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Chapter 1

Introduction

1.1 Polar regions: key areas under rapid evolution

Sea ice is a major feature of the polar environments, both in the Arctic and Antarc-
tic. Sea ice extent reaches an annual maximum of about 14 million square kilo-
meters in the Arctic, and 18 million square kilometers in the Antarctic (see Fig.
1.1). In average throughout the year, sea ice covers a total of 25 millions square
kilometers, which is about 7 % of the world’s oceans surface (Parkinson, 1997;
Council et al., 2007). Sea ice is both a central element of the polar ecosystems
and a key to the global climate and ocean circulation.

In the last couple of decades, significant decline in the Arctic sea ice extent has
been observed (Feltham, 2015). While accurately predicting the pace at which sea
ice decline will occur remains challenging (Overland and Wang, 2013), the reduc-
tion of sea ice extent in the Arctic cannot be denied. Predicting the evolution of
sea ice extent is made challenging by the number of contributing feedback mech-
anisms, and the complex physics involved. Some feedback mechanisms involved
in sea ice decline have been well known for a long time, such as the Albedo dif-
ference between open sea and sea ice: while ocean surface without sea ice reflects
about 6 to 7 % of the incoming solar energy flux, sea ice covered by new snow
can reflect as much as 85 % of the incoming energy (Shao and Ke, 2015). Other
feedback mechanisms have been discovered more recently, and may also play an
important role in particular in the Arctic. One such mechanism is the consequence
of ice breaking by surface gravity waves. It has been shown from satellite data that
reduced sea-ice extent, by increasing the fetch available for wave development,
has lead to higher wave activity and wave amplitude in the Arctic basin, which
in turn increases ice breakup and melting (Thomson and Rogers, 2014; Kohout
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Figure 1.1: Average Arctic and Antarctic sea ice extent from the period 1981-
2010 based on microwave satellite data, at the approximate seasonal maximum
and minimum levels for each of the polar regions. Reproduced from informa-
tion released by the National Snow and Ice Data Center (NSIDC), University of
Colorado, Boulder.
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et al., 2014).
While sea ice is important for the global climate, it is also critical to human

activities in the polar regions. Changes in the climate alongside technological
developments are creating new opportunities for human activities in the Arctic,
including sustainable development of resource-based industries, fishing, tourism,
and faster shipping routes between Europe and Asia. Improved scientific under-
standing of the Arctic environment, especially sea ice dynamics that are largely
influenced by the incoming wave field, are necessary to help produce increased
value in polar regions, while doing so in a safer and more environmental-friendly
way (Christensen and Broström, 2008; Pfirman et al., 1995; Rigor and Colony,
1997).

Therefore, there is motivation to develop a better understanding of sea ice and
its interaction with waves, both for improving our understanding of the global
climate system, protecting the local ecosystems, and enabling larger scale human
activities in the polar regions.

1.2 Sea ice and waves: a brief overview of the liter-
ature

The study of sea ice is made complex by the great variety of ice conditions that
are observed in nature. Ice comes in a great variety of shapes, thicknesses and
mechanical properties, from grease ice (behaving similarly to a floating layer of
highly viscous fluid) to land-fast ice (behaving as a thin elastic plate), through
pack ice, large floes, and icebergs (Squire et al., 1995; Newyear and Martin, 1997;
Squire, 2007; Christensen and Broström, 2008; Sutherland and Rabault, 2016).
This is illustrated by images taken throughout the course of the project (Fig. 1.2).
Each kind of ice exhibits different physical properties, including density, mechan-
ical resistance, brittleness, Young modulus, and the amount of trapped air, salt
and brine. The combination of these different types of ice is important for the
existence of a large Arctic ice pack. For example, grease ice and broken ice floes
present in the Marginal Ice Zone (MIZ, the first ice infested area encountered
from the open ocean) play an important role in damping high frequency waves,
that would otherwise lead to fast breaking of the inner, continuous sea ice.

The following sections present a brief overview of the current understanding
of wave-ice interaction that is available through both experimental data and theo-
retical analysis published in the literature.
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(a) (b)

(c) (d)

(e)

Figure 1.2: Illustration of the diversity of ice conditions encountered during the
course of the WOICE the project. Credits: WOICE members (Atle Jensen and
Jean Rabault, UiO; Aleksey Marchenko, UNIS; Graig Sutherland, MET), and Se-
bastian Sikora (UNIS logistics). (a): landfast ice and newly formed ice fringes
(Tempelfjorden, 2015), (b): grease ice slick close to the shore (Adventfjorden,
2016), (c): large ice floe in the Barents sea (East of Svalbard, 2016), (d): bro-
ken floes (Tempelfjorden, 2017), (e): iceberg released from glacier calving (Tem-
pelfjorden, 2017). Each of those forms of ice have different physical properties
that influence wave propagation and damping, in addition to providing a variety
of opportunities for the local species, as well as challenges for human activities.
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1.2.1 Fieldwork and experiments of wave-ice interaction

Despite a long tradition of studying waves in ice (Greenhill, 1886; Ewing and
Crary, 1934), field measurements are still relatively sparse when considering the
large area and diversity of the polar regions. This can in part be explained by
the dangerous conditions in which waves in ice should be measured, challenges
in the deployment of sensors, and the costs associated with the development of
instruments that can work in the polar conditions (Squire, 2007).

When considering wave-ice interaction, a number of quantities should ideally
be measured. The most important of these include the wave dispersion relation,
wave spectrum, wave directional spectrum (which, by contrast to wave spectrum,
contains not only information about the energy content at each frequency, but
also information about the direction of propagation and angular spread), ice qual-
ity and thickness, wave damping, and water eddy viscosity. Measuring the wave
dispersion relation is important from a theoretical perspective, and has also been
suggested as a way to indirectly estimate the ice quality and thickness (Marsan
et al., 2012). Indeed, ice thickness influences the dispersion relation (Greenhill,
1886) and one can, therefore, obtain an estimation of the ice thickness from mea-
surements of wave propagation. Similarly, the wave spectrum contains important
information about the incoming wave energy, and measurements at different loca-
tions can be used to compute the wave damping as a function of frequency. This,
in turn, provides important information for the calibration of wave in ice models.
Finally, measuring the wave directional spectrum allows for the gathering of ad-
ditional information about wave propagation. In particular, it has been suggested
that the wave directional spectrum can be a way of discriminating which mech-
anism is dominating the wave attenuation, either non-conservative dissipation or
conservative directional redistribution (Ardhuin et al., 2016).

In the literature, two main categories of methods are presented for perform-
ing measurements of the propagation of waves in ice. The first category relies
on instruments that need to be physically present at the location of measurement,
either on or under the ice. These instruments can rely on a variety of sensors
such as seismometers (Marsan et al., 2012), pressure sensors (Marchenko et al.,
2013), shear probes (McPhee and Martinson, 1994), accelerometers, Inertial Mo-
tion Units (IMUs) (Kohout et al., 2015; Meylan et al., 2014), Acoustic Doppler
velocimeters (ADVs), and Acoustic Doppler current profiler (ADCPs) (Hayes
et al., 2005). Such sensors allow a direct measurement of the ice or water mo-
tion, and the data must be stored locally and retrieved physically at the location of
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the instrument. Alternatively, it may be sent through Iridium or another satellite
communication means owing to the remoteness of the polar regions. Using such
instruments makes it relatively easy to compute simple quantities such as wave
spectrum, wave damping and the water eddy viscosity (McPhee and Martinson,
1994; Meylan et al., 2014; Doble et al., 2015). In addition, one can retrieve the
wave number and, therefore, the dispersion relation from a correlation analysis
between adjacent instruments (Fox and Haskell, 2001), even though such mea-
surements remain sparse (Squire, 2007).

By contrast, another category of measurements relies on instruments that do
not need to be physically present on the ice, in particular Synthetic Aperture
Radars (SARs, Liu et al. (1991); Shen et al. (2018)) and lasers (LIDAR, Wadhams
(1975); Sutherland and Gascard (2016)). These methods have been deployed from
both planes and satellites, and offer several advantages, the most obvious one be-
ing that they do not require physical access to the ice, which can be both difficult
and dangerous. SAR images obtained from satellites such as the two Sentinel 1
are especially convenient, as these follow a polar orbit. As a consequence, the
polar regions are very well covered and large datasets are freely available. Af-
ter processing, SAR images allow the computation of important quantities such
as the quality of the ice cover (Dierking, 2013), or the wave 2D spatial spectrum
(Shen et al., 2018). However, some limitations are also present when using SAR
satellite images. In particular, usually SAR images do not include time resolved
information, making it challenging to retrieve the frequency data necessary for the
computation of the dispersion relation (Shen et al., 2018).

In parallel to field measurements, laboratory experiments have been performed
at least since the early 1980s. These include both small scale measurements in
wave tanks typically a few meters long and half a meter deep kept in a cold room
(Martin and Kauffman, 1981; Newyear and Martin, 1997), and measurements in
large scale environmental wave flumes (Wang and Shen, 2010a; Zhao and Shen,
2015). Most commonly, the waves are measured using pressure sensors located
on the wall of the tank (Newyear and Martin, 1997; Wang and Shen, 2010a), a
few tens of centimeters under the surface of the water. This presents some chal-
lenges, as pressure is a quantity that can be difficult to measure accurately (since
the pressure variations due to waves can often be small compared to the mean
pressure value at a given measurement depth), and the pressure disturbance cre-
ated by the waves is exponentially attenuated with depth. In addition, performing
measurements on the side wall of the wavetank may induce some systematic bias
if the wave field is 3D. All those inconveniences can be avoided using ultrasonic
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gauges, but these have not be commonly used in the past. Measurements of wave
elevation can be used to obtain the wave damping, as well as the wavelength
(and, therefore, dispersion relation). Wavelength is obtained through a correla-
tion analysis granted that several measurements are performed within a distance
of typically one half wave length. Therefore, by performing measurements for a
series of monochromatic waves of varying frequency, one can explore all aspects
of wave propagation in the laboratory.

Unfortunately, while wave propagation has been investigated in several wave-
tank experiments, very little data have been collected regarding the motion of
the water, such as mean currents and eddy viscosity. This is the consequence of
the higher cost, complexity, and operational challenges implied by instruments
that can perform such measurements. To the knowledge of the author, only the
study of Martin and Kauffman (1981) has discussed such aspects, qualitatively
and based on visual observations.

1.2.2 Theoretical understanding

One of the aims of experimental data is to provide a basis for the development
and calibration of models describing the propagation of waves in ice. The ability
to understand and model both wave damping and wavelength is important for a
number of practical applications. For example, predictions of the wave-field in
the polar regions, which is critical for safety of operations in the arctic, weather
forecasts, and sea ice forecasts, requires an estimate of the spatial damping of
waves (Christensen and Broström, 2008).

When studying the propagation of waves in ice infested regions, one usually
considers a single 2D harmonic wave mode having a frequency f = ω/(2π), wave
number k = 2π/λ, and surface elevation η(x, t) = a cos(kx− ωt), where a is the
wave amplitude, t the time and x the direction of wave propagation. Owing to the
superposition principle, any wave state can be reconstructed from a combination
of such harmonic modes, at least as far as linear effects are the dominant mech-
anism so that different wave modes do not interfere with each other and can be
considered individually.

The first theoretical description of wave propagation in ice-covered sea was
presented by Greenhill (1886), and describes the propagation of waves under a
continuous, solid ice cover behaving as a thin elastic plate. Such description of
wave propagation under a continuous solid ice cover has proven successful and
was further refined by a number of authors (Squire, 1993; Wadhams, 1973; Liu
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and Mollo-Christensen, 1988; Squire et al., 1995), to include for example the ef-
fect of compression stress of the ice cover. The main idea of the model consists in
conducting the classical derivation for water waves relying on the potential flow
theory, while changing the boundary condition at the water surface to take into
account the elastic effect of the ice. This model describes the effect of the ice
on the dispersion relation, but does not consider energy dissipation and damping.
Stream function models can also be used to describe the propagation of waves in
ice, but are generally encountered for models that aim at describing wave damp-
ing. Considering a 2D monochromatic wave traveling in the positive x direction,
with the vertical direction z pointing upwards, z = 0 being the mean water sur-
face (covered by ice), z = −H the water bottom, one gets the following system
of equations in the frame of potential flow theory:

• Equations for velocity components:

ux =
∂φ

∂x
, uz =

∂φ

∂z
(1.1)

• 2D continuity equation in the water occupied volume:

∂2φ

∂x2
+
∂2φ

∂z2
= 0 (1.2)

• Free slip boundary condition at the water bottom, z = −H , in the case of
potential flow:

∂φ

∂z
= 0 (1.3)

• Kinematic equation for the water / ice interface, z = η(x, t):

∂η

∂t
+ u · ∇η =

∂φ

∂z
(1.4)

• Pressure balance at the water / ice interface, z = η(x, t):

−ρw
(
∂φ

∂t
+ gη

)
=

(
Eh3

12(1− ν2)

∂4

∂x4
+ hP

∂2

∂x2
+ hρi

∂2

∂t2

)
η(x, t)

(1.5)

where u(x, z) = (ux(x, z), uz(x, z)) is the 2D wave velocity field, φ(x, z) the
associated velocity potential, g the acceleration of gravity, ρi the volumetric mass
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density of the ice, ρw the volumetric mass density of the water, h the thickness
of the elastic ice cover, E its elastic modulus, ν its Poisson coefficient, and P the
compression stress. The left hand side of Eqn. (1.5) is the pressure in the water as
described from the Bernoulli equation, while its right hand side comes from the
application of thin plate theory to the elastic ice cover.

Linearizing Eqns. (1.4) and (1.5) around the state of rest, and keeping only
first order terms, results in a system of equations that can be solved in a way
similar to the usual linear water waves. The dispersion relation obtained is then of
the form:

ω2 =
gk +Bk5 −Qk3

coth(kH) + kM
, (1.6)

where the following reduced parameters were used:

B =
Eh3

12ρw(1− ν2)
, Q =

Ph

ρw
, M =

ρih

ρw
. (1.7)

The dispersion relation Eqn. (1.6) and the phase and group velocities, cp =

ω/k and cg = ∂ω/∂k, can then be obtained numerically. The predictions for
wavelength compares well with data from solid, continuous ice cover, even if
relatively few such studies are available in the literature (Squire, 1984).

A few observations can be made using Eqns. (1.6, 1.7). First, in the case
without ice cover (B = Q = M = 0), the usual water waves dispersion relation
is obtained: ω2 = gk tanh(kh). In the case that there are no compression and
flexural effects (for example, because many cracks are present in the ice cover), the
simpler mass loading model is recovered. One should note that the ice thickness
has a very drastic effect on the dispersion relation, asB ∝ h3, and flexural rigidity
appears in the dispersion relation through a term in the form Bk5.

While theory is relatively successful at describing wave propagation under a
continuous ice cover, the problems of describing wave attenuation in all types of
ice and wave propagation in complex ice conditions are more arduous. In the case
of a continuous solid ice cover, attenuation can take place either in the ice itself,
due to inelastic deformation of the ice cover, brine migration, creep, plasticity,
and other complex mechanisms (Collins III et al., 2016; Marchenko and Lishman,
2017; Wang and Shen, 2010b), or in the water under the ice due to the effect
of viscosity on the shear generated by the no-slip boundary condition at the ice
interface (Lamb, 1932; Weber, 1987). The first category of phenomena, i.e. dis-
sipation in the continuous ice itself, is difficult to describe and predict in details
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as the properties of the ice are very dependent on a number of parameters such
as ice age, brine content, and temperature. The second category of phenomena is
also challenging to predict due to the influence of parameters such as the rough-
ness of the interface between the water and the ice sheet, and the influence of the
eddy viscosity level in the water on dissipation (De Carolis and Desiderio, 2002).
The situation is even more complicated when complex ice such as ridged inho-
mogeneous pack ice, pancake ice or broken ice floes are present: in this case, the
geometry and spatial variability of the ice add complexity to the formulation of
the problem and new phenomena, such as wave diffraction and reflection, become
important.

When studying wave damping by sea ice due to viscous effects, one generally
considers that the wave amplitude is exponentially damped across the direction of
propagation:

∂a

∂x
= −αa, (1.8)

where x the distance into the ice-covered region, a the wave amplitude, and α the
spatial decay coefficient that describes wave attenuation. It should be noted that
one can easily convert between spatial and temporal damping using the relation
from Gaster (1962):

β

α
= cg, (1.9)

where β is the temporal attenuation rate, and cg the group velocity. In the follow-
ing, I will prefer to refer to spatial damping coefficients.

The first theoretical model describing wave attenuation by grease ice is the one
by Weber (1987). In this model, the ice is considered so viscous that it does not
allow appreciable shear, and the balance between friction and pressure results in
a “creeping motion” of the ice. This imposes a no-slip boundary condition under
the ice, and all the dissipation occurs in the underlying water. This is similar to
the solution found by Lamb (1932) (Equation 304.xiii), and the resulting damping
can be written as:

α =
1

2
νγk/cg, (1.10)

where ν is the effective viscosity, and γ =
√
ω/2ν is the inverse boundary layer

thickness.
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An effective eddy viscosity much higher than the molecular viscosity of water
is required in the water layer for the model to be consistent with observations and
laboratory experiments. While a crude simplification of reality, this simple model
provides good agreement with both laboratory and field data when an empirical fit
value for the effective viscosity of the water is used (Newyear and Martin, 1997;
Rabault et al., 2017). The use of a high effective viscosity is usually justified
by the need to describe the existence of a large range of eddies under the ice
that enhance mixing (De Carolis and Desiderio, 2002; Doble et al., 2015), but in
addition it could include some of the effects of the highly viscous grease ice layer
that may not be described correctly by the model.

Next, Newyear and Martin (1997) introduced another one-layer model to com-
pare with experimental results in grease ice in a small wave tank facility. By con-
trast with the model of Weber (1987), the model of Newyear and Martin (1997)
assumes that, since most of the wave motion is usually concentrated near the free
surface, most of the wave motion takes place into the grease ice and, therefore,
attenuation can be calculated considering an infinitely deep grease ice layer. This
solution is similar to the calculation of Lamb (1932) for waves propagating in a
viscous fluid (Equation 301.9), which can be expressed as:

αns = 2νk2/cg, (1.11)

where there also ν is taken as a fitting parameter, which this time models grease
ice viscous properties.

This second model was later adapted into a two layer model by Keller (1998),
who considered the case of finite depth with inviscid water under the ice layer.
This opened the way for the development of a variety of such two-layer models.
De Carolis and Desiderio (2002) formulated a model in which viscosity is also
added to the water under the ice, while Wang and Shen (2010b) considered a
model in which the water layer is inviscid, but the ice layer follows a viscoelastic
model (Voigt model). Such models are a better description of reality, as a clear
separation between grease ice and water is observed in the experiments, and these
two phases have vastly different properties. Better agreement is also observed
between these models and laboratory data than with the previously mentioned
one layer models (Newyear and Martin, 1999), even though the estimation of
model quality has often been based on curve fitting and visual impression rather
than quantitative metrics (see, for a discussion of this issue, Rabault et al. (2017)).
These models predict attenuation as the solution of complex equations. Therefore,
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the wave length and attenuation predicted by two layer models cannot be written
using simple functions.

Despite their mathematical sophistication, two layer models are affected by
at least two issues. First, while being a better description of reality, the parame-
ters they rely on are in practice obtained from fit to experimental data rather than
analysis of the underlying properties of the ice, and as a consequence they differ
little from the single layer models on this aspect. Therefore, it is difficult to know
whether the better agreement observed with experimental data is due to a better
description of the physics, or if it is a mathematical artifact due to more fitting
parameters being available. In addition, some of the most recent models (Keller,
1998; Wang and Shen, 2010a) have several issues that were raised by Mosig et al.
(2015). In particular, the large number of roots in the dispersion relation of the
later model makes it challenging to use, as the selection of the physically relevant
propagation mode is made much more challenging than in the case of simpler
models. While it was recently proven that the dominant mode can easily be iden-
tified in most situations (Zhao et al., 2017), more work is needed to clarify the
situation in the mode swap zone, where both flexural-gravity and the pressure
wave have similar wave numbers. As a consequence of these difficulties and the
inherent complexity of implementation of two layer models, I have focused my
efforts towards comparison of experimental data with one layer models, while
making the data available to authors who may wish to compare them with the
more sophisticated two layer models.

Finally, another effect of wave-ice interaction that can be expected on the field
and in experiments is the creation of mean currents under the ice. Such currents
can have an influence on important mechanisms such as pollutants and nutrients
distribution. A major reason for induced currents under sea ice could arise from
diffusion of the vorticity generated in the water-ice boundary layer due to the no-
slip boundary condition. This can also be seen as a consequence of wave damping
and conservation of momentum (Martin and Kauffman, 1981): as waves carry
with themselves a wave momentum flux M = E/cp, where E ∝ a2 is the mean
wave-energy density, reduction in the wave amplitude implies a reduction of the
wave momentum flux. Conservation of momentum then induces a current in the
water under the ice, and / or forward stress in the ice cover. A viscous, second or-
der, weakly non linear derivation of the induced currents under a thin cover with
longitudinal elasticity is presented in Christensen (2005). While the derivation
was initially intended to describe the flow under a thin surfactant film, the equa-
tions present some similarities with what would be obtained due to a thin elastic
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cover with negligible rigidity and predicts the existence of modified currents (rel-
atively to the Stokes drift observed in the free water cases) under surface covers.
However, wave momentum flux diminution is not the only effect that plays a role
in the development of currents under the ice. In particular, in the case of grease
ice, Martin and Kauffman (1981) observed a mean current in the opposite direc-
tion to what would be expect from wave momentum flux considerations. This
current was found to be a side-effect of mass conservation, when the grease ice
layer gets pushed alongside the wave tank by the incoming waves.

1.3 Main axis of the PhD work

The initial objectives of the present PhD thesis were to further investigate wave
propagation and damping in sea ice through a comparison of field and labora-
tory results, and to study associated induced currents that could participate in the
dispersion of pollutants in the Arctic regions.

Regarding the first two objectives, the need for further investigation of wave
propagation and damping is made clear by the absence of consensus in the liter-
ature regarding which wave damping model to use (Mosig et al., 2015). Indeed,
the debates taking place can partly be explained by the limited amount of wave
data available, relatively to the wide range of ice conditions that can be encoun-
tered. More field and laboratory data are necessary to both calibrate models, and
offer an exhaustive overview of the effect of different sea ice conditions on wave
propagation. Therefore, a large part of our effort has been to perform new mea-
surements, and to participate in the development of instruments and methodology
for performing accurate field and laboratory measurements of waves in ice.

Finally, the presence of wave-induced currents under the ice is a topic that, as
pointed out in the literature review, has been little investigated in the past. Re-
garding this last point, I focused on performing measurements using Particle Im-
age Velocimetry (PIV) and Particle Tracking Velocimetry (PTV) in several cases
representative of different ice conditions.

More details about both the field and laboratory work performed are available
in the next sections.

1.3.1 Fieldwork investigation of waves in ice

Fieldwork investigations performed in this project have focused on measuring
wave-ice interaction in the region around Longyearbyen, Svalbard during the win-
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ters 2015, 2016, and 2017 (Rabault et al., 2016b; Sutherland and Rabault, 2016;
Rabault et al., 2017), and in the Barents sea during the spring 2016 (Marchenko
et al., 2017). Various types of ice were observed during those measurements, in-
cluding land-fast ice, grease ice, large ice floes and broken ice floes. As indicated
in the previous sections, there is a critical need for more field measurements to be
performed at a reduced price, in order to quantify the sea ice dynamics happening
in the Arctic.

The first difficulty when performing measurements in the arctic is set by the
harsh environmental conditions in which instruments must operate (Chang and
Bonnet, 2010). As a consequence, commercial solutions are expensive and the
cost implied by the deployment of a large number of commercial instruments
would have been a challenge for the project. Therefore, instruments built in-house
based on Inertial Motion Units (IMUs) were developed for performing measure-
ments of waves in ice. Those developments started with the use of Moxa indus-
trial computers during the first measurement campaign, before shifting to (more
adapted) microcontroller-based loggers. While the number of instruments built
was limited, and, therefore, the hardware is the result of handcrafting and proto-
typing rather than a commercial product, I took the decision to release all code
and designs as open source material. This presents several advantages. In par-
ticular, sharing all the details of the design of an instrument can make it easier
to reproduce experiments, by drastically reducing the cost and time necessary to
build an exact copy of the instrument initially used. In addition, this makes it
easier for different groups to build upon a common platform, therefore, encour-
aging modularity and reuse of previous designs rather than fragmented in-house
development, which very likely is redundant between research groups and private
suppliers, leading to unnecessary costs. Finally, resorting to open source instru-
ments gives access to the details of their internal functioning, therefore, allowing
better transparency over how data is collected and pre-processed compared with
many commercial solutions.

The data obtained from the IMU instruments can be used in several ways. The
most common uses for the data, which are presented in our publications (Suther-
land and Rabault, 2016; Rabault et al., 2017; Sutherland et al., 2017b), include
computing the wave energy spectrum (and, from it, other important quantities
such as the significant wave height, peak wave frequency, and other spectral char-
acteristics), and estimating the wavelength and dispersion relation.

Once the power spectrum density of acceleration data S[ηtt] has been com-
puted, usually by means of the Welch method to reduce the noise level, one must
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convert it to obtain the power spectrum density S[η] of wave elevation, following
Tucker and Pitt (2001):

S[η] = ω−4S[ηtt]. (1.12)

The wave spectrum S gives information about the wave energy content at dif-
ferent frequencies. It can be used in a variety of ways, including most interestingly
for waves in ice to compute the wave damping if several measurements are per-
formed at different points in space. Considering α(f) the frequency dependent
spatial damping coefficient, ai/j(f) =

√
Si(f)/Sj(f) the attenuation coefficient

for waves propagating from sensor j to sensor i, and di,j the distance along wave
propagation direction between those sensors, the damping can be obtained as:

α(f) = − log(ai/j(f))

di,j
. (1.13)

Wavelength can also be obtained from comparing the phase shift between sen-
sors separated by a known distance along the direction of wave propagation. In-
deed, the phase difference between sensors i and j can be expressed both from the
definition of the wave number:

φi,j(f) = k(f)di,j, (1.14)

as well as from the co-spectral density Si,j(f) between sensors i and j:

φi,j(f) = tan−1

(
Im[Si,j(f)]

Re[Si,j(f)]

)
, (1.15)

where Im and Re indicate the real and imaginary part, respectively. To get best
results, the distance between the sensors used for performing a cross correlation
analysis should be typically half a wavelength. For distances larger than a wave-
length, signal aliasing complicates the processing.

I pushed this approach further in Marchenko et al. (2017) and computed both
the dispersion relation and the peak direction of the waves, by using a triad of
sensors in a triangle configuration. Each pair of sensors in the triad is used to
compute the component of the wave vector along the corresponding direction, so
that using three non aligned sensors the full wave vector can be reconstructed from
elementary trigonometry.

Following the experience gained from a series of measurement campaigns, I
now believe that the configuration used in Marchenko et al. (2017) is the most
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promising for performing detailed wave measurements in the field using IMU
instruments. In this experiment, a series of 3 triads of IMU instruments (plus
one individual instrument, as 10 were available) were positioned over a direction
roughly aligned with the direction of wave propagation observed during deploy-
ment. As a consequence, both the wave vector (and, hence, dispersion relation)
and damping can be obtained in theory. Unfortunately in this experiment, the
distance between the sensors (limited by the size of the ice floe they were all de-
ployed on, for logistics reasons) was too little in relation with the wave damping
to estimate α with significant error bars. Nonetheless, I hope to be able to deploy
again instruments in such a configuration over a larger distance in landfast ice in
the future.

Finally, attempts have been made to measure currents in the field using an
Acoustic Doppler Velocimeter (ADV) and an Acoustic Doppler Current Profiler
(ADCP). No usable data has been generated yet, but it is planned to perform fur-
ther deployments in the years to come.

1.3.2 Laboratory investigation of the interaction between sea
ice and waves

As the goal of this wave in ice study is to describe phenomena happening at
larger scales in the nature, field measurements are the final truth against which
one should aim to compare models and theory. However, performing experiments
in the laboratory presents several advantages compared with field studies:

• Laboratory experiments can be performed in a standardized fashion, there-
fore, allowing a higher reproducibility of results over what can be achieved
in the necessarily complex situations encountered in nature. This is espe-
cially true in the case of wave / ice interactions, where for example the ice
properties and water eddy viscosity have been shown to drastically vary
from one measurement to another (De Carolis and Desiderio, 2002; Timco
and Weeks, 2010).

• Laboratory experiments give us control (to some extent) over which phys-
ical phenomena are dominant in a given experiment, and which ones can
be neglected. For example, concerns have been raised in the case of field
measurements of wave attenuation in the marginal ice zone over how much
the wind input to the wave spectrum can influence results (Li et al., 2017).
This is naturally easily avoided in the laboratory.
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• Laboratory experiments are much better adapted than the ocean for apply-
ing some of the most informative - but also most challenging to deploy -
measurement techniques, such as Particle Image Velocimetry (PIV). This
allows to obtain information about the underlying physics that could not
have been obtained in the field.

Therefore, this project has relied on a combination of field and laboratory
experiments, in which the phenomena observed in field experiments were repro-
duced in the laboratory for further investigation. For this, three facilities were
used:

1. An intermediate size wave tank at the University of Oslo. The wave tank
is 24.5 m long, 0.5 m wide, and can be filled with up to 0.7 m of water
(Sutherland et al., 2017a). It is equipped with an hydraulics-controlled pis-
ton type paddle. The water cannot be frozen and, therefore, no real ice can
be used. As a consequence, the ice was modeled using either a thin latex
sheet (thickness: 0.25 or 0.5 mm), or a plastic cover (PEHD, thicknesses:
1, 3 and 4 mm). This wave tank is well equipped, with both ULS ultrasonic
gauges (resolution 0.18 mm), a white LED lightsheet, and a Falcon 2 cam-
era that can be used to record PIV images. This facility was used for the
work presented in the following papers: Sutherland et al. (2017a); Rabault
et al. (2016a).

2. The second facility is a small scale wave tank (3.5× 0.3 m, filled with up to
0.25 m of water), located in a cold laboratory in Longyearbyen, Svalbard.
A piston paddle was built for that tank, and an open source control system
was designed (for more information, see the Appendix A). Both Banner ul-
trasonic gauges (model S18U, resolution 0.5 mm) and the same PIV setup
as in Oslo were used in the cold room. As the tank is entirely made of Plex-
iglas, easy optical access to the water and the side of the ice are available.
When growing ice, isolation foam is put around the tank to make sure that
ice grows from the surface down into the water. This tank was used for the
work presented in Rabault et al. (2018).

3. The last facility is the ice wave tank of HSVA, located in Hamburg, Ger-
many. This is a large climate controlled wave tank, of dimensions 78×10 m,
which can be filled with up to 2.5 m of water. As optical access is not possi-
ble, PIV could not be used. Instruments provided by the university of Oslo
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during those experiments include a set of Banner ultrasonic gauges, an ADV
and an ADCP. As measurements at HSVA were performed towards the end
of the project, analysis of the data is still under work.

All measurements in the laboratory presented later in the Thesis were per-
formed using monochromatic waves. In addition, a few measurements resorting
to a JONSWAP spectrum were performed at the university of Oslo, but analysis of
the results proved challenging. As previously stated, three kinds of measurements
were performed, depending on the facility used: measurements of wave elevation
using ultrasonic gauges, measurements of the water motion using PIV / PTV, and
measurements of the water column velocity profile using ADCPs (ADCPs were
only used in the last set of experiments in Hamburg).

Ultrasonic gauges provide high frequency measurements (up to 200 Hz) of the
wave elevation. Calibration is performed either automatically by the gauges (ULS
gauges), or manually by both setting the gauges range and measuring the water
height in a set of reference cases (Banner gauges). The information obtained from
ultrasonic gauges can be used in a very similar way to the IMU data obtained in
the field. In particular, the Fourier spectrum of the wave elevation signal, S(f),
can be used to obtain the wave amplitude a by integrating around the harmonic
frequency:

a(x) =

√∫ f0+∆f

f0−∆f

S(f, x)df, (1.16)

where f0 is the harmonic frequency, ∆f the half frequency integration width, and
x the distance along the wave-tank. A fit of the wave attenuation can be performed
on the amplitude data obtained, in a similar way to what is performed with field
data.

Information about the wavelength and, therefore, the dispersion relation, can
also be obtained from ultrasonic gauges. By setting up gauges in such a way
that two of them are separated by typically half a wavelength, one can suppress
aliasing effects and obtain a measurement of the wavelength by either a correlation
or a cross-spectrum analysis, in a similar way to what is presented in Eqn. (1.15).

One of the advantages of laboratory measurements is to allow (depending on
the construction of the wave tank) easy optical access to the water and, therefore,
one can perform direct optical measurements of the water velocity field. Com-
pared with instruments such as ADCPs and ADVs, optical measurements have
the advantage of being non intrusive and more accurate. Optical measurements
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performed in this project relied on a simple mono-camera setup. The light source
used was a white light LED array, which is easier and safer to deploy than PIV
lasers. A Falcon 2 4M camera was used to acquire images at a frequency of 75

frames per second.
The optical images recorded were used in two ways. In the case of the ex-

periments performed at the University of Oslo under latex or PEHD covers, the
damping is very small and boundary layers are too thin to be visible. Therefore,
there is little deviation to see in the instantaneous velocity field, and the work
performed focused on studying the steady currents under the surface cover. As a
consequence, Particle Tracking Velocimetry (PTV) was used, as it can follow the
particle drift without introducing the errors that would be obtained from integrat-
ing PIV velocity fields. Obtaining unambiguous results about mean currents under
waves is difficult, as a number of second order effects happen simultaneously and
cannot be studied separately. These effects include the elasticity induced effect
that was the main object of interest and the Stokes drift, but also recirculation in
the tank, effects of the start of the wave train, and possibly large convection mo-
tions due to temperature differences in the room. Despite these difficulties, it was
possible to observe an effect of the surface cover (Rabault et al., 2016a) that is in
agreement with the predictions of Christensen (2005).

By contrast, the damping was much higher in the experiments performed un-
der grease ice in the wavetank in Svalbard, and rich dynamics could be observed
in the water when blocks of grease ice collided. As a consequence, PIV was used
in this case. In order to extract information from all the PIV snapshots into a
few reduced modes, the Proper Orthogonal Decomposition (POD) relying on the
snapshot method was used. The POD is computed from the Singular Value De-
composition (SVD) of the snapshot matrix (for detailed explanations about POD
and the snapshot method, see for example Berkooz et al. (1993); Kerschen et al.
(2005)). The snapshot matrix, X , is constructed as:

X =



u1

1 ... u1
n

... ...
...

uk1 ... ukn


 , (1.17)

where uji = u(xj, ti), with xj the position of the point considered, and ti the time
of the snapshot. Both the X and Y components of velocity are stored in u, by
letting the u1..k/2

i represent the X component and the uk/2+1..k
i represent the Y

component, respectively. As a consequence, each column of X contains the 2D,
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2-components velocity field at a given time reshaped into a 1D vector. The SVD
decomposition is then computed as:

X = USV ∗, (1.18)

where U and V are unitary matrices. The diagonal coefficients of S2 give the
energy of each mode, while U and V contain the POD modes and POD mode
coefficients. The POD modes together with the POD mode coefficients contain the
full information about the velocity field at all times. In particular, the description
of the velocity field obtained with POD is interesting as it optimizes the energy
content in the modes of lower index, therefore, effectively extracting an ordered
list of the most energetic coherent structures in the flow.

The results obtained from POD allow for a direct confirmation of the expo-
nential attenuation of the waves under the ice. In addition, a recirculation cur-
rent similar to the one observed qualitatively by Martin and Kauffman (1981), is
detected. Finally, in the case of colliding grease ice packs, eddy structures are
detected. This provides a possible mechanism for the injection of eddy motion in
the field.

1.4 Unsuccessful directions, future work and a few
personal thoughts

While one usually only reports positive results in the published literature, I find
that this Thesis may be the place to also talk about unsuccessful directions and
problems encountered in the project.

No real unsuccessful attempts were encountered in the field, but a number of
difficulties inherent to working with sea ice restricted the amount of data collected.
In particular, the winters 2016 and 2017 were too mild to encounter ice conditions
similar to the landfast ice found in 2015, which was the ideal case for studying
large continuous ice sheets (Sutherland and Rabault, 2016). Looking back with
the experience acquired during the project, it is clear to me that our group was
extremely lucky collecting the 2015 dataset. Indeed, both landfast ice and incom-
ing waves were present, and rich dynamics including the development of cracks
in the ice cover were observed. In addition, the direction of the wind kept the ice
packed into the fjord instead of scattering it towards the open sea and, therefore,
the instruments could be recovered. Had the wind blown towards the open ocean,
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Figure 1.3: Raw PIV snapshots obtained from PIV images taken by Trygve Halsne
during the course of his Master Thesis (Halsne, 2015). It proved impossible to
reproduce similar turbulent bursts in subsequent experiments and, therefore, one
can expect that an external source of disturbance probably is necessary to trigger
the instability.

the instruments (and wave records) would have been lost. This pinpoints the ne-
cessity of including some satellite data transmission to our instruments, which our
group will be working on in the years to come.

By contrast, at least one unsuccessful direction was found in the laboratory
experiments, which regards the detection of turbulent bursts under waves prop-
agating under inextensible latex covers. In a series of experiments performed
during the Master Thesis of Trygve Halsne (Halsne, 2015), turbulent bursts were
observed for high steepness waves (see Fig. 1.3). However, I was not able to
reproduce those observations in later experiments, despite several months of in-
vestigation at the University of Oslo wave tank. A possibility is that additional
disturbances, such as the presence of small bubbles under the cover, or water
runup at the leading edge of the latex sheet, helped trigger those bursts in the
original experiments and were later removed.
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In addition, concerns should be raised about the validation of laboratory ex-
periments compared with field measurements. Indeed, the Reynolds number is not
scaled between waves at sea and wave experiments performed in the laboratory.
More specifically, the very first imperative of laboratory experiments on waves is
to be in the right water depth regime. Indeed, the wave velocity profile and the
distribution of wave energy with depth is obviously very different between deep
and shallow waves, and can have an effect on the physics at stake if some of the
dissipation happens in the water under the ice. Due to the very limited depth of
most wave tanks, this puts a sharp requirement on the minimum frequency that
can be used for tests in the laboratory. Considering as a first approximation in all
the discussion that follows that the deep water dispersion relation is enforced, so
that ω2 = gk, one needs to enforce typically kH > 1, i.e. ω > ωmin =

√
g/H .

In addition, the steepness of the waves must be kept moderate to limit nonlinear
effects, typically ε = ka ≈ 0.1, i.e. a < 0.1g/ω2, where k is the wave vector and
a the wave amplitude. If one considers that the amplitude-based Reynolds num-
ber defined in Babanin (2006), Rea = a2ω/νwater, is the right non-dimensional
parameter for describing turbulence under waves and large eddy structures under
the ice, one then finds that in a laboratory experiment, with a wave-tank of depth
H:

Rea =
a2ω

νwater

<
10−2g2

ω3νwater

<
10−2g1/2H3/2

νwater

. (1.19)

This implies that, even in the case of a wave-tank several meters deep, the
maximum Reynolds number that can be achieved in the laboratory for deep water
waves of reasonable steepness is much lower than any typical swell on deep water.
More specifically, the maximum Reynolds number obtained in a wave tank scales
as the water depth to the power 3/2. As a consequence, studying phenomena re-
lated to water wave turbulence and wave-induced eddy viscosity is challenging in
the laboratory, as it is impossible to investigate whether a higher Reynolds num-
ber could lead to different physics. In particular, the Reynods number attained
in our laboratory experiments in a cold room make the full investigation of theo-
ries about wave-generated turbulence challenging. One could argue that turbulent
flows exhibit a similar behavior above a critical Reynolds number which depends
on the flow configuration, and therefore one could expect that reasonable results
regarding the effect of turbulent processes could be obtained in large scale labora-
tory experiments without reproducing the full-scale Reynolds numbers, but more
research is needed in this direction before any definitive statement can be made.
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On a more technical point of view, this project has underlined the need for
further development of a series of affordable, open source instruments relying on
GPS, IMUs and Iridium communications for performing measurements of waves
in ice. The capability and accuracy of the instruments developed to fulfil these
requirements during the project have been carefully evaluated, to make sure that
they can be used in a research context. While instruments very similar to those
that will be further developed by our group are already used by another group
of researchers (Doble et al., 2006, 2017), relatively little information is available
about the details of their design. In the years to come, more work will be per-
formed towards developing general purpose instruments and making their design
freely available. This is, in the opinion of the author, the best answer that can be
provided to the need of collecting drastically more field data in the polar regions.

1.5 Conclusion

The polar regions are the focus of increased attention due to a combination of en-
vironmental, political and economic reasons. One of the many factors that deeply
influence these regions is the interaction between waves and ice. Prior to this
dissertation, it had become clear that successful modeling of wave-ice interaction
is challenging. In particular, both field and laboratory data were still too scarce
to unambiguously point towards one successful wave-ice interaction model, and
as a consequence a number of competing models exist where each model can be
approximately fitted to the observations available. To remedy this problem, new
experimental insights are needed.

In the present work, efforts were directed towards helping clarify these ques-
tions through two main axis. First, much work was performed towards the devel-
opment of new methodology and instruments to perform measurements of the ice
dynamics in the Arctic. Second, several datasets coming from both field and labo-
ratory experiments were collected, analyzed, and compared with several theories.
While more work is needed to bring definite answers, this work has contributed
to turning the focus of research at least partly towards the dissipative phenom-
ena happening in the water layer under the ice, rather than only the rheological
properties of the ice cover as was implied by some of the recent models for wave
propagation in ice covered sea.

Building, calibrating and validating models that integrate the effect of both the
rheology of the ice and the dynamics of the water beneath the ice is made difficult
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by the complexity, both physical and analytical, that is implied by describing all
these phenomena at once. However, it appears as one of the long-term goals of
wave-ice interaction study. Much work probably remains before such a complete
model can be developed into maturity, and a number of complex phenomena that
were not discussed here will also probably play a role, such as ice breakup by
wave forcing.

1.6 Appendix: some technical aspects: an overview
of the open source tools released in the course of
the project

Several designs and code bases have been released as open source in the course of
this project, both as code on the Github of the author and as a series of web pages.
A list of released materials is provided here:

• The code and general design of the instruments that performed measure-
ments of waves in ice using IMUs are presented in Rabault et al. (2017) and
released on github:

https://github.com/jerabaul29/LoggerWavesInIce .

In addition, a web page presents some technical aspects of the systems used:

https://folk.uio.no/jeanra/Microelectronics/MicrocontrollerBasedLoggers.html
.

• The paddle control system and the coupled logging system used for the
wave tank measurements in Svalbard are released on github:

https://github.com/jerabaul29/ArduinoPaddleControl

https://github.com/jerabaul29/PaddleAndUltrasonicGauges .

This system allows to perform automated measurements for a range of wave
amplitude and frequencies.
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• The logging system used during the experiments at HSVA is released on
github:

https://github.com/jerabaul29/logging_ultrasonic_gauges .
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Chapter 2

Selected publications

This chapter is a selection of 7 works that were (or are being) published during the
course of the project. Those publications are chosen to reflect both the laboratory
experiments and fieldwork performed.

1. The first publication (Sutherland, G. and Rabault, J. (2016), "Observations
of wave dispersion and attenuation in landfast ice", Journal of Geophysical
Research: Oceans, 121(3):1984–1997) is an analysis of the measurements
performed during the first measurement campaign in Svalbard. It includes
discussions about wave propagation and attenuation. It is one of the few
studies published in the literature where both the wave attenuation and dis-
persion relation are obtained in the case of field measurements. In this pa-
per, we present a direct measurement of the dispersion relation for waves
in continuous ice, and we observe the development of cracks which corre-
spond to a suppression of the flexural effects.

2. The second publication (Rabault, J., Sutherland, G., Gundersen, O., and
Jensen, A. (2017), "Measurements of wave damping by a grease ice slick in
Svalbard using off-the-shelf sensors and open-source electronics", Journal
of Glaciology, page 1–10) focuses on measurements of wave attenuation in
grease ice, obtained during the second measurement campaign in Svalbard.
Those data are especially relevant for calibration of wave in ice models. In
addition, discussions of a more technical order about both the necessity of
developing open source instruments and the importance of quantifying the
quality of models using numerical indicators rather than visual observations
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of quality of fit are presented.

3. The third publication (Sutherland, G., Rabault, J., and Jensen, A. (2017), "A
Method to Estimate Reflection and Directional Spread Using Rotary Spec-
tra from Accelerometers on Large Ice Floes", Journal of Atmospheric and
Oceanic Technology, 34(5):1125–1137) is a more in-depth analysis of the
rotary spectrum method used in the first publication, as well as a discus-
sion of some difficulties encountered when performing measurements with
IMUs. In particular, it is shown that measurements of reflected wave energy
and directional spread of the incoming waves can be obtained from a study
of the horizontal components of the ice acceleration.

4. The fourth publication (Marchenko, A., Rabault, J., Sutherland, G., Collins,
C. O. I., Wadhams, P., and Chumakov, M. (2017), "Field observations and
preliminary investigations of a wave event in solid drift ice in the Barents
Sea", In 24th International Conference on Port and Ocean Engineering un-
der Arctic Conditions) summarizes a series of measurements performed in
the Barents sea. There are two notable points with this study. First, several
kinds of instruments relying on different measurement techniques (pressure
sensors, ADVs and IMUs) were deployed at the same location. The results
obtained from all instruments are very similar, therefore, providing a vali-
dation of the methodology used. In addition, the deployment configuration
of the IMU instruments as a succession of triads presented in this article is
a promising way to measure both the wave attenuation and the dispersion
relation, without the need for any assumption on the wave direction of prop-
agation.

5. The fifth publication (Rabault, J., Halsne, T., Sutherland, G., and Jensen, A.
(2016), "PTV investigation of the mean drift currents under water waves",
In Proceedings of the 18th Int. Lisb. Symp.) is a proceeding article, in
which currents under inextensible covers are studied by means of PTV. We
reached the conclusion that diffusion of vorticity due to the presence of an
inextensible cover does influence the mean currents.

6. The sixth publication (Sutherland, G., Halsne, T., Rabault, J., and Jensen,
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A. (2017), "The attenuation of monochromatic surface waves due to the
presence of an inextensible cover", Wave Motion, 68:88 – 96) is another
analysis of the effect of thin inextensible covers on wave propagation in the
wave-tank, this time focusing on wave damping. It is shown that, in a well
controlled wave tank situation where the surface cover is a smooth, non
rigid surface, the damping predicted by Lamb is observed.

7. Finally, the seventh work (Rabault, J., Sutherland, G., Jensen, A., Chris-
tensen, K. H., and Marchenko, A. (2018), "Experiments on wave propaga-
tion in grease ice: combined wave gauges and PIV measurements", under
review) presents the results obtained in a wave tank experiment in Sval-
bard, studying wave propagation under a layer of grease ice. Both wave
attenuation and wavelength are compared with a series of one layer mod-
els. Satisfactory agreement is found between these one layer models and
our experimental results. In addition, PIV measurements are performed for
the first time in the case of waves propagating under grease ice. The expo-
nential wave attenuation predicted theoretically is well visible, and vorticity
created by colliding blocks of grease ice as well as mean currents are ob-
served.

In addition, two publications written in the course of the project are not in-
cluded in this Thesis. This includes one article about measurements of waves in
landfast ice (Rabault, J.; Sutherland, G.; Ward, B.; Christensen, K.H.; Halsne, T.;
Jensen, A. (2016), "Measurements of Waves in Landfast Ice Using Inertial Motion
Units", IEEE Transactions on Geoscience and Remote Sensing, vol. 54, no. 11,
pp. 6399-6408), which is mostly technical and has been extended and completed
by Publication 1 and Publication 3, and one work that is the result of a side project
(Rabault, J.; Kolaas, J.; Jensen, A. (2017), "Performing particle image velocime-
try using artificial neural networks: a proof-of-concept", Measurement Science
and Technology 28 (12), 125301).
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2.1 Publication 1: Observations of wave dispersion
and attenuation in landfast ice

Sutherland, G. and Rabault, J. (2016), "Observations of wave dispersion and atten-
uation in landfast ice", Journal of Geophysical Research: Oceans, 121(3):1984–
1997.
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Abstract Observations of wave propagation in landfast ice were obtained in Tempelfjorden, Svalbard
during March 2015. Wave motion was measured near the ice edge using inertial motion units and consisted
of a combination of swell from the North Atlantic and wind-generated waves. The waves were observed to
be unidirectional in the ice with comparable magnitudes in the vertical and horizontal displacements. The
dispersion relation was calculated from the measured phase difference between two adjacent sensors sepa-
rated by a distance of approximately 60 m. Deviations from the gravity wave dispersion relation were
observed during the growth phase of the waves and were consistent with the presence of flexural waves.
This period of wave growth was accompanied by significant wave attenuation in the high frequency portion
of the wave spectrum which persisted for 3–5 h.

1. Introduction

Surface water waves are known to have a significant impact on sea ice [Squire et al., 1995; Squire, 2007]
and can break large continuous ice sheets into much smaller fragments on the order of hours [Liu and
Mollo-Christensen, 1988; Langhorne et al., 1998; Collins et al., 2015]. While theoretical aspects of wave-ice
interaction have been studied for over a century [Greenhill, 1886], observational evidence is relatively
sparse due to the difficult and dangerous environmental conditions where sea ice is present [Squire,
2007].

Changing ice conditions in both the Arctic and the Antarctic have created a renewed interest in field obser-
vations of wave propagation and attenuation in sea ice [Kohout et al., 2014; Meylan et al., 2014; Doble et al.,
2015; Collins et al., 2015]. These studies have primarily focused on wave attenuation [Meylan et al., 2014;
Doble et al., 2015] ice break up [Asplin et al., 2014; Collins et al., 2015] and possible feedback mechanisms
between surface waves and changing ice conditions [Thomson and Rogers, 2014]. In contrast, the study of
wave propagation in sea ice, specifically observations of the dispersion relation, have remained sparse
[Squire, 2007].

Understanding how waves propagate in sea ice requires accurate knowledge of the dispersion relation [Liu
and Mollo-Christensen, 1988; Squire, 2007]. Liu and Mollo-Christensen [1988] attributed a rapid break up event
in pack ice to a focusing of wave energy 560 km from the ice edge. They attributed the large amplitude wave
that was observed to nonlinear effects, which were enhanced in ice relative to open water due to the flexural
and compression terms in the dispersion relation. Collins et al. [2015] also investigated some nonlinear aspects
of waves in ice for a coastal region and suggested a possible feedback mechanism for large waves to pene-
trate further distances into pack ice.

While direct observations of the dispersion relation in ice are rare, there have been a few studies which
have calculated it for various sizes of ice floes. Fox and Haskell [2001] calculated the dispersion relation for
ice floes in the Antarctic marginal ice zone, and found a similar dispersion relation to that of open water
with a slight modification due to the added mass from the ice floes. The dimensions of the ice floes were an
order of magnitude smaller than the dominant wavelength and no evidence of flexural motion was
observed.

Using an array of three seismometers on a 1 km ice floe, Marsan et al. [2012] calculated the dispersion rela-
tion for infragravity waves, with a peak period between 25 and 30 s, propagating in pack ice. While no flex-
ural motions are expected be present at this frequency, a bandpass filter was applied to separate various
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frequency components. The dispersion
relation was calculated from the time shift
of the correlation between adjacent sen-
sors of the bandpass filtered signal. This
required an ice thickness to give the
observed group velocity that was a factor
of 2 smaller than in situ measurements.
The discrepancy between the measured
ice thickness and that inferred from wave
propagation was assumed to arise from an
omnidirectional swell spectrum and Mar-
san et al. [2012] obtained a more consist-
ent estimate of the ice thickness using an
inversion technique with a variable wave
direction. Since ocean swell was the domi-
nant source for wave motion there were

large errors and low correlations in the high frequency band, especially for the 0.14 and 0.25 Hz
frequencies.

Presented here are observations of wave propagation near the ice-water edge in landfast ice. A brief review
of some of the basic premises behind wave propagation in sea ice is presented in section 2. A description
of the experimental setup and observations is presented in section 3 followed by spectral analysis of the
observations in section 4. Details of the method and observations of the dispersion relation in sea ice is pre-
sented in section 5. Section 6 presents observations of wave attenuation near the edge. A discussion of the
results and summary is presented in section 7.

2. Wave Propagation in Ice

There are two key components to wave propagation in sea ice: attenuation, which directly affects how the
wave energy is lost, and the dispersion relation, which determines the rate of energy propagation. The two
dominant mechanisms for wave attenuation in ice are due to discrete scattering from several small floes
and/or inhomogeneities in the ice [Kohout and Meylan, 2008], or viscous effects associated with an ice con-
tinuum from frazil and grease ice [Weber, 1987], viscous effects in the water or ice [Wang and Shen, 2010] or
ice creep [Wadhams, 1973]. Observations of attenuation have focused on lower frequency ice motion (less
than 0.1 Hz) and use measurements over several kilometers to obtain accurate statistics [Meylan et al., 2014;
Kohout et al., 2014; Doble et al., 2015].

The dispersion relation for waves in sea ice is derived by modeling the ice as a thin elastic plate [Squire
et al., 1995]. For water of depth H, the dispersion relation relating the frequency f with the wavenumber k
for an elastic plate can be written as [Liu and Mollo-Christensen, 1988]

ð2pf Þ25
gk1Dk52Qk3ð Þ
coth kH1kM

(1)

where g is gravity, D is the bending modulus, Q is due to compression forces and M is due to the added
mass of the ice sheet. The bending modulus D is a function of the rheological properties of the ice and is
strongly dependent on the ice thickness, i.e., D5Eh3=qw12ð12m2Þ, where E is the Young’s modulus, m the
Poisson ratio, h is the ice thickness and qw is the water density. In general the contribution from ice com-
pression, Q 5 Ph/qi, and mass loading, M 5 hqi/qw, are much smaller than the gravity and flexural terms and
can be neglected.

The elastic bending modulus of the sea ice cover strongly affects the dispersion relation due to the k5

dependence and may lead to nonlinear effects even when the wave steepness ak, where a is the wave
amplitude, is too small to create appreciable nonlinear effects in open water [Liu and Mollo-Christensen,
1988; Collins et al., 2015]. Figure 1 shows the phase and group velocities calculated from (1) for open water
and for an ice cover of thickness h 5 0.5 m assuming typical rheological parameters of E 5 3 3 109 N/m2,
P 5 0, qw 5 1025 kg/m3, qi 5 922.5 kg/m3 [Squire et al., 1995]. Effects on the group velocity for an ice
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Figure 1. Phase (red) and group (blue) velocities for surface gravity waves
(dashed lines) and flexural-gravity waves (solid lines) using an ice thickness
of h 5 0.5 m.
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thickness of 0.5 m can be seen in Figure 1. For frequencies greater than 0.18 Hz the group velocity (cg) is
greater than the phase velocity (cp) with this transition to cg> cp occurring at the local minimum of cp.

3. Observations

Observations were made on Tempelfjorden, Svalbard between 25 March 2015 and 28 March 2015. Figure 2
shows the location of the experiment and orientation of wave sensors. The landfast ice was fastened to the
shore along the edge of the fjord with the open water ice edge located approximately 100–200 m from the
observation site (Figure 2c). Several inertial motion units (IMUs) and a single weather station were deployed
on the sea ice. The IMUs were placed onto the ice and buried under 20–30 cm of snow. Two test holes were
drilled near the measurement location, location ‘‘0’’ on Figure 2c, and the ice thickness was estimated from
these cores to be between 0.5 and 0.6 m.

3.1. Wave Motion
The VN-100 IMU, manufactured by Vectornav Co., was used for detecting wave motion in the sea ice. Each
sensor consisted of a 3-axis accelerometer, 3-axis gyroscope, 3-axis magnetometer, barometric sensor and a
temperature sensor. Each IMU is factory calibrated for temperatures ranging from 2408 to 858C. The acceler-
ometer has a factory rated resolution of 5 3 10– 3g and the angular rate resolution is 3.5 3 10– 4 rad s– 1.
The IMUs recorded the measurements at 10 Hz on a central data logger and the timestamp was synced
with a GPS.

A total of 5 sensors were placed near the ice edge in Tempelfjorden, Svalbard. The sensors were deployed
on 25 March 2015 16:00 until 27 March 2015 09:00. The location of each sensor, the approximate ice edge
and the mean wave propagation direction are shown in Figure 2. Of the five sensors deployed, three suc-
cessfully recorded data during the experiment, and are shown in green in Figure 2.

Wave displacement in the three orthogonal directions was calculated by double integrating the accelera-
tion in each direction with respect to time. A second-order Butterworth bandpass filter was applied, with
cutoff frequencies of 0.05 and 2 Hz, after each integration step to remove any low-frequency noise

Figure 2. (a) Location of Tempelfjorden, Svalbard. The experiment site in Figures 2a and 2b is shown in red. (b) The bathymetry in Tempelfjorden. Relative sensor orientation is shown in
Figure 2c along with the approximate ice edge and wave propagation direction. (c) The green points denote functioning wave sensors and the red points denote sensors that did not
successfully record data.
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associated with the integrated signal. Figure 3 shows an example time series for sensor 0 of the displace-
ment (n) in the three orthogonal directions with z being the vertical and x the direction of wave
propagation.

The vertical direction was determined from the gravity vector measured by the IMU as gravity was the only
mean acceleration present over the duration of the experiment. This allows for the projection of the 3-axis
accelerations onto this vertical vector z to obtain a true vertical motion. The horizontal direction was
obtained by rotating the plane orthogonal to z to find a preferential propagation direction derived from the
variance of the horizontal signal. This is compared with the magnetometer vector in the x – y plane to
ensure it is in the along-fjord direction. At our location, the horizontal magnetic field in the x – y plane is an
order of magnitude smaller than in the z direction with substantial variability on the order of hours, and
thus the compass is only used to obtain the absolute mean direction over the duration of the observations.
This direction is aligned with the fjord and is shown in Figure 2.

Although some wave motion was observed in the ice at 26 March 2015 12:00 UTC, we limit our analysis to
the period from 26 March 2015 15:00 UTC up until 27 March 2015 05:00 (gray shaded region in Figure 3a).
The 20 min gap in the data record at 26 March 2015 14:00 (Figure 3a) was due to the batteries being
replaced. The observed wave motion was predominantly unidirectional with very little variance observed in
the cross-fjord direction y (Figure 3).

3.2. Meteorological Conditions
Meteorological parameters such as mean wind speed, mean wind direction, air pressure, relative humidity
and air temperature were measured using a Davis Vantage Pro 2 weather station mounted roughly 2 m
above ice level. Ten min average values were recorded every 30 min. The meteorological conditions during
the experiment are shown in Figure 4.

The wind direction in Figure 4a is aligned with the fjord so 0 corresponds to wind from the fjord to the sea and
is in units of radians (positive clockwise). Before 26 March 2015 12:00 LMT the wind direction was coming from
the fjord. At this time the wind shifted to the opposite direction and began to blow from the sea (Figure 4a). This
shift corresponded with a rapid increase in wind speed from 1 m s– 1 to 6 m s– 1 over 2 h. Wave motion was
observed over the time period when the wind direction was coming from the sea (shaded region, Figure 4).

Figure 3. Time series of displacement in three directions for sensor 0. The z and x components are offset by 60.1 m for visualization. (a) The duration of observations with the shaded
region denoting the time of wave activity used in the analysis and the black triangles denote the times for the examples in Figures 5, 6 and 7. (b) A 9 min segment centered at 26 March
2015 17:16 UTC corresponding to the second triangle to the left in Figure 3a.
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4. Wave Spectra

The power spectral density (PSD) was calculated for individual sections of 27.3 min (16,384 data points) by the
Welch method [Earle, 1996; Kohout et al., 2015]. Each section was subdivided into subsections of 2048 points with
a 50% overlap and a Hanning window was applied to each subsection. The resulting PSD is the average of the
Fourier transform for each subsection having 21 degrees of freedom [Earle, 1996]. Examples of the calculated PSD
for the displacement and slope are shown in Figure 5. The units for the displacement PSD is m2/Hz and for the
slope is rad2/Hz. The noise threshold, chosen from visual inspection to be 10 times the factory noise level, is shown
by the dashed line in Figure 5. Sensitivity to the choice of noise threshold is limited to the lower frequencies due
to the ð2pf Þ22 dependence on transforming from acceleration to displacement. This sensitivity to the noise
threshold will have little affect on the frequency range where flexural waves are expected to occur (Figure 1).
Observations were generally greater than the noise threshold for frequencies between 0.08 and 0.25 Hz (Figure 5).

4.1. Directional Spectra
Calculating the directional spectra in sea ice is difficult for several reasons. First, the dispersion relation is a
complex function of various sea ice parameters which are difficult to determine a priori. While the disper-
sion relation can be calculated from the PSD of the elevation and horizontal slope, this is generally used in
practice to verify the response function of the wave measuring device [Longuet-Higgins et al., 1963; Earle,
1996; Tucker and Pitt, 2001]. This point will be elaborated on in section 5.

To avoid the requirement of knowing the dispersion relation a priori to calculate the directional spectra, we
take advantage of the fact that the wave motion in the ice was observed to be predominantly unidirec-
tional, as can be seen in Figure 3, with comparable magnitudes in the vertical and horizontal displacements.
Modeling the surface displacement as

n5nz1inx ; (2)

where nz and nx are the vertical and horizontal displacements, allows for the calculated PSD of (2) to
yield a rotary spectra where the orbital directionality can be determined.

Figure 4. Meteorological observations of (a) the wind speed (Uw) and direction (Hw), (b) air pressure (Pa) and relative humidity (RH), and
(c) air temperature (T) measured at 2 m above the ice. Hw is in radians and is relative to the fjord axis (positive clockwise) so 0 radians
correspond to wind coming from the fjord. The shaded region shows the time period where wave motion was observed. The inverted
black triangles denote the times for the examples in Figures 5, 6 and 7.
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Figure 5 shows the rotary PSD compared with the PSD from one dimensional measurements of the wave
field. The positive frequencies denote the wave propagation into the ice and negative frequencies denote
wave propagation toward the sea. The PSD was greater for waves propagating into the ice than out to sea.
The PSD of (2) for positive frequencies was comparable in magnitude with the one dimensional estimates
from the vertical and horizontal displacements (Figure 5). There were also appreciable peaks in the negative
frequency component, especially around the time of Figure 5b, where the spectrum peak was at a higher
frequency for the negative component than the positive. This will be explored further in section 6.

5. Dispersion Relation

In the absence of high resolution space and time observations to directly calculate the wavenumber and
frequency, the dispersion relation can be inferred from correlating signals between adjacent sensors
[Fox and Haskell, 2001; Marsan et al., 2012] or by a single wave buoy measurement by comparing the
PSD from the heave with the PSDs from the pitch and roll [Longuet-Higgins et al., 1963; Long, 1980; Kuik
et al., 1988],

k5
Spðf Þ1Srðf Þ

Shðf Þ
(3)

where Shðf Þ; Spðf Þ and Sr(f) are the PSDs from the heave, pitch and roll respectively. In practice, (3) is not an
ideal method for measuring the dispersion relation as the precise response of the measuring system, which
includes the coupling of the measuring device with the media as well as the temporal response of the
heave, pitch and roll sensors, must be accurately known [Longuet-Higgins et al., 1963]. Often (3) is used to
check the validity of the wave spectrum with the known dispersion relation [Longuet-Higgins et al., 1963;
Earle, 1996; Tucker and Pitt, 2001].

A more robust method to measure the dispersion relation can be calculated by looking at correlations
between sensors that are relatively close to one another (preferably a distance on the order of one wave-
length). The dispersion relation is calculated from the simultaneous phase difference, /mn, between sensors
m and n separated by a horizontal displacement xmn, i.e.,

Figure 5. Power spectral density for the vertical displacement (nz, blue), horizontal displacement (nx, red), slope in direction of wave propagation (gx, yellow, divided by 500 for visualiza-
tion purposes) and complex displacement (nz 1 inx, purple) for sensor 0 at (a) 15:27, (b) 17:16, (c) 21:49, and (d) 23:38 UTC on 26 March 2015. The blacked dashed line shows the noise
level for the displacement while the gray dashed line shows the noise level for the surface slope.
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/mn5k � xmn (4)

where k is the vector wavenumber. There will be phase wrapping associated with wavelengths less than
jxmnj, but this will be limited to no more than one phase wrap for our given sensor spacing of 60 m and a
frequency range 0.1< f< 0.25 Hz.

To relate frequency f and wavenumber k, / was calculated in the spectral domain from the cospectral den-
sity between adjacent sensors Smn, i.e.,

/mn fð Þ5tan 21 Im Smn fð Þ½ �
Re Smn fð Þ½ �

� �
: (5)

Equation (5) was used to equate f and k assuming the signal at both locations was correlated and both
were above the noise threshold. The spectral coherence (c) between two signals was calculated with

c2
mnðf Þ5

jSmnðf Þj2

jSmmðf ÞjjSnn fð Þj : (6)

To reject the hypothesis that the signals were not correlated at the 99.9% confidence level requires
c2 � 0:305 for our PSD estimates with 21 degrees of freedom [Amos and Koopmans, 1963].

Figure 6 shows c2 for the same time intervals as Figure 5. Between 0.1 and 0.2 Hz the signal was predomi-
nantly coherent for positive frequencies. The corresponding phase shift / for conditions where the coher-
ency and signal are above their respective noise thresholds is shown in Figure 7. These were compared
with the expected phase shift for the open water dispersion relation (in black) and for flexural-gravity waves
(in gray) given the known distance between the sensors. There was a slight deviation from the open water
dispersion for the earliest time (Figure 7a) consistent with flexural waves with an estimated ice thickness of
0.5 m. At subsequent times there is no clear evidence for flexural waves from the observed phase lag.

Figure 7 also demonstrates the relatively narrow bandwidth in which the dispersion relation from flexural-
gravity waves can be differentiated from the open water dispersion relation. Equation (1) deviates from the
gravity dispersion relation between the frequencies 0.11 and 0.20 Hz at which point it will cross the

Figure 6. Spectral coherency (c2) between sensors 0 and 2 for the vertical displacement, horizontal displacement(nx, red), slope in direction of wave propagation (gx, yellow) and complex
displacement (nz 1 inx, purple) at (a) 15:27, (b) 17:16, (c) 21:49, and (d) 23:38 UTC on 26 March 2015. The horizontal dashed line denotes the coherency required to reject the null
hypothesis with 99.9% confidence.
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wrapped phase from the gravity waves with the slower phase velocity. The difference can easily be spotted
with a continuous spectrum from the slope in /, but if discrete frequencies were analyzed, such as in Mar-
san et al. [2012], care must be taken to avoid ambiguities which could arise.

Figure 8 shows the calculated dispersion relation using (4) and (5) with the color denoting the time in UTC.
The dispersion relation in Figure 8 was calculated using the complex height n to obtain the phase lag
/mnðf Þ, but there was little observed variation if the coherency of other wave signals were used. For fre-
quencies between 0.08 and 0.12 Hz and for an ice thickness up to 0.75 m, gravity dominates the dispersion
relation and the observations coincided with the open water dispersion relation (Figure 8). For frequencies

Figure 7. Phase angle between sensors 0 and 2 for the vertical displacement (nz, blue), horizontal displacement (nx, red), slope in direction of wave propagation (gx, yellow) and complex
displacement (nz 1 inx, purple) at (a) 15:27, (b) 17:16, (c) 21:49, and (d) 23:38 UTC on 26 March 2015. The expected phase difference for open water (black) and for an 0.5 m thick ice sheet
(sheet) is also shown.

Figure 8. The dispersion relation calculated by the phase difference between sensors 2 and 0 and sensors 1 and 0. The color denotes the
time of day. Times before 17:00 are denoted by slightly larger symbols. The black lines show the dispersion relation for various values of
ice thickness h (solid 5 0 m, dashed-dot 5 0.2 m, dashed 5 0.5 m, and dotted 5 1 m).
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greater than 0.12 Hz there was an increasing amount of time-dependent scatter in the calculated dispersion
relation. Before 17:00 UTC there was a clear deviation from the gravity wave dispersion relation correspond-
ing to an ice thickness 0.5< h< 0.75 (Figure 8, heavy dots). After 17:00 UTC, this deviation vanished and the
dispersion relation was similar to that of open water (Figure 8, light dots).

6. Wave Attenuation

The significant wave height Hs and peak frequency fp are shown in Figure 9 for the three sensor locations
near the ice edge. The solid lines represent wave propagating into the fjord and the dashed lines represent
propagation out of the fjord. There was a clear gradient in Hs between the three sensors from 15:00 to
19:00 where the significant wave height was increasing. This time frame corresponded to a small peak in
the reflected Hs (dashed line Figure 9a) and fp (dashed line Figure 9b) suggesting that there might exist a
relatively high amount of reflected energy in the higher frequency portion of the wave spectrum.

Figure 10 shows the spectrogram for the ratio of the PSD calculated at (a) sensor location 0 and 2 and (b) 1
and 2. In Figure 10, no decrease in energy corresponds to a value 0 and a 100% reduction corresponds to a
value of 1. Wave attenuation was predominantly small except for the time period between 15:00 and 20:00
where as much as 80% of the energy was attenuated for frequencies greater than 0.15 Hz.

The mean spectral attenuation shown in Figure 10 was averaged between 15:00 and 20:00 as a function of
frequency (Figure 11). A gradual increase in the spectral attenuation was observed for frequencies greater
than 0.15 Hz. The attenuation increased linearly from 0% at f 5 0.15 Hz to nearly 40% at f 5 0.23 Hz. While
wave-wave nonlinear interactions can redistribute energy in the spectrum, these effects are slow and will
only accumulate over distances on the order of ten wavelengths [Liu and Mollo-Christensen, 1988].

A peak was also observed in the negative frequencies between 15:00 and 20:00 (Figure 9), suggesting that
reflection/scattering may be involved with the wave attenuation observed at high frequencies. Although the
source of the reflection in the sea ice was unknown, we can compare the spectral energy propagating into
the ice with that propagating out at each sensor location. The spectrogram, at location 0, for positive and neg-
ative frequencies can be seen in Figure 12 and the peak frequency is shown by the dashed lines. The peak fre-
quency for the positive frequencies slowly decayed over time while the peak frequency for the negative
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Figure 9. (a) Significant wave height and (b) peak frequency at the three sensor locations. The forward propagation in the ice (1ve) and propagation out to sea (2ve) are shown by the
solid and dashed lines respectively. The inverted black triangles denote the times for the examples in Figures 5–7. The color denotes individual IMUs.
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frequencies was more variable (Figure 12b). Most notably was the local peak frequency for the negative fre-
quencies between 0.15 and 0.18 Hz observed between 17:00 and 20:00 (Figure 12b). This peak in the negative
frequencies was preceded by sensors 1 and 2 by 1–2 h (Figure 9b) suggesting a complex frequency depend-
ence on the effects from ice draft and cracks which affected the wave reflection [Squire, 2007].

An estimate for the ratio of reflected energy is given by S–ve/S1ve, and is shown in Figure 13 for sensor 0.
Enhanced values of S–ve/S1ve were observed from 17:00 in the frequency range 0.15–0.2 Hz. Although the
enhancement was greatest between 17:00 and 20:00 UTC, corresponding to where the peak frequency for

Figure 10. Spectral attenuation shown between sensors (a) 0 and 2 and (b) 1 and 2 for the forward propagating wave energy. The inverted black triangles denote the times for the
examples in Figures 5–7.
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Figure 11. Mean attenuation calculated between 15:00 and 20:00 on 26 March 2015. Shaded region shows the 95% confidence interval as
calculated using the bootstrap method. The vertical dotted line shows the mean peak frequency associated with incoming swell. In the
legend, 02 refers to the attenuation between sensors 2 and 0, while 01 refers to the attenuation between sensors 1 and 0.
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the reflected wave was a maximum, the enhancement appeared to persist throughout the record for fre-
quencies between 0.15 and 0.2 Hz when the wave motion was above the detectable limit (Figure 13).

A mean spectral reflection coefficient is calculated for the period between 15:00 and 20:00, similar to the
averaging for the absolute attenuation in Figure 11, and is shown in Figure 14. This ratio estimates an ‘‘inte-
grated reflection coefficient’’ for a particular sensor location as the exact location of where the reflections
took place in the ice were not known. However, the location can not be too far as there is high attenuation

Figure 12. Power spectral density for (a) positive and (b) negative rotary components for sensor 0. The dashed line shows the peak frequency. The inverted black triangles denote the
times for the examples in Figures 5–7.

Figure 13. Ratio of negative to positive rotary spectra components at sensor 0. The solid line shows the positive peak frequency and the
dashed line is the peak frequency for the negative component. The inverted black triangles denote the times for the examples in Figures 5–7.
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for frequencies greater than 0.15 Hz (Figure 11). Figure 14 has a similar structure to Figure 11 with a gradual
increase in S–ve/S1ve for frequencies greater than 0.15 Hz.

7. Summary and Discussion

Observations of wave motion were obtained using inertial motion units near the ice-water edge in land-
fast ice located in Tempelfjorden, Svalbard. The dispersion relation was calculated from the spectral phase
shift measured between adjacent sensors. Evidence of flexural-gravity waves, as determined from the dis-
persion relation, were observed during the first 2 h of the wave motion at which point there was a transi-
tion to a gravity wave dispersion relation. Cracks in the ice were not quantified, but there was a
noticeable increase in their number over approximately 36 h between deployment and recovery of the
sensors. These cracks appear to have an impact on the ability of the ice cover to transmit flexural stress
and a shift in the dispersion relation from flexural-gravity waves to gravity waves was observed over a
short period of time.

There are other possible processes, other than the presence of flexural waves, which would lead to a devia-
tion from the open water dispersion relation as seen in Figure 8. If the medium was moving, there will be a
Doppler shift and/or refraction which will depend on u=cp where u is the velocity of the moving medium
and cp is the phase velocity. Our observations are obtained from landfast ice and u should be zero. If cracks
developed and the ice moved with the local tidal currents, which are less than 0.1 m s–1 in this region
[Kowalik et al., 2015], then the change in frequency will be proportional to u=cp � 0.1=10 5 0.01 which is
much smaller than the observed deviation for frequencies greater than 0.15 Hz. Wave refraction can also
occur due to a change in the medium velocity, but this too shall scale with u=cp, and our value of 0.01 is
much too low for appreciable refraction [Johnson, 1947].

Another possible source of deviation from the open water dispersion relation comes from using (4) and
the possible misalignment between k and xmn for certain frequencies. For the observed deviation in Fig-
ure 8, the angle between k and xmn would have to increase as a function of frequency, which seems
physically implausible in the absence of refraction. It is possible that there is a complex wave pattern due
to scattering of high frequency energy, but our observations are insufficient to address such spatial
heterogeneity.

Appreciable attenuation in the wave spectral energy density was observed over approximately one wave-
length between approximately 15:00 and 20:00 on 26 March 2015(Figure 9). The wave propagation direc-
tion was predominantly along the fjord and was separated into a positive propagating wave (i.e., into the
ice) and a negative propagating component (i.e., back to sea) via a rotary spectrum of the surface
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Figure 14. Mean ratio of negative to positive rotary spectra components calculated between 15:00 and 20:00 on 26 March 2015. Shaded
region shows the 95% confidence interval as calculated using the bootstrap method. The vertical dotted line shows the mean peak frequency
associated with incoming swell. The color denotes individual IMUs.
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displacement. For frequencies less than 0.15 Hz, which was close to the frequency where the phase and
group velocities are equal assuming an ice thickness of 0.5 m (Figure 1), there was no appreciable attenu-
ation. For larger frequencies the attenuation in the power spectral density was observed to steadily
increase (Figure 11). Confidence intervals are relatively large, but for frequencies around 0.2 Hz approxi-
mately 10–40% of the energy density at the outermost sensor was attenuated. The high wave attenuation
occurred over the same time-spectral space where the deviation from the open water dispersion relation
(Figure 8), which we suspect to be due to flexural waves, were present. The frequency dependence of the
ratio of reflected to propagating wave energy (Figure 14) was very similar to that observed for the wave
attenuation with similar confidence intervals for the estimates, which is consistent with scattering being
the dominant process for wave attenuation in this frequency range of 0.15–0.25 Hz. A greater spatial sam-
pling of the wave motion is required to investigate how high frequency wave energy is scattered near the
ice edge.

An interesting feature of the ice motion was the comparable amplitudes in the horizontal and vertical dis-
placements. The wave motion was expected to be primarily in the vertical [e.g., Fox and Haskell, 2001] and
this strong horizontal motion is somewhat puzzling. It could be that cracks in the ice affected the horizontal
motion or it may be that this motion is a property of wave propagation in an ice covered sea. Further
experiments would be necessary to determine under what conditions horizontal and vertical motion are
comparable.

The phase relation between the vertical and horizontal motion was calculated from the cospectra between
the two signals. Figure 15 shows the phase difference between horizontal and vertical motions for the three
sensors. For frequencies less than 0.17 Hz the phase difference was close to p=2 except for sensors 0 and 1
where the phase difference was p or 0 consistent with rectilinear motion. For all sensors at frequencies
greater than 0.17 the phase was 0 or p. The time and frequencies where the wave motion was out of quad-
rature, i.e., / 6¼ p=2, (Figure 15) coincided with the time and frequencies where wave attenuation was the
largest (Figure 11). It would be interesting to investigate whether the surface motion was related to stresses
in the ice, analogous to the case of wave stresses in the ocean [Cavaleri and Zecchetto, 1987], as this phase
shift between vertical and horizontal motions may be an important component of rapid break up of coastal
sea ice.

Figure 15. Phase difference between vertical and horizontal displacement for (a) sensor 2, (b) sensor 1 and (c) sensor 0. The inverted black
triangles denote the times for the examples in Figures 5–7.
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Measurements of wave damping by a grease ice slick in Svalbard
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ABSTRACT. Versatile instruments assembled from off-the-shelf sensors and open-source electronics are
used to record wave propagation and damping measured by Inertial Motion Units (IMUs) in a grease ice
slick near the shore in Adventfjorden, Svalbard. Viscous attenuation of waves due to the grease ice slick is
clearly visible by comparing the IMU data recorded by the different instruments. The frequency depend-
ent spatial damping of the waves is computed by comparing the power spectral density obtained from the
different IMUs. We model wave attenuation using the one-layer model of Weber from 1987. The best-fit
value for the effective viscosity is ν= (0.95 ± 0.05 × 10−2)m2 s−1, and the coefficient of determination is
R2= 0.89. The mean absolute error and RMSE of the damping coefficient are 0.037 and 0.044m−1,
respectively. These results provide continued support for improving instrument design for recording
wave propagation in ice-covered regions, which is necessary to this area of research as many authors
have underlined the need for more field data.

KEYWORDS: frazil ice, ice/ocean interactions, sea ice

1. INTRODUCTION
Understanding the interaction between surface waves and
sea ice is an area of ongoing research. Specific applications
of eventual successful quantitative results include the formu-
lation of ocean models for climate, weather and sea state pre-
diction (Christensen and Broström, 2008), the estimation of
ice thickness (Wadhams and Doble, 2009) and the analysis
of pollution dispersion in the Arctic environment (Pfirman
and others, 1995; Rigor and Colony, 1997). Surface waves
are also part of a feedback mechanism where reduced ice
extent leads to increased fetch and, therefore, increased
wave height, which in turn results in the break-up of more
of the polar sea ice (Thomson and Rogers, 2014).

Several types of ice are found in polar environments,
which affect wave propagation in different ways. Ice floe
fields exhibit hydrodynamic interaction with the incoming
wave field as well as interaction between adjacent floes
(Meylan and Squire, 1996). Continuous ice sheets interact
with waves by imposing specific pressure and velocity
boundary conditions at the water surface, which are related
to flexural effects in the ice and lead to wave damping and
modifications in the dispersion relation (Liu and Mollo-
Christensen, 1988; Squire and others, 1995; Squire, 2007;
Sutherland and Rabault, 2016). Grease ice and pancake ice
accumulate and form a viscous layer that strongly attenuates
surface waves (Weber, 1987; Keller, 1998). These thinner ice
types are in their greatest abundance at the ice margins
where wave interaction is strongest and ice–wave interac-
tions the least understood. For these reasons, we focus our
work here on these ice types along the marginal seas.

To clarify, grease ice is composed of frazil ice crystals, typ-
ically disks of size 1–4 mm in diameter and 1–100 μ m in
thickness (Newyear and Martin, 1997). Grease ice formation
has been reported in cold areas where supercooled water is
kept from freezing by surface turbulence (Newyear and
Martin, 1997; De la Rosa and Maus, 2012). Grease ice accu-
mulates and forms slicks of typical thickness 10–20 cm

(Smedsrud and Skogseth, 2006; Smedsrud, 2011), that effect-
ively damp high-frequency waves, therefore, appearing visu-
ally similar to an oil slick (Newyear and Martin, 1997).

The interactions between ice covers and incoming waves
have been studied in previous works (Weber, 1987; Squire
and others, 1995; Squire, 2007; Sutherland and Rabault,
2016), and several models have been presented. Mass-
loading models only take into account the additional inertial
effects originating from the presence of the ice and predict
a reduction in the wavelength, but do not account for
any damping (Peters, 1950). These models are insufficient
when describing wave propagation in grease ice (Newyear
and Martin, 1997). Similarly, the thin elastic plate
model (Greenhill, 1886; Liu and Mollo-Christensen, 1988)
describes the influence of flexural rigidity of the ice on
wave propagation, which causes an increase of the wave-
length but no damping. Such a model was developed to
emulate a continuous unbroken ice sheet, but found to be
unsuitable for grease ice (Newyear and Martin, 1997).
Neither of these models predict wave attenuation, which
needs to be described by separate mechanisms. Such
mechanisms can be of two kinds: wave scattering, which is
especially important in the case of the marginal ice zone
(Kohout and Meylan, 2008); and the introduction of an
effective viscosity in either the water or the ice layer
(Weber, 1987; Keller, 1998; Carolis and Desiderio, 2002).
The introduction of viscosity was initially proposed by
Weber (1987) and refined by several authors later on
(Keller, 1998; Carolis and Desiderio, 2002; Wang and
Shen, 2010b). This last class of models is able to successfully
reproduce laboratory observations of wave damping by
grease ice, considering the effective viscosity as a fitting par-
ameter. Therefore, it is this last class of models that we will
examine in this paper.

More explicitly, the one-layer model of Weber (1987)
assumes that the viscosity in the upper ice layer is high
enough for the momentum equation to be reduced to ‘a
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balance between pressure and friction (creeping motion)’. To
explain, the effect of the creeping motion is to ‘effectively halt
the horizontal motion in the lower fluid at the interface’
(Weber, 1987), and the viscous solution of Lamb (1932) is
then recovered in the infinitely deep lower layer. An effective
eddy viscosity much higher than the molecular viscosity of
water is required in the water layer for the model to be con-
sistent with observations and laboratory experiments. This
viscous model of wave damping was later extended by
Keller (1998), who describes the top layer by means of the
incompressible Navier–Stokes equation, while the finite
depth lower layer is described by the incompressible Euler
equation. The solution in both layers is then obtained by lin-
earizing about the state of rest. This two-layer model is much
heavier mathematically than the one-layer model and fea-
tures two parameters (ice thickness and effective viscosity
of the ice layer) if taking the water depth and densities in
each layer as given, instead of only one for the one-layer
model (effective viscosity).

More recently, Carolis and Desiderio (2002) included an
effective viscosity also in the lower layer, therefore introdu-
cing a third parameter in the model. The most recent refine-
ment of this class of models was presented by Wang and
Shen (2010b), who use a viscoelastic equation to describe
the ice layer and model the water below as an inviscid
layer. The formulation of Wang and Shen (2010b) went
further to include both the flexural and the damping effects
of the ice cover in the same model. However, these last
models also suffer from a much increased mathematical
complexity, which makes them difficult to use in compari-
sons with field data (Mosig and others, 2015).

Complementary to the numerous modeling efforts men-
tioned above, laboratory experiments have been performed
in parallel to the development of theoretical models. The
trends and theoretical curves obtained from the models are
presented in the literature and compared with experimental
results as a way to assess the quality of each model.
However, quantitative metrics are currently not available in
the literature to firmly establish the accuracy of any such
model, making it difficult to objectively compare the
quality of existing published predictions. Initial measure-
ments in grease ice found good qualitative agreement
(Newyear and Martin, 1997) with the one-layer model of
Weber (1987). The two-layer model was later found to
produce better qualitative agreement with experimental
data (Newyear and Martin, 1999), but at the cost of more
complex mathematics and the need for an additional param-
eter (ice thickness), as previously explained. The data from
both experiments were used also by Carolis and Desiderio
(2002) to validate their extended two-layer model with
laboratory data. More recently, the effect of a mixed
grease–pancake ice field was presented by Wang and Shen
(2010a), which led the authors to the introduction of a visco-
elastic description of the ice layer. The viscoelastic ice model
was finally tested in laboratory experiments involving a
variety of mixtures of grease and pancake ice (Zhao and
Shen, 2015), and the authors concluded that it did a reason-
able qualitative job fitting the observations, given that both
equivalent viscosity and shear modulus are fitted using
least-squares fits separately for each ice type.

While the development of more sophisticated models is
impressive there are some drawbacks to this approach as
the corresponding models grow in mathematical complexity

and a greater number of fitting parameters is necessary. These
advances are making it possible to obtain better qualitative
agreement with laboratory and field results by enriching
the underlying mathematics, but in the end the parameters
used in all models are determined from empirical fit to
experimental data (Wang and Shen, 2010a; Zhao and
Shen, 2015). Such an approach only visually improves the
quality of the model fits by adding more fitting coefficients,
and pinpoints the need for the use of relevant quantitative
metrics when comparing models. In addition, the wave
modes for the two-layer models are obtained numerically
from solving nonlinear dispersion relations, which are satis-
fied by infinitely many roots. Choosing the right wave
mode requires some decision criterion, which proves chal-
lenging in the intermediate frequency range in particular
when a viscoelastic model is used (Wang and Shen,
2010b; Mosig and others, 2015).

Moreover, articles about wave attenuation by grease ice
report a wide range of empirical best-fit effective viscosity
values. In their initial article, Newyear and Martin (1997)
report frequency-dependent effective viscosity in the water
layer using the model of Weber (1987) in the range νw=
1.35− 2.22 × 10−2 m2s−1, depending also on the grease
ice thickness. In their second article, Newyear and Martin
(1999) need to use an effective viscosity for the grease ice
layer in the range νi= 2.5− 3.0 × 10−2 m2s−1 to describe
experimental data with the two-layer model of Keller
(1998). According to Carolis and Desiderio (2002), such vari-
ability arises from the fact that effective viscosities model
both ice properties and other phenomena at the origin of
wave damping, including the turbulence-driven dissipation.
Carolis and Desiderio (2002) present a summary of eddy vis-
cosities obtained from field measurements, that range from
nf ¼ 1:6� 2:0 × 10�2 m2 s�1 in the Weddell sea, where a
high level of turbulence is present, down to νf= 0.24 ×
10−2 m2s−1 in the central Arctic Ocean where much less tur-
bulent conditions are observed. This high variability in eddy
viscosity, and therefore in wave damping and effective vis-
cosity, has also been observed for the same geographic
region over just a few days (Doble and others, 2015).
Attempts to provide theoretical justifications for the value
of the effective viscosity needed to reproduce the damping
observed in experiments have been presented (De Carolis
and others, 2005), but cannot yet replace empirical fit to
experimental data.

The diversity of models and parameter values discussed in
the previous paragraphs makes it challenging to get a clear
understanding of the situation. Two main questions arise in
this context. First is the issue of how representative of the
field conditions the different studies presented are. There is
variability in the damping for waves in ice, and probably
several different damping regimes are possible in the
ocean. Therefore, characterizing the conditions in which
each damping regime is observed is important. This will
only be possible through the collection of much larger
volumes of field data than have been discussed up to now
(Mosig and others, 2015). While the number of articles that
have been published could suggest that much data are avail-
able, articles discussing field data often rely on relatively
small datasets and the data available on the whole are very
scarce compared with the spatial extent of polar regions
and diversity of regimes observed. Therefore, a first possible
approach for clarifying the situation would be to collect
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much more field data. This in turn puts a sharp constraint on
the acceptable cost of each measurement. We propose a pos-
sible solution for this issue, namely the use of instruments
based on off-the-shelf sensors and open-source electronics
as a way to reduce costs and increase measurement
flexibility.

The second issue is to decide, confronted by the diversity
of models presented in the literature, how the appropriate
level of model complexity should be selected. Articles pub-
lished so far have mostly introduced new and ever more
complex models, fitted their parameters to a dataset and pre-
sented curves offering a visual impression of the quality of the
fit. However, going further into determining which model to
use should rely on some quantitative metrics that describe
the statistical quality of each model. We address this issue
by using several of the simplest model-fitting quality estima-
tors, namely the coefficient of determination (Rao, 1973),
usually noted R2, and the mean absolute error (MAE) and
RMSE. R2 is a number between 0 and 1 that indicates the
part of the variance in the data that are explained by the
model, so that an R2 value of 1 indicates that the model
fully describes the variance in the data, while an R2 value
of 0 indicates that the model fails in explaining anything of
the data presented. The MAE and RMSE are other well-estab-
lished metrics that can be used to quantify the quality of a
model (Willmott, 1982; Chai and Draxler, 2014), and that
directly measure the discrepancy between model predictions
and experimental data.

The organization of the paper is as follows. We first
describe the architecture of the instruments used for the mea-
surements. Next we present the data obtained and the meth-
odology used to compare it with the one-layer model used by
Weber (1987) and Newyear and Martin (1997). Finally, we
present our results and discuss the agreement between our
data and the one-layer model, as well as with the laboratory
experiment of Newyear and Martin (1997), regarding the
value of the effective viscosity observed.

2. INSTRUMENTATION
The harsh Arctic environment sets demanding requirements
for scientific observations. While several commercial solu-
tions are available (companies selling instruments operating
in the Arctic include, e.g. Sea Bird Scientific Co., Campbell
Scientific Co., Aanderaa Data Instruments A.S.), these
usually come at high cost and have reduced flexibility. By
contrast, off-the shelf sensors and open-source electronics
are now sufficiently evolved, well documented and easy to
use that they become a credible alternative to traditional
solutions. The specificity of open-source software and elec-
tronics is that their source code, internal designs and inter-
faces are made available through a license that provides
the right to study, modify and distribute the product
(Joshua, 2014). This has many valuable implications for the
scientific community. In particular, sharing all the details of
the design of an instrument can make it easier to reproduce
experiments, by drastically reducing the cost and time neces-
sary to build an exact copy of the instrument initially used. In
addition, this makes it easier to build upon a common plat-
form, therefore encouraging modularity and reuse of previ-
ous designs rather than fragmented in-house development,
which very likely is redundant between research groups
and private suppliers, leading to unnecessary costs.

In the present case, we can choose a sensor with the char-
acteristics required for performing measurements in the
Arctic (including thermal calibration between −40 and
+85°C), while reducing sharply the cost of each logger.
Our approach consists in selecting the most cost-effective
off-the-shelf sensor able to perform the measurements we
need, and to build the whole logger around it using only
open-source electronics and software. In our experience,
common electronics components which rely on integrated
circuits, flash memory and other semiconductors work in a
wide range of temperature and, unlike batteries and
sensors, do not present major problems in cold environ-
ments. Other groups in oceanography have started using
open-source solutions, and the use of open-source electron-
ics has been increasingly reported in the literature in the last
few years (Baker, 2014; Gandra and others, 2015; Cauzzi
and others, 2016). However, the solutions presented so far
lack the generality, robustness and flexibility that will make
them easily adaptable to a wide variety of projects. There
is, therefore, a need for more groups to start sharing their
designs together with detailed documentation, which
would help to gather momentum around the use of open-
source solutions in ocean research and create an open-
source ecosystem similar to what has been achieved with,
for example, scientific libraries around the Python language.
In summary, transition toward at least partially open-source
instrumentation can lead to a drastic reduction in price and
development time for all groups working with field measure-
ments, while at the same time making reproducibility of
experiments by peers easier.

The data obtained in the present study were collected
using an off-the-shelf sensor and an open-source logging
system, which was created with generality and ease of modi-
fication in mind. The logger is based on a microcontroller
rather than a traditional computer. This allows reduced
price, power consumption and complexity. In addition an
open-source GPS chip and SD card reader are integrated in
the logger for absolute time reference, position information
and data storage capability. Any type of sensor can then be
added to build an instrument in a modular fashion.

The sensor model used to measure waves is the rugged,
thermally calibrated VN100 Inertial Motion Unit (IMU) man-
ufactured by Vectornav Co. This IMU was already assessed
and used to produce valuable data in the field (Sutherland
and Rabault, 2016). The VN100 is configured to output mag-
netic vector, linear accelerations, angular rates, temperature,
pressure and checksum in ASCII format at 10 Hz.

The IMUs and additional electronics were enclosed in
hard plastic cases, to which a float was attached for ensuring
that the whole system follows the waves well. More details
about the technical solutions used for building the wave
sensors are given in the Appendix.

3. OBSERVATIONS
Three instruments were deployed at sea near Longearbyen,
Svalbard on 17 March 2016. A small boat was used to
access the edge of a grease ice slick near shore to deploy
the instruments. The water in the measurement area is
shallow, down to ∼80 cm at the point closest to the shore.
Wind waves generated locally came approximately perpen-
dicular to the shore, and approximately parallel to a seawall
limiting the extend of the grease ice slick to the East. The
influence of the seawall on the waves recorded by the
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sensors was negligible. To allow easy recovery, the instru-
ments were tied together with a rope, so that the maximum
distance allowed between two instruments tied together
was ∼15 m. The total 30 m rope length used was long
enough to not influence the dynamics of the floats and the
maximum distance effectively measured between two instru-
ments tied together is ∼8 m, which indicates that there was
no tension on the rope when measurements are performed.
A picture of the ice slick and floats is presented in Figure 1.
As visible in Figure 1, the instrument F1 entered the grease
ice slick, while instruments F2 and F3 remained close to
each other, at the limit of the slick during most of the meas-
urement. The position of the instruments, obtained from the
recorded GPS data, is presented in Figure 2. In all the follow-
ing, the instruments are referred to as F1, F2 and F3. After ∼1

h of drifting, F1 got grounded on shore and the wave data
obtained by F1 are therefore not reliable after 15.05 UTC.

A sample of the raw data corresponding to the linear
accelerations recorded by the instrument F3 is presented in
Figure 3. The factory-rated accuracy of the linear acceler-
ation expected from the VN100 is 5 × 10−3 g, with g=
9.81 m s−2 the acceleration of gravity, which is ∼2.5 orders
of magnitude better than the typical vertical accelerations
corresponding to the waves encountered during our mea-
surements in grease ice. Therefore, as visible in Figure 3,
the IMU is able to smoothly resolve the wave signal. The
measured accelerations are primarily in the vertical direction
(Z-axes of the IMU), while only small residual horizontal
accelerations are observed (X- and Y-axes of the IMU). This
was also observed visually during the deployment of the
sensors, with the instruments appearing to be effectively
stuck in the horizontal direction relatively to incoming
waves due to the viscous grease ice layer.

The 10 Hz sampling frequency is well above the highest
wave frequency observed, which is ∼1.2 Hz. Therefore, the
signal is effectively over sampled with respect to the
Nyquist criterion in terms of water wave frequencies
observed. While we record wave signal at 10 Hz, the IMU
works internally at 800 Hz, so that the signal obtained is
the result of a low-pass filtering done by the IMU processor
and therefore eliminates otherwise possible aliasing of
wind induced high-frequency accelerations.

4. METHODOLOGY
When computing the wave elevation power spectral density
(PSD), the true vertical direction aligned with gravity is first
determined by averaging the acceleration over the whole
time series for each sensor. The maximum deviation com-
pared with the Z-direction of the IMUs fixed inside the instru-
ment cases is <5°. The vertical wave acceleration is then
obtained for each instrument by projecting the linear acceler-
ation recorded by the IMU on the true vertical acceleration.
We tested the effect of the angular deviation by adding to the
vertical data an artificial random deviation of similar magni-
tude as the one experimentally measured, and processing the
altered signal in the same way as presented in this section.
We could not observe any significant influence on the
results, as reported in the next section. The PSD of the

Fig. 1. Sensors F1, F2, F3 (by order of increasing distance from the
camera) deployed near shore in a grease ice slick near
Longyearbyen, Svalbard.

Fig. 2. Tracks of the wave sensors F1, F2 and F3 as recorded by their
on-board GPS during the whole time of the measurements (UTC
14.10–16.30). Shore is indicated by the gray area. The positions of
instruments F1 and F3 at the times of the beginning of each data
sample used for computing wave attenuation by grease ice are
marked with black stars. The final position of each instrument is
indicated by a black dot.

Fig. 3. Sample of the raw data for linear acceleration logged by the
sensor F3. The time indicated is UTC on 17 March 2016. Data
labeled Z correspond to the IMU axes pointing upwards, while
data labeled X and Y correspond to the two IMU axes in the
horizontal plane.
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wave vertical acceleration is computed with the Welch
method (Earle, 1996) on 20-min intervals, using three time
windows with 50% overlap, and low-pass filtered using a
sliding average filter of width eight points. Error bars for the
Welch spectra are computed using the Chi-squared (χ2)
error estimate. The PSD for the wave elevation is finally com-
puted from the PSD of the wave vertical acceleration using
the formula from Tucker and Pitt (2001):

PSD½η� ¼ ω�4PSD½ηtt�; ð1Þ

where ω= 2πf is the angular frequency, f the frequency, η the
wave elevation and ηtt the vertical acceleration recorded by
the IMU.

Since the PSD is quadratic in the wave amplitude, we can
write the attenuation coefficient for the wave amplitude
between Fi and Fj at each frequency, ai/j, as:

ai=jð f Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PSDið f Þ
PSDjð f Þ

s
; ð2Þ

where PSDi is the PSD corresponding to the floating instru-
ment Fi. The direction of the incoming waves, which is
approximately perpendicular to the coast line, is at an
angle 10° west of north. The projection of the distance di/j
between instruments Fi and Fj on the wave propagation direc-
tion is therefore computed as:

di=j ¼ D10 � ri=j; ð3Þ

with D10 the wave propagation direction, and ri/j the position
vector from Fi to Fj, computed from the GPS data recorded by
the instruments.

The wave damping coefficient α(f) is defined for an incom-
ing monochromatic wave of frequency f as:

Af ðxÞ ¼ Af ð0Þe�αð f Þx; ð4Þ

with Af (x) the monochromatic wave amplitude at a distance x
along the wave direction of propagation, and x= 0 is an arbi-
trary reference position. The damping coefficient α is there-
fore computed from the attenuation coefficient and the
projected distance between Fi and Fj as:

αð f Þ ¼ �
logðai=jð f ÞÞ

di=j
: ð5Þ

As emphasized in the introduction, several theoretical
models describing wave attenuation by an ice cover have
been proposed in the literature. While ice conditions can
be controlled in laboratory experiments and grease ice thick-
ness and effective viscosity can be measured and used as
parameters in a two-layer model, it was not possible to
measure those parameters during our field measurements.
We could arbitrarily pick up a value for the grease ice layer
thickness corresponding to a typical grease ice slick, and
use this with one of the more sophisticated two-layer
models. However, there would then be no advantage over
the simpler one-layer models as the point of two-layer
models is to account explicitly for the properties of the ice
layer that are otherwise hidden in the value of the effective
viscosity. This conflicts with the use of default values for
the ice layer properties. Indeed, if default values for the ice
layer properties are used based on a coarse assessment of

the field conditions, all the fitting of the two-layer models is
done based on the value of the effective viscosity of the ice
or water layer, similarly to a one-layer model. Therefore,
we compare our results with the one-layer model of Weber
(1987), which has proven to yield satisfactory agreement
with long waves at sea (Weber, 1987) and short waves in
the laboratory (Newyear and Martin, 1997). The wave solu-
tion described by the one-layer model is the deep water
limit of the more general viscous wave damping solution
described by Lamb (1932). The generic equation describing
the damping rate for any water depth, αg, is (Lamb, 1932):

αgð f Þ ¼
nk
2cgδ

; ð6Þ

with ν the viscosity that in the original derivation is the vis-
cosity of the fluid, but that can be replaced by an effective
eddy viscosity in the water layer νw to model field data, k
the wavenumber, cg= ∂ω/∂k the group velocity, and δ ¼ffiffiffiffiffiffiffiffiffiffiffi

2n=ω
p

the thickness of the Stokes layer.
The one-layer model is obtained by substituting the deep

water linear dispersion relation, ω2= gk with g= 9.81 m2

s−1 the acceleration of gravity, in Eqn (6). The expression
for the damping rate using an effective viscosity in the
water layer is then (Weber, 1987):

αð f Þ ¼ n
1=2
w ω7=2ffiffiffi
2
p

g2
: ð7Þ

Dissipation at the sea bottom is neglected in this model,
which is justified as long as viscous dissipation due to the
grease ice layer is the dominant dissipation mechanism.
This hypothesis can be checked a posteriori. A formula
describing the damping effect of the bottom and side wall
boundary layers in a wave tank is provided by Sutherland
and others (2017) as:

αbs ¼ nγk
½ð1= sinhð2kHÞÞ þ ð1=kBÞ�

cg
; ð8Þ

where γ= 1/δ, H is the water depth, B is the width of the
wave tank and ν is the viscosity of water. In our case with
sea water at 0° Celsius ν= 1.83 × 10−6 m2s−1. In the open
sea, if one assumes that the seabed is smooth enough that
the boundary layer there is similar to what is expected in a
wave tank, only the first term in Eqn (8) will contribute
since no side walls are present. The effect of the boundary
layers on wave damping on both the experiment of
Newyear and Martin (1997) and our field measurements
will be analyzed in the Discussion section.

5. RESULTS
Figure 4 shows samples of the observed PSDs. The waves
recorded are locally generated wind waves, with a peak fre-
quency ∼0.8 Hz during the whole record. The damping
effect of the grease ice slick is clearly visible. While instru-
ments F2 and F3 remain close to each other at the limit of
the grease ice slick and present little damping in most of
the spectra, the instrument F1 that moved into the grease
ice shows clear reduction in the wave PSD, especially at
high frequencies as is expected from theory (Weber, 1987;
Keller, 1998). However, F1 drifts to shallow areas as time
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goes on and was grounded when recovered. This explains
the excessive attenuation observed for times 15.05 and
15.25 UTC, and the corresponding PSD obtained from F1
should not be trusted.

During the time interval between 14.15 and 15.00 UTC, F1
is about 7 m further in the grease ice slick compared with F3,
so that reliable wave damping coefficients can be computed.
The location of the instruments during this timewindow is pre-
sented in Figure 2. During this time interval we can compute
the damping based on the PSD for F1 and F3.

The value of the effective viscosity in the water layer yield-
ing best agreement between Eqn (7) and laboratory experi-
ments of Newyear and Martin (1997) is of the order of
(1.35 ± 0.08 × 10−2)m2s−1 at 1.173 Hz for a 11.3 cm grease
ice layer thickness (Table 1 of Newyear and Martin (1997)).
Using the same model Eqn (7), we compute the best-fit

effective viscosity using nonlinear least-squares fit on the
attenuation rate obtained through Eqn (5) for the collection
of signal sample start times 14.20, 14.25, 14.30, 14.35,
14.40 and 14.45 UTC. We find a value νw= (0.95 ± 0.05 ×
10−2)m2s−1 using a 5-σ confidence interval for the viscosity
spread, which corresponds to a relative difference to the
value found in previous cold laboratory experiments of
ð30± 10%Þ. Propagating the angular deviation of the true
vertical signal leads to relative variations in νw of <1%. We
also compute the coefficient of determination of our model
on the field data and obtain a value of R2= 0.89. Finally,
we compute the value of the MAE and RMSE relative to the
prediction of the attenuation parameter, which are 0.037
and 0.044m−1, respectively. Results are summarized in
Table 1.

6. DISCUSSION
Obtaining a closed form wave damping formula from Eqn (6)
requires the use of the deep water dispersion relation, as the
more general intermediate water depth dispersion relation is
not invertible in terms of exact known functions. However,
the deep water approximation, which is already not strictly
enforced in the laboratory study by Newyear and Martin
(1997), is not strictly justified at the lower frequencies we
report here. Therefore, we also compare the damping
obtained in the field with Eqn (6), using the same effective
viscosity in the water layer νw= 0.95 × 10−2 m2s−1 and the
intermediate water depth dispersion relation:

ω2 ¼ gk tanhðkHÞ; ð9Þ

where H= 0.8 m is the water depth. Newyear and Martin
(1997, 1999) showed that the effect of the grease ice layer

Fig. 4. Evolution with time of the PSD for wave elevation recorded by the sensors F1, F2 and F3 computed using theWelch method on 20-min
intervals, using three time windows and 50% overlap followed by a sliding average filter. From left to right, top to bottom, the UTC time
obtained from the internal GPS for the beginning of the time series used is 14.15, 14.25, 15.05, 15.25.

Table 1. Comparison between the results obtained by Newyear and
Martin (1997) in the laboratory and our field measurements in
Svalbard

Experiments by Newyear
and Martin (1997)

Field measurements
in Svalbard

Frequency domain
(Hz)

1.173 0.35–1.1

Best-fit effective
viscosity (m2 s–1)

1.35 ± 0.08 × 10−2 0.95 ± 0.05 × 10−2

R2 N/A 0.89
MAE (m–1) N/A 0.037
RMSE (m–1) N/A 0.044

R2, MAE and RMSE are computed based on the attenuation coefficient. We
include only the measurement by Newyear and Martin (1997) at the fre-
quency closest to the frequency range observed in the field.
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on the real part of the dispersion relation, i.e. changes in the
wavelength introduced by the grease ice layer, can be
neglected up to ∼1.2 Hz, which is over the higher frequency
limit for which we are able to compute damping. Therefore,
we can use Eqn (9) to compute wavelength and group vel-
ocity even in the presence of a grease ice layer.

In the limit of low-frequency waves, the difference
between the deep and intermediate water depth dispersion
relations becomes important. As shown in Figure 5(a), both
dispersion relations lead together with Eqn (6) to a zero
attenuation in the low-frequency limit. However, the pre-
dicted quotient of the two attenuation curves goes to infinity
in the low-frequency limit as shown in Figure 5(b), indicating
that the velocity at which convergence to zero happens is
very different between the two curves. As can be seen in
Figure 5(b), the damping predicted by both dispersion rela-
tions is similar down to a frequency of ∼0.4 Hz, which is
slightly above the minimum frequency measured in the
field, before diverging sharply. However, the damping in
the frequency domain below 0.4 Hz for which both disper-
sion relations yield significantly different predictions is
much smaller than for higher frequencies, and therefore the
absolute difference between both predictions has a small
impact on the least-squares fit used for obtaining the effective
viscosity.

Results of the damping values obtained from the field
measurements, compared with the one-layer model using
the fitted effective viscosity value, are presented in
Figure 6. The thin lines indicate damping obtained from
Eqn (5) for the six signal samples equally spaced in time,
with start times between 14.20 and 14.45 UTC, that were
used to fit the effective viscosity. The gray area indicates
the 3 σ confidence interval based on all the damping
curves. The thick black line indicates the one-layer model
prediction from Eqn (7) obtained with the effective viscosity
value previously reported, and the dashed line the intermedi-
ate water depth prediction from Eqn (6) using the same vis-
cosity. Observations of wave attenuation in the field are
therefore consistent with both the one-layer model of
Weber (1987) and previous experiments in the laboratory.

We find good agreement, both qualitatively and quantita-
tively, between the one-layer model and the field data as
shown by the width of the confidence intervals obtained,
the value of the R2 coefficient and the visual inspection of

Figure 6. By contrast, we obtain a bigger discrepancy
between the effective viscosity computed from our measure-
ments and obtained by Newyear and Martin (1997). Several
explanations can be attempted to explain the corresponding
ð30± 10%Þ discrepancy. Firstly, the effective viscosity
reported by Newyear and Martin (1997) increases slightly
with frequency, which they attribute to a possible non-
Newtonian behavior of the ice layer, so that reproducing
their experiment for a lower frequency range corresponding
to the field data obtained may yield better agreement.
Secondly, as was emphasized in the introduction, the litera-
ture does report intrinsic variability in the effective viscosity
due to, among other things, the thickness of the grease ice
layer or the level of turbulence in the water. Those variables
are difficult to measure in the field, and would be challenging
to obtain from remote sensing and include in a wave model,
therefore not testable at this time. As a consequence it is sat-
isfactory to find that the one-layer model, which models all

Fig. 5. Illustration of the effect of the choice of the deep or intermediate water depth dispersion relation on the wave attenuation obtained from
Eqn (6). One layer label indicates that the formula from Weber (1987) which relies on the deep water dispersion relation is used, while Lamb
label indicates that the intermediate water depth dispersion relation is used. Left: comparison of the attenuation curves for low frequencies.
Right: quotient of both attenuation curves.

Fig. 6. Comparison of the observed damping rate from experimental
data with the one-layer model. The thin curves show the frequency-
dependent damping rate obtained by comparing the PSD for wave
elevation obtained from sensors F1 and F3 for six equally spaced
data samples with start times between 14.20 and 14.45 UTC. The
gray area is the corresponding 3 σ confidence interval. The thick
line is the prediction of the one-layer model, with an effective
viscosity in the water layer νw= 0.95 × 10−2 m2 s−1. The dashed
line is the prediction of the more general Lamb viscous damping
solution, computed for the same effective viscosity as the one-
layer model using the intermediate water depth dispersion relation.
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those effects in one single parameter (the effective viscosity),
manages to produce similar results between field measure-
ment and laboratory experiments, at least for the present
small-scale study.

Another cause of discrepancy between our field measure-
ments and laboratory results could be friction on the wave
tank side walls. As explained previously, it is well known
that the effects of the boundary layers on a wave tank side
and bottom walls can affect wave damping, and must be
accounted for to accurately compare laboratory results with
theories (Sutherland and others, 2017). We can therefore
use Eqn (8), together with the intermediate water depth dis-
persion relation (9), to estimate the effect of the seabed
boundary layer on the measurements we performed in
Svalbard, and of both the wave tank bottom and side walls
in the case of the experiment by Newyear and Martin
(1997). We use the viscosity of water at 0°C when computing
the effect of the boundary layers. Results are presented in
Figure 7. The effect of the seabed (or bottom wall) on wave
decay has a peak at an intermediate frequency that
depends on the water depth, and diminishes for higher fre-
quency waves as wave motion gets concentrated near the
surface. By contrast, the effect of the side walls increases
with higher frequencies.

A comparison between the results presented in Figures 6
and 7 shows that the effect of the seabed on wave damping
is about three orders of magnitude smaller than the effect
of the grease ice at 0.6 Hz. Therefore, even considering
that the seabed roughness may increase the damping effect
on the field data, the effect of the seabed boundary layer
on wave decay can be neglected. In the case of the experi-
ments by Newyear and Martin (1997), Figure 7 shows that
while the effect of the side walls increases at higher frequen-
cies, it is there also about two orders of magnitude smaller
than the decay coefficient reported in their Table 1.
However, the presence of ice at the water surface could

add another source of friction on the wave tank walls,
which is not accounted for here. Unfortunately, we would
need to perform a direct measurement of the friction coeffi-
cient of the grease ice on the material used for building the
walls of the wave tank used by Newyear and Martin (1997)
to assess the magnitude of this effect.

7. CONCLUSIONS
In the present paper, wave sensors are deployed in a grease
ice slick near the shore in Svalbard and successfully
measure wave spectra and wave attenuation by the grease
ice. We present a comparison with the one-layer model of
Weber (1987) in the frequency range 0.4–1 Hz. The value
of the effective viscosity in the water layer giving the best
fit to the experimental data is νw= (0.95 ± 0.05 × 10−2)
m2s−1, which is ð30± 10%Þ less than the value found at
slightly higher frequency in previous cold laboratory experi-
ments. We discuss the possible origin of this discrepancy,
and cannot find any significant effect of the boundary
layers developing on the wave tank walls and bottom.
Therefore, we expect that the discrepancy arises from vari-
ability in the grease ice properties and the slightly lower fre-
quency observed in the field compared with the laboratory.

In addition to the value of the effective viscosity, we
obtain a coefficient of determination R2= 0.89, and values
for the MAE and RMSE relative to the prediction of the attenu-
ation parameter of 0.037 and 0.044m−1, respectively. This
proves that, in realistic conditions corresponding to field
data where only partial information is available, so that
sophisticated two-layer models could not be applied, the
simpler one-layer model can still provide valuable informa-
tion about wave damping. Using quantitative metrics such
as the coefficient of determination, the MAE and RMSE
could be a method to objectively compare different models
for wave attenuation by grease ice.

The need for more field measurements for wave attenuation
by ice has been underlined previously in the literature (Mosig
and others, 2015). In this context, the instruments used for per-
forming this work may also be of interest for other groups.
Indeed, we built instruments that are versatile and based on
off-the-shelf sensors and open-source electronics, which
could make experiments both cheaper and easier to replicate
by peers. Code and hardware details are shared as open-
source material on the Github of the corresponding author
(more details in the Appendix). It is hoped that such an open-
source policy can become the norm for field measurements.
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APPENDIX
TECHNICAL DETAILS ABOUT THE INSTRUMENTS
USED
The general architecture of the instruments is the following.
An Arduino Mega microcontroller board is used together
with a GPS chip, an active GPS antenna, and an SD card
reader to build a modular instrument. The GPS chip commu-
nicates with the microcontroller through one of its four phys-
ical serial interfaces, while the SD card reader is wired on the
SPI microcontroller bus. Sensors can then be added by
simply plugging them into one of the three remaining
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physical serial interfaces of the microcontroller, or by using
the SPI or I2C bus. In addition, the GPS, SD card reader
and sensors receive power through a MOSFET transistor
that can be switched on and off from the microcontroller,
which allows the whole instrument to be put in a low-
power consumption mode if requested.

Since the VN100 sensor used in our study relies on a
RS232 3 V level for serial communications while the micro-
controller board uses TTL 5 V logic, a MAX232 logic con-
verter chip is used for level conversion between the VN100
and the serial port of the microcontroller board used for
logging. Data are logged directly in ASCII format at 10 Hz.
Binary format can be used to compress the data, but this
was not necessary in our case and therefore ASCII was
chosen for ease of programming and debugging. The
current consumption of the whole system, when logging
both the IMU at 10 Hz and GPS data at 1 Hz, is 180 mA at
5 V (see Table 2). This is ∼20 times less than the overall
power consumption that was needed for powering the
MOXA computer-based instrument used in Sutherland and
Rabault (2016).

Battery autonomy is the limiting factor for long-time logging
in cold regions, which ismade an evenmore critical issue than
in temperate environments since the capacity of traditionally
used lead acid batteries drops drastically in cold (Chang and
Bonnet, 2010). We solve this issue by using industry grade
rechargeable prismatic lithium iron (LiFe) batteries that
feature low self-discharge and excellent performance in the

cold. Two 40 Ah, 3.2 V cells are assembled in series to
provide a voltage of 6.4 V, which is reduced to the 5 V
needed by our electronics using a low dropout voltage regula-
tor. In addition, a protection circuit module is inserted between
the battery and the voltage regulator to prevent overloading or
overdischarging. This solutionwas tested in the laboratorywith
the complete instrument including the VN100 IMU at a tem-
perature of −18°, and was able to work continuously for
over 8 days. When only a few hours of logging are needed,
we use more affordable lithium ion batteries.

To make the instrument resilient to failures caused by
external events, such as short power interruptions due to
shocks or other real work issues, a watchdog timer is used
to reboot the microcontroller in case of a malfunctioning.
In addition, the microcontroller logs the data to a new file
every 15 min, and the name of the previous file is stored in
the nonvolatile EEPROM microcontroller memory to avoid
erasing previous data even in the event of a reboot by the
watchdog. This ensures that at most 15 min of data will be
lost in case of a watchdog reset or power loss.

The microcontroller board, IMU, GPS chip and antenna,
SD card reader and battery with protection circuit module
are enclosed in a robust pelican case. The pelican cases
are chosen, so that the whole system is buoyant, independ-
ently of any additional float.

Using microcontrollers presents several advantages over
more powerful computer systems, such as the MOXA com-
puter used in Sutherland and Rabault (2016). Price, power
consumption, complexity, weight and size can be reduced,
and therefore more sensors can be deployed for the same
budget and can deliver longer autonomy (over 1 week
of continuous measurements for an instrument weighting
<5 kg) without operator intervention. Microcontrollers are
not able to run sophisticated embedded processing, but
they are able to perform logging and to interact with
various sensors. More details about the code and the elec-
trical components used are available on the corresponding
author GitHub repository (https://github.com/jerabaul29/
LoggerWavesInIce).

MS received 20 May 2016 and accepted in revised form 3 January 2017; first published online 8 February 2017

Table 2. Summary of the power consumption of the electronics
used, under active logging with 5 V power supply

Electronic component Current consumption (mA at 5 V)

Arduino Mega 60
SD card reader 20 (dependent on SD card)
VN100 IMU 70
GPS and active antenna 30
Total 180
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ABSTRACT

The directional wave spectra in sea ice are an important aspect of wave evolution and can provide

insights into the dominant components of wave dissipation, that is, dissipation due to scattering or

dissipation due to viscous processes under the ice. A robust method for the measurement of directional

wave spectra parameters in sea ice from a three-axis accelerometer—or a heave, pitch, and roll sensor—

is proposed. The method takes advantage of certain aspects of sea ice and makes use of rotary spectra

techniques to provide model-free estimates for the mean wave direction, directional spread, and re-

flection coefficient. The method is ideally suited for large ice floes—that is, where the ice floe length scale

is much greater than the wavelength—but a framework is provided to expand the parameter space where

the method may be effective.

1. Introduction

It has been common practice to use accelerometers, or

inertial motion units (IMUs), to detect surface wave

motion in sea ice (e.g.,Wadhams et al. 1986). These have

several advantages, including low cost, relatively easy to

deploy, and extensive literature on using such sensors

for measuring ocean waves (Bender et al. 2010). While

techniques to obtain one-dimensional estimates of the

wave energy are relatively robust (Bender et al. 2010),

there are several challenges associated with calculated

directional wave spectra from a single sensor (Benoit

1992; Young 1994). One of the largest challenges for

measuring waves in ice is due to the multimodal nature

expected from reflections, scattering from inhomoge-

neities in the ice cover and changes in the disper-

sion relation (Wadhams et al. 1986; Sutherland and

Rabault 2016).

Understanding the directional spectra is important

in order to address the dominant mechanism for wave

attenuation, which is due to the scattering of wave

energy arising from inhomogeneity in the ice cover or

due to viscous attenuation between the ice cover and

the fluid beneath (Squire et al. 1995; Squire 2007).

While both methods are expected to give an expo-

nential amplitude decay as a function of distance

(Wadhams et al. 1988), distinction between the two

dissipative processes is expected to be possible if ac-

curate measurements of the directional spread

are available (Ardhuin et al. 2016). This is true for

pack ice and the marginal ice zone (MIZ), as Ardhuin

et al. (2016) used observations located between

1000 and 1500 km from the ice edge to infer the dis-

sipation mechanism for waves with a period greater

than 19 s.

The only published in situ study of the directional

wave spectra in sea ice, to our knowledge (and

according to Squire and Montiel 2016), is the study by

Wadhams et al. (1986), who used several heave, pitch,

and roll buoys to calculate the spectra inside and out-

side the marginal ice zone. Wadhams et al. (1986) cal-

culated directional spectra using the methodology of

Long and Hasselmann (1979), which is an inverse

technique that fits the observations to a preferred

parametric model for the shape of the directional

spectra, as this method has been shown to resolve bi-

modal seas (Lawson and Long 1983). There are other

methodologies for calculating the directional spectra in

bimodal seas, but they all require knowledge of the

directional shape function and use various techniques

to obtain the best fit [see Benoit (1992) for a review of

some of the techniques]. As a first approach we will

make no assumptions about the spectral shape and

will work directly with the Fourier series expansionCorresponding author: Graig Sutherland, graigors@math.uio.no
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approach of Longuet-Higgins et al. (1963). This ap-

proach is used in part to simplify the analysis, but it is

also justified due to the scarcity of observations of di-

rectional spectra in ice and the lack of data with regard

to a preferred spreading shape. Recent advances in the

development of low-cost IMUs have allowed for the

development of wave sensors that can be developed

into wave buoys or easily deployed on ice floes (e.g.,

Doble andWadhams 2006; Kohout et al. 2015; Rabault

et al. 2016). This development will make it easier to

measure waves in ice and therefore greatly increase the

number of in situ observations available. In addition, as

these sensors can take advantage of satellite commu-

nications, such as Iridium, to send data remotely, it is

advantageous to be able to estimate aspects of the di-

rectional spectra in a robust manner, similar to the

model-independent parameters proposed byKuik et al.

(1988), to reduce data transmission volume.

One of the primary motivations for this paper is to

explain why the horizontal acceleration, as measured

by an IMU on sea ice presented by Sutherland and

Rabault (2016) and Rabault et al. (2016), is equiva-

lent in magnitude to the vertical acceleration. In

previous studies where the horizontal acceleration

was presented (Fox and Haskell 2001; Bender et al.

2010), the acceleration orthogonal to the vertical was

shown to be negligible. The studies of Sutherland and

Rabault (2016) and Rabault et al. (2016) intuitively

used this information to infer the direction of prop-

agation but lacked a thorough analysis as to why this

should be so. In this paper, a new methodology for

estimating information about the directional spectra

is presented. This method takes advantage of typical

IMU measurements in order to obtain robust esti-

mates of mean direction, directional spread, and re-

flection. These directional parameters are estimated

using a rotary spectra technique (Gonella 1972). This

technique is compared with that of Longuet-Higgins

et al. (1963) and model-independent estimates using

the Fourier coefficients (Kuik et al. 1988). The out-

line of the paper is as follows. Section 2 outlines the

theoretical basis for our methodology and how it re-

lates to the original theory as laid out by Longuet-

Higgins et al. (1963). The data and methodology are

presented in section 3. Details of the wave motion as

measured by IMUs are presented in section 4. Cal-

culation of directional spectra using an IMU and

comparisons with the new rotary spectra method,

along with estimating model-independent parame-

ters for directional spread and reflection, are pre-

sented in 5. A summary and discussion of the results,

along with limitations of the proposed method, can be

found in section 6.

2. Theory

We begin our analysis with the three orthogonal ac-

celerations in the reference frame of the IMU, as shown

by Bender et al. (2010) to be written as

X
S
5 a

x
1 g

x
, (1)

Y
S
5 a

y
1 g

y
, (2)

Z
S
5 a

z
1 g

z
, (3)

where ax, ay, and az are the three orthogonal accelera-

tions and gx, gy, and gz are the components of gravity in

the x, y, and z directions, respectively, of the IMU frame

of reference, which we denote by the subscript S. There

exists some variability in the coordinate system used by

various IMUmanufacturers (Bender et al. 2010), but for

our purposes we will use the VN-100 manufactured by

VectorNav (2014) and the orientation is shown in Fig. 1.

The components of gravity in each of the three orthog-

onal components are a function of the pitch u, defined to

be the angle rotated about the y axis in a right-hand

system, and u, defined to be the angle rotated about the

x axis in a right-hand system, such that

g
x
5 g sinu , (4)

g
y
52g cosu sinf , (5)

g
z
52g cosu cosf . (6)

Equations (4)–(6) are identical to method IV of Bender

et al. (2010).

Up to this point there has been no assumption made

about the nature of the sea ice cover at the surface. For

waves in sea ice, the ratio of the horizontal dimension of

the ice floe to the wavelength is an important parameter

determining the accelerations and angles of the ice floe

relative to the ocean surface (Masson and LeBlond 1989;

FIG. 1. Axis orientation for the VN-100 IMU.
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Meylan and Squire 1994). For ice floes much smaller

than the wavelength, the response amplitude operator

(RAO) of an ice floe to surface waves is controlled by

gravity—that is, the floe can slide down wave slopes—

friction between the floe and water, and inertia of the

floe (Marchenko 1999). For wavelengths comparable to

the ice floe length scale, there can exist complex reso-

nance characteristics strongly affecting the RAO

(Masson and LeBlond 1989). For wavelengths much

smaller than the ice floe, the ice floe will follow the

waves under the ice and the flexural motion of the ice

can change the dispersion relation. In general, the ac-

celerations and angles in the three directions are

functions of the incident wavelength, the floe geometry,

and to a small extent the water depth (Masson and

LeBlond 1989). Below we will make some assumptions

consistent with the conditions encountered by Sutherland

and Rabault (2016), but note that the method may still

work for smaller floes. This latter point will be elaborated

on further in section 6.

As one of the primary motivations for this study is to

explain the horizontal accelerations observed by an IMU

on a large continuous sheet of ice (Sutherland andRabault

2016), we will make the assumption that the horizontal

length scale of the ice floe is much greater than the

wavelength. This assumption allows us to further as-

sume that the ice is well coupled with the surface

waves—that is, that the horizontal motion is negligible,

ax 5 ay 5 0—and that the angles u andu are small enough

to neglect the second-order terms, for example, sinu’ u

and cosu’ 1. These assumptions, along with (4)–(6),

allow (1)–(3) to be written as

X
S
5 gu , (7)

Y
S
52gf , (8)

Z
S
5 a

Z
2 g . (9)

Equations (7)–(9) show that a 3D arrangement of ac-

celerometers on sea ice, to first order, can measure the

vertical acceleration along with the angles given the

abovementioned assumptions. This is explored further

for gravity waves propagating in sea ice.

The surface elevation can be written as

h(x, t)5<[Aei(k�x2vt)]5<[AeiF] , (10)

where < denotes the real part, A is the amplitude, k is

the wavenumber vector, v is the angular frequency, x is

the position vector, t is time, and F5 k � x2vt is the

phase function. While (10) is the elevation for a single

frequency, it can easily be written as a linear sum of

several frequencies with no loss of generality. The an-

gles u and u are related to the slopes in the x and y

directions, respectively, and can be calculated from

(10), that is,

u5
›h

›x
5 ik

x
AeiF , (11)

2f5
›h

›y
5 ik

y
AeiF . (12)

The vertical acceleration in our coordinate system, where

z is positive downward, is calculated as

a
z
52

›2h

›t2
5v2AeiF . (13)

The dispersion relation, assuming a Kirchoff–Love thin

elastic plate model (Marchenko et al. 2013), can be

written as

v2 5 gk tanh(kH)

�
11

D

rg
k4

�
, (14)

where k5 jkj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
x 1 k2

y

q
, kx and ky are the orthogo-

nal components of the wavenumber vector k,

D5Eh3/[12(12 n2)] is the bending modulus with E

being the elastic modulus of ice, H is the water depth, h

is the ice thickness, r is the water density, and n is the

Poisson ratio. We define a characteristic length scale for

the flexural term identical to Fox et al. (2001), that is,

‘
c
5

�
D

rg

�1/4

. (15)

There are other factors that can affect wave dispersion,

such as the inertia of the ice and compressive stress (Liu

and Mollo-Christensen 1988). However, ice stresses in

an adjacent fjord have a maximum of 37.7 kPa away

from the hinge zone (Vindegg 2014), which is much too

small to affect the dispersion for typical surface wave

frequencies. The inertial term may affect the higher

wavenumbers, but it will be limited to a maximum 10%

deviation in the dispersion relation for wavelengths less

than 50m and ice thicknesses less than 1m, and is

therefore neglected.

The wavenumber k can be written in terms of one of

the orthogonal components kx and ky as

k5k
x

"
11

�
k
y

k
x

�2
#1/2

. (16)

In general, at least for lower frequencies, which do not

quickly attenuate, waves in ice can be approximated as

long crested, that is, (ky/kx)
2 � 1 (Sutherland and

Rabault 2016). Therefore, from (16), kx ’ k and ky will

be a small fraction ofk.Wedefine dk5 k2 ky, and solving
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for k such that ky 5 «k and ignoring terms of dk2 gives

«5 (2dk/k)1/2. Substituting (11)–(15) into (7)–(9) gives

X
S
5

iv2AeiF

tanhkH[11 (k‘
c
)4]

(17)

Y
S
5

«iv2AeiF

tanhkH[11 (k‘
c
)4]

(18)

Z
S
5v2AeiF 2 g . (19)

Equations (17)–(19) show that the magnitude of XS

will be comparable to ZS with a 908 phase shift for

wavenumbers (k‘c)
4 � 1. For YS, the same 908 phase

shift is expected but with a much reduced amplitude.

The characteristic length for a range of E of 12 53
109 Nm22 and ice thickness h of 0.5–1m gives a range for

‘c between 0.58 and 14.6m. For ocean swell where

(k‘c)
4 � 1, the bending term can be omitted and XS and

ZS should have the same magnitude. For thick, stiffer ice,

the flexural motion will impact higher frequencies of wave

motion, but for thin, more pliable ice the bending term in

the dispersion relation can be safely neglected.

The finite depth can also lead to an increase in the

measured horizontal acceleration XS relative to the

vertical acceleration ZS for small values of kH. Taking

H 5 80m, which is the depth from Sutherland and

Rabault (2016), gives an increase of XS relative to ZS of

0.5% for wavelengths of 168m, corresponding to waves

with periods greater than 10 s, and 3.7% for wavelengths

of 251m, corresponding to waves with periods greater

than 13 s. ForH5 160m, which is the depth for the other

data that we will present later, the periods of 18 and 15 s

correspond to the 0.5% and 3.7% errors, respectively.

Equations (17)–(19) bring up an interesting corollary

with regard to when the magnitude of XS is not equal to

ZS (e.g., Fox and Haskell 2001) or when XS and ZS are

not 908 out of phase (e.g., Sutherland and Rabault 2016).

Such an inequality could arise from physical horizontal

motion (i.e., surge), flexural motion [i.e., (k‘c)
4 � 1], or

floe–floe interactions (Yiew et al. 2016), or the waves are

not sufficiently long crested (e.g., jXSj’ jYSj). There-
fore, the accelerations measured in the IMU reference

frame can give information about wave propagation

when jZSj’ jXSj andZS andXS are 908 out of phase. The
method also potentially gives some information about

the ice cover when only a subset of the abovementioned

assumptions hold, and this will be presented for a par-

ticular example later on in the manuscript.

3. Data and methods

IMUs equipped with a three-axis accelerometer, a

three-axis gyroscope, and a three-axis magnetometer

were used to measure ice motion. The IMUs used are

the VN-100 manufactured by VectorNav (2014). Each

IMU is factory calibrated for temperatures ranging

from 2408 to 858C. The accelerometer has a factory-

rated resolution of 53 1024 g and the angular rate res-

olution is 3:53 1024 rad s21. Details of the IMUs and the

processing can be found in Rabault et al. (2016).

The VN-100 samples internally at a rate of 800Hz, and

the raw signal is then low-pass filtered by the embedded

processor so that the output rate is reduced to 10Hz. The

use of a low-pass filter effectively suppresses aliasing and

reduces the noise level of the instrument. The power

spectral density (PSD) was calculated for segments of

45min using the Welch method with a Hanning window

of length 5.5min and a half-width overlap. For over-

lapping segmented data, the degrees of freedom (DoF)

can be approximated by (Earle 1996)

DoF5
2K

11 0:4(12K21)
, (20)

where K is the total number of segments. We have 15

segments that give us nearly 22 DoF. The PSD of the

acceleration is related to the PSD of the surface elevation

by the weighting function v24 (Tucker and Pitt 2001).

Several steps are outlined to obtain the orthogonal

coordinates—that is, x, y, and z—relative to the wave.

First, the vertical z axis is obtained by the mean acceler-

ation vector measured by the IMU over the duration of

the observations. This assumes that gravity ismuch greater

than any mean inertial acceleration experienced by the

IMU. Second, the x direction is obtained by maximizing

the variance in the horizontal acceleration, asmeasured by

the IMU, in the orthogonal x–y plane about the z axis. The

x direction is then verified by ensuring that the gyroscope

also has a maximum variance in the same direction. If the

direction is changing in time, then the coordinates could be

calculated on time windows comparable to the 45-min

time series used for the PSD estimates.

In our analysis we use three different test cases from

two different field studies. The first two cases are from a

study performed on fast ice in Tempelfjorden, Svalbard

(788230N, 168540E), during March 2015, as presented in

Sutherland and Rabault (2016) and Rabault et al. (2016).

The third case is from a study on an ice floe in the Barents

Sea (778450N, 258150E) during May 2016. The IMU used

for observing the wave motion is identical in each case,

while the data acquisition system and configuration have

been updated in case c, identical to that presented in

Rabault et al. (2017). The ice floe in the Barents Sea is

approximately 2km in diameter and 0.3m thick.

The three different cases all have similar integrated

energy but differ in their frequency distribution. Case a
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is a mixed sea in Tempelfjorden in fast ice with high-

frequency energy and an observed deviation from the

deep-water dispersion relation (Sutherland and Rabault

2016). Case b is also in Tempelfjorden but after case a,

when there was no longer clear evidence for flexural

motion. Case c is a swell-dominated regime on a 2-km

ice floe in the Barents Sea. Figure 2 shows the PSD for

each of the three cases. A summary of the wave pa-

rameters, such as significant wave height HS, peak pe-

riod Tp, and zero-upcrossing period Tz0, can be found in

Table 1. The significant wave height and zero-upcrossing

periods are calculated from the wave moments, that is,

HS 5 4
ffiffiffiffiffiffi
m0
p

and Tz0 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2/m0

p
, respectively, where the

ith wave moment is defined as

m
i
5

ðf2
f1

f iS( f ) df , (21)

where S( f ) denotes the PSD and f1 and f2 are the fre-

quency limits, which we select to be f1 5 0:05Hz and

f2 5 0:25Hz. The lower frequency limit is determined by

the IMU sensitivity, and the upper limit is selected to

limit high-frequency motion unrelated to surface waves.

In our analysis we will take advantage that the vertical

and horizontal accelerations, where the horizontal ac-

celeration is due to the aliasing of the gravity vector, are

908 out of phase and calculate the wave propagation

using a rotary spectrum. This technique is commonly

used in calculating the rotation of ocean currents (e.g.,

Gonella 1972) but not so common for surface wave

propagation (Sutherland and Rabault 2016).

The vertical and horizontal accelerations measured by

the IMUmay be written using complex notation, that is,

Z
S
(t)1 iX

S
(t)5 a

1
eivt 1 a

2
e2ivt , (22)

where a1 is the acceleration in the positive orientation in

the x2 z plane and a2 is the acceleration in the negative

orientation in the x2 z plane. Taking the PSD of (22),

and scaled by v24 to convert from acceleration to ele-

vation, gives the energy in the positive (or forward)

direction for positive frequencies and the negative (or

backward) direction for negative frequencies. Using

the measured accelerations, the energy calculated from

the rotary PSD is twice the true value calculated from

ZS. The factor of 2 arises from ZS and XS having

the same magnitude, which is equal to av2, so the

PSD(ZS 1 iXS)} a2v4 1 a2v4 5 2a2v4, where a is the

amplitude in (17)–(19).

The rotary spectrum is also used to calculate the

predominant direction of wave propagation. After the

vertical vector is determined from the mean accelera-

tion, which should be equal to g, the two orthogonal

vectors are rotated around this z axis and the optimal

orientation is chosen by maximizing the integrated en-

ergy for the positive frequencies. Figure 3 shows the

rotary spectra calculated in the along-wave (blue) and

cross-wave (red) directions for the three test cases. Each

case has high asymmetry in the along-wave direction

(i.e., any reflected energy is significantly less than the

propagating energy) and high symmetry in the cross-

wave direction (i.e., symmetric wave shape).

4. Wave motion

Investigating the relationship between the accelera-

tions and angles measured by the IMU can shed some

light on some of the assumptions that we havemade. For

example, ifXS ’ gu and themagnitudes ofXS andZS 2 g

(henceforth the 2g is dropped from the notation) are

nearly the same, then the assumption of negligible hor-

izontal motion of the ice, small wave steepness, and a

dispersion relation of v2 5 gk are validated. Figure 4

shows the vertical acceleration ZS and the horizontal

acceleration in the direction of wave propagation XS

measured by the IMU, in addition to g times the pitch

angle u. It is clear that XS ’ gu and that any physical

horizontal motion in the three cases is negligible. The

accelerationsXS andZS are similar in magnitude but not

identical. Since the horizontal motion of the ice floe is

shown to be negligible, differences between XS and ZS

will arise from the dispersion relation or possibly from

the long-crested approximation.

TABLE 1. Wave parameters for the three test cases chosen in

this study.

Case HS (m) Tp (s) Tz0 (s)

a 0.082 7.7 7.9

b 0.088 8.8 8.9

c 0.083 12.8 10.1

FIG. 2. One-dimensional PSD for three test cases.
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From (17) and (19), the accelerations ZS and XS are

expected to be 908 out of phase with one another, which

can be tested by looking at the cospectral density of the

two signals. The phase angle a between the acceleration

measured in the z and x axes can be determined from the

cospectral power density Szx,

a5 tan21

2
4J(Szx

)

<(S
zx
)

3
5 , (23)

where J denotes the imaginary part, assuming that the

two signals are correlated. The spectral coherence be-

tween the two signals gzx is calculated by

g2
zx 5

S
zx
S
zx
*

S
zz
S
xx

, (24)

where the asterisk (*) denotes the complex conjugate. A

value of g2 . 0:305 rejects the hypothesis that the two

signals are not correlated at the 99.9% confidence in-

terval (Amos and Koopmans 1963).

The coherence (g2) andphase angle (a) betweenZS and

XS are shown in Fig. 5 for the three cases. When a5 908,
the vertical and horizontal components are in quadrature

and the deep-water dispersion relation is valid. The three

cases show a slightly different relation between the two

orthogonal accelerations. Figures 5b and 5c show that

frequencieswith a high correlation (g2 . 0:75) correspond

with a’ 908. This is in contrast with Figs. 5a and 5b, in

which both show deviations from a5 908when coherence
is high (g2 . 0:75). This deviation may be due to flexural

motions as it increases with frequency, hence k‘c has in-

creased. The deviation is greater for case a than for case b,

FIG. 4. Acceleration in the along-wave direction measured in the

sensor frame of reference for (a) case a, (b) case b, and (c) case c.

Horizontal acceleration is predominantly due to the projection of

the gravity vector and is equal to gu.

FIG. 3. Rotary spectra in the along-wave (blue) and cross-wave (red) directions for (a) case a, (b) case b, and (c) case c.

Gray circles on the base represent 0.1-Hz frequency contours.
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which corresponds to a time when there was evidence of

flexural motion from the observed dispersion relation

(Sutherland and Rabault 2016).

To test the long-crested wave hypothesis, the same

analysis was applied to YS and in general YS and ZS are

not correlated at the 99.9% confidence level. The details

of this analysis can be found in the appendix. This sug-

gests that the phase difference observed betweenXS and

ZS is due to the dispersion relation.

5. Directional spectra

An important aspect of geophysical surface waves is

the directional spectrum, which includes information

about the direction of wave propagation and the di-

rectional spread. The directional spectrum F of surface

waves as a function of frequency f and direction c can be

written as

F( f ,c)5 S( f )D( f ,c), (25)

where S( f ) is the PSD and D( f , c) is a spreading func-

tion, which is normalized so thatðp
2p

D( f ,c) dc5 1.

Longuet-Higgins et al. (1963) showed for a heave, pitch,

and roll buoy that the directional spectrum can be

approximated from the first five Fourier coefficients

such that

F( f ,c)5
1

2
A

0
1 (A

1
cosc1B

1
sinc)

1 (A
2
cos2c1B

2
sin2c)1⋯ , (26)

where the coefficients are determined from the cospec-

tra Cij and quadspectra Qij of the i and j quantities de-

noted by 1, 2, and 3 for the vertical acceleration, pitch,

and roll, respectively, that is,

A
0
5

ðp
2p

F( f ,c) dc5
1

v4p
C

11
,

A
1
5

ðp
2p

cos(c)F( f ,c) dc5
Q

12

v2p

�
C

11

C
22
1C

33

�1/2

,

B
1
5

ðp
2p

sin(c)F( f ,c) dc5
Q

13

v2p

�
C

11

C
22
1C

33

�1/2

,

A
2
5

ðp
2p

cos(2c)F( f ,c) dc5
C

22
2C

33

p

�
C

11

C
22
1C

33

�
,

B
2
5

ðp
2p

sin(2c)F( f ,c) dc5
C

23

p

�
C

11

C
22
1C

33

�
.

(27)

Longuet-Higgins et al. (1963) went on to show that

omitting the higher-order terms in (26) is equivalent

to applying a weighting function to the true spectrum,

that is,

F
1
( f ,c)5

1

2p

ðp
2p

F( f ,c0)W
1
(c02c) dc0, (28)

where W1 5 11 2 cos(c02c)1 2 cos2(c02c) and F1 is

the truncated (26). The weighting function W1 can be

negative for certain directions, which can make F1( f , c)

negative, while F( f , c) is expected to be strictly positive.

To avoid negative energy, Longuet-Higgins et al. (1963)

proposed an alternate weighting function that is positive

for all directions but arbitrarily widens the distribution,

F
2
( f ,c)5

1

2
A

0
1

2

3
(A

1
cosc1B

1
sinc)

1
1

6
(A

2
cos2c1B

2
sin2c) . (29)

Figure 6 shows the directional distribution, where

Di( f , c)5Fi( f , c)/S( f ), at the peak frequency for each

test case. The truncated Fourier series,D1( f , c), gives a

narrower peak, negative energy around 6908 and posi-

tive energy at 61808 from the direction of propagation.

This is quite different than for D2( f , c), which smooths

out the spectral energy to angles greater than 6908
and does not have a second peak at61808. So, while it is
true that D1( f , c) is negative at directions that are

FIG. 5. Phase angle and correlationmeasured in the sensor frame

of reference for (a) case a, (b) case b, and (c) case c. Blue line shows

the phase angle between ZS 2 g and XS, and the blue dashed line

shows a phase difference of 908. Red line shows the coherence

squared, and the red dashed line indicates the 99.9% probability of

rejecting the null hypothesis.
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orthogonal to the principal direction of propagation,most

of the energy for waves in ice is expected to be along one

principal direction (Wadhams et al. 1986). Furthermore,

since the slope is generally very small for waves in ice, the

curvature will be significantly smaller, allowing for a

further argument for using the truncated Fourier series as

opposed to selecting somewhat arbitrary weights.

To compare the directional spectra estimates with the

rotary spectra method, the directional spectra is in-

tegrated over each hemisphere as

S
Di
( f )5

ðp/2
2p/2

coscF
i
( f ,c) dc,

S
Di
(2f )5

ðp/2
2p/2

jcos(c2p)jF
i
( f ,c2p) dc, (30)

where i is either 1 or 2 depending on which directional

form is used for the wave spectra. The cosine term in (30)

is used to project the directional spectra on the axis of

propagation used for the rotary spectra. While cosine

weighting has little effect on the positive frequencies, as

most of the energy is at c5 0, it will impact the negative

frequencies where energy at c56908 can be comparable

to c561808 depending on the spreading function used.

Figure 7 shows the comparison of (30)with estimates using

the 1D vertical, 1D horizontal, and rotary spectra. Note

the lower noise level of case c comparedwith the other two

cases. This is due to the implementation of the onboard

low-pass filter for the Lance cruise, which was not done

with the setup for the Tempelfjorden experiment. The

onboard filter is programmed to obtain a boxcar average

of 80 adjacent samples at the internal IMU sampling rate

of 800Hz and outputs this value at 10Hz.

There is good qualitative agreement between all es-

timates of the PSD for the three test cases presented. It

is somewhat surprising/encouraging that there is such

excellent agreement for the negative frequencies—that

is, the ‘‘reflected’’ energy portion of the spectra—and

that both directional spectral shapes give similar esti-

mates. This result suggests that the reflection coefficient

may be independent of the exact shape of the distribu-

tion and calculated from integrated parameters, similar

to directional spread (Kuik et al. 1988).

a. Comparisons with rotary spectra

The rotary spectra of the counterclockwise- and

clockwise-rotating components (which we will denote

by positive and negative frequencies, respectively) can

be written in terms of the cospectra and quadspectra of

the two components (Gonella 1972), that is,

Srot
xz ( f )5

1

8
(C

xx
1C

zz
1 2Q

xz
) , (31)

Srot
xz (2f )5

1

8
(C

xx
1C

zz
2 2Q

xz
) , (32)

where Cij and Qij are the cospectra and quadspectra,

respectively, used to define the Fourier coefficients in

FIG. 7. Rotary spectra compared with other spectral energy es-

timates for (a) case a, (b) case b, and (c) case c. Noise level is shown

by the dashed black line. Note that (c) has a lower noise level than

(a) and (b).

FIG. 6. Directional spreading function of truncated Fourier series

D1 (blue) and weighted functionD2 proposed by Longuet-Higgins

et al. (1963) (red) at the peak frequency for the three cases.
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(27). Noting that z is equivalent to 1 in (27) and x is

equivalent to g times 2 in (27), and using the deep-water

dispersion relation (i.e., Czz 5Cxx), which assumes that

the wavenumber k satisfies both (k‘c)
4 � 1 and

tanhkH’ 1, we obtain (31) and (32) in terms of the

Fourier coefficients, that is,

Srot
xz ( f )5

A
0
pv4

4

�
11

A
1

A
0

�
, (33)

Srot
xz (2f )5

A
0
pv4

4

�
12

A
1

A
0

�
. (34)

Similarly, the rotary spectra in the cross-wave direction

can be written as

Srot
yz ( f )5

A
0
pv4

4

��
1

2
1 «2

�
1

B
1

A
0

�
, (35)

Srot
yz (2f )5

A
0
pv4

4

��
1

2
1 «2

�
2

B
1

A
0

�
. (36)

Equations (33)–(36) will be used to infer calculated

values of directional spread and reflection with the

Fourier coefficients.

b. Wave reflection

Estimating wave reflection in an ice-covered sea is

difficult, as it requires the ability to resolve a bimodal

spectrum, with themodes 1808 apart, which is challenging
using traditional techniques (Benoit 1992). A classic op-

tion is to statistically fit a parametric model for spreading

from the data, a commonmodel is the ‘‘cosine-2s model’’

D(c)} cos2s(c/2), where s is the spreading factor and is

identical to the methodology of Wadhams et al. (1986) in

their study of directional spectra in sea ice. While such

methods have shown to be effective in open water (Benoit

1992), there is little evidence suggesting that they will be as

effective under an ice cover. Instead, we propose a simple

method using rotary spectra, which can determine wave

propagation by the clockwise and counterclockwise com-

ponents. This method may be particularly well suited to

measure waves in ice, as IMUs follow the surface rela-

tively well with little horizontal acceleration (see Fig. 4).

Furthermore, Wadhams et al. (1986) showed in their

analysis that the direction of the reflected spectral peak is

very close to 1808 from the direction of the incident wave,

which is an ideal situation for the use of rotary spectra.

Figure 7 shows that estimates of the reflected energy

using the rotary spectra are similar to the directional

spectra estimates projected onto the negative along-

wave axis. It is expected that the shape of the directional

spectrum D(f , c) would affect the estimate of the re-

flected energy, but Fig. 7 shows very similar estimates

using the two different directional shapes. In Fig. 6,

D1( f , c) shows two separate peaks at c5 08 and

c ’61808, while D2( f , c) shows a broad peak that ex-

tends to angles greater than 908 and goes to zero for

c561808. While the two directional estimates are quite

different in the directional distribution of energy, it is

striking that the integrated values are similar and that

the energy propagating from the sea and toward the sea

are consistent between the two methods.

The reflection coefficient R2 is calculated from Fig. 7

using the definition

R2 5
S(2f )

S( f )
, (37)

where S(6f ) is the PSD estimated using either of the

rotary spectral or directional spectral methods, 2f de-

notes the frequency of the reflected energy, and f is the

frequency of the propagating energy. The reflection

coefficient can also be written in terms of the Fourier

coefficients using (33) and (34), which becomes

R2
F 5

12A
1
/A

0

11A
1
/A

0

. (38)

Figure 8 shows R2 estimated using the different

methods for the three cases. In all three cases, R2
D2 is

greater than the other estimates, which we interpret to

arise from the increased spread due to the smoothing

FIG. 8. Comparison of the reflection coefficient for (a) case a,

(b) case b, and (c) case c, estimated from the rotary spectrum (blue)

and the directional spectrum for two different directional spread-

ing functions.
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function, as the weighting function is 0 when c56p.

The other estimates produce a striking similarity with

one another. This similarity suggests that (38) may

provide a model-free estimate of the reflection co-

efficient that can be calculated from the first-order

Fourier coefficients.

c. Directional spread

Another important aspect is the directional spread of the

propagating wave field. This term ismodel independent, as

it can be calculated from the first-order Fourier coefficients

(Kuik et al. 1988), that is,

s
1
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

�
12

C
1

A
0

�s
, (39)

s
2
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

�
12

C
2

A
0

�s
, (40)

where Ci 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

i 1B2
i

p
. Equation (40) deviates slightly

from the definition of Kuik et al. (1988) by using a dif-

ferent definition for C2. Our definition for s2 is consis-

tent withArdhuin et al. (2016) and is chosen because it is

solely dependent on the second-order Fourier co-

efficients. While not shown here, the difference between

the two definitions of s2 is minimal.

We propose that the directional spread may also be

estimated from the rotary spectra in the along- and

cross-wave directions, which we define as

s
r
( f )5 tan21

"
Srot
yz ( f )

Srot
xz ( f )

#
1 tan21

"
Srot
yz (2f )

Srot
xz ( f )

#
, (41)

where Srot
xz is the along-wave (i.e., x2 z plane) rotary

spectra and Srot
yz is the cross-wave (i.e., y2 z plane) rotary

spectra. Equation (41) gives a clear geometric relation be-

tween the along-wave and cross-wave directions for each

frequency. The spread calculated by (41) can also be esti-

mated from the Fourier coefficients using (33)–(36), that is,

s
r
*( f )5 tan21

�
0:51B

1
/A

0

11A
1
/A

0

�
1 tan21

�
0:52B

1
/A

0

11A
1
/A

0

�
,

(42)

where « is neglected and thus sr*is expected to provide a

lower bound on the estimated spread.

Another method for the determination of the direc-

tional spread is to calculate the root-mean-square spread

(Kuik et al. 1988), that is,

s
D
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp
2p

(c2c
0
)2D( f ,c) dc

s
, (43)

where c0 is the mean wave direction defined from the

Fourier coefficients as c0 5 tan21B1/A1. There are various

drawbacks to using (43), such as it requires calculating the

directional distributionD( f , c) and is not expected to be

valid for large spreads (Longuet-Higgins et al. 1963), but it

is presented here for purely comparative purposes.

Equation (41) estimates the spread from a purely

geometrical reasoning, and thus the isotropic limit of

siso
r 5p/25 908 is more intuitive than previous estimates.

For example, the isotropic limit of (39) issiso
1 5

ffiffiffi
2
p

’ 818,
while for (40) it is siso

2 5
ffiffiffi
2
p

/2’ 40:58. Furthermore, the

isotropic limit of (43) is siso
D 5p/

ffiffiffi
3
p

’1048. It is tempting

to normalize each estimate of spread by a factor related

to the isotropic limits (see Squire and Montiel 2016).

However, this is inconsistent with the results ofKuik et al.

(1988), which showed that s1, s2, and sD all give similar

results using synthetic data with relatively narrow angular

distributions. It is hard to know a priori whether the

spread will be small, so we scale each spread in a similar

way as in Squire and Montiel (2016), but in our case we

scale all of them to have the isotropic limit of 908.
Figure 9 shows the comparison between the various

definitions for the spread for the three test cases. Equa-

tion (42) assumes «5 0, which will give a lower estimate

to the directional spread. For frequencies less than

0.15Hz, all estimates of the spread, with the exception of

sD2, give strikingly similar results. It is not too surprising

FIG. 9. Directional spread measured in the sensor reference

frame for (a) case a, (b) case b, and (c) case c. Inverted triangles

show local peaks in the 1D spectrum. Each estimate of the di-

rectional spread is multiplied by a factor to ensure the respective

isotropic values are equal to 908.
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that sD2 is a bit larger, as the directional spectrum is ar-

bitrarily widened by a smoothing function in order to

ensure the energy is positive for all angles.

There are some subtle differences between the meth-

odologies. For instance, in Fig. 9a there is a deviation of

spread estimates at f 5 0:15Hz that coincides with the

frequency where a change in the dispersion relation due

to flexural motions was observed (Sutherland and

Rabault 2016). After this transition frequency, the esti-

mates converge for frequencies greater than 0.17Hz,

suggesting that the effect of flexural motions on the cal-

culated spread is complicated. This complication is also

present in Fig. 9b, where spread estimates also deviated

for frequencies between 0.17 and 0.20Hz. For case c

(Fig. 9c), the spread is consistent between the scaled es-

timates, with the exception of sD1 for the same reasons as

mentioned in the previous paragraph.

6. Summary and discussion

A new method for calculating aspects of directional

wave spectra, such as mean direction, spread, and re-

flection, is presented for a single inertial motion unit

(IMU) mounted on sea ice. This method is based on cal-

culating the rotary spectra of the vertical and horizontal

components of the acceleration as measured in the IMU

reference, where the horizontal acceleration has been

shown to be equal to g times the slope. This measured

horizontal acceleration is predominantly due to the pro-

jection of the gravity vector on the horizontal axis as a

result of the sloping surface, and any physical horizontal

motion is negligible. While this is the case for our data,

where the ice floe is much larger than the wavelength, it

remains to be seen whether the same relation will hold for

IMUs on much smaller floes. For example, Fox and

Haskell (2001) observed negligible horizontal acceleration

on ice floes of approximately 7–9m in diameter. As these

floes are much smaller than their range of observed

wavelength of approximately 50m to several hundred

meters, the floes are expected to follow the orbital motion

of the waves. Therefore, the physical acceleration caused

by the orbitalmotionmay cancel the aliasing of the gravity

vector due to the surface slope, as it is expected to be equal

in magnitude and opposite in sign as shown in (17)–(19).

Since the horizontal acceleration is shown to be equiva-

lent to the slope, we presented a method to estimate the

reflection and directional spread using a rotary spectra

technique (Gonella 1972). The rotary spectra method is

compared with directional estimates obtained using the

method of Longuet-Higgins et al. (1963) using different

weighting functions. Thefirstweighting function is using the

truncated Fourier series, which assumes that the effects

from the higher-order spectra are negligible but can give

negative energy at angles around 6908 from the principal

direction of propagation. The second weighting function is

the one presented by Longuet-Higgins et al. (1963), which

arbitrarily widens the spectra but has the advantage of en-

suring that the directional spectral energy is positive for all

directions. Although both methods have different spectral

shapes, both are found to be consistent with the rotary

spectra when projected onto the axis of propagation and

integrated over each hemisphere, that is, 2p/2,c,p/2

for the propagating wave and2p/2,c2p,p/2 for the

reflected component. This result suggests that the differ-

ence between the two weighting functions is minimal for

such a coarse directional resolution.

Our examples consisted of unimodal or bimodal seas

where the modes are about 1808 apart, and the rotary

spectrum is naturally suited for such scenarios but in

more complicated multimodal seas; therefore, it is likely

that the method may not perform as well. For instance,

since the principal direction is determined from the time

series by locating the direction that maximizes the along-

wave variance, this will find themean direction associated

with the peak of the wave spectra, and not for each fre-

quency band. It may be possible to devise a metric of

‘‘multimodalness,’’ which investigates the symmetry in

the cross-wave direction and asymmetry in the along-

wave direction, as our observations (Fig. 3) suggest this to

be the case for our predominantly unimodal or bimodal

seas. Our comment on this is primarily speculation, as our

data does not contain such complicated wave fields.

Further research is required to investigate the possibility

of extending our method to multimodal seas.

The reflection coefficient is calculated using both the

rotary spectra and the estimated directional spectra. The

calculated reflection coefficients are similar for the three

cases using the two methods, with the wider directional

distributionD2 giving slightly larger values, presumably

from the spread of energy to angles greater than 908
from the principal direction of propagation. A deriva-

tion for the reflection coefficient is presented that is

model independent, in that it can be directly calculated

from the Fourier coefficients. This model-independent

reflection coefficient compares favorably with the esti-

mates other than D2, especially when the directional

spread is small, that is, near the spectral peak.

Estimates of the directional spread using rotary spectra

compared well with the model-independent estimates of

Kuik et al. (1988)when proper scaling factors were applied

to give the same isotropic limit. The isotropic limit using

rotary spectra is sr 5p/25 908, while the isotropic limits

for the othermethods ares1 5
ffiffiffi
2
p

’ 818,s25
ffiffiffi
2
p

/2’ 418,
and the rms deviation is sD 5p/

ffiffiffi
3
p

’ 1048. While it is

expected that s1 5s2 5sD for small directional spreads

(Kuik et al. 1988), we found the isotropic scaling to be
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necessary for the estimates to be consistent in our data.

This type of scaling, based on the isotropic limit, was also

employed by Squire and Montiel (2016) in order to relate

the spread estimates of the marginal ice zone model

of Montiel et al. (2016) with the field observations of

Wadhams et al. (1986). In addition, our observations of

wave spreading near the peak frequency were consistently

around 308, which is similar to the spread calculated by

Wadhams et al. (1986) in the marginal ice zone. It is not

clear to us why scaling the directional spread by the iso-

tropic limits gives consistent results between the various

methods, as near the spectral peak the directional spreads

are much less than the isotropic limit and our previous

analysis (section 4) suggests that the wave propagation

is predominantly in one direction. This is somewhat

troubling—that different methodologies give such differ-

ent results—and care must be taken when using mea-

surements of directional spread.

Our observations of surface waves under sea ice sug-

gest that the linear accelerations measured in the IMU

frame of reference can be related to the angular motion

and vice versa in the case of long-crested waves traveling

through pack ice (Liu and Mollo-Christensen 1988;

Ardhuin et al. 2016). This simplifies the sensors neces-

sary to measure the directional aspects of surface waves,

which could lead to a further reduction in cost, both in

terms of number of sensors and amount of data that

needs to be recorded and/or transmitted. In situations

where the horizontal acceleration is not negligible, the

rotary method may still be valid as long as additional

data are recorded, for example, the angle about the

three orthogonal axes and the floe response to the in-

cident wave. This difficulty suggests that a multisensor

approachwill be necessary tomeasure thewave field in a

variety of sizes and shapes of sea ice.
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APPENDIX

Cross-Wave Coherence

In addition to the along-wave propagation, the propa-

gation in the cross-wave direction is also investigated.

Figure A1 shows that the acceleration and the cross-wave

slope follow each other reasonably well for all three cases,

with the best agreement occurring for case c. The vertical

acceleration is scaled by 0.3 for visualization purposes.

FIG. A2. Phase angle and correlation measured in the sensor

reference frame for (a) case a, (b) case b, and (c) case c. Blue line

shows the phase angle betweenZS 2 g andYS, and the blue dashed

line shows a phase difference of 908. The red line shows the co-

herence squared, and the red dashed line indicates the 99.9%

probability of rejecting the null hypothesis.

FIG. A1. Acceleration in the cross-wave direction measured in

the sensor frame of reference for (a) case a, (b) case b, and (c) case

c. Horizontal acceleration measured in the IMU reference frame is

predominantly due to the projection of the gravity vector with «

estimated to be about
ffiffiffiffiffiffiffi
0:1
p

’ 0:3 for illustrative purposes.
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In the same manner for the along-wave propagation,

the coherence and phase difference is calculated for the

vertical and horizontal motion in the cross-wave di-

rection and is shown in Figure A2. The coherence is

much smaller than for the along-wave motion with only

case a showing coherence at the 99.9% confidence in-

terval. This is in contrast to Eqs. (18) and (19), which

suggests that physical motions and/or noise are present

that are at least similar in magnitude to the aliased

gravity vector due to the cross-wave slope.
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ABSTRACT 

Waves propagating below drift ice were observed in the North-West Barents Sea. In-situ 
measurements of ice and water characteristics were performed with the equipment deployed 
on the ice and in the water below the ice during 16 hours from 16:00, May 1, to 08:00, May 2, 
2016. Peak frequencies of the observed waves were around 0.35 rad/s, 0.5 rad/s, 0.6 rad/s and 
0.8 rad/s. It is found that the eddy viscosity in the boundary layer below the ice has a mean 
value of 140 cm2/s with significant variations correlated with the floe acceleration. Spectral 
properties of the observed waves are compared with the results of the WaveWatch III model. 
The origin of the observed waves is discussed in the paper. 

KEY WORDS: waves, ice, turbulence, drift 

 

INTRODUCTION 

Propagation of wind waves and swell in ice covered regions can influence the break up of 
drift ice into small floes in a span of a few hours over relatively large areas. At the same time, 
drift ice influences damping of surface waves and prevents their propagation over long 
distances in ice covered regions. In regions of offshore activities, broken ice and icebergs 
accelerated by waves create risks to human activities. Investigation of wave interaction with 
ice is of interest for the development of human activity in the Barents Sea. There are regions 
where the water is consistently covered by solid drift ice in the winter time and other regions 
which are exposed to stronger wave action with rare occurrences of drift ice. Collins et al 
(2015) described details of ice break up in the Barents Sea due to the penetration of storm 
waves from open waters. 
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An analysis of some previous in-situ measurements of wave characteristics in ice covered 
regions of the Barents Sea is presented by Marchenko et al, 2015. Measurements were 
performed with an Acoustic Doppler Velocimeter (ADV, SonTek 5MHz Ocean Probe) 
deployed on the drift ice in a downward looking position and a Directional Waverider buoy 
deployed on top of the ice. Typical periods of waves observed below the drift ice were 10-12 
s. The results of ADV measurements gave the possibility to calculate the eddy viscosity in the 
under-ice boundary layer. According to Liu and Mollo-Christensen (1988) the eddy viscosity 
influences wave damping. Field measurements have shown great variability of the eddy 
viscosity from very small values of about 0.002 cm2/s to 100 cm2/s (Marchenko et al, 2015). 
The high values of the eddy viscosity were found from the analysis of field data collected 
near Edgeøya. The increase of the eddy viscosity is explained by the influence of non-
stationary ice drift on the surface water layer. Representative damping distance for a swell 
with period of ten seconds is 10-20 km when the eddy viscosity is about 100 cm2/s. Wind 
waves with periods of 5-6 s dampen over shorter distance and, therefore, were never observed 
in solid ice. 

Previously, Marchenko et al (2013) introduced a method for wave measurement from the ice 
with two pressure recorders SBE-39 mounted on the same wire at different depths. The 
method was used to register waves propagating from the front of Tuna glacier due to calving 
events. Rabault et al (2016) constructed instruments based on Inertial Motion Units (IMUs) 
and used them for the registration of surface waves penetrating below the ice from the open 
water in Templefjorden in Spitsbergen. The IMUs were configured to output acceleration and 
angular rate at 10Hz. In May 2016 all sensors previously cited, including the ADV, SBE-39 
and 10 IMUs were deployed on the drift ice near Edgeøya and registered wave characteristics 
synchronously during 16 hours. In the present paper we described and analyze the results of 
those field measurements, and compare the output from the different processing methods.    
 

LOCATION AND ORGANIZATION OF THE FIELDWORK 

Fieldwork was performed on the drift ice near Edgeøya in the North-West Barents Sea (Fig. 
1a). The geographical coordinates are 77.76oN, 25.5oE. Sea depth in the region was measured 
around 160 m. RV Lance was moored to a floe of thickness around 30 cm and diameter 
around 2 km (Fig. 1b). The floe mass is estimated between 7⋅105 tons and 8⋅105 tons. The 
mass of the fully loaded Lance is ML=2370 tons, and her length and breadth are around 
LL=60m and wL=12 m. Therefore the influence of the Lance on the floe dynamics is small. 
The frequency of natural oscillations of the Lance is estimated from the formula 
ωL

2=ρwgSL/ML, where ρw is the water density, g is the gravity acceleration, and SL= wLLL. We 
find a natural frequency of ωL≈1.7 rad/s, i.e. a period TL≈3.5 sec. This is outside of the range 
of wave frequencies, and therefore cannot be mistaken for incoming water waves. 

The equipment was deployed on the floe in the afternoon of May 01, 2016, and wave 
measurements started from 16:00, May 01 (here and further UTC is used), and extended until 
09:00, May 02. The equipment consists of the pressure and temperature recorders SBE 39, 
Acoustic Doppler Velocimeter SonTek Ocean Probe 5 MHz (ADV), Ice tracker Oceanetic 
Measurement (model 703 equipped with anemometer) and Inertial Motion Units (IMUs) 
from Vectornav (VN100). SBE 39 were fixed on a steel wire on the depths 3.6 m and 11.4 m, 
and the wire was mounted on the ice (Fig. 2a). The ADV probe is equipped with tiltmeter and 



compass. Magnetic inclination is about 15o in the region and is taken into account during data 
processing. The ADV was mounted on a vertical wooden pole fixed on the ice with a tripod 
(Fig. 2a). Velocity measurements were performed at a depth of 80 cm below the ice. The 
depth is measured by the ADV pressure sensor. SBEs were deployed around 16:00, May 01, 
and recovered around 09:00, May 02. The ADV sensor was deployed on 19:00, May 01, and 
around 04:30, May 02, it was disconnected from the electric power source on the Lance 
board because of the floe motion relatively the ship. The ice tracker was deployed on the floe 
around 11:00 and sent data via Iridium during one month. The positions of the 10 IMUs 
deployed are presented in Fig. 2b. One IMU was deployed alone, while all other IMUs were 
grouped into arrays of three sensors. 

         

                   a)                          b)                            

Figure 1. (a) Location of the field works near Edgeøya on May 1-2, 2016, is shown on the ice 
map by black circle and arrow. (b) View of RV Lance from unmanned helicopter. Red square 
shows location of ADV and SBE 

 

Figure 2. (a) Schematic of the deployment of ADV and SBE sensors. (b) Positions of the 
IMUs on the ice floe. NM and NG indicate the position of the Magnetic and Geographic North, 
respectively. 



User setup for the ADV measurements is given in Table 1. SBE sensors provided continue 
record with sampling frequency 2 Hz. Ice tracker provided data on GPS location of the 
tracker, its yaw angle and local wind velocity with sampling period of 10 min. The trajectory 
and the drift velocity of the ice tracker are shown in Fig.. Wind velocity (Fig. 3a) didn’t 
change significantly 16:00 UTC, May 01, to 04:00 UTC, May 02. The shape of the floe 
trajectory (Fig.3a) and the evolution with time of the flow velocity are explained by the 
influence of sea current modulated by semidiurnal tide. Evolution of the floe acceleration and 
yaw angle shown in Fig.4 are explained by the floe interaction with surrounding ice. 

Table 1. User setups of ADV. 

Sensor Sampling frequency, Hz Burst Interval, s Samples 
per burst 

Number 
of bursts 

Depth, 
cm 

ADV 10 360 2400 94 80 

 

 

Figure 3. Trajectory (a) and drift velocity components versus the time (b) of the ice tracker 
deployed on the ice floe.  Vectors of the wind velocity measured along the drift trajectory 
are shown by arrows (a). 

 

Figure 4. Absolute value of the acceleration (a) and yaw angle (b) of ice tracker deployed on 
the drift floe versus time.   



ANALYSIS OF SBE DATA 
 
Records of the water pressure measured by both SBE39s are shown in Fig. 5. The quality of 
the data recorded at 3.6 m depth before 21:00 is not sufficient to distinguish wave induced 
oscillations of the water pressure, but after 21:00 the oscillations are well visible (Fig. 5a). 
The oscillations are well visible in the pressure data recorded at 11.4 m depth from 16:00. 
Spectral analysis was performed with pressure fluctuations δp calculated as a difference 
between the pressure averaged over each consequent 5 min interval and actual pressure 
measured in this interval. Spectrograms (Fig. 6a) and spectrums (Fig. 7) constructed in 
Mathematica software show that wave spectrum has four local maxima at frequencies around 
0.35 rad/s, 0.5 rad/s, 0.6 rad/s and 0.8 rad/s before 23:00, May 01, and there are only two 
local maxima at frequencies around 0.35 rad/s and 0.6 rad/s after 00:00, May 02. The 
frequency of waves with maximal energy was 0.8 rad/s before 23:00, May 01, and 0.6 rad/s 
after 00:00, May 02. Spectrums of the pressure fluctuations recorded at 3.6 m depth are very 
similar to shown in Fig.7.  

 

Figure 5. Records of the water pressure measured by recorders SBE39 deployed at 3.6 m (a) 
and 11.4 m (b) depths.  

It was shown (Marchenko et al, 2013) that the ratio of wave induced pressure amplitudes 
measured at depths z=z1 and z=z2 is equal to: 
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Eqn. (1) is used for the calculation of the wave number k when the wave frequency is known. 
We consider the Fourier transforms δp3,f(ω) and δp11,f(ω) of the pressure fluctuations δp3(t) 
and δp11(t) recorded at depths 3.6 m and 11.4 m. It is assumed that the ratio g is equal to the 
ratio |δp3,f|/|δp11,f|, where the values of |δp3,f| and |δp11,f| are taken in the points of their local 
maxima shown in Fig. 6 by grey and black circles. The values of |δp3,f| and |δp11,f| in their 
local maxima are given in Table 2. Black dots in Fig. 8a have coordinates (k, ω), where the 
values of ω are taken from Table 2, and the values of k are calculated from Equn. (1) with the 
values of ω  and g  calculated using Table 2. Solid line in Fig. 8a shows the dispersion 
relation of gravity waves propagating in the water with free surface and described by the 



formula ω2=gk⋅ tanh(kH) with H=160 m. One can see that experimental points sit on the 
dispersion curve. It means that the influence of ice on dispersion properties of observed 
waves is very small.  

The last conclusion follows from the dispersion equation of flexural-gravity waves                       
ω2=gk⋅ tanh(kH)(1+Dk4), when Dk4<<1. Here D≈Eh3/(12ρwg), where E is the effective elastic 
modulus of the ice and h is the ice thickness. In-situ tests of flexural strength of floating 
cantilever beams performed on the drift ice on May 01 shown that E=1.2-1.9 GPa. Assuming 
h=0.3 m we find that Dk4<0.01 when k=0.07, i.e. the influence of ice elasticity on the waves 
with registered frequencies is expected to be very small, in good agreement with observations.  

Wave amplitude is calculated using water pressure records at depth z below the ice and the 
formulae: 
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where δpz,f and ηf are the Fourier images of the water pressure fluctuations δpz(t) at the depth 
z and water surface elevation η(t) caused by waves. We used records of the water pressure at 
11 m depth. Values of δpz,f were calculated using the discrete Fourier transform in 
Mathematica. Then the inverse Fourier transform was used to calculate water surface 
elevation as a function of the time separately. The procedure was realized independently for 
each hour of the record. Significant wave height (SWH) is calculated using the formula: 

][viationStandardDe4 η⋅=SWH .                                        (3)     

Mean value of SWH was found around 10 cm.  

 

Figure 6. Spectrogram of pressure fluctuations reconstructed with SBE data recorded at 11.4 
m depth (a). Spectrogram of the fluctuations of the North component of water velocity 
recorded by ADV (b).   



 

Figure 7. Spectra of water pressure fluctuations recorded at 11.4 m depth from 19:00 to 23:00, 
May 01, (a) and from 23:00, May 01, to 03:00, May 02, (b). Black and gray circles show 
spectral maxima of pressure fluctuations records at 11.4 m and 3.6 m depths. 

Table 2. Local maxima of spectrums |δp3,f| and |δp11,f|, dbar⋅s. 

 19:00 to 23:00, May 01 23:00, May 01, to 03:00, May 02 

ω, rad/s 0.35 0.5 0.6 0.8 0.35 0.6 

3.6 m 0.009 0.017 0.013 0.021 0.009 0.032 

11.4 m 0.026 0.04 0.034 0.054 0.025 0.09 

 

 

Figure 8. Dispersion relation of surface gravity waves in the water of 160 m depth. Black dots 
are constructed using SBE records at 3.6 m and 11.4 m depths (a). Dispersion relation 
obtained from the analysis of the cross correlation between IMU signals 4, 5 and 7 using Eqn. 
(11), at 20:00 UTC on 01/05/2016 (b). 

ANALYSIS OF ADV DATA  

Records of the East (vE) and North (vN) velocity components at 80 cm depth below the ice 
were used for the calculation of the eddy viscosity and the analysis of spectrums and 
directions of wave propagation. The velocity fluctuations in the East (δvE) and North (δvN) 



directions were calculated for each burst of the ADV record as follows: 

   EEE vvv −=δ , NNN vvv −=δ ,                                             (4) 

where 〈vE〉 and 〈vN〉 are the mean values of the East and North velocities averaged over the 
burst. All fluctuations were grouped in one file and used for the construction of spectrogram. 
The spectrogram of the fluctuations of the North velocity component is shown in Fig. 6b. It 
looks similar to the spectrogram constructed with the SBE data. Spectrums of δvN are shown 
in Fig. 9. Spectral maxima are well visible in the spectrums of δvN and are absent in the 
spectrum of δvE from 19:00 to 23:00, May 01. The δvN spectrum looks very similar to the 
spectrum shown in Fig. 7a. Fig. 9b shows spectral maxima at the frequency of 0.6 rad/s in the 
spectrum δvN. There is spectral maxima in the spectrum of δvE at the same frequency. 
Spectral maxima at the frequency of 0.35 rad/s appears only in the spectrum of δvN. The 
velocity directions should be corrected by clockwise shift on 15o because of the magnetic 
inclination.  

 

Figure 9. Spectrums of fluctuations of the North velocity component recorded from 19:00 to 
23:00, May 01, (a) and from 23:00, May 01, to 03:00, May 02, (c). 

 

Figure 10. Hodograph of the velocity fluctuations recorded from 19:00 to 23:00, May 01, (a) 
and from 23:00, May 01, to 03:00, May 02, (b). (c): direction of propagation of the waves 
obtained from the analysis of the cross correlation between IMU signals 4, 5 and 7 using Eqn. 
(11), at 20:00 UTC on 01/05/2016, concentric circles indicate wave frequency rad/s). The 
black line indicates the direction of azimuth 190 degrees. 



Each point in Fig. 10a,b corresponds to the vector of the velocity fluctuations with corrected 
direction. The sampling frequency is 10 Hz. From Fig. 10a it follows that dominant direction 
of wave propagation from 19:00 to 23:00, May 01, was from the South-West with azimuth 
angle αa≈189.6o. Later from 23:00, May 01, to 03:00, May 02, the azimuth angle of wave 
propagation increased to αb≈199.8o (Fig. 10b). 

 

Figure 11. The mean horizontal water velocity relatively the ice (a) and the eddy viscosity (b) 
versus the time. 

Fig. 11a shows the mean horizontal velocity of the water below the ice measured with the 
ADV versus the time. Fig. 11b shows the eddy viscosity versus the time. The eddy viscosity 
is calculated with the formula: 

z
v

K h
w ∂

∂
−= ρτ ,                                                     (5) 

where τ is the turbulent shear stress applied to the ice at the ice-water interface, ρw is the 
water density, 〈vh〉 is the mean horizontal velocity of the water relative to the ice, z is the 
vertical coordinate, and K is the eddy viscosity.  

The turbulent shear stresses applied to the ice bottom in the East and North directions are 
calculated with the formula of Reynolds stresses: 

  wvEwE δδρτ = , wvNwN δδρτ = ,                                             (6) 

where δw is the fluctuation of the vertical velocity, and symbol 〈..〉 means the averaging over 
the burst. The turbulent shear stress τ in Eqn. (4) is calculated from the formula: 

22
NE τττ += .                                                       (7) 

The vertical gradient of the mean horizontal velocity of the water relatively the ice is 
approximated as �〈vh〉/�z≈-〈vh〉/hADV, where hADV =80 cm. The mean horizontal velocity is 
calculated from the formula: 



22
NEh vvv += .                                                          (8) 

From Fig. 10 it follows that K reaches a local maximum in time when 〈vh〉 is minimal, and 
when the floe acceleration shown in Fig. 3a. The mean value of the eddy viscosity over is 
found to be 140cm2/s. 

ANALYSIS OF IMU DATA 

The signals recorded by the IMUs are of good quality, as confirmed by the example of raw 
data shown in Fig. 12. The PSD of the wave elevation is computed from the PSD of the wave 
vertical acceleration following the formula: [ ] [ ]ttPSDPSD ηωη 4−= , where ɳ is the wave 

elevation. Excellent agreement is found between the shape of the PSD reported in Fig. 7a and 
the one reported in Fig. 12 (right), which validates both methods. Significant wave height can 
be obtained from the zeroth order moment of the PSD, and the results are very similar to what 
is obtained from Eqn. (3), with a maximum value of around 12 cm. 

 

Figure 12. Left: sample of the raw signal for vertical acceleration recorded by all 10 IMUs 
starting at UTC time 20:00:00.000 on 01/05/2016 (vertical offsets are used for ease of 
visualization). Right: PSD of wave elevation computed for the 10 IMUs at the same time as 
presented in Figure 7 (a), using Welch method on 30 minutes intervals with 75% overlap. 

The signals obtained by each set of 3 sensors grouped together can be used to perform a 2D 
cross-correlation analysis, extending what was presented by Sutherland and Rabault (2016). 
The normalized cross-spectral density is computed between adjacent sensors as: 
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where )(nRxy is the cross-correlation between the discrete signals )(nx and )(ny . The phase 

shift of the waves between two adjacent sensors is then computed at all frequencies for which 
the coherence is significant with a probability higher or equal to 95%, following the formula: 
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Typical outputs from this method are presented in Fig. 13. 

 

Figure 13: coherence and phase shift of the wave acceleration recorded between sensors F2 
and F3 (left) and F3 and 6 (right). Coherence is computed based on a 45 minute interval, with 
75 percent overlap between segments. 

The phase shift between adjacent sensors is related to the incoming waves through the 
relation: ifij xfkf 

⋅= )()(f (Eqn. 11), where )( fk


is the incoming wave vector at frequency 
f and ijx  is the vector from IMU i to IMU j. Therefore, the two dimensional wave vector can 
be obtained at each frequency using the phase shift from two sides of a triangle of sensors 
and elementary trigonometry. This gives access to both the direction of the incoming waves 
and the dispersion relation. An example of the results of such analysis is presented in Fig. 8b 
and Fig. 10c. Similar to what is presented in Fig. 8a,b, the waves are found to follow the deep 
water dispersion relation and the effect of the ice is negligible. The direction of propagation 
of the waves is also in very good agreement with the results presented in Fig. 10a. 

COMPARISON WITH NUMERICAL SIMULATIONS 

Wave frequency and wave direction of propagation were obtained from the web 
(https://earth.nullschool.net), where the results of modeling with WaveWatch III are provided. 
Fig. 14 shows that there are two wave systems coming to Spitsbergen from South-West and 
from South-East. The white line in Fig. 14 marks the boundary between them. Waves coming 
from the South-West have periods around 10 sec, and waves coming from the South-East 
have periods around 6.3 sec near Spitsbergen. According to WaveWatch III, the dominant 
wave period and direction of propagation at the point (76.93 N, 21.60 E) is shown in Fig. 14 
by a white circle were 8.4 s and 210o on 22:00, May 01, and 10.1 s and 205o on 02:00, May 2. 
Frequencies of waves in the region extended to the East from the marked location are around 
5-6 sec. Spectra in Fig.7 show the dominant wave frequency to be 0.8 rad/s (wave period 7.8 
sec) before 23:00, May 01, and 0.6 rad/s (wave period 10.4 s) after 23:00, May 01. Thus the 
waves observed propagate from the South-West along the shore of Edgeøya. The ice map in 
Fig. 1a shows green and yellow regions of very open drift ice which extended along Edgeøya. 
The waves arrive at the observation site following this route.   

CONCLUSIONS 

In-situ records of water and ice characteristics are performed on the drift floe in the North-



West Barents Sea during wave propagation event of 16 hours duration. The ice floe of 30 cm 
thickness was cyclically bended by waves with an amplitude of several centimeters and was 
not broken. Spectral analysis has shown the existence of local spectral maxima at the 
frequencies 0.35 rad/s, 0.5 rad/s, 0.6 rad/s and 0.8 rad/s. Dominant waves with frequencies 
0.6 rad/s and 0.8 rad/s propagated from South-West along the Edgeøya shoreline. Several 
measurement methods are presented and validated against each other, including direct 
measurement of the dispersion relation and of the direction of propagation of waves. 

  

Figure 14. Results from simulations performed by WaveWatch III. Direction of wave 
propagation are indicated at 22:00, May 01, (a), and 02:00, May 02 (b).  
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ABSTRACT 

The mean drift induced by water waves generated in a wave tank is investigated using Particle Tracking 
Velocimetry (PTV). Two situations are investigated, one with a clean free water surface and the other one with a thin 
latex cover (thickness 0.25 mm) that modifies the boundary condition at the water surface. We observe the onset of a 
recirculation flow under the waves as soon as the wave front goes past the measurement position. The presence of a 
cover distorts the mean drift, as predicted analytically in [1]. 
 

 

1.Introduction 
 
  The damping effect of a thin oil cover on water waves has been know since the ancient Greeks 
and interested scientists such as Benjamin Franklin, Osborne Reynolds and Horace Lamb [2]. The 
details of the damping mechanism and induced currents generated remain, still today, a subject 
of research. The effect of a cover on surface waves propagation, damping and mean currents has 
been studied for over five decades theoretically, in the laboratory and in the field [1, 3, 4, 5]. 
Understanding the interaction between surface waves and oil slicks or sea ice covers is a topic of 
interest for a variety of purposes such as formulation of ocean models for climate, weather and 
sea state prediction [6], and the analysis of pollution dispersion in the Arctic environment [7]. 
Unfortunately our knowledge of the underlying phenomena is still partial as pointed out by the 
difficulties encountered when trying, for example, to model climate and ice extent evolution [8]. 
In addition, measuring the effect of a cover on induced currents is made challenging, even in the 
laboratory, by to the difficulty of observing mean flows under surface gravity waves [9]. 
  In the present paper we report Particle Tracking Velocimetry (PTV) investigation of the mean 
drift induced by water waves generated in a wave tank with and without cover. We observe a 
recirculation effect corresponding to a zero integrated mass flow over the water column as soon 
as the wave front goes past the measurement position. The presence of a cover distorts the mean 
drift, which corresponds to the theory presented in [1]. 
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2.Mean drift under water waves 
 
It has been known since the work of Stokes [10, 11] that the potential flow solution for water 
waves results in a net forward motion of the fluid particles. This effect, called for Stokes drift, 
arises from the fact that the orbits of the fluid particles are not closed at the order O(ε2) where 
ε=ak is the wave steepness, a the wave amplitude and k the wave number. The resulting net 
forward motion is: 

uS(z) = ωa2k e2kz          (1) 
with ω the wave angular frequency, and z the depth in the water column. However, observing 
the Stokes drift has proven challenging, even in controlled wave tank experiments [9]. A first 
reason explaining the difficulty of observing the Stokes drift lies in the residual motions present 
in any experiment, that arise from recirculation flows generated by previous experiments and 
particle seeding. Moreover, Eqn. (1) describes the steady state solution corresponding to waves 
propagating in infinitely deep water, in an infinitely long wave tank, with a perfectly clean water 
surface, which does not correspond to any realistic configuration. Finally, a recirculation flow is 
generated as soon as the wave front passed the observation position [9]. There is, to the authors’ 
knowledge, no theory describing the transient velocity field under a wave front.  
  Similarly to experiments previously reported in the literature [9], bad agreement was initially 
found by the authors between the Stokes drift and the observed mean drift without a cover.  
Therefore, an ad hoc modified Stokes drift is introduced, that yields better agreement with our 
experimental data. The corresponding modified Stokes drift is obtained by adding a parabolic 
velocity profile, that goes to zero at the water surface and wave tank bottom, which velocity 
magnitude allows to recover a zero mass flow condition. The obtained modified Stokes drift is 
defined as: 

uSM(z) = uS(z) + 6Qz/h2 + 6Qz2/h3     (2) 
with h the water depth, and Q = ∫-h0uS(z) dz the integrated mass flow associated with the Stokes 
drift. 
  In the presence of a cover enforcing no slip boundary condition for the wave Eulerian velocity 
at the water surface, vorticity diffuses from the water surface into the lower parts of the fluid 
which creates an additional source of mean flow motion. The resulting mean flow motion 
depends in a complex fashion on wave frequency and on a nondimensional elasticity parameter, 
E, as defined in [1]. Mean profiles corresponding to the steady solution in a wave tank obtained  
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Fig. 1 Mean flow motion, normalized by the maximum Stokes drift at each frequency, for frequencies 1.00, 1.50 and 2.00 Hz (left 
to right, top to bottom) and different values of the elasticity parameter, as obtained from Eqn. (56) of [1]. Bottom right: zoom on 
the boundary layer obtained near the surface cover in the 1.50 Hz case. The Stokes drift and Stokes drift recirculation profiles are 
obtained from Eqn. (1) and Eqn. (2), respectively. 
 
with Eqn. (56) of [1] are presented in Fig 1. In all the following, figures are presented using the 
convention that waves propagate from left to right. The latex cover used in our experiments is 
thick enough that it appears inextensible compared to the waves surface shear stress, therefore 
corresponding to a value of E=∞. In practice, a value of E=100 is enough to get the right profile 
shape. 
   
3. Experimental setup 
 
  The wave tank of the Hydrodynamics Laboratory at the University of Oslo is used to 
investigate the effect of a cover on water waves. The wave tank is 24.6 m long, 0.5 m wide and 
the water depth is 0.7 m [12]. The wave generator consists of a vertical plate driven by a 
computer controlled hydraulic piston. At the far end of the tank, an absorbing beach reduces the 
amplitude of reflected waves to less than 3 % of the incoming amplitude for frequencies higher 
than 1.5 Hz. The motion of the wave maker during the measurements is chosen to be sinusoidal 
with constant amplitude in order to generate harmonic waves, and a brief transient amplitude 
following a tanh law is used at the beginning of the run to establish the waves.  
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Fig. 2 PTV setup. FOV indicates the approximate position of the field of view. 

 
  The experimental setup used for acquiring the flow pictures is presented in Fig. 2. The 
measurements are performed in a vertical plane parallel to the axis of the wave tank. A LED 
array is used to illuminate the measurement plane from under. A Falcon 2 4M camera is used to 
take pictures of the flow, which is seeded with spherical Polyamid Seeding Particles of diameter 
50 µm.  
  The pictures used for performing PTV are taken at 75 to 80 frames per second, and the number 
of pictures taken corresponds to a 30 seconds duration time interval. Each time a new 
experiment is to be performed, a first set of pictures is taken before the paddle has been started. 
This is done to measure the residual motion present in the wave tank before any waves have 
been produced. Following this, two sets of pictures are taken which start 30 and 210 seconds 
after the paddle start, respectively. 
  Residual motion present in the wave tank is a challenge when performing mean flow 
measurements. After each measurement, grids were introduced in the wave tank and left 
overnight to damp the recirculation motion generated by the waves. We waited at least 2 hours 
between seeding and the measurements, so that small scale motion generated by the seeding 
could be reduced. However, since the recirculation motion has a large spatial scale it is very little 
damped, and even taking those precautions recirculation motion of typical magnitude 1 to 
2mm/s were found at the beginning of each measurement. As a consequence, the maximum 
Stokes drift magnitude must be at least one order of magnitude above this level in order to be 
able to observe meaningful mean flow profiles. This imposes us to perform experiments for 
relatively steep waves, at relatively low frequency. In practice we performed measurements at 
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1.50 Hz with a steepness ε=0.19, which corresponds to a maximum Stokes drift of 0.038m/s. 
Lower frequencies cannot be used since significant reflections would then take place at the 
damping beach. This means that we are out of the strict validity domain of the linear theories 
with which we compare our results. 
 
4. Processing method and results 
 
  While Particle Image Velocimetry (PIV) is the method of choice for obtaining Eulerian velocity 
fields, PIV is not well adapted to obtaining Lagrangian quantities. Indeed, obtaining Lagrangian 
information from an Eulerian field requires numerical integration over time, which introduces 
noise. By contrast, PTV allows tracking the motion of a particle between several pictures and is 
therefore well suited to computing Lagrangian mean drift velocity profiles. 
  Digiflow is used to perform PTV on the images obtained, both before and after paddle start. An 
example of residual mean velocity profile, that was present before any waves were generated on 
that day, is shown in Fig. 3. Data is grouped in 20 bins covering the whole field of view depth 
range and the Chauvenet criterion [13] is used to discard outliers in each bin. The mean velocity 
profile is then computed, and will be subtracted to the measurements performed after the paddle 
is started. 
  The PTV tracks obtained when waves are present are processed to extract the mean drift 
velocity of each particle. The aim is to extract the mean drift velocity of the particles but to ignore 
their oscillatory orbital motion. For this, each particle track is reduced to the maximum integer 
number of periods during which the corresponding particle is followed. The difference between 
the initial and final positions of the reduced track is then used to compute the mean horizontal 
drift velocity of the particle. The value of the depth used for each particle corresponds to the 
mean depth over the whole track. Finally, the mean velocity profile obtained before the paddle 
was started is subtracted from the data to reduce the impact of recirculation effects on the 
profiles. 
  Results with and without cover are presented in Fig. 4. It is difficult to track any particles close 
to the water surface. The reason for this is that the corresponding area tends to get depleted of 
particles, and that the flow orbital motion gets too big in this area for the tracking algorithm to 
work properly. In the case without a cover (two top figures), the PTV data follows the modified 
Stokes drift Eqn. (2). Best agreement with this modified Stokes drift profile is found when the 
recirculation profile present before the paddle start is subtracted from the data. In the case with a 
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cover (two bottom figures), the PTV data agrees best with the solution derived in [1]. Similarly to 
the case without a cover, it is necessary to take away the initial recirculation profile to get good  

                                       
Fig. 3 Illustration of the use of the Chauvenet criterion on typical PTV data, before the paddle has been started. Coherent residual 
motion is clearly visible. Blue dots: drift of a valid PTV particle. Red dots: PTV particles discarded by the Chauvenet criterion. 
Red line: mean drift profile. Green lines: 2 σ confidence intervals of the mean drift profile. 

 

 

 
Fig. 4 Comparison of the PTV profiles obtained for waves of frequency 1.5 Hz and steepness ε = 0.19 without (top) and with 
(bottom) thin latex cover. Left: PTV data without correction for the residual mean velocity profile present before the paddle is 
turned on. Right: PTV data taking into account correction for the residual mean velocity profile present before the paddle is 
turned on. The Stokes drift with recirculation corresponds to Eqn. (2). The elastic cover profile corresponds to the solution Eqn. 
(56) of [1], for an infinite elasticity parameter value. 
 

agreement with the analytical model. The effect of the cover consists of increasing the mean drift 
velocity in the direction of wave propagation near the water surface. This can be seen as a 
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consequence of the diffusion of the vorticity created by the no slip boundary condition at the 
water surface. 
 
5. Conclusion 
 
  Mean drift velocity profiles under water waves are investigated using Particle Tracking 
Velocimetry (PTV). Mean drift velocity profiles are sensitive to residual motions initially present 
in the wave tank. Unfortunately, it proves difficult to reduce the residual motion below typically 
a few mm/s, even using grids to damp flow motion and waiting 20 hours between two 
experiment runs. Possible sources of residual velocity are the large scale recirculation motion 
induced by previous wave experiments, and smaller scale motions coming from particle seeding. 
To minimize the magnitude of such flow recirculation compared to the effects we want to 
observe, steep waves at relatively low frequency are generated to obtain high values of the 
maximum Stokes drift. 
  We find poor agreement between experimental mean drift velocity profiles without cover and 
the theoretical Stokes drift for an infinitely long wave train on infinitely deep water, as it had 
been previously reported in the literature. While the scaling of the observed mean drift velocity 
is in good agreement with theory, we observe strong recirculation effects as soon as the wave 
front goes pass the measurement position. To take this effect into account we introduce an ad hoc 
modified Stokes drift profile, which is obtained by the addition of a parabolic velocity profile to 
the Stokes drift profile so that the integrated mean mass flow over the whole water column is 
zero. While we have no solid theoretical ground for introducing this modified profile, good 
agreement is found with our PTV data in the case without cover. This modified profile may be 
specific of the high steepness waves that are generated, and it would be interesting to perform 
PTV investigation along the whole water column depth to get an experimental measurement of 
the whole profile, i.e. not limited only to an area in the upper part of the water column.  
  In the presence of an inextensible cover on the water surface, slight modifications of the mean 
drift velocity profiles are observed which are in good agreement with corresponding theory. In 
particular the mean drift velocity is increased close to the surface cover, which can be explained 
by the diffusion of vorticity generated by the no slip boundary condition. 
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• Direct observations of wave attenuation under an inextensible surface cover.
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a b s t r a c t

The attenuation of surface gravity waves is an important process associated with air–sea
and wave–current interactions. Here we investigate experimentally the attenuation of
monochromatic surface gravity waves due to the presence of various surface covers. The
surface covers are fixed in space such that they do not advect with the wave motion and
are selected such that the bending modulus is negligible for the wave frequencies used in
the experiment in order tominimize any flexural effects. Wave attenuation rates are found
to be independent of wave steepness and the type of cover used over the tested parameter
range. Results are consistent with the theoretical attenuation rate for an inextensible
surface cover.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Knowledge of the effect of modifying the water surface on attenuating surface waves goes back to antiquity [1].
This changing of the surface rheology can arise from the presence of oil [2], ice [3], or from certain atmospheric and
meteorological conditions [4]. Wave attenuation is frequency dependent [5,6], which generally increases with increasing
frequency, although this can depend on the nature of the surface cover [2,7]. Wave attenuation is an important component
of many physical processes such as those associated with air–sea interactions [8], wave–current interactions [9], surface
drift [10], and stabilizing wave modulation [11] to name a few.

In the absence of a surface film,wave attenuation is primarily due to the strainingmotion of the irrotational component of
the wave motion (see [5,6]) and theoretical values have been verified in laboratory experiments in cases where the surface
was meticulously cleaned, see [12,13]. In the presence of a surface film, a viscous boundary layer develops which acts to
increase the attenuation of surface waves (see [5,6]). If this surface film is elastic then the wave attenuation becomes much
more complicated as some of the wave energy can also go into longitudinal waves, also known as Marangoni or dilational
waves [2,14].

∗ Corresponding author.
E-mail address: graigors@math.uio.no (G. Sutherland).
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The inextensible model of [5] has been applied to wave attenuation in ice and requires viscosity values several orders
of magnitude greater than the molecular value to match observed attenuation rates [3,15–17]. In ice there are many
processes which also attenuate energy such as scattering from ice floes [18] and ice creep [19], which might contribute.
These observations are limited to oceanic conditions and often the argument is made that the boundary layer is turbulent,
predominantly due to the ridges and keels present under the ice, and hence the larger eddy viscosity is justified on these
grounds (see [3]).

While laboratory experiments of wave attenuation involving clean water (see [12] and references therein) and water in
the presence of surfactants (see [2]) have been performed, there has been little attention paid to investigating inextensible
surface covers. More recently, it has been shown by [13] that observations of the attenuation of ocean swell by [20,21]
are consistent with the theoretical attenuation rate of an inextensible surface cover. However, the physics as to why swell
attenuation is best modelled by an inextensible surface cover is not clear.

The main objective of this study is to investigate the attenuation of monochromatic surface waves due to the presence
of an inextensible surface cover. The paper is outlined as follows: a brief review of the theoretical background for wave
attenuation is described in Section 2. A description of the experimental setup is presented in Section 3. Section 4 presents
the results of the experiment followed by a summary and discussion in Section 5.

2. Theoretical background

2.1. Linear wave attenuation

Wave amplitudes have been observed to attenuate exponentially, i.e.

∂a
∂x

= −αa (1)

where a is the wave amplitude, x is the distance along the wave flume, and α is the total wave attenuation. Linear wave
attenuation arises from viscous dissipation within the fluid [5,6] as well as boundary effects from the bottom and sidewalls
of a wave flume [22], viscous effects from the air above the interface [23] and the presence of surfactants on the water
surface [10,12,13].

In the absence of a boundary layer, whether it be at the surface or due to the finite dimensions of a wave flume, the
temporal wave attenuation rate, as given by [5], is

∂a
∂t

= −2νk2a, (2)

where t is time, ν is the kinematic viscosity, and k is the wave number. It is often difficult to clean the surface sufficiently
such that there are no particles or natural surfactants present, and thus the clean water attenuation rates are difficult to
obtain in wave flumes, see [13].

In the presence of a surface film, the wave attenuation is greater than (2) as the film acts to enhance vorticity in the
boundary layer created by the film. In the inextensible limit the boundary condition is assumed to be no-slip and the wave
attenuation, as given by [5], is

∂a
∂t

= −
1
2
νγ ka, (3)

where γ =
√

ω/2ν is the inverse boundary layer thickness [5].
The temporal attenuation rate in (2) and (3) can be related to the spatial attenuation rate by using the relation of

Gaster [24], i.e.

β

α
= cg (4)

where β is the temporal attenuation rate, as shown in (2) and (3), α is the spatial attenuation rate, and cg = ∂ω/∂k is the
group velocity. Using (4) with (2) and (3) gives the spatial attenuation rates for clean water,

αcl = 2νk2/cg , (5)

and

αin =
1
2
νγ k/cg (6)

for the inextensible surface cover.
In general, the ratio (k/γ ), which is the ratio of the boundary layer thickness to the wavelength, is small with k/γ =

2 × 10−3 for a 1 Hz deep water wave and k/γ = 2 × 10−2 for a 5 Hz deep water wave. It can easily be shown that
αcl/k = O(k/γ )2 while αin/k = O(k/γ ), and since k/γ ≪ 1, is consistent with αcl ≪ αin.
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Fig. 1. Attenuation rate normalized by the wave number k as a function of frequency. The grey shaded region on the left shows a typical spectral range
for ocean waves of 0.05–0.25 Hz and the region on the right shows a typical range for laboratory waves of 1–4 Hz. The inextensible (E → ∞) and clean
(E → 0) limits are shown along with the attenuation rate for different film elasticity.

For insoluble surface covers of finite elasticity and negligible thickness (e.g. a monomolecular surface film) the
attenuation rate is given by [10],

αe = Γ αin (7)

where Γ is defined as

Γ =


2E2

F
+

k
γ

4 (1 − E)

F


(8)

and E is the non-dimensional elasticity

E =
Ek2γ
ρω2

, (9)

E is the film elasticity, ρ is the fluid density and F = 1−2E+2E2. The theoretical attenuation rate for an elastic surface cover
is shown in Fig. 1. The inextensible limit, i.e. as E → ∞ and αe → αin, and the cleanwater limit, i.e. E → 0 and αe → αcl, are
shown. The elastic attenuation rate has a peak value of twice the inextensible limit when E = 1. The frequency at which the
maximum attenuation occurs is due to a ‘‘resonant’’ type interaction where the dispersion curves of the transverse surface
waves and the longitudinal waves intersect [2]. This increased attenuation is attributed to a more efficient energy transfer
from the transverse waves to the longitudinal waves. Setting E = 1 in (9) gives the peak attenuation frequency to be

ωres =


2νρ2g4

E2

 1
5

. (10)

The resonance frequency derived by [2, their equation 6] differs by a factor of ρ1/5 from (10), which can be reasoned from
dimensional grounds to be a typo in their manuscript.

The difference in deriving (5)–(7) lies in the boundary conditions for the tangential stress τ . Assuming a Hookean
tangential stress [10], the stress is written as

τ = E1x, (11)

where 1x is the surface strain. In the absence of surface contamination E = 0 and τ = 0. In the inextensible limit E → ∞,
which implies 1x → 0 in order for τ to be finite. This limit implies that the no-slip condition applies. However, as shown
by [25], this is only true in a linear sense and does not apply if nonlinear terms are included.

An additional attenuation process is expected due to the viscous drag of the air above waves. The attenuation of the two
fluid system, i.e. air and water, was shown by [23] to be

α2fl = αcl +
√
2
ρa

ρ


ν2
ak

1/2
(gk)1/4 /cg (12)

where ρa and νa are the density and kinematic viscosity of the air. The dynamic boundary condition for the two fluid system
is continuity in both the tangential and normal stresses at the interface. As shown earlier for deepwater gravity waves,
αcl/k = O(k/γ )2, while the second term in (12) associatedwith the air drag can be shown to beαair/k ∝ (ρa/ρ)

√
νa/ν(k/γ )

where αair represents the second term in (12). So while the attenuation due to the air viscosity is O(k/γ ), identical to
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Table 1
Experimental parameters. Thin refers to the thin latex, thick is the thick latex,
and poly is the polypropylene cover.

Cover f /Hz λ/m a0k α/k×10−3

Thin 1.00 1.55 0.04 2.11± 1.04
1.50 0.70 0.07 3.41± 0.26
1.75 0.51 0.09 3.12± 1.36
2.20 0.32 0.10 5.48± 0.54
2.40 0.27 0.12 6.36± 0.68

Thick 1.00 1.55 0.04 2.52± 0.82
2.00 0.39 0.09 5.61± 1.20
2.20 0.32 0.14 6.45± 1.64
2.40 0.27 0.11 9.31± 5.44

Poly 1.50 0.70 0.07 3.16± 0.24
2.00 0.39 0.09 4.81± 0.14
2.20 0.32 0.09 5.61± 1.20
2.40 0.27 0.12 8.24± 1.82

boundary layer attenuation,ρa ≪ ρ by three orders ofmagnitude andwill severely limit the effectiveness of the air viscosity
to attenuate the waves. Since k/γ is also between 10−3 and 10−2 the air-side dissipation is expected to be of the same order
of magnitude as the water-side.

For laboratory experiments, the finite dimensions of the wave flume will contribute additional wave attenuation [22]
with an attenuation rate of

αsb = νγ k


1
sinh 2kH

+
1
kB


/cg , (13)

where H is the water depth and B is the width of the wave flume. This attenuation is due to the boundary layer dissipation
and isO(k/γ ) and can assumed to be negligible for large kH for bottom dissipation and for large kB for sidewall attenuation.

2.2. Linear dispersion relation

The dispersion relation for the surface transverse wave under a cover of finite thickness h is

ω2
= gk tanh kH


1 +

T
ρg

k2 +
D
ρg

k4


(14)

where H is the water depth (H → ∞ in Fig. 1), T is the surface tension, and D is the bending modulus defined as
D ≡ Yh3/12(1 − µ2) where Y is the Young’s modulus and µ is the Poisson ratio. The surface tension term is negligible
when Tk2/(ρg) ≪ 1, which occurs for wavelengths λ ≫ 2π

√
T/(ρg) = 2 cm. The bending term can be omitted for

wavelengths λ ≫ 2π 4
√
D/(ρg), which for our maximum bending modulus D ≈ 2 × 10−5 N/m (associated with the thick

latex coverwith Y = 1.5MPa,µ = 0.5 and h = 0.5mm) gives λ ≫ 4 cm. In addition, changes to the dispersion relation (14)
due to the attenuation associated with the surface boundary layer are of order (k/γ ) and are negligible for the frequencies
used in this experiment [10].

3. Experimental setup

Experiments were conducted in the 24.6 m long and 0.5 m wide wave flume located in the Hydrodynamics Laboratory
at the University of Oslo. The wave flume was filled with freshwater to a depth of 0.6 m. Waves were generated with a
hydraulic-driven piston. An absorbing beach is located at the opposite end of the wave flume to the wave generator in order
tominimize the reflection ofwave energy. The reflection coefficient of the absorbing beachwas calculated using theWaveAr
software [26] to be less than 4%.

Three different surface covers were used in the experiments: a woven polypropylene cover with thickness of 0.3 mm,
and two latex covers of thickness 0.25 and 0.5 mm. The latex covers were similar to the ones used by [27], while the woven
polypropylene cover is typical to that used in gardens as a weed barrier. Each cover has a width of 0.5 m, which spanned the
width of the wave flume, with a length of 17 m for the polypropylene and 15 m for the two latex covers. Each surface cover
was fixed to the wave flume at 6.4 m from the wave paddle. The cover was fastened to a horizontal bar placed along the
width of the flume and 10 cm above the still water line to prevent over wash of the waves as they encountered the cover.
The covers were not fixed at the sidewalls of the wave flume.

For the wave damping experiments, monochromatic waves were used at frequencies between 1.5 and 2.4 Hz and a wave
steepness ak between 0.05 and 0.15. Table 1 shows the experimental parameters used in this study.Wave elevation along the
flumewasmeasured using an array of ULS Advanced ultrasonicwave gaugesmanufactured byUltralab. Eachwave gauge has
a resolution of 0.18 mm and sampled the surface elevation at 250 Hz. The array consisted of 3 wave gauges equally spaced
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Fig. 2. Wave spectra calculated at 15 different locations for the 2.2 Hz wave with a steepness of a0k = 0.10 propagating under the thin latex cover. The
grey shaded region denotes the spectral bandwidth used to obtain the amplitude.

1.8m apart from each other. The arraywas traversed along the length of thewave flume at discrete time intervals to increase
spatial coverage. Since the cover is fixed to the wave flume, there is no advection of the surface cover and the wave field can
be assumed to be steady state after some initial set-up time, whichwe take a cautious value of 5min. After thewave field has
clearly achieved a steady state, the wave array is shifted every 3min by 0.7, 2.7, 5.4, and 8.1 m relative to the leading edge of
the surface cover. The first wave gauge is located at 0.3 m upstream of the cover, thus elevation measurements are obtained
at −0.3, 0.4, 1.5, 2.2, 2.4, 3.3, 4.0, 4.2, 5.1, 6.0, 6.9, 7.8, 8.7, 9.6, and 11.4 m relative to the leading edge of the surface cover.
To avoid the possible contamination of reflected waves at the leading edge of the cover only measurements downstream of
this edge are used.

4. Results

The wave elevation along the wave flume is calculated using

a(x) =

 f0+1f

f0−1f
S(f )df (15)

where S(f ) is the wave spectrum, f0 is the forcing frequency and 1f the bandwidth of the wave spectrum and is chosen to
be 1f = 0.1 Hz. Our results are not sensitive to the choice of 1f as long as 1f ≪ f0 so not to include bounded waves. Wave
spectra for various locations along the tank can be seen in Fig. 2 for the 2.2 Hz wave propagating under the thin latex cover.
The peak of each wave spectrum is seven orders of magnitude greater than the noise floor outside the spectral bandwidth
(shown by the shaded grey region).
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Fig. 3. Wave attenuation with the thin latex cover for a 2.20 Hz wave for two different wave steepness. The attenuation rate does not vary for the two
different wave steepness. The grey shaded region shows two standard deviations of the least-squares fit.

Fig. 4. Wave attenuation rate normalized by the wavenumber k as a function of frequency for each surface cover (thick = 0.5 mm latex, poly = 0.3 mm
polypropylene, thin = 0.25 mm latex). The error bars show two standard deviations of the least-squares fit to the attenuation curve.

The wave amplitude, as a function of distance along the wave flume, is shown in Fig. 3 to attenuate exponentially. The
wave amplitude is normalized by the amplitude measured before the surface cover, i.e. a0 = a(x = 0.4m), and the
distance is normalized by k calculated by (14). The wave attenuation rate is calculated using a least-squares fit of all the
observed values and the error bars show two standard deviations of the best fit parameters. The exponential model for wave
attenuation fits the observed values very well and is independent of the wave amplitude for the range of wave steepness
used in the experiment.

The observed attenuation rates for all the frequencies and surface covers are shown in Fig. 4. These attenuation rates
are compared with the theoretical attenuation rates for the clean and inextensible limits along with that for the sidewalls
and bottom. For the theoretical attenuation rates, the kinematic viscosity is assumed to be ν = 1.1 × 10−6m2 s−1 and the
density is ρ = 1.0 × 103kg m−3. Results are generally consistent with the inextensible limit of Lamb [5]. The error relative
to the inextensible limit for each frequency and surface cover is shown in Fig. 5.

5. Summary and discussion

Presented is a series of laboratory experiments using fixed surface covers to validwave attenuation due to an inextensible
cover. The surface cover had to be sufficiently flexible to follow the surface of the propagating waves. Latex, of which
two different thicknesses were tested, as well as polypropylene was chosen as they both possessed the surface following
condition yet have different elastic properties. For the frequencies used in this experiment, the choice of the surface cover
had little effect on the attenuation rate. The stiffer covers, such as the thick latex and the polypropylene, had larger errors
associated with the exponential fits, which is presumed to arise from these covers not following the surface as accurately
as the thin latex.



94 G. Sutherland et al. / Wave Motion 68 (2017) 88–96

Fig. 5. Relative error of the observed attenuation rate with the theoretical value (αsb +α2fl +αin) as a function of frequency for the various surface covers.
The error bars show two standard deviations of the least-squares fit to the attenuation curve.

For frequencies less than 2 Hz, observations of the attenuation rate were consistent with the inextensible limit of
Lamb [5], within two standard deviations of the best fit parameters. However, for frequencies greater than 2 Hz, the
attenuation rates exceed the inextensible limit by 20% to 90%.While the presence of longitudinal waves, due to the elasticity
of the surface cover, can lead to a peak attenuation rate of twice the inextensible limit, which can be seen in Fig. 1, this seems
unlikely as the different cover materials yield similar results. Henderson et al. [13] also observed wave attenuation rates of
roughly twice the inextensible value of (3) using sheets of cling wrap for the surface cover, which they hypothesized were
due to the presence of longitudinalwaves. However, thismaximumattenuation rate exists for a relatively narrowbandwidth
(see [2]) and it is unclear whether this should be applied over the frequency range of 1–4 Hz used in their experiments [13].

The effect of the added mass of the surface cover on the wave attenuation is expected to be negligible as the relative
density of polypropylene and latex to freshwater is 0.92 and 0.96 respectively. The cover will also affect the dispersion
relation, but the deviation from (14) will be on the order of k/γ [10], which for our frequency range has a maximum value
of 8 × 10−3 and can safely be ignored.

The elasticity of the surface cover has been ignored in our calculations, but there will exist a certain frequency range
where it might be important. In order to estimate the film elasticity we need to linearize the bulk modulus of the sheet.
Since the bulk modulus is defined as

Y =
τ/A

1x/x0
(16)

where A is the cross-sectional area, 1x is the extension and x0 is the length, and we want something of the form (11), it is
trivial to show that

E =
AY
x0

. (17)

Taking the Young modulus for the thin latex sheet to be Y = 1.0 × 106 N/m2, and the dimensions of the sheet to be
b = 0.5 m, l = 15 m and h = 0.25 × 10−3 m for the width, length, and thickness respectively, we can estimate E from (17)
to be about 8 N/m.

Elastic effects on wave attenuation are tested by a least-squares fit of the observed attenuation rate to (7) and allowing
E and ν to be free parameters. The best fit for each cover is shown in Fig. 6. In all cases, the best-fit value for E is greater
than 100 N/m, which has a negligible difference on the attenuation curves over the frequency range used in this experiment.
Fig. 7(a) shows E as a function of f for different values of E and Fig. 7(b) shows the multiplier Γ in (7) as a function of E . For
frequencies used in the lab, E > 5 N/m leads to values of E > 10 (Fig. 7(a)), which is in the inextensible limit (Fig. 7(b)).
The best-fit values for ν are larger than the expected value of ν = 1.1 × 10−6 m2 s−1, but within two standard deviations
(95% confidence) with the exception of the polypropylene cover which is three standard deviations larger.
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Fig. 6. Wave attenuation rate normalized by the wavenumber k as a function of frequency for each surface cover (thick = 0.5 mm latex, poly = 0.3 mm
polypropylene, thin = 0.25 mm latex). The black line shows the theoretical value for ν = 1.1 × 10−6 m2 s−1 . The film elasticity and viscosity are used as
free parameters and fit to the observed attenuation rates. The error bars show two standard deviations of each individual attenuation rate.

Fig. 7. (a) Non-dimensional elasticity E as a function of frequency for different values for the film elasticity. Attenuation rates are twice the inextensible
limit when E = 1, which is shown by the blacked dotted line. (b) The attenuation multiplication factor Γ for finite film elasticities as a function of E
showing the transition from the clean surface to an inextensible surface film. The black dotted line shows E = 1 and the dashed line shows E = 10−1 and
E = 10, which corresponds to the clean and inextensible limits respectively.
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