precise description of the
proton diffusion through the GB region.
A simple example from this thesis demonstrates how neglecting anisotropy gives an
error. In Paper III (Figure 5a), the proton segregation energies at atomic plane j = −2
are −1.3 eV and 0.5 eV, meaning there will always be a proton on the former site, and
never on the latter. This becomes evident in the space charge modelling, yielding a
per formula unit concentration of 1.4995 ≈ 3/2 at T = 600 K. A naive interpretation
of this concentration – as we did in Paper III – is that this large proton concentration
should yield excellent proton conductivity in this particular atomic plane. However, the
reality is more complicated. One of the two oxygen sites is completely inaccessible for
protons due to the segregation energy of 0.5 eV, and should hence restrict the proton
diffusion. The other oxygen site will behave in a less predictable way: it may provide
an effective route for proton diffusion, but can possibly also be a site where protons get
trapped, restricting the diffusion. In any case, such different behavior between sites
may be important, but become invisible in a model that neglects crystal anisotropy.
5.1.3

Suggestions to improve the understanding of the GB resistance

Although the space charge model successfully predicts a range of macroscopic electrical behavior, it has several weaknesses on the microscopic level, as pointed out in the
previous section. In this section, I will present suggestions to computational and experimental work that should be done to obtain an improved fundamental understanding
of the GB resistance.
Computational
Solving Poisson’s equation in three dimensions will give the defect concentrations as a
function of atomic site instead of distance from the GB interface. This will provide an
anisotropic charge density, which may be particularly relevant for the proton diffusion
through the GB.
The number of GBs studied computationally should be increased. This is challenging as the computational cost roughly goes as the number of atoms cubed, and
complex GB structures require larger supercells with more atoms. Still, by the aid of
machine learning techniques, it is possible to study more BZY grain boundaries with
DFT than the handful that are studied until this point. A promising approach may
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be to correlate accurate DFT calculations with less costly, faster calculations based on
classical interatomic potentials, and use this as input to machine learning techniques.
This approach has been very successful in determining the atomic configuration in fccAl [110] GBs [58]. It may be possible to describe BZY grain boundaries with accuracy
close to what DFT provides, but with a fraction of the computational cost.
NEB calculations should be performed both to study ionic mobility across GBs,
and in the proximity of other defects in bulk, and – if possible – across GBs, in the
proximity of other defects. Simple qualitative considerations, as well as some existing
work with NEB calculations, suggest a dramatic reduction in proton mobility across
GBs. Whether this effect is non-negligible for the total conductivity is, however, a
much more complicated question. Expanding the data collection of NEB calculations
will shed light on this issue.
The NEB calculations may reveal considerable current constriction across the GB
due to blocking paths, which will affect the current in the proximity of the GB. To
simulate how this will affect the impedance, finite element modelling on the microscopic
scale – similar to the modelling done on the grain-sized scale by Fleig et al. [59] – may
be fruitful.
Experimental
An open question at this point is how the BZY grain boundary core affects the total
GB resistance. To investigate the core further, TEM is a useful tool. EELS and GPA
analysis are particularly fruitful, in that they reveal the area around the GB interface
with non-stoichiometry and strain, respectively. These areas are expected to have
reduced proton mobility from simple symmetry arguments. With only a few EELS
and GPA analysis available in the literature, it is hard to say if a typical GB core is
less than 1 nm wide, or more than 3 nm wide. This is problematic, as the exact width
of the core may be relevant for assessing how much the core contributes to the total
GB resistance. It is also possible to extract information about the GB width with
techniques such as electron holography. However, the setup in EELS is significantly
simpler, and if the goal is to gain more statistics about the GBs, EELS is probably a
more effective technique.
Impedance spectroscopy can also be used to address how much the GB core contributes to the total GB resistance. According to the space charge model, increased
doping levels should reduce the GB resistance, because the space charge layer becomes
narrower. Sintering different BZY samples with varying yttrium concentration is – in
a perfect experiment – expected to yield varying space charge layer resistance, and an
unchanged GB core resistance. In such a series of experiments, the SCL resistance can
be separated from other contributions to the GB resistance, and it may be possible to
extract the GB core resistance. Experimentally, however, it is an immense challenge
to keep all other parameters but the yttrium concentration constant.
How trapping affects the space charge layer resistance is a second open question
that can be addressed experimentally. In Paper IV, we have hypothesized that protons
trapped to yttrium dopants do not affect the space charge layer width and the GB
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resistance. To experimentally verify this hypothesis, one could sinter BaZrO3 samples with different acceptor dopants, with doping concentration below the percolation
limit such that the proton migration enthalpy will be a sum of the "normal" BaZrO3
migration plus the trapping effect from the acceptor dopant. In such a setup, it will
be possible to extract the difference in trapping energy between the various acceptor
dopants. The various trapping energies can be correlated against the GB width obtained with impedance spectroscopy, assessing if trapping indeed has little effect on
the space charge layer width.

5.2

Is electron holography a useful technique for understanding
ionic conductivity

At the start of this thesis, I wanted to do inline electron holography to improve our
fundamental understanding of the ionic conductivity across the BZY grain boundary.
Specifically, I was interested in how variations in the electrostatic potential are linked
to depletion of charge carriers in the SCLs, resulting in a low GB conductivity. It
turns out, however, that the total potential obtained from electron holography is hard
to interpret in a space charge model, since the dominating contribution (∆VMIP ) is not
directly related to the redistribution of free charge carriers.
In this section, I discuss the utility of electron holography as a technique for understanding ionic conductivity across a GB, that is, whether holography can provide
information about the ionic defect concentration and ionic mobility. First, I show that
an electron holography result requires further experimental analysis to obtain information about the ionic defect concentrations, and that it is an open question whether
electron holography alone provides any relevant information. Second, I discuss how the
relation between the total potential and the ionic mobility in the GB region is hard
to quantify, and that the proton mobility may – rather counterintuitively – be largely
unaffected by deep, GB potential wells.
5.2.1

Using holography to study the ionic defect concentrations

If the GB core is positively charged, the potential due to redistribution of free charge
carriers (∆VE ) will be positive across the GB. By measuring ∆VE accurately, one can
obtain the SCL defect concentrations, and in principle measure how much of the GB
resistance that stems from SCLs. The problem, as already described in section 2.1,
is that holography outputs the total potential, where ∆Vtot = ∆VMIP + ∆VE . Hence,
we have to decompose its two contributions to find ∆VE . As shown in Paper II, this
is a non-trivial problem, since defect segregation and variations in the atomic density
occurs at the GB.
For simplicity, I will start by assuming that the only defect in the GB core is
oxygen vacancies. This assumption is clearly wrong, but I include this consideration
to show that it is hard to decompose ∆VE and ∆VMIP even in an idealized case. Rearranging Eq. (7), one can obtain an expression for the 2-dimensional projected mean
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inner potential,
2D
∆VMIP
=

h2
O2−
(0),
n2D
vO fel
2πm0 e

(24)

Projected potential / Vnm

where n2D
vO is the two-dimensional oxygen vacancy concentration at the GB interface.
2D
With Eq. (24), we can study how ∆VMIP
changes as a function of oxygen vacancy
segregation to the GB. An expression for how ∆VE2D behaves as a function of n2D
vO can
be found through considerations based on the space charge model, as we have done in
Paper II.
2D
Fig. 21 compares ∆VMIP
and ∆VE2D as a function of oxygen vacancy concentration
at the GB interface, where details about the calculations of ∆VE2D are given in the
caption. For low n2D
vO , the 2-dimensional projected potential is negative, but the two
−2
effects mostly cancel each other out. At n2D
– which corresponds to a
vO = 2.1 nm
unit cell concentration [vO ] = 0.37 for the (100) plane – the total projected potential
is zero. For larger oxygen vacancy concentrations, one may be able to decompose the
2D
and ∆VE2D .
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Figure 21: 2-dimensional projected potential as a function of oxygen vacancy concentration at the GB. In the modelling of ∆VE , T = 300 K and 2vO = Y0Zr (assuming
complete depletion of protons in the material due to the high vacuum TEM conditions).
The problem with the above example is that the case of oxygen vacancies being
the only defect at the GB is unlikely. With more defects segregating, analysis of the
chemical elements on the nanoscale is needed to decompose the contributions to ∆Vtot .
Even in the unlikely case that oxygen vacancies was the only relevant defect, one would
still have to perform chemical analysis to confirm that this was indeed the case. Hence,
additional experiments are needed to understand ∆Vtot obtained from holography.
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In Paper II, we performed EELS and EDX experiments to broaden the interpretation of the electron holography result. We found with EELS that the negative potential
measured with holography could likely be explained by the segregation of barium vacancies to the GB. Using the defect concentration profiles obtained with EELS and EDX,
one can in principle model both ∆VMIP and ∆VE , hence achieving the decomposition
that is relevant for the ionic conductivity.
In BZY space charge theory, it is the depletion of charged defects that leads to
the reduced GB conductivity. By only doing an electron holography experiment, the
unknowns are too many to say anything meaningful about the ionic concentrations in
the space charge layers. Adding EELS and EDX experiments give information about
the ionic concentrations, and may arguably be better techniques to observe space charge
effects. Surely, the holography experiment can be seen to serve as an independent
measurement, used to validate EELS and EDX results. However, given the complexity
of electron holography, it may be more effective to improve the confidence of EELS
and EDX by instead doing more of those experiments, preferably across multiple GBs.
If the concentrations of electronic defects are non-negligible, such as in low band
gap semiconductors, or in BZY under very oxidizing conditions [13], the utility of
electron holography experiments will increase. It is beyond the scope of this thesis to
discuss whether this may be the case for BZY grain boundaries in the TEM column.
Here, we assume that the negligible bulk concentration of electrons and holes to also
apply in the GBs. Computational studies of another ceramic material, ZrO2 , suggest
accumulation of electrons in the GBs [60]. In that case, ∆VE will be lower at the GB
due to accumulation of electrons. Such a change will be invisible for any EELS or EDX
measurement, and electron holography measurements may provide information about
∆VE that is not possible to extract with EELS or EDX.
Another possibility that opens up in such a case, is to combine electron holography,
EELS and EDX to study if there are any electronic defects at the GB. With a high
experimental precision, one could calculate the defect concentrations across the GB
with EELS and EDX, and model ∆Vtot = ∆VMIP + ∆VE from the defect concentrations. If the modelled ∆Vtot strongly deviates from ∆Vtot as measured with electron
holography, the deviation may be explained by electronic defects at the GB exhibiting
an additional contribution to ∆VE . However, such experiments require a very high
precision, and are challenging to accomplish.
A second case where electron holography may have utility in describing ionic conductivity, is when ∆VMIP and ∆VE have different spatial extent. The extent of ∆VE
depends mostly on the doping concentration as well as the material’s dielectric constant. For low doping concentrations, ∆VE may extend more than 10 nm into the bulk
structure at each side of the GB interface, while ∆VMIP is only expected to be a few
nanometers wide. In such a case, ∆VE can be distinguished from ∆VMIP , but a new
problem arises: reconstructing the fast electron’s phase is challenging on larger length
scales. With a better experimental and reconstruction precision than I have had in this
work, however, low doped BZY samples would be excellent case materials for directly
measuring ∆VE .
128

5.2.2

Using electron holography to study the ionic mobility

The other possible explanation for the low GB conductivity is reduced mobility in the
GB region. As elaborated in section 5.1.2, the mobility is often assumed to be constant
through the GB [12, 17], since an absence of secondary phases in BZY is observed in
TEM studies [14–16]. This assumption is at least to some extent wrong, since the
crystal symmetry is greatly reduced in the proximity of the GB, and high degree of
symmetry is known to be important for ionic mobility [5]. Treating the mobility in a
quantitative way is beyond the scope of this discussion, but electron holography results
can give qualitative indications of reduced mobility across the GB.
In Paper II, we measured a negative potential well with holography, repeated here
in Fig. 22, where the width of the well was roughly 4 nm. Some smearing out of the potential profile may have occurred due to resolution limitations both in the experiment
and in the subsequent phase reconstruction. However, EELS, EDX, and GPA results
all gave similar widths (2–3 nm) of the non-stoichiometric and/or strained region, indicating that the width obtained from electron holography is roughly correct.
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Figure 22: Potential profile across a BZY grain boundary, measured experimentally
with inline holography (reproduced from Paper II).
The width of the potential well is related to the ionic mobility, since a negative
potential is a strong indication that the local structure differs from bulk. The most
likely explanations for the potential well are barium vacancies and possibly lattice
strain, as discussed in Paper II. In both cases, the local structure will be different than
the highly symmetrical bulk, expected to yield a lower mobility [5]. However, it is
not necessary to perform a tedious holography experiment to arrive at this conclusion.
Performing EELS, EDX and GPA all yield a similar result, with a GB width a few nm
wide. To make the qualitative assessment that the GB has a lower mobility, electron
holography is not necessary.
Another possible interpretation of reduced mobility is the potential well in Fig. 22.
As a thought experiment, imagine a proton located at x = 0. In order to cross the
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GB, the proton will have to jump out of the potential well. Seemingly, this should be
associated with a large reduction in mobility, since the proton needs more than 1 eV
of energy to get out of the well. Hence, one may interpret that holography indeed
provides quantitative information about the proton mobility. Looking closely at what
exactly causes changes in ∆Vtot , however, it becomes evident that the proton does not
necessarily experience the potential well.
To illustrate this, see Fig. 23. Part (a) shows the ZrO6 plane from the BaZrO3
perovskite structure, where two of the energetically favorable proton positions are indicated. Within the dashed square of the ZrO6 plane, we extracted with DFT the total
potential with no protons present (part (b)), and the proton energy landscape (part
(c)). Details about the calculations are given in the caption. An intuitive interpretation would be that protons, due to its positive charge, are likely to be located in regions
with low total potential. However, a comparison between the total potential and the
proton energy landscape reveals that this is generally not the case. Protons will redistribute electrons in its proximity, such that the proton energy landscape may look
quite different than the total potential. Consequently, the protons will most of the time
be located in the energy wells 0.98 Å away from the oxygen site – which is a different
location than the wells in the total potential, calculated with no protons present. On
a rare occasion, the proton will migrate from one oxygen site to the next (following
the arrow indicated in part (a)), but even then, the proton’s path is restricted to the
energy valley shown in part (c). Thus, the proton selectively occupies certain sites in
the crystal.
The fast electron, on the other hand, goes through the crystal on a random location,
and will feel the potential shown in Fig. 23b. The mean inner potential is positive
(15.1 V for BZY according to tabulated values in [34]), but interestingly, most of the
area in the ZrO6 surface has a negative potential. It is the large contributions from
the areas close to the nuclei that cause a net positive mean inner potential. Hence, the
majority of the contribution to ∆Vtot measured with electron holography stems from
the regions close to the nuclei – a part of the crystal inaccessible to protons. This
indicates that the deep potential well in Fig. 22 may hardly be felt by the protons.
Fig. 24 provides an illustration of how a proton can be unsusceptible to a potential
well. Here, a zirconium vacancy located at the bottom part of the specimen would
cause a negative potential in a holography experiment. However, the proton located
12 Å away from the Zr vacancy will hardly be affected by this negative potential; it
may experience some strain induced by the vacancy, but not a potential well that the
profile ∆Vtot intuitively would suggest.
The magnitude of such potential wells measured with electron holography cannot
be used to calculate any reduced proton mobility. They may affect the mobility in a
complex, indirect way, since a potential well indicates non-stoichiometry and/or lattice
strain, as discussed above. But claiming that a potential well obtained with electron
holography means that the proton is likely to be stuck in the well, is not valid.
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Figure 23: Part (a) shows the ZrO6 plane in BaZrO3 . Part (b) shows the total potential
of the ZrO6 plane (neglecting the exchange correlation contribution for appropriate
comparison with fast electrons [32]) calculated with DFT from a 2×2×2 BZY supercell.
Part (c) shows the energy landscape of a proton in the ZrO6 plane, obtained with DFT
by performing single point calculations of the energies of 2 × 2 × 2 BZY supercells with
one proton, where the proton position was the variable: it was placed throughout the
ZrO6 plane, with a grid density 0.1 Å. All DFT calculations had a k point density
according to the Monkhorst-Pack scheme of 4 × 4 × 4, and a cut-off energy of 500 eV.
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Figure 24: Schematics showing how the fast electron and a proton do not experience
the same electrostatic potential, because the former is randomly positioned in the
specimen, while the latter is stricly localized to specific sites. The fast electron will
experience a negative potential from the Zr vacancy – resulting in a measured potential
well ∆Vtot – while the proton in the structure will hardly experience any effect from
the Zr vacancy.

5.3

Using machine learning for expensive grain boundary calculations

Calculating grain boundary structures with DFT is computationally expensive, mainly
for two reasons. First, the computational cost goes roughly as the cube of the number
of atoms in a supercell – and GB supercells are large. Second, the two grains can
be shifted relative to each other in rigid body translations, meaning that identifying
the particular GB that is most energetically favorable becomes a large combinatorial
problem.
Paper I addressed the combinatorial part of the computational cost, where we applied a selective sampling procedure to reduce the number of required DFT calculations
to identify energetically favorable GBs. Although we reported a reduction in computational cost up to 85 %, it is an open question whether applying machine learning is
fruitful for such problems. In this section, I will first discuss issues arising using such
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sampling procedures. Second, I provide a brief guide on how to set correct parameters
for the sampling. A thorough reading of Paper I is a prerequisite for understanding
this section.
5.3.1

Issues with sampling procedures

Sampling procedures give impressive reduction in computational cost [58, 61–66], but
there is a weakness with such a metric: it depends on the grid density set by the user.
By applying a finer grid, the computational cost of the brute force method – which
is simply calculating all the grid points – will increase. To obtain the reduction in
computational cost, one typically compares the CPU usage of the sampling procedure
and the brute force method. Hence, applying a finer grid will (almost) automatically
give a larger relative reduction in computational cost: the algorithm will be perceived
as more effective, without any true improvements. Paradoxically, a finer grid is also
likely to yield an increase in the total computational cost of the sampling procedure,
because there are more grid points to sample. Applying an appropriate grid density is
hence a necessity for a meaningful assessment of the sampling procedures, and, more
importantly, crucial to the effectiveness of the procedures. In Paper I, our results suggested that a grid density of 0.3 Å was sufficient to ensure that the entire combinatorial
space of (210) GBs was screened. This result, however, was based on one particular
GB, and is not necessarily valid on other GBs.
Another argument for applying selective sampling procedures is that it offers an
objective methodology to identify the most energetically favorable grain boundary.
Alternative methods largely based on intuition may be harder to replicate. Yet, for
both GBs studied in Paper I (the (210) and (111) GBs), the most energetically favorable
structures have in the literature been identified with intuitive symmetry considerations
[22,24], and not by systematically searching through a dense grid of GBs with different
rigid body translations. Hence, the intuitive approach seems to be effective on relatively
small systems. As more complex GBs will be explored – which is a natural next step as
access to computational resources increases – the intuitive approaches will be harder,
partly because the number of rigid body translations increases. In that picture, the
utility of an objective selective sampling procedures increases.
A challenging part of the selective sampling procedures is to set the convergence
criterion. In Paper I, we terminated the sampling procedure when the largest expected
improvement on the grid was less than 10−15 . The expected improvement, which
is defined in Paper I, can be interpreted as how much each grid point is expected
to improve the best observation so far. In a system where the GB energy range is
constrained to 10 eV, an expected improvement convergence criterion of 10−15 roughly
means that at convergence, we expect the other, non-calculated GBs in the grid to, at
most, have an energy 10−14 eV lower than the lowest calculated energy so far. Such
a convergence criterion seems sufficient by a large margin. However, closer inspection
reveals that a strict convergence criterion is no guarantee for finding the lowest energy
GB structure.
The main issue is that the selective sampling procedure may be stuck in a local
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minimum and converge without identifying the lowest energy GB structure. Fig. 25a
shows the error as a function of expected improvement convergence criterion for the
(210) GB studied in Paper I, where I have also varied the number of initial grid points,
Nrand . For all descriptor combinations, the sampling procedure is run 1000 times per
convergence criterion, so that the total number of simulations for this plot is 6 ×
1000 × 14 = 84000. The error is defined as the probability of the sampling procedure
converging in a local minimum. Specifically, an error of 10−2 means that the procedure
converged in a local minimum 10 times out of the total 1000 simulations.
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Figure 25: Performance of the selective sampling procedure for various descriptor combinations as a function of convergence criterion, showing the error (a) and the number
of DFT calculations needed to reach convergence (b). The descriptor combination All
descriptors refers to the descriptors x, BLR, prePES, and 6steps from Paper I.
Expectedly, the error decreases for stricter convergence criteria. The problem is,
with a stricter convergence criterion, more iterations are needed to reach convergence,
134

shown in Fig. 25b. These trends reveal an important trade-off between accuracy and
efficiency. In Paper I, we chose a convergence criterion of 10−15 , but from Fig. 25a, it
is evident that such a choice comes with an error.
The complexity of the energy landscape also influences what the optimal convergence criterion is. The energy landscape in the (111) GB is simpler than the (210)
GB, with lower probability for the algorithm to get trapped in a local minimum. For
the (111) GB, a convergence criterion of 10−10 actually gave an error of 0 % for all
descriptor combinations, and any stricter criterion would be a waste of computational
resources. However, information about the complexity of energy landscape is generally
unknown prior to the calculation – the whole idea with the sampling procedure is to
study the energy landscape, and if it is known, there is no point of doing any calculations. In cases where a low error is crucial, having a safe approach and using a strict
convergence criterion is probably a good idea.
A second, somewhat surprisingly important parameter, is the number of random
grid points, Nrand , used to initialize the selective sampling procedure. Fig. 25 compares
Nrand = 5 with Nrand = 10. With fewer initial grid points, the sampling procedure
needs fewer DFT calculations to reach convergence. This is expected, as the grid
points selected by the sampling procedure aim towards reaching convergence, which
should be more effective than selecting grid points randomly (if this is not the case,
the sampling procedure has no utility). However, with a low Nrand = 5, the probability of an erroneous convergence at a local minimum increases dramatically: Fig. 25a
shows that descriptor combinations using Nrand = 5 have an error about one order of
magnitude larger than the same descriptors using Nrand = 10. With increasing Nrand ,
the probability that an initial grid point is in the same valley as the global minimum
increases, and as long as that randomly happens, the sampling procedure should be
able to find the global minimum. Again, there is a trade-off, because increasing Nrand
also increases the computational cost.
Finally, I will address the assumption that the grains are free to move in rigid
body translations, which is what the selective sampling procedures usually are based
on. The motivation behind identifying the most energetically favorable GB is based
on the assumption that this GB will indeed occur in a real material; therefore, it
is important to identify it, so that the correct GB properties can be obtained by
calculations. However, this assumption may be entirely wrong. During sintering of a
material, nucleation happens at different locations, leading to crystal growth in random
directions and GBs where the crystal regions meet. The relative position of each grain
is not necessarily free to move. This means that even if certain rigid body translations
are energetically favorable, they may not occur, because the positions of the grains are
fixed. Hence, it is an open question whether it makes sense to focus the computational
effort on studying the most energetically favorable GBs. In the case of completely fixed
grains, studying a GB with a random rigid body translation may be closer to physical
reality than studying the most energetically favorable. In such a case, applying complex
selective sampling procedures to identify particular types of GBs is not necessary, and
a waste of computational resources.
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5.3.2

Setting the parameters in the selective sampling procedure

Here, I will provide a short guide on how to set the parameters correctly in the selective
sampling procedure. The discussion is based on work done on only two GBs and will
hence have limited applicability. Yet, several of the insights from this section should
be valuable for other GBs, as well as other computationally expensive systems where
selective sampling may be fruitful. The guide is summarized in Table 1; the descriptor
performance for the three studied datasets is shown in Fig. 26, serving as a basis for
the coming discussion.
Table 1: Key parameters in the selective sampling procedure, with recommended settings. The recommendations are elaborated on in the following paragraphs.
Parameter
Spatial descriptors (x, y, z)
BLR descriptor
prePES descriptor
6steps descriptor
Grid density
Number of initial grid points (Nrand )
Energy filter (∆Ef )
Logarithmic variables
Periodic boundary conditions

Recommendation
Use x and y, omit z
Use if corr(BLR, prePES) is large
Use if there are no deep local minima in the
prePES energy landscape
Do not use due to high computational cost
Set to 0.3 Å
Nrand = 10 for dataset with 102 grid points, possibly higher for larger datasets
Aim to filter 30% of the energy landscape
Consider trying Ei := log (Ei − min{Ei } + log )
If minimum in prePES energy landscape is at a
boundary, set x := x + 12 and y := y + 12

In the following paragraphs, the term (ordinary) energy landscape refers to the energy landscape calculated by the expensive, accurate DFT calculations. When I specify
prePES energy landscape, I refer to the energy landscape obtained when acquiring the
prePES descriptor, which is not equal to the (ordinary) energy landscape.
The spatial descriptors The spatial descriptors, (x, y and z), are highly correlated
with variations in the energy landscape, and should hence be used as descriptors in the
sampling procedure. These descriptors determine the number of grid points; hence,
omitting a descriptor, or reducing its density on the grid, gives a direct reduction in
the computational cost. In the case of a GB, the distance between the two grains (here:
the z descriptor) can be omitted by only allowing the atoms and the supercell to move
and expand in the z direction.
The bond length ratio (BLR) descriptor Applying the BLR descriptor reduces the
computational cost for all three datasets, shown in Fig. 26. However, the degree of improvement varies among the datasets. For the (210) GB with y = 0.0, the improvement
is substantial, reducing the computational cost and cutting the error almost in half,
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Figure 26: Performance of the descriptor combinations on the three GB datasets from
Paper I, where each descriptor combination have been simulated 500 times with different random seeds. For the (210) GB, y = 0.5 and the (111) GB, the errors are 0 for
all descriptor combinations, and are therefore omitted from the plot.
from 2.6 to 1.8%. In contrast, the improvement on the (111) GB is marginal, yielding
a reduction in the computational cost from 24.3 to 23.5%.
Determining the conditions that make BLR an effective descriptor is complicated.
My hypothesis is that it depends on how well BLR is correlated with the energy landscape, in particular in the area close to the global energy minimum. Since the energy
landscape is unknown prior to the calculation we cannot know this; however, we can
correlate BLR to the prePES energy landscape, which is likely to resemble the ordinary
energy landscape.
Fig. 27 reveals only a modest correlation coefficient (0.14) between BLR and prePES
for the (111) GB, while the correlation coefficients for the two (210) GB datasets are
much larger (0.86 and 0.57), shown in Fig. 28. This suggests that the better BLR
describes the energy landscape, the better it performs as a descriptor, which should
come as no surprise.
A general rule can be to apply the BLR descriptor as long as corr(BLR, prePES) is
larger than a certain threshold. Determining this exact threshold is, however, an open
question. For the (111) GB, BLR gives an improvement even with a correlation as low
as 0.14. However, on other datasets, I have experienced that applying BLR worsens the
performance with correlations as high as 0.35.
A slightly different strategy is to visually compare BLR with prePES to study if BLR
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Figure 27: prePES and BLR descriptors for the (111) GB, as a function of the spatial descriptors x and y. Units are normalized to the range [−1, 1]. The correlation
coefficient between prePES and BLR is 0.14.
has gradients approaching the likely global energy minimum. Fig. 28 shows that the
global minimum of BLR coincides well with the global minimum of prePES for both
datasets in the (210) GB; in these cases, BLR improves the performance significantly.
Furthermore, Fig. 27 shows that even though the overall correlation is close to zero
in the (111) GB, BLR has its global minimum at the same spatial position as prePES,
suggesting that applying the BLR may help overall performance.
In sum, using BLR as a descriptor should be safe when it is highly correlated with
prePES. When the correlation is low, detailed visual inspection is needed to conclude
with reasonable certainty that using BLR will actually improve performance.
The prePES descriptor Fig. 26 reveals a large variation in the performance of the
prePES descriptor. For the (111) GB, it cuts the computational cost from 24.3 to
16.2%, performing vastly better than any other descriptor combination in Paper I.
In contrast, for the (210) GB, prePES not only increases the computational cost, but
more severely, increases the error in the y = 0.0 case. Hence, the prePES descriptor
must be used with caution, as it will be counterproductive under some conditions. My
hypothesis, which I will advocate in this paragraph, is that the presence of deep, local
minima in the prePES energy landscape worsens the descriptor performance, and may
cause the entire descriptor to be counterproductive.
A non-zero error means that the selective sampling procedure has converged in a
local rather than global minimum. One would expect that the prePES energy landscape
highly correlated to the ordinary energy landscape would always help the procedure
to converge to the correct, global minimum. However, the local minima act as traps
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Figure 28: prePES and BLR descriptors for the two datasets of the (210) GB, as a
function of the spatial descriptor x. Units are standardized, with mean set to zero and
standard deviation set to unity. The peak energies are constant due to energy filtering.

for the sampling procedure, and applying prePES descriptor can actually steer the
procedure to converge in a local minimum: the very same wells are likely to exist in
the prePES energy landscape, tempting the sampling procedure to jump into them.
If local minima in the ordinary energy landscape indeed decrease the utility of
prePES descriptor, we face the same problem as throughout this subsection: we cannot
know the energy landscape prior to our calculations, and do not know if the landscape
is filled with traps of local minima. Assuming the prePES energy landscape to resemble
the ordinary energy landscape will, again, be our approach. Fig. 28 shows deep local
minima for both (210) GB datasets, meaning that the prePES descriptor may steer the
procedure to converge into local minimum. Fig. 27 reveals that although the (111) GB
has a local minimum in its prePES energy landscape, this minimum is shallower than
the local minima in the (210) GB datasets. Hence, this local minimum will not be an
effective trap, and the prePES descriptor performs well on the (111) GB.
In sum, prePES can be a very effective descriptor. It should, however, be used
with utmost caution if the prePES energy landscape contains one or several deep local
minima.
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The 6steps descriptor The 6steps descriptor is costly to acquire and increases
the computational cost across all datasets. In addition, it may also increase the error
in datasets with one or more traps of local minima, shown in Fig. 28a. The increase
in error is likely to be caused by the same mechanism as for the prePES descriptor,
explained in the previous paragraph. I recommend not to use the 6steps descriptor.
The grid density In Paper I, we performed unconstrained volume relaxations on one
of the (210) GB datasets, to study which starting conditions that resulted in identical
GB structures. The motivation was to find the optimal grid density: as coarse as
possible to minimize computational cost, but still fine enough to include all unique GB
structures. The results from Paper I suggested that applying a grid size of 0.3 Å in the
x direction was sufficient to include all possible GB structures. I recommend using this
number in all spatial dimensions unless symmetry considerations suggest otherwise.
However, the grid size number is highly uncertain, as it is derived from investigating
only one GB, and this particular property can be expected to vary notably between
different GBs.
The number of initial grid points Setting Nrand = 10 rather than Nrand = 5
reduced the error with more than one order of magnitude for the (210) GB, but also
increased the computational cost, shown in Fig. 25. In cases where a low error is critical,
Nrand should be set to 10. This may depend on the system size as well. The two GBs
we studied in Paper I had roughly 102 grid points. The argument for increasing Nrand is
to reduce the probability of convergence into a local minimum. For complex GBs with
for example 103 grid points there may be several local minima, and hence an increased
probability of an erroneous convergence. Increasing Nrand beyond 10 for large systems
may solve this problem.
The energy filter In our sampling procedure we have applied an energy filter ∆Ef =
10 eV, such that all GB energies more than 10 eV greater than the current lowest
energy E − are set to E − + 10 eV. Applying an energy filter is generally a good idea for
sampling procedures, since some of the unphysical GBs may have calculated energies
several hundred eV greater than the low energy GB structures. Without any filtering,
the Gaussian process model attempts to fit the high energy landscape, adjusting the
hyperparameters of the model such that a precise fit of the low energy landscape
becomes impossible.
An appropriate energy filter should remove the largest energies of the system, but
should not be too wide, as that would remove signal the sampling procedure needs to
perform optimally. I experienced with different energy filters, finding that ∆Ef = 10 eV
filtered out roughly 30% of the energies, giving a suitable balance. However, in datasets
with larger variance in the GB energies, a filter of ∆Ef = 10 eV may be too low. This
poses a great challenge for setting an appropriate filter, since one generally do not
know the variance in the energy landscape prior to the calculation. To bypass this
problem, one can calculate the prePES descriptor, and assume that the variance in the
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prePES energy landscape is three times larger than the variance of the ordinary energy
landscape. If the filter 3 · ∆Ef removes 30% of the energies in the prePES dataset, one
can thus expect that the filter ∆Ef roughly removes 30% of the ordinary calculated
energies.
Logarithmic variables An alternative (or a supplement) to an energy filter, is to
introduce logarithmic variables such that differences in the range of interest are amplified. For example, the energies sent into the sampling procedure can be redefined
as
Ei := log (Ei − min{Ei } + log ) ,
(25)
where log should be a number roughly of the same size as the variations in the energies
in the range of interest. Using Eq. (25) will amplify the difference between the low
energy GB structures, and weaken the difference between the physically unrealistic
high energy structures. In such an altered energy landscape, it may be easier for the
selective sampling procedure to identify the GB with lowest energy.
In my case, using a simple energy filter outperformed using logarithmic variables,
but this may not always be the case. An argument for using logarithmic variables rather
than an energy filter is that it requires less knowledge of the energy landscape prior to
the calculation, although choosing an appropriate log will require some knowledge.
Periodic boundary conditions An effectiveness problem arises when the global
minimum is at the boundary of the energy landscape. Due to the periodic boundary
conditions, there will likely be gradients towards the global minimum on both sides of
the boundary. The prePES energy landscape in Fig. 27 shows an example of this, where
the global energy minimum is located at the corner, leading to four energy gradients
pointing towards the same minimum. The sampling procedure will investigate all four
gradients, wasting computational resources.
A remedy is to redefine the spatial descriptors, setting x := x + 12 and y := y + 12 ,
shifting the global energy minimum to the middle of the energy landscape. I did
this experiment, and simulated six different descriptor combinations 500 times each.
Shifting the global energy minimum to the middle of the energy landscape gave, on
average, a relative reduction in CPU usage of 11% at convergence. However, doing
this before the calculations will require prior knowledge about the energy landscape.
Shifting the global minimum away from the borders of the energy landscape may not
be straight forward when its position is unknown. Again, the prePES energy landscape
can be of guidance: if prePES suggests an energy minimum at the border, it is an
indication (but not a guarantee) that this will be the case for the ordinary energy
landscape as well – and shifting the spatial descriptors is a good idea.
An alternative is to use the ExpSineSquared kernel offered in the scikit learn
library [67], which can exploit the periodic boundary conditions. In my case however, the radial-bases function kernel was more effective, even in cases with the global
minimum located at the boundary of the energy landscape.
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Chapter 6: Conclusions and outlook
The high GB resistance is considered to be one of the main drawbacks for applications
of BZY as an electrolyte in intermediate temperature fuel cells. Using a combined
theoretical and experimental approach, the main goal of this thesis has been to improve
our understanding of the fundamental cause of the high GB resistance.
The space charge model, commonly used in the literature to explain the high BZY
grain boundary resistance [11, 12, 17–27], was used as our starting point in this thesis.
Two main ideas were tested in our experimental work. First, that a direct verification
of the space charge layer would be possible by measuring the electrostatic potential of
an individual GB with TEM inline electron holography. Second, that modelling the
GB impedance from individual space charge layers would fit well with experimental
impedance spectroscopy data. Neither of these ideas was confirmed, but their pursuit
lead to new insights.
The TEM inline electron holography experiment gave a potential well of −1.3 V,
explained by barium vacancies segregating to, and reduced atomic density in, the GB
core. These results seem, at first glance, opposite to the literature reporting positive
values for the GB potential [12, 17]. However, in a TEM inline electron holography
experiment, it is the total potential that is measured, with contributions from both
the (usually dominant) mean inner potential, and the potential due to redistribution
of free charge carriers. The reported potentials in the literature are, on the other hand,
only considering the potential contribution due to redistribution of free charge carriers.
Hence, the opposite signs are not necessarily a contradiction.
Yet, further analysis with EELS and EDX of the studied GB indicate that this particular GB most likely is negatively charged due to the presence of negatively charged
barium vacancies. Consequently, this particular GB has no adjacent resistive space
charge layers, and does indeed contradict what is considered to be the typical GB in
BZY. However, it is important to stress that an experiment done on one single GB,
in a sample sintered at very high temperatures (T = 2200 ◦C), cannot be taken as
representative for the material as such. Future TEM work should pursue the attempt
to directly verify the space charge layers adjacent to GBs. For this purpose, EELS and
EDX are probably more suitable techniques than holography beacuse of lower complexity, meaning that a statistically representative set of concentration profiles across
GBs in multiple samples can be attained with less effort.
Modelling the impedance produced by the space charge model fails to fit the characteristic frequency of the GB in the experimental impedance data, with an error of a
factor of 10–40. Targeted modifications of the space charge model somewhat improves
the fit, however, not nearly enough to eliminate the fitting error. Increased width of
the GB core reduces the error with a factor of 1.6–3.0; including cluster formation
of protons next to yttrium dopants reduces the error with a factor of 1.0–1.6. The
commonly used space charge model does not reproduce experimental impedance data
satisfactory. Whether this means that the space charge model as such is wrong on
this level of detail, or that that our impedance modelling is wrong, or that there ex142

ist a modification of the space charge model that indeed can reproduce experimental
impedance data, remains an open question.
Computationally, the characterization of BZY grain boundaries with DFT has in
this thesis been split into two subsequent parts: identifying the low energy GB structures, and, using a low energy GB structure, characterize its electrical properties.
Identifying energetically favorable GB structures can be computationally costly, as
the number of GB configurations becomes very large: with the two adjacent grains
shifting relative to each other in rigid body translations, the number of configurations
can easily reach several hundreds or more, depending on the grid size of the shifts. Using
a machine learning based selective sampling algorithm, we were able to identify the
most energetically favorable GB structures with a reduction in computational cost in
the range 75–85 %. To our knowledge, applying such sampling procedures has not been
previously done with complex perovskite GB structures like BZY. A major weakness
of the present DFT literature on BZY grain boundaries is that only a tiny proportion
of the possible GBs are studied due to computational limitations. Using such sampling
procedures and related machine learning-based techniques, may be necessary in the
future to explore a larger space of the possible GB configurations. The wide use of
such algorithms in the industry makes them extraordinary available, enabling faster
programming progress.
To characterize the electrical properties of a GB, we performed space charge modelling on the (210) and (111) GBs and modelled their proton conductivities, described
in Paper III. In this work, we assessed four commonly used approximations in space
charge modelling. The abrupt core approximation – where the defect segregation is
assumed to occur at a single rather than multiple atomic planes – gave an error in
the modelled proton conductivity of around one order of magnitude. Furthermore,
allowing protons to redistribute between atomic layers gave a deviation of a factor
of 5, compared to a model where protons where constrained to be located in specific
atomic planes. Using the full depletion approximation – where Poisson’s equation can
be solved analytically – only has a minor effect on the modelled proton conductivity. Including cluster formation between protons and yttrium dopants increases the
proton conductivity with a factor of around 2, because fewer defects are available for
segregation, leading to a lower GB core charge.
Although considering segregation from multiple atomic planes and including cluster
formation increases the accuracy of the space charge modelling, there are at least two
clear suggestions for future work that could improve the accuracy significantly. First,
crystal anisotropy should be considered when solving Poisson’s equation. In the current
models, each atomic plane parallel to the GB is treated as a homogeneous plane, which
becomes inaccurate given the large variations among sites within each plane close to the
GB interface. Second, a non-constant charge carrier mobility should be implemented
in the models, as it may have a significant impact on the GB conductivity.
In sum, I believe the main contribution from this thesis is to show how complicated
the GB resistance of BZY is. Several of our initial assumptions have turned out to be
critically wrong. The GB potential looks completely different when also considering
contributions from the mean inner potential. Commonly used approximations yields
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order of magnitude-sized errors in the space charge modelling. Using space charge
theory to model the impedance fails to match experimental data with around one
order of magnitude.
Although BZY is an extensively studied proton conductor, more work is needed to
improve the fundamental understanding of its high GB resistance. For that pursuit, I
believe this thesis is a good starting point.
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