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Abstract

Late time accelerated expansion of the universe is usually considered to be the result of dark
energy, and the standard model of cosmology implements the cosmological constant as the
drive of the acceleration of the universe. A possible alternative to the cosmological constant
is modified gravity, and screening mechanisms are a possible way to work around the local
gravity constraints on modified gravity.

This work implements screening mechanisms to gravitational collapse in order to investig-
ate a wide parameter space of two screening mechanisms, the chameleon and symmetron, by
numerically solving the second Friedmann equation for spherically symmetric perturbations.

In particular, the effects of the chameleon and symmetron mechanisms on the density of
virialized objects have been considered. It has been confirmed that heavily screened objects
have a density at virialization similar to the results from a cosmological constant. Further,
it has been confirmed that with these screening mechanisms virialized and unscreened ob-
jects in general have a much lower density than with a cosmological constant. However,
two exceptions from this general trend was found for very late symmetry breaking in the
symmetron model. These exceptions was explained as a delay in virialization due to late,
full unscreening of the objects.

Additionally, both the chameleon and symmetron screening mechanisms was found to
have sets of the parameters which lead to a smaller density of the virialized objects than
the surrounding parameters did. In particular, these sets of the parameters lead to partial,
but close to maximal, unscreening of objects. Since these parameter sets are characterized
by the transition from total unscreening to partial unscreening they have been dubbed the
transition regimes of the models.

The existence of these regimes can provide constraints on the model parameters when
compared to observations of virialized halos.

All code used to produce the results and figures in this thesis can be found in the git
repository https://github.com/mrnafstad/SphericalCollapseScreening.
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Chapter 1

Introduction

What drives the acceleration of our universe today, and what effects does it have on the
formation of structures such as galaxies and galaxy clusters? The answer to the first may
well be one of a whole host of models that all go under the common name dark energy.
Dark energy models are a series of attempts to explain the acceleration of the universe,
but universally contributing to the acceleration will lead to a dampening effect on structure
formation and a violation of local gravity constraints. So how can a universal model for
dark energy provide the proper acceleration without dampening the formation of structure
too much and keeping the local gravity constraints safe?

An interesting approach to this issue is screening mechanisms where in dense regions,
such as here on earth, there is no alteration to gravity, but in less dense regions there is.
What effect will such screening mechanisms have on the formation of galaxy clusters, how
can different screening mechanisms be distinguished based on observed properties of galaxy
clusters and how can they be separated from the cosmological standard model, the ΛCDM
model?

One of the simplest models for structure formation in the non-linear regime is the spher-
ical collapse model, which was first introduced in [1]. It is an approach to gravitational
collapse in the non-linear regime based on a spherically symmetric perturbation with no
internal pressure immersed in a homogeneous and flat background cosmology. In this thesis
the groundwork of the spherical collapse model is established for the Einstein-de Sitter
and ΛCDM models in Sections 4.1 and 4.2, respectively, before the chameleon and sym-
metron screening mechanisms are investigated within the spherical collapse framework in
Sections 4.3 and 4.4, respectively. Further, the mathematical groundwork for the chameleon
and symmetron mechanisms are presented in chapters Sections 3.1.3 and 3.2.

1.1 Notations and conventions

Throughout the analytical parts of this thesis Natural units are used, i.e. ~ = c = 1, however
Planck units are used for the numerical part, i.e. ~ = c = G = 1. This choice gives the
conversion factors from SI to Planck units as

1 s = 1.5192× 1015 eV−1

1 m = 5.0642× 105 eV−1

1 Kg = 3.7537× 10−21 eV−1.

(1.1)

The reason for keeping G through the analytics is to recognize the reduced Planck mass MPl

through κ.

Further, Einsteins notation convention is used and greek indices span 4 dimensional
spacetime, e.g. µ = 0, 1, 2, 3, while latin indices span normal 3 dimensional space, e.g.
i = 1, 2, 3. Latin subscripts are also sometimes used on parameters, but in these instances
it is specified and usually clear from context what they mean. Further, when a subscript 0

appear on a parameter it signifies that it is the value of that parameter today.
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Symbols and definitions of interest

Name Symbol Definition/Value
Speed of light in vacuum c 1
Gravitational constant G 1
Reduced Planck constant ~ 1

κ
√

8πG
Reduced Planck mass MPl κ−1

Scale factor of the universe a
Redshift z z = a0

a

Hubble parameter H ȧ
a

Conformal Hubble parameter H aH
Present Hubble parameter H0 100hKms−1Mpc−1

1.491× 10−32eV

Normalized Hubble parameter E(a) H(a)
H0

Energy density ρ
Pressure p
Equation of state w p

ρ

Density parameter Ωi
Cosmological constant Λ
Density contrast δi
Curvature of the universe K
Gravitational potentials Φ, Ψ
Scalar field φ
Coupling constant β
Physical radius of a perturbation R

Table 1.1: Symbols and values of interest. In particular the present Hubble
parameter is set to h = 0.7 throughout this thesis [2], [3].

Mathematical symbols and definitions

Name Symbol Definition

Derivative with respect to cosmic time, t ˙ d
dt

Derivative with respect to x = lna ′ d
dx

Derivative with respect to a variable y ,y
d
dy

Christoffel symbol Γµνλ
Ricci scalar R
Ricci tensor Rµν
Metric tensor gµν
Einstein tensor Gµν
Energy momentum tensor Tµν
Action S
Laplacian ∇2 δij∂i∂j
d’Alambertian � gµν∇µ∇ν
Lagrangian density L

Table 1.2: Symbols and values of interest

7 Chapter 1.1 Halvor Nafstad



Chapter 2

Background

2.1 A brief on general relativity

The framework of general relativity is an important piece of this thesis, thus it is appropriate
to give a short introduction to this framework.

General relativity is Einsteins framework for gravity and it governs the cosmological
dynamics. Usually the Einstein equations is postulated by realizing that an equation super-
seding the Poisson equation for a Newtonian potential,

∇2ΦN = 4πGρ, (2.1)

is necessary. Further, a relativistic generalization should be an equation between tensors,
and this generalization is known as the Einstein equations

Gµν = 8πGTµν , (2.2)

where Gµν is the Einstein tensor given by

Gµν ≡ Rµν −
1

2
gµνR. (2.3)

In eq. (2.2) the Einstein tensor Gµν is the generalization of the left hand side of the
Poisson equation (2.1) and should therefore be constructed from second order derivatives of
the metric tensor (see e.g. [4] chapter 4.1). The right hand side of eq. (2.2) is the tensor
generalizing the matter density, Tµν and is called the energy momentum tensor.

Further, Rµν is the Ricci tensor given by

Rµν = Rρµρν

= Γαµν,α − Γαµα,ν + ΓαµνΓβαβ − ΓαµβΓβαν ,
(2.4)

where Rρµλν is the Riemann curvature tensor given by

Rρµλν = ∂λΓρµν + ΓρλσΓσµν − ∂νΓρµλ − ΓρνσΓσµλ (2.5)

In eqs (2.4) and (2.5) the Christoffel symbols Γµνλ is given by

Γµνλ =
1

2
gµα(gαν,λ + gαλ,ν − gνλ,α) (2.6)

Further, the contraction of the Ricci tensor in eq. (2.3) is the Ricci scalar R = gµνRµν . Tµν
in eq. (2.2) is the energy-momentum tensor, which for a perfect fluid takes the form

Tµν = (ρ+ p)uµuν + pδµν , (2.7)

where ρ is the energy density, p the pressure and uµ the 4-velocity in comoving coordinates.
Further, gµν is the metric tensor, which is connected to the line element ds2 by

ds2 = gµνdxµdxν . (2.8)

8
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The approach briefly described above is the normal way to find the Einstein equations.
However there is another way to go; the Lagrangian formulation, in which the Einstein-
Hilbert action

SH =

∫
d4x
√
−gL

=

∫
d4x
√
−gR

(2.9)

is postulated, which gives the Einstein equations by varying with respect to the metric tensor
and applying the principle of least action. This defines the energy momentum tensor as

Tµν = −2
1√
−g

δSM

δgµν
, (2.10)

where SM is the standard matter action. In models of modified gravity, some of which to
be discussed later, the extension to genereal relativity is done by modifying the Lagrangian
density L, particularly by a scalar field in this thesis. Both of the above approaches yield
the same Einstein equations.

2.1.1 Dynamics in general relativity

In this section some of the key aspects of the dynamics of general relativity is presented,
but in very small detail.

Test particles, influenced only by the curvature of spacetime and not contributing to it,
follow geodesics, given by the geodesic equation

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0. (2.11)

The geodesic equation can be considered the generalization of Newtons second law, and
external forces can be added to the left hand side of the geodesic equation.

Further, the energy-momentum tensor is covariantly conserved in curved spacetime

∇µTµν = 0, (2.12)

which can be considered a generalization of the laws of energy and momentum conservation
in classical mechanics.

2.1.2 A brief introduction to extensions of general relativity

As explained in Section 2.3 the cosmological constant has major problems with fine tuning
and coincidence. In order to try to explain these issues it may be necessary to go beyond
GR, which will create new physics associated with dark energy. Going beyond GR can be
done in two ways, either by modifying matter or by modifying gravity.

Modifying matter is done by considering specific forms of the energy momentum tensor
with a negative pressure. This approach includes models such as quintessence, k-essence
and perfect fluid models (in [5] these models and several others are presented in chapter 7
and 8). This thesis is not concerned with these models, but in short the quintessence uses
scalar fields with slowly varying potentials, in k-essence acceleration is driven by the kinetic
energy of a scalar field and perfect fluid models are based on perfect fluids with a specific
equation of state.

Modifying gravity is done by altering the left hand side of the Einstein equations, i.e.
modifying the Einstein-Hilbert action. Modified gravity includes f(R) gravity, scalar-tensor
theories and braneworld models, among others. f(R) gravity involve coupling a scalar field
to the curvature scalar. Scalar-tensor theories involve a coupling of a scalar field to both
the curvature scalar and the metric tensor, Brans-Dicke theory is a popular scalar-tensor
theory. Braneworld models are based on string theory and involves compactifying the extra
dimensions of the theory to achieve 4-dimensional effective gravity theories. This thesis is
concerned with a special class of scalar-tensor theories called screening models, in particular
the chameleon and symmetron mechanisms.

9 Chapter 2.1 Halvor Nafstad
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Modifications of gravity are restricted by local gravity and observational constraints and
must therefore be carefully constructed in order to satisfy these constraints. In particular
it can be difficult to satisfy local gravity constraints in the extensions of GR, but potentials
can be constructed in scalar-tensor theories in a manner that the theory is compatible with
the constraints. Two interesting mechanisms that makes this possible are the chameleon
and symmetron mechanisms, which are special cases of what is commonly dubbed screening
models.

2.1.3 Scalar tensor theories

In extensions of GR there are some different mathematical frames that can be employed,
two of interest in this thesis is the Einstein and Jordan frames. Both these frames are
mathematically viable and are connected by a conformal transformation, but there is much
debate about wether one or the other, or both can be considered physical. Some argue that
the conformal Jordan frame is the physical frame due to conservation of certain quantities,
while others claim the Einstein frame as the physical frame because the Jordan frame violates
the weak energy condition [6]. Indeed the frames offer physical perspective on different parts
of the theory. However, some approaches find the two frames to be equivalent when the
action is expressed in terms of dimensionless variables [7].

The metric tensor in the Einstein gµν frame can be transformed to the Jordan frame g̃µν
by use of the conformal coupling Ω as

gµν = Ω2g̃µν , (2.13)

where a tilde denotes the quantity in the Jordan frame.
Now consider the general action of a scalar tensor theory

S =

∫
d4x
√
−g̃
[

1

2κ2
f(ϕ, R̃)− 1

2κ2
ζ(ϕ)(∇̃ϕ)2

]
+ SM(g̃µν ,Ψm), (2.14)

where f is a general function of the scalar field ϕ and the Ricci scalar R, ζ is a function
of ϕ and SM is the matter action. The action (2.14) also include f(R) gravity, Brans-Dicke
theory and dilaton gravity (see, e.g. chapter 9.2 in the book [5]).

It is of interest in this thesis to explore the possibility of expressing scalar-tensor theory as
a general f(R) gravity model which includes a coupled quintessence field, i.e. the chameleon
mechanism, to do this the approach found in chapter 6.2 of the book [5] is followed. It is
possible to explore this by considering scalar-tensor theories of the type

f(ϕ, R̃) = f(ϕ)R̃ − 2U(ϕ) (2.15)

with the conformal transformation defined by

Ω2 = F ≡ ∂f

∂R̃
. (2.16)

In order to make the kinetic term canonical, as the kinetic term present in f(R) gravity,
define a new scalar field φ as

φ =

∫
dϕ

√
3

2

(
F,ϕ
F

)2

+
ζ

F
. (2.17)

This gives the action in the Einstein frame as

SE =

∫
d2x
√
−g
[

1

2κ2
R− 1

2κ2
(∇φ)2 − V (φ)

]
+ Sm(gµνF

−1,Ψm), (2.18)

where the potential is V (φ) = U
F 2 . This action is the same as the f(R) action in the Einstein

frame in the metric formalism, where the potential is given by

V (φ) =
RF − f
2κ2F 2

, (2.19)

Halvor Nafstad Chapter 2.1 10
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thus the potential U in the Jordan frame is

U(φ) =
RF − f

2κ2
. (2.20)

Further, in the metric formalism of f(R) the conformal transformation is F = e
2φ√
6MPl . Now

defining the quantity

β ≡ F,φ
F

=
F,ϕ
F

[
3

2

(
F,ϕ
F

)2

+
ζ

F

]−1/2

. (2.21)

In the f(R) gravity this gives β = 1/
√

6, the conformal transformation F = e
− 2βφ
MPl and

ζ = (1− 6β2)F
(

dφ
dϕ

)2
. Now the action (2.14) is

SJ =

∫
d4x
√
−g̃
[

1

2κ2
F (φ)R̃ − 1

2
(1− 6β2)F (φ)(∇̃2φ)2 − U(φ)

]
+ SM(g̃µν ,Ψm) (2.22)

in the Jordan frame.

2.2 The virial theorem

Since the spherical collapse model is one where the perturbations has no internal pressure
there is no way for perturbations to stabilize and thus they will collapse completely. How-
ever, the perturbation will reach an equilibrium state and virialize at one point during the
collapse, when this happens the perturbations are considered stable. In this section the
virial theorem will be derived and explained in a form that is rather practical to the spher-
ical collapse model in general. The following section follows section 5.4.4 in [8] for a while
before breaking off to a special form of the potential in the virial theorem.

For a collision less system the analog to the Euler equations of motions are

∂

∂t

(
n
〈
vj
〉)

+
∑
i

∂

∂xi

(
n
〈
vivj

〉)
+ n

∂Φ

∂xj
= 0. (2.23)

This equation of motion is then multiplied by mxk and integrated over 3-space, which gives∫
xk

∂

∂t

(
ρ
〈
vj
〉)

d3x = −
∑
i

∫
xk

∂

∂xi

(
ρ
〈
vivj

〉)
d3x−

∫
ρxk

∂Φ

∂xj
d3x. (2.24)

Using the divergence theorem and defining the kinetic energy tensor as

Kjk =
1

2

∫
ρ
〈
vjvk

〉
d3x (2.25)

and the surface pressure as

Σjk = −
∑
i

∫
xkρ
〈
vjvk

〉
dSi (2.26)

allows the first term on the right-hand side of eq. (2.24) to be written as∑
i

∫
xk

∂

∂xi

(
ρ
〈
vivj

〉)
d3x = 2Kkj + Σkj . (2.27)

Further the seccond term on the right-hand side is the Chandrasekhar potential energy
tensor, Wjk, giving ∫

xk
∂

∂t

(
ρ
〈
vj
〉)

d3x = 2Kjk +Wjk + Σjk. (2.28)

By defining the velocity tensor as the sum of the velocity due to coherent motion and
that due to random motion,

〈
vjvk

〉
=
〈
vj
〉〈
vk
〉

+ σ2
jk, and defining the tensors

Tjk =
1

2

∫
ρ
〈
vj
〉〈
vk
〉
d3x

Πjk =

∫
ρσ2

jkd3x

(2.29)

11 Chapter 2.2 Halvor Nafstad
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the kinetic energy tensor can be written as

Kjk = Tjk +
Πjk

2
. (2.30)

Since the spacial part in the left-hand side of eq. (2.28) is integrated out, the partial
time derivative can be pulled outside the integral and the changed to a complete derivative.
Further, the moment of inertia tensor is defined as

Ijk =

∫
ρxjxkd3x (2.31)

and the derivative with respect to time of the moment of inertia tensor is

dIjk
dt

=

∫
∂ρ

∂t
xjxkd3x

= −
∫
∂
(
ρ
〈
vi
〉)

∂xi
xjxkd3x

=

∫
ρ
(
xk
〈
vj
〉

+ xj
〈
vk
〉)

d3x

(2.32)

Further, since the tensors Kjk, Σjk and Wjk are symmetric with respect to their indices,
the left hand side of eq. (2.28) is also symmetric and thus the tensor virial theorem is

1

2

d2Ijk
dt2

= 2Kjk +Wjk + Σjk. (2.33)

Now the scalar virial theorem is found by taking the trace of (2.33) which gives

1

2

d2I

dt2
= 2K +W + Σ, (2.34)

and for a static system with no surface pressure the virial theorem states that

2K +W = 0. (2.35)

Since the universe is considered homogenous and isotropic outside the perturbation through-
out this thesis eq. (2.35) is the virial theorem used. However, for reasons that will become
clear when spherical collapse in screened f(R) is considered eq. (2.35) will be used on a
slightly different form than normal.

2.2.1 Regular and special potential

In order to start considering the special form of the potential it is necessary to be familiar
with the more regular form, a more in depth look at the following paragraph can be seen in,
e.g. [9]. Starting from the scalar virial theorem and assuming a general power law potential
U = arn the force experienced by a particle in this potential is given by F = −∇U . Further
the Chandrasekhar scalar potential can be written W = F · x, thus the potential energy is
given by

W = −∇U · x. (2.36)

For a spherically symmetric system this reduces to

W = −r ∂U
∂r

, (2.37)

thus the virial theorem for a spherically symmetric system can be written

T =
R

2

∂U

∂R
(2.38)

or
T =

n

2
U, (2.39)

Halvor Nafstad Chapter 2.2 12
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for a general power law potential as mentioned above.

The special form is found by considering the integral of the potential energy in a slightly
unorthodox way. Before the potential energy in spherically symmetric coordinates can be
considered it is worth to note that the radial velocity, ṙ, can be expressed in terms of

the velocity of the surface, Ṙ, as ṙ = r ṘR , which in turn gives the radial acceleration as

R̈ = r R̈R . Further, the density of the perturbation is considered to be uniform at the time of

virialization and given by ρ = 3M
4πR3 . Now the potential energy is given by

W = −4π

∫ R

0

r4 R̈

R
ρdr

= −3M

5
RR̈.

(2.40)

The kinetic energy is then

T = 2π

∫ R

0

r4 Ṙ

R
ρdr

=
3M

10
Ṙ2.

(2.41)

In the Sections 4.1.3 to 4.2.2 it will be shown through comparisons of the particular solu-
tion of equations (2.37) and (2.40) that the virialization criteria (2.35) gives very similar
numerical results for both expressions of the potential energy.

2.3 Review of the ΛCDM model

The cosmological constant, Λ, was first introduced by Einstein in 1917 in an attempt to
achieve a static universe. The idea was that space has a natural tendency to expand, which
was represented by a cosmological constant Λ, and Λ would cancel the contraction caused by
matter [10]. However, Hubble discovered that the universe is expanding by measuring the
recession speed of distant galaxies, as a result Einstein removed the cosmological constant
from his field equations and reportedly called this the biggest blunder of his career [11]. Data
accumulated by the year 1998 by Riess et al. and Perlmutter et al. independently found
that the expansion of the universe is accelerating ([12], [13]). These observations then led
to the revival of the cosmological constant, as a type of dark energy, to drive the late-time
accelerated expansion.

Since the cosmological constant is, just that, a constant in time and space it is currently
the simplest candidate for dark energy. Together with dark matter, the CDM (Cold Dark
Matter) model, the cosmological constant makes one of the universe models that best fits
observations, namely the ΛCDM model. Even though this model fits great with a number
of observations it still has problems, such as the fine-tuning and the coincidence problem
(these are issues with Λ as a candidate for dark energy, not the ΛCDM model specifically).

The fine tuning and coincidence problems

The following section is inspired by [5], and a more in depth look at these issues can be
found there.

An issue in the ΛCDM model is that the cosmological constant is required to be on
the order of the square of the present Hubble parameter, Λ ∼ H2

0 , for it to provide cosmic
acceleration today (this can be seen from the first Friedmann equation (2.52) of the model).
As an energy density, choosing natural units in this particular section (~ = c = 1), this
translates to

ρΛ ∼
Λm2

Pl

8π
∼ 10−47GeV4. (2.42)

GR is believed to be valid up to the Planck scale mPl, and assuming that the energy
density comes from the vacuum energy of empty space this gives the vacuum energy density

ρvac ' 1074GeV4. (2.43)
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This vacuum energy is ∼ 10121 larger than the value required for cosmic acceleration in the
ΛCDM model.

Further the vacuum energy for the QCD scale is ρvac ' 10−3GeV4 and in broken super-
symmetry (���SUSY) Λ is in general non-zero. It is however possible to achieve a vanishing
cosmological constant in unbroken SUSY, or a small one after ���SUSY, at least to the lowest
order perturbation theory.

This need to fine-tune the underlying theory to give a small Λ is what is called the
fine-tuning problem, however as explained above it is not straight forward to do so and the
fine-tuning is depending on the underlying particle physics model.

The second big issue for the cosmological constant as dark energy is that the DE density
is at the same order as the matter density of the universe even though they appear to be
totally unrelated. In fact the matter and dark energy densities coincides exactly at

zcoinc =

(
ΩΛ

1− ΩΛ

)1/3

− 1. (2.44)

With ΩΛ = 0.75, as used in this thesis, this gives zcoinc ' 0.44. This is the coincidence
problem and is not restricted to the cosmological constant. In fact many of the acceptable
DE models have this issue and there is no obvious reason as to why ρm and ρDE should be
on the same scale today.

2.3.1 The Friedmann equations for ΛCDM

In this section the corresponding Friedmann equations will be derived from the principle of
least action, an example can be seen in [5], which is followed closely here. The action for all
GR models with a cosmological constant is

S =
1

16πG

∫
d4x
√
−g(R− 2Λ) + SM, (2.45)

where R = gµνRµν is the Ricci scalar, g is the metric determinant and Sm is the matter
action. Now a variation of S with respect to gµν is done in eq. (2.45)

δS =
1

16πG

∫
d4x
[
δ(
√
−g)(gµνRµν − 2Λ)

+
√
−gδgµνRµν +

√
−ggµνδRµν

]
+ δSM.

(2.46)

Since the Ricci curvature tensor is given by Rµν = (Γαµν);α − (Γαµα);ν the part of eq. (2.46)
containing the variation of the Ricci tensor is∫

d4x
√
−ggµνδRµν =

∫
d4x
√
−ggµν

[
(δΓαµν);α − (δΓαµα);ν

]
=

∫
d4x
√
−g(gµνδΓαµν − gµαδΓνµν);α

= 0,

(2.47)

where Gauss’ theorem is used in the last equality. Further the differentiation of the determ-
inant g with respect to gµν , which can be found from the cofactor matrixM = ggµν , shows
that

δ(
√
−g) = −1

2

√
−ggµνδgµν . (2.48)

As usual the energy momentum tensor Tµν is defined in terms of the variation of the matter
action as

δSm = −1

2

∫
d4x
√
−gTµνδµν . (2.49)

Now from the equations (2.47), (2.48) and (2.49) it is easy to see that the variation of the
action is

δS =
1

16πG

∫
d4x
√
−g
(
Rµν −

1

2
Rgµν + Λgµν − 8πGTµν

)
δgµν . (2.50)
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From the principle of least action, δS = 0 it is now clear that this gives the regular Einstein
equations, but with an added term, Λgµν ,

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν . (2.51)

With the FLRW metric in a flat universe the Einstein equations, eq. (2.51), for ΛCDM
are the same as those for EdS, but with an added Λ term, they are

H2 =
8πG

3
ρ+

K

a2
+

Λ

3
, (2.52)

ä

a
= −4πG

3
(ρ+ 3P ) +

Λ

3
. (2.53)
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Chapter 3

Screened modified gravity

In this chapter two screening models used in this thesis are reviewed, namely the chameleon
and symmetron models [14], [15]. These models will be used in the spherical collapse model
in Sections 4.3 and 4.4, but before that this chapters reviews the analytics of these models
in the presence of spherical matter configurations. In particular the chameleon model can
be considered in a particular f(R) gravity, and for this the Hu-Sawicky f(R) was chosen
and is promptly introduced in Section 3.1.3 [16].

3.1 The chameleon mechanism

The first screening mechanism to consider is the chameleon mechanism, which is an attempt
to satisfy local gravity constraints while keeping the properties of coupled fields. This is
done by dynamically adjusting the gravitational coupling of the field depending on the local
density. In this section the chameleon mechanism is outlined, closely following [14] until Hu-
Sawicky f(R is presented in Section 3.1.3. The action governing the chameleon dynamics is
given by

S =

∫
d4x
√
−g
[
M2

Pl

2
R− 1

2
gµν∂µφ∂νφ− V (φ)

]
+

∫
d4x
√
−g̃LM(ψiM, g̃µν), (3.1)

where gµν and g̃µν are the metrics in the Einstein and Jordan frames, respectively, and
ψi are various matter fields labeled by i. Recall that the connection between the Einstein
and Jordan frame metrics are given by Eq. 2.13 where the conformal transformation for
the chameleon model is Ω2(φ) = e2βφ/MPl . Respecting the weak equivalence principle, the
coupling constant β is assumed to be the same for all material particles.

The physical energy momentum tensor T̃
(M)
µν is defined in the Jordan frame and is cov-

ariantly conserved in this frame. It is also related to the energy momentum tensor in the

Einstein frame via T̃
(M)µ
ν = Ω−4T

(M)µ
ν . As before, non-relativistic matter is considered and

the only non-vanishing component of the energy momentum tensor in the Jordan frame is

the density T̃
(M)0
0 = −ρ̃. Thus, the equations of motion resulting from varying the action

(3.1) with respect to gµν and φ are

Gµν =
1

M2
Pl

(
T (m)
µν + ∂µφ∂νφ−

1

2
∂αφ∂αφgµν − V gµν

)
(3.2)

∇µ∇µφ =
dV

dφ
− 1

Ω

dΩ

dφ
T (m), (3.3)

where the trace of the energy momentum tensor is T (m) = gµνT
(m)
µν = −ρ̃Ω4. Now as usual

this is considered in a FLRW spacetime with a spatially uniform scalar field, which gives
the Friedmann equations

H2 =
1

3M2
Pl

(Ωρ̂+ ρφ), (3.4)

ä

a
= − 1

6M2
Pl

(Ωρ̂+ ρφ + 3pφ), (3.5)
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the scalar field equation

φ̈+ 3Hφ̇ = −dV

dφ
− dΩ

dφ
ρ̂, (3.6)

and the equation for adiabatic expansion

˙̂ρ+ 3Hρ̂ = 0. (3.7)

The density ρ̂ is defined by the relation

ρ̂ ≡ Ω−1ρ (3.8)

and is covariantly conserved. In the above ρ is the energy density in the Einstein frame and
is the source of the Newtonian potential. In the Einstein frame the equation for adiabatic
expansion takes the form

ρ̇+ 3Hρ = βκρφ̇. (3.9)

From the Klein-Gordon equation (3.3) an effective potential can be constructed for the
chameleon assuming that dρ̂/dφ = 0 (since ρ̂ is conserved). The effective potential is

Veff(φ) = V (φ) + ρ̂e
βφ
MPl (3.10)

and it has a minimum at φmin(ρ̂), thus

dV

dφ

∣∣∣∣
φmin

= − β

MPl
ρ̂e

βφmin
MPl . (3.11)

Hence, the chameleon field dynamics are altered by the conserved matter density which is
related to the source density in the Einstein frame by Ωρ̂ = ρ. Further the mass of the scalar
field is

m2 =
d2V

dφ2
+

β2

M2
Pl

ρ (3.12)

at the minimum and since successful chameleon models require dV/dφ < 0 and d2V/dφ2 > 0,
assuming ρφ � ρ gives

m2 ≥ 3β2H2. (3.13)

The chameleon settles at the minimum of the effective potential, since this is an attractor,
and it evolves slowly after BBN. Thus the cosmological evolution of the chameleon closely
resembles the cosmological constant at the cosmological scale. However, at the perturbative
level the evolution differs from the cosmological constant, as will be seen in the results
presented in Section 4.3.

3.1.1 Geodesics and modified gravity

Before considering the spherical collapse model with the chameleon mechanism, it is nice to
get a more general idea of how the chameleon field affects gravity, and in particular how it
affects the dynamics of CDM. To do this it is necessary to consider the geodesic equation
in the Jordan frame (in which the following discussion will take place and a tilde over a
variable or parameter indicates that it is in this frame), which CDM particles follow. It
reads

d2xµ

dτ̃2
+ Γ̃µνρ

dxν

dτ̃

dxρ

dτ̃
= 0 (3.14)

where dτ̃2 = −g̃µνdxµdxν and the Christoffel symbols are calculated with the Jordan frame
metric g̃µν .

In this section five different potentials will be introduced, and to follow the thread it is
important to keep the distinction in the back of the mind. First, a potential in conformal
Newtonian gauge is introduced as φN. Second, the scalar field potential φ appears. Third,
an effective potential Ψ is introduced. Fourth, the modified Newtonian potential ΨN is
introduced which also includes the total Newtonian potential ΦN. These potentials all differ
in their definitions, but all work together throughout the reasoning of this section.
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Start now by considering the metric in conformal Newtonian gauge

ds̃2 = ã(η)2
(
− (1 + 2φN)dη2 + (1− 2φN)dxidxi

)
, (3.15)

where the Jordan frame scale factor ã is related to the Einstein frame scale factor by ã = Ωa
and η is the conformal time. Thus the Jordan frame scale factor can be approximated by
ã2 ≈ a2(1 + 2βφ/MPl) when φ�MPl, this gives the metric as

ds̃ ≈ a2(η)
(
− (1 + 2φN + 2βκφ)dη2 + (1− 2φN + 2βκφ)dxidxi

)
. (3.16)

This means that two distinct potentials appear in the Jordan frame, due to the chameleon
field.

Now assume that φN � 1, ∂φN/∂η � H̃ and ∂φ/∂η � MPlH̃, where H̃ = d ln ã/dη.
These assumptions have some consequences, e.g, the Hubble parameter in the Jordan and
Einstein frames are approximately equal, H̃ = H+β∂φ/∂η ' H. It also leads to the densities
ρ and ρ̂, which are connected via Eq. 3.8, both being approximately conserved. This further
warrants that φ/MPl � 1 is a good approximation, which leads to Ω ' 1. Finally taking
the non-relativistic limit implies that all spatial gradients dominate the time variations, e.g.
|∂iφ| � ∂φ/∂η.

With the above approximations and defining the effective potential

Ψ = φN + βκφ, (3.17)

the components of the Christoffel symbols from the line element (3.16) that are of interest
are given by

Γ̃i00 = ã2∂iΨ and Γ̃ij0 ≈ H̃δij . (3.18)

The Christoffel symbols Γ0
00 and Γ0

io also exist, but in the approximations established above
they vanish in the geodesic equation and are therefor not of interest. Hence, the geodesic
equation (3.14) becomes

d2xi

dτ̃2
+ 2
H̃
ã

dxi

dτ̃
= −∂iΨ, (3.19)

where dx0 ≡ dη = 1
ãdτ̃ was used. Consequently particles follow Newtonian trajectories

under the influence of the effective potential Ψ in proper time and comoving coordinates,
i.e. matter moves according to a new Newtonian potential that is modified by the profile of
the scalar chameleon field.

Now introduce the physical coordinates

ri = ãxi and ∇i =
∂

∂ri
, (3.20)

then the geodesic equation (3.14) reads

d2ri

dτ̃2
= −∇iΨ +

1

ã

d2ã

dτ̃2
ri

= −∇i
(

Ψ− 1

2̃a

d2ã

dτ̃2
r2

)
≡ −∇iΨN.

(3.21)

Where the modified Newtonian potential was defined as

ΨN ≡ ΦN + βκφ, (3.22)

where ΦN is the total Newtonian potential which satisfies the Poisson equation sourced by
the total matter density. The second Friedmann equation can now be approximated as

ä

a
= − 1

6M2
Pl

(
ρ∞ + ρφ(1 + 3wφ)

)
≈ 1

ã

d2ã

dτ̃2
.

(3.23)
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Further, Newtonian gauge φN is solution to

∆φN =
κ2

2
ρ∞δ (3.24)

and hence the Poisson equation satisfied by the total matter density is

∆ΦN =
κ2

2

(
ρ+ (1 + 3wφ)ρφ

)
. (3.25)

Now consider the extreme case of a massive point particle in Minkowski space with V = 0
and density ρ = m0δ

(3). Then the Klein-Gordon equation (3.3) reduces to

∆φ = βκm0δ
(3) (3.26)

which implies

φ = −βκm0

4πr
. (3.27)

Therefore, the effective potential (3.17) is

Ψ = −(1 + 2β2)
GN

r
m0. (3.28)

Hence, Newtons law is altered by the coupling β by

GN,eff

GN
= 1 + 2β2. (3.29)

This means that gravity is enhanced by 2β2 in the presence of a chameleon field. Fur-
ther, this is of course a quite simplified approach, but below it will be shown that a small
perturbation with a small Newtonian potential at the surface has the same alteration to the
effective gravitational constant. This solution is known as the no shell solution.

3.1.2 Spherical matter configurations, no shell and thin shell

In this section approximate solutions to the Klein-Gordon equation for spherical perturba-
tions is presented in two regimes: The no shell regime in which perturbations are relatively
small compared to the background density, and the thin shell regime where larger perturb-
ations are considered. It will be shown that in the no shell regime the perturbations are
never screened due to their low density, but in the thin shell regime a screening condition is
found which makes it possible for a perturbation to transition between being screened and
unscreened.

Once again consider a matter source that is spherically symmetric, but for the purpose
of this section the perturbation is considered at an instant and has a constant radius R
and constant homogeneous density ρc. The background is a homogeneous cosmological
background with density ρ∞ � ρc.

Define also the field values φc and φ∞ as those that extremize the effective potential of
the chameleon for the densities ρc and ρ∞, respectively.

No shell solution

First consider a small perturbation with a small Newtonian potential at the surface. Inside
this perturbation the Klein-Gordon equation (3.3) reduces to

d2φ−

dr2
+

2

r

dφ−

dr
=

dV

dφ−
+
βρc

MPl
. (3.30)

Further, it is assumed that the solution inside the perturbation takes the form

φ−(r) = φb + δφ−(r) with δφ−(r)� φb, (3.31)

and φb = φ−(0) is the field value at the center of the perturbation, which must be determ-
ined. By insertion and using a first order approximation this gives

d2φ−

dr2
+

2

r

dφ−

dr
= m2

b(φ− − φb) + Vb,φ − Vc,φ. (3.32)
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This differential equation, with the boundary conditions dφ−/dr|r=0 = 0 and φ−(0) =
φb, has the solution

φ− = φb +
Vc,φ − Vb,φ

m2
b

(
1− sinhmbr

mbr

)
(3.33)

Outside the perturbation the same approach leads to the equation of motion

d2φ+

dr2
+

2

r

dφ+

dr
= m2

∞(φ+ − φ∞), (3.34)

which has the solution

φ+ = φ∞ +
De−m∞(r−R)

r
, (3.35)

where φ+ = φ∞ + δφ. D is a constant of integration which is found by requiring that the
two solutions match at the surface at the perturbation, i.e.

φ+(R) = φ−(R) (3.36)

and
dφ+

dr

∣∣∣∣
R

=
dφ−

dr

∣∣∣∣
R

. (3.37)

Then the constant of integration is

D =
Vb,φ − Vc,φ

m3
b(1 +m∞R)

(sinhmbR−mbR coshmbR). (3.38)

Since the overdensity is small compared to the Compton wavelength, m−1
∞ , for most applic-

ations, assume that m∞ � 1 and mb � 1. Then the integration constant is

D =
R3

3
(Vc,φ − Vb,φ) (3.39)

and the relation between the fields is

φb = φ∞ −
β

3MPl
(ρc − ρ∞)R2. (3.40)

Since φb is expected to differ largely from φc and be closer to the background φ∞ the
condition φc � φb can be imposed and eq. (3.40) is valid when

κ|φc − φ∞| ≥ 2β|ΦN(R)|, (3.41)

where ΦN(R) is the Newtonian potential at the surface of the perturbation. This, equation
(3.41), is known as the no-shell condition. This leads to the integration constant D =
βκ∆M/(4π) and then the potential outside the perturbation is

κφ+ = κφ∞ − 2β
GN∆M

r
. (3.42)

The force contribution the chameleon has on test particles is then given by inserting the
exterior solution in Eq. (3.42) into Eq. (3.22), with ΦN = −GN∆M/r as

ΨN = βκφ∞ − (1 + 2β2)
GN∆M

r
. (3.43)

Now consider that the first term is constant and has no gradient, this leads to the conclusion
that the presence of a chameleon field increases the Newtonian force by

γ − 1 = 2β2 (3.44)

in a small body regime.
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Thin shell solution

This section considers large perturbations, where it is expected that the solution in the inner
part of the sphere is constant, i.e.

φ−(r) = φc for 0 ≤ r ≤ Rs (3.45)

when the Newtonian potential is large enough, where Rs is the inner radius of the shell.
This leads to the field potential

φs(r) = φc
βκρc

3

(
r2

2
+
R3

s

3

)
− βκρcR

2
s

2
(3.46)

for Rs ≤ r ≤ R, i.e. inside the shell. Outside the perturbation the solution is

φ+ = φ∞ −
βκρc(R3 −R3

s )

3r(1 +m∞R)
e−m∞(r−R). (3.47)

Now the radius of the shell is determined by continuity at R, φs(R) = φ+(R). With the
condition that m∞R� 1 this leads to

φc − φ∞ =
κβρc

2
(R2

s −R2). (3.48)

Now define the radius of the shell as

Rs ≡ R−∆R, (3.49)

which to the lowest order in ∆R
R gives the relation

R2
s

R2 − 1 = 2∆R
R . This then leads to

∆R

R
' |φ∞ − φc|

6β|ΦN|MPl
, (3.50)

where ΦN is the Newtonian potential given as

ΦN = −GNM

R
(3.51)

and the mass is given by M = 4πR3ρc/3. When the perturbation reaches a certain radius,
denoted by Rc the shell appears, it is determined by taking the Newtonian potential in
equation (3.50) at this radius, i.e.

φ∞ − φc

6β|ΦN(Rc)|MPl
= 1, (3.52)

and when φ∞ − φc � 6β|ΦN(Rc)|MPl the shell is very thin.
For the thin shell solution the modification to Newtons law (3.22) is

Ψ = κβφ∞ −
GN∆M

r
− 2β2

(
1− R3

s

R3

)
GNM

r
. (3.53)

Here it is worth to note that the modification to gravity is entirely due to the mass inside
the shell, thus the rest of the perturbation is shielded. However, for applications in this
work all matter is considered to be inside the shell. The Laplacian of the potential (3.53) at
the surface of the perturbation is

∆Ψ|r=R = 4πGN(ρc − ρ∞) + 8πGNβ
2

(
1− R3

s

R3

)
ρc. (3.54)

Now define the force enhancement as

γ(R,Rs) = 1 + 2β2

(
1− R3

s

R3

)
, (3.55)

then the Laplacian of the total Newtonian potential is

∆ΨN|r=R = γ(R,Rs)4πGNρc. (3.56)

Eq. (3.56) offers a crossover from the GR regime, where Rs = R and γ = 1, and a small
body regime, where Rs = 0 and γ = 1 + 2β2. Values of γ for 0 ≤ Rs ≤ R is in the thin shell
regime.
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3.1.3 Hu-Sawicky f(R)

It is now time to consider a special class of f(R) gravity first introduced in [16], commonly
dubbed Hu-Sawicky f(R). Following this approach the modification to the action is on the
form

S =

∫
d4x
√
−g f(R)

2κ2
+ SM (3.57)

in the Jordan frame, where f(R) = R + g(R). If g(R) is a constant this is the case of
a cosmological constant. However, in [16] the function g(R) is chosen to satisfy a set of
conditions: First, in the high redshift regime it should mimic the case of a cosmological
constant. Second, it should drive acceleration for low redshift and mimic the expansion
history of the ΛCDM. Third, it should have degrees of freedom to include the broadest
possible range of low redshift phenomena. Finally it should include the phenomenology of
ΛCDM as a limit.

These conditions can be satisfied with a class of broken power law models given by

g(R) = −m2
c1

(
R/m2

)n
c2

(
R/m2

)n
+ 1

(3.58)

with n > 0, the mass scale

m2 ≡ M2
Plρm0

3
(3.59)

and the limits
lim
R→∞

g(R) = const, (3.60)

lim
R→0

g(R) = 0. (3.61)

In this model there is no true cosmological constant, but in the high curvature limit
equation (3.58) can be expanded, giving

lim
m2/R→0

g(R) ≈ −c1
c2
m2 +

c1
c2
m2

(
m2

R

)n
, (3.62)

where the constant term would play the role of the cosmological constant and

c1
c2
m2 = 2Λ = 16πGρφ (3.63)

can be identified in order to obtain ΛCDM evolution on the background level. Now define
the parameter based on the background curvature today from eq. (2.16) as

fR0 ≡
∂f

∂R

∣∣∣∣
a0

fR0
− 1 = −c1

c2
m2n

(
m2

R0

)n
R−1

0 ,

(3.64)

which makes it possible to rewrite the modification as

f(R) = R− 16πGρφ −
fR0
− 1

n

Rn+1
0

Rn
. (3.65)

This can be connected to the conformal transformation (2.16), which for the chameleon
mechanism is

Ω2 = e2βφ/MPl

≈ 1 +
2βφ

MPl
,

(3.66)

to a first order expansion in φ. Further, the curvature at any time is given by (3.65) as

fR = 1− (fR0
− 1)

Rn+1
0

Rn+1
. (3.67)
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By definition the conformal transformation (3.66) and curvature (3.67) are equivalent,
thus the chameleon field can be expressed as

2βφ

MPl
= (fR0 − 1)

Rn+1
0

Rn+1
. (3.68)

Hence the curvature can be expressed in terms of the scalar field φ and the paramaters fR0

and n as

R =

(
MPl(fR0 − 1)

2βφ

)1/(n+1)

R0. (3.69)

The potential in the Einstein frame is now found through eq. (2.19) as

V (φ) =
M2

Pl

2

fRR− f
2f2
R

= M2
Pl

n+1
n (fR0

− 1)
Rn+1

0

Rn + 16πGρφ[
1− (fR0

− 1)
Rn+1

0

Rn+1

]2

=
n+ 1

2n
M2

PlR0(fR0
− 1)

[
2βφ

MPl(1− fR0
)

] n
n+1

+

(
1 +

4βφ

MPl

)
ρφ,

(3.70)

where the relation in eq. (3.68) and an expansion of x−2, with x = 1− 2βφ
MPl

has been done

to the lowest order in φ, i.e. the term that occurs with φn/(n+1)+1 and all other terms
higher than φ has been neglected. The effective potential is given by (3.10) and can be
approximated as

Veff(φ) =
n+ 1

2n
M2

PlR0(fR0 − 1)

[
2βφ

MPl(1− fR0
)

] n
n+1

+

(
1 +

4βφ

MPl

)
ρφ +

(
1 +

βφ

MPl

)
ρm.

(3.71)

The chameleon field φ has a minimum at

dVeff

dφ

∣∣∣∣
φmin

= 0, (3.72)

which gives the relation

M2
PlR0(1− fR0

)

2

[
2β

MPl(1− fR0)

] n
n+1

φ
− 1
n+1

min =
β

MPl
(ρm + ρφ), (3.73)

which gives the field at the minimum as

φmin =
MPl(1− fR0

)

2β

[
R0M

2
Pl

ρm + 4ρφ

]n+1

. (3.74)

It is now necessary to find the curvature today, and using the FLRW metric it is given
through the Einstein equations as

R0 =

∑
i(ρi − 3wi)

M2
Pl

= 3H2
0 (Ωm0 + 4Ωφ).

(3.75)

Now defining ∆ρ ≡ ρm/ρc0 where ρm is the density of the perturbation given in (4.55), the
chameleon field minimum is

φmin =
MPl(1− fR0

)

2β

[
Ωm0 + 4Ωφ
∆ρ + 4Ωφ

]n+1

, (3.76)
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where ∆ρ can be calculated for the background and the perturbation to achieve φ∞ and φc,
respectively. These values of the scalar field is then implemented into the thin shell equation
(3.50) in order to calculate γ(R̃, R̃s).

This leaves the model with three parameters, fR0
, n and β, but it is also important to

remember that the Newtonian potential depends on the mass of the halo. In this thesis n is
fixed at n = 1 and β is not a free parameter of the model and needs to be fixed at β = 1/

√
6

to ensure the conformal coupling, which then allows for the largest possible correction, in
this model, to the force through γ. Thus there are really only two parameters in the mass
and fR0 . For large halo masses and |fR0 − 1| → 0 the evolution in the chameleon model
should closely mimic the ΛCDM evolution.

Further the expected evolution of a perturbation in the chameleon model deviates from
the ΛCDM model in the sense that the turnaround radius gets larger before the perturbation
starts to collapse, but then does so at a faster pace. This can be understood by considering
the force enhancement of the perturbation, and the role it plays in the evolution. Initially
there is no force enhancement due to high density, but when the perturbation reaches a
sufficiently small density, the enhancement activates and leads to a more violent collapse of
the halo.

3.2 The symmetron mechanism

While the chameleon model can be expressed as a case of f(R) gravity it is interesting to
consider a screening mechanism that can not be related to f(R) gravity, one such model is
the symmetron model [15], [17]. This section follows the approach of [17]. The symmetron
mechanism is also based on a scalar-tensor theory and therefore the equations of motion are
given by the same action (3.1) as the chameleon, but as the name implies it is based on a
potential with a Z2 symmetry under φ → −φ. A very simple case of such a potential is a
quartic potential

V (φ) = −1

2
µ2φ2 +

1

4
λφ4. (3.77)

Further, the conformal coupling (2.16) of the symmetron should also be symmetric under
φ→ −φ, hence it is reasonable to choose a quadratic coupling

Ω(φ) = 1 +
φ2

2M2
φ

+O
(
φ4

M4
φ

)
. (3.78)

As for the chameleon the effective potential is given by eq. (3.10) which gives

Veff(φ) =
1

2

(
ρ

M2
φ

− µ2

)
φ2 +

1

4
λφ4 (3.79)

when all φ-independent terms are neglected, since they do not contribute to the behaviour
of the field. The parameters Mφ, λ and µ will be transformed to the parameters β, zssb and
L which represent the coupling to matter, the redshift of symmetron symmetry breaking
and the length scale of the fifth force introduced by the symmetron, respectively.

As in the chameleon model, minima of the symmetron can be found at Veff,φ = 0, giving
the solutions

φ =

±
√

1
λ

(
µ2 − ρ

M2
φ

)1/2

if ρ < µ2M2
φ

0 otherwise.

(3.80)

Whether or not the symmetry is broken depends on the local matter density. When the
density is low, ρ ' 0, the symmetry is spontaneously broken and the scalar field acquires a
vacuum expectation value (VEV) of |φ| = φ∞ ≡ µ/

√
λ. Further, for ρ > M2

φµ
2 the VEV

goes to zero, and when φ = 0 the perturbation is fully screened.

3.2.1 Physical parameters of the symmetron model

Now consider the more intuitive parameters β, zssb and L.
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First consider the range L of the fifth force in a vacuum generated by the symmetron
field. It is found by considering the Compton wavelength m−1

∞ (which represent the range
of interactions of the force), where m∞ is given by

m2
∞ = Veff,φφ(φ∞). (3.81)

In a vacuum this gives from eq. (3.79)

m2
∞ = 3λφ2

∞ − µ2 (3.82)

and using the VEV of the field in a low density environment φ2
∞ = µ2/λ the range of the

force in vacuum is

L = m−1
∞ =

1√
2µ
. (3.83)

Consider now the coupling, β, of the symmetron-mediated fifth force, which is given by

β = MPl

(
ln Ω(φ)

)
,φ

(3.84)

which gives

β =
MPlφ

M2
φ

. (3.85)

When, once again, this is considered in a vacuum the coupling is

β =
µMPl√
λM2

φ

. (3.86)

Lastly consider the density at the time of symmetry breaking, assb. From eq. (3.80) the
symmetry breaks when µ2M2

φ = ρssb, thus the scale factor at symmetry breaking is given
by

a3
ssb =

ρc0Ωm0

µ2M2
φ

. (3.87)

The field solution (3.80) can now be expressed in terms of the physical parameters and
the transformation from mathematical to purely physical parameters is given by

µ =
1√
2L
, (3.88)

M2
φ =

2L2ρc0Ωm0

a3
ssb

(3.89)

and
√
λ =

MPla
3
ssb√

8L3βρc0Ωm0

. (3.90)

Now the solution can be written as

φ =

±
2L2β
MPl

ρssb

(
1− ρ

ρssb

)1/2

if ρ < ρssb

0 otherwise.

(3.91)

3.2.2 Spherically symmetric solution

As for the chameleon model it is interesting to consider the spherically symmetric solutions
for the symmetron in order to find the thin shell condition of the model. The approach found
in [17] is followed and closely resembles that of the thin shell solution of the chameleon.
Further, for the sake of analysis it is convenient to stick to the original parameters in this
section.

Consider a spherically symmetric and static source of radius R with no internal pressure
and homogeneous density ρ immersed in a homogeneous background, i.e. just as the spherical
collapse model. The scalar field equation of motion

�φ = V,φ −A3(φ)A,φ(φ)T̃ (3.92)
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expressed in terms of the Einstein frame density ρ = A3ρ reduces to

d2

dr2
φ+

2

r

d

dr
φ = V,φ +A,φρ. (3.93)

Further the solution should be smooth at the origin and approach the symmetrybreaking
value, φ∞, at infinity, i.e.

d

dr
φ(0) = 0 and lim

r→∞
= φ∞. (3.94)

Consider now the interior solution where the effective potential can be approximated as
Veff ' ρφ/2M2

φ since perturbations of interest have much higher density than the current
critical density. Thus the interior solution is

φin ' C
R

r
sinh

(√
ρ

Mφ
r

)
for r < R, (3.95)

where C is an integration constant.
Next consider the exterior solution where the symmetron evolves as a free field until

it reaches the vicinity of the minimum at φ = φ∞. Thus, the quadratic approximation
Veff(φ) = m2

∞(φ− φ∞)/2 can be made while r > R. Then the exterior solution is

φout = D
R

r
e−m(r−R) + φ∞ for r > R, (3.96)

where D is yet another integration constant.
The integration constants are determined by requiring that the interior and exterior

solutions, and their radial derivaties, matches at the surface of the perturbation, i.e. φin =
φout and φin,r = φout,r at r = R. Further it is reasonable to assume that m∞R � 1 since
the Compton wavelength of the symmetron is cosmologically large. Thus the integration
constants are given by

C = φ∞

√
M2
φ

ρR2
sech

(√
ρR2

M2
φ

)

D = −φ∞

[
1−

√
M2
φ

ρR2
tanh

(√
ρR2

M2
φ

)]
.

(3.97)

Now recall the coupling given in eq. (3.85), which can be rewritten for the mass of a
scalar field in a low density environment φ∞ as

M2
φ =

M2
Plφ∞
β

. (3.98)

Further recall the Newtonian potential (3.51) which can be written as

ΦN =
ρR2

6M2
Pl

. (3.99)

Now the prefactor in equations (3.97) can be expressed using√
M2
φ

ρR2
=

φ∞
6βMPlΦN

, (3.100)

which can be recognized as the thin shell condition (3.50) found for the chameleon with
φc = 0. Thus the integration constants in eq. (3.97) can be rewritten in terms of the thin
shell condition of the symmetron model as

C = φ∞

√
∆R

R
sech

(√
R

∆R

)

D = −φ∞

[
1−

√
∆R

R
tanh

(√
R

∆R

)]
.

(3.101)
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Now consider the force enhancement in the presence of a symmetron field by considering
a test particle at a distance R � r � m−1

∞ from a spherical perturbation by inserting the
integration constant D into eq. (3.96), it is

Fφ
FN

= − β

MPlFN

dφ

dr

= 6β2 ∆R

R

(
1−

√
∆R

R
tanh

√
R

∆R

)
.

(3.102)

Further the screened, ∆R
R � 1, and unscreened, ∆R

R � 1, force enhancement can be approx-
imated as

Fφ
FN

∣∣∣∣
screened

' 6β2 ∆R

R
� 1 (3.103)

and
Fφ
FN

∣∣∣∣
unscreened

' 2β2, (3.104)

respectively. The screened force enhancement (3.103) is analogous to the thin shell effect in
the chameleon model, while the unscreened force enhancement (3.104) is analogous to the no
shell effect of small bodies in the chameleon model. However, just as in the chameleon case
static solutions is not of particular interest here, hence all possibilities between an unscreened
solution and a screened solution must be considered and the maximum value of the force
enhancement is γ − 1 = 2β2, just as in the chameleon model. Hence the force enhancement
(3.55) of the chameleon model can be used for the symmetron, but with Rs/R calculated
for the symmetron through the thin shell condition for the symmetron. For φc = 0 this
was shown to take the same form for the symmetron as it did for the chameleon, and it is
reasonable that it takes the same form when φ 6= 0 as well, giving the thin shell condition
of the symmetron as

∆R

R
' |φ∞ − φc|

6β|ΦN|MPl
. (3.105)

The symmetron field inside the sphere and outside the sphere is calculated through eq.
(3.91) by entering the appropriate density. Note that the density ratio can be expressed by

ρ

ρssb
=

∆ρ

∆ρssb

(3.106)

where ∆ρ ≡ ρm/ρc0 as in the chameleon model and is, as mentioned calculated for the
perturbation and outside the perturbation giving φc and φ∞, respectively.

The expected evolution of a perturbation in the symmetron model is similar to the evol-
ution in the chameleon model. The perturbation should reach a larger radius at turnaround
and then collapse faster than in the ΛCDM model, although larger halos should evolve close
to the ΛCDM model. However, in the chameleon model the density was the sole protagonist
in the evolution of the scalar field and thus the force enhancement, but in the symmetron
model there is also the symmetry breaking redshift, zssb, which makes it impossible for the
force enhancement to make a contribution, in the approximations of this work, before this
redshift is reached since the scalar field value is φ = 0 until this redshift is reached.
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Chapter 4

Spherical collapse

In this chapter the numerical results for the various models are presented. First the Einstein-
de Sitter universe is presented with some key results which will be used to gauge the results
found for the ΛCDM model. Then the Friedmann equation is generalized for the ΛCDM
model in a way (dubbed code units) that it only relies on the initial scale factor ai of the
simulation, the initial overdensity and the density contrasts, Ωm0 and ΩΛ. Then the main
numerical results of the ΛCDM model is presented and then compared with the analytical
expectations. In particular the virial theorem, with the special potential introduced in
Section 2.2.1, is generalized using the same approach as the Friedmann equation and then
compared to the normal virialization criteria for the ΛCDM model for validation.

Then, for screened modified gravity models the Friedmann equation in code units is
generalized further to include the force enhancement γ, which includes a dependency on
various parameters (depending on the model), but commonly it has a strong dependency
on the coupling of the model and the mass of the halo. After this is done the results of
the chameleon model are presented in Section 4.3 and in particular an interesting feature
displayed in Figures 4.9 to 4.12 is investigated further. Then the results of the symmetron
is presented and the same feature that was present for the chameleon is investigated.

All code used to produce the results in this thesis can be found in the git repository ht-
tps://github.com/mrnafstad/SphericalCollapseScreening. Additionally, this repository con-
tains all figures presented in this thesis, and some figures that did not make the cut. To
spare the github servers the .txt files containing results from runs remain local, but can be
acquired by contacting the author of the thesis (see Appendix B.3).

4.1 Einstein-de Sitter

This section will provide a background to the spherical collapse model in the Einstein-de
Sitter universe and present some of the key parameters used to quantify the spherical collapse
model when it is considered in a screened modified gravity. This section, with the exception
of section Section 4.1.3, closely follows [18].

In the Friedman-Lemâıtre-Robertson-Walker (FLWR) spacetime, the line element satis-
fying the cosmological principle is

ds2 = −dt2 + a2(t)

(
dr2

1−Kr2
+ r2(dθ2 + sin2 θdφ2)

)
. (4.1)

In eq. (4.1) K is the constant curvature of the 3-dimensional space and K = −1, 0, 1 corres-
ponds to closed, flat and open universes, respectively. This section considers the Einstein-de
Sitter (EdS) model, which has pressureless matter and vanishing spatial curvature and hence
K = 0 is set for the background throughout. A derivation of the Friedmann equations is
included in the appendix Appendix A.1, and they are given by equations (A.8) and (A.10),
they read

H2 =
8πG

3
ρ− K

a2
(4.2)

and
ä

a
= −4πG

3

(
ρ+ 3P

)
. (4.3)
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4.1.1 Spherical parametrization

In order to consider the evolution of a halo in an EdS universe, imagine a spherical region
with a density higher than that of the background, i.e. ρp > ρb and that matter has no
internal pressure, P = 0. Since the EdS model satisfies the cosmological principle Birkhoff’s
theorem indicates that such a perturbation will evolve as a subuniverse with a density higher
than the critical density, ρp > ρc and K = 1.

The solution of the Friedmann equations for such a universe can be parametrized as

R(θ) = A(1− cos θ), (4.4)

t(θ) = B(θ − sin θ), (4.5)

where A = 1
2

Ωmo

Ωmo−1 , B = 1
2H0

Ωmo

(Ωmo−1)3/2
and θ = [0, 2π]. In (4.4) R(θ) corresponds to the

scale factor a. A nice derivation of this parametric form can be seen in [19]. From (4.4)
it is clear that the universe, or sub-universe, has a maximum expansion at θ = π before
it starts to contract and collapses. This point in the evolution will be called turnaround
and is denoted by a subscript ta, in this case Rta and tta denotes the radius at and time of
turnaround. With the parametrization of (4.4) and (4.5) it is clear that

Rta = 2A (4.6)

and
tta = πB. (4.7)

Another point of interest in the model is the total collapse, this occurs at θ = 2π and is
denoted by a subscript c, thus

Rc = 0 (4.8)

and
tc = 2πB = 2tta. (4.9)

4.1.2 Relative densities

It is normal to introduce the relative density between the perturbation and the background
as

∆ =
ρ

ρ0
. (4.10)

The value of ∆ at turnaround, collapse and virialization (∆ta, ∆c and ∆vir) will play an
important part in connecting the results from spherical collapse to perturbation theory and
be a useful gauge of the different models describing dark energy in this thesis. In particular
∆EdS will be used to gauge ∆ΛCDM which in turn will be used to gauge ∆φ, which will be
the density ratio in scalar field theories such as the chameleon and symmetron models.

First the relative density at turnaround ∆ta will be considered. The matter density
evolves with the scale factor as ρ ∝ a−3, which is also true when a (background evolution)
is substituted with R (perturbation evolution). Then the density ratio is

∆ta =
Ωm0ρc0R

−3
ta

ρc0a
−3
ta

. (4.11)

In the EdS model the scale factor is related to time through a = ( 3
2H0t)

2/3, thus using (4.6)
and (4.7) gives

∆ta =
Ωm0(2A)−3

( 3
2H0πB)−2

=
Ωm0(Ωm0 − 1)3

Ω3
m0

9π2Ω2
m0

16(Ωm0 − 1)3

∆ta =
9π2

16
≈ 5.55.

(4.12)
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From (4.11) and substituting Rta and tta with Rc and tc, respectively it is clear from
(4.8) and (4.9) that at collapse

∆c =∞. (4.13)

However this is not a physical situation for an object like a dark matter halo. The situation
in (4.13) will not occur due to virialization, which is defined in chapter 2. In particular
for the EdS the form given in (2.38) can be used, which for a potential energy on the form
U ∝ 1

R can be written

T = −1

2
U. (4.14)

In order to find the potential energy of the perturbation the density is assumed to be
constant throughout the perturbation at the time of integration. Further the mass inside a
spherical shell is given by M = 4π

3 ρr
3, the mass of an infinitesimal shell is dm = 4πρr2dr

and the acceleration of the shell is R̈ = −GM
r . Then starting from the energy per unit mass

dE = dU = dmR̈

U = −G
∫ R

0

Mdm

r

= −G
∫ R

0

(
4π
3 ρr

3
)(

4πρr2dr
)

r

= −G16

15
π2ρ2R

5

R6

U = −3GM2

5R
.

(4.15)

Now the virial theorem as defined in (4.14) can be used to find the kinetic energy of the
perturbation at the time of virialization. Since the shells of the perturbation momentarily
stands still at turnaround there is no need for the kinetic energy at turnaround and all
components needed to make an energy consideration is in place. Using (4.14) with the
potential energy defined as in (4.15) the kinetic energy at virialization is

Tvir =
3GM2

10Rvir
. (4.16)

Thus the total energy at turnaround is

Evir = Uvir + Tvir

= −3GM2

5Rvir
+

3GM2

10Rvir

= −3GM2

10Rvir

(4.17)

Now conservation of energy from turnaround to virialization gives

Evir = Eta

−3GM2

10Rvir
= −3GM2

5Rta

Rvir =
1

2
Rta.

(4.18)

This is an important relation in this thesis and will be used as a gauge of the other models
later.

Since the perturbation is expanding untill turnaround at θ = π, virialization cannot
occur while it expands and (4.18) implies that A = A(1 − cos θvir) → cos θvir = 0 clearly
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θvir = 3π
2 . Thus the time of virialization is

tvir = B

(
3π

2
+ 1

)
=

(
3

2
+

1

π

)
tta

' 1.818tta,

(4.19)

where (4.7) was used in the second line. Now the overdensity at virialization using (4.16)
and (4.18) is given by (4.10):

∆vir =
Ωm0R

−3
vir

a−3
vir

≈ Ωm0

( 3
2H0 × 1.818tta)2

R3
ta

8

= ∆ta × 8× 1.8182

' 147.

(4.20)

∆vir ' 147 is the overdensity of the perturbation at the time of virialization, but there is
no reason to expect the perturbation to break out of the virialized state unless it is affected
by some external event. Therefore it is safe to assume that the perturbation still is in the
virialized state at the time of collapse, which gives a slightly higher overdensity

∆vir,c =
Ωm0R

−3
vir

a−3
c

= 32∆ta

' 178.

(4.21)

In (4.21), the relations from (4.18) and (4.9) was used. In both cases the takeaway is that
halos with ∆ = [100, 200] are likely virialized and stable objects.

4.1.3 Validity of the special potential in the virial theorem for the
EdS model

In this section it will be shown that the regular, (2.37), and special, (2.40), virialization
criteria are satisfyingly equal in the results they give. A spherical object with mass M
and radius R has the gravitational potential energy given by eq. (4.15), further it has the
gravitational force F = GMm

R2 , and thus has the acceleration

R̈ =
GM

R2
. (4.22)

Inserting this acceleration into (2.40) gives the potential energy in the special case as

W = −3M

5
R
GM

R2

= −3GM2

5R
.

(4.23)

This is in exact agreement with (4.15), thus the potential found through the acceleration
stands the test of the EdS model since the potential is the only thing different in the special
and regular virial theorem.

4.2 ΛCDM

4.2.1 Friedmann equation in code units

In order to solve the second Friedmann equation (2.53) numerically it is practical to rewrite
it in a way that removes all units and physical constants. This will be referred to as code
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units and removes the need to know, e.g. the initial physical radius and radial velocity of
the perturbation.

As in the spherical collapse model outlined in Section 4.1.1 matter has no internal pres-
sure, thus P = 0. Further, as in Section 4.1.1, consider a spherical matter perturbation
with radius R and density ρ = 3M

4πR3 . In the model under consideration the perturbation has
constant mass throughout the full evolution, thus the mass can be expressed via the initial
radius and background density, ρbi = ρ0a

−3
i , as

Mi =
4π

3

R3
i

a3
i

ρ0(1 + δi) (4.24)

where ρ0 =
3H2

0Ωm0

8πG is the critical density today and δi is the initial overdensity of the
perturbation relative to the background. Now the radius of the spherical region is expressed
with the initial comoving radius Ri/ai as

R̃ =
aiR

Ri
, (4.25)

thus the density of the perturbation is

ρ =
3H2

0 Ωm0(1 + δi)

8πGR̃3
(4.26)

Further, the density parameter for the cosmological constant is ΩΛ = Λ
3H2

0
. Now the

second Friedmann equation (2.53) can be written as

¨̃R

R̃
= H2

0

(
− Ωm0(1 + δi)

2R̃3
+ ΩΛ

)
. (4.27)

For the purpose of implementing this equation in the code a new time-coordinate is
introduced as x = ln a and note that the transformation from t to a is given by

d2

dt2
= ä

d

da
+ ȧ

d2

da2
, (4.28)

and the transformation from a to x is given by

d

da
=

1

a

d

dx
,

d2

da2
= − 1

a2

d

dx
+

1

a2

d2

dx2
.

(4.29)

Thus the full transformation is

d2

dt2
=

(
ä

a
−H2

)
d

dx
+H2 d2

dx2
, (4.30)

where ä
a −H

2 = − 3
2
H2

0Ωm0

a3 for the flat ΛCDM model.
Now the second Friedmann equation (4.27) can be rewritten in the new time-coordinate

as

R̃′′ =

(
ΩΛR̃−

Ωm0(1 + δi)

2R̃2
+

3Ωm0

2a3
R̃′
)
E−2(a), (4.31)

where E2(a) = Ωm0a
−3 + ΩΛ comes from the first Friedmann equation, which can be re-

written as H2 = H2
0E

2(a) and a ′ marks the derivative with respect to x.

Equation (4.31) is implemented in the code with ai = 10−4, which corresoponds to an
initial redshift of z ∼ 104, but before this can be done the initial conditions of R̃ must
be considered. It is clear that by the definition of R̃ in eq. (4.25), the initial condition is
R̃i = ai. Further, the initial conditions R̃′ must be considered, it is given by

R̃′i =
ai

Ri
R′

=
ai

Ri

1

Hi
Ṙi,

(4.32)
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where a non-relativistic fluid with zero peculiar velocity can be considered, giving Ṙi = HiRi

and thus

R̃′i = ai. (4.33)

Thus both initial conditions are fully given by the initial redshift.

4.2.2 Virialization in ΛCDM

In this section the effects a cosmological constant will have on the radius at virialization,
Rvir, will be considered. To do this the approaches of [20] and [18] are followed.

Start by considering the regular virial theorem and where the potential energy is modified
by the cosmological constant in a powerlaw potential, giving the potential energy per unit
mass as

EU = −GM
R
− 1

6
ΛR2. (4.34)

The first part of this has already been shown to yield the potential energy of eq. (4.15),
from this point it will be refered to as UG, but the last part needs to be found. It is done in
the same manner as the gravitational potential energy

UΛ = −4π
Λ

6

∫ R

0

r4ρdr

= −Λ

6

4π

5
ρR5

= − Λ

10
MR2.

(4.35)

Now the virial theorem (2.39) says that the kinetic energy at virialization is

Kvir = −1

2
UG,vir + UΛ,vir (4.36)

and conservation of energy gives

1

2
UG,vir + 2UΛ,vir = UG,ta + UΛ,ta. (4.37)

Writing this out gives the virial criteria

3GM

5

(
1

2Rvir
− 1

Rta

)
+

Λ

10
(2R2

vir −R2
ta) = 0, (4.38)

which will be rewritten for code units later. Now defining a dimensionless variable x =
Rvir/Rta allows eq. (4.38) to be written as

3GM

5Rta

(
1

2x
− 1

)
+

Λ

10
R2

ta(2x2 − 1) = 0 (4.39)

or

1− 2x+
ΛR3

tax

3GM
(2x2 − 1) = 0. (4.40)

Now defining a second dimensionless parameter as η = Λ
4πGρta

, where ρta = 3M
4πR3

ta
is the

density at turnaround allows (4.38) to be written on the cubic form

2ηx3 − (2 + η)x+ 1 = 0. (4.41)

It was shown in Section 4.1.2 that x = 1
2 for vanishing Λ in the EdS model. Further,

the cosmological constant is only expected to give small correction to the EdS model, thus
x = 1

2 + ε, where ε � 1 can be used in a linear approximation in eq. (4.41). Solving the
linear approximation for ε gives

ε = −
1
4η

2− 1
2η
, (4.42)
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Figure 4.1: These figures display the dependency of the initial overdensity
on the model. The implementation of a cosmological constant leads to the
need of a bigger initial overdensity to ensure collapse today.
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(a) Bisection method applied to the Fried-
mann equation (4.27) with vanishing Λ, i.e.
the EdS model.
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(b) Bisection method applied to the Fried-
mann equation (4.27) with non-vanishing Λ,
i.e. the ΛCDM model.

which in turn gives

Rvir

Rta
=

1− 1
2η

2− 1
2η

(4.43)

by inserting x. This obviously reduces to Rvir

Rta
= 1

2 with vanishing Λ. For 0 < η < 1 eq.

(4.43) shows that Rvir

Rta
< 1

2 , i.e. a perturbation in a universe with a cosmological constant
stabilizes at a smaller radius than it would in a dustfilled universe. This can be explained
by the velocities the spherical shells need in order to reach an equilibrium.

In code units, with Ωm0 = 0.25, ΩΛ = 0.75 and assuming δi � 1 the dimensionless vari-
able in (4.41) can be written η ' 6R̃3. Thus there is a maximal radius a virialized object
could have had at any point, it is R̃ta,lim ' 0.55.

Now consider eq. (4.38), which can be rewritten using code units as

Ωm0(1 + δi)

(
1

2R̃vir

− 1

R̃ta

)
+ ΩΛ(2R̃2

vir − R̃2
ta) = 0. (4.44)

This is implemented as a check for virialization in the code with the values Ωm0 = 0.25 and
ΩΛ = 0.75 with initial redshift set to z = 104.

In Figure 4.1a the evolution of perturbations in the EdS and ΛCDM are shown for δi
fitted for collapse today. The flattening of the curve is artificial and implemented to show
virialization of the perturbation. Figure 4.1b shows the evolution of perturbations with
δi fitted to the ΛCDM model. Both figures shows that the EdS model leads to earlier
collapse for the same initial overdensity and thus requires a lower initial overdensity in order
to collapse today. This is easily explained by the expansion caused by the cosmological
constant.

Table 4.1 displays the main results from the run done to create Figure 4.1. All the values
for the EdS model are close to the analytically expected values shown in equations (4.12),
(4.20) and (4.21) of ∆ta ' 5.55, ∆vir ' 147 and ∆c ' 178, respectively. The small differences
may lay in numerical errors, but it is also important to remember that the model described
in Section 4.1.1 is designed to collapse exactly today while the rootfinding algorithm requires
a redshift that is accepted as today. This may also lead to small errors in the values, but
they are all still within .2% of the analytic expectations.

Further, the virial radius is lower for the ΛCDM model, as expected based on eq. (4.43).
The same reasoning also suggests that the densities of interest are larger in the ΛCDM
model, which is also backed by the data displayed in table (4.1).
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Validity of the special potential in the virial theorem for the ΛCDM model

As shown in Section 4.1.3, the special and general virial theorem analytically resulted in the
same equations. When considering the potential in the ΛCDM model given by equations
(4.15) and (4.35) and the acceleration given by the second Friedmann equation (2.53) it is
already clear that in the case of a vanishing cosmological constant this reduces to what was
shown to be valid in the EdS model. With a cosmological constant the total potential is

U = −3GM2

5R
− Λ

10
MR2. (4.45)

However, the special potential is found by using the second Friedmann equation (2.53)
in eq. (2.40). To do this, first write the second Friedmann equation in terms of the mass,
rather than the density

R̈ =
GM

R2
+

Λ

3
R. (4.46)

Inserting this in the special potential (2.40) gives

W = −3GM

5
RR̈

= −3GM2

5R
− Λ

5
MR2,

(4.47)

which is not the same as eq. (4.45), however this obviously also reduces to the EdS model
with vanishing Λ.

Before implementing this potential in the code it is important to remember that two
coordinate changes was done, thus the kinetic energy given in eq. (2.41) is

K̃ =
3M

5

(
ai

Ri

)2

H2R̃′2 (4.48)

in code units, and the potential energy is

W̃ =
3M

5

(
ai

Ri

)2[
− 3H2

0 Ωm0

2a3
R̃R̃′ + R̃R̃′′

]
. (4.49)

The equations (4.48) and (4.49) share a common prefactor 3M
5

(
ai
Ri
H
)2

which in the context
of the virial theorem (2.35) is safe to divide out, leaving us with the virial equations

K̄ =
1

2
R̃′2 (4.50)

and

W̄ = R̃

(
− 3Ωm0

2a3E2(a)
R̃′ + R̃′′

)
, (4.51)

where the bar simply are a means to distinguish these code equations from the analytical
equations, not to be mixed with the bar associated with an averaged equation.

Just as with the bisection method it is necessary to define a small value ε � 1 which
acts as an accepted zero value for the virial theorem, thus in the code

2K̄ + W̄ ≤ ε (4.52)

Table 4.1: Results related from the same run that produced Figure 4.1 with
initial redshift zi = 104 and zε = 10−4. ∆ is defined as in (4.10).

∆ta ∆vir ∆c
R̃vir

R̃ta
δi × 10−4 zcoll × 10−6

EdS 5.55 146.89 177.71 .4999 4.98 1.842
ΛCDM 7.099 295.8 381.21 0.4816 5.90 1.842
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Figure 4.2: Evolution of spherically symmetric perturbations in the EdS
(green) and ΛCDM (black) models. Here the bisection method was used
on the models independently, thus it displays the evolution of perturbations
collapsing today for each model. The large dots mark the turnaround point
in the evolution while the small dots mark the virialization point.

is implemented as the virialization test. One could also use that the instant the kinetic
energy is less than minus half the potential energy the system is virialized, i.e.

K̄ ≤ −W̄
2
. (4.53)

The former is the main check for virialization in the code, but the latter is implemented as
a backup, just in case the energies never add up to be less than ε due to numerical issues.

Figure 4.2 shows the evolution of perturbations in the ΛCDM and EdS models, where
the initial density δi has been fitted to the respective model. Another difference between
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Figure 4.3: The relative energy K̄
|W̄ | of the spherical perturbations in the EdS

(green) and ΛCDM (black) models. The stippled vertical lines mark the time
point of turnaround where the kinetic energy, and thus the relative energy,
of the corresponding model goes toward zero. The vertical dotted lines
marks virialization of the model, which as expected occur around K̄

|W̄ | = 1
2

for both models.
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Figure 4.2 and 4.1 is that 4.2 uses the special potential to find virialization. In Figure 4.3
the relative energy between the kinetic and absolute value of the potential energies, K̄

|W̄ | , are

shown for the same evolutions that are displayed in Figure 4.2. Turnaround and virialization
is marked in both figures by large and small dots in Fig. 4.2 and by stippled and dotted
lines in Fig. 4.3. Considering the points of intersection between the solid line and stippled
line of same color in Fig. 4.3 the kinetic energy goes to zero at turnaround in both models,
which should not be surprising. Further, the intersection of the full lines and dotted lines of
same color shows that virialization occurs when K̄

|W̄ | '
1
2 , which is what should be expected

from the virial theorem even with the special potential.

Table 4.2: Values of interest for the regular potential U and the special
potential W̄ .

∆ta ∆vir ∆c
R̃vir

R̃ta
δi × 10−4 zcoll × 10−6

U 7.099 295.8 381.21 .4816 5.903 1.842
W̄ 7.099 295.62 381.00 .4817 5.904 9.21

Table 4.2 shows the differences in the values of interest between the special and regular
potentials and even though they are not equal analytically, the results they yield are at
the most .061% off from one another. These small differences may be due to the different
δi,max and δi,min used in the rootfinding when using the regular and special potentials. This
may be the reason why a slightly different δi is found and thus slightly different times of
collapse and virialization. However these differences are very small even though the collapse
time is somewhat different. Thus the special potential seems to be a reasonable fit and can
comfortably be used for the screening models.

4.3 The Chameleon model

Now it is time to consider the spherical collapse model in the presence of a chameleon
field. As previously the perturbation has a radius R and uniform density inside, further, the
evolution is governed by the approximated Friedmann equation (3.23). For the perturbation
it reads

R̈

R
= −4πG

3

(
ρφ(1 + 3wφ) + γ(R,Rs)ρc

)
(4.54)

Just as for the ΛCDM model the mass of the perturbation is constant and given by eq.
(4.24). Thus the density of the perturbation is given by

ρc =
Ωm0

ρc0(1 + δi)
R̃3, (4.55)

also as in the ΛCDM model. Further, the scalar field density is assumed to be nearly
constant

ρφ = Ωφρc0, (4.56)

where Ωφ can be considered to come from an effective cosmological constant. This means
that the second Friedman equation takes the form

¨̃R

R̃
= H2

0

(
Ωφ + γ(R̃, R̃s)

Ωm0(1 + δi)

R̃3

)
. (4.57)

Considering the coordinates x = ln a this reads

R̃′′ =

(
ΩφR̃− γ(R̃, R̃s)

Ωm0(1 + δi)

2R̃2
+

3Ωm0

2a3
R̃′
)
E−2(a) (4.58)

This is just the same as for the ΛCDM model, with the matter term of the perturbation
altered by the force enhancement γ(R̃, R̃s).
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Figure 4.4: Evolution of spherically symmetric perturbations in the EdS
(green), ΛCDM (black) and chameleon (blue) models. The large dots mark
the turnaround point and the small dots mark the virialization point in the
respective models.

Now the thin shell condition (3.50) and force enhancement γ must be calculated. First
consider the Newtonian potential (3.51) in code units, this gives the potential in code units
as

ΦN = −GNM

R̃

ai

Ri
. (4.59)

Further, from the definition of the mass of the perturbation (4.24) it is clear that the variable
ai
Ri

can be expressed in terms of the mass as

Ri

ai
=

(
2G2

NM
2

H2
0 Ωm0(1 + δi)

)1/3

, (4.60)

thus the final Newtonian potential is

ΦN =

(
G2

NM
2H2

0 Ωm0(1 + δi)

2R̃3

)1/3

(4.61)

in code units.
The evolution of a perturbation within the spherical collapse framework with a chameleon

scalar field can now be calculated and in Figure 4.4 the evolution of a perturbation in the
chameleon model is shown together with perturbations in the ΛCDM and EdS models.
Figure 4.5 shows the relative energy between the kinetic and absolute value of the potential
energy K̄

|W̄ | of the same perturbations. For comparative reasons parameter values expected

to give a large deviation from the ΛCDM model was chosen for the chameleon model, thus
the mass is M = 1014h−1M� and |fR0 − 1| = 10−3 was chosen. The initial over density δi
was also fitted to produce full collapse today, i.e. zcoll ' 0.

In Figure 4.4 the expected behaviour of the chameleon model, as explained at the end of
Section 3.1.3, is displayed. It is interesting to note that for these parameters the evolution is
tracking closer to the EdS model before turnaround. However, close to and after the time of
turnaround the relative energy of the chameleon model, displayed in Figure 4.5, tracks quite
close to the cosmological constant, with turnaround and virialization occurring at almost
exactly the same time in the two models. This effect can be understood by recalling that
the potential energy is determined by eq. (2.40) and therefore the force enhancement γ
has a direct influence on the potential energy. The role of the force enhancement is quite
clearly displayed in Fig. 4.5; roughly around a ≈ 0.2 the relative energy has a shelf, i.e.
it flattens out before starting to drop again. Further, the force enhancement displayed in
Fig. 4.6a shows that the perturbation goes from being screened to unscreened around this
scale factor, which is also the reason why the perturbation tracks so close to the EdS model
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Figure 4.5: The relative energy K̄
|W̄ | of the spherical perturbations in the

EdS (green), ΛCDM (black) and chameleon (blue) models. The points
of turnaround and virialization are marked for the chameleon and ΛCDM
models by stippled and dotted lines, respectively. At turnaround the kinetic
energy, and thus the relative energy, of the corresponding model goes toward
zero. As expected virialization occur around K̄

|W̄ | = 1
2 for both models. The

plateau that occur for the chameleon model is due to the transition from
being screened to unscreened, see Figure 4.6a.

for a while. Hence the screening mechanism makes it possible for the perturbation to reach
a larger radius with a similar potential energy in the chameleon model compared to the
ΛCDM model.

Figure 4.6
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(a) The force enhancement γ as a function
of the scale factor for a perturbation in the
chameleon model with n = 1, β = 1/

√
6,

|fR0−1| = 10−3 and mass M = 1014h−1M�.
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(b) The scalar fields inside, φc, and outside,
φ∞, a perturbation in the chameleon model
as a function of the scale factor. The para-
meters are the same as in Figure 4.6a.

In Figure 4.6b the evolution of the scalar field inside and outside the perturbation is
displayed and although it is a bit hard to see, the scalar field outside the perturbation
becomes nonzero a bit earlier than the field inside, particularly at the same time as the
effective force enhancement γ − 1 becomes nonzero.

Further, it is convenient to extend Table 4.2 to compare the chameleon model with the
ΛCDM model, this is shown in Table 4.3. As discussed above the radius of the perturbation
in the chameleon model tracks closer to the EdS than the ΛCDM before turnaround, this
is further supported by the density at turnaround, ∆ta, found in Table 4.3, it is not so far
away from what was found for the EdS model, although a bit lower.

The remainder of this section will be used to show that the chameleon model in the

39 Chapter 4.3 Halvor Nafstad



Spherical collapse in ΛCDM, Chameleon and Symmetron models

Figure 4.7
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(a) |fR0 − 1| dependency of the turnaround
density ∆ta for four different halo masses
M = [1010, 1012, 1015, 1018]h−1M�. As
|fR0 − 1| → 1 the density at turnaround
asymptotically approach a value ∆ta < 5.5
and this happens earlier for smaller halos. In
the limit |fR0 − 1| → 0 the density at turn-
around asymptotically approaches the case
of a cosmological constant.
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(b) Halo mass dependency of the turnaround
density ∆ta for four values of the parameter
|fR0 − 1| = [10−8, 10−6, 10−4, 10−3]. For the
smallest halos the density at turnaround ap-
pear to converge to the same value as in Fig.
4.7a and for large halos the density at turn-
around converge to the case of a cosmological
constant.

spherical collapse framework reduces to the case of a cosmological constant in the limit
|fR0 − 1| → 0 and that the density of virialized objects is significantly smaller in the limit
|fR0

− 1| → 1. Further, the existence of a particular regime in the (|fR0
− 1|,M) space

which leads to locally larger deviations for virialized objects.

When considering Figures 4.7a and 4.7b it appears that the trend described above may
be general: As |fR0

− 1| → 0 halos of smaller masses tend to have a density at turnaround
much closer to that of a perturbation in the EdS model than with a cosmological constant.
This idea is further supported by Figure 4.8 where a heat map of ∆ta in the parameter space
is displayed. Considering the trend in the Figure 4.8 there appears to exist a line where
perturbations in the chameleon model tracks perturbations in the EdS model exactly, hence
it seems that there exists a set of parameters for the chameleon model that tracks the EdS
model, at least until turnaround.

The most important feature displayed in Figure 4.8 is not that it implies a set of paramet-
ers that track the EdS model, but that in the limit of high halo masses and as |fR0 −1| → 0
the chameleon model tracks close to the ΛCDM, as required by the model. Further, it is
clear that the trend is asymptotic in the the low mass and large |fR0

− 1| limit, the trend
described above is indeed not general and only a special case when the parameters are far
away from the cosmological constant limits of the chameleon model.

Figure 4.4 clearly shows that the perturbation in the chameleon model has a larger radius
at virialization than with a cosmological constant, which means that the density necessarily
is smaller at both virialization and ”full collapse”, this is also displayed in Table 4.3. Fig-
ures 4.9a and 4.9b display the dependencies of the density at virialization on the halo mass
and parameter fR0

, respectively.

As expected for the chameleon model, ∆vir approaches the density at virialization with a
cosmological constant for larger halo masses and in the limit |fR0

−1| → 0. Even though ∆vir

behaves well in the limits there is some interesting behaviour with notable local deviation

Table 4.3: Values of interest for the ΛCDM and chameleon models with
parameter |fR0

− 1| = 10−3 and halo mass M = 1014h−1M�.

∆ta ∆vir ∆c
R̃vir

R̃ta
δi × 10−4 zcoll × 10−6

ΛCDM 7.099 295.62 381.00 0.4817 5.904 9.21
Chameleon 5.529 230.45 295.598 0.479 4.872 31.31
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Figure 4.8: Heatmap displaying the differences in the turnaround radius
∆ta for the ΛCDM and chameleon models. As indicated by Figs. 4.7a and
4.7b the divergence from the cosmological constant happens quite smoothly
in the limit |fR0

− 1| → 1 with a larger divergence as M → 1010.

Figure 4.9
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(a) Halo mass dependency of the dens-
ity at virialization ∆vir for four differ-
ent values of the parameter |fR0 − 1| =
[10−8, 10−6, 10−4, 10−3]. In the limits of low
and high masses the density at virialization
converges, in particular it converges to the
case of a cosmological constant in the high
mass limit. A local minima in the density
is present for each curve that reaches ap-
proaches the convergence density.
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(b) |fR0 − 1| dependency of the density
at virialization ∆vir for four different halo
masses M = [1010, 1012, 1015, 1018]h−1M�.
In the limit |fR0 − 1| → 1 the density con-
verges and in the limit |fR0 − 1| → 0 the
density converges to the case of a cosmolo-
gical constant. For each curve that approach
the density of convergence there is a local
minima.

from the general trend. This can also be seen in Figure 4.10. In general, the transition
from the smallest to the largest difference between the chameleon and cosmological constant
is rather smooth, but there is a constant slope in the (|fR0

− 1|,M) space with larger
difference for some parameters than the surrounding parameters, indicating that this is a
characteristic of some of the parameters. It is interesting to investigate this characteristic
in order to understand what is happening, and finding the cause of these local minima in
the density at virialization.

The same behaviour can, not surprisingly be found for the density at ”full collapse”, as
displayed in Figure 4.11 where the full parameter space is considered. However, a difference
in the size of the areas with a larger deviation from the ΛCDM can be seen. For ∆c the
areas are bigger than for ∆vir, which indicates that more parameters leads to this strange
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Figure 4.10: Heatmap displaying the deviation of the density at virializ-
ation ∆vir of the chameleon model from the ΛCDM model. In the limits
|fR0 − 1| → 1 and |fR0 − 1| → 0 the deviation from the case of a cosmo-
logical constant is small and large, respectively. However the local minima
displayed in Figs. 4.9a and 4.9b present themselves in a straight line in
the parameter space, starting around |fR0

− 1| ≈ 0.5 × 10−8 and ending
around M ≈ 0.5 × 1016h−1M�, where the deviation is larger than it is for
the surrounding parameters.

behaviour for ∆c than for ∆vir. This can be understood as an effect from the background
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Figure 4.11: Heatmap displaying the deviation of the density of fully ”col-
lapsed” halos ∆c of the chameleon model from the ΛCDM model. In the
limits |fR0

− 1| → 1 and |fR0
− 1| → 0 the deviation from the case of a cos-

mological constant is small and large, respectively. As in Fig. 4.10 there is a
straight line in the parameter space, starting around |fR0 − 1| ≈ 0.5× 10−8

and ending around M ≈ 0.5 × 1016h−1M�, where the deviation from the
cosmological constant is larger than it is for the surrounding parameters.
It differs from Fig. 4.10 in that the size of the area of larger deviations is
larger in this figure.
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Figure 4.12: Heatmap displaying the deviation of the relation between the
radius at virialization R̃vir and at turnaround R̃ta in the chameleon model
from a cosmological constant. In the limit |fR0−1| → 1 and |fR0−1| → 0 the
deviation is in general smaller than it is on a straight line, starting around
|fR0
−1| ≈ 0.5×10−8 and ending around M ≈ 0.5×1016h−1M�, marked by

dark blue because of the large deviations present for the parameters on this
line. For |fR0

− 1| → 1 and for small masses the radius ratio is in general
lower than the case of a cosmological constant, whereas for |fR0 − 1| → 0
and large masses the radius ratio is very close to the case of a cosmological
constant.

contribution to the force enhancement. Even as the halo is at a stable radius the background
universe keeps expanding, possibly making a contribution to the force enhancement if it is
below the maximum value.

In Figure 4.12 the deviation of the ratio of the radius at virialization to the radius
at turnaround R̃vir/R̃ta is displayed, and once again there is a larger deviation fore some
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Figure 4.13: The variation of the initial overdensity δi of a perturbation in
the full parameter space. A smooth trend towards a larger deviation in the
initial overdensity as |fR0

− 1| → 1 and for small masses is displayed.
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parameters at a constant slope in the (|fR0
−1|,M space . The line in Figure 4.12 is located

at the same place in parameter space as the lines in the Figures 4.10 and 4.11, which further
enhances the notion that something particular is happening for these parameters. Further,
Figure 4.12 gives a bit more insight into the general relationship between what happens at
turnaround and virialization as the parameters change. In general the deviation from the
case of a cosmological constant is quite small and stable in both limits, i.e. as |fR0

− 1| → 1
for small halo masses and as |fR0

− 1| → 0 for large halo masses the deviation is small and
asymptotic.

Figure 4.13 shows the variation of the initial overdensity of a perturbation, δi, with
regards to the full parameter space. This variation is very much what one would expect
with a nice transition from small differences at large masses and small |fR0 − 1| → 0 to
larger differences for smaller halo masses and as |fR0

− 1| → 1.
The heatmaps displayed in this section is the result of fitting the initial overdensity to

produce collapse for 30 values of the parameter in the range |fR0
− 1| = [10−12, 10−3] and

30 different halo masses in the range M = [1010, 1018]h−1M�. Thus, a total of 900 different
parameters were fitted to produce collapse today.

4.3.1 Transition regime in the chameleon model

It is appropriate to investigate the local extrema in the parameter space discussed above.
This can be done by choosing parameters that lead to local deviations in the parameter
space. Since the density at virialization only offer local extrema the local deviations are
easiest to locate for the ratio of the radius at virialization and turnaround which offers
global extrema in the parameter space for each mass. To be clear Figure 4.12 displays
minima, and not maxima, of the deviation from the ΛCDM model and these minima are
maxima of the ratio in the chameleon model, in any case they offer global extrema in the
paremeterspace. The chosen extremum is further investigated along with some surrounding
values of the parameters for comparison. The investigation is done by considering the
effective force enhancement γeff = γ − 1 and the radial evolution of the perturbations.

One such extremum occur for halos of mass M ' 5.754×1012h−1M� with the parameter
|fR0

− 1| = 1.62 × 10−6. In the following, variation around this mass is considered before
variations around the parameter is considered.

Variation of the halo mass

Now consider two variations around the halo mass described above, the exact halo masses
used are M = [8.511×1011, 5.754×1012, 3.890×1013]h−1M� and the parameter |fR0

−1| =
1.62× 10−6 is kept constant.

From Figure 4.14 it is clear that a small halo mass leads to a larger radius at turnaround,
but the two smallest masses lead to roughly the same radius at virialization. The largest
halo mass here leads to a smaller radius throughout the evolution, but virialization appear
to occur at roughly the same time.

Figure 4.15 show the force enhancement for the perturbations described above. It is
clear that the smallest mass is fully unscreened at some point, whereas the larger masses are
ever only partially unscreened. Further, it is clear that the largest halo mass leads to the
least amount of unscreening. This is not particularly surprising, as the heatmaps displayed
a clear limit for larger halo masses and the fact that perturbations get more screened as the
halo mass gets bigger explains this limit. It can also be seen analytically since the screening
condition eq. (3.52) goes as ∆R

R ∝M
−2/3 because of the Newtonian potential eq. (4.61).
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Figure 4.14: The radial evolution with three different values of the halo
mass. The blue stippled line represents an extremum, as indicated by the
Figures 4.10 to 4.12. The green dotted line shows the evolution of a per-
turbation with a smaller halo mass while the red dash dotted line show the
evolution of a perturbation with a larger halo mass.
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Figure 4.15: The evolution of the effective force enhancement, γeff , with
respect to the scale factor of a perturbation with the same parameters as
in Fig. 4.14. The blue line represents the extremum while the red and
green lines show the force enhancement for smaller and larger halos, re-
spectively. It is apparent that the extremum parameters behave different
than the surrounding parameters. The extremum is partly unscreened for
a very large portion of the evolution, whereas the smaller mass halo it is
fully unscreened for much of the evolution and the larger mass halo is partly
unscreened, although to much lesser degree.
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Figure 4.16: The evolution of the extremum (blue) and two values of the
parameter |fR0 −1| in the vicinity of the extremum. The red line shows the
evolution of a perturbation with a larger value, while the green line shows
the evolution of a perturbation with a smaller value of the parameter.

Variation of the parameter |fR0 − 1|

Consider now two variations around the parameter value described above, the exact values
used are |fR0

−1| = [1.91×10−7, 1.62×10−6, 1.38×10−5] and the halo mass is kept constant
at M = 5.754× 1012h−1M�.
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Figure 4.17: The evolution of the effective force enhancement, γeff , with
respect to the scale factor of a perturbation with the same parameters as
in Fig. 4.16. The blue line represents the extremum while the red and
green lines show the force enhancement for smaller and larger values of the
parameter fR0

, respectively. It is apparent that the extremum parameters
behave different than the surrounding parameters. The extremum is partly
screened for a very large portion of the evolution, whereas the larger value
of |fR0 − 1| is fully unscreened for much of the evolution and the smaller
|fR0

− 1| is partly unscreened, although to much lesser degree.

Figure 4.16 display the radial evolution of perturbations in the chameleon model with the
parameters described above. It is clear that there are larger deviations between the radial
evolutions in Figure 4.16 than in Figure 4.14. In particular the differences at turnaround
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are slightly larger for the variations in the parameter |fR0
− 1| than for the variations in

the halo mass and the time of turnaround has a slightly larger range for variations in the
parameter |fR0

− 1|.
In Figure 4.17 the force enhancement in the parameter space described above is displayed.

As with the variations in the halo mass the value of the parameter |fR0 − 1| corresponding
to the local extremum is close to being fully unscreened, whereas the larger value of the
parameter |fR0

− 1| is fully unscreened and the smaller value of the parameter |fR0
− 1| is

just barely partially unscreened. The scale factor at which the effective force enhancement
is the largest are marked by dots and it is clear that the maximum force enhancement for
the partially unscreened perturbations occur at roughly the same time. Further, note that
the time of total unscreening for the largest value of the parameter |fR0 − 1| at z ' 1.279
is much earlier than it was for the largest halo mass at z ' 0.666. Thus, the largest value
of the parameter |fR0

− 1| leads to full unscreening well before turnaround, whereas full
unscreening occur after turnaround for the largest mass.

The regime discussed in these two last subsections is dubbed the transition regime,
because it is characterized by the transition from full unscreening to partly unscreening of
perturbations.

4.3.2 Concluding remarks on the chameleon model

By considering a wide parameter space in the chameleon model it was shown that the
chameleon model in the spherical collapse framework behaved as expected in all limits
of the model. For large values of the parameter |fR0

− 1| the results showed significant
deviations from the ΛCDM model for all halo masses, while for small values of the parameter
|fR0

−1| < 10−9 the results showed very little or no deviation from the ΛCDM model at any
mass. It was also seen that deviations occurred at smaller values of the parameter |fR0

− 1|
for smaller halo masses than they did for the larger halo masses.

However, significant local deviations in the parameter space was observed in the chameleon
model. These local deviations were investigated and shown to be the signature of a trans-
ition regime in which perturbations go from being fully unscreened at some point in the
evolution to only ever being partially unscreened. The existence of such a transition regime
was not surprising, but the effect this transition regime has on the density at virialization
are a bit surprising since it would be natural to assume that less unscreening leads to less
deviation rather than more.

The effects this transition regime has on the density at virialization propose a clear
observable: the density of virialized dark matter halos should, in some mass range, be
significantly smaller than both larger and smaller halos. Further, the density of virialized
halos and their masses put constraints on the parameter |fR0 − 1|. Obviously the results
presented in this thesis only apply to objects that are virialized very close to today, thus the
results should be tested against n-body simulations. Also, real halos do not have a uniform
density with a hard cutoff, like the spherical top hat, but a Nawarro-Frenk-White (NFW)
profile. Therefore the point matching the virial radius and density in the NFW profile would
correspond to the size of the halo.
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4.4 The Symmetron model

Now the symmetron model (see Section 3.2) is implemented into the spherical collapse
framework in the same manner as the chameleon model, with the only difference being the
scalar field (equation (4.20b)) that is present in the force enhancement, γ(R̃s, R̃) [21]. Thus
the evolution of a perturbation is given by the second Friedmann equation in code units (eq.
(4.58)) and the only difference from the chameleon model is the scalar fields entered in the
screening condition ∆R/R (equation (3.52)).

The evolution of a perturbation in the symmetron model is displayed in Figure 4.18
together with the evolution of a perturbation in the chameleon, the ΛCDM and EdS models
(which was also on display in Figure 4.4, where the chameleon parameters was chosen so as
to be quite far away from the case of a cosmological constant). The parameters chosen here
for the symmetron model are picked based on the paramaters regularly considered in the
literature. A reasonably late symmetry breaking of zssb = 1.0 together with an intermediate
range of the fifth force in vacuum L = 1h−1Mpc, a coupling constant quite close to that in
the chameleon model β = 0.5 and a halo mass M = 1014h−1M� was chosen. Further, the
initial over density was fitted to produce collapse today, i.e. zcoll ' 0

Interestingly, for these parameters the evolution tracks close to the ΛCDM model for a
while before turnaround and virialize at roughly the same time and radius as the chameleon
model. Table 4.4 is an extention of Table 4.3 that includes the symmetron model with the
same parameters as in Figure 4.18. It shows that the density at turnaround is closer to the
ΛCDM model than the chameleon (with these particular parameters), but much closer to
the chameleon at virialization and ”full collapse”.

The different evolution between the chameleon and symmetron displayed in Figure 4.18
can be understood by considering the force enhancement γ. Recall that for this set of
parameters in the chameleon model the perturbation is unscreened around a ≈ 0.2, as
displayed in Fig. 4.6a, this early unscreening is impossible for the set of parameters chosen
for the symmetron model in this particular case. In particular the early transition from being
screened to unscreened in the chameleon model corresponds to zssb = 4, but in this run it
was set to zssb = 1. Thus this symmetron run is bound to track closer to the cosmological
constant than the particular chameleon run.

Figure 4.19 displays the evolution of the relative energy between the kinetic and absolute
value of the potential energies K̄/|W̄ | in the symmetron model along with the EdS and
ΛCDM models for comparison. The symmetry breaking is clearly visible here, as a sudden
drop in the relative energy at a = 0.5, corresponding to zssb = 1. It is worth to note that
even though the perturbation is fully screened until the symmetry breaking redshift the
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Figure 4.18: Evolution of spherically symmetric perturbations in the EdS
(green), ΛCDM (black), chameleon (blue) and symmetron (red) models.
The large dots mark the point of turnaround for the respective models while
the small dots mark the point of virialization.
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Figure 4.19: The relative energy K̄
|W̄ | of the spherical perturbations in the

EdS (green), ΛCDM (black) and symmetron (red) models. The points of
turnaround and virialization are marked for the symmetron and ΛCDM
models by stippled and dotted lines, respectively. At turnaround the kinetic
energy, and thus the relative energy, of the corresponding model goes toward
zero. As expected virialization occur around K̄

|W̄ | = 1
2 for both models. The

dip that occur for the chameleon model is due to the transition from being
screened to unscreened, which happens at a = 1/2 due to the symmetry
breaking redshift chosen in this case.

evolution diverges from the cosmological constant before symmetry breaking. This is due
to the slightly smaller initial overdensity δi that is found for a reasonable collapse in the
symmetron model compared to the cosmological constant, which allows the radial velocity
of the halo to get larger. This can also be understood by considering the relative energy in
Fig. 4.19, the diverging relative energy that is observed before symmetry breaking must be
due to a larger kinetic energy since the potential energy is unaltered at this time. This also
explains why the evolution in the symmetron model seems to linger around the turnaround

Figure 4.20
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(a) The effective force enhancement γeff of a
perturbation in the symmetron model with a
symmetry breaking redshift zssb = 1, range
of the fifth force L = 1h−1Mpc, coupling
β = 0.5 and halo mass M = 1014h−1M�.
After symmetry breaking the perturbation
quickly goes from being fully screened to fully
unscreened.
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(b) The evolution of the scalar field inside
φc and outside φ∞ the same perturbation
as in Fig. 4.20a, normalized by the max-
imum value of the scalar field at any loc-
ation. At the symmetry breaking redshift
the scalar field outside quickly becomes non-
zero and asymptotically approaches the max-
imum value today. The field inside stays zero
throughout the evolution.
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Table 4.4: Values of interest for the ΛCDM model, chameleon model with
parameter |fR0

−1| = 10−3 and halo mass M = 1014h−1M� and symmetron
model with the parameters zssb = 1.0, L = 1h−1Mpc, β = 0.5 and M =
1014h−1M�.

∆ta ∆vir ∆c
R̃vir

R̃ta
δi × 10−4 zcoll × 10−6

ΛCDM 7.099 295.62 381.00 0.4817 5.904 9.21
Chameleon 5.529 230.45 295.598 0.479 4.872 31.31
Symmetron 6.392 232.78 295.059 0.4800 5.617 55.26

radius a bit, symmetry breaking occurs relatively close to turnaround and therefore the fifth
force has not had a lot of time to act, in contrast to the chameleon where the fifth force has
been active for a good while prior to turnaround.

The effective force enhancement γeff for the particular perturbation is displayed in Fig.
4.20a while Fig. 4.20b show the scalar field evolution. After symmetry breaking at a = 0.5
the effective force enhancement rapidly increase, making the transition from fully screened
to totally unscreened fast.

4.4.1 Variation of the symmetron parameters and halo mass

In this section the dependency of the key variables, the density at turnaround ∆ta, virializa-

tion ∆vir and full collapse ∆c and the ratio of the radius at virialization and turnaround R̃vir

R̃ta

on the various parameters of the symmetron model is presented. First some simple figures
are used to display and briefly discuss the general trends for the parameter variations before
the variations in each parameter is presented and discussed individually. First variations in
the coupling constant β is considered before the symmetry breaking redshift zssb and finally
the range of the fifth force in vacuum L are considered.

Figure 4.21 display the dependency of the density at turnaround ∆ta as the halo mass
varies; Figure 4.21a show the dependency for three different ranges of the fifth force in
vacuum L; Figure 4.21b show the dependency for three different values of the coupling
constant β; Figure 4.21c show the dependency for four different values of the symmetry
breaking redshift zssb.

From Figure 4.21a it seems that the slopes are quite similar and the only effect the range
of the the fifth force in vacuum has on ∆ta is to shift it with respect to the mass, i.e. in
models where the range of the fifth force is small, halos of smaller mass display the same
∆ta as halos of larger mass does with a larger range of the fifth force.

Changing the coupling constant β seems to have quite different consequences, as displayed
in Figure 4.21b. There is no shift with respect to mass, but in models with a large coupling
constant the deviation from the cosmological constant is quite remarkable for halos of small
masses M ≤ 1014h−1M�. However, for halos of larger mass ∆ta deviates less. It makes a
lot of sense that a large coupling constant leads to earlier and larger deviations from the
cosmological constant, considering it determines the maximum force enhancement γeff .

Variations in the symmetry breaking redshift zssb might display the most curious effect
on the density at virialization. In particular the fact that with zssb = 0.5 ∆ta is larger than
with a cosmological constant, whereas for all the other values of zssb displayed in Figure 4.21c
it is smaller (just like the other parameters). This indicates that there is some symmetry
breaking redshift in zssb ∈ [0.5, 1.0] that give the same density at turnaround for all masses
given a constant range of the fifth force in vacuum and a constant coupling constant.

In Figure 4.22 the dependency of the density at virialization ∆vir as the halo mass varies
is displayed; Figure 4.21a show the dependency for three different ranges of the fifth force
in vacuum L; Figure 4.22b show the dependency for three different values of the coupling
constant β; Figure 4.22c show the dependency for four different values of the symmetry
breaking redshift zssb.

One effect is present for all but one parameter value at some halo mass; a dip in ∆vir.
Apart from this variation in the range of the fifth force and the coupling constant seem to
yield somewhat identical results for the density at virialization as it had for the density at
turnaround. The main difference is that the lines in Figures 4.22a and 4.22b assymptotically
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Figure 4.21
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(a) The density at turnaround ∆ta as the
halo mass varies for three different ranges
of the fifth force L = [0.1, 1.1, 10]h−1Mpc.
The symmetry breaking redshift and coup-
ling constant is kept constant at zssb = 1.0
and β = 0.5, respectively.
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(b) The density at turnaround ∆ta as the
halo mass varies for three different coup-
ling constants β = [0.3, 0.5, 1.0]. The sym-
metry breaking redshift and range of the
fifth force is kept constant at zssb = 1.0 and
L = 1h−1Mpc, respectively.
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(c) The density at turnaround ∆ta as the
halo mass varies for four different symmetry
breaking redshifts zssb = [0.5, 1.0, 2.1, 3.0].
The coupling constant and range of the fifth
force is kept constant at β = 0.5 and L =
1h−1Mpc, respectively.

approach the cosmological constant for larger halo masses than the lines in Figures 4.21a
and 4.21b. Note that when the lines in Figures 4.21a and 4.21b starts trending towards
the cosmological constant, the lines in Figures 4.22a and 4.22b take a dip before starting
to approach the cosmological constant, thus they reach the cosmological constant for larger
halo masses.

Now consider the variations in the symmetry breaking redshift displayed in Figure 4.22c;
larger zssb in general lead to a smaller density at virialization with the exceptions for halo
masses between ∼ 1015h−1M� and ∼ 5× 1016h−1M� where models with zssb = 3 starts to
increase at the same time that models with zssb = 2.1 starts to dip. However, the former
plateaus sufficiently that the latter once again gives larger ∆vir.

Figure 4.23 displays the dependency of the density at ”full collapse” as the mass varies;
Figure 4.23a show the dependency for three different ranges of the fifth force in vacuum
L; Figure 4.23b show the dependency for three different values of the coupling constant β;
Figure 4.23c show the dependency for four different values of the symmetry breaking redshift
zssb.

There is not a lot of differences of note between Figures 4.22 and 4.23. It is not a big
difference, but ∆c increases a bit more for masses below the dip in Figure 4.23a than ∆vir

does in Figure 4.22a. Further, the density at ”full collapse” is significantly larger than at
virialization, which is as expected based on the ΛCDM model.

Now that the general trends in the parameter variations have been presented it is ap-
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Figure 4.22
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(a) The density at turnaround ∆vir as the
halo mass varies for three different ranges
of the fifth force L = [0.1, 1.1, 10]h−1Mpc.
The symmetry breaking redshift and coup-
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and β = 0.5, respectively.
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ling constants β = [0.3, 0.5, 1.0]. The sym-
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(c) The density at turnaround ∆vir as the
halo mass varies for four different symmetry
breaking redshifts zssb = [0.5, 1.0, 2.1, 3.0].
The coupling constant and range of the fifth
force is kept constant at β = 0.5 and L =
1h−1Mpc, respectively.

propriate to consider variations in each parameter more carefully.
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Figure 4.23
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(a) The density at turnaround ∆vir as the
halo mass varies for three different ranges
of the fifth force L = [0.1, 1.1, 10]h−1Mpc.
The symmetry breaking redshift and coup-
ling constant is kept constant at zssb = 1.0
and β = 0.5, respectively.
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(c) The density at turnaround ∆vir as the
halo mass varies for four different symmetry
breaking redshifts zssb = [0.5, 1.0, 2.1, 3.0].
The coupling constant and range of the fifth
force is kept constant at β = 0.5 and L =
1h−1Mpc, respectively.

4.4.2 Variation of the range of the fifth force L and halo mass

This section considers variations in the range of the fifth force L. 30 values in the range
from 0.1h−1Mpc to 10h−1Mpc was considered for 30 halos with masses in the range M =
[1010, 1018]h−1M�. In total the initial over density was fitted for collapse today for 900
different parameters. In this section the two other parameters are kept constant; the coupling
constant at β = 0.5; the symmetry breaking redshift at zssb = 1. The variations are
considered chronologically, as they where in the chameleon model in Section 4.3, i.e. starting
with the density at turnaround, then the density at virialization before the density at ”full
collapse” and finally the ratio between the radius at virialization and turnaround.

Figure 4.24 displays the deviation in the density at turnaround ∆ta, for the full parameter
space in L and M as explained above, of the symmetron model from the ΛCDM model. The
deviations are generally quite small with the largest deviation from a cosmological constant
being < 0.01 in the low mass and high L range (for small masses < 1011h−1M� the range of
the fifth force is insignificant unless it is < 10−1h−1Mpc). Figure 4.24 bears a resemblance in
shape to the deviation of the chameleon model Figure 4.8. Although the values of maximal
deviation are quite different, the range of the fifth force in the symmetron model has limits
resembling the limits of |fR0 − 1| had for the chameleon. As the range of the fifth force
increases a smaller halo masses lead to a density at turnaround closer to the cosmological
constant and vice versa.
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Figure 4.24: Heatmap displaying the relative deviation of the density
at turnaround ∆ta in the symmetron model compared to the ΛCDM
model as the halo mass and length scale of the fifth force in vacuum
L = [0.1, 10]Mpch−1 varies. The other model parameters are kept constant
at β = 0.5 and zssb = 1.

Now consider the deviation in the density at virialization displayed in Figure 4.25. This
too bears resemblance to the variations in the chameleon model, but lacking the local areas
with a larger deviation than the surrounding parameters. In contrast, the largest deviations
from a cosmological constant occur along a constant slope in the (M,L) space. As seen in
Figure 4.22a the dips that mark the largest deviation are evenly spaced, which is in accord-
ance with the straight line in Figure 4.25. There are, however, some areas with a slightly
smaller deviation than the surrounding parameters, right before this dip occur. Recall that
a similar behaviour was observed in the chameleon model; the density at turnaround quite
consistently started to approach the cosmological constant just before the dip occur. In the
chameleon model it was found that the dip was due to a transition where perturbations
went from being fully unscreened at some point to never being fully unscreened, and it is
reasonable to assume that this might be the case for the dips in the symmetron model as
well.

Figure 4.26 show the deviation in the density at ”full collapse” and it is quite similar to
the deviation in the density at virialization, except that the deviation is a bit smaller and
the dip a bit shallower. The triangles observed in Figure 4.25 are also absent, which is a bit
surprising since the small increase prior to the dip is slightly more distinct in Figure 4.23a
than in Figure 4.22a. Apart from this the similarity to the chameleon model in Figure 4.11
is again noted.

Now consider the deviation in the ratio of the radius at virialization and turnaround
displayed in Figure 4.27. This too has a close resemblance to the variations in the chameleon
model; a line with a large deviation, where the actual value is larger in the symmetron than
for a cosmological constant; an area where the actual value is smaller in the symmetron
than the cosmological constant; a steep transition where the absolute value goes from being
smaller to larger, and a slower transition from the largest absolute value to the asymptote at
the cosmological constant. Once again the locally larger deviations found in the chameleon
model is lacking in the symmetron model, but the resemblance is never the less remarkable.

As Figures 4.24 to 4.27 show, the deviations seen by varying the range of the fifth
force in the symmetron model bears close resemblance to the deviations seen by varying
|fR0 − 1| in the chameleon model, in particular after turnaround. The fact that there
is little deviation at turnaround in the symmetron model is explained by the choice of
the symmetry breaking redshift zssb = 1 which, as seen in Figures 4.18, 4.19 and 4.20a,
occur close to turnaround. When the symmetry breaking occur close to turnaround it is
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Figure 4.25: Heatmap displaying the relative deviation of the density at viri-
alization ∆vir in the symmetron model compared to the ΛCDM model as the
halo mass and length scale of the fifth force in vacuum L = [0.1, 10]Mpch−1

varies. The other model parameters are kept constant at β = 0.5 and
zssb = 1. There is a thick yellow straight line marking the largest deviation
from the ΛCDM model.

reasonable to expect little deviation at that time, but considerable deviations later. As
discussed previously all deviation at turnaround is a result of the difference in the initial
over density, δi, which is displayed in Figure 4.28. The relative deviation in the initial over
density is on the same scale as the relative deviation in ∆ta, which makes sense as it is the
driving factor for this deviation.

Finally, it is again noted that the choice of symmetry breaking redshift has large im-
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Figure 4.26: Heatmap displaying the relative deviation of the density at ”full
collapse” ∆c in the symmetron model compared to the ΛCDM model as the
halo mass and length scale of the fifth force in vacuum L = [0.1, 10]Mpch−1

varies. The other model parameters are kept constant at β = 0.5 and
zssb = 1. Again a thick yellow straight line mark the largest deviation from
the ΛCDM model.
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Figure 4.27: Heatmap displaying the relative deviation of the ratio between

the radius at turnaround and virialization R̃vir

R̃ta
in the symmetron model

compared to the ΛCDM model as the halo mass and length scale of the fifth
force in vacuum L = [0.1, 10]Mpch−1 varies. The other model parameters
are kept constant at β = 0.5 and zssb = 1. Here a thick blue straight line
mark the largest absolute deviation from the ΛCDM model.
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Figure 4.28: Heatmap displaying the relative deviation of the initial over
density δi in the symmetron model compared to the ΛCDM model as the
halo mass and length scale of the fifth force in vacuum L = [0.1, 10]Mpch−1

varies. The other model parameters are kept constant at β = 0.5 and
zssb = 1.

plications on the deviations at least until turnaround and that setting an earlier symmetry
breaking than done here might carry quite different results even at later times in the evolu-
tion.

4.4.3 Variation of the coupling β and halo mass

This section considers variations in the coupling constant β. 30 values of the coupling
constant ranging from a disappearing coupling β = 0 to a quite strong coupling β = 1.5 was
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considered for 30 halos with masses ranging from 1010h−1M� to 1018h−1M�. In total the
initial over density was fitted for collapse today for 900 different parameters. The range of
the fifth force is kept constant at L = 1h−1Mpc and the symmetry breaking redshift is kept
constant at zssb = 1. Once again the deviations are considered chronologically; the density
at turnaround; the density at virialization; the density at ”full collapse”; ratio between the
radius at virialization and turnaround.

Figure 4.29 display the relative deviations of the symmetron model in the parameter space
described above compared to a cosmological constant. For halos with masses < 1013h−1M�
there is no dependency on the halo mass, but a strong dependency on the coupling constant,
especially for coupling constants > 0.3. For halos with masses > 1013h−1M� it is clear that
the deviations get smaller and smaller for all values of the coupling constant. In particular
there is a quite rapid transition from the largest deviation to the smallest deviations for
halos with masses between ∼ 1014h−1M� and ∼ 1016h−1M�.

Consider now the relative deviations in the density at virialization displayed in Fig-
ure 4.30. As for the density at turnaround nothing special happens for halos with masses
< 1013h−1M�, but for masses just below 1014h−1M� larger deviations start to appear for
smaller coupling constants. In particular this effect reaches its maximum for halos of masses
∼ 0.5 × 1015h−1M� where it also, clearly, is amplified for larger coupling constants. If
this dip corresponds to a transition regime where the perturbations transition from being
fully unscreened at any point to never being fully unscreened, which seems reasonable, the
amplification in the effect for larger coupling constants is natural because the effective force
enhancement γeff ∝ β2 and the screening condition goes as ∆R/R ∝ β−1. Thus larger β
leads to a larger fifth force, but it also decreases the screening condition, i.e. the perturba-
tions are unscreened for a larger value of the ratio |φ∞ − φc|/|ΦN|.

The relative deviations in the density at ”full collapse” displayed in Figure 4.31 are quite
similar to, and at the same scale as the deviations in the density at virialization. For halos
with masses < 1013h−1M� the deviations in the density at virialization and at ”full collapse”
both resemble the deviation in the density at turnaround. Further, in the high mass it is
shifted towards higher masses due to the possible transition regime that manifests itself as
an increase in the deviation, but the shape is still similar.

Figure 4.32 display the relative deviations in the ratio of the radius at virialization and at
turnaround. While the largest absolute deviations for ∆vir and ∆c appear for halos of masses
slightly below 1015h−1M�, the largest deviation in the radius ratio appear for slightly larger
halos with masses slightly larger than 1015h−1M�. Although the largest deviation appear for
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Figure 4.29: Heatmap displaying the relative deviation of the density of
halos at turnaround, ∆ta, in the symmetron model compared to the ΛCDM
model as the halo mass and coupling constant β varies. The other paramet-
ers of the models are fixed at zssb = 1 and L = 1h−1Mpc

57 Chapter 4.4 Halvor Nafstad



Spherical collapse in ΛCDM, Chameleon and Symmetron models

1010 1011 1012 1013 1014 1015 1016 1017 1018

h 1M  

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

0.0000

0.0797

0.1593

0.2390

0.3187

0.3983

0.4780

0.5577

0.6373

0.7170

1 vir, symm

vir, CDM

Figure 4.30: Heatmap displaying the relative deviation of the density of
halos at virialization, ∆vir, in the symmetron model compared to the ΛCDM
model as the halo mass and coupling constant β varies. There is a clear dip
for halos of masses between 1014h−1M� and 1015h−1M� that is dampened
as the coupling constant goes to zero. The other parameters of the models
are fixed at zssb = 1 and L = 1h−1Mpc

larger masses, the increased deviation appear for smaller masses when the coupling constant
is smaller. This effect is not present for the deviations in ∆vir and ∆c, but it is probably
related to the rapid transition in the deviations of ∆ta for the masses in the same range.

Finally, the deviations in the initial overdensity δi is displayed in Figure 4.33. It appears
very similar to the density at turnaround in Figure 4.29, which is to be expected when
the choice of the symmetry breaking redshift implies that all deviations before turnaround
are due to the deviations in the initial overdensity. Further, it is obvious that the largest
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Figure 4.31: Heatmap displaying the relative deviation of the density of
halos at ”full collapse”, ∆c, in the symmetron model compared to the ΛCDM
model as the mass and coupling constant β varies. There is a clear indent-
ation around β = 0.6 that is dampened for halos with larger masses. The
other parameters of the models are fixed at zssb = 1 and L = 1h−1Mpc
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Figure 4.32: Heatmap displaying the relative deviation of the radius of halos
at virialization R̃vir and turnaround R̃ta in the symmetron model compared
to the ΛCDM model as the mass and coupling constant β varies. There is
a clear dip for halos of masses between 1014h−1M� and 1016h−1M�. The
largest absoulute deviation from the cosmological constant occur for halos
of mass ∼ 1015h−1M� in models with a large coupling constant β ≥ 1.3.
The other parameters of the models are fixed at zssb = 1 and L = 1h−1Mpc.

deviation in the initial overdensity is present for halos of masses < 1013h−1M� and large
coupling constant, which is natural given the role of the coupling constant in the effective
force enhancement.
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Figure 4.33: Heatmap displaying the relative deviation of the initial over-
density δi in the symmetron model compared to the ΛCDM model as the
mass and coupling constant β varies. The other parameters of the models
are fixed at zssb = 1 and L = 1h−1Mpc.
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4.4.4 Variation of the symmetry breaking redshift zssb and halo
mass

This section considers variations in the final parameter of the symmetron model. 30 values of
the symmetry breaking redshift ranging from zssb = 0, i.e. never, to zssb = 3 was considered
30 for halos with masses between M = 1010h−1M� and M = 1018h−1M�. In total the initial
over density was fitted for collapse today for 900 different parameters. This is by far the most
intriguing parameter to vary because there is some very special behaviour for small halos
and late symmetry breaking. This behaviour has already been indicated in Figure 4.21c
where it was clear that for some set of the parameters the density at turnaround was larger
than it is for a cosmological constant, whereas for all other parameters in the symmetron
model it is smaller or the same. This was also true for the chameleon model, no parameter
values gave such a deviation at turnaround.

It was also seen in Figures 4.22c and 4.23c that this behaviour was not present for the
same parameters later in the evolution of the perturbations, but could a similar behaviour
be observed for some other sets of the parameters?

In Figure 4.34 the effect discussed above is clearly visible with a dark blue region for
symmetry breaking redshifts between zssb ∼ 0.5 and zssb ∼ 0.7 for halos with masses M ≤
0.5×1015h−1M�. Further, it was postulated earlier that there might be some zssb that gives
the same deviation for all masses, from Figure 4.34 this is obviously not true since the dark
blue area appear for earlier symmetry breaking as the masses approach the maximum end of
this spectrum. It is clear, however, that for halos with masses M ≤ 0.5× 1015h−1M� there
is close to zero deviation for very late symmetry breaking zssb < 0.25 and somewhat earlier
symmetry breaking zssb ∼ 0.75, i.e. there are possibly two separate starting points for the
symmetry breaking parameter space. It appears that this strange feature occur when the
symmetry breaking happens close to turnaround.

It is worth to note that for the earlier symmetry breaking zssb ∼ 0.8 there is a small
indentation for masses M ∼ 0.5 × 1012h−1M� where the deviation is slightly smaller for
earlier symmetry breaking.

After these strange features, i.e. for earlier symmetry breaking zssb ≥ 0.8 the transition
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Figure 4.34: Heatmap displaying the relative deviation of the density at
turnaround ∆ta in the symmetron model compared to the ΛCDM model
as the halo mass and symmetry breaking redshift zssb varies. The other
model parameters of the model is fixed at L = 1h−1Mpc and β = 0.5.
A curious indentation where ∆ta is larger for the symmetron than for a
cosmological constant appear for models with a symmetry breaking redshift
between zssb ∼ 0.25 and zssb ∼ 0.7. For halos with masses M ≥ 1015h−1M�
this effect is not present.
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Figure 4.35: Heatmap displaying the relative deviation of the density at
virialization ∆vir in the symmetron model compared to the ΛCDM model
as the halo mass and symmetry breaking redshift zssb varies. The other
model parameters of the model is fixed at L = 1h−1Mpc and β = 0.5. For
halos with masses M ≤ 1015h−1M� in models with a symmetry breaking
redshift between zssb ∼ 0.1 and zssb ∼ 0.25, ∆vir is significantly larger for
the symmetron model than the ΛCDM.

is quite smooth and resembles the transition seen for the coupling constant β with larger
deviations as the symmetry breaking occur earlier and smaller deviations as the masses
increase.

Now consider relative deviations in the density at virialization displayed in Figure 4.35.
It is clear that the parameters which yielded negative relative deviations in the density at
turnaround yield very little deviation at virialization. This is also reflected in Figure 4.22c
where the absolute values of the densities for zssb = 0.5 are much closer to the cosmological
constant than the other redshifts. Even so, there is an area with a symmetry breaking
redshift between zssb ∼ 0.1 and zssb ∼ 0.25 and masses M ≤ 1014h−1M� with large negative
deviations. This means that there exist a set of parameters where the density at virialization
is larger in the symmetron model than for a cosmological constant. What is noteworthy is
that it is not the same set of parameters that yielded similar results at turnaround. The
masses are similar and it occur for fairly late symmetry breaking in both instances. However,
the largest deviations observed at virialization occur for symmetry breaking redshifts that
yield little or no deviation at turnaround, and vice versa.

Another interesting feature observed in Figure 4.34 was the small indentation for sym-
metry breaking around zssb ∼ 0.8 and halo masses around M = 0.5 × 1012h−1M�. This
feature is present at virialization as well, although for slightly smaller halo masses and
slightly earlier symmetry breaking.

Further, the dips present for the other model parameters is present for variation in
the symmetry breaking as well. However, its manifestation differs from variations in the
coupling constant, where it was independent of the halo mass, and the range of the fifth
force, where it was approximately linear. For variations in the symmetry breaking it slightly
depends on the mass, but heavily depends on the symmetry breaking. For smaller masses
the increase in deviations occur for later symmetry breaking while for larger masses (until
M ∼ 1016h−1M�) the increase occur for earlier symmetry breaking. Further, the increase
is present for symmetry breaking as late as zssb ∼ 0.4 for halos with mass M ∼ 0.5 ×
1014h−1M�, but for later symmetry breaking there is no evidence of the increase.

Finally, there is another strange occurrence for symmetry breaking zssb ≥ 2.75 for halos
with masses between M ∼ 1015h−1M� and M ∼ 1016h−1M� where the deviation diverges
from the general trend and gets smaller instead of larger.
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Figure 4.36: Heatmap displaying the relative deviation of the density at
”full collapse” ∆c in the symmetron model compared to the ΛCDM model
as the halo mass and symmetry breaking redshift zssb varies. The other
model parameters of the model is fixed at L = 1h−1Mpc and β = 0.5. As
with the density at virialization the density at full collapse is significantly
larger for halos with masses M ≤ 1015h−1M� in models with a symmetry
breaking redshift between zssb ∼ 0.1 and zssb ∼ 0.25 in the symmetron
compared to the ΛCDM model, although the difference is not quite as huge.

Figure 4.36 display the relative deviations in the density at ”full collapse”, which appear
to be quite similar to the deviations at virialization although the deviations are slightly
smaller at ”full collapse”. In particular the area of larger density, i.e. negative deviation,
stretches to slightly larger masses for the density at ”full collapse” and the indentation with
symmetry breaking zssb ∼ 0.8 and halo masses M = 0.5 × 1012h−1M� is slightly more
pronounced.

Now consider relative deviations in the ratio of the radius at virialization and at turn-
around, displayed in Figure 4.37. Recall from Figures 4.12, 4.27, 4.32 and 4.37 that both
positive and negative relative deviations are common here, but that the largest deviations
are commonly associated with a transition regime in the parameter space. In Figure 4.37
the largest deviations are, once again, located for masses M < 1014h−1M� and symmetry
breaking between zssb ∼ 0.1 and zssb ∼ 0.25. This is also the only area where the radius
ratio is larger for the symmetron than a cosmological constant.

Further, the dark blue area where the largest positive deviations are located at slightly
higher masses than the increase of deviation in, e.g. Figure 4.35, which is also a common
occurrence. The largest deviations in the radius ratio is normally located for slightly higher
masses than the deviation in the density at virialization. Even though it is shifted towards
higher masses, the dark blue area closely tracks the increased deviation seen for ∆vir and
∆c.

Finally, note that the indentation seen in Figures 4.35 and 4.36, at zssb ∼ 0.8, M =
0.5 × 1012h−1M�, is absent in Figure 4.37. In fact this applies to all deviations seen with
the exception of the possible transition regime for masses between M ∼ 1014h−1M� and
M ∼ 1016h−1M� and the strange deviations seen at low masses for very late symmetry
breaking.

Now, finally consider the relative deviations in the initial overdensity δi displayed in
Figure 4.38. Generally these deviations behave as one would expect, going to zero in the
high mass and late symmetry breaking limits. The indentation at zssb ∼ 0.8, M = 0.5 ×
1012h−1M� is present however, but all the other strange deviations are absent. It is of
particular note that the initial overdensity in the region zssb < 0.25, M < 1014h−1M� is
close to or zero, i.e. the initial overdensity is very close to the initial overdensity of the
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Figure 4.37: Heatmap displaying the relative deviation of the ratio between

the radius at turnaround and virialization R̃vir

R̃ta
in the symmetron model

compared to the ΛCDM model as the halo mass and symmetry breaking
redshift zssb varies. The other model parameters of the model is fixed at
L = 1h−1Mpc and β = 0.5. Halos with masses M ≤ 1015h−1M� in models
with a symmetry breaking redshift between zssb ∼ 0.1 and zssb ∼ 0.25 show
a large deviation from the cosmological constant, just as in Figures 4.34
to 4.36

ΛCDM, but the evolution of the perturbations must be quite different.

The strange deviations observed for the symmetron model, when the symmetry breaking
is varied, warrants further investigation in these particular regions.

In [22] it was speculated that if the symmetron coupling is not conformal, that the
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Figure 4.38: Heatmap displaying the relative deviation of the initial over-
density δi in the symmetron model compared to the ΛCDM model as the
halo mass and symmetry breaking redshift zssb varies. The other model
parameters of the model is fixed at L = 1h−1Mpc and β = 0.5. The indent-
ation that can be seen in Figures 4.35 and 4.36 is clearly visible for symmetry
breaking redshifts zssb ∼ 0.8 and halo masses M = 0.5× 1012h−1M�.
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symmetron also couples to photons the acclaimed observation of a time varying fine-structure
constant in the redshift range 0.2 < z < 3.7 might be the result of the varying symmetron
scalar field. This is obviously purely speculative and beyond the scope of this thesis, but if
a time varying fine-structure constant puts a late constraint on the symmetry breaking to
occur before z = 0.2 the area of increased density at virialization would be considered out
of range of the model.

Since this possible constraint on the symmetry breaking is more or less pure specu-
lation, an effort should be done to understand the deviations in the region zssb ≤ 0.2,
M ≤ 1014h−1M�. In particular, a halo with the mass M = 5.736 × 1012h−1M� and sym-
metry breaking at zssb = 0.103 obtains virialization at a = 0.948. Meanwhile, the same
symmetry breaking for larger halo with mass M = 1.172× 1016h−1M� obtains virialization
at a = 0.919. This is obviously just one instance that is checked, but if this holds true for
all parameters in the range it means that a very late symmetry breaking leads to delayed
virialization for small halos. This would explain the large densities in this range of the
parameter space.

4.4.5 Variation of the range of the fifth force and the symmetry
breaking redshift

Now that the variations in the symmetron parameters have been investigated for a range of
halo masses it might be interesting to see what happens if the halo mass is kept constant
with one of the parameters and the other two are varied. Since variations of the coupling
constant resulted in the least interesting deviations this section considers variations in the
most interesting parameter, the symmetry breaking redshift zssb and the range of the fifth
force in vacuum L. The mass is kept constant at M = 1014h−1M� and the coupling is set
to β = 0.5, and the ranges of the other two parameters are the same as before; zssb = [0, 3]
and L = [10−1, 101]h−1Mpc. As before the variations are considered chronologically.

Figure 4.39, which display the deviations in the density at turnaround when the sym-
metry breaking redshift and range of the fifth force is varied, is almost a mirror image of
Figure 4.34 in shape and carries almost exactly the same deviations. There are some small
differences, however. In particular the indentation at zssb ∼ 0.8 is lacking here, the devi-
ations at L = 10−1h−1Mpc are larger than the deviations for M = 1018h−1M� was and the
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Figure 4.39: Heatmap displaying the relative deviation of the density at
turnaround ∆ta in the symmetron model compared to the ΛCDM model
as the symmetry breaking redshift zssb = [0, 3] and length scale of the fifth
force in vacuum L = [0.1, 10]Mpch−1 varies. The other model parameters
are kept constant at β = 0.5 and M = 1014h−1M�.
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Figure 4.40: Heatmap displaying the relative deviation of the density at
virialization ∆vir in the symmetron model compared to the ΛCDM model
as the symmetry breaking redshift zssb = [0, 3] and length scale of the fifth
force in vacuum L = [0.1, 10]Mpch−1 varies. The other model parameters
are kept constant at β = 0.5 and M = 1014h−1M�. For late symmetry
breaking and a long acting fifth force there is a large deviation from the
ΛCDM, similar to what was observed for the mass and symmetry breaking
redshift variation in Figure 4.35.

10 1 100 101

L h 1Mpc

0.0

0.5

1.0

1.5

2.0

2.5

3.0

zssb

1.037

0.891

0.745

0.600

0.454

0.308

0.163

0.017

0.129

0.275

1 c, symm

c, CDM

Figure 4.41: Heatmap displaying the relative deviation of the density at
”full collapse” ∆c in the symmetron model compared to the ΛCDM model
as the symmetry breaking redshift zssb = [0, 3] and length scale of the fifth
force in vacuum L = [0.1, 10]Mpch−1 varies. The other model parameters
are kept constant at β = 0.5 and M = 1014h−1M�. Again there is a similar
behaviour as in Figure 4.36 with the largest deviation occurring for late
symmetry breaking and a long acting fifth force.

dark blue area covers more of the figure, but it is reasonable to assume that allowing the
range of the fifth force to go below 10−1h−1Mpc would remedy these two last points and
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Figure 4.42: Heatmap displaying the relative deviation of the ratio of the

radius at turnaround and virialization R̃vir

R̃ta
in the symmetron model com-

pared to the ΛCDM model as the symmetry breaking redshift zssb = [0, 3]
and length scale of the fifth force in vacuum L = [0.1, 10]h−1Mpc varies. The
other model parameters are kept constant at β = 0.5 and M = 1014h−1M�.
This also look strikingly similar to what is presented in Figure 4.37. The
largest deviation occur for late symmetry breaking and a long acting fifth
force.

make an almost perfect mirror image.
Just like the deviations in the density at turnaround, the deviations in the density at

virialization displayed in Figure 4.40 bear a striking resemblance to Figure 4.35. Again, the
only feature lacking is the indentation at zssb ∼ 0.8, but there is slightly more deviation
when the range of the fifth force is varied, compared to when the halo mass is varied.

The pattern described above repeats itself at ”full collapse” in Figure 4.41, for the radius
ratio in Figure 4.42 and for the initial overdensity in Figure 4.43. Why is it that these ranges
of the fifth force appear to have an inverse relationship with the halo masses in the deviations
they induce?

A reasonable line of thought is that in the units used for calculation, both the range
of the fifth force and the halo mass can be considered length scales with units of eV−1.
Additionally, from equation (3.91) there is a L2 dependency on the screening condition from
the scalar field and from the Newtonian potential there is a M−2/3 dependency on the halo
mass on the screening condition.

Further, the increased deviations with longer acting fifth forces seen for all masses in-
dicates that a shorter acting fifth force might result in more screened halos. Meanwhile,
large halos appear to generally be less screened than smaller halos. This may be part of
the explanation as to why this inverse relationship is observed. If this holds true the areas
with large densities is a signature of fully unscreened perturbations with very late symmetry
breaking.
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Figure 4.43: Heatmap displaying the relative deviation of the initial over-
density in the symmetron model compared to the ΛCDM model as the
ymmetry breaking redshift zssb = [0, 3] and length scale of the fifth force in
vacuum L = [0.1, 10]h−1Mpc varies. The other model parameters are kept
constant at β = 0.5 and M = 1014h−1M�.

4.4.6 Transition regime in the symmetron model

Above it was proposed that the dips related to a larger deviation of the symmetron model
from the cosmological constant might be the effect of a transition regime in the parameter
space, similar to what was found in the chameleon model in Section 4.3.1. In this subsection
this possibility is investigated by doing variations in the parameters of the symmetron model
and considering their effect on the radial evolution and fifth force. Further, since the runs
that was used to make the heatmaps are used here to investigate the possible transition
regime, the values of the varied parameter is never exactly the value varied around.

The easiest way to find the exact values for the extrema is to consider Figure 4.30, where
all the largest deviations occur at approximately the same mass. Then it is easy to find a
value close to β ∼ 0.5 and locate the mass corresponding to the largest deviations. This
mass turns out to be M ∼ 4.9 × 1014h−1M�, and all the variations are done for this mass
as variations in all parameters has been seen to display local deviations at this mass. First,
variations in the range of the fifth force around L = 1h−1Mpc is considered before variations
in the coupling constant around β = 0.5 are considered and finally variations around the
symmetry breaking redshift zssb = 1 is considered.

Variations around L = 1Mpch−1

Consider variations in the range of the fifth force in vacuum around L = 1Mpch−1 with a
coupling constant β = 0.5 and a symmetry breaking redshift zssb = 1. The exact values of
the range of the fifth force used is L = [0.42, 0.92, 2.04]h−1Mpc and the mass is, as mentioned
M ∼ 4.9× 1014h−1M�.

Figure 4.44 show the radial evolution of perturbations in symmetron models with the
parameters set above. As one should expect, the shorter acting fifth force results in an
evolution closer to the cosmological constant than the longer acting fifth forces. The radial
evolution with L = 0.92h−1Mpc and L = 2.04h−1Mpc are quite similar, although the latter
has a larger radius at turnaround and a smaller radius at virialization than the former. This
corresponds well with Figure 4.25, where the largest deviation at virialization for this mass
should be close to L = 1.

Figure 4.45 display the effective force enhancement γeff in symmetron models with the
parameters set above. As proposed above, Figure 4.45 indicates a transition regime around
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Figure 4.44: The radial evolution R̃ of perturbations in the symmet-
ron model with varying ranges of the fifth force in vacuum L =
[0.42, 0.92, 2.04]h−1Mpc (blue, red and green, respectively), a coupling con-
stant β = 0.5 and symmetry breaking occuring at zssb = 1.

L = 1h−1Mpc, zssb = 1 and β = 0.5 in which perturbations goes from being fully unscreened
at some point to only being partially unscreened. Further, it is clear that this transition
regime starts for ranges of the fifth force L > 0.92h−1Mpc, as this value already displays a
partial unscreening, but the effective force enhancement for this value is much closer to the
maximum value allowed for β = 0.5 than the partial unscreening seen for L = 0.42h−1Mpc.

Thus, when only the range of the fifth force in a vacuum is increased the effective force
enhancement increase, but the initial increase after symmetry breaking seems to be quite
rapid for all three values and at least the lower two appear to reach their maximum at
roughly the same time, close to a ∼ 0.71. Hence, the only clear difference observed when
varying the range of the fifth force is the maximum value of the effective force enhancement.
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Figure 4.45: The effective force enhancement γeff in the symmetron model
with varying ranges of the fifth force in vacuum L = [0.42, 0.92, 2.04]h−1Mpc
(blue, red and green, respectively), a coupling constant β = 0.5 and sym-
metry breaking occuring at zssb = 1.
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Variations around β = 0.5
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Figure 4.46: The radial evolution R̃ of perturbations in the symmetron
model with varying coupling constants β = [0.26, 0.52, 0.78] (blue, red and
green, respectively), a symmetry breaking occuring at zssb = 1 and range of
the fifth force L = 1h−1Mpc.

Now consider variations in the coupling constant around β = 0.5 when the range of
the fifth force, the symmetry breaking redshift and the halo mass are kept constant at
L = 1h−1Mpc, zssb = 1 and M ∼ 4.9× 1014h−1M�, respectively. The exact values used for
the coupling constant are β = [0.26, 0.52, 0.78].

Figure 4.46 display the radial evolution of perturbations when the parameters are varied
as described above. It is clear that variations in the coupling constant lead to a larger
maximum radius at turnaround and a lower density at virialization, which is exactly what
should be expected based on Figure 4.30.

Further, it is expected that varying the coupling constant primarily should have an effect
on the maximum value allowed for the effective force enhancement, since the maximum value
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Figure 4.47: The effective force enhancement γeff in the symmetron model
with varying coupling constants β = [0.26, 0.52, 0.78] (blue, red and green,
respectively), a symmetry breaking occuring at zssb = 1 and range of the
fifth force L = 1h−1Mpc.
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Figure 4.48: The radial evolution R̃ of perturbations in the symmetron
model with a varying symmetry breaking β = [0.52, 1.03, 2.07] (blue, red and
green, respectively), range of the fifth force L = 1h−1Mpc and a coupling
constant β = 0.5.

allowed is γeff,max = 2β2. In Figure 4.47 this is clearly the case and as might be expected
from Figure 4.30, variations in the coupling constant does not kick the perturbations out
of the transition regime and none of the three values for the coupling constant causes the
perturbations to be fully unscreened.

Variations around zssb = 1

Now consider variations in the symmetry breaking redshift around zssb = 1 when the range
of the fifth force, coupling constant and mass are kept constant at L = 1h−1Mpc, β = 0.5
and M ∼ 4.9× 1014h−1M�, respectively. The exact values used for the symmetry breaking
redshift are zssb = [0.52, 1.03, 2.07].

Figure 4.48 display the radial evolution of perturbations when the symmetry breaking
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Figure 4.49: The effective force enhancement γeff in the symmetron model
with a varying symmetry breaking β = [0.52, 1.03, 2.07] (blue, red and green,
respectively), range of the fifth force L = 1h−1Mpc and a coupling constant
β = 0.5.
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redshift is varied as described above. For the latest symmetry breaking, zssb = 0.52, the
perturbation is screened for a while after turnaround, and very little deviation from a cos-
mological constant is seen. For the medium zssb = 1.03 symmetry breaking occur close to
turnaround and as explained for before most of the deviation before this is due to the altered
initial overdensity. A very similar case was considered at the beginning of Section 4.4, but
with zssb = 1 and M = 1014h−1M�. For the earliest symmetry breaking considered here,
zssb = 2.07, the symmetry breaking occur well before turnaround and thus the perturbation
is unscreened for a while. This appears to give an evolution resembling the chameleon model
in Figures 4.4 and 4.18, but that particular case of the chameleon reached a lower maximum
radius at turnaround since it was unscreened earlier, from roughly a ∼ 0.2.

The effective force enhancement for the perturbations discussed above can be seen in
Figure 4.49 and it is clear that a later symmetry breaking means that unscreening hap-
pens later, which should be expected since the scalar field is zero until symmetry breaking.
Further, variations in the symmetry breaking also support the transition regime since the
earliest symmetry breaking leads to a totally unscreened perturbation and the other two
only being partially unscreened. zssb = 1.03 almost gets totally unscreened, but it never
fully happens and for zssb = 0.52 the partial unscreening is very small. It has also been seen
in Figure 4.20a that just a slightly smaller halo mass leads to total unscreening for zssb = 1
and M = 1014h−1M�. This implies that the transition regime exists for variations in the
mass as well, in particular because the analysis done here indicates that a shorter acting
range of the fifth force should lead to more screening/less unscreening. The variation in the
mass from M ∼ 4.9× 1014h−1M� to M = 1014h−1M� counteract this effect.

Another feature of variations in the symmetry breaking redshift is that the redshift at
which the effective force enhancement reaches its maximum value is moved in accordance
with the symmetry breaking, i.e. later symmetry breaking means a later occurrence of the
maximum force enhancement.

4.4.7 High density regions

At the end of Section 4.4.5 it was postulated that the mirroring of the deviations seen in
Section 4.4.5 and Section 4.4.4 might be due to the effect the halo mass and range of the
fifth force has on the degree of screening. It has also been suggested that the areas of large
densities at virialization in Figures 4.35 and 4.40 is caused by the late symmetry breaking.
This section will make an attempt to answer these two questions by considering perturba-
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Figure 4.50: Radial evolution of perturbations in the symmetron model with
the parameter values A, B and C. The two perturbations that lie in the high
density regions in the parameter spaces track each other almost perfectly
and continuously have a smaller radius than the perturbation outside the
high density regions.
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tions inside the regions of large densities at virialization and one perturbation outside these
regions.

In particular perturbations with the following sets of parameters has been chosen for
consideration in this section:

A) A perturbation in the high density region with a mass M = 1014h−1M�, symmetry
breaking at zssb = 0.103 and a range of the fifth force L = 5.3h−1Mpc

B) A perturbation in the high density region with a mass M = 1012h−1M�, symmetry
breaking at zssb = 0.103 and a range of the fifth force L = 1h−1Mpc

C) A perturbation outside the high density regions with a mass M = 1014h−1M�, symmetry
breaking at zssb = 1.034 and a range of the fifth force L = 0.92h−1Mpc

The coupling constant for all runs was β = 0.5 and the data are from the same runs that
produced the heatmaps.

Figure 4.50 show the radial evolution of the perturbations A, B and C. It is clear that
the two perturbations inside the high density regions track very close to one another, even
though the masses and ranges of the fifth force are very different. They turn around at the
same time and achieve virialization at roughly the same time.

Figure 4.51 display the effective force enhancement for perturbations in the symmetron
model with the parameters A, B and C. As it was proposed, the perturbations in the
high density regions (A and B) are fully unscreened very rapidly after symmetry breaking.
Further, these perturbations (A and B) are virialized at aA ' 0.9525 and aB ' 0.9527 while
the perturbation outside the high density region virialize at aC ' 0.9236. This means that
A and B become fully unscreened around the time that C virializes.

The effect of delayed virialization with late symmetry breaking can be understood ana-
lytically. Consider the virialization condition (equation (2.35)), where it is known that the
second Friedmann equation and, hence, the effective force enhancement play a crucial role.
As a reminder, virialization occur when the condition K̄/W̄ = 1/2 is satisfied. Since an
increase in the effective force enhancement leads to an increase in the potential energy W̄
it makes a lot of sense that the kinetic energy needs to be larger at virialization.

For early symmetry breaking this is taken care of by the increased radial acceleration
which makes the kinetic and potential energy match around the normal redshift. However,
when symmetry breaking occur very late there is nearly no time for the increased radial
acceleration to do any work, and as an effect the time of virialization is delayed. This
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Figure 4.51: The effective force enhancement of perturbations in the sym-
metron model with the parameter values A, B and C. The two perturbations
are screened until symmetry breaking and are fully unscreened almost imme-
diately. The perturbation outside the high density region is also unscreened
rapidly at the given symmetry breaking.
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delayed virialization means that the perturbations virialize at a smaller radius, and thus
perturbations have a larger density at virialization.

Further, it has been seen in Section 4.4.6 that a short acting fifth force or massive halos
means that the halo is only partly unscreened, if not fully screened. This alone may explain
why the high density regions disappear for short acting fifth forces and massive halos.

4.4.8 Concluding remarks on the symmetron model

Wide parameter spaces was considered in the symmetron parameters L, zssb and β, in the
spherical collapse framework. It was observed that a shorter acting fifth force in general
lead to less deviation from a cosmological constant with the exception of a regime in which
the deviation increased, resembling what was observed for the chameleon model. It was also
observed that the limits of the coupling constant behaved as expected, i.e. larger values
of the coupling constant lead to larger deviations from the cosmological constant. Further,
in the hard limits of the symmetry breaking redshift, i.e. for zssb < 0.1 and zssb → 3 the
deviations from the cosmological constant behaved as expected with little or no deviation
for zssb < 0.1 for all masses and larger deviations for as zssb → 3 in the range 0.8 < zssb < 3.
However, three particularly interesting features was observed:

i) A locally small deviation from the cosmological constant at t zssb ∼ 0.8 for halo masses
M ∼ 0.5× 1012h−1M�.

ii) A high density regime for halos with masses M ≤ 1014h−1M� and symmetry breaking
in the range 0.25 < zssb < 0.75 at turnaround.

iii) A high density regime for halos with masses M ≤ 1014h−1M� or a range of the fifth force
L ≥ 2h−1Mpc and symmetry breaking in the range 0.1 < zssb < 0.25 at virialization.0

Unfortunately there has not been enough time to investigate all of these three regimes
since the focus has been on the transition regime in both screening models, but it can be
speculated that i) is purely a result of numerical inaccuracy. There is no other obvious
explanation for such a local deviation in the parameter space. Further, for iii) it can be
speculated that the acclaimed observation of time variations in the fine-structure constant
might be the result of a changing scalar field. This would constrain the symmetry breaking
to occur before z = 0.2 and make the results obtained here for later symmetry breaking
meaningless and thus make any further investigation into this regime unnecessary. However,
this is an extremely speculative constraint on the symmetry breaking redshift since the
acclaimed observations of the time varying fine-structure constant is hugely debated.

The speculation above does not explain why the high density regions are present in the
results of this thesis, but in Section 4.4.7 they are explained as a signature of very late, full
unscreening of perturbations. In particular, the late and total unscreening leads to a delay
in virialization which, in turn lead to increased densities at virialization.

Just as in the chameleon model, significant local deviations in the parameter space was
found for all parameters of the symmetron model. Similar to the chameleon model the local
deviations in the parameter spaces of the symmetron model turned out to be the signature
of a transition regime in which perturbations go from being fully unscreened at some point
in the evolution to ever only being slightly unscreened. In particular the transition regime
exists in the range of the fifth force and for the symmetry breaking redshift, but not for
the coupling constant. This is because the coupling constant just alters the maximum force
enhancement of the model and not the degree of screening. However, the range of the fifth
force primarily affect the degree of screening in and after the transition regime, while the
symmetry breaking redshift alters both the time of unscreening, the degree of screening in
and around the transition regime and the redshift of the maximum force enhancement for
partly unscreened perturbations.

Further, the results obtained from variations of the range of the fifth force for differ-
ent halo masses in the symmetron model was very similar to the results obtained for the
chameleon model. This can probably be explained by a consideration of the Compton
wavelength, i.e. the range of the fifth force in a vacuum given through m2

∞ = Veff,φφ(φ∞),
in the chameleon model which has a dependency on the parameter |fR0

−1|. Thus a change
in this parameter induces a change in the range of the fifth force in the chameleon model.
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Finally, it was found that when the range of the fifth force and the symmetry breaking
redshift was varied, the results mirrored the results found when the symmetry breaking is
varied with the halo masses. This is explained as a result of how the halo mass and range
of the fifth force alters the degree of screening.
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Chapter 5

Conclusions

The aim of this thesis has been to investigate the effects of the screening mechanisms known
as the chameleon and symmetron models on structure formation by considering these models
in the spherical collapse framework. By doing this investigation it was also an aim to find
ways to distinguish the models from one another as well as finding similarities in the models.

5.1 Summary

The spherical collapse framework is an easy exit from linear perturbation theory into the
nonlinear regime of structure growth, and the entire history of a perturbation is described
by the second Friedmann equation, see equation 4.57. In the Friedmann equation the force
enhancement γ of the model enters in the matter term and it is then an easy way to in-
vestigate the implications of screening models on structure formation. Since the spherical
collapse model has zero internal pressure structures cannot stabilize a virialization criterion
has to be implemented after the calculations are done. This virialization criterion provide
the main result of the spherical collapse model; the relative density of virialized objects ∆vir.

Two inherently different screening mechanisms has been considered in this thesis: The
chameleon mechanism and the symmetron model. Both models are characterized by a
scalar field that couples conformally to matter, but the coupling and the conditions under
which the scalar field influences matter are different between the two models. Particularly,
in the chameleon model the range of the fifth force is altered by the density, whereas in
the symmetron model the coupling strength is altered by the density and objects are only
unscreened when the symmetry is broken. Further, the chameleon model only has one
parameter free parameter in this work, |fR0

− 1|, aside from the halo mass, while the
symmetron model has three parameters; the range of the fifth force in a vacuum L; the
coupling constant β; the symmetry breaking redshift zssb.

Even though these models are inherently different they should display some common
features since they are both screening models. In particular the parameter spaces of each
model should have three regimes:

i) A set of parameters where the fifth force is always screened. This set of parameters
should lead to little or no deviation from the cosmological constant.

ii) A set of parameters where the fifth force is partly unscreened. This set of parameters
is characterized by varying deviations from the cosmological constant throughout the
parameter space of the regime. It is also characterized by a non-zero and sub-maximal
effective force enhancement.

iii) A set of parameters where the fifth force is fully unscreened. This set of parameters is
characterized by large deviations from the cosmological constant and an effective force
enhancement that reaches its maximally allowed value.

The three regimes described above were found to exist in both the chameleon and the
symmetron model. In the chameleon model the regimes i) and ii) exists for some value of
the parameter |fR0

− 1| at all halo masses while the regime iii) does not exist for the largest
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halos. The partly and fully unscreened regimes (ii) and iii)) are characterized by a lower
density at virialization, with the lowest densities appearing for parameters in the regime
iii). It has also been observed a local area in the parameter space with densities close to the
lowest densities found in the third regime. This last area turned out to be a signature of
the transition from the regime ii) to the regime iii), and was therefore dubbed the transition
regime, see Section 4.3.1.

In the symmetron model all three regimes exists as well. For the range of the fifth force
L all three regimes exists and have a signature very reminiscent of the chameleon model.
There is, however, one remarkable difference in the signature of the transition regime for L:
it is characterized by the smallest densities in the whole parameter space, see Section 4.4.2.

For the coupling constant β the transition regime exists, but it is a result of variation
in the masses rather than the coupling constant. Thus, the transition regime exist for all
values of the coupling constant explored in this work, larger than β ∼ 0.18, in a certain mass
range. The regime i) exists for all values of the coupling constant, but while small coupling
constants are in this regime for all masses, for large coupling constants it only exist for the
largest halos.

All three regimes exists for the symmetry breaking redshift as well. However, they do not
exist for all halo masses. The smaller masses was found to generally be in regime iii) while
larger masses was in either regime i) or ii), depending on the symmetry breaking redshift.
In particular, early symmetry breaking increased the degree of unscreening. The same was
found to be true for the transition regime, it occur for larger halos when symmetry breaking
occur earlier in the evolution.

A fourth regime turned out to exist for the symmetry breaking redshift. This fourth
regime existed both for variations in the halo mass and the range of the fifth force, and was
characterized by a larger density at virialization in the symmetron model than in the ΛCDM
model. It was speculated wether this region is outside the range of the symmetry breaking
parameter space, but since this was based on hugely debated observations the regions were
investigated in Section 4.4.7. It was found that the large densities at virialization are a
signature of very late and complete unscreening, leading to a delay in virialization.

5.2 Outlook

The key observable presented in this thesis is the density at virialization ∆vir and the only
way to test the results obtained in this work is to compare them to N-body simulations and
observations. However, in reality the density profile of halos are not spherically symmetric
with a hard cutoff, but closer to the NFW profile without a clear edge. Additionally, the
uniform background density in the spherical collapse model is not a perfect representation
of the density outside a halo: There may exist local regions of lower density. In particular,
for the symmetron model such regions surrounding halos would lead to an earlier symmetry
breaking than what is indicated by the symmetry breaking redshift.

Also, the spherical collapse framework in this work is neglecting shell-crossing which may
lead to inhomogeneous density and in time would lead to caustics. Additionally [14] points
out that the modification of gravity induced by the chameleon would not be spherical, which
could cause inhomogeneity and amplify already existing inhomogenieties. Thus, including
this non spherical chameleon field and small inhomogeneities in the matter distribution
would give a more precise image of the spherical gravitational collapse.

Further, the basis for making observations for these results is slim. Since all halos in this
work are fitted to produce collapse today virialization usually occur at a redshift z ∼ 0.11.
Thus, there is a limited amount of clusters that would be relevant for observations with
respect to this work. Hence, the results of this work should be checked against N-body
simulations.

It is also worth to note that structures in the universe rarely are perfect spheres, but
they are rather elliptical. Therefore it would be interesting to extend the work done in this
thesis to a framework with ellipsoidal collapse.

Finally, since it has been observed that the symmetron and chameleon mechanisms has
many similar signatures the existence of a general parameterization of the force enhancement
γ is proposed. It has not been found yet, but since the transition regime has a similar
signature in both models, fitting this between the models is probably one of the keys. Other
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aspects that should be investigated closer in order to track down this parametrization include
how the force enhancement in the models behave with respect to the density of the halo and
the background.
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Appendix A

A.1 FLRW Friedmann equations in EdS

There is nothing new to the derivation of the Friedmann equations, and it can be found
in several textbooks, for example chapter 2.1 in [5]. For FLRW spacetime eq. (4.1) the
non-vanishing Christoffel symbols are

Γ1
11 =

Kr

1−Kr2
, Γ1

22 = −r(1−Kr2), Γ1
33 = −r sin2 θ(1−Kr2), (A.1)

Γ2
33 = − sin θ cos θ, Γ2

12 = Γ2
21 = Γ3

13 = Γ3
31 =

1

3
, Γ3

23 = Γ3
32 = cot θ (A.2)

and
Γ0
ij = a2Hγij , Γi0j = Γij0 = Hδij . (A.3)

This set of equations gives the Ricci tensor as

R00 = −3(H2 + Ḣ), R0i = Ri0 = 0,

Rij = a2

(
3H2 + Ḣ +

2K

a2

)
γij ,

(A.4)

which leads to the Ricci curvature scalar

R = 6

(
2H2 + Ḣ

K

a2

)
. (A.5)

Now the Einstein tensor, Gµν = gµαGαν , is

G0
0 = −3

(
H2 +

K

a2

)
G0
i = Gi0 = 0

Gij = −
(

3H2 + Ḣ +
2K

a2

)
.

(A.6)

The dynamics of this cosmology is now given by solving

Gµν = 8πGTµν (A.7)

with energy-momentum tensor as Tµν = (ρ+ P )uµuν + Pδµν , where uµ = (1, 0, 0, 0) is the 4-
velocity of the fluid in comoving coordinates. This means that the energy-momentum tensor
can be broken up into a timepart (µν = 00) and a spacepart (µν = ij), i.e. T 0

0 = −ρ and
T ij = Pδij , which means that ρ and P has the meaning of an energy density and pressure,
respectively. This gives the (00) and (ij) components of the Einstein equations (A.7) as

H2 =
8πG

3
ρ− K

a2
(A.8)

and

3H2 + 2Ḣ = −8πGP − K

a2
. (A.9)
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Equation (A.8) is the first Friedmann equation and eliminating K from the eqs. (A.8) and
(A.9) gives the seccond Friedmann equation:

ä

a
= −4πG

3

(
ρ+ 3P

)
. (A.10)

For the purpose of this thesis, where a flat universe is considered, K = 0 in the first
Friedmann equation (A.8).
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B.1 Fitting δi with the bisection method

The initial overdensity of a perturbation δi is assumed to be small, but just what value leads
to collapse of the perturbation is not given and in general it depends on the parameters of
the model. In order to find what initial overdensity leads to collapse today it is necessary
to employ a rootfinding algorithm. In the work of this thesis the rootfinding algorithm of
choice was the bisection method, and it usually finds the right overdensity well within 100
iterations.

In the bisection method two extreme values of the parameter is set, in this case δi,max =
10−3 and δi,min = 10−11 has been chosen. After setting the extreme values a middle value
is defined as

δi,mid =
δi,max

+
δi,min2 (B.1)

Then the evolution is calculated for all the perturbations and the redshift of collapse is
considered. Before considering the collapse times it is beneficial to define a redshift we
accept as being close enough to today, and considering that the distance to the Virgo cluster
(which is in our own supercluster, the Virgo supercluster) is zvirgo = 0.0038 an acceptable
value is zε = 10−3. Now the collapse times can be considered: If zc(δi,max) > zε and
zc(δi,mid) < zc(δi,max) then δi,max = δi,mid, i.e. the maximum value is moved down. A
perturbation with the initial overdensity δi,min is not expected to collapse, but if it does the
minimum value has to be reduced. Setting δi,min = 0 is totally safe in this regard as this
value reduces to the background evolution. However if the middle value does not collapse
the minimum value is increased to be the middle value, i.e. δi,min = δi,mid. This process is
repeated until zc(δi,max) < zε. Algorithmically it can be expressed by a while loop as:

while z_c(d_max) >= z_eps:

delta_mid = (d_max + d_min)/2

if (z_c(d_max) > z_eps and z_c(d_mid) < z_c(d_max)):

d_max = d_mid

elif not z_c(d_mid):

d_min = d_mid

The approach described above is used to fit δi in all models of this thesis and as mentioned
it usually finds an acceptable value well within 100 iterations.

B.2 Numerical solution of the Friedmann equation

In general the Friedmann equation is solved numerically by using scipy.integrate.odeint(),
a dynamic ordinary differential equation (ODE) solver, which means that it dynamically
switches between methods in order avoid unstable areas, such as close to the singularity
at R̃ = 0 [23]. Further it is quite simple to implement and allows the use of external
arguments, thus an entirely general function for the Friedmann equation can be implemented
and the functions defining the model can be input as arguments into scipy.integrate.odeint().
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Figure B.1: Heatmap displaying the difference between collapse time ac of
halos in the chameleon model and a = 1. Randomness is observed for values
of the parameter |fR0 − 1| > 10−10 for small masses and |fR0 − 1| > 10−6

for the largest halo masses.

Another solver, scipy.integrate.solve ivp(), was considered because it offered the possibility
of using different ODE solving algorithms and a break option which may possibly be nice
to use at a certain radius that could be defined as collapse, again to avoid the singularity
at R̃ = 0 [24]. However, the freedom offered by the possibility of passing external functions
in the scipy.integrate.odeint() solver was ultimately deemed more valuable for this thesis. A
particular example of a function that is favourable to pass externally is the force enhancement
γ and all the internal functions that vary with the model.

The initial overdensity leading to collapse today was then found by applying the bisection
method described in Appendix B.1 with numerical solution of the Friedmann equation. This
was done for all models, with different functions for the force enhancement γ

B.3 Generation of heatmaps

The heatmaps in Sections 4.3, 4.4.1 and 4.4.5 are generated by 30 × 30 (30 different halo
masses in evenly distributed in the logspace [1010, 1018]M�h−1 and 30 evenly distributed val-
ues of the varied parameter) solutions through the bisection method, each of which usually
took t ∼ 3min or a bit more. For each run the radial evolution was saved to one file and the
following values was saved to a separate file: δi, ∆ta, ∆vir, ∆c, avir, ac, R̃vir

R̃c
, avirac

and the halo

mass M . File names indicate the parameter values, e.g. M15.793103448275861z ssb2.586
L1.000beta0.500.txt holds the values listed above for a perturbation in the symmetron
model with symmetry breaking at zssb = 2.86, range of the fifth force L = 1Mpch−1,
coupling constant β = 0.5 and halo mass M ' 5.383 × 1015M�h−1 while the file Radi-
usM15.793103448275861z ssb2.586206896551724L1.00beta0.50.txt holds the radial evolution
of the perturbation.

Since each solution through the bisection method usually took 3min or more, the total
time for 30× 30 solutions was at least 45h. More time was needed to find the exact δi that
lead to a reasonable collapse for some parameter values than others. Parallelisation could
have been used to generate the data faster, but it was not implemented from the beginning
and time restriction made it a lower priority to implement.

Figures B.1 to B.5 show the deviation in collapse time from today (a0 = 1) of perturb-
ations with the corresponding parameters. In general randomness is observed for most of
the parameter spaces, with the exception of the collapse times for different ranges of the
fifth force in Figure B.2 which show a clear pattern in the collapse times. In particular the
collapse times in the chameleon model appear to be random for all values of the parameter
|fR0

− 1| > 10−6 in Figure B.1. In the symmetron model randomness appear for halos with
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masses M > 1013M�h−1 when the coupling constant is varied in Figure B.3 and for halos
with masses M > 0.5 × 1014M�h−1 when the symmetry breaking is varied in Figure B.4.
When the symmetry breaking and range of the fifth force are varied together in Figure B.5,
the collapse time appears random for ranges of the fifth force below L < 1.1Mpch−1. The
largest deviations observed in any parameter variation are 1− ac = 0.000105.

Further, the indentation discussed for variation in the symmetry breaking in Section 4.4.4,
at zssb ∼ 0.8 and M ∼ 1012M�h−1, manifests as a particular case of collapse exactly today.

Finally, in Section 4.4.5 a possible inverse relationship between the range of the fifth force
in vacuum and the halo mass was discussed. There is a weak signature of this in Figure B.5
as well, although it might be expected that the randomness should not be present for such
long ranging fifth forces as can be seen here. However, for the largest ranges of the fifth force
the pattern in Figure B.5 mimics the pattern seen for the smallest masses in Figure B.4.

All code used to produce the results in this thesis can be found in the git repository ht-
tps://github.com/mrnafstad/SphericalCollapseScreening. Additionally, this repository con-
tains all figures presented in this thesis, and some figures that did not make the cut. To
spare the github servers the .txt files containing results from runs remain local, but can be
acquired by contacting the author of the thesis. These .txt files for the chameleon model
take up ∼ 83GB of storage space while the files for the symmetron model takes up ∼ 335GB
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Figure B.2: Heatmap displaying the difference between collapse time ac of
halos in the symmetron model and a = 1. A clear pattern which repeats
linearly as the halo mass and range of the fifth force increase.
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Figure B.3: Heatmap displaying the difference between collapse time ac of
halos in the symmetron model and a = 1. Randomness is observed for halo
masses M > 1013M�h−1.
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Figure B.4: Heatmap displaying the difference between collapse time ac of
halos in the symmetron model and a = 1. Randomness is observed for
halo masses M > 0.5 × 1014M�h−1, but for very late symmetry breaking
there appears to be randomness for halos as small as M ∼ 1011M�h−1. Of
particular note is the indentation discussed in Section 4.4.4 at zssb ∼ 0.8,
M ∼ 1012M�h−1.
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Figure B.5: Heatmap displaying the difference between collapse time ac of
halos in the symmetron model and a = 1. Randomness is observed for ranges
of the fifth force L < 1.1Mpch−1, but for very late symmetry breaking there
appears to be randomness for longer ranges L ∼ 1.9Mpch−1.
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