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Abstract

This thesis investigates cubic hypersurfaces and their Fano schemes.
After introducing the Fano schemes through low-dimensional examples,
we move on to investigate cubic fourfolds.

For the cubic fourfolds, we give complete proofs of some statements
from [BD85] and [Ame07]. Following [BD85], we introduce the Abel-
Jacobi map. Together with its transpose, we use this to investigate cubic
fourfolds and their varieties of lines. This is used to –among other things–
to prove the Hodge conjecture for cubic fourfolds. For some cubics, we
are able to prove the Integral Hodge conjecture.

We also investigate linear subspaces of varieties. Here we generalize
the techniques of [CG72], which leads to characterizations of linear spaces
tangent to hypersurfaces.

We continue by investigating the Eckardt points on cubic hypersur-
faces. Studying these points is not a new idea, but our approach focusing
on the lines through an Eckardt point is, –as far as we know– novel. We
give several other characterizations of these points, and show that they
influence whether a cubic fourfold is rational.

Following this, we investigate some highly special cubic fourfolds,
such as the Fermat cubic. We prove the Hodge conjecture for their Fano
schemes.

The second-to-last chapter introduces special cubic fourfolds, following
the classification of Hassett ([Has00]). We describe some of the divisors in
the moduli space of cubic fourfolds explicitly. These investigations lead us
to answer a question raised by Nuer ([Nue17]) on the existence of smooth
rational surfaces in cubic fourfolds. The chapter continues by discussing
the effective and nef cones of 2-cycles on special cubic fourfolds. We give
a new and complete description of their cones for fourfolds containing a
plane. Some conjectures of Hassett and Tschinkel lead us to investigate
the cones of nef cycles on their Fano schemes, and we fill in some details
of their paper [HT99].

The final chapter deviates from the theme. It is a vast generalization
of our analysis of cubic fourfolds containing a plane. We give a complete
description of the cones of effective and nef m-cycles for hypersurfaces of
dimension 2m, of sufficiently large degree. In certain cases, toric geometry
leads to improved results. This result is, as far as we know, new.
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CHAPTER 1

Introduction

A major problem in algebraic geometry is to determine when a variety is rational.
It is easy to see that any quadric hypersurface of dimension ≥ 2 is rational, but
cubic hypersurfaces have resisted most attacks. It has long been known that a
cubic surface was rational, and it was not until 1972 that Clemens and Griffiths
managed to prove that the general cubic threefold is irrational, in [CG72].

For cubic fourfolds, however, little is known. There are several examples of
rational cubic fourfolds, but even though we expect the general cubic fourfold to
be irrational, no examples are currently known! Cubic fourfolds, and especially
their rationality is an area of active research ([Bea+16], [Has00],[Nue17]). Many
results in this area are based upon the work of Beauville and Donagi ([BD85]),
which gave one of the first families of rational cubic hypersurfaces, and was the
first to discover connections between cubic fourfolds and K3 surfaces.

In general, many approaches to rationality of cubic fourfolds concern the
existence of special surfaces inside the fourfold. These ideas are connected
with the work of Hassett, who showed [Has00] that the moduli space of cubic
fourfolds comes with natural divisors. Each of Hassett’s divisors, written Cd,
parametrizes those fourfolds containing a surface S such that the intersection
matrix of S and a general 3-plane intersection with X has determinant d. Much
work has been done to elucidate the geometry of these divisors, for instance to
determine when they are unirational ([Nue17]).

Another possible approach to the rationality of a cubic fourfold would be
through the Fano scheme of lines of the cubic. This scheme comes with a natural
incidence correspondence, mapping cycles to the variety of all lines meeting the
cycle. With this, it is possible to study subvarieties of the cubic fourfold as
subvarieties of the Fano scheme - a surface in the cubic will correspond to a
divisor on the Fano scheme. This idea has met with some success when applied
to cubic hypersurfaces of dimension greater than 4 ([Mbo17]). For instance,
it is possible to prove that the second Chow group CH2(X) is generated by
classes of rational surfaces, as would be the case if X were rational.

There are other reasons to be interested in the Fano scheme of lines on a
cubic fourfold. It has trivial canonical bundle, so it is a Calabi-Yau variety.
An interesting problem for Calabi-Yau varieties is to determine their cones
Nef1(X) of nef divisors. It is known that a variety with ample anticanonical
bundle have nef cones spanned by finitely many rays, and that a variety with
ample canonical bundle can have a cone with infinitely many extremal rays. So
a Calabi-Yau variety lies somewhere in the middle, and it is not clear what the
cone should look like.



1. Introduction

In addition, the Fano scheme F is a hyperkähler manifold. This espe-
cially means that its group H2(F,Z) has an integral quadratic form called
the Beauville-Bogomolov form. With this form, the study of nef and effective
divisors on F becomes similar to that on a K3 surface. In addition, the results
of [BD85] allows the form to be understood as intersection numbers on the
cubic. Hyperkähler manifolds are also interesting by reason of the Bogomolov
decomposition theorem. This states that a variety with trivial Chern class has an
étale cover which is a product of tori, Calabi-Yau varieties with vanishing outer
Hodge numbers, and hyperkähler manifolds. Among these classes of varieties,
the hyperkähler ones are the least well understood.

From a more Hodge-theoretical perspective, the Fano scheme F (X) of a
cubic fourfold is also interesting. It was shown by Voisin that the Integral
Hodge conjecture holds on X, making these varieties one of very few nontrivial
families of varieties where it is known to be true. Her proof also shows that
CH2(X) is generated by classes of rational surfaces, but there is no guarantee
of their smoothness.

For the Fano scheme of lines on cubic fourfolds, analogies with K3 surfaces
led Hassett and Tschinkel to formulate conjectures on the geometry of the cone
of effective curves. This leads to conjectural descriptions of the nef cone. The
correspondences between the fourfold and its Fano scheme builds a connection
to cones of 2-cycles on the cubic fourfold.

Cones of nef and effective cycles that are not divisors or curves, have some
surprising properties. It is for instance no longer true that any nef k-cycle is
pseudoeffective, and there are few results on their structure. One of the main
theorems of this thesis is that for some hypersurfaces of dimension 2m, their
cones of nef and effective m-cycles have a very simple structure.

1.1 Outline of the thesis

This thesis -except for the last chapter- is primarily concerned with cubic
hypersurfaces, their Fano schemes, and special subvarieties in each. In Chapter 2,
we give an overview of the basic theory of cubic hypersurfaces of dimensions up
to five. Especially we focus on the linear subvarieties in the hypersurfaces, and
we define the Fano schemes, which parametrize these. The Fano scheme of k-
planes in a variety X - which we will write as Fk(X) has a natural interpretation
as a subscheme of the Hilbert scheme of X, and this lets us describe its local
geometry quite explicitly.

After the introduction, we focus on the case of the smooth cubic fourfold
and its Fano scheme of lines. It is known that the Fano scheme F1 of lines on a
general smooth cubic fourfold X is a deformation of a Hilbert square of a K3
surface. This can be used to determine the Hodge numbers of F1, and we show
how in Proposition 3.2.1. This fills in some details of the famous article [BD85].

In addition, we investigate how cycles on X and F1(X) relate in Chapter 4.
The original idea for the thesis was to use these for the rationality problem of the
cubic fourfold. We do not succeed in this, but we show several related results.
Among these, classes representing rational surfaces in X are restricted to some
subspaces of CH2(X) or H2,2(X) (Proposition 4.5.9). As mentioned, it is known
that for a cubic fourfold X, the group CH2(X) can be generated by the classes
of rational surfaces. We show in Theorem 8.2.5 that this cannot be extended to

4



1.1. Outline of the thesis

the case of smooth rational surfaces. Along the way, we recall a construction -
due to Voisin - of a rational surface in a cubic fourfold (Proposition 4.5.6), and
we mention a possible extension.

We generalize a little in Section 5.2. Here, we classify the lines on any
hypersurface X by their normal bundle. We show that the possible classes
depend only on the degree of the hypersurface as long as it is of sufficiently
great dimension (Proposition 5.2.1). We also show how the number of OP1(1)-
summands in the normal sheaf of the line determines its tangent varieties.
This generalizes the results of [CG72]. Especially for cubic hypersurfaces, we
characterize the subvariety of their Fano schemes formed by lines of type 2,
generalizing [Ame07].

In these first sections, much of what we do consists of filling in details in the
presentation found in other sources- for instance [BD85], and [Ame07]. Other
results generalize theory from –among others– [CG72].

Our analysis of the correspondence between a cubic fourfold and its variety
of lines leads us to discover that some points on a cubic fourfold may have
a greater family of lines passing through them than usual. Cubic fourfolds
containing such points form the subject of Chapter 6. We show that these
points are a natural generalization of the classical notion of Eckardt points on
cubic surfaces, so we apply the word to these points as well.

We discover several possible characterizations of these Eckardt points on
cubic hypersurfaces - some extending to general hypersurfaces. Especially, there
is a connection to the classification of lines by their normal bundle - it turns
out that an Eckardt point will have all lines passing through itself of special
type. This is, as far as we know, a new observation.

It will also be shown that a cubic fourfold with two Eckardt points is rational
(Corollary 6.4.2)- not too surprising, but still worth noting.

In Chapter 7, we dive deeply into an explicit example, the Fermat cubic
fourfold. We prove the Hodge conjecture for its Fano scheme and other very
unusual fourfolds.

Chapter 8 investigates the special cubic fourfolds, i.e., those with a 2-
dimensional subvariety not cohomologous to a complete intersection with the
fourfold. Following Hassett’s classification, we investigate the nef and effective
cones of 2-cycles in some cases, most completely for those fourfolds containing
a plane. In this case we show:

Theorem 1.1.1 (Proposition 8.3.5). Let X ⊂ P5 be a very general cubic
fourfold containing a plane P . Then X also contains

• a smooth quadric surface Q

• a del Pezzo surface R

• a K3 surface T

such that Eff2(X) = R≥0P + R≥0Q,
Nef2(X) = R≥0R+ R≥0T .
Here Eff2(X),Nef2(X) are the cones of effective and nef 2-cycles, respec-

tively.

We cannot show similar results for the other classes of special cubic fourfolds,
but we are able to describe some other interesting things about their 2-cycles.

5



1. Introduction

The relations between such cubic fourfolds and their Fano schemes of lines are
used to attempt to show similar results for the Fano scheme, in view of some
conjectures of Hassett and Tschinkel (Conjecture 8.4.1).

We also give a proof of the Integral Hodge Conjecture for several classes of
special cubic fourfolds in Theorem 8.3.9.

We finish with Chapter 9, which deviates from the general setting of the
thesis. This deserves some explanation: It was originally an attempt to generalize
the analysis of the 2-cycles on a cubic fourfold containing a plane. Successive
successful generalizations led us to a description of the cones of effective and nef
m-cycles on a 2m-dimensional hypersurfaceX containing a complete intersection
subvariety S of P2m+1 - or at least the intersection of these cones with the plane
spanned by S and the intersection of X with a general m+ 1-plane.

These cones naturally live in the Néron-Severi space Nm(X), or the space
of real linear combinations of m-cycles on X modulo numerical equivalence.
This will not be a 2-dimensional space in general. However, we manage to
show that for all X of sufficiently high degree containing S, Nm(X) is in fact
2-dimensional. In detail, the main result is:

Theorem 1.1.2 (Theorem 9.4.6). Let S be an m-dimensional complete inter-
section subvariety of P2m+1. Let X ⊂ P2m+1 be a very general hypersurface of
sufficiently large degree containing S, and let h be the hyperplane divisor class
on X. Then we have:

• Hm,m(X,Q) is 2-dimensional, spanned by the class hm and [S].

X contains other subvarieties S1, R, T of dimension m, such that

• Effm(X) = R≥0S + R≥0S1;

• Nefm(X) = R≥0R+ R≥0T .

and R and T have explicit descriptions as linear combinations of hm and S.

The proof of this theorem is quite long. Its main idea is to consider the
blow-up of X along S as a subvariety of P2m+1 blown up in S, and use a result
of Noether-Lefschetz theory which lets us describe Hm,m(X,Q) as the group
generated by the image of Hm,m(BlS P2m+1) under restriction. This result has
some rather technical prerequisites, and most of the chapter is used to ascertain
these. In all, this chapter is probably the most technically advanced of the
thesis.

We can avoid the statement "of sufficiently large degree" in the case where
S is a linear subvariety. In this case, we can use toric geometry to simplify our
arguments. We manage to show that it is enough to take degX ≥ 2m+ 2, but
this is probably not the optimal result.

The first appendix contains some of the Macaulay2 code used. Appendix
number 2 gives a quick overview of the results we need from intersection theory.

1.2 Prerequisites

We assume that the reader is familiar with algebraic geometry at the level of
[Har77], and is comfortable with Grassmannians. In addition, we will use some
Hodge theory and intersection theory. Especially we assume that the reader

6
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is aware of the Hodge conjecture and the Integral Hodge conjecture. Some
references for these are [GH94], [Voi02b], [Voi03], [Ara12] for Hodge theory;
and [3264], with the more technical [Ful98] for intersection theory. When
intersection-theoretical arguments show up, we usually do them in some (if not
excruciating) detail the first time around. Subsequent applications of the same
technique will then omit the gritty details.

The last chapter applies a fair amount of techniques beyond this - some
toric geometry, in addition to Koszul cohomology and an obscure statement on
filtrations on the sheaves of regular p-forms on a blowup. We try to keep the
main threads of the argument somewhat self-contained, and this has meant
stripping down some quite technical definitions to what is needed in our setting.
We note where this happens, however.

1.3 Conventions

We work throughout over the field of complex numbers. Some parts of the
theory developed –for instance on Eckardt points– do generalize to geometry
over other fields, but we have not investigated the limits of such translations.

The unique line through two points p, q will be written as p, q. Similarly,
for a line l and a point q 6∈ l, l, q will denote the unique plane spanned by l and
q. Further extensions of this notation may occur.

We shall write G(r, n) for the Grassmannian of r-planes in affine n-space.
Where it is more natural, we write G(k,m) = G(k + 1,m + 1) for the Grass-
mannian of k-planes in projective m-space. The universal sub- and quotient
bundles on a Grassmannian will be denoted U ,Q.

On several occasions, we will describe cycles on Grassmannians in Schubert
cycle notation. There are differing conventions as to how this should be done.
We use the notation followed by [3264] and [GH94]: Consider a flag of sub-vector
spaces

0 = V0 ∈ V1 ⊂ V2 ⊂ · · · ⊂ Vn
∼−→ An.

We write
σa1,...,ar = {Λ ∈ G(k, n)|dim(Λ ∩ Vn−k+i−ai) ≥ i}

and as usually done, we write σa for σa,0,0,...,0.
If F is a sheaf on the scheme X, we write hi(X,F ) for dimCH

i(X,F ).
For a vector bundle E on X, we write π : PE → X for its projectivization. We
adhere to the convention that P(E ) parametrizes one-dimensional subspaces of
the fibres E .

The dual of a sheaf, group, map et.c. � will be written �∨.
All cohomology with Z-coefficients is taken modulo torsion, and we write

Hk,k(X,Z) for Hk,k(X,C) ∩H2k(X,Z).
Cones in a vector space generated by elements a, b will be written R≥0a+

R≥0b. For the cone of curves (see, e.g., [Laz04]) of a variety X, we write NE(X).
We write the Hilbert square (that is, the Hilbert scheme of length 2, dimen-

sion 0-subschemes) of a variety X as X [2].
Finally, given a form f ∈ k[x0, . . . , xn], we may write fxi or even fi to

denote the partial differential of f with respect to xi.

7



1. Introduction

1.4 Further directions

Many parts of this thesis admit generalizations. Especially, the connections
between Eckardt points and the classification of lines by normal bundle can
quite clearly be generalized. We have almost only considered the case for cubic
hypersurfaces, but we indicate possible extensions. Our computation of the
bound for the maximal number of Eckardt points also leaves something to be
desired, given that we know that it is not optimal. We would like to find a
sharper and more conceptual bound of the number, which hopefully would
generalize to other cases that are not cubic hypersurfaces.

On the subject of cones of nef and effective divisors on Fano schemes of cubic
fourfolds, there is also much to be done. We have shown that some nef divisors
on the Fano scheme of a cubic fourfold can be thought of as the variety formed
by lines meeting a nef surface in the cubic and the same holds for effective
divisors. We would especially like to investigate what nef and effective classes
on the Fano schemes do not arise in this way - especially, considering that there
are none if the fourfold contains a plane. We would also like to investigate the
2-cycles on cubic fourfolds further, and hopefully to give explicit descriptions in
more examples.

Finally, the results of the last chapter can probably be generalized to
subvarieties of other simple spaces besides the projective spaces, as we used the
ambient projective space for little else than describing the normal bundles.

8



CHAPTER 2

Geometry of low-dimensional
cubic hypersurfaces and

associated varieties

We introduce some of the objects that will play a role ahead. Namely, the Fano
Schemes, which parametrize linear subvarieties of any projective variety. This
chapter thus serves both to introduce the fundamental tools and concepts, and
to show some of their use in simple cases.

2.1 Generalities

Fano Schemes

We will consider projective varieties as embedded in some ambient projective
space Pn. Then we can talk of linear subvarieties of Pn, of any dimension
0 ≤ k ≤ n. For any k, we can define the Grassmannian G(k, n) which is
the natural moduli space of k-planes in Pn or of k + 1-planes in affine n+ 1-
dimensional space. Let X be a projective variety embedded in Pn. Consider
k-spaces Pk with Pk ⊂ X ⊂ Pn. We should expect these to be parametrized by
a subscheme of the Grassmannian. This is indeed the case, and such schemes
are called Fano schemes.

Theorem 2.1.1 ([3264, section 6.2]). Let X be a hypersurface of degree d in Pn.
Then there is for every k a Fano Scheme Fk(X) such that Fk(X) parametrizes
the k-planes contained in X.

Proof. The idea of the proof is simple: if X is a hypersurface of degree d, the
map H0(OPn(d)) → H0(OPk(d)) induced by restriction vanishes exactly at
those equations defining hypersurfaces containing the k-plane Pk.

This we can realize as the zero section of a bundle. Write G for G(k, n). So
let U ⊂ V ⊗OG be the universal subbundle on G, where V is the vector space
with PV = Pn. Also, let W ⊂ V be the subspace such that PW = Pk.

Consider the dual map of the inclusion of U :

V ∨ ⊗OG(k,n) → U∨ → 0.

Over the point [W ] ∈ G, this takes a linear form λ ∈ V ∨ to its restriction to
W . If we consider V ∨ as the constant sections of V ∨ ⊗OG, taking symmetric
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powers induces a map

H0(OPV (d)) = Symd V ∨ → Symd U∨. (*)

When evaluated at [PW ], this sends a global degree -d form to its restriction to
W .

A hypersurface X is the zero locus of a polynomial f . We have f ∈
H0(OPV (d)), let φ be its image in Symd U∨. We claim that the zero locus of φ
in G will be Fk(X).

This is a local question, so let V = {Vi} be an open cover of G trivializing
U . Over any Vi, the map ∗ becomes Ok+1

Vi
↪−→ V ⊗OVi . Then φ|Vi([Pk]) = 0 if

and only if Pk ⊂ X. Hence Fk(X) is the zero locus of φ. �

Corollary 2.1.2. For any projective variety X and any k, the Fano scheme
Fk(X) exists.

Proof. Suppose that X is defined as the zero locus of the polynomials f1, . . . , fr
of respective degrees d1, . . . , dr. Then a k-plane is contained in X if and only if
it is contained in every hypersurface defined by an fi. From the proof of the
above theorem, we see that every fi gives rise to a section φi of Symdi U∨. We
define Fk(X) as the locus where all φi vanish. �

Remark 2.1.3. A Fano variety usually denotes a variety with antiample canonical
sheaf. Due to an unfortunate mix-up in terminology, a Fano scheme of k-planes
- even when it is a variety - need not be a Fano variety. We will see in the next
chapter that the Fano scheme of lines on a cubic fourfold is an example. Both
concepts were named after Gino Fano. To avoid any possible confusion in what
follows, Fano will always refer to a Fano scheme.

In somewhat more high-brow language, we can say that the Fano scheme is
a moduli space, and forms a natural union of components of the Hilbert scheme
HilbX , parametrizing subschemes of X. This also gives us some information on
the local structure of the Fano scheme.

Proposition 2.1.4. The Fano scheme Fk(X) is isomorphic to the scheme
HilbfX , where f is the Hilbert polynomial n 7→

(
n+k
n

)
. At a point [L] ∈ Fk(X),

there is an isomorphism

T[L]Fk(X) = H0(L,NL/X)

Proof. Any scheme with the Hilbert polynomial n 7→
(
n+k
n

)
is a k-plane. The

Hilbert scheme HilbX is a disjoint union of components HilbfX for all positive
integer polynomials f . Finally, it is well-known that if Y ⊂ X is a locally
complete intersection subscheme, there is an equality ([Kol96, p. 31])

T[Y ] HilbX = H0(Y,NY/X)

and since we can regard [Y ] ∈ F (X) as lying on the corresponding component
of HilbX , the result follows. �

What, then, is the dimension of the Fano scheme? One could naïvely expect
the dimension to be some function of d, k, and n. But we can see that, for
instance, a cone over a cubic curve contains a 1-dimensional family of lines

10



2.1. Generalities

parametrized by the curve. A smooth cubic surface, on the other hand, contains
only 27 lines (which we will show momentarily). But it will turn out that even
if we only consider smooth hypersurfaces, some of them will have Fano schemes
with different dimensions than the expected. The best we can do is:

Proposition 2.1.5 ([3264, p. 194]). If X ⊂ Pn is a degree d-hypersurface, the
Fano scheme Fk(X) has codimension less than or equal to

(
k+d
k

)
in G(k+1, n+1).

If X is general, and(
k + d

k

)
≤ dimG(k + 1, n+ 1) = (k + 1)(n− k),

then the codimension is exactly
(
k+d
k

)
, otherwise 0.

Proof. To show this, consider the universal family Φ(n, d, k) of hypersurfaces
of degree d in Pn containing a k-plane:

Φ(d, k, n) = {X,L|L ⊂ X} ⊂ P(n+d
n ) ×G(k, n)

The dimension of Φ(n, d, k) is readily computed: The projection Φ→ G(k, n)
corresponds to mapping H0(Pn,OPn(d)) to H0(Pk,OPk(d)), and so the fibre
over a point [Pk] is the projectivization of the kernel of this map. The kernel
has dimension

(
n+d
d

)
−
(
k+d
d

)
, and the Grassmannian G(k, n) has dimension

(n− k)(k + 1). HenceΦ(n, d, k) has dimension (
(
n+d
d

)
−
(
k+d
d

)
)(n− k)(k + 1).

Then, for any hypersurface X, Fk(X) is equal to the fibre over [X] in the
projection Φ(n, d, k)→ P(n+d

d ).
No point can have a fibre of less than usual dimension –this would contradict

the result that fibre dimension is an upper semicontinuous function– and the
count follows. �

Remark 2.1.6. It is claimed in [3264, p. 238] that for a quartic hypersurface
in Pn, the Fano scheme always has dimension 2n − 7. But this is wrong for
surfaces; the Fermat quartic surface contains at least 12 lines (for instance the
line consisting of points (a : eπ4 ia : b : eπ4 ib).) The statement is correct if n ≥ 4.

A similar example also shows that the variety of lines need not be irreducible,
even when it has dimension ≥ 1. Indeed, consider the Fano scheme of the Fermat
quartic threefold. This has dimension 1, but has at least 40 1-dimensional
components. These consist of all lines passing through any point with all but
two coordinates equal to zero.

It is, on the other hand, known that for d� n, the Fano scheme F1(X) will
have the expected dimension 2n− 3− d. It is the Debarre-de Jong conjecture
that it is enough to take d ≤ n.

We will see later that for a smooth cubic hypersurface in Pn, the dimension
of F1(X) always agrees with the expected dimension. Hence it will always have
dimension 2n− 6.

From this two result we obtain an equality for the class of Fk(X) in the
Chow ring CH•(G) of the Grassmannian:

Corollary 2.1.7. If Fk(X) has the expected codimension
(
k+d
d

)
, we have an

equality
Fk(X) = c(k+d

k )(Symd U∨).

where U is, as before, the universal subbundle on G(k, n).

11



2. Geometry of low-dimensional cubic hypersurfaces and associated varieties

The zero locus of a global section of a rank r-bundle F has Chow class
cr(F ), and Symd U has rank

(
k+d
k

)
.

Remark 2.1.8. The Fano scheme does not need to be smooth, even for a smooth
X. We will see examples of this later. If the hypersurface is singular, it may
happen that the Fano scheme is nonreduced (this happens for a singular quadric
surface, for instance).

The Hodge numbers of the Fano scheme - when it is smooth - are often quite
hard to compute. We will indicate how this can be done for the Fano schemes
of lines on cubic threefolds and fourfolds, and also find those of the scheme of
planes on a cubic fivefold. These arguments are all completely different.

Recently, however, Galkin and Shinder ([GS14]) gave a beautiful construction
of the Hodge numbers of the scheme of lines of any cubic hypersurface X. Their
approach uses the simple observation that two points on X (or indeed any
zerodimensional subscheme of length two) defines a unique line. This line
may either intersect X in a third point, or lie entirely inside X. This leads
to relations between X [2], F1(X) and X in the Grothendieck ring K0(V ar/C).
This ring comes with a Hodge realization homomorphism to the Grothendieck
ring of Hodge structures. This immediately leads to formulae for the Hodge
structures of various F1(X).

2.2 Cubic hypersurfaces

We give a quick overview of cubic hypersurfaces of small dimension, paying
special attention to related Fano schemes. We will usually implicitly consider
the Fano schemes as embedded in some ambient projective space by the Plücker
embedding. The divisor corresponding to this embedding is the Schubert cycle
σ1.

Cubic surfaces

Let us illustrate the power of the theory of Fano schemes to reprove a classical
result. The proof will also demonstrate the splitting principle.

Theorem 2.2.1. A smooth cubic surface contains exactly 27 lines.

This is as in [3264, Section 9.2].

Proof. We apply Corollary 2.1.7. So we need only compute the fourth Chern
class of the bundle Sym3 U∨ on the Grassmannian G(1, 3) = G(2, 4).

We know that the total Chern class of U∨ is given by c(U∨) = 1+σ1t+σ1,1t
2

(here t is just a formal variable). Then the splitting principle [Har77, p. 430]
tells us that since rkU = 2, we can compute as if there are two bundles E ,F
such that U = E ⊕F . Then we have

c(E ) = 1 + αt, c(F ) = 1 + βt

where α+ β = σ1, αβ = σ1,1. Then

c4(Sym3 U∨) = c(E⊗3 ⊕ (E⊗2 ⊗F )⊕ (E ⊗F⊗2)⊕F⊗3)

= 9αβ(2(α+ β)2 + αβ)

12



2.2. Cubic hypersurfaces

9σ1,1(2σ2
1 + σ1,1)

and this has degree 27 in CH•(G(1, 3)), as we can see by taking the product
with σ2

1 . �

Remark 2.2.2. Fano schemes of lines on cubic hypersurfaces of dimension > 2
(especially 4) will be important for what follows. The proof of Theorem 2.2.1
does not use that we work in G(2, 4) before the very last line. Hence the formula

[F1(X)] = 9σ1,1(2σ2
1 + σ1,1) in CH•(G(2, n+ 1))

is valid whenever X is a cubic hypersurface of any dimension n.
There is much classical algebraic geometry concerning the structure of

lines on a cubic surface. As an example, note that there may be points on a
cubic surface where three of the 27 lines intersect. This occurs for instance
if S = Z(x2

0x1 + x3
1 + x3

2 + x3
3) - this is smooth, and the lines Z(x1, x2 +

x1), Z(x1, x2 + ηx3), Z(x1 + η2x3) are all in S and meet at (1 : 0 : 0 : 0).
Such points are classically called Eckardt points. (Some sources, notably

[3264] call these points Eckhart points or similar.) We will later on investigate
a generalization of this concept to other hypersurfaces, and we will among other
things see that 18 is the maximal number of such points.

We also note the classical fact that cubic surfaces are rational. Indeed,
let S be a cubic surface and pick two disjoint lines l1, l2 among the 27. If
p ∈ S r (l1 ∪ l2), then there is a unique line passing through p, l1, and l2. (If
we project from p, the two lines will become lines in P2, and so must intersect
at a point.) This gives a birational map S ∼

99K l1 × l2
∼
99K P2.

The rationality of a cubic surface is sometimes shown by noting that it is
isomorphic to P2 blown up along six points (as in [Har77, p. V.4]), but we will
not apply this.

Cubic threefolds

If we continue with smooth cubic threefolds, several things change.
First of all, it turns out that - since, by Proposition 2.1.5, F1(X) for X a

cubic threefold has dimension 2 - every point on X has at least one line passing
through it. However, it may happen that some points have a 2-dimensional
family of lines passing through it. These can be seen as a generalization of
Eckardt points, and we shall investigate them later.

It is not obvious if a general cubic threefold should be rational. The famous
paper of Clemens and Griffiths [CG72] showed that this is not the case, through
an ingenious construction of what they called the Intermediate Jacobian. On
the other hand, they show that X is unirational.
Remark 2.2.3. This is a historically interesting result, because it was one of
the first proofs that unirational varieties need not be rational. (A variety Y is
unirational if there is a dominant rational map Pk 99K Y .)

As part of the proof of nonrationality is shown in [CG72] that F1(X) has
the following Hodge diamond:

1
5 5

10 25 10
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2. Geometry of low-dimensional cubic hypersurfaces and associated varieties

Intermediate Jacobians

We sketch the argument of Clemens and Griffiths, taking some cues from
[Bea+16].

The Hodge structure H3(X,Z) has a Hodge decomposition:

H3(X,C) = H3,0(X)⊕H2,1(X)⊕H1,2(X)⊕H0,3(X)

SinceH3,0(X) = H0(X,Ω3
X) = 0, the equality reduces toH3(X,C) = ⊕H2,1(X)⊕

H1,2(X).
We use this to define:

Definition 2.2.4. The intermediate Jacobian of the cubic threefold X is the
torus

J3(X) := H2,1(X)/(H3(X,Z)/torsion)

Remark 2.2.5. This definition can be generalized further to any Kähler manifold
(this is done, for instance, in [Voi02b, Chap.12]). It is a generalization of the
Jacobian variety for a curve: this is the torus H1,0(C,C)/H1(C,Z) if C is the
curve. It is a classical result this is isomorphic to the moduli space Pic0(C) of
degree 0-line bundles on C.

From the definition, it is clear that J3(X) is isomorphic as a complex
manifold to a torus C5/Z10. But it is in fact possible to give it the structure of
an algebraic variety:

Lemma 2.2.6. J3(X) is a prinicipally polarized abelian variety.

Here, a principal polarization means that J3 is in fact a smooth projective
variety, with an ample divisor Θ such that H0(J3(X),OJ3(X)(Θ) = 1 (see
[Bea+16, p. 7]).

Now suppose that X is a rational cubic threefold. Then the rational map
φ : P3 ∼

99K X can be resolved as

X̃

π��

φ̃

��
P3 φ // X

where both π and φ̃ are compositions of blowups along smooth curves or points.
It follows from Theorem B.2.2 that

H3(X,Z) ' H3(P3,Z)⊕
p⊕
i=1

H1(Ci,Z)

where the Ci are the smooth curves, centres of the blow-ups. Then we claim
that:

Lemma 2.2.7. Let X be a smooth rational threefold. In the category of
principally polarized abelian varieties, the intermediate Jacobian J3(X) is
isomorphic to a product of Jacobian varieties of curves.

14



2.2. Cubic hypersurfaces

Proof sketch: We find J3(X̃). As π is a composition of blow-ups along smooth
curves Ci, we get that J3(X̃) = ⊕J(Ci). But since φ̃ also is a composition of
blow-ups, it follows that H3(X,Z) is a summand of H3(X̃,Z), i.e., there is a
variety V such that J3(X̃) ' V ⊕ J3(X). Here V is also a principally polarized
abelian variety.

And this is enough, thanks to a surprising lemma:

Lemma 2.2.8 ([CG72, prop 3.23]). A principally polarized abelian variety has
a unique factorization as a direct sum of p.p.a.v.’s.

�

With this, we obtain that J3X̃ is isomorphic to a product of the J(Ci) for
some 0 ≤ i ≤ p.

For the irrationality, it will then be enough to show that this isomorphism
is impossible for a general X.

This is shown in[CG72, p. 350] after a lengthy study of the divisor Θ. It
follows that

Corollary 2.2.9. The general smooth cubic threefold is irrational.

Cubic fourfolds

We will postpone most of the discussion of cubic fourfolds for later.
We will only note that the rationality of a cubic fourfold has been a topic of

extensive research. The expectation is that a general cubic fourfold should be
irrational -and we will remark on this again in Chapter 8- but so far, no explicit
example of a cubic fourfold has been proven irrational [Bea+16, p. 23]. The
next chapter will investigate the geometry of cubic fourfolds in depth, together
with that of F1(X).

Cubic fivefolds and more

Let X be a general cubic fivefold. X will, by Proposition 2.1.5 give a 2-
dimensional F2(X). Collino has shown ([Col86]) that for a general fivefold, this
is a smooth irreducible surface.

Since any cubic fourfold is the intersection of a cubic fivefold with a hy-
perplane, a general plane in a cubic fivefold gives rise to a line in the fourfold.
This gives a rational map F2(X) 99K F1(X ∩H). It is a theorem of Iliev and
Manivel that this is even a morphsim:

Proposition 2.2.10 ([IM08, p. 8]). For a general cubic fivefold X ⊂ P6 and
a general hyperplane H, Intersecting X with H to produce a cubic fourfold Y
induces a closed immersion i : F2(X)→ F1(Y ).

Proof sketch. A general cubic fourfold contains no plane, so i is a morphism.
Showing that it is an immersion is more technical, this is done through an
explicit description of the tangent spaces. �
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2. Geometry of low-dimensional cubic hypersurfaces and associated varieties

We should also like to express the class of F2(X) in CH•(G(3, 7)), and the
class i∗[F2(X)] in F1(Y ). First, a Macaulay2 computation (Appendix A.1)
shows that

[F2(X)] = 1701σ2
3σ4 − 567σ2σ

2
4 in CH•(G(3, 7)).

Furthermore, we have ([IM08, Lemma 6]) that i∗[F2(X)] = 63c2(U|F1(Y )) =
63σ1,1|F1(Y )., which is shown through a reasonably straightforward computation
with Chern classes. It is also shown that the surface i(F2(X)) is never smooth -
in fact, it will have 47061 double points!

Hodge numbers of F2

Since F2(X) is connected, we have h0,0 = 1. Serre duality implies that h2,2 = 1
as well, since F2(X) is smooth.

We compute some related Euler characteristics:

Proposition 2.2.11. We have that χ(OX) = χ(Ω2
X) = 3213, and that χ(ΩX) =

−6615.

Proof. This follows from a computation with the Hirzebruch-Riemann-Roch
theorem and Schubert calculus. Namely, note that F is a section of S3U∨, the
third symmetric power of the dual of the universal subbundle of G := G(3, 7).
Hence NF/G = S3U∨|F , and we have an exact sequence

0→ TF → TG|F → S3U∨|F → 0

which enables us to compute the chern classes of TF , and hence of ΩF and
Ω2
F . Let ci be ci(TF ). Then we have c1(ΩF ) = c1(Ω2

F ) = KF = −c1(TF ) and
c2(ΩF ) = c2(TF ). By the Hirzebruch-Riemann-Roch theorem (see, e.g., [Har77,
p. 432]), finding the Euler characteristics comes down to computing

χ(OX) = 1
12(c21 + c2).[F ] and χ(ΩX) = 1

6(c21 − 5c2).[F ].

We do this through a Macaulay2 -computation. See the attached code (Ap-
pendix A.1.) �

Corollary 2.2.12. The Hodge diamond of F2 is

1
21 21

3233 6657 3233
21 21

1

and F2 is of general type.

Proof. This basically follows from the above, as long as we know one Hodge
number explicitly. To do this, we recall the result in [Col86] that the intermediate
Jacobian J5(X) is isomorphic to the Albanese variety Alb(F2(X)). Since the
intermediate Jacobian is defined as (H2,3(X)⊕H1,4(X)⊕H0,5(X)/H5(X,Z)
and the Albanese is H1,0(F2(X))/H1(F2,Z), it is enough to find the Hodge
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2.2. Cubic hypersurfaces

numbers of X. After some computation, we find that H1,4(X) = H0,5(X) = 0
and H2,3(X) = 21. Then H1,0(F (X)) = 21, and the rest follows.

For the final statement, it is enough to note that the canonical divisor on
F2(X) is −c1(TF ) = 17σ1. Now σ1 is the polarization on G(3, 7) (and indeed
on any Grassmannian) under the Plücker embedding. It follows that KF2(X) is
very ample, and hence the Kodaira dimension of F2(X) is 2. But then F2(X)
is of general type. �
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CHAPTER 3

Cubic fourfolds and their Fano
schemes

In this chapter, we start with the main focus of the thesis, namely cubic
fourfolds. We start by discussing a very special class of fourfolds –the Pfaffian
cubic fourfolds. We apply these to find the Hodge numbers of the variety of
lines of any cubic fourfold.

We also discuss the unirationality of cubic fourfolds.

3.1 Pfaffian cubic fourfolds

Among the most important class of cubic fourfolds are the Pfaffian cubics. These
are what Beauville and Donagi studied in their paper [BD85], and was used
to show that the variety F1(X) of lines on a cubic fourfold X is a hyperkähler
fourfold. We recall their construction, filling in some details:

Let V be a six-dimensional complex vector space, and consider P(
∧2

V ) '
P14. If we think of this as the projectivized space of 6 × 6-skew-symmetric
matrices, we can consider the subvarieties G,∆ consisting of those elements of
ranks ≤ 2,≤ 4 respectively. This means that G = Gr(2, 6) under the Plücker
embedding. Hence G is (by standard results on Grassmannians) of dimension 8
and degree 14. Similarly, we can also define G∗,∆∗ ⊂ P(

∧2
V ∨).

Recall that the rank of a skew-symmetric matrix M must be even. In
addition, detM is the square of a polynomial in the entries of M , called the
Pfaffian Pfaff(M). It follows that the Pfaffian on V ∨ is a cubic, the zero locus
of which is ∆∗. Hence ∆∗ is a cubic hypersurface.

Now choose a linear subspace L ⊂ P(
∧2

V ) of dimension 8. If L is sufficiently
general, L∩G will be a smooth surface. The canonical divisor on a Grassmannian
G(r, n) is −nH under the Plücker embedding ([3264, p. 183]). By adjunction,
S := G∩L will then be a K3 surface of degree 14. Let L⊥ ⊂ P(

∧2
V ∨) be those

linear forms vanishing along L. Then L⊥ has dimension 5, and X := L⊥ ∩∆∗
is a cubic fourfold.

The Grassmannian of 8-planes in P14 has dimension 54. But Aut(G(2, 6)) =
PGL(6, V ) which has dimension 35. We should then expect this construction
to give 19-dimensional families of K3 surfaces and cubic fourfolds. So suppose
that two K3s S, S′ constructed in this fashion are isomorphic. The isomorphism
must induce ring isomorphisms

⊕r≥0H
0(S,OS(r)) ∼−→ ⊕r≥0H

0(S′,OS′(r)),



3. Cubic fourfolds and their Fano schemes

but since the K3 surfaces are of degree 14, these rings are generated in degree
1.([Sai74]) Hence the isomorphism must arise from an automorphism of L. It
follows that 19 is the correct count.

Suppose that X is a Pfaffian cubic, F1(X) its Fano scheme of lines. Then
two surprising statements are true:

Proposition 3.1.1. • F1(X) is isomorphic to S[2], where S is the K3
surface constructed above;

• X is rational.

For proof, see [BD85, p. 2].
We can use the Pfaffian cubics to determine the Fano scheme of lines on a

cubic fourfold.

3.2 The Fano scheme of a cubic fourfold

We find the Hodge numbers of the Fano scheme of lines on a cubic fourfold. The
numbers have been known since [BD85], and we give a proof of their statement
on the numbers. The proof is by a completely different technique from the
threefold case.

Proposition 3.2.1. The Hodge numbers of F are

1
0 0

1 21 1
0 0 0 0

1 21 232 21 1

Proof. By Proposition 3.1.1, F1(X) is the Hilbert square of a K3 surface S if
X is pfaffian.

To construct the scheme S[2], we blow up the diagonal in S × S, and then
take the quotient of Bl( ∆S × S) by the Z/2-action interchanging the factors.
This action is trivial on the exceptional divisor. We think of the number hp,q
as the dimension of the space of global (p, q)-forms.

Let p1, p2 be the projections from S×S. Then a form on S[2] arises either as
the image of a form on the exceptional divisor, or as a form on S × S invariant
under the Z/2-action. A basis element of the invariant p, q-forms on S × S is of
the form p∗1(ω)p∗2(η) + p∗1(η)p∗2(ω). Here ω a p1, q1-form, η a p2, q2-form, such
that p1 + p2 = p, q1 + q2 = q. Then the dimensions of the invariant p, q forms
must be given by the symmetric product of the Hodge structure of S with itself.

For example, this means that in H2,2(S[2]), there are summands where η
is of type 2, 0, ω of type (0, 2) – one dimension; elements where both η and ω
are type (1, 1) – giving a subspace of dimension 210; and where one of η, ω is
of type (0, 0) and the other of type (2, 2) – 1 dimension. Together these forms
span a 212-dimensional subspace of H2,2(F (X),C). This is one summand of
the Hodge diamond of F . That we have blown up the diagonal, has an effect on
Hodge structures detailed in Theorem B.2.2. Since the diagonal is isomorphic
to S, we should add the Hodge numbers of S, shifted by (1,1). This produces
the indicated diamond.
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Finally, a deformation equivalence of two cubic fourfolds induces a deforma-
tion equivalence of their Fano schemes ([BD85]). Then the Kodaira-Spencer
theorem ([Ara12, p. 300]) shows that this is also the diamond of the Fano
scheme of any smooth cubic fourfold. �

Remark 3.2.2. We see that H2,0(F (X)) is one-dimensional, spanned by a non-
degenerate form ω. It follows that F (X) is a hyperkähler variety. To see that
ω is non-degenerate, note that by construction, it is a quotient of the form
p∗1(ωS)⊗ p∗2(ωS), where ωS is the symplectic form on the K3 surface S.
Remark 3.2.3. This also gives the announced (Remark 2.1.3) example of a
Fano scheme which is not a Fano variety. Indeed, had F (X) been Fano, its
anticanonical bundle KF

∨ would be ample by definition. But from the short
exact sequence

0→ TF → TG|F → NF/G ' Sym3 U ∨|F → 0

we findKF = −c1(TF ) = c1(Sym3 U ∨|F )−c1(TG). By [3264, p. 183]. c1(TG) =
6h. We know that the total Chern class of U is c(U) = 1 − σ1 + σ1,1, so an
argument with the splitting principle as in Theorem 2.2.1 shows that c1(NF/G) =
6h. Hence the canonical divisor on F is trivial, and especially not antiample.

However, if we repeat the argument for higher-dimensional cubic hypersur-
faces, the only difference is in the first Chern class of TG, which equals (n+ 2)h
for an n-dimensional cubic.

We will need some more information on the Fano scheme as a subvariety of
the Grassmannian. Hence we prove

Proposition 3.2.4. The class of F (X) in CH•(G(2, 6)) is 27σ2,2 + 18σ3,1 (by
[3264]), and is a variety of dimension 4 and degree 108 under the Plücker
embedding.

Proof. This comes down to (Remark 2.2.2) simplifying 9σ1,1(2σ2
1 + σ1,1 and

taking the intersection product of this with σ4
1 . This is possible by hand, but

we are lazy and ask Macaulay2 to do it for us, see Appendix A.1. �

3.3 Unirationality

We give a construction of unirationality for cubic hypersurfaces, and discuss
how subvarieties of a cubic fourfold induce other rational parametrizations.

Let us also note that any cubic hypersurface of dimension ≥ 2 has a
unirational degree-2 parametrization. This is the result

Proposition 3.3.1. If X is a cubic hypersurface of dimension n containing a
line `, there is a degree-2-rational map ρ : Pn−1 99K X.

There are many ways of showing this, see for instance [Bea+16, p. 38] for
another idea. We adapt that of [CG72].

Proof. Consider the projective bundle B = P(TX |`). A point in this bundle is
(p ∈ L|p ∈ X, l ⊂ TpX). Then this is a Pn−1-bundle, so there is a rational map
P(TX |`)

∼
99K Pn−1 × P1. A general line L tangent to X at a point p will have a

residual intersection with X, say q.
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3. Cubic fourfolds and their Fano schemes

Then a rational map φ : B 99K X is given by (p ∈ L) 7→ q. Let now x ∈ X
be a general point, and let K be the plane x, `. Then φ−1(x) is the set of points
(p ∈ L) ∈ B where x ∈ L and p is a singular point of K.X. Since K ∩X is the
union of ` and a quadric curve, φ is 2:1. �

It is also possible to construct unirational parametrizations of X in another
way. Consider a cubic X containing a smooth rational surface S of degree d
and with sectional genus (, i.e., the genus of a general hyperplane intersection
of S) g. Then we have:

Lemma 3.3.2. Under these conditions, there is a unirational parametrization
P4 → X of degree

k = d(d− 2)
2 + (2− 2g)− 1

2(S, S)

as long as k > 0.

Proof. We follow [Bea+16]. The idea is to use the map S[2] → X defined by
taking p + q ∈ S[2] to the residual intersection of the line p, q with X. The
degree of this map will then equal the number of secants of S passing through
a general point on X. But the number of secants passing through a point of X
is the same number as the number of secants of S passing through any point in
P5.

This number is computable through the double point formula of Fulton.
Suppose that x ∈ X is a sufficiently general point, so that the image S̃ of S
under projection from x only has isolated singularities. Call the projection πx.
Then the number of secants passing through x equals the number δ of double
points of S̃. The double point formula ([Ful98, p. 166]) gives an equality

2δ = πx
∗πx∗[S]− (c(TP4)c(TS)−1)2.

If we let h be the class of a hyperplane intersection with S, this simplifies, using
the self-intersection formula, to1

2δ =S̃.S̃ − (c2TP4 |S − c1(TS)c1(TP4) + (c1TS)2 − c2TS)
=d2 − (6h2 + 3hKS +K2

S − χ(S) + 4h2 + 2hKS + 4h2 + 2hKS)
=d2 − S.S − 2h(2h+KS)
=d2 − S.S − 2(2g − 2).

Here, we used the fact that S.S = 6h2 + 3hKS +K2
S − χ(S) - we will show this

in detail in Section 8.2.
�

1This formula appears in Hassett ([Bea+16, p. 59]), but with c1TS instead of (c1TS)2,
which must be a misprint.
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CHAPTER 4

Connections between a cubic
fourfold and its variety of lines

We investigate how the geometry of a cubic fourfold influences its variety of
lines, and vice versa. Throughout this chapter, X is a cubic fourfold with
F (X) = F1(X) its variety of lines.

4.1 The incidence correspondence

We will refer throughout to the following diagram of the incidence correspon-
dence:

Σ
q

""p
��

X F (X)

(4.1)

Here Σ = PU|F (X), or set-theoretically

Σ = {p ∈ l|l is a line in X} ⊂ X × F (X).

It follows that p is a P1-bundle. It is also the case that q is induced by the
sheaf OΣ(1) ([3264, p. 336]).

Now we define, as in [BD85]:

Definition 4.1.1. The Abel-Jacobi map is the map

α := p∗q
∗ : H4(X,Z)→ H2(F (X),Z).

We will occasionally think of it as a map on the corresponding Chow groups,
and we extend the notation α to imply p∗q∗ in other dimensions as well. We
will later discuss its properties in detail, but first, we have:

Lemma 4.1.2. Let hX , hF (X) be the Chow-theoretic or cohomological class of
hyperplane intersections of X,F (X) respectively. Then we have that α(h2

X) =
hF (X) = σ1, and α(h3

X) = σ2

Proof. We have that σ1 is the class of lines intersecting a codimension-2 subspace
of P5, and σ2 that of lines intersecting a codimension-3 subspace. But these are
exactly α(hiX), i = 2, 3. �



4. Connections between a cubic fourfold and its variety of lines

Related to this, the projection formula (Equation (B.1)) will be useful
for intersection computations. Suppose that a ∈ CH1(F (X),Z), p∗q∗(b) ∈
CH3(F (X),Z). Then the projection formula ([Har77, App. A]) tells us that

a.(p∗q∗(b)) = p∗(p∗a.q∗b) = p∗(q∗(q∗p∗a.b))

and if we are only interested in the degree of the intersection (generically the
number of points), this equals q∗p∗a.b.

Lemma 4.1.3. The lines forming a rational curve C ⊂ F (X) sweep out a
rational surface in X, of the same degree as C.

Proof. Let C be such a curve. The incidence variety Σ is a P1-bundle over F (X),
and so p−1(C) is a rational surface in Σ. By Castelnuovo (Theorem 4.5.2),
q(p−1(C)) will also be rational. (Note that this argument also shows that a
general point in q(p−1(C)) will lie on one line of C).

For the degree, consider the intersection with σ1. Using the projection for-
mula (Equation (B.1)), this degree is given by d = ([C].σ1) = (q∗[C].p∗(h2

X)) =
(p∗q∗[C].h2

X). �

A closer look at the incidence correspondence

We start somewhat more generally.

Lemma 4.1.4. Consider an incidence correspondence as described, with X a
hypersurface in Pn of degree d. The fibre of p over any point is isomorphic to
an intersection of hypersurfaces of degrees (2, 3, . . . , d) in Pn−1.

[Mbo17]. Let x ∈ X ⊂ Pn+1, and consider the projectivized tangent space
PTPn+1,x. Let P be a hyperplane not containing x. We construct an isomorphism
PTPn+1,x → P, by mapping a tangent direction [v] to the intersection of the
line determined by x and [v] with P . We may without loss of generality assume
x = (1 : 0 : · · · : 0), P = Z(x0). Let f be a polynomial defining X. Since
x ∈ X, we must have

f =
d−1∑
i=0

xi0fd−i(x1, . . . , xn+1)

where fi is a homogeneous, (possibly zero) polynomial of degree i. Given a
line `as above, let (y0, . . . , yn+1) be a point on it. Let λ, µ be the linear forms
corresponding to x and this point respectively. Then any point on ` is of the
form (λ, µy1, . . . , µyn+1). Substituting this in the equation for f , we obtain

f(λ, µy1, . . . , µyn+1) =
d−1∑
i=0

λiµd−ifd−i(y1, . . . , yn+1)

so for the line to be inside X, all fi must restrict to zero. f1 is simply the
differential at x, and vanishes along a hyperplane. The other equations are of
degrees 2, 3, . . . , d. �

Let us note that the fibre need not be a complete intersection of the fi. This
can lead to fibres of p with greater dimension than for the general point.

Thus we temporarily define:
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4.1. The incidence correspondence

Definition 4.1.5. A point x ∈ X such that p−1(x) is two-dimensional, is an
Eckardt point

We will investigate such points fully in Chapter 6.
We will now try to describe what sort of subvarieties of X the lines in a

curve or surface of F (X) sweep out. First, we need to compute a Segre class:

Lemma 4.1.6. Let U be the universal subbundle on the grassmannian G(2, n).
Then the Segre class s(U) is given by 1 + σ1 + σ2 + σ3 + σ4 .

Proof. Since c(U) = 1− σ1 + σ1,1, it is simple to check that s(U)c(U) = 1. �

Lemma 4.1.7. Let C ∈ CH1(X) represent a general curve of degree d. Then
the degree of α([C]) ∈ CH2(F (X)) is 21d. Let S ∈ CH2(X) represent a general
surface of degree d. Then the degree of α([S]) ∈ CH3(F (X)) is 36d.

Proof. As the intersection of X with a general plane is a degree 3- curve, we
should work in H•(X,Z)3 (that is, we invert 3). Here the class of a line on X
will be i∗(h3)

3 . A curve of degree d on X has the same degree as d
3h

3. Now take
the diagram Equation (4.1) and note that since p : P → X is determined by
OP (1), we have p∗h3 = O(1)3 Now we are ready: We have that

deg(α(C)) = (α(C).σ2
1) = (q∗p∗(

d

3h
3).σ2

1) = (q∗
d

3OP (1)3.σ2
1)

and note that q∗(OP (1)3) = s2(U) = σ2 by definition of the Segre class. Hence
our number is

degα(C) = d

3 deg(σ2.σ
2
1)[F (X)] = 21d.

The surface is handled similarly; the degree will be

d

3σ1(U).[F (X)].σ3
1 = d

3 degF (X) = 36d

�

Here we used the fact that deg(σ2.σ
2
1)|F (X) = 45, which is a simple Schubert

cycle computation when we know the class of [F1(X)] from Proposition 3.2.4.
Of course, a degree d-surface with a d − 1 uple point P is rational by

projection from P . However, it follows from Lemma 4.1.7 that such surfaces
cannot arise as the surface S of lines on X intersecting a nonsingular curve C.
A r-uple point on S then arises as the image of a line on X intersecting C in r
points. But if a line intersects C in r points, C must be of degree at least r.
But then S is of degree at least r21r.

Let us consider instead a plane P ∈ P5 intersecting X singularly at a point
P - this will create a singular degree 3-curve C on X. Since C is planar, it will
be either a nodal or a cuspidal cubic - both are of course rational by projection
from the singularity.

We investigate the inverse image p−1(C).
(This uses the same technique as in [KUT17].)

Proposition 4.1.8. Let C be a possibly singular irreducible curve of degree
at least 2 in P5. Then α(C), the variety in F (X) of lines intersecting C, is
singular at and only at
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4. Connections between a cubic fourfold and its variety of lines

• lines intersecting C in a singular point of C

• secant and tangent lines of C.

Proof. Let (f1, f2, . . . , fk) be the equations generating the (saturated) ideal
of C. Let us write φC = {(v, `)|v ∈ `} ⊂ P5 × G(2, 6). Pass to an affine
chart of the incidence variety, letting P ∈ C have coordinates (1 : α : · · · :
ε), and such that the first coordinate on G(2, 6) is 1. Consider a line L =
span (1 : 0 : a : b : c : d), (0 : 1 : e : f : g : h). Since v ∈ L if and only if L is the
rowspace of the matrix[

1 α β γ δ ε
0 1 e f g h

]
=
[
1 α
0 1

] [
1 0 β − αe γ − αf δ − αg ε− αh
0 1 e f g h

]
so we have a = β − αh, b = γ − αf, c = δ − αg, d = ε− αh. Then we can (in
our affine chart) identify φC as

{(α, . . . , ε, a, . . . , h)|f1(P ) = · · · = fk(P ) = 0,
a = β − αh, b = γ − αf, c = δ − αg, d = ε− αh}.

Bracing ourselves, we write the Jacobian matrix of this system:



∂f1
∂x1

∂f1
∂x2

· · · · · · ∂f1
∂x5

0 0 0 0 0 0 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

∂fk
∂x1

∂fk
∂x2

· · · · · · ∂fk
∂x5

0 0 0 0 0 0 0 0
−e 1 0 0 0 −1 0 0 0 −α 0 0 0
−f 0 1 0 0 0 −1 0 0 0 −α 0 0
−g 0 0 1 0 0 0 −1 0 0 0 −α 0
−h 0 0 0 1 0 0 0 −1 0 0 0 −α


(P )

(4.2)
which clearly has corank equal to the corank of the Jacobian matrix of the
curve itself at P . Hence φC is singular at and only at points (v, `), where v ∈ C
is singular.

Consider the projection p2 into G(2, 6), onto α(C). Since degC ≥ 2, this
map is everywhere finite. Since the generic line intersecting C will do so in
only one point, the degree is 1. Hence this map is birational. Now, by [KUT17,
lemma 3.2], α(C) is smooth at y if and only if f−1(y) is a single point x, and
dxf : Tx(X)→ Ty(Y ) is an injection. So α(C) is singular at the secant lines of
C.

Suppose, then, that f−1(y) = {x}, and that dxf is not injective. Since dxf in
our case is projection onto the last 8 coordinates, a nonzero element in the kernel
must take the form u =

[
∗ ∗ ∗ ∗ ∗ 0 . . . 0

]T . In fact, we see by mul-
tiplying with Equation (4.2) that we have u =

[
λ eλ fλ gλ hλ . . . 0

]T
such that

∂f1

∂x1
(P ) + e

∂f1

∂x2
(P ) + · · ·+ h

∂f1

∂x5
(P ) = 0

...
...

∂fk
∂x1

(P ) + e
∂fk
∂x2

(P ) + · · ·+ h
∂fk
∂x5

(P ) = 0
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4.2. The Abel-Jacobi map

and this happens if and only if ` is tangent to C. �

Corollary 4.1.9. Let C = X ∩ P2 be a singular plane cubic. The incidence
variety ΣC is singular only along the sextic curve which is the fibre over the
singular point.

Proof. No secant or tangent lines of C lie in X, since they would also have to
lie in the P2. �

4.2 The Abel-Jacobi map

We would like to use the Abel-Jacobi map to make statements like "given a
subvariety Y ⊂ X, consider the subvariety of F1(X) formed by all lines meeting
Y " (and in fact, we have already done so). Especially, this correspondence
should extend to homomorphisms of Chow or cohomology groups. The possible
existence of Eckardt points complicates this, however, since the map p : Σ→ X
is not necessarily flat. But we can define a Chow-theoretic pullback for cycles
of dimension ≤ 3, which corresponds to the intuitive description above.

Lemma 4.2.1. The morphism q : Σ→ X is flat in codimension 3.

Proof. We claim that q is flat when restricted to the complement of the inverse
image of the Eckardt points. The Eckardt points are of finite number, so the
inverse image of the set of Eckardt points is two-dimensional. So let E ⊂ X be
the set of Eckardt points. Then the fibres of q|Σrq−1(E) : Σ r q−1(E)→ X rE
are all one-dimensional, and the map is between two regular schemes. This is
the condition for the miracle flatness theorem ([Mat86, Theorem 23.1]), which
states that q|Σrq−1(E) must be flat. �

To be completely precise, we can do the following: Say that β = [B] is a
cycle of dimension ≤ 3. Recall the "excision" exact sequence for Chow groups
([Har77, app.1]). hen we can form the following diagram with exact rows, where
we write S ⊂ Σ for the inverse image of the Eckardt points:

CHi(E) // CHi(X) // CHi(X r E) //

p∗

��

0

CHi+1(S) // CHi+1(Σ) // CHi+1(Σ r S) // 0

where the vertical map exists by flatness. Since S has dimension 2, all CHi(S) =
0 for i > 2, and so we can define a map CHi(X) → CHi+1(Σ) for i > 1 by
sending β to the class [p−1(B)].

4.3 The Beauville-Bogomolov form

In their work [BD85], Beauville and Donagi introduce a special quadratic form
on the Fano scheme, which carries further information about the geometry of
F (X). We will have need of this in Chapter 8.

Definition 4.3.1. The Beauville form, or Beauville-Bogomolov form (−,−)
on H2(F (X),Z)0 is defined by (u, v) = g2.u.v

6 for u, v ∈ H2(F,Z)0.
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4. Connections between a cubic fourfold and its variety of lines

Write g = σ1 for the polarization of the Fano scheme.

Lemma 4.3.2. The Abel-Jacobi map α : H4(X,Z)→ H2(F,Z) is an isomor-
phism. Furthermore:

• α induces an isomorphism H4(X,Z)0 ' H2(F,Z)0.

• The Beauville form extends to all H2(F,Z). If u, v ∈ H4(X,Z)0, then

(α(u), α(v)) = −u.v, (g, g) = 6, (g, α(u)) = 0

Here, Hk(X,Z)0 denotes those classes orthogonal to the class h2, H2(F,Z)0
those classes orthogonal to g3. See [BD85] for proofs.

4.4 The transposed Abel-Jacobi map and the Hodge
Conjecture for X

We would ideally like a map in the other direction. We can find:

Definition 4.4.1. We can define the transposed Abel-Jacobi map

tα : H6(F,Z)→ H4(X,Z)

as tα = p∗q
∗.

Geometrically, this corresponds to taking a curve R in F (X) to the surface
swept out by the lines in R.

This map gives another way of moving between the fourfold and its variety
of lines. It also gives information on the geometry of X - the next result shows
that H4(X,Z) is generated by ruled surfaces.

Lemma 4.4.2. The map tα, defined in Definition 4.4.1 is an isomorphism. It
takes effective cycles to effective cycles, and nef cycles to nef.

Proof. To see that tα is an isomorphism, consider the sequence of isomorphisms

H6(F,Z) ∼−→ H2(F,Z)∨ ∼−→ H4(X,Z)∨ ∼−→ H4(X,Z)

where the first and third isomorphisms are induced by Poincaré duality, and
the second is the dual of the Abel-Jacobi map. Following the maps, we see
that a 1-cycle class C ∈ H6(F,Z) is mapped to the 2-cycle class R ∈ H4(X,Z)
such that for any S ∈ H4(X,Z), S.R = α(S).C. But then R = tα(C). That
q is flat and proper, and p is proper, implies that tα takes effective cycles to
effectives. Suppose that C is a nef 1-cycle (by which we mean that it intersects
all effective divisors positively). If tα(C) is not nef, there is a surface S ⊂ X
with tα(C).S < 0. Then the projection formula would imply that C.α(S) < 0,
which is a contradiction. �

In fact, this shows:

Corollary 4.4.3. The Hodge conjecture holds for cubic fourfolds, and H2,2(X,Q)
is generated by the classes of ruled surfaces.
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4.5. Rational surfaces on X

Proof. The Hodge conjecture is known to hold for the group H3,3(F (X),Q), by
the Lefschetz (1,1)-theorem and the Hard Lefschetz theorem (see for instance
[GH94, p. 163]). But the transposed Abel-Jacobi map sends this group isomor-
phically onto H2,2(X,Q), so any 2-cycle class here is a rational combination of
the images of algebraic cycles. �

This is not the best result possible - the transposed Abel-Jacobi map is used
in [MO18] to show that the integral Hodge conjecture holds for H2,2(X,Z), and
even that this group is generated by rational surface classes.

The Beauville Form on curves

We now, following [HT99], extend the Beauville form to a Q-valued quadratic
form on H2(F,Z) (which equals H6(F,Z) by Poincaré duality). To do this, note
that for a class R ∈ H2(F,Z) there will be a unique class w ∈ H2(F,Z) such
that Rv = (w, v) for all v ∈ H2(F,Z). Define then the form by (R,R) = (w,w).

In the other direction, suppose that D ∈ H2(F,Z), and (D,H2(F,Z)) = dZ.
Then there will be a class R ∈ H2(F,Z) such that for all v we have dRv = (v,D).
This lets us embed H2(F,Z) into H2(F,Z) as an index-2-sublattice ([HT99])

4.5 Rational surfaces on X

We investigate possible rational surfaces on cubic fourfolds.
Finding such rational surfaces would lead to new unirational parametrizations

of the cubic. One idea would be to construct rational curves in the Fano scheme,
since these (by Lemma 4.1.3) will give rational ruled surfaces in X.

Let us recall from [Har77] the following tools for investigating rational curves
and surfaces:

Theorem 4.5.1 (Lüroth). A curve Y with a finite morphism f : P1 → Y must
be rational

It follows that the image of a rational curve under a finite map is rational.

Theorem 4.5.2 (Castelnuovo). Suppose X is defined over a perfect field, such
as C. Given a rational generically finite dominant map P2 99K X, X must be
rational.

Points with rational fibres

Let us search for non-Eckardt-points where the fibre under p contains a rational
curve. By Theorem 4.5.1, these map to rational curves in F (X) - having rational
curves on the Fano scheme is a way of constructing unirational parametrizations
of X.

Fix a point P ∈ X which is not Eckardt, i.e., the fibre is 1-dimensional. Let
C,Q be the quadric and cubic in PTpX defining the fibre. There are three cases
where the fibre contains a rational curve:

1. C ∩Q is twice a twisted cubic,

2. C ∩Q is an irreducible rational sextic curve
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4. Connections between a cubic fourfold and its variety of lines

3. C ∩Q is reducible, with one component a rational curve

Lemma 4.5.3. Suppose that C and Q are tangent along a cubic curve Z. Then
Z is rational, and Q is singular.

Proof. If Q is nonsingular, we have that the cubic curve is C|Q is a (3, 3)-divisor
on Q. But (3, 3) is not two times any divisor, and Q must be singular. Smooth
cubic curves are either elliptic or rational, and Z does not lie in any plane (since
no plane intersects Q along a cubic). Hence Z is rational. �

Lemma 4.5.4. A rational sextic curve is singular, with singularities either

1. 4 double points

2. a double point and a triple point

Proof. A sextic nonsingular curve in P3 not contained in any plane has genus 4.
([Har77, p. 352]) The computation is then a simple application of the adjunction
formula. Suppose that C is a sextic curve with four nodes on the quadric
Q, then we let Q̃ be Q blown up along the four nodes. The rest is an easy
application of the adjunction formula: 2g − 2 = C̃.(C̃ +K

Q̃
), where C̃ is the

strict transform. �

Proposition 4.5.5. Let X be a cubic hypersurface in P5. Then there are points
in X whose p-fibres are rational sextic curves.

Proof. Let p = (1 : 0 : 0 : 0 : 0 : 0) be a non-Eckardt point. Now write the
Taylor expansion of f around p, and find f1, f2 and f3 as above. Note that
Z(f2, f1) is generically a two-dimensional quadric, and is thus birational to P2

under projection from a point. Under this projection, f3 becomes a sextic in
P2, with triple points at two points. We have dimP(H0(P2,OP2(6))) = 55.

Let Υ ∈ P55 be the closure of the locus of curves with four distinct nodes.
Given four points in P2, for a curve to be nodal there imposes twelve independent
linear conditions on the coefficients, and so Υ is birationally equivalent to a
P43-fiber bundle over Hilb4(P2) and has dimension 51. The intersection with
the system OP2(3p+ 3q) is of codimension 4 in this family. But the coefficients
of the sextic are dependent on the point P , which varies in a 4-dimensional
family. Indeed, we have (1 : b : · · · : f) ∈ X, so we must intersect the class 3h47

of CH•(P55) with the class of Υ, and this intersection is nonempty. �

So there are points in X such that the surface swept out by all lines passing
through the point is rational.

A construction of Voisin’s

In this section, we follow [Voi06], working in somewhat greater detail. Take a
hyperplane H, tangent to X at a point x, so Y := H ∩X is singular in x. Then
we have:

Proposition 4.5.6. The surface of lines on X ∩H is birationally equivalent
to the symmetric product S2α(x) of the curve α(x) of lines in X through x.
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4.5. Rational surfaces on X

Proof. Given two lines through x, intersect X with the plane P spanned by the
two lines. Then, the generic P ∩X must have a third line, which will lie on Y
by construction. In the opposite direction, take the plane spanned by x and a
line on Y ; this will intersect X in a quadric curve in addition to the line, but
the quadric must be singular at x and must be a union of two lines through
x. �

Corollary 4.5.7. There are hyperplanes such that Y is rational.

Proof. There is a five-dimensional space of hyperplanes in P5. Having a node is
a codimension-1 condition, so there will be a finite number of hyperplanes such
that the intersection with X has 5 nodes. If H is tangent to X at five points,
the surface of lines in Y is rational: Choose a point x among the five. Then
α(x) has four nodes, and is rational. By the above proposition, we are done.

�

However, all surfaces constructed in this fashion have the same Chow class
c2(U) = σ1,1 ∩ [F (X)], i.e., the class of lines in a hyperplane section. (Here U
is the universal quotient bundle on F (X) induced from that on G(2, 6).) Note
that the surface described in Proposition 2.2.10 has class equal to 63 times this.
Remark 4.5.8. As mentioned, one might expect that F (X)p could split, with at
least one component a rational curve - this would give another construction of
rational surfaces in X. However, this does not work as well as one might hope.

As one construction, recall that we in Section 5.3 showed that there will
generally be a finite number of point p where F (X)p contains a singular plane
cubic C3. Then tα(C3) will be a cone over a planar cubic, hence it spans a P3;
it follows that tα(C3) is the intersection of X with this P3.

Picking two points [l], [l′] ∈ C3 gives a plane l, l′ ∈ P5. However, this
plane must lie inside the P3 from before. It follows that the third line in the
intersection of l, l′ with X must already lie in tα(C3) We can, in fact, see this
already in F (X) - the construction corresponds to picking the third intersection
of the line [l], [l′] with C3.

So it might be interesting to investigate whether F (X)p = Q∩C contains a
rational nonplanar component whenQ is nondegenerate. The two possibilitiesare
divisors of type (1, 2) and (1, 3) on Q. For the first, consider the parameter
space

S = {(Q, C)|C ⊂ Q} ⊂ |OP3(2)| × H3

where H3 is the Hilbert scheme of twisted cubic curves in P3. S comes with two
projections, term the one to |OP3(2)| p1. Let Q ∈ |OP3(2)| be any quadric, then
the fibre p−1

1 (Q) corresponds to an open subset of |OP1(2)�OP1(1)|, which has
dimension 5. It follows that S has dimension 14. But the space of all possible
cubics and quadrics in P3 has dimension 9 × 19, so we cannot expect this to
occur for a given fourfold X. An analogous analysis in the case C ∼ (1, 3) on
Q shows that in this case, S has dimension 16 - still far too little.

A homological criterion

We now show that in the group H4(F1(X),Z), there are limits on which classes
can be represented by a rational surface. Recall the Schubert cycles σ2, σ1,1,
corresponding respectively to the class of lines in P5 intersecting a 3-plane,
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4. Connections between a cubic fourfold and its variety of lines

and the class of lines contained in a hyperplane. Then we have the following
restriction (here, the same notation is used for the restriction of the cycles to
F (X)).

Proposition 4.5.9. Suppose S ⊆ F (X) is rational, and that S ∼ aσ2 +bσ1,1 ∈
H4(F (X),Z). Then a = 0.

Proof. If S is singular, replace it without loss of generality with a desingu-
larization S̃ of S - this will also be a Kähler manifold. If S is rational, then
H2,0(S) = 0. Now, F is hyperkähler (by Proposition 3.2.1), let ω ∈ H2,0(F,Z)be
the Kähler form. Since S is rational, it does not have any (2, 0)-forms. Then
ω|S = 0, so especially

∫
S
ω ∧ ω = 0, and so [S] must be orthogonal to the class

represented by ω ∧ ω ∈ H2,2(F,C). However, by the Hodge-Riemann relations
([GH94, p. 123]),

σ2
1 .(ω ∧ ω) > 0.

We know that σ2
1 = σ1,1 + σ2, and by Proposition 4.5.6, σ1,1 has a rational

representative. It follows that σ1,1.(ω ∧ ω) = 0. Thus, if

[S] = aσ1,1 + bσ2,

we must have b = 0. �

Remark 4.5.10. This implies especially that the surface α(l) for any line l ⊂ X
can never represent a rational surface. Indeed,

α(l) ∼ σ1,1

3

since a plane can be made to intersect X along l and two other lines. Intuitively,
adding more singularities to a surface should make it "more rational". If F1(X)p
denotes the curve in F1(X) formed by lines in X through p, we will later show
that singularities on this curve correspond to lines of type 2. This should make
it possible to find a bound on the number of such lines that can intersect a
general line in X.

It should be noted that this lemma does not preclude the possibility of
α(l) having a rational component. Indeed, if X contains a plane P2, then any
l ∈ P2 has the dual plane P2 as a component of α(l). But it is impossible for
all components to be rational.
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CHAPTER 5

Lines on hypersurfaces

In this chapter, we study the lines on hypersurfaces. We determine the possible
normal bundles of a line in a hypersurface, and show which can be expected
to appear on a general hypersurface. We also characterize line classes through
linear tangent varieties to the hypersurface. At the end, we discuss an interesting
rational self-map which can be constructed for the variety of lines on a cubic
fourfold.

5.1 Normal bundles

First, we prove a well-known result for which we could not find a good reference:
Let Y ⊂ Pn be a smooth complete intersection subvariety of a smooth

hypersurface X, such that Y is not a complete intersection with X. Let
g1 . . . , gr be the defining equations of Y , f that of X. It follows that there are
forms h1, . . . , hr such that f = g1h1 + g2h2 + · · ·+ grhr.

Lemma 5.1.1. Consider the map

φ : NY/Pn → NX/Pn |Y

Then φ can be described, under the above isomorphisms, as (p0, . . . , pr) 7→∑
pih̃i, where h̃i are the images of the hi in the homogeneous coordinate ring

of Y .

Proof. All involved schemes are smooth, so we have an exact sequence of normal
sheaves

0→ NY/X → NY/Pn
ϕ→ NX/Pn |Y → 0

which is isomorphic to

0→ NY/X →
⊕
i

OY (di)
ϕ→ OY (d)→ 0.



5. Lines on hypersurfaces

Embed this as the bottom row of the commutative diagram

0

��

0

��
0 // TY

��

// TY

��

// 0

��
0 // TX |Y

��

// TPn |S

��

ϕ′ // NX/Pn |Y

��

// 0

0 // NY/X

��

// NY/Pn

��

ϕ // NX/Pn |Y

��

// 0

0 0 0

and take the dual of the second row, giving

0 // OY (−d) ϕ′∨ // ΩPn |Y // ΩS // 0

Consider an affine cover U = {Ui}, such that f is a section of OY (−d) over
Ui. Then ϕ′∨Ui is given by f 7→ df =

∑n
i=0 hidfi + fidhi. Upon restricting

to Y , then, the fi vanish, and the hi become h̃i. Indeed, the map becomes
f 7→

∑n
i=0 h̃idfi. The elements dfi generate ΩPn |Y , so ϕ′ works as described.

Then ϕ is induced by this map.
�

5.2 Lines on hypersurfaces

Next, we prove a well-known result concerning lines on hypersurfaces. The
theorem appears in [CG72] for cubics, where it is proved through polynomial
substitutions. We give a somewhat more modern proof.

Proposition 5.2.1. Let X ∈ Pr+1 be a smooth hypersurface of degree d. Let
p(n) be the number of partitions of n. Then, for r ≥ d the lines in X may be
classified in p(d− 1) classes by their normal bundle. The normal bundle can be
written on the form

Nl/X =
r−1⊕
i=1
Ol(ni),

where we must have

(1) all ni ≤ 1

(2)
∑
ni = r − d.

Proof. Let l ⊂ X be a line. The line is of codimension r − 1, so the normal
bundle has rank r − 1, and we may write Nl/X =

⊕r−1
i=1 Ol(ni). (Here, we use

the fact that any vector bundle on a line splits as a direct sum of line bundles,)
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5.2. Lines on hypersurfaces

We prove the two conditions on the normal sheaf through the exact sequence of
normal bundles:

0→ Nl/X → Nl/Pn → NX/Pn |l → 0.

Indeed, since l is the zero locus of r linear equations, we have that Nl/Pn =
Ol(1)r, and similarly NX/Pn = OX(d), so NX/Pn |l = Ol(d). Hence the sequence
becomes

0→
r−1⊕
i=1
Ol(ni)→ Ol(1)r → Ol(d)→ 0.

Now the first claim follows by twisting the sequence by −2 and taking the long
exact cohomology sequence. The second claim follows from taking the first
Chern classes:

c1(
r−1⊕
i=1
Ol(ni) =

∑
ni) = c1(Ol(1)r)− c1(Ol(d)) = r − d.

To complete the proof, take r > d − 1. Then there are, by (1), (2), a
maximum of d− 1 summands of Nl/X not equal to Ol(1). So we must find d− 1
numbers 2− d ≤ ni ≤ 1, summing to 0. Let mi := 1− ni, then the conditions
become d− 1 ≥ mi ≥ 0,Σmi = d− 1. But this is clearly equivalent to finding
partitions of d− 1. �

Related to the classification is a simple observation with surprising corollaries.

Proposition 5.2.2. For l a line on an n-dimensional hypersurface X, the
infinitesimal deformations of l in X fixing a point has dimension equal to
h0(Nl/X(−1)).

Proof. Let p ∈ P1, and let i : p → X be a fixed inclusion of the point. Recall
([Kol96]) that there is a scheme Hom(P1, X, i) parametrizing morphisms f : P1 →
X such that f |p = i. Then we apply the result ([Kol96, p. 95]), stating that the
tangent space of [f ] in Hom(P1, X, i) is isomorphic to H0(P1, f∗TX ⊗I (p)).

But this equals H0(P1TX |P1(−1)). Now consider the exact sequence

0→ TP1 → TX |P1 → Nl/X → 0

and since TP1 = O(2), we have h0(P1TX |P1(−1)) = h0(Nl/X(−1))+2. However,
the Hom-scheme parametrizes every map from P1 into X, whereas we are only
interested in its image. So applying any automorphism of P1 fixing p to the line
will give the same image in X. But the automorphism group of a projective line
is PGL(2), and the subgroup of this fixing a point has dimension 2, and we
are done. Hence the tangent space to [l] in the scheme of lines passing through
a point p should have dimension h0(Nl/X(−1)). �

Corollary 5.2.3. For a general hypersurface X of degree d, of sufficiently great
dimension n, the possible classes number (d+ 1)/2 for d odd, d/2 if d is even.
The general line on such a hypersurface will have normal bundle Od−1 ⊕O(1)n.
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5. Lines on hypersurfaces

Proof. We know by Proposition 2.1.5 that for general X, the variety F (X) of
lines on X is smooth and has dimension 2n− d− 1. Let l ⊂ X be a line. Then
TF (X),l = H0(l,Nl/X). By the classification above, we have

H0(l,Nl/X) = 2n− d− 1

only in the cases

Nl/X = Ol(−1)i ⊕Od−1−2i
l ⊕Ol(1)n−d+i

for all i, of which there are the stated number of classes.
For the second claim, we note that the general point on X should have

a n − d-dimensional family of lines through itself. Hence we should have
H0(Nl/X(−1)) = n− d, which only happens if Nl/X = Od−1

l ⊕Ol(1)n−d. �

We will later on give a characterization of the loci of lines with uncommon
normal bundle on cubic hypersurfaces.

Let us also here show that:

Lemma 5.2.4. Let P ⊂ X ⊂ Pn+1 be a k-plane contained in a smooth hyper-
surface of dimension n. Then a general hyperplane section of X containing P
will also be smooth as long as n > 2k.

Proof. Bézout’s theorem applied to the linear system of hyperplanes passing
through P guarantees that the general section is smooth outside the base locus
P . To examine what happens along P , assume P = Z(xk+1, . . . , xn+1), and let
the hyperplane have equation Z(ak+1zk+1 + . . . an+1zn+1). Then, letting F be
the equation of X, it is clear that

F =
n+1∑
i=k+1

xk+1fk+1 + (terms with higher powers of xk+1, . . . , xn+1)

where the fi are forms in x0, . . . xk. Along P, the Jacobian matrix becomes(
0 · · · 0 ak+1 · · · an+1
0 · · · 0 fk+1 · · · fn+1

)
,

where the first k + 1 columns are zero. Since the fi depend on k + 1 variables,
the matrix will have rank 2 at every point in P if n+ 1− (k + 1) > k + 1 - i.e.
n > 2k. �

It is worthwhile to point out another way of showing the classification of
lines by their normal bundles: Let S ∈ P3 be a smooth surface of degree d
containing a line l. (Such surfaces do exist, for instance the Fermat surfaces
will contain lines.) Then the adjunction formula gives

(Nl/S ⊗ ωS)|l = ωl,

and since ωl = Ol(−2), ωS = OS(d− 4), so

Nl/S = Ol(2− d).
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5.2. Lines on hypersurfaces

Then we can let X be a degree d-hypersurface of dimension n, and use induction
on n. Let H be a hyperplane, then Lemma 5.2.4 and the short exact sequence

0→ Nl/X∩H → Nl/X → N(X∩H)/X |l = Ol(1)→ 0

will give the same result. This method has the advantage of showing that if
a hypersurface contains a line with highly abnormal normal bundle, then an
intersection with a general smooth hyperplane containing the line will restrict
the possible normal bundles of the line in the intersection.

Indeed, this shows that:

Lemma 5.2.5. In the above context, we have for i = 0, 1 that if

h1(l,Nl/X(−i)) = k, then h1(l,Nl/X∩H(−i)) ≥ k.

If we think of H1(l,Nl/X) as the space of obstructions to lifting abstract
deformations of l to deformations of l inside X, this fits with our geometric
understanding – if it is already difficult to deform a line inside a hypersurface,
it should not be easier to deform inside a hyperplane section.

The original result of Clemens and Griffiths was that

Corollary 5.2.6. A line l on a smooth cubic hypersurface has normal sheaf
either

• O2
l ⊕Ol(1)n and we say that l is of type 1, or

• Ol(−1)⊕Ol(1)n+1 and we say that l is of type 2.

which follows from Proposition 5.2.1.
This leads to a result which we have used implicitly:

Corollary 5.2.7. The Fano scheme of a cubic hypersurface is smooth.

Proof. Both types of normal sheaves have h0(l,Nl/X) = 2n + 2. Since this
equals dimT[l](F (X)), we are done. �

The analysis of lines and their normal bundles can be carried further than
what we have done here.In fact, we have the following result:

Proposition 5.2.8. Let d be a positive integer and F =
⊕
Ol(ei) a sheaf on

P1 fulfilling the conditions of Proposition 5.2.1. There is a hypersurface X of
degree d containing line l such that Nl/X = F .

Proof. See [3264, Prop 6.30] �

Corollary 5.2.9. Let X be a cubic hypersurface. Let p ∈ X be a point. If
there is a 1-dimensional family of lines passing through p, the curve α(p) is
singular precisely at all lines of type 2.

Proof. Lines of type 2 have a greater tangent space than normal in α(p). �

The classification of lines by their normal bundles also allows us to determine
what linear spaces are tangent to hypersurfaces along lines.
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5. Lines on hypersurfaces

Corollary 5.2.10. Let l ⊂ X = Z(f) ⊂ Pn be a line in a hypersurface of
degree d. Assume that Nl/X has k O(1)-summands. Then there is a unique
k + 1-plane tangent to X along l.

Proof. Assume without loss of generality that l = Z(x2, . . . , xn). Consider the
Gauss mapping of l→ Pn∨. This takes

(a : b : 0 : · · · : 0) 7→
(

0 : 0 : ∂f

∂x2
: ∂f

∂x3
: · · · : ∂f

∂xn

)
,

where the partial derivatives are evaluated at (a : b : 0 : · · · : 0) forming a
rational curve in Pn∨. This curve spans a linear subspace of Pn∨, namely the
projectivisation of the subspace V of H0(Ol(d − 1)) spanned by the partial
derivatives. We interpret PV as the linear system of hyperplanes tangent to X
at any point along l, and so we find the dimension of its base locus. Consider
the sequence

0→ Nl/X → Nl/Pn → NX/Pn |l → 0

the last map of which by Lemma 5.1.1 is given by

(λ2, . . . , λn) 7→
∑

λi
∂f

∂xi
.

Twisting the sheaf sequence by −1, we see that the image of H0(l,Nl/Pn(−1))
in H0(l,NX/Pn |l(−1)) is V . Clearly, this means that V is of dimension
h0(Nl/Pn(−1))− h0(Nl/n(−1)) = h0((Ol)n − 1)− k = n− 1− k, so dimPV =
n− k− 2. But an n− 2− k-dimensional linear system of hyperplanes in Pn has
a k + 1-dimensional base locus. �

Especially, we have Clemens and Griffiths’ original application:

Corollary 5.2.11. Let X be a cubic hypersurface of dimension n. For a line
l of type 1 on X, there is a unique n− 2-plane tangent to X along l If l is of
type 2, there is a unique n− 1 plane tangent to X along l.

Recall that we termed a point on a cubic hypersurface an Eckardt point if
the family of lines through the point had dimension greater than normal.

Example 5.2.12. Consider the Fermat cubic fourfold. All lines passing through
the Eckardt points are of type 2.

To see this, pick such a line l ∈ F (X), and pick projective coordinates such
that l is the line passing through (1 : −1 : 0 : 0 : 0 : 0) and (0 : 0 : a : b : c : d).
Then f(l) consists of points on the form

(s2 : s2 : t2a2 : t2b2 : t2c2 : t2d2)

, which clearly is twice a line.

We will see that it is in fact true in general that lines through Eckardt points
are type 2.

Several interesting facts about the geometry of cubic fourfolds can be deduced
from the classification of lines. As an example, take
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5.3. A rational self-map on the Fano scheme of a cubic fourfold

Corollary 5.2.13. Let X ⊂ P5 be a cubic fourfold containing a plane P .
Through a generic point p ∈ P , there are at least 3 lines of type 2, all of which
are in P .

Proof. That p ∈ P ⊂ X implies that F (X)p contains a line. Recall that F (X)p
is isomorphic to an intersection of a quadric Q and a nonsingular cubic C in P3.
Assume first that the quadric is smooth. Viewed as a divisor on Q, a line is of
class O(1, 0) or O(0, 1). The residual intersection with C will be a divisor of
type O(2, 3), respectively O(3, 2) and so intersect p in three generally distinct
points. Hence these are singularities in F (X)p, and correspond to lines of type
2 through p. �

Corollary 5.2.14. Let p ∈ X. Suppose that there are more than six planes in
X through p. Then there are 27 planes through p, and p is Eckardt.

Proof. For a non-Eckardt point, F (X)p is a scheme of dimension 1 and degree
6, and so can at most contain 6 lines. If p is Eckardt, then there are 27 lines in
F (X)p. �

5.3 A rational self-map on the Fano scheme of a cubic
fourfold

We have just shown that a line l on a cubic fourfold X is one of two types:

• type 1 if Nl/X = O2
l ⊕Ol(1), with a unique tangent 2-plane,

• type 2 if Nl/X = Ol(1)2 ⊕Ol(−1),with a unique tangent 3-plane.

This leads to an interesting rational map on F (X):

Definition 5.3.1. The Voisin map is a rational mapφ : F (X) 99K F (X) is
defined as follows [Ame07]: Given a line of first type, there is a unique plane
intersecting X with multiplicity 2 along `. So the plane must intersect in
another line `′ as well. Set φ(`) = `′.

Blowing up the subvariety S of lines of type 2 to resolve the map has a
rather nice interpretation. A line l of type 2 has a unique 3-plane T tangent to
X along l, by the above results. The fiber over l becomes a P1, corresponding
to the pencil of planes l ⊂ P ⊂ T , and the map is extended in a clear way.
More formally, let x ∈ S ⊂ F (X) represent a line l ⊂ X of type 2. The fibre of
the blowup over x is then given by Proj(NS/F |x). Consider the exact sequence
of stalks on sheaves

0→ TS |x → TF |x → NS/F |x → 0

= 0→ TS |x → H0(l,Nl/X)→ NS/F |x → 0

so the last map maps the 2-dimensional space of normal vectors to l not tangent
to the 3-fold swept out by lines of type 2 into NS/F |x, hence a section of
Proj(NS/F |x) will correspond to a 2-plane contained in the tangent 3-plane to
X along l.

We collect some more facts about the Voisin map - generally following
[Ame07]
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5. Lines on hypersurfaces

Lemma 5.3.2. A planar cubic curve C in F1(X) representing lines passing
through a common point is mapped to itself by the Voisin map.

Proof. Simply note that since F1(X)p is the projection of Dp from p, any plane
tangent to a line in Fp corresponds to a line in F1(X) tangent to the curve
F1(X)p. �

Proposition 5.3.3. Let φ : F (X) 99K F (X) be the Voisin map, φ̃ : BlS F (X)→
F (X) the resolution of φ, and π : BlS F (X)→ F (X) the projection.

1. φ is of degree 16

2. φ̃∗(g) = 7π∗g − 3E

Proof. That φ is 16:1 is shown in [Voi02a].
For the second statement, we follow [Ame07], adding some details. Recall

that the curve F (X)p is (where p is not Eckardt) an intersection of a quadric
and a cubic surface in P3. The quadric will degenerate to a union of two
planes for some points in X, which happens if and only if the quadric is of
rank two. The quadrics of rank two in P3 form a codimension-3-subspace of
|OP3(2)| = P9. Hence there is a one-dimensional family of points in X where
the quadric degenerates. It follows that for such a point, F1(X)p is the union
of two planar cubic curves. The intersection must still have arithmetic genus 4,
so these two curves will intersect at three points.

Let C be a curve arising in this manner. By Lemma 5.3.2, these cubics
are mapped to themselves by the Voisin map. Note that the projection from
a point on C is a 2:1-map to P1. By Hurwitz’ theorem ([Har77, p. 301]), this
map is ramified at 4 points, so there is for every point p ∈ C four tangents to
C through p (except for the tangent line at p itself).

This means that the Voisin map is 4 : 1 when restricted to C. The family
of curves C is one-dimensional, so there is a finite number of them that are
rational. Let C0 be one such. Then the singularity q corresponds to a line of
type 2. Since φ̃ on the exceptional fibre π−1(q) is defined by sending (q, l) to
the residual intersection of l with X, it follows that Eq := π1(q) is mapped
bijectively onto C0.

The pullback φ̃∗H must equal aπ∗H + bE for some a, b ∈ Z. To see this,
note that π∗H and φ̃∗H control the same embedding of BlF (X) S rE, so there
is an equality π∗H = bφ̃∗H + F for some divisor F supported on E. Then
F must equal some multiple of E. But the preceding paragraph implies that
Eq.φ̃

∗g = 3. Since E|E = OE(−1), it follows that b = −3. Since a general C
will contain three lines of type 2, we have C.H = C̃.E = 3, where C̃ denotes
the strict transform of C in BlF1(X) S. Since φ is 4 : 1 on C, it follows that
C.φ∗H = 12. Then C̃.φ̃∗H = 12, and a = 7.

�

In any case, the Voisin self-map allows one to construct many classes of
rational surfaces and curves on F (X). This is due to Theorem 4.5.2 and
Theorem 4.5.1, which means that the Voisin map takes rational subvarieties
of dimension ≤ 2 to other rational subvarieties. Hence we can produce, given
a rational surface S ⊂ F (X), other rational surfaces as φ(S), φ2(S), . . . and
similarly for curves.
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CHAPTER 6

Eckardt points and lines of type 2

We define the notion of Eckardt points, at first rather naïvely, which are a
generalization of the Eckardt points on cubic surfaces. We investigate their
connection to the classification of lines on X. For cubic fourfolds, we show
especially that the existence of two Ecardt points guarantees rationality.

Notation 6.0.1. Let X be a smooth projective variety, and p ∈ X a point.
Throughout this chapter, we will write F1(X)p for the variety formed by all
lines through p, considered as a subvariety of F1(X). The subvariety of X swept
out by the lines in F1(X)p will be denoted Lp.

6.1 First characterizations

Let X ∈ Pn be a hypersurface, with defining equation f . We recall the fact from
Lemma 4.1.4 that if X is a cubic fourfold, not all points in X have 1-dimensional
fibres in the incidence variety. We saw that this happens when the quadratic
term in the Taylor expansion vanishes along the tangent hyperplane. Inspired
by this, we define

Definition 6.1.1. Let X ∈ Pn be a hypersurface of degree d. Let p ∈ X be a
point. Consider the Taylor expansion of f around p:

xd−1
0 g1 + xd−2

0 g2 + · · ·+ gd

with the gi being forms in x1, . . . , xn of degree i. Then p is an Eckardt point if
g1 divides g2, i.e., Z(g2) ⊇ Z(g1) = TpX.

This is, admittedly, a rather primitive definition – it may seem to depend
on the ambient coordinate system. We will later on give several equivalent (and
more elegant) definitions. First, we have:

Proposition 6.1.2. For X ⊂ Pn+1 a hypersurface of dimension ≥ 1, p ∈ X
is an Eckardt point if and only if the tangent hyperplane to X at p intersects X
with multiplicity 3 or more at p.

Proof. Let us pick coordinates such that p = (1 : 0 : 0 : · · · : 0) and TpX = Z(x1).
Then we can write

f = xd−1
0 x1 + xd−2

0 g2(x1, . . . , xn+1) + · · ·+ gd(x1, . . . , xn+1).



6. Eckardt points and lines of type 2

So suppose p is an Eckardt point. This means that g2(0, x2 . . . , xn+1) = 0.
This means that that the length of the local ring

OXp/(x1) = OPnp/(f, x1)

is at least 3 as an OPn,p-module ([Har77, p. 427]). But this is equivalent to
saying that x1 divides the quadratic form g2(x1, . . . , xn+1). �

Remark 6.1.3. There are related ideas around: Coskun and Prendergast-Smith,
in their article [CP15] term a point on a hypersurface an r-Eckardt point if
the rank of the second fundamental form at the point is less than r. We
will show later on that the 0-Eckardt points (in this sense) are our Eckardt
points. They also give formulas for the expected number of Fano schemes with
r-Eckardt points in systems of Fano schemes corresponding to linear systems of
hypersurfaces.

Another concept is that of star points, defined by Cools and Coppens in
[CC09]. If X is a degree d-hypersurface in Pn, they define a star point as a
point p where Tp(X) ∩X has multiplicity d at p. In the Taylor expansion, this
is equivalent to demanding that g1 is a factor of every gr except gd. This gives
rise to an n− 3-dimensional family of lines through the point, and it is in some
sense a "maximal" Eckardt point. For cubic hypersurfaces, however - our main
focus - the concepts agree.

6.2 Eckardt points on cubic hypersurfaces

For several reasons, it is easier to investigate the geometry of Eckardt points
on cubic hypersurfaces than for higher-degree hypersurfaces. First of all, we
obtain other characterizations that do not immediately extend to hypersurfaces
of higher degree.

Proposition 6.2.1. Let X ∈ Pn+1 be a smooth cubic hypersurface. Recall that
since dimF1(X) = 2n−4, there is through a general point in X a n−3-dimension
family of lines. Then the Eckardt points on X can also be characterized as:

• flex points if n = 1

• points where F1(x)p is a cubic hypersurface of dimension n− 2 if n ≥ 2.

• points where dimF1(X)p = n− 2 if n ≥ 3.

This makes our choice of terminology acceptable. Classically, a cubic surface
is said to have an Eckardt point where three of its lines meet in a point
([Dol12]).1

Remark 6.2.2. We can also see that for a reduced cubic hypersurface in P1 (that
is, a union of three distinct points), every point is Eckardt - the equation can
always be written on the form x2

0x1 − x3
1.

1Oddly, the given names of prof. Eckardt seem lost to history, except that his initials
were F.E.
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6.2. Eckardt points on cubic hypersurfaces

Proof of Proposition 6.2.1. Suppose that X is a smooth cubic (i.e. elliptic)
curve in P2. First, note that a flex point on a curve is a point where the tangent
line has intersection multiplicity 3 or more [3264, p. 266]. Intuitively, this is
where the tangent line to the curve "crosses" the curve.

Now let X be a cubic hypersurface of dimension ≥ 2, with p = (1 : 0 : · · · :
0) ∈ X an Eckardt point. The Taylor expansion is then

f = x2
0x1 + x0q(x1, x2, . . . , xr) + c(x1, x2, . . . , xr)

, for q, c quadric and cubic forms. From the discussion at Lemma 4.1.4, we
see that F1(X)p is (at least set-theoretically) given by Z(x0) ∩ Z(q) ∩ Z(c),
which generally has codimension 3. But by definition of Eckardt point, this
intersection is Z(x0) ∩ Z(c)- a cubic hypersurface of one dimension higher.

For the final statement, the same argument as before shows that for an
Eckardt point x, F1(X)p is an n − 2-dimensional cubic hypersurface. So it
remains to be shown that as long as there is an n − 2-dimensional family of
lines through p, this family is a cubic hypersurface.

So write again the Taylor expansion of f around p:

f = x2
0x1 + x0g2(x1, . . . , xn) + g3(x1, . . . , xn).

A line in X must be contained in Z(x1, g2, g3). If dimF1(X)p = n − 2, then
g2(0, x2, . . . , xn), g3(0, x2, . . . , xn) must have common factors. But if the com-
mon factor is linear, then X contains a n − 1-plane. And if the common
factor is quadratic (so equal to g2(0, x2, . . . , xn)), then X contains a quadric
n− 1-dimensional cone Y . But the residual intersection of X with a hyperplane
containing Y is also an n− 1-plane. However, a smooth hypersurface of dimen-
sion n cannot contain any linear space of dimension > n

2 (Lemma 5.2.4). So
the only conclusion can be that

g2(0, x2, . . . , xn) = 0

so x1 divides g2 and p is an Eckardt point.
�

Harmonic homologies

Eckardt points on a cubic hypersurface X can also be characterized through
the automorphisms of X. To state this precisely, the following terminology is
useful:

Definition 6.2.3 ([Dol12, p. 487]). An automorphism of projective space fixing
every point in a hyperplane is a homology. An involutive homology is called a
harmonic homology.

Remark 6.2.4. These names come from classical algebraic geometry. Despite
the name, there is no clear relation to standard homology theories, and we will
only use this terminology in this section.

The following three lemmata are immediate generalizations of those in
Dolgachev’s book ([Dol12, section 9.1.4]).

Lemma 6.2.5. An involution of Pn has as fixed locus the union of two linear
subspaces of dimensions i, n− i− 1.
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6. Eckardt points and lines of type 2

Proof. Let τ be the involution. Interpreting τ as a matrix, we can diagonalise
it so that the first i + 1 elements along the diagonal will be −1, and the
other n − i will be 1. Then the fixed subspaces of Pn are Z(x0, . . . , xi) and
Z(xi+1, . . . , xn). �

Lemma 6.2.6. Let X ∈ Pn be a cubic hypersurface. There is a bijection
between the set of Eckardt points of X and the set of harmonic homologies of
Pn taking X to itself.

Proof. Assume as before that p = (1 : 0 : · · · : 0), so that we can write
X = Z(x2

0x1 + x0x1l + c), for l, c forms of degree 1 and 3 in x1, . . . , xn. Under
the substitution x0 7→ x0 + l

2 , the equation of X becomes

f = x2
0x1 + c̃, c̃ ∈ C[x1 . . . , xn]3.

It follows that
ι : (a0 : · · · : an) 7→ (−a0 : · · · : an)

is an involution with the desired properties. Conversely, assume that κ is a
harmonic homology taking X to itself, and choose coordinates such that Z(x0)
is the fixed hyperplane. Then (1 : 0 · · · : 0) is the isolated fixed point, and we
may write X = Z(x2

0l + c). �

This leads to the result:

Lemma 6.2.7. No line in a cubic hypersurface can contain more than two
Eckardt points.

Proof. We work by induction, starting with the case where X is a cubic surface.
Suppose that l ⊂ X contains the Eckardt point p. Let τp be the harmonic
homology determined by p, and let H be the fixed hyperplane. Then l lies in the
tangent hyperplane of X at p. Suppose then that l contains two more Eckardt
points q, r. Then H ∩X will intersect the tangent planes of q and r three times
each. It follows that q and r are both contained in H, a contradiction.

Suppose then that X is a cubic hypersurface in Pn, and assume the lemma
for hypersurfaces in Pn−1, where n ≥ 4. Let l ⊂ X be a line. Following [CC09],
we argue as follows: Consider the linear system

L = {X ∩H|l ⊂ H,H is a hyperplane}.

This is a n − 2-dimensional system with fixed locus only l. It follows from
Bertini’s theorem ([Har77]) that for a general P ∈ L, the singularities of P ∩X
are along l. But if P ∩X is singular at p ∈ l, then P = TpX. So this can only
happen for a one-dimensional family of P ’s and the general member of L is
smooth. Looking a bit ahead, we will know from Lemma 6.6.4 that any Eckardt
point on l is an Eckardt point on H ∩X. The lemma follows. �

How rare are Eckardt points among hypersurfaces of dimension n and degree
d? The answer is, perhaps surprisingly, not dependent on the degree of the
hypersurface.

Let X be a degree d hypersurface in Pn. Having an Eckardt point is
a codimension

(
n+1

2
)
− 1-condition on the parameter space of hypersurfaces.
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6.3. The variety of lines of type 2

Showing this is a simple dimension count. Indeed, assume that p = (1 : 0 · · · : 0)
is the Eckardt point. If X = Z(F ) passes through p, we can write F as

xd−1
0 h1 + xd−2

0 h2 + · · ·+ x0hd−1 + hd

with hi ∈ k[x1, . . . , xn+1]i. To have an Eckardt point at p, h2 must have h1 as
a factor.

Now through any point p, there is a
(
n+d
n

)
− 1-dimensional family of hy-

persurfaces. Replacing h2 by h1l, with l any linear form in x1, . . . , xn removes(
n+1

2
)
parameters and adds n, and p varies in a Pn. We conclude that

Observation 6.2.8. In all, the family of hypersurfaces of degree d and dimen-
sion n with an Eckardt point has dimension(

n+ d

n

)
−
(
n− 1

2

)
+ n− 1

– or codimension
(
n−1

2
)

+ 1− n in the space of all hypersurfaces of degree d – as
long as this number is positive.

Remark 6.2.9. It is clear from the construction that the existence of an Eckardt
point is equivalent to saying that X contains a cone over a (smooth) cubic
surface. The vertex of this cone is then the Eckardt point. This is yet another
characterization.

6.3 The variety of lines of type 2

In this section, we develop the connection between the lines of type 2 on a cubic
hypersurface and its Eckardt points. Recall that a line l is of type 2 in the
cubic X if Nl/X = Ol(1)2 ⊕Ol(−1)n−2. We will see that through an Eckardt
point, every line is of type 2. We start by describing the subvariety S2 ⊂ F (X)
representing lines in X of type 2.

Here again, X is a cubic hypersurface in Pn+1, Σ the incidence correspon-
dence (see Equation (4.1)) with projections q : Σ→ X, p : Σ→ F1(X).

Recall from the proof of Corollary 5.2.10 that the dual map or Gauss map
D = DX maps any line l of type 2 onto a nonsingular quadric curve, so
degD|l = 2.

Lemma 6.3.1 ([CG72]). S2 has dimension ≤ n − 2. For a general X, this
dimension is exactly n− 2.

Proof. Let R ⊂ Σ be the quasiprojective scheme

{([l], x) | |[l] ∈ S2, x ∈ l, x not a ramification point of Dl}.

then we claim: q|R : R→ X is finite.
To see this, assume that there is an irreducible curve C ⊂ R such that

q(C) = y, where y ∈ X is a closed point. The dual mapping on any line l ∈ S2
is 2 : 1, and so induces an involution on l. Letting il be this involution, it
follows that there is an involution iR : R→ R defined by iR([l], x) = ([l], il(x)).

It follows that p ◦ iR = p, and also that DX ◦ q ◦ i = DX ◦ q. Then, since
DX is finite, there must be another point z ∈ X (here we use that ([l], x) ∈ R
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6. Eckardt points and lines of type 2

means that Dl is not ramified at x) such that q(i(C)) = z. But this means that
for any ([l], x) ∈ C, l is the line joining y to z. The claim follows.

It is well-known (see for instance [3264, p. 381]) that the Gauss mapping is
generically injective. But we know that on a line of type 2, the Gauss map is
2:1. Thus we must have dimR ≤ n− 1. For the stated lemma, note that since
DX ◦ q ◦ i = DX ◦ q, DX must be of degree at least two on q(R). In addition,
for a general line l of type 2, R contains all points on the form ([l], x) for x in a
dense open subset of l. So the projection p|R : R→ S2 must have 1-dimensional
fibres, and the claim follows. �

Proposition 6.3.2. For a generic cubic hypersurface X, the scheme S2 ⊂ F (X)
of lines of type 2 is a smooth variety.

Proof. We generalize the argument of [Ame07]. Assume that X has dimension
n. Consider the incidence correspondence

I

pr1

%%pr2zz
G(2, n+ 1) T = P(n+4

n+1)−1

where T parametrizes cubic n-folds and I = (l ⊂ X)|l is a line of type 2.
We know that S2 has dimension n − 3, so it is enough to show that I is

smooth in codimension n−3. But pr2 : I → G(2, n+1) is a smooth homogeneous
morphism, so it is enough to see that Il is smooth in codimension n− 3. Pick
coordinates such that l = Z(x2, . . . , xn). As before, this forces the equation
of X to have coefficient 0 for the terms x3

0, x
2
0x1, x0x

2
1, x

3
1. That l is of type

2 implies that the quadrics ∂f
∂xi

span a space of dimension 2. If we form an
(n − 1) × 3 matrix M where each row is the coefficients of ∂f

∂xi
in the basis

x2
0, x0x1, x

2
1, then M will have rank 2. Then the locus in T of hypersurfaces

containing L as a type-2-line is determined by the vanishing of the 3× 3-minors.
Then basic facts on determinantal varieties (see for instance [Har95, p. 151])
show that Sing(Il) is the locus where rkM ≤ 1, and this has codimension n in
Il. Hence S2 is smooth for a general X. �

If p is not Eckardt, F1(X)p has dimension n− 3. Recall from Corollary 5.2.9
that if l is a line of type 2 passing through p, we have dimT[l]F1(X)p = 2. This
means that for non-Eckardt points, a line of type 2 corresponds to a singularity
on F1(X)p. On the contrary, if T[l]F1(X)p has dimension n−2, all lines through
p must be of type 2.

It may happen that F1(X)p is a nonreduced curve. This occurs, for instance,
if the quadric form defining F1(X)p is a double plane. In these cases, it is also
true that any line through p is of type 2. We have:

Corollary 6.3.3. If a point p on X has a 2-dimensional family of lines passing
through it, then all these lines are type 2 and p is Eckardt. If F1(X)p is reduced
and contains an infinite number of lines of type 2, then p is Eckardt.

We have finally shown

Corollary 6.3.4. A cubic hypersurface has at most a finite number of Eckardt
points.
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6.3. The variety of lines of type 2

Proof. All lines through an Eckardt point are of type 2. If p is Eckardt, then
dimF1(X)p = n− 2. This is equal to the dimension of T[l]F1(X)p if and only if
l is of type 2, so all lines through p are of type 2. But the lines of type 2 form
a family of dimension ≤ n− 2. �

Let us sum up the different characterizations:

Proposition 6.3.5. A cubic hypersurface X ⊂ Pn possesses at most a finite
number of Eckardt points. For any given point p ∈ X, the following conditions
are equivalent:

• p is an Eckardt point.

• The tangent hyperplane at p intersects p with multiplicity 3

• There is an involutive automorphism of Pn taking X to itself, with p as
an isolated fixed point.

• The second fundamental form vanishes at p.

If n > 3, we also have

• dimF1(X)p = n− 3

• F1(X)p is reduced, and all lines on X passing through p are of type 2.

Proof. The first three and two last equivalences follow from our discussion in
the preceding section. We postpone the fourth for a while.

�

The maximal number of Eckardt points

We now attempt to find the maximal number of Eckardt points on a cubic
hypersurface.

In some cases, it is possible to compute the actual number. Let us first
consider the low-dimensional cases:

Proposition 6.3.6. A nonsingular plane cubic curve C has nine flex points.

Proof. This is a classical result, following (for instance) from the Plücker formula.
By [3264, p. 270], a nonsingular curve of degree d and genus g has 3d− 6g − 6
flex points. For a planar nonsingular cubic, this is 9.

Alternatively, we could argue through the Hessian of C: Let f be the
defining polynomial of C, and let H(C) be the polynomial defined as∣∣∣∣∣∣∣

∂2F
∂x2

∂2F
∂x∂y

∂2F
∂x∂z

∂2F
∂y∂x

∂2F
∂y2

∂2F
∂y∂z

∂2F
∂z∂x

∂2F
∂z∂y

∂2F
∂z2

∣∣∣∣∣∣∣ .
We see that H(C) intersects C precisely at the Eckardt points of C. Both
curves are cubics, so there are nine points in common. �

Proposition 6.3.7. A cubic surface can have at most 18 Eckardt points.

47



6. Eckardt points and lines of type 2

Proof. No line on X can contain more than two Eckardt points by Lemma 6.2.7.
Since an Eckardt point lies on three lines, the maximum is 27 2

3 = 18. �

This occurs for the Fermat cubic surface S = Z(x3
0 + x3

1 + x3
2 + x3

3). The
Eckardt points are the eighteen where two of the xi are nonzero.

For higher-dimensional cubics, the analysis becomes more involved. The
following result is announced in [CG72], but not directly proved there.

Proposition 6.3.8. A smooth cubic threefold has at most 30 Eckardt points.

Proof. Let X ⊂ P4 be the threefold.
First, note that an Eckardt point on a cubic threefold will have a one-

dimensional family of lines passing through itself. This family is an elliptic
curve in F1(X). Indeed, assume that the Eckardt point is p = (1 : 0 : · · · : 0),
then the equation of the threefold can be written as

x2
0l + c.

By Lemma 4.1.4, the lines through p are parametrized by Z(c, l), which is an
elliptic curve.

Define the divisor C on F (X) as the set of all lines meeting a fixed line l′,
i.e.,

C = {[l] ∈ F (X)|l ∩ l′ 6= ∅}.

We know from [CG72, p. 326] that 3C = KF (X). To find an upper bound on
the number of Eckardt points, we compute several intersection numbers on
the surface F (X). First, note that K := KF (X) is represented by the effective
divisor {[l] ∈ F (X)|l ∩ P 6= ∅}, where P is a 2-plane in P4 (since K = 3C).

To compute K.E for any elliptic curve E of the form described above, recall
that any line through p must lie in the tangent 3-plane TpX. But TpX ∩ P is
a line, which will intersect X in three points. Hence K.E = 3, and especially
C.E = 1.

We use the exact sequence

0→ TE → TF |E → NE/F → 0

to compute E.E = c1(NE/F ). Since E is an elliptic curve, TE = OE . It follows
that

c1(NE/F ) = c1(TF |E) = −K.E = −3

Now
K = −c1TF = c1(Sym3 U∨)− c1(G(2, 5)) = g,

where g is the polarization on F (X) induced by its embedding in the Grassman-
nian. This is a nef divisor, hence it intersects any effective divisor positively.

Recall from [CG72] that [S2] = 2KF . As K is nef , any component of S2
must intersect K non-negatively. So since all the elliptic curves representing
Eckardt points are contained in S2, their number must be less than

C.[S2] = 1
3KF .(2KF ) = 2

345 = 30.

�
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6.3. The variety of lines of type 2

The maximal number in general

For higher-dimensional cubics, it is – through somewhat more technical ar-
guments – possible to give upper bounds for the number of possible Eckardt
points, but these turn out to be an overestimate. We still give the argument,
hoping that it can be made mode accurate. We start with some intersection
theory on F (X). In what follows, let p ∈ X ⊂ Pn+1 be a point (Eckardt or not)
in a cubic hypersurface. Furthermore, we assume n ≥ 3.

Lemma 6.3.9. Let l ⊂ X be a general line. The cycle

Dl = {l′ ∈ F (X)|l ∩ l′ 6= ∅} ∈ CHn−2(F (X))

intersects F (X)p in one point if and only if p is an Eckardt point. The restriction
to F (X) of the Schubert cycle σn−2 is nef, and equals 3Dl.

Proof. If p is not an Eckardt point, F (X)p has dimension n−3, so F (X)p.Dl = 0
in CH•(F (X)) since dimF (X) = 2n− 4. On the other hand, assume that p is
an Eckardt point. Then the subvariety swept out by the lines in F (X)p has
dimension n − 1, and will intersect a plane in Pn+1 in three points. Hence
F (X)p.σn−2 = 3. For the second claim, we note that σn−2 is nef and effective
in G(2, n+ 2), and so nef in F (X). Finally, a general plane will intersect X in
a planar cubic curve, the class of which is rationally equivalent to three times a
line class. �

To find the cohomology class of S2, we apply the Porteous formula (Theo-
rem B.3.1). Before we can do that, however, we set up an alternative character-
ization of the line classes, generalizing [Ame07].

Let A be the underlying vector space of Pn+1, and L the two-dimensional
sub-vector space corresponding to a line l ⊂ X. Then we can show:

Lemma 6.3.10. The dual map, interpreted as a map D : A→ S2A∨ factors
through when quotienting out by L,, i.e., there is a commutative diagram

A
D //

��

S2A∨

��
A/L

φ // S2L∨

The kernel of φ has dimension n− 3 if l is of type 1, and n− 2 if l is of type 2.

Proof. It is probably easiest to see this through explicit coordinates. Indeed, in
coordinates, Df is

(a0, . . . , an) 7→
n∑
i=0

∂f

∂xi
ai.

So φ is induced by this, and becomes

L+ (a0, a1, . . . an) 7→
n∑
i=0

∂̃f

∂xi
ai.

Here, ∂̃f
∂xi

is the image of ∂f
∂xi

in the homogeneous coordinate ring of L.
Also, φ is well defined since L ⊂ X, so by Euler’s lemma ([Har77, p. 37]),∑n

i=0
∂̃f
∂xi

bi = 0 if (b0, . . . , bn) ∈ L. �
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Now dualize φ to a map φ∨ : S2L→ (A/L)∨, and consider the universal sub-
and quotient bundles U ,Q on the Grassmannian. Their fibres above a point
[l] ∈ G(2, n+ 2) are respectively L and A/L. It follows that we can globalize
φ∨ to a map

Φ: S2U|F (X) → Q|F (X)
∨,

and the class of S2 is the locus where it is not of full rank. We see that S2U
has rank 3, and Q∨ has rank n.

It follows that the class of S2 in CHn−2(F (X)) equals the degeneracy locus
M2(Φ), so by Porteous’ formula (Theorem B.3.1), we have

S2 = cn−2(Q|F (X)
∨ − Sym2 U|F (X))

With a similar argument as in the case of threefolds, we can then compute
an upper bound for the maximal number of Eckardt points on X by intersecting
the class S2 with D. Note again here that since D is nef, any component of S2
intersects D nonnegatively. Indeed, we have shown:

Proposition 6.3.11. A cubic hypersurface of dimension n can at most have

cn−2(Q|F (X)
∨ − S2U|F (X)).

σn−2|F (X)

3

= cn−2(Q∨ − S2U).σn−2

3 .c4(S3U)

Eckardt points. (Here as before, U ,Q are the universal sub- and quotient bundles
on the relevant Grassmannian.)

There does not seem to be any more compact way of writing this. We list
some of the theoretical maxima:

n maximal # of points
3 30
4 75
5 168
6 357
7 738

These numbers seem all to be 3(2n+1 − n− 3), but I have not been able to
prove this (nor why they are all divisible by 3)

Even though the variety S2 is smooth, it can be quite complicated. For
instance, we can now check (by computing S2.σ

2
1) that the surface of lines of tye

2 on a cubic threefold has degree 540. A deeper analysis (see [Ame07]) shows
that it is of general type.

Something is missing to improve the bound. We can say this with certainty
because while finishing this section, the author was made aware of the work
[CCS97]. This shows, through quite different methods than what we have used,
that

Theorem 6.3.12 ([CCS97, Theorem 3.12]). A nonsingular cubic n-fold has at
most 3n(n+1)

2 Eckardt points. If the n-fold achieves this, it is the Fermat cubic.
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Remark 6.3.13. One might wonder if this analysis can be extended to hyper-
surfaces of other degrees. When increasing the degree of X, however, several
problems arise: There are more types of lines (by Proposition 5.2.1), and there
may be Eckardt points p where F (X)p has dimension more than one greater
than a general point. In addition, our computation of upper bound for the
number of Eckardt points here hinges crucially on Lemma 6.3.1, which provides
an upper bound for the dimension of the variety of lines of type 2, and shows
that the general hypersurface meets this upper bound.

6.4 Rationality and Eckardt points

Lemma 6.4.1. Let X be a cubic hypersurface of dimension n containing at
least two Eckardt points. No two Eckardt points can have the same tangent
hyperplane.

Proof. Assume the contrary, and let p and q be two Eckardt points with
TpX = TqX. Then TpX ∩ X is a cubic hypersurface of one dimension less,
with two triple points at p and q. Note that the triple points of Tp ∩X can
only be a finite set, since otherwise there would be an infinite number of
Eckardt points on X. But we claim that this is impossible: Suppose that
(1 : 0 : · · · : 0), (0 : 1 : 0 : · · · : 0) are two triple points on a cubic hypersurface
Y . Then the equation of Y must lie in the ideal (x1, . . . , xn)3, and also in
the ideal (x0, x2, x3, . . . , xn)3. These intersection of these ideals is the ideal
I = (x2, x3, . . . , xn)3. But if f ∈ I, then any point (a : b : 0 : · · · : 0) is a triple
point of f .

�

Corollary 6.4.2. A cubic fourfold X with two Eckardt points is rational.

Proof. If X has two Eckardt points p, q, there are two disjoint cubic surfaces
in F (X). These surfaces each contain 27 lines, corresponding to planes in
X containing the Eckardt points. Choose two such planes p ∈ P1, q ∈ P2.
Assuming they are disjoint, we can construct a birational map as follows: Pick a
point in each plane, then the line spanned by the points will generically intersect
X in a third point. On the other hand, a point in P5 will lie on a unique line
intersecting two disjoint planes.

It remains to be shown that two such planes can be picked to be disjoint. It
might be that F (X)p, F (X)q are such that every line on F (X)p intersects every
line on F (X)q and vice versa. The cubic surface F (X)p may have Eckardt
points of its own, corresponding to lines through p where three of the 27 planes
through p meet. So in the worst case, 81 intersection points between F (X)p
and F (X)q could be enough for every pair of two planes to intersect. So we
show that there cannot be 81 points of intersection.

Assume first that no line in X contains both p and q. If r ∈ P1 ∩ P2,
the lines pr, qr would both lie in X. Note then that these lines must lie in
TpX ∩TqX ∩X ' P3∩X, a cubic surface (by Lemma 6.4.1) - but such a surface
contains only 27 lines. Hence there must be some choices of P1,P2 that do not
intersect.

Should p, q be collinear, assume that the planes intersect in r. Then the
plane pqr will intersect X along three lines. Since the line in X containing both
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6. Eckardt points and lines of type 2

p and q may correspond to an Eckardt point for both p and q, we find that
there are at least (9− 1)2 = 64 such triangles in X containing p and q. Again,
this is impossible in TpX ∩ TqX ∩X ' P3 ∩X.

�

6.5 The second fundamental form

The second fundamental form is originally a differential-geometric concept, but
it is possible to translate it into algebraic geometry. It furnishes an additional
characterization of Eckardt points. There are further fundamental forms beyond
the second ([Lan94]), but for the purpose of characterizing Eckardt points, only
the second fundamental form is of interest.

We define

Definition 6.5.1. Let X ∈ Pn be a smooth projective variety. The second
fundamental form IIX of X is the dual of the derivative of the Gauss map
mapping any point p to its projectivized tangent plane: G : p 7→ PTpX ∈
G(n, n+ 1)

In essence, it measures "how X moves away from its tangent plane at every
point" ([Lan94]). There are several other ways of defining IIX - one might do
it completely differential-geometrically, as in [GH94, p. 78], or in an abstract
algebraic fashion, as in [3264].

We will interpret the form as a map Sym2 TX → NX . Let us here write
T̃x = T̃pX for the affine tangent hyperplane to X at p = Px (so TpX = PT̃pX).
Now note that we have

dG : TX → TG(n,n+1)

and since TG(n,n+1) = U∨ ⊗Q (here U ,Q are the universal sub- and quotient
bundles on the Grassmannian) this gives

dG : TX → U∨ ⊗Q

Let V be such that Pn = PV . On the stalk of p = Px, the map is then

dGp : TX,p → T̃x
∨ ⊗ V/T̃x = Hom(T̃x, V/T̃x).

But any map in Hom(T̃x, V/T̃x) arising like this must have x in its kernel, so
we can think of this as a map

dGp : TX,p → Hom(T̃x/x, V/T̃x).

But since Tp(X) = Hom(x, T̃p(X)/x) and

NX/Pn,p = TPn,p/TX,p = Hom(x, V/T̃x)

it follows that dGp induces a map

TX,p → Hom(TX,p,NX/Pn,p) = ΩX,p ⊗NX/Pn,p

which is equivalent when globalized to a map

TX ⊗TX → NX/Pn .
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6.6. Dimensional Eckardt points

inducing II(X) : Sym2 TX → NX/Pn . We can also dualize to end up with

II(X) : IX/I
2
X → Sym2 ΩX

For this discussion, we followed the approach of [Po11] and [Lan94]. If we con-
sider Ω(X) as linear functions on the tangent spaces, it follows that Sym2 Ω(X)
is the bundle of quadric functions on every tangent space. Should we decide to
compute this last bit in explicit coordinates, we see that II(X) maps f ∈ IX to∑ ∂2f

∂xi∂xj
dxi ⊗ dxj

in the projectivized tangent space.
It follows that the second fundamental form vanishes exactly at the points

p such that the quadric term in the Taylor expansion of f around p is zero.
Let us remark upon the connection to the differential-geometric definition of

[GH94]. They define, for any pair of holomorphic vector bundles S ⊂ E with
quotient Q on a compact complex manifold M the second fundamental form to
be a certain map

IIS⊂E : H0(S ⊗F 1
M )→ H0(Q ⊗F 1

M ),

where F 1
M is the sheaf of smooth C-valued 1-forms. If we let S = TX , E =

TPn |X , we will (after some algebraic manipulation) end up with the definition
above.

6.6 Dimensional Eckardt points

In case we would like to extend the discussion of these sections to hypersurfaces
that are not cubics, several problems arise. As mentioned, take the quadric
threefolds: By Proposition 2.1.5, the general quartic threefold contains no lines.
But the Fermat quartic

X = Z(x4
0 + x4

1 + x4
2 + x4

3 + x4
4)

will contain many, for instance the line consisting of points on the form p = (a :
ηa : b : ηb : 0) where η4 = −1 and a, b are free. So it is no longer the case that
the dimension of the Fano scheme of an n-dimensional degree d- hypersurface
is the same for all such hypersurfaces, although it will be for large enough n.
(Chapter 2)

But we can still define

Definition 6.6.1. Let X be a smooth projective variety where F1(X)q has
dimension k for a general q. Let us say that p is a dimensional Eckardt point if
dimF1(X)p > k.

Note that for a cubic hypersurface of dimension 3 or more, this agrees with
our previous definition of Eckardt point. However, for a cubic surface, every
point on any of the 27 lines will be a dimensional Eckardt point. But all of
these 27 are of type 2, so we can state:

Observation 6.6.2. A point p on a cubic hypersurface is a dimensional Eckardt
point if and only if F (X)p is reduced, and all lines through the point are of type
2.
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6. Eckardt points and lines of type 2

For other degrees, it is no longer clear how to characterize dimensional
Eckardt points as the loci where bundle maps vanish - we suspect that it
would be necessary to construct one map for every pair of terms in the Taylor
expansion, which would vanish if one term vanishes along another. But it is not
clear how to construct such maps, and in any case it would be far less satisfying
than the cubic case, where one map –the second fundamental form- is enough

But we can state:

Proposition 6.6.3. Let X be a hypersurface of degree d and dimension n. If
n > d− 1, all Eckardt points on X are dimensional Eckardt points.

Proof. Consider the local expansion of f around a point p:

f = xd−1
0 g1 + xd−2

0 g2 + · · ·+ gd

with the gi forms of degrees d in x1 . . . , xn+1, as above. From Lemma 4.1.4, we
have again that the lines are determined by the vanishing of all gi simultaneously
in PTpX. If these intersect transversely -as they will in general- it follows that
dimF1(X)p = max{0, n− d} But if g2 vanishes along g1, this means that the
intersection has dimension > max{0, n− d+ 1}. The assertion follows. �

It is also difficult not to show that:

Lemma 6.6.4. Assume that p ∈ X ⊂ Pn is an Eckardt point. Then p will also
be an Eckardt point in X ∩H, for a general hyperplane H containing p.

Proof. The subscheme F (X)p of X swept out by lines passing through p has
dimension at least one more than that swept out by lines through a non-Eckardt
point q. Hence dimF (X)p ∩H = dimF (X ∩H)p > dimF (X)q ∩H, and p is
Eckardt in X ∩H. �

There is a partial converse:

Observation 6.6.5. Let X ∈ Pn be a smooth hypersurface, Y = X ∩H for a
hyperplane H. For a general H, it is true that if p is an Eckardt point in Y ,
then p is an dimensional Eckardt point in X.

Proof. If H is general, dimF1(Y )p = dimF1(X)p + 1. This is true both when
p is a dimensional Eckardt point and when not. �

It is also true that the characterizations of lines by their normal bundles
from Proposition 5.2.1 can be used to characterize dimensional Eckardt points
for other hypersurfaces, but we will not discuss this further.

6.7 Generalizations

A way of generalizing the concept of Eckardt points would be to replace lines
with k-planes. Let us tentatively define:

Definition 6.7.1. Let X be a projective variety. Then p ∈ X is a dimensional
k-Eckardt point if the scheme Fk(X)p ⊂ Fk(X) has larger dimension than
expected.
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6.7. Generalizations

There does not seem to be any obvious way of generalizing the second
fundamental form to this case.

One way of characterizing these points would be through lines, planes and
so forth in F1(X)p. These should correspond to linear spaces in X containing
x, of dimension one higher.

Proposition 6.7.2. Let X ⊂ Pn be a projective variety, such that F1(X) is
smooth. Consider the incidence correspondence

Σ

p
��

q

""
X F1(X)

If Z ⊂ F1(X)p ⊂ F1(X) is a linear subvariety of dimension k, then Z is
homologous to the Schubert cycle of lines contained in an k + 1 plane in X.

Proof. If Z is linear, it has degree 1, and especially σk1 .Z = 1. But the only
Schubert cycle τ in H•(G(2, n+ 1)) parametrizing lines through a point with
τ.σk1 = 1 is σn−1,n−k. This is the described class. �

It follows that

Observation 6.7.3. For X a variety satisfying the same hypotheses as Propo-
sition 6.7.2, x ∈ X is a dimensional 2-Eckardt point if and only if Fk−1(F1(X)p)
has larger dimension than expected.

55





CHAPTER 7

Cubic fourfolds and special K3
surfaces

We investigate a specific cubic fourfold, namely the Fermat cubic. We note that
fourfolds containing two disjoint planes have associated K3 surfaces, and we
use this to prove the Hodge Conjecture for the Fermat cubic and other highly
special cubics.

7.1 K3 surfaces and cubic fourfolds

It is a strange fact that many cubic fourfolds can be connected to K3 surfaces
in various ways. We have already used (Proposition 3.2.1) the fact that the
Fano scheme of lines on a Pfaffian cubic fourfold is birational to the Hilbert
square of a K3 surface. If S is the K3, X the fourfold, we showed that there
are natural injections of groups

H2(S,Z) ↪−→ H6(F (X),Z), Sym2H2(S,Z) ↪−→ H4(F (X),Z)

, compatible with Hodge structures. Hassett has systematized similar associa-
tions ([Has00]).

We will see another connection here:

Proposition 7.1.1. A cubic fourfold X ⊂ P5 containing two disjoint planes
P1,P2 is rational. The indeterminacy locus of the birational parametrization is
a K3 surface, the square of which is birationally equivalent to F1(X).

Proof. The first statement is shown in the proof of Corollary 6.4.2.
For the second statement, note that we can pick coordinates on P5 such

that P1 = Z(x0, x1, x2),P2 = Z(x3, x4, x5). If X = Z(f) in this coordinate
system, we find that f = f1 + f2, where f1, f2 are bihomogeneous forms of
bidegrees (2, 1), (1, 2) on k[x0, x1, x2;x3, x4, x5]. So if p1 ∈ P1, p2 ∈ P2, we have
that p1, p2 ∈ X if and only if the point p1 × p2 is zero in

Z(f1, f2) ⊂ P2 × P2.

Call this surface S. For a general X containing two disjoint planes, S is smooth.
By adjunction, S is a K3 surface:

KS =
(
(KP2×P2 +O(1, 2))|Z(f2) +O(2, 1)

)
|Z(f1,f2)
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= O(−3,−3) +O(1 + 2, 2 + 1) = O.

For the birational equivalence of S[2] with F (X), we follow [HK06, p. 13].
Pick a point p+ q ∈ S[2]. Then the images of p, q in either S-factor determine
lines l1, l2. Now we claim that the plane l1 × l2 generally intersects S in five
points.

To see this, note that S|l1×l2 will be defined by the vanishing of one (1, 2)-
form and one (2, 1)-form - which will intersect in precisely five points.

The three other points than p, q will generally lie on a unique (1, 1)-curve C
of l1 × l2. Let L be the linear system L := {f ∈ OP2×P2(2, 2) | f |S = 0}. Then
we have

Lemma 7.1.2. The degree of L restricted to C is one.

Proof. This comes down to computing (π∗L−E).C̃ on the blow-up BlS P2×P2,
where C̃ is the strict transform. This is clearly 4− 3 = 1.

�

And this means that under the rational map given by L, C maps to a
line in X. This gives a map S[2] → F1(X). Furthermore, since F1(X) and
S[2] are both 4-dimensional, the map is rational if it is generally injective. So
assume that p′ + q′ gives the same line as p+ q. This means that the surface
P1×P1 ⊂ P2×P2 determined by p′, q′ intersects that given by p, q along a curve.
But if we consider the Chow ring of P2 × P2, we find that this is impossible.
We have

CH•(P2 × P2 = Z[a, b]/(a3, b3) [3264, p. 51],

with a, b the pullbacks of the hyperplane classes. So the class of our P1 × P1s
is ab, and two such surfaces will intersect in a single point. Hence the map is
generally injective.

�

However, we cannot hope to have an isomorphism S[2] ∼−→ F (X) for a K3
surface S constructed in this fashion. We sketch the argument of Hassett:
[Bea+16, p. 41]

If S is a smooth intersection of hypersurfaces of types (1, 2, (2, 1)) in P4, then
the classes (1, 0), (0, 1) correspond to linear systems of curves on S. Let C1 and
C2 be curves representing these. We have (by adjunction) that C2

1 = C2
2 = 2,

C1C2 = 5. Then C1 +C2 represents (1, 1) and so gives a degree 14 polarization
f of S[2].

However, if S[2] ' F (X), then the Plücker polarization g equals 2f − 5δ
([BD85]), where 2δ is the image of the exceptional divisor in S[2].Then we have

C1.g = C1(2f)− C1(5δ) = 14− 15 = −1

which is ridiculous.

7.2 The Fermat cubic

Let
Y = Z(x3

0 + x3
1 + · · ·+ x3

5)

58



7.2. The Fermat cubic

be the Fermat cubic fourfold. An explicit but boring computation shows that Y
has exactly 45 Eckardt points, where all but two coordinates are zero. Through
every Eckardt point, there are 27 planes. It is not difficult to see that each plane
in F passing through one Eckardt point must pass through three others. Hence
there are at least 45 · 27

3 = 405 planes in F . It is also possible to show that
these 405 planes, together with the Chern classes of the tautological subbundle
of G(2, 6) restricted to S, generate H2,2(X,Z), by seeing that their intersection
matrix has rank 232 (Proposition 3.2.1).

We will see that the Hodge Conjecture holds for the Fano scheme of the
Fermat cubic.

Lemma 7.2.1. Pick any two disjoint planes in Y , and let the induced rational
map (as in Proposition 7.1.1) be φ. The K3 surface S which is the indeterminacy
locus of φ, is isomorphic to the surface

x2u+ y2v + z2w = xu2 + yv2 + zw2 = 0

in P2 × P2.

Proof. This is true if we can write the equation of the Fermat cubic as

Z(x2u+ y2v + z2w − xu2 + yv2 + zw2) ⊂ P5

. To see this, note that the expression is a sum of three terms each depending
only on two variables, so this cubic must be isomorphic to Y . (In fact, let η be
a nonreal cube root of 1. Then setting x = −η2α− ηβ, u = ηα+ η2β leads to
xu2 − x2u = α3 + β3.) �

Lemma 7.2.2. The Picard number ρ(S) of S is 20.

Proof. We note that S contains at least twenty-four lines. These fall in
two groups, which we will denote lx, ly, . . . , lw (the first, six of these) and
lx,ω, lx,−ω, lx,−1, . . . , lw,ω, lw,−ω, lw,−1 (the second type, eighteen of these). Here
ω is a nonreal cube root of −1. We assume that x, y, z are the first three
coordinates on P2 × P2, u, v, w the last three. Then the lines are

• lx = {(1 : 0 : 0)× (0 : v : w)}
...

• lw = {(x : y : 0)× (0 : 0 : 1)},

• lx,ω = {(0 : 1 : ω)× (u : v : ωv)}
...

• lw,−1 = {(x : −x : z)× (1 : −1 : 0)}

where x, y, z, u, v, w are free variables. That is, of the first type, the subscript
indicates the nonzero coordinate among either the first (x, y, z) or second (u, v, w)
triplet, and for the second type, the subscript indicates the zero coordinate and
the quotient of the two other coordinates in one triplet.

It is now easily checked that we have the following intersection pairings for
the line lx:

59



7. Cubic fourfolds and special K3 surfaces

• lx.lv = lx.lw = 1,

• lx.lu,ω = lx.lu,−ω = lx.lu,−1 = 1

• lx.lx = −2.

• lx.any other line = 0

and for the line lx,ω:

• lx,ω.lu = 1

• lx,ω.lu,ω = 1

• lx,ω.lx,ω = −2.

• lx,ω.any other line = 0

The intersection numbers for the other lines are completely analogous.
That a line on a K3 surface S has self-intersection 2 follows from the

adjunction formula 2g− 2 = C(C +KS) – since S is K3, its canonical divisor is
trivial.

These numbers give a size 24×24 intersection matrix, which has rank 20. �

Then, we apply the following result from [Mor84, p. 15]:

Proposition 7.2.3. Let S be a K3 surface where ρ(S) ≥ 19. Then S × S
satisfies the Hodge conjecture.

Now note that S[2] is formed from S2 by blowing up the diagonal and taking
the quotient by Z/2, as detailed in Proposition 3.2.1. It follows that if the
Hodge conjecture holds for S2, it will also hold for S[2].

So for the Fermat cubic, S has a Picard group of rank 20. It follows that
the Hodge conjecture is satisfied for S[2]

We conclude by applying to the following lemma:

Lemma 7.2.4. Suppose that h : X ∼
99K Y is a birational equivalence of varieties

of dimension ≤ 4. Then X satisfies the (Integral) Hodge conjecture if and only
if Y does it.

Proof. The Weak Factorization Theorem ([Abr+99]) tells us that h can be
decomposed into a diagram

Z

π1~~

π2

��
X

h // Y

where π1, π2 are compositions of blow-ups along smooth curves or surfaces. But
on these the Hodge conjecture is known. So consider the decompositions of
Chow groups and Hodge structures of blow-ups. The class map is compatible
with these decompositions. Hence we have: If Y is the blow-up of X along the
smooth centre S such that the Hodge conjecture holds on S, then the Hodge
conjecture holds for Y if and only if it holds for X. The conclusion follows. �
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Corollary 7.2.5. The Fano scheme of the Fermat cubic fulfills the Hodge
conjecture.

Remark 7.2.6. In fact, we have shown that: If X is a cubic fourfold such that
F1(X) is birationally equivalent to the Hilbert square of a K3 surface of Picard
rank 19 or 20, the Hodge conjecture holds for F1(X).

From this point, most of the ideas are due to R. Laterveer (personal com-
munication).

How do we find such cubic fourfolds? One idea is the following lemma.

Lemma 7.2.7. Suppose that X is a cubic fourfold with associated K3 surface
S, in the sense that F (X) ∼−→ S[2]. Then the Picard number ρ(S) of S equals
dimQH

2,2(X,Q)− 1.

Proof. This follows from the construction Proposition 3.2.1 and the properties
of the Abel-Jacobi map. Let H4

tr(X,Q)denote the transcendental part of
H4(X,Q), i.e., the subspace of H4(X,Q) orthogonal to every algebraic class .
(That the Hodge conjecture holds for cubic fourfolds means that we can say
H4
tr(X,Q) = H2,2(X,Q)⊥.) This is mapped onto H2,2

tr (F (X),Q).
But since H2,2(F (X),Q) ' H1,1(S,Q) ⊕ QE where E is the exceptional

divisor of the blowup, it follows that

ρ(S) = rkH2,2(S,Q) = rkH2,2(X,Q).

�

Let us conclude by discussing a possible generalization. We suspect that it
is possible to adapt this argument to prove that the Hodge conjecture holds for
every power of F1(Y ). It is at least true that:

Lemma 7.2.8. For every m, i and every cubic hypersurface X, there is a split
injection

CHi−2m(F1(X)m)Q ↪−→ CHi(Xm)Q.

Proof. This follows from [Lat16]. He shows, using the Grothendieck ring
construction from [GS14], that there is an isomorphism

CHj−2(F1(X)×M)Q ⊕ CHj(W ×M)Q
∼−→ CHj(X [2] ×M)Q

where W is the projectivization of TPn |X . Then we can apply this isomorphism
iteratively with M = F1(X)m, X [2] × F1(X)m−1, . . . , X [2]m−1 × F1(X). �

This result is probably valid for cohomology as well. It is known by work of
Shioda ([Shi79]), that the (generalized) Hodge conjecture holds for every Y m.
So if we can apply the above lemma in both Chow-theoretic and cohomological
settings, we have a way of moving cycles back and forth between Y m and Fm1 ,
and this should be enough to prove:

Conjecture 7.2.9. Let Y be the Fermat cubic of dimension n. Then, for every
m, the Hodge conjecture holds for F1(Y )m.

In fact, it should be possible to show
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7. Cubic fourfolds and special K3 surfaces

Conjecture 7.2.10. Let X be a cubic fourfold, S a K3 surface. Assume that
F (X) ∼

99K S[2], and that S has Picard number ≥ 19. Then the Fano variety
F1(X)m fulfills the Hodge Conjecture for any m ≥ 1.
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CHAPTER 8

Cones on special cubic fourfolds

In this chapter, we describe the cones of nef and effective cycles on cubic
fourfolds and related varieties.

We start by giving a very explicit computation of the cones on cubic fourfolds
containing a plane. We set up machinery for translating results about cubic
fourfolds into results for the Fano schemes of lines on the fourfolds using the
Beauville-Bogomolov form and the Abel-Jacobi map. Then we discuss special
cubic fourfolds –in the sense of Hassett– for small discriminants, while discussing
some conjectures of Hassett and Tschinkel. The techniques used for a fourfold
containing a plane admit a wide generalization to the case of an even-dimensional
hypersurface containing a complete intersection of half the dimension, which
we will see in Chapter 9.

8.1 Nef cycles

We will especially need to check nefness of various cycles in the cubic hypersur-
faces - and later on in other varieties. We have already mentioned it, but let us
define:

Definition 8.1.1. Let X be a projective variety of dimension n. A k-cycle
S ∈ CHk(X) is nef if, for any effective n− k cycle T ,

S.T ≥ 0.

This generalizes the usual definition of nefness for divisors.
We know that nef divisors are limits of ample divisors, but this geometric

intuition is no longer true when speaking of higher codimension cycles. It is, for
instance, true that a cycle can be nef even without being the limit of effective
cycles ([Deb+10]).

So determining whether a higher-codimension cycle is nef can be a subtle
problem. For smooth subvarieties, however, there is a simple criterion:

Theorem 8.1.2 ([FL82]). Let X be a projective variety (not necessarily smooth),
Y ⊂ X a smooth local complete intersection of pure codimension k, and NY/X

the normal sheaf of Y in X. If Symm NY/X is globally generated for some m,
then Y is nef.

This is not too surprising if we consider the definition of intersection numbers
through the "deformation to the normal cone" as in [Ful98]. Essentially, the
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intersection products of an effective subvariety is determined by the positivity
properties of its normal bundle. The condition in the theorem is exactly that
the normal bundle is a nef vector bundle.

8.2 The moduli space of cubic fourfolds

We follow Hassett’s discussion ([Has16],[Has00]). Cubic fourfolds in P5 naturally
form a P55. The singular cubic hypersurfaces form a divisor in this space, given
by the discriminant. This is not difficult to see: Given a point p in P5, for
a cubic fourfold to have a singularity at p forces six independent conditions
on the coefficients of the equation of X. So for the moduli space of smooth
cubic fourfolds, take the open set U ⊂ P55 parametrizing the smooth ones, and
form the quotient C = [U/PGL(6)]. This is the relevant moduli space. Since
PGL(6) has dimension 35, C has dimension 20. (In fact, C is not a scheme, but
a Deligne-Mumford stack. We will only use that dim C = 20. )

Let X be a cubic fourfold. By the theory of Noether-Lefschetz loci, the very
general X only contains subvarieties cohomologous to a complete intersection
of X with hypersurfaces. For a hypersurface of sufficiently high degree, this
follows (for instance) from [Voi03, p. 179]. It is not obvious that degree 3 is
enough for fourfolds, but it can be shown through Voisin’s Torelli theorem for
cubic fourfolds (see [Bea+16, pp. 40-42] for details).

A natural consideration is then whether X contains unexpected subvarieties,,
i.e., subvarieties not homologous to a complete intersection. Such cubics were
thoroughly studied by Hassett, and we mainly follow his articles [Has16], [Has00],
[Bea+16, Chapter 2] in this section.

Notation 8.2.1. X will denote a cubic fourfold embedded in P5, h = hX the
hyperplane divisor on X.

Definition 8.2.2. [Has16, p. 11] Let X be a cubic fourfold. We say that X
is special if there is a surface S ⊂ X which is not cohomologous to a multiple
of a complete intersection. A labelling of X is a rank-two saturated sublattice
K of H2,2(X,Z), such that h2 ∈ K. We can form an intersection matrix with
the other generator of K, and the discriminant of X will be the determinant
of the matrix. If there are several choices of second minimal generator, the
determinant is independent of the choice.

To set up the intersection pairing of K, we need to compute h2.h2, h2.S,
and S.S. The first two equal 3 and degS, so only the last deserves an argument.
Suppose that i is the inclusion of S into X. Then we can compute S.S as
i∗c2(NS/X). To find this, we use the short exact sequences

0→ TS → TX |S → NS/X → 0,

0→ TX → TP5 |X → NX/P5 = OX(3)→ 0.
The second sequence shows that c2(TX) = 6h2, and we know already

that c1(TX) = −KX = 3h. Now the first sequence gives that c2(NS/X) =
c2(TX) − c2(TS) − c1(TS)c1(NS/X). If we abuse notation slightly and set
h := hS , this simplifies to

S.S = i∗c2(NS/X) = 6h2 + 3hKS +K2
S − χS .

64



8.2. The moduli space of cubic fourfolds

Here χS is topological Euler characteristic of S considered as a complex manifold.
We used the fact that this number equals the top Chern class of the tangent
sheaf, which is [3264, Theorem 5.21]

So the intersection matrix, for a special cubic fourfold containing a surface
S of degree s, becomes

h S
h 3 s
S s 18 + 3hKS +K2

S − χS
(8.1)

and is reasonably easy to compute in practice.
Hassett’s main result is the following:

Theorem 8.2.3 ([Has00]). Let Cd ⊂ C be the locus of special cubic fourfolds
with a labelling of discriminant d. Then Cd is non-empty if and only if d ≥ 8,
d ≡ 0, 2 modulo 6. In these cases, Cd is an irreducible divisor in C.

Rational surfaces in cubic fourfolds

It may seem that each divisor Cd is characterized by there being a certain
class of special surface contained in the general member of Cd (We will, for
instance, see that a plane or a cubic scroll is contained in every member of
C8, C14, respectively.) The definition does not demand this, however. Nuer has
shown ([Nue17]) that for every d ≤ 38, the general member of Cd contains a
smooth rational surface, which together with h2 generates the labelling of X.

Let us also note that (by work of Mboro and Voisin) it is known that the
group CH2(X) is generated by classes of rational surfaces ([Mbo17]). It would
be interesting to discover whether it can be generated by the classes of smooth
rational surfaces. We show that this is impossible.

Theorem 8.2.4. Let X be a smooth cubic fourfold. Then any smooth rational
surface in X has degree ≤ 2916.

This is Theorem 2.4 of [CD02]. The result is proved for any surface not of
general type, and the bound is probably not optimal.

The important thing is that there is a bound. We can use this to show that

Theorem 8.2.5. If X is a cubic fourfold, CH2(X) cannot be generated by
classes of smooth rational surfaces.

Proof. Suppose that X is a special cubic fourfold, containing a rational surface
S of degree d. We show that there is a k0, independent of S, such that X 6∈ Ck
for k ≥ k0.

The bound on the degree of S implies that only a finite number of components
of HilbX parametrizing smooth rational surface classes. This implies that there
is a bound on S.S - say t. Then the intersection matrix of H2,2(X,Z) is

h S
h 3 d
S d S.S

(8.2)

which cannot have determinant greater than 3t− d2. So it is enough to set
k0 = 3t. Then X is not in any Ck if k ≥ k0. �
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In Nuer’s paper, he concludes by asking what the condition that the generic
X ∈ Cd contains a smooth rational surface not homologous to a complete
intersection means about the geometry of X, or the geometry of Cd.

We have just shown that this means that d is bounded. Nuer also shows
that the existence of smooth rational surfaces in a generic X ∈ Cd implies that
Cd is unirational. It is expected that for d � 0, Cd is unirational, and this
theorem is some evidence for that.

8.3 Cones on special cubic fourfolds

From now on, X ⊂ P5 will be a special cubic fourfold in the sense of Hassett,
i.e., one containing a surface not homologous to a multiple of h2. We will
usually also assume that X represents a general point in Cd.

We will especially be interested in various cones of 2-cycles on X:

Definition 8.3.1. Recall the definitions of effective and nef 2-cycles on X from
Definition 8.1.1.

We define the effective cone Eff2(X) to be the cone in H2,2(X,R) =
H2,2(X,Z) ⊗ R consisting of linear combinations with positive coefficients
of the ample classes of H2,2(X,Z). We can view H(2,2)(X,Z) as a lattice inside
H2,2(X,R).)

The nef cone Nef2(X) is defined completely analogously, as the positive
span of the nef classes of 2-cycles in H2,2(X,R).

Remark 8.3.2. These cones are usually defined in N2(X)R (that is, the Chow
group CH2(X) modulo numerical equivalence, tensored with R.). We will
work in the cohomology groups instead, since this fits better with Hassett’s
classifications. In any case, numerical equivalence is weaker than homological
equivalence, so we can easily translate to the numerical setting. It is apparently
true that for fourfolds, numerical and homological equivalence agree, but we
have not been able to find a good reference for this.

Cubics containing a plane

We start with the most basic example of a special cubic fourfold, that is, a
cubic fourfold X containing a plane P . Since a plane has degree 1, it cannot be
equivalent to a complete intersection with X.

The techniques developed in this section will be generalized in Theorem 9.0.2.
From Equation (8.1), we find that the intersection matrix is

h P
h 3 1
P 1 3

(8.3)

which has determinant 8.
It is known that every cubic fourfold of discriminant 8 contains a plane

([Voi86]). Cubic fourfolds containg Eckardt points will – since they all contain
at least 27 planes - lie in this divisor.

So in this subsection, X is a general element of Hassett’s divisor C8. Write
the defining equation of X as

f = x0q0 + x1q1 + x2q2,

66



8.3. Cones on special cubic fourfolds

so that the plane is P = Z(x0, x1, x2).
We wish to describe the cones of nef and effective cycle classes in H2,2(X,R).

We start by describing some effective cycle classes on X.

Proposition 8.3.3. The following classes are effective in H2,2(X,Z):

• h2 − P , represented by a smooth quadric surface,

• h2 + P , represented by a quartic del Pezzo surface,

• 3h2 − P , represented by an octic K3 surface.

Proof. Let V ⊂ P5 be a 3-plane containing P . The residual intersection of
V ∩X will then be a quadric surface Q. Letting h be the class of a hyperplane
section of X, this means that the class of Q is h2 − P in H2,2(X,Z).

Suppose that Q is given by Z(x0, x1, q2), and intersect X with a general
quadric threefold containing Q. A quadric threefold intersection has class 2h2 in
CH2(X), and we get that 2h2 = Q+R or R = h2 + P , where R is the residual
degree 4 surface. It is clear that, being a hypersurface in a quadric threefold in
P5, a representative of R will have equations x0 = q1 = q2 = 0.

Similarly, if we intersect X with a general intersection of two quadric
hypersurfaces containing R, we obtain 4h2 = R + T , or T = 3h2 − P , with T a
degree-8 surface. T must be the zero locus of three independent quadrics in P5,
and is represented by equations q0 = q1 = q2 = 0.

To see that R is a del Pezzo, we use the adjunction formula. Indeed, R is
the zero locus of two quadrics in P4, so

KR = (KP4 + 2h+ 2h)|R = (−5h+ 4h)R = −hR.

which is antiample.
For T , we have similarly

KT = (KP5 + 2h+ 2h+ 2h)|T = 0.

Hence R is del Pezzo and T is a K3 surface.
�

Lemma 8.3.4. The del Pezzo surface R and the K3 surface T are both nef in
X.

Proof. We show that both surfaces have globally generated normal bundles in
X. Then Theorem 8.1.2 gives the result.

First consider R. There is an exact sequence

0→ NR/X → NR/P5 → NX/P5 |R → 0.

Here NR/P5 = OR(2)3 and NX/P5 |R = OR(3). The last map in the sequence is
given (Lemma 5.1.1) by

(f0, f1, f2) 7→ x0f0 + x1f1 + x2f2.

Then the kernel NR/X contains the sections

(x1,−x0, 0)l1, (0, x2,−x1)l2, (x2, 0,−x0)l3,
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8. Cones on special cubic fourfolds

with li any linear forms, and we claim that these generate the sheaf.
Indeed, restrict to an affine open (say D+(x0) as an example), and let

yi = xi/x0 where the map OS(2)3 → OS(3) becomes

(k[y1, y2, . . . y5]/(q0, q1, q2))(2)⊕3 → k[y1, y2, ..y5]/(q0, q1, q2))(3)

given by multiplication with (1, y1, y2). The kernel is generated by the elements
(−y1, 1, 0), (−y2, 0, 1), (0, y2,−y1), which come from the sections above. A simi-
lar argument works for the other open affine sets in the standard cover, and
we see that the generating elements for each affine subscheme come from the
globally defined generators of the kernel. Hence NS/P5 is a globally generated
sheaf. Especially it is nef, so by Theorem 8.1.2, the K3 surface is nef in X.

For the del Pezzo surface, we have a similar description of the normal bundle.
In this case the map NT/P5 = OT (1)⊕OT (2)2 → NX/P5 |T is given by

(f0, f1, f2) 7→ q0f1 + x1f2 + x2f2.

As above, the kernel on global sections is generated by (−x1, q0, 0), (−x2, 0, q0),
and (0, x2,−x1)l for any linear form l, so these generate a subsheaf G ⊂ NT/X

of rank 2. As the normal sheaf is a locally free sheaf of rank 2, G = NT/X . So
the normal sheaf of the del Pezzo surface is also globally generated, and so the
del Pezzo surface is nef. �

We are now ready to give a complete description of the cones Nef2(X) and
Eff2(X).

Proposition 8.3.5. Let X ⊂ P5 be a very general cubic fourfold containing a
plane P . Then

Eff2(X) = R≥0(P, h2 − P ),

and
Nef2(X) = R≥0R+ R≥0T ) = R≥0(h2 + P ) + R≥0(3h2 − P ).

Proof. Now, let aP + bh2 be the class of an effective 2-cycle. By nefness of R,
we have that (aP + bh2).(P + h2) ≥ 0, i.e., a+ b ≥ 0. Similarly, by nefness of
T , we have (aP + bh2).(3h2 − P ) ≥ 0, i.e., b ≥ 0.

These inequalities define the extremal rays of the cone Eff2(X). Indeed, the
quadric h2 − P fulfills a+ b = 0, and the plane fulfills b = 0. These classes then
represent the extremal rays. On the other hand, the duality of Eff2(X) and
Nef2(X) gives that Nef2(X) is generated by R and T . �

Cubics containing a cubic scroll

In this subsection, X is a very general cubic hypersurface containing a cubic
scroll Σ3.

A smooth cubic scroll in P4 is isomorphic to P̃2 = Blx P2, embedded by
|OP̃2(2) − E|, where E is the exceptional divisor over the point x. ([Har77,
p. 381]) We must find the intersection matrix, so we use Equation (8.1) and
write

Σ3.Σ3 = 6h2 + 3hKΣ3 +K2
Σ3
− χΣ3

= 6.3 + 3(2hP − E)(−3hP + E) + (−3hP + E)2 − 4 = 7.
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8.3. Cones on special cubic fourfolds

Here hP is the pullback of the hyperplane divisor on P2. That χΣ3 = 4 follows
from the description of X as a blow-up, since H•(X,C) = H•(P3,C) except in
degree 2, where h2,2(X) = 2. Hence the intersection matrix is

h2 Σ3
h2 3 3
Σ3 3 7.

(8.4)

and we are looking for cubics in Hassett’s divisor C12.
Such a scroll Σ3 in P5 is cut out by a three quadrics and a hyperplane.

Intersecting X by this hyperplane and a general quadric of the net defining
Σ3 will then give Σ3 and another surface Σ′3. However, since Σ′3 has degree 3
and is contained in a hyperplane, it is also a cubic scroll ([Har77, p. 381]). Of
course, doing the same process with Σ′3 will give another cubic scroll rationally
equivalent to Σ3. Since T + Σ3 = 2h2, it follows that T.Σ3 = −1.

So the cubic scrolls vary in 2-dimensional families. With this, it is a simple
dimension count ([Has98, p. 20]) to show that the cubic fourfolds containing
cubic scrolls form a 19-dimensional family, which must equal C12

However, X will also contain two classes of degree-6 surfaces S, S′ not
homologous to a complete intersection. To see this, consider the Segre threefold
Y = P1 × P2, embedded in P5 by the system |O(1, 1)|. We have that a divisor
of type (1, 1) on the threefold is a cubic scroll. So if we intersect X with a Segre
threefold containg Σ3, the residual intersection is a divisor of type (2, 2), i.e., a
degree 6-surface S ⊂ X. If we do the same for Σ′3, we obtain another class of
degree 6-surface S′.

It follows that S, S′ are of class 3h2 − T, 3h2 − T ′ = h2 + T respectively.

Proposition 8.3.6. S is rational.

Proof. By adjunction, the canonical sheaf on S := S6 is

KS = (KP1×P2 + S)|S = (OP1×P2(0,−1))|S .

To see that this is antiample, note that −KS = OP1×P2(0, 1)|S . This sheaf
corresponds to the projection on the second factor. This is a finite map, so
−KS will be the pullback of the hyperplane divisor on P2. Since the pullback
of an ample divisor under a finite map is ample, −KS is ample.

�

This shows that cubics in C12 have another rational degree-2-parametrization.
Indeed, we find

Lemma 8.3.7. The sectional genus g of S is 2.

Proof. Let C be a general hyperplane section of S. Since a hyperplane intersec-
tion on S corresponds to the divisor OP1×P2(1, 1)|S , we have

KC = (KS + C)|C = O(1, 0)|C .

Then, recall that CH•(P1 × P2) = Z[a, b]/(a2, b3) where a, b correspond to
O(1, 0),O(0, 1) respectively ([3264, p. 51]). It follows that degKC = deg(a+
b)(2a+ 2b)a = deg 2ab2 = 2. Since 2g − 2 = degKC , the result follows. �
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8. Cones on special cubic fourfolds

Then, by Lemma 3.3.2, the map S[2] → X defined by sending a pair of
points p+ q ∈ S[2] to the residual intersection of pq with X is a rational map
of degree 12− 2− 8 = 2.

Each of these rational degree 6-surfaces vary in a seven-dimensional family.
This is because a (1, 1)-divisor on P1 × P2 varies in a five-dimensional family,
and the cubic scrolls on X vary in two 2-dimensional families.

In fact, these surfaces are nef: We can compute the normal sheaf as

Hom(IS/(I2
S + IX), A(X))̃ = Hom (IS/I

2
S ,OX) = NS/X

where IS := ĨS is the ideal sheaf of S, IX the homogeneous ideal ofX, and A(X)
its projective coordinate ring. A Macaulay2 computation (see Appendix A.2)
shows that for specific examples, the normal bundles of S and S′ are globally
generated. An argument using the relative Hilbert scheme shows that these will
be nef for very general X.

Cubics containing a quartic scroll

Assume X contains a quartic scroll S. Again, we apply Equation (8.1) to find
S.S.

Since any scroll is homeomorphic to P1 × P1, χS = 4. A general quartic
scroll is P1×P1 embedded in P5 by the sheaf O(1, 2). It follows that h.KS = −6.
So the intersection matrix becomes –as before–

h2 S
h2 3 4
S 4 10.

(8.5)

and the cubic is in C14.

Lemma 8.3.8 ([Has00]). A cubic fourfold containing a quartic scroll also
contains quintic del Pezzo surfaces and rational quintic scrolls.

Proof. This follows as above: A quartic scroll corresponds to a divisor of either
type (2, 1) or (0, 2) on P1×P2. Intersecting with X, the excess intersections are
(1, 2), (3, 1) give quintic del Pezzi and quintic rational scrolls, respectively. �

Let us finally recall that the Pfaffian cubics, mentioned in Section 3.1 were
noted to contain quartic scrolls. Since the space of Pfaffians was 19-dimensional,
the Pfaffians form a dense subset of C14.

Nef cycles on the Fano scheme

The incidence correspondence Equation (4.1) enables us to show correspondences
between the cones of cycles on F (X) and the cones on X. Recall that there are
morphisms

X
q // Σ

p

��
F (X)
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8.4. Special cycle classes on the Fano scheme

and that the Abel-Jacobi map α = p∗q
∗ : H4(X,Z) → H2(F (X),Z) were

described in Lemma 4.3.2. In the incidence correspondence Equation (4.1), p is
proper and flat in codimension 3 (Lemma 4.2.1), and q is proper and flat. If S
represents an effective 2-cycle on X, it follows that p∗[S] = [p−1(S)], and α([S])
is effective.

On the other hand, if S represents a nef cycle, suppose that α(S) is not
nef, i.e., there is a curve C ⊂ F (X) with C.α(S) < 0. But then the projection
formula gives C.α(S) = tα(C).S < 0. which is impossible. It follows that the
image of a nef (or effective) 2-cycle on X under the Abel-Jacobi map α will be
a nef (or effective) 3-cycle on F (X).

There is also an injection Eff1(F (X))→ Eff2(F (X)) – to see this, recall that
by Proposition 3.2.1, there is an isomorphism compatible with Hodge structures
Sym2H2(F,Q) ' H4(F,Q). Especially this means that D 7→ D2 is injective.

That tα takes nef cycles to nef and effective cycles to effectives follows
immediately from the above discussion.

We can now extend Corollary 4.4.3 to show the Integral Hodge Conjecture
for several types of cubic fourfolds.

Theorem 8.3.9. Let X ⊂ P5 be a cubic hypersurface such that F (X) '
Hilb2(S) for S a K3 surface. Then the Integral Hodge Conjecture holds for X.

Voisin has already shown this to be true for all smooth cubic fourfolds
([Voi86]). Her proof is, however, quite technical. The following argument is on
the other hand much easier:

Proof. We know, by the Lefschetz theorem on (1, 1)-classes, that the conjecture
is true for divisors on both the cubic fourfold and its variety of lines.

It is easy to see that the curves on X also fulfill the IHC. Since H6(X,Z) =
H3,3(X,Z) = Z, it is enough to find a minimal algebraic generator. Being of
degree 1, any line on X will do.

Now, recall from our construction (Proposition 3.2.1) that

H1,1(S,Z)⊕ Z∆ ∼−→ H3,3(F (X),Z).

This isomorphism sends a curve class [C] of S to [C] × [pt] ∈ H3,3(S × S,Z),
and projects the strict transform of this to H3,3(S[2],Z). This can be defined on
the level of Chow groups, so the resulting class is especially algebraic. The class
∆, arising from the blow-up of the diagonal, is of course also algebraic. Hence
the group H3,3(S[2],Z) fulfills the IHC. Finally, we have shown (Lemma 4.4.2)
that the transposed Abel-Jacobi map induces an isomorphism

H6(F (X),Z)→ H4(X,Z).

Since this map is again defined completely algebraically, it shows thatH2,2(X,Z)
is also generated by the classes of algebraic cycles. �

8.4 Special cycle classes on the Fano scheme

The Fano scheme of a cubic fourfold is, as remarked, a hyperkähler variety.
There is much research on the geometry of kyperkähler varieties - for instance
on what their cones of nef and effective divisors are.
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8. Cones on special cubic fourfolds

Especially, it is conjectured that the cone of curves NE(F ) on the Fano
scheme are generated by certain special classes on the Fano scheme. These
classes were first described conjecturally by Hassett & Tschinkel in [HT99].

Conjecture 8.4.1 (Hassett & Tschinkel). Let F be a holomorphic symplex-
tic variety. Consider the 1-cycle classes R corresponding (in the sense of
Section 4.4) to divisors ρ such that

• (ρ, ρ) = −2, (ρ,H2(F,Z)) = Z,

• (ρ, ρ) = −2, (ρ,H2(F,Z)) = 2Z,

• (ρ, ρ) = −10, (ρ,H2(F,Z)) = 2Z.

Let NE(F, g) consist of these R, together with all R ∈ H2(F,Z) with R.g > 0
and (ρR, ρR) ≥ 0.

Then NE(F ) = NE(F, g). (where NE is the cone of effective curves.)

Furthermore, they conjecture that

Conjecture 8.4.2. • If (ρ, ρ) = −2, then ρ is represented by a family of
rational curves parametrized by a K3 surface. (The surface can be blown
down to a double point.)

• If (ρ, ρ) = −10, then ρ is represented by a family of lines in a projective
plane in X.

We will verify some of these conjectures on the case where X contains a
plane, and some of them on the case where X contains a cubic scroll. Let us
here note that since numerical equivalence and homological equivalence agree
on a fourfold ()

Cones on the Fano scheme of a cubic fourfold containing a plane

Recall the incidence correspondence from Equation (4.1). It assigns to each
cycle S ∈ Hk,k(X,Z) (or for that matter, in CHk(X),) a cycle α(S) ∈
Hk+1,k+1(F (X),Z) rationally or homologically equivalent to the cycle of all
lines meeting S. In particular, a surface on X gives rise to a divisor class on
F (X). In the other direction, an effective curve class C on F (X) will give an
effective cycle class corresponding to the ruled surface swept out by the lines of
C.

We have a complete description of the nef and effective cones of 2-cycles
on X, and we will use this to get deduce results on the cones of divisors on
F (X). Indeed, recall that the Abel-Jacobi map takes effective 2-cycles to
effective divisors on F (X). On the other hand, the transposed Abel-Jacobi map
tα : H6(F (X),Z)→ H4(X,Z) also takes effective 1-cycles to effective 2-cycles
as above.

Recall that we described classes R, T corresponding to a K3 and a del Pezzo
surface in X. We can then state:

Proposition 8.4.3. The cone Nef1(F (X)) of nef divisors on F (X) is generated
by α(R), α(T ). If l, q are the classes of the curves on F (X) such that tα(l) =
P, tα(q) = Q, then Eff3(F (X)) is generated by l, q.
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Proof. Suppose that k ∈ Eff3(F (X)). Then tα(k) is an effective 2-cycle, so it
is a non-negative linear combination of P and Q. But tα is an isomorphism
(Lemma 4.4.2), so k is also a non-negative linear combination of l and q. Hence
tα injects Eff3(F (X)) into Eff2(X). But this must be a surjection, since the
extremal rays of Eff2(X) are P = tα(l), Q = tα(q).

Let then S ∈ Nef2(X) be a nef 2-cycle. Then, given any effective curve
γ ∈ Eff3(F (X)), we have (with the projection formula:)

α(S).γ = S.tα(γ) ≥ 0 (*)

since tα(γ) is effective. Conversely, if S ∈ Nef1(F (X)), S.γ ≥ 0 for all effective
γ. But then Equation (*) also shows that S = α(S̃) for some nef 2-cycle S̃,
which must be nef. �

We use –again– the case of a cubic fourfold containing a plane as an example
of Conjecture 8.4.1. Let g = α(h2) which equals the polarization of F (X)
induced from G(2, 6), and let π := α(P ). We compute some products in the
Beauville form:

Lemma 8.4.4. The product is given by

g π
g 6 2
π 2 −2.

.

Proof. We know from Lemma 4.3.2 that (g, g) = (α(h2), α(h2)) = 6. Further-
more, since h2−3P is orthogonal to h2, it follows that (α(h2−3P ), α(h2−3P )) =
−(h2−3P )2 = −24, and that (g, g−3π) = 0. Solving for the relevant intersection
numbers, we deduce the lemma. �

Note especially that (π, π) = −2, (g − 2π, g − 2π) = −10. By the Hassett-
Tschinkel conjectures, this should correspond to:

Lemma 8.4.5. The lines in α(P ) are represented by a family of lines parametrized
by a K3 surface, and the lines of g − 2α(P ) are represented by the lines in the
plane P∨ ⊂ F1(X).

Proof. Consider the projection of X from P . If we extend this to a morphism
by blowing up X along P , we obtain a map

Y := BlX P → P2.

This map - term it π- is a fibration of quadric surfaces, coming from quadric
cones in X.

The lines contained in these cones correspond exactly to those in α(P ). This
is probably easiest to see in explicit coordinates: if P is Z(x0, x1, x2), then
projecting from P amounts to forgetting the first three coordinates of a point.
Then a line passing through the point (0 : 0 : 0 : a : b : c) ∈ P will end up in the
fibre above (a : b : c). If we let H be the Hilbert scheme of lines contained in
these quadrics, this gives an isomorphism H

∼−→ α(T ) and an induced morphism
ρ : H → P2. A nonsingular quadric surface has two rulings, so we can factorize
ρ as

H → S → P2,
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where the last map (say τ) is a double cover. To find the ramification locus,
note that we must as before have X = Z(x0q0 + x1q1 + x2q2). In coordinates,
the system of quadric surfaces is given by the equations aq0 + bq1 + cq2. If we
write the quadrics as a matrix, we find that a general pencil is singular at six
points.

Finally, note that a double cover of P2 ramified along a sextic curve is a K3.
This is because we have -since τ is a double cover- an equality

KS = τ∗(KP2 + R

2 ).

If R is a sextic curve, then it corresponds to 6h, where h is the hyperplane
divisor. Since KP2 is −3h, this shows that S is K3.

Then H → S is a family of rational curves parametrized by the K3 surface
S.

Furthermore, it is easy to see - interpreting the Beauville-Bogomolov form
as intersection numbers - that the class corresponding to R is the class of
a line on any of the quadrics. (Here we used again that numerical and ho-
mological equivalence agree on F1(X), since it is a fourfold.) Let j be the
injection of H2(F1(X),Z) as an index-two sublattice of H2(F1(X),Z). Let L ∈
H2(F1(X),Z) be the element with 2L = j(g−2π). Then L.g = 1

2 ((g−2π), g) = 1,
and L must be a line in F1(X,Z). Furthermore, since L.τ = tα(L).P = 3, we
must have tαL = P . So L is a line in the dual plane of P . �

The conjectures of Hassett and Tschinkel predict that these classes form the
boundary of the cone NE(F (X)). We illustrate this for the case of fourfolds
containing a plane.

Proposition 8.4.6. For a cubic fourfold containing a plane, the classes in
H2(F (X)) corresponding to τ, g − 2τ generate NE(F (X)).

Proof. To see this, recall from the discussion in Section 8.3 that α sends nef
2-cycles of X onto nef divisors of F (X). Hence g + τ, 3g − τ are generate the
nef cone in F1(X). We find that (with the Beauville form on H2(F (X),Z)):

(g + τ).(τ) = 0, (3g − τ).(g − 2τ) = 0

and (g + τ).(g − 2τ) > 0, τ.(3g − τ) > 0. We know that H2(F1(X),Z) injects
into H2(F1(X),Z) such that we can interpret the Beauville form as intersection
numbers. Then the 1-cycles corresponding to τ, g − 2τ generate the cone of
curves in H2(F (X),Z). �

Let X be a cubic fourfold of discriminant d, and let S be a generator of
H2(X,Z)0. Let s := degS.

h2 S
h2 3 s

S s d+s2

3 .
.

We shift coordinates such that the matrix becomes

h2 3S − sh2

h2 3 0
3S − sh2 0 3d.

.
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Let σ = α(S). Our computation of the characteristics of the Beauville form
(Lemma 4.3.2) implies that on H2(F (X),Z), the Beauville form is

g 3σ − sg
g 6 0
3σ − sg 0 −3d

∼
g σ

g 6 2s
σ 2s 2s2−d

3

.

(This also shows that d must be congruent to 0 or 2 modulo 3.)
It follows that finding −2,−10-classes comes down to solving the equations

6x2 + 2sxy + 2s2 − d
3 y2 = −2,−10.

Since s, g are primitive generators, it should also be easy to check if (ρH2(F (X),Z))
is Z or 2Z. We will not do this, however.

Cones on cubic fourfolds containing a cubic scroll

Let us, as an example, consider the case where X is a cubic fourfold containing
a cubic scroll S. Recall that there then is another cubic scroll S′ ⊂ X as well.
Let σ = α(S). Then the Beauville-Bogomolov form on F1(X) is

g σ
g 6 6
σ 6 2

.

Then we claim:

Proposition 8.4.7. The classes 2σ−g, 3g−2σ have squares -10, and correspond
respectively to the classes of lines in the two scrolls S, S′in X.

Proof. That their squares are -10 is easily checked. We show the result for
2σ − g: There is again a class R ∈ H2(F1(X),Z) such that 2L = j(2σ − g).
It follows that R.g = 3, and R.σ = −1. By the projection formula, it follows
that these numbers equal tα(R).h2, tα(R).S Hence R is the cubic curve of lines
sweeping out the scroll S′. �

This also agrees with the conjectures: we recall that the families of cubic
scrolls were parametrized by two P2s. But this is what the Conjecture 8.4.1
predict.

So the nef cone Nef1(X) should be the dual of the cone spanned by these
two classes. We find that Nef1(X) = R≥0(g + 3σ) + R≥0(7g − 3σ). This agrees
with our result that α takes nef 2-cycles on X to nef divisors on F1(X), and the
computation that the rational sextics corresponding to h2 + S, 3g − S are nef.
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CHAPTER 9

Cones on special hypersurfaces

In this chapter, we generalize our analysis of the cones of effective and nef
2-cycles in a cubic fourfold containing a plane.

Let Y ⊂ Pn be a complete intersection, with Y = Z(f0, . . . , fr). Let
di = deg fi. Let X ⊂ Pn be a hypersurface containing Y , the vanishing locus
of a form f . Assume that d = deg f is greater than all di. In this case we can
write

f =
∑

fihi (*)

with hi of degree d− di.
If dimY = m = dimX

2 , we will give a complete description of the nef and
effective cones of m-cycles of X.

First, we need to find what m-cycles on X are nef. Lemma 5.1.1 lets us
describe the normal sheaf NY/X :

Lemma 9.0.1. Let X ∈ P2n+1 be a general hypersurface of degree d. Assume
that X contains a complete intersection S = Z(f0, . . . , fn), and let di := deg fi.
Assume further that di + dj ≥ d for any i 6= j. For general S and X, then the
normal bundle of S is globally generated. In particular, the cycle [S] is nef in
X.

Proof. Let hi be as in equation (*). Consider again the sequence

0 // NS/X
// NS/Pn

ϕ // NX/Pn |S // 0 ,

by Lemma 5.1.1, ϕ can be described as
r⊕
i=0
OS(di) 3 (g0, . . . , gr) 7→

∑
gihi ∈ OS(d).

Since di + dj ≥ d, we have deg gi = d − di ≤ dj , so the kernel of ϕ contains
global elements on the form

(0, . . . , 0, hj , 0, . . . , 0,−hi, 0 . . . , 0)µij

where µij is any polynomial of degree di + dj − d.
We claim that the matrix Mr formed by all elements on the above form has

rank r outside the locus where all hi vanish.



9. Cones on special hypersurfaces

To do this, proceed by induction on p. The base case is the matrix

M1 = (h1,−h0),

which clearly has rank 1 except where both hi are zero. The pth matrix can be
written

Mp =



Mp−1

0
...
0

hp 0 . . . 0 −h0
0 hp . . . 0 −h1

...
...

...
...

...
0 . . . 0 hp −hp−1


Consider the r× r-minors M̃r of Mr, and assume that among the determinants
of (r − 1)× (r − 1)-minors of Mr−1, we find the terms hr−1

i (say of the minor
mr−1,i). For each hi except hr, take the unique minor of Mr containing mr−1,i
and the other hi. This minor will have determinant hri . (Note that the hr in
the same row as hi is in column i, and so will never appear in this minor.)

In addition, the minor formed by the leftmost r columns and the bottom
r rows will have determinant hrr. Hence Mr will have all hri as determinants
of some minors, and will be of rank r everywhere except if all hi vanish
simultaneously. But this is impossible for a general S in X, as then the 2n+ 2
polynomials f0, . . . , fn, h0, . . . , hn would have a common zero. Hence the map
NS/X → NS/X ⊗ k(p) is surjective for all p, and hence NS/X is globally
generated. Then S is nef in X by Theorem 8.1.2. �

We can then show our first main result.

Theorem 9.0.2. Let d be a positive integer. Let X ⊂ P2n+1 be a general
hypersurface of degree d, containing an n-dimensional subvariety S which is a
complete intersection and not homologous to hn. In particular, assume that S
is the zero locus of n+ 1 forms of degrees d0, . . . , dn, and

1 ≤ d0 ≤ d1 · · · ≤ dn, where di + dj ≤ d for any i 6= j.

Define
Ẽffn(X) = Effn(X) ∩ (Rhn + RS ⊂ Hn,n)(X,R)

and
Ñefn(X) = Nefn(X) ∩ (Rhn + RS ⊂ Hn,n(X,R))

Then X contains three other interesting n-cycles:

• S1 of degree d0 · d1 · . . . · dn−1(d− dn);

• R of degree (d− d0) · (d− dn−1)dn;

• T of degree (d− d0) · (d− dn);

such that
Ẽffn(X) = R≥0(S, S1), ˜Nefn(X) = R≥0(R, T ).
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This proof proceeds along the same lines as for Section 8.3. We will later
show (Theorem 9.2.1) that for d� 0, there are equalities

Ẽffn(X) = Effn(X), Ñefn(X) = Nefn(X).

Proof. Let f0, . . . , fn be the equations defining S, f the equation of X. By our
assumptions, we have f = f0h0 + · · ·+ fnhn, where the hi are forms of degrees
d− di.

We start by determining the intersection form on Hn,n(X) (which carries
over to Nn). The only non-trivial part is S.S, but this equals i∗cn(NS/X)
([Har77, p. 431]), where i : S → X is the inclusion. To find this, consider the
short exact sequence

0→ NS/X → NS/P2n+1 → NX/P2n+1 |S → 0,

or equivalently

0→ NS/X →
n⊕
i=0
OS(di)→ OS(d)→ 0.

We temporarily let h be h|S . Taking Chern classes, we find

cn(NS/X) =
(

(1 + d0h) · · · (1 + dnh)
1 + dh

)
n

=
(

(
n∏
i=0

(1 + dih))(1− dh+ d2h2 − d3h3 . . . )
)
n

= hn
(∏n

i=0 di −
∏n
i=0(di − d)
d

)
=

n∏
i=0

di

(∏n
i=0 di −

∏n
i=0(di − d)
d

)
And the intersection form becomes

hn S
hn d

∏n
i=0 di

S
∏n
i=0 di

∏n
i=0 di

(∏n

i=0
di−
∏n

i=0
(di−d)

d

)
.
. (9.1)

X will contain many other n-dimensional subvarieties. For instance, take the
intersection ofX by n general hypersurfaces of degrees d0, . . . , dn−1 containing S.
This intersection will contain S, but the residual intersection is an n-dimensional
variety S1 of degree d0d1 · · · (d− dn).

We can again choose n general hypersurfaces containing S1 and intersect
them with X to form new n-cycles. For instance, if we for each ilet Zi be either
hi or fi, X contains the n-dimensional subvariety Z0∩Z1∩· · ·∩Zn. Continuing
in this fashion, we may construct several different cycles.

Claim: If ahn+bS is the class of any such cycle S = Z(h0, . . . , hr−1, fr, . . . , fn),
we must have b = (−1)r.

To see that this is the case, note that S1 + S = d0d1 · · · dn−1h
n, so S1 =

d0d1 · · · dn−1h
n − S. Assume that the claim holds for r = k, and let A be a

class with k of its defining equations among the hi, B a class with k + 1 forms
among the hi, such that hj vanishes on B but not on A. Then

A+B = ehn,
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9. Cones on special hypersurfaces

with e the product of the degrees of forms vanishing both on A and on B. The
claim follows.

Let T,R be the classes of the subvarieties of X given by Z(h0, . . . , hn),
Z(h0, . . . , hn−1, fn) respectively. By Lemma 9.0.1, T and R are both nef. (For R,
note that the degrees of the defining hypersurfaces are (d−d0), . . . , (d−dn−1), dn,
and since dn ≥ dj for all j, the lemma can be applied.)

To compute their classes, we proceed as follows: Let T = ahn + bS. We
know that b = (−1)n+1. By considering their defining equations, we find that
for a general X, T and S will not intersect. This gives

0 = T.S = (ahn+(−1)n+1S)S = a

n∏
i=0

(di)+(−1)n+1
n∏
i=0

di

∏n
i=0 di −

∏n
i=0(di − d)
d

so
a = (−1)n

∏n
i=0 di −

∏n
i=0(di − d)
d

.

Since T +R = (d− d0) · · · (d− dn−1)hn, it follows (after some tidying up)
that

R =
(
n−1∏
i=0

(d− di) +
∏n
i=0(−di)−

∏n
i=0(d− di)

d

)
hn + (−1)nS.

So let Y = αhn + βS be any effective class in the plane spanned by hn and
S. We compute

0 ≤ Y.T = (αhn + βS)
(

(−1)n
∏n
i=0 di −

∏n
i=0(di − d)
d

hn + (−1)n+1S

)

= α

(
n∏
i=0

(d− di) + (−1)n+1
n∏
i=0

di

)
so α ≥ 0. Similarly,

0 ≤ Y.R = (αhn+βS)
((

n−1∏
i=0

(d− di) +
∏n
i=0(−di)−

∏n
i=0(d− di)

d

)
hn + (−1)nS

)
which after a heroic but straightforward series of algebraic manipulations1 and
a factorization gives

a+ (d0 . . . dn−1)b ≥ 0.

Together, these inequalities give bounds for Ẽffn(X). However, the extremal
rays a = 0 and a = −(d0 . . . dn−1)b are in fact fulfilled, by S = Z(f0, . . . , fn)
and S1 = Z(f0, . . . , fn−1, hn) respectively. Hence these classes generate the cone
Ẽff

n
(X). By the duality of these cones, it also follows thatR = Z(h0, . . . , hn), T =

Z(h0, . . . , hn−1) generate Ñef
n
(X). �

Remark 9.0.3. One may, of course, see immediately from the defining equations
which cycles ought not to intersect. So why did we choose the rather painful
Chern class computation? Possibly because the author did not see it at first,
but also because this lets us give the explicit classes of S1, R and T as linear
combinations of hn, S.

1The author has checked this more times than he is comfortable admitting.
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9.1. Noether-Lefschetz theory

Remark 9.0.4. This theorem gives a complete description of the nef and effective
cones of n-cycles in the case where X contains an n-dimensional complete
intersection subvariety of P2n+1, and Hn,n(X,C) is 2-dimensional. It is not
immediate that this should happen, however. Indeed, any cubic surface contains
a line, but has a Picard group of rank 7. This leads us to conjecture that for
a given n-cycle S, a 2n-dimensional hypersurface X containing S will have
dimHn,n(X,Q) = 2 as long as X is of sufficiently large degree. We will prove
this in the next section.

9.1 Noether-Lefschetz theory

In this section, we apply Noether-Lefschetz theory to improve the conclusion of
Theorem 9.0.2.

We wish to show that the lattice H2m(X,Z) will, for a general special
hypersurface X of large enough degree, have rank 2. This is not a new result,
but we give a new proof.

The paper [DF12] gives a similar result. Translated to our setting, they
prove that:

Theorem 9.1.1 ([DF12, Theorem 1.1]). Let X ∈ |H0(P2m+1,OP2m+1(d))| be
a general hypersurface containing S. Assume that S ⊂ X is an irreducible
subvariety of dimension n, and assume further that the vanishing cohomology
of X is not of pure Hodge type (2m, 2m). Let NSi(X,Z) denote the image of
the class map CHi(X)→ H2 dimX−2i(X,Z) Finally, let Hn(X,Z)S denote the
subgroup of Hn(X,Z) generated by the class [S]. If d is sufficiently large, then
we have:

• NS2m(X,Z) = [NS2m(X,Z) ∩H2m(P2m+1,Z)]⊕H2m(X,Z)S.

• NS2m(X,Z) = NS2m+1(P2m+1,Q)⊕H2m(X,Q)S.

In fact, it is shown that it is enough to take d greater than any δ such that
IS/X is globally generated.

We give another proof. Our result is somewhat weaker than [DF12], in that
we only obtain an easy minimum for d in the case where S is a linear subvariety.

9.2 The setting

Our idea is to use the following result of Noether-Lefschetz theory, found in
[CMP17, p. 223]:

Let P be a smooth 2m+ 1-dimensional projective variety, and let L be a
very ample line bundle on P . Assume further that:

Hi(P,ΩjP (L⊗k)) = 0 for all i, k ≥ 1, j ≥ 0. (*)

and that the multiplication map

H0(OP (X))⊗H0(Ω2m+1
P ((n− p+ 1)X))→ H0(Ω2m+1

P ((n− p+ 2)X)) (**)

is surjective for every p = 1, . . . , 2m as well. In this case we have that
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9. Cones on special hypersurfaces

Theorem 9.2.1. Let S = |L| be the complete linear system of the subvarieties
Xs of P linearly equivalent to L. Then, for a very general s ∈ S, we have that

Hm,m(Xs,Q) = im(Hm,m(P,Q)→ H2m(Xs,Q).

Let then X ⊂ P2m+1 be a very general hypersurface of dimension 2m and
degree d containing a given subvariety S, not homomologous to a multiple of
hm. We wish to use Theorem 9.2.1 to prove that X has a two-dimensional
Hm,m(X,Q). As mentioned, this will not be possible in general. However, we
expect this to be true as long as d is big enough. Our strategy is then to realize
X as a subvariety of some ambient space P where dimHm,m(P,Q) = 2.

So let S be the subvariety, and let Y = BlS P2m+1 be the blowing-up of
P2m+1 along S. Let E be the exceptional divisor in Y , X the hypersurface and
X̃ its strict transform under the blowing up (which equals BlS X). Then we
have a diagram

EY
k̃ //

πY

��

Y

π

��

E
X̃

l

``

πX
~~

j̃ // X̃

ĩ

==

π

��
S

j // X
i // P2m+1

(9.2)

where E
X̃
, EY are the exceptional divisors, i, j, k, l, ĩ, j̃, k̃ inclusions. Suppose

that X has degree d. Then X̃ is a section of the sheaf O(dH − E) on Y .
In addition, from Appendix B.2, we see that

H2m(Y,Q) = H2m(P2m+1,Q)⊕H2m−2(S,Q)e⊕ · · · ⊕H0(S,Q)em

and that

H2m(X̃,Q) = H2m(X,Q)⊕H2m−2(S,Q)e⊕ · · · ⊕H2(S,Q)em−1.

Lemma 9.2.2. The restriction ĩ∗ : H2m(Y,Q)→ H2m(X̃,Q) takes Hk(S,Q)em−k
isomorphically onto Hk(S,Q)em−k for k 6= 0.

In addition, the generator [S] of H0(S,Q)em is mapped onto the class of S
in H2m(X,Q) ⊂ H2m(X̃,Q).

Proof. Let α ∈ H2k(S,Q), and denote the hyperplane sections of EY , EX̃ as
hY , hX respectively. α is mapped into H2m(Y,Q) as k∗(hm−kY π∗Y α). We have
that ĩ∗k̃∗ = j̃∗l

∗. Hence

ĩ∗k∗(hm−kY π∗Y α) = j̃∗l
∗(hm−kY π∗Y α).

Now l∗hY = h
X̃
, so this equals

j̃∗l
∗(hm−kY π∗Y α) = j̃∗(hm−k

X̃
l∗π∗Y α) = j̃∗(hm−k

X̃
π∗Xα)

which is what α maps to as an element of H2m(X̃,Q).
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For the last statement, note that as before,

ĩ∗k∗h
mπ∗Y [S] = j̃∗h

mπ∗X [S].

As shown in [Voi03, p. 272], if A ∈ CHl(S), we know that

j̃∗h
m−1π∗XA− π∗j∗A ∈

∑
k≤m−2

j̃∗h
kπ∗X CHl+k+1−m .

So for l = 0, it follows that

j̃∗h
m−1π∗X [S] = π∗j∗[S]

– which is the class of [S] in H2m(X,Q) ⊂ H2m(X̃,Q). �

We should know something about the divisor L:

Lemma 9.2.3. For d� 0, the sheaf Ld := OY (dHX − E) is very ample.

Proof. Recall that π : Y → X is a blow-up along S, which is a smooth complete
intersection of hypersurfaces of degrees d0 ≤ · · · ≤ dm. This means that there
is a surjection

E :=
m⊕
i=0
OX(−di)→ IS → 0

which extends to the symmetric algebras:

f : Sym(
m⊕
i=0
OX(−di))→ Sym(IS)→ 0

Here R(I) = Sym(IS) = ⊕i≥0IS is the Rees algebra of IS . Since Y =
ProjR(I) [Har77, p. 163], it follows that there is an embedding induced by f :

φ : Y ↪−→ P(E ) .

Since S is the zero locus of a global section of E , it follows that i∗OP(E )(1) =
OY (−E). If we replace PE by PE (d) for large enough d (which we can do, the
bundles are isomorphic), we know that OY (dHX − E) = OY (1)⊗ π∗OX(d) is
the inverse image under i of OP(E (d)). But if we set d to be greater than all di,
E (d) will be an ample vector bundle ([Ful98, p. 212]), and so OP(E (d))(1) will
be ample there.

Finally, note that P(E (k)) is a complete toric variety for any k ([CLS11,
p. 338]), and on complete toric varieties, any ample sheaf is very ample ([CLS11,
Theorem 6.1.15]) .

�

We will also need to describe the sheaf ΩY .

Lemma 9.2.4. There is an exact sequence

0→ π∗ΩX → ΩY → k∗ΩE/S → 0.
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Proof. From [Har77, p. 176], we know that

π∗ΩX → ΩY → ΩY/X → 0

is exact.
First, note that π∗ΩX → ΩY is a morphism of locally free sheaves of the

same rank. Hence the kernel must be locally free as well. Since these sheaves
have isomorphic stalks for a general point, the kernel is locally free of rank 0,
and is the zero sheaf. To see that k∗ΩE/S = ΩY/X , note that E = S ×X Y .
Hence k∗ΩY/X = ΩE/S , which by adjunction of k∗, k∗ induces a map

ΩY/X → k∗ΩE/S

Let us compare the stalks of k∗ΩE/S ,ΩY/X at a point y. If y 6∈ E, both sheaves
have stalks 0 at y. When y ∈ E, we have an equality

ΩY/X,y = (k∗ΩY/X)y = ΩE/S,y = (k∗ΩE/S)y.

Hence the sheaves are equal.
�

9.3 The linear case

Let us first consider the case where S is linear. In this case, we can make the
bound appearing in the discussion Section 9.2 explicit. Assume from now on
that S ' Pm ⊂ X.

We will use the Cox ring of Y to deduce a bound. We recall the definition
(see, e.g., [BH03]):

Definition 9.3.1. Let X be a projective variety with free, finitely generated
class group. Then the Cox ring or total coordinate ring of X is

Cox(X) =
⊕

D∈Cl(X)

H0(X,D).

The additive structure is evident, and for the multiplicative structure, do as
follows: If f ∈ H0(X,D), g ∈ H0(X,E), then fg ∈ H0(X,D + E).

Note especially that the Cox ring is graded by the class group.

The Cox ring is in general rather mysterious.
However, for toric varieties, their structure is easy to describe. In this case,

the class group also equals the Picard group. We exploit this to state:

Lemma 9.3.2. The Cox ring of Y = BlS P2m+1 is

C[x0, . . . , xm, y0, . . . , ym, e]

which is graded by Pic(Y ) as follows:

1. deg xi = H − E;

2. deg yi = H;

3. deg e = E.
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Proof. There are several ways of showing this. Take, for instance the projection
of P2m+1 from S. The projection extends to a morphism p mapping Y onto a Pm,
as a projective bundle. Then we have an equality Y = ProjPm(OPm(1)⊕Om+1

Pm )
([3264, Prop. 9.11]).

Now, the Picard group of Y is

Pic(Y ) = p∗ Pic(Pm)⊕ Zξ,

where ξ = OY (1). Hence

Cox(Y ) =
⊕
a,b

H0(X,π∗OPm(a)⊕OY (b)).

First, we claim that this ring is generated by H0(π∗OPm(1)), H0(OY (1)), and
H0(π∗OPm(−1)⊗OY (1)).

Now H0(π∗OPm(1)) is an m+ 1-dimensional vector space. Choose a basis
〈y0, . . . , ym〉. Also, the exceptional divisor in the blowup equals the difference
of OY (1) and π∗(OPm(1)). Hence

H0(Y,E) = H0(Y,OY (1)⊗ π∗O(−1)) = H0(Pm,Om+1(−1)⊕O) = Ce.

By construction,

H0(Y,OY (1)) = H0(Pm,OPm(1)⊕Om+1
Pm ).

This is a 2m + 2-dimensional vector space. Since we have a canonical inclu-
sion 0 → OPm(1) → OPm(1) ⊕ Om+1

Pm , it follows that we can choose elements
y0, . . . , ym ∈ H0(Y,OY (1)) such that

〈ex0, . . . , exm, y0, . . . , ym〉

is a basis for H0(Y,OY (1)). These must all be of degree H, and it follows that
the xi have degree H − E.

It remains to be shown that the bigraded ring C[x0, . . . , xm, y0, . . . , ym, e]
indeed is the Cox ring. We recall that by [CLS11, Chapter 5.2] , the Cox ring of
a toric variety is a polynomial ring on its generators. Furthermore, note that if
F and G are globally generated by sections f1, . . . , fr and g1, . . . , gk, the sheaf
F ⊗ G will be globally generated by f1 ⊗ g1, . . . , fr ⊗ gk.

To see that there are no other generators, recall from [CLS11, p. 216] that
Cox rings give quotient constructions; we have

Y = Spec(Cox Y r Z)//(C∗)ρ(Y )

. Here Z is some closed subset of Spec Cox Y , and ρ(Y ) is the Picard number
of Y . Since Y is a blowup of projective space along a single smooth subvariety,
it has Picard number 2. But Y has dimension 2m+ 1, so the Krull dimension
of Cox Y must be 2m+ 3- exactly the number of generators we have found.

�

Under this description, we can show that

Proposition 9.3.3. Suppose that S = Pm. Then Condition (∗∗) is fulfilled
provided that d ≥ 2m+ 2.
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9. Cones on special hypersurfaces

Proof. Let us first simplify a little. Since Ω2m+1
Y is the canonical sheaf of Y ,

and Y is a blowing up, we have

KY = π∗(KP2m+1) +mE = (−2m− 2)H +mE.

It follows that

H0(Ωn+1
Y ((n− p+ 1)L)) = H0(((2m− p+ 1)d− 2m− 2)H + (p− 1−m)E),

H0(Ωn+1
Y ((n− p+ 2)L)) = H0(((2m− p+ 2)d− 2m− 2)H + (p− 2−m)E).

What remains is essentially a combinatorial argument. Suppose that

f = xa0
0 xa1

1 · · ·xamm yb0
0 · · · ybmm ec,

f ∈ C[x0, . . . , xm, y0, . . . , ym, e],

of degree ((2m− p+ 1)d− 2m− 2)H + (p− 1−m)E.
Set z = a0 + · · ·+ am, w = b0 + · · ·+ bm. Then z, w, e are integers, and we

have

z + w =(2m− p+ 2)d− 2m− 2
w − e =m+ 2− p.

We construct g, h such that f = gh as follows: If z ≥ d − 1, set z′ =
z − (d− 1), w′ = w− 1, c′ = c. Otherwise, set z′ = 0, w′ = w + z − d, c′ = c− 1.
This works as long as w + z ≥ d, which is not the case if

(2m− p+ 2)d− 2m− 2 ≤ d,

for all p i.e. d < 2m+ 2.
Then pick a′i, b′i such that a′i ≤ ai, b

′
i ≤ bi for all i = 0, . . . , 2m, and that∑

a′i = z′,
∑
b′i = w. Let then

g = x
a′0
0 x

a′1
1 · · ·x

a′m
m y

b′0
0 · · · y

b′m
m ec,

h = x
a0−a′0
0 · · ·xa1−a′1

1 · · ·xa
′
m
m y

b′0
0 · · · y

b′m
m ec

Then g, h are by construction in H0(Ωn+1
Y ((n− p+ 1)L)), H0(L) respectively,

and gh = f . �

The first condition is shown very easily. Indeed, in this case that (∗) is
fulfilled is a consequence of the Bott-Steenbrink-Danilov vanishing theorem.
This theorem says that

Theorem 9.3.4. Let X be a projective toric variety, with an ample divisor D.
Then, for all p ≥ 1, q ≥ 0, we have

Hp(X,Ωq(D)) = 0.

Proof. See [CLS11, p. 421]. �
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Corollary 9.3.5. Let X be a very general hypersurface in P2m+1 of degree d
containing an m-plane Pm. Then

Nefm(X) = R≥0([Pm], hm − [Pm])

and
Effm(X) = R≥0(R, T )

where R = (d−1)m+ (−1)m+1−(d−1)m+1

d , T = (−1)m 1−(d−1)m+1

d hm+(−1)m[Pm].
as long as d ≥ 2m+ 2.

Proof. This is Theorem 9.0.2, together with Theorem 9.2.1, which we have just
shown to be true for d ≥ 2m+ 2. �

9.4 The general case

Proof of condition * in general:

We now extend to the case where S is not linear.
Recall condition (∗), which we will prove now:

Proposition 9.4.1. There is a d0 such that for all d ≥ d0,

Hi(Y,ΩjY (k(dπ∗HX − E))) = 0

for all i, k ≥ 1, j ≥ 0.

In the following sections, we will occasionally denote Hi(Y,Ωj(k(dH − E)))
by Ai,j,k,d to reduce graphical clutter.

We need some preliminary information - first a result on tensor operations
on sheaves supported on a closed subscheme:

Lemma 9.4.2. Let i : Y ↪−→ X be a closed subscheme, and let F be a sheaf on
Y . Then for any p, there are isomorphisms

φ : i∗
p⊗
OY

F
∼−→

p⊗
OX

i∗F , ψ : i∗
p∧
OY

F
∼−→

p∧
OX

i∗F .

Proof. Let us focus on the first case of tensor products, the other is completely
analogous.

Affinely, this is the same as saying that for an A/I-module M (for some
ring A with an ideal I), M ⊗A/I M and M ⊗A M have the same A-module
structure. This is clearly true, since IM = 0. �

We will also need some information on higher direct images:

Lemma 9.4.3. Suppose that j : Z ↪−→ Y is a closed subscheme, and that f : Y →
X is a surjective morphism. Let S be the image of Z under π, with i : S ↪−→ X
the inclusion. Then we have an equality for any OZ-module F :

Rkπ∗(j∗F ) = i∗R
kπZ,∗F .
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Proof. By [Har77, p. 250], the sheaf Rif∗(F ) is the sheaf associated to the
presheaf

U 7→ Hi(f−1U,F |f−1(U)).

It follows that Rkπ∗(j∗F ) is the sheafification of the presheaf

U 7→ Hk(π−1(U), j∗F |π−1(U)). †

However, since j is a closed embedding, all the higher direct images Rkj∗F
vanish, and † equals

Hk
(
j−1(π−1(U),F |j−1(π−1(U))

)
= Hk

(
π−1(U) ∩ E,F |E∩π−1(U)

)
.

On the other hand, i∗Rk is the sheafification of the presheaf

U 7→ Hk
(
π−1
E (U ∩ S),F |π−1

E
(U∩S)

)
= Hk

(
π−1(U) ∩ E,F |E∩π−1(U)

)
.

Hence Rkπ∗j∗F and i∗RkπZ,∗F are sheafifications of the same presheaf, and
must be equal. �

Furthermore, we will need the Fujita vanishing theorem:

Theorem 9.4.4 ([Laz04, Theorem 1.4.35]). Let L be an ample Cartier divisor
on a projective scheme X. Given any coherent sheaf F on X, there is a k0(F )
such that for k > k0(F ),

Hi(F ⊗OX(kL+ P )) = 0

for all i > 0 and all nef divisors P .

The advantage over standard Serre vanishing for powers of ample line bundles
is that the same exponent k will work for any nef line bundle.

Proof of Proposition 9.4.1. We see immediately that Ai,j,k,d = 0 for all i, j ≥
2m+ 1. We will first prove that the vanishing is possible for each fixed j, and
then choose a d0 working for all of them.

So fix a j, and start by picking a d′j > 0. By Theorem 9.4.4, we can find a
kj such that for any k > kj and for any nef divisor P , we have

Hi(Ωj(k(d′jH − E) + P )) = 0.

Let i : E → Y be the inclusion of the exceptional divisor, and consider the
sheaf ΩjY (−kE).

From the short exact sequence

0→ π∗ΩX → ΩY → i∗ΩE/S → 0

we get by [Man96, p. 408] that there is a filtration2

ΩjY (−kE) = F 0 ⊃ F 1 ⊃ · · · ⊃ F j ⊃ F j+1 = 0
2That short exact sequences 0 → E → F → G → 0 induce filtrations of this sort is

well-known when E ,F ,G are all locally free. But Manivel states that this filtration exists "si
π : Y → X est un morphisme surjectif de variétés projectives lisses", which is the case here.
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where F p = Ωj−pY ∧ π∗ΩpX(−kE), and

F p/F p+1 =
p∧
π∗ΩX ⊗ Ωj−pY/X(−kE).

The inverse image functor and the direct image along inclusion of closed
subscheme - functors commute with

∧
, the last by Lemma 9.4.2. Since

ΩY/X = i∗ΩE/S , this leads to

F p/F p+1 = π∗ΩpX ⊗ i∗Ω
j−p
E/S(−kE).

Now, on E we have OE(−kE) = OE(k).
Recall that by [Laz04, Lemma 7.3.11],

RiπY,∗Ωj−pE/S(l) = 0

for all i, l > 0, j− p < 2n+ 1. Consider Diagram 9.2, of which the relevant part
is

E
i //

πY

��

Y

π

��
S

j // X

where i, j are closed embeddings and πY = π|E the blow-up. Lemma 9.4.3 then
tells us that

RiπY,∗

(
i∗Ωj−pE/S(l)

)
= j∗R

iπE,∗

(
Ωj−pE/S(l)

)
= 0.

Hence Riπ∗F j/F j+1 = 0 for all j and i > 0.
By induction on j through the short exact sequences

0→ F j+1 → F j → F j/F j+1 → 0

it follows that
Riπ∗ΩjY (−kE) = 0

for all i, j, k > 0. The projection formula for higher derived direct images
([Har77, Exercise III.8.3]) then implies that

RiΩjY (kL) = Riπ∗ΩjY (kdH − kE) = Riπ∗(ΩjY (−kE)⊗ π∗O(k)) = 0

and we have

Hi(Y,ΩjY (kL)) = Hi(X,π∗ΩjY (kL)) = Hi(X,π∗ΩjY (−kE)⊗OX(kd)).

By ampleness of OX(1), there is a dj,k such that this group is 0 for d > dj,k.
Then, for all j ≤ 2n+ 1, let dj ≥ max(d′j , {dj,k}). Choose d0 = maxj(dj).

This is the d0 we seek. To see this let d > d0, and note that if k ≥ kj :

Hi(Y,Ωj(k(dH−E))) = Hi(Y,Ωj(kj(d′jH−E))+kj(d−d′j)H+(k0−kj)(dH−E)).

Here kj(d− d′j)H + (k0− kj)(dH −E) is the sum of a nef and an ample divisor,
hence Fujita (Theorem 9.4.4) tells us that this group vanishes.

In the case k < kj , we have d > dj,k, and by the above discussion

Hi(Y,Ωj(k(dH − E))) = 0.

�
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Condition (**) in the general case

It remains to prove that condition (∗∗) holds for d� 0 where S is not linear.
That is, we want

H0(Y,L)⊗H0(Y,KY + (2m− p+ 1)L)→ H0(Y,KY + (2m− p+ 2)L)

to be surjective for sufficiently large d, and for all p = 1, . . . , 2m.
First, we need a lemma. To reduce graphical clutter, let P := P2m+1.

Lemma 9.4.5. We have an equality Hi(Y, aπ∗H − bE) = Hi(P,OP(a)⊗I ⊗bS )

Proof. This is because Y → P has geometrically connected fibres, hence π∗OY =
OP. It follows that for any OP-module F , we have

π∗π
∗F = π∗(π∗F ⊗OY ) = F ⊗ π∗OY = F .

Then the right derived pushforward functors Riπ∗(π∗F ) all vanish for i > 0.
Hence, by [Har77, Exercise III.8.1], Hi(Y, π∗F ) = Hi(P,F ). All that remains
is to note that the exceptional divisor E is the pullback of IS . �

We are now ready:

Proof of condition (**) in the general case. Surjectivity of the map (**) is equiv-
alent to the vanishing of the Koszul cohomology (see [Gre84]) group

K0,1(Y, L,KY + (2m− p+ 1)L)

. This is by definition the homology group of the complex

1∧
H0(Y,L)⊗H0(Y,KY + (2m− p+ 1)L)

→
0∧
H0(Y,L)⊗H0(Y,KY − (2m− p− 2)L)→ 0

Let r = h0(Y,L)− 1. We claim that:

Hi(Y, L+ (1− i)(KY + (2m− p+ 2)L) =0 for i = 1, 2, . . . , 2m
Hi(Y, L− i(KY + (2m− p+ 2)L) =0 for i = 1, 2, . . . , 2m

Both these follow by Lemma 9.4.5 and Serre duality. Indeed, writing
KY = −(2m+ 2)H +mE, L = dH −E, the first cohomology group becomes

Hi(Y, (dH − E) + (1− i)(−(2m+ 2)H +mE + (2m− p+ 2)(dH − E)).

In the case i = 1, this group is H1(Y, dH − E). By Lemma 9.4.5, this is zero
for large d. For other i, note that after factorizing the coefficient of dH will
always be a negative integer. It follows from the proof of Lemma 9.2.3 that
(dH − E) + (1 − i)(−(2m + 2)H + mE + (2m − p + 2)(dH − E) will be an
antiample divisor for large d. Then Kodaira vanishing ([Har77, p. 248]) tells us
that the cohomology indeed vanishes. The second group is handled similarly,
except that there is no reason to distinguish the case i = 1.
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We are then in a position to apply the duality theorem of [Gre84], telling us
that in this case,

K0,1(Y,L,KY +(2m−p+1)L) = Kr−2m−1,2m+1(Y,KY −L,KY +(2m−p+1)L).

This is by definition the homology of the complex

r−2m−2∧
H0(Y,KY − L)⊗H0(Y,−KY − (2m− p)L)

→
r−2m−1∧

H0(Y,KY − L)⊗H0(Y,−(2m− p− 1)L)

→
r−2m∧

H0(Y,KY − L)⊗H0(Y,KY − (2m− p− 2)L)

Recall that Y is rational. Then H0(Y,KY − L) = 0 because H0(Y,KY ) = 0,
and L is an effective divisor on Y . So K0,1(Y,L,KY + (2m− p+ 1)L) = 0, the
complex vanishes, and the map is surjective.

�

We have finally shown

Theorem 9.4.6. Let X ⊂ P2m+1 be a very general hypersurface of even
dimension containing a complete intersection subvariety S of P2m+1, fulfilling
the criteria of Theorem 9.0.2. There is an integer d0 depending on S such that
if X is very general and of degree > d0, we have equalities

Effm(X) = R≥0(S, S1), Nefm(X) = R≥0(R, T )

where S1, R, T are the n-cycles described in the proof of Theorem 9.0.2. In case
S is a linear subvariety, it is enough to take d0 ≥ dimX + 2.

Proof. This concludes everything done so far. The description of the cones
comes from Theorem 9.0.2, and that these indeed are the cones follows from
Theorem 9.2.1, which shows that Hm,m(X,Q) is two-dimensional. �
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APPENDIX A

Code

In this chapter, we give all relevant Macaulay2 ([M2]) code used in the thesis.
We have made liberal use of the package Schubert2 for intersection theory,
developed by Grayson, Stillman, Strømme, Eisenbud, and Crissman. This
package is assumed to be loaded for all commands.

A.1 Chow classes of Fano schemes

Lines on a cubic fourfold

The class of F1(X) for X a cubic fourfold, in CH•(G(2, 6)):

i14 : G = flagBundle({2,4}, VariableNames => {s,q});
-- G is the Grassmannian of 2-planes in affine 6-space;
-- The ith Chern classes of the subbundle and the quotient bundle will be s_i, q_i

i15 : (S,Q) = G.Bundles;
-- name the subbundle and quotient bundle

i16 : Fano1Class = chern(4, symmetricPower (3, dual S))
2

o17 = 27q - 9q q - 18q
2 1 3 4

So we have

[F1(X)] = 27(c2(Q))2−9c1(Q)c3Q−18c4Q = 27σ2
2−9σ1σ3−18σ4 = 27σ2,2+18σ3,1.

(The final command also outputs the Chow ring.)

Planes on a cubic fivefold

Similar code gives the Fano scheme of planes on a cubic fivefold. We also
compute the Euler characteristics of its structure and cotangent sheaves.

i1 : loadPackage "Schubert2";

i3 : G = flagBundle({3,4}, VariableNames => {s,q});
--Creates the Grassmannian of planes in P^5

i4 : (S,Q) = G.Bundles;

i5 : TG = tangentBundle G;

i6 : NA = symmetricPower(3, dual S);
--to save space

i7 : Fano2Class = chern(10, NA);

i8 : c1Fano = chern(1, TG) - chern(1, NA);



A. Code

-- first Chern class of the tangent bundle of F_2
i9 : c2Fano = chern(2, TG) - chern(2, NA) - (chern(1, TG)-chern(1, NA))*chern(1, NA);

--second Chern class of the same
i11 : EulerChar = ((1/6)*(c1Fano^2-5*c2Fano))*Fano2Class

-- computes the Euler characteristic of the cotangent sheaf

3
o11 = -6615q

4
-- also prints the Chow ring

i12 : EulerCharStructSheaf = (1/12)*(c1Fano^2+c2Fano)*Fano2Class
-- the Euler characteristic of the structure sheaf

3
o12 = 3213q

4

i13 : Fano2class
2 2

o13 = 1701q q - 567q q
3 4 2 4

and we find χ(Ω1
F2(X)) = −6615, χ(OF2(X)) = 3213, and

[F2(X)] = 1701σ3σ4 − 567σ2σ4

A.2 A rational sextic surface in a cubic fourfold

i1 : R = QQ[x_0..x_5];

i2 : use R;

i3 : f_1 = x_0*x_5-x_2*x_3;

i4 : f_2 = x_1*x_5-x_2*x_4

i5 : f_3= x_0*x_4-x_3*x_1

i6 : f_4 = x_1^2+x_2^2+x_0*x_3+x_2*x_5+x_3^2+x_4^2+x_5^2
-- four quadrics defining the sextic

i7 : rasjSextic = Proj(R/(f_1,f_2,f_3,f_4))

i8 : singularLocus rasjSextic
-- check smoothness:
R

o8 = Proj(-)
1

o8 : ProjectiveVariety
-- It is a surface, degree 6:

i9 : dim rasjSextic

o9 = 2

i10 : degree rasjSextic

o10 = 6
-- Create a random cubic containing S:

i13 : kubikk = random(1, R)*f_1+random(1,R)*f_2+random(1,R)*f_3+random(1,R)*f_4;

i15 : C = Proj(R/kubikk);
-- the cubic;

i16 : J = ideal(kubikk);

i17 : I = ideal(f_1,f_2,f_3,f_4);
-- created the ideals;
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A.2. A rational sextic surface in a cubic fourfold

i20 : N = sheaf(Hom(I/(I^2+J), R/I))
-- and the normal sheaf;

i21 : RSextic = R/(f_1,f_2,f_3,f_4);

i22 : N = sheaf(Hom(I/(I^2+J), RSextic));

i29 : minimalPresentation N

the output of which showed that N is a quotient of O8
S , so it was globally

generated for this choice of random linear factors.
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APPENDIX B

Some intersection theory

In this appendix, we list some of the intersection-theoretical results we often
refer to.

B.1 The Chow ring and the cohomology ring

We define the Chow groups and the Chow ring of a (quasiprojective) scheme as
in [3264]. We denote the Chow groups of r-cycles on an n-dimensional scheme
X by CHr(X), and of codimension k-cycles by CHk(X) := CHn−k(X). The
Chow ring will be denoted by CH•(X).

In general, Chow rings are very hard to compute. But a basic case is

Proposition B.1.1. Let h ∈ CH1(Pn) be the class of a hyperplane. Then
CH•(Pn) = Z[h]/hn+1.

Proof. See [Har77, p. 429]. �

We have used this implicitly throughout the thesis.
The cohomology ring is a more classical context for intersection theory, and

is often easier to describe. Luckily, the Chow ring and the cohomology ring are
compatible; that is:

Proposition B.1.2 ([Voi03, p. 263]). There is for every k a class map homo-
morphism cl : CHk(X)→ Hk,k(X,Z), with the properties:

1. For f : X → Y a smooth morphism, cl ◦f∗ = f∗ ◦ cl,

2. For g : X → Z a proper morphism, cl ◦g∗ = g∗ ◦ cl.

3. For any cycle S, deg(cl (S)) = deg(S).

In general, the class map will be neither injective nor surjective.
We have used the projection formula: given a proper morphism f : X → Y ,

and cycles x, y on X and Y respectively, we have that

f∗(x.f∗y) = f∗(x).y (B.1)

valid in both a Chow-theoretic [Har77, p. 426] and a cohomological context.



B. Some intersection theory

B.2 Blowing up

Blowing up affects the Hodge structures and Chow rings in similar ways. Let
X be a smooth variety, with Y ⊂ X a smooth subvariety of codimension r. Let
π : BlY X → X be the blow-up, with E = π−1(Y ) the exceptional divisor. Let
πE : E → Y be the projection, and j : E → BlY X the inclusion. The map πE
makes E the projective rank r − 1 bundle P(NY/X), and so we have

OBlY X(E)|E = OP(NY/X
)(−1)

Then we have:

Theorem B.2.1 ([Voi03, Theorem 9.27]). For every i, there is an isomorphism

r−2⊕
k=0

CHi−r+1+k(Y )⊕ CHi(X)→ CHi(BlY X)

given by
(Z0, . . . , Zr−2, Z) 7→

∑
k

j̃∗h
kπ∗EZk + τ∗Z.

Here h ∈ PicE is the class of OP(NY/X)(1).

Similarly for Hodge structures:

Theorem B.2.2 ([Voi02b]). There is for every i an isomorphism of Hodge
structures

r−2⊕
k=0

Hi−2k−2(Y,Z)⊕Hi(X,Z)→ Hi(BlY X,Z)

also given by
(ζ0, . . . , ζr−2, ζ) 7→

∑
k

j̃∗h
kπ∗Eζk + τ∗ζ.

To make sense of this, we should shift the grading on the groupHi−2k−2(Y,Z)
by (i+ 1, i+ 1) so as to obtain a Hodge structure of weight k. It follows that
these isomorphisms commute with the class map.

B.3 The Porteous Formula

Let X be a smooth variety, and E ,F vector bundles on X of ranks e, f respec-
tively. Assume there is a map φ : E → F . The Porteous (or Thom-Porteous)
formula applies in this case, and describes the Chow class of the degeneracy loci
Mk(φ). Here, Mk(φ) is the locus on X where φ has rank ≤ k.

Theorem B.3.1 ([3264, see chapter 12]). Assume that Mk(φ) has codimension
(e− k)(f − k), and k = e− 1 < f . Then

[Mk(φ)] =
(
c(F )
c(E)

)
f−e+1

.

The fraction of Chern classes is purely formal. The Porteous formula is
actually a large generalization of this, but the above version is all we need.
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