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Abstract
This study presents a statistical analysis of interfacial waves in a turbulent stratified air-water flow inside a 10 cm diameter pipe. Wave elevation
measurements were acquired using conductance probes with high sampling
rate, Sr = 500Hz. Local wave parameters (elevation, crest height, trough
height, etc.) were extracted using a zero-crossing technique. The evolution
of their corresponding statistical distributions and statistical moments was
investigated for varying flow conditions.
The main goal of this study is to offer an alternative method for distinguishing between various wavy flow patterns. The proposed approach is
based on the Gaussian model, which is widely used in the characterization
of ocean waves. Instead of the traditional sub-regime categorization which
is based on a combination of visual observations and qualitative spectral
description, this method categorizes a wave field depending on its degree
of non-linearity and statistics of elevation parameters. This approach also
allows parametrization of the interfacial structure. As a first step, this approach was carried out only for a selected set of flow rate combinations, in
which the liquid superficial velocity was kept constant at Usl = 0.10 m/s
whilst the superficial velocity was increased from 1.0 m/s to 4.0 m/s with
increments of 0.25 m/s. Subsequently, statistical moments of the interface
elevation were computed and compared to literature data, for varying Usl
and Usg . Based on the detailed statistical description of wave data, two
flow regimes are categorized: wave amplitude growth and saturation. These
regimes were also identified as quasi-Gaussian and non-Gaussian, respecEmail addresses: awalaa@math.uio.no (A.A. Ayati),
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tively, based on comparisons of exceedence distributions. For Usl = 0.10
m/s, the saturation regime occurs for Froude numbers (based on the relative bulk velocity) F r > 4. Finally, analysis of data for various Usl and Usg
suggests that the critical Froude number for the transition to the saturation
regime decreases with increasing liquid flow rate, and that the ratio of mode
height to mean liquid height is nearly constant (H ' 0.2hL ) in this regime,
i.e. depth limited mode.
Keywords: Gas-liquid flow; pipe flow; interfacial waves; Gaussian wave
model.
1. Introduction
Gas-liquid flow in pipes is relevant to a variety of industrial applications,
ranging from nuclear and petroleum industries to waste water mains (Lakehal et al., 2003; Pothof & Clemens, 2011; Bratland, 2010). The flow inside
pipelines that transport natural gas often consists of both a gaseous and a
liquid phase, in the form of gas-water or gas-condensate combination, see
Mokhatab & Poe (2012) for an overview of gas-liquid pipe flow in the natural gas industry. In general, both phases flow co-currently and the gaseous
phase flows significantly faster than the liquid phase. Under a wide range of
conditions, stratified flow is the predominant flow regime in horizontal and
near-horizontal pipelines.
At low flow rates, the interface is usually kept smooth by the action of
gravity and surface tension. As inertial forces increase with increasing gas
flow rate, shear-waves appear on the interface. Within a range of gas flow
rates, below the threshold of onsetting intermittent flow, the waves may grow
and interact both linearly and non-linearly with each other. It is widely
known that waves at the interface significantly enhance the drag between
the phases, see Andritsos & Hanratty (1987); Biberg (2007); Berthelsen &
Ytrehus (2005). This has an important impact on the overall pressure drop
and liquid hold-up of the system, which are key parameters in the design of
pipelines and supporting infrastructure.
Under constant flow rate conditions and at sufficient distance from the
pipe inlet, the wavy interface reaches a stationary state in which energy input from the gas flow and energy dissipation due to non-linear processes
such as wave breaking or interaction with the turbulent base flow, reaches
an equilibrium. This state is often referred to as fully developed stratified
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wavy flow. Depending on the characteristics of the waves, this regime may be
further divided into a range of sub-regimes. In laboratory studies, such subdivision has traditionally been based on a combination of visual observation
and qualitative spectral analysis (Ayati et al., 2015; Espedal, 1998; Strand,
1993). Meanwhile, mathematical models yielding sub-regime transition criteria have mainly been based on linear stability analysis, see for instance
Tzotzi & Andritsos (2013) for a review. Tzotzi & Andritsos (2013) listed the
following stratified flow sub-regimes: i) smooth interface, occurring at very
low gas and liquid velocities. ii) Small amplitude regular 2D waves. Transition to this sub-regime is predicted using the sheltering model proposed by
Jeffreys (1925). ii) Large amplitude irregular 3D waves, also called KelvinHelmholtz waves, as their onset is modelled by a viscous Kelvin-Helmholtz
criteria.
The state of affairs in describing interfacial waves in pipes is rather poor
when compared to advances in ocean waves. The reason for this is two-fold:
i) Like in the ocean, interfacial waves in pipes are most of the time within the
non-linear regime, exhibiting more or less random behaviour. This implies
that any deterministic attempt to describe them accurately is very complicated. ii) Industrial flow simulators such as OLGA (Bendiksen et al.,
1991) cannot afford to resolve waves in their attempt to simulate multiphase
flow inside very long pipes due to enormous computational costs required to
perform such simulations. Thus, the engineering motivation has not been
quite high enough for such detailed studies of interfacial waves in two-phase
pipe flows. Their presence is usually taken into account through augmentation of friction forces, which must often be adjusted to match real data.
Nevertheless, the next generation of flow simulators are expected to include
”regime-capturing” approaches which rely on finer grid resolution (Issa &
Kempf, 2003; Carneiro et al., 2011; Danielson et al., 2012; Nieckele et al.,
2011; Nieckele & Carneiro, 2017). Furthermore, recent developments in experimental investigation of this system (Birvalski et al., 2014, 2015, 2016;
Ayati et al., 2014, 2015, 2016, 2017; André & Bardet, 2017), have shown
that the overall bulkflow is strongly coupled with wavy interface. To this
end, detailed description of measured interfacial waves is expected to be of
valuable use with respect to validation of models and CFD simulations. For
these reasons, one of the goals of this study is to provide distributions of
wave parameters for validation measures.
By contemplating literature on ocean waves, one may find a number of
alternative methods to characterize waves on the sea surface, one of which is
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the application of statistical tools in the assessment of extreme wave events,
i.e. so-called rogue waves, see for instance Sobey (1992); Onorato et al. (2009,
2013); Petrova & Soares (2014). In this approach, the seemingly random sea
surface elevation is modelled, to the leading order (linear theory), as a superposition of independent planar waves, i.e. Fourier components, where
the wave phases are uniformly distributed between 0 and 2π. The surface
elevation is then considered as a stochastic process which obeys Gaussian
statistics. Deviations from Gaussian statistics, quantified by higher order
statistical moments, i.e. skewness and kurtosis, are often attributed to nonlinearity. For second order non-linearity (2nd order Stokes waves), Tayfun
(1980) derived an analytical expression for the distribution of the wave envelope, i.e. the so-called Tayfun distribution.
In ongoing work, we aim to transfer methodologies found in air-sea literature to gas-liquid flow in pipes. This approach is in line with the short
note published by Prosperetti (2003). In this particular study, the Gaussian
model will be used to distinguish between linear and non-linear wave regimes
in a system with waves that are purely shear-induced. However, it should be
noted that no further assessment of non-linear interactions will be addressed
here as this is viewed to be outside the scope of this paper. Such analysis is
intended to feature in future publications.
This manuscript is structured as follows; i) first, we introduce the experimental setup and methodology, ii) secondly, we provide a brief summary of
the Gaussian wave model, iii) the main results are then presented in terms of
probability distributions of wave parameters. Here, exceedence probability
plots are used to illustrate the departure from linear theory. iv) Higher order
statistical moments are compared with additional data from the literature
and wave regimes are categorized v) Finally, concluding remarks are given.
2. Experimental set-up and methodology
The data under investigation was acquired during an experimental campaign conducted at the Hydrodynamic Laboratory at the University of Oslo.
The experimental techniques PIV, conductance probing and hot-wire anemometry were combined to study of air-water flow in pipes (Ayati et al., 2014,
2015, 2016). In this paper, we will only focus on the data stemming from the
wave gauge, i.e. conductance probes.
The experiments were conducted in a 31 m long horizontal acrylic pipe
with internal diameter D = 10cm. Air and water at atmospheric pressure
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were used as test-fluids. Both fluids were introduced at the pipe inlet using
frequency-regulated pump and fan, for the water and gas, respectively. The
water and air mass flow rates were measured with an Endress Hauser Promass
and an Emerson MicroMotion Coriolis flow meter with 0.2% and 0.05% of
maximal measured values in accuracy, respectively. A schematic view of the
pipe-loop is shown in Fig. 1.
An interface elevation measurement gauge was placed approximately 270D
downstream from the pipe inlet. The gauge consisted of two double-wire
probes made of platina wires of 0.3mm diameter and separated by 4 mm.
Both probes were placed in the center of the pipe with a distance d = 6cm
in the stream-wise direction, allowing to extract wave speeds through crosscorrelation methods. Interface elevation, ηi (t), with the subscript i depicting
each probe, was measured with a relatively high temporal resolution of 500Hz.
For more details about the experimental setup and methodology, the reader
is referred to Ayati et al. (2015) as well as appendix A.
2.1. Zero-crossing analysis
The wave parameters of interest in this study are; wave elevation (η),
crest height (ηc ), trough height (ηt ), wave height (H) and the hilbert upper envelope Aup . Local values of each parameters were computed for each
wave cycle, wn , by means of the zero-crossing method, as illustrated in Fig.
2. First, the mean elevation was subtracted from the raw signal given by
each probe ηi0 (t) = ηi (t) − ηi . A zero-down-crossing is then defined as the
location at which the signal changes sign from positive to negative. Wave
crests and troughs are defined as the global maxima and minima in between

Figure 1: Schematic view of the experimental setup in use.

5

4
Crest height

3
d2d wave

2
1

η, [mm]

Trough period

0
Crest period

-1
-2
-3
-4

Wave period
Trough height
Wave height

-5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

t, [s]

Figure 2: Zero crossing method with a full wave cycle defined as the region between two
consecutive zero-down-crossings (large cirles).

two subsequent zero down-crossings, respectively. Thus, for the probability analysis (section 3.2), local elevation parameters correspond to global
maxima/minima. However, for the purpose of the qualitative analysis (section 3.1), one may define an irregularity factor α as the ratio between the
number of zero-crossings (Nzc ) and total number of maxima and minima
(Nmax + Nmin ):
Nzc
(1)
α=
Nmax + Nmin
For a time series that is long enough, one should expect α → 1 for a
regular wave filed and 0 < α < 1 if the waves are irregular. Thus, α is a way
of quantifying the degree of irregularity displayed by the waves.
2.2. Gaussian wave model
In the linear approximation of random water waves, the surface elevation
η(x, t) can be written as a superposition of Fourier modes,
η(x, t) =

N
X

an cos(kn x − ωn t + φn )

n=1

6

(2)

where an , kn , ωn and φn represent the amplitude, wave number, angular
frequency and phase, respectively, for a given mode n. The phases φn , are
assumed to be independent, stochastic variables uniformly distributed within
[0, 2π). Thus, as a result of the central limit theorem, the surface elevation
may be regarded as a stochastic process, which has a Gaussian distribution:
#
"
(η − µ)2
1
,
(3)
exp −
p(η) = √
2σ 2
2πσ 2
where µ and σ are the mean and standard deviation of η. Longuet-Higgins
(1952) showed that in this approximation, the probability distribution of the
wave envelope A(t) is Rayleigh distributed. This can easily be shown by
writing η(t) as a modulated signal (see also Onorato et al. (2013)):


η(t) = A(t) cos θ(t) .

(4)

The analytic signal of the wave elevation is then defined as


ζ η(t) = η(t) + iη̃(t)

(5)



η̃(t) = A(t) sin θ(t) ,

(6)

where,
is the Hilbert transform of η(t). Thus, the envelope is given by
p


A(t) = ζ η(t) = η 2 (t) + η̃ 2 (t),

(7)

and the instantaneous phase,



η̃(t)
θ(t) = arctan
,
η(t)

(8)

consists of both the signal phase and carrier phase.
Since η is considered a stochastic process, it follows that its Hilbert transform η̃ must be a stochastic process also. The two processes are by definition
decorrelated and have identical variance σ 2 . The joint probability function
of two independent stochastic processes with identical variance is:
"
#
1
η 2 + η̃ 2
p(η, η̃) =
exp −
.
(9)
2πσ 2
2σ 2
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This distribution is related to the joint PDF of the envelope and instantaneous phase, p(A, θ), through a transformation to polar coordinates [η, η̃] →
[A, θ] such that dηdη̃ = AdAdθ, where A is the Jacobian. Thus, p(A, θ) is
given by
#
"
A
A2
(10)
p(A, θ) =
exp − 2 .
2πσ 2
2σ
Finally, the probability distribution of the wave envelope alone is obtained
by integrating eq.(10) over all phases,
"
#
"
#
Z 2π
A
A2
A
A2
p(A) =
exp − 2 dθ = 2 exp − 2 ,
(11)
2πσ 2
2σ
σ
2σ
0
which is the Rayleigh distribution. In the limit of spectral bandwidth approaching zero, the Hilbert envelope is half the wave height, or the same as
the crest or trough height, such that under this condition, these parameter
also obey the Rayleigh distribution.
Considering the Stokes expansion of surface waves (eq.12),
η(x, t) = a cos(kx − ωt + φ) + γa2 cos 2(kx − ωt + φ),

(12)

where γ = kp /2 is half the peak wave number, Tayfun (1980) derived the
probability distribution function for second order non-linear waves. In this
expansion, the upper envelope can be written as
Aup = |a| + γ|a|2 ,

(13)

Assuming that |a| is Rayleigh distributed, it follows that the probability
density distribution of the second order non-linear upper envelope takes the
form

"√
#
1
1 + 4γx − 1 − 2γx 
1 
1− √
exp
(14)
pAup (x) =
2
2γσ
(2γσ)2
1 + 4γx
here, we use the expression derived by Socquet-Juglard et al. (2005).
In the present analysis, direct comparison of measured distributions with
the analytic expressions presented in this section will be done through the
assessment of exceedence distribution functions (EDF). The EDF is defined
8

as E(X ≤ x) = 1−P (X ≤ x), where P (X ≤ x) is the cumulative distribution
function. Table 1 provides an overview of the exceedence functions that will
be addressed in this study.
Table 1: Exceedence probability functions used in this study.

Wave parameter
Surface elevation, η

Linear approximation


y−µ
1
1 − 2 1 + erf √2σ
(Gaussian)

Upper envelope, Aup

exp

h

−y 2
2σ 2

i

(Rayleigh)

2nd order non-linearity
h
i
√
1
exp − α2 αy + 1 − 2αy + 1
(Tayfun; Socquet-Juglard et al. (2005))

For the second order exceedence distribution, we use the expression presented by Socquet-Juglard et al. (2005), with α = kp ση .
According to this approach, deviations from Gaussian statistics, i.e. eq.(3)
for the elevation and eq.(11) for the envelope, are attributed to non-linearities.
Whereas deviations from Tayfun distribution are attributed to higher order
non-linearities. These results will be primarily used to distinguish between
linear and non-linear regime of interfacial wave propagation.
2.3. Statistical moments
The interface structure can also be characterized in a straight forward
manner through the statistical moments of the interfacial displacement. The
mean value is given by the first moment of the time series of the interface
displacement:
1
µ = lim
T →∞ T

Z

T

0

Nt
1 X
ηj ,
ηdt ≈
Nt j=1

(15)

where Nt denotes the total number of occurrences considered in the time
traces of the liquid height, ηj . The general expression for the central moments
is given by:
1
Mi = lim
T →∞ T

Z
0

T

Nt
1 X
(η − µ) dt ≈
(ηj − µ)i , i ≥ 2
Nt j=1
i

9

(16)

The second central moment, or variance, is given by σ = M2 and represents a
measure of the data spread in relation to the average value, (µ). The sample
skewness indicates the degree of symmetry of a given distribution and is given
in the non-dimensional form as:
b1 (Skewness) =

M3
σ3

(17)

A symmetric distribution (e.g. Gaussian) has a null skewness. The normalized fourth central moment is the kurtosis, and can be determined by:
b2 (Kurtosis) =

M4
σ4

(18)

The excess kurtosis (b2 − 3) is also used as a measure of the spread in the
data, in relation to a Gaussian distribution with the same mean and variance
(i.e., b2 = 3). A common interpretation of the kurtosis is that a positive
excess kurtosis implies higher peaks and wider tails, while a negative value
implies shorter tails and wider peaks. For this reason, the kurtosis is often
referred to as ”flatness” parameter Andritsos & Hanratty (1987); Strand
(1993). According to DeCarlo (1997), in fact the relative importance of tails,
peaks and shoulders are all aspects of kurtosis. DeCarlo (1997) pointed out
that a strong negative excess kurtosis might also be used as indicator of PDF
bi-modality DeCarlo (1997). However, as pointed out by Hildebrand (1971),
although this interpretation may be true, there are counter examples (such as
the family of double-Gamma distributions) which oppose this view. A more
general interpretation for symmetric distributions could be that a movement
of probability mass from or into the shoulders of a distribution into or from
its centre or tails implies in changes of its kurtosis. The changes in kurtosis
and other statistical moments, reflecting changes in the PDF shape, have
been used for example by Barghi et al. (2004) as indicators of flow regime
transitions in bubble columns, and by Andritsos & Hanratty (1987) and
Strand (1993) to identify different wave patterns in stratified flows.
3. Results
The experimental cases investigated in the first part of this paper are
listed in Table 2. In all cases, the liquid superficial velocity was constant
at Usl = 0.1m/s, while the gas superficial velocity was gradually increased
with increments of 0.25m/s. The table also shows bulk velocities Ubl and
10

Ubg , Froude
numbers F r, mean liquid heights hl and characteristic amplitude
√
Ac = 2ση , where ση is the standard deviation of the wave elevation time
series η(t). Here the bulk velocity of a each fluid Ub,f is computed as follows
Ub,f =

ṁf
Af ρf

(19)

where, ṁf is the measured mass flow rate, ρf is the fluid density and Af is
the local cross-sectional area occupied by a the fluid. Af is computed using
the measured mean liquid height hl . Furthermore, the Froude number is
defined as the ratio between slip velocity and shallow water wave celerity
Ubg − Ubl
Fr = p
ghL

(20)

The six cases which are highlighted with bold characters in the table will
be analysed in detail (distribution of wave parameters will be shown explicitly). Note that additional cases with varying liquid superficial velocities
Usl =0.08, 0.12 and 0.14 m/s will also be assessed in section 3.2.1.
Table 2: Experimental Matrix

Ubl , [m/s]

Usg , [m/s]

0.24
0.24
0.26
0.24
0.24
0.24
0.25
0.26
0.27
0.29
0.28
0.29
0.27
0.32

0.96
1.30
1.50
1.54
1.77
2.03
2.29
2.55
2.78
3.08
3.32
3.58
3.78
4.09

Usl = 0.10 m/s
Ubg −Ubl
Ubg , [m/s] F r = √
ghL

1.71
2.25
2.44
2.70
3.06
3.40
3.83
4.13
4.46
4.93
5.11
5.44
6.07
6.17

2.2
3.1
3.4
3.7
4.3
4.9
5.6
6.1
6.7
7.4
7.9
8.5
9.2
9.7
11

hl ± Ac , [mm]
45.09
43.79
41.00
44.45
43.84
42.26
42.30
40.66
40.28
40.11
38.06
37.40
40.29
37.01

± 0.40
± 0.47
± 0.90
± 1.45
± 2.96
± 3.14
± 3.41
± 3.37
± 3.46
± 3.54
± 3.35
± 3.33
± 3.31
± 3.52

Case #
1
2
3
4
5
6

3.1. Time traces and evolution of rms elevation
Prior to discussing probability and exceedence distributions, it is insightful to carry out a simple qualitative analysis of the waves under investigation.
Fig. 3a shows the evolution of rms elevation normalised by the pipe diameter
(ση /D), while Fig. 3b shows the irregularity factor (α), which was defined
in sec. 2.1. Both parameters are plotted as functions of the Froude number
defined in Table 2. Furthermore, Fig. 4 shows segments of the wave elevation
time traces of the six focus cases. In addition, the Hilbert envelope is plotted
in order to demonstrate the modulation of the signal (wave grouping). Note
that the shown envelope was subjected to a low-pass filter. Each time trace
segment was chosen to include the highest recorded wave.
Both Figures 3a and 4 reveal that average wave amplitude grows as a
function of gas velocity up to Usg = 1.77m/s (F r = 4.3). Above this value,
the average wave amplitude stays more or less constant, fluctuating between
2 and 2.5% of the pipe diameter (3 ≤ Ac ≤ 3.5mm). In addition, it can
be seen from the time traces that, as the gas velocity increases, the waves
become increasingly more irregular. This is quantified by the decreasing
irregularity factor shown in Fig.3b. It should be recalled from section 2.1,
that α decreases with increasing degree of irregularity.
Thus, based on these observations, it is possible to distinguish between
two wave regimes; i) a wave growth regime, in which the average wave elevation depends on the gas flow rate. In this region of flow rates, the wave field is
fairly regular, quantified irregularity factor close to unity, 0.9 < α < 1. ii) A
wave stagnation regime, where the average wave elevation is independent of
the gas velocity. In this region, the waves are strongly modulated and become
increasingly more irregular with increasing gas velocity (0.75 < α < 0.9).
These observations will be discussed further throughout the paper.
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Figure 3: Evolution of RMS wave elevation ση normalised by the pipe diameter (a) and
irregularity factor α (b) as a function of Froude number. Red squares represent the cases
in focus.

3.2. Distribution of wave elevation
Figure 5 shows the evolution of the probability density distribution of
four wave parameters; interface elevation η, crest height ηc , trough height
ηt and wave height H, for the six highlighted cases in Table 2. The associated Gaussian distribution of each parameter is plotted in dotted lines as a
reference distribution.
For gas velocities below 1.77 m/s (F r < 4.3), i.e, Cases 1-3, the distribution of η is fairly Gaussian. Furthermore, the distributions of ηc and ηt
have peaks (modes) at approximately the same y/D values, indicating that
the interface displacement is symmetric about its mean level. Case 3 has a
slightly narrower and taller ηt distribution in comparison to its corresponding
crest height distribution. This means that the wave field has higher degree of
irregularity relative to the two preceding cases. For all three cases, the wave
height distributions are slightly right-skewed (positive skewness), whilst the
opposite trend is seen at gas velocities above 1.77m/s, where the skewness
is negative, see Fig. 6 (right plot). Fig. 6 also shows that the mode height
jumps from 2.5% to 7% of the pipe diameter between Cases 3 and 4. This
jump represents the transition between the wave growth and wave stagnation
regimes.
The distributions of Cases 4-6 are completely different from the first three
cases. The distribution of η deviates significantly from the Gausian distribution. The exceedence plots (Fig. 7) show that η starts deviating from the
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Figure 4: Time trace of wave signal containing the largest wave. Low-pass filtered Hilbert
upper and lower envelopes are also shown for all cases.
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normal distribution at y < 2σ. Meanwhile, distributions of ηc and ηt are
wider than in Cases 1-3 and they are no longer symmetric. The crest heights
are more narrowly distributed than the trough heights and they have higher
mode values. This means that the wave field is irregular and consists mainly
of waves with tall crests and shallow troughs, i.e. typical for non-linear waves.
Figure 7 shows the exceedence distributions of η and the upper envelope Aup , ηt . In addition, the associated Gaussian, Rayleigh and Tayfun
distributions (see section 2.2) are plotted for direct comparison. The overall
observation is that, between Case 1 to 3, the waves seem to evolve towards
a Gaussian wave state. Case 3 is an interesting case because it agrees with
the Gaussian model, presented in section 2.2, with an upper envelope that
is distributed according to the second order distribution of Tayfun (1980).
Meanwhile, in the stagnation regime (Usg > 1.77), the Gaussian model overpredicts the measurements considerably from y > 2σ. Put in other words,
large amplitude waves predicted by the Gaussian model, appear to be suppressed in the wave field.
Based on the presented statistical analysis, the investigated cases may be
divided into two regimes; i) a quasi-Gaussian regime (Usg < 1.77; F r < 4.3)
in which the interface displacement to a large degree obeys Gaussian statistics, with some small deviations at the tails, and where crest- and trough
amplitudes are symmetrically distributed. The waves are regular and increment of momentum input from the gas flow rate is effectively converted into
wave growth. ii) A non-Gaussian regime (Usg <= 1.77; F r > 4.3), in which
the Gaussian distribution over-predicts the interface displacement, and crests
and troughs are asymmetrically distributed. In this regime, the waves are
irregular and strongly modulated as seen in Fig. 4. The largest waves are
not as large one would expect in a randomly distributed Gaussian wave field,
such as on the ocean surface. This means that energy input stemming from
increasing the gas flow is either not efficiently converted into wave growth,
or that dissipative mechanisms are of equal importance as the input.
The quasi-Gaussian regime is the same as what has been referred to as
the growth regime earlier. Here, the dominant Fourier components of the
wave field are amplified as a result of “wind-forcing” by the gas flow. It is
widely recognized that in the problem of turbulent airflow above propagating
waves, momentum is transferred from the airflow to the waves by the action
of interfacial stresses, i.e. form drag acting in the normal direction and shear
stresses acting in the tangential direction. Grare et al. (2013) and André &
Bardet (2017) pointed out that whilst the form drag is mainly responsible
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Figure 7: Exceedence distribution of the wave elevation η and Hilbert upper envelope
Aup , here normalized by the elevation standard deviation. The associated Gaussian (- -),
Rayleigh (-.) and Tayfun (blue -) distributions are plotted for comparison.
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for wave amplification, shear stresses induce surface currents. Grare et al.
(2013) also showed that the rate at which momentum is transferred from
the airflow to the waves depends on the wave steepness ak for values up
to ak = 0.2. Above this steepness, intermittent airflow separation takes
place, reducing the efficiency of momentum transfer. This happens because
the contact plane between the airflow and the wave surface is reduced and
strong turbulence occurs at the separation region. This process has also been
discussed Buckley & Veron (2016) (PIV measurements) and Yang & Shen
(2010) (DNS simulations).
The question on whether airflow separation takes place in the system
under investigation cannot be answered directly solely based on wave elevation data. However, one may assess this question indirectly by studying
the evolution of wave steepness, see Fig. 8. Note that the local steepness
was determined by means of the method described in Appendix A. It can be
seen from the figure that the steepness exhibits similar behaviour as the rms
amplitude shown in Fig. 3; it increases up to  ∼ 0.15 at Usg = 1.77m/s, then
beyond the transition to wave stagnation, it remains more or less constant.
Although the maximum steepness does not exceed 0.15, which is below the
value at which Grare et al. (2013) observed airflow separation, it is still possible that intermittent separation takes place in the present system. It should
be emphasized that both studies by Grare et al. (2013) and Buckley & Veron
(2016) were carried out in large wind-wave tanks. Furthermore, since the
wave probes were placed at the pipe centreline in our set-up, the measured
steepness does not provide the full picture of the shape of the waves. Due
to the pipe geometry, the waves are considerably steeper at the pipe wall
than in the mid-plane where the present measurements are taken. Thus, the
average steepness of each wave is expected to be larger than the values shown
in Fig. 8. To this end, it is possible that airflow separation contributes to
the wave stagnation observed in the non-Gaussian regime, by lowering the
rate at which momentum is transferred from the gas flow to the waves.
Besides airflow separation, there are obviously other dissipative mechanisms such as wave breaking, non-linear wave-wave interaction or interaction
with the bulk flow (which is both turbulent and sheared), that may explain
the stagnation of wave growth observed in the non-Gaussian regime. In
reality, the observed stagnation may be caused by a combination of all mentioned mechanisms. It should be stated that strong wave breaking with airentrainment was not observed during the experimental acquisition. However,
weak or micro-breaking might have taken place, as this form of breaking is
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harder to spot visually. Nevertheless, it is emphasized that the investigation
of these mechanisms and their effects is not the scope of this study.
3.2.1. Statistical moments and comparison with literature data
In Figure 9, skewness and kurtosis of interface elevation data collected
from the literature (Strand, 1993; Andritsos, 1986) are plotted together with
measured data. Fig. 9a shows the evolution of skewness (b1 ) with increasing
Usg and includes data acquired by Strand (1993) in the same laboratory
(same pipe diameter and length). Strand varied the liquid superficial velocity
within the range Usl = 0.06 − 0.1m/s. The figure shows that there is a
general tendency towards larger positive skewness values as the gas increases
beyond the range presented in the detailed analysis above. This behaviour
is interpreted in the following manner; as the gas flow rate increases while
Usl is kept below 0.1m/s (below onset of slugs), the most probable wave
amplitude is bounded by the amount of liquid available in the system, i.e.
there is a depth-limited mode amplitude (see section 3.3). Large amplitude
waves may still be present in the flow as a result of either linear or non-linear
wave-wave interaction, as demonstrated by Sanchis et al. (2011). However,
the shedding probability of these large waves is low in comparison to the
dominant depth-limited waves. Thus for a given Usl and increasing Usg , the
PDFs of η are expected to have more or less constant modes (depth-limited),
and increasingly longer tails towards higher η values, i.e. positive skewness.
Figure 9b shows the evolution of kurtosis of η with increasing Usg . It
includes two datasets provided by Andritsos (1986); i) one set measured in
a pipe with diameter D = 2.52cm and superficial liquid velocities varying
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within the range Usl = 0.01 − 0.06m/s, ii) the second set was acquired in a
pipe with diameter D = 9.53cm and Usl = 0.01−0.1m/s. Note that the figure
also includes a grey region indicating the transition to large amplitude waves
(also called roll-waves or Kelvin Helmholtz (KH) waves by other investigators). Andritsos & Hanratty (1987) observed that the velocity combination
that led to this transition coincided with the Kelvin-Helmholtz instability
criteria. Tzotzi & Andritsos (2013) included the effect of fluid properties
and revised the previous criteria. According to Tzotzi & Andritsos (2013),
for 0.08 < Usl < 0.1m/s, the critical velocity for KH-waves is around 4 - 4.5
m/s, calculated with Eq. (21) below:

Usg,KH

1  ρW −0.5  ρG −0.5  σW −0.33 h 1.39  µL −0.15 i
ln
≥
0.65 ρL
ρA
σL
Usl,KH µW

(21)

In the above equation, ρL , µL , σL , ρG are the liquid density, liquid viscosity, liquid/gas interfacial tension and gas density, respectively; water and
air are taken as reference fluids, with ρW , µW , σW the water density, water viscosity and water/air superficial tension, and ρA is the air density; all
reference properties are taken at standard conditions (20 C and 1 atm).
From Fig 9b one may notice that irrespective of liquid flow rate or pipe
diameter, above a critical value for the gas superficial velocity of 5 m/s,
the Kurtosis is predominantly higher than 3. A strongly positive excess
Kurtosis is an indicator of transition to large amplitude waves, as already
pointed out in previous works (Andritsos & Hanratty, 1987; Strand, 1993).
Furthermore, below the transition to large amplitude waves, the Kurtosis lies
predominantly between the values 2 and 3.
Figure 10 also presents the variation of kurtosis with Usg /Usg,2D , for the
present data set, for different values of Usl . Here, Usg,2D represents the velocity at which small amplitude 2D waves appear at the liquid surface Tzotzi
& Andritsos (2013). This transition velocity is based on Jeffreys’s sheltering
model (Jeffreys, 1925), and modified by Tzotzi & Andritsos (2013), according
to the following relation:
Usg,2D ≥

1  ρW −0.1  ρG −0.5  µL 0.35 h 0.8  µL 0.2 i
ln
1.95 ρL
ρA
µW
Usl,2D µW

(22)

The figure reveals that, in the region prior to KH-waves (Usg < 4m/s),
the kurtosis has a non-monotonic behaviour, with local maxima reaching
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Figure 9: Skewness (a) and kurtosis (b) of the interface elevation (η) as a function of gas
superficial velocities: comparison of present work with air-water data from literature. The
gray region represents transition to large amplitude waves with the criterion defined by
Tzotzi & Andritsos (2013).

b2 ≈ 3 at 1.5 < Usg < 2, and subsequently decreasing to b2 ≈ 2. This
peak corresponds to the transition between the two wave regimes described
in the previous section (amplitude growth/quasi-Gaussian and amplitude
stagnation/non-Gaussian). Note that the onset of amplitude growth region
corresponds roughly to the onset of 2D waves, Usg /Usg,2D = 1 (Tzotzi &
Andritsos, 2013). Recalling that a symmetric, unimodal distribution with
Gaussian shape has a kurtosis b2 = 3, the behaviour seen in Figs. 9b and 10
confirms the results from the previous section. In the wave-growth regime,
the PDF of η evolves towards a Gaussian distribution. Beyond this limit
the kurtosis is lower than 3, indicating that large amplitude waves are suppressed. In the wave saturation regime, a redistribution of probability mass
into the PDF shoulders is observed. Examples found in Hildebrand (1971)
and DeCarlo (1997) for the symmetric Beta distribution illustrates a similar
aspect. Note that in Fig. 9b Strand’s data exhibit a second peak at Usg ∼ 3.
This is because the transition to Gaussian statistics moves towards higher
gas-velocities as the liquid flow rate decreases. This is illustrated further in
Fig. 10.
Thus, Fig. 9b may provide a distinction between three different wave
regimes, i) wave growth (b2 → 3), ii) wave stagnation (b2 → 2) and iii) Large
amplitude waves or KH-waves (b2 > 3). Based on this categorization, a flow
map including measured waves for different gas-liquid velocity combinations
is shown in Fig. 11. It is important to note that the analysis based on the
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wave data statistics (previous sections) also allow the same categorization.
3.3. Short note on the depth limited mode height
For the different flow conditions investigated in the present study, the
wave height is considered to be a function of gas and liquid velocities, the
mean liquid height and the gravitational acceleration, neglecting the effect
of surface tension in the leading order. Note that the fluid properties are
constant (air and water at atmospheric conditions) for all experiments. As
an assumption, the effect of phase velocities will be given by the relative
velocity, Ubr = Ubg − Ubl , and the wave height will be taken as the mode of
the probability density functions of H. A dimensional analysis gives rise to
the following relation (Lilleleht & Hanratty, 1961):
gH
ghL
= Φ( 2 )
2
Ubr
Ubr

(23)

The relation above may be rewritten as H ∗ = Φ(F r−2 ), where the nondimensional height, H ∗ , is given by: H ∗ = U 2H/g . Figure 12 shows H ∗ as
br
a function of F r for different liquid superficial velocities (Usl = 0.08 − 0.14
m/s). For all liquid superficial velocities considered, the data corresponding
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to the region of wave saturation seem to be well correlated by a quadratic
expression of the form H ∗ ∝ F r−2 . This gives rise to the following relation:
H ≈ 0.2hL

(24)

indicating that under present flow conditions, the depth-limited mode height
is approximately 20% of the mean liquid depth for the wave saturation region.
Hence, in this wave regime, the characteristic wave heights are observed here
to grow predominantly by increase in the liquid flow rate, but depend weakly
on the gas flow rates.
On the other hand, in the region corresponding to wave growth, the
waves may grow both due to increase in the gas or liquid flow rates. The
mechanisms of energy transfer between waves and the bulk flow, as well as
interaction between the different wave components still needs further investigation. Changes in the wave structure in the different wavy flow regimes,
as given by changes in the frequency (or wave length) spectra, for example,
will also be investigated in a forthcoming study.
3.4. Concluding remarks
We present a statistical analysis of interfacial waves in stratified gas-liquid
flow in a horizontal pipe. The analysis builds on the Gaussian wave model
24

which is widely applied in the ocean waves community in the assessment of
rogue waves (Onorato et al., 2013). The main goal is to use this model to
differentiate between linear and non-linear wave regimes in gas-liquid pipe
flow. Note that the waves under investigation were purely wind-induced,
i.e., they developed as result of gas-liquid interaction, as opposed to the
mechanically induced waves described by Ayati et al. (2017).
A zero-crossing method was applied on measured wave elevation time series, yielding local interfacial displacement parameters. The evolution of the
probability distributions of wave elevation (η), crest height (ηc ), trough height
(ηt ) and wave height (H) were investigated for increasing gas superficial velocities (Usg ∼ 1 − 4) at constant superficial liquid velocity (Usl = 0.1m/s).
Exceedence distributions of η and the upper Hilbert envelope Aup were compared to their associated Gaussian and Tayfun distributions, where the latter
includes effects of second-order non-linearities. The results showed that the
waves under (detailed) investigation could be classified into two regimes; i)
A quasi-Gaussian or quasi-linear regime for F r < 4. In this region, the
PDFs and EDFs evolved towards Gaussian statistics with second order nonlinearity at F r = 3.7 or Usg = 1.54m/s. This regime corresponds to the
region in which the waves grow with increasing gas velocity, i.e. wave growth
regime (Ayati et al., 2015) or gas flow dependent regime (with reference to
wind-dependent regime in ocean literature). ii) A non-Gaussian or non-linear
regime where Gaussian statistics considerably overpredict the distributions
of both η and Aup . This regime corresponds to what has been called the
stagnation or saturation regime (Ayati et al., 2015), or the equilibrium range
in the ocean wave literature Phillips (1958). Mechanisms that possibly could
explain the stagnation of wave growth, encompassing amongst others airflow
separation and micro-breaking were briefly discussed. No conclusions regarding these processes could be drawn based on the present data set. Further
work shall include detailed spectral analysis of the liquid height signals under
various flow conditions, as well as interaction with the bulk flow through flow
field measurements.
Higher order moments (skewness and kurtosis) acquired from literature
were included in the analysis in order to put the observed wave regimes into
a wider context. Variations on higher order moments also indicate changes
in the interfacial structures according to the different regimes, which support
and complement the interpretation of wave data statistics. Finally, analysis
of a range of cases for various Usl and Usg suggests that the transition to the
saturation regime occurs at lower Froude numbers, for increasing Usl , and
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that the ratio of the equilibrium wave height to the mean liquid height is
approximately constant H = 0.2hL , i.e. depth-limited mode height.
Appendix A
The conductance probing technique, described in more details in Ayati et al. (2015), was performed using a Field Programmable Gate Array
(FPGA). This system has the advantage of performing complex combinational functions at a high sampling rate. A low-pass filter with cut-off frequency of 500Hz was set to match the frequency of a 4mm wave propagating
at 1m/s, taking into account the Nyquist criteria. The length scale of 4mm
is corresponds to the distance between two parallel wires. Nonetheless, the
significant portion of the frequency spectrum lies between 0 and 60 Hz, see
fig. 13, after which the spectral power flattens at S(60Hz) ∼ 10−4 mm2 s and
the noisepbecomes dominant. This corresponds to a minimum amplitude
Amin = S(60Hz) × 60Hz ≈ 0.6mm, which twice the probe wire thickness
(0.3mm).
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Figure 13: Typical example of a power spectrum without smoothing.

Appendix B
The wave celerity of a given wave, cj , was computed by cross-correlating of
the elevation signals from probe 1 and probe 2, see Fig 14. In order to extract
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the value of c, the full signal was partitioned into short segments starting from
a given wave wj and including its neighbouring N waves [wj+1 , wj+2 , ..., wj+N ].
The value N varied between 10 and 50. An initial value of N was set based on
the average number of wave cycles per wave group as seen from Fig. 4. The
final value of N was chosen by iteration, until the value for the correlation
coefficient, C(η1 , η2 ; τ̂ ), converged. Here, τ̂ is the time lag that corresponds
to the maximum value of the correlation coefficient. Typically, large values of
N were chosen in the low gas flow rate cases. Note that our use of the term
”local wave celerity” implies an assumption that the phase speed remains
constant within the interval of N waves.
Local wave lengths and crest steepness are given as λj = cj Tj and c,j =
πηc,j /λc,j , respectively. Here, Tj is the local wave period and λc,j = cj Tc,j
is the local crest length. The crest steepness was chosen instead of the full
wave steepness, j = 2πAj /λj because it was found to be more informative,
especially at gas flow rates above 1.77m/s. At these conditions, the wave
profile displayed typical non-linear characteristics, that is, tall and narrow
crests and long and shallow troughs.
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Figure 14: An illustration of how the local wave speed was computed for a given wave, wj .
Here, only 10 wave cycles were required to achieve a converged value of the correlation
coefficient. The upper plate shows the raw elevation signals. The middle plate shows a
shifted signal from probe 2 (η2 (t − τ̂ )), where τ̂ is the time lag that corresponds to the
peak of the correlation coefficient.
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