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Abstract

Recent observations indicate that the Universe is expanding at an accelerated rate. This acce-
leration is commonly described by a component called dark energy. However, the exact nature
of dark energy is unknown and is perhaps one of the biggest mysteries in cosmology today. Al-
ternatives to dark energy require some form of modi�cation to general relativity, and are often
dubbed modi�ed gravity. We consider gravity models that couples a scalar �eld with matter,
which gives rise to an additional gravitational force called the �fth force. Local gravity con-
straints shows that the strength of the �fth force is very small. However, this could be due
to a �screening mechanism� that hides the �fth force in high density environments. Two types
of screening mechanism are considered in this thesis: the symmetron and chameleon screening.
The halos, and more recently the voids, of the cosmic web are a common probe of modi�ed
gravity theories. The cosmic �laments, on the other hand, are less studied. In this thesis, we
look for possible probes of modi�ed gravity theories on the �laments of the cosmic web. We use
DisPerSE, which utilizes discrete Morse Theory, on the dark matter particles, simulated by the
N -body code ISIS/RAMSES, to identify the �laments of the cosmic web at z = 0. We present
how modi�ed gravity change the global properties of the �laments which includes their masses,
lengths and thicknesses. We will also analyse the di�erent speed components and density pro�les
of the �laments. Generally, we �nd that the properties are strongly a�ected by the presence of
the �fth force, making the cosmic �laments a good probe of modi�ed gravity.
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Introduction

The theory of general relativity, �rst introduced by Albert Einstein, is � alongside quantum �eld
theory � one of the two pillars of modern physics. Many predictions of the theory has over the last
century been con�rmed. Examples include the exact orbit of the planet Mercury, observations of
gravitational lensing and even recently the discovery of gravitational waves (Abbott and et al.,
2016). The theory of general relativity plays a fundamental role in our understanding on how the
Universe works. Within the framework of general relativity, there are many di�erent models of
the Universe which di�er in the content of the cosmos, and consequently in the evolution of the
Universe. By comparing observations of distant galaxies, or even of the echo of the big bang, also
known as the Cosmic Microwave Background, to the di�erent models, it is possible to constrain
the content of the Universe very precisely.

The current standard model of cosmology, which �ts all observations, such as the Cosmic Micro-
wave Background (Planck Collaboration et al., 2016; Netter�eld et al., 2002; Melchiorri et al.,
2000) and even supernovae (Riess et al., 1998; Perlmutter et al., 1999; Tonry et al., 2003), to
astonishing accuracy, is called the ΛCDM model (Lambda Cold Dark Matter). It consists of a
Universe �lled with ordinary matter, dark matter, radiation, and a mysterious content dubbed
dark energy. This dark energy is some energy possessing a negative equation of state, which is
achieved in the ΛCDM model and corresponds to the Λ, also known as the cosmological constant.
The exact mechanism of dark energy is still unknown, and is one of the biggest mysteries to be
answered in cosmology.

One of the approaches to solve the problem of dark energy is to modify general relativity itself.
These modi�cations are often dubbed as modi�ed gravity. There are numerous alternatives to
the ΛCDM model (see e.g. Amendola and Tsujikawa, 2010), and many of them face numerous
problems, including: theoretical instabilities and observational constraints which often require
the parameters to be �ne-tuned. Perhaps the simplest method to modify gravity is to include
a scalar �eld φ to the Einstein-Hilbert Lagrangian, which is originally used to source general
relativity. This scalar �eld gives rise to an additional �fth force, often called a �fth force, when
coupled to matter (see e.g. Amendola et al., 2013; Mota and Shaw, 2006). This �fth force must
be suppressed in the Solar system to pass local gravitational experiments, which is achieved by
the so called screening mechanism. Gravity theories that utilizes screening mechanism are often
dubbed as screened modi�ed gravity models.

Two screened modi�ed gravities are considered in the thesis: the symmetron model (Hinterbichler
et al., 2011) and the Hu-Sawicky f(R) model (Hu and Sawicki, 2007), which utilizes Chameleon
screening (Khoury and Weltman, 2004). Both of these screens the �fth force based on the matter
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density ρ in a region. However, the former relates a density dependent coupling strength between
the scalar �eld and matter, while the latter associates a mass to the scalar based on the density
of the region. Despite the di�erences, both these models ensures that the �fth force acts freely
in regions of low density and is suppressed in regions of high density.

Because of the screening mechanism, one has to go beyond the scales of the Solar system to test
modi�ed gravity. The cosmic web (Bond et al., 1996), a large scale distribution of matter, is
a possible candidate (Desmond et al., 2018). The cosmic web has many de�ning features, such
as the halos, the overdense regions, the voids. The �laments are perhaps the most outstanding
feature of the cosmic web, connecting two regions of high density and appears to be the highways
of the Universe (Libeskind et al., 2018).

Di�erent parts of the cosmic web has previously proven to be an excellent candidate to test
modi�ed gravity. For instance, Gronke et al. (2015) has previously explored the velocity pro�les
of halos, using the same gravity models that are considered in this thesis, and has shown that
the velocity pro�les of halos may possibly be a probe of modi�ed gravity. Falck et al. (2018)
tested the Vainshtein mechanism on the voids, under dense regions of the cosmic web, and found,
for instance, that the tangential velocities of the voids are possible candidates to probe the �fth
force. However, less attention has been paid to the �laments of the cosmic web. Due to their low
mass density, it is very likely to detect the e�ect of the �fth force as the screening mechanism of
both the chameleon and symmetron models may not take e�ect. One may therefore, for instance,
expect an enhancement on the particle speeds. In this thesis, we will consider the �laments of
the cosmic web as a probe of modi�ed gravity.

Testing theories often requires one to compare observations with numerical simulations. The
weblike arrangements of the galaxies has been observed multiple times by galaxy surveys, such
as the Slogan Digital Sky Survey (SDSS) (Tegmark et al., 2004). However, the weblike pattern
of the cosmic web has proven to be more noticeable in the distribution of dark matter (Libeskind
et al., 2018). While direct observations of a dark matter particle has yet to occur, one can still
create N -body simulations of dark matter and observe how the distribution changes over time
(see e.g. Vogelsberger et al., 2014; Teyssier, 2002), and apply that do other numerical methods
to identify the cosmic web (see e.g. Sousbie et al., 2011).

Chapter 1 will �rst introduce the basics of the screening mechanism of the di�erent models,
the modi�ed gravity model themselves and a brief introduction to N -body simulation as well as
the N -body code used, ISIS (Llinares et al., 2014). Chapter 2 introduces the basics of Morse
Theory and DisPerSE (Sousbie, 2011), which is used to identify the �laments of the N -body
simulation ISIS. The goal of this thesis is to investigate how the �laments, at redshift zero,
change under di�erent modi�ed gravity models and compare them with the results of the ΛCDM
model. Di�erent methods to identify the properties of the �laments are described in chapter 3.
The results are presented in chapter 4 and a discussion, as well as a conclusion, is presented in
chapter 5.
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List of frequently used symbols

Symbol De�nition
G Gravitational constant (G = 6.67× 10−11m3kg−1s−2)
MPl Reduced Planck Mass (MPl = 1/

√
8πG)

M� Mass of the Sun (M� = 1.99× 1030kg)
c Speed of light (c = 1)
ρ (Energy) Density
gµν Metric
Tµν Energy-momentum tensor
φ Scalar �eld
σk k-simplex
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Chapter 1

Theory

Gravity as we know it today is described by general relativity. While general relativity is incre-
dibly precise in certain scales, there are still problems in large scales that are yet to be solved. In
this chapter, I will brie�y introduce the ΛCDM model, two modi�ed gravity models and discuss
the N -body code used in the thesis.

1.1 General relativity

General relativity (GR) is considered one of the pillars of physics, the other being quantum �eld
theory, and that for a good reason. A signi�cant number of observations, such as the Cosmic
Microwave Background and supernovae supports its theoretical predictions to an incredible accu-
racy. GR describes how gravity works in the spacetime of the Universe and plays a fundamental
role in understanding cosmology.

The action describing GR is the Einstein-Hilbert action, with a cosmological constant Λ

S =

∫
d4x
√
−g
[

1

16πG
(R− 2Λ) + LM

]
(1.1)

where g is the determinant of the metric gµν , R the Ricci scalar and LM the matter Lagrangian.
Varying this action with respect to the metric, we obtain Einstein's �eld equations

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν (1.2)

where Tµν is the energy-momentum tensor. The beauty of this equation is that the left side
describes the geometry of spacetime, while the right side describe the matter distribution of said
spacetime. In short, Einstein's �eld equations can be summarized as the relation between matter
and the geometry of spacetime. Finding an analytical solution to Einstein's equations has proven
to be very di�cult. One of the few analytical solutions is the Friedman-Robertson-Walker (FRW)
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metric, given in spherical coordinates

ds2 = −dt2 + a2(t)

[
dr2

1− κr2
+ r2dθ2 + r2 sin2 θdφ2

]
(1.3)

where a(t) is the scale factor describing the state of expansion at time t. If one assumes that the
matter and energy of the Universe is described as a perfect �uid, the energy-momentum tensor
becomes

Tµν = diag(−ρ, p, p, p), (1.4)

and choosing the equation of state as

p = wρ, (1.5)

the conservation of energy equation becomes

ρ̇

ρ
= −3(1 + w)

ȧ

a
. (1.6)

Going back to Einstein's equation, the component µν = 00 yields the �rst Friedmann equation(
ȧ

a

)2

=
8πG

3
ρ− κ

a2
(1.7)

and the second Friedmann equation from the components µν = ij

ä

a
= −4πG

3
(ρ+ 3p). (1.8)

If one considers the Universe to consist of matter, radiation and dark energy, we obtain for the
ΛCDM model

H2 = H2
0 (Ωm0a

−3 + Ωr0a
−4 + ΩΛ0) (1.9)

where Ωm0,Ωr0 and ΩΛ0 are the density parameters of matter, radiation and dark energy today
respectively. The curvature term has been neglected as the curvature today is observed to be
almost �at Ωκ ≈ 0. The ΛCDM is considered to be the standard model of cosmology today, as
observations of, for instance, the Cosmic Microwave Background, �ts this model incredibly well.

1.2 Modi�ed gravity

While GR is incredibly precise on small scales, there are still problems yet to be answered on
large scales. One of these include the phenomenon of dark energy. Currently, dark energy is
described as the cosmological constant Λ (Peebles and Ratra, 2003) in the ΛCDM model, the
current standard model of cosmology. Even the cosmological constant has its own problem. For
instance, the predicted value of Λ and the observed vacuum expectation value di�ers by 120
orders of magnitude (Weinberg, 1989; Carroll, 2014). The predicted value of the cosmological
constant is incredibly tiny compared to other constants used in GR, such as the gravitational
constant G and the speed of light c. Because of its small value, one can simply set it to zero.
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However, there are no known mechanism that requires Λ to vanish (Padmanabhan, 2003). In fact,
recent observations indicate that the cosmological constant is indeed non-zero (see e.g Bahcall
et al., 1999, for a review). Because of this, Λ is indeed non-zero and one of the challenges is
to explain why this value is so �ne-tuned to such a small value (Carroll, 2001; Padmanabhan,
2003).

Some attempts to solve these problems involve some modi�cation of GR. These modi�cations are
often categorized as modi�ed gravity. There are numerous approaches to modify gravity (see e.g.
Amendola and Tsujikawa, 2010), but theoretical instabilities are often the main culprit of these
theories. In this thesis, the focus will be on modi�ed gravity theories that introduce quintessence,
which is a scalar �eld φ with a potential V (φ) that only interacts with other components through
gravity. This scalar �eld, when coupled to matter, will give rise to an additional gravitational
force, often referred to as the �fth force. The �fth force can be quanti�ed as γ ≡ |FFifth|/|FN|,
where FN is the Newtonian gravitational force. This parameter is constrained to be γ � 1 in the
solar system, in order to evade constrain on local gravity experiments. One way to hide the �fth
force, within the scale of the solar system, is to utilize screening mechanism. Gravity theories
that utilize the screening mechanism are often dubbed as screened modi�ed gravity models.

Two screened modi�ed gravities are considered in the thesis: the symmetron model and the
Hu-Sawicky f(R) model. Both these models adopt the screening mechanism in one form, which
depends on the mass density in a given region. I will brie�y introduce both of them in the
following sections. (For a more in-depth review, see e.g. Joyce et al., 2015).

1.2.1 Quintessence

The term quintessence refers to a scalar �eld φ with a potential V (φ) that only interacts with
other components, e.g. matter, through standard gravity. The quintessence model is described
by the action

S =

∫
d4x
√
−g

[
M2

pl

2
R− 1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
+ SM (ψi, g̃µν) (1.10)

where SM is the matter Lagrangian for the matter �elds ψi, which couples to the Jordan frame
metric g̃µν ≡ A2(φ)gµν . By varying Eq. (1.10) with respect to the metric gµν in the Newtonian
gauge, given as

gµν = −(1 + 2Φ)δµ0δν0 + a2(1− 2Φ)δµiδ
i
ν (1.11)

where Φ is the Newtonian potential, we obtain Einstein's �eld equations of the form

Gµν = A(φ)Tmµν + Tφµν (1.12)

where Tmµν is the energy-momentum tensor of the matter �elds, A(φ) a coupling function between
the scalar and matter and Tφµν energy-momentum tensor for a quintessence is given by (Kolb and
Turner, 1990)

Tφµν = − 2√
−g

δ(
√
−gL)

δgµν
(1.13)

= ∂µφ∂νφ− gµν
[

1

2
gαβ∂αφ∂βφ+ V (φ)

]
. (1.14)
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If we consider non-interacting particles, the matter energy-momentum tensor becomes

Tmµν(y) =
∑
i

mi√
−g

δ(y − x)ẋµi ẋ
ν
i , (1.15)

and using the conservation equation ∇µGµν = 0, we obtain the acceleration of matter particles,
from the geodesic equation, in the form (Joyce et al., 2016)

ẍ = −∇
(

Φ + logA(φ)
)

(1.16)

Here, a quasi-static approximation of the scalar �eld is assumed. That is, time derivatives of
the scalar �eld φ have been neglected, i.e. φ̇ = 0. We see that an additional force term arises
when a scalar �eld is included, since the �rst term tells us that the acceleration is sourced by
the Newtonian potential Φ. This is the force term of the �fth force

Ffifth = −∇ logA. (1.17)

One can therefore allow the scalar to propagate, or suppress, a �fth force by choosing a suitable
potential V (φ) for the scalar and its coupling to matter A(φ). Local constraints requires the �fth
fore to become suppressed in high density regions. If we vary Eq. (1.10) with respect to φ, we
obtain the equation of motion of the scalar �eld

2φ− dV

dφ
+A3(φ)

dA

dφ
T̃ = 0 (1.18)

where 2 is the box operator and the trace of the energy-momentum tensor given as

T̃ = g̃µν T̃µν = −2g̃µν
δg̃µν

δLm. (1.19)

By using ρ = A3(φ)ρ̃ (Hinterbichler and Khoury, 2010), which is conserved in the Einstein frame,
and using non-relativistic matter T̃ ≈ ρ̃, the equation of motion in Eq. (1.18) takes a simple
form

2φ = V (φ) +A(φ)ρ = Veff(φ). (1.20)

As we see, the matter density ρ appears in the e�ective potential Veff(φ), and φ is directly a�ected
by this e�ective potential. Therefore, by choosing a suitable potential and coupling to matter,
one can allow the scalar to propagate freely in regions of low density, and suppress the �fth force
in regions of high density. This term is also important because it relates to the range of the �fth
force as

λ2
fifth =

(
d2Veff

dφ2
|φ=φmin

)−1

. (1.21)

where φmin is the value where φ is at the minimum point. The range of the �fth force can be
thought as the outreach of the force, i.e. how far it takes e�ect. We will now look at the models
that utilize a density dependent screening.

1.2.2 Symmetron model

In the symmetron model (Hinterbichler and Khoury, 2010) (see also Hinterbichler et al., 2011,
for a review), the coupling strength between the scalar �eld and matter is proportional to the
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vacuum expectation value (VEV). In regions of low mass density, the VEV becomes large which
allows the scalar to couple with matter. On the other hand, in regions of high mass density, the
VEV becomes small and decouples, thus screened in these regions. This is done by choosing a
suitable potential, which must be symmetric when the density is large. This symmetry ensures
that the VEV is small, as the scalar �eld becomes trapped in the potential. On the other hand,
this symmetry must also be allowed to be broken in regions of large density, in which the VEV
becomes large.

Both A(φ) and the potential V (φ) are symmetric under φ→ −φ. For the model of our interest,
A(φ) and V (φ) are chosen as

A(φ) = 1 +
φ2

M2
(1.22)

V (φ) = −1

2
µ2φ2 +

1

4
λφ4 (1.23)

where µ and M are mass scales and λ is a dimensionless coupling constant. The �fth force in
the symmetron model is (Davis et al., 2012)

Ffifth = − β

Mpl

(
φ

φ0

)
∇φ. (1.24)

It is evident that the �fth force becomes zero when φ = 0 and non-zero otherwise.

The e�ective potential in the symmetron model is the same as Eq. (1.20). Using the coupling
function and potential given in Eq. (1.22) and (1.23), the e�ective potential becomes

Veff(φ) =
1

2

( ρ

M2
− µ2

)
φ2 +

1

4
λφ4. (1.25)

In regions of low densities, where ρ ≈ 0, the re�ection symmetry of the potential is spontaneously
broken, and the scalar acquires a VEV |φ| = µ/

√
λ. On the other hand, in regions of high density,

such that ρ > M2µ2, the potential no longer breaks the symmetry, and |φ| → 0. Recall that
the �fth force in Eq. (1.24) depends on the value of φ. When the symmetry of the e�ective
potential becomes broken, the scalar �eld takes a non-zero value, and the �fth force takes e�ect.
Meanwhile, in the case where the e�ective potential is not broken, φ → 0 and consequently
Ffifth → 0.

It is possible to rewrite the parameters (µ,M , λ) (Winther et al., 2012), which is more physically
intuitive and are linked to the three di�erent properties of the scalar �eld in vacuum. Firstly,
the range of the �fth force in vacuum can be written as

L =
1√
2µ
, (1.26)

the scale factor at the time which the symmetry is broken

assb =
Ωm0ρc0
µ2M2

, (1.27)

and �nally, the coupling strength between the scalar and matter

β =
µMPl

M2
√
λ
. (1.28)
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V e
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Figure 1.1: An example of a symmetry breaking potential, as given in Eq. (1.25). On the left
and right, we have the e�ective potential in regions of low and high density respectively. In the
high ρ case where φ ∼ 0, the �fth force is screened. The dashed vertical line indicates the point
φ = 0.

While the parameters in Eq. (1.26) and (1.28) is relatively easy to understand physically, the
scale factor parameter in Eq. (1.27) may cause some minor confusion. assb does not determine
at what time the �fth force takes e�ect. Instead, it sets a density threshold in which an object
becomes screened or not. The matter density is given as

ρm0 = a3Ωm0ρc0 (1.29)

where ρc0 is the critical density today. The scale factor assb ensures that, for any object whose
density ρ > a3

ssbΩm0ρc0, the �fth force is screened.

1.2.3 f(R) gravity

f(R) gravity is perhaps the most well-studied modi�ed gravity models. Here, the Ricci scalar in
the Einstein-Hilbert action (without a cosmological constant) is replaced such that R→ R+f(R),
which results to the following action

S =
1

16πG

∫
d4x
√
−g [R+ f(R)] +

∫
d4xSM (gµν , ψi) (1.30)

where Sm is the action of the matter �elds ψi. The f(R) models can be transformed into a
scalar-tensor theory, so that the action becomes in the form of Eq. (1.10) (Chiba, 2003) through
conformal transformation g̃µν = A2(φ)gµν , with

A(φ) = eβφ/MPl . (1.31)

where β = 1/
√

6, is the coupling strength between the scalar �eld and matter. Unlike the
symmetron case, the coupling strength in f(R) gravity is constant. While there are many choices
of f(R), a series of conditions has to be imposed on the function f(R) in order to avoid instabilities
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(Silvestri and Trodden, 2009). One of these models that satisfy these constraints is the Hu-
Sawicky model (Hu and Sawicki, 2007), and is characterized by

f(R) = −m2 c1(R/m2)n

1 + c2(R/m2)
. (1.32)

The parameters c1, c2 and n are positive constants and m2 = H2
0/Ωm0. By requiring that the

model yields dark energy, in the form of an e�ective cosmological constant, the parameters c1
and c2 may be reduced down to a parameter fR0 = df/dR(z = 0) (See e.g. Llinares et al., 2014;
Arnalte-Mur et al., 2017), given as

fR0 = −nc1
c22

(
Ωm

3(Ωm + 4ΩΛ)

)n+1

. (1.33)

The choice of fR0 and n fully speci�es our models, and they related to the range of �fth force,
in the cosmological background today, as (Llinares et al., 2014)

λφ = 3

√
(n+ 1)

Ωm0 + 4ΩΛ0

√
|fR0|
10−6

Mpc/h. (1.34)

The Hu-Sawicky f(R) model utilizes the chameleon screening mechanism (Khoury and Weltman,
2004). Similar to the symmetron model, whether the �fth force is screened or not depends on the
mass density in the given region. Unlike the symmetron model, the scalar �eld develops a density
dependent mass in chameleon screening. The mass of φ, coming from the e�ective potential is
given as

m2
eff(φ) =

d2Veff

dφ2
=

d2V

dφ2
+

d2A

dφ2
ρ. (1.35)

One therefore has to choose a suitable V (φ) and A(φ) to ensure that the mass is low in regions
of low density and large in regions of high density. Recall the relation between the range of the
�fth force λfifth and the e�ective potential Veff(φ) given in Eq. (1.21). When the mass increases,
so will the second derivative of Veff(φ), which in turn causes λfifth to become small. We can
therefore see that a massive scalar �eld screens the �fth force.

An illustration of the chameleon screening is shown in Fig. 1.2. To the left, we consider a region
of small ρ. The e�ective potential (black solid line) is very shallow, and its double derivative will
therefore be very small. The range of the �fth force in Eq. 1.21 will therefore be larger. On the
right hand side in the same �gure, where ρ is large, it is clear that the double derivative of the
e�ective potential becomes larger, and thus decreases the range of the �fth force.

1.3 N-body code

N -body simulations has, over the last few decades, become increasingly within the �eld of cos-
mology. The purpose of N -body simulations is to track the motion of millions, or even billions, of
particles as they interact via the gravitational force1. N -body simulations are also excellent tools

1Other forces may also be included.
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V(
)

Small Large 

Figure 1.2: An example of the chameleon potential. The e�ective potential Veff(φ), marked as
the solid curve, is the sum of an actual potential V (φ) (dashed curve) and the coupling to the
matter density ρ (dotted curve). Left : The density is small, and the scalar �eld φ is allowed to
slowly roll freely. Right : The density is large, and φ is trapped within the e�ective potential,
and thus unable to mediate a �fth force.

Name |fR0| n
fofr4 10−4 1
fofr5 10−5 1
fofr6 10−6 1

Name assb β L
(Mpc /h)

symm_A 0.50 1.0 1.0
symm_B 0.33 1.0 1.0
symm_C 0.50 2.0 1.0
symm_D 0.25 1.0 1.0

Table 1.1: Model parameters of the di�erent simulation runs. Left : the f(R) parameters are
n and df/dR today. Right : the symmetron parameters which includes the scale factor of the
symmetry breaking assb, coupling strength β and length of the �fth force L.

to solve equations in the non-linear regime. Due to the sheer number of particles, N -body simu-
lations are often incredibly computationally heavy. Even when they are run on supercomputers,
the computation time may be up to several hours, or even days.

The number of di�erent N -body simulations are numerous. For the purpose of this thesis, the
N -body code of ISIS (Llinares et al., 2014) is considered. ISIS is a modi�cation of RAMSES
(Teyssier, 2002), which includes scalar-tensor modi�ed gravity theories, such as the symmetron
and f(R) models. Each simulation of ISIS contains 5123 dark matter particles in a box with
side length 256 Mpc/h. The parameters used for the ΛCDM simulation are (Ωm0,ΩΛ0, H0) =
(0.267, 0.733, 7.2kms−1Mpc−1). The mass of the dark matter particles are computed in Appendix
B. In addition to the ΛCDM model, three sets of parameters for the f(R) model and four for
the symmetron model are also included. The parameters used for these models are listed in Tab.
1.1.

By using the parameters of Tab. 1.1, one can get a rough estimation of �fth force ranges in the
f(R) model and the density threshold, which screens the �fth force, in the symmetron models.
On the left of Tab. 1.2, the range of the �fth forces are shown for the di�erent |fR0| parameters.
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Name λφ
(Mpc /h)

fofr4 23.72
fofr5 7.50
fofr6 2.37

Name Screened ρ
symm_A
symm_C

9.296× 109M�h
2/Mpc3

symm_B 2.672× 109M�h
2/Mpc3

symm_D 1.162× 109M�h
2/Mpc3

Table 1.2: Left : The estimated �fth force range (units of Mpc/h) based on the |fR0| parameter
in Tab. 1.1. Right : The estimated density threshold in which the �fth force, in the symmetron
model, becomes screened.

The �fth force range is the smallest and largest in the fofr6 and fofr4 cases respectively. From
this, we can expect that fofr4 will the deviate the most from the ΛCDM model.

In the case of the symmetron models, the di�erence choices of assb allows us to compute the
threshold density in which the �fth force becomes screened. The estimated density thresholds
are shown on the right side of Tab. 1.2. The symmetron A and symmetron C parameter are
almost the same. The only di�erence here is the coupling strength β. Because the coupling is
twice as large in symmetron C, the strength of the �fth force of symmetron C will therefore
be twice as strong as the symmetron A case, as seen in Eq. (1.24). One can therefore expect
symmetron C to di�er more from ΛCDM than the symmetron A model.

Furthermore, the time in which the symmetry break happens earlier in the symmetron D model.
This, as seen in Tab. 1.2 sets a lower density threshold in which the �fth force becomes screened.
One can then expect symmetron D to deviate more from ΛCDM than symmetron B. Despite
symmetron C having a stronger coupling, its �fth force becomes active at later times. Because
of this, symmetron D will also deviate more from ΛCDM than symmetron C.
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Chapter 2

DisPerSE

The �lamentary structure of the cosmic web, computed by RAMSES/ISIS, was identi�ed by
using DisPerSE (Sousbie, 2011). DisPerSE utilizes discrete Morse Theory to compute di�erent
properties of the cosmic web, such as the �lamentary structure as well as walls and voids. This
chapter will describe the basics of Morse theory, its discrete case and see how �laments are
detected in DisPerSE. This chapter follows closely the work of Sousbie (2011); Milnor (1969) and
Forman (2002).

2.1 Morse theory

The Universe we live in today is often described as an n-manifold in mathematics. There are
many properties one may obtain from a manifold. General relativity, for instance, utilizes features
of a manifold to describe di�erent physics in astronomy. We are, however, more interested in the
topological properties of the manifold, and one mathematical theory that captures these features
is Morse theory (Milnor, 1969). Morse theory generally considers smooth scalar functions (like
the height of a mountain or the temperature in the room) over a generic manifold. A smooth

function is a continuous function that can be di�erentiated in�nitely many times. In the case
for DisPerSE, it generally requires that the function is at least di�erentiable twice.

Morse theory provides a relation between the geometrical and topological properties of a generic
smooth function f . Like every generic function, one may be interested on how it changes over
time or space. This is done by inspecting the derivative of said function. In Morse theory one can
de�ne the gradient of a smooth function f function as ∇xf(x) = df(x)/dx. The gradient de�nes
a preferential direction at every point, i.e. it points towards the largest value in the �eld, similar
to a gradient to any ordinary function. When the gradient is zero at a given point P ∈ Rd,
with coordinate p, we have a critical point. The critical point is of order k when the Hessian
matrix, de�ned as Hf (p) = d2f/dxidxj , has exactly k negative eigenvalues at the point p. One
also de�nes the Morse index (or just index for short) to be the number of negative eigenvalues
of the Hessian matrix, which is another way to quantify the order of the critical point.
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Figure 2.1: An example on the �laments identi�ed by DisPerSE. The plots are taken over a
10.24Mpc/h thick slice in the z-direction. The four di�erent plots are chosen at di�erent x and
y ranges. The background density is plotted in logarithmic scale.

Consider a function f that describes a 1 dimensional mountain as an example. The maximum,
saddle and minimum of the mountain are de�ned as:

• maximum = critical point of order 2, the top of the mountain,

• saddle = critical point of order 1, the 'middle point' of the mountain, i.e the point before
one goes uphill or downhill,

• minimum = critical point of order 0, the valley of the mountain.

Fig. 2.2 illustrates this for a 1D mountain. The red dot indicates the maximum, i.e a critical
point of order 2, at the top of the mountain. The green dot indicates a saddle and the blue dot
indicates a minimum. So far, we have only considered a generic smooth function f , which does
not necessarily satisfy Morse theory. A function f that satis�es Morse theory is called a Morse
function. A Morse function is a smooth function whose critical points are non degenerate, for
any critical point ∇xf(p) = 0. The critical point p is non-degenerate if detHf (p) 6= 0.
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Minimum = order 0
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Figure 2.2: A 1D mountain as an example of di�erent critical points of di�erent orders.

As mentioned above, the gradient points towards a preferred direction at any non-critical point.
This indicates that there is a certain �ow of lines in our �eld. One can therefore de�ne the
integral line that follows the gradient �ow. An integral line is a curve L(t) ∈ Rd such that it
satis�es

dL(t)

dt
= ∇xf. (2.1)

The origin and destination of the integral line are de�ned as lim
t→−∞

L(t) and lim
t→∞

L(t) respectively.

Because of the fact that the gradient points towards the direction where the value of the �eld
is increasing, the lower order critical points, i.e. minima, are often the origin of the integral
lines. Higher order critical points, i.e maxima, on the other hand, are often the destination of
the integral lines. The integral lines have the following properties:

1. origins and destinations are critical points,

2. integral lines may not intersect at any point P , unless P is a critical point,

3. set of all integral lines cover all of Rd. Each point P of Rd belongs to exactly one integral
line, unless it is a critical point,

4. an integral line with base point a critical point P is reduced to that point P .

Property 1 and 2 of the integral lines allows us to de�ne ascending and descending manifolds,
which is used to classify each point of an integral line according to the origin or destination.
Consider a Morse function f ∈ Rd, and let P be the critical point of f of order k. The ascending
(d − k)-manifold de�nes a region of space, with dimension (d − k), the set of points reached
by integral lines with origin at point P . The descending k-manifold, on the other hand,
de�nes a region of space, of dimension k, the points reached by integral lines with destination
P . The ascending or descending d-manifold of a Morse function always spans the given space
of dimension d. For example, a 0-manifold spans over R0, and is thus a (critical) point. A
1-manifold, which spans R1, is a line. A 2-manifold is a surface, 3-manifold a volume and so on.

A simpler description: an ascending manifold describes a set of lines that �ows out of an origin
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Figure 2.3: Example on how integral lines may behave. On the left, we have two critical points
connected by one blue integral line, and to its right, a critical point P connecting to three other
critical points. On the right hand side of the picture, two integral lines intersect, which is not
allowed, unless there is a critical point in the intersection (which in this case, there is not).

point, while a descending manifold describes a set of lines that �ows into a destination point.
A simple illustration of these are shown in Fig. 2.4. Another illustration of an ascending and
descending manifold is shown in Fig. 2.5 (Gyullassy, 2009). The two 1D mountains are identical,
with critical points P1, P2, P3 and P4. To the left, we have an ascending manifold, coloured in
orange, where the �ow moves towards the two maxima at P2 and P4 from the minimum point
P3. P1 and P3. To the right, we have a descending manifold, coloured in blue, where the �ow
moves towards the maximum point P2 from the two minima P1 and P3. In both cases, the �ow
follows the direction of a higher value, which is, in this case, the height of the mountains.

The notion of ascending and descending manifolds plays a central role in Morse theory. Consider
a Morse function f . A Morse complex of f is the set of ascending (or descending) manifolds.
The Morse complex establishes links between the geometric and topological properties of some
structure, e.g. the cosmic web. The geometrical properties often refer to properties such as the
location of a critical point, while the topological properties often refer to how, for instance, the
critical points are connected. For example, let the Morse function be de�ned as some large scale
matter density distribution ρ, then each critical point of ρ could potentially be associated with
a topological feature of the cosmic web, such as voids or �laments. The geometry of such cosmic
web would then be described by an ascending or descending manifold.

Ascending and descending manifolds are also important for our purposes of the thesis. One
has many di�erent type of structures in the cosmic web, such as voids, walls and �laments. In
DisPerSE, the voids are represented by the ascending 3-manifolds, the walls represented by the
ascending 2-manifolds and the �laments, which is the most relevant to us, represented by the
ascending 1-manifolds. Consider again the density ρ to be the Morse function de�ning our cosmic
web in 3D. The ascending 1-manifold would be an integral line connecting a 2-saddle (critical
point of order 2) and two maxima (critical point of order 3), and thus be a line connecting two
regions of high density.

By imposing the condition that the ascending and descending manifolds intersect only transver-
sely, the Morse complex is then extended to a Morse-Smale function. Transverse intersection
can be seen as the opposite of tangent. One can think of tangent as a tangent vector or tangent
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Figure 2.4: Example on an ascending n-manifold (left) and a descending n-manifold (right). The
red point is a critical point, of a given Morse function f , of order k. The integral lines (black
lines) contains points in Rd.
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Figure 2.5: Example on how an ascending and descending manifold cover a region of space in
1D. On the left, we have an ascending manifold where the integral lines �ow from a minimum
to the neighbouring maxima. To the right, we have a descending manifold, where integral lines
�ow from the neighbouring minima to the maxima.

line, see Fig. 2.6. Two ascending and descending manifolds should not be tangent with respect
to each other, but should instead always penetrate into each other where they cross. This extra
condition ensures that ascending and descending manifolds are properly de�ned everywhere they
intersect and also allows us to de�ne the Morse-Smale n-cells. An example of an n-cell is
found in Fig. 2.7 (Guoning, 2013), which is a continuation of Fig. 2.5. The ascending and
descending manifold intersects between point P2 and P3, which forms the n-cell.

The dimension n of the n-cell is dependent on the dimension of the intersection ascending and
descending manifold. Let the ascending manifold be of dimension p and the descending manifold
be of dimension q. The dimension of the n-cell is then n = min(p, q). The 0-cells represents
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the critical points, 1-cells (also called arcs) connects the critical points and 2-cells (also called
quads) the regions bounded by the arcs. We are only interested in the arcs, as they describe how
the critical points are connected. The arcs always connect two critical points, whose order di�er
by one. In fact, the arcs are a subset of the ascending 1-manifolds, and can be thought of the
individual �laments created by the ascending 1-manifolds.

Tangent Transverse intersection

Figure 2.6: Example on a tangent intersection and a transverse intersection.
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An n-cell

Figure 2.7: An n-cell (green) is formed in the regions where an ascending (orange) and a descen-
ding manifold (blue) intersect. In this example, the n-cell is formed in the region between the
critical points P2 and P3.

To summarize, Morse theory is a mathematical tool used to describe di�erent properties of an n-
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manifold. Such manifolds may be described by a Morse function f , which is any smooth function
whose critical points are not degenerate. The gradient of f describes how f changes at di�erent
points, and the integral line allows us to follow the �ow of the gradient. The set of integral lines
allows us to de�ne ascending and descending manifolds. The ascending 1-manifolds de�nes the
�laments of the cosmic web.

However, vast majority of the cosmological data available to us today are mostly discrete data,
and smooth Morse theory is no longer applicable. One must therefore move towards a discrete
variant of Morse theory. This is quite easy, and with all the terms de�ned in this section, one
can generalize the same terms to a discrete version, which will be done in the next section.

2.2 Discrete Morse theory

So far, we have only been discussing smooth functions and manifolds. However, in reality, the
data we obtain from observations, or even simulations, are mostly discrete. For example, galaxy
catalogues contains observed galaxies and the galaxies are continuously distributed, but the
points are discrete. The Morse theory we have discussed in the previous section only applies
for smooth functions. Because we are working with discrete data sets, the smooth theory will
no longer be applicable. In order to apply Morse theory on discrete data set, we will have to
introduce discrete Morse theory (Forman, 2002). This theory captures the essence of the
smooth Morse theory, at the same time being applicable to discrete data.

Before discussing discrete Morse Theory, we �rst de�ne a k-simplex (or simply a simplex).
A k-simplex σk, with vertices at points V = {p0, ..., pk}, is the simplest possible geometrical
�gure of a triangle in k-dimensions. For example, a 0-simplex is a point, 1-simplex a segment
connecting the points, 2-simplex is a triangle, 3-simplex a tetrahedron and so on. A k-simplex
can have faces or cofaces. A face and a coface refers to simplexes of lower and higher order, of
the k-simplex, respectively. More formally, a face of a k-simplex σk with vertices V = {p0, ..., pk}
is any l-simplex γl, with l ≤ k, such that the vertices of γl, P = {p0, ...pl} ⊂ S. That is, the
vertices of γl is a subset of the vertices of σk. If γl is a face of σk, then σk is a coface of γl. If k
and l only di�er by 1, then the face may be called a facet and the coface called a cofacet.

Fig. 2.8 shows an example of a tetrahedron (a 3-simplex), and its facets. The tetrahedron
has 4 sides, and each of the sides is one triangle (a 2-simplex). In this case, each triangle is a
facet of the tetrahedron. As we can see, the vertices for each triangle is contained within the
tetrahedron. That is, the tetrahedron has the vertices V = {A,B,C,D} and the four triangles
has the vertices Q1 = {A,B,C}, Q2 = {A,B,D}, Q3 = {A,C,D} and Q4 = {B,C,D}, and thus
Q1, Q2, Q3, Q4 ⊂ V . As the triangles are the facets of the tetrahedron, the tetrahedron would
then be the cofacet of the triangles. Similarly, the 6 segments connecting the vertices, are also
faces of both the tetrahedron and the triangles, as they are simplexes of lower a dimension.

A set of k-simplexes, with vertices V is called a simplicial complex1 and often denoted as K.
A simplicial complex needs to comply the following criteria:

1Not to be confused with the term 'Simplicial set', which is the notion of a 'well behaved topological space'.

A well behaved simplicial complex is called an 'abstract simplicial complex'.
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Figure 2.8: An illustration of faces and cofaces. In this example, the tetrahedron (a 3-simplex)
has 4 faces, the 4 triangles (2-simplexes). The vertices (0-simplexes) of each face is a subset of
the vertices of the tetrahedron. Since the dimension of the tetrahedron and the triangles only
di�er by one, one may also use the term facet and cofacets instead.
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• V ⊆ K

• If σk ∈ K and σk−1 ⊆ σk, then σk−1 ∈ K.

The �rst point says that all the vertices de�ned by in the k-simplexes must be a subset, or equal
to, the whole simplicial complex. Indeed, if every vertex is a subset of the k-simplexes, and the
k-simplexes de�nes K, then every vertex must be a subset of (or in) K. The second point is
similar. All faces of the k-simplexes in K must also be a subset of K. If we again consider Fig.
2.8, if the tetrahedron is a simplicial complex, then its faces, i.e. triangles, segments and vertices,
must also be a subset of the simplicial complex. A common example of a simplicial complex in
astronomy is the delaunay tessellation of a set of discretely sampled points (see Appendix A).

With the k-simplexes de�ned, it is time to introduce discrete Morse theory. Previously, we have
used a Morse function, which was a smooth function whose critical points are non-degenerate.
In the discrete case, we consider discrete Morse functions. A discrete Morse function f over
a simplicial complex K associates a real value f(σk) to each simplex σk ∈ K. That is, f maps a
k-dimensional simplex to a real value: f : K → R. The function f is a discrete Morse function
if and only if, for each simplex σk ∈ K, it satis�es the following conditions:

1. There exist at most one facet αk−1 of σk such that f(σk) ≤ f(αk−1).

2. There exist at most one cofacet βk+1 of σk such that f(σk) ≥ f(βk+1).

It is important to note that a discrete Morse function is not continuous on K. The function only
assigns a number to each individual simplex in K.

An example on how simplices may satisfy the above two conditions is illustrated on the left
in Fig. 2.9 (following the example of Zorn, 2009). We have three vertices (0-simplexes or σ0)
and each of them connected to two di�erent segments (1-simplexes or σ1). In this example, we
only consider simplices up to 1-dimension. Each of the vertices satis�es both criteria above. For
instance, the vertex valued 2, i.e f(σ0) = 2 (or f−1(2)), is connected to two segments. One of the
segments takes value f(σ1) = 5, while the other segment takes the value f(σ1) = 1. Only one of
the segments takes a value smaller than the vertex, thus satisfying condition 2. How about the
vertex f(σ0) = 0? This vertex also satis�es condition 2, as both the connected segments takes a
higher value than the vertex itself. The vertex f−1(0) is also a little more special, as we will see
soon. Similar analysis can be done for the other simplexes, and one can �nd that they all satisfy
the conditions of a discrete Morse function, and the function f that assigned the values to each
simplex is therefore a discrete Morse function.

To the right in the same �gure, the numbers of each simplex has been reorganized. In this
example, a function f is no longer a discrete Morse function. For instance the vertex f(σ0) = 5, is
connected to two segments with lower values, thus violating condition 2. The segment f(σ1) = 0,
is connected to two vertices with higher value, which violates condition 1. We can therefore
conclude that the function f , in this example, is not a discrete Morse function.

As with the smooth theory, there are also critical points in the discrete theory. The discrete
analogous of a critical point of order k is a critical k-simplex. More formally, a k-simplex σk
is critical for a discrete Morse function f if the following are satis�ed:
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Figure 2.9: A simple example of a simplicial complex. The values of the k-simplexes are assigned
by a function f . To the left, the function f has assigned values to each simplex such that they
satisfy the conditions of a discrete Morse function, hence f is a discrete Morse function. On the
other hand, to the right, the assigned values does not satisfy the conditions of a discrete Morse
function.

1. There exist no facet αk−1 of σk such that f(σk) ≤ f(αk−1).

2. There exist no cofacet βk+1 of σk such that f(σk) ≥ f(βk+1).

Let us look back to the left simplicial complex in Fig. 2.9. As mentioned earlier, the vertex
f(σ0) = 0 satis�es condition 2 of a discrete Morse function and both the connected segments
takes a lower value. In fact, this vertex also satis�es condition 2 of a critical k-simplex, as none of
the segments takes a larger value. Vertex f(σ0) = 0 is therefore a critical vertex. Similarly, the
segment f(σ1) = 5 is also critical, also called a critical segment, because both its neighbouring
vertices takes a lower value, thus satisfying condition 1 of a critical k-simplex.

The conditions of a discrete Morse function and a critical k-simplex implies that there is a certain
�ow between the simplexes. In the smooth theory, a critical point would imply that there exists
either a minimum, saddle point or a maximum. From that, the �ow of the �eld would be de�ned
by the integral line and the direction de�ned by the gradient. This is also true for the discrete
theory. The conditions of a discrete Morse functions allows us to de�ne the discrete gradient
vector �eld, or just the discrete gradient, between a k-simplex and its facets or cofacets. It is
de�ned for a discrete Morse function f , over the simplicial complex K, by coupling simplexes in
gradient arrows, also known as gradient pairs. A gradient arrow is formed:

• if a simplex σk has exactly one higher valued facet αk−1, then [σk, αk−1] is a gradient arrow,

• if a simplex σk has exactly one lower valued cofacet βk+1, then [σk, βk+1] forms a gradient
arrow.

However, no gradient arrows are formed for a simplex σk that is critical.

The discrete gradient at a k-simplex points towards one of its cofacets, i.e. a (k + 1)-simplex.
For example, if we consider a gradient pair between a 1-simplex and a 2-simplex. The head
of the arrow would be at the 2-simplex, while the tail would be at the 1-simplex. In the case
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Figure 2.10: An example on how discrete gradients are formed. Discrete gradients points from a
k-simplex towards a (k + 1)-simplex. In the case where the k-simplex has multiple cofacets, the
discrete gradient arrow will point towards the cofacet with lower value.

where a k-simplex has two (k+1)-simplex neighbours, the gradient will point towards the (k+1)-
simplex with a lower value, assigned by the discrete Morse function f(σk+1). Unlike the ordinary
gradient vector in smooth theory, which points towards an increasing value,the discrete gradient
point towards a simplex of higher dimension and a lower value. Although, the discrete still point
towards simplexes of higher dimension.

Once again, using the same example from Fig. 2.9, an example of discrete gradients in this
simplicial complex is found in Fig. 2.10. If we consider the vertex f−1(2), the discrete gradient
will point towards the segment with value 1, instead of the segment valued 5, as the segment
f−1(5) is already critical. As we see, the arrows point towards the critical vertex f−1(0).

Finally, we need a tool that follows the �ow of the gradient arrows, just like in the smooth
theory. In the smooth theory, we used the notion of an integral line to follow the gradient �ow.
An integral line in discrete theory is called a V-path (Forman, 1998). A V-path is a strictly
decreasing, and alternating, sequence of k-simplexes αik and (k + 1)-simplexes βik+1, i.e

α0
k, β

0
k+1, α

1
k, β

1
k+1, ..., α

n
k , β

n
k+1.

Each pair {αik, βik+1} forms a gradient pair, and αi+1
k is the facet of βik+1. In other words, a

V-path is a sequence of simplexes linked by the discrete gradient. One can trace the V-path by
following the direction of the gradient pairs, which moves towards lower valued simplexes.

We can now de�ne the discrete equivalent of an ascending/descending n-manifold. Consider a
critical k-simplex σk of a discrete Morse function f de�ned over a simplicial complex K ∈ Rd.
The discrete ascending (d− k)-manifold is the set of k-simplexes that belong to at least one
V-path with origin σk. The discrete descending k-manifold is the set of k-simplexes reached
by �eld lines with destination σk.

It is worth to repeat that the notion of ascending and descending manifolds are important to us,
because they are used to represent di�erent properties of the cosmic web. Again, an ascending 1-
manifold is used to represent the �laments of the cosmic web, 2-manifold the wall and 3-manifold
the voids.

Recall the de�nition of an n-cell, which is the intersection between an ascending and a descending
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manifold of di�erent dimensions. De�ning a discrete equivalent of an n-cell is di�cult because
the V-path includes k-simplexes of di�erent dimensions. In the smooth case, the points reached
by an integral line were all of the same dimension. To remedy this problem, one has to extend
the de�nition of an ascending or descending manifold. An extended discrete ascending n-
manifold is a discrete ascending n-manifold, together with its cofaces and their extended discrete
ascending n-manifolds (Gyulassy, 2008). For an extended discrete descending n-manifold,
replace cofaces with faces. This extension ensures that the lower dimensional �holes� in the
manifold are �lled up. Intersection of two extended manifolds is then an easy operation. Finally,
one can de�ne the discrete Morse complex, which is just the set of extended ascending (or
descending) manifolds of a discrete Morse function f . The discrete Morse complex is very similar
to its smooth counterpart.

Now that we have de�ned the extended ascending/descending manifolds, we can use them to
de�ne the discrete n-cell. Just like its smooth counterpart, the discrete n-cell is the intersection
of two extended ascending and descending discrete manifolds. The discrete Morse-Smale
complex remains unchanged for the discrete case. That is, the discrete Morse-Smale complex
is the set of the discrete n-cells.

With the discrete theory in place, we are almost ready to begin the actual computation of the
discrete Morse-Smale complex. However, noise in the data set is something one cannot avoid.
To deal with noise, DisPerSE uses persistence theory to cancel out �laments, or other structures
of the cosmic web, that are considered to be noise.

2.3 Topological persistence

We have now discussed the mathematical concept of both smooth and discrete Morse theory,
which, for our purpose, can be used to identify di�erent the �lamentary structure of the cosmic
web. However, the results may not always be perfect because of noise. DisPerSE therefore uses
Persistence theory (Edelsbrunner et al., 2002) to deal with such noise. The term persistence

was �rst introduces to robustly quantify important properties of the topological features of a
space when noise is present. It is also used to simplify the topological properties. That is, it
simpli�es by locally modifying the function such that less signi�cant properties, e.g. noise, are
removed. Persistence, as a concept, is independent on whether our function is smooth or discrete.

Persistence theory is based on evolving properties of so called sub-level sets of a smooth function
ρ(x) (at the point x). A level-set of a function ρ(x) of n variables x = xi at level ρ0 is de�ned
as

(x1, ..., xn)|ρ(x1, ..., xn) = ρ0.

A sub-level set is de�ned as

(x1, ..., xn)|ρ(x1, ..., xn) ≥ ρ0.

In short, a sub-level is a set of points where the function value ρ(x = (x1, ...,xn)) is larger or
equal to a certain value ρ0. The idea is that the value of ρ0 goes through all the values ρ(x)
may take, which corresponds to a growing sub-level set. As the sub-level grows, the so called
k-cycles appears. A k-cycle in a simplicial complex K is a k dimensional topological feature,
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with 0 ≤ k < D, where D is the number of dimensions. Consider D = 3, 0-cycles (also known
as components) will generally appear �rst in the sub-level. As the value of ρ0 decreases (i.e.
the components grows), the components will merge into each other near a saddle point, forming
1-cycles (can be thought of as loops or rings with a hole in it). The 0-cycles will be destroyed as
the 1-cycles start to form. For lower values of ρ0, these holes will be �lled, which destroys the
corresponding 1-cycles and will later form 2-cycles (spherical shells) around a minima.

Another way of thinking of a growing sub-level set is considering a mountain under water,
illustrated on the left hand side in Fig. 2.11. Imagine that the mountain somehow manages to
slowly �oat towards the surface of the water, which corresponds to ρ0 going through the values
of ρ(x). The peak to the right will �rst appear out of the water, which corresponds to creation
of a component (0-cycle). As the mountain �oats upwards, more of the �rst peak will be visible,
which corresponds to a growing component. After a while, the second peak will appear, creating
a second component and will remain independent of the �rst peak. This is because they appear
to be disconnected from each other, as we are unable to see what is left underneath the water.
After a while, the minimum point in the middle will appear, thus connecting the two peaks and
they will merge, forming a 1-cycle.

In discrete case, the corresponding concept of a growing sub-level is called �ltration. A �ltration
of a �nite simplicial complex K is a sequence of N + 1 sub-complexes Ki of K, such that

• 1) ∅ = K0 ⊆ K1 ⊆ ... ⊆ KN−1 ⊆ KN = K

• 2) Ki+1 = Ki ∪ δi

where δi is a subset of simplexes in K. A more concrete example are as follows: Consider a
discrete Morse function f that associates a value to each simplex in the simplical complex K.
One can then de�ne the �ltration F over K as the set of �sub simplicial complexes� Ki, such that
the simplexes σk with values f(σk) < fi belongs to Ki. Comparing this to the smooth case, each
Ki is equivalent to the growing sub-level sets, and the discrete Morse function f corresponds
to the values of ρ. Filtration grows when fi increases, and new k-cycles appears, just like the
smooth case.

One can now properly de�ne persistence. Persistence measures the �life time� of the topological
features (the k-cycles) in a �ltration of a �nite simplicial complex K, which is induced by a
discrete Morse function f or, in the smooth case, by the growing sub-level sets of a smooth
function ρ.

Fig. 2.11 shows how persistence works, for a smooth function, in 1D. On the left, we have an
arbitrary function, which has some minima and maxima at certain points xi. Each of these
critical points have di�erent values of ρ(xi)

2. The sub-level sets of ρ(x) for values ρ0 > 22
are empty, as there are no critical points which takes such values. At level ρ0 = 22, a new
component (0-cycle) is created. This component corresponds to the highest maximum value of
the function, and it grows between the values ρ0 ∈ (22, 21). At ρ0 = 21, a new independent
component appears. Both these components remains independent and at the same time grows
between ρ0 ∈ (21, 20). Once we reach ρ0 = 20, another component is created, but this time,
this is a minimum point. The two components created at ρ0 = 22 and ρ0 = 21 are now merged
by this new minimum component and creates a loop (1-cycle). The components created at the

2The values here are arbitrarily chosen and also not properly scaled. Only used for illustration purposes.
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Figure 2.11: Example on how persistence pairs are formed, how components are created/de-
stroyed and the persistence of a component. On the left we have an arbitrary smooth function,
with maxima and minima points. On the right, the same function is shown, but now includes how
components are created and how persistence pairs are formed. The �rst independent component
starts at ρ0 = 22 on the right peak, and grows as ρ decreases in value. A second component forms
at the left peak at ρ0 = 21 which and, along with the �rst component, also grows as ρ decreases.
As ρ reaches ρ0 = 20, another component appears but is a minimum. This component created
at the minimum will destroy the component created at the left maximum.The green arrow on
the left shows the persistence of the component created on the left maximum.
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Figure 2.12: Example on how topological features are simpli�ed. The function on the left is
the original unmodi�ed function, and the two left most critical points forms a persistence pair.
On the right, we increase the value of the minimum and decrease the value of the maximum.
We do so until the value of the maximum is smaller than the minimum, thus cancelling out the
persistence pair. The function itself then becomes smoothed out in the process.

maxima are thus destroyed by the the minimum.

By convention, the minimum destroys the most recently created maxima. In the example above,
the minimum destroys the maximum created at ρ0 = 21 (the maximum to the left). When this
happens, the two critical points form a persistence pair with persistence 21− 20 = 1. This is
shown as a red dot connected to a blue dot on the top right in the �gure. One thing to note is
that the maximum created at ρ0 = 22 (the one to the right) is not paired with the newly created
minimum. However, as ρ0 goes down to ρ0 = 2, a new minimum is created, and this will form a
persistence pair with maximum to the right. The length of the green dashed lines on the left and
right corresponds to the persistence (or the �life time�) of the left and right maxima respectively,
before they get destroyed by their corresponding minima pairs.

Although, this was just a very simple 1D example, but the idea remains the same for higher
dimensions. However, in higher dimension, one has to keep track of more complex structures,
such as formation of 2D holes (1-cycles) or 3D shells (2-cycles).

The main reason why persistence is used is because it can be used to identify the signi�cance
of the k-cycles. Some k-cycles may be noise, and persistence can be used to remove them.
One can locally modify the function to cancel out the so called �non-persistent pairs�, such
that the topological features are simpli�ed and noise are removed. One simple example of such
simpli�cation is illustrated in Fig. 2.12. The persistence pair formed by the two left most critical
points can be modi�ed, such that they cancel out. The idea is to increase the minimum and at
the same time decrease the maximum. One can do so until the value of the minimum is larger
than the maximum. The two critical points are now no longer critical, and because we are locally
modifying the two critical points, none of the other critical points are a�ected. Note that this
can only be done if the two critical points are direct neighbours.

We have now looked at the basics of Morse theory, both the smooth and discrete case, as well
as how DisPerSE handles possible noise by utilizing persistence theory. We can now �nally look
at how the �laments, along with the di�erent structures of the cosmic web, are computed in
DisPerSE itself.
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2.4 Computation of the discrete Morse-Smale complex

With the mathematical tools of discrete theory, and tools to deal with noise, we can �nally begin
with the actual computation of the discrete Morse-Smale complex (DMC), which can then be
used to identify the structures of the cosmic web. The numerical details will not be presented
here (see Sousbie, 2011, for a more detailed description of the algorithm). Although, a short
summary on how the DMC is computed is as follows:

1. compute a simplicial complex from a discrete distribution of particles or points (for example,
from a N-body simulation). This is done by using Delaunay tessellation. A density ρ is set
to each point/galaxy using Delaunay tessellation �eld estimator.

2. De�ne a discrete Morse function by tagging a chosen value to each simplex in the simplicial
complex, such as the segments, triangles and tetrahedron computed from the tessellation.

3. Use the discrete Morse function to compute the discrete gradient, and then deduce the
corresponding DMC.

4. Use the DMC to create a link between the topological and geometrical properties of the
density �eld by identifying the V-paths.

5. The critical points, together with their ascending and descending manifolds, are then either
identi�ed as peaks (ascending 0-manifold), �laments (ascending 1-manifold), walls (ascen-
ding 2-manifold) or voids (ascending 3-manifolds) of the density �eld.

6. One needs to keep in mind the possibility of noise in the DMC. By using persistence theory,
introduced in the previous section, one can simplify the DMC by cancelling persistence
pairs.

Basically, one has to �rst identify the discrete gradient, as well as critical points, of the Delaunay
tessellation. From this, one can identify the �ow of the density �eld and from that de�ne the
V-path following said �ow. Once the V-paths are found, one can �nally identify the discrete
ascending/descending n-manifolds. As mentioned before, the ascending 1-manifolds corresponds
to the �laments of the cosmic web, and will therefore be the most important to us. Persistence
theory will, at the end, be used to remove �laments that are considered noise.

2.5 Dealing with noise

As previously stated, noise in the data set will always be present. By using persistence theory,
one can remove said noise by locally modifying the density �eld. DisPerSE determines the
signi�cance level for each persistence pair and cancels those who are below a certain threshold.
Let r be the persistence ratio of a persistence pair qk = [σk, σk+1], which is de�ned as

r(qk) = fρ(σk+1)/fρ(σk) (2.2)

where fρ is a discrete Morse function computed over a smooth function ρ over a simplicial
complex K. Let now Pk(r0) be the cumulative probability that a persistence pair between two
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simplexes of order k and (k + 1), and with persistence ratio r ≥ r0, to exist in the Delaunay
tessellation of a random discrete Poisson distribution. The signi�cance S(qk), in units of sigmas
are then

S(qk) = Sk(r(qk)) = Erf−1

(
Pk(r(qk)) + 1

2

)
(2.3)

where Erf is the error function. Test data shows that a σ threshold between 2 and 4 removes
most noise while retaining most of the important structures.

It should be noted that, for an increased sigma value i.e. larger error threshold, the average
�lament length will become longer. When the function is modi�ed, such that a pair of critical
points becomes cancelled, the connection between the two cancelled extrema will merge with
with an extended line. As seen in Fig. 2.12, when the two leftmost critical points are cancelled,
the line connecting those two will be merged with a line connecting the rightmost maximum and
a di�erent minimum (not shown in the image). As such, if the extended line is identi�ed as a
�lament, the length will be longer. We can therefore expect, for an increased sigma threshold,
that the average length of the �laments to become longer.
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Chapter 3

Methods

In this chapter, I will describe a handful of methods used to visualize the �laments and computing
their properties. Visualization for lines that crosses the boundary creates visual artifacts, which is
remedied by the boundary checking algorithm described in Sec. 3.1. The mass of the �lament will
depend on the number of particles de�ning said �lament. In Sec. 3.2, I will present the method
used to determine which particle belongs to a given �lament. This chapter also describes other
methods, such as how a neighbouring �lament is determined, �ltering �laments and computing
errors in the data set. Finally, in Sec. 3.6, I will describe how the parameters of DisPerSE are
selected.

3.1 Visualizing �laments with periodic boundary conditi-

ons

Before the DisPerSE parameters are chosen, it is important to visualize the di�erences in the
distribution of the �laments in the box for di�erent particle sub samples. However, if one
considers periodic boundary conditions to the �laments, the �laments that crosses the boundary
will create visual artefacts. We should therefore �nd an algorithm that connects the �lament to
the bounding box and allow it to resurface on the other side of the boundary. The method is a
simple linear interpolation between two points.

Consider two points Pi = (xi, yi, zi) and Pi+1 = (xi+1, yi+1, zi+1). Assume that the boundary
is crossed in the x-direction. Let the box size be B = B2−B1, with B2 > B1. Consider the case
where the point Pi is closest to the outer border, i.e. closest to B2. The di�erence between Pi
and Pi+1 becomes

D = Pi+1 −Pi ± (B, 0, 0) = (xi+1 − xi ±B, yi+1 − yi, zi+1 − zi). (3.1)

The sign is + if the point is closer to B2 and − if it is closer to B1. We use this to parametrize
the vector to an equation given as

r(t) = Pi + Dt = (xi, yi, zi) + t(xi+1 − xi ±B, yi+1 − yi, zi+1 − zi) (3.2)
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where t is an arbitrary parameter. We now �nd the value of t by constraining rx(t) = x(t) = Bi,
where Bi is either B2 or B1 depending on whether Pi is closer to either of them. If Pi is closer
to B2, then Bi = B2, and vice versa. We then have

x(t) = Bi = xi + t(xi+1 − xi ±B) (3.3)

=⇒ t =
Bi − xi

xi+1 − xi ±B
= tb. (3.4)

This t value is then used to determine the coordinate of y and z at the border of x.

y(tb) = yb = yi + tb(yi+1 − yi) = yi +

(
Bi − yi

yi+1 − yi ±B

)
(yi+1 − yi) (3.5)

z(tb) = zb = zi + tb(zi+1 − zi) = zi +

(
Bi − zi

zi+1 − zi ±B

)
(zi+1 − zi). (3.6)

The points yb and zb are the new extrapolated points at the boundary. In the old array, we add
the point (Bi, yb, zb) as the last element. One can then create a new array and add the point
(Bj , yb, zb), where Bj is the opposite boundary of Bi, as its �rst element, and the remaining
points of the �lament are added after that. This is repeated if the line crosses the boundary
multiple times. The algorithm is identical for cases where the line crosses the y or z direction.

It should be noted that the computation of the di�erence D or the parametrization r(t) is not
required in the program. The only thing required to compute is the parameter t and then the
two corresponding coordinates, which does not cross the boundary. A �nal remark is that this
algorithm assumes that the line connecting two points is always straight. This should generally
not be a problem as the lines connecting the two points, in the �lament, are never curved.

3.2 Determining particles belonging to a �lament

In order to determine the mass, density and thickness of a �lament, one has to determine how
many particles are within the �lament itself. This can be done in many ways, and I will in
this section present the method that determines how the particles are considered to be part of a
�lament.

3.2.1 Masking of particles

Consider a �lament i with n segment points Fi = [(x1, y1, z1), (x2, y2, z2), ..., (xn, yn, zn)]. We
would like to compute the distance between the �lament and a particle. However, due to the
large number of particles in the simulation box, computing the distance from the �lament to
every particle would be very computationally demanding and unnecessary. A particle that is,
say, more than 30 Mpc away from the �lament should not physically be considered to be part
of the �lament. We must therefore �nd a way to mask a small portion of the particles, which is
close enough to the �lament.

The easiest way is to create a mask that covers the whole �lament. Let the mask be a box
with corners B = [xmin, xmax, ymin, ymax, zmin, zmax], where the min and max of each coordinate
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is the minimum and maximum value of the respective coordinates of the �lament (e.g. xmin =
min(Fx,i)). This box will include all particles within the edges of the �lament. However, particles
beyond this box that may also possibly be considered to be part of the �lament, and the box must
therefore be increased by a reasonable amount to ensure these particles are included. Increasing
the box with 6 Mpc/h in every corner (i.e. B = [xmin− 6 Mpc/h, xmax + 6 Mpc/h, ...]) is a fairly
reasonable choice, as we do not expect the �lament to be more than 6 Mpc/h thick in radius.
Periodic boundary conditions are taken into account for �laments near the boundary.

3.2.2 Computing distances

Once the particles are masked, we are ready to compute the distances from the particles to the
�lament itself. As we only have two points de�ning one segment, the distance from a particle
to a given segment will not be accurate, as it may be closer to, for instance, the middle of the
segment in question. We must therefore parametrize the segment in order to get the coordinates
in between the end points of the segment.

Consider again a �lament i with n segment points Fi = [(x1, y1, z1), (x2, y2, z2), ..., (xn, yn, zn)].
For the �rst segment, which is de�ned by the line connecting the points s1 = (x1, y1, z1) and
s2 = (x2, y2, z2), is parametrized as

s(t) = s1 + t(s2 − s1), for t ∈ [0, 1]. (3.7)

The requirement of t ∈ [0, 1] ensures that the parametrized line is �nite and ends at the segment
points. Let the particle coordinate be de�ned by the point p. The distance from p to s(t) is
then given as

D(t) = |s(t)− p|. (3.8)

We would like to �nd the shortest distance. This is done by minimizing the distance with respect
to t. Taking the derivative of D(t) with respect to t, and also taking account that all variables,
with the exception of t, are vectors, we obtain

dD

dt
=

d

dt
|s1 + t(s2 − s1)− p|

=
(s1 + t(s2 − s1)− p)

|s1 + t(s2 − s1)− p|
d

dt
[s1 + t(s2 − s1)− p]

=
(s1 + t(s2 − s1)− p)

|s1 + t(s2 − s1)− p|
· [s2 − s1]

=
(s1 − p) · (s2 − s1) + t|s2 − s1|2

|s1 + t(s2 − s1)− p|
. (3.9)

Setting dD/dt = 0, we �nd the t′ value, which gives us the shortest distance, as

t′ =
(p− s1) · (s2 − s1)

|s2 − s1|2
. (3.10)

We will have to project this back to ensure that t ∈ [0, 1], as

t∗ = min(max(t′, 0), 1). (3.11)
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The shortest distance, from the particle to the segment, is therefore D(t∗) = |s(t∗)− p|.

This procedure is repeated for every segment in the �lament. If a �lament has n segments, the
particle at point p will therefore have n distances associated to the �lament. Of the n distances,
the shortest one is chosen, which will then be considered as the distance from the particle at p
to the �lament as a whole.

3.2.3 Filtering halo particles

As DisPerSE connects �laments between regions of high density, it is very likely that the �laments
are plagued with halo particles. These particles will therefore cause noise in the data sets, such
as the �lament velocity pro�les or even their masses. Since we are only interested in the particles
de�ning the �lament, and not the halo, we must �nd a way to exclude these halo particles.

In Sec. 3.2.2, I described how the distances, from the particles to a segment of the �lament, are
computed. The t-value used determines at which point of the segment the shortest point belongs
to, and takes a value t ∈ [0, 1]. Since a �lament is de�ned by multiple segments, the particle
will have multiple t-values, one for each segment. To di�erentiate which segment the t-value
belongs to, one can normalize the t-value such that it takes values from (segment number-1) to
the segment number. For instance, if a �lament is de�ned by two segments, segment 1 will have
t-values t ∈ [0, 1] while segment 2 will have t ∈ [1, 2]. Since there are only one segment that is
closest to the particle, the particle may only have one t-value associated to the �lament, which
ranges from t ∈ [0, n], where n is the number of segments de�ning the �lament.

For each �lament, with a set of particles in the �lament box, de�ned in Sec. 3.2.1, the �ltering
of halo particles works as follows:

1. create a histogram of the t-values of the corresponding particles. This histogram also acts
as the density of the particles along the �lament.

2. Compute an average based on the values on each t-bin. This average will serve as the
threshold that determines which of part the �lament has halo particles.

3. From each end of the �lament axis, check if the bin value is larger than the average. If the
bin value is larger, particles at that t-bin are �ltered out. This algorithm stops if the next
two consecutive bins have a lower value than the average.

Fig. 3.1 shows an example of a �lament with a given particle density, marked as the blue line.
The green line shows the average of the number particles along the �lament. The orange line
showcases the area in which particles are not considered halo particles, and thus included in the
�lament. In this example, the �lament is de�ned by 3 segments, and thus t ∈ [0, 3].
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Figure 3.1: An example of the density distribution of the particles around a �lament (blue).
Vast majority of the particles are located near the end points of the �laments. The average
line (green) determines which area of the �lament is �ltered out. Every particle in areas of the
�lament, in which the particle number is larger than the average line, are excluded. If the next
two consecutive bins have a lower value than the average, the algorithm stops and the remaining
particles are included (orange). The �lament in the example is de�ned by three segments, and
thus t ∈ [0, 3].
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3.2.4 Determine accepted particles

With the particle distances computed, as well as halo particles �ltered out, it is time to �gure
out which particles are considered to be part of a the �lament. The maximum distance, in which
particles are allowed to be in the �lament, de�nes the thickness1 of the �lament. My approach
is similar to how one de�nes the radius of a halo, using the theory of spherical collapse (Cooray
and Sheth, 2002). The �laments are assumed to have cylindrical shapes. For every �lament,
given a set of particles with corresponding distances:

1. sort the distances in ascending order, and loop through the distances and consider them
as a radius R. Use this radius to compute the volume as

V = πLR2 (3.12)

where L is the length of the �lament.

2. For each radius (in ascending order), compare the density ρ, given as

ρ =
MdmNDM

V
, (3.13)

to a threshold density, xρc0. Here, Mdm and Ndm are the mass and number of dark matter
particles respectively, ρc0 = 3H2

0/(8πG) the critical density today and x ∈ R.

• The �rst few radii are very noisy due to the low number of particles, as well as their
close distances to the �lament. The threshold is therefore doubled for the �rst 20
particles.

3. When the density is computed for all radii, we consider three cases:

• a) for the �rst 20 particles, if ρ < 2xρc0, the �lament is considered to be noise,

• b) if ρ < xρc0 for all radii, the �lament is also considered to be noise,

• c) if the two points above is not true, then the threshold radius (or thickness) RT , in
which a particle is considered to be in the �lament, is when ρ(RT ) = xρc0.

4. Filaments with ρ > xρc0, for all radii, has to be recomputed with an increased box mask,
described in Sec. 3.2.1. That is, we have to include more particles to the �lament and thus
recompute the distances. When the new distances are computed, the current procedure is
repeated.

The current choice of a threshold density is 10ρc0, as opposed to the ∼200ρc0 for halos. For
�laments, which is recomputed because their density is always above the threshold density, the
box increase multiplier will at most be 3 times the current box expand, which is currently set
as 6 Mpc/h. It should be noted that this method is applied to halos because they are virialized
objects. Filaments, on the other hand, are not virialized. As such, this method may not be
applicable.

1Can be thought as a radius.

35



3.3 Number �lament connections

The connectivity of the �laments may also be a possible probe of modi�ed gravity. In the 3D
Morse-Smale complex, each �lament is a connection between a critical point of order 3 and 2
(a maxima and a 2-saddle respectively). These critical points may be connected to multiple
�laments. From this, one can de�ne the number of neighbouring �laments that are connected
to a given �lament. Consider a �lament F1 connected to critical points A and B. Also consider
that critical point A has two additional �laments, F2 and F3, and B has one additional �lament
F4 connected to them. That is, A ∈ [F1, F2, F3] and B ∈ [F1, F4]. Filament F1 will therefore be
connected to three other �laments.

3.4 Filtering �laments

In addition to the �ltering done by DisPerSE, described in Sec. 2.5, the �laments that satisfy
following conditions are also excluded:

1. �lament smaller than 1 Mpc/h,

2. average density always smaller than the critical density, as described in Sec. 3.2.4,

3. �laments larger than 20 Mpc/h,

4. �laments with thickness larger than or equal to 10,

5. �laments with mass larger than 1015M�/h.

The last three points, which I will refer them as �secondary �lter�, are included because �laments
that are �ltered out by these criteria are small in numbers, which give rise to large amount of
noise. I have therefore decided to exclude these because they will not make a big impact to the
statistics to the �laments as a whole. This is not to say, for instance, that long �laments are
insigni�cant. The �rst two points will be referred to as the �primary �lter�. Tab. 3.1 shows
the number of �laments before and after the primary �lter, as well as the number of �laments
after the secondary �lter. As we can see, for all models, the less than 1% of the total number
�laments are removed after the secondary �lter. Tempel et al. (2014) has, by using the Bisous
model (Tempel et al., 2016), found �laments in the SDSS galaxy survey, and shown that there
are very few �laments with lengths less than 1 Mpc/h. I also believe that �laments shorter than
that length may be di�cult to observe.

3.5 Computing errors

Errors used for individual data sets, such as the number of �laments at a given length bin, are
computed by the Poisson error, σx =

√
N , where N is the number of data points at the given

bin. Errors used for comparisons, such as comparing speed pro�les of di�erent �laments, we use
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Model N �laments N �laments after N �laments after
primary �lter (% of total) secondary �lter (% of total)

ΛCDM 155070 79742 (51.42%) 79573 (51.31%)
symm_A 175000 88437 (50.54%) 88334 (50.48%)
symm_B 182624 92531 (51.22%) 92449 (50.62%)
symm_C 207216 109479 (52.83%) 109408 (52.80%)
symm_D 172824 88104 (50.92%) 88024 (50.93%)
fofr4 156488 77946 (49.81%) 77815 (49.73%)
fofr5 163878 80688 (49.25%) 80590 (49.18%)
fofr6 170294 84508 (49.62%) 84400 (49.56%)

Table 3.1: Number of �laments after certain �ltering procedures. The primary �lter excludes
�laments with lengths smaller than 1 Mpc/h and �laments whose density never exceeds the
critical density, as described in Sec. 3.2.4. The secondary �lter excludes �laments with lengths
longer than 20 Mpc/h, thicker or equal to 10 Mpc/h and larger masses larger than 1015M�/h.
The percentages indicates the percentage of the total number of �laments identi�ed by DisPerSE.

the standard deviation divided by
√
N . That is

σx =
std(x)√

N
(3.14)

where std(x) is the standard deviation of data set x. The error for relative di�erences are
computed by Gaussian error propagation

σf =

√(
∂f

∂x

)2

σ2
x +

(
∂f

∂y

)2

σ2
y + · · · (3.15)

where σx is the error of the data x, f is the relative di�erence function between data set x and
y, with x as the base model

f =
y − x
x

. (3.16)

To simplify the expression of Eq. (3.15), the derivatives may then be written as

∂f

∂x
= − y

x2
(3.17)

∂f

∂y
=

1

x
(3.18)

and assuming we only compare two models x and y, Eq. (3.15) becomes

σf =
1

x

√
y2

x2
σ2
x + σ2

y. (3.19)

3.6 Choosing DisPerSE parameters

DisPerSE accepts a catalogue of particles, with their corresponding position and velocity coor-
dinates, as an input to identify di�erent geometrical properties of the data set. The dark matter
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particles of the N -body simulation of ISIS (Llinares et al., 2014) are used as the input to Dis-
PerSE. The parameters used for the modi�ed gravity theories are described in Sec. 1.3. To
extract the �lament data, one has to:

1. use Delaunay to create a tessellation of the dark matter particles. Delaunay accepts a
subsample of particles, which is randomly chosen,

2. use the Delaunay output into DisPerSE itself, with other keyword arguments, such as the
persistence threshold in which a �lament is considered noise,

3. convert the DisPerSE output to a readable data �le, containing information of the �laments
as well as the critical points.

The most important input parameters for Delaunay are the following:

• -periodic: This parameter allows Delaunay to connect the tessellation across the simula-
tion domain boundaries.

• -btype: This parameter has multiple choices. The most relevant to us is -btype periodic.
This choice, unlike the -periodic parameter, does not enforce periodic boundary conditi-
ons, in which the tessellation is connected across boundaries.

• -subSample: This parameter selects a subsample of the original input data. The points
chosen are random. By default, Delaunay will use all the data used as input.

The data from ISIS are periodic and the -periodic argument will therefore be used. There are,
however, some issues that arises when this parameter is selected, which I will discuss in Sec.
3.6.1. As mentioned above, Delaunay also accepts a subsample of the particle data set. The
ISIS data contains 5123 particles, and using them all will be very demanding on the computer
memory. However, a subsample, of the whole particle set, that is too small may also not capture
all the physical features of the �laments.

DisPerSE also has a set of parameters to choose from. The most important one is the -nsig

argument. As described in Sec. 2.3 and 2.5, persistence theory may be used to �lter out
noise within the context of discrete Morse theory. In our case, this would remove out �laments
that would be considered noise. The sigma value one chooses, in DisPerSE, is the ratio of the
persistence between two connected critical points. If the ratio is smaller than a given sigma
value, the �lament will be excluded from the data set. It should also be noted that, as explained
in Sec. 2.5, by cancelling persistence pairs, some connections may be extended. Increasing the
sigma threshold will therefore increase the average length of the �laments.

3.6.1 Particle limit

As previously explained, using all 5123 particles of RAMSES would be very demanding on the
computer memory. It is therefore important to choose a suitable subsample of the particle data
to ensure that DisPerSE captures the most important information of the �laments. However, a
segmentation fault occurs if the number of input particles becomes too large in conjunction with
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the -periodic argument. The issue is caused by the Delaunay tessellation code. The output
from the Delaunay tessellation has some issues where array indices goes beyond the actual array
size, which gives rise to segmentation faults within the DisPerSE code itself.

3.6.2 Di�erence with -periodic and -btype=periodic

As mentioned above, there are issues with segmentation faults when we use the -periodic

argument. On the other hand, there are no segmentation faults, even for a large number of
input particles, when the -btype=periodic argument is used in the Delaunay tessellation. Both
arguments includes periodic boundaries in some way, but the -btype does not connect the
�laments that crosses the boundary. This results to more �lament in the box and the �laments
that crosses the boundary may end up shorter. In the reminder of this chapter, I will refer the
-periodic argument as 'periodic' and the -btype argument as 'btype'.

I will in this section explore the di�erences between these two parameters in the �lament output.
Figuring out the di�erences between the two parameters allows one to make a choice between
the periodic or btype parameters. Using periodic captures the true �laments near the boundaries
but at the cost of a lower number of input particles. On the other hand, using btype allows us
to use all the particles, if desired, but at the cost of possible uncertainties for the �laments near
the boundaries, such as �laments becoming cut o�. The following tests uses the ΛCDM data.
Note that this test were done before the �lament �ltering choice in Sec. 3.4.

Tests for 643 particles

Firstly, I check the di�erences in the �laments, between the two parameters, by using a 643

particle subsample. The sigma threshold value for both cases is 3σ.

In the periodic case, there are roughly 480 �laments crossing the boundary, which would give rise
to visual artifacts. There are a total of 14861 identi�ed �laments in the box, so the boundary
crossing �laments makes up roughly 3% of the �laments. Fig. 3.2 shows a histogram of the
�lament length distribution, between �laments crossing the boundary (orange), �laments not
crossing the boundary (green) and all �laments in the box (blue). As seen in the plot, the
boundary crossing �laments makes up a very small percentage of all the �laments, and removing
them would therefore not cause a huge disruption of the statistics of the �laments. It should also
be noted that �laments of lengths L > 20 Mpc/h are still signi�cant in this example. Cancelling
these �laments, as mentioned in Sec. 3.4 would signi�cantly a�ect the overall �lament statistics.
We will, however, see later that �laments L > 20 Mpc/h will become less signi�cant as the
number of input particles is increased.

The next thing I checked are identical �laments between the periodic and btype cases. Filaments
are identical if every segment points are exactly the same. If at least one segment point di�ers,
the �laments are no longer considered to be identical. For example, consider two �laments with
segment points F1 = [(1, 1, 1), (2, 2, 2), (3, 3, 3)] and F2 = [(1, 1, 1), (2, 2, 2), (3, 3, 1)]. The �rst
two segment points are identical, but the last one di�ers in the z-coordinate. Filament F1 and
F2 are therefore not considered identical. The number of identical and non-identical �laments
are listed in Tab. 3.2. There are 13810 identical �laments between the two data �les. Meanwhile
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Figure 3.2: Histogram of the �lament lengths with all �laments, boundary crossing �laments and
non boundary crossing �laments, using a 643 particle subsample.

1051 and 2026 �laments have no similarities in the periodic and btype case, which corresponds
to toughly 7% and 12.7% of the total number of �laments in the respective cases.

The �lament positions of the non-identical �laments are plotted in Fig. 3.4, where the periodic
and btype cases to the left and right respectively. The boundary checking algorithm, described
in Sec. 3.1 has been used on the periodic case. Most the �laments that are not identical are
close to the boundaries. In the periodic case, all the boundary crossing �laments are included
here, which is not surprising as the coordinates of the boundary crossing �laments will de�nitely
be di�erent from the btype case. In Fig. 3.3, all the identical �laments are plotted.

I have also compared the �lament lengths for all the �laments in the box in Fig. 3.5. I have made
no distinction between identical �laments or whether the �lament has crossed the boundary or
not. However, the length of the boundary crossing �laments has been taken into account, which
ensures that the �lament length does not exceed the size of the simulation box. As we can see,
even with a di�erent parameter choice, the distribution of the �lament lengths are quite similar.
The statistical distribution of the �lament properties should therefore not change dramatically
whether the periodic or btype is chosen. Despite the fact that the btype case allows us to
use more particles for DisPerSE to compute, using the periodic case is still preferred as it will
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643 particles periodic -btype=periodic

(% of all �laments) (% of all �laments)
N �laments (all) 14861 15836
N identical �laments 13810 (93%) 13810 (87.3%)
N non identical �laments 1051 (7%) 2026 (12.7%)

Table 3.2: Number of �laments, including identical and non-identical, between the periodic

and -btype=periodic cases, using a 643 particle subsample.
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Figure 3.3: 2D projection onto the X-Y plane of the �lament positions. The �laments in this
�gure shows all �laments that had an identical pair between the two di�erent data sets.
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Figure 3.4: 2D projection onto the X-Y plane of the �lament positions. The �laments in this
plots are the ones who had no identical pair. To the left, we have the -periodic case, after
applying the boundary checker algorithm, while on the right we have the -btype case. The axis
scales are Mpc/h.

automatically connect the �laments crossing the boundary.

This test has shown that, despite the di�erences in the periodicity parameters, that the �lament
distribution is very similar. Choosing either the btype or periodic parameter should result to a
big di�erence in the statistics of the di�erent �lament properties. Although, this test only used
a 643 particle subsample, which may be too small as a proper test. I will in the next section
compare the cases for a 1923 particle subsample.

Tests for 1923 particles

Because of the segmentation fault with the periodic case, as described in Sec. 3.6.1, the number
of input particles to DisPerSE has to be reduced. One important thing to consider is how the
results di�er if one are to use a reduced amount of particles instead of the full data set from
ISIS. The current tested limit of input particles to DisPerSE, using the ΛCDM model with the
periodic parameter, is a 1923 particle subsample. I will compare this case with the 643 particle
subsample. This is done for both the periodic case and the btype case using a 3σ threshold.

In the periodic case, there are 236777 �laments in the box, and 3141 of them crosses the boun-
dary, which is roughly 1.3% of all the �laments. Similar to the 643 particle subsample case,
a comparison of the length distribution for the boundary crossing, non-boundary crossing and
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Figure 3.5: Filament lengths of all �laments for the periodic and btype case, using a 643 particle
subsample. The distribution of the �lament lengths are nearly identical, even with a di�erent
parameter choice of the periodicity within DisPerSE.

all �laments are shown in Fig. 3.6. At this point, the di�erence between length histograms of
the 'non-boundary crossing' and 'all' �laments' are practically indistinguishable. The number of
identical �laments, as well as non-identical ones, between the periodic and btype cases are shown
in Tab. 3.3. We can also see from Fig 3.6 that �laments with lengths L > 20Mpc/h starts to
become less signi�cant. The �ltering choice of Sec. 3.4 should therefore not cause a big impact
on the statistics of di�erent �lament properties.

As shown in Tab. 3.3, the number of non-identical �laments makes up roughly 2.8% and 5.5% of
the total number of �laments in the periodic and btype case respectively. This is lower than the
643 particle counterpart, which was 7% and 12.7% respectively. This implies that the �laments
near the boundaries becomes less signi�cant as one increases the number of input particles to
DisPerSE. This, again, means that switching between the btype and periodic case should not

1923 particles periodic -btype=periodic

(% of all �laments) (% of all �laments)
N �laments (all) 236777 243725
N identical �laments 230211 (97.2%) 230211 (94.5%)
N non identical �laments 6566 (2.8%) 13514 (5.5%)

Table 3.3: Number of �laments, including identical and non-identical, between the periodic

and -btype=periodic using 1923 particle subsample.
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Figure 3.6: Histogram of the �lament lengths with all �laments, boundary crossing �laments and
non boundary crossing �laments. This plot is the case of 1923 particles

make a big impact on the statistics of the �lament distributions.

Filament lengths of all the �laments for both cases are in Fig. 3.8. Again, this �gure has not made
any distinction between identical or non-identical �laments. It should be noted that the shapes
of the histograms strongly resembles the 643 particle case, which implies that the distribution
of the �lament lengths are expected to be the same, even when we increase the number of input
particles.

However, shown in Fig. 3.7, the length distribution of the 643 and 1923 particle subsample cases
di�ers slightly. Both results uses the periodic parameter in the Delaunay tessellation, and the
histograms are normalized such that the integral under the histogram becomes one. As we have
seen in Fig. 3.6, long �laments (L > 20 Mpc/h) starts to become less signi�cant in numbers.
This is clearly not the case for the 643 particle subsample.

2D projections on the identical and non-identical �laments are not included in this example, but
the result is similar to the ones in Fig. 3.3 and 3.4, except with more �laments. The result would
also tell us that the boundary crossing �laments starts to become less signi�cant as we increase
the number of input particles to DisPerSE.

We have seen that, as we have increased the number of particles into the simulation, the �laments
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Figure 3.7: Comparison of the length distribution of the 643 and 1923 particle subsample cases.
Long �laments becomes more signi�cant when the number of input particles becomes smaller.
Both results used the periodic parameter of DisPerSE and the histograms are normalized such
that integral under the histogram becomes 1. Both cases uses a sigma threshold of 3σ.

near the boundaries has become statistically less signi�cant and the percentage of non-identical
�laments, between the two periodic parameters, has decreased. The di�erence between the
periodic and btype case thus becomes almost indistinguishable when when the number of input
particles is large enough. However, the number of input particles should still not be too large,
due to memory limits of the computers as well as saving time doing the analysis.

I have also shown that the histogram shapes, of the �lament lengths, between 643 and 1923

particle subsamples are quite di�erent. Long �laments starts to become more signi�cant in the
643 case compared to the 1923 particle subsample case. What this means it that one can expect
that long �laments will become increasingly less important as one the number of input particles
becomes larger. I will now see if this is true when I increase the number of input particles even
more.
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Figure 3.8: Filament lengths of all �laments for both data types. Case for 1923 particles.

Convergence within the ΛCDM data

From the previous sub section, we saw that the distribution of the �lament lengths were di�erent
in the 643 and 1923 particle subsample sets. We saw that long �laments (L > 20 Mpc/h) started
to be more important for the overall �lament statistics when the 643 subsample case was used.
On the other hand, when the number of input particles increased, long �laments started to
become less signi�cant, and the secondary �lter, as described in Sec. 3.4 may be safely applied.
We will now see the signi�cance of the long �laments as the number input particles increases even
more. The btype parameter is used due to the particle constraint on the periodic parameter.

I will here do a test with four di�erent particle subsamples. The four tests consists of 643, 1283,
2563 and a 5123 particle subsample, all using a sigma threshold of 4σ. The �lament length
distribution of these four cases are plotted in Fig. 3.9. The histograms are normalized such that
the integral under the histograms becomes 1. One thing to already notice is that the histogram
shapes of the 1283, 2563 and 5123 cases are almost identical. We can still see that long �laments
are still important in the 643 particle subsample case. Despite the minor di�erences, with the
expection of the 643 subsample, the general distribution of the �lament lengths are very similar.
This implies that the distribution should remain consistent when the number of input particles
becomes large enough. From the �gures we have seen, it appears that a 1283 particle subsample
is su�cient.
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Figure 3.9: Length histogram of the 643 (blue), 1283 (orange), 2563 (green) and 5123 (red)
subsamples, all with sigma value 4σ. The legend indicates the number of input particles, sigma
threshold and number of �laments respectively. The histograms are normalized such that the
integral under the histogram becomes 1. This �gure shows that the �lament length distribution
will remain consistent once the number of input particles becomes large enough.

As mentioned in Sec. 2.5, the average �lament length will become longer as the sigma threshold
increases. To show that this is indeed the case, we compare the 5123 particle case between 4σ
and 6σ. The results are found in Tab. 3.4. As we can see, the average �lament does indeed
become larger for a larger sigma value. However, the average length of the �laments seems to be
quite short. In the code comparison done by Libeskind et al. (2018), the �laments are found to
be 10 to 100 Mpc/h long. Although, the side length of the simulation box is 200 Mpc/h large,
compared to the side lengths of 256 Mpc/h of ISIS, which may or may not a�ect the �lament
lengths. Despite this, the result of the �lament lengths closely resembles the length distribution
of Tempel et al. (2014) (see also Bond et al., 2010). The authors have used a di�erent �lament
�nder, Bisous (Tempel et al., 2016), and applied it on the SDSS galaxy catalogue.

Sigma Average length
4σ 5.19Mpc/h
6σ 4.63Mpc/h

Table 3.4: The average �lament length between two di�erent sigma values using all 5123 particles,
with the -btype=periodic argument.
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3.6.3 Choosing particle subsample and sigma value

From the analysis of the previous sections, we have seen that the di�erences in the �lament
distribution does not dramatically change between the btype and periodic parameters. I have
therefore opted to use the periodic argument of DisPerSE, as it connects �laments that crosses
the boundary. The number of input particles to DisPerSE must also be reduced, due to the
segmentation fault described in Sec. 3.6.1. The current choice, and also the limit, is a 1883

particle subsample for all gravity models. For all simulations, I also used the sigma value of 4σ
in DisPerSE, to ensure that the output �laments are truly robust.
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Chapter 4

Results

This chapter will show all the results, which includes the global properties, density pro�les as well
as the speed pro�les of the �laments. All results from RAMSES/ISIS are taken at z = 0. Every
gravity model uses a 1883 particle subsample, with the sigma threshold set to 4σ in DisPerSE,
as described in Sec. 3.6.3. The errors computed are described in Sec. 3.5.

4.1 Global properties

The global properties includes the �lament length, mass and thickness. The massM is computed
as the number of particles belonging to a �lament multiplied by the dark matter particle mass
(see Appendix B), and the thickness RT de�ned at the radius which the average density of the
�lament is equal to 10ρc0, as described in Sec. 3.2.4. The length L is computed as the sum of
the segment lengths de�ning the �lament. All histogram results uses 20 bins, and the errorbars
shows the Poisson error, unless otherwise speci�ed.

4.1.1 Filament lengths

The distribution of the �lament lengths that compares the ΛCDM model with the symmetron
model and f(R) model are found in Fig. 4.1 and 4.2 respectively. Both �gures shows the
distribution on the top as well as the relative di�erences of the modi�ed gravity models, with
respect to the ΛCDM model, at the bottom. The error of the relative di�erence becomes larger
for longer �laments, due to the fact that the number of �laments at these length ranges becomes
small. As previously mentioned, the distribution of the �lament lengths agrees very well with
the �ndings of Tempel et al. (2014), where they found that most �laments had lengths between
2-6 Mpc/h, and �laments longer than 25 Mpc/h becomes a small minority.

In the case of the symmetron models, short �laments tends to be a lot more common. This is
especially true for the symmetron C case, where the number of �laments in the length ranges
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1 to 4 Mpc/h are more than 30% larger than the ΛCDM case. While there are, overall, more
�laments in each modi�ed gravity model, long �laments appears to be more common in the
ΛCDM case. Although, the number of �laments with L > 10 Mpc/h is relatively small.

For the f(R) models, that the length distribution of fofr6 deviates the most from ΛCDM, even
though the Compton wavelength is the shortest using this parameter, and should therefore
deviate the last from ΛCDM, as described in Sec. 1.3. Meanwhile, fofr4 shows the smallest
di�erence to ΛCDM for short �laments, up to 3 Mpc/h. Similar to the symmetron models, long
�laments in the f(R) models are less common.
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Figure 4.1: Top: the �lament length distribution of the ΛCDM model and the symmetron model.
Bottom: the relative di�erence with respect to the ΛCDM.
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Figure 4.2: Same as Fig. 4.1, but with f(R) models instead of the symmetron models.

4.1.2 Filament masses

Fig. 4.3 and 4.4 shows the �lament mass distribution of the symmetron and f(R) models
respectively. Both includes the ΛCDM model. The �gures also include, at the bottom, the
relative di�erences of the modi�ed gravity models with respect to the ΛCDM model. Once
again, due to the low number of data points at large masses, the error of the relative di�erence
becomes signi�cantly larger.

All symmetron models show a larger number of �laments at all mass ranges, with the execption
of symmetron A for �lament masses M > 1014M�/h. The symmetron C model has the most
�laments of small mass (M < 1013M�/h), where the biggest di�erence, with respect to the
ΛCDM, exceeds 50% for �laments with masses ∼ 2 × 1012M�/h. The symmetron D model
shows the opposite, where the number of �lament with small masses are relatively low, but
still larger than ΛCDM, and the di�erence becomes larger as the mass increases. The mass
distribution behaviour is slightly di�erent in the f(R) models. In the fofr6 case, there are more
�laments with small mass (M < 1013M�/h), and less massive �laments, compared to the ΛCDM
model. The fofr4 and fofr5 cases, on the other hand, shows an opposite case, where both have
less �laments with small mass and more �laments of large and intermediate masses respectively.
In Fig. 4.5, the behaviour symmetron A is rather similar to the one of fofr6 . Both symmetron
A and fofr6 have more �laments of small masses.
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Figure 4.3: A comparison of the �lament mass distribution of the symmetron models and the
ΛCDM model (Top) and the relative di�erence with respect to ΛCDM (bottom).

Filament masses correlation with halo masses

We saw above, for the f(R) models, that fofr6 has more �laments of small masses, fofr5 more
�laments of intermediate masses and fofr6 more �laments of large masses. This result appears
to be quite similar to the studies of Lombriser et al. (2013) (Fig. 2), which found that fofr6
has more halos of small masses, fofr5 more halos of intermediate masses and fofr4 more halos
of large masses. Similar study of the halo masses were done by Davis et al. (2012) (Fig. 16)
for the symmetron A and symmetron B models. For the symmetron A halos, the masses were
consistently ∼ 16% larger than ΛCDM up to M ∼ 1013M�/h. For the �laments, the number of
�laments are roughly 20% larger than ΛCDM, and decreases quite early as the mass increases.
This di�erence also becomes smaller than ΛCDM at M & 3 × 1013M�/h. For symmetron B,
on the other hand, the number of halos is almost always 25 − 30% greater than ΛCDM, up
to M ∼ 1014M�/h, where it drops rapidly. Similar behaviour is seen in the �lament masses,
where the di�erence between symmetron B and ΛCDM is roughly 20% for all masses up to
M ∼ 1014M�/h.

The halo and �lament masses may then be correlated in some form, due to the similarities between
the mass distributions of the �laments and halos. Since �laments are connections between two
regions of high density, it is possible that the �laments are connections between two halos. If
this is indeed the case, the mass of the �lament should not, by intuition, exceed the mass of the
connected halos. A �lament, de�ned by DisPerSE, is a line connecting a critical point of order
2 and one of order 3, and it is possible that these critical points reside within a halo.
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Figure 4.4: Same as Fig. 4.3, but comparing the f(R) models instead of the symmetron models.

However, as shown by the code comparison of Libeskind et al. (2018), DisPerSE is not able
to properly identify knots (corresponding to high density regions). The assumption that the
�laments are connections between two halos, and thus the correlation between the �lament mass
and halo mass, may also be inaccurate. Despite this, Fig. 4.6 shows that the vast majority of
the critical points of order 3, the maxima of the 3D Morse-Smale complex, are within a halo.
Note that the �ltration in Sec. 3.4 has not been applied here. The halos are obtained from
the AHF halo catalogue (Knollmann and Knebe, 2009), and a critical point is considered to be
within a halo if the coordinate is within the virial radius of the halo. On the other hand, only
a small portion the critical points of order 2, what would be considered a 2-saddle in the 3D
Morse-Smale complex, are found to be within a halo, as seen in Fig. 4.7.
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Figure 4.6: Number of critical points (CP) of order 3 within a halo. A CP of order 3 is a maxima
point in the Morse-Smale complex. Halo data was obtained from the AHF halo catalogue. A
CP is considered to be in a halo as long as the CP is within the virial radius of the halo.
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Figure 4.7: Same as Fig. 4.6, but with critical points of order 2 instead of order 3.
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4.1.3 Filament thickness

Fig. 4.8, shows the thickness distribution of the ΛCDM model and the symmetron model at the
top with the relative di�erences, with respect to ΛCDM, at the bottom. Similar result for the
f(R) models is shown in Fig. 4.9. These results may be compared to Bond et al. (2010), which
found a distribution of the �lament widths W on the SDSS galaxy survey. The authors found
that most �laments had width between 4-7 Mpc/h, with the peak at W ∼ 5.5 Mpc/h. Our
results, however, shows that most �laments have width between 0.1 - 1 Mpc/h with the peak at
RT ∼ 0.3 Mpc/h. The di�erence is likely to be caused by the di�erent de�nitions of width and
thickness. Bond et al. (2010) de�nes the width as �the root mean squared perpendicular o�set
of particles within a smoothing length� (see Eq. (7) in the paper).

Most modi�ed gravity models appears to have similar number of �laments, with the exception of
symmetron C , near the thickness range of 0.5-1 Mpc/h. Detecting any modi�cation of gravity
may thus be di�cult within this thickness range. However, the di�erences between the thin
(RT ∈ [0.1, 0.5]Mpc/h) and thick (RT > 2Mpc/h) are quite large from the ΛCDM.
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Figure 4.8: Distribution of the �lament thickness for the ΛCDM model and the Symmetrom
model (top) and the relative di�erences with respect to ΛCDM (bottom).
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Figure 4.9: Same as Fig. 4.8, but comparing the f(R) models instead of the symmetron models.

4.1.4 Correlation between the global properties

It is perhaps worth looking into how the three global properties (mass, length and thickness)
correlate with each other. By intuition, they should all be correlated. For instance, a long
�lament, or even a thick �lament, should have an increased mass because it covers a larger
amount of space and one can therefore expect more particles to be included in said �lament. All
average quantities ȳ are computed in 20 logarithmically distributed x-bins.

A plot of the average mass of the �laments within a given thickness bin is shown in the top row
Fig. 4.10, and the relative di�erences, with respect to the ΛCDM model, in the bottom row. As
we can see, the average mass of the �lament does indeed increase as the thickness of the �lament
becomes bigger. This is perhaps not surprising, because a thicker �lament would include more
particles to be part of the �lament and therefore resulting to a greater mass. This result also
agrees with the �ndings of Cautun et al. (2014) (see e.g. Fig 39), which compares the �lament
linear density with the �lament diameter. The authors also conclude that a thicker �lament
corresponds to a larger mass. Almost all modi�ed gravity models shows an increased average
mass when the thickness of the �lament becomes larger than ΛCDM. The one exception is the
symmetron C model, whose �laments have an average mass smaller than the ΛCDM.

The average mass as a function of the �lament length is shown in the top row of Fig. 4.11 with
the relative di�erences to the ΛCDM in the bottom row. The average mass does indeed increase
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Figure 4.10: Top: The average mass of the �laments with a given thickness. Bottom: The
relative di�erence of the average mass, with ΛCDM as the base model.

as the �lament becomes longer, for the same reason of an increased thickness. Although, the
mass increase for a longer �lament length is perhaps not as dramatic as an increased �lament
thickness. In the case for an increased thickness, the largest average mass is roughly 3 orders of
magnitude larger than the smallest average mass. Meanwhile, in the case of an increased length,
the largest average mass is roughly 2-3 times larger than the smallest average mass.

Finally, we compare the average thickness for �laments of di�erent length bins, which is shown
in the top row of Fig. 4.12 and the relative di�erences, with respect to ΛCDM, at the bottom
row. Interestingly, the thickness appears to decrease as the �lament becomes longer. This can
be explained by the fact that a longer �lament would cause the average density of the �lament
to become smaller. As described in 3.2.4, the �lament thickness is at the distance in which
ρ = 10ρc0. The volume V becomes larger as the length L increases. When the volume increases,
the density ρ will decrease. The density would therefore reach 10 times the critical density
earlier, which also results to a smaller thickness. We also saw that the �lament mass would not
dramatically increase as the �lament length increased, which is due to the fact that the thickness
would be smaller if the �lament is longer, and consequently reduce the overall mass.

The �laments of almost all gravity models appears to have a smaller average thickness compared
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Figure 4.11: Top: The average mass of the �laments with a given length. Bottom: The relative
di�erence of top image, with ΛCDM as the base model.

to ΛCDM. The one exception is the fofr4 case, whose average thickness di�ers the least from the
ΛCDM throughout all range bins. This is quite unexpected, as the fofr4 parameter choice results
to the longest �fth force range. At the same time, fofr6 deviates more from ΛCDM, despite
having the shortest �fth force range of the f(R) parameters.
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Figure 4.12: Top: The average thickness of the �laments with a given length. Bottom: The
relative di�erence of top image, with ΛCDM as the base model.

4.1.5 Number �lament connections

As mentioned in Sec. 3.3, the connectivity of the �laments may possibly be a probe of modi�ed
gravity. Fig. 4.13 and 4.14 shows the number of connecting �laments, as well as their relative
di�erences with the respect to the ΛCDM model, for the symmetron and f(R) models respecti-
vely. The case of fofr4 appears to deviate the least with respect to ΛCDM up to 8 �lament
connections. Meanwhile, all other modi�ed gravity models have, on average, more �laments that
are 'loosely connected' (few �lament connections) while ΛCDM are more 'densely connected'
(more �lament connections).

One would perhaps expect that the �laments are more connected in modi�ed gravity theories, as
an additional �fth force would cause the �laments to cluster a little more, and thus connect to
more tightly connected. Although, the results shows that the number of �lament connections are
generally lower in both the symmetron and f(R) models, which also implies that the �laments
are more sparsely distributed.

In summary, we have in this section seen the distribution of the global properties of the �laments,
including their lengths, masses and thicknesses. We have seen that the screened modi�ed gravity
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Figure 4.13: The number of neighbouring �lament connections per �lament, as described in 3.3.
The top �gure includes the ΛCDM model and the symmetron models. At the bottom, the relative
di�erences of the symmetron models to the ΛCDM model.

models shows an increased number of short �laments (L . 5Mpc/h in the f(R) and L .
7Mpc/h in the symmetron models), while ΛCDM had an increased number of long �laments.
The distribution of the �lament masses di�ers for some modi�ed gravity models, where some had
more �laments of small mass and some with more �laments of large mass. Despite said di�erences,
the �lament mass distribution of the f(R) were very similar to the halo mass distribution found
in Lombriser et al. (2013). The work of Davis et al. (2012) found the halo mass distribution of
the symmetron A and symmetron B models, which was found to be very similar to the �lament
mass distribution of said models. The �lament thickness distributions were also compared to
the �lament width distribution of (Bond et al., 2010), and the results were very di�erent. The
di�erence may be due to the fact that our thickness de�nition di�ers from their method of
de�ning the �lament width.

Moreover, we saw that the three global properties (mass, length and thickness) are all strongly
correlated. For instance, an increased �lament thickness resulted to a greater �lament mass, as
a greater thickness would include more particles to be part of the �lament. The thickness would
also decrease for longer �laments, because the density ρ would be smaller and the radius which
ρ = 10ρc0 would also be shorter. We also saw that the �lament masses would not drastically
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Figure 4.14: Same as Fig. 4.13, but with the f(R) models instead of the Symmetron models

increase for the long �laments. A long �lament will cover more space, and thus more particles
would be considered to be part of the �lament. However, the loss of thickness, due to an increased
length, will cancel out some of these particles, and hence reduce the overall mass.

Finally, we also investigated how the �lament connections changed in di�erent gravity models,
and found that screened modi�ed gravity models were generally more loosely connected (i.e.
more �laments with low number of connections), while ΛCDM were more tightly connected
(more �laments with large number of connections). This is perhaps a puzzling result, as an
additional �fth force would cause more clustering. By intuition, this should also cause �laments
to be more closely connected.

4.2 Density pro�les

Before we look at the speed pro�les, we will �rst look at the average density pro�les of the
�laments. The density pro�les will give us a clue on how the particles will behave within the
�laments. For instance, the density is expected to be large near the center of the �lament, and
low near the edges (going out radially). One should therefore expect that the average speed of
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the particles to be larger near the center, because a larger density of particles would result to a
deeper gravitational potential, and thus increase the kinetic energy. Furthermore, the average
density near the center of the �laments should be large enough to screen the �fth force in most
cases. However, we will later see that there will still be some deviations in the speed pro�les,
between modi�ed gravity and ΛCDM, near the �lament center. This is because particles may be
a�ected by the �fth fore and then move towards the center at a greater speed. As the particle
reaches the region where the �fth force becomes screened, the inertia of the particle will not
change, which makes them appear to move faster.

Only the relative di�erence of the density pro�les, with respect to the ΛCDM, are shown. The
reason is because the pro�les themselves shows the same pattern. Large density near the �la-
ment center and decreasing as one moves outwards radially. In addition to this, looking for the
di�erences within the density pro�les themselves is di�cult. An example of the average density
pro�le for all �laments are shown in Fig. 4.15. This �gure does show that, on average, the
�lament has a larger density in the center than the outer edge, which is what we expected. All
the density pro�les are computed over 20 radial bins, and the average pro�le is taken over all
individual density pro�les included. The error of the relative di�erences are computed by Gaus-
sian error propagation, described in Sec. 3.5. The error of the data set is the standard deviation
of the included density pro�les.
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Figure 4.15: The average density pro�les of all �laments. These type of plots does not show a
lot of information, and it is di�cult to see any major di�erences between the di�erent models.

We will �rst look at how the density pro�les changes at di�erent mass scales. The relative
di�erence of the average density pro�les are taken over the �laments within the given mass ranges
is shown in Fig. 4.16. The x-axis is the distance of from the �lament center normalized with the
�lament thickness. The choice of mass ranges are M ∈ [1012, 1013]M�/h, M ∈ [1013, 1014]M�/h
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Figure 4.16: The relative di�erence, with respect to ΛCDM, of the average density pro�les of
the �laments within a given mass range (shown in their respective titles). The distance from the
center r is normalized with the thickness RT of the �lament.

and M ∈ [1014, 1015]M�/h. While the �laments in all models have, on average, larger density,
the average density of symmetron C deviates less and less from the ΛCDM model as the mass
increases. However, it is puzzling that the average density of both fofr6 and fofr5 are larger
than fofr4 . One would expect that a longer Compton wavelength would cause more clustering,
and thus increase the overall density of the �laments. Similarly for the symmetron models,
symmetron D is expected to deviate the most from ΛCDM, but we see that the average densities
of both symmetron A and symmetron B are larger than symmetron D .

Moreover, the density pro�les of similar lengths is shown in Fig. 4.17. The length ranges chosen
are L ∈ [1, 5]Mpc/h, L ∈ [5, 10]Mpc/h and L ∈ [10, 20]Mpc/h. All models, with the exception
of symmetron C for long �laments, shows a large di�erence from ΛCDM. As mentioned for the
case of di�erent mass ranges, the outcome is perhaps not what we would expect. For instance,
we can still see that the average density of fofr6 and fofr5 are both larger than fofr4 , even for
short �laments. Similarly for the symmetron models, symmetron D was expected to deviate the
most from ΛCDM, but the results shows that both symmetron A and symmetron B di�er more
than symmetron D .

Finally, we consider density pro�les of similar thickness scales, which is shown in Fig. 4.18.
Thickness ranges are chosen to be RT ∈ [0.1, 1]Mpc/h, RT ∈ [1, 5]Mpc/h and RT ∈ [5, 10]Mpc/h.
The error at the last mentioned thickness range is large due to the low number of �laments at this
range. Nevertheless, in the thickness range RT ∈ [1, 5]Mpc/h, symmetron C once again shows
the least amount of di�erence with respect to the ΛCDM model. In the thickness range RT ≥ 5
Mpc/h, the errors, for the most part, also overlap the zero line, and the relative di�erences should
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Figure 4.17: Same as Fig. 4.16, but considers �laments of di�erent length ranges (shown in their
respective titles).

thus be consistent with zero.

In this section, we have looked at the average density pro�les of the �laments. As expected, on
average, the density of the �laments is larger near the center, and decreases as one moves further
out in the radial direction. In most cases, all modi�ed gravity models have larger densities than
ΛCDM. The one exception is the symmetron C model, whose average density was identical to
ΛCDM for �laments with mass M ≥ 1014M�/h. The expected densities of the modi�ed gravity
models also di�er from our expectation. For example, fofr6 di�er more from ΛCDM than the fofr4
case for the �laments of small and intermediate masses. Similarly, the symmetron D model was
expected deviate the most from ΛCDM, but we saw that the average density of both symmetron
A and symmetron B were larger than symmetron D in the small �laments.
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Figure 4.18: Same as Fig. 4.16, but considers �laments of di�erent thickness ranges (shown in
their respective titles).

4.3 Speed pro�les

Each �lament has a given number of particles which is part of a �lament. Each particle also has
a speed that may be decomposed. We will in this section look at some of the di�erent speed
components: the total speed, the radial as well as the tangential speed component. The radial
speed component is de�ned by the component that moves radially outwards and/or inwards the
�lament, while the tangential component is the component that follows the axis of the �lament1.
The total speed is just the absolute value of the velocity, i.e. v = |~v|. The relation between the
speed components is

v2 = v2
r + v2

t (4.1)

where v is the (total) speed component, vr the radial component and vt the tangential component.
Similar to the density pro�les, all speed pro�les are computed with 20 radial bins. The errors
of the speed pro�les are computed by Eq. (3.14) and their relative di�erences computed by Eq.
(3.15). The errors of the pro�les as a function of one of the global observables (see e.g. Fig.
4.21) are computed by the Poisson error σ =

√
N .

1For a straight line, the radial component would be a vector normal to said line, while the tangential is a

vector along the line.

66



4.3.1 Speed component

The (total) speed component is the absolute value of the velocity of each particle, and thus only
describes how fast the particle is moving and does not distinguish the direction it is moving. The
relation with the speed component and its radial and tangential part is given in Eq. (4.1).

The average speed of the particles for �laments with similar masses, for the ΛCDM + symmetron
and ΛCDM + f(R) models, are given in Fig. 4.19 and 4.20 respectively. Top images show
the speed pro�les while the bottom images shows the relative di�erence of the speed pro�les
with respect to the ΛCDM model. The mass ranges, same as the ones in the density pro�les,
are M ∈ [1012, 1013]M�/h, M ∈ [1013, 1014]M�/h and M ∈ [1014, 1015]M�/h, which are also
given in the �gure titles. These mass ranges will respectively be referred as �laments of small,
intermediate and large masses.

The average speed increases as the mass becomes larger, which can be linked to the fact that
more massive �laments creates deeper gravitational potentials. It is also worth to note that
the average speed is larger closer to the �lament center, compared to the outer regions of the
�lament. This is because most particles are located near the �lament center, as shown in the
average density plot in Fig. 4.15. The gravitational potential would therefore be deeper in the
center compared to the edge of the �lament, and the particles would therefore, on average, move
faster due to an increased kinetic energy.

The symmetron models di�ers less from the ΛCDM model as the �lament masses increases.
The symmetron C model shows perhaps the most interesting behaviour. As the �lament masses
increases, the di�erence between symmetron C and ΛCDM decreases quite signi�cantly. In fact,
the symmetron C model appears to be identical to the ΛCDM up to the radius r/RT ≈ 2 for the
massive �laments. The di�erence between ΛCDM and the symmetron A model, on the other
hand, remaines relatively consistent for the di�erent mass ranges. It is possible that the extra
coupling strength of symmetron C causes the �fth force to be more and more suppressed when
the mass of the �lament increases. Since the �fth force in symmetron C is twice as strong as the
symmetron A case, the particles would cluster more, which leads to a larger density and thus
screens the �fth force. The behaviour of symmetron B is quite similar to the one of symmetron
C , but the change is perhaps not as dramatic. The symmetron D model, as expected, deviates
the most from the ΛCDM model, as predicted in Sec. 1.3.

Comparing the the f(R) models with the ΛCDM, (see Fig. 4.20), fofr6 deviates the least from
the ΛCDM model, which is expected as the range of the �fth force, using this parameter, is
quite short compared to the other two options. This di�erence becomes smaller as the �lament
mass increases. The average speed of the particles in fofr4 is roughly 20% greater than the ones
in ΛCDM at every radii, and remains consistent throughout the di�erent mass ranges. The
fofr5 model appears to di�er more from the ΛCDM model as one moves from the mass range
of small masses to the intermediate mass range, and decreases again for the massive �laments.
Nevertheless, these results agrees very well with our expectation in Sec. 1.3. A longer �fth force
range would show greater deviation from ΛCDM compared to a case where the �fth force range
is short. Overall, the relative di�erence of the average speed pro�les seems to agree with what
we would expect from the modi�ed gravity theories.

The average particle speed can also be seen to be increasing for an increasing �lament mass in the
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Figure 4.19: The average particle speed (top image) and their relative di�erences to the ΛCDM
model (bottom image), at di�erent radii, for �laments of the same mass ranges, as given in the
respective title. The radius in the x-axis is normalized to the �lament thickness. Image compares
the ΛCDM model with the symmetron models.

top row of Fig. 4.21, along with the relative di�erences in the bottom row. This plot, however,
does not show how the average speed changes as one goes further away from the �lament. It does,
however, agree with the results from Fig. 4.19 and 4.20, in which the average speed increases as
the mass increases. Most models appears to di�er less from ΛCDM as the mass becomes larger,
which is perhaps not surprising as a larger mass would result to higher density and in turn causes
the �fth force to be suppressed. The one exception is the fofr4 case, which shows relatively large
deviations throughout most of the mass bins. Although, near the mass bin M = 1015M�/h, the
average speed of fofr4 drops quite rapidly.

In a similar manner, the average speed pro�les of �laments with similar length are given in Fig.
4.22a and 4.22b for the ΛCDM + symmetron and ΛCDM + f(R) models respectively. Again,
the top images shows the average speed pro�le, while the bottom images shows the relative
di�erence with respect to ΛCDM. The length ranges are L ∈ [1, 5]Mpc/h, L ∈ [5, 10]Mpc/h and
L ∈ [10, 20]Mpc/h. Similarly to the masses, these length ranges will be referred to as �laments
of small, intermediate and large lengths respectively. Unlike the case for similar mass ranges, the
speed pro�les for di�erent length ranges does not change as much. That is, the average speed
does not increase dramatically for longer �laments compared to the shorter counterpart.

As we have previously seen in Fig. 4.11, the average �lament mass does not increase as much for
a longer �lament. As such, the speed pro�les should also not change by a large amount. This is
clearly shown in Fig. 4.23, which compares the average particle speed of all �laments in a given
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Figure 4.20: Same as Fig. 4.19, but comparing f(R) instead of the symmetron models.

length bin. While the average speed does increase as the �lament becomes longer, the increase is
not as dramatic as the case in Fig. 4.11, where the largest average speed is roughly 3 times larger
than the smallest average speed. This result is perhaps not a surprise. As we have previously
seen in 4.12, when the length of the �lament increases, its thickness would also decrease, and
consequently reduce its overall mass, as we saw in Fig. 4.10.

Despite the small changes in the average velocity for di�erent length ranges, the relative dif-
ferences shows agrees with the results of the speed pro�les with di�erent mass ranges. In the
case of the symmetron models, symmetron D still shows the largest di�erence to ΛCDM, as we
expect. The symmetron C model shows similar behaviour as the case of di�erent mass ranges, in
which the di�erence becomes smaller as the �lament length increases. Meanwhile, the deviation
between symmetron A and symmetron B with ΛCDM does not change much. For the f(R)
models, the di�erence between fofr6 and ΛCDM is the smallest compared to fofr4 and fofr5 ,
and practically zero for the long �laments. The case of fofr4 starts to deviate slightly more as
one considers longer �laments, while fofr5 remains almost unaltered. Again, the results of both
f(R) and symmetron models agrees very well with our expectations.

The speed pro�les of �laments with similar thickness is shown in the top rows of Fig. 4.24a
and 4.24b, for the symmetron and f(R) models, in addition to the ΛCDM, respectively. The
relative di�erences to ΛCDM are shown in the bottom row. The thickness ranges are chosen to be
RT ∈ [0.1, 1]Mpc/h, RT ∈ [1, 5]Mpc/h and RT ∈ [5, 10]Mpc/h. As with the masses and lengths,
these thickness ranges will be referred as �laments of small, intermediate and large thicknesses
respectively. Similar to the masses, the average speed increases for thicker �laments. We have
previously seen in Fig. 4.10, an increased �lament thickness should result to a more massive
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Figure 4.21: The average particle speed of �laments within a given mass bin (top), and their
relative di�erences with respect to the ΛCDM (bottom). As expected, the average speed does
indeed increase as the �lament mass increases.

�lament, and should thus result to a larger average speed. In the same manner for the case of
di�erent length and mass ranges, the deviation between the modi�ed gravity theories and ΛCDM
remains mostly consistent with the previous results.

Fig. 4.10 has shown that the �lament mass and thickness are strongly correlated. The speed
pro�les for di�erent mass ranges should therefore closely resemble the ones of di�erent thickness
ranges. Indeed, as we see in Fig. 4.24, both the average speed and their relative di�erences are
very similar to the ones in Fig. 4.19 and Fig. 4.20. For instance, the behaviour of symmetron C
shows that the di�erence continuously decrease as the thickness becomes greater. This was also
the case when the we considered �laments of di�erent masses in Fig. 4.19.

Fig. 4.25 shows the average particle speed of �laments within a given thickness bin. This result
also closely resembles the result of Fig. 4.21, which is again due to the strong correlation between
the �lament thickness and mass. It is worth to note that the di�erence between symmetron C
and ΛCDM is larger than the case of symmetron A for �laments with thickness RT < 1 Mpc/h.
For RT > 1 Mpc/h, this changes as symmetron A di�ers more from ΛCDM than symmetron C.
The symmetron D model, as per usual, is furthest away from ΛCDM. The results of the f(R)
models remains consistent with what we have previously seen, which shows that fofr6 is closest
to ΛCDM while fofr4 is furthest away.
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(a) Comparing the symmetron models with the ΛCDM model.
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(b) Comparing the f(R) models with the ΛCDM model.

Figure 4.22: The average speed of the particles as a function of radius, normalized to the �lament
thickness (top row), and the relative di�erences to the ΛCDM model (bottom row). The speed
pro�les are taken over di�erent �lament lengths. Fig. 4.22a compares the symmetron model
and 4.22b compares the f(R) with the ΛCDM model respectively. The radius in the x-axis is
normalized to the �lament thickness.
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Figure 4.23: The average particle speed of �laments within a given length bin (top), and their
relative di�erences with respect to the ΛCDM (bottom). The di�erences between the modi�ed
gravity theories are consistent with the theoretical expectations, as explained in Sec. 1.3.

To summarise, we have seen how the average (total) speed pro�les of �laments change at di�erent
�lament masses, lengths and thicknesses. As expected, the average speed of the particles were
greater in the �laments of large masses compared to the ones of small masses. This was especially
true near the �lament center, because the gravitational potential would be deeper compared to
the edge. Moreover, the results of the f(R) models were very consistent with the predictions
made in Sec. 1.3, where fofr4 and fofr6 would deviate the most and least from ΛCDM respectively.
On the other hand, the symmetron models showed some puzzling results for the large �laments.
For instance, the di�erence of symmetron C would be smaller than symmetron A , which is not
what one would expect. However, this e�ect may also be due to the fact that the screening e�ect
takes place. Finally, the correlation between the global �lament properties was also clearly seen.
For example, the speed pro�les of Fig. 4.21 and 4.25 were very similar, due to the fact that the
mass and thickness are strongly correlated.
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(a) Comparing the symmetron models with the ΛCDM model.

500

1000

v
[k

m
/s

]

RT [0.1, 1] Mpc/h

10 1 100

0.0

0.1

0.2

0.3

v i
/v

CD
M

1

RT [1, 5] Mpc/h

10 1 100

RT [5, 10] Mpc/h

CDM
fofr4
fofr5
fofr6

10 1 100

r/RT

(b) Comparing the f(R) models with the ΛCDM model.

Figure 4.24: The average speed of the particles as a function of radius, normalized to the �lament
thickness (top row), and the relative di�erences to the ΛCDM model (bottom row). The speed
pro�les are taken over di�erent �lament thickness ranges. Fig. 4.24a compares the symmetron
model and 4.24b compares the f(R) with the ΛCDM model respectively. The radius in the x-axis
is normalized to the �lament thickness.
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Figure 4.25: The average particle speed of �laments within a given thickness bin (top), and their
relative di�erences with respect to the ΛCDM (bottom). The average speed pro�le of this �gure
closely resembles the one in Fig. 4.21. This is expected, as we have previously seen that the
masses and thickness of the �laments are strongly correlated (see Fig. 4.10).
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4.3.2 Radial speed component

The radial speed component is de�ned as the component that moves inwards and outwards
the �lament radially. A positive and negative value would indicate that the particle is moving
outwards and inwards the �lament respectively.

The same plots as in Sec. 4.3 are done for the radial speed component. The average radial speed
of the particles within a given mass range (top images), for the symmetron and f(R) models, as
well as their relative di�erences with respect to the ΛCDM model (bottom images), are shown
in 4.26 and 4.27 respectively. The mass ranges remains unchanged from the average density
and total speed cases. Similar to the speed component, the radial speed also increases when the
�lament mass becomes larger. These results also showcase that the particles are indeed falling
inwards the �lament.

It should already be noted that the relative di�erences of the gravity models, with respect to
ΛCDM, are almost the same as the total speed case (see Fig. 4.19 and 4.20). For example,
the behaviour of symmetron C, which deviates less and less from ΛCDM as the �lament mass
increases, is exactly the same as we previously saw for the total speed case. Similarly to the
fofr6 case, the di�erence to ΛCDM is practically zero up to radius r/RT ∼ 0.2, for the massive
�laments. As expected, both fofr4 and symmetron D deviates the most from the ΛCDM model
in their respective models.
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Figure 4.26: The average radial speed (top image) and their relative di�erences to the ΛCDM
model (bottom image), at di�erent radii, for �laments of the same mass ranges, as given in the
respective title. Image compares the ΛCDM model with the symmetron models.
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Figure 4.27: Same as Fig. 4.26, but comparing the f(R) models instead of the symmetron
models.

It may appear to be odd that the average radial speed is more positive near the center and
decreases and increases again, which results to a minimum point in the speed pro�les. A possible
reason for this is due to the fact that most particles near the center may have passed the center
point as they fall inwards the �lament, and thus moving outwards again. These particles will
thus increase the average radial speed. One may think of this as a ball falling towards the �oor,
the ball would have a negative radial speed, with respect to the Earth, as it moves down. When
the ball hits the �oor, it will bounce back up, gaining a positive radial speed.

Fig. 4.28 shows the average speed of �laments within a given mass bin in the top row, with the
relative di�erences to the ΛCDM model in the bottom row. On average, all particles tends to
move towards the �lament center, and the speed increases for the massive �laments. This can
be explained by the fact that the density is, on average, larger near the center of the �lament,
as shown in Fig. 4.15. This result also agrees with the one in Fig. 4.21, in which the particles
moves, on average, faster for more massive �laments.

The average radial speed pro�les of �laments with similar length are shown in the top row of
Fig. 4.29a and 4.29b, with the relative di�erences to ΛCDM in the bottom row. Similar to the
average total speed pro�les, the average radial speed does not change dramatically for �laments
of di�erent lengths. Interestingly, symmetron A di�ers the least from ΛCDM for �laments in
length ranges L ∈ [5, 10]Mpc/h and L ∈ [10, 20]Mpc/h, while in the case of di�erent mass ranges,
symmetron C was closest to ΛCDM massive �laments. Nevertheless, the relative di�erence in
this case closely resembles the ones for the total speed for the symmetron B and symmetron D
models. Furthermore, the radial pro�les of the f(R) models shows no surprises. As expected,
fofr4 deviates the most from ΛCDM, while fofr6 di�ers the least.
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Figure 4.28: Top: the average radial speed of �laments within a given mass bin. Bottom: the
relative di�erence with respect to the ΛCDM.

As with the mass bins, the average radial speed of �laments within a given length bin is found in
top row of Fig. 4.30, with the relative di�erences in the bottom row. Once again, similar to the
speed component in Fig. 4.23, the radial speed does not change as much compared compared to
the case of di�erent mass bins in Fig 4.28. However, the radial speed still moves slightly faster,
on average, for longer �laments as their masses would also slightly increase, which was previously
shown in Fig. 4.11. Again, the di�erences of the modi�ed gravity models, with respect to ΛCDM,
coincide with our theoretical expectations.

The average radial speed pro�les for �laments with similar thickness, as well as their relative
di�erences with respect to the ΛCDM, are shown in 4.31a for the symmetron models and 4.31b
for the f(R) models. Once again, similar to the average speed, the particles seems to move faster
inwards to the �laments as their mass thickness increase. The noise in the relative di�erences in
the thickness range RT ∈ [5, 10]Mpc/h becomes large due to the low number of �laments near
this thickness range, as seen in Fig. 4.8 and 4.9. The behaviour of these radial speed pro�les
resembles the ones of di�erent mass bins (Fig. 4.26 and 4.27), which is again due to the strong
correlation between the �lament mass and thickness. In the symmetron case, symmetron C di�ers
less to ΛCDM as the thickness becomes larger. For �laments with thickness RT ≥ 5 Mpc/h, the
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(a) Comparing the symmetron models with the ΛCDM model.
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(b) Comparing the f(R) models with the ΛCDM model.

Figure 4.29: The average radial speed of the particles as a function of radius, normalized to the
�lament thickness (top row), and the relative di�erences to the ΛCDM model (bottom row).
The speed pro�les are taken over di�erent �lament length ranges. Fig. 4.29a compares the
symmetron model and 4.29b compares the f(R) with the ΛCDM model respectively.
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Figure 4.30: Top: the average radial speed of �laments within a given length bin. Bottom: the
relative di�erence with respect to the ΛCDM.

di�erence to ΛCDM is zero up to r/RT ∼ 0.3. The f(R) models shows no irregularities, where
fofr6 is closest to ΛCDM and fofr4 the furthest away.

Finally, the average radial speed of the �laments at di�erent thickness bins is found in the top
row of Fig. 4.32, along with the relative di�erences, with respect to the ΛCDM model, in the
bottom row. As we have previously seen, the thickness is strongly correlated with the mass of the
�laments. As such, we would expect that the average speed is larger for more massive �laments,
because the gravitational potential would be deeper. This is indeed the case for the radial speed
component.

Perhaps the most interesting thing to note, on the results of the radial speed component, is that
the relative di�erence of the radial pro�les, with respect to ΛCDM, are incredibly similar to the
ones in the total speed pro�les. For instance, the relative di�erences of Fig. 4.20 and 4.27 are
almost identical, and is also true for all the other cases as well, including the symmetron models.
This implies that the radial speed component makes up most of the speed component. As such,
we can already expect that the di�erence of the modi�ed gravity models with respect to the
ΛCDM in the tangential speed components to be almost zero.

We have now seen the behaviour of the radial speeds of the particles. As expected, most particles
are moving inwards the �lament. This is because the density is larger near the center, which
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(a) Comparing the symmetron models with the ΛCDM model.
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(b) Comparing the f(R) models with the ΛCDM model.

Figure 4.31: The average radial speed of the particles as a function of radius, normalized to the
�lament thickness (top row), and the relative di�erences to the ΛCDM model (bottom row).
The speed pro�les are taken over di�erent �lament thickness ranges. Fig. 4.31a compares the
symmetron model and 4.31b compares the f(R) with the ΛCDM model respectively.
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Figure 4.32: Top: the average radial speed of �laments within a given thickness bin. Bottom:
the relative di�erence with respect to the ΛCDM.

also creates a deeper gravitational potential in that area. The relative di�erences of the screened
modi�ed gravity models were almost identical to the case of the total speed (seen in Sec. 4.3.1).
This implies that the radial component makes up most of the particle speed, while the tangential
component only contributes a marginal amount. Nevertheless, the deviations of the modi�ed
gravity models were mostly consistent with our expectations. The one exception is the di�erence
between the symmetron A and symmetron C models, where symmetron C is closer to ΛCDM
than symmetron A for the bigger �laments (both in terms of mass and length).

4.3.3 Tangential speed component

Now that we have looked at the total speed as well as the radial component, it is time to have a
look at the tangential speed component. The tangential component is de�ned as the speed along
the �lament axis. DisPerSE de�nes a �lament to start from a critical point of order 2 and ends
at the critical point of order 3. A positive and negative tangential speed would indicate that the
particle is moving towards the critical point of order 3 and 2 respectively.
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As per usual, we will �rst consider the average tangential speed of the �lament changes at di�erent
mass bins, which is shown in Fig. 4.33a and Fig. 4.33b for the symmetron and f(R) models
respectively. Both �gures includes the ΛCDM model. The relative di�erences of the modi�ed
gravity models, with respect to the ΛCDM model, are shown in the bottom row. The mass bin
ranges remains unchanged from the previous cases. The relative di�erences, in most cases, are
consistent with zero because the error overlaps the zero line. This is already an indicator that
the tangential speed component makes up a very small of the total speed.

Unlike the total speed and radial speed component, the tangential speed component does not
change as much for �laments of small and intermediate masses. The tangential speed is, on
average, almost the same whether we are in the center or at the edge (outermost radii) of the
�lament. Although, the positive value of the tangential speed indicates that the particles are
moving towards the critical point of order 3. As we have previously seen in Fig. 4.6 and 4.7, vast
majority of the order 3 critical points resides within a halo de�ned by the AHF halo catalogue.
On the other hand, most of the critical points of order 2 are outside said halos. Order 3 critical
points would therefore be more dense, and most particles would therefore move in that direction.
However, the average tangential speed of the large �laments shows some mysterious behaviour.
The particles near the center moves towards the critical point of order 3, while the particles
further out from the center are moving towards the critical point of order 2 at an increased
speed.

The average tangential speed of �laments with di�erent mass bins is shown in the top row of
Fig. 4.34. On average, it appears that the particles moves towards the critical point of order
3, for �laments in the mass ranges M ∈ [1012, 1014]M�/h. Meanwhile, for �laments with mass
M > 1014M�/h, the particles tends to move in the other direction, i.e. towards the critical
point of order 2. Similar to the speed pro�les of Fig. 4.33a and 4.33b, the di�erence between the
modi�ed gravity models and ΛCDM is consistent with zero, due to the overlapping errors near
the zero line.

The average tangential speed of �laments of similar lengths is shown in the top row of Fig. 4.35a
and 4.35b for the symmetron and f(R) models respectively, both including the ΛCDM model.
As usual, the relative di�erences are in the bottom row in the respective �gures. Unlike the case
of di�erent mass ranges (with the exception of the massive �laments), the average tangential
speed increases quite signi�cantly as the �lament lengths becomes longer. Comparing this back
to the total speed and radial speed components, their speeds did not change much for �laments
of di�erent length ranges. All symmetron models deviates roughly by the same amount to
ΛCDM, due to the overlaps of the errors. However, for �laments of L ≥ 10 Mpc/h, we can still
see that average tangential speed of symmetron D is greater than symmetron A , as expected.
Similarly for the f(R) models, the fofr6 model is closest to ΛCDM for �laments with lengths
L ∈ [1, 5]Mpc/h.

In Fig. 4.36 the average tangential speed of �laments within a given length bin is shown. The
behaviour is similar to the ones in Fig. 4.35a and 4.35b, in which the average tangential speed
slowly increases as the �lament becomes longer. Although, this behaviour is also very di�erent
from the case of �laments of di�erent mass bins, which showed that the average tangential
speed drops to the negatives for massive �laments. Nevertheless, because of the large errors, the
di�erence between the modi�ed gravity models and ΛCDM model becomes nearly zero.

It was previously shown that the �lament masses and thicknesses were strongly correlated, and
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(a) Comparing the symmetron models with the ΛCDM model.
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(b) Comparing the f(R) models with the ΛCDM model.

Figure 4.33: The average tangential speed of the particles as a function of radius, normalized
to the �lament thickness (top row), and the relative di�erences to the ΛCDM model (bottom
row). The speed pro�les are taken over di�erent �lament mass ranges. Fig. 4.33a compares the
symmetron model and 4.33b compares the f(R) with the ΛCDM model respectively.
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Figure 4.34: Top: the average tangential speed of �laments at di�erent mass bins. Bottom: the
relative di�erence of the average tangential speed of the modi�ed gravity models with respect to
ΛCDM model.

the speed pro�les were expected to be very similar. Indeed, as shown in Fig. 4.24, the speed
pro�les at di�erent thickness ranges were almost identical to the mass range counterpart in Fig.
4.19 and 4.20. This was also seen for the radial component in Fig. 4.31 when compared to Fig.
4.26 and 4.27. Both the tangential speed pro�les, and their relative di�erence with respect to
ΛCDM will show similar behaviour. As such, the result of the tangential speed pro�le, using
di�erent thickness ranges, will not be included.

We have in this section looked at the tangential speed component of the particles in �laments.
Because of the large errors, most of the modi�ed gravity models were consistent with the ΛCDM
model. Few exceptions occured, where the di�erences were seen. For instance, for �laments of
lengths L ∈ [1, 5]Mpc/h, the fofr6 pro�le were closest to ΛCDM, as we expected. Some puzzling
behaviours are also seen for the massive �laments, in which the particle near the �lament edges
are moving towards the critical point of order 2. As we have previously seen, the critical point of
order 2 does not reside within a halo de�ed by AHF, and should therefore have a lower density
than the critical point of order 3. Nevertheless, the results indicate that the tangential component
contributes very little to the total particle speed.
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(a) Comparing the symmetron models with the ΛCDM model.
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(b) Comparing the f(R) models with the ΛCDM model.

Figure 4.35: The average tangential speed of the particles as a function of radius, normalized
to the �lament thickness (top row), and the relative di�erences to the ΛCDM model (bottom
row). The speed pro�les are taken over di�erent �lament length ranges. Fig. 4.35a compares
the symmetron model and 4.35b compares the f(R) with the ΛCDM model respectively.
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Figure 4.36: Top: the average tangential speed of �laments at di�erent length bins. Bottom: the
relative di�erence of the average tangential speed of the modi�ed gravity models with respect to
ΛCDM model.
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Chapter 5

Discussion and conclusion

The main goal of thesis was to probe modi�ed gravity on the �laments of the cosmic web,
comparing the Hu-Sawicky f(R) and symmetron models with the ΛCDM model. We have
looked at the global properties of the �laments, such as their masses, thicknesses and lengths. In
addition to the global properties, we have also looked at both the average density and the speed
pro�les of the �laments.

Our length distribution resembled the overall �ndings of Tempel et al. (2014), where they found
that most �laments had lengths between 2-6 Mpc/h, with the peak near L ∼ 4 Mpc/h and
�laments longer than 25 Mpc/h becomes a small minority. Most �laments identi�ed by DisPerSE,
as shown in both Fig. 4.1 and 4.2, had lengths between 1.5-6 Mpc/h and peaked near 1 Mpc/h.
Moreover, di�erences between the various gravity models were also seen. For instance, we have
seen that there are more �laments of lengths larger than 10 Mpc/h in the ΛCDMmodel, compared
to other gravity models. At the same time, every modi�ed gravity model, with the exception
of the fofr4 model, have more �laments with lengths L . 6 Mpc/h. While the ΛCDM has
more �laments of long lengths, the number of �laments with large masses (M > 1014M�/h) are
generally greater in the modi�ed gravity models, with the exception of symmetron A and fofr6 ,
which had fewer �laments of masses M ∼ 1014M�/h, but only by a marginal amount. However,
one oddity is the number of �laments identi�ed by disperse in the f(R) model. For instance,
despite having the lowest Compton wavelength, DisPerSE identi�ed a larger number of �laments
in the fofr6 case compared to fofr5 , fofr4 and even ΛCDM, as shown in Tab. 3.1

The mass of the �lament may also be compared to the mass of its connected halos. As seen
in Fig. 4.3, fofr6 , fofr5 and fofr4 have more �laments of small, intermediate and large masses
respectively. The halo mass distribution of the same models were found by Lombriser et al.
(2013), which also found that fofr6 , fofr5 and fofr4 had more halos of small, intermediate and
large masses. Davis et al. (2012) has also found the halo mass distribution of symmetron A
and symmetron B models (shown in the top left and bottom right in Fig. 16 respectively). For
instance, the halo mass distribution of symmetron A is constantly larger than ΛCDM up to
M ∼ 1013M�/h, where it starts to decrease. This is similar to the �lament mass distribution
in Fig. 4.3, but relative di�erence decreases slightly earlier. For the symmetron B model of
the halos, the relative di�erence to ΛCDM is nearly constant up to M ∼ 1014M�/h. This kind
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of behaviour is also seen in the �lament masses of symmetron B . A correlation between the
�lament and halo masses may therefore not be an unreasonable assumption. A �lament is less
likely to have a mass that exceeds the masses of the connected halos.

Moreover, we have also seen the �lament thickness distribution and compared it with the width
distribution of Bond et al. (2010), which identi�ed �laments on the SDSS galaxy catalogue. The
authors found that most �laments had width between 4-7 Mpc/h, with the peak at W ∼ 5.5
Mpc/h. Our results, however, shows that most �laments have width between 0.1 - 1 Mpc/h
with the peak at RT ∼ 0.3 Mpc/h, as seen in both Fig. 4.8 and 4.9. However, the di�erences
are mostly likely caused by the di�erent de�nitions of width and thickness. Nevertheless, we
could bring our thickness distribution closer to their �ndings by reducing the density threshold,
which is currently set to 10ρc0. By reducing this threshold, the radius at which ρ = xρc0 (where
x < 10) will increase and thus increase the overall �lament thickness.

Furthermore, we have also seen in Fig. 4.10 that the �lament mass and thickness are strongly
correlated. Indeed, when the thickness of a �lament increases, so will the mass, as more particles
would be considered to be part of the �lament. This also agrees with the �ndings of Cautun et al.
(2014), which also found that the �lament mass increases with a larger thickness, by comparing
the �lament linear density with its diameter (see Fig. 39 of the paper). The thickness of the
�lament would also decrease as the �lament become longer, which was shown in Fig. 4.12.
This is perhaps not surprising as the thickness was de�ned at the radius which resulted to the
density to become equal to 10ρc, and a longer �lament would result to a smaller �lament density.
The �lament length and mass are also seen correlated, but we saw in Fig 4.11 that the average
�lament mass did not increase dramatically as the �lament became longer. However, because
longer �laments would result to a smaller thickness, the loss in thickness will also correspond to
a loss in mass. On the other hand, the loss is also compensated by the fact that longer �laments
will cover more space, and hence more particles will be considered to be part of the �lament.
Although, the space a �lament covers will generally have a relatively low density, and the extra
particles included will be a marginal amount. This correlation was also seen in both the speed
pro�les and radial speed pro�les. For instance, the pro�le of Fig. 4.21, considered �laments of
di�erent masses closely resembled the one in Fig. 4.25 which considered �laments of di�erent
thicknesses. Meanwhile, the speed pro�le of Fig. 4.23 did not increase by a large amount even
when the �laments got longer.

The speed pro�les were mostly consistent with what one would expect from the modi�ed gravity
theories. All modi�cations of gravity shows that the particles were, on average, enhanced due
to the additional �fth force. We also saw that the average speed increases near the center of the
�lament and when the �laments had greater masses. This is explained by the fact that a massive
�lament would result to a deeper gravitational potential, and consequently increase the average
particle speed. By the same reason, one can expect that most particles would move inwards the
�lament radially, because the density near the center is larger than the outskirts of the �lament,
as shown in Fig. 4.15. Indeed, as we saw in the radial speed pro�les, most particles were, on
average, moving towards the center �laments.

In most cases, the fofr6 case showed very small deviations from the ΛCDM model, which is
expected as the parameter choice |fR0| = 10−6 result to the smallest �fth force range between
the three parameters chosen and thus result to more screened objects. In fact, both the total
speed and radial speed pro�les of fofr6 were almost completely screened for �laments with mass
M ≥ 1014M�/h, as seen in both Fig. 4.20 and 4.27, which implies that the density may have
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been large enough to completely suppress the �fth force. Meanwhile, fofr4 consistently deviated
the most from ΛCDM in all types of speed pro�les. This is perhaps not surprising, as a longer
Compton wavelength allows the gravitational force to be enhanced and consequently cause the
particles to cluster more. As such, the gravitational potential will be deeper and the kinetic
energy of the particles will therefore increase. The results of fofr5 did not show any irregularities
in the speed pro�les and agreed very well with our expectations, in which fofr5 would deviate
more from ΛCDM than fofr6 , but less than fofr4 .

Similarly with the symmetron models, the expected outcome agreed very well with the predictions
done in Sec. 1.3. For instance, symmetron D was expected to deviate the most from the ΛCDM
model. This was indeed the case for the total and radial speed pro�les, where we saw that
the di�erence between symmetron D and ΛCDM were always the largest. As the �fth force
activates earlier in the symmetron D model, the density threshold, in which the �fth force
becomes screened, is lower. The symmetron B model was also consistent with our expectation.
Most pro�les of symmetron B were larger than the symmetron A case and, at the same time,
smaller than symmetron D . The case of symmetron C, on the other hand, started to di�er
less from ΛCDM than symmetron A for the large �laments, despite having a �fth force that is
twice as strong. Nevertheless, for small �laments, symmetron C was mostly consistent with the
theoretical predictions, in which the pro�le would be greater than symmetron A and less than
symmetron D.

It is perhaps worth comparing symmetron A with symmetron C separately. The only di�erence
between these two models is the coupling strength between the scalar �eld and matter. The
�fth force of the symmetron C model is expected to be twice as strong as the symmetron A
one. As we have seen in Fig. 4.19, the average speed of symmetron C is greater than the ones
of symmetron A for mass ranges M ∈ [1012, 1014]M�/h. The di�erence of symmetron C and
ΛCDM becomes smaller as the mass increases. Once M ≥ 1014M�/h, the average speed near
the center is completely screened in the case of symmetron C. This is also supported by looking
at the density pro�les in Fig. 4.16, which shows that the average density of the symmetron
C �laments, at M ≥ 1014M�/h is the same as the ones in ΛCDM, and hence symmetron C
being screened. Meanwhile, the di�erence between symmetron A and ΛCDM remains mostly
unchanged throughout the di�erent mass ranges. Because of the increased �fth force strength,
the particles would become more clustered, which in turn increases the density of the �lament
and hence allow the screening e�ect take place in the symmetron C model. On the other hand,
the screening e�ect hardly takes place in the symmetron A model, despite having almost the
same parameter choice. This type of behaviour is also seen in the radial speed pro�les, as shown
in Fig. 4.26.

One of the most striking di�erences between the f(R) and symmetron models is the consistency
of their relative di�erence to ΛCDM. The di�erence between the f(R) models and ΛCDM, for
the most part, were mostly unaltered for di�erent �lament scales. For instance, in Fig. 4.20,
fofr4 consistently 20% greater than ΛCDM. In Fig. 4.22b, the change of the relative di�erence
of all f(R) models were only a few percent. The pro�les of the symmetron models, on the other
hand, changes quite dramatically as we consider �laments of di�erent sizes. This was especially
true for the symmetron C model: as the �lament became larger, symmetron C started to di�er
less from ΛCDM than symmetron A did. Nevertheless, the behaviour of the symmetron models,
for small �laments, agrees very well with the predictions done in Sec. 1.3.

Even though the total and radial speed components were mostly as one would expect, the tan-
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gential speed component showed some odd behaviours. For instance, the tangential speed of
the particles near the �lament edges would move towards the critical points of order 2, which
generally have a lower density, as the �laments became more massive. One would expect that the
particles would move towards the critical points of order 3, which generally have a larger density
because most of them reside within a halo, as de�ned by the AHF halo catalogue (Knollmann and
Knebe, 2009). Despite the abnormal behaviours of the particles near the �lament edges, of the
tangential speed, we saw that the di�erences between ΛCDM and modi�ed gravity were almost
zero in most cases. This is because the radial component was the dominant speed component
and the tangential component made a very small contribution to the total speed. The tangential
component may therefore not be an interesting feature for �laments, as the particles should not
have any preferred tangential direction outside the endpoints, where the halos dominate.

We also brie�y looked at how the connections between the �laments changed in di�erent gravity
models in Sec. 4.1.5. We saw that most gravity models had more �laments that were loosely
connected, i.e. had very few connections. The one exception being the fofr4 model, deviated
the last from the ΛCDM model up to 6 �lament connections. On the other hand, the �laments
of the ΛCDM model were more tightly connected, i.e. more �laments having more �lament
connections. By intuition, if gravity is stronger, the particles should cluster more. One would
therefore expect that the �laments in modi�ed gravity to be more tightly connected.

Are the �laments of the cosmic web good probes of modi�ed gravity? The particle speed pro-
�les of the �laments have proven to be consistent with our theoretical expectations. This was
especially true for the small �laments (both in terms of mass and length), where the di�erence
between the modi�ed gravity theories and ΛCDM was clear. This di�erence was greater near
the �lament edges, i.e. the outer most radii, compared to the center of the �laments. Observing
the motion of galaxies near the �lament edges may therefore be a good way to reveal modi�ed
gravity.

5.1 Outlook

In this thesis, DisPerSe was used on the N -body simulation of ISIS, by using di�erent gravity
models. The next logical step would be to apply DisPerSE on real data sets, such as galaxy
catalogues. This would allow us to compare numerical simulations with observed data. Sousbie
et al. (2011) has previously used DisPerSE on the SDSS galaxy catalogue, and managed to
identify the walls, void and �laments of the cosmic web to a great extent. One can therefore
utilize DisPerSE on the SDSS galaxy catalogue and look for the global properties of the �laments
and compare it back to the N -body simulations.

DisPerSE is only one of many alternatives to identify �laments of the cosmic web. One should
also try other algorithms on same N -body simulation and see if the results are consistent or not.
Libeskind et al. (2018) has previously compared di�erent methods that identi�es the cosmic web.
All of them are able to identify �laments, but the input data are slightly di�erent in some cases.
For instance, DisPerSE may use particles, such as the dark matter particles from ISIS, as input.
Other methods, such as Bisous (Tempel et al., 2016) requires halos. Despite the di�erences,
both the mentioned methods has previously been applied on the SDSS galaxy catalogue, and
identi�ed the �laments (see e.g. Sousbie et al., 2011; Tempel et al., 2014).
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Throughout the thesis, only a small number of observables has been considered. For instance, we
have only explored the average speeds as one moves outwards the �lament radially. It may also be
of interest to look at the speed pro�les, or even the forces, along the �lament. From this, one may
discover how the behaviour of the particles near the end points and the center of the �laments. It
is also perhaps worth to, again, look at the distribution of the global properties of the �laments,
using a di�erent �lament �nder. This is to check the consistency with DisPerSE, and see whether
the results coincide with our theoretical expectations. In addition to new observables, not all
speed components were considered in this thesis, such as the angular component 1, which may
also be an interesting feature of the �laments.

The thickness of the �laments were de�ned using a method that was similar to what is used
to de�ne the radius of halos. However, because �laments are non virialized objects, the theory
may no longer be applicable. Some work has been carried out in the direction of describing
�lamentary collapse analytically (see e.g. Inutsuka and Miyama, 1992, 1997). Although, these
are not as established as the theory of spherical collapse. This would allow us to properly de�ne
the thickness of the �laments, and possibly other global quantities, such as the �lament masses.

1The angular component may be thought as the component that follows the cylinder in a circular loop.
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Appendix A

Delaunay Tessellation

The idea of Delaunay tessellation (or Delaunay triangulation) is to create a surface from a given
set of discrete points. This is done by connecting (or triangulate) di�erent points with a line.
However, the points may be connected in many ways. The criteria for a Delaunay triangulation
is that there exist no point within the interior of a circumcircle of any triangle. Basically, if we
consider a set of points that forms di�erent triangles. A circumcircle is the circle that covers the
three points for a given triangle. One has a Delaunay triangulation if no other points in the set
is within the circumcircle.

Figure A.1 shows an example (following the example of Peterson (1998)) on what kind of a
triangulation is considered a Delaunay triangulation. On the left, the two triangles ABC and
ACD, has their own seperate circumcircles. For the circumcircle that covers ABC, we note that
point D is not within the circle. Similarly for the circumcircle of ACD, point B is not within
the circle. This is therefore a Delaunay triangulation. On the right side, we have a circumcircle
for the triangle ABD. However, this is not a Delaunay triangulation because point C is within
the circle.
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Figure A.1: Example of Delaunay triangulation. The left side shows a valid Delaunay triangu-
lation, whereas the right side is not valid. See text for more details.
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Appendix B

Computing the dark matter

particle mass

Let us quickly compute the dark matter particle mass, using the parameters. mentioned in 1.3
The Hubble parameter today can be written as

H0 = H̃h (B.1)

where H̃ = 100kmMpc−1s−1. The critical density becomes

ρc0 =
3H2

0

8πG
=

3H̃2

8πG
h2 = ρ̃h2 (B.2)

Using that

Ωm0 =
ρm0

ρc0
(B.3)

The density of the dark matter in the box would then be

ρm0 =
NpMp

V
(B.4)

where Np is the number of particles in the box, Mp the dark matter particle mass and V the
volume of the box. Rewriting the equations a little bit, we obtain

Mp =
˜rhoΩm0V

Np
h2 (B.5)

With Np = 5123 and V = 256Mpch−1, as well as inserting the numerical values of ρ̃, the dark
matter particle mass becomes

Mp = 9.29M�h
−1 (B.6)
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