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This paper proposes a fractional biharmonic operator equation model in the time-space domain to
describe scattering attenuation of acoustic waves in heterogeneous media. Compared with the exist-
ing models, the proposed fractional model is able to describe arbitrary frequency-dependent scatter-
ing attenuation, which typically obeys an empirical power law with an exponent ranging from 0 to
4. In stark contrast to an extensive and rapidly increasing application of the fractional derivative
models for wave absorption attenuation in the literature, little has been reported on frequency-
dependent scattering attenuation. This is largely because the order of the fractional Laplacian is
from O to 2 and is infeasible for scattering attenuation. In this study, the definition of the fractional
biharmonic operator in space with an order varying from O to 4 is proposed, as well as a fractional
biharmonic operator equation model of scattering attenuation which is consistent with arbitrary fre-
quency power-law dependency and obeys the causal relation under the smallness approximation.
Finally, the correlation between the fractional order and the ratio of wavelength to the diameter of
the scattering heterogeneity is investigated and an expression on exponential form is also provided.
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I. INTRODUCTION

Acoustic wave attenuation refers to energy loss during
propagation in media. Since it reflects the inherent media
characteristics in which the wave propagates, the acoustic
wave attenuation has been a main concern in a wide variety
of scientific and engineering fields, such as diagnostic ultra-
sound imaging,'? exploration seismology,’ and ultrasonic
non-destructive inspection,* just to mention a few.

There are many factors that cause acoustic wave attenu-
ation, including geometry attenuation (like spherical spread-
ing), absorption attenuation (intrinsic attenuation), and
scattering attenuation.”® The geometry attenuation is caused
by energy dispersing during propagation and is independent
of frequency. The absorptive attenuation is due to media vis-
cosity, while the scattering attenuation is caused by media
heterogeneity. Experimental results and field observations
indicate that scattering attenuation plays a key role in acous-
tic wave propagation in some heterogeneous porous media
such as rock and concrete’ and has great utility in engineer-
ing and scientific research. However, modeling such scatter-
ing behavior in complex media is not a simple task, due to
its frequency-dependent behavior.
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Based on observations and experiments, some empirical
regularities of scattering attenuation are found. When many
anomalies are present in the medium, wave propagation
resembles a random walk and scattering attenuation takes
place. It actually is a kind of material interior geometric
effect by which the energy is redistributed in time and
space.” In order to describe the energy loss caused by scatter-
ing attenuation, the scattering coefficient « is usually used to
represent the partial loss of energy from primary waves by
scattering per unit travel distance. It is widely observed that
the scattering attenuation in the medium obeys an empirical
formula,9’ 10

E =Epe™™, (1)

where E denotes the amplitude of an acoustic field variable
such as velocity or pressure and x is the wave’s propagation
distance. If the size of the scattering heterogeneity d is much
greater than the wavelength (1 < d), the attenuation coeffi-
cient « is proportional to o o< d~!, i.e., diffusion scattering.
If the wavelength is much larger than the size of anomalies
(4> d), the wave propagates through an equivalent contin-
uum which combines the properties of the host medium and
the inclusions. In this case, the attenuation coefficient varies
proportionally to « o< d*w*, i.e., Rayleigh scattering. When
the wavelength approaches the size of the inclusions
(4 =~ d), phase scattering takes place and the attenuation
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coefficient varies proportionally to « o< dw?, i.e., Stochastic/
Mie scattering.'" Generally speaking, the attenuation coeffi-
cient o that results from elastic scattering depends on the
ratio of acoustic wavelength 4 to the diameter d of the scat-
tering heterogeneity and can be described as'?

Dsd™"' (Diffusion scattering) r<d
o = ¢ Dsdw? (Stochastic/Mie scattering) 1~ d
Dsd®w* (Rayleigh scattering) 2> d,

2

where Dg is media-specific attenuation parameter obtained
through a fitting of measured data. The wavelength can be
written as A = ¢o/® where ¢ is the wave velocity. Thus, the
attenuation coefficient o(®) can be described with an empiri-
cal power law,

w(w) = Dgd* ' o® = oqp®, 0<s<4, 3)
where oy = Dgd*~! is the attenuation parameter related to
scattering heterogeneity d. In special cases s = 0,2,4, the
classical model Eq. (2) is obtained. It is noted that the index s
can also be some non-integer values between 0 to 4 in certain
case, for example, in seismic wave scattering attenuation,' >
Thus, it is reasonable to assume that s can be any real number
between 0 and 4. An expression that describes how the index
s changes with other variables will be discussed later in Sec.
III. Above all, it remains a challenging open problem in time-
space partial differential equation modeling to describe arbi-
trarily frequency-dependent scattering attenuation typically
obeying an empirical power law as Eq. (3).

In recent years, the fractional derivative models have
been developed to describe absorption attenuation in com-
plex materials, such as anomalous diffusion,15 16 yiscoelastic
damping,'” and frequency-dependent dissipative wave prop-
agation.'®'” With fractional derivative terms underlying the
memory and long-range interaction, these models success-
fully describe the frequency-dependent behavior.”’ Szabo
derived a causal convolution operator for the lossy wave
equation that accounted for power law absorption with a
non-integer frequency dependence.?’ This wave equation
was later rewritten as a positive time-fractional derivative
wave equation by Chen and Holm,'® and then developed by
Kelly et al.** However, the time-only operation in the above
models is not feasible in the general case where the interac-
tion between two oppositely traveling sound waves cannot
be neglected,” and they were derived mostly due to their
ease of analysis. Therefore, Chen and Holm introduced the
fractional Laplacian wave equation including a spatial frac-
tional derivative operator'® based on Stokes’ wave equation.
Later, Treeby and Cox proposed an enhanced, causal frac-
tional Laplacian wave equation which can describe power
law absorption and dispersion for acoustic propagation.”*
In contrast to these phenomenological models, another kind
of fractional wave equations proposed by Holm et al.
are derived differently from the viscoelastic constitutive
equation, which is causal for any frequency and fulfills
the Kramers—Kronig relation.”>?® However, little of past
work concerns scattering attenuation in acoustic wave
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propagation. Besides the different physical mechanisms of
absorption attenuation and scattering attenuation as dis-
cussed above, this is largely because the conventional spatial
fractional Laplacian'® with an order from 0 to 2 cannot
describe the scattering attenuation where the empirical scat-
tering power law has an exponent ranging from 0 to 4.

Based on the above-mentioned studies, this paper pro-
poses new fractional derivative models to describe the
acoustic wave scattering attenuation in heterogeneous media.
To solve the problem, we introduce a new definition of the
space-fractional derivative with an order from O to 4, called
the fractional biharmonic operator. And then the new frac-
tional operator is applied to the scattering attenuation wave
equation modeling.

Under the common smallness approximation, where
attenuation is assumed to be much smaller than the wave
number, the proposed fractional biharmonic operator equa-
tion model of acoustic scattering is found consistent with
arbitrary frequency power-law dependency and obeys the
causal relation. Furthermore, the correlation between the
fractional order and the ratio of wavelength to diameter of
the scattering heterogeneity is investigated and a possible
form of expression is given. In order to verify this relation-
ship, an existing scattering theory which has been demon-
strated by experimental data is mentioned and then
compared with our corresponding conclusions.

The rest of this paper is organized as follows. In Sec. II,
the different types of fractional equation models for wave
scattering attenuation are discussed so as to propose a new
fractional biharmonic operator equation model. Then a physi-
cal interpretation and expression on the order of the fractional
biharmonic operator is presented in Sec. III. The conclusions
are presented in Sec. I'V. In the Appendix, the existing defini-
tions of the fractional Laplacian and our new definition of the
fractional biharmonic operator are introduced.

Il. FRACTIONAL BIHARMONIC OPERATOR EQUATION
MODEL OF WAVE SCATTERING ATTENUATION

An attenuation wave equation can generally be
described as*
1 0%

—%W‘FX(P) =0, “4)

where p is the pressure of the acoustic wave, ¢ represents
the phase velocity at a reference frequency, and y denotes
the attenuation term in form of time or space derivative oper-
ator. According to the existing equations of fractional order
acoustic absorption attenuation models, it is reasonable to
assume that the attenuation term of wave scattering is also a
fractional mixed partial derivative in space and time which
is suitable for description of the frequency-dependent power
law attenuation.

A. Scattering wave equation with a monomial
attenuation term of time-space fractional derivative

A monomial attenuation term in form of time and space
fractional derivative operator can be described as
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o b/2
X(P)—Ca—,a(—A) 2 5)

where C is the coefficient, (—A)”/? means the fractional
biharmonic operator defined by Eq. (A13), and 99/t is the
time-fractional derivative operator defined by Eq. (Al).

In order to determine the coefficients and parameters
and to verify that our scattering attenuation acoustic wave
equation reflects the frequency-dependent power law attenu-
ation of Eq. (3), the frequency-domain Fourier analysis is
given below.

Applying the time and space Fourier transforms to Eqgs.
(4) and (5), in consideration of Egs. (A2) and (A14), the fre-
quency domain version of Eq. (4) combined with Eq. (5)

i819,27

2 w’ . Nagh
—k +7+C(lw) K’ =0, (6)
0

where k and o are wave number and frequency variables,
respectively. Splitting the wave number into real and imagi-
nary parts where k = f§ + ia, it is straightforward to have

2
—B? + o — 2af + w_2 + Ccos (ﬂ) o'k?
c 2
1 iCsin (“;) kb = 0. %)

Here ff = w/c, encapsulates the propagating part of the
waves and o encapsulates the scattering attenuation. Though
the complex wave number is usually used to describe wave
absorption attenuation through lossy materials, it is reason-
able to describe the wave scattering in the same way because
it also results in both attenuation and dispersion.?*%°

Separating the above equation, the real and imaginary
parts are given by

2
Re:o? — > + w—2+ Ccos(an/2)w'k" =0
ch (®)

Im : 2Ba + Csin(an/2)w%” = 0.

With the conservative value under the smallness approxima-
tion, where attenuation is assumed to be much smaller than
the wave number,’**! a relationship is given by

kx~pf=w/c,=w/c. 9)
Simplifying the imaginary component of Eq. (8) then yields

_ Csinlam/2p L, Csintan/2) i,
2p 2cq
It is noted that Eq. (10) is consistent with the empirical

power law Eq. (3), namely,

a+b=s+1
C Dagdle ey (i
sin(an/2)  sin(an/2)’
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In terms of the relationship formulas (11), if the time
and space fractional orders and the coefficient C in Eq. (5)
agree with Eq. (11), then the fractional wave scattering atten-
uation equation for the power-law frequency-dependent
attenuation in heterogeneous media is given.

In the simplest case, let a =1, b = s, the scattering
attenuation equation is stated as

1 6°p

p — —— _xflg
c or

— 2a0¢; at(—A)S/zp =0,0<s<4,

(12)

which appears similar to the fractional Laplacian equation of
dissipative acoustic wave proposed by Chen and Holm.'
The difference is that the order of the fractional Laplacian is
from O to 2 to describe wave absorption attenuation while
the order of the fractional biharmonic operator here is from 0
to 4. However, Treeby and Cox found that this form of the
wave equation exhibit the desired power law attenuation but
is non-causal.**

In wave equation models, causality must be considered.
The propagation of a sound wave through a heterogeneous
medium is intrinsically linked with dispersion, a dependence
of the phase speed on frequency.24

In order to solve this problem, simplifying the real com-
ponent of Eq. (8) under the smallness assumption o < f3,
Egs. (9) and (11) then yield

2
B = oc2+w—2+Ccos 97N kb
& 2

~2 \/1 + Ccos <ﬂ> g L (13)
Co 2

Applying Taylor expansion and reserving the first two terms
[Ccos (am/2)ca™ w1 <« 1] then gives

8 cu+ C an\
=—+——cos| — |
co 2y 2

:2+ocotan(4(a_ l)n)ws, (14)

€o

where the coefficient C is given by Eq. (11).
Based on the causal relation, Horton>233 published a set
of dispersion relations of power-law attenuation stated as

follows

ﬁzﬂ—&-aotan(E)w“. (15)
Co 2
Here 0 < s < 1. Some reports suggest that this causal rela-
tion is also valid for 1 < s < 3.>**> Analogously, it can be
reasonably inferred from the literature that Eq. (15) is valid
for 0 <s <4 and s # 1,3 (an alternate expression is also
available for s=1 or 3).34
Comparing Eq. (14) with Eq. (15) then yields

a=s+1-2n. (16)
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Here n is an integer. If the space fractional order b = 2n
assuming n = 0, 1,2, the scattering attenuation equation can
obey the causal relation and satisfy the empirical power law
in the following expression

1 sz 20(0(‘2"71 8s+172n "
Ap— - 0 ~A)"p=0,
P C% Or2 sin[(s—i— 1 —2]1)71/2} at5+172n( ) p
0<s<4, s#1,3; n=0,1,2. (17)

In the simplest expression, n =0, a=s+ 1, b =0, the
equation can be reduced to

1w o
2 0% cocos(sm/2) il =
0<s<4, s#1,3, (18)

which has a similar expression as the integro-differential
operator equation proposed by Szabo?! for viscosity dissipa-
tion but the parameter has different physical significance and
range. While n =1, a = s — 1, b = 2, the equation can be
described as

B e 07,
P ¢t o cos(sm/2) Ors—! =5
0<s<4 s#1,3, (19)

which appears similar to the fractional derivative equation
proposed by Caputo and Wismer*®>” but is physically differ-
ent. It is worth mentioning that since the Caputo/Wismer
equation is based on a causal constitutive equation, it is
causal without the smallness approximation (valid for all
frequencies).*®

2

Re:o? — 2 +w—2+ C cos(an/2)wk” 4 C; cos(pn/2)a’k! = 0
o

Im : 2o + C; sin(an/2)wk” + C, sin(pr/2)w’k? = 0.

From the preceding analysis, it is evident that the real part of
Eq. (21) corresponds to the encapsulated dispersion, while
the imaginary part represents the scattering attenuation.
Without loss of generality, one may assume that the first part
of the attenuation term exhibits only the power law attenua-
tion while the second part represents only the dispersion.
Thus the coefficient C; of the first attenuation term will not
appear in the real part of Eq. (21) otherwise it will affect the
dispersion. Equally, the coefficient C, of the first attenuation
term will not appear in the imaginary part of Eq. (21) other-
wise it will affect the scattering attenuation. This assumption
then gives

{ cos (am/2) =0,
sin (p/2) = 0,

a=2m+1
(22)
p =2n.
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In general, a monomial attenuation term which obeys the
causal relation and satisfies the empirical power law of scat-
tering cannot be expressed only by the space fractional deriva-
tive operator. However, considering that scattering attenuation
is caused by media heterogeneity, a space-fractional deriva-
tive is appropriate to characterize the scattering attenuation
for the spatial non-locality and power law behavior. It is also
noted that the scattering representation Eq. (19) involves the
temporal derivative of 3 order when s=4. This could cause
some problems in the solution of real-world problems. In Sec.
II B, two terms for the fractional space derivative are therefore
employed to represent scattering attenuation to avoid the
high-order temporal derivative issue.

B. Scattering wave equation with two terms
of fractional space derivative

The attenuation term in the scattering wave equation
model should exhibit the correct power law and satisfy a
causal dispersion relationship, under appropriate conditions.
In this section, the two terms of scattering attenuation
expression in Eq. (4) are given by

o (a/2)
2 8[1’ ( A) p, (20)

where C; and C, are the undetermined coefficients. This
form of attenuation (with @ =1 and p =0, specially) was first
proposed by Treeby and Cox to describe causal absorption
attenuation.

Applying the time and space Fourier transforms to Eq.
(20) and separating the frequency domain equation, the real
and imaginary parts are given by

21

Here m, n are integers. Under the smallness approximation
Eq. (9), simplifying the imaginary component of Eq. (21)
then yields

Cip mit Ci o
= (MG = (0" e @

Comparing with the empirical power law Eq. (3) then gives

b=s—2m
C, = (—1)m+12a0d5’168’1 = (—l)m+12aocf)’1’2’”.
(24

The real component of Eq. (21) can be simplified in the
same way as in Sec. II A and becomes
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T
co 2¢]

Taking in consideration the causal relation of Eq. (15) then
yields

gq=s+1—-2n
{ Cy = (—1)"200cy > tan (sm/2). (26)

In order to avoid making the time and space fractional opera-
tors with too large orders beyond the scope of our defini-
tions, assume m = 0,1 and n = 0,1, then the fractional
biharmonic operator equation model for acoustic wave scat-
tering attenuation can generally be written as

1 azp m+1 s—1-2m ol [(372m)/2]
P—%W*F(—l) 209¢y pYra R ) p
n —2n sm\ 0% [(s+172n)/2} o
+(=1)"20¢} tan(z) W(_A) p=0,
0<s<4, s#1,3; m=0,1; n=0,1. 27)

When m = 0, n = 0, the equation can be reduced to

l@ 20 csflg
P c or %0 or

« tan (%) (_A)[<s+l)/2]p o,

s# 1,3, (28)

(=8 + 230

0<s<4,

which looks like the fractional derivative equation proposed
by Treeby and Cox** for frequency-dependent dissipative
attenuation, but the index s ranges from 0 to 2 in the latter. It
is worth mentioning that this type of attenuation term might
be infeasible for scattering attenuation when the fractional
order s approaches 4 and the second part of the attenuation
term is over fourth-order spatial derivative operator. This is
unphysical.

In the case of m =0, n=1, Eq. (27) can also be
rewritten as

1% 10 (s/2) 2
Ap — %W — 200c) By (—A)"p — 200y
sm\ 0° [s-1)/2]
— —_— —A =
xtan(z)aﬂ( ) p=0,
0<s<4, s#1,3, (29)

which appears similar to the fractional derivative equa-
tion proposed by Pang® for frequency-dependent dissi-
pative attenuation. The highest fractional order of the
attenuation term in Eq. (29) is s — 1 and less than 4
instead of s+ 1 in Eq. (28). However, when the frac-
tional order s < 1, the last operator of the attenuation
term is the inverse operator of the fractional Laplacian
which is defined by Eq. (A4). In this scenario, the equa-
tion can be rewritten as
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0 (—A)(s/z)p — 20(068_2

Ap — _or a0y ! o

ck or
st\ 07
- _1175‘ —
><tan<2)at2 p =0,
0<s<4, s#1,3. (30)

In addition, if m = 1, n = 1, Eq. (27) becomes

1 0%

0 (5-2)/2 :
s—3 s—2
Ap — %W + 2090y £ (—A)[ ]p — 200c)
s\ 02 [(5_1)/2}
X tan <7) pr (—=A) p=0,
0<s<4, s#1,3, 3D

when the order of the fractional biharmonic operator is less
than 0, it will be converted to the Riesz potential operator.

The above analysis shows that the wave equation of Eq.
(27) is feasible to characterize power-law frequency-depen-
dent attenuation in heterogeneous media which obeys the
causal relation. In Sec. III, the fractional order is physically
interpreted in terms of the wavelength and the diameter of
the scattering heterogeneity.

lll. RELATIONSHIP FORMULA BETWEEN
SCATTERING POWER LAW INDEX AND THE RATIO
OF THE HETEROGENEITY DIAMETER TO ACOUSTIC
WAVELENGTH

As discussed above in Eq. (2), the order s of the frac-
tional derivative and scattering power law attenuation
depends on the ratio of acoustic wavelength 4 to the diame-
ter d of the scattering heterogeneity. The correlation between
the fractional order (scattering power law attenuation index)
and the ratio can be described as

0, u—+oco
s=< 2, u=hy (32)
4, =0,

where u=d/A is the ratio of the diameter d to acoustic
wavelength A. by is the value of u when the Stochastic/Mie
scattering occurs. In some cases,” it is approximately equal
to 1/2n, while we take it as an undetermined parameter here
in general. Taking into account that the value of u is actually
a continuous variable quantity, then the value of s should
also be a continuous variable instead of a “jump” variable. A
possible relation consistent with Eq. (32) is an exponential
expression given by

§ = de~HIn2/ho, (33)

when 1 < d, u — 400, formula (33) is reduced to s = 0;
when 2 =d/by, u= by, formula (33) is reduced to s = 2;
when 1> d, u =0, formula (33) is reduced to s = 4. The
expression (33) is shown in Fig. 1.

However, it should be mentioned that expression (33) is
only a possible relationship based on the existing scattering
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FIG. 1. The relation between the fractional order s (power law scatter atten-
uation index) and the ratio u of acoustic wavelength 4 to the diameter d of
the scattering heterogeneity described by formula (33). This figure shows an
exponential curve which is possible to describe this relationship. The hori-
zontal axis is normalized variables 11/by.

theory such as Eq. (2), whether the expression is valid or not
requires other theoretical or experimental verification.

In order to verify our conclusion, the scattering coeffi-
cient o must be studied. Substituting formula (33) into
Eq. (3) and considering 1 = ¢y/w, the expression for the
attenuation coefficient o as a function of d and w is as
follows

o= Dsw(wd)4exp(—(udan/bOcU)—l. (34)

As a comparison, Blair'* has also shown that an accept-

able frequency-dependent scattering attenuation coefficient o
for elastic scattering can be cast in the general form

Cs (o \* o\* kyco
S22+ (2 — o
=) @) ] e

where Cg and kg are constants, ¢y the wave velocity, d the
mean diameter of the scatterers, and w,; the characteristic
(constant) frequency, dependent only upon the scattering
medium. Expression (35) is based on experimental data for
seismic attenuation in rock and has also been observed in
ultrasonic scattering in metals. It means that although the
grain size in typical metals are significantly smaller than in
most rock, scattering is a scale-independent phenomenon
whose magnitude is determined by the ratio of wavelength
to grain size.” This conclusion is consistent with our scatter-
ing model.

To compare the two expressions for scattering coefficient
and discuss the effect of the diameter d and frequency w on
the attenuation coefficient «, a graphical representation has
been made to describe the relation between o and d by formu-
las (34) and (35), respectively, under varying values of o (5,
10, 15, and 20Hz). In order to simplify the calculation, we
assume Dg = Cs = 1, ¢y = 1, and take kg = 0.23 as proposed
by Blair. When the parameter is by = 1/4n, formula (34) is
in good agreement with formula (35), as shown in Fig. 2.

From Fig. 2, it can also be observed that the crest region
of o tends to be less acute when o increases. It can also be
seen that when the diameter d of the scattering heterogeneity
has a size approximately equal to the wavelength A(d ~ 74),
the attenuation coefficient o at a certain frequency w reaches
the maximum value. It means that similar size of the hetero-
geneity in the medium and wavelength causes stronger scat-
tering attenuation. In other words, it means that the
“Stochastic/Mie scattering” is the most significant type of
scattering attenuation in the heterogeneous media. This con-
clusion is also consistent with the field and experiment
observations.

IV. CONCLUSIONS

This paper proposes a fractional biharmonic operator
derivative equation model to describe the acoustic wave
scattering  attenuation in heterogeneous media. In

---15Hz
\ ——5Hz(B)

\ 15Hz(B)

e | 0Hz

— -20Hz FIG. 2. (Color online) The relation
between the scattering coefficient o
and the diameter d by formula (34)
(black dotted line) and formula (35)
(colorized curves) with varying fre-
quency . The curves of formula (34)
are depicted by black dotted line ver-
sus the colorized curves of formula

10Hz(B)

20Hz(B)

a(m”-1)

(35) proposed by Blair. The frequency
w varies from 5, 10, 15 to 20 Hz with
the parameters Dg =Cs =1, ¢y =1,
ks = 0.23, and by =~ 1/4x. The figure
shows that formula (34) is in good
agreement with formula (35) in differ-

ent cases.

d(m)
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consideration of the empirical power law with an exponent
ranging from 0 to 4, the definition of the space-fractional
derivative, called fractional biharmonic operator, is intro-
duced in the Appendix.

After the systematic analysis of the expression of scat-
tering attenuation term, it is demonstrated that the wave Eqs.
(17) and (27) are consistent with the empirical power law
Eq. (3) and is capable of describing arbitrary scattering
attenuation. While obeying the causal relation under the
smallness approximation, it means that they can all describe
both scattering attenuation and dispersion. This would be an
important result since the assumption is usually made that
there is no phase change. Specially, if the order of the frac-
tional operators in expression (5) obeys @ = 1 and b = s, the
scattering attenuation Eq. (12) is obtained without consider-
ing dispersion.

Moreover, the relationship between the fractional order
(scattering attenuation power law index) and the ratio of
wavelength to the diameter of the scattering heterogeneity is
established. To verify this relationship, an existing scattering
theory proposed by Blair which has been verified by experi-
mental data is compared with our conclusions. The result
shows that when the parameter of formula (34) dy ~ 1/4n
and the parameter of formula (35) kg = 0.23, the two curves
are in good agreement. In another case, with dy = 1/27 and
ks = 0.4, formula (34) is in good agreement with formula
(35), too. In fact, we can come to the conclusion that the two
expressions for scattering attenuation coefficient o are
approximately equivalent while choosing the appropriate
values of dyp and kg. Through the comparison, expression
(33) which describes the relationship between the order of
the fractional operator and the ratio of wavelength to the
diameter of the scatters is then indirectly verified and
appears valid for calculating the scattering attenuation.
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APPENDIX: DEFINITIONS OF THE FRACTIONAL
DERIVATIVE

1. Existing definitions of the fractional derivative

In order to prepare the introduction of the fractional
biharmonic operator in space, this study begins with the
existing definitions of time and space fractional deriva-
tives. The Caputo’s fractional derivative is a conventional
time integro-differential operator and is written as
follows.

a. Definition A

Caputo’s time-fractional derivative with combination of
the derivative and the convolution is given by’
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& 1

R ] D A

I'(n—s
n—1<s<n, (A1)
where T'(+) denotes Euler’s gamma function, ¢(z) must be n
order differentiable. In addition, the integer derivative of
¢(t) must be given at the initial instance, for example, when
n=1 and the initial time equals 0, ¢@(0) and ¢'(0) must
been given as the initial conditions. The Riemann-Liouville
definition of the fractional derivative can also be written in a
similar form but the derivative is taken after the convolution.
The Caputo type definition is the regularized form of the
Riemann-Liouville type. The Fourier transform of the time-
fractional derivative has been given by Bagley and Torvik*’

F{gﬂ (1), w} = (iw)'®(w). (A2)

The fractional Laplacian (—A)‘f/ (0 < 5 < 2) is a spatial
integro-differential operator and can describe the spatial
non-locality and power law behavior of scientific and engi-
neering problems. A variety of definitions of fractional
Laplacian have been proposed in recent years. One of them
is introduced by Chen and Holm.'® They used the Riesz
potential*' and the fractional integral in space via the Green
second identity to propose an explicit integral expression of
fractional Laplacian, which naturally includes the boundary
conditions.

b. Definition B
Fractional operator as a composition of Riesz potentials
and Laplacian'®*? is given by
(—A): 2, (x)= { —27A<[I§"Y ¢(x)](Riemann-Liouville-type)
15" [=A¢(x)](Caputo-type),
0<s<2,
(A3)

where the Riesz potential operator of order s of d dimensions
is defined by43’44

r'[(d-5s)/2] J ()
w$/22°T(s/2) Ja | — &)

0<s <2,

Lyp(x) = dQ(¢),

(A4)

and where Q is the integral domain. The definition is used in
modeling acoustic dissipation in human tissue.'’

2. New definition of factional biharmonic operator

However, the fractional Laplacian Eq. (A3) with an
order from 0 to 2 is not able to describe the empirical power
law as Eq. (3) with an exponent ranging from 0 to 4. This
section introduces a new spatial integro-differential operator
(fA)fﬁ/*2 (2 < s <4), called fractional biharmonic operator.
The definition is follows.
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a. Definition C

The fractional biharmonic operator as a composition of
the Riesz potential and the biharmonic operator is given by

AA[I475 ¢(x)](Riemann-Liouville-type)
I;*[AA@(x)](Caputo-type),

2<s<4,

(~8) 7 p(x) =

(A5)

the order ((4—s) € (0,2]) of Riesz potential operator
is consistent with that in Eq. (A4). Although the current

C[(d—4+5)/2] (%)

definitions of the fractional derivative with an order exceed-
ing 2 are rare, Buckingham suggested that there is no upper
or lower limit on the value that s may take.*’

It is known that the Laplacian operator has the radial
basis function expression

d?¢ d—1ldo
dr? rodr’

Ap(x) = (A6)

where r = ||x — &|| denotes Euclidean distance. Equation
(A5) can then be reduced to

AA [13’590(36)] = 7[47‘?/2247&1—‘[(4 - S)/2] AAJQ ||x ~

:(S+d—4)(s—2)(s+d—2)s1“[(d_4+

§||d+xf4

dQ(&)

5)/2] (&)

n4=5)/2245T[(4 — 5) /2]

J AAo(&)
allx

o é||d+S74

I[(d—4+5)/2]

17 [AA(x)] = 14922 [(4 — 5)/2]

dQ(&).

dQ(¢), (A7)

Lz lx — &

(A8)

It is noted that Eq. (A7) encounters the detrimental hypersingularity, which means the singularity order d + s is larger than the
topological dimension d, while the definition Eq. (A8) has a weak singularity of order d 4+ s—4 compared with the hypersingu-
larity of order d + s in Eq. (A7). The Green’s second identity is useful to connect Egs. (A7) and (A8),"

- asg(o) = UL %F[([jd_sf/;} /2 J, ; f‘gﬁflz d0(é)
+hL A(p(f)% <||x - ;||d+s_4> T 51||d+s_4%A<p(é)] ds(¢)
LI
+gL (/)(f)% <||x _ §]||d“z> = él|dﬂ2 89225)] das(é)
+hL C(é)2 <||x i 4) 5Hdﬂ 4] ds(&)
= A0[1f o] + e B 5 (ux fnd“ 2) ke —Fé(ﬁ[)””] o
+hL C(f)2 <||x g9t 4) fHd“ 4] ds(é), (A9)
where S represents the surface of the domain, and 7 is the unit outward normal. Let
Ap(¥)|ies = C(x), @) es = E(x), (A10)
a%Aqo(x) =D, "’i;fj) _—FW), (Al1)
ey
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It is seen from Eq. (A9) that the fractional biharmonic opera-
tor I57S[AA¢(x)] is equal to the fractional biharmonic opera-
tor AA[I4~¢p(x)] augmented with the boundary integral,
which is a parallel to the fractional time derivatives in the
Caputo sense relative to that in the Riemann-Liouville
sense. It is worth mentioning that the Caputo sense requires
¢(x) to be 4th-order differentiable. Considering the charac-
teristics of the two different types of definitions, both the
fractional Laplacian and the fractional biharmonic operators
in the Caputo sense are used in this paper.

Combining definition A and definition B, a new defini-
tion of the space-fractional derivative (—A)**(0 < s < 4)
by a piecewise function is proposed.

b. Definition D

Fractional Laplacian and fractional biharmonic operators:

s/2
A2 = d (FATex), 0<s<2 N
e (—A)Pp(x), 2<s<4 (Al3)
s/2

where the operator (—A)i/ % and (—A)"/? are defined by Eqs.
(A3) and (AS). Under sufficiently good conditions, the defi-
nition satisfies the following Fourier transform®®

F{(=A)"¢(x),k} = ¥D(k), 0<s<4, (A14)

(—A)s/2(p(x) = F—l{kscl)(k)} — 21_71_J(1)(k)kveikxdk7

(A15)
where £ is the spatial wave number.
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