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Abstract 

 

This study provides a comparison of the ionospheric F-region irregularities during geomagnetically 

quiet and disturbed conditions. The investigation of such irregularities being associated with a turbulent 

motion of the ionospheric plasma was done using the Swarm satellite data that provides measurements 

of the electron density and magnetic field presented as a daily time series. Spectral characteristics of 

both the electron density and magnetic field obtained in the polar ionosphere are presented in the thesis. 

A full analysis of the energy spectra was compatible with the power-law shape, which is consistent with 

previous studies in the high-latitude F region. The mean spectral power-law index 〈�̂�〉 of the electron 

density was exhibited in a single-slope mode, and equaled 〈�̂�〉 = −2 under geomagnetically quiet and 

disturbed conditions when separating between the polar cap and auroral oval regions. Also, above the 

geomagnetic latitude of 65º, it corresponded to the values of 〈�̂�〉 = −1.6 and 〈�̂�〉 = −1.3 during 

geomagnetically active and quiet periods, respectively. The estimated magnetic field spectral index 

tended to get steeper during the geomagnetically quiet periods, and shallower during geomagnetically 

active periods. The results of the research are discussed with respect to the turbulence theory, and 

compared with previous studies in the field of ionospheric irregularities.
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Acronyms and Abbreviations  
 

ACC Accelerometer 

ACE Advanced Composition Explorer 

AE Auroral Electrojet index 

AL Amplitude Lower envelope index 

ASM Absolute Scalar Magnetometer 

AU Astronomical Unit 

CC Current Convective Instability 

cdf Cumulative Distribution Function 

CME Coronal Mass Ejections 

CPR Component-plus-residual 

Dst Disturbance Storm Time index 

DW Drift Waves 

EFI Electric Field Instrument 

FFT Fast Fourier Transform 

FTE Flux Transfer Events 

GDI Gradient-Drift Instability 

GEO Geographic Coordinate System 

GPS Global Positioning System 

GPSR GPS Receiver 

GSM Geocentric Solar Magnetospheric coordinate system 

iid independent and identically distributed 

IMF Interplanetary Magnetic Field 

IPE Impulsive Penetration Events 

KH Kelvin-Helmholtz Instability 

LP Langmuir Probe 

LRR Laser Retro-Reflector 

MHD Magnetohydrodynamics 

MJD Modified Julian Date 

MLAT Magnetic Latitude 

MLT Magnetic Local Time 

MSE Mean Squared Error 

NEC North-Earth-Center reference frame 

NH Northern Hemisphere 

OLS Ordinary Least Squares 

PC Polar Cap 

pdf Probability density function 

PLP Plasma Langmuir Probe  

PSD Power Spectral Density 

Q-Q Quantile-Quantile 

RSS Residual Sum of Squares 

RT Rayleigh-Taylor Instability 

SSE Error Sum of Squares 

SSN Sun Spot Number 

SSR Sum of Squared Residuals 

STR Star Tracker 

SuperDARN Super Dual Auroral Radar Network 

TII Thermal Ion Imager 

UT Universal Time 

UTC Coordinated Universal Time 

VFM Vector Field Magnetometer 
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Symbols 
 

𝑎 Velocity of the largest eddies m s–1     

𝑎′ Velocity of the smallest eddies m s–1     

𝑩 Magnetic field vectror T 

𝐶𝐾 Kolmogorov constant arb. unit 

𝐷 Length of the flow m  

𝐷/𝐷𝑡 Total time derivative unitless 

𝑒 Elementary charge                                                               1.602 × 10−19 C 

𝑬 Electric field vector V m–1    

𝐸(𝑘) Energy spectrum J m  

𝐸(𝑦𝑖|𝑥𝑖) Mathematical expectation unitless 

𝑭𝑳 Lorentz force N 

𝐹𝑋(𝑥) Cumulative distribution function unitless 

𝑓𝑋(𝑥) Probability density function unitless 

𝒈 Gravity of Earth N kg–1    

𝐻𝑎 Alternative hypothesis unitless 

𝐻0 Null hypothesis  unitless 

𝐽𝑥 Net current flow A 

𝒋, 𝑗∥, 𝒋⊥ Current density (parallel, perpendicular) A m–2 

𝒋𝑝 Pedersen current A 

𝒋𝐻 Hall current A 

𝑘𝑐, 𝑘𝑑 Injection range, dissipation range m–1 

𝑘𝐵 Boltzmann’s constant                                                            1.38 × 10−23 m2 kg s–2 K–1    

𝑙 Length scale of the largest eddies m  

𝑚, 𝑚𝑒, 𝑚𝑖 Mass (electron, ion) kg  

𝑛, 𝑛𝑒, 𝑛𝑖 Number density (electron, ion) m–3   

𝑷 Momentum transfer collision frequency s–1    

𝑃 Probability measure  unitless 

𝑝, 𝑝𝑒, 𝑝𝑖  Pressure (electron, ion) Pa 

𝑞 Electrical charge C 

𝑟 Pearson correlation coefficient unitless 

𝑅2 Determination coefficient unitless 

𝑅𝑒 Reynolds number unitless 

𝑅𝐸  Mean Earth radius                                                                     66371.009 km 

𝑆𝑖𝑗  Strain rate tensor unitless 

𝑇, 𝑇𝑒, 𝑇𝑖  Temperature (electron, ion) K 

U Average velocity of the flow m s–1     

𝒗, 𝒗𝑒, 𝒗𝑖 Velocity vector (electron, ion) m s–1     

𝑽 Bulk speed m s–1     

𝑤 Sample size unitless 

𝑋 Random variable unitless 

𝛼 Power-law exponent unitless 

𝛽 Power-law exponent unitless 

∇ Nabla operator unitless  

휀 Turbulence dissipation rate m2 s–3     

휀0 Vacuum permittivity                                                           8.854 × 10−12 Fm–1 

휀𝑖 White noise  unitless 

𝜂 Length scale of the smallest eddies m  

𝜗 Proportionality constant unitless 

𝜆 Wavelength  m  

𝜇 Mean value unitless 

𝜇0 Vacuum permeability                                                                 4𝜋 × 10−7 N A–2   

𝜈 Kinematic viscosity m2 s–1     

𝜈𝑒𝑛 Electron-neutral collision frequency  m3 s–1     

𝜈𝑖𝑛  Ion-neutral collision frequency  m3 s–1     

𝜉 Charge density Cm–3   

Π Energy transfer rate J s–1     
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𝜌 Mass density kg m–3   

𝜎 Electrical conductivity  S m–1 

𝜎𝑃 Pedersen conductivity S m–1 

𝜎𝐻 Hall conductivity S m–1 

𝜎𝜀
2 Variance arb. unit 

𝜎𝜀 Standard deviation arb. unit 

𝜏 Number of degrees of freedom unitless 

Ω , Ω𝑒 , Ω𝑖  Gyro-frequency (electron, ion) Hz 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



v 

 

Contents 

Abstract… ............................................................................................................................................................... i 
Acronyms and Abbreviations ............................................................................................................................... ii 
Symbols.... ............................................................................................................................................................. iii 
Contents... .............................................................................................................................................................. v 
Introduction ........................................................................................................................................................... 1 
1. Theoretical aspects ............................................................................................................................................ 3 
      1.1.1 Definition of a plasma state. What is plasma? .......................................................................................... 3 
      1.1.2 Plasma as a fluid.  Ideal MHD ................................................................................................................. 3 
      1.1.3 The two-fluid description ......................................................................................................................... 5 
   1.2 Structure of the main ionosphere .................................................................................................................... 7 
   1.3 The Sun and solar wind .................................................................................................................................. 8 
   1.4 Solar wind-magnetosphere-ionosphere coupling ........................................................................................... 9 
      1.4.1 Magnetosphere ......................................................................................................................................... 9 
      1.4.2 Magnetic reconnection and the Dungey cycle ........................................................................................ 11 
      1.4.3 Magnetospheric boundary layers............................................................................................................ 12 
      1.4.4 Current systems ...................................................................................................................................... 13 
      1.4.5 High-latitude ionosphere and auroras ..................................................................................................... 15 
   1.5 Turbulences. Main features .......................................................................................................................... 20 

  1.5.1 Kolmogorov turbulence ......................................................................................................................... 21 

   1.6 Ionospheric plasma instabilities ................................................................................................................... 23 
2. Instrumentation and data processing ............................................................................................................ 28 
      2.1.1 Swarm characteristics and instruments description ................................................................................ 28 
      2.2.1 Time series and spectral analysis ........................................................................................................... 29 
      2.2.2 Data analysis and detrending .................................................................................................................. 31 
      2.2.3 Fast Fourier transform and windowing .................................................................................................. 32 
      2.2.4 Basic statistical methods ........................................................................................................................ 34 
      Simple linear regression model ....................................................................................................................... 34 
      Accuracy of the estimated coefficients ............................................................................................................ 36 
3. Observations of electron density and magnetic field in the high-latitude ionosphere ............................... 38 
      3.1.1 Measurement conditions......................................................................................................................... 38 
      3.1.2 Description of the electron density measured by Swarm A, C, B .......................................................... 40 
      Disturbed period ............................................................................................................................................. 40 
      Quiet period .................................................................................................................................................... 40 
      3.1.3 Spectral analysis of the electron density and OLS estimation ................................................................ 42 
      3.1.4 Spectral analysis of the electron density inside the PC .......................................................................... 46 
      3.2.1 Magnetic field observations and statistical structures of the magnetic field power spectrum ................ 50 
      3.2.2 Statistical analysis of the magnetic field power spectrum inside the PC ................................................ 59 
      3.2.3 Spectral characteristics of magnetic field and electron density inside the auroral oval ......................... 63 
   3.3 OLS regression diagnostic for the electron density example ....................................................................... 66 
4. Discussion of the results .................................................................................................................................. 69 
   4.1 Summary of the observed electron density irregularities and comparison with the previous results ........... 69 
   4.2 Summary of the observed magnetic field irregularities................................................................................ 73 
5. Conclusion and the research outlook ............................................................................................................ 75 
Bibliography ........................................................................................................................................................ 77 
Appendix A Reference Models ........................................................................................................................... 83 
Appendix B Removal of Trends ......................................................................................................................... 85 
Appendix C Normal and Student’s t Distributions .......................................................................................... 86 
Appendix D Codes ............................................................................................................................................... 89 
 



1 

 

Introduction  

 

The Earth’s ionosphere starts at around 90 km and extends up to 1000 km in altitude. It is 

divided into three regions based on the density profile and particle composition. The high-

latitude F layer (about 140 – 500 km in altitude) with the dominant O+ ions is considered to be 

almost collision-less, and can be filled with anisotropic and inhomogeneous plasma (Gombosi, 

1998). The convective plasma processes such as gradient drift instabilities are present in this 

region, which makes it interesting for investigations. Such instabilities give rise to irregular 

spectra varying from large scales to ion gyro radius-scales. For instance, plasma density 

enhancements, also known as polar cap patches or auroral oval blobs, are examples of 

large scale irregularities in the high-latitude ionosphere (Siingh et al., 2005; Tsunoda, 1988; 

Basu et al., 1988; Ossakow et al., 1977).  

When the interplanetary magnetic field (IMF) is directed south, it is believed that 

magnetic reconnection can occur on the dayside, followed by energy, momentum, and plasma 

transfer from the solar wind to the Earth’s magnetosphere, making the whole system deviate 

from its quiet state. It is suggested that one of the consequences of the reconnection is a number 

of instabilities and irregularities that take place in the upper ionosphere (Dungey, 1961; 

Chisham et al., 2004; Singh et al., 2004). Various irregularities in ionospheric plasma, usually 

associated with geomagnetic storms/substorms and auroras, tend to create disturbances in 

communication and navigation, and thus can affect our everyday life (Russel et al., 2016; 

Skone, 2012; Moen et al., 2000). 

In many situations, the energy spectrum of such irregularities obeys power-laws that 

match with the turbulence theory (Yordanova et al., 2005; Abel and Freeman, 2002; Kintner 

and Seyler, 1985; Dyson et al., 1974). It is commonly accepted that on large scales, plasma can 

be described by fluid approximation. Also, it is believed that high latitude ionospheric plasma 

follows turbulent dynamics of fluids, and thus theory of turbulence in fluids can be applied to 

such plasmas. But it is still unknown whether the high latitude plasma supports turbulent flows 

exhibiting power-law. However, there is some recent evidence in scientific literature providing 

the existence of the power-law density fluctuations in the F region, e.g., Chernyshov et al., 

2018; Spicher et al., 2014; Oksavik et al., 2012; Mounir, 1991; Basu et al., 1990; Kintner and 

Seyler, 1985; Phelps and Sagalyn, 1976; Dyson et al., 1974.   

A lot of observations have been made in the high-latitude ionosphere to investigate such 

fluctuations and to determine the spectral properties of the irregularities in the F region. For 

example, the spectral index obtained by Phelps and Sagalin (1976) varied from 𝛽 = −1.5 to 

𝛽 = −2.5. Singh et al. (1985) estimated the spectral slope range equaled 𝛽 ∈  (−1.4, −3.0). 

Cerisier et al. (1985) measured the value of the index equaled 𝛽 = −1.9. Basu et al. (1988, 

1990) found this value to be 𝛽 = −2. Mounir et al. (1991) found that the distribution of the 

slopes had a wide spread with values close to 𝛽 = −2.2. The values obtained in the above 

examples vary a lot. That is why further analysis and study of the high-latitude ionosphere 

should be done to provide more information on the spectral properties of the ionospheric 

F region fluctuations. 

The goal in writing this work is thus to investigate electron density fluctuations and 

small-scale irregularities in the magnetic field of the polar ionosphere during geomagnetically 
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quiet and disturbed conditions. This is accomplished by means of power spectral analysis, as 

well as basic statistic tools. These methods have become common to use in research literature 

(e.g., Rodrigues et al., 2009; Jahn and LaBelle, 1998; Mounir, 1991). The comparison of the 

spectra and spectral indices obtained for different geomagnetic activity levels can possibly 

characterize the origin of the F region irregularities. The investigation of the origin of such 

phenomena is essential in order to get a better understanding of the processes of the planetary 

atmosphere.  

Thus, in-situ measurements by the satellites flying in the near-Earth space can be 

performed to examine such irregularities. In this work, 2 Hz and 16 Hz plasma electron density 

data, and the 50 Hz magnetic field data from Plasma Langmuir Probe (PLP) and Vector Field 

Magnetometer (VFM) instruments on board Swarm satellites were used. Swarm, a three-

satellite constellation, was launched on November 22, 2013 (12:02:29 UT). The planned 

duration of the mission is until 2021 (Olsen et al., 2013; Friis-Christensen et al., 2006).  

The thesis begins with a theoretical chapter introducing the basic theoretical aspects in 

plasma physics including the ideal magnetohydrodynamics (MHD) approach and two-fluid 

approximation. It is followed by the precise description of the ionosphere. Then, a brief 

description of the structure of the Sun and solar wind properties are given to get a better 

overview of the near-Earth environment. Next, a big picture of the solar wind-magnetosphere-

ionosphere coupling is provided, consisting of a detailed magnetosphere description together 

with the major processes of magnetic reconnection and magnetopause boundary layers, 

followed by current systems characterizations. Then, the auroras, a consequence of the 

magnetosphere-ionosphere interaction, are explained. Fluid dynamics theory, turbulence, and 

main plasma instabilities are also provided in the chapter. 

Chapter 2 looks at the Swarm characteristics and instrument description. The chapter 

also covers the data processing methods used in this work while being explained in the most 

detail.  

Chapter 3 deals with the measurement conditions and observations of the electron 

density and magnetic field in the high-latitude ionosphere.  

Chapter 4 attempts to extend the previous chapter and provides a discussion of the 

results with additional insights into the problem. 

Finally, chapter 5 presents concluding notes and the outlook for the research.   
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1. Theoretical aspects 

 

The chapter presents a basic theoretical background in plasma physics, followed by the structure 

of the ionosphere and a description of the solar wind-magnetosphere-ionosphere interaction. 

Then, the fluid dynamics and the main turbulence model are introduced, followed by a brief 

explanation of ionospheric plasma instabilities. 

 

 

1.1.1 Definition of a plasma state. What is plasma? 

Around 99 % of the matter in the universe is in plasma state (in the form of an electric gas with 

the atoms dissociated into positive ions and negative electrons) (Chen, 1984). The examples are 

the stellar interiors and atmospheres, gaseous nebulae, the conducting gas inside the fluorescent 

tube, lightnings, etc (Piel, 2010; Chen, 1984).  

The word plasma is used to describe fully or partially ionized gas which contains 

electrons and ions. This term was introduced about 80 years ago by 

Irving Langmuir (1881 – 1957) to describe the charge-neutral part of a gas discharge. David A. 

Frank-Kamenezki, on the other hand, defined plasma as the fourth state of matter 

(Fitzpatrick, 2015). Also, the idea on a fourth state of matter goes back to 

Michael Faraday (1791 – 1867), who, in 1890, suggested a radiant state of matter that he 

associated with the luminous phenomena produced by electric currents flowing in gases (Piel, 

2010).  

Any ionized gas cannot be called a plasma. There is always a small degree of ionization 

in any gas. A good definition is: plasma is a quasineutral gas of charged and neutral particles 

which exhibits collective behavior (Chen, 1984).  

It is a well-known fact that plasma is quasineutral on large scales, but on small scales it 

behaves differently. This thesis work includes the fluid description of fully ionized plasma.  

 

 

1.1.1 Plasma as a fluid.  Ideal MHD 

The plasma in the F region at high latitudes is characterized by the ideal MHD theory. Fully 

ionized plasmas can be found in the Earth’s upper ionosphere, in the magnetosphere or in the 

more distant regions of space. In the fluid description the plasma is considered to be a medium 

which follows the same laws as any other continuum, i.e., the equation of continuity, Newton’s 

second law and equation of state. This approach ignores the fact that plasma consists of 

electrons and ions. Instead, plasma is described as one fluid, characterized by its large 

conductivity (Pécseli, 2012).  

There are several simplifications in the single fluid approach (Pécseli, 2012): 
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o the time and length scales are large. The time scales are much larger than the time 

electromagnetic wave needs to travel through plasma. The length scales are larger than 

the mean free path between the collisions.  

o the displacement current is neglected in Maxwell’s equations due to the large time 

scales. 

o the velocity distribution function is locally Maxwellian. The temperature is well-

defined.  

o the temperature and pressure of the electrons and ions is the same as they are described 

by the same distribution. 

The basic equations of fluid dynamics are given by (Fitzpatrick, 2015; Pécseli, 2012; Piel, 

2010): 

o A continuity equation, or a local form of mass conservation   

𝜕𝜌

𝜕𝑡
+  ∇ (𝒗𝜌) = 0 .                                                        (1.1) 

o Navier-Stokes equation represents the conservation of momentum 

𝜌 (
𝜕𝑣

𝜕𝑡
+ 𝒗 ∙ ∇𝒗) =  − ∇𝑝 .                                                   (1.2) 

o An equation of state should also be considered to solve a full set of equations. 

Assuming incompressibility it can be written as ∇ ∙ 𝒗 = 0. For the ideal gas 𝑝 = 𝑛𝑘𝐵𝑇.  

 

Electrodynamic equations are given by (Fitzpatrick, 2015; Pécseli, 2012; Piel, 2010): 

o Faraday’s law 

∇ × 𝑬 =  −
𝜕𝑩

𝜕𝑡
 .                                                         (1.3) 

o Ampere’s law 

∇ × 𝑩 = 𝜇0𝒋 + 
𝜇0휀0𝜕𝑬

𝜕𝑡
 .                                                (1.4) 

Neglecting the displacement current, one gets 

                                             ∇ × 𝑩 = 𝜇0𝒋 .                                                        (1.5) 

o Lorentz force  

                                               𝑭𝑳 = 𝑞(𝑬 + 𝒗 × 𝑩).                                                     (1.6)  

           

Multiplying both sides of the equation (1.6) by number density n and combining with (1.2) 

gives (Pécseli, 2012): 

𝜌 (
𝜕𝒗

𝜕𝑡
+ 𝒗 ∙ ∇𝒗) = −∇𝑝 + 𝜉𝑬 + 𝒋 × 𝑩 + 𝜌𝒈 ,                           (1.7) 

where 𝜉 is charge density, 𝜌𝒈 – gravity, which is important to consider when having problems 

related to the Sun.   

 In the ideal MHD, plasma is a conducting fluid with conductivity 𝜎 → ∞. Large 

conductivity with the electric field would lead to charge separation which contradicts with the 

ideal MHD assumptions. That is why the second term on the right-hand side of (1.7) can be 

ignored (Pécseli, 2012; Piel, 2010).  

o Ohm’s law 

 𝒋 = 𝜎(𝑬 + 𝒗 × 𝑩).                                                     (1.8)                                         
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The current on the left-hand side of (1.8) is due to the electric field 𝑬 which is ignored. 

As mentioned above, the conductivity of plasma 𝜎 → ∞, which leads to infinite currents. In 

order to keep the currents finite, one must write: 

                                                                           𝑬 = −𝒗 × 𝑩 .                                                       (1.9) 

The relation (1.9) implies that there is no parallel component of the electric field 𝑬 in 

the ideal MHD. All the electric field components are perpendicular to the magnetic field 𝑩 

which, at the same time, implies that the velocity 𝒗 is due to 𝑬 × 𝑩 drift. 

 The set of equations describing the ideal and incompressible MHD (with combined (1.3) 

and (1.9)) becomes 

𝜕𝜌

𝜕𝑡
+  𝒗 ∙ ∇𝜌 = 0 ,                                                    (1.10) 

𝜕𝐵

𝜕𝑡
=  ∇ × (𝒗 × 𝑩),                                                   (1.11) 

𝜌 (
𝜕𝒗

𝜕𝑡
+ 𝒗 ∙ ∇𝒗) = −∇𝑝 +

1

𝜇0

(∇ × 𝑩) × 𝑩,                                (1.12) 

                     ∇ ∙ 𝒗 = 0, or 𝑝 = 𝑝(𝜌).                                                (1.13) 

The ideal MHD assumes the following concept – magnetic field lines are carried along 

by the flow of particles. This means that plasma is frozen to the magnetic field lines and moving 

with them (Pécseli, 2012). The detailed derivation of the frozen-in concept can be found in 

Pécseli, 2012; Chen, 1984.  

 

 

1.1.2 The two-fluid description  

The two-fluid model of a plasma includes two individual mixtures of charged gasses. The gas 

is fully ionized, and the electrons move almost freely through the ion background which can 

have its own dynamics (Piel, 2010; Pécseli, 2012). This approximation can be used to describe 

high-frequency plasmas, such as ionospheric plasma.  

The multi-component plasma model follows the continuity equations, one for each 

component. Using subscripts e and i for electron and ion densities, the basic plasma equations 

can be written in a following form (Fitzpatrick, 2015) 

o Continuity equation for both species  

𝜕𝑛𝑒,𝑖

𝜕𝑡
+  ∇ ∙ (𝑛𝑒,𝑖 𝒗𝑒,𝑖) = 0 ,                                             (1.14) 

where n is a number density.  

o Momentum equation 

- for electrons: 

𝑚𝑒𝑛𝑒 (
𝜕

𝜕𝑡
𝒗𝑒 +  𝒗𝑒 ∙ ∇𝒗𝑒) = −∇𝑝𝑒 − 𝑒𝑛𝑒(𝑬 + 𝒗𝒆 × 𝑩) + 𝑷                (1.15) 

- for ions:  

𝑚𝑖𝑛𝑖 (
𝜕

𝜕𝑡
𝒗𝑖 + 𝒗𝑖 ∙ ∇𝒗𝑖) = −∇𝑝𝑖 + 𝑒𝑛𝑖(𝑬 + 𝒗𝒊 × 𝑩) + 𝑷                     (1.16) 
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where P is a momentum transfer from the electron gas to the ion gas by collisions, with “−” 

meaning momentum gain for the ions, and “+” – momentum loss for the electrons.  

 The collisional term is given by  

                                                   𝑷 = 𝜗𝑛𝑒𝑛𝑖(𝒗𝒊 − 𝒗𝒆),                                                   (1.17) 

where 𝜗 > 0 is a constant of proportionality.   

o Equation of state  

                                               𝑝𝑒,𝑖 = 𝑓𝑒.𝑖(𝑝𝑒.𝑖).                                                           (1.18) 

Some other important quantities can be introduced to describe bulk plasma parameters, 

such as plasma mass density  

𝜌 ≡ 𝑚𝑛𝑒 + 𝑀𝑛𝑖  ,  

the average velocity 

𝑽 ≡
𝑛𝑒𝑚𝒗𝒆 + 𝑛𝑖𝑀𝒗𝒊

𝑛𝑒𝑚 + 𝑛𝑖𝑀
 , 

and the bulk plasma continuity equation 

𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝑽𝜌) = 0. 

Subtracting equations (1.14) and multiplying them by e gives the continuity equation 

for charge  

𝜕𝜉

𝜕𝑡
+ ∇ ∙ 𝒋 = 0. 

 Subtracting (1.15) from (1.16): 

𝜕𝒋

𝜕𝑡
=  ∇ (

𝑒𝑝𝑒

𝑚
−  

𝑒𝑝𝑖

𝑀
) +  (

𝑒2𝑛𝑒

𝑚
−  

𝑒2𝑛𝑖

𝑀
) 𝑬 +  (

𝑒2𝑛𝑒

𝑚
𝒗𝑒 −  

𝑒2𝑛𝑖

𝑀
𝒗𝑖)     

−  (
𝑒

𝑚
−

𝑒

𝑀
 ) 𝑷.                                                                                                       (1.19) 

In the right-hand side of (1.19) we must approximate 𝑛𝑖 = 𝜌/𝑀  and 𝑛𝑒 = 𝜌/𝑀 − 𝜉/𝑒 

due to a small electron mass comparing with the mass of ions. Also,                                                         

𝑽 ≈ (𝒗𝒆 𝑛𝑒 𝑚)/(𝑛𝑖 𝑀) + 𝒗𝑖. Ignoring terms of the same order in the equation for the ion 

velocity gives 

𝒗𝒆 ≈
𝑽𝑛𝑖

𝑛𝑒
−

𝒋

(𝑛𝑒𝑒)
  and   𝒗𝒊 ≈ 𝑽 +

𝒋𝑚

(𝜌𝑒)
 . 

 Although the electron mass m is small, the velocity of electron 𝒗𝑒 can be quite large. In 

this case we cannot ignore the term 𝒗𝑒 𝑛𝑒 𝑚. Also, the pressure of electrons and ions should be 

of the same order of magnitude. Using these approximations one gets  

                                
𝜕𝒋

𝜕𝑡
= ∇

𝑒𝑝𝑒

𝑚
+

𝑒2𝑛𝑒

𝑚
𝑬 + (

𝑒2𝜌

𝑚𝑀
𝑽 −

𝑒𝒋

𝑚
) × 𝑩 −

𝑒𝑷

𝑚
.                            (1.20) 

Assuming quasi-neutrality and reducing the collisional term P to  

−
𝑒𝑷

𝑚
= 𝜗𝑛𝑒𝑛𝑖

𝑒𝒋

𝑚𝑛𝑒𝑒
= −𝜗

𝜌𝒋

𝑚𝑀
 , 

a modified Ohm’s law is obtained (Pécseli, 2012) 

                                
𝜕𝒋

𝜕𝑡
=

𝑒∇𝑝𝑒

𝑚
+

𝜌𝑒2

𝑚𝑀
(𝑬 −

𝒋

𝝈
+ 𝑽 × 𝑩) −

𝑒𝒋

𝑚
× 𝑩,                            (1.21) 
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where 𝜎 = 𝑒2/𝜗 – plasma conductivity. The last term on the right-hand side of (1.21) is the 

Hall current term.  

 

 

1.2 Structure of the main ionosphere 

The upper layer of the atmosphere, which is 

partially ionized due to photoionization processes, 

is called the ionosphere. It is divided into several 

regions. According to Gombosi (1998) the main 

ionospheric layers are the following 

o D region (≈ 60 – 90 km); 

o E region (≈ 90 – 140 km); 

o F1 region (≈ 140 – 200 km); 

o F2 region (≈ 200 – 500 km); 

The ionospheric structure can be described by 

plasma density profile. There are two plasma 

density profiles in Fig. 1.1 – depending on the 

production and loss of ions/electrons – for day- 

and nighttime midlatitude conditions. At high 

altitudes, the ionospheric plasma is almost collision-less, and as mentioned in section 1.1.1, the 

number density of positive ions and negatively charged electrons is nearly the same. However, 

if 𝑛𝑖 exactly equaled 𝑛𝑒 everywhere, there would be no electrostatic field at all (Kelley, 2009).  

The ionosphere is rich with different species of ions. For example, in the E region 

ions NO+ and O2
+ dominate in the plasma density. The two dissociative recombination reactions 

dominate in the E region: NO++ e– → N  + O and  O2
+ + e– → O + O (Kelley, 2009). 

The dominant source of ionization in the D layer is photoionization of NO by atomic 

hydrogen (Pfaff Jr., 2012). The level of ionization in the D region is extremely low, and the 

physics of the plasma differs from so-called weakly collisional conditions, which is little of 

interest in this work based on the F-region plasma.  

The F region is divided into F1 and F2 (see Fig. 1.1). In the F1 region, near its density 

peak, the ions are almost all O+with some contribution from N2
+. In the lower F1 region (around 

140 km) the lifetime of the O+ is short (a few seconds), and the NO+molecular ion becomes 

dominant. On the other hand, above 180 km, O+ takes over and becomes the major ion. In the 

F2 region the major ion is O+ with a density peak 200 – 400 km. Photoionization of atomic 

oxygen is the dominant ionization source in the F2 region (Pfaff Jr., 2012): O + hν → O+ + e. 

Also, the lifetime of the molecular ions is much shorter comparing with atomic ions. A 

recombination reduces the plasma concentration since the molecular ions do not exist a long 

time, and their production is reduced at night. Although, O+plasma survives in the nighttime at 

high altitudes with the concentration around 104 – 105 cm–3 (Kelley, 2009). 

Photoionization process by solar radiation is not the only source of plasma in the 

ionosphere. At high latitudes, ionization by energetic particles is especially important. Visible 

Figure 1.1: Typical ionospheric plasma density 

profile. From Gombosi (1998). 
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light is also emitted when particles hit the atmosphere. These emissions create the visible 

aurora. Auroral emission patterns can have quite complex structures (see section 1.4) (Prölss, 

2012).  

 

 

1.3 The Sun and solar wind  

In the next paragraph, the structure of the sun is 

described following Russell et al., 2016.  

The Sun plays a major role in space physics and for the 

main processes that can be observed in the ionosphere.  

The Sun consists of plasma which contains charge 

particles. Those particles create magnetic field. The 

earliest evidence of the Sun’s magnetic field is the 

sunspots. Solar activity can be measured using the 

sunspot cycle illustrated in Fig 1.2. The number of 

sunspots determines the cyclic behavior in magnetic 

activity with periods ~ 10 – 13 years. There are four 

solar cycle phases: the solar minimum when the sunspot number (SSN) is the lowest; the rising 

phase during which the SSN increases; the maximum when the SSN reaches its highest value 

and when the SSN decreases. Also, the spatial location of 

sunspots varies over time: they occur in restricted latitude band 

and travel equatorward from the start to end of their cycle. This 

is the reason they have so-called butterfly shape when they are 

plotted as a function of time in Fig. 1.2. Further, the sunspot speed 

depends on their solar latitude. When the sunspot number is high 

the strong activity on the sun can be 

observed. Moreover, the solar 

atmosphere is never steady. Three 

types of dynamic processes are of 

special interest due to their important role in space weather: flares, 

coronal mass ejections (CME) and shocks.  

Solar flares are impulsive brightenings of the sunspots. 

Examples of flare images are shown in Fig. 1.3. Flares are often 

characterized and classified by the intensities of their outburst. 

CMEs usually appear as an 

expanding loop or a bubble. 

Sometimes they can even look like a large expanding flux. 

Their growth can take a day, their average velocity can be 

a few tens and a few hundreds kilometers per second. The 

mechanism of their production is still unknown. An 

example of CME is shown in Fig. 1.4. The occurrence of 

Figure 1.2: (a) Time series of sunspot 

number (SSN); (b) “butterfly” diagram of 

sunspot latitudes versus time labeled by 

solar cycle number.  

From Russell et al. (2016). 

 

Figure 1.3: Examples of flare 

images.  

From Russell et al. (2016). 

 

Figure 1.4: Examples of CME 

images. From Russell et al. 

(2016). 

 

Figure 1.5: The distortion of the Earth's 

magnetic field by the solar wind.  

From Fitzpatrick (2015). 
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coronal shocks is rather difficult to detect in remote sensing observations. However, sometimes 

they can be detected via radio emissions from the solar corona.   

The space between the Sun and Earth is filled with the plasma of the solar wind. The 

solar wind is a continuous stream of charged particles (where protons dominate) which impacts 

the Earth’s magnetosphere, which in turn shields us from the solar wind radiation. Also, the 

Earth’s magnetic field is distorted by the action of the solar wind moving toward the Earth with 

the supersonic speed as illustrated in Fig. 1.5. Typical parameters in the solar wind at 1 AU are 

the following: number density n = 5 × 106 m–3, energy of ions KTi = 10 eV, energy of electrons 

KTe = 50 eV, magnetic field B = 5 × 10–9 T, drift velocity 300 km/s (Chen, 1984; Fitzpatrick, 

2015).  

The most popular dynamic model of the solar wind is the 

Parker model described, for example, in Fitzpatrick, 2015. 

The frozen IMF is associated with the fluid description 

(discussed in section 1.1.2) of the solar wind. The solar 

coronal plasma and field corotate almost with the Sun at 

27 day period. However, outside of this point the plasma 

moves on a radial outward path which looks like a “garden 

sprinkler”. This analogy resembles the solar wind plasma, 

and first was described by Parker. Thus, the geometry of 

the IMF is an archimedean spiral called the Parker spiral. 

Fig 1.6 illustrates this model (Russell et al., 2016).  

 

 

 

1.4 Solar wind-magnetosphere-ionosphere coupling 

1.4.1 Magnetosphere 

The Earth is surrounded by its magnetic field. The Earth’s magnetic field can be approximated 

as a magnetic dipole whose axis is tilted about 11º with respect to the spin axis of the Earth. In 

the Northern hemisphere (NH), it is tilted toward the North American continent, and the 

magnetic field B points down toward the surface of the Earth in the NH away from it in the 

Southern hemisphere. The dipole position varies with time (Kelley, 2009). A dipole field is 

illustrated in Fig. 1.7.  

The Earth is immersed in the atmosphere of the Sun interacting 

with the solar wind. The solar wind acts like a “wall” of ideally 

conducting material approaching the Earth with some velocity. 

As a result, the Earth’s magnetic field is like an obstacle 

blocking the solar wind flow and continually interacting with a 

hot, magnetized, supersonic, collision-less plasma (Kelley, 

2009; Pécseli, 2012).  

Magnetized solar wind moving fast cannot penetrate the 

magnetopause. This is the reason the magnetospheric cavity is 
Figure 1.7: Dipole magnetic field 

lines. From Kelley (2009). 

Figure 1.6: The IMF in Parker's model 

has a spiral shape due to solar rotation.  

From Russell et al. (2016). 
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formed. The magnetospheric cavity is a rather complicated three-dimensional region with a 

nose region and an extended tail (Kelley, 2009). The magnetic field lines on the nightside are 

extremely stretched along the direction of the solar wind flow, and they form the geomagnetic 

tail or magnetotail. The geomagnetic tail is formed by the highly stretched magnetic field lines 

on the night side.  

The near-Earth space can be divided into different regions: 

o The plasma sheet contains hot and dense compressed plasma extending along 

the center of the magnetotail. 

o The reversal of the magnetic field between the Northern and Southern 

geomagnetic lobes (see Fig. 1.8) involves the existence of a tail current sheet or neutral sheet 

with electric current flowing from dawn to dusk across the tail. 

o The bow shock is located in front of the magnetosphere. The magnetic field of 

the Earth is distorted by the momentum flux of the solar wind and forms a long magnetotail on 

the night side (see Fig. 1.8). 

o There are two toroidal belts of energetic particles: the inner belt between 700 and 

10000 km altitude and a second outer belt between 13000 and 65000 km altitude are known as 

the van Allen radiation belts. The inner belt is filled with protons of  ≥ 100 MeV and electrons 

of hundreds of keV energy. The outer belt mostly contains energetic electrons 

of 0.1 – 10 MeV energy, protons, alpha particles and O+ ions (Piel, 2010).  

o The polar cusps lie between the open and close magnetic field lines. The polar 

cusps are not single lines but finite-sized regions where the magnetosheath plasma extends 

down to the atmosphere, and they are important by allowing material to flow freely from the 

solar wind to the Earth (Pécseli, 2012, Gombosi, 1998). 

o The polar caps (PC) are circular areas placed around the magnetic poles with a 

regular diameter equals around 30º. The center of this region is displaced by a few degrees 

toward the nightside from the magnetic pole (Prölss, 2012). 

o The plasma mantle is in a region of open magnetic field lines. Plasma from the 

magnetosheath expands into this region as the field lines are convected downward along the 

geomagnetic tail. The density in the plasma mantle is lower compared with the magnetosheath 

value, but the flow is mainly parallel to the magnetosheath flow.  

Figure 1.8: Deformation of the Earth's magnetic field by the interaction with the solar wind. From Piel (2010). 
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o The magnetopause is the boundary of the magnetosphere, and contains currents 

which generate a magnetic field that prevents the terrestrial magnetic field from penetrating 

into the solar wind (Gombosi, 1998). 

 

 

1.4.2 Magnetic reconnection and the Dungey cycle 

The Earth's magnetosphere and the solar wind have been described separately in a previous 

section. Now, their interaction will be characterized below.  

The process of momentum and energy transport occurring when the magnetic 

reconnection happens is controlled by the IMF direction. The potential reason of substantial 

disturbances of the magnetosphere of the Earth caused by the interaction between the solar wind 

and magnetosphere was initially proposed by Dungey (Dungey, 1961). He was the first to 

suggest the possible reconnection of magnetic field lines when the IMF is directed south. An 

idealized steady state process consistent with the IMF 𝐵𝑧 < 0 and representing the Dungey 

model is shown in Fig. 1.9 in Geocentric Solar Magnetospheric (GSM) coordinate system1 

(Russell et al., 2016). 

 

Re-ordering of the magnetic field lines from their initial state is called magnetic 

reconnection, which allows the transfer of energy and momentum into the magnetosphere 

(Treumann and Baumjohann, 2001). Magnetic reconnection occurs at the reconnection point 

for line 1 in Fig. 1.9. accelerating plasma and pulling it away from the reconnection point. The 

field line looks like 2 after the reconnection took place. Then, it moves toward the tail. The field 

line 3 bends in the opposite direction, and the plasma is slowed down. Due to the compression 

of the magnetosphere on the dayside, magnetic flux is added into a tail increasing the energy 

passing to the tail. The field line 4 expands to accommodate the added flux. After that, the 

reconnection between two field lines 5 can occur on the nightside in the center of the tail. As a 

                                                           
1 More information concerning coordinate systems can be found in Appendix A 

Figure 1.9: Left: a schematic illustration of the Dungey cycle in GSM coordinate system. Right: magnetospheric 

convection driven by magnetic reconnection showing the antisunward flow in the PC and the sunward return at 

lower latitudes than the PC. From Russell et al. (2016). 
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result of the reconnection in the plasma sheet, a new closed field line 6 is created. It then moves 

to lower altitudes to the auroral oval region and creates a cycle illustrated in Fig. 1.9 to the right. 

The dayside reconnection allows direct entry of solar wind particles into the cusp ionizing the 

neutral gas and exciting neutral atoms and molecules (Russell et al., 2016).  

In the tail region of the magnetosphere, where magnetic field reconnection takes place 

plasma directly flows along the field lines. This is more likely to occur when IMF is directed 

southward. In this case 5 – 10 % of solar wind energy is transferred in the Earth’s 

magnetosphere. During northward IMF intervals, the energy injection due to magnetic 

reconnection is significantly reduced, cross field transport becomes important, and about 

0.1 – 0.3 % of the solar wind energy gets transferred to the magnetosphere (Siingh et al., 2005). 

 

 

1.4.3 Magnetospheric boundary layers 

At high latitudes and altitudes (above 2000 km), the magnetic field lines extend 1) to the 

magnetopause into the magnetosheath and solar wind, 2) down the magnetotail into the regions 

called the boundary layers which lie inside the magnetopause. Field lines extending to the 

magnetosheath have one foot on the Earth and the other one is connected to the IMF. Field lines 

extending to the boundary layer and inner 

magnetosphere have both feet on the Earth even 

though the field line may be quite long. In the 

magnetosheath and boundary layer, the plasma is 

flowing rapidly antisunward and is driven by the 

expanding solar atmosphere (Kelley, 2009).  

Fig 1.10 represents the morphology of the boundary 

regions. The cusp region is marked with 0. This is a 

region where the solar wind plasma has a direct 

entrance. Active events, on the day- and nightside, 

are related to disturbances in the magnetospheric 

current sheets (red arrows). In such a case a part of 

the magnetospheric sheet current is travelling down 

to the ionosphere, via Birkeland currents (Sandholt, 

2002). The aurora caused by this process is a rather 

weak cusp aurora, which can be observed when the 

IMF is radially oriented having north-south and east-west components. Such a cusp aurora has 

low intensity of the auroral green line emission (Fritz and Fung, 2005; Sandholt, 2002). The 

next most significant channels for solar wind plasma to penetrate the magnetosphere are the 

boundary layers 1, 2 and 5. Also, they are the sources of strong momentum coupling to the 

ionosphere via field-aligned currents (Sandholt, 2002).   

Boundary layers 1 (the most active during southward IMF) and 2 (activated during 

northward IMF) are located on the equatorward and poleward sides of the magnetic cusp in the 

midday sector. Plasma transfer through layers 1 and 2 occur mostly due to magnetic 

reconnection taking place where the magnetic field of the Earth and the IMF are antiparallel 

Figure 1.10: Boundary layers structure: 0 – 

exterior cusp; 1 – low-latitude boundary layer in 

the subsolar region; 2 – high-latitude boundary 

layer; 3 – dayside extension of the central plasma 

sheet; 5 – the low-latitude boundary layer. Red 

arrows – magnetospheric current sheets; green – 

Birkeland currents; blue – ring currents. From 

Sandholt (2002). 
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(Sandholt, 2002). During southward IMF, reconnection happens near the subsolar 

magnetopause, but northward IMF reconnection, on the other side, occurs at the highlatitude 

magnetopause (poleward of the cusp). When the IMF has an east-west direction, current layers 

1 and 2 can be activated, giving rise to a cusp bifurcation which can lead to some auroral 

phenomena (Newell et al., 2009). Region 3 is the dayside extension of the central plasma sheet. 

The solar wind plasma has no direct access to this region. The plasma here has a magnetospheric 

origin, drifting from the nightside plasma sheet (Sandholt, 2002; Pfaff Jr., 2012).  

On the other hand, Russell et al. (2016) suggested different potential mechanisms of 

plasma transmission from the solar wind to the magnetosphere: 

o Quasi-steady reconnection (plasma entry by merging of the IMF and 

magnetospheric magnetic field). 

o Flux transfer events (FTE), and small-scale merging processes. 

o Viscous diffusion (plasma entry into the closed magnetosphere due to viscous type 

interactions at the magnetopause and/or in the exterior cusp). 

o Gradient drift entry as a result of gradients in the magnetic field. 

o Impulsive penetration events (IPE) or a direct entry of plasma irregularities with 

enhanced density. 

 

 

1.4.4 Current systems 

The interaction between the solar wind and 

magnetosphere may generate electric fields in the 

polar upper atmosphere. There are a lot of methods 

which allow electric fields measurements. Thus, 

direct measurements can be taken using electric field 

probes carried by satellites. Indirectly, electric fields 

can be measured from 𝐄 × 𝐁 drift given by 

equation (1.9). Fig. 1.11 illustrates the distribution of 

electric field obtained with the help of such 

techniques for an idealized scenario when            

IMF 𝐵𝑧 < 0. In the PC the field is directed from dawn 

to dusk for IMF 𝐵𝑧 < 0 pointing in the direction of 

the equator in the polar oval on the dawn side. In the 

polar oval it is directed toward the pole on the dusk 

side. Also, in the polar regions the electric fields are 

directed perpendicular to the tilted magnetic field lines (Prölss, 2012). The PC and auroral oval 

electric fields combine creating convection cells. This large-scale plasma motion in the F region 

ionosphere is also shown in Fig. 1.11. Two plasma convection cells, oriented perpendicular to 

the electric field, are directed clockwise in the dusk sector and counterclockwise in the dawn 

sector (Prölss, 2012; Kelley, 2009).  

Figure 1.11: Ionospheric electric fields and 

plasma convection in the NH. 𝑬𝑎 is 

determined by the potential difference across 

the closed field line of the magnetosphere and 

directed from dusk to dawn, which is opposite 

from the PC electric field 𝑬𝑃𝐶 . From Kelley 

(2009). 
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The high-altitude plasma is almost collision-less, and can be 

described by the ideal MHD. On the other hand, collisions play 

an important role in the lower ionosphere changing the motion 

of the charged particles which can lead to charge separation and 

produce electric currents. The collision-less motion of electrons 

and ions is shown in Fig. 1.12. The absence of the net charge 

transport implies that there is no current perpendicular to the 

magnetic field, and the conductivity equals zero. On the other 

hand, collision frequency starts increasing in the lower 

ionosphere. Collisions with neutrals play an important role due 

to a large number of neutral particles at low altitudes. A comparison of collision frequencies 

with gyro-frequencies and the modification of charged particle motion is illustrated in Fig. 1.13, 

where Ω𝑖 and Ω𝑒 are gyro-frequencies of ions and electrons, respectively; 𝜈𝑖𝑛 is the ion-neutral 

collision frequency and 𝜈𝑒𝑛 is the electron-neutral collision frequency; 𝒋𝑝 and 𝒋𝐻 are Pedersen 

and Hall currents, respectively. 

At low altitudes ions follow a series of cycloids depicted in Fig. 1.13 b). The important 

consequence is that the disturbance of the motion of electrons and ions creates a relative drift 

of these particles. This drift corresponds to currents that flow parallel and perpendicular to the 

electric field: Hall and Pedersen currents. Hall current: 𝒋𝐻 ⊥ 𝑬; Pedersen current: 𝒋𝑃 ∥ 𝑬. Both 

currents flow perpendicular to the magnetic field 

(Russell et al., 2016).  

The distribution of currents is shown in Fig. 1.14 

corresponding to Fig. 1.11. Pedersen currents: flow 

from dawn to dusk in the PC and radially in the polar 

oval. Birkeland currents: flow at the boundaries of 

the polar oval on the poleward side (region 1 

currents) and on the equatorward side (region 2 

currents). Region 1 currents are stronger than the 

region 2 currents. Hall current: corresponds to the 

plasma convection, flows in the sunward direction 

in the PC and antisunward in the polar oval (Kelley, 

2009; Prölss, 2012). If there is no conductivity 

Figure 1.12: Motion of the charged 

particles in the upper ionosphere 

and magnetosphere. Electrons and 

ions drift together in the same 

direction and at the same velocity. 

From Prölss (2012).  

    

         

 

 

 

Figure 1.14: Electric current system in the polar 

ionosphere. From Prölss (2012). 

 

  

      

      

     

          

      

      

      

      

         

          

          
        

        
        

        
        

         
        

    
        

         
          

         
          

Figure 1.13: a) comparison of collision frequencies and gyromotion of charged particles; b) modification of such 

a drift motion. 𝛺𝑖 = 𝑞𝐵/𝑚𝑖, 𝛺𝑒 = 𝑞𝐵/𝑚𝑒. Below 125 km collision frequency between ions and neutrals 

corresponds approximately to the ion gyro-frequency. Disruptions of the trajectories occur when 𝜈𝑖𝑛  ≈ 𝛺𝑖. If 

𝜈𝑖𝑛  ≫ 𝛺𝑖 , the magnetic field has little direct influence on the motion of the ions. From Russell et al. (2016); Prölss 

(2012).  
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gradient, Hall currents are divergence free and do not close with field-aligned (Birkeland) 

currents. Contrary to this, Pedersen currents are generally associated with field-aligned currents 

making the whole current system to be solenoidal (Russell et al., 2016). 

Auroral electrojets, very strong ionospheric currents, appear when the ionospheric 

electric fields and conductivity combine. Auroral electrojets flow westward in the dawn sector 

and eastward in the dusk sector, and follow Hall currents in the  −𝐄 × 𝐁 direction. Generally, 

the northward perturbation in magnetic field observed on the ground is related to an eastward 

electrojet, while the southward perturbation is associated with the westward electrojet (Russell 

et al., 2016; Prölss, 2012, Baker and Wing, 1989). 

 

   

Characteristics of geomagnetic disturbances 

Disturbances in the horizontal magnetic field component at low latitudes are the basis for the 

disturbance storm (Dst) index. Four stations exist located on the equator that process the 

magnetic field data, which is then being combined and result in a Dst index. Disturbances equal 

to about – 150 nT are considered to be magnetic storms (Prölss, 2012).  

To describe magnetic activity at polar latitudes, the auroral electrojet (AE) index is 

usually used. Such disturbances can be larger than 1500 nT, which is considered to be a 

magnetic substorm indicator (Prölss, 2012). The AE index consists of the upper auroral 

electrojet (AU) and lower auroral electrojet (AL) indices. The AE index has no physical 

interpretation, and helps display the level of geomagnetic disturbance arising from the auroral 

electrojets. The AU defines the effect of the eastward electrojet, while AL defines the effect of 

the westward electrojet, and AE = AU − AL (Kamide, 2004). 

 

 

1.4.5 High-latitude ionosphere and auroras 

The interaction between the energetic particles and upper 

neutral atmosphere results in the visual aurora. The visual 

aurora is usually associated with discrete auroral arcs. In situ 

measurements by probes on sounding rockets and satellites 

have shown that the energetic electrons associated with 

discrete auroral arcs have narrow monoenergetic spectra that 

have “inverted-V”-shaped energy functions corresponding 

to spatial variations across the discrete auroral arc. Their 

typical energy peak is from 100’s of eV to a few tens of keV 

(Pfaff Jr., 2012).  

Auroras usually take an oval shape and occur at the 

geomagnetic poles indicating that the precipitating particles 

follow the magnetic field lines of the Earth. However, a very 

rare aurora type, the polar cap aurora, can also occur under 

mainly positive IMF conditions. Such auroras are called theta-aurora due to a theta-shaped 

form. Generally, such auroras can be observed from space (Russell et al., 2016).  

Figure 1.15: Auroral oval 

modification under different 

geomagnetic conditions. From 

Russell et al. (2016). 
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S.-I. Akasofu was the first to suggest the expansion of the auroral oval during substorms 

– sudden disturbances in the magnetosphere (Akasofu, 1964; Akasofu, 2015). Typical 

substorms last for two or three hours and are usually described by the growth phase, expansion 

phase, and recovery phase. The growth phase starts with a few 

extended arcs on the night side, which suddenly start 

brightening during a period with a negative IMF 𝐵𝑧. As a 

consequence of the magnetic reconnection a dayside aurora 

(cusp aurora) is observed at high latitudes. Due to the plasma 

flow intensification two convection cells appear. After that, 

the auroral activity increases, reaching an expansion phase 

during which all the magnetic energy is accumulated in the 

tail, and the plasma sheet thins. It is there that the magnetic 

reconnection can happen as a consequence of increasing flux 

in the tail. Then the energized particles get accelerated and 

move toward the dayside where they ionize neutral atoms and 

molecules, and a sudden brightening of the aurora can be 

seen. After some time, the aurora starts decreasing in intensity, the polar oval starts shrinking, 

and the storm enters the “recovery phase” when the magnetosphere returns to its initial state. 

Fig. 1.15 illustrates the size of the auroral oval for different geomagnetic activity. Fig. 1.16 

shows the first satellite image of a fully developed auroral substorm.   

Diffuse and pulsating aurora are usually quite dim comparing with auroral arcs. 

Observations show that the diffuse auroras are caused by pitch angle scattering with whistler 

mode waves in the magnetosphere. The discrete auroras are typically related to accelerated 

electrons which carry net upward current (Russell et al., 2016; Pfaff Jr., 2012; Tetsuya and 

Holzer, 1973).  

 

Newell et al (2009) has shown that hemispheric precipitating energy flux is dominated 

by the diffuse aurora or by the unaccelerated meanderings of ions and especially electrons in 

the magnetosphere. The diffuse aurora rises with increasing solar wind but not quite as fast as 

Figure 1.17: Illustration of the hemispheric precipitating energy fluxes of the discrete aurora, Alfvénic aurora 

and diffuse electron aurora. Top and bottom panels show solar wind conditions. From Newell et al. (2009);           

Pfaff Jr. (2012). 

Figure 1.16: A development of 

an auroral substorm recorded by the 

Dynamics Explorer-1 spacecraft at 

05:29 – 07:55 UT on April 2, 1982. 

From Pfaff Jr. (2012). 
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the discrete aurora. The least studied form of auroral precipitation, the diffuse aurora, is the 

most energetically important. 

Generally, the auroras can be divided into three main types: the V auroras, the return-

current auroras, and the alfvénic auroras. The first type is associated with the regions of 

upward field-aligned currents with electrons, accelerated by an electrostatic potential and 

usually corresponding to discrete auroras.  

The return-current auroras are associated with the downward current, normally staying 

in balance with the upward current. When such a balance is not achieved some of the currents 

may be return somewhere. The alfvénic auroras are identified by the interaction between 

electrons accelerated by the parallel electric field and small perpendicular shear Alfvén waves 

(Russell et al., 2016; Pfaff Jr., 2012). 

A summary of auroral emission distributed over polar oval is presented in Table 1.1.  

Species Wavelength Color 

 

O 

557.7 nm Yellow-green 

630.0 nm Red 

636.4 nm Red 

N2
+ 391.4 – 470 nm Blue-violet 

N2 650 – 680 nm Dark red  

 
      Table 1.1: Properties of the auroras.  

       From Prölss (2012). 

The auroras do not have a continuum spectrum, and their color is determined by a few 

discrete lines. The main colors are the yellow-green and red lines of atomic oxygen at 557.7 nm 

and 630 – 636.4 nm, respectively; the blue-violet of ionized molecular nitrogen and the dark 

red bands of neutral molecular nitrogen.  

The different colors of the auroras depend on the relative excitation of the transitions 

described in Table 1.1. For example, the energy diagram of the excited state of atomic oxygen 

is illustrated in Fig. 1.18. The 𝐷 → 𝑃31  transition responsible for the 630.0 and 636.4 nm red 

oxygen lines has a smaller probability at lower altitudes than the 𝑆 → 𝐷11  transition. The 

reasons why red oxygen emission auroras usually occur 

at high altitudes is the long mean lifetime of this 

“forbidden” 𝐷 → 𝑃31  transition (110 s), which 

implies that at altitudes below about 200 km the oxygen 

atom does not lose its excitation energy by photon 

emission, but by collision de-excitation. At greater 

heights, on the other hand, there is enough time between 

collisions allowing this emission to occur (Russell et al., 

2016; Prölss, 2012). 

The next paragraph follows Russell et al. (2016). The auroras, as a consequence of 

magnetosphere-ionosphere coupling, can be explained using the two-fluid plasma theory. The 

momentum equation describing electrons and ions including collisional term: 

 

Figure 1.18: Energy diagram of the excited 

oxygen atom related to the auroral emission. 

From Russell et al. (2016). 
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 𝑛𝑖𝑚𝑖 (
𝜕

𝜕𝑡
+ 𝒗𝑖 ∙ ∇) 𝒗𝑖 = 𝑛𝑖𝑒(𝑬 + 𝒗𝑖 × 𝑩) − ∇𝑷   

        −𝑛𝑖𝑚𝑖𝜈𝑖𝑛(𝒗𝑖 − 𝒗𝑛) − 𝑛𝑖𝑚𝑖𝜈𝑖𝑒(𝒗𝑖 − 𝒗𝑒),                                       (1.22𝑎) 

 

𝑛𝑒𝑚𝑒 (
𝜕

𝜕𝑡
+ 𝒗𝑒 ∙ ∇) 𝒗𝑒 = −𝑛𝑒𝑒(𝑬 + 𝒗𝑒 × 𝑩) − ∇𝑷   

 −𝑛𝑒𝑚𝑒𝜈𝑒𝑛(𝒗𝑒 − 𝒗𝑛) − 𝑛𝑒𝑚𝑒𝜈𝑒𝑖(𝒗𝑒 − 𝒗𝑖),                                   (1.22𝑏) 

 

where 𝜈 are the collision frequencies, for example, 𝜈𝑒𝑛 is a electron-neutral collision frequency.  

 Also, implying the following assumptions:  

o Isotropic pressure involves that the term 𝑷 can be neglected. 

o The inertia term (
𝜕

𝜕𝑡
+ 𝒗𝑖 ∙ ∇) = 0. 

o Quasi-neutrality: 𝑛𝑒 = 𝑛𝑖 = 𝑛 

 

and defining the advective derivatives and pressure with respect to the center of mass velocity, 

𝒗 = (𝑛𝑖𝑚𝑖𝒗𝑖 + 𝑛𝑒𝑚𝑒𝒗𝑒)/𝜌 , where 𝜌 = 𝑛𝑖𝑚𝑖 + 𝑛𝑒𝑚𝑒 is the mass density, and assuming that 

𝑚𝑖 ≫ 𝑚𝑒, 𝜌 = 𝑛𝑚𝑖, 𝒗𝑖 = 𝒗 , equations (1.22a) and (1.22b) can be combined making a single-

fluid plasma momentum equation 

      𝜌
𝐷𝒗

𝐷𝑡
= 𝒋 × 𝑩 − ∇𝑃 − 𝑛(𝑛𝑖𝜈𝑖𝑛 + 𝑛𝑒𝜈𝑒𝑛)(𝒗𝑖 − 𝒗𝑛) + 𝑚𝑒𝜈𝑒𝑛

𝒋

𝑒
 ,               (1.23) 

where 
𝐷

𝐷𝑡
=

𝜕

𝜕𝑡
+ 𝒗 ∙ ∇ is the total time derivative using the center of mass velocity.  

Then, ignoring the inertia terms and pressure in equations (1.22a) and (1.22b), one gets 

𝑒(𝑬 + 𝒗𝑖 × 𝑩) = 𝑚𝑖𝜈𝑖𝑛(𝒗𝑖 − 𝒗𝑛) +
𝑚𝑖𝜈𝑖𝑒𝒋

𝑛𝑒
,                                  (1.24𝑎) 

𝑒(𝑬 + 𝒗𝑒 × 𝑩) = −𝑚𝑒𝜈𝑒𝑛(𝒗𝑒 − 𝒗𝑛) +
𝑚𝑒𝜈𝑒𝑖𝒋

𝑛𝑒
.                              (1.24𝑏) 

Defining flow velocities and electric fields in the reference frame of the neutral species, 

i.e., 𝒗𝑖
′ = 𝒗𝑖 − 𝒗𝑛, 𝒗𝑒

′ = 𝒗𝑒 − 𝒗𝑛 and 𝑬′ = +𝒗𝑒 × 𝑩, gives 

𝒗𝑖
′ =

𝑒

𝑚𝑖𝜈𝑖𝑛
(𝑬′ −

𝑚𝑒𝜈𝑒𝑖

𝑛𝑒2
𝒋 + 𝒗𝑖

′ × 𝑩),                                   (1.25𝑎) 

𝒗𝑒
′ = −

𝑒

𝑚𝑒𝜈𝑒𝑛
(𝑬′ −

𝑚𝑒𝜈𝑒𝑖

𝑛𝑒2
𝒋 + 𝒗𝑒

′ × 𝑩).                               (1.25𝑏) 

Both equations depend on Coulomb collision term 𝑚𝑒𝜈𝑒𝑖𝒋/𝑛𝑒 which is retained in the 

derivation of the parallel conductivity and neglected in the derivation of the perpendicular 

conductivity since 𝑚𝑒𝜈𝑒𝑖/𝑒𝐵 is small in the magnetosphere and ionosphere.  

 From the parallel component of equations (1.25a) and (1.25b) parallel and perpendicular 

current densities can be found 

𝑗∥ = 𝜎∥𝐸∥                                                                    (1.26) 

𝒋⊥ = 𝜎𝑃𝑬⊥
 ′ − 𝜎𝐻

𝑬⊥
′ × 𝑩

𝐵
,                                                   (1.27) 
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where 𝜎𝑃 and 𝜎𝐻 are the Pedersen and Hall conductivities, respectively.  

𝜎𝑃 =
𝑛𝑒

𝐵
(

𝜈𝑒𝑛/Ω𝑒

1 + 𝜈𝑒𝑛
2 /Ω𝑒

2
+

𝜈𝑖𝑛/Ω𝑖

1 + 𝜈𝑖𝑛
2 /Ω𝑖

2)                                      (1.28) 

and 

𝜎𝐻 =
𝑛𝑒

𝐵
(

1

1 + 𝜈𝑒𝑛
2 /Ω𝑒

2
+

1

1 + 𝜈𝑖𝑛
2 /Ω𝑖

2),                                     (1.29) 

where Ω𝑖 = 𝑒𝐵/𝑚𝑖 is the ion gyro-frequency and Ω𝑒 = 𝑒𝐵/𝑚𝑒 is the electron gyro-frequency. 

In the Earth’s E- and F region ionosphere, 𝜈𝑒𝑛 ≪ 1.  

 Also, the electron frozen-in condition 

𝑬 + 𝒗𝑒 × 𝑩 = 𝑬 + 𝒗 × 𝑩 −
𝒋 × 𝑩

𝑛𝑒
= 0                                    (1.30) 

is a good approximation for the ionosphere which shows that the electrons move with 𝑬 × 𝑩 

drift velocity. The Pedersen conductivity is usually associated with the ion motion along the 

direction of the perpendicular electric field. The Hall current is opposite to the 𝑬 × 𝑩 drift 

because of the motion of ions which is slowed by the ion-neutral collisions. In the D region, 

however, the electron-neutral collisions are significant.  

 In the ionosphere the dominant terms in equation (1.23) are 𝒋 × 𝑩 and the ion-neutral 

collision term  

𝒋 × 𝑩 = 𝜌𝜈𝑖𝑛(𝒗𝑖 − 𝒗𝑛).                                                  (1.31) 

 

Taking the curl of equation (1.31) and assuming ∇ ∙ 𝒋 = 0, 

(𝑩 ∙ ∇)𝒋 − (𝒋 ∙ ∇)𝑩 =  𝜌𝜈𝑖𝑛(𝝎𝑖 − 𝝎𝑛) − (𝒗𝑖 − 𝒗𝑛) × ∇𝜌𝜈𝑖𝑛 ,              (1.32) 

where 𝜔 = ∇ × 𝒗 is the vorticity of the velocity field.  

 Taking the dot product of equation (1.32) with 𝑩, gives 

𝑩 ∙ (𝑩 ∙ ∇)𝒋 − 𝐵𝒋 ∙ ∇𝐵 =  𝜌𝜈𝑖𝑛𝑩 ∙ (𝝎𝑖 − 𝝎𝑛) − 𝑩 ∙ [(𝒗𝑖 − 𝒗𝑛) × ∇𝜌𝜈𝑖𝑛].         (1.33)  

In equation (1.33) 

 

o the first term on the left-hand side gives the change in the field-aligned current, 

o the second term on the left-hand side is generally small in the earth’s ionosphere, 

o the first term on the right-hand side is the vorticity in the plasma flow (𝜔 = ∇ × 𝒗), 

o the second term on the right-hand side is the gradient in 𝜌𝜈𝑖𝑛 which is equal to the 

divergence of the electric field and gradients in the conductivity.  

Generally, equation (1.33) shows that in the ionosphere, the field-aligned 

currents are associated with vorticity of the plasma flow and gradients in 𝜌𝜈𝑖𝑛.  

The divergence of 𝒋⊥ using equation (1.27)  

∇ ∙ 𝒋⊥ = ∇ ∙ (𝜎𝑃𝑬⊥
 ′ ) − ∇ ∙ 𝜎𝐻

𝑬⊥
′ × 𝑩

𝐵
                                        (1.34) 
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is usually associated with the divergence of the electric field and gradients in the conductivity. 

From the frozen-in concept, the divergence in the electric field corresponds to a shear-flow (or 

velocity vorticity).   

 

 

1.5 Turbulences. Main features 

Now, that the near-Earth environment has been fully described, turbulence, which is an 

important phenomenon in the high latitude ionosphere, will be explained briefly in the 

following section.  

Turbulence in fluids can be found in everyday life. For example, the smoke of a 

cigarette, flow of a stream in a river, etc.  The rapid flow of any fluid passing an obstacle creates 

turbulence in the boundary layers and develops a turbulent wake which can generally increase 

the drag exerted by the flow on the obstacle. The atmospheres of some planets, the solar 

atmosphere and the Earth’s outer core are turbulent. Turbulence is also produced in the Earth’s 

magnetosphere, due to instabilities caused by the interaction between the solar wind and 

magnetosphere. (Frisch, 1985). 

 The Reynolds number Re is an important non-dimensional quantity which characterizes 

flow patterns (Narita, 2012):  

𝑅𝑒 =
𝑈𝐷

𝜈
,                                                                  (1.35) 

where U is an average velocity of the flow, D is the length of the flow and 𝜈 is the molecular 

viscosity. The experiments show that there is a critical value of Re above which the flow 

becomes turbulent. The critical value is of the order of 2000. For Re < Recritical, the flow remains 

regular (laminar), and for Re > Recritical it becomes turbulent (Lesieur, 2008). 

The fundamental equation that describes the dynamics of a flow is the Navier-Stokes 

equation (Narita, 2012): 

𝜕𝒗

𝜕𝑡
+ (𝒗 ∙  ∇)𝒗 − 𝑣∆2𝒗 =  −

∆𝑝

𝜌
 ,                                             (1.36) 

where 𝒗 is the velocity of a flow,  𝑝 – pressure, 𝜌 – mass density.  

Figure 1.19: Turbulences at different Reynolds numbers. From Frisch (1995). 
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1.5.1 Kolmogorov turbulence 

Kolmogorov’s theory of turbulence from 1941 is a fluid-

based approach which is used to characterize a turbulent 

flow. This theory can also be used to describe turbulent-like 

motion in plasmas (Biskamp, 2003). When the Reynolds 

numbers are low, and the boundary conditions are time-

independent, the flow is steady. On the other hand, when the 

Reynolds number increases the flow is time-dependent. 

After some time, at some point, the flow becomes chaotic 

(Frisch, 1995). 

A well-known representation of turbulence processes was 

given by Richardson and Kolmogorov, and was made by 

Kolmogorov himself. In general, a steady turbulent flow 

consists of a mean component of motion plus a random component. Also, any random 

component of motion consists of a random collection of eddies (vortices). The size of the 

smallest eddies depends on the Reynolds number. For small eddies, the rate at which kinetic 

energy is dissipated in a fluid is given by  

휀 = 2𝜈𝑆𝑖𝑗𝑆𝑖𝑗 ,                                                             (1.37) 

where 𝑆𝑖𝑗 is the strain rate tensor. Dissipation occurs in regions where the gradient in velocity 

and the shear stress is large (Frisch, 1995). 

 Let us consider turbulence where Re is large. Series of observations led Richardson to 

introduce the concept of the energy cascade for high-Re turbulence. The largest eddies, which 

are created by instabilities in the mean flow, are subject to inertial instabilities and rapidly 

evolve into smaller vortices. In fact, the lifetime of a typical eddy is rather short, of the order 

of its turn-over time, D/U. The smaller eddies are unstable, and they pass their energy to even 

smaller structures and so on. It creates an energy cascade from the large scales down to the 

small ones (Fig. 1.20). Viscosity plays no part in this cascade, due to negligible viscous stresses 

acting on the large eddies. 

The whole process is driven by inertial forces. However, the cascade comes to a point 

when the eddy size becomes so small that Re, based on the size of the smallest eddies, is of 

order unity. At this point, the viscous forces become significant, and dissipation starts to 

become important (Davidson, 2006). The large eddies are created by the mean flow, and then 

they break up through a sequence of instabilities into finer structures. Energy is dissipated only 

in the final stages of this process when the structures are so fine that Re is of order unity. In this 

sense, viscosity does not play a big role in a cascade (Narita, 2012).   

Let us determine the smallest scale in a turbulent flow. Let 𝑎 and 𝑎′ represent velocities 

associated with the largest and smallest eddies, respectively. Let 𝑙 and 𝜂 be the length scales of 

the largest and smallest structures. The rate at which energy per unit mass is passed down the 

energy cascade from the largest eddies (Davidson, 2006) 

Π ~ 
𝑎2

𝑙/𝑎
=  𝑎3                                                              (1.38) 

 The rate of the energy dissipation at the smallest scales  

                                                휀 ~ 𝜈𝑆𝑖𝑗𝑆𝑖𝑗 ,                                                                (1.39) 

Figure 1.20: A representation of the 

energy cascade. From Narita (2012). 
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where 𝑆𝑖𝑗 is the rate of strain associated with the smallest eddies, 𝑆𝑖𝑗 ~ 
𝑎′

𝜂
. 

This means  

휀 ~ 𝜈 (
𝑎′2

𝜂2
)                                                                 (1.40) 

The dissipation of turbulent energy 휀 and the energy cascade Π have the same rate. Then,   

𝑎3

𝑙
 ~ 𝜈 (

𝑎′2

𝜂2
)                                                                 (1.41) 

Using the fact that Re is of order unity, 𝜂 can be found: 

𝜂 =  (
ν3

𝜂
)

1
4

                                                                (1.42) 

The estimated value equals �̂� ~ 0.06 mm. This implies that the smallest scales in a 

turbulent flow have a very fine structure. Also, the higher the Reynolds number, the finer the 

small-scale structures. The scales 𝜂 and 𝑎 are called the Kolmogorov microscales of turbulence, 

𝑙 is the integral scale (Davidson, 2006). It was shown that the concept of energy dissipation can 

be described by a power-law spectrum of energy, as illustrated in Fig. 1.21. In a stationary 

turbulence case, energy added into the flow on a large scale is transported to smaller scales by 

eddy splitting until the kinetic energy is converted into thermal energy. The energy cascade 

decays monotonously if energy is not added into the system. The flow is heated, and then it 

becomes smooth. The process is called freely decaying turbulence (Narita, 2012). 

On the large scale, most of the energy is added into a system 

which corresponds to the injection range at wavenumber 𝑘𝑐. 

On the small scale, the dissipation process starts dominating, 

and the kinetic energy is converted into thermal energy which 

is described by the dissipation range at wavenumber 𝑘𝑑. 

It was found by Kolmogorov that in a turbulent flow the 

injection and dissipation ranges are separated and connected 

by the inertial range which represents energy cascade or eddies 

splitting. The inertial range is a property of the flow, 

independent from the type of fluid, and appears when the 

injection and dissipation ranges are separated. (Narita, 2012). 

Kolmogorov found out that the energy is scaled following the 

equation (1.43) 

𝐸(𝑘)~ 𝐶𝐾휀2/3𝑘−5/3 ,                                                   (1.43) 

where 𝐶𝐾 is Kolmogorov constant: 𝐶𝐾 ~ 1.4 − 2.  

 According to Kolmogorov’s theory, the rate of the energy cascade: 

휀(𝑘) ∝ 𝑘𝛼𝐸(𝑘)𝛽 ,                                                     (1.44) 

where 𝐸(𝑘)𝛽 is energy spectrum. For isotropic, hydrodynamic turbulence 𝛼 = 5/2,    𝛽 = 3/2.   

A full discussion concerning some features of turbulent flows and ideas on typical 

misconceptions can be found in Frisch (1985). The following is a brief summary: 

o Varying Re can possibly lead to sharp transitions. When the flow becomes turbulent it 

is highly organized in space and generally chaotic only in time. In shear flows the transition can 

cause a strong chaos in both time and space.  

Figure 1.21: Kolmogorov's energy 

spectrum. From Narita (2012). 
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o The flow is unpredictable and unstable for more than a short time. However, statistical 

properties are stable and can be predicted. Besides this, chaotic dynamical systems can have 

completely predictable features.  

o Turbulent flow increases transport. Such an increase of transport by turbulence may 

sometimes be a kind of an indication that a flow is turbulent. The turbulent-transport 

coefficients are relevant only for phenomena on scales much larger than the integral scale 𝑙. By 

increasing the viscosity, the flow can be made laminar. In addition to this, when Re is increased, 

the large-scale flow becomes more coherent, although the small scales remain chaotic. Further, 

turbulence on a scale 𝑙0 acts to enlarge rather than to diffusively damp the amplitude of the 

quantity being transported on a scale ≫ 𝑙0. In incompressible flow negative eddy viscosities 

can be used to explain that the energy cascade proceeds from small to large scales.  

o High Re-number turbulence has a wide range of scales. Fourier analysis of velocity 

signals from a probe in high Re-number flow driven at a single scale shows that the energy 

spectrum follows a power law, and the small-scale motion is approximately isotropic and 

homogeneous. Moreover, subsequent flattening of the structures which can lead to the forming 

of small scales is driven by a predictable process. On the other hand, there might be some 

additional small-scale instabilities which can lead to increasing chaos. The small-scale activities 

happen occasionally; they come in burst, and they are not continuous or systematic.   

 

 

1.6 Ionospheric plasma instabilities 

Plasma turbulence involves both plasma physics and fluid turbulence characteristics. Also, 

some of the processes in the space plasma turbulence resemble fluid turbulence. There are a 

number of unanswered questions and unsolved problems in the nature of plasma turbulence. 

One of the hypotheses regarding the plasma turbulence enhancement is related to the 

instabilities which increase turbulence levels in a flow (Narita, 2012; Vlahos and Cargill, 2009).  

The next section describes the most important instability mechanisms which could possibly 

lead to turbulence in the high-latitude ionosphere. 

 

 

1.6.1 Rayleigh-Taylor instability (RT) 

 

RT instability occurs mostly in the equatorial 

ionosphere (Kelley, 2009). The mechanism of the RT 

instability is illustrated in Fig. 1.22 with a small 

sinusoidal perturbation, the gravitational force which 

is downward (antiparallel to the density gradient), and 

the magnetic field is into the paper. It is assumed that 

the plasma is almost collision-less. The magnitude of 

a net current which flows in the x direction can be 

written as 
Figure 1.22: Illustration of Rayleigh-Taylor 

instability. From Kelley (2009).  

 



24 

 

𝐽𝑥 =
𝑛𝑚𝑔

𝐵
 ,                                                                 (1.45) 

where 𝑚 is species mass. This net current flow is large when n is large, and small when n is 

small due to horizontal direction of 𝒈 × 𝑩 current. In such a way, it creates a divergence that 

can cause charge to increase on the edges of the small sinusoidal perturbation depicted in 

Fig. 1.22, so that the perturbations in the electric field 𝛿𝑬 build up in the shown direction which 

cause an upward 𝛿𝑬 × 𝑩 plasma drift in the region of reduced plasma density. A downward 

drift is created in the region where the plasma density is high. Lower (higher) density plasma 

has an upward (downward) direction, forming a larger perturbation, which makes the system 

deviate from its stable state. 

 

 

1.6.2 𝐄 × 𝐁 instability (current convective (CC) instability)  

According to Tsunoda (1988) and Kelley (2009) irregularities in the high-latitude F region are 

usually produced by convective plasma processes originating from gradient drift instability. 

The source of such irregularities is generally a convective mixing of plasma across a mean 

plasma density which includes transport of higher-density plasma into regions of lower-density 

plasma (and vice versa) leading to the development of irregularities. Most of the discussion 

related to the RT instability can be applied at high latitudes. The generalized 𝐄 × 𝐁 instability 

includes neutral winds, electric fields and Birkeland currents. Gravity does not play a big role 

in high-latitude phenomena because g is parallel to B, and the system is unstable when 

(𝑬′ × 𝑩) ∙ ∇𝒏 > 0. 

Referring to Fig. 1.22, when the Pedersen current flows perpendicular to the zero order 

density gradient, perturbations in electric fields can develop in the presence of a small 

disturbance. As a result, a high-density plasma polarizes 

in such a way that it has a slower drift velocity than the 

background plasma. Regions with high-density plasma 

slow down and grow with respect to the background 

density, which drifts downward a gradient. Regions with 

low-density plasma, on the other hand, move in the 

opposite direction and increase with respect to the 

background density. The growth in this case is created 

due to advection of high-density regions down the 

gradient and low-density plasma up a gradient.  

The 𝐄 × 𝐁 instability process is depicted in Fig. 1.23. 

The wave is unstable if a zero-order density gradient 

(pointed into the page) exists. The distance s is parallel 

to the perturbation vector k (in the x-z plane); ∇𝒏  is in 

the y direction. The perturbation in electric field 𝛿𝑬 is 

equal to (𝛿𝑬/𝑩)�̂�𝑦, implying a movement of a high-density region down the gradient to lower-

density regions, growing in amplitude afterward. For this reason, the plasma is unstable.  

When Birkeland currents connect the magnetosphere and ionosphere as described in 

section 1.4.4, and are involved in the 𝐄 × 𝐁 instability, the process is called CC instability. 

Figure 1.23: 𝑬 × 𝑩 instability in the 

F region ionosphere. Illustration of 

electrostatic wave propagation in the NH, 

and Birkeland current.  From Kelley (2009). 
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According to Carlson et al. (2008) the CC plasma instability mechanism develops usually at 

high latitudes for plasma drift across a steep plasma-density gradient perpendicular to the 

Earth’s magnetic field. This theory can also be improved including the effects of high-latitude 

auroral currents. Also, until 2007 the CC instability was believed to dominate in the southward 

IMF polar cap patches structuring (Carlson et al., 2008). 

As a side note, it is worth mentioning that the CC instability can only barely overcome 

the stabilizing effects of an 𝐄 × 𝐁 geometry. The instability occurs when the current is carried 

by thermal plasma, and does not develop when energetic electrons carry the upward current 

(Kelley, 2009). The mathematical description of the process can be found in Kelley, 2009. 

 

 

1.6.3 Kelvin-Helmholtz instability (KH) 

A well-known Kelvin-Helmholtz instability is 

often associated with visual observations such as 

auroral folds, curls and spirals. KH instability is 

hydrodynamic in nature, and it occurs in neutral 

fluids and plasmas. When it occurs in plasmas the 

details of the plasma have not so great 

importance. It is only important that the fluid 

(neutral or plasma) is capable of supporting shear 

in its motion (Kintner and Seyler, 1985). The 

geometry of the problem is shown in Fig. 1.24 

where the left part of the figure depicts the 

symmetric case with a shear flow transition layer. The flow changes from positive to negative 

direction. The right part of the figure represents an idealized model with a sharp boundary. 

Plasma density, magnetic field, and flow velocity change quickly across the boundary 

(Treumann and Baumjohann, 2001). 

Basu et al. (1988, 1990) determined experimentally that KH instabilities occurred 

usually for sufficiently severe plasma velocity shears. On the other hand, Keskinen et al. (1988) 

discussed the KH instability theory including the addition of the refinement of ionospheric-

magnetospheric electrical coupling. It is believed that KH instability dominates in the 

structuring of the northward IMF polar cap, and especially polar cap arcs (Carlson, 2012). 

 The KH (velocity-shear driven) instability can lead to both density and electric field 

fluctuations in plasma of the near Earth space. Studies of velocity-sheared flows in space 

plasmas can be divided into two groups depending on whether plasma flow velocities are either 

parallel or perpendicular to the magnetic field (Keskinen et al., 1988). 

 A full description of this problem can be found in Keskinen et al. (1987), Gratton et al. 

(2004), Lesieur (2008).  

 

 

1.6.4 Description of instabilities using power-law 

To analyze and describe instabilities and turbulence in plasmas, power spectra are often used 

(Chang et al., 2004; Bruneau et al., 2002; Mounir et al., 1991; Kintner and Seyler, 1985, Dyson 

Figure 1.24: Illustration of a plasma configuration 

developing the KH instability.  

From Treumann and Baumjohann (2001). 
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et al., 1974). It can be compared with turbulence in fluids where the energy cascade spectrum 

in the inertial range follows a power law. Also, the power spectral indices of fluctuations in 

density and electric field can be used to determine instabilities that produce low-frequency 

turbulence. 

 In situ studies of the low-latitude ionosphere shows that the power spectra of plasma 

irregularities in the F region exhibit a power law with the spectral indices  �̂�1 ≈ −2 and                 

�̂�2 ≈ −5 at low and high frequencies, respectively. The power spectra steepen at the 

wavelength 𝜆 ≈ 80 − 100 m. The low-frequency part of the spectrum is often associated with 

the generalized RT instability, and the steepening is usually a characteristic of diffusion, wave 

steepening and drift waves (Kintner and Seyler, 1985; Sudan and Keskinen, 1984). Further, 

plasma density instabilities in the direction perpendicular to the magnetic field (in the low- and 

high-latitude F layer) are characterized by double-slope spectra with a steeper slope at higher 

frequencies. Also, at the high frequency part of the spectrum steeper slope of the spectrum is 

observed which can correspond to the energy dissipation (Spicher et al., 2014; Kelley, 2009; 

Frisch, 1995; Kintner and Seyler, 1985).  

 According to Sudan and Keskinen (1984) RT and 𝐄 × 𝐁 instabilities can be used to 

explain low and high latitude F-region density irregularities, respectively. Despite the 

difference in the nature of RT and 𝐄 × 𝐁 instabilities, there is no substantial changes in the 

spectra.  

 There are two general categories associated with linear instabilities in plasmas (Kintner 

and Seyler, 1985): 

Collisional models: 

Collisions are dominant source contributing to 

the plasma current. 

These are 𝐄 × 𝐁 or gradient-drift instability (if 

the background electric field is parallel to the 

plasma density gradient in a magnetized 

plasma together with the presence of the ion-

neutral collisions) and CC instability (parallel 

electron current is required in addition to the 

background electric field, density gradient and 

ion-neutral collisions).  

Inertial models: 

Inertial effects are fundamental in plasma 

motion.  

For example, KH instability (inertial effects 

which are associated with ion polarization drift 

give the plasma model a structure similar to the 

neutral fluids) and drift waves (DW) instability 

(driven by plasma density or temperature 

gradients and relevant for laboratory studies). 

 

 

As stated in Kintner and Seyler (1985), there is no big difference in the evolution aspects 

of the CC and 𝐄 × 𝐁 instabilities which can be showed by the similar spectra. Both are 

characterized by a spectral index which varies a little �̂� ≅ 2.3 − 2.6. Furthermore, both 

instabilities evolve into long fingers with steep density gradients defining their boundaries. 

Also, there are two theories regarding the spectrum of equations describing CC, 𝐄 × 𝐁 and RT 

instabilities.  

The first theory was formulated for collisional RT instability. This spectral theory is a 

coherent mode coupling theory which estimates a spectral slope of �̂� = 2. It can be explained 

by the fact that the density diffusion smoothes the step functions, and sharp density gradients 
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of the finger structures are approximated by step functions with the Fourier transform of the 

density which gives �̂� = − 2.  

The second theory is applied for turbulence, which is assumed to be quasi-2D, and 

estimates �̂� = − 5/3 power law obtained using the scaling analysis, where the energy cascade 

for CC and 𝐄 × 𝐁 equals (Kintner and Seyler, 1985) 

𝐸(𝑘) = 𝐶휀2/3𝑘−5/3 , 𝑘𝑐 < 𝑘 < 𝑘𝑑                                                                                         (1.46) 

where 𝐸(𝑘) is the energy cascade through k-space, 𝐶 is a Kolmogorov’s constant, 휀 is energy 

of the rate of cascade, 𝑘𝑐 is the injection wavenumber, 𝑘𝑑 is the viscous dissipation 

wavenumber.  

 For the inertial model case the spectral theory is identical to that of the collision models. 

Thus,  

   𝐸(𝑘) = 𝐶휀2/3𝑘−5/3 ,        𝑘0 ≪ 𝑘 ≪ 𝑘𝑐                                                                                   (1.47)
 In Table 1.2 some of the spectral results are summarized.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

E × B/CC KH DW 

– 5/3 – 1 – 5 

– 1 – 5/3 – 11/3 

 – 3 – 3 

  – 5/3 

 
Table 1.2: Power spectra indices. 

From Kintner and Seyler (1985). 
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1. Instrumentation and data processing 

The chapter provides the description of the Swarm spacecraft, followed by spectral and 

statistical analysis methods that were used to analyze data such as high latitude electron density 

and magnetic field obtained by Swarms. 

 

2.1.1 Swarm characteristics and instruments description 

Swarm, a three-satellite constellation, was launched on November 22, 2013 (12:02:29 UT) on 

a Rokot vehicle, a converted intercontinental ballistic missile, from the Plesetsk 

Cosmodrome, north-western Russia2. The duration of the mission is 8 years, that is 

until 2021.The aim of the mission is to study the magnetic field of the Earth, its dynamics and 

evolution in order to get a better understanding of the processes of the Earth's interior and 

environment. 

The Swarm satellites provide high-precision and high-

resolution data of the strength, direction and variation 

of the magnetic field, plasma and electric field. The 

observations are provided as Level 1 and Level 2 (the 

main data used in this work) data. The data contains 

time series of quality-screened, calibrated, and 

corrected high-resolution measurements given in 

physical, SI units in geo-localized reference frames 

daily from 00:00 until (not including) 24:00 UT time 

measured by each of the three satellites. The data from 

the constellation of 3 satellites is combined and treated 

as a “single-satellite” which implies error reduction and 

improves existing models of the near-earth 

environment (Olsen et al., 2013; Bregnhøj et al., 2017; 

Friis-Christensen et al., 2006).  

The three satellites are placed in 3 orbital planes with 2 different near-polar inclinations 

which provides a mutual orbital drift over time. Two satellites (Alpha and Charlie) fly side by 

side in the East-West direction in near-polar circular orbits with an initial altitude of 450 km 

and inclination 87.35º. The separation between these satellites is approximately 

between 1 – 1.5º in longitude. The satellites A and C are shifted by a time lag between 2 and 

10 seconds which implies that the maximum time difference between A and B when crossing 

the equator is about 10 seconds. The highest satellite (Bravo) has a circular orbit with 

inclination 87.75º at an altitude of 530 km (Friis-Christensen et al., 2006; Knudsen et al., 2015).  

Each satellite is 9 m long, with a 5 m long main body and 4 m boom to accommodate 

magnetic field instruments and optical bench. The mass of each satellite is 472 kg. The main 

body is covered with solar panels. The satellite has no moving parts. This prevents from 

vibrations that could influence the measurements made by the accelerometer. 

                                                           
2 Obtained from the European Space Agency Swarm mission web page: 

https://www.esa.int/Our_Activities/Observing_the_Earth/Swarm/Facts_and_figures 

Figure 2.1: Swarm satellite constellation.   

A and B pair flying side by side at 450 km 

altitude and 1.5º longitudinal separation. 

Satellite C is located at 530 km altitude.  

From ESA. 
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The three satellites are equipped with the following instruments (Fig. 2.2):  

o Absolute Scalar Magnetometer (ASM) measures the magnetic field intensity at  

the tip of the boom.  

o Vector Field Magnetometer (VFM) measures the magnetic field vector at the tip  

of the optical bench on the boom. 

o Star Tracker (STR) consists of three camera head units seated on the innermost  

end of the optical bench. 

o Electric Field Instrument (EFI) determines the ion density, the ion drift velocity  

and the electric field, and consists of two components: the Langmuir probe (LP) and the thermal 

ion imager (TII) (Knudsen et al., 2017). The TII measures ion velocities from the moment of 

up to 16 vectors/s which can be converted into electric field measurements using frozen-in 

conditions at Swarm altitudes such that the equation (1.9), where 𝒗 is the ion velocity inferred 

from the TII ion moments (Pakhotin et al., 2017).  

o GPS Receiver (GPSR) receives the signals through the antenna visible GPS  

satellites. 

o Laser Retro-Reflector (LRR) used for orbit determination. The data is directly  

related to the terrestrial reference frame making it possible to track the satellite with high 

accuracy under night and daytime conditions. 

o Accelerometer (ACC) fixed at the very center of the satellite, measures   

satellite’s non-gravitational acceleration and provides information about air drug and wind 

around the satellite.  

 

 

2.2.1 Time series and spectral analysis 

 A time series is defined as a collection of random variables (generally, a stochastic process) 

listed by the order they are gathered in time, and used to obtain a statistical description of some 

data that have random fluctuations over time.  Usually, a time series is illustrated graphically 

Figure 2.2: Configuration parts of a Swarm spacecraft. From ESA/ATG Medialab. 
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by plotting the values of the random variables on the y-axis and the time on the x-axis. 

(Shumway and Stoffer, 2016).  

For example, Fig. 2.3 shows experimental time series data of electron density measured 

by Swarm B on a daily basis from 00:00 until 24:00 UT on March 01, 2017. An upward trend 

can be noticed in this series, especially throughout the latter part of the day.                                              

The figure illustrates the repetitive behavior of the signal with regular periodicities, or cycles. 

Also, the series shows one basic oscillations type and a frequency that seems to repeat every 

2.24 hours. The investigation of this kinds of cycles, their behavior and nature is a subject of 

spectral analysis focusing on the frequency domain approach to time series analysis.  

In a case of a power spectrum (power spectral density, PSD) we are talking about the 

distribution of variance with respect to the frequency in a signal. To form a power spectrum 

means to extract the variance containing in an analyzed signal at specific frequencies 

(wavenumbers) or periods (wavelengths). The overall shape and location of peaks can indicate 

the nature of the phenomenon. For example, a spectrum of a white noise is a flat line with some 

insignificant bumps. A spectrum is “red” if it dominated by more variance in the low-frequency 

range. A spectrum is called “blue” if it dominated by higher-frequency variance (Glover et al., 

2011).   

To study plasma irregularities power spectra analysis is often used. This means 

investigation of how the variance of the system is distributed as a function of frequency or wave 

number. The shape of the spectrum indicates the measurement system and the whole 

experimental design. Thus, the data should satisfy some requirements. It should be evenly 

spaced, and the time series should be stationary (in other words, statistics of the data variations 

do not change with time), i.e., invertible and causal. Usually, weak stationarity is used. This 

implies that there are no long-term trends in the data, and the means of different subsets and 

their variance are the same. The most important thing is to pre-whiten the data before doing a 

statistical analysis on it. (Glover et al., 2011; Shumway and Stoffer, 2016). More information 

regarding invertible and causal processes can be found in Shumway and Stoffer (2016). 

 

 

Figure 2.3: An example of daily electron density series from March 01, 2017 acquired by Swarm B. 
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2.2.2 Data analysis and detrending 

Generally, the question of trends presented in a series is of more interest than particular 

periodicities (Shumway and Stoffer, 2016). A lot of experiments represent nonstationary series 

which can have a mean that increases over time, an increase in the magnitude of the fluctuations 

around the trend or an increasing variance of the process. There are two common trend classes:  

o Deterministic, e.g., a linear trend which can be removed running a regression of the data 

on the trend and removing it afterward.  

o Stochastic trends are usually removed by taking a first difference on it.  

Thus, the electron density data in Fig. 2.3 shows a deterministic trend. Before performing 

any statistical analysis, a nonstationary data should be transformed into stationary data by 

removing trends (however, there are a lot of different methods to make a particular data 

stationary). This type of model can be written in a form 

                                                               𝑥𝑡 = 𝜒𝑡 + 𝛾𝑡 ,                                                                  (2.1) 

where 𝑥𝑡 are the observations, 𝜒𝑡 is a trend and 𝛾𝑡 is a stationary process. The first step in the 

analysis of such time series includes removing a trend, and then obtain an estimate of the trend 

component, �̂�𝑡 

                                     𝛾𝑡 =  𝑥𝑡 −  �̂�𝑡.                                                                  (2.2)  

Let us suggest that the model in Fig. 2.3 is represented in the form of (2.1). Here it is 

supposed in the analysis of the electron data series a straight line can be appropriate for 

detrending the data, i.e.,  

                                                𝜒𝑡 = 𝛽0 + 𝛽1𝑡.                                                               (2.3)        

In the electron density series example, the trend was estimated using the method of 

ordinary least squares (OLS). This detrending method will also be used in the rest of the thesis. 

(There exist various methods to extract a trend from a data set3.)  

                �̂�𝑡 = 105 + 1.4 𝑡.                                                             (2.4)  

To obtain the detrended series, �̂�𝑡 should be subtracted from the observations 𝑥𝑡 

                                          𝛾𝑡 = 𝑥𝑡 + 105 + 1.4 𝑡.                                                        (2.5) 

                                                           
3 For further information on detrending, see Appendix B 

Figure 2.4: Electron density data as in Fig. 2.3. The original data is shown in blue. The red line represents the 

trend line. The detrended electron density time series is shown in green. The black line plots the mean of the 

detrended data. 
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Fig. 2.4 illustrates the data computed in Matlab with the estimated trend line, detrended 

data and its mean superimposed.  

Also, according to expectation, the average of the detrended data equals to 1.2 ∙ 10−9 

which is very close to zero, while the mean of the original data is 1.4 ∙ 105.  

 

 

2.2.3 Fast Fourier transform and windowing 

Frequency analysis can be defined as a procedure to break down a signal into its frequency 

components, i.e., sinusoidal signals or complex exponential. A deterministic signal can be 

described by the two frequency analysis characteristics (Manolakis et al., 2005):  

o Time related: continuous-time or discrete-time signals.  

o The presence of harmonics: periodic or aperiodic signals. 

A time periodic signal 𝑥(𝑛) with fundamental period 𝑁 is given by the following Fourier 

series  

𝑥(𝑛) =  ∑ 𝑋𝑘𝑒𝑗(
2𝜋
𝑁

)𝑘𝑛 

𝑁−1

𝑘=0

                                                       (2.6) 

 

where 

𝑋𝑘 =  
1

𝑁
∑ 𝑥(𝑛)𝑒−𝑗(

2𝜋
𝑁

)𝑘𝑛 

𝑁−1

𝑁=0

                                                (2.7) 

 

are the Fourier coefficients.  

 

 The sequence 𝑋𝑘, 𝐾 = 0, ±1, ±2, …, is called the spectrum of the periodic signal 𝑥(𝑛).  

 The power of the periodic signal 𝑥(𝑛) can be described by the relation:  

                      

𝑃𝑥 =  
1

𝑁
∑ |𝑥(𝑛)|2

𝑁−1

𝑛=0

=  ∑ |𝑋𝑘|2

𝑁−1

𝑘=0

                                                (2.8) 

 

where the sequence |𝑋𝑘|2 is the power spectrum of the periodic sequence 𝑥(𝑛).  

There are different tools to perform a frequency analysis. For example, one of them, fast 

Fourier transform (FFT), belongs to a family of fast algorithms. The algorithm is efficient, and 

it is commonly used for spectra computation (Manolakis et al., 2005). There is one requirement 

for performing an FFT: the lengths of the data array must be an integral power of two. The FFT 

procedure applies redundancies in the calculation when 𝑛 is a highly composite number: an 

integer with factors of 2; 3, or 5, the best case is when 𝑛 = 2𝑝 is a factor of 2. This can be done 

by padding. The procedure implies that the detrended data, which has length 𝑛, will be padded 

to the next composite number 𝑛′ by adding zeros (Glover et al., 2011; Shumway and Stoffer, 

2016). These values can be calculated in Matlab, for example. In a previous example, for 

instance, 𝑛 in electron density daily series equals to 1230 points, and 𝑛′ = 2048.  
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The purpose of spectral analysis is to break down the data into a sum of weighted 

sinusoids, which make it possible to assess the frequency of the studied process concentrated 

in a narrow frequency band.  

Generally, spectral analysis is divided into two 

parts: Fourier transform or PSD. If the data 

contains no random noise, a Fourier transform is 

computed. On the other hand, a PSD is used when 

random effects can contaminate the process 

(Solomon, 1991).  

Sometimes the curl shape in the sidelobes 

represents frequencies from outside of the interval 

which can be several orders of magnitude larger 

than the value in the studied interval in the main 

lobe, and this can affect the spectral estimate. This 

effect is called leakage. See Fig. 2.6 (Shumway 

and Stoffer, 2016). Windowing is used to avoid 

leakage. There is a variety of different windows (see some examples in Fig. 2.5) that produce 

an integrated average spectrum, reduce variance and smooth the data. Window choice is 

important. For example, Hanning, Hamming and Welch are the most popular windows, while 

squared (rectangular) window is not recommended (Press et al., 2007). To apply windowing 

functions to time series, a window function 𝜔𝑗 is multiplied by an input data. 

In this case 

          𝜔𝑗 = 1 − |
𝑗−

𝑁

2
𝑁

2

| ≡ Bartlett window,  

where 𝑁 is a number of sampled points, 𝑗 = 0, … , 𝑁 − 1.  

         𝜔𝑗 =  
1

2
[1 − cos (

2𝜋𝑗

𝑁
)] ≡ Hann window. 

The Hamming window is similar but does not go to zero at the ends. 

           𝜔𝑗 = 1 − (
𝑗−

𝑁

2
𝑁

2

)

2

≡ Welch window.   

According to Press et al. (2007) there is little difference between any of these (or similar) 

window functions. The distinction of these can be used to describe the narrowness or 

peakedness of the spectral leakage functions making the central peak as narrow as possible, or 

making the tails of the distribution fall off as fast as possible. As stated in Lyon (2009) testing 

different windows it was found that the Hann window has lower noise bandwidth. Also, this 

window was commonly used in a spectrum analysis of electron density, for example, (Spicher 

et al. (2014), Rodrigues et al. (2009), Jahn and LaBelle (1998)).  Therefore, the Hann window 

will be used in this work.  

 

Figure 2.5: Windows generally used in power 

spectral estimation. Square window equivalent to 

no windowing. From Press et al. (2007). 
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2.2.4 Basic statistical methods 

The following statistical methods were used in this work to assess the statistical significance of 

the research. 

 

Simple linear regression model  

Systematic part  

All the variables used in this work (explanatory and dependent) are treated as continuous 

numeric. However, variables in simple regression models can be binary, categorical, or discrete 

numeric (Vittinghoff et al., 2005; James et al., 2013; Shumway and Stoffer, 2016).  

The goal of the model is to determine the linear relationships between the average value 

of the outcome 𝑦, also known as a response or dependent variable, with the value of a single 

predictor 𝑥, also known as a covariate, explanatory variable or independent variable. The 

regression line which is assumed to be linear shows the dependence of the outcome on the 

predictor. The slope of the regression line is of special interest in this study.  

The expression for the model  

𝑦𝑖 = 𝐸(𝑦𝑖|𝑥𝑖) + 휀𝑖 = 𝛽0 + 𝛽1𝑥𝑖 + 휀𝑖 ,                                        (2.9) 

where 𝐸 is the expectation, 𝑥𝑖′s are assumed to be fixed, 휀𝑖′s are random noise terms which are 

assumed to be independent and identically distributed, i.e., 휀𝑖 ~ iid N(0, 𝜎𝜀
2), 𝛽0 is an unknown 

constant representing the intercept, 𝛽1 is an unknown constant representing the slope, and 𝜎𝜀
2 is 

the variance.  

 The purpose is to find an intercept and a slope such that the regression line is as close 

as possible to the given data points. The regression coefficients are estimated using the method 

of OLS, i.e., the estimates �̂�0 and �̂�1 are obtained minimizing the error sum of squares 

𝑄 = ∑ 휀𝑖
2 =

𝑛

𝑖=1

∑ 휀𝑖
2

𝑛

𝑖=1

(𝑦𝑖 − [𝛽0 + 𝛽1𝑥𝑖])2.                                   (2.10) 

Figure 2.6: An example of a spectral estimates without windowing (dashed line) and windowed (solid line).         

The insert shows the Hann window. From Shumway and Stoffer (2016). 
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The OLS estimates of the coefficients are given by 

�̂�1 =  
∑ (𝑦𝑖 − �̅�)(𝑥𝑖 − �̅�)𝑛

𝑖=1

∑ (𝑥𝑖 − �̅�)2𝑛
𝑖=1

  and  �̂�0 = �̅� −  �̂�1�̅� ,                      (2.11) 

where �̅� =  ∑  𝑦𝑖/𝑛 𝑖  and  �̅� =  ∑  𝑥𝑖/𝑛 𝑖 are the sample means.  

 

Random errors  

 All the unpredicted factors are combined in the error term 휀𝑖. It is assumed that the error 

terms in a linear regression model are independently and identically distributed, i.e., they 

(James et al., 2013) 

o are normally distributed,  

o have mean zero at every value of the predictor, 

o have constant variance 𝜎𝜀
2 at every value of the predictor, 

o are statistically independent.  

The first assumption is not always valid. The second assumption is necessary to check 

the linear relationship between the predictor and outcome. The constant variance assumption is 

called homoscedasticity.  

 

Fitted values and residuals  

The fitted model is given by 

�̂�𝑖 = �̂�0 + �̂�1𝑥𝑖.                                                          (2.12) 

The residuals 

𝑟𝑖 = 𝑦𝑖 − �̂�𝑖 ,                                                             (2.13) 

where 𝑟𝑖 represents the ith residual – the difference between the ith observed outcome value 

and the ith outcome value that is predicted by the linear model.  

The minimized error sum of squares (SSE), also known as the residual sum of squares 

(RSS), or the sum of squared residuals (SSR) is defined as 

SSE =  ∑(𝑦𝑖 − �̂�𝑥𝑖)
2

𝑛

𝑖=1

.                                                 (2.14) 

The OLS estimators are unbiased, i.e., E(�̂�) = 𝛽, where E denotes the expectation. 

Also, they have the smallest variance in the class of linear unbiased estimators which implies 

that they give approximately the correct value. An unbiased estimator for the variance 𝜎𝜀
2 is 

given by  

𝑠𝜀
2 = MSE =

SSE

𝑛 − (𝑞 + 1)
 ,                                                 (2.15) 

where 𝑛 − (𝑞 + 1) is the number of degrees of freedom, and MSE denotes the mean squared 

error (Shumway and Stoffer, 2016).  

 Under the normal assumption,  



36 

 

𝑡 =
�̅� − 𝜇0

𝜎𝜀/√𝑛
,                                                               (2.16) 

where �̅� is the empirical mean, 𝜇0 is the theoretical mean, 𝑛 is a number of observations, and 

𝜎𝜀 is a standard deviation. Equation (2.16) has the t-distribution with (𝑛 − 2) degrees of 

freedom4.  

 

 

Accuracy of the estimated coefficients  
 

Confidence intervals 

Generally, the choice of the confidence interval depends of the field of study. However, 

the most common are 95 and 99 % confidence intervals (James et al., 2013). 

A 95 % confidence interval implies a confidence that a range of values contain the true 

unknown value of the parameter with 95 % probability. The range is defined in terms of lower 

and upper limits.  

In a simple linear regression, a 95 % confidence interval for 𝛽1 can be found as 

�̂�1 ± 𝑐 ∙ 𝑠𝑒(�̂�1),                                                           (2.17) 

where 𝑐 = 1.96 for the standard normal distribution, 𝑠𝑒(�̂�1) = √𝑉�̂�𝑟(�̂�1) is the estimated 

standard error of the estimate. The constant 𝑐 takes different values depending on the confidence 

level percentage. 

 

Hypothesis tests 

The results above are often used for tests of the null hypothesis, i.e., 

𝐻0: 𝛽1 = 0 , there is no relationship between the predictor and outcome, 

versus the alternative hypothesis  

𝐻𝑎: 𝛽1 ≠ 0 , there is some relationship between the predictor and outcome. 

To test the 𝐻0 means to determine whether �̂�1, the estimate for 𝛽1 is sufficiently far from 

zero that we can be confident that 𝛽1 is non-zero. 

Mathematically, a t-statistic should be computed from the observed data 

𝑡 =
�̂�1

𝑠𝑒(�̂�1)
 .                                                                (2.18) 

The observed value of the t-statistic determines whether the 𝐻0 can be rejected and 

concludes that the 𝐻𝑎 is true. This is done with the help of the p-values. If a small p-value is 

observed, it can be concluded that there is a significant association between the predictor and 

the response. Thus, the 𝐻0 rejected in favor of the 𝐻𝑎. General p-value cutoffs for rejecting the 

𝐻0 are 5 or 1 % for a two-sided test (James et al., 2013; Vittinghoff et al., 2005). 

 

                                                           
4 For further information on statistical distributions, see Appendix C 
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𝑹𝟐 statistic  

In a simple linear regression model, the slope coefficient estimate �̂�1 is related to the 

Pearson correlation coefficient 𝑟.  

𝑟 =
∑ (𝑥𝑖 − �̅�)(𝑦𝑖 − �̅�)/(𝑛 − 1)𝑛

𝑖=1

𝑠𝑥 ∙ 𝑠𝑦
 ,                                          (2.19) 

where 𝑠𝑥 and 𝑠𝑦 are the empirical standard deviations of the 𝑥𝑖′s and 𝑦𝑖′s. For the simple linear 

regression model, 𝑅2 is the square of the Pearson correlation coefficient 

𝑅2 = 𝑟2.                                                                   (2.10) 

𝑅2, the coefficient of determination, is interpreted as the proportion of the total 

variability of the outcome that is assumed by the model. It always takes values between 0 and 

1. If the value is close to 1, it indicates that a large proportion of the variability in the response 

can be explained by the regression. However, a linear model for a number of typical physics 

process might be a very rough approximation. In many cases, a realistic 𝑅2 value can be below 

50 % due to some unknown or unpredicted factors (James et al., 2013; Vittinghoff et al., 2005). 
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3. Observations of electron density and magnetic field in the high-latitude 

ionosphere  

 

3.1.1 Measurement conditions 

The aim of this work is to investigate the electron density and magnetic field fluctuations in the 

high latitude ionosphere. This study is based on electron density and magnetic field data from 

Swarm A, Swarm C and Swarm B. Swarms A and C are flying side by side at about 441 km 

altitude, while Swarm B is located at about 509 km altitude. Despite similar orbits of the 

satellites A and C, a comparison of the results can be appropriate due to a small separation 

between Swarms A and C around 10 s along track and 1.4º cross track (Pakhotin et al., 2017). 

All the measurements were performed above 65º, 80º and between 65º and 80º geomagnetic 

latitude (MLAT) (Baker and Wing, 1989). Thus, it is assumed that the measurements lie inside 

the polar region. The analysis of the electron density data is divided into two parts and consists 

of two periods: one geomagnetically disturbed period defined as a time interval with the intense 

AE index (described in section 1.4.4) and southward IMF 𝐵𝑧, and one geomagnetically quiet 

period defined as a time interval with northward IMF 𝐵𝑧 and not enhanced electrojet activity.  

 For the detailed case study, the electron density data was taken on 

the 8th November 2017 at 11:24 – 11:38 (Swarms A, C) and 12:10 – 12:24 UT (Swarm B) for 

an active period and on the 6th May 2017 at 03:08 – 03:22 (Swarms A, C) and 03:05 – 03:19 UT 

(Swarm B) for a quiet period.  

 The solar wind speed during an active period was about 630 km/s, which is considered 

to be a fast solar wind. The IMF 𝐵𝑧 was strongly negative 𝐵𝑧 ≈ −6 nT, 𝐵𝑥 was negative                 

𝐵𝑥 ≈ −3 nT, 𝐵𝑦 was positive 𝐵𝑦 ≈ 5 nT. Both magnetic reconnection, mentioned in 

section 1.4.2, that occurred during southward direction of the IMF and the fast solar wind 

increased the geomagnetic activity. Therefore, instabilities due to solar wind-magnetosphere 

interaction may occur in the ionosphere. The solar wind conditions during a quiet period were 

the following: the solar wind speed was around 330 km/s, which is lower than the average value, 

𝐵𝑧 ≈ 4 nT, 𝐵𝑥 ≈ 6 nT, 𝐵𝑦 ≈ 2 nT. The solar wind data was obtained from the ACE satellite 

(King and Papitashvili, 2005).  

To have a better analysis of this case, SuperDARN convection data for the NH can be 

used5. The negative 𝐵𝑧 component during the geomagnetically disturbed periods on                           

the 8th of November is evidence of the two-cell convection pattern discussed in section 1.4.4 

and shown in Fig. 3.1 a). Panels illustrate a standard two-cell convection model with the IMF 

data mainly directed southward, as illustrated in the upper right corner of the plots. Fig. 3.1 b) 

shows high-latitude ionospheric convection during quiet periods, i.e., on the 6th of May. As it 

can be seen, when 𝐵𝑧 > 0, the two-cell pattern is not clear.  

 

 

                                                           
5 The ionospheric convection maps from the SuperDARN radar observations can be found at 

http://vt.superdarn.org. 
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In addition to the two selected dates specified above (i.e., November 8th and May 6th), 

20 different geomagnetically active and quiet periods will also be analyzed to confirm the 

observed results in a case study. Table 3.1 contains the information on the 14-minute time 

intervals that were used for this purpose. The following time intervals were chosen according 

to the AE index, considering that if the magnetic field variations detected on the ground were 

higher than 200 nT, then the time interval would be active.   

Active   Quiet  

Date/Time Date/Time 

1 13.10.17/15:44 – 15:58 1 08.02.17/16:28 – 16:42 

2 14.10.17/15:14 – 15:28 2 09.02.17/17:22 – 17:36 

3 26.10.17/13:10 – 13:24 3 11.02.17/13:00 – 13:14 

4 06.11.17/17:30 – 17:44 4 12.02.17/01:28 – 01:42 

5 08.09.17/12:36 – 12:50 5 14.02.17/06:26 – 06:40 

6 15.09.17/18:16 – 18:30 6 21.02.17/16:00 – 16:14 

7 15.10.17/10:20 – 10:34 7 26.02.17/06:36 – 06:50 

8 16.09.17/08:28 – 08:42 8 13.03.17/11:06 – 11:18 

9 23.08.17/11:20 – 11:34 9 18.03.17/23:30 – 23:44 

10 01.03.17/12:30 – 12:44 10 19.03.17/04:10 – 04:24 

11 20.01.16/15:12 – 15:26 11 26.03.17/21:32 – 21:46 

12 01.01.16/05:08 – 05:22 12 10.04.17/21:20 – 21:34 

13 17.02.16/20:54 – 21:08 13 01.05.17/06:22 – 06:36 

14 16.02.16/16:28 – 16:42 14 02.05.17/10:24 – 10:38 

15 20.03.16/19:00 – 19:14 15 05.05.17/05:22 – 05:36 

16 06.03.16/16:58 – 17:12 16 06.05.17/09:24 – 09:38 

17 16.04.16/18:38 – 18:52 17 11.05.17/04:40 – 04:54 

18 02.04.16/16:36 – 16:50 18 25.05.17/14:24 – 14:38 

19 09.05.16/11:34 – 11:48 19 31.05.17/23:02 – 23:16 

20 08.05.16/02:24 – 02:38 20 04.06.17/11:08 – 11:22 

 

Table 3.1: Time periods used for statistical analysis of the 

electron density spectral slopes. 

a) 

b) 

Figure 3.1: High-latitude ionospheric plasma convection maps obtained by the SuperDARN radar for the NH 

a) during a geomagnetically disturbed period on November 8th, between 11:20 and 12:22 UT; 

b) during a geomagnetically quiet period on May 6th, between 03:04 and 03:20 UT. Comparison of the figures 

a) and b) indicates that the auroral oval expanded during geomagnetically active periods. Also, two separated 

plasma convection cells were clearly formed during disturbed geomagnetic conditions. 



40 

 

3.1.2 Description of the electron density measured by Swarm A, C, B 

The electron density was derived from the 2 Hz Plasma Langmuir Probe (PLP) 

measurements on the Swarm satellites. The measurements were taken above 65º MLAT in 

the NH. The velocity of the satellites was 7.5 km/s. The entire flight in the selected intervals 

lasted 14 minutes. 

 

Disturbed period 

 

Fig. 3.2 illustrates raw electron density data on the 8th November 2017 during an active period 

corresponding to an altitude 454 km (Swarms A, C) and 509 km (Swarm B).  The maximum 

density was 13 ∙ 104 cm−3 and 10 ∙ 104 cm−3 when the satellites were at 454 km and 509 km, 

respectively.  

 

Quiet period 

 

Fig. 3.3 illustrates raw electron density data on the 6th May 2017 during a quiet period 

corresponding to an altitude 441 km (Swarms A, C) and 501 km (Swarm B). The maximum 

density was 11 ∙ 104 cm−3 and 9 ∙ 104 cm−3 when the satellites were at 441 km and 501 km, 

respectively.  

 

 

 

 

 

 

 

Fig. 3.3 illustrate the North-polar map extending from the equator to the pole, and the  

A clear distinction between the plots on Fig. 3.2 and 3.3 can be noticed. More 

fluctuations in the electron density were detected during the active geomagnetic conditions. 

Figure 3.2: Electron density variations measured by the satellites during a disturbed period in the NH above 65º MLAT. 

Figure 3.3: Electron density variations measured by the satellites during a quiet period in the NH above 65º MLAT. 
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Clear peaks in the electron density plots for disturbed periods may indicate that the satellites 

were crossing the auroral oval region during these time intervals. 

Fig. 3.4 illustrate the North-polar map extending from the equator to the pole, and the 

trajectories of the satellites. The green circles indicate the statistical location of planetary 

distribution of the auroral oval precipitation depending on a level of the geomagnetic activity 

determined by AL and Dst indices described in section 1.4.4 (Vorobjev and Yagodkina, 2005; 

2007). 
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May 06, 2017 

Figure 3.4: Trajectories of the satellites in the northern polar region in geographic coordinates during 

geomagnetically disturbed and quiet periods. The green circles illustrate the statistical location of the auroral oval 

precipitation determined by AL and Dst indices. 
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3.1.3 Spectral analysis of the electron density and OLS estimation  

Electron density measurements can be investigated using spectral analysis as described in 

sections 2.2.2 and 2.2.3 . The main idea of a spectral analysis of a signal is to represent the time 

varying signal in a frequency domain. A lot of physical phenomena are shown in terms of 

frequency. Thus, PSD can be used to characterize such phenomena in the form of a frequency 

spectrum. To represent an original signal in a frequency space, a Fourier transform can be done. 

Also, an important part of analyzing data by the means of spectral analysis is detrending and 

windowing discussed in section 2.2.3.  

 Fig. 3.6 and 3.7 illustrate the PSDs of the electron density data with logarithmic axis 

measured by satellites during disturbed and quiet periods, respectively. The data is detrended 

and Hann-windowed. A regression line was fitted using least-squares method. Before applying 

a simple linear regression to observed data, one should determine whether there is a significant 

linear relationship between the response and outcome. For this purpose, a scatterplot can be 

used to find the strength of the relationship between the variables. Fig. 3.5 shows scatterplots 

for two variables of a dataset. The scatterplots indicate a linear decreasing trend which implies 

that fitting a regression model will provide a sensible result.   

 Before fitting a regression line, two situations should be considered (Shumway and 

Stoffer, 2016; Vittinghoff et al., 2005):  

1. The data is treated as independent replications of a pair of random variables.  

2. The data is described by a linear regression model: 

𝑦 = 𝛽0 + 𝛽𝑥 + 휀 , 

where 𝑦 is an outcome which is considered to be a random variable, 𝑥 is considered to be fixed 

(i.e., non-random) and 휀 is a random noise that is assumed to be 𝑁 (0, 𝜎𝜀
2)-distributed.  

The regression line is uniquely determined by 𝛽0 and 𝛽, the intercept and the slope 

parameters. Fitting a regression model implies to find estimates �̂�0and �̂� which meet the 

ordinary least squares criterion.  

Figure 3.5: Scatterplots visualize the strength of the linear relationship between the numerical variables, although 

it is somewhat incomplete in the top left corner, and includes outliers in the bottom right corner of the plots. 

However, a linear association between the variables makes it possible to fit a simple linear regression model.  
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The goodness of the fits should be estimated with the hypothesis tests, 95 % confidence 

intervals and the coefficients of determination 𝑅2. The residuals or the sum of squared errors 

of prediction (SSE) should also be kept in mind when estimating the variability of the parameter 

estimates and checking model assumptions and fit. 

 The PSDs calculated at 441 km and 509 km altitude during the geomagnetically active 

period are shown in Fig. 3.6 for Swarms A/C and B, respectively. The PSDs are computed for 

14 minute time interval detrended electron density data with an applied Hann window shown 

in a log-log scale. Each interval corresponds to approximately 1544 data points. The slopes of 

the PSDs are given by the estimated coefficients �̂�. The estimated spectral index at 441 km 

altitude is  �̂� = −1.65 and �̂� = −1.63, while it equals �̂� = −1.49 at 509 km altitude. 

Figure 3.6: The PSDs of the electron density fluctuations measured by the satellites during a disturbed period, and 

fitted lines. The PSDs for measurements are shown in blue, the fitted lines are shown in red. The fit is found by 

minimizing the sum of squared errors. 

Swarm A, 441 km altitude: spectral slope �̂� =  −1.65, determination coefficient 𝑅2 = 62 %,  95 % confidence limits 

for the estimated slope: [–1.74; –1.57]; 𝑆𝑆𝐸 = 1406; number of degrees of freedom equals 876 and indicates that the 

statistic follows a normal distribution. The significant z-value suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  

Swarm C, 441 km altitude: spectral slope �̂� =  −1.63, determination coefficient 𝑅2 = 60 %, 95 % confidence limits 

for the estimated slope: [–1.72; –1.54]; 𝑆𝑆𝐸 = 1515; number of degrees of freedom equals 875 and indicates that the 

statistic follows a normal distribution. The significant z-value suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  

Swarm B, 509 km altitude: spectral slope �̂� =  −1.49, determination coefficient 𝑅2 = 56 %, 95 % confidence limits 

for the estimated slope: [–1.58; –1.39]; 𝑆𝑆𝐸 = 1226; number of degrees of freedom equals 736 and indicates that the 

statistic follows a normal distribution. The significant z-value suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  
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Figure 3.7:The  PSDs of the electron density fluctuations measured by the satellites during a quiet period, and 

fitted lines. The PSDs for measurements are shown in blue, the fitted lines are shown in red. The fit is found 

by minimizing the sum of squared errors. 

 

Swarm A, 441 km altitude: spectral slope �̂� =  −1.23, determination coefficient 𝑅2 = 46 %, 95 % confidence 

limits for the estimated slope: [–1.32; –1.14]; 𝑆𝑆𝐸 = 1517; number of degrees of freedom equals 882 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the null 

hypothesis, i.e., �̂� ≠ 0.  

 

Swarm C, 441 km altitude: spectral slope �̂� =  −1.19, determination coefficient 𝑅2 = 44 %, 95 % confidence 

limits for the estimated slope: [–1.23; –1.10]; 𝑆𝑆𝐸 = 1517; number of degrees of freedom equals 879 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the null 

hypothesis, i.e., �̂� ≠ 0.  

 

Swarm B, 509 km altitude: spectral slope �̂� =  −1.31, determination coefficient 𝑅2 = 51 %, 95 % confidence 

limits for the estimated slope: [–1.38; –1.22]; 𝑆𝑆𝐸 = 1687; number of degrees of freedom equals 1063 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the null 

hypothesis, i.e., �̂� ≠ 0.  
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The PSD’s calculated at 441 km and 501 km altitude during geomagnetically quiet period are 

shown in Fig. 3.7 for Swarms A, C and B. The PSD’s are computed for 14 minute time interval 

detrended electron density data with an applied Hann window shown in a log-log 

representation. Each interval corresponds to approximately 1544 data points. The slopes of the 

PSD are given by the estimated coefficients �̂�.   

The result of the least squares spectral fitting of both 441 and 509 km altitude yields 

estimates for the spectral indices �̂� = −1.23, �̂� = −1.19 and  �̂� = −1.31. There are no 

significant changes in the spectral indices all over the period. Overall, the slopes stay nearly the 

same, and the spectra have the same form as the spectra obtained during the active period. The 

low 𝑅2 values can be explained by the thickness of the spectra which makes it difficult to 

estimate the slopes precisely. 

Since the satellites are located at different altitudes, it is appropriate to compare the 

slopes measured by the same satellites against each other. The summary of the results is given 

in Table 3.2.  

Satellite/geomagnetic 

activity 

Altitude (km) �̂� 

A/disturbed 441 – 1. 65 

A/quiet 441 – 1. 23 

B/disturbed 509 – 1. 49 

B/quiet 501 – 1. 31 

C/disturbed 441 – 1. 63 

C/quiet 441 – 1. 19 

 

Table 3.2: Calculated power spectra indices. 

No altitude dependence is observed throughout the data. However, the steepening 

appears to occur with increasing geomagnetic activity. The main feature of the measured PSD 

is that the density spectra at 441 km altitude obtained during disturbed period follow 

approximately a – 5/3 power law. This may indicate the potential existence of a two-

dimensional turbulence identical to Kolmogorov fluid turbulence, which may imply a presence 

of a turbulent flow with the energy cascade discussed in section 1.5.1.  

Having tested two case studies, it is appropriate to check whether the same features will 

be observed when comparing more spectra. Fig. 3.8 shows the relatively narrow range of the 

distribution of the electron density spectral slopes of 20 time intervals obtained during 

geomagnetically quiet and active periods above the geomagnetic latitude of 65º. The histograms 

calculated using the data obtained from Swarms A and B. Approximately 60 % of the samples 

illustrate spectral slopes between – 1.55 and – 1.65 at around 440 km altitude (Swarms A/C) 

during disturbed periods. On the other hand, 65 % of the spectral indices are within the interval 

�̂� ∈ (– 1.42, – 1.52) at about 500 km altitude (Swarm B). Contrary to this, under 

geomagnetically quiet conditions, the spectral behavior of the electron density obtained at both 
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440 and 500 km altitude are almost identical to each other, showing the mean value of the 

spectral index equals approximately �̂� = – 1.3.  

 

 

3.1.4 Spectral analysis of the electron density inside the PC 

After having examined the entire high latitude region, it is now useful to separate between the 

polar cap and the auroral regions to see whether there are any differences.  

 Fig. 3.9 shows the PSDs calculated during the geomagnetically active period, i.e., 

on the 8th November 2017, in the PC (above 80º MLAT) at 441 km and 509 km altitude 

corresponding to satellites A/C and B, respectively. For statistical purposes to increase the 

number of degrees of freedom and make the statistical analysis significant, the 16 Hz advanced 

level measurements from the PLP instruments were used. The PSDs are computed for 5-minute 

time interval detrended and Hann-windowed electron density data using logarithmic axis. Each 

interval corresponds to approximately 4945 data points. The estimated spectral slopes �̂� are 

almost identical and equal to nearly �̂� = −2.  

 Fig. 3.10 illustrates the PSDs obtained in the PC during the geomagnetically quiet 

period, i.e., on the 6th May 2017, at the same altitudes as the previous case. The estimated 

spectral indices again are equal to �̂� = −2. This can probably indicate that the electron density 

properties in the PC are basically the same during active and quiet periods.  

 

 

 

 

Figure 3.8: The distribution of the spectral slopes calculated at geomagnetically disturbed and quiet time intervals 

above the geomagnetic latitude of 65º.  
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Figure 3.9:The PSDs of the electron density fluctuations measured by the satellites in the PC during the 

active period, and fitted lines. The PSDs for measurements are shown in blue, the fitted lines are shown in 

red.  

 

Swarm A, 441 km altitude: spectral slope �̂� =  −1.99, determination coefficient 𝑅2 = 71 %,                         

95 % confidence limits for the estimated slope: [–2.036; –1.935]; 𝑆𝑆𝐸 = 3793; number of degrees of 

freedom equals 2410 and indicates that the statistic follows a normal distribution. The significant z-value 

suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  

 

Swarm C, 441 km altitude: spectral slope �̂� =  −2.01, determination coefficient 𝑅2 = 71 %,                       

95 % confidence limits for the estimated slope: [–2.128; –2.027]; 𝑆𝑆𝐸 = 3787; number of degrees of 

freedom equals 2410 and indicates that the statistic follows a normal distribution. The significant z-value 

suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  

 

Swarm B, 509 km altitude: spectral slope �̂� =  −1.99, determination coefficient 𝑅2 = 70 %,                         

95 % confidence limits for the estimated slope: [–2.039; –1.935]; 𝑆𝑆𝐸 = 4252; number of degrees of 

freedom equals 2470 and indicates that the statistic follows a normal distribution. The significant z-value 

suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  
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The above figures suggest that the electron density fluctuations in the PC are 

characterized by power law spectra with �̂� ≈ − 2 during both geomagnetically disturbed and 

quiet conditions.  

Figure 3.10:The  PSDs of the electron density fluctuations measured by the satellites in the PC during the 

quiet period, and fitted lines. The PSDs for measurements are shown in blue, the fitted lines are shown in 

red.  

 

Swarm A, 441 km altitude: spectral slope �̂� =  −1.98, determination coefficient 𝑅2 = 68 %,                      

95 % confidence limits for the estimated slope: [–2.041; –1.928]; 𝑆𝑆𝐸 = 4068; number of degrees of 

freedom equals 2217 and indicates that the statistic follows a normal distribution. The significant z-value 

suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  

 

Swarm C, 441 km altitude: spectral slope �̂� =  −1.99, determination coefficient 𝑅2 = 67 %,                      

95 % confidence limits for the estimated slope: [–2.058; –1.942];  𝑆𝑆𝐸 = 4279; number of degrees of 

freedom equals 2227 and indicates that the statistic follows a normal distribution. The significant z-value 

suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  

 

Swarm B, 509 km altitude: spectral slope �̂� =  −2.12, determination coefficient 𝑅2 = 61 %,                      

95 % confidence limits for the estimated slope: [–2.176; –2.069]; 𝑆𝑆𝐸 = 4134; number of degrees of 

freedom equals 2356 and indicates that the statistic follows a normal distribution. The significant z-value 

suggests rejection of the null hypothesis, i.e., �̂� ≠ 0.  
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As previously, to check whether the cases shown in Fig. 3.9 and 3.10 are common, 

Fig. 3.11 shows the distribution of the electron density spectral slopes of 20 time intervals 

obtained during geomagnetically quiet and active periods above the geomagnetic latitude of 80º 

assumed to be inside the PC.  

The major finding is that the mean spectral slopes do not vary much at geomagnetic 

latitudes above 80º.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.11: The distribution of the spectral slopes values for 20 time intervals calculated during geomagnetically 

disturbed and quiet periods in the PC. The mean spectral slope measured by both satellites equals approximately  

〈�̂�〉 = −2 during all the periods.   
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3.2.1 Magnetic field observations and statistical structures of the magnetic field power 

spectrum  

 

One of the most important results of the solar wind-magnetosphere-ionosphere coupling is a 

release of a huge amount of energy which activates a number of significant geomagnetic 

disturbances in the ionosphere. Some of such phenomena can be registered by the ground-based 

magnetometers or by the satellites flying in the near-Earth space (De Michelis et al., 2015; 

2017).  

Measurements of the magnetic field are provided by the VFM on board the Swarm 

satellites described in section 2.1.1. The VFM produces high resolution measurements of the 

magnetic field with a sampling rate of 50 Hz. The measurements were performed above 

65º MLAT in the NH, i.e., including both the auroral oval and the polar cap. As for the electron 

density, the analysis of the magnetic field data is divided into two parts and consists of two 

periods: one geomagnetically disturbed period defined as a time interval with the intense 

AE index and southward IMF 𝐵𝑧, and one geomagnetically quiet period defined as a time 

interval with northward IMF 𝐵𝑧 and not enhanced electrojet activity. The magnetic field data 

was taken on the same days and at the same time intervals as the data gathered for the electron 

density analysis, i.e., on the 8th November 2017 for an active period and 6th May 2017 for a 

quiet period. The satellite speed of 7.5 km/s corresponds to 14 min of flight.  

The aim of the following analysis is to investigate fluctuations of the perpendicular 

components of the magnetic field of the Earth. The daily magnetic field series are provided in 

the position dependent local Cartesian NEC (North-Earth-Center) reference frame (Level 1 

product of the VFM and ASM). The three components in the orbit related NEC reference frame 

point toward the geographic north (N), east (E) and center of Earth (C). At position 𝒓 the NEC 

unit vectors are6: 

𝒆𝒄𝒆𝒏𝒕𝒆𝒓 = −
𝒓

|𝒓|
 ,  

𝒆𝒆𝒂𝒔𝒕 =
𝒂

|𝒂|
 , 𝒂 = 𝒆𝒄𝒆𝒏𝒕𝒆𝒓 × (0 0 1)T ;  𝒆𝒆𝒂𝒔𝒕 = (0 1 0)T, if |𝒂| = 0 , 

𝒆𝒏𝒐𝒓𝒕𝒉 =  𝒆𝒄𝒆𝒏𝒕𝒆𝒓 × 𝒆𝒆𝒂𝒔𝒕 .  

 

For the investigation of the magnetic field fluctuations spectral analysis will be used.  

The procedure is exactly the same as it was performed with the electron density. A windowed 

FFT will be applied to the detrended magnetic field data using a Hanning window. The figures 

below show the processed vector magnetic field data from the VFM on board Swarms A, C and 

B at a sampling rate of 50 Hz on the 8th November and 6th May 2017. The figures have two 

columns that correspond to 𝐵𝑛𝑜𝑟𝑡ℎ and 𝐵𝑒𝑎𝑠𝑡. The two rows illustrate disturbed and quiet 

periods, respectively. 

 

 

 

                                                           
6 All the information regarding the NEC frame was taken at the Swarm System Requirements Document and Swarm Level 1b 
Product Definition which are the open source documents, and can be found on the ESA web site. 
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Figure 3.12: The north (blue) and east (green) components of the magnetic field observed by Swarm A on 

the 8th November and 6th May 2017 are corresponding to geomagnetically disturbed and quiet days, respectively.  

  

Figure 3.13: The north (blue) and east (green) components of the magnetic field observed by Swarm C on 

the 8th November and 6th May 2017 are corresponding to geomagnetically disturbed and quiet days, respectively.  
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It can be seen from the above plots that there is a good agreement in the magnetic field 

components 𝐵𝑛𝑜𝑟𝑡ℎ and 𝐵𝑒𝑎𝑠𝑡 measured by Swarms A and C at an altitude of about 441 km 

despite a small longitudinal separation between the satellites. Oppositely, the magnetic field 

measurements detected by Swarm B at an altitude of about 509 km show small differences from 

those measured by Swarms A/C. Basically, the difference between the measurements is 

probably due to the different spacecraft altitudes. Different longitude and the fact that Swarm B 

is one hour ahead of Swarms A and C, can also contribute to the difference of the observed 

magnetic field. That is why the power spectra of 𝐵𝑛𝑜𝑟𝑡ℎ and 𝐵𝑒𝑎𝑠𝑡, measured by Swarms A and 

B will be studied and compared in order to find possible small-scale irregularities in the 

direction perpendicular to the Earth’s magnetic field. The daily magnetic field series shown in 

the figures above are generated under varying conditions and represent periodic behavior of the 

signal with regularly repeating cycles. In such a case we can again think about spectral analysis 

to handle this problem. 

The top plots in the figures below show magnetic field components 𝐵𝑛𝑜𝑟𝑡ℎ and 𝐵𝑒𝑎𝑠𝑡 

corresponding to the flight time of Swarms A/B for the duration when the satellites were above 

65º MLAT. The plots in the bottom rows illustrate the PSDs of the 𝐵𝑛𝑜𝑟𝑡ℎ and 𝐵𝑒𝑎𝑠𝑡 over the 

periods. The OMNIWeb database was used as a geomagnetic condition source7 (King and 

Papitashvili, 2005).  

 

 

                                                           
7 The OMNI data were obtained from the GSFC/SPDF OMNIWeb interface at https://omniweb.gsfc.nasa.gov 

Figure 3.14: The north (blue) and east (green) components of the magnetic field observed by Swarm B on 

the 8th November and 6th May 2017 are corresponding to geomagnetically disturbed and quiet days, respectively.  
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Figure 3.15: 𝐵𝑛𝑜𝑟𝑡ℎ (blue) and 𝐵𝑒𝑎𝑠𝑡 (green) measurd by Swarm A during a disturbed period and 

corresponding PSDs over the period. The red line is a power law fit.  

Geomagnetic conditions during this time according to OMNI data: AE ≈ 1400 nT, plasma flow pressure 

equals 3 nPa, proton density equals 3.5 n/cc, plasma flow speed equals 670 km/s,  IMF 𝐵𝑧 = −7 nT.  

𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −3.23, determination coefficient 𝑅2 = 81 %, 95 % confidence limits for the 

estimated slope: [–3.249, –3.208]; 𝑆𝑆𝐸 = 52565; number of degrees of freedom equals 21983 and 

indicates that the statistic follows a normal distribution. The significant  z-value suggests rejection of the 

null hypothesis, i.e., �̂� ≠ 0. 

𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −3.32, determination coefficient 𝑅2 = 81 %, 95 % confidence limits for the 

estimated slope: [–3.343, –3.301];  𝑆𝑆𝐸 = 55831; number of degrees of freedom equals 21983 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the 

null hypothesis, i.e., �̂� ≠ 0. 
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Figure 3.16: 𝐵𝑛𝑜𝑟𝑡ℎ (blue) and 𝐵𝑒𝑎𝑠𝑡 (green) measurd by Swarm A during a quiet period and corresponding 

PSDs over the period. The red line is a power law fit.  

Geomagnetic conditions during this time according to OMNI data: AE ≈ 40 – 60 nT, plasma flow pressure 

equals 2 nPa, proton density equals 8 n/cc, plasma flow speed equals 355 km/s, IMF 𝐵𝑧 = 5.5 nT.  

𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −3.89, determination coefficient 𝑅2 = 74 %, 95 % confidence limits for the 

estimated slope: [–3.924, –3.86]; 𝑆𝑆𝐸 = 10844; number of degrees of freedom equals 20162 and indicates 

that the statistic follows a normal distribution. The significant z-value suggests rejection of the null 

hypothesis, i.e., �̂� ≠ 0. 

𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −3.61, determination coefficient 𝑅2 = 70 %, 95 % confidence limits for the 

estimated slope: [–3.641, –3.577]; 𝑆𝑆𝐸 = 10980; number of degrees of freedom equals 20162 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the 

null hypothesis, i.e., �̂� ≠ 0. 
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Figure 3.17: 𝐵𝑛𝑜𝑟𝑡ℎ (blue) and 𝐵𝑒𝑎𝑠𝑡 (green) measurd by Swarm B during a disturbed period and 

corresponding PSDs over the period. The red line is a power law fit.  

Geomagnetic conditions during this time according to OMNI data: AE ≈ 1400 nT, plasma flow pressure 

equals 3.2 nPa, proton density equals 4 n/cc, plasma flow speed equals 655 km/s, IMF 𝐵𝑧 = −6 nT.  

𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −3.04, determination coefficient 𝑅2 = 81 %, 95 % confidence limits for 

the estimated slope: [–3.06 –3.017]; 𝑆𝑆𝐸 = 39989 number of degrees of freedom equals 18437 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the 

null hypothesis, i.e., �̂� ≠ 0. 

𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −3.32, determination coefficient 𝑅2 = 82 %, 95 % confidence limits for the 

estimated slope: [–3.34, –3.296]; 𝑆𝑆𝐸 = 10844; number of degrees of freedom equals 18437 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of the 

null hypothesis, i.e., �̂� ≠ 0. 
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Figure 3.18: 𝐵𝑛𝑜𝑟𝑡ℎ (blue) and 𝐵𝑒𝑎𝑠𝑡 (green) measurd by Swarm B during a quiet period and 

corresponding PSDs over the period. The red line is a power law fit.  

Geomagnetic conditions during this time according to OMNI data: AE ≈ 30 nT, IMF 𝐵𝑧 = 3.2 nT. 

Data obtained by the ACE satellite: proton density equals 7 n/cc, plasma flow speed equals 357 km/s.  

𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −3.76, determination coefficient 𝑅2 = 74 %, 95 % confidence limits for 

the estimated slope: [–3.796 –3.731]; 𝑆𝑆𝐸 = 86711 number of degrees of freedom equals 17851 and 

indicates that the statistic follows a normal distribution. The significant z-value suggests rejection of 

the null hypothesis, i.e., �̂� ≠ 0. 

𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −3.91, determination coefficient 𝑅2 = 75 %, 95 % confidence limits for 

the estimated slope: [–3.94, –3.874]; 𝑆𝑆𝐸 = 88942; number of degrees of freedom equals 17851 and 

indicates that the statistic follows a normal distribution. The significant  z-value suggests rejection of 

the null hypothesis, i.e., �̂� ≠ 0. 
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Table 3.3 presents a summary table for the spectral slopes of the magnetic field obtained 

during active and disturbed periods in the NH above the geomagnetic latitude of 65º.  

 

Satellite/geomagnetic 

activity 

Magnetic field component Altitude (km) �̂� 

A/disturbed Bnorth 441 – 3.23 

Beast 441 – 3.32 

A/quiet Bnorth 441 – 3.89 

Beast 441 – 3.61 

B/disturbed Bnorth 509 – 3.04 

Beast 509 – 3.32 

B/quiet Bnorth 509 – 3.76 

Beast 509 – 3.91 

  

Table 3.3: Calculated magnetic field power spectra indices in the upper ionosphere above 

65º MLAT. 

 

According to the above table, in the high-latitude ionosphere, the observed fluctuations 

in the magnetic field are characterized by the power spectra with a slope �̂� ≈ −3 during 

geomagnetically disturbed periods and �̂� < −3 during geomagnetically quiet periods.  

Fig. 3.19 presents a histogram of the 𝐵𝑛𝑜𝑟𝑡ℎ spectra of 10 time intervals calculated 

during geomagnetically quiet and active periods above the geomagnetic latitude of 65º. 

Magnetic field fluctuations during active periods show spectral slopes between – 3.6 and – 4.2.  

The majority of the slopes lie between – 3.6 and – 3.8 during quiet periods. Overall, the mean 

value of the spectral indices at the altitude of 440 – 500 km equals �̂� ≈ −4 despite the 

geomagnetic conditions.  

Fig. 3.20 illustrates the PSDs of the magnetic field magnitude measured by Swarms A 

and B during disturbed and quiet periods, i.e., on the 8th November  and 6th May 2017. The four 

power plots are almost identical with the estimated slope of the regression line equals                   

�̂� = −3.67 and �̂� = −3.33  during geomagnetically disturbed period, and �̂� = −3.86 and          

�̂� = −3.87 during geomagnetically quiet period.  

In conclusion, the fluctuations in the magnetic field in the direction perpendicular to the 

Earth’s magnetic field give a single-slope spectrum with a spectrum index close to  �̂� ≈ − 4.  

 

 

 



58 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.19: The distribution of the spectral slopes of the component 𝐵𝑛𝑜𝑟𝑡ℎ for 10 time intervals calculated at 

geomagnetically disturbed and quiet periods. The mean spectral slope measured by both satellites equals 

approximately  〈�̂�〉 = −4 during all the periods.   
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3.2.2 Statistical analysis of the magnetic field power spectrum inside the PC  

A comparison of the magnetic field power spectrum in the PC obtained during the 

geomagnetically quiet period with a power spectrum obtained during the geomagnetically 

disturbed period shows that there is more power during the quiet period. However, the obtained 

power spectrum displayed a slope of �̂� = −4 at the quiet period. During the disturbed period, 

a total power spectrum index was measured as �̂� = −2 and �̂� = −3 at an altitude of about 

400 km and 500 km, respectively. These values are slightly shallower than the measured quiet 

period slopes.  

Also, the PSDs obtained during the disturbed period look rather flat compared with 

those of the quiet period. However, the small difference in the measured slopes may not be 

significant due to possible random fluctuations in measurements which could occur in a 

measuring device despite the high resolution of the measurements. 

 

 

 

 

Figure 3.20: PSD estimates of the magnetic field magnitude and the slopes of the least squares lines. The spectral 

index is close to �̂� ≈ − 4. 
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Figure 3.21.: PSDs of 𝐵𝑛𝑜𝑟𝑡ℎ (blue) and 𝐵𝑒𝑎𝑠𝑡 (green) measurd by Swarms A/B during quiet period 

in the PC. The red line is a power law fit.  

Geomagnetic conditions during this time according to OMNI data: AE ≈ 30 nT,   IMF 𝐵𝑧 = 3.2 nT. 

Data obtained by the ACE satellite: proton density equals 7 n/cc, plasma flow speed equals 357 km/s.  

Swarm A 𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −3.95, determination coefficient 𝑅2 = 78 %,   95 % confidence 

limits for the estimated slope: [–3.992, –3.905]; 𝑆𝑆𝐸 = 38115; number of degrees of freedom equals 

8819 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 

Swarm A 𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −3.73, determination coefficient 𝑅2 = 74 %, 95 % confidence 

limits for the estimated slope: [–3.78, –3.688]; 𝑆𝑆𝐸 = 42278; number of degrees of freedom equals 

8819 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 

Swarm B 𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −3.74, determination coefficient 𝑅2 = 75 %, 95 % confidence 

limits for the estimated slope: [–3.811, –3.679]; 𝑆𝑆𝐸 = 19483; number of degrees of freedom equals 

4165 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 

Swarm B 𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −3.94, determination coefficient 𝑅2 = 75 %, 95 % confidence 

limits for the estimated slope: [–4.003, –3.873]; 𝑆𝑆𝐸 = 18947; number of degrees of freedom equals 

4165 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 
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Figure 3.22: PSDs of 𝐵𝑛𝑜𝑟𝑡ℎ (blue) and 𝐵𝑒𝑎𝑠𝑡 (green) measurd by Swarms A/B during disturbed period 

in the PC. The red line is a power law fit.  

Geomagnetic conditions during this time according to OMNI data: AE ≈ 1400 nT, plasma flow 

pressure equals 3.2 nPa, proton density equals 4 n/cc, plasma flow speed equals 655 km/s,         

IMF 𝐵𝑧 = −6 nT.  

Swarm A 𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −2.14, determination coefficient 𝑅2 = 67 %, 95 % confidence 

limits for the estimated slope: [–2.185, –2.103]; 𝑆𝑆𝐸 = 20013; number of degrees of freedom equals 

8931 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 

Swarm A 𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −2.23, determination coefficient 𝑅2 = 70 %, 95 % confidence 

limits for the estimated slope: [–2.266, –2.204]; 𝑆𝑆𝐸 = 19428; number of degrees of freedom equals 

8931 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 

Swarm B 𝐵𝑛𝑜𝑟𝑡ℎ: spectral slope �̂� =  −2.54, determination coefficient 𝑅2 = 74 %, 95 % confidence 

limits for the estimated slope: [–2.585, –2.502]; 𝑆𝑆𝐸 = 11235; number of degrees of freedom equals 

5015 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 

Swarm B 𝐵𝑒𝑎𝑠𝑡: spectral slope �̂� =  −2.58, determination coefficient 𝑅2 = 75 %, 95 % confidence 

limits for the estimated slope: [–2.622, –2.54]; 𝑆𝑆𝐸 = 10775; number of degrees of freedom equals 

5015 and indicates that the statistic follows a normal distribution. The significant z-value suggests 

rejection of the null hypothesis, i.e., �̂� ≠ 0. 
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Fig. 3.23 illustrates the PSDs of the magnetic field magnitude measured by Swarms A 

and B in the PC during the disturbed and quiet periods. The PSD results exhibited the same 

pattern in the spectral slopes obtained previously. The estimated slope of the fitting line equals 

�̂� = −2.52 and �̂� = −2.24 during the geomagnetically disturbed period, and �̂� = −3.88 and 

�̂� = −3.81 during the geomagnetically quiet period. Overall, the spectral slope is steeper 

during quiet periods.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.23: PSD estimates of the magnetic field magnitude in the PC and the slopes of the least squares lines. 

The spectral slope is larger during geomagnetically quiet periods.  

Figure 3.24: The distribution of the spectral slopes of the component 𝐵𝑛𝑜𝑟𝑡ℎ calculated in the PC during 

geomagnetically disturbed and quiet periods.  
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Fig. 3.24 presents histograms of the magnetic field component 𝐵𝑛𝑜𝑟𝑡ℎ spectra measured 

in the PC. At the altitude of 440 km the distribution of the spectral slopes ranges from – 2.1 to 

– 2.3, and from – 3.8 to – 4.3 during disturbed and quiet periods, respectively. About 70 % of 

the measurements show spectral slopes between – 3.3 and – 3.8 at the altitude of  about 500 km 

during quiet periods, while the majority of the slopes lie within the range �̂� ∈ (– 3.0, – 3.2) 

during disturbed periods.    

 

 

3.2.3 Spectral characteristics of magnetic field and electron density inside the auroral oval 

Fig. 3.25 shows magnetic field spectra obtained inside the auroral oval, i.e., between 65º and 

80º MLAT during the disturbed period and quiet period in the high-latitude ionosphere, 

corresponding to altitudes of 441 km (Swarms A/C) and 509 km (Swarm B).  

 As for the analysis of the electron density in the polar cap, the 16 Hz electron density 

data is used here due to its higher resolution. Fig. 3.26 illustrates electron density spectra 

obtained inside the auroral oval during the disturbed period and quiet period (Fig. 3.27) in the 

high-latitude ionosphere, corresponding to altitudes of 441 km (Swarms A/C) and 509 km 

(Swarm B).  

 The magnetic field spectral indices are almost identical in the auroral oval during the 

active period and equal �̂� = −3.48 and �̂� = −3.43 obtained at about 509 and 441 km altitude, 

respectively. However, the spectral slopes vary slightly during the geomagnetically quiet period 

exhibiting values �̂� = −3.97 and �̂� = −3.73 at about 509 and 441 km altitude, respectively.  

 The electron density spectral indices calculated in the auroral oval during the quiet 

period do not show big differences. Thus, the slope value at an altitude of 441 km equals                

�̂� ≈ −1.80, and �̂� = −1.87 at an altitude of about 509 km. On the other hand, electron density 

spectral index values measured during the geomagnetically active period showed the same 

value at an altitude of 441 and 509 km being equal �̂� ≈ −2.  

 Table 3.4 summarizes all the results of the magnetic field spectral indices measured 

inside the auroral oval during the geomagnetically quiet and disturbed periods at an altitude 

of 441 and 509 km. Table 3.5 sums up the measurements of the electron density spectral slopes 

inside the auroral oval during the geomagnetically quiet and disturbed periods at an altitude 

of 441 and 509 km. 
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Satellite/geomagnetic 

activity 

Altitude (km) �̂� 

(previous results 

obtained above 

65º MLAT) 

�̂� 

(between 65º 

and 80º MLAT) 

A /disturbed 441 – 1. 65 – 1. 96 

A /quiet 441 – 1. 23 – 1. 81 

B /disturbed 509 – 1. 49 – 2.0 

B /quiet 509 – 1. 31 – 1. 87 

C /disturbed 441 – 1. 63 – 1. 95 

C /quiet 441 – 1. 19 – 1. 82 

 

Table 3.4: Calculated electron density power spectra indices inside the 

auroral oval, i.e., between 65º and 80º MLAT and their comparison with the previous 

results. 

Satellite/geomagnetic 

activity 

Magnetic field 

component 

Altitude 

(km) 

�̂� 

(previous results 

obtained above 

65º MLAT) 

�̂� 

(between 65º 

and 80º MLAT) 

A/disturbed Bnorth 441 – 3.23 – 3.48 

A/quiet Bnorth 441 – 3.89 – 3.97 

B/disturbed Bnorth 509 – 3.04 – 3.43 

B/quiet Bnorth 509 – 3.76 – 3.73 

  

Table 3.5: Calculated magnetic field power spectra indices inside the auroral oval, i.e., between 

65º and 80º MLAT and their comparison with the previous results. 
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Figure 3.25: Estimated power spectra of magnetic field inside the auroral oval during geomagnetically quiet and 

disturbed periods.  

Figure 3.26: Estimated power spectra of the electron density inside the auroral oval during geomagnetically quiet 

period.  

 

Figure 3.27: Estimated power spectra of the electron density inside the auroral oval during geomagnetically disturbed 

period.  
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3.3 OLS regression diagnostic for the electron density example  

In practice, the diagnostic procedure of a linear regression model is extremely important and 

should always be used to check the assumptions of a least-squares linear regression. A brief 

summary is provided below. The data for the following analysis was taken on 

November 08, 2017 during a geomagnetically disturbed period at an altitude of 441 km for the 

entire interval above 65º MLAT. 

Simple linear regression model fitted in R (edited output): 
 

Coefficients 
             Estimate    Std. error   t-statistic  p-value     
Intercept     12.44017    0.07123     174.64       <0.0001  
x             -1.64716    0.05097     -31.92       <0.0001  
Residual standard error: 1.39 on 876 degrees of freedom 
Multiple R-squared:  0.6196, Adjusted R-squared:  0.6196 
 

Table 3.6: A simple linear regression model for the electron density data from November 08, 2017. The spectral 

slope is marked by x. The estimated value of the spectral slope equals – 1.65, the coefficient of determination 

equals 62 %, which is consistent with the data calculated in Matlab (see Fig. 3.6 for comparison) 

The diagnostic of the fitted model is mainly based on the residual plots which can be 

used to check linearity, constant variance and normality assumptions. 

 
Linear relationship 

The component-plus-residual (CPR) plot can be useful to detect non-linearity. A CPR 

plot for a spectral slope is shown in Fig. 3.28 which illustrates that the least squares method is 

not strong in this case, and the linear assumption might not be reasonable. The plot indicates 

that a second-degree term may be appropriate to include in the model.  

Figure 3.28: Component plus Residual plot for the estimated value of the spectral slope of the electron density 

data set on November 08, 2017. The dashed line shows the linear regression fit. The purple line suggests a linear 

regression fit for a model including a polynomial term. The suggested curved fit indicates that the relationships 

between the variables is non-linear.   
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However, the confidence curve crosses the straight line which means that the slope value 

is still statistically significant at the 0.01 level according to table 3.6.  

 

Constant variance of the errors 

If the regression model is fitted correctly, the residual plot does not show any specific 

patterns, i.e., the residuals are randomly distributed. The constant variance assumption is called 

homoscedasticity, and was briefly mentioned in section 2.2.4. Plots of the residuals versus 

predicted values are shown in Fig. 3.29.  

It seems clear that the plots indicate heteroscedasticity patterns which imply probable 

variance increase with the expected outcome. Three outliers marked with observation numbers 

are also identified. The dashed gray line is added into the plot to help indicate any pattern in the 

residuals. Also, there is little data in the right-hand part of the plots which means that the fitted 

values might not be trusted in that area.  

 

Normal distribution of the residuals 

A properly fitted model has residuals that follow a normal distribution pattern with the mean 

value equaling zero. The normality assumption can be checked using the histogram of residuals 

and quantile-quantile (Q-Q) plots which are shown in Fig. 3.30. If the residuals are normally 

distributed, the Q-Q plot should be close to a straight line. The plot indicates a probable 

violation of the normality assumption. The histogram of residual plot does not show a mean of 

zero. 

Figure 3.29: Plots of the residuals versus fitted values. The added red line in both plots represents a smoothed 

trend line. The dashed gray line helps indicate patterns in the residuals. Also, the red line shows increasing 

variance. Overall, there exists a large variance for the least-squares estimator of the regression coefficient, and a 

strong evidence of heteroscedasticity. 
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In conclusion, the illustrated non-linearity is a sign of a non-accurate model which could 

possibly put the whole analysis at risk. Obvious patterns in the residual plots means that the p-

value, and therefore the statistical significance of the estimated spectral slope, can invalidate 

the fitted model, and lead to wrongly calculated standard errors. Also, the three outliers shown 

in the residual plots could be the influential observations, i.e., they could have a large effect on 

the estimated slope. However, not normally-distributed errors are not a demanding assumption 

in this particular case, as a large sample size implies that the statistic approximately follows a 

normal distribution.  

Based on the above results, it is rather difficult to assess the quality of the estimated 

spectral index, and the extent to which the fitted model fits the data. However, this conclusion 

is quite subjective, and the acceptable predicted slope value depends on the context of the 

problem. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.30: A histogram (left) and a quantile-quantile plot for the residuals (right). The distribution is skewed 

(uneven and asymmetric), and the mean is not in the middle, which is far from a standard normal distribution which 

is perfectly symmetrical and has zero skew. It is not recommended to use such residuals in z-tests.  
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4. Discussion of the results  

 

4.1 Summary of the observed electron density irregularities and comparison with the 

previous results 

 

In this work, the electron density irregularities in the F region were investigated under 

geomagnetically quiet and disturbed conditions. The geomagnetic activity of the chosen time 

periods was assessed using the AE index data. The electrojet activity was extremely high during 

the geomagnetically disturbed period (i.e., on November 8th) resulting in large magnetic field 

fluctuations reaching almost 1500 nT. On the other hand, the AE index did not show any 

variations during the geomagnetically quiet period (i.e., on May 6th). 

The estimated power spectra of the electron density gave single-slope spectra above the 

geomagnetic latitude of 65º, when considering the auroral oval and polar cap altogether. The 

estimated mean value of the spectral slope equaled approximately 〈�̂�〉 = −1.6 in the F region 

during the disturbed geomagnetic conditions, and 〈�̂�〉 = −1.3 during the geomagnetically quiet 

conditions for equal sample sizes of 20. However, the observed spectral values varied. The 

spread of the values of the disturbed and quiet data sets lay within the interval [– 1.4, – 2] and 

[– 1.1, – 1.5], respectively. The most interesting characteristic of the observed spectra is that 

they approach the characteristics of the famous Kolmogorov’s – 5/3 power law during active 

periods. The detected steep power law signature of the energy spectra can perhaps indicate a 

presence of turbulent fluctuations in the electron density in the high-latitude ionosphere during 

active conditions. Also, the slope of the regression line shows a gradual decrease and becomes 

flatter with decreasing geomagnetic activity.  

On the other hand, when separating into different regions, the estimated spectral index 

in the PC equals approximately 〈�̂�〉 = −2 during both geomagnetically active and quiet periods. 

Similar results were obtained when the intervals were restricted to the auroral oval. In the 

auroral oval the calculated spectral slope equaled almost 〈�̂�〉 = −1.8 and 〈�̂�〉 = −2 during the 

geomagnetically quiet and active periods, respectively. The spread of the results equaled [– 1.8, 

– 2.5] during the disturbed period, and [– 1.9, – 2.2] during the quiet period. The results 

obtained in this work differ when separating between the regions (PC, auroral oval and the 

whole interval above 65º MLAT). The discussion concerning the study of the electron density 

irregularities in the ionosphere is given below.  

There has been a lot of research in the polar ionosphere to determine the forms of the 

electron density spectrum. Some of them are mentioned in the following. For example, Singh 

et al. (1985), using the satellite measurements, investigated the plasma structures in three 

different regions under geomagnetically quiet conditions: the auroral oval, the PC, and the 

dayside polar cusp. At high altitudes (above 260 km), the study showed that the irregularity 

power spectra varied a lot with spectral indices being in range [– 1.4, – 3.0]. The most probable 

estimated spectral index equaled �̂� = −2.8 in the PC and cusp, and �̂� = −1.4 in the dusk oval. 

The above results indicated that the observed irregularity spectra could probably be a 

consequence of the particle precipitation. 𝑬 × 𝑩 and CC instabilities, on the other hand, are too 
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slow to contribute to the observed density irregularities in the high-latitude lower F region 

(Singh et al., 1985).  

 Alternatively, Cerisier et al. (1985) examined satellite observations of the electron 

density irregularities at medium scale, i.e., from a few kilometers to a few tens of kilometers, 

in the topside F region. The study observed a two-dimensional turbulent motion in the high-

latitude ionosphere described by the spectral index of – 1.9, which is consistent with the results 

presented here. The analysis of the electron density turbulence indicated that one side of plasma 

field-aligned density enhancements was stable, while the opposite edge of the density was 

unstable. These fluctuations were suggested to be originating from the gradient drift instability 

as a dominating process in the high-latitude F region.  

 All the above suggestion confirmed the idea proposed by Dyson et al. (1974), which 

was that the high-latitude ionospheric turbulence not only dissipates the energy by creating 

small-scale irregularities, but also that it may be associated with the electric fields at high 

latitudes. Dyson et al. (1974) also presented electron density spectra over the scale size from 

70 meters to 7 kilometers which followed a power-law with the spectral index �̂� = −1.9, which 

again is consistent with the results presented here.  

 Basu et al. (1988, 1990) investigated the electron density irregularities in the auroral 

oval, and came to the conclusion that they were characterized by spectral index shallower than 

�̂� = −2 with large PSD at short scale lengths down to several tens of meters. The observed 

spectral index was equal �̂� = – 1.8 ± 0.2 and associated with velocity shears in the auroral oval. 

Also, the electron density results agreed well with the standard turbulent cascade theory, and 

completely described the fully developed state turbulence.  

 Mounir et al. (1991) examined different regions in the polar ionosphere in order to find 

possible small-scale turbulent regimes. The most intense turbulence was indicated in the arc 

region in the auroral zone, and was associated with the particle precipitation and shear flow. 

Also, the polar cap and sub-auroral region was associated with the less intense, gradient-drift 

turbulence. The mean value of the spectral index calculated outside the auroral zone at an 

altitude of about 600 km was equal to �̂� = −1.6. Besides, the width of the indices distribution 

was rather large including values near �̂� = −2.2.  

 Phelps and Sagalin (1976) studied plasma density irregularities in the high-latitude 

ionosphere in the PC and night side auroral zone. The obtained spectral index varied from – 1.5 

to – 2.5.  

 However, the latest observations and investigations of the high-latitude ionosphere 

revealed the existence of double-slope electron density spectra, which perhaps was not possible 

to derive previously due to the low resolution of the past experiments. For instance, Villain et al. 

(1986) and Mounir et al. (1991) argued over the possible existence of a dual-slope spectrum in 

the high-latitude F region. Also, high-resolution rocket measurements provided the evidence of 

a double-slope power spectrum of the density irregularities (Spicher et al., 2014). On the other 

hand, the double slope of the electron density spectrum is a common feature in the low-latitude 

ionosphere. There has been a lot of experiments in the equatorial region which confirmed this 

hypothesis. For example, Hysell et al. (1994), Kelley et al. (1982), Kelley (2009), LaBelle et 

al. (1986), Rodrigues et al. (2009).  
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 Ionospheric plasma instabilities discussed in section 1.6 can be the reason for observed 

electron density irregularities (Moen et al., 2013; Carlson et al., 2008; Kelley, 2009; Cerisier et 

al., 1985; Kintner and Seyler, 1985). Particularly, the 𝑬 × 𝑩 instability is believed to be the 

main source of the F region irregularities in the polar cap. Such irregularities are created by the 

movement of higher-density plasma into areas of lower-density plasma which, in turn, gives 

rise to irregularity spectrum ranging from about 10 kilometers down to the ion gyro-radius. The 

CC instability, on the other hand, is less probable in the polar ionosphere on scales larger than 

ion gyro-radius (Tsunoda, 1988).  

 Further, Gondarenko and Guzdar (2004, 2006) using numerical simulations analyzed 

the possibility of the GDI existence at high latitudes as a dominating mechanism which 

generates irregular structures.  

Oksavik et al. (2012) also discussed two irregularity mechanisms, the KH instability and 

GDI, and found that the growth rate of the KH instability was too slow to create the observed 

high-latitude irregularities.  

As discussed above, the estimated spectral index of density fluctuations found by 

Cerisier et al. (1985) equaled �̂� = −1.93, and was associated with the GDI and a two-

dimensional turbulent motion. This result is consistent with the mean value of the spectral 

slopes calculated in this work. Overall, following the above examples, all the previous in-situ 

observations, as well as the expected theoretical estimations of the electron density spectral 

properties in the high-latitude F region are comparable and agree well with the results gathered 

in the thesis. Unfortunately, due to the indeterminate results from the power spectral analysis, 

it is not straightforward to discuss them with respect to the plasma instabilities mentioned in 

section 1.6. 

However, referring to the previous arguments, a double slope power spectrum with a 

spectral knee was found in the polar ionosphere in some of the recent studies. One of the 

potential reasons could be high-resolution electron density measurements, which was rather 

difficult to achieve in the previous experiments (with the exceptions mentioned above: 

Villain et al. 1986, Mounir et al. 1991 and Spicher et al., 2014.) To investigate the presence of 

a knee in a spectra, 16 Hz PLP measurements were used to estimate a PSD of the electron 

density above 65º MLAT in the NH and compare the results with the 2 Hz PLP measurements 

that were used at this latitude. Fig. 4.1 shows the PSDs calculated using 16 Hz data set at about 

440 km and 509 km altitude during the geomagnetically active period (November 8th, 2017; 

11:24 – 11:38 UT) for Swarms A/C and B. The least squares estimate of the spectral index 

shows almost identical results as the ones obtained using 2 Hz data set. Also, the overall shape 

of the spectra is equivalent to those of the 2 Hz. For visual comparison see Fig. 3.7, 3.9, 3.10. 

An important finding concerning the electron density irregularities is that the PSD plots do not 

show the dissipation range as described in section 1.5.1. The possible reason of this result can 

be low resolution of the measurements. The highest possible resolution (16 Hz) is not high 

enough to resolve the fine details in the spectra. 

As previously stated, the spectral analysis of this study leads to the conclusion that the 

measurements of the electron density irregularities in the high-latitude F region suggest that the 

density fluctuations are related to the two-dimensional turbulence that could probably 

correspond to the – 5/3 power-law decay in energy.  
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An investigation performed by Mounir et al. (1991) showed nearly the same results 

obtained in this work, i.e., identical value of the spectral slope equaled �̂� = −1.6 and large 

spread in spectral indices including values �̂� = −2.2. However, the measurements were 

obtained without respect to the geomagnetic activity. In this thesis, geomagnetic activity was 

taken into account, and the overall results (obtained in the separated regions) were equivalent 

to those measured by Mounir et al. (1991).   

 

  

The variability of the measurements illustrated in the distributions of the spectral indices 

(see Fig. 3.8, 3.11) can be explained by the different position of the auroral oval during the time 

intervals when the satellites were crossing this area. One more possible reason is related to the 

statistical significance of the results. The 2 and 16 Hz resolution can be too low to assess the 

actual value of the indices. Also, the estimated PSDs are exhibited in a single-slope mode which 

contradicts some of the recent results mentioned above. In conclusion, the problem regarding 

the power law spectrum during geomagnetically active and quiet periods in the high-latitude 

ionosphere stays still open. The power indices are shown to cover a wide range of values, 

despite the geomagnetic activity. Therefore, the reason and conditions that could possibly lead 

to obtained results are still unknown and remain the open question for further investigations.  

 

 

Figure 4.1: PSDs of the electron density derived from the 16 Hz PLP, obtained in the northern high-latitude 

ionosphere above 65º MLAT. The spectral index showed approximately the same results obtained previously using 

the 2 Hz data set. Overall, the irregularities in the electron density give single-slope spectra at an altitude of about 

500 km.  



73 

 

4.2 Summary of the observed magnetic field irregularities  

So far, the investigation of the magnetic field irregularities in the high latitude ionosphere did 

not get much attention in scientific literature. However, some of the latest research results are 

discussed below. 

De Michelis et al. (2015, 2017) suggested that the fluctuations in the magnetic field in 

the high-latitude ionosphere may probably result from a strong shear flow turbulence regime, 

which is typical for the polar cap and auroral oval, and are characterized by values of the 

spectral index equal to �̂� ≈ −3. The irregularities can also occur due to a shear flow turbulence 

with an inverse energy cascade and/or a strong gradient drift or current convective turbulence, 

which are defined by a spectral index �̂� ≈ −5/3.  

Recent observations of magnetic field in the ionosphere show that the properties of 

turbulence depend mostly on the IMF orientation. For southward IMF the development of an 

intense turbulence, defined as a Kolmogorov model, is more likely than that of the IMF directed 

north (Yordanova et al., 2005; Chang and Wu, 2004). 

In this work, the estimated spectral slope of a magnetic field spectrum above 65º MLAT 

typically gets steeper during the geomagnetically quiet periods, while it gets flatter during the 

geomagnetically active periods. The mean value of the spectral index calculated by linearly 

fitting a line on the spectra is approximately equal to 〈�̂�〉 ≈ −3 during disturbed periods, and 

〈�̂�〉 ≈ −4 during quiet periods. On the other hand, the distribution of the spectral slopes shows 

the value of the slope equaled 〈�̂�〉 ≈ −4, despite the geomagnetic activity of the time intervals.  

The observed spectral slope in the PC was also equal to 〈�̂�〉 ≈ −4 during quiet periods 

at an altitude of 500 and 440 km. However, during active periods, this value varied at different 

altitudes, and was equal to 〈�̂�〉 ≈ −2 and 〈�̂�〉 ≈ −3 at about 440 and 500 km, respectively.  

The value of the spectral index inside the auroral oval was consistent with the previous 

measurements for quiet periods, and equaled 〈�̂�〉 ≈ −4. The overall slope of the spectral density 

during active periods in the auroral oval was approximately 〈�̂�〉 ≈ −3.  

The above results show that as the geomagnetic activity decreases the slope becomes 

steeper, implying that the irregularities dissipate faster. Contrary to this, under unstable 

conditions, the slope becomes flatter as the geomagnetic activity increases suggesting that the 

turbulence dissipates slowly.  

However, the calculated spectral indices in this work indicate that the processes 

occurring in the magnetic field in the high-latitude ionosphere do not actually follow the 

Kolmogorov turbulence theory. This makes it unclear whether the observed processes resemble 

a turbulent pattern. Probably, a new approach, or more advanced techniques to remove a 

background magnetic field could be used to study the magnetic field irregularities in the polar 

ionosphere.  

 Fig. 3.12 – 3.14 illustrate the plots of the measurements that were taken daily expressed 

as a function of time, i.e., in a time domain representation. Looking at those time-domain 

signals, it is apparent that such a pattern shows a periodic representation of the data and a cyclic 

behavior of a signal. To find any possible cycles of a periodic series, it can be illustrated in the 

frequency-domain. Thus, Fig. 4.2 shows the magnetic field series of the north component (top 

plot) taken on the 1st of January 2016, and its raw periodogram (sample spectral density of a 
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signal) for the frequencies lower than 10-3. The periodogram ordinates for frequencies higher 

than 10-3 are equal zero. The power of variance is concentrated in a nearly narrow frequency 

band. Also, the figure displays a strong power component at about 3.6 · 10-4 cycle, and very 

little power at other frequencies.   

Fig. 4.2 suggests that smoothing is not needed to identify the predominant period. The 

most interesting feature is the presence of harmonics (minor peaks) of the daily cycle, that is, 

the signal spectra has a large peak at 3.6 · 10-4 cycles/hours and minor peaks at its harmonics 

1.9 · 10-4, 5.2 · 10-4, 6.9 · 10-4, 8.9 · 10-4 cycles per hour. Harmonics usually occur when a 

periodic non-sinusoidal component is present because most signals are not perfect sinusoids.   

Thus, the magnetic field in the ionosphere (including the high-latitude upper 

ionosphere) can be expressed in terms of periodic variations represented as a time series driven 

by periodic components. Usually, the frequency scale depends on a nature of a process. For 

example, the predominant frequency of oscillation in the above data set is 3.6 · 10-4 

cycles/hours. 

 

 

 

Figure 4.2: Magnetic field periodic series of the north component (top) and the periodogram (bottom) showing the 

dominating frequency in a signal, i.e., a peak at the 3.6 · 10-4 cycles/hours, and some of its harmonics equal 

approximately 1.9 · 10-4, 5.2 · 10-4, 6.9 · 10-4, 8.9 · 10-4. The trend was eliminated before computing the 

periodogram.  
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5. Conclusion and the research outlook 

The focus of this work is the investigation of the electron density and magnetic field 

irregularities during different geomagnetic conditions in the high-latitude F region in the 

context of spectral analysis and statistical methods to gather more information regarding 

ionospheric turbulence. The current study of this problem does not provide a complete 

understanding of the processes occurring in the polar ionosphere, especially mechanisms 

concerning plasma instabilities and turbulent plasma motion in the F region.  

 In this work, ionospheric irregularities were studied by in-situ observations. In order to 

get a broader picture of the spectral characteristics of the electron density and magnetic field 

fluctuations, the measurements from the Swarm satellites were used in this work. In section 

3.1.3, the spectral properties of the electron density fluctuations were computed for intervals 

above 65º MLAT. Also, the distribution of the spectral indices were given, represented in a 

relatively wide range from – 2 to – 1.4, which supports the results found for example by Mounir 

et al. (1991). The spectral analysis of the electron density is covered in section 3.1.4, and 

showed that the slope equaled – 2 in the PC, despite the geomagnetic conditions. Similar values 

of the slopes were measured in the auroral oval described in section 3.3.3., which is consistent 

with the results obtained by Cerisier et al. (1985). The magnetic field spectral properties are 

presented in sections 3.2.1 and 3.2.2. The forms of the spectra show that the spectral slope 

becomes steeper when the geomagnetic activity decreases, and vice versa when geomagnetic 

activity increases.   

However, the research for this thesis seems to have raised more questions than answers. 

There appear to be several areas of investigation that can be analyzed in the future and which 

may lead to new findings. Different values of the spectral indices were found when 

investigating the different regions of the polar ionosphere separately (the PC, the auroral oval, 

and the entire region above the magnetic latitude of 65º). Despite the geomagnetic conditions, 

the mean value of the spectral slope was equal to �̂� = −2 in the PC and auroral oval. Contrary 

to this, it equaled �̂� = −1.6 during the active period, and �̂� = −1.3 during the quiet period 

measured in the long interval above 65º MLAT. The opposite results were unexpected. That is 

why further analysis must be done in order to discover the probable reason of the contradictory 

results. The possible future research areas are discussed below. 

The quality of the calculated PSDs depends on the resolution of the data, and even slight 

changes in the shape or location of the peaks can make a big difference in the analysis. The 

forms of the PSDs showed a single slope for both electron density and magnetic field, indicating 

that the limited resolution of the measurements (2 and 16 Hz) could lead to a sufficient loss of 

the spectral information and therefore affect the obtained PSDs. Also, short time periods 

equaled 4 minutes corresponding to a crossing of the PC and auroral oval, as well as a relatively 

low resolution did not make it possible to do an appropriate statistical analysis. For instance, 

using the 2 Hz data sets for the 4-minute time interval made the statistical analysis insignificant 

in the PC and auroral oval. It may be possible to gather more detailed information concerning 

the electron density spectra by increasing the resolution, and thus making the statistical analysis 

significant.  

In many cases, to get an appropriate statistical distribution of the values in a data set, it 

is necessary to have the highest possible number of samples. The observations covered a wide 
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range, and the spread of the spectral slope distribution indicated a rather large variability of the 

data. To improve this analysis, get a clear peaks and symmetry of the distribution, remove gaps 

and outliers, the number of samples should be increased. The geomagnetic activity in this work 

was assessed using the AE index data which was not available for the year 2018 at the time of 

the writing. The advanced plasma data starts from the year 2014 covering only some months. 

This means that only three years of the observations were available for the analysis. One more 

fact is that the period of the day when the conditions were active/quiet was not always consistent 

with the location of the satellites. This implies that this work was restricted by the satellite 

position, and the small sample size may influence the research outcomes. 

The auroral oval is an area where the geomagnetic activity is considered to be the 

highest. Sometimes it is quite difficult to estimate a precise location of the auroral oval, which 

often changes in size and position depending on the geomagnetic conditions. It is important to 

control the dynamics of the auroral oval to analyze the spectral properties of the ionospheric 

fluctuations.  

The distribution of the spectral indices inside the auroral oval was not provided in this 

work, and the mean value of the spectral slope inside that region was not calculated. This could 

possibly be one more reason for different results obtained in the PC, auroral oval, and the entire 

interval above 65º MLAT. The location, as well as the size of the auroral oval, changes often. 

The accurate measurements should be performed to estimate a precise position of the auroral 

oval for each day of interest, and only then the spectral indices and the distribution should be 

found. This task is not included in this thesis and goes beyond the topic of this work.  

One more important fact is that the statistical analysis of the fitted linear regression and 

estimated spectral slope using graphical tools showed a strong deviation from the theoretical 

distribution, non-linearity, and increasing variance in the errors due to residuals which did not 

show a random pattern. These are the basis assumptions of the linear regression, which seemed 

to be violated. This implies that the whole analysis including the estimated slope, confidence 

intervals, and standard errors in the linear model may be inefficient and strongly biased. This 

could probably explain the reason for the obtained results being different (in the polar cap, 

auroral oval and above 65º MLAT), and contradicting some of the previous studies. 

However, a close look at this study shows that the value of a spectral index yielded by 

a regression model was not obtained from a real observational experiment. It was obtained from 

a so-called planned (this definition is rather rough, as it means different things in classical 

statistics) experiment, in which the values of the predictors were controlled. The regression line 

was fitted to the data that already was generated after computing PSD plots. 

Based on the above conclusions, a brief summary of the areas for future work 

concerning the electron density and magnetic field irregularities in the high-latitude ionosphere 

are discussed below: 

o Using the data from different satellites, increase the resolution of the data to 

make PSD plots. This can visually improve the smallest details of the plots.  

o Increase the sample size of the statistical analysis to assess the distribution of the 

spectral indices more precisely. Another way is to change the statistical methods to work with 

the small sample size.  

o Estimate the correct position of the auroral oval and perform the same data 

analysis within that exact region.  
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Appendix A Reference Models  

 

In this project, a GSM coordinate system was used to describe the Dungey cycle in section 1.4.2. Also, MLT was 

mentioned several times when talking about the current systems in the ionosphere. This is why it is useful to 

describe different coordinate systems used in space physics.   

 

A.1 General notes  

 

To characterize a coordinate system, one usually defines the direction of one of the axes and an orientation for the 

other two axes. The orientation suggests that the two axes should be perpendicular in direction (Russel et al., 2016).  

There are a lot of coordinate systems used in space physics for different purposes, for example, to describe 

trajectories of satellites, or vector field measurements. The choice of a coordinate system varies depending on the 

physical process. Usually, a transformation from one coordinate system to another is needed using trigonometric 

relations. Generally, coordinate systems are described by three Cartesian components – 𝑥, 𝑦, and 𝑧. In many 

situations, such a transformation can be performed using vector-matrix arithmetic suggested by Russel (1971).  

Thus, a transformation matrix has a form 𝑻, such that 𝑸2 = 𝑻𝑸1, where 𝑸1 is the initial vector, 𝑸2 is the 

new vector. This can be written in a different form (Hapgood, 1991): 

[

𝑥2

𝑦2

𝑧2

] = [

𝑡11 𝑡12 𝑡13

𝑡21 𝑡22 𝑡23

𝑡31 𝑡32 𝑡33

] [

𝑥1

𝑦1

𝑧1

]                                                                    (𝐴. 1) 

 

 In this way, one should simply define nine components in the transformation matrix. These components 

are the terms of the new axes in the old system. This suggests that in the equation (𝐴. 1) the new 𝑋, 𝑌, and 𝑍 axes 

can be written as unit vectors in the old coordinate system:  

𝑋 = (𝑡11, 𝑡12, 𝑡13) 

𝑌 = (𝑡21, 𝑡22, 𝑡23) 

 𝑍 = (𝑡31, 𝑡32, 𝑡33). 

 

A.2 Geocentric systems 

 

There are many different geocentric coordinates which are commonly used in space physics. These 

include, for instance, geographic coordinate systems, geocentric solar ecliptics, and geocentric solar 

magnetospherics (Hapgood, 1992).  

 

A.2.1 Geographic coordinate system (GEO) 

 

𝑋 = Intersection of Greenwich meridian and geographic equator.   

𝑍 = Geographic North Pole.  

𝑌 completes a right-handed orthogonal system.  

 

The coordinate system is used to define positions of ground-based instruments and observatories. The 

position of an object is defined in terms of latitude 𝜑, longitude 𝜆 and radial distance 𝑅, which are related to 

Cartesian components (Hapgood, 1992): 

 

𝑥 = 𝑅 cos𝜑 cos𝜆 

𝑦 = 𝑅 cos𝜑 sin𝜆 

𝑧 = 𝑅 sin𝜑 . 

 

 The rotation angles are specified in degrees. An important fact is that all the transformations are time-

dependent, despite the coordinate system. For systematic purposes, time is stated as modified Julian date (MJD), 

which is the time measured in days from 00:00 UT on 17th November 1858. However, only the integer part of 

MJD is used, i.e., the value at 00:00 UT on a particular day. Sometimes the time is given as the Universal Time 
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(UT). Also, UT is different from the coordinated Universal Time (UTC) which is usually used for data recording. 

UTC is atomic time adjusted by an integral number of seconds to keep it within 0.6 s of UT.  The difference 

between UT and UTC can be neglected (Laundal and Richmond, 2016).  

 

A.2.2 Geocentric solar ecliptic coordinate system (GSE) 

 

𝑋 = Earth-Sun line.   

𝑍 = Ecliptic North Pole.  

𝑌 completes a right-handed orthogonal system.  

 

The impact of the magnetic field of the Earth extends to around 15 𝑅𝐸 on the day side, and up to several 

hundred 𝑅𝐸 on the night side. To understand the dynamics of near-Earth space and the upper atmosphere, it is 

necessary to use a reference frame related to the geometry of the Earth’s magnetic field. Also, at large distances 

from the Earth, the solar wind, flowing radially from the Sun, is the main source of major disturbances observed 

on the Earth. Thus, the interaction between the solar wind and the magnetosphere in is best described in a 

coordinate system which has the Earth-Sun line along one of the axes. For example, the geocentric solar ecliptic 

(GSE), or the geocentric solar magnetic (GSM) coordinate systems (Russel et al., 2016, Russel, 1971). 

This system is used to characterize satellite trajectories, IMF conditions, and solar wind data. It is not a 

magnetic coordinate system (Laundal and Richmond, 2016; Russel, 1971).  

 

A.2.3 Geocentric solar magnetospheric coordinate system (GSM) 

 

𝑋 = Earth-Sun line.   

𝑍 = Projection of dipole axes on GSE 𝑌𝑍 plane.  

𝑌 completes a right-handed orthogonal system.  

 

Spacecraft data gathered in the magnetosphere can also be presented in GSM coordinate system. This 

coordinate system is usually used in the regions controlled by the interaction between the IMF and the 

magnetosphere, i.e., at high altitudes, in the solar wind, the magnetopause region, and in the tail (Laundal and 

Richmond, 2016; Papitashvili et al., 1997).  

To transform from GSE to GSM the following equation can be used (Hapgood, 1991):  

 

𝑻 = 〈−𝜓, 𝑋〉 ,                                                                              (𝐴. 2) 

 

where 𝑻 is the transformation matrix, 𝜓 is the angle between the GSE 𝑍 axes and projection of the magnetic dipole 

axes on the GSE 𝑌𝑍 plane measured positive for rotation toward the GSE 𝑌 axes:  

 

𝜓 = arctan (
𝑦𝑒

𝑧𝑒

).                                                                        (𝐴. 3) 

 

The values 𝑦𝑒 and 𝑧𝑒 are obtained from the unit vector describing the dipole axis direction in the GSE:  

 

𝑸 = (

𝑥𝑒

𝑦𝑒

𝑧𝑒

) .                                                                               (𝐴. 4) 

 

A.3 Magnetic Local Time (MLT) 

 

The following paragraph follows Laundal and Richmond (2016).  

Magnetic coordinate systems, such as GSM, are fixed with respect to the Earth. Also, it is often convenient to use 

a magnetic local time to adjust the data with respect to the position of the Sun, and arrange physical phenomena 

depending on their MLT location in the polar region.  

 The MLT is defined as  
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MLT = UT +
(𝜑 + Φ𝑁)

15
 ,                                                                       (𝐴. 5) 

where 𝜑 is the magnetic longitude, Φ𝑁 is the geographic longitude of the North pole, and UT is given in hours.  

 However, there is the other definition of the MLT. It is the hour angle (1 hour = 15º magnetic longitude) 

from the midnight magnetic meridian (180º magnetic longitude away from the subsolar point), positive in the 

magnetic eastward direction. Then, the magnetic coordinate system rotates with respect to the Earth at the rate at 

which the subsolar point crosses magnetic meridians.  

That implies that the whole system will rotate with the rotation rate which varies depending on the season. The 

rotation rate can be more than 1.3 hours MLT per hour, and less than 0.8 hours MLT per hour. A detailed 

explanation, definitions and derivations can be found in Laundal and Richmond (2016).  

 

 

Appendix B Removal of Trends   

 

B.1 Introduction  

 

Before doing any statistical analysis on a given time series, one should keep in mind that any series usually 

contain a trend, a seasonal variation, or other irregular fluctuations. For example, financial time series data 

sometimes exhibits annual variations or seasonal effects that should be measured and removed (Wu, 2007). A lot 

of physical processes show cyclical behavior, for example, such as daily variations in temperature. This may be 

defined as a trend. A trend can be characterized as a long-term change in the mean of a time series (Shumway and 

Stoffer, 2016). However, this definition is quite subjective as it is rather difficult to decide what a long-term change 

really means. What appears to be a trend over the short-term might be a part of a longer-term cycle. In this way, 

one must take into account the number of observations in a particular series, and make a subjective assessment of 

what "long-term" means in the context of the study. On the other hand, long-term changes can be observed in other 

statistical properties such as variance (Chatfield, 1975). Thus, in all situations, a trend is examined separately and 

should be removed from a series. This procedure is called detrending. Detrending is performed on a time series to 

remove a feature or make a series stationary for further analysis (Shumway and Stoffer, 2016; Wu, 2007). 

 

B.2 Estimating a trend 

 

The first step in an analysis is a decomposition of the time series into a trend, a seasonal component (if it is present) 

and the residual variations. Identifying a trend in a time series is again a very subjective procedure. Thus, one 

should know the nature of the physical process to define a trend. If the physical properties are unknown, the 

statistical methods should be applied (Chatfield, 1975; Shumway and Stoffer, 2016).  

There exist a lot of different methods to remove a trend. For instance, removing a linear trend is the most 

popular one (Chatfield, 1975). On the other hand, differencing, curve-fitting, or filtering are also possible. Curve 

fitting is usually applied to non-seasonal data, particularly yearly data. The method implies fitting a simple function 

such as a polynomial curve (linear, quadratic, cubic, etc.) considering a trend as a function of time. The most 

popular and straightforward, however, is the least-squares-fit suggesting a straight-line removal (Chatfield, 1975).  

Taking the first difference of a non-stationary time series using a backshift operator can make it stationary. 

Another way to deal with trends is to use a filter which converts one time series into another. The method is often 

referred to as a moving average, and can be useful for removing seasonal variations. 

Also, smoothing of a time series is one more useful method to find some features, long-term trends, 

seasonal components, or cycles. Smoothing involves data averaging so that the white noise in the data removes 

itself. In addition, smoothing can also be used to remove the seasonal variations, leaving only the trend. For 

example, as discussed above, a moving average smoother can be applied. Nearest neighbor regression, or 

smoothing splines, is another approach to smooth the data. Moreover, moving the mean or median are also moving 

average smoothers that are often used if the data exhibit periodicities which should be cancelled (Wu, 2007; 

Chatfield, 1975). 

 The question is, how to choose a proper detrending method. 
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B.3 Detrending and its effect on spectrum 

 

Different detrending methods can produce different results. One possibility is trying different methods, applying 

them to the data, and comparing the results.  

The figures to the left show the detrending analysis based on the daily electron density series. Both the linear trend 

and the median were removed in order to examine whether these methods give different results. The figures display 

the PSDs obtained from the density series after fitting and subtracting a linear trend (right), and removing the 

median (left). There are visual similarities between the plots. Also, it seems like the removal of a linear trend and 

the median resemble each other. In conclusion, the two methods produce similar results, and can be used 

interchangeably.  

 

 

 

 

 

 

 

 

 

 

 

 

Appendix C Normal and Student’s t Distributions  

 

In this work, a statistical relationship between the continuous variables was estimated using a simple linear 

regression model. The analysis of the accuracy of the linear fit is described under each PSD plot. The fundamental 

assumptions of a simple linear regression were discussed in sections 2.2.4 and 3.1.3. Also, the analyzed data 

showed normal distribution patterns. This is why it is appropriate to mention the characteristics of a normal 

distribution, as well as a t-distribution because they are closely related to each other. 

 

C.1 Definitions 

 

1) The cumulative distribution function (cdf) of a random variable 𝑋 is 

defined as  

𝐹𝑋(𝑥) = 𝑃[𝑋 ≤ 𝑥], ∀ 𝑥 ∈  (− ∞,   + ∞), where 𝑃 is a probability measure. It has the following properties 

(Ahsanullah et al., 2014; Grigelionis, 2013):  

a) 𝐹𝑋(𝑥) is a non-decreasing function of 𝑥, 

b) 𝐹𝑋(− ∞) = 0,   𝐹𝑋(+ ∞) = 1. 

c) 𝐹𝑋(𝑥) is continuous.  

 

2) Absolutely continuous distribution function of a random variable 𝑋 is  

absolutely continuous if ∃ a function 𝑓𝑋(𝑥) ≥ 0, such that 𝐹𝑋(𝑥) = ∫ 𝑓𝑋(𝑡)𝑑𝑡
𝑥

−∞
.  

 

Figure B.1: PSD comparison obtained by the different detrending methods. The spectral slope equals  

�̂� = −1.38 in both cases. The detrending methods produce similar results.  
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3) Probability density function (pdf) 𝑓𝑋(𝑥) of a random variable 𝑋 satisfies 

the condition 

∫ 𝑓𝑋(𝑥) 𝑑𝑥 = 1 .

+∞

−∞

 

 

C.2 Normal distribution 

 

The normal distribution characterizes a family of continuous probability distributions which have the same shape, 

but differ in the location of the mean, average, or standard deviation. The graph of its pdf is a symmetric bell-

shaped curve. 

A continuous random variable 𝑋 has a normal distribution with the mean 𝜇 and variance 𝜎𝜀
2 , i.e., 

𝑋 ~ 𝑁 (𝜇, 𝜎𝜀
2 ) if its pdf 𝑓𝑋(𝑥) and cdf 𝐹𝑋(𝑥) = 𝑃(𝑋 ≤ 𝑥) are given by 

𝑓𝑋(𝑥) =
1

𝜎𝜀√2𝜋
𝑒−(𝑥−𝜇)2/2𝜎𝜀

2
 , − ∞ < 𝑥 < + ∞ , and  

𝐹𝑋(𝑥) =
1

𝜎𝜀√2𝜋
 ∫ 𝑒−(𝑦−𝜇)2/2𝜎𝜀

2𝑥

− ∞
𝑑𝑦, − ∞ < 𝑥 < + ∞, − ∞ < 𝜇 < + ∞, 𝜎 > 0   

 A normal distribution with 𝜇 = 0 and 𝜎𝜀 = 1, i.e., 𝑋 ~ 𝑁 (0, 1 ) is called the standard normal distribution.  

Fig. C.1 describes the shapes of the normal distribution. The pdf plot 𝑓𝑋(𝑥) of a normal random variable 

𝑋 ~ 𝑁 (𝜇, 𝜎𝜀
2 ) is symmetric about the mean 𝜇, that is, 𝑓𝑋(𝜇 + 𝑥) = 𝑓𝑋(𝜇 − 𝑥), − ∞ < 𝑥 < + ∞ . 

 

 

 

 

C.3 Student’s t Distribution 

 

The Student’s t distribution (also, t distribution) characterizes a family of continuous probability distributions. The 

pdf plot of the Student’s t distribution is a symmetric and bell-shaped curve, different for different sample sizes. 

The Student’s t distribution has mean 𝜇 = 0 and standard deviation 𝜎𝜀  > 1 for degrees of freedom greater than 2. 

             

   

   

   

   

   

   

   

                 

                   

                    

                   

             

   

   

   

   

 

                 

                   

                    

                   

Figure C.1: pdf (left) and cdf (right) plots of the normal distribution for different values of 𝜇 and 𝜎𝜀
2.        

From Ahsanullah et al. (2014).  
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Also, it does not exist for 1 and 2 degrees of freedom. When the sample size 𝑤 → ∞ the Student’s t distribution 

approaches the standard normal distribution. Comparison of the 𝑧-table (for standard normal distribution) and 𝑡-

table shows that the percentile of normal distribution and Student’s t distribution for large degrees of freedom are 

almost equal. 

 A continuous random variable 𝑋 with mean 𝜇, standard deviation                𝜎𝜀 > 0, and degrees of freedom 

𝜏 > 0 has a general form of the Student’s t distribution if its pdf 𝑓𝑋(𝑥) is given by  

𝑓𝑋(𝑥) =
1

𝜎𝜀√𝜏
[1 +

1

𝜏
(

𝑥 − 𝜇

𝜎𝜀

)
2

]

−(1−𝜏)
2

,  

 

− ∞ < 𝑥 < + ∞, 𝜏 > 0, 𝜎𝜀 > 0.     

The general Student’s t distribution has the following properties: 

 

a) 𝐸(𝑋) = 𝜇  for 𝜏 > 1, and 𝐸(𝑋) ∄ for 𝜏 = 1,  

b) var(𝑋) =
𝜏𝜎𝜀

2

𝜏−2
 for 𝜏 > 2, and var(𝑋) ∄ for 𝜏 ≤ 2, 

c) when 𝜏 = 1 the general Student’s t distribution reduces to the Cauchy distribution, 

d) when 𝜏 → ∞, the general Student’s t distribution follows the normal distribution, 

e) for 𝜇 = 0  and 𝜎𝜀 = 1, the general Student’s t distribution reduces to the standard Student’s t distribution, 

f) 𝜎𝜀
2  > 1 always, but 𝜎𝜀

2  ≈ 1  when there are many degrees of freedom. 

g) the pdf of the standardized Student’s random variable has fatter tails than the pdf of the standardized 

normal random variable.  

Fig. C.2 describes the pdf and cdf for different values of 𝜏 illustrating the shapes of the Student’s t distribution.  

 

C.3 Additional remarks  

 

The t-distribution has a lower probability density in the center and bigger probability density in the wings 

comparing with a normal distribution. Also, it has a different shape (slightly flatter) than the normal distribution. 

Figure C.2: pdf (left) and cdf (right) of the Student’s t distribution. The pdf is symmetric about the mean. The 

shape of the t-distribution depends on 𝜏. From Ahsanullah et al. (2014). 
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Generally, it is quite common to deal with the degrees of freedom equals 𝑤 − 1, where 𝑤 is the sample size. For 

example, if there is a sample size of 20, there are 19 degrees of freedom (valid for the t-distribution). The wings 

of the t-distribution are often different in shape due to sample sizes which can be small. Also, small sample sizes 

are best modelled by the t-distribution even if the measurements are distributed normally. When the sample size 

is small, most of the observations lie in the center of a distribution, but most decisions are at the wings.  

 The t-distributions is quite similar to the normal distribution when 𝜏 > 5 as it can be seen in Fig. C.2. On 

the other hand, the proportion of measurements within 1.96 (which is 95 % for a normal distribution), differs 

considerably even with 10 degrees of freedom.  

It is typical to use statistical tables (one or two-tailed) which provide critical values of the test statistic 

and contain the number of degrees of freedom and probability (Brereton, 2015). 

 

 

Appendix D Codes  

 

D.1 Matlab code 

 

%Read the data in .cdf file and extract the variables of interest:  

info_1=cdfinfo('file.cdf');  

density = cdfread('file.cdf', 'Variable', {'n'},'CombineRecords',true); 

timestamp = cdfread('file.cdf', 'Variable', 

{'Timestamp'},'CombineRecords',true,'ConvertEpochToDatenum', true); 

lat=cdfread('file.cdf', 'Variable', {'Latitude'},'CombineRecords',true); 

lon=cdfread('file.cdf', 'Variable', {'Longitude'},'CombineRecords',true); 

lat=cdfread('file.cdf', 'Variable', {'Latitude'},'CombineRecords',true); 

rad=cdfread('file.cdf', 'Variable', {'Radius'},'CombineRecords',true); 

 

%Extract the 1st and the 2nd columns from the B-field matrix: 

bfield1=bfield(:, [1]); %north component 

bfield2=bfield(:, [2]); %east component 

magnitude=sqrt((bfield1).^2+(bfield2).^2); %Find the magnitude of the B 

field 

 

%Make a time series plot:  

figure; plot(timestamp,bfield); title(''); xlabel('Time [UT]'); ylabel(''); 

datetick('x',15,'keepticks'); %Convert time 

data_d4 = detrend(density); %Remove a linear trend 

 

%The loop finds all the values above the latitude of 65 (80, or between 65 

and 80) and it considers the rest of the values to be not a number:  

newlat = lat; 

newlat(newlat<65) = NaN; %or 

newlat(newlat<80) = NaN; %or 

newlat(newlat<65) = NaN; newlat(newlat>80) = NaN; 

for i = 1:length(newlat)-1 

    if isnan(newlat(i)) == true && isnan(newlat(i+1)) == false %Array 

elements that are NaN 

        if timestamp(i) > datenum(2017,02,08,03,0,0)         

            for j = i:length(newlat)-1 

                if isnan(newlat(j)) == false && isnan(newlat(j+1)) == true 

                    i_stop = j; 

                    break 

                end 

            end 

plot(datetime(datevec(timestamp(i+1:i_stop))),density(i+1:i_stop)); 

title('B'); xlabel('Time [UT]'); ylabel(''); %Convert time 

(datetime(datevec)) 

            density = density (i+1:i_stop); 
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            t4 = timestamp(i+1:i_stop); 

            k=i+1:i_stop; %Use this variable to plot a trajectory 

            break 

        end 

    end 

end 

  

%FFT and hanning window 

[m,~] = size(density); 

if m == 1 

density = density'; 

end 

density = density - median(density,'omitnan'); %detrend removing the median 

 

w = hann(length(bfield1)); %window function 

density = density.*w; 

L = length(density); 

if mod(L,2) ~= 0 

L = L - 1; 

density (end) = []; 

end 

xdft = fft(density); 

xdft = xdft(1:L/2+1); 

P = (1/(2*pi*L)) * abs(xdft).^2; %PSD  

P(2:end-1) = 2*P(2:end-1); 

Fs=2;  

F = Fs*(0:(L/2))/L; 

loglog(F,P); grid on, xlabel('Frequency [Hz]'); ylabel("log PSD [cm^-

3/Hz]"); title(''); 

 

%Linear fit:  

log_F = log(F); log_P = log(P); 

plot(log_F',log_P); xlabel('log frequency [Hz]'); ylabel("log PSD [cm^-

3/Hz]"); title('...'); 

fit = polyfit(log_F(2:end)', log_P(2:end), 1); grid on;  %1st coefficient 

is a slope 

hold on 

plot(log_F,fit(2)+fit(1)*log_F); 

 

%Polar region map: 

load coastlines 

figure('Color','w') 

axesm('eqaazim','MapLatLimit',[0 90]) 

axis off 

framem on 

gridm on 

mlabel on 

plabel on; 

setm(gca,'MLabelParallel',0) 

geoshow(coastlat,coastlon,'DisplayType','polygon') 

plotm(lat(k), lon(k)); 

  

%Scatterplots:  

scatter(log_F, log_P); grid on; xlabel(''); ylabel('');  

 

%Save as a matlab data structure, then read into R: 

save('file.mat','%variables of interest'); 
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D.2 R code 

 
setwd(" ") #Set working directory 
install.packages("R.matlab") 
library(R.matlab) 
file = R.matlab::readMat.default("file.mat") #Read .mat file into R 
 
#Distributions of spectral indices    
A_active$mids 
B_active$mids 
A_quiet$mids 
B_quiet$mids 
 
#An example of one histogram  
aa <- hist(A_active,  plot = FALSE)  
bins = length(aa$counts)                   
yvals = numeric(0)                         
for(i in 1:bins) {                         
yvals = c(yvals, aa$counts[i]:0)           
}                                          
yvals 

xvals = numeric(0)                         

for(i in 1:bins) {                         
xvals = c(xvals, rep(aa$mids[i], aa$counts[i]+1))  
}                                                      
xvals 
dat = data.frame(xvals, yvals)        
dat = dat[yvals > 0, ]               
minx <- min(aa$breaks)   
maxx <- max(aa$breaks)   
miny <- min(dat$yvals)   
maxy <- max(dat$yvals)   
 
#Make the histogram plot 
plot(yvals ~ xvals, data = dat, pch = 19, cex = 3, xlab="spectral index",  
     ylab="occurrence", main="Swarm A disturbed period", border="blue",  
     col="green", cex.main=1.9, cex.lab=1.9, cex.axis=1.9, font.main=2, font.lab=2, font.sub=4, 
     xlim = c(minx, maxx), #xlim=c(-1.5,-1.0), 
     ylim = c(miny, maxy)) #ylim=c(0,20) ) 
 
#The procedure is the same for the other data   
 
#Linear fit  
setwd(" ") 
install.packages("R.matlab") 
library(R.matlab) 
xx = R.matlab::readMat.default("linear_fit.mat")  
x=xx$a 
y=xx$b 
lmfull=lm(y~x, data=xx) 
summary(lmfull) 
 
#Extract fitted values and residuals, and a summary of the residuals 
density_fit=lmfull$fit 
density_res= lmfull$res 
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summary(density_res) 
 
#Plots of the residuals 
#Checking normality/histogram and Q-Q plot  
hist(density_res, breaks=10, col="darkblue", main="Histogram of residuals", col="darkblue",cex.main=2, 
cex.lab=1.4, cex.axis=1.5, font.main=2, font.lab=2, font.sub=2) 
qqnorm(density_res, cex.main=2, cex.lab=1.4, cex.axis=1.5, font.main=2, font.lab=2, font.sub=2); 
qqline(density_res)    #alternative command:  plot(lmfull,2) 
 
#Checking homoscedasticity  
par(mfrow=c(1,2)) 
plot(lmfull,1, pch=16, col="darkblue", cex.main=2, cex.lab=1.4, cex.axis=1.5, font.main=2, font.lab=2, 
font.sub=2) 
plot(lmfull,3, pch=16, col="darkblue", cex.main=2, cex.lab=1.4, cex.axis=1.5, font.main=2, font.lab=2, 
font.sub=2) 
 
#Checking linearity/CPR plot for the predictor 
library(car) 
crPlots(lmfull, terms=~x, pch=16,col="darkblue", cex.main=1.5, cex.lab=1.4, cex.axis=1.3, font.main=2, 
font.lab=2, font.sub=2, main="Component plus Residual") 
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