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Abstract
Applying the computational fluid dynamics software openFoam, we study dead water
resistance on a barge. Dead water resistance is the extra drag due to internal waves in
the interface between salt water and fresh water. For Froude numbers below 1.5, we find
an inverted U-shape between the Froude number and dead water resistance. Below and
above the inverted U-shape range, the dead water resistance is small. The peak in dead
water resistance is located in the range Fr 0.6-0.7. The size of dead water drag grows
with the ratio of draft to pycnocline. For a draft to pycnocline equal to one, the drag
increases by 21 percent due to the internal wave. The k − ω model does not give steady
drag coefficients in our simulations. The k − ω SST model gives steady drag coefficients.
The dead water drag is to a large degree dependent on the internal wave surface elevation
below the stern of the barge. Pressure drag is the main driver behind the dead water
drag. The skin friction only contributes positively to the dead water drag for the largest
draft to pycnocline ratio, which equals one.
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1 Introduction
Picture yourself on a boat driving at constant speed in still waters with constant water
depth. When entering a region where there is a layer of fresh water on top of the salt
sea water, the boat suddenly slows considerably down. You have done nothing with the
applied amount of motor power. The sudden drop of boat speed may be due to increased
resistance caused by internal waves formed between the fresh water layer and the salt
sea water. The increase in resistance due to internal waves is called the dead water phe-
nomenon1. This thesis is about the dead water phenomenon.

Objects moving in fluids are affected by three kinds of resistance: skin friction, due to
viscous forces, pressure drag, due to pressure, and wave-making drag, due to waves. For
low speeds, the wave-making drag from surface waves between water and air is very low.
However, for objects moving in stratified fluids, there can be considerable wave making
resistance due to internal waves. Stratified fluids are fluids with vertically varying den-
sity. An example of stratified fluids is a layer of fresh water on top of the salt sea water.
When the density varies continuously with depth, the interface of the internal waves can
be represented by the pycnocline. The pycnocline is the position of the maximum vertical
density gradient. Figure 1 below illustrates some of the terms that will be used repeatedly
throughout this report.

Figure 1: Sketch pycnocline and draft.
In this figure, where we have a sharp division of the water types, the pycnocline is the
distance between the free air water surface and the interface between fresh and salt water.
The draft is the distance from the air water surface to the lowest point on the vessel.

The dead water phenomenon was first reported by Nansen [20], describing the Polar Ex-
pedition of 1893-1896. Since Nansen’s report, several studies have been conducted on
the dead water phenomenon. Studies applying linear potential theory gave, according to
Grue [3], poor comparison with experiments. In linear potential theory inviscid fluids are
assumed and only the leading term of approximated terms in the governing equations are

1Other terms that will be applied are "dead water resistance", "added drag" and "dead water drag".
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kept.

There are multiple studies on the relation between the dead water resistance and the
Froude number. In internal wave cases the Froude number represents the ratio of the
main flow velocity to the velocity of the longest internal wave. For sub-critical Froude
numbers Grue [2] applied non-linear potential theory to produce dead water resistance
results corresponding better with experiments than linear theory. Froude numbers below
one are called sub-critical. Non-linear potential theory, in addition to the terms applied
in linear potential theory, also includes higher order terms of the approximations applied
to the governing equations. One of the main results in Grue [2] is that the dead water
resistance depends on the Froude number only in a certain range of Froude numbers.
There is an inverted U-shape between the Froude number and the dead water resistance.
Figure 2 below illustrates the inverted U-shape between the Froude number and the dead
water resistance.

Figure 2: Dead water resistance and Froude number. Source: Grue [3].
There is a clear inverted U-shape between the Froude number and the dead water resis-
tance.

For Froude numbers outside the inverted U-shape range, the dead water resistance is close
to zero, irrespective of the ratio of ship draft to pycnocline depth. Lets relate the findings
that there is dead water drag only for certain Froude numbers to our example from the
first paragraph. In the first paragraph we had a boat driving with constant motor power
in a still ocean with constant depth. We repeat the experiment of the first paragraph
twice, but with different velocities. First we run the experiment with a lower amount of
applied motor power than the original experiment, and then we run the experiment with a
higher amount of motor power than the original experiment. Both for the lowest and the
highest applied amount of motor power, there is no change of speed, when crossing the
fresh water layer. The low and high speed experiments correspond to Froude numbers out-
side the range of the inverted U-shape between Froude numbers and dead water resistance.

Another finding in Grue [2], is that the ratio of draft to pycnocline affects the magnitude
of the dead water resistance. "Draft" is the vertical distance from the free sea surface to
the lowest point in the vessel, see Figure 1. Furthermore, Grue [2] finds that the inverted
U-shape between the Froude number and the dead water resistance is not affected by the
draft to pycnocline ratio. Lets try relate the growth of dead water resistance with draft
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to pycnocline ratio to our boat experiment. We repeat the three experiments described
above, but now with a thinner layer of fresh water. Once again we find that there is a
certain range of initial velocities where the boat suddenly slows down. However, this time
we also notice that the speed drop is larger compared to your earlier experiment where
the fresh water layer was thicker. We are experiencing the fact that the dead water drag
increases with the draft to pycnocline ratio.

The findings of Grue [2] corresponds well with the results of laboratory experiments con-
ducted by Gou et al. [1]. Gou et al. [1] calculate the dead water drag for Froude numbers
between 0.3 and 1.3 by running 3D experiments on a bluff body for stratified and non-
stratified2 waters. The bluff body is a so-called "barge". A barge is a flat bottomed
floating object. Examples of barge objects are ice floes and transport ships for heavy
goods. Gou et al. [1] calculate the dead water resistance by subtracting the drag in the
non-stratified scenarios3 from the respective stratified scenarios.

Hester and Vasil [5] apply CFD (Computational Fluid Dynamics) using the Boussinesq
hydrodynamics model. In the Boussinesq hydrodynamics model, the density changes only
affects the gravity term in the momentum equation. Hester and Vasil [5] find that the
drag increases by 30 per cent due to the internal wave. They find that the internal wave
creates a larger pressure gradient, increasing the pressure drag. The study is done in 2D
with Reynolds number at 6 000. Most flows have significantly higher Reynolds number,
hence being more turbulent. Turbulence is a flow regime, not a material property. Some
characteristics of turbulent flows are: 3-D, variation in time, energy dissipation, diffusion
and vorticity. Turbulent flows can be drastically different compared to laminar flows.
Hence it would be interesting to study whether the effects identified in Hester and Vasil
[5] are present in a 3D turbulence scenario.

Esmaeilpour et al. [4] study the dead water phenomenon by applying CFD on a 3D tur-
bulent ship model case. They study the relation between the Froude number, the barge
to pycnolcine hight ratio and the dead water resistance. As Grue [2], Esmaeilpour et al.
[4] find that the dead water resistance depenends on the Froude number within a cartain
range of Froude numbers. The Froude number range where the Froude number affects
the dead water drag does not vary much with the draft to pycnocline ratio. Moreover,
they find that the size of the maximimum dead water resistance depends on the draft
to pycnocline ratio. However, compared to the theoretical findings of Grue [2] and the
experimental findings of Gou et al. [1], the range of Froude numbers in Esmaeilpour et
al. [4] where the Froude number affects the dead water resistance, is considerable closer
to the critical Froude number.

The different findings of Esmaeilpour et al. [4] compared to Grue [2] and Gou et al. [1]
are puzzling. On the one hand, one could imagine that Esmaeilpour et al. [4], due to dif-
ference in the geometry of object being studied, get different results than the experiments.
Esmaeilpour et al. [4] study a streamlined geometry, inducing low pressure drag, while
Gou et at. [1] study a bluff body. However, Grue [2], like Esmaeilpour et al. [4], studies
a streamlined geometry, and the results in Grue [2] correspond well with the experiments
of Gou et al. [1]. Another possible source for the differences in location of peak dead

2The term "homogenuous fluid" will also be applied for "non-stratified water".
3The words "scenario" and "case" will mean the same in this report.
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water drag, could be viscous effects and turbulence. Esmaeilpoure et al. [4], applying
turbulence models, take into account these effects.

The different locations of the peak drag coefficients give rise to several questions. Are the
differences due to differences in geometry? Are the differences due to difference in mod-
eling approaches? By running 3D turbulent simulations on a bluff body with the same
dimensions like Gou et al. [1], we hope to answer the question whether the differences
between the CFD simulations of Esmaeilpour et al. [4] and the experimental results of
Gou et al. [1] might be due to the difference in geometry. We are able to identify what
seems to be the main mechanisms forming the inverted U-shape between Froude number
and dead water resistance. The main mechanisms forming the inverted U-shape between
Froude number and dead water resistance is identified by studying the internal surface
elevation and velocity profiles below the barge.

Esmaeilpour et al. [4] were able to study the contributions of viscous effects to the dead
water resistance. Viscous effects are not possible to study with potential theory. In po-
tential theory inviscid fluids is assumed. Esmaeilpour et al. [4] found that the viscous
effects were small compared to the pressure drag. However, they found that the viscous
effects were larger than suggested by Grue [2]. Doing a CFD analysis, we will also be able
to calculate the contributions of viscous effects to the dead water drag.

Esmaeilpour et al. [4] apply a turbulence model in their study. Knowing that no turbu-
lence model is perfect, it would be interesting studying the robustness of the results to
changes in turbulence model. By running two different turbulence models, the k−ω SST
(Shear Stress Transport) model and the k−ω model, we are able to study the dependence
on turbulence model. Furthermore, turbulence models can also be sensitive to user given
inputs. Examples of user given inputs are the often unknown boundary conditions for
turbulence variables. We study the robustness to the boundary conditions for the turbu-
lence variables.

In the theory chapter we will outline the basic theory behind the models applied. The
governing equations and turbulence models will be presented. Also some basics of the
Finite Volume Method (FVM) will be outlined in the theory chapter. In the numerical
implementation chapter, we will go through the implementations in the openFoam soft-
ware. We describe the main model applied in openFoam and the main solver settings.
We will try to link the numerics in openFoam to the theory in the theory chapter. Pre-
sentations of the mesh and the initial and boundary conditions of the problem are also
contained in the numerical implementation chapter. In the results section, we show, and
discuss, our findings. We end the report with some summary remarks in the conclusion
section. In the conclusions we also discuss some potential extensions of the current study.
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2 Theory
In this section we will outlay the governing equations. The main equations for the tur-
bulence models and for the fluid densities will be derived. Finally, we will go through
the main workings of the openFoam solver. The openFoam code will be related to the
governing equations.

2.1 The Navier-Stokes equations
Fluid flows are governed by the principles of linear momentum conservation, equation
(1a), and mass conservation, equation (1b), which are called the Navier-Stokes equations:

ρ
(
∂t~u+ (~u · ∇)~u

)
= ∇p+ ρ~g + µ∇2~u, (1a)

∂tρ+∇ · (ρ~u) = 0, (1b)

where ∂t() = ∂()
∂t
, ρ is the fluid density, µ is the dynamic fluid viscosity, ~u is the fluid

velocity, p is the pressure and ~g is the gravity vector.

Conservation of momentum is Newton’s 2nd law. Newton’s 2nd law states that force
equals mass times acceleration. The momentum equation, equation (1a), is a non-linear
partial differential equation, with three components. Each of the three components in the
momentum equation, equation (1a), represents one spatial direction.

There is no known general analytical solution for the Navier-Stokes equations. There
are analytical solutions for some simple geometries only. One reason for the difficulty in
finding a general analytical solution, is the non-linearity of the convection term, ρ(~u ·∇)~u,
in the momentum equation, equation (1a).

Even though there are no known general analytical solution to the Navier-Stokes equa-
tions, they have for many cases been solved numerically for several decades. There are
several different numerical methods for solving the Navier-Stokes equations, for example
Finite Difference Methods, Finite Volume Methods, and Finite Element Methods. We
will apply the Finite Volume Method. The Finite Volume Method is maybe the most
applied method for numerical solutions of fluid dynamics problems.

2.2 Turbulence
There is one issue that is valid across all numerical schemes, and that issue is turbulence.
Many flows are turbulent. In turbulent flows, there are rapid changes in velocity. Hence
a fine grid is needed in order to represent the velocity. The grid requirements for solving
turbulent flows with complex geometries are often out of range for today’s personal com-
puters.

To investigate the grid issues caused by turbulence, we start by considering Kolmogorov4’s
turbulence scales. Kolmogorov ’s turbulence scales are the smallest turbulent scales. For

4Kolmogorov was a Russian mathematician, known for significant contributions to several areas of
mathematics and physics.
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the Kolmogov scales, viscosity is strong, and there is no turbulence. The so-called energy
cascade, due to Richardson [21], relates the different turbulent scales. The energy cascade
argument is that the largest turbulent eddies have most energy. Furthermore the energy
is transferred from larger eddies down to the smaller eddies. Sooner or later the eddies are
so small that the energy is dissipated into heat. The energy dissipates into heat when the
viscous forces dominates the inertia forces. The scales where the energy dissipates into
heat are called the Kolmogorov scales. Figure 3 below illustrates the main idea about the
energy cascade.

Figure 3: Turbulent energy cascade. y-axis: logarithm of energy. x-axis: wave number.
Source: Wikipedia [22].
The mean flow injects energy into the largest turbulent eddies, which is the eddies with
lowest wave number. The energy is transferred from larger to smaller turbulent eddies.
For the smallest eddies, the energy is dissipated into heat.

In order to describe turbulent flow fully, one must, due to the energy cascade, capture the
Kolmogorov scales. Even if one is not interested in the smallest eddies alone, one must
still resolve them. Due to the energy cascade, the large eddies depend on the small eddies,

Using dimensional analysis, Kolmogorov argued that the following variables are the only
relevant variables at the smallest scales of turbulence: the kinematic viscosity (ν ∼[
L3

T

]
), the viscous dissipation (ε ∼

[
L2

T 3

]
), the turbulent length scale (η ∼

[
L
]
), and the

turbulent time (τ ∼
[
L
]
). L is dimension length and T is dimension time. Combining

the aforementioned variables, we get Kolmogorov’s microscales:

η ∼ (ν3/ε)(1/4), (2a)

u ∼ (νε)(1/4), (2b)

τ ∼
√
ν/ε. (2c)

From the microscales, equations (2), one can check the balance of viscous and inertial
forces. The balance of viscous and inertial forces is represented by the Reynolds number.
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For simplicity we assume steady flow when calculating the Reynolds number. Steady flow
is when ∂t~u = 0 in the momentum equation, equation (1a). For steady flow, the Reynolds
number is the ratio of the order of magnitudes of the inertia term and the viscosity term in
momentum equations of Navier-Stokes, equation (1a). Using the Kolmogorov microscales,
we get that the Reynolds number is: Re = uη/ν = (νε)(1/4)(ν3/ε)(1/4)/ν = 1. Hence we
have locally low Reynolds numbers even in turbulent flows.

To get an idea about realistic grid requirements for solving the Kolmogorov microscales,
we relate the required grid size to the Reynolds number. We relate the micro length scale
η to the Reynolds number by relating the large scale properties of the flow to the micro
scales.

Also for the large scales, dimensional analysis is applied. For the large scales, inertia
dominates viscosity. Hence viscosity (ν) can be neglected. For the dimensional analysis
we are left with the viscous dissipation rate (ε), the large scale length (L), and the large
scale time scale (T ). Doing dimensional analysis in the same way as for the microscales,
and combining the results from the microscales analysis, we get the large scales:

L

η
= Re3/4, (3a)

T =
L

u
. (3b)

Following the example of Bernard and Wallace [19] p.41, we now use the microscales and
the large scales to calculate the grid requirements for a typical turbulent flow. The mesh
spacing needed to resolve the smallest structures, the Kolmogorov scales, is η. In 1D, the
mesh spacing η requires and order of L/η mesh points. In 3D, the order of mesh points
required becomes (L/η)3 grid points. Using equation (3a), that L

η
= Re3/4, we get that

we need (L/η)3 = (Re3/4)3 = Re9/4 grid points. In our flow, where the Reynolds number
is in the range 25 000 − 75 000, we will typically need approximately 8 · 109 − 9 · 1011

grid points. Lets put these grid point calculations into perspective. A mesh with around
million grid points for our case, takes more than 12 hours to solve on a modern laptop by
today’s standards. Solving for the microscales would require 1 000 - 100 000 as many grid
points. We quickly understand that today’s laptops are way too slow for solving these
problems.

The above grid requirement is only for one time step. Combining the small time scale,
τ = η/u, and the large scale time scales, equation (3a), we get that the number of time
steps needed for determining the average quantities are T/t = L/η. u is the fluctuating
part of the velocity (which will be defined in subsubsection 2.2.1 "RANS"). Combin-
ing T/t = L/η with equation (3a), we get that the number of needed time steps is
O(Re3/4). In total, combining the requirements for space and time, we get that we need
O(Re9/4 ·Re3/4) = O(Re3) operations. Comparing the operation count to our case again,
we need an order of 1.5 · 1013 − 4.5 · 1014 operations.

Based on the previous discussion, we conclude that we are unable to solve our problem
by the Navier-Stokes equations numerically. Simplifications are needed. This is where
turbulence models come into play. As for numerical methods for solving the Navier-
Stokes equations, there are several different types and sub-types of turbulence models. A
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commonality among the turbulence models is that they reduce the mesh-requirement by
simplifying the Navier-Stokes equations. The simplifications of the Navier-Stokes equa-
tions result in new unknowns that need specific modeling. Non of the turbulence models
have been shown to work well in all situations. Simplifications often come at a cost, and
turbulence modeling is no exception to this rule.

2.2.1 RANS

In this thesis we will present a subclass of the class of turbulence models called "RANS".
"RANS" stands for "Reynolds Averaged Navier-Stokes equations". From RANS models
we only get mean quantities. Examples of mean quantities are the mean velocity and the
mean pressure. Hence we do not get the turbulent, fluctuating, components of the quan-
tities. There are other models that captures more of the turbulent characteristics than
RANS. In our case, we are mostly interested in drag calculations. RANS have successfully
been applied for drag calculations, both in ship flows and aerodynamics.

RANS is one of the most studied and computationally cheapest turbulence model types.
Compared to some alternative turbulence models, RANS allows us to solve a problem
with very few rid points. The decrease in computational demands, however, comes at
a cost. From RANS we only get the averaged flow field. Hence we lose the turbulent
fluctuations in the velocity field. In addition, the change of equations from Navier-Stokes
to RANS, introduces a new set of unknown quantities. The new unknown quantities are
named the Reynolds stresses. The Reynolds stresses need explicit modeling.

We will, based on Durbin and Pettersson Reif [8] and Wilcox [11], develop the main RANS
equations.

With RANS, we apply a so-called Reynolds decomposition. In a Reynolds decomposition
the instantaneous variables, a, are decomposed into an average component, a, and a
fluctuating component, a′ . We have the following properties:

a = a+ a
′
, (4a)

A = a, (4b)
0 = a′, (4c)

0 = a′A. (4d)

If not stated otherwise, capital letters will represent averaged quantities from now.

There are several types of averages. The most general type of average, is the ensemble
average:

FE(x, t) = lim
N→∞

1

N

N∑
n=1

fn(x, t), (5)

where N is the number of experiments. The ensemble average is useful when dealing with
unsteady flows. Unsteady flows are flows that on average vary in time.
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We expect our flow to be stationary. A stationary flow is a flow that on average does not
vary in time. For stationary flows the ensemble average equals the time average:

Φ = φ =
1

T

∫
T

φ(x, t) dt. (6)

Since we will work with varying density flow, we will also need the FAVRE-decomposition:

φ = φ̃+ φ
′′
, (7a)

where φ̃ is the FAVRE-average. The FAVRE-average is a mass-weighted Reynolds average:

φ̃ =
1
T

∫
T
ρ(~x, t)φ(~x, t) dt

ρ
. (8)

Insertion of constant density, ρ = ρ, into the Favre-average, equation (8), gives the time
average, equation (6).

A reason for using the FAVRE-average, is that the governing equations look similar in
the case of non-constant density as in the case of constant density. The only difference
is the interpretation of the velocity variable. For FAVRE average the velocity is density
averaged.

Here are some useful properties of the Favre decomposition:

φ′′ 6= 0, (9a)

ρφ′′ = 0. (9b)

The second property, equation (9b), can be shown as follows:5

φ̃ρ
(8)
=

1

T

∫
T

ρ(~x, t)φ(~x, t) dt (10a)

(7)
=

1

T

∫
T

ρ(~x, t)
[
φ̃(~x, t) + φ′(~x, t)

]
dt (10b)

=
1

T

∫
T

ρφ̃ dt+
1

T

∫
T

ρφ
′′
dt (10c)

(6)
=ρφ̃+ ρφ′′ (10d)

= ρφ̃+ ρφ′′ (10e)

ρφ̃− ρφ̃ = ρφ′′ (10f)

0 = ρφ′′ . (10g)

Having developed the necessary tools for deriving the governing equations of the mean
flow, we start by deriving the continuity equation for the mean flow:

∂tρ+ ∂i(ρui) = 0 (11a)
5Numbers above equality signs in equations will represent the equation numbers used to obtain the

given equation.
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∂tρ+ ∂i(ρui)
Average

= 0 (11b)

∂tρ+ ∂i

[
ρ(ũi + u

′′
i )
]

(7)
= 0 (11c)

∂tρ+ ∂iρũi + ∂iρu
′′
i = 0 (11d)

∂tρ+ ∂iρũi
(9b)
= 0 (11e)

∂t(ρ+ ρ′) + ∂i

[
(ρ+ ρ′)ũi

]
= 0 (11f)

∂tρ+ ∂tρ
′ + ∂i(ρũi) + ∂i(ρ

′ũi) = 0 (11g)

∂tρ+ ∂i(ρũi)
(4)
= 0. (11h)

We start deriving the momentum equation:

∂t(ρui) + ∂j(ρuiuj) = −∂ipδij + ρgi + ∂jτij, (12)

where τij is the viscous stress tensor:

τij = 2µ
(∂iuj + ∂jui

2
− 1

3
∂kukδij

)
. (13)

For comparison with openFoam’s equations, we have kept the divergence term in the vis-
cous stress tensor, equation (13).

We continue developing the momentum equation, equation (12):

∂t(ρui) + ∂j(ρuiuj) = −∂ipδij + ρgi + ∂jτij (14a)

∂t(ρui) + ∂j(ρuiuj)
Average

= −∂ipδij + ρgi + ∂jτij (14b)

∂t

(
(ρ+ ρ′)(ũi + u

′′
i )
)

+ ∂j

(
(ρ+ ρ′)(ũi + u

′
i)(ũi + u

′
j)
)

(4a), (7)
= −∂i(p+ ∂ip

′)δij + (ρ+ ρ′)gi + ∂jτij

(14c)

∂t(ρũi) + ∂j(ρũiũj + ρu
′′
i u
′′
j )

(4), (9b)
= −∂ipδij + ρgi + ∂jτij

(14d)

∂t(ρũi) + ∂j(ρũiũj) = −∂ipδij + ρgi + ∂j(τij − ρu
′′
i u
′′
j ),

(14e)

where the gradient mean viscous stress tensor ∂jτij is given by:

∂jτij
(13)
= ∂j2µ

(∂iuj + ∂jui
2

− 1

3
∂kukδij

)
(15a)

= ∂j2µ
(∂i(ũj + u

′′
j ) + ∂j(ũi + u

′′
i )

2
− 1

3
∂k(ũk + u

′
k)δij

)
(15b)

= ∂j

[
2µ
(∂iũj + ∂jũi

2
− 1

3
∂kũkδij

)]
. (15c)

(14e) is the momentum equation for the mean flow field. The only new term in the mean
flow momentum equation, equation (14e) compared to the momentum equation, equation
(1a), is the last term in (14e). The last term in (14e) is the so-called Reynolds stresses.
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The Reynolds stresses represent the averaged effect of turbulent advection on the mean
flow field. The Reynolds stresses consists of six unknown components. Hence the mean
flow momentum equation, equation (14e), is unclosed.

There are several approaches on how to attack the problem of modeling the unknowns
Reynolds stresses. We will apply the approach that models the Reynolds stresses by the
so-called turbulent eddy viscosity hypothesis:

ρσTij = −ρu′′i u
′′
j = 2νT

(∂iũj + ∂jũi
2

− 1

3
∂kukδij

)
− 2

3
ρkδij, (16)

where νT is the turbulent eddy viscosity, k is the turbulent kinetic energy, and δij is the
Kronecker delta tensor. The turbulent kinetic energy is defined as

k =
1

2
u
′′
i u
′′
i . (17)

It remains to determine the turbulent viscosity, νT , in equation (16). There are several
different models for the turbulent viscosity. We will apply some of the most used models,
and we will describe these in the next section.

2.3 Turbulence models
In this section, we will describe the main features of the turbulence models we are ap-
plying. The material builds on Durbin and Pettersson Reif [8] and Moukalled et at. [13].
The following description of the turbulence models does not consider whether the denisty
is variable or not. In the case of variable density, the instantenuous density variable is
replaced by an average for the density, see Wilcox [11] pp. 126 and 255.

Both models we will apply, builds on the linear eddy viscosity hypothesis, equation (16).
We will now discuss a few problems with the linear eddy viscosity hypothesis. When
applying the linear eddy viscosity hypothesis, the turbulent kinetic energy production de-
pends quadratically on the strain rate of the mean flow. The exact turbulent production,
however, depends only linearly on the strain rate of the mean flow. Consequently the tur-
bulent production rate is overestimated, for a given strain rate, when applying the linear
eddy viscosity hypothesis. A consequence of the overproduction of turbulent kinetic en-
ergy, is that too much energy is extracted from the mean flow. Energy extraction from the
mean flow increases the boundary layer thickness and possibly reduces the drag estimates.

Another issue with the linear eddy viscosity hypothesis, is that it is blind to anisotropic
Reynolds stresses. Anisoptrphy is not an unreaslistic phenomenon. On the contrary,
isotropy is unrealsitic. Durbin and Pettersson Reif [8] p. 140 give an example where
anisotropy of the normal Reynolds stresses can produce negative turbulent production
when using the exact equation for turbulent production. Negative turbulent production
is impossible with linear eddy viscosity models. Also in this example the linear eddy
viscosity hypothesis leads to overproduction of turbulent kinetic energy, wider boundary
layer and probably less drag. We shall have the remarks about the issues with the linear
eddy viscosity in mind when interpreting our results.

The two most used and known RANS turbulence models are the k − ε and the k − ω
models. Both these models are based on the linear eddy viscosity hypothesis. Being in-
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terested in drag coefficients, we are interested in modeling the flow close to the barge as
well as possible. It is known that the k − ε-model does not perform well close to walls.
The k − ε-model is based on the assumption of high Reynolds numbers. Close to walls
the Reynolds number is low. Hence we rule out the use of the k − ε for this study.

The k − ω model is better suited for wall bounded flows than the k − ε model. In our
main analysis, we follow Esmaeilpour et al. (2018), and apply the k−ω SST model. The
k − ω SST model is a mix of the k − ε model and the k − ω model, applying the best
from both models. Applying the same model as Esmaeilour et al. [4], allows for easier
comparison of our results to the results of their study.

In order to understand the basics of the k − ω SST model, one needs to understand the
basics of the k− ε and the k−ω model. Hence we will, prior to describing the k−ω SST
model, describe the k − ε and the k − ω model.

2.3.1 The k − ε model

In the k − ε model, we have that the eddy viscosity νT in the Reynolds stress term,
equation (16), is given as:

νT =
µT
ρ

= Cµ
k2

ε
, (18)

where Cµ is a constant, k is the turbulent kinetic energy and ε is the viscous dissipation
rate. The turbulent kinetic energy follows:

∂t(ρk) +∇ · (ρUk) = ∇ · (µeff,k∇k) +

Production︷︸︸︷
Pk −ρε, (19)

The viscous dissipation rate follows:

∂t(ρε) +∇ · (ρUε) = ∇ · (µeff,ε∇ε) + Cε1
ε

k
Pk − Cε2ρ

ε2

k
, (20)

where:

µeff,k = µ+
µT
σk
, (21a)

µeff,ε = µ+
µT
σε
. (21b)

In the above, the production of turbulent kinetic energy is related to the strain tensor
of the mean flow. Larger mean flow velocity gradients increase the turbulent production.
The turbulent production growing with the mean flow velocity gradient is in good corre-
spondence with experiments. Experiments shows that the mean flow velocity gradient is
larger for turbulent flows.

The closure problem is still not solved. In the expression for the viscous dissipation rate,
equation (20), new constants appear. From before, in equation (18), we have the unknown
constant Cµ. The constants are derived based on different flow scenarios, and they are
not independent. The following are the standard values used for the different constants:
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Cµ = 0.09, Cε1 = 1.44, Cε2 = 1.92, σε = 1.3, σk = 1.0. (22)

An essential assumption behind the k − ε-model is that the flow is fully turbulent, so
that molecular viscosity effects are negligible. However, as we will see in subsection 2.4
"Turbulence wall laws", the viscous effects are not negligible close to walls, where no-slip
boundary conditions apply. The coefficients, equation (22), does not fit the near wall
behavior of the flow. The coefficients, equation (22), are calibrated in regions far from
the walls. As a consequence, the standard k − ε model is not applicable near walls.

There are at least two remedies for making the models work in wall-flows. The first alter-
native is to apply wall functions. With wall functions, one does not apply the turbulence
model in the near the wall region. Instead of applying the model all the way to the wall,
some given functions set the solution values closest to the walls, when wall functions are
applied. The other alternative is to use so-called low-Reynolds number turbulence models.
The low-Reynolds number turbulence models are models that can be applied all the way
to the wall. Hence the boundary layer can be resolved with low-Reynolds number models.

2.3.2 The k − ω model

The k−ω model is a low Re model, and it has the advantage that it can be integrated all
the way to the wall. The main difference between the k − ω model and the k − ε model,
is that the equation for the dissipation rate ε is replaced by an equation for ω. ω is the
rate of conversion of turbulent kinetic energy into heat per unit volume and time. We
will call ω for the turbulent frequency. We have that:

ω =
ε

Cµk
. (23)

We get the following equations for the turbulent kinetic energy, equation (24a), and the
turbulent frequency, equation (24b):

∂t(ρk) +∇ · (ρUk) = ∇ · (µeff,k∇k) + Pk − β∗ρkω, (24a)

∂t(ρω) +∇ · (ρUω) = ∇ · (µeff,ω∇ω) + Cα1
ω

k
Pk − Cβ1ρω2, (24b)

where:

Cα1 = 5/9, Cβ1 = 0.075, β∗ = 0.09, σk1 = 2, σω1 = 2, P rt = 0.9, (25a)

µt = ρ
k

ω
, (25b)

kt =
µt
Prt

, (25c)

µeff,k = µ+
µt
σk1

, (25d)

µeff,ω = µ+
µt
σω1

. (25e)
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A strong side of the k − ω model is that the turbulent frequency ω can more easily be
integrated compared to the dissipation equation in the k − ε model. Another strong side
of the k−ω model, compared to the k−ε model, is that flows with an adverse pressure to
some extent has been well produced by the latter model. In flows with adverse pressure
gradient, the pressure increases in the flow direction.

A drawback with the k − ω model, is that it is sensitive to free stream values of the
turbulence frequency. The free stream values are heavily dependent on the boundary con-
ditions for the turbulent quantities. The boundary conditions for the turbulent quantities
are often unknown. Hence the k − ω model is sensitive to unknown values that must be
given by the model user.

2.3.3 The k − ω SST model

We have that the k− ε model performs better from the boundary layer edge and far from
the walls. The k − ω model performs better near wall and in flows with adverse pressure
gradients. The k − ω SST model tries to combine the strengths of the k − ε model and
the k − ω model by unifying the two models into one model.

The first step, when deriving the k − ω SST model, is to rewrite the k − ε model into
k − ω form. According to Moukalled et at. [13] the rewrite of the k − ε model into k − ω
form becomes:

∂t(ρk) +∇ · (ρUk) = ∇ · (µeff,k∇k) + Pk − β∗ρkω, (26a)

∂t(ρω) +∇ · (ρUω) = ∇ · (µeff,ω∇ω) + Cα2
ω

k
Pk − Cβ2ρω

2 + 2σω2
ρ

ω
∇k · ω. (26b)

A blending function, 0 ≤ F1 ≤ 1, is used to combine the original k − ω model, equation
(24), and the k − ω-formulation of the k − ε model, equation (26). We get:

kSST = F1

(24a)︷︸︸︷
kk−ω +(1− F1)

(26a)︷︸︸︷
kk−ε, (27a)

ωSST = F1

(24b)︷︸︸︷
ωk−ω +(1− F1)

(26b)︷︸︸︷
ωk−ε, (27b)

where the numbers above the different terms shows which equations that represent the
different terms.

In addition to the other variables (k, ω) and some of the coefficients, the blending function
F1 depends on the distance from the wall. It is not surprising that the blending function
depends on the wall distance. We want the k − ω SST model to utilize the k − ω model
close to the wall and the k − ε model far from the wall.

Two more modifications are done in the k−ω SST model. Firstly, the model is modified to
satisfy Bradshaw’s assumption. Bradshaw’s assumption is that the principal shear stress
is linearly related to the turbulent kinetic energy:

τxy = ρa1k. (28)



2. Theory: Turbulence wall laws 19

For our turbulence models we have

τxy = νtΩ = ρ

√
Pk
ε
a1k. (29)

For Bradshaw’s assumption, equation (28), to hold, equation (29) gives that we must have
that the production of turbulent kinetic energy must equal the dissipation rate, Pk = ε.
The requirement of equality between production of turbulent kinetic energy and the dis-
sipation rate, is far from being satisfied in flows with adverse pressure gradients. In flows
with adverse pressure gradients, the production can exceed dissipation.

In order to satisfy the Bradshaw condition, the equation for the turbulent viscosity, equa-
tion (25b), is modified to:

µt =
ρa1k

Max(a1ω,
√

2StF2)
, (30)

where St is the mean flow strain tensor, and F2 is function of k, ω, ν, β∗ and the normal
distance to the wall.

The second modification in the k − ω SST model, is in the production term in the k-
equation, equation (27a). The production term in equation (27a) is modeled as:

Pk = min(Pk, c1ε), (31)

where ε is given by the ε equation, equation (20).

2.4 Turbulence wall laws
It is important to have good solutions for the flow close to the wall. The flow close to
the wall affects the rest of the flow field. The drag coefficients are highly dependent on
the near wall flow. Due to the challenges with getting a fine enough mesh, it is often
problematic getting good numerical solutions close to the wall. Hence, we must often
make use of approximations for solutions between the wall and the nearest grid points to
the wall. This is where turbulence wall laws come into play. Building on Pope [9], we will
now present the most known wall laws.

Laws applying to different wall regions will be derived. Figure 4 below shows the different
wall regions.
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Figure 4: Wall regions. "y+" is the dimensionless distance from the wall, see equation
(33b). "delta" is the boundary layer thickness.

In the text, we will refer to different regions without defining the regions. All regions are
shown in Figure 4 above.

Figure 5 shows the distribution of viscous and turbulent stresses close to the wall.

Figure 5: Wall laws. Stress decomposition
Viscous stresses dominate close to the wall, while turbulent stresses dominate further away
from the wall.

From dimensional analysis we have:

dU

dy
=
u∗
y

Φ
(
y+,

y

δ

)
, (32)

where y+ is an inner length scale and y
δ
is an outer length scale.
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The following definitions are used extensively in turbulence modeling:

u∗ =

√
τw
ρ
, (33a)

y+ =
u∗y

ν
, (33b)

U+ =
U

u∗
, (33c)

where u∗ is the so-called friction velocity, y+ is a dimensionless length, and U+ is a
dimensionless velocity.

2.4.1 Law of the wall

In the inner region the outer length scale is unimportant. Hence the dimensional law,
equation (32), reduces to:

dU

dy
=
u∗
y

ΦI(y
+)| · ν

u2
∗

(34a)

d(U/u∗)

d(u∗y/ν)
=

1

u∗y/ν
ΦI(y

+) (34b)

dU+

dy+
=

1

y+
ΦI(y

+). (34c)

Integration of equation (34c) gives the "law of the wall":

U+ =

∫ y+

0

1

ŷ+
ΦI(ŷ

+) dŷ+ (35a)

= F (y+), (35b)

where

F (y+) =

∫ y+

0

1

ŷ+
ΦI(ŷ

+) dŷ+. (36)

The important thing to note in equations (34c) and (35b), is that U+ = U+(y+).

2.4.2 The viscous sublayer

In order to get a law for the viscous sublayer, we will do a Taylor-expansion of F , equation
(36), around y+ = 0. We will insert the results of the Taylor-expansion into U+, equation
(35b). The Taylor expansion is:

F (y+) = F (0) + F ′(0)y+ +O
(

(y+)2
)
. (37)

We find the first Taylor series coefficient F (0) by utilizing the no-slip boundary condition
for the velocity at the wall:
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0 = U(0)| · 1

u∗
(38a)

= U+(y = 0) (38b)
= U+(y+ = 0) (38c)
(35b)
= F (0). (38d)

We find the second Taylor series coefficient, F ′(0), by utilizing the viscous shear stress
relation:

τw = µ
dU

dy
|y=0 (39a)

ρu2
∗

(33a)
= µ

dU

dy
|y=0 (39b)

u2
∗ = ν

dU

dy
|y=0| : u2

∗ (39c)

1 =
d(U/u∗)

d(u∗y/ν)
|y=0 (39d)

=
dU+

dy+
|y+=0 (39e)

(35b)
= F ′(0). (39f)

Insertion of the coefficients, equations (38d) and (39f) into the Taylor series for F , equation
(37), gives:

F (y+) = y+ +O
(

(y+)2
)
. (40)

Insertion the leading order approximation of F from equation (40) into law of the wall,
equation (35b), gives:

U+ = y+. (41)

Equation (41) is the wall law for the viscous sublayer.

2.4.3 von-Karman’s inner log law

In the log layer, viscosity is no longer important. von-Karman suggested that ΦI in
equation (34c) reduces to a constant in the log-layer,

ΦI =
1

κ
. (42)

Hence we get

dU+

dy+

(34c)
=

1

κy+
(43a)

dU+ =
1

κ

dy+

y+
(43b)
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U+ =
1

κ
ln y+ +B. (43c)

Equation (43c) is von-Karman’s inner log law.

2.4.4 von-Karman’s velocity defect law (outer log law)

In the outer log layer, it is the outer length scale in the dimensional law, equation (32),
that applies:

dU

dy
=
u∗
y

Φo(
y

δ
) (44a)

dU =
u∗
y

Φo(
y

δ
) dy (44b)

U(δ)− U(y) =

∫ δ

y

u∗
ŷ

Φo(
ŷ

δ
) dŷ + C (44c)

Ue − U(y)
ỹ= ŷ

δ≈
∫ 1

y
δ

u∗
ŷ

Φo(ỹ)δ dỹ + C (44d)

Ue − U(y)

u∗
≈
∫ 1

y
δ

δ

ŷ
Φo(ỹ) dỹ + C (44e)

≈
∫ 1

y
δ

1

ỹ
Φo(ỹ) dỹ + C. (44f)

Equation (44f) is von-Karman’s velocity defect law.

The constant C in equation (44f) can be found by setting y = δ in equation (44f).

2.4.5 Matching region

In the matching region both length scales are important:

u∗
y

ΦI
(32)
=

u∗
y

Φo (45a)

ΦI = Φo (45b)
1

κ

(42)
= Φo. (45c)

Insertion of Φo, equation (45c), into the velocity defect law, equation (44f), gives:

Ue − U(y)

u∗
≈
∫ 1

y
δ

1

ỹ
Φo(ỹ) dỹ + C (46a)

(42)
≈
∫ 1

y
δ

1

κỹ
dỹ + C (46b)

≈ −1

κ
ln
y

δ
+ C. (46c)

Equation (46c) is the matching law.

The constant C in equation (46c) can be found by solving equation (46c) for y = δ.
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2.4.6 Spalding’s formula

We have two separate formulas, one for the viscous sublayer and one for the logarithmic
layer. We do not have a formula for the buffer layer, 5 < y+ < 30. By curve fitting,
Spalding [25] developed the following formula:

y+ = u+e−κB
[
eκu

+ − 1− κu+ − (κu+)2

2
− (κu+)3

6

]
. (47)

Equation (47) applies from the wall and well into the logarithmic layer.

Due to the flexibility with regards to the y+, we will apply Spalding’s formula, equation
(47), in our numerical implementation.

2.4.7 Wall-laws for k, ε and ω

In this section examples of wall equations for the turbulent dissipation rate ε, turbulent
kinetic energy k, and the specific rate of dissipation ω are presented. These variables are
used in the most frequently applied turbulence models. The material builds on Moukalled
et al. [13]. We have:

k+ =

{
0.1y+2 if 0 < y+ < 5,

1√
Cµ

= 1√
β∗

if 30 < y+ < 200
(48)

ε+ =

{
2 k+

d+2 = 0.2 if 0 < y+ < 5,
ν

u∗κy
if 30 < y+ < 200

(49)

ω+ =

{
6

Cβ1y+2 if 0 < y+ < 5,
ν

u∗κy
√
β∗

if 30 < y+ < 200.
(50)

The dissipation rate ε have good fit with DNS data up to y+ = 10, while the kinetic
energy is overestimated in the buffer layer. "DNS" stands for "Direct Numerical Simula-
tion", and are simulations performed on the full Navier-Stokes equations applying a grid
capturing Kolmogorov’s micro scales. Hence no turbulence models are used with DNS. In
the log layer all above mentioned variables have excellent fit with DNS data.

In openFoam, the wall-laws are applied to the cells closest to the boundaries. There are
many alternative wall laws in openFoam. Here we will only describe the simplest form of
wall laws from openFoam.

Since the domain of the different laws depends on y+, we start by describing how the
distance to the first cell is derived. Define the dimensionless distance to the first cell d+

C

in the same way that the dimensional distance y+ was derived:

d+
C =

(d⊥)Cu∗
ν

, (51)

where (d⊥)C is the normal distance from the wall to the cell.

Define the dimensionless turbulent kinetic energy in the first cell closest to the wall k+
C :
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k+
C =

kC
u2
∗
, (52)

where kC is the turbulent kinetic energy in the first cell.

Combining the equation for the dimensionless distance to the first cell, equation (51),
with the equation for the turbulent kinetic energy in the first cell, equation (52), we get:

d+
C =

C
1/4
µ k

1/2
C

ν
(d⊥)C . (53)

In openFoam d+
lim is a limit that separates the viscous sublayer from the log-layer. The

value 11.06 is adopted. Note that the separation into the viscous and the log-region im-
plicitly removes the buffer layer. One part of the buffer layer is put into the viscous layer
and the other part of the buffer layer is put into the log-layer. Ideally, the first cell should
be located in either the viscous sublayer or in the log-layer. We do not have any wall laws
for the buffer layer.

Having calculated the wall distance to the first cell and having defined a limit dividing
the regions, we can now apply the wall laws for the different variables. Table 1 below
summarizes the main properties of the wall modeling for the turbulence properties.

Variable
Region

d+
C < d+

lim d+
C > d+

lim

kC 0 Zero gradient
εC

Cµρk2C
µ

Pk
ωC

6ν
Cβ1(d⊥)2C

Pk

Table 1: Wall modeling of the turbulence variables.

Pk in Table 1 is the turbulent production.

When d+
C < d+

lim, we are in the inertial sublayer. In the inertial sublayer, it is assumed
that the turbulent kinematic viscosity equals zero. Hence the kinematic viscosity equals
the laminar kinematic viscosity in the viscous sublayer. The turbulent kinetic energy in
the first cell is set to zero. The dissipation rate equation for the first cell in Table 1 follows
from the assumption of zero turbulent kinematic viscosity.

When d+
C > d+

lim, we are in the log-region. A homogenuous Neuman condition, zeroGra-
dient, is applied for the turbulent kinetic energy in the first cell. "zeroGradient" means
that the normal derivative is zero at the wall. Both the disspiation rate and the turbulent
frequency in the first cell are modeled assuming they equal the production of turbulent
kinetic energy.6

6More details about the wall modeling can be found in Moukalled et al. [13].



2. Theory: Modeling of the density 26

2.5 Modeling of the density
Since the density is non-constant in our case, we need to model the density. We will
present the basics of the denisty modeling in this section. The material in this section is
based on Pope [9], Krpan and Koncar [12] and Kunkelmann [6].

The density is modeled as a weighing of the two fluids using a concentration rate:

ρ = αρ1 + (1− α)ρ2, (54)

where ρ1 and ρ2 are the densities for the two fluids and α is the concentration rate. Terms
like "concentration share", "salt water share", "salt water fraction" and "phase fraction"
will also be used for the concentration share.

The concentration rate is modeled as a conservative scalar according to:

Dtα = Γ∇2α (55a)
∂tα + (~u · ∇)α = Γ∇2α, (55b)

where Γ is the diffusivity. The scalar is conserved, since there is no source or sink in
the equation. Furthermore the scalar is bounded between the initial minimum and initial
maximum. We have:

0 ≤ α ≤ 1. (56)

As for the Navier-Stokes equations, we want an equation for the mean concentration α.
The concentration rate follows the Reynolds decomposition:

α = α + α
′
. (57)

We get an equation for the mean concentration α by taking the average of the concentra-
tion rate:

∂tα + (~u · ∇)α
(55b)
= Γ∇2α (58a)

∂tα + α′ +∇ ·
[
(~̃u+ ~u′′)(α + α′)

]
(7), (57)

= Γ∇2(α + α′) (58b)

∂tα +∇ · (~̃uα + ~u′′α′)
(4)
= Γ∇2α (58c)

∂tα + (∇ · ~̃u)α = ∇ · (Γ∇α− ~u′′α′). (58d)

Just as for the mean momentum equation, equation (14e), we get a closure problem also
in the equation for the concentration rate, equation (58d). In the equation for the con-
centration rate, equation (58d), we have a new unknown term, −∇ · ~u′′α′ . −∇ · ~u′′α′ is
the concentration flux vector. The concentration flux vector is a vector that represents
the flux (flow rate per unit area) due to the fluctuating field.

We model the scalar flux vector, −∇ · ~u′′α′ , in the transport equation for concentration,
equation (58d), by the gradient-diffusion hypothesis:

∇ · ~u′′α′ = −ΓT∇α, (59)
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where ΓT is the turbulent diffusivity and ∇α is the mean concentration gradient. The
gradient-diffusion hypothesis is analogous to Fich’s law for molecular diffusion and Fourier’s
law for heat conduction. The gradient-diffusion hypothesis gives that the turbulent trans-
port of the concentration rate is in the direction of the mean concentration gradient.

Insertion of the modeled term for the concentration flux vector, equation (59), into to
concentration transport equation, equation (58d), gives:

∂tα + (∇ · ~̃u)α = ∇ · (Γ∇α + ΓT∇α) (60a)

= ∇ ·
[
(Γ + ΓT )∇α

]
(60b)

= ∇ · (Γeff∇α), (60c)

where the effective diffusivity Γeff is given by

Γeff = Γ + ΓT . (61)

When solving for the consentration transport equation, equation (60c), openFoam applies
splitting by solving two separate equations. The volume of fluid method (VOF) is applied
for one of the equations used in the splitting. VOF only models the convection part of
the consentration transport equation, equation (60c). The VOF method will be described
here. The description builds on Kunkelmann [6].

The VOF method is used to capture a sharp, moving interface in the case of a fixed mesh.
Each cell gets a volume fraction corresponding to the share of one fluid relative to the
total volume of fluid:

Fi =
Vi∑N
i=1 Vi

, (62)

where Vi is the volume of fluid type i.

Figure 6 below illustrates the relation between the volume share F and the interface in
the case of two phases.
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Figure 6: (a): Fluid distribution. (b): Volume fractions. Source: Saghia et al. [7]
It is only the cells containing the interface that has 0 < F < 1. The rest of the cell either
has the value F = 0 or F = 1.

A property of equation (62), is that the shares, Fi, sums to 1:

N∑
i=1

Fi = 1. (63)

Hence we only need to solve for N − 1 fractions to get the result for all N fractions.

It is assumed that the volume fraction, F , is only transported with the velocity field.
Diffusion does not affect the volume fraction. Hence the VOF method only applies to
the convection part of the concentration transport equation, equation (60c). There is
conservation of each phase. The transport equation becomes:

∂tF +∇ · (~uF ) = 0 (64a)

∂tF + ~u · ∇F + F

=0︷ ︸︸ ︷
(∇ · ~u) = 0 (64b)

∂tF + ~u · ∇F = 0, (64c)

where ∂t() = ∂()
∂t
.

The material properties in the cells, for example ρ, ν, µ, are weighted by the volume
fractions. For two-phase flow, the material properties are modeled as:

Ψ = FΨ1 + (1− F )Ψ2, (65)

where Ψ can be any of the material properties. In our case we have Ψ = ρ.

We want the volume fractions to be bounded between zero and one. Furthermore, in this
non-diffusive part of the concentration transport, we want the interface to be as sharp as
possible. Both the requirements of boundedness and a sharp interface are hard to satisfy
by a direct naive finite difference approach to the transport equation for the volume frac-
tion, equation (64c). Hence, alternative methods are used. These alternative methods to
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the finite difference approach are now briefly described.

For a discrete mesh, it is not possible to get perfect sharpness. There will be thin regions
of cells with 0 < F < 1. In order to make the interface as sharp as possible, the mesh can
be refined in the region around the interface. In principle refinement of the mesh works
fine. However, the mesh refinement approach can become computationally expensive due
to the cell requirements.

There are other, less computational expensive, methods than mesh refinement around
the interface that improve the sharpness of the interface. One standard class of methods
is the so-called geometric reconstruction methods. Geometric reconstruction methods
localize the interface within the cell by calculating the normal vector of the interphase
and calculating the fluxes across the cell faces. openFoam, however, applies another
method. In openFoam a compression term is added to the transport equation for the
volume fraction, equation (64c):

∂tF + ~u · ∇F +∇ · {Cf |~u|~n[F (F − 1)]F} = 0, (66)

where ~n is the normal vector to the interface, and Cf is the compression factor. Cf is
by default equals 1. The compression term improves the sharpness of the interphase. We
see that the compression only affects the volume fractions in the cases where there are an
interphase, in other words when F (F − 1) 6= 0.

Boundedness of the volume fractions, the other challenge in addition to interphase sharp-
ness, is achieved by solving the transport equation for the volume fractions with com-
pression, equation (66), by a flux limiting method. According to Kunkelmann [6] p. 39:
"The fluxes of the volume fraction are first predicted from the velocity field including
the compression and then iteratively corrected. The correction of the fluxes is done by
limiting them locally if they lead to a volume fraction of below zero or above unity in a
particular cell.".

In order to improve the quality of the solutions for the volume fractions, is is possible to
solve the transport equation for the volume fractions, equation (66), multiple times for
each time step in the main solution algorithm. Hence we can have a smaller time step
for the volume fraction than for the rest of the equations. In openFoam the separation
of specific time steps for the concentration share is done by setting the variable "nAlpha-
Subcycles". "nAlphaSubcycles" represents the number of times the transport equation,
equation (60c), is to be solved per time step.

Keep in mind that the VOF method is only applied for the convection part of the transport
concentration equation, equation (60c). How the full transport concentration equation,
equation (60c), is solved in openFoam, will be presented in the subsection 3.1 "The main
solver" .
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2.6 Summary of the governing equations
Here we sum up some of the governing equations presented above:

∂tρ+ ∂i(ρũi)
(11h)
= 0, (Mass conservation)

(67a)

∂t(ρũi) + ∂j(ρũiũj)
(14e)
= −∂ipδij + ρgi + ∂j(τij − ρu

′′
i u
′′
j ), (Momentum conservation)

(67b)

τij
(15c)
= 2µ

(∂iũj + ∂jũi
2

− 1

3
∂kũkδij

)
, (Mean viscous stress tensor)

(67c)

− ρu′′i u
′′
j = ρσTij

(16)
= 2νT

(∂iũj + ∂jũi
2

− 1

3
∂kũkδij

)
− 2

3
ρkδij, (Boussinesque Reynolds stresses)

(67d)

ρ
(54)
= αρ1 + (1− α)ρ2, (Density)

(67e)

∂tα +∇ · (~̃uα)
(60c)
= ∇ · (Γeff∇α), (Consentration transport)

(67f)

Γeff
(61)
= Γ + ΓT . (Effective diffusivity)

(67g)

The turbulence equations are not listed, as these vary with the turbulence model that is
applied.

2.7 Numerical solutions: Segregated solvers
If one linearizes the Navier-Stokes equations, they form a coupled linear system that can
be solved numerically. However, the matrix that is to be solved is sparse. Solving the
coupled system quickly becomes computationally expensive.

As a remedy, there has been developed several so-called segregated solvers. The segre-
gated solvers simplifies the Navier-Stokes equations by splitting them into new equations.
The new equations are solved separately. The pressure and the velocity are solved sepa-
rately in these solvers.

Moukalled et al. [13] has a neat way of describing splitting of the Navier-Stokes equations
by use of an LU-decomposition.7 We will repeat the LU decomposition description of
splitting schemes here.

The linearized Navier-Stokes system can be described as a matrix system:
7Another nice way of representing splitting schemes is shown in Langtangen et al. (2002). Langtangen

et al. (2002) show that many splitting schemes for the Navier-Stokes equations can be represented as
one iteration of the Richardson iteration method with preconditioner. The type of splitting scheme is
represented by the choice of preconditioner.
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[
F BT

B 0

]
︸ ︷︷ ︸

A

[
v
p

]
︸︷︷︸

x

=

[
fb
0

]
︸︷︷︸

b

, (68)

where F is the the convection and diffusion operator, B is the divergence operator, and
BT is the gradient operator, and fb is the source term. A problem with the system in
equation (68), is that we do not have an equation for the pressure. Hence the pressure
cannot be computed directly.

An LU-decomposition of the matrix A in equation (68) gives the system:[
F 0
B −BF−1BT

]
︸ ︷︷ ︸

L

[
I F−1BT

0 I

]
︸ ︷︷ ︸

U

[
v
p

]
︸︷︷︸

x

=

[
fb
0

]
︸︷︷︸

b

, (69)

where −BF−1BT is the so-called Schur-compliment. The above system can now in prin-
ciple we solved in the standard LU-way (by back substitution followed by forward substi-
tution numerically).

Set Ux = y∗ = (v∗, p∗)T , where v∗ and p∗ are the predictive, meaning intermediate, ve-
locity and pressure respectively. We find the predictive velocity and pressure by solving
Ly∗ = b for y∗ by y∗ = L−1b.

The difficulty in solving for the predictive variables depends on the form of L. A typical
simplification is to set all non-diagonal elements in the matrix for the convection and
diffusion operator F equal to zero, leaving only the diagonal elements, F = D. The
simplification F = D is also used in the PISO algorithm. PISO stands for Pressure-
Implicit with Splitting of Operators. We will apply PISO. With F = D, Ly∗ = b
becomes: [

D 0
B −BD−1BT

]
︸ ︷︷ ︸

L

[
v∗

p∗

]
︸︷︷︸
y∗

=

[
fb
0

]
︸︷︷︸

b

, (70)

which gives:

Dv∗ = fB → v∗ = D−1fB, (71a)
Bv∗ −BD−1BTp∗ = 0→ p∗ = (BD−1BT)−1Bv∗. (71b)

Having the predictive variables y∗, we can solve Ux = y∗ for the velocity and the pressure
x = (u, p)T by x = U−1y∗. We get:[

I D−1BT

0 I

]
︸ ︷︷ ︸

U

[
v
p

]
︸︷︷︸

x

=

[
v∗

p∗

]
︸︷︷︸
y∗

, (72)

which gives:

v + D−1BTp = V∗ → v = v∗ −D−1BTp, (73a)
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p = p∗. (73b)

Summing up, for solving the system represented by equation (69) with the simplification
F = D, we get Algorithm 1 below:

Algorithm 1 Splitting of the Navier-Stokes system

1. Solve (71a) for v∗

2. Insert v∗ into (71b) and solve for p∗

3. Solve (73b) for p

4. Insert p into (73a) and solve for v

In Algorithm 1 above, we first solve for a predictive velocity, v∗. The predictive velocity
satisfies conservation of momentum, but it does not necessarily satisfy conservation of
mass. We use the continuity equation to solve for a predictive pressure p∗. When we
use the predictive pressure p∗ and the predictive velocity v∗, when solving for the final
velocity v, the final velocity also satisfies the continuity equation, since the predictive
pressure p∗ was calculated from the continuity equation.

2.7.1 PISO

We will apply the segregated solver PISO. The basics of the PISO-algorithm will now be
outlined.

Assume we have discretized the Navier-Stokes equations to the form (d − H)uk+1 =
−∇pk+1 + S and ∇ · uk+1 = 0. d and H are the diagonal and non-diagonal parts of
the coefficient matrix. S includes sources (gravity in our case). u is the velocity vector.
k+ 1 is the next time step. With the assumptions described in this paragraph, the PISO
algorithm becomes:
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Algorithm 2 The PISO algorithm

1. (d−H)u∗ = −∇pk + S → u∗

Here we get a predictive velocity u∗. pk is the pressure from the previous time period. d
and H are the diagonal and non-diagonal parts of the coefficient matrix.

2. (d−H)u∗∗ = −∇p∗ + S
This is a second predictive equation. It is not solved at this point.

3. ∇ · u∗∗ = 0
The divergence of the second predictive velocity is set to zero.

4. 2 - 1: (d−H)u
′
= −∇p′

The difference between predictor equations gives a relation between the corrective variables
u

′
= u∗∗ − u∗ and p

′
= p∗ − pk

5. H = 0
We assume the off-diagonal part of coefficient matrix to be zero

6. 5 and 4: du
′
= −∇p′

Insertion of zero off-diagonal into 4.

7. 3 and ∇·6: d∇ · u∗ = ∇2p
′

We get a pressure Poisson equation by taking the divergence of 6 and utilizing that u∗∗ is
divergence free.

8. 7: p
′

Solving 7 for pressure correction p
′
.

9. 8: p∗
The pressure correction from 8 gives the predictive pressure p∗ = pk + p

′

10. 9 and 2: u∗∗
The predictive pressure p∗ from 9 inserted in 2 gives the second predictive velocity u∗∗

11. du∗∗∗ −Hu∗∗ = −∇p∗∗ + S
We start creating a new set of 2 predictive equations. This is the first.

12. ∇ · u∗∗∗ = 0
The divergence of the third predictive velocity is zero.

13. du∗∗ −Hu∗ = −∇p∗ + S
The second of predictive equation of the new set of predictive equations.

14. 11 - 13: du
′′ −Hu′

= −∇p′′

Taking the difference the last set of predictive equations gives an equation relating the
different corrections, where u

′′
= u∗∗∗ − u∗∗ and p

′
= p∗∗ − p∗ Note that this time we did

not assume the off-diagonal elements of the coefficient matrix to be zero.

15. 3, 12, ∇·14: H∇ · u∗ = −∇2p
′′

We get a pressure equation for the second pressure correction p
′′
= p∗∗− p∗ by taking the

divergence of 14 and utilizing that u∗∗∗ and u∗∗ are divergence free.

16. 15: p
′′

15 is solved for the second pressure correction.

17. 16: p∗∗
Having the pressure correction, we find the second predictive pressure p∗∗ = p∗ + u

′′
.

18. 17 and 11: u∗∗∗
Insertion of the pressure p∗∗ into the third velocity prediction equation 11 gives the third
predictive velocity u∗∗∗.

Note that step 5 in Algorithm 2 above corresponds to the step F = D we did in the gen-
eral splitting algorithm when we changed from the linear system represented by equation
(69) to the linear system represented by equation (70).
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In Algorithm 2 we have that the new pressure and velcocity are given by u∗∗∗ and p∗∗. Note
that no iterations were performed. The creator of the PISO-scheme, Issa, has according
to Versteeg and Malalasekera [18] pp. 263 - 264 shown that the temporal discretization
is accurate to third (∆t3) and fourth (∆t4) order for pressure and velocity. Hence, given
small time steps, the pressure and velocities one gets after one run through the PISO
algorithm, p∗∗ and u∗∗∗, should be accurate.

Algorithm 2 above can also be used for steady state problems. In such a case, one will ap-
ply a convergence criterion on the corrections p′′ and u′′′ . As long as the absolute value of
these corrections are larger than the convergence criterion, one will repeat the algorithm
by setting pk = p∗∗ into the first step of the algorithm and repeat the whole algorithm.

A drawback with the segragated solvers, such as PISO, compared to coupled solvers, is
that the pressure Poisson equation imposes an extra boundary condition for the pressure
that we don’t have. The reason we get an extra boundary condition is that the degree of
the differential equations has increased by one. As the new boundary condition, we apply
an homogenuous boundary condition for the pressure at a wall.

2.8 The Finite Volume Method
In this section, we will briefly describe some of the main ideas of the finite volume
method. openFoam utilizes the finite volume method. The material builds on Versteeg
and Malalasekera [18] and lectures given by Mikael Mortensen at the University of Oslo.

2.8.1 The basic control volume technique

The domain is divided into cells. openFoam applies a cell centered finite volume method
scheme. In cell centered scehmes the unkowns are located in the center of the cells. Each
cell has boundaries to neighboring cells at the cell’s faces. As we will see, we will need
the face values to determine the unknowns.

We consider one component (direction) of the steady momentum equation. The main
idea is to integrate the equation, apply Gauss theorem,

∫
V
∇ · ~u dV =

∫
S
~u · ~n dS, and

discretize. First we do nothing with the pressure term, as we will treat this term separatly
afterwards. We get:

∇ · (uui) = −∂ip+∇ · (ν∇ui) +

source︷︸︸︷
S (74a)∫

CV

∇ · (uui) dV
Control volume inegration

= −
∫
CV

∂ip dV +

∫
CV

∇ · (ν∇ui) dV +

∫
CV

S dV

(74b)∫
CS

uiu · n dA
Gauss’ theorem

= −
∫
CV

∂ip dV +

∫
CS

ν∇ui · n dA+ S̃∆V (74c)∑
j=faces

uiujnjAj
Discretize

= −
∫
CV

∂ip dV +
∑
j=faces

ν(∇ui)jnjAj + S̃∆V, (74d)
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where we have assumed that the source term is constant over the control volume.

We observe from equation (74d) that we need values at the faces to calculate our un-
knowns. Since we are using a cell centered approach, these values do not exist in our
domain. Hence approximation methods are used to approximate the values at the faces.
Typical interpolation methods and finite differences are used as approximation methods.

2.8.2 The pressure

Let us discretize the pressure gradient in the momentum equation in the subsubsec-
tion 2.8.1 "The basic control volume technique" by using standard finite volume tech-
niques:

−
∫
CV

∂xp dV
Central difference

= −Pe − Pw
∆x

∆V (75a)

=
Pw − Pe

∆x
∆x∆y∆z (75b)

= (Pw − Pe)∆x∆y (75c)
Linear interpolation

= (
PW + PP

2
− PE + PP

2
)∆y∆z (75d)

= (PW − PE)
∆y∆z

2
, (75e)

where Pw is the west phase value for the cell with center P , andW is the center of the cell
to the west of cell with cell center P . Pe and PE is defined in the same way as Pw and PW .

The above discretization, equation (75e), gives rise to the checkerboard pressure problem.
Assume that we have a pressure oscillating with values a and −a between each cell center.
In this case, we have a large pressure gradient. However, application of our discretization
of the pressure derivative, equation (75e), gives a pressure gradient equal to zero. A pres-
sure gradient of zero is far from the reality in our example.

There are several ways of dealing with the checkerboard pressure problem. One way of
dealing with the checkerboard pressure problem, is the so-called staggered grid approach.
With the staggered grid approach, one basically apply separate grids for the pressure and
the velocity. The pressure is located at the centers of the cells, while the velocities are
located at the faces. For a staggered grid, one can apply the first line in the formula above,
equation (75a). When using a staggered grid, there is no longer a need for interpolation
or other approximation techniques. The east and west face values exists in a staggered
grid.

A drawback with the staggered grid approach, is the increased complexity due to the
increased number of grids. In three dimensional cases one needs four grid systems. The
storage of multiple large grids can also be demanding on the computer memory.

openFoam applies the Rhie-Chow method for discreization of the pressure gradient. The
Rhie-Chow method is an interpolation method that allows for a collocated grid. In a
collocated grid, all varialbles are located at the cell centers. Hence the extra complexity
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and computational requirements of the staggared grid approach is avoided. According
to Moukalled et al. [13] p. 585, the Rhie-Chow interpolation method is equivalent to
constructing a pseudo momentum equation at the faces. The coefficients are linearly
interpolated from the cell centered momentum equations. The Rhie-Chow approach avoids
checkerboard effects.

2.8.3 Time discretization

We will now illustrate a typical finite volume discretization of the momentum equation in
the case of unsteady flow.

In addition to taking the volume integral of the momentum equation, as we did in the
steady case, we also take the time integral:

∫ t+∆t

t

∫
CV

( 1︷︸︸︷
∂tui +

2︷ ︸︸ ︷
∇ · (uiu) =

3︷ ︸︸ ︷
∇ · (ν∇ui) +

4︷︸︸︷
S
)
dV dt (76a)

We will discretize the terms in equation (76a) separately, and then insert the results back
into equation (76a).

For 1 in equation (76a), we get:

∫ t+∆t

t

∫
CV

∂tui dV dt =

∫
CV

∫ t+∆t

t

∂tui dtdV (77a)

Forward Euler
=

∫
CV

∫ t+∆t

t

un+1
i − uni

∆t
dtdV (77b)

Discretization
=

∫
CV

un+1
i − uni

∆t
∆t dV (77c)

=

∫
CV

(un+1
i − uni ) dV (77d)

ui constant accross CV= (un+1
i − uni )∆V. (77e)

For 2 in equation (76a), we get:

∫ t+∆t

t

∫
CV

∇ · (uiu) dt dV =

∫ t+∆t

t

G(ui, u) dt (78a)

θ-rule
=
[
θGn+1 + (1− θ)Gn

]
∆t. (78b)

For 3 in equation (76a), we get:

∫ t+∆t

t

L(ui) dt
θ-rule
=
[
θLn+1 + (1− θ)Ln

]
∆t. (79a)
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For 4 in equation (76a), we get:

∫ t+∆t

t

∫
CV

S dV
Constant across CV and in time

= S̃∆t ∆V. (80a)

Insertion of equations (77e), (78b), (79a), and (80a) into equation (76a) gives:

(un+1
i − uni )∆V +

[
θGn+1 + (1− θ)Gn

]
∆t =

[
θLn+1 + (1− θ)Ln

]
∆t+ S̃∆t ∆V. (81)

Equation (81) can be rewritten as a linear system

Aun+1
i = bn, (82)

which is solved for un+1
i .

2.8.4 Transportivenes, conservativeness and boundedness

Transportivenes, conservativeness and boundedness are three properties that are crucial
for well-functioning schemes. We will now briefly describe what these terms mean.

A transportive scheme takes into account the flow direction. Applying a non-transportive
scheme can in cases with strong velocity in one direction produce nonphysical oscillations
in the velocity. An example of a non-transportive scheme is the central difference approx-
imation of the derivative. In the central difference approximation of the derivative, values
in neighboring cells are equally weighted. By applying a transportive scheme, nonphysical
results can be avoided.

In a conservative scheme, the flux into one cell equals flux out of another cell, for two cells
sharing a boundary. Hence the flux is conserved. Conservation of flux is physical. Due
to Gauss’ theorem, the Finite Volume Method is in principle conservative. For complex
meshes, the conservativeness of a scheme can be threatened. However, there are special
methods that can be applied to maintain conservativeness.

In the absence of sources, the internal solutions of a conserved quantity in a bounded
scheme are bounded by the boundary values. In the opposite case, we have a scheme that
creates larger solution values than the boundary values. Unbounded schemes can produce
nonphysical oscillating solutions and there can also be problems finding a solution.
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3 Numerical implementation
In this section, we will go through the solvers and schemes applied in openFoam. Fur-
thermore, the mesh and the initial and boundary conditions are discussed.

3.1 The main solver
We are dealing with two miscible fluids, fresh water and salt water. Standard solvers
for multiphase flow does not apply. The standard solvers typically rely purely on VOF
methods. VOF assumes that the density difference is much greater than in our case. In
our case, there will, due to diffusivity, also be mixing of the fluids. In order to model
our scenario, we apply openFoam’s "twoLiquidMixingFoam". "twoLiquidMixingFoam"
is a solver designed for modeling mixing of two miscible fluids. "twoLiquidMixingFoam"
solves the same equations as presented in subsection 2.5 "Modeling of the density".

The main parts of the openFoam code for twoLiquidMixingFoam will now be listed and
compared to our theoretical expressions. For readability purposes, we cut the code to the
bone in the listings. In the listings, we try keeping only the most relevant parts of the code.

Listing 1 below describes the main program for twoLiquidMixingFoam:

Listing 1: twoLiquidMixingFoam.C
int main(int argc, char *argv[])
{

while (runTime.run()) #Loop A
{

#include "alphaEqnSubCycle.H"
#include "alphaDiffusionEqn.H"

// --- Pressure-velocity PIMPLE corrector loop
while (pimple.loop()) #Loop B
{

#include "UEqn.H"

// --- Pressure corrector loop
while (pimple.correct()) #Loop C
{

#include "pEqn.H"
}

if (pimple.turbCorr())
{

turbulence->correct();
}

}

runTime.write();

return 0;
}
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Listing 1 shows that there is a time loop, named "Loop A" in the listing. Inside Loop A,
equations for "alphaEqnSubCycle" and "alphaDiffusionEqn" are solved. "alphaEqnSub-
Cycle" and "alphaDiffusionEqn" relates to the solution of the concentration shares.

Loop B in Listing 1 solves a momentum equation for the velocity.

In Loop C in Listing 1, a pressure equation is solved.

Finally, the statement "turbulence->correct()", in Loop B, activates the solution of the
turbulence model equations. With the solution of the turbulence model equations, the
eddy viscosity can be calculated and applied in the momentum equations.

We will now describe the main parts of the above steps. The concentration share of the
fluid is supposed to be modeled as ∂tα+ (∇· ~̃u)α = ∇·

[
(Γ + ΓT )∇α

]
, equation (60b). As

already mentioned, openFoam solves equation (60b) in two steps. In the first step we find
the contribution from the convection term in equation (60b). The contribution from the
convection term in equation (60b) is found by solving a volume of fluid equation for α,
∂tα+ ~U · ∇α = 0, equation (64c). Note that we in this presentation ignore the correction
term in the volume of fluid equation, equation (66). The nature of the algorithm is the
same without the correction term in the volume of fluid equation, equation (66). In the
second step in the solution of equation (60b) the contribution from the diffusion term to α
is calculated. By summing the two steps, we solve the concentration transport equation,
equation (60b).

The first step in solving the concentration transport equation, equation (60b), is initiated
in "alphaEqnSubCycle.H" in Listing 2:

Listing 2: alphaEqnSubCycle.H
#include "alphaControls.H"

if (nAlphaSubCycles > 1)
{

{
...
#include "alphaEqn.H"
rhoPhiSum += (runTime.deltaT()/totalDeltaT)*rhoPhi;

}

rhoPhi = rhoPhiSum;
}
else
{

#include "alphaEqn.H"
}

rho == alpha1*rho1 + alpha2*rho2;
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"alphaEqnSubCycle" in Listing 2 basically calls the file, "alphaEqn.H". "alphaEqn.H"
solves the convection part of equation (60b).

Before moving on, we remember that we mentioned in subsection 2.5 "Modeling of the
density" that it is possible to use smaller time steps for the volume of fluid algorithm
compared to the main time steps. In "alphaEqnSubCycle.H" in Listing 2 smaller time
steps are allowed. The solution of the convective part of equation (60b), "alphaEqn.H"
in Listing 2, is inside a loop that can run "alphaEqn.H" multiple times.

"alphaEqn.H" follows in Listing 3 below:

Listing 3: alphaEqn.H
{
MULES::explicitSolve(alpha1, phi, alphaPhi, 1, 0);

rhoPhi = alphaPhi*(rho1 - rho2) + phi*rho2;
}

A semi-discretized form of the Listing 3 above is:

αk − αk−1

dt
+ (~U · ∇)α = 0. (83)

Solution of equation (83) gives αk.

In Listing 3 above "rhoPhi" corresponds to the flux-term, ρũi, in the momentum equation,
equation (14e). Hence the flux term in the momentum equation, equation (14e), gets a
contribution from the volume of fluid method. The change in density changes the flux
term in the momentum equation, equation (14e).

The next file that is called upon in the main file, listed in Listing 1, is the file "alphaDiffu-
sionEqn.H". "alphaDiffusionEqn.H" is the second step in the solution of the concentration
rate, equation (60b). "alphaDiffusionEqn.H" follows in Listing 4:

Listing 4: alphaDiffusionEqn.H
{

fvScalarMatrix alpha1Eqn
(

fvm::ddt(alpha1)
- fvc::ddt(alpha1)
- fvm::laplacian
(

volScalarField("Dab", Dab + alphatab*turbulence->nut()),
alpha1

)
);

alpha1Eqn.solve();
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alpha2 = 1.0 - alpha1;
rhoPhi += alpha1Eqn.flux()*(rho1 - rho2);

}

rho = alpha1*rho1 + alpha2*rho2;

In Listing 4 above, "fvm::ddt" and "fvc::ddt" mean respectively implicit and explicit
discretization of ∂t(). "laplacian" means ∇2. Hence the first section of Listing 4 solves:

αk − αk−1

dt
− αk+1 − αk

dt
−∇2

[(
DAB + f(νT )

)
α1

]
= 0. (84a)

By inserting αk−αk−1

dt
= −(~U · ∇)α from equation (83) into equation (84), we get:

αk − αk−1

dt
+ (~U · ∇)α−∇2

[(
DAB + f(νT )

)
α1

]
= 0. (85)

Comparing equation (85) to the transport concentration equation that we derived earlier,
equation (60b), we see that the two equations are equal if:

DAB = Γ, (86a)
alphatab ∗ νT = ΓT . (86b)

It turns out that "DAB" is the diffusivity, so we have DAB = Γ. Furthermore, we have
that alphatab = 1/Sct. Sct is the turbulent Schmidt number. The turbulent Schmidt
number is the relation between turbulent transport of momentum to turbulent trans-
port of mass. The turbulent Schmidt number is given by Sct = νT/ΓT . Hence we get
alphatab · νT = (1/Sct)νT = 1/(νT/ΓT )νT = ΓT . We have shown that openFoam solves
the same transport equation for the concentration as we derived, equation (60b).

The lines "alpha2 = 1.0 - alpha1;" and "rho = alpha1*rho1 + alpha2*rho2" in Listing 4
correspond to:

ρ = α1ρ1 + α2ρ2 (87a)
= α1ρ1 + (1− α1)ρ2, (87b)

which is identical to our equation for the density, equation (54).

Finally the line "rhoPhi += alpha1Eqn.flux()*(rho1 - rho2)" in Listing 4 adds a contribu-
tion from diffusion to the term flux term, "rhoPhi", in the momentum equation, equation
(14e). rhoPhi = ρU in the inertia term in the momentum equation. We remember that
"rhoPhi" has already gotten a contribution from convection of the scalar (standard VOF).

Next in the main program, Listing 1, is "UEqn.H". "UEqn.H" is part of the PIMPLE
solver used for solving the pressure and the velocity. Listing 5 below includes the main
details of "UEqn.H":
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Listing 5: UEqn.H
fvVectorMatrix UEqn
(

fvm::ddt(rho, U)
+ fvm::div(rhoPhi, U)
+ turbulence->divDevRhoReff(rho, U)

);

UEqn.relax();

if (pimple.momentumPredictor())
{

solve
(

UEqn
==

fvc::reconstruct
(

(
- ghf*fvc::snGrad(rho)
- fvc::snGrad(p_rgh)

) * mesh.magSf()
)

);
}

In Listing 5, we have the following definitions:

fvm::ddt(rho, U) ) = ∂t(ρ~U), (88a)

fvm::div(rhoPhi, U) = ∇ · (ρ~U ~U), (88b)

turbulence->divDevRhoReff(rho, U) = −∇ ·
(

2µeff
∇~U +∇~UT

2
− 2

3
µeff(∇ · ~U)I

)
= −∇ · τ eff,

(88c)
ghf*fvc::snGrad(rho) = gz∇ρ, (88d)

fvc::snGrad(rho) = ∇p_rgh. (88e)

Equation (88a) is the transient term of the momentum equation, equation (14e). Equa-
tions (88b) and (88c) are the convection diffusion term and the shear stress tensor, re-
spectively, of the momentum equation, equation (14e). Equations (88d) and (88e) are
the pressure gradient term and the gravity term respectively in the momentum equation,
equation (14e).

We will now show that equation (88) above corresponds to the momentum equation,
equation (14e). A detailed derivation of equation (88c) can be found on pp. 107 - 109 in
Holzmann [14]. To see that equation (88c) equals the shear stress term of the momentum
equation, equation (14e), we calculate the last term in the momentum equation, equation
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(14e), by inserting the stress terms:

∂j(τij − ρu
′′
i u
′′
j ) = ∂j

[ (15c)︷ ︸︸ ︷
2µ
(∂iũj + ∂jũi

2
− 1

3
∂kũkδij

)
+

(16)︷ ︸︸ ︷
2νT

(∂iũj + ∂jũi
2

− 1

3
∂kukδij

)
− 2

3
ρkδij

]
(89a)

= ∂j

[
2µeff

(∂iũj + ∂jũi
2

− 1

3
∂kũkδij

)
− 2

3
ρkδij

]
(89b)

= −∇ ·
(

2µeff
∇~U +∇~UT

2
− 2

3
µeff(∇ · ~U)I − 2

3
pkδij

)
. (89c)

From equations (88c) and (89c), we see that the two equations are equal, except for the
term "−∂j(2

3
pkδij)" in equation (89c). In openFoam a modified pressure, pI + 2

3
ρkI, is

introduced. Hence the kinetic energy term in equation (89c) becomes a part of the pres-
sure term. Following Pope [9] p. 88, the reason the turbulent kinetic energy term can be
absorbed into the pressure term is that it is only the anisotropic parts of the Reynolds
stress tensor that transport momentum. Since the turbulent kinetic energy is the isotropic
part of the Reynolds stress tensor, it does not transport momentum. Hence the turbulent
kinetic energy term can be absorbed into to pressure term. The result is that openFoam’s
stress term equals our stress term.

Finally we will show that the pressure and the gravity terms above, equations (88d)
and (88e), correspond to the pressure and gravity terms of the momentum equation,
equation (14e). The derivation done below considers the standard modified pressure,
p_rgh = p − ρgz. Hence we do not take into account that the pressure variable should
also include the turbulent kinetic energy term. From equations (88d) and (88e), we have:

− gz∇ρ−∇p_rgh (90a)
=− gz∇ρ−∇(p− ρgz) (90b)
=− gz∇p−∇p+∇(ρgz) (90c)
=− gz∇p−∇p+ gz∇ρ+ gρ∇z (90d)
=− gz∇p−∇p+ gz∇ρ+ gρ∇z (90e)
=−∇p+ ρg. (90f)

We see that equation (90f) equals the pressure and gravity term of the momentum equa-
tion, equation (1a). Hence we conclude that UEqn, listed in Listing 5, solves the same
momentum equation as in the theory section, equation (1a).

The final file in the main program for twoLiquidMixingFoam, listed in Listing 1, is
"pEqn.H". In "pEqn.H", the pressure is calculated.

In this section we have related the openFoam code to the governing equations from sec-
tion 2 "Theory". Hopefully the workings of openFoam is less of a "black box" than what
otherwise could have been the case.



3. Numerical implementation: Schemes and solvers 44

3.2 Schemes and solvers
In this section, we will describe the numerical approximation schemes, the solvers and
the control variable input used in the main scenario. The material largely builds on the
descriptions of the openFoam foundation, [17].

3.2.1 fvSchemes

"fvSchemes" is the openFoam directory that contains the discretization schemes open-
Foam applies to the different terms of the governing equations. We have to a large extent
applied the same schemes and solvers as applied in the openFoam tutorials "DTCHull"8
and "lockExchange"9. "DTCHull" is a multiphase simulation of a ship moving in water.
Hence "DTCHull" has many commonalities with our case. "lockExchange" applies the
same solver as we use, twoLiquidMixingFoam. Hence we suspect that many of the same
solver settings will be similar in our case as in "lockExchange".

Table 2 below summarizes the main settings for the numerical schemes:

Type of terms Specific term Scheme
ddtSchemes default Euler
gradSchemes default Gauss linear;

limitedGrad cellLimited
Gauss linear 1

divSchemes div(rhoPhi,U) Gauss linearUpwind
grad(U)

div(phi,alpha) Gauss vanLeer
div(phirb,alpha) Gauss linear
div(phi,k) Gauss upwind
div(phi,omega) Gauss upwind
div(((rho*nuEff)
*dev2(T(grad(U)))))

Gauss linear

laplacianSchemes default Gauss linear cor-
rected

interpolationSchemes default linear

snGradSchemes default corrected

wallDist method meshWave

Table 2: Numerical Schemes: "fvSchemes"

"ddtschemes" in Table 2 are the time derivative schemes. For all variables the default time
derivative is discretized with "Euler". "Euler" is an implicit first order accurate bounded

8See /tutorials/multiphase/interFoam/RAS/DTCHull in the source code.
9See /tutorials/multiphase/twoLiquidMixingFoam/lockExchange in the source code
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scheme. The implicit Euler scheme is applied on the momentum equation, mass conser-
vation equation, and the equation for the water concentration. The implicit schemes are
often more stable than explicit schemes. More on the stability of the schemes will follow.

"gradSchemes" is the numerical scheme used for the gradient. The default is set to "Gauss
linear 1". "Gauss linear 1" is the standard finite volume discretization of a gradient (Gauss
theorem). Linear interpolation or central differencing is used to get the face values from
the cell centers. The "1" means that boundedness is assured by overriding the scheme if
necessary. The scheme "limitedGrad cellLimited Gauss 1" is also a standard finite volume
gradient scheme that is bounded. The difference between "limitedGrad cellLimited Gauss
1" and "Gauss linear 1", is that with "limitedGrad cellLimited Gauss 1" the bounds are
set by the neighboring cells. An example of an application of a gradient scheme, is in the
pressure term in the momentum equation, equation (1a).

"divSchemes" are the schemes used for discretization of divergence terms. "div(rhoPhi,U)"
is the same as ∇ · (ρ~U ~U), in other words the convection term in the momentum equa-
tion. The convection term is discretized by "Gauss linearUpwind grad(U)". "Gauss
linearUpwind grad(U)" is a second order unbounded upwinding scheme. Even if "Gauss
linearUpwind grad(U)" is unbounded, it is still more stable than the central difference
scheme. As for the gradient discretization, Gauss’ theorem gives that one needs to ap-
proximate values at the cell faces for the velocity. The approximations of the cell face
values for the gradient is done by interpolation. We have not experienced any nonphysical
oscillations in the velocity, indicating that the unbounded scheme works well.

The divergence term for the concentration rate α is discretized with "Gauss vanLeer".
"Gauss vanLeer" is a so-called TVD-scheme. TVD schemes are higher order schemes. By
adding artificial diffusion, TVD schemes are constructucted to avoid the issue of unphys-
ical oscillations that occur in some higher order schemes. A TVD scheme is transportive,
conservative and bounded, see Versteeg and Malalasakera [18] p. 17510. For more on trans-
portiveness, boundedness and conservativeness, see subsubsection 2.8.4 "Transportivenes,
conservativeness and boundedness".

For "div(phirb, alpha)", the scheme "Gauss linear is used. "div(phirb, alpha)" is a term for
smoothing the interface between the fluids. "Gauss linear" is the standard Gauss theorem
method, with interpolation used for the cell boundaries. "Gauss linear" is also applied on
the term "div(((rho*nuEff)*dev2(T(grad(U)))))". "div(((rho*nuEff)*dev2(T(grad(U)))))"
is the divergence of the effective stress tensor. In other words, "div(((rho*nuEff)*dev2(T(grad(U)))))"
equals the term ∂j(τij−ρu

′′
i u
′′
j ) in the momentum equation, equation (67b), see Holzmann

[14] p. 108 for the details. Finally the divergence schemes for the turbulent kinetic en-
ergy and the turbulent frequency is discretized by the standard upwinding scheme. The
standard upwinding scheme is only first order accurate, but it is unconditionally stable.

"laplacianSchemes" is the numerical discretization of the Laplacian, ∇2. The scheme
"Gauss linear corrected" is used for the Laplacian. "Gauss linear corrected" uses a stan-

10TVD stands for Total Variation Diminishing. The total variation TV is given as TV =
∑

i |φi+1−φi|,
where j is a spatial index. A scheme is TVD if TV (φt+∆t) ≤ TV (φt). A TVD scheme is monotonically
preserving, meaning that it does not create new maxima or minima. See Moukalled et al. [13] p. 443 for
more.
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dard linear interpolation method and the method "corrected" is used for the surface
normal gradient scheme. The surface normal gradient is based on the gradient from the
cell centers of the two cells that the face boundary connects. The surface normal is the
component normal to the face. We have an orthogonal mesh. For orthogonal meshes
"Gauss linear corrected" is second order accurate. The "corrected" term is for cases
where the mesh is non-orthogonal. Hence "corrected" is not activated in our case.

"interpolationSchemes" gives the default interpolation method used, typically when in-
terpolating values from cell centers to cell faces due to Gauss’ theorem. The default
interpolation method is linear interpolation. Linear interpolation applies linear polyno-
mials.

"wallDistance" calculates the distance to the wall. Calculations of wall distances are im-
portant, since for example the wall functions depend on these distances. The method
used is a so-called meshWave-method11.

3.2.2 fvSolution

"fvSolution" is the openFoam directory that contains solvers openFoam applies for solving
the different equations. Table 3 below summarizes the input for the solvers.

U, k, omega p_rgh UFinal, kFi-
nal, omega-
Final

p_rghFinal alpha.saltWater

Solver smoothSolver GAMG smoothSolver
Smoother GaussSeidel GaussSeidel symGaussSeidel
Tolerance 1e-7 1e-7 1e-8
relTol 0.1 0.01 0 0 0
MULESCorr yes
nAlphaSubCycles 2
cAlpha 1

Table 3: Linear solver settings. openFoam file: "fvSolution".

For the velocity, the turbulent kinetic energy and the turbulent frequency, "smoooth-
Solver" is used. "smooothSolver" is a solver that applies a so-called "smoother". The
"smoother" is the relaxation used in an iterative method. In this case the type of smoother
is Gauss-Seidel.

For the solution of the modified pressure, a solver named "GAMG" is applied. "GAMG"
stands for "Geometric-Algebraic Multi-Grid". Based on a mesh with a small number of
cells, "GAMG" generates a quick solution. The quick solution from GAMG is mapped
onto and used as initial conditions on a finer mesh. In the solutions, the Gauss-Seidel
relaxation is used.

The concentration α is solved by the iterative method "symGaussSeidel". With "sym-
GaussSeidel" it is assumed that the coefficient matrix is symmetric (the solver does not

11See /opt/openfoam5/src/finiteVolume/fvMesh/wallDist/patchDistMethods/meshWave
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work if the matrix is asymmetric).

Since iterative methods are used, there will be residuals. The residuals are calculated
by substitution of the last solution, uk, into the equation, Auk. The residuals equals
the absolute value of the difference between the resulting solution and the last solution,
|Auk−uk|. In other words, the residual is a measure of whether the solution has stabilized.
The residuals are compared against user specified tolerance levels.

Each solver has prescribed tolerance levels, represented by "Tolerance" and "relTol" in
Table 3. "Tolerance" is the number that the normalized residual is compared against.
"relTol" is compared to the relative improvement in residual from initial to final solution
at a given time step. A RelTol equal to zero in a transient solution, ensures that the
solution in each time step converges to the solver tolerance. This is where the "Final"-
variables in Table 3 comes into play. The "Final" variables are the solutions at the last
iteration of a time step. For the "Final" variables, we have set the relative tolerance
to zero. Hence we require the tolerance to be satisfied at all time steps. Also for the
concentration rate, we have set relative tolerance equal to zero.

Inside a given time step, we have chosen to relax the requirements on the relative tol-
erances slightly. We have set relTol to 0.1 for the velocity and the turbulence variables
and 0.01 for the modified pressure. The relaxation of the requirements for relTol has the
implication that we save the real computational effort to the last iteration only. Hopefully
our strategy for the relaxation factors have saved some computation time.

Finally, we have some input in Table 3 that is specific to the concentration rate. "MULE-
SCorr" is activated. "MULESCorr" being activated, means that openFoam’s semi-implicit
version of MULES is used. This implicit version of MULES applies operator splitting in a
way that guarantees boundedness and stability at arbitrarily large Courant number. The
definition and discussion of the Courant number follows Table 4 below. The possibility
of running simulations with large Courant numbers without stability issues, is powerful
computational wise. The explicit version of MULES has a strict limit on the Courant
number for the concentration rate12. The strict Courant number limit implies higher
mesh requirements.

We have chosen the concentration rate to be solved twice per iteration, reflected in "nAl-
phaSubCycles" being equal to 2. As discussed in subsection 2.5 "Modeling of the density",
"nAlphaSubCycles" being equal to 2 effectively means that we are using half the time
step size compared to the time step used for the other variables.

We have set cAlpha to one. cAlpha is the artificial compression term that was introduced
in subsection 2.5 "Modeling of the density". cAlpha=0 and cAlpha = 1 correspond to
zero and conservative compression respectively. According to the openFoam foundation13
our choice, cAlpha = 1, is the usual applied value.

12See more on the implicit MULES method at https://openfoam.org/release/2-3-0/multiphase/
13See https://cfd.direct/openfoam/user-guide/dambreak/

https://openfoam.org/release/2-3-0/multiphase/
https://cfd.direct/openfoam/user-guide/dambreak/
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3.2.3 controlDict

"controlDict" is the openFoam directory that contains the control variable input. Table
4 below summarizes the control variable input:

Control variable Value
Adjustable time step (adjustTimeStep) yes
Maximum Courant number (maxCo) 1.0
Maximum Interface Courant number (maxAlphaCo) 1.0
Maximum delta t 1

Table 4: Control variables. openFoam file: "controlDict".

The Courant number is mentioned in Table 4 multiple times. Numerical stability often
depends on the Courant number:

C = ∆t
3∑
i=1

ui
∆xi

, (91)

where C is the Courant number and ui is the velocity in direction i. The physical inter-
pretation of the Courant number is that particles move less than one cell per time step,
if the Courant number is less than one. If the Courant number is larger than one, the
particles move more than one cell per time step.

Using explicit schemes, a typical condition for stability, is that the Courant number must
be less than one. Implicit schemes are less sensitive to the Courant number, and are
often unconditionally stable. An unconditionally stable scheme is stable for all Courant
numbers.

Having set the spatial grid and the free flow velocities, the Courant number is deter-
mined by the choice of time step ∆t. For the time step size, see Table 4, we are using
the adjustable time step functionality. The adjustable time step functionality allows us to
pre-specify requirements for the Courant numbers for the main flow and the concentration
rate. Based on the pre-specified Courant number, openFoam calculates the time step size
so that the Courant number satisfies the pre-specified condition. Our simulations suggest
that we have chosen a low enough Courant number. We have had no stability problems
with our chosen Courant number.

When setting the Courant number for the concentration rate, one should keep in mind the
number of sub cycles that is prescribed for the solution of the concentration rate. If for
example one applies two alphaSubcycles, one has effectively halved the time step for the
concentration rate. The Courant number for the whole time step, which equals two sub
cycles for the concentration rate, is halved. Hence, when comparing the Courant number
of the concentration rate to the Courant number of the flow the Courant number for the
concentration rate, the Courant number for the concentration rate should be divided by
the number of sub cycles.

Table 5 below summarizes the input for the main solution algorithm:
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PIMPLE
Control variable Value
Number of outer correctors 1
Number of inner correctors 3

Table 5: Splitting scheme settings

As can be seen from Table 5 above, the solution algorithm "PIMPLE" is used. The
number of outer correctors is set to one, so that there is only one iteration per time step.
With one outer correction, the solution algorithm reduces to the previously described
PISO-algorithm. Finally, "innerCorrectors" represents the number of times the pressure is
corrected. We choose three inner correctors, which is the same number of inner correctors
as applied in the DTCHull"-tutorial.

3.3 Mesh
In this section we present the mesh we have used for our main simulations.

We simulate only half of the flow by simulating one half next to the center line in the
streamwise direction. The problem is symmetrical around the center line of the barge
in the streamwise direction.14 We use the term "streamwise" without considering the
sign of the direction. Hence we use streamwise both for the +x-direction and for the
−x-direction. Figure 7 below shows the full mesh, where the barge can be seen as the
tiny white area inside the black box:

Figure 7: Main mesh. Numbers in meters.
The mesh is (25m, 3m, 4m) in the (x,y,z) directions. x is the streamwise direction. y is
the width direction into the page. z is the vertical direction. The barge has dimensions
(0.6m, 0.225m, 0.1m). The free stream moves from right to left. The mesh is divided into
regions that is refined with openFoam’s refineMesh utility.

14Assuming that symmetric inflow and symmetric geometry imply symmetric flow, is not always a
valid assumption. A discussion of issues with applying the symmetry plane boundary condition follows
in subsection 3.4 "Boundary and initial conditions".
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When constructing the mesh, we want to avoid the boundaries corrupting the solutions.
One example of such corruptions are reflections of waves at the boundary. Hence we make
sure that the boundaries are far enough from the the barge. The boundaries represent
the far field.

Commonly applied widths (into the paper in Figure 7) and heights (vertical direction in
Figure 7) of meshes for ship flows, are between 0.5 and 1 ship lengths, Bertram [15] p.
27. In our case, we use considerably larger dimensions than between 0.5 - 1 ship lengths
for the width and the depth of the mesh. We have a width to ship length ratio of 5 and a
depth to ship length ratio of 6.7. Experimentation with the recommended dimensions for
ships, gave non-uniform flow in the regions close to the bottom and width side boundary.
Hence the dimensions recommended for ships did not give boundaries representing the far
field. Comparing the geometry of our object, against a typical ship, it is not surprising
that we need larger mesh dimensions than a typical ship simulation. We expect a barge
to generate larger fluid disturbances than a ship. A ship is more streamlined than a barge.

Since our object is less streamlined than a ship, we have used larger mesh dimensions
than the recommanded minimums also for the length. For the length direction, we use
40 ship lengths. In comparison, the Duisburg Test Case turotial, uses 7 ship lengths. In
order to prevent wave reflection, the 26th ITTC Specialist Committee on CFD in Marine
Hydrodynamics [26] suggests putting the outlet boundary 3-5 ship lengths downstream.

Figure 8 below shows the mesh around the barge in the symmetry plane:

Figure 8: Main mesh. Symmetry plane. Numbers in meters.
Close to the barge, we are refining the mesh considerably in both the flow direction and in
the vertical direction.

From Figure 8, we see that the mesh is graded to be fine close to the barge, both in the
streamwise and in the vertical direction. We have made the mesh finer close to the barge.
The velocity gradients are large close to the barge. The no-slip boundary condition on
the barge, combined with high Reynolds numbers, creates large velocity gradients. Large
velocity gradients mean that the velocity changes rapidly with space. In order to cap-
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ture the rapid changes in velocity, we need a fine mesh. In front, and possibly behind
the barge, there will be large gradients in the streamwise direction. Hence we apply fine
grading in the streamwise direction in front and behind the barge. Below the barge, the
velocity gradients are large in the vertical direction. Hence we use fine grading in the
vertical direction below the barge.

Figure 9 shows the area around the top of the barge:

Figure 9: Main mesh. Top plane. Numbers in meters.
Also in the width direction, we refine the mesh heavily close to the barge.

From Figure 9, we see that we also grade the mesh so that it is fine close to the barge in the
width direction of the barge. The argument for the fine grading close to the barge in the
width direction of the barge, is the same as the argument for grading in the streamwise
and the vertical directions: the no-slip boundary condition on the barge creates large
velocity gradients close to the barge, inducing a need for finer mesh close to the barge in
order to capture the velocity variations.

3.4 Boundary and initial conditions
Table 6 below presents the boundary and initial conditions:
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Boundary
Variable U p_rgh alpha.saltWater k omega nut

Inlet Type fixedValue fixedFluxPressurefixedValue fixedValue fixedValue fixedValue
Value internalField internalField internalField internalField internalField internalField

Outlet Type O.P.M.V. zeroGradient V.H.F.R. inletOutlet inletOutlet zeroGradient
Value internalField - internalField internalField internalField -

Barge Type M.W.V. F.F.P. zeroGradient kqrW.F. omegaW.F. nutUSpaldinW.F.
Value (0 0 0) internalField - internalField internalField internalField

atmosphere Type slip fixedValue zeroGradient zeroGradient zeroGradient zeroGradient
Value - internalField - - - -

atmosphereFrontOfBargeType inletOutlet fixedValue zeroGradient zeroGradient zeroGradient zeroGradient
Value internalField internalField - - - -

Front Type symmetryPlane symmetryPlane symmetryPlane symmetryPlane symmetryPlane symmetryPlane
Value - - - - - -

Back Type symmetryPlane symmetryPlane symmetryPlane symmetryPlane symmetryPlane symmetryPlane
Value - - - - - -

Bottom Type symmetryPlane symmetryPlane symmetryPlane symmetryPlane symmetryPlane symmetryPlane
Value - - - - - -

Table 6: Boundary and initial conditions.
O.P.M.V. = OutletPhaseMeanVelocity, V.H.F.R. = variableHeightFlowRate, M.W.V. = movingWallVelocity, F.F.P. = fixedFluxPressure,
kqrW.F. = kqrWallFunction, omegaW.F. = omegaWallFunction, nutUSpaldingW.F. = nutUSpaldingWallFunction



3. Numerical implementation: Boundary and initial conditions 53

We will describe the boundary and initial conditions from Table 6 in more detail.

3.4.1 The velocity

We start with the initial and boundary conditions for the velocity in Table 6. We apply
the barge as the reference system. Hence the barge is standing still, while the fluid is
moving in from the inlet with a fixed assigned velocity.

At the outlet, the velocity has a boundary condition called "outletPhaseMeanVelocity".
"outletPhaseMeanVelocity" is a mix between a zeroGradient and Dirichlet boundary con-
dition. A zeroGradient velocity is calculated. The mean of the zeroGradient velocity is
calculated. The mean zeroGradient velocity is compared against a user specified velocity
value. The zeroGradient velocity is then adjusted so that its mean equals the user speci-
fied velocity. The adjustment of the zeroGradient velocity is done with with a factor, the
ratio of the mean of the zeroGradient velocity to the user specified velocity. We follow the
approach of the DTCHull tutorial, and choose the outlet mean to equal the inlet mean
velocity.

At the barge, the boundary condition "movingWallVelocity" is used. "movingWallVeloc-
ity" is a no slip condition for a moving reference frame.

Two terms that will be repeated are "zero gradient boundary condition" and "fixed value
boundary condition". "zeroGradient" corresponds to a homogeneous Neumann boundary
condition. For a homogeneous Neumann boundary condition, the gradient in the direc-
tion normal to the boundary at the boundary is set to zero. "Fixed value" corresponds
to the Dirichlet boundary condition. For Dirichlet boundary conditions, the values at the
boundary equals are prescribed by the user.

For the atmosphere patches, the top plane, "slip" and "inletOutlet" are used. InletOutlet
is a mix between the zero gradient and the the fixed value boundary conditions. If there
is inflow in the vertical direction, a fixed value boundary condition is used. If there is
outflow in the vertical direction, zero gradient is used as boundary condition. We apply
a fixed value equal to the inflow velocity for the inletOutlet condition. The zero gradient
part of inletOutlet is only activated right in front of the barge. Right in front of the barge
is the only part of the top plane with outflow. The part of the top plane not having
inletOutlet as boundary condition, has "Slip" as boundary condition. "Slip" means that
there is zeroGradient in the directions tangential to the surface, while there is zero veloc-
ity in the direction normal to the surface. The boundary conditions on the top plane will
be discussed in further detail in subsection 3.5 "The top plane boundary conditions".

In Table 6, "Front" is the center plane. "Front" is assigned a symmetryPlane boundary
condition. The SymmetryPlane boundary condition sets the velocity component, and
all the derivatives normal to the boundary, to zero. The use of "SymmetryPlane", is
an intuitive approach, since both the object and the inflow are symmetric. However, as
Bertram [15] p. 26 argues, symmetric inflow to symmetric bodies does not automatically
give symmetric flow patterns. An example of asymmetric flow patterns combined with
symmetric inflow and geometry, is the vortex shedding behind a circular cylinder. Only
simulating half the symmetry, we are not able to capture effects such as vortex shedding.
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The symmetryPlane boundary condition is also used for the boundaries "Back" and "Bot-
tom". "Back" is the width boundary of our domain. "Bottom is the bottom of our do-
main. The reason for applying the symmetryPlane condition for the Back and Bottom
bounadries, is that these bounaries represents a uniform far field. We use large dimen-
sions in the bottom and back boundary directions. Application of the symmetryPlane
boundary condition approach for the back and bottom patches, is in correspondence with
common practice in ship hydrodynamics, see Bertram [15] p. 28.

By the same reasoning as for the velocity, we will apply the symmetryPlane boundary
condition on the "Front", "Back" and "Bottom" for all variables. Hence the "Front",
"Back" and "Bottom" boundaries will not be commented upon below.

3.4.2 The pressure

For the pressure, we solve for the variable "p_rgh". "p_rgh" equals the modified pres-
sure, p − ρgz, in addition to a term with the turbulent kinetic energy. The openFoam
pressure variable is discussed in further detail in subsection 3.1 "The main solver". Except
for the top plane, where we want to fix the pressure to a given value, we do not want
the pressure to change at the boundaries. Hence homogeneous Neumann conditions are
applied for all boundaries except for the top plane.

At the inlet and on the barge, the boundary condition "fixedFluxPressure" is used. "fixed-
FluxPressure" is basically the same as the zeroGradient boundary condition, the homoge-
neous Neumann condition. The difference between "fixedFluxPressure" and "zeroGradi-
ent" is that "fixedFluxPressure" is computed in an alternative way. "fixedFluxPressure"
is supposed to give faster convergence than a direct implementation of the zeroGradient
boundary condition. We follow the DTCHull-tutorial, and apply zero gradient directly at
the outlet.

A Dirichlet condition with value equal to the internal field value, 0, is used for fixing
the pressure on the whole top plane ("atmosphere" and "atmosphereFrontOfBarge" in
Table 6).

3.4.3 The salt water fraction

We know the salt water fraction of the fluid, "alpha.saltWater", at the inlet. Hence we
apply a Dirichlet boundary condition at the inlet. We set the distribution of fluids at the
inlet in accordance with the wanted location of the pycnocline. At the outlet, we do not
want to change the values relative to the nearby internal field. The outlet is supposed to be
located in a uniform far field. Hence, the boundary condition "variableHeightFlowRate"
is used. "variableHeightFlowRate" is a zeroGradient boundary condition, where the phase
fraction is bounded to be between zero and one.

3.4.4 Turbulence quantities

When it comes to boundary conditions, the turbulent kinetic energy and the turbulent
frequency are modeled in a pretty similar way. Fixed values are set at the inlet. The
choice of the inlet values for the turbulent quantities will be discussed in further detail
below. We follow the DTCHull-tutorial, and apply "inletOutlet" at the outlet. In the case



3. Numerical implementation: Boundary and initial conditions 55

of inflow, the fixed value set at the outlet is set equal to the inlet values. This modeling of
the inletOutlet condition ensures that the outlet values corresponding well with the inlet
values, irrespective of whether there is outflow or inflow. In practice, we do not observe
inflow at the outlet. Hence we could just as well have applied the homogeneous Neumann
condition "zeroGradient" as outlet boundary condition.

The top plane boundary has a zero gradient boundary condition, since we do not expect
any external input affecting the turbulence variables at this boundary.

At the barge, the boundary conditions for the turbulent kinetic energy, k, and the turbu-
lent frequency, ω, differ. For k we have used the boundary condition "kqrWallFunction".
"kqrWallFunction" calculates the turbulent kinetic energy on the face of the first cell
by applying the zeroGradient boundary conditions. "kqrWallFunction" differs from the
method described in subsubsection 2.4.7 "Wall-laws for k, ε and ω". In subsubsection 2.4.7
"Wall-laws for k, ε and ω", the k-value depends on y+ and zero gradient is used only for
the higher wall distances. The wall function in subsubsection 2.4.7 "Wall-laws for k, ε and
ω" is more general than our wall function, since it takes into account the y+. However, we
have run sensitivity tests showing that "kLowReWallFunction" gives very similar results
to "kqrWallFunction". "kLowReWallFunction" is very similar to the method in in subsub-
section 2.4.7 "Wall-laws for k, ε and ω". We ran a scenario where the average y+ from the
barge to the first cell implied that "kLowReWallFunction" and "kLowReWallFunction"
worked differently. The average y+ from the barge to the first cell were 9. For y+ = 9
"kLowReWallFunction" applies zeroGradient, while "kLowReWallFunction" applies the
fixed value zero. The difference in drag coefficients was 0.007 percent. Hence we do not
expect our results being affected by having the wall function "kqrWallFunction" instead
of "kLowReWallFunction" .

The turbulent frequency ω has the boundary condition "omegaWallFunction" at the barge.
"omegaWallFunction" is a flexible wall function of the same type as described in subsub-
section 2.4.7 "Wall-laws for k, ε and ω". The ω-value at the center of the first cell is
calculated dependent on the value of y+. "omegaWallfunction" is actually more advanced
than the wall function described in subsubsection 2.4.7 "Wall-laws for k, ε and ω". If the
y+-value is buffer region, a blending function is used. The blending function is based on
the wall functions for the log region and the viscous region. We have:15

ω =


ωviscous = 6ν

0.075y+2 if 0 < y+ < 5,

ωlog =
√
k

C
1/4
µ κy

if 30 < y+ < 200

ωmix =
√
ω2
viscous + ω2

log 5 < y+ < 30

(92)

The reasoning behind the choice of boundary conditions for "nut" is the same as for
the turbulent kinetic energy and the turbulent frequency. For the the turbulent viscos-
ity "nut", we apply zero gradient boundary conditions on the top plane and the outlet
boundary, and fixed value at the inlet. The wall function "nutUSpaldingWallFunction"
is applied on the barge. "nutUSpaldingWallFunction" is based on Spalding’s wall law for

15For the source, see /opt/openfoam5/src/TurbulenceModels/turbulenceModels/derivedFvPatchFields/wallFunctions/
omegaWallFunctions/omegaWallFunction/omegaWallFunctionFvPatchScalarField.C
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the dimensionless velocity, equation (47). By applying "nutUSpaldingWallFunction", we
are less restricted, when it comes to the distance from the barge to the cells closest to the
barge. "nutUSpaldingWallFunction" is valid for a large range of distances from the wall.

For the turublence quantitites, the fixed values for the Dirichlet boundary conditions are
set in accordance with rules of thumb. The rules of thumb relate the turbulence values
to the mean flow and the geometry. We will apply recommandations for turbulent inlet
conditions used in ship hydrodynamics described in Bertram [15]. We also follow guide-
lines on free-stream boundary conditions given by the cfd-online.com site [16].

Following Bertram [15] p. 27, we set the kinetic energy according to:

k =
3

2
(UI)2, (93)

where U is the free stream velocity and I is the turbulent intensity. We follow Bertram
[15] and choose I = 0.05. I = 0.05 is a value that is commonly used in ship applications.
Sensitivity tests of the magnitude of the turbulent intensity will be conducted later.

For the dissipation rate, we use:

ε =

=0.093/4︷︸︸︷
C3/4
µ

k3/2

l
, (94)

where l is the reference length. Following Bertram [15], we set the reference length to
1/100 of the barge length.

For the turbulent frequency ω, we base our fixed value on the directions given by the
cfd-online.com site [16]:

ω =

√
k

C
1/4
µ l

. (95)

Finally we calculate the turbulent viscosity νt:

νT =

{
Cµ

k2

ε
if ε-model,

k
ω

if ω-model.
(96)

3.4.5 Initial conditions

The initial conditions for the different variables are given by "internalField" in Table 6. In
all our cases we set the initial values to a uniform value that correspond with the Dirichlet
boundary conditions. We are interested in steady state solutions. The initial conditions
should not affect the steady state solution. Compared to having the initial conditions
differ from the Dirichlet boundary conditions, we expect we get faster convergence when
setting the initial conditions equal to the boundary conditions. It would take longer time
for the field to settle when the initial conditions differ from the boundary conditions.
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3.5 The top plane boundary conditions
In our domain, the top plane is localized at the level of the free surface. We are not
able to solve for the free surface interface between fresh water and air. We only have
two fluids, salt and fresh water. In an ideal world we would have solved the problem
with three fluids. By neglecting air, we are missing out on the wave-making resistance
from the air-fresh water interface. However, the inclusion of air would have increased the
computational cost considerably. Esmaeilpur et al. [4], which models the free surface too,
needed more than 28 times as many cells as we did. It should be noted that not all of
the difference in the number of cells in our study and Esmaeilpour et al. [4] is due to the
modeling of air. Esmaeilpour et al. [4] do not use wall functions.

The neglection of the wave making resistance from the air-water interface, susggests that
our drag estimates may be underestimated. However, according to Gou et al. [1], the
wave-resistance from the free surface wave is negligible for the velocities we are studying.
Hence we do not expect our estimates to be affected considerably by the exclusion of
air-water surface effects.

Since we are not modeling the free surface, we need an extra boundary condition in the
location of the free surface. The new boundary condition for the top plane introduces
challenges with regards to the numerical simulations representing the physical case.

"zeroGradient" and "slip" are two candidates for velocity boundary condition on the top
of the domain. Both the zeroGradient and the slip boundary conditions are nonphysical
when applied to the top plane.

Running simulations with zeroGradient as velocity boundary condition at the top plane,
we got an outflow of fresh water in front of the barge. However, using zeroGradient gave
strange results in the wake. In the wake, we got a large inflow in the vertical direction.
That the level of fresh water in the wake goes down, seems reasonable. The decline of
the water level can for example be observed in the wake of a ship. Some water in the
wake behind a ship is replaced by air. In the simulations with zeroGradient as top plane
boundary condition, however, water is replaced by more water. This inflow of new fresh
water, gives what seems to be an unnatural high flow velocity in the direction towards
the bottom.

Applying the slip boundary condition, we get that the velocity normal to the free surface
in front of the barge is zero. Zero normal velocity in front of the barge is nonphysical.
However, in the case of low Froude numbers, we do not expect large free surface waves.
For low Froude numbers, the wave celerity is low compared to the free stream veloc-
ity. Hence, the approximation of the free surface as a flat surface by the slip condition,
should not give too nonphysical results. However, the slip boundary condition on the
top plane gave rise to numerical issues. At the corner of the front of the barge, in the
interface between the symmetry plane and the top plane patch, the velocity value blew
up to very large values. The blow-up of the velocity happened for several different meshes.

Summing up so far, we have that the zeroGradient boundary condition performs badly
in behind the barge and the slip condition performs badly in front of the barge. Given
the experiences with the zero gradient boundary and the slip boundary conditions, we
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combine these two boundary conditions. We divide the top plane into two patches, one
patch covering the area directly in front of the barge and the other patch covering the rest
of the top plane. For the front area, inletOutlet is used as boundary condition. For the
inletOutlet condition, the mean flow is used in the case of inflow. Inflow is not present
at the patch with inletOutlet, so only the zeroGradient part of the boundary condition
is applied. For the rest of the top plane, slip is used as boundary condition. Figure 10
below displays the split of boundary conditions on the top plane:

Figure 10: Top plane. Numbers in meters.
The green area displays the part of the top plane boundary that has "inletOutlet" as bound-
ary condition. The rest of the top plane has "slip" as boundary condition.

The green area in Figure 10 shows the area of the top plane with an inletOutlet boundary
condition. From Figure 10, we see that the area with inletOutlet covers approximately
ten barge lengths in front of the barge. In a small area close to the barge, we have outflow
of fresh water. The outflow of fresh water imply that we do not necessarily have mass
conservation over our domain. However, the global continuity error is of order 10−9, so
we do not expect the outflow to effect our results significantly. The approach by mixing
slip and inletOutlet boundary conditions on the top plane, is the only approach that has
produced somewhat physical results in our runs. With the mixed boundary conditions on
the top plane, we do not get a blow-up of the velocity and we do not get a strong inflow
towards the bottom in the wake.

3.6 Parameter values
In this section the main parameter values is listed and discussed. Table 7 below shows
the parameter values we apply.
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Variable Value
Domain dimensions (x,y,z) = (25, 3, 4) m
Barge dimensions (x,y,z) = (0.6, 0.225, 0.1) m
Free stream velocities (U) 0.08 - 0.22 m/s
Salt water density (ρSalt water) 1024 kg/m3

Fresh water density (ρFresh water) 997 kg/m3

Kinematic viscosity (ν) 1.79e-6 m2/s
Diffusion coefficient (DAB) 2.0e-5 m2/s
Inverse of turbulent Schmidt number (alphatab) 1.25
Pycnocline depths 0.1, 0.15, 0.2 m
Reynolds number 25 000 - 75 000

Table 7: Parameters.

The free stream velocities and the densities in Table 7 correspond to the values in Gou
et al. [1]. The kinematic viscosity ν is the same as Grue [3] applied, and corresponds
to the viscosity of water at 0 Celsius degrees. We have taken the value of the diffusion
coefficient (DAB) from Krpan and Koncar [12]. Krpan and Koncar [12] simulate waters
with densities of 998 and 1008 kg/m3. The turbulent Schmidt number is set to 0.8 (so
the inverse is 1.25). Our turbulent Schmidt number lays between the values used in the
studies by Zhang et al. [10] and Krpan and Koncar [12]. Zhang et al. [10] apply the value
0.7 for the turbulent Schmidt number. Krpan and Koncar [12] apply the value 1.25 for
the turbulent Schmidt number. Both Zhang et al. [10] and Krpan and Koncar [12] study
fresh and salt water phenomenons.
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4 Results
When calculating the dead water resistance, we follow the apporach of Gou et al. [1]. We
run separate cases for stratified waters and for non-stratified water, varying the velocity
for a given pycnocline. For each velocity, we calculate the resistance coefficient:

CD =
D

1
2
ρU2S

, (97)

where D is the drag force, ρ is the density, U is the velocity, and S is the wetted surface
area.

Having the drag coefficient for a given velocity for stratified water, CD,stratified, and for
homogeneous water,CD,homogenuous, we calculate the dead water drag:

CD,add = CD,stratified − CD,homogenuous. (98)

Following Esmaeilpour et al. [4], we calculate the Froude number according to:

Frh =
Ub
c∗
, (99)

where Ub is the free stream velocity relative to the barge, and c∗ is the celerity of the
longest internal waves. The celerity is given by:

c∗ =

√
gh

∆ρ

ρ0

, (100)

where h is the undisturbed distance between the free surface and the pycnocline, and ∆ρ
is the density difference between salt and fresh water.

Using the same object geometry as Gou et al. [1], a barge, we also choose our free stream
velocities and draft to pycnocline ratio to correspond with them. Table 8 below summa-
rizes our scenarios:

Pycnocline [m]
Velocity [m/s] 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22

0.1 0.49 0.61 0.74 0.86 0.98 1.10 1.22 1.35
0.15 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10
0.2 0.35 0.43 0.52 0.61 0.69 0.78 0.87 0.95

Table 8: Scenarios. Froude numbers.

As can be seen from Table 8, we use velocities in the range 0.08 - 0.22 m/s, incrementing
by 0.02 m/s. We vary the draft to pycnocline ratio by the same approach as Esmeilpour et
al. [4]. We keep the barge draft constant and vary the pycnocline. Compared to keeping
the pycnocline constant and varying the draft, using a fixed barge draft has the advantage
that we only need one simulation for each velocity in the non-stratified scenarios. Nothing
changes in the non-stratified scenarios when the pycnocline is changed for a given velocity
in the stratified scenarios. There is no pycnocline in the non-stratified fluid cases. On the
other hand, had we changed the draft to pycnocline ratio by changing the draft, we would
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need one simulation for each draft to pycnocline ration also in the non-stratified scenarios.

The draft is 0.1 m, which corresponds to one of the drafts used in Gou et al. [1]. We run
simulations for pycnoclines at 0.1 m, 0.15 m and 0.2 m, giving draft to pycnocline ratios
in the range 0.5 - 1. The range of draft to pycnocline ratio in our study corresponds with
that of Gou et al. (2017).

We expect our scenario to be steady. By simulating an unsteady RANS model, Es-
maeilpour et al. [4] get steady flow. The flow being steady is a difference from 2D cases.
In 2D cases the flow has been shown to be unsteady, see for example Hester and Vasil [5]
and Mercier et al. [24]. By applying a transient solver, we allow for unsteady solutions.
We run the simulations to the point where the drag coefficients seem to have stabilized.

4.1 Non-stratified fluids
Earlier studies, for example Gou et al. [1] and Esmaeilpour et al. [4], have found that the
drag force on an object in non-stratified fluids is directly proportional to the squared free
stream velocity. The proportionality between the squared velocity and the drag, implies
that the the drag coefficient Cd = 2FD

ρSU2 is a constant and not depending significantly on
the Reynolds number. In order to test our setup, we perform the same test as Gou et al.
[1]. We study the relation between the squared velocity and the drag force for velocities
in the same range as Gou et al. [1]. Figure 11 below shows the results for the relation
between the squared velocity and the drag force:

Figure 11: Drag force. Draft/Pycnocline = 1/2. Non-stratified fluid. Comparison with
Gou et al. [1].
Our drag force is lower than the drag force in Gou et al. [1]. However, also we get a clear
linear relationship between the squared velocity and the force, implying a constant drag
coefficient and little dependence of the drag coefficient on the Reynolds number.

Figure 11 above shows that we get a somewhat lower force compared to Gou et al. [1].16
However, the linear regression we did on our data suggests that also we get a clear linear

16The numbers we apply from the stydy by Gou et al. [1] are based on the linear regression they did
on the experiments, and not the experiment values themselves. Since the fit, R2, equaled 0.991, the use
of the regression result, instead of the experimental observation, makes little difference.
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relation between the squared free stream velocity and the drag force. The value of R2,
displayed in Figure 11, shows that the result is solid. The relation between the drag force
and the velocity in openFoam mimics that in experiments fairly well.

4.2 The drag coefficients
In this section we will study our results for dead water drag. Figures 12 and 13 below
show the drag coefficients for different Froude numbers and different pycnocline depths:

Figure 12: Drag coefficients. D/P =
Draft/Pycnocline.
All stratified scenarios have higher drag co-
efficients than the non-stratified fluid sce-
narios. The closer the pycnocline is to the
barge, the higher the drag coefficient. The
relation between the Froude number and the
the drag coefficients forms an inverted U-
shape for all pycnoclines. The peak of the
drag coefficients are localized in a narrow
range of Fr. For low and high Froude num-
bers the drag coefficients for all pycnoclines
seem to converge towards the drag coeffi-
cients for the non-stratified scenarios.

Figure 13: Percentage difference between
drag coefficients in the stratified scenarios
and the corresponding non-stratified fluid
scenarios. D/P = Draft/Pycnocline.5
Compared with the homogeneous fluid sce-
nario, the peak drag coefficients are 8 - 20
percentage higher in the stratified scenar-
ios.

From Figure 12 we see that the added drag coefficient follows an inverted U-shape, with
small added drag for low and higher Froude numbers. The inverted U-shape between the
Froude number and the dead water drag is in correspondence with other studies on dead
water resistance, see for example Gou et al. [1] for an experimental study, Esmaeilpur et
al. [4] for a CFD study, and Grue [3] for a theoretical study.

Figure 12 shows that the drag coefficient peak is located in the range Fr 0.6 − 0.7. The
peak locations depend on the ratio of pycnocline depth to barge draft. Our results are
closer to experimental studies and theoretical studies, than the CFD study of Esmaeilpour
et al. [4]. Our drag coefficients peak at higher Froude numbers than Gou et al. [1]. Gou et
al. [1] have drag peaks located in the range Fr 0.5− 0.6. On the other hand, Esmaeilpour
et al. [4], in their CFD study of dead water resistance on a ship, find the peak range to
be located in the range Fr 0.83 − 0.91. Using non-linear potential theory, Grue [3] finds
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the peak added drag to be located around Fr 0.65− 0.7. As can be seen, our results lays
somewhere between Gou. et al. [1] and Grue [2].

Simulating a similar geometry in very similar conditions to Gou et al. [1], we expected
our results to be closest to Gou et al. [1]. The finding that we get results closer to Gou et
al. [1] compared to the CFD study by Esmaeilpour et al. [4], suggests that the difference
between Gou et al. [1] and Esmaeilpour et al. [4] is due to the difference in geometry.
We have a similar geoemtry as Gou et al. [1], and our modeling approach, computational
fluid dynamics, is of the same kind as Esmaeilpour et al. [4].

The drag coeffcients grows with the ratio of barge draft to pycnocline depth, see Figure
12. The growth of the dead water resistance with draft to pycnocline ratio corresponds
well with the results of Gou et al. [1], Grue [2] and Esmaeilpour et al. [4]. For the same
range of ratios of pycnecline to draft as we study, Gou et al. [1], Grue [2] and Esmaeilpour
et al. [4] all find that the dead water drag grows with the draft to pycnocline ratio.

Figure 13 displays the percentage difference between drag coefficients in the stratified sce-
narios and the corresponding non-stratified scenarions.17 We see that, depending on the
draft to pycnocline ratio, the peak added drag coefficients are around 8 − 21 percentage
higher than in the non-stratified scenarios. The rise in drag coefficients due to dead water
is lower than for the corresponding scenarios in Gou et al. [1]. By judging the force plots
in Gou et al. [1], they seem to have more than a doubling of drag coefficients due to dead
water. Compared to Esmaeilpour et al. [4], our effects are even smaller. Esmaeilpour et
al. [4] get 7-fold increases in the drag coefficients due to dead water.

We expected the magnitude of our dead water drag to be closer to Gou et al. [1] than to
Grue [2] and Esmaeilpour et al. [4]. Gou et al. [1] study a barge, like us. Grue [2] and
Esmaeilpour et al. [4] study ships. The distribution of skin friction and pressure drag
differs between bluff objects, such as a barge, and streamlined objects, such as ships. It
is possible that the internal wave affects the skin friction and pressure drag differently.

Looking back on our discussion about the issues with the linear eddy viscosisty hypothe-
sis in subsection 2.3 "Turbulence models", one can suspect that the low drag coefficients
in our study might be due to the fact that our turbulence models builds on the linear
eddy viscosisty hypothesis. As disucussed previously, linear eddy viscosisty models can
give a too wide boundary layer, producing too low drag. Overprediction of turbulent
kinetic energy production results in too much energy being extracted from the mean flow.
However, it is only the dead water drag coefficients, the difference between stratified and
non-stratified drag coefficients, that are low in our study. From Figure 11 we have that,
for non-stratified scenarios, the forces, and hence also the drag coefficients, are of the
same order of magnitude in our study and in Gou et al. [1]. Hence our model itself is
capable of producing high enough drag. Furthermore, Esmaeilpour et al. [4], employing a
turbulence model similar to ours, was able to get a seven-fold increase in drag due to dead
water. Hence, it does not seem like the application of the linear eddy viscosity hypothesis
is the direct cause of our low dead water drag.

17We have assumed that a given velocity gives the same Froude number in the non-stratified scenarios
as in the stratified scenarios.
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The wall functions we have applied, are potential candidates for the difference in drag
coefficients between our study and the other studies. Our wall functions are so-called
standard wall functions. Standard wall functions do not take into account pressure gra-
dient effects. In our scenario, the pressure gradient seems to play a crucial role for the
dead water resistance. Hence it is possible that our results can be sensitive to the applied
wall functions.

Furhermore, the use of wall functions by itself, is a potential candidate for the different
dead water drag coefficient magnitudes. Esmaeilpour et al. [4] does not apply wall func-
tions. The drag is the result of complex dynamics close to the barge. In order to get a
good representation of the drag, it is not unreasonable to think that simulations without
wall functions would be more suitable. Not using wall functions, we will have a finer grid
close to the barge. With a finer grid close to the barge, we would capture more of the
dynamics close to the barge. Hence we should be able to get more accurate estimates of
the dead water drag by not applying wall functions.

The issue by not applying wall functions is that the grid close to the barge must be
much finer than the present grid. Esmaeilpour et al. [4] did not apply wall functions.
Esmaeilpour et al. [4] used a grid with 28 times as many cells as we did. It should
be noted that the domain in Esmaeilpour et al. [4] also included air. Hence we would
probably not need as much as 28 times as many cells for removing the wall functions.
However, experimentation with mesh refinements in our scenarios, revealed considerable
computational costs in order to get the mesh fine enough to avoid wall functions. See
subsection 4.7 "yPlus" for a discussion of mesh requirements for simulations without wall
functions.

4.3 Wave elevation and velocity profiles
In order to study the physical effects of the dead water phenomenon, we start by studying
the internal wave elevation below the barge. As will be discussed in further detail below,
we expect that the surface wave elevation below the stern affects dead water drag. Higher
surface elevation below the stern gives rise to increased velocity below the stern. Increased
velocity below the stern might reduce the pressure at the stern. Reduced pressure at the
stern might increase the pressure gradient. Finally the drag goes up with the pressure
gradient. The internal wave elevation below the barge is displayed in Figures 14 and 15
below:
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Figure 14: Surface elevation. Pycnocline
0.2 m. Symmetry plane.
The area of fresh water below the stern is
smallest for the Froude number giving peak
drag coefficients.

Figure 15: Surface elevation. Pycnocline
0.2 m. Plane between symmetry plane and
the barge width boundary.
The waves look almost identical to the
waves in the symmetry plane.

First we see from Figures 14 and 15 above that there is almost no difference between the
waves in the symmetry plane and the waves in the plane between the symmetry plane and
the width side of the barge. Hence the conditions at the symmetry plane for the internal
wave probably are good indicators for the internal wave for the rest of the barge.

From Figure 14 we see that, below the stern, the internal wave elevation is largest for the
Froude number that gave the highest drag coefficient. Below the stern, the fresh water will
have less area to move the higher the wave is below the stern. Hence the velocity should
be higher for the Froude number giving the highest wave. Mass conservation implies that
the velocity increases with a decrease in area.

In order to test whether our reasoning about the internal wave elevation and the velocity
is correct, we now study the velocity profiles below the barge, see Figure 16, Figure 17
and Figure 18 below:18

18In all figures we have only applied one velocity for the non-stratified scenario. The argument for
applying one velocity only for the non-stratified scenario, is the similarity of drag coefficients across
Froude numbers in the non-stratified scenarios.
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Figure 16: Velocity pro-
file streamwise direction
divided by free stream
velocity. x-position at the
stern. Symmetry plane.
All stratified scenarios
have a thinner boundary
layer compared to the non-
non-stratified scenario.
Highest velocity is found
for the Froude number
giving the highest wave
elevation below the stern.

Figure 17: Velocity pro-
file streamwise direction
divided by free stream ve-
locity. x-position at the
middle of the barge. Sym-
metry plane.
Also at the middle of the
barge in the x-direction,
all stratified scenarios have
higher velocities compared
to the non-stratified sce-
nario. The lowest Froude
number scenario has the
highest velocity, indicating
highest skin friction for the
lowest Froude number at
the middle of the barge in
the streamwise direction.

Figure 18: Velocity pro-
file streamwise direction
divided by free stream ve-
locity. x-position at the
bow. Symmetry plane.
Below the bow the velocity
profiles are rather similar.

From Figure 16 above we see that the velocity below the stern is highest for the Froude
number with the highest internal wave elevation, as we expected from Figure 14. From
Figure 14 we had that the internal wave elevation below the stern was highest for the
middle Froude number.

We see from Figure 17 that, at the middle of the barge in the streamwise direction, the
lowest Froude number has the highest velocity. The lowest Froude number having the
highest velocity corresponds well with this being the Froude number having the highest
internal wave elevation below the barge, see Figure 14. We also observe from Figure 17
that the largest Froude number has the lowest velocity at the middle of the barge in the
streamwise direction. The largest Froude number having the lowest velocity, corresponds
well with Figure 14. From Figure 14 we see that largest Froude number has the lowest
surface elevation.

Below the bow, we see from Figure 18 that the velocity profiles are rather similar. The
similarity of the velocity profiles below the bow reflects the observations from Figure 14.
From Figure 14 we observed that the wave elevations are similar below the bow.

Summing up so far, we have seen that the surface elevations below the stern and bow
affects the velocities in these regions. Change in water velocity can affect the pressure
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gradient. The pressure drag depends on the pressure gradient. Hence, the internal wave
elevation in the areas below the bow and below the stern are possible indicators of change
in pressure drag.

From Figures 16 and 18, we suspect that the pressure drag increment is largest for the
peak drag Froude number. From Figures 16 and 18, we see that the velocity differences are
larger below the stern than below the bow. Hence it is the rankings of the velocities below
the stern that affects the pressure gradient the most. The largest velocity below the stern,
is found for the Froude number with the highest peak dead water drag. The stern pressure
is reduced by the higher velocity. The pressure drag is increased with lower stern pressure.

Also viscous forces contribute to the drag. Increased water velocity results in a thinning
of the boundary layer. The thinning of the boundary layer, due to increased velocity, can
be seen by the approximate formula for the boundary layer thickness:

δ =

√
νx

U
. (101)

Equation (101) is derived by balancing the viscosity term and one of the inertia terms
in the momentum equation in the free stream direction. We see from equation (101)
that the boundary layer thickness, δ, shrinks with the velocity. A thinning of the bound-
ary layer increases the friction drag on the barge. The velocity gradients increase with
a thinning of the boundary layer. Larger velocity gradients give rise to more skin fric-
tion. From Figures 16, 17 and 18, we speculate that the lowest Froude number gives
more skin friction drag than the other Froude numbers. The lowest Froude number has
the sharpest velocity gradient at the middle of the barge in the flow direction in Figure 17.

4.4 Pressure drag and skin friction
The discussion in subsection 4.3 "Wave elevation and velocity profiles" suggests that the
drag coefficients may change both due to change in pressure drag and due to change in
skin friction. It seemed like the dynamics of skin and pressure drag was different between
the different Froude numbers. The Froude number that seemed to give highest pressure
drag, was not the Froude number that seemed to give highest skin friction drag. In order
to study the relative contributions to the dead water drag from pressure and skin friction,
we decompose the drag into pressure and skin friction contributions according to:

Cd,add = Cd,stratified − Cd,non−stratified (102a)
= (Cpd,stratified + Csf,stratified)− (Cpd,non−stratified + Csf,non−stratified) (102b)
= (Cpd,stratified − Cpd,non−stratified) + (Csf,stratified − Cpd,non−stratified) (102c)
= Cpd,add + Csf,add, (102d)

where "pd" is pressure drag and "sf" is skin friction. Figures 19 and 20 below show the
results of the drag coefficient decomposition for the pycnocline 0.2 m scenario:
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Figure 19: Skin friction share of total drag
coefficient. Pycnocline 0.2 m.
Skin friction is always small relative to
pressure drag. Skin friction has a slightly
higher share of the total friction in the
non-stratified scenarios. The lowest Froude
number has the largest skin friction compo-
nent.

Figure 20: Decomposition of added drag
coefficients into pressure drag and skin fric-
tion. Pycnocline 0.2 m.
It is only the pressure drag that contributes
to the added drag induced by the internal
wave. Skin friction decreases due to the in-
ternal wave. The change in skin friction is
small.

From Figure 19 we see that, for draft to pycnocline equal to 0.5, the skin friction drag
share is always higher in the non-stratified cases compared to the corrsponding stratified
cases. The skin friction share of total drag being larger for non-stratified scenarios, is in
line with Esmaeilpour et al. [4].

We observe from Figure 19 that the skin friction share of the total drag is always con-
siderably lower than the pressure drag share. Esmaeilpour et al. [4], on the other hand,
have a skin friction share of approximately 80 per cent in the non-stratified scenarios.
The difference between our skin friction share and that of Esmaeilpour et al. [4] is not
surprising. Esmaeilpour et al. [4] studies a streamlined object. We study a bluff object.

Furthermore, we observe from Figure 19 that the skin friction share varies across Froude
numbers. The lowest Froude number has the largest relative contribution from skin fric-
tion to total drag. We expected that skin friction was highest for the lowest Froude
number. From Figure 17 we saw that the lowest Froude number has the largest velocity
gradient at the middle of the barge in the streamwise direction. The skin friction grows
with the velocity gradient.

Figure 20 reveals that, for all Froude numbers, the dead water drag is all due to increased
pressure drag. In all cases, the skin friction drag coefficients declines compared to the
corresponding non-stratified scenarios. The decline in skin friction coefficients caused
by the internal waves contradicits the findings of Esmaeilpour et al. [4]. Esmaeilpour
et al. [4] find that also the skin friction increases due to the internal wave. However,
the incerases in skin friction in Esmaeilpour et al. [4] are very small compared to the
increments in the total drag coefficients. Hence, also in Esmaeilpour et al. [4] the change
in pressure is the main contributor to the dead water drag.
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4.5 The draft to pycnocline ratio
From Figures 12 and 13 we have that, in the inverted U-shape range of Froude numbers,
the dead water drag increases for the draft to pycnocline ratio. The positive relation
between the draft to pycnocline ratio and the dead water drag, in the incerted U-shape
range of Froude numbers, corresponds well with Gou et al. [1], Grue [2] and Esmaeilpour
et al. [4].

We suspect that the physical mechanisms are the same for pycnocline 0.15 m as for pycn-
ocline 0.2 m. The only difference we expect between pycnocline 0.15 m and pyncocline 0.2
m, is the magnitude of the effects. For pycnocline 0.15 m the waves will be able to move
closer to the barge. With waves moving closer to the barge, the velocities in the water
between the barge and the waves can become larger. If the velocities become larger below
the stern, the pressure gradient will become larger. A larger pressure gradient in the
pycnocline 0.15 m scenario increases the drag in this scenario compared to the pycnocline
0.2 m scenario. Furthermore, if the higher velocities are not located at the ends of the
barge, they can contribute to increased skin friction.

In order to investigate some of the physics behind the relation between the draft to
pycnocline ratio and dead water drag, we compare the internal wave surface elevations and
the velocity profiles for the pycnocline 0.2 m scenario to the pycnocline 0.15 m scenario.
For making comparisons between the two pycnoclines easy, we repeat some of the figures
for pycnocline 0.2 m. Figures 21 and 22 display the surface elevation below the barge in
the pycnocline 0.2 m and 0.15 m scenarios respectively:

Figure 21: Surface elevation. Pycnocline
0.2 m. Symmetry plane.

Figure 22: Surface elevation. Pycnocline
0.15 m. Symmetry plane.
The distance between the surface elevation
of the middle Froude number wave below
the stern and the barge is much smaller
compared to the corresponding distance in
the pycnocline 0.2 m scenario.

Comparing Figures 21 and 22, we see that also for pycnocline 0.15 m, it is the peak drag
Froude number that has the largest surface elevation below the stern.

The distances between the surface waves and the barge below the stern are considerably
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smaller in the pycnocline 0.15 m scenarios than in the 0.20 m scenario, Figures 21 and 22.
The smaller distances between the waves and the barge below the stern in the pycnocline
0.15 scenario, suggest that the velocities below the stern will be larger in the pycnocline
0.15 m scenario. As before, larger velocities below the stern contribute to larger pressure
drag.

From Figures 21 and 22 we expect the skin friction to be higher in the pycnocline 0.15
m scenario than in the pycnocline 0.2 m scenario. From Figures 21 and 22 we see that
the distance between the wave and the barge at the middle of the barge in the stream-
wise direction is considerably smaller in the pycnocline 0.15 m scenario. As before, larger
velocities below the middle of the barge in the streamwise direction contributes to more
skin friction.

In order to investigate the velocities, we plot the velocity profiles below the barge.
Figures 23, 24 and 25 display the velocity profiles below barge for pycnocline 0.2 m at
different positions in the streamwise direction. Figures 23, 24 and 25 are repeated here
for easy comparison to the pycnocline 0.15 m scenarios:

Figure 23: Velocity stern.
Pycnocline 0.2 m.

Figure 24: Velocity mid
barge. Pycnocline 0.2 m.

Figure 25: Velocity bow.
Pycnocline 0.2 m.

Figures 26, 27 and 28 display the velocity profiles below the barge for pycnocline 0.15 m:
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Figure 26: Velocity pro-
file streamwise direction
divided by free stream ve-
locity. x-position at the
stern. Symmetry plane.
Pycnocline 0.15 m.
The velocity gradient for
the middle Froude number
seems sharper for pycno-
cline 0.15 m than for py-
cnocline 0.2 m.

Figure 27: Velocity pro-
file streamwise direction
divided by free stream ve-
locity. x-position at the
middle of the barge. Sym-
metry plane. Pycnocline
0.15 m.
The velocity gradient for
the lowest Froude number
seems sharper for pycno-
cline 0.15 m than for py-
cnocline 0.2 m.

Figure 28: Velocity pro-
file streamwise direction
divided by free stream ve-
locity. x-position at the
bow. Symmetry plane.
Pycnocline 0.15 m.
As for pycnocline 0.2 m,
the velocity profiles straight
below the bow are very sim-
ilar.

From Figures 25 and 28 we see that, for the depths closest to the barge, the velocities
are still rather similar in the pycnocline 0.15 m scenario. Hence we suspect pressure dif-
ferences at the stern to drive the change in drag. The similarity between the velocities
below the bow, suggests that the pressure differences at the bow will be small also in the
pycnocline 0.15 scenario.

As we suspected from the surface elevation figures, Figures 21 and 22, we see from Figures
23 and 26 that the scaled velocity below the stern is larger, with sharper gradient, in the
pycnocline 0.15 scenario than in the pycnocline 0.2 m scenario. With similar bow pres-
sures, the larger velocity below the stern should give lower pressure at the stern. Lower
pressure at the stern increases the pressure gradient.

As expected, we see from Figure 27 that the velocity gradient below the middle of the
barge in the streamwise direction for the lowest Froude number seems larger in the pycn-
ocline 0.15 scenario. From Figures 21 and 22 we had that the distance between the wave
and the barge in the middle of the barge in the streamwise direction was considerably
shorter for pycnocline 0.15 m. We suspect the skin friction to be more dominating for the
low Froude number in the pycnocline 0.15 scenario than in the pycnocline 0.2 m scenario.

To investigate the net effects of skin friction changes and pressure changes to the drag,
we once again decompose the drag coefficient into contributions from skin friction and
pressure drag. For easy comparison with the pycnocline 0.2 m scenario, we repeat the same
figures for the pycnocline 0.2 m scenario prior to plotting the results for the pycnocline
0.15 m scenario.
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Figure 29: Skin friction share of total drag
coefficient. Pycnocline 0.2 m. Figure 30: Decomposition of added drag

coefficients into pressure drag and skin fric-
tion. Pycnocline 0.2 m.

Figure 31: Skin friction share of total drag
coefficient. Pycnocline 0.15 m.
The skin friction share of total drag is
still small, and it is highest for the low-
est Froude number. The skin friction share
for the two lowest Froude numbers is larger
compared to the pycnocline 0.2 m scenario.

Figure 32: Decomposition of added drag
coefficients into pressure drag and skin fric-
tion. Pycnocline 0.15 m
There is almost no negative contribution
from skin friction anymore for the lowest
two Froude numbers.

From Figures 29 and 31, we see that also for pycnocline 0.15 m, the skin friction contri-
bution is small and highest for the non-stratified scenarios. We also see from Figures 29
and 31 that, for the two lowest Froude numbers, the skin friction share is larger in the
pycnocline 0.15 m scenario than in the pycnocline 0.2 m scenario. The skin friction share
being larger for pycnocline 0.15 m than for pycnocline 0.2 m corresponds well with the
observations we did from Figures 24 and 27. From Figures 24 and 27 we noted that the
velocity gradient at the middle of the barge in streamwise direction looked sharper in the
pycnocline 0.15 m scenario, giving rise to higher skin friction.

From Figures 30 and 32, we observe that the reduction in skin friction for the smallest and
the peak drag Froude numbers are considerably smaller for pycnocline 0.15 m than for
pycnocline 0.2 m. These findings suggest that the importance of the viscous drag grows
with the draft to pycnocline ratio.
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In order to investigate the effect of draft to pycnocline ratio and viscous drag further,
we have in section 7 "Appendix: Pycnocline 0.1 m" plotted the decomposition of the
drag in the pycnocline 0.1 m scenario. The results displayed in section 7 "Appendix:
Pycnocline 0.1 m" confirms the effects identified in the current section. For pycnocline
0.1 m, the peak dead water drag is higher than for the other pycnoclines. Skin friction
still makes up a small share of the total drag in the pycnocline 0.1 m scenario. However,
skin friction contributes positively to the dead water drag in the pycnocline 0.1 m scenario.

In this section we have seen that the peak dead water drag increases the draft to pycnocline
ratio. Furthermore we have identified potential mechanisms behind the relation between
the draft to pycnocline ratio and the dead water drag. We find that the pressure drag is
always the main driver behind dead water drag. The pressure drag grows with the draft to
pycnocline ratio. Higher draft to pycnocline ratio reduces the distance between the wave
surface and the barge. Velocities below between the wave and the barge increase with
reduced distance between the wave surface and the barge. Higher velocities below the
stern increases the pressure drag. Furthermore the skin friction increases with the draft
to pycnocline ratio. The larger velocities below the barge gives larger velocity gradients.

4.6 Mesh sensitivity
The quality of a numerical simulation depends on the convergence properties of the mesh.
If refinement of the mesh always changes the results, we can not know which, if any, of
the results that are correct. On the other hand, if refining the mesh gives results that
converges, this suggests that the results are robust with regards to the mesh. In this
section we present mesh sensitivity tests.

To understand how we refined our mesh, we first describe briefly how the main mesh
was created. Our grid was built with openFoam’s "blockMesh" utility. "blockMesh" is
an unstructured mesh type, allowing for cells organized in an irregular manner. Further-
more, we divided the domain into smaller boxes. The division of the domain into smaller
boxes allowed us to specify gradings and cell numbers to specific parts of the domain.
In cases with non-uniform flow and with flows around objects, non-uniform meshes are
practical. By refining the mesh only where it is most needed, non-uniform meshes can
cut the computational costs considerably.

On top of the original blockMesh construction, we applied openFoam’s "refineMesh" util-
ity. With refinMesh we specified regions in the mesh which would have a doubling of the
cell numbers in pre-specified directions. The last step introduces hanging nodes into the
mesh. Hanging nodes, where neighboring cells are not of the same size, can be a challenge
for numerical accuracy. The "refineMesh" utility allows us to save computational effort.
By choosing to increase the cell numbers in only the most relevant directions, the number
of cells is reduced compared to increasing the number of cells in all directions.

We systematically refined our mesh by applying a refinement ratio of 21/3 in the direc-
tions where refinement is taking place. By for example applying refinemesh once in all
directions with a refinement ratio of 21/3 over the whole mesh, the number of cells is
doubled. However, since refineMesh is only used in parts of the mesh and not always in
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all directions, the change in number of cells for the whole mesh becomes smaller than two.
Table 9 below shows the number of cells for the different meshes:

Mesh Number of cells Cell number relative to previous mesh
Coarse 422 928 -
Medium 744 794 1.76
Fine 1 269 517 1.70

Table 9: Meshes.
The refinement ratio is between 1.7 and 1.8.

As expected, we see from Table 9 above that the refinement ratios, being around 1.7 -
1.8, are lower than 2. The medium mesh corresponds to the mesh that was presented in
subsection 3.3 "Mesh".

When picking scenarios for the mesh convergence tests, we want also to check for depen-
dence on the pycnocline depth and for dependence on the Froude number. When the
pycnocline is at the same level as the barge draft, the interface modeling will be directly
affected by the wall functions. The interface being more dependent on the wall functions
might affect the numerical simulations. Hence we conduct mesh convergence both for
pycnocline depths at 0.1 m and 0.2 m.

Furthermore, for the Froude numbers close to the peaks in drag coefficients, the internal
wave seems to be more crucial. Hence we study mesh convergence for peak drag Froude
numbers. For each of the pycnocline depths, we choose two Froude numbers to study.
One Froude number will belong to the "peak range". The other Froude number will be
higher than the peak drag Froude numbers.

Figures 33 and 34 below show the results for pycnocline at 0.1 m:

Figure 33: Drag coefficients. Pycnocline
0.1m. Fr 0.86.
The coarse mesh does not seem to have a
converging drag coefficient. The medium
and fine mesh drag coefficients get close,
suggesting mesh convergence.

Figure 34: Drag coefficients. Pycnocline
0.1m. Fr 1.35.
The story is the same as in the figure to the
left: The medium and fine mesh gives drag
coefficients much closer than the coarse
mesh, suggesting, mesh convergence.
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For the lowest Froude number, Figure 33 to the left above shows that the fine and medium
mesh seem to converge towards the same solution, indicating, but not proving, mesh con-
vergence. Further mesh refinement would be necessary to check whether we actually have
a converging mesh. Figure 34 to the right above also displays a fairly equal drag coeffi-
cients for the medium and fine mesh, indicating mesh convergence.

We observe from Figure 34 that, towards the end of the simulation period, the drag
coefficients seem to drop for the medium and fine mesh. The drop in drag coefficients
does not contradict mesh convergence, it suggests that the solution might not be perfectly
steady. The coefficients seems more steady in the lower Froude number case, see Figure 33.

Figures 35 and 36 below show the drag coefficients for two Froude numbers for pycnocline
0.2 m:

Figure 35: Drag coefficients. Pycnocline
0.2 m. Fr 0.61.
The medium and fine mesh are giving drag
coefficients closer to each other than the
coarse mesh drag coefficient.

Figure 36: Drag coefficients. Pycnocline
0.2 m. Fr 0.95.
The story is the same as in Figure 35:
The fine and medium mesh gives drag co-
efficients that are close to each other, and
much closer compared to the coarse mesh,
indicating mesh convergence. The medium
and fine mesh seems to give more steady
results for pycnocline 0.2 m than for pycn-
ocline 0.1 m.

Figures 35 and 36 above show that the story for pycnocline 0.2 m is very much the same
as the story for pycnocline 0.1 m: the results are indicating mesh convergence. In contrast
to the pycnocline 0.1 m cases, all solutions look more steady in the pycnocline 0.2 m cases.

Summarizing this section, the results seem to indicate mesh convergence. Further mesh
refinement would be necessary to check whether we actually have a converging mesh. The
pycnocline 0.2 m scenarios seem to give the most steady solutions. As discussed in the be
beginning of this section, it was not unexpected that the pycnocline 0.1 m case was more
challenging with regards to convergence.
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4.7 yPlus
As discussed above, we have applied wall functions. Some of the wall functions are sensi-
tive to the dimensional distance from the wall to the cell located nearest the wall. Some
wall functions require the first cell next to the solid boundary to be located within the
viscous sublayer. Other wall functions require the first cell to be located in the log-layer.
For the turbulent viscosity, we have applied a "third" way of wall functions, wall functions
that apply Spalding’s formula, equation (47). With Spalding wall functions, it should not
matter whether the first cell is located in the viscous sublayer, the buffer layer or in the
beginning of the log layer. As we have seen, Spalding’s formula is valid in the viscous
sublayer, the buffer layer and in the beginning of the log layer. Compared to the case if
we applied some of the other wall functions available in openFoam, we expect our results
to be less sensitive to the location of the first cell. The other openFoam wall functions is
not based on Spalding’s formula.

On the other hand, as noted in subsubsection 2.4.7 "Wall-laws for k, ε and ω", turbulent
quantities, such as the turbulent kinetic energy and the turbulent frequency, also need
wall modeling. We saw in subsubsection 2.4.7 "Wall-laws for k, ε and ω" that the wall
modeling in openFoam of these quantities assumed that the buffer layer was split and
modeled either as part the viscous sublayer or the log-layer. We know that behavior of
the turbulent quantities in the buffer region does not fit the behavior in the viscous layer
or in the log-layer. Hence, our results can still be affected if the dimensionless distance to
the first cell i located in the buffer region. We note that the neglection of specific buffer
layer modeling does not apply for the turbulent frequency, see equation (92). Hence it
is only the turbulent kinetic energy that potentially is badly modeled if the first cell is
located in the buffer layer.

In order to get an idea of what the dimensionless distances from the wall to the first cell
are in our simulations, we start by plotting y+ in all the main scenarios in Figure 37
below:
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Figure 37: Average y+ first cell. Interface = Pycnocline.
y+ varies both across Froude numbers and pycnocline depths, and all values are located in
the buffer layer.

From Figure 37 we observe that the dimensionless distance from the barge to the cell
closest to the barge differs between the scenarios. For a given mesh, it is natural that
y+ to the first cell varies between the scenarios. From equation (38) we see that the
dimensionless distance changes with the friction velocity. The friction velocity changes
with the free stream velocity.

The dimensionless distances from the wall to the closest cells are all located in the buffer
layer, see Figure 37. For our mesh, we could not have used other standard openFoam wall
functions than Spalding for the turbulent viscosity. The other openFoam wall functions
do not apply for the buffer layer. However, as noted above, the locations of the first cells
in the buffer region is not good for the modeling of the turbulent kinetic energy.

From the mesh convergence analysis, we have that the results for the main mesh seem
fairly stable. There was little change in drag coefficients when refining the main mesh.
Hence differences in y+ between the different mesh sensitivity scenarios will reveal a range
of y+ values for which our wall functions are stable. Figure 38 below displays the y+-values
for the fine and medium mesh from two of the mesh sensitivity tests:
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Figure 38: Average y+. Pycnocline 0.1m.
y+ to the cells closest to the barge are always in the buffer layer, and the changes in y+

with mesh are small.

From Figure 38 above we see that the first cells are located in the buffer layer also in the
fine mesh case. Hence the results do not seem to be sensitive to the location of the first
cell, when the first cell is located in the buffer layer.

Figure 38 and Table 9 reveal that the computational effort needed to get down to the
y+-values needed for avoiding wall functions, will be considerable. A refinement of 1.7
deceased the y+ value for Fr 1.35 by approximately 2, going from 11 to 9. To get down
to y+ = 1, the number of cells would have to increase considerably. y+ = 1 is the often
recommended value for dimensionless distance between the wall and the first cells when
not applying wall functions.

4.8 Turbulence models
Knowing that no turbulence model is perfect, it would not be surprising if the values of
the drag coefficients changes with a change of turbulence model. However, it would be
interesting to see if for example the inverted U-shape of the curve formed by the Froude
number and drag coefficients is robust across turbulence models. As a robustness test of
our results, in this section we re-run some of the simulations with an alternative turbu-
lence model, the k − ω model.

The following figures19 39 and 40 show the drag coefficients for two different Froude
numbers for the k − ω SST model and the k − ω model:

19In order to save computational time, for the non-stratified cases with the k− ω model, we have used
the results from one velocity only. We have assumed that our previous results from the k−ω SST model,
where the drag coefficient does not vary much with the velocity for non-stratified flow, also hold for the
k − ω model, see Figure 11. In order to compare the two models, we followed the same approach, using
a single velocity for both Froude numbers, for the k − ω SST model as well.
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Figure 39: Drag coefficients. Pycnocline
0.1 m. N.-S. = Non-stratified.
The drag coefficients are higher in the k−ω
model compared to the k − ω SST model.

Figure 40: Added drag coefficient due to
the internal wave. Pycnocline 0.1 m.
The relation between the Froude number
and the added drag coefficient seems to be
the same for the models. The added drag
changes more in the k − ω model.

From Figure 39, we see that the drag coefficients generally are higher for the k−ω model
than for the k − ω SST model, both for stratified and non-stratified flow.

From Figure 40, we see that also the dead water drag seems to differ between the models.
Figure 40 indicates that the drop in added drag, after peak drag is reached, is sharper for
the k − ω model than for the k − ω SST model.

So far we have that changing turbulence model from k − ω SST to k − ω mainly seems
to change the quantitative results. The size of the drag coefficients was affected by the
change of turbulence model. The qualitative results, on the other hand, was no affected.
The rankings of the drag coefficients for the two different Froude numbers stayed the same
for the two turbulence models.

We shall be careful making conclusions based on the results shown in Figure 39 and 40.
From Figure 42 below, we see that the simulation by the k− ω model has not converged.
The red line in Figure 42, which displays the high Froude number case in Figure 40 above,
is still increasing at the end of the simulation period. Hence, we cannot rule out that the
results from the k − ω model can be different.

Furthermore, it is possible that our approximation, applying a single velocity for both
Froude numbers, affects the results. We know that, for the k − ω SST model, the drag
coefficients in the the non-stratified cases are not fully independent of the Froude number,
see Figure 12. We can not rule out the possibility of the drag coefficients for non-stratified
flows varying differently with the Froude number in the k − ω model compared to in the
k−ω SST model. If the drag coefficients are varying differently for the stratified scenarios
in the k − ω model and in the k − ω SST model, the calculations of dead water drag in
Figure 40 above would be wrong.

From our discussion of the k − ω and the k − ω SST models in subsubsection 2.3.2 "The
k−ω model", we expect the k−ω model to be more sensitive to the turbulent intensities



4. Results: Turbulence models 80

applied at the inlet. To test for sensitivity of turbulence intensity, we run both models
again for pycnocline 0.1 m and Fr 0.98 by doubling the turbulent intensity at the inlet
from 0.05 to 0.1. The results of the sensitivity tests for turbulence intensity levels follow
in Figures 41 and 42 below:

Figure 41: Drag coefficient Cd. Pycno-
cline 0.1 m. Fr 0.98.
Compared to the k − ω SST model, the
k − ω model seems to be slightly more
sensitive to the turbulence intensity at
the inlet.

Figure 42: Drag coefficient Cd. Pycno-
cline 0.1 m. Fr 0.98. Convergence.
The k−ω model does not produce steady
drag coefficients in the same amount of
time as the k − ω SST model.

Figure 41 suggests that the k− ω model is more sensitive to the turbulent intensity than
the k−ω SST model, as we expected. However, Figure 42 shows that the drag coefficients
has not reached a steady solution for the k−ω model, so we can not make a final conclusion
with regards to comparison between the models. Either the k − ω model does not give a
steady state in drag coefficients, or it needs longer time to reach steady state.
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5 Conclusions
For small Froude numbers, Fr ≈ 0 − 1.5, we find that the dead water resistance, in
a certain range of Froude numbers, follows an inverted U-shape when plotted against
the Froude number. The dependency of the dead water drag on the Froude number is
weaker for the smallest and highest simulated Froude numbers. The findings of an in-
verted U-shape between dead water drag and the Froude number, in a certain Froude
number range, corresponds with the findings of numerical studies, Esmaeilpour et al. [4],
theoretical studies, Grue [2] and experimental studies, Gou et al. [1].

Sensitivity analysis indicates that the shape of the curve forming the relation between
Froude number and drag is independent on the turbulence model applied. The relation
between the Froude number and dead water drag seems to stay the same for the k − ω
model as it was for the k−ω SST model. The k−ω model seems to give somewhat higher
drag. Furthermore, we find that the k−ω-model is more sensitive to boundary conditions
for the turbulence variables compared to the k − ω SST model. We find that the k − ω
model does not give steady drag coefficients at the same amount of time as the k−ω SST
model. The calculated coefficients from the k − ω model has not become steady in our
simulations. Hence our results for the k − ω model should be treated with care.

We are able to identify some of the main drivers behind the inverted U-shape between
Froude number and dead water drag. The main drivers are identified by calculating the
internal wave below the barge, the corresponding velocity profiles and decomposing the
drag into pressure drag and skin friction drag. We find that it is not the amplitude of
the internal wave itself that is most important for the drag coefficient. It is the internal
wave elevation close to the stern of the barge that is important for the dead water drag.
Higher internal waves below the stern increase the velocity of the fresh water, giving lower
pressure, increasing the pressure gradient, giving a higher pressure drag. Furthermore,
we find that high waves at the middle of the barge in the streamwise direction, can give
increased skin friction.

We find that the peak in Froude numbers is located in the area Fr 0.61− 0.70, highest for
the largest draft to pycnocline ratio. The Froude number range of the peak drag coeffi-
cient in our study corresponds better with the experimental study by Gou et al. [1] and
the theoreical study by Grue [2] than with the CFD study by Esmaeilpour et al. [4]. The
better correspondence with Gou et al. [1] than with Esmaeilpour et al. [4], suggests that
the answer to the question we asked in the introduction, is that the difference in peak
drag location between Gou et al. [1] and Esmaeilpour et al. [4] is due to the difference in
geometry.

The growth of the dead water drag with the draft to pycnocline ratio we find, for ratios
up to 1, corresponds well both the experimental findings of Gou et al. [1] and the CFD
findings of Esmaeilpour et al. [4]. We show that the dead water drag increases with
pycnocline to draft ratio likely because the distance between the wave surface and the
stern becomes lower with higher draft to pycnocline ratio. The lower distance between
the wave surface and the stern gives rise to higher velocities. The higher velocities below
the stern increases the pressure drag. Also we find that the skin friction increases with
the draft to pycnocline ratio. The shorter distance between the wave surface and the
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barge gives larger velocities below the wave surface and the barge. The velocity gradients
become sharper with the draft to pycnocline ratio. Sharper velocity gradients give more
skin friction.

As Esmaeilpour et al. [4], also we find that the contribution from viscous drag to total
drag is small compared to the pressure drag. Furthermore, as Esmaeilpur et al. [4], we
find that the relative contribution of skin friction to total drag is higher compared to the
suggestions by Grue [2]. In contrast to Esmaeilpour et al. [4], we find that, for draft
to pycnocline ratios less than one, skin friction contributes negatively to the dead water
drag. Furthermore, we find that the role of skin friction switches when the ratio of draft
to pycnocline becomes one. When the draft to pycnocline ratio is one, the skin friction
contributes positively to the dead water drag.

Compared to Gou et al. [1], Grue [2] and Esmaeilpour et al. [4], we get considerably lower
dead water drag. While Gou et al. [1] get drag coefficients that increase by more than 100
percent due to the internal wave, our largest drag increase due to the internal wave is 21
percent. Esmaeilpour et al. [4] finds seven-fold increases in drag due to the internal wave.
The difference in magnitude of the dead water drag between the current study and Gou
et al. [1] was not expected. The flow conditions and the geometry is rather similar in our
study and in Gou et al. [1]. Below we will discuss possible explanations, and remedies,
for our low dead water drag coefficients.

A possible source for the discrepancy in the magnitude of the dead water drag between
the current study and the other studies, is the artificial boundary conditions at the top
plane in the current study. A study including a second phase, air, above the fresh water,
would be an interesting extension to the current study.

Both turbulence models applied in this report, the k − ω and the k − ω SST model, are
models building on the linear eddy viscosity hypothesis. In certain scenarios, the linear
eddy viscosity hypothesis results in too low drag estimates. In order to check the depen-
dency of our results on the linear eddy viscosity model, it would be interesting applying
another modeling of the turbulent viscosity. The alternative model should take into ac-
count some of the issues with the linear eddy viscosity hypothesis. One type of models
that does not have many of the same issues as the linear eddy viscosity based models, are
the models called EARSM (Explicit Algebraic Reynolds Stress Model). EARSM starts
from the exact Reynolds stress equations.

In all our scenarios the first cells closest to the barge were located in the buffer region.
The buffer region is not well approximated by the wall function for the turbulent kinetic
energy. In order to study whether our results suffer from the wall modeling of the turbu-
lent kinetic energy, it would be interesting studying the effect moving the first cell out of
the buffer region. With the first cell outside the buffer region, the wall function for the
turbulent kinetic energy will be applied in a y+ range it was constructed for.

It would be interesting running our scenarios with so-called non-equilibrium wall func-
tions. We have significant pressure gradients in our flow, and the non-equilibrium wall
functions are supposed to work better for flows with pressure gradients.



5. Conclusions 83

Non-equilibrium wall functions have challanges with large pressure gradients. Hence a
better extension to the current study might be to use the same wall treatment as Es-
maeilpour et al. [4]. Esmaeilpour et al. [4] use a fine enough grid so that wall functions
are not necessary. This non-wall function approach would, of course, come at a signifi-
cantly higher computational cost.
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7 Appendix: Pycnocline 0.1 m
In Figures 43 and 44 below we have plotted the decomposition of the drag in the pycnocline
0.1 m scenario.

Figure 43: Skin friction share of total
drag coefficient. Pycnocline 0.1 m.
For the low and middle Froude number,
the skin friction share is, in contrast to
the other pycnocline scenarios, larger in
the stratified scenario than in the non-
stratified scenario.

Figure 44: Decomposition of added drag
coefficients into pressure drag and skin
friction. Pycnocline 0.1 m.
For the two lowest Froude numbers, the
viscous drag contributes positively to the
dead water drag. Still the pressure is the
main driver behind the dead water drag.

From Figure 43 we see that for pycnocline 0.1 m, in contrast to the other pycnoclines, the
skin friction drag is higher for some Froude numbers in the stratified fluid scenarios than
in corresponding non-stratified scenarios. Hence we have that, for high enough draft to
pycnocline ratio, viscous effects also contribute to dead water resistance. The increased
importance of skin friction with draft to pycnocline ratio, is in line with the findings of
Esmaeilpur et al. [4].

From Figure 44, we see that, also for a high draft to pycnocline ratio, it is the pressure
that is the main driver behind the dead water drag.
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