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Abstract

This graduate thesis has been devoted to the examination of spectral
methods. The object of the research is to analyse the accuracy and precision
of different numerical schemes developed on the basis of mathematical models
for the Poisson and biharmonic equations, as well as to evaluate their capacity
to produce reliable and consistent results in the context of solving a problem
of the motion of a single-phase fluid in the region under consideration. The
region under consideration has been defined by annular geometry as follows:

1. The two-dimensional case has been defined by the
geometry of an annulus with an inner radius of r0

and an outer radius of r1;

2. The three-dimensional case has been defined by
the geometry of inner and outer surfaces of two
cylindrical tubes inserted one into the other,
where the radius of the inner cylinder is given by
r0 and the radius of the outer cylinder is given by
r1.

Of all the spectral methods, only two basic methods have been consid-
ered in detail in the thesis: the Galerkin method and the collocation method.
As the basis function we have chosen the orthogonal Legendre and Cheby-
shev polynomials for a bounded non-periodic interval in the radial direction
and the Fourier series for periodic intervals in the angular and z coordinate
directions. The Galerkin and collocation methods have been used to approx-
imate the Poisson and biharmonic equations. The relevant algorithms have
been worked out to create numerical schemes in the Python programming
language and to implement them in computer software.

The research on the Poisson and biharmonic equations has helped to
elaborate a new technique for discretising the Navier-Stokes equations in a
three-dimensional space. Here it is worth noting that this is a new and to
some extent unique material, because for problems such as the motion of a
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single-phase fluid in annular geometry there have not been any algorithms
designed on the basis of spectral methods until now.

The analysis of the numerical results has illustrated that both methods
show good spectral convergence. However, a detailed investigation has also
been carried out to clarify the extent to which both methods produce consis-
tent results in the presence of noise caused by different errors. The correla-
tion between the condition number of matrices and the number of quadrature
points has also been studied in detail in this way. Further analysis of this par-
ticular issue has shown that when using the collocation method, the matrix
of the biharmonic equation is affected by round-off-error-dependent distor-
tions. The research has demonstrated that the Galerkin methods for both
the Poisson and biharmonic equations in annular geometry are reliable and
consistent.

Therefore, it would seem reasonable to conclude that the Galerkin meth-
ods hold significant potential for investigating more complex problems.
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Chapter 1

Introduction

1.1 Motivation

Recent years have seen the biggest scientific progress in the further de-
velopment of new branches of science which led to enormous changes in high
tech fields. Indeed, the world has been transformed completely in a matter of
two decades due to a quick change in a generation of new computers, mobile
phones, modern electronic devices, and data communications infrastructure.
Many enduring changes in life have been inspired by the performance of
technological innovations.

It is certain, however, that all these technologies are becoming widely
available and popular due to a direct relation between computational algo-
rithms and exact mathematical formulas upon which the former ones are
built up. In other words, quite often the integrity of the computational al-
gorithms and mathematical formulas has been the driving force behind the
foundation of the modern technologies.

But now, let us have a look at the matter from the other side. First of all,
all the computational models inexorably obey the laws of physics. There are
a wide range of different mathematical formulas adopted by heavy industry
such as the oil and gas industries, and the aviation industry, just to name a
few. The most of these formulas are defined by the laws of fluid mechanics.

As regards the space industry, a great many problems and difficulties as
well as extreme requirements and technical limitations are no doubt imposed
by the fundamental equations of electromagnetism. It follows that the im-
portant issue of accurate computation united interests of all the industries.
Yet, whereas the manual calculations are feasible, they leave something to be
desired in terms of the complexity of dealing with a great deal of data and
computing. While on the one hand, it requires a fairly long time and great
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1.1. MOTIVATION

effort, on the other hand, the efficiency and accuracy of the calculations are
likely to be undermined by the so-called human factor.

To some extent the human factor is somewhat of a component of the most
common mistakes made by human beings in a variety of situations. Perhaps
sometimes the human errors are intermingled with the complex patchwork
of irrationality and other problems, which may have arisen from a range of
behavioural and psychological aspects.

Hence if such mistakes keep on happening, then it is quite logical to
assume that the development of computational algorithms would make it
easier to have a task accomplished. It is because of the impact of innovative
technologies that the old devices have given way to plenty of new ones such
as next-generation workstations, powerful computers, and multiprocessing
file and database servers, thus enabling users effectively to conduct a wide
range of numerical computations.

The advantage of the numerical methods is immense. In practice, they
are capable of delivering more accurate results in a matter of a mere few
minutes. Moreover, the processing speed may bring benefits by reducing
costs of energy consumption.

However, it all depends largely on what the challenge is. For example,
there is also that powerful instrument such as an experimental method. This
implies that a problem is to be modelled in the laboratory or in the field to
match the demands of possible real-life scenarios. That is to say, the problem
should be carried over into real-life situations involving real-life models to line
up with reality. Yet the high cost of this method is a key factor in holding
back its application.

From this perspective, the practical application of numerical methods has
gained momentum over the last few decades. Perhaps this can be explained
by the fact that these methods use a numerical approach which provides
the foundation for the numerical solving of each problem with comparable
accuracy to an analytical solution. Besides, the algorithms can be run on a
small computer. Indeed, the rise in the home computer industry has given
rise to the widespread use of affordable computers which are quite capable
of performing most of these tasks, although it looked so fantastic enough a
few decades ago that the possibility seemed absolutely incredible.

There a great many schemes are available for numerical methods, so that
to discretise equations and to approximate functions. Each scheme carries
advantages and disadvantages.

So for example, the well-known finite difference method is a simple method
for running discretisation if only because the method is predicated on the
principle of replacing derivatives by difference schemes. However, this method
has some disadvantages. For example, it is incapable of offering a proper ap-
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CHAPTER 1. INTRODUCTION

proximation to complex geometries. There is also that practical problem such
as choosing the correct difference scheme out of many choices in explicit or
implicit ways. In other words, it can be difficult to estimate which one of
these schemes is capable of ensuring convergence on an analytical solution.

The following well-known methods among others have received broad
application in scientific research. These are the finite element method, the
finite volume method, and the spectral methods. The main emphasis in this
work has been placed particularly on the spectral methods. These methods
have the potential to converge on an analytical solution with high accuracy
which is important for numerical methods and a matter of much interest.
This distinction can be explained by the fact that, for example, the finite
difference and finite element methods are local, but the spectral methods are
global. The spectral methods use smooth functions capable of approximating
throughout the whole discretisation interval. The result is that the required
accuracy can be achieved with fewer points on the computational mesh.

This thesis will present a series of mathematical algorithms developed on
the basis of spectral methods for discretising equations describing the mo-
tion of a single-phase fluid in two- and three-dimensional spaces defined by
annular geometry. This matter is of particular interest in the field of oil and
gas production. For example, annular geometry is typical of oil and gas wells
(Fig. 1.1). Oil and gas wells are produced by drilling boreholes in struc-
tures of geological formations. During the process of drilling, all impurities
and cuttings are pushed out of the borehole to the surface by pressure from
drilling fluid. The space between the drill string and wellbore wall has the
geometry of an annulus. The wellbore wall itself is strengthened by placing
sections of steel casing sets into the different zones of the borehole. By this
means it becomes possible to isolate the wellbore zones from exposure to oil,
gas, gas-condensate, and water or mixtures of these fluids lying under differ-
ent sections of geological formations under different pressures. Therefore, a
completed oil and gas well is a hierarchy of vertical steel casings sized to suit
inside diameters and lengths of different borehole zones in which they are
placed, with the gap between the wellbore wall and outer surface of casing
sections filled with cement. In other words, the metal framework of this cas-
ing string ensures the great strength and pressure integrity of the whole well
structure. There are various types of strings that are designed to operate in
the well. For example, there is a production string designed to produce oil
and gas to the surface as well as to inject water or gas mixtures into geologi-
cal formations to maintain pressure. The space between the production and
casing strings also has the geometry of an annulus.

There are a whole list of complex technical issues and specific preventive
measures that have to be taken into consideration when operating oil and
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Figure 1.1: An annulus schematic representation of a gas producing well [22].
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gas wells. Among other things, there are also those major issues as the
motion of fluids between the walls of two coaxial cylinders inserted one into
the other as well as the calculation of a pressure drop in the system and
a change in parameters of problems under consideration. Until now, there
is no reliable data-processing software program capable of handling three-
dimensional space computation of the motion of a multiphase fluid in a gap
formed between inner and outer surfaces of two cylindrical tubes inserted
one into the other [11]. This theme is certainly very multifaceted and quite
complex. However, it is impossible to solve a more complicated problem
without solving a simpler one. In other words, success in solving a problem
of single-phase flow can become an essential prerequisite for success in solving
a problem of multiphase flow. Therefore, this graduate thesis will be devoted
to the examination of the motion of a single-phase fluid in a two-dimensional
space formed by the geometry of an annulus and in a three-dimensional
space defined by the geometry of inner and outer surfaces of two cylindrical
tubes inserted one into the other. A series of techniques based on spectral
methods will be employed for creating numerical models capable of solving
these problems.

1.2 Outline

This graduate thesis is structured around the following main chapters:

The second chapter sets out a brief overview of the spectral methods and
definitions of the most important mathematical concepts. This part
provides the theoretical basis of the thesis and covers essential material
in spectral methods to be used here for creating numerical schemes
capable of discretising practical problems.

The third chapter presents mathematical models of the given problems
and various techniques for discretising equations by means of different
numerical schemes. The main emphasis is laid on two basic equations
chosen as the object for mathematical modeling: the Poisson equation
and the biharmonic equation. As the research on these equations has
given further impetus to the development of a new technique for dis-
cretising the Navier-Stokes equations in a three-dimensional space, this
matter is also presented in this chapter. The chapter also describes the
process of implementing different numerical schemes written in Python
in computer software.

The fourth chapter is devoted to the examination of the accuracy and
precision of the numerical schemes and focused on the methods of their
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verification. This part also draws attention to the matter of stability
of numerical schemes.

The fifth chapter presents the conclusions established on the basis of this
research. This part also outlines further plans and potential that the
spectral methods possess to solve practical problems.
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Chapter 2

Background

This chapter gives a general idea of what the spectral methods are about
and provides the theoretical background for the practical application of spec-
tral techniques to later developments in the thesis.

To get a better understanding of essential concepts and theoretical terms
set forth in this thesis, please refer to the relevant research articles, academic
journals and books as primary sources. The theoretical review and logical
conclusions as well as all formulas and mathematical expressions used in this
graduate thesis rest on the following three primary sources: [19], [6], [17].

Let us assume there is some model described in a general form:

Lu(x) = f(x), x ∈ (−1, 1),

B±u(±1) = ±g,
(2.0.1)

where L is a linear differential operator, which have an affect on the function
u(x) and B± is a linear operator, which satisfies boundary conditions of the
Dirichlet, Neumann, or Robin type.

2.1 The weighted residual methods

The spectral methods, as well as other well-known numerical methods
such as the finite difference method, the finite element method, the finite
volume method, and others of the same kind, refer to a common family of
the weighted residual methods. The weighted residual methods are used for
finding numerical solutions of differential equations.

Let V be a function space spanned by a set of basis functions of φ0, ...φN :

V = span{φ0, ...φN}. (2.1.1)

7



2.1. THE WEIGHTED RESIDUAL METHODS

Then, the essence of the method can be formulated as follows: let us
suppose that it is possible to have a solution u discretised as a finite sum of
the basis functions of φ in such a way that a numerical solution comes as
equal as u:

u(x) ≈ uN(x) =
N∑
k=0

ûkφk, (2.1.2)

where it is required to find the coefficients of ûk to each basis function φk.
Now then, a residual value RN(x) is defined by means of a number of

numerical approximations:

RN(x) = LuN(x)− f(x) 6= 0. (2.1.3)

Then, the calculation based on the weighted residual methods is applica-
ble provided that a residual value tends to zero for a range of test functions
ψj:

(RN(x), ψj) =

∫
Ω

RN(x)ψj(x)ω(x)dx = 0, 0 ≤ j ≤ N, (2.1.4)

where ψj(x) is a test function and ω(x) is a weight function.
In another way, equation (2.1.4) can be represented as a discretised ver-

sion:

〈RN(x), ψj〉 =
N∑
k=0

RN(xk)ψj(xk)ωk = 0, 0 ≤ j ≤ N, (2.1.5)

where {xk}Nk=0 are known collocation points and {ωk}Nk=0 are the weights of
the numerical quadrature formula. More detailed information on Gauss-type
quadratures will be given later in this chapter.

The name of the method depends on the choice between test functions
and basis functions. As regards the spectral methods, they are performed
by the group of smooth functions over the whole period of discretisation. In
other words, they are global. The two most frequently used smooth func-
tions, among others, are the trigonometric functions and polynomials. The
orthogonal polynomials are more typical. They are the eigenfunctions of the
Sturm-Liouville problem.

The essence of the Sturm-Liouville problem is to find non-trivial solutions,
differing from those which are identical to null, to satisfy the boundary con-
ditions on the interval (a, b) of the Sturm-Liouville equation:

d

dx

[
p(x)

dy(x)

dx

]
+ q(x)y(x) = −λw(x)y(x), (2.1.6)
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CHAPTER 2. BACKGROUND

where the function y(x), which depends on the variable x, is the solution of
the Sturm-Liouville equation, the functions p(x), q(x) and w(x) are known
positive functions, where the function w(x) is called the weight function.

The required non-trivial solutions are called the eigenfunctions yn(x) of
the problem and the corresponding values of the parameter λn are called the
eigenvalues. Their distinctive feature is that the eigenfunctions yn(x) form
an orthogonal system with weight ω(x) on [a, b]:∫ b

a

yn(x)ym(x)w(x) dx = δmn, (2.1.7)

where δmn is the Kronecker delta:

δmn =

{
0, n 6= m,

1, n = m.
(2.1.8)

There are three spectral methods applied in this work. They can be
briefly described as follows:

1. The Fourier spectral method for periodic problems: this is a method
in which the basis function is expressed by a trigonometric function or
by their linear combinations:

ϕk(x) = eikx = cos(kx) + i sin(kx), k ∈ Z; (2.1.9)

2. The Legendre spectral method: this is a method in which the basis
function is expressed by a Legendre polynomial or by a linear combi-
nation of Legendre polynomials:

ϕk(x) = Lk(x); (2.1.10)

3. The Chebyshev spectral method: this is a method in which the basis
function is expressed by a Chebyshev polynomial or by a linear combi-
nation of Chebyshev polynomials:

ϕk(x) = Tk(x). (2.1.11)

The fact of the matter is that there are several options for producing a
numerical mathematical model. In this aspect, the choice of the test function
makes it possible to place emphasis on the two main methods to be later used
to have a problem discretised. The two of these are as follows:
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2.2. THE FOURIER SPECTRAL METHOD

1. The collocation spectral method: this is a method in which the test
function is given by Lagrange polynomials in such a way that at the
collocation points ψj(xi) = δij;

2. The Galerkin spectral method: this is a method in which the test and
basis functions are selected as being identical: φk = ψk.

The collocation method is a projection method used for solving differ-
ential or integral equations. The basic principle of this method is that an
approximate numerical solution of an equation can be found if a residual
(2.1.3) at some given points equals zero. These points are also called col-
location points. The Galerkin method is an alternative to the collocation
method. This method should satisfy an integral relation (2.1.4) for a range
of test and trial functions. In other words, a numerical solution is sought
from the weak form.

2.2 The Fourier spectral method

The standard practice raises a whole range of especially complex and
highly problematic issues related to periodic conditions. For instance, the
problem of the physical periodicity is that the function is repeated at intervals
or it has periodic boundary conditions. There is also that problem such as
the geometric periodicity. In this case it can be solved by an appeal to
the domain with periodic topology. From this perspective, it seems to be
proper and reasonable to apply a periodic coordinate space, namely polar,
cylindrical or spherical coordinates, to such geometry.

It should be noted that quite often spectral methods use mixed func-
tions for solving problems. The distinctive feature of these functions is that
whereas in one direction mixed functions are non-periodic, they are periodic
in the other. For example, the Chebyshev and Legendre polynomials are used
for non-periodic directions. In this sense, the ease of use for discretisation
in various coordinate spaces gives an unequivocal preference to the applica-
tion of what is known as mixed functions. This method, for example, was
presented in detail in the article by Professor Mortensen [10]. Later it was
implemented in computer software by means of the Python programming
language [9].

Therefore, should there be the problem of periodicity, the discretisation
of the solution of a partial differential equation could be fulfilled by means of
representing the solution as a finite sum of orthogonal Fourier basis functions.
They can be defined by a complex exponential function eikx:

ϕk(x) = eikx = cos(kx) + i sin(kx), k ∈ Z. (2.2.1)
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CHAPTER 2. BACKGROUND

The following definition of orthogonality of a system in the complex
Hilbert space L2 is assumed to be fair for complex basis functions: a set
of complex basis functions of {ϕk(x)}Nk=0 is orthogonal on an arbitrary inter-
val [a, b] if the scalar product equals the expression:

(ϕn(x), ϕm(x))ω =

∫ b

a

ϕn(x)ϕ∗m(x)ω(x)dx = Cnδmn, (2.2.2)

where δmn is the Kronecker delta, ω(x) is a weight function and ϕ∗m(x) is the
complex-conjugate of the function ϕm(x).

The Fourier basis functions exhibit characteristics of periodicity at in-
tervals of 2π. Thus for complex Fourier basis functions with a unit weight
function ω on the interval [0, 2π] the scalar product in the complex Hilbert
space L2(0, 2π) can be defined by the formula:

(einx, eimx)ω =

∫ 2π

0

einxe−imxω(x)dx =

{
2π, n = m,

0, n 6= m.
(2.2.3)

The basic concept of the Fourier spectral method is that a function u ∈
L2[0, 2π], which is a solution of the differential equation, can be approximated
by expanding the given function into orthogonal Fourier basis functions. It
can be done either by truncating the infinite series or by approximating the
function by interpolation:

u(x) ≈
N
2∑

k=−N
2

+1

ûke
ikx =

N
2∑

k=−N
2

1

ck
ûke

ikx, (2.2.4)

where

ck =

{
1, −N

2
< k < N

2
,

2, k = −N
2

or k = N
2
,

(2.2.5)

and k is a frequency index and N is even. The first sum denotes a series
truncation, while the second one denotes a Fourier interpolation.

A powerful tool such as the Fourier series expansion of a function pro-
vides ample scope for devising a feasible solution to a whole range of scientific
pursuits, which is largely due to one factor: the apparent and simple differ-
entiation and integration in frequency space.

Therefore, the discrete Fourier transform is applicable to unbounded pe-
riodic meshes with periodic boundary conditions.
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2.3. THE CHEBYSHEV AND LEGENDRE SPECTRAL METHODS

2.3 The Chebyshev and Legendre spectral

methods

However, not all problems can be considered as being the periodic ones.
For example, in cases where the boundary conditions are non-zero or they do
not come as equal as constant, in some problems a smooth function becomes
broken at the boundaries after its being duplicated with a certain period
(Fig. 2.1).

(a)

(b)

Figure 2.1: A smooth function (a) transforms into a non-smooth function
(b) after its being duplicated with a certain period.

If there are non-periodic problems, the Fourier transform results in what
is known as the Gibbs phenomenon. Since a non-smooth function reveals
discontinuities over the entire global interval, the spectral convergence wors-
ens. An interpolation error of the function is of the order of O(1), and a
computation error of the first derivative is of the order of O(N).

As regards polynomials, they can be employed as an alternative to this
method. For this instance, it can be assumed that if some N -time differ-
entiable smooth function ensures convergence, then the convergence should
become faster provided that the number of points of N increases.

However this is not always the case. Karl Runge, a German mathemati-
cian and physicist, was the first to reveal a phenomenon. Later it was named
in his honour. The nature of the phenomenon is emphasised by the factor
of undesirable oscillations which arise as a result of interpolation of poly-
nomials of high degrees. A rise in the degree of polynomials makes such an
effect become dependent on a variety of factors such as a sequence of selected
interpolation points and a chosen interpolation function.

If polynomials are used for the spectral methods, it is essential to have an
orthogonal basis obtained for quadratically integrable functions. The latter
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are functions whose integral of the square of the absolute value of the function
has a limit: ∫ ∞

−∞
|f(x)|2 dx <∞. (2.3.1)

The basis of orthogonal polynomials is comprised of a real polynomial
sequence of p0(x), p1(x), p2(x), where each polynomial pn(x) has degree n,
while any two different polynomials of this sequence are orthogonal to each
other in terms of some scalar product defined in the space L2:

〈pm, pn〉 = δmnhn, (2.3.2)

where δmn is the Kronecker symbol and hn is the normalization factor.
Such orthogonal polynomials are eigenfunctions of the Sturm-Liouville

problem.
The emphasis in this work has been put on the most commonly used

orthogonal polynomials such as the Chebyshev polynomials and the Legendre
polynomials.

2.3.1 The Chebyshev polynomials

The widespread application of the Chebyshev polynomials is related to
their own approximation properties. Perhaps the most important point to
consider is that the Chebyshev polynomials can be found by using the Fast
Fourier Transform (FFT) algorithm.

The efficacy of the Fast Fourier Transform (FFT) algorithm makes it
an important alternative to traditional modern techniques to compute the
Discrete Fourier Transform (DFT), by virtue of the fact that the number of
iterations of O(N2) for DFT can be reduced to the number of iterations of
O(N log(N)) for FFT. In other words, it gives consistent results and takes
less time making it superior to standard methods.

There is a variety of equivalent ways in which the Chebyshev polynomials
can be found. Their trigonometric representation is regarded as being clear
and most informative.

So let us consider the following mathematical definition. Supposing that
the reference interval is [−1, 1], a Chebyshev polynomial is then to have the
following notation:

Tn(x) = cos(n arccos(x)), n = 0, 1...N. (2.3.3)

A Chebyshev polynomial can also be expressed by the recurrence relation:

Tn+1(x) = 2xTn(x)− Tn−1(x), (2.3.4)
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where the first two elements of the sequence are represented by two formulas:

T0(x) = 1,

T1(x) = x.
(2.3.5)

The Chebyshev polynomials are an important part of the orthogonal poly-
nomials. Thus, the inner product of two Chebyshev polynomials becomes:

∫ 1

−1

Tn(x)Tm(x)ω(x)dx =


0, n 6= m,

π, n = m = 0,
π
2
, n = m 6= 0,

(2.3.6)

where the weight function ω is: ω(x) = (1− x2)−
1
2 .

It is much easier to use Chebyshev nodes while interpolating functions
by polynomials. This avoids a major problem of what is known as Runge’s
phenomenon.

The Chebyshev nodes are the roots of a Chebyshev polynomial defined
by the equation in the interval [−1, 1]:

xj = cos

(
(2j − 1)π

2N

)
, j = 0, . . . , N. (2.3.7)

Their geometric representation can be defined as projections of uniformly
distributed points on a unit circle on its axis of symmetry (Fig.2.2).

Figure 2.2: Chebyshev points

The nodes in an arbitrary interval [a, b] can also be found by performing
an affine transformation of segments:

xj =
(a+ b)

2
+

(b− a)

2
cos

(
(2j − 1)π

2N

)
, j = 0, . . . , N. (2.3.8)
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2.3.2 The Legendre polynomials

As stated earlier, the Legendre polynomials are a special case of the eigen-
functions of the Sturm-Liouville problem in which the functions p(x), q(x),
and ω(x) take the values:

p(x) = 1− x2,

q(x) = 0,

ω(x) = 1.

(2.3.9)

One unique peculiarity of the case is that it has a unit weight function.
If so, the equation is called the Legendre differential equation, named in
honour of Adrien-Marie Legendre, a French mathematician. The notation of
the equation is:

d

dx

((
1− x2

) d

dx
Ln(x)

)
+ λLn(x) = 0, (2.3.10)

where Ln(x) is the Legendre function. It is in fact a solution of the differential

equation above on the interval [−1, 1].

The Legendre differential equation is often used in physics equations. It
should be noted that the Legendre polynomials are closely related to the
fundamental solution of the Laplace equation in spherical coordinates.

The solutions of the Legendre differential equation for different values of
n = 0, 1, . . . form a polynomial sequence, namely a sequence of polynomials of
different degrees. Each polynomial degree is linked to a particular polynomial
index. An essential condition of this is that the value of the index should be
a positive number that is higher or equal than the number 0. In other words,
it should be set equal to the value of n = 0, 1, . . .. Such polynomial sequence
of orthogonal polynomials comprised of all the solutions of equation (2.3.10)
is known as the Legendre polynomials.

It should be noted that non-trivial solutions of the Legendre equation can
only take place if the eigenvalues of the equation are equal to the value of:

λ = n(n+ 1). (2.3.11)

It follows that the Legendre polynomials of different degrees are orthog-
onal to each other:∫ 1

−1

Lm(x)Ln(x)dx =

{
2

2n+1
, m = n,

0, m 6= n.
(2.3.12)
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The conception of the Legendre polynomials, as well as the Chebyshev
polynomials, is formulated by different notations. Let us introduce the fol-
lowing identical equation:

(n+ 1)Ln+1(x) = (2n+ 1)xLn(x)− nLn−1(x). (2.3.13)

The identical equation is a recurrence equation bringing together a rel-
evant combination of three consecutive polynomials. If so, any Legendre
polynomial of degree n can be found provided that the first two terms of the
equation have the values:

L0(x) = 1,

L1(x) = x.
(2.3.14)

2.4 The collocation spectral method

The purpose of the present part of this chapter is to introduce essen-
tial concepts, terms, and definitions used in the major data interpolation
techniques.

Let us assume that there is a set of points of {xi}Ni=0 of a finite size N ,
distributed in the control interval [−1, 1]. This set of points is called an
interpolation mesh.

Supposing that the values of a function f are only known at the points
of the interpolation mesh:

f(xi), i = 0, . . . , N, (2.4.1)

then the interpolation problem can be defined in the following way: find a
function u, which at the interpolation nodes of xi equals the values of the
function f at the points of the interpolation mesh:

u(xi) = f(xi), i = 0, . . . , N. (2.4.2)

An approximation formula appears as follows:

uN(x) =
N∑
j=0

ûjφj(x) = f(xi). (2.4.3)

By this means, interpolation is a useful scientific technique of approxi-
mation in which the continuous function u fits into the function f , with the
function f passing exactly through the available data points.

However, it is called the collocation method when the same approach to
the pattern of approximation of differential equations is adopted.
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Let us consider the general form of a differential equation given by equa-
tion (2.0.1). Now let us introduce the concept of Lagrange basis polynomials
the general form of which has the following formula:

`j(x) :=
∏

0≤k≤N
i 6=j

x− xk
xj − xk

. (2.4.4)

It follows that if there is a set of collocation points of xi, i ∈ 0, 1, . . . , N ,
then at the collocation points Lagrange basis polynomials take the values:

`j 6=i(xi) =
∏
k 6=j

xi − xk
xj − xk

=
(xi − x0)

(xj − x0)
· · · (xi − xi)

(xj − xi)
· · · (xi − xN)

(xj − xN)
= 0, (2.4.5)

`j=i(xi) :=
∏
k 6=i

xi − xk
xi − xk

= 1. (2.4.6)

Then the concept of the collocation spectral method can be defined
in the following way: let us make a test function equal to Lagrange ba-
sis polynomials of ψj = `j in such a way that at the collocation points
ψj(xi) = `j(xi) = δij, where at the given points the differential equation
Lu(x) should be set equal to the values of the function f(x) at these points.
Then at the collocation points, in the context of the definition (2.1.3), the
residual equals zero:

RN(xi) = LuN(xi)− f(xi) = 0. (2.4.7)

2.4.1 The Chebyshev differentiation matrices

The collocation spectral method is used to conduct numerical investi-
gation in physical space. If so, the solution is given by a finite sum at the
collocation points of {xj}Nj=0 the value of which can be defined by the formula:

uN(x) =
N∑
j=0

uN(xj)`j(x), (2.4.8)

where {`j} is nodal basis functions which are the Lagrange polynomials.
To find the mth derivative at a set of nodes, we shall differentiate a

numerical solution m times:

u
(m)
N (xk) =

N∑
j=0

`
(m)
j (xk)uN(xj) =

N∑
j=0

d
(m)
kj uN(xj), k = 0, ..., N, (2.4.9)
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where we shall call the coefficients of the differentiation matrix corresponding
to the collocation points of {xj}Nj=0:

d
(m)
kj = `

(m)
j (xk). (2.4.10)

Then let us introduce the definition of the matrix D as one which is the
differentiation matrix of order m:

D(m) = (d
(m)
kj )k,j=0,··· ,N . (2.4.11)

To find the elements of the matrix, one must know the values of the
derivatives of the Lagrange polynomials. In this regard we derive the values
of the elements of the first-order differentiation matrix. Then we represent a
Lagrange polynomial as:

pj(x) =
1

aj

N∏
k=0,k 6=j

(x− xk),

aj =
N∏

k=0,k 6=j

(xj − xk).

(2.4.12)

Here we compute the natural logarithm of the function pj(x), bearing in
mind that the logarithm of the product equals the sum of the logarithms:

ln a · b = ln a+ ln b. (2.4.13)

Then the equation becomes:

ln pj(x) = ln
1

aj
+ ln

( N∏
k=0,k 6=j

(x− xk)
)

= ln
1

aj
+ ln

(
(x− x0)(x− x1) · · · (x− xk)

)
= ln

1

aj
+ ln (x− x0) + ln (x− x1) + · · ·+ ln (x− xk).

(2.4.14)

We shall differentiate this equation so as to find the derivative of a La-
grange polynomial:

p′j(x)

pj(x)
= ln

1

(x− x0)
+ ln

1

(x− x1)
+ · · ·+ ln

1

(x− xk)

=
N∑

k=0,k 6=j

1

(x− xk)
.

(2.4.15)
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Finally, we obtain the derivative of the function pj(x) in the form:

p′j(x) = pj(x)
N∑

k=0,k 6=j

1

(x− xk)
. (2.4.16)

As a result, this makes it possible to derive formulas for the elements of
the first-order differentiation matrix:

Dij =
1

aj

N∏
k=0,k 6=i,j

(xi − xk) =
ai

aj(xi − xj)
, (i 6= j), (2.4.17)

and the values of the elements which lie on the main diagonal of the matrix:

Djj =
N∑

k=0,k 6=j

1

(xj − xk)
. (2.4.18)

These are general formulas which are appropriate for each set of colloca-
tion points of {xj}Nj=0. Consequently, we can now derive the values of the
elements of the differentiation matrix for the Chebyshev polynomials, that is
to say, at the collocation points of {xj}Nj=0 which are the roots of a Chebyshev
polynomial of degree N . Therefore, the Chebyshev spectral differentiation
matrix of size (N + 1) × (N + 1) the elements of which are numbered from
0 to N can be defined by the formulas:

(DN)00 =
2N2 + 1

6
;

(DN)NN = −2N2 + 1

6
;

(DN)jj =
−xj

2(1− x2
j)
, j = 1, ..., N − 1;

(DN)ij =
ci
cj

(−1)i+j

(xi − xj)
, i 6= j, i, j = 1, ..., N − 1,

(2.4.19)

where

ci =

{
2, if i = 0 or N,

1, otherwise .
(2.4.20)

2.4.2 Gauss-type quadratures

The previous part has depicted some of the problems of differential equa-
tions. This part will describe a method used for calculating a definite integral
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of the general form:

I =

∫ b

a

f(x)dx. (2.4.21)

The conception of numerical integration is to approximate the function
f(x) by means of the use of the function g(x) the integral of which can be
analytically determined. Suppose that the following estimate of the value of
the integral takes the form:

I =

∫ 1

−1

f(x)dx =

∫ 1

−1

ω(x)g(x)dx ≈ IN =
N∑
i=1

wig(xi), (2.4.22)

where the mesh in the integration interval [−1, 1] is divided into N intervals,
g(xi) denotes a value of a sub integral function for any i = 1, . . . , N at the
nodes of xi, ω(x) is a weight function for the chosen polynomial and wi is
the weight of each node xi.

The Gauss method is a method of numerical integration of high order.
This is due to the fact that in the method of high-precision quadratures the
function which is supposed to be defined on a desired interval is approximated
by a polynomial. Accordingly, the distribution of the values of the nodes over
the interval of integration is uneven. The values of the nodes of xi obtained
for N intervals with the application of Gaussian elimination are determined
by the roots of the chosen polynomial of degree N .

For example, Gauss-Legendre quadrature uses the Legendre polynomials.
The ith root of a Legendre polynomial is a value of a node xi, where the
weight of each node is defined by the formula:

wi =
2

(1− x2
i ) [P ′n(xi)]2

. (2.4.23)

Similarly, one can obtain formulas for Chebyshev-Gauss quadrature. There-
fore, the Chebyshev polynomials are applicable in this case too. The weight
function for the Chebyshev polynomials of the first kind is (1− x2)−1/2. The
ith root of a Chebyshev polynomial is a value of a node xi:

xi = cos

(
2i− 1

2N
π

)
, (2.4.24)

where the weight of each node is defined by the formula:

wi =
π

N
. (2.4.25)

20



CHAPTER 2. BACKGROUND

Let us consider a more general interval [a, b]. To calculate an integral over
an arbitrary interval, one must introduce an affine coordinate transformation:

ξ =
(a+ b)

2
+

(b− a)

2
x. (2.4.26)

If so, it makes it possible to define the integral over an arbitrary interval
[a, b] by the example of the integral of a function defined over the interval
[−1, 1] that was previously considered:∫ b

a

f(ξ) dξ =
b− a

2

∫ 1

−1

f

(
b− a

2
x+

a+ b

2

)
dx. (2.4.27)

Then the general form of Gaussian quadrature on an arbitrary interval
takes the form:∫ b

a

f(ξ) dξ ≈ b− a
2

n∑
i=1

wig

(
b− a

2
xi +

a+ b

2

)
. (2.4.28)

2.4.3 The Vandermonde matrix

The Vandermonde matrix VNN is a square matrix of N ×N , V ∈ RN×N .
Each element of the matrix is represented by a geometric progression in each
row. The matrix has the following notation [21]:

VNN =


1 x1 x2

1 . . . xN−1
1

1 x2 x2
2 . . . xN−1

2

1 x3 x2
3 . . . xN−1

3
...

...
...

. . .
...

1 xN x2
N . . . xN−1

N

 (2.4.29)

The Vandermonde matrix has proved to be a popular choice in various
branches of mathematics. Perhaps indeed, the most important thing among
those functions which are widely used for building up a numerical model in
a further problem is to use the Vandermonde matrix to find the solution to
interpolation problems for polynomials.

In other words, the purpose of this computation is to solve a problem of
finding a polynomial of degree N − 1, the graph of which passes through N
given points of the surface with abscissas of x1, . . . , xN :

p(x) =
N−1∑
i=0

aix
i. (2.4.30)
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Thus, the Vandermonde determinant performs a function of a determi-
nant of a system of linear equations, from which unknown coefficients of the
required polynomial can be found. In this work we will use Vandermonde
matrices to compute inner product matrices arising for the Galerkin method.

2.5 The Galerkin spectral method

The Galerkin spectral method is widely used to perform numerical com-
putations. This method makes it possible to convert a continuous differential
problem of the type shown in equation (2.0.1) into a discrete problem. The
major difference between the collocation method and the Galerkin method is
that the latter method uses the weak form for a range of test and trial func-
tions. Unlike the Galerkin method, the collocation method approximates the
derivatives at the collocation points in physical space.

The Galerkin method belongs to the group of numerical methods such
as weighted residual methods. For example, let us consider a differential
equation of the general form (2.0.1). It is at this point that we need to
introduce the concept of a vector space for a given problem: the vector space
XN is a finite-dimensional space for approximation the value of which can
be defined by the formula:

XN = {φ ∈ PN : B±φ(±1) = 0}, (2.5.1)

where {φk}Nk=0 is a set of basis functions belonging to the vector space XN

and PN is a polynomial or a linear combination of polynomials.
Let us represent a numerical solution as a finite sum in the vector space

XN :

uN(x) =
N∑
k=0

ûkφk(x) ∈ XN . (2.5.2)

And then we need to use equation (2.1.4) to determine a set of coefficients
of {ûk}Nk=0. The methodical techniques of the Galerkin spectral method are
that the basis and test functions are to be identical to each other: φj = ψj.
In this case, the residual equation (2.1.4) takes the form:

(RN(x), φj)ω =

∫ 1

−1

RN(x)φj(x)ω(x)dx

=

∫ 1

−1

(LuN(x)− f(x))φj(x)ω(x)dx = 0, 0 ≤ j ≤ N.

(2.5.3)

The same equation can be written in another form which is called a
“weak” form. If the equation has its weak formulation, then a complete
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solution of this equation is not required. In this connection, the equation
can have such solutions of the differential equation which satisfy the differ-
ential equation with respect to test functions. If so, the solutions are called
weak solutions, and furthermore there are sometimes no derivatives of these
solutions.

Then the weak formulation can be defined by the formula: find uN ∈ XN

such that
(LuN , vN)ω = (f, vN)ω, ∀vN ∈ XN (2.5.4)

The same problem can be represented as a system of linear algebraic
equations in the form:

Au = f, (2.5.5)

where:
u = (û0, û1, . . . , ûN)T ;

fj = (f, φj)ω, f = (f0, f1, . . . , fN)T ;

ajk = (Lφk, φj)ω, A = (ajk)j,k=0,...,N .

(2.5.6)
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Chapter 3

Numerical implementation

This part of the work will describe a number of methods which can be
used for developing numerical schemes for two types of equations: the Poisson
equation and the biharmonic equation. The Poisson equation is a second-
order partial differential equation that, for example, describes the velocity
potential field for an incompressible fluid in hydrodynamics. In its turn,
the biharmonic equation is a fourth-order partial differential equation. As
regards hydrodynamics, it should be noticed that many problems come down
to a simple matter of how to solve the Poisson or biharmonic equations. That
is why the development of a good numerical scheme for solving these problems
is of special interest.

Why are there two particular equations, and no others, which deserve
attention? The fact is that we can use these equations as some sort of a
common foundation upon which to develop a more complex numerical model
capable of solving more complicated equations. The Navier-Stokes equations
are only part of a large group of equations in fluid mechanics. They form
a system of partial differential equations that fully describe the motion of a
liquid or gas. Until now, the procedure of finding an analytical solution for
this problem poses a challenging task. For example, Terence Chi-Shen Tao,
a famous mathematician and Fields Prize winner, suggested that a solution
to this problem would not be presented until changes in the current level
of technological development were made [18]. The problem of proving the
existence and smoothness of the solution of the Navier-Stokes equations is
one of the seven “millennium problems”[2].

Nowadays, numerical simulation of fluid mechanics equations is a powerful
tool capable of finding solutions to key problems that have been searched for
without success by many an expert for recent centuries. Perhaps this explains
why these simulation techniques are of the highest importance. In practice,
a stable and rapidly convergent numerical scheme makes it feasible to obtain
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accurate results and produce reliable forecasts when using these results in
real life conditions.

We will consider the two most common spectral methods for numerical
simulation: the Galerkin method and the collocation method. The Galerkin
method was well described in articles by Jie Shen. His articles [14], [15] and
[16] form the basis for the development of a numerical model for annulus
geometry. The main emphasis in his article [16] is put on geometry of a
circle, with its radius varying from the size of 0 to an outer radius of r. In
his case, the availability of a pole condition is an essential prerequisite for
the stability of a numerical scheme. In the case of annulus geometry, there
is no need for the availability of such a condition. In addition, there are a
number of limitations to the process of finding analytical formulas for matrix
coefficients. These limitations are imposed by the coordinate transformation
rules for annulus geometry. As regards geometry of a circle, there are no
such limitations. This matter was discussed in detail in the article by Shen.
Whereas there are some parallels between this work and the way of obtaining
a numerical scheme in the article by Shen, the method developed in this
master’s work, however, is different and to some extent is unique.

The development of the numerical scheme for the collocation method
is based on the work of Professor Lloyd Nicholas Trefethen [19]. In his
work Professor Trefethen describes a technique for selecting basis functions
and considers the question of how to cope with various problems in polar
coordinates for the collocation method.

The numerical schemes will be discussed in more detail below in relevant
parts of this chapter.

3.1 The two-dimensional Poisson equation

Now let us consider the Helmholtz equation on an annulus (Fig. 3.1) with
an inner radius of r0 and an outer radius of r1 for the purpose of building up
a numerical model.

The Helmholtz equation is a partial differential equation:

−∆U(x, y) + αU(x, y) = F (x, y), in Ω = {(x, y) : r2
0 < x2 + y2 < r2

1},
U(x, y) = 0 on ∂Ωr.

(3.1.1)
When the constant α goes to zero, the equation takes the explicit form

of the Poisson equation.
The systems with radial symmetry fit in well with a conceptual framework

of radial coordinate systems the poles of which coincide with the center of
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Figure 3.1: A schematic representation of an annulus with an inner radius of
r0 and an outer radius of r1.

symmetry. Therefore, the radial coordinates can be useful to be given a
detailed theoretical account of how the systems with radial symmetry work.
By comparison with the Cartesian coordinate system, the polar coordinate
system makes the computation of equations much easier for future reference.

It should be noted that the choice of the method of discretisation will
require a methodical approach. Therefore, let us apply the transformation
of coordinates for the given equation, where

x = r cos θ, y = r sin θ,

u(r, θ) = U(r cos θ, r sin θ),

f(r, θ) = F (r cos θ, r sin θ).

(3.1.2)

Then the Helmholtz equation expressed in the polar coordinate system
becomes:

−1

r

∂

∂r

(
r
∂u

∂r

)
− 1

r2

∂2u

∂θ2
+ αu = f, r ∈ (r0, r1), θ ∈ [0, 2π],

u(r0, θ) = u(r1, θ) = 0, ∀θ ∈ [0, 2π],

u(r, 0) = u(r, 2π).

(3.1.3)

Whereas this problem is periodic in the angular direction θ, it is bounded
and non-periodic in the radial direction r. In such a case, there is a great
advantage in using the Fourier transform in the direction θ:

ũ(r,m) =

2π∫
0

u(r, θ)e−iθm dθ ≈ 2π

Nθ

Nθ−1∑
j=0

u(r, θj)e
−iθjm, (3.1.4)

where m = {−Nθ
2

+ 1, ..., Nθ
2
} is a wavenumber and {θj = 2jπ

Nθ
}Nθ−1
j=0 is a set of

Fourier mesh points.
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Thus, the equation takes the form of a series of one-dimensional problems
for given m of the Bessel type:

−1

r

∂

∂r

(
r
∂ũ

∂r

)
+

(
m2

r2
+ α

)
ũ = f̃ , r ∈ (r0, r1), m = {−Nθ

2
+ 1, ...,

Nθ

2
},

ũ(r0) = ũ(r1) = 0.
(3.1.5)

The next chapter will focus on several important aspects of using three
principal methods to have differential equations discretised: namely various
choices of basis and test functions for discretising the equation in the radial
direction.

3.1.1 The Galerkin spectral method

This part of the thesis will focus primarily on deriving the Galerkin spec-
tral method for solving the Poisson equation on an annulus. Let us consider
the resulting Bessel type equation in conjunction with the Dirichlet type
boundary conditions on an annulus with an inner radius of r0 and an outer
radius of r1. Accordingly, a Fourier transform in the angular direction makes
it feasible to transform the equation into a one-dimensional problem:

−1

r

∂

∂r

(
r
∂ũ

∂r

)
+

(
m2

r2
+ α

)
ũ = f̃ , r0 < r < r1,

ũ(r0) = ũ(r1) = 0.

(3.1.6)

Now let us represent the affine coordinate transformation:

r(ξ) =
r1 + r0

2
+
r1 − r0

2
ξ = β(γ + ξ), ξ ∈ [−1, 1], (3.1.7)

where the constants of γ and β are represented by the following formulas:

γ =
r1 + r0

r1 − r0

,

β =
r1 − r0

2
.

(3.1.8)

We denote ṽ as a function of a parameter ξ that equals the value:

ṽ(ξ) = ũ(β(γ + ξ)). (3.1.9)

For convenience of reference let us mark the derived functions with a sub-
script. Then the derivative of the function ṽ of the parameter ξ can be
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determined with the application of the chain rule, which is used for differen-
tiating a complex function:

ṽξ = ũr
∂r

∂ξ
= βũr. (3.1.10)

Now we substitute the obtained results into equation (3.1.6) above. Af-
ter making changes to the mathematical expression to convert it into its
intelligible form, the equation takes the following form:

−((γ + ξ)ṽξ)ξ +
m2

γ + ξ
ṽ + β2(γ + ξ)αṽ = β2(γ + ξ)f̃(β(γ + ξ)). (3.1.11)

From equation (3.1.11) we can derive a weighted variational formulation:
find ṽ ∈ X(m), ∀w ∈ X(m) such that

((γ+ξ)ṽξ, (wω)ξ)ω+
( m2

γ + ξ
ṽ, w

)
ω

+β2((γ+ξ)αṽ, w)ω = (INg, w)ω. (3.1.12)

The function g(ξ) becomes equal to:

g(ξ) = β2(γ + ξ)f̃(r(ξ)), (3.1.13)

and IN denotes an interpolation operator that is related to the quadrature
points.

This weighted weak formulation is effective for both the Legendre method
and the Chebyshev method. However, the main difference between both
methods is that of the choice between the basis function and the test function.
This matter will be examined in more detail later in another part.

The obtained weighted weak formulation can be represented mathemati-
cally with the form of a system of linear algebraic equations. In this case, let
us call a set of basis functions of {φj}N−2

j=0 for the finite-dimensional vector
space XN(m) := X(m) ∩ PN . Since our problem has been reduced to a one-
dimensional case, and therefore becoming dependent only on one parameter
ξ, we use the upper apostrophe to denote the derivative of the parameter
ξ. Then the elements of the corresponding matrices can be defined by the
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formula:

aij =

∫
I

(γ + ξ)φ′j(φiω)′dξ, A = (aij)i,j=0,1,...,N−2; (3.1.14)

bij =

∫
I

1

γ + ξ
φjφiωdξ, B = (bij)i,j=0,1,...,N−2; (3.1.15)

cij =

∫
I

(γ + ξ)φjφiωdξ, C = (cij)i,j=0,1,...,N−2; (3.1.16)

fi =

∫
I

INgφiωdξ, f = (f0, f1, . . . , fN−2)T ; (3.1.17)

ṽN =
N−2∑
i=0

v̂iφi(ξ), v̂ = (v̂0, v̂1, . . . , ˆvN−2)T . (3.1.18)

The choice of particular polynomials affects the value of the weight func-
tion ω. In fact, for the Legendre polynomials the value of the weight function
equals ω = 1, whereas for the Chebyshev polynomials the value of the weight
function is ω = (1− ξ2)−1/2.

Thus, a system of linear algebraic equations can be written in the matrix
form:

(A+m2B + β2αC)v̂ = f. (3.1.19)

Since all columns of the square matrix (A + m2B + β2αC) are linearly
independent, it follows that there exists the inverse of the square matrix
(A + m2B + β2αC). f is a non-zero vector. Then system (3.1.19) has a
single-valued non-trivial solution v̂ that are the coefficients of ṽN . In order
to find the value of v, we shall multiply the derived coefficients of v̂ by the
basis function and then transform it to real space:

v(r, θ) =
∑
i

∑
m

v̂i,mφi(ξ)e
iθm. (3.1.20)

3.1.2 The Fourier Legendre Galerkin approximation

Let us consider the case in which the basis function is given by a linear
combination of Legendre polynomials in such a way that the basis function
satisfies the Dirichlet type boundary conditions, namely φi(ξ) = Li(ξ) −
Li+2(ξ) [17]. Then the finite dimensional vector space is given as follows:

XN(m) = span{φi(ξ) : i = 0, 1, . . . , N − 2}. (3.1.21)

Now we need to calculate all the elements of the matrices A, B and C,
which is a novel result hat has never been presented before in the literature.
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To solve the problem, let us make use of the property of orthogonality of
the Legendre polynomials and the recurrence relation that are particularly
suitable for this purpose:

(i+ 1)Li+1(ξ) = (2i+ 1)ξLi(ξ)− iLi−1(ξ). (3.1.22)

Then the first derivative of the basis function can be defined by the for-
mula:

φ′i(ξ) = −(2i+ 3)Li+1(ξ). (3.1.23)

In seeking to determine the coefficients of the matrix A, it may be helpful
to make use of the integral relation (3.1.14), by bearing in mind that the
Legendre method uses a unit weight function:

aij =

∫
I

(γ + ξ)φ′j(φiω)′dξ

=

∫
I

(γ + ξ)(2i+ 3)(2j + 3)Li+1(ξ)Lj+1(ξ)dξ

=

∫
I

γ(2i+ 3)(2j + 3)Li+1(ξ)Lj+1(ξ)dξ +

∫
I

ξ(2i+ 3)(2j + 3)Li+1(ξ)Lj+1(ξ)dξ

= 2γ(2i+ 3)δi+1,j+1 +

∫
I

(2j + 3)((i+ 2)Li+2(ξ) + (i+ 1)Li(ξ))Lj+1(ξ)dξ

= γ(4i+ 6)δi,j + 2(i+ 2)δi+1,j + 2(i+ 2)δi−1,j

(3.1.24)
This result stimulates the conclusion that the matrix A is a symmetric

matrix with three non-zero diagonals. The values of all the diagonal elements
are defined by the following formulas:

aij =

{
2i+ 4, j = i+ 1,
(r1+r0)
(r1−r0)

(4i+ 6), j = i.
(3.1.25)

Now it may well be the time to apply the integral expression (3.1.15) to
the problems involved in determining all the elements of the matrix B:

bij =

∫
I

1

γ + ξ
φjφiωdξ. (3.1.26)

The integrand (γ + ξ)−1 hampers efforts to find an analytical formula for
all the elements of the matrix B. If so, one of the ways to tackle this problem
with much less effort is to implement a particular algorithm in computer
software as a means by which the Galerkin method could be used for finding
an efficient solution.
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For this purpose, the library numpy.polynomial.legendre will be used
as an auxiliary library. This module has a special function what is known
as legvander, which returns the pseudo-Vandermonde matrix of degree i,
the elements of which are obtained at the specified points on the interval
ξ: V [. . . , i] = Li(ξ). Thus, the basis function can be found by calculating
the algebraic differences between the columns of the pseudo-Vandermonde
matrix: φi = V [. . . , i]− V [. . . , i+ 2].

For the purpose of numerical integration, we shall use the function
leggauss, which returns the values of the nodes of ξ and their weights of w.
Then the values of the elements of bij can be calculated as a scalar product
of the integrand at the given points on the interval ξ and the weights of w,
which are related to these points. Now that the numerical computation has
been performed, the line of the Python language code demonstrates how well
the algorithm has been implemented in computer software:

B[i,j] = (1./(gamma+x)*phi[:,j]*phi[:,i]).dot(w)

To find the coefficients of the matrix C, we shall use the integral relation
(3.1.16):

cij =

∫
I

(γ + ξ)φjφiωdξ

=

∫
I

(γ + ξ)(Li(ξ)− Li+2(ξ))(Lj(ξ)− Lj+2(ξ))dξ.

(3.1.27)

The equation can take the form of the matrix C provided that a unit
weight function, the orthogonality of the Legendre polynomials, and the re-
currence relation for three consecutive terms of the Legendre polynomials are
taken into account. The matrix C is a symmetric matrix with seven non-
zero diagonals, the elements of which can be found by the following analytical
formulas:

cij =


− 2(i+3)

(2i+5)(2i+7)
, j = i+ 3,

− 2
(2i+5)

(r1+r0)
(r1−r0)

, j = i+ 2,
2

(2i+1)(2i+5)
+ 2(i+3)

(2i+5)(2i+7)
, j = i+ 1,(

2
(2i+1)

+ 2
(2i+5)

)
(r1+r0)
(r1−r0)

, j = i.

(3.1.28)

3.1.3 The Fourier Chebyshev Galerkin approximation

By analogy with the previous method, the matrices A, B, and C can
also be obtained for the Chebyshev polynomials. If so, the basis function is
given by a linear combination of Chebyshev polynomials in such a way that
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the basis function satisfies the Dirichlet type boundary conditions: φi(ξ) =
Ti(ξ) − Ti+2(ξ) [17]. Then the finite-dimensional vector space is given as
follows:

XN(m) = span{φi(ξ) : i = 0, 1, . . . , N − 2}. (3.1.29)

But it appears to be that the process of finding analytical formulas for
all the elements of the matrices A, B and C can be quite a complex and
time-consuming task. Perhaps this is due to the fact that a weight function
for the Chebyshev polynomials of the first kind is given by the following
equation: ω = (1 − ξ2)−1/2. Therefore, it would be more suitable to use
the following results from [17] for the purpose of further calculations of the
matrix elements:

ãij = −
∫
I

φ′′jφiωdξ =


2π(i+ 1)(i+ 2), j = i,

4π(i+ 1), j = i+ 2, i+ 4, i+ 6, . . . ,

0, otherwise;

(3.1.30)

b̃ij =

∫
I

φjφiωdξ =


di+1

2
π, j = i,

−π
2
, j = i− 2 or i+ 2,

0, otherwise;

(3.1.31)

c̃ij =

∫
I

φ′jφiωdξ =


π(i+ 1), j = i+ 1,

−π(i+ 1), j = i− 1,

0, otherwise,

(3.1.32)

where the elements of d0 = 2 and of di = 1, ∀i ≥ 1.

Let us consider the integral relation (3.1.14) to find the coefficients of the
matrix A:

aij = −
∫
I

((γ + ξ)φ′j)φiωdξ

= −γ
∫
I

φ′′jφiωdξ −
∫
I

(ξφ′j)
′φiωdξ

= γãij − c̃ij −
∫
I

ξφ′′jφiωdξ.

(3.1.33)

To determine the value of the last-mentioned integral, we shall use the
recurrence relation for the Chebyshev polynomials, which links three consec-
utive terms of a Chebyshev polynomial:

Tn+1(ξ) = 2ξTn(ξ)− Tn−1(ξ). (3.1.34)
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Then the value of the integrand ξφi can be written as the arithmetic average
of the two basis functions of φi−1 and of φi+1:

ξφi = ξ(Ti − Ti+2)

=
1

2
(Ti−1 − Ti+1 + Ti+1 − Ti+3)

=
1

2
(φi−1 + φi+1), i ≥ 1.

(3.1.35)

Consequently, all the elements of the matrix A meet the criteria defined by
the formula:

aij = γãij − c̃ij −
1

2

∫
I

φ′′j (φi−1 + φi+1)ωdξ

= γãij − c̃ij +
1

2
(ãi−1,j + ãi+1,j).

(3.1.36)

The matrix A is an upper Hessenberg matrix, the elements of which have
the following analytical values:

aij =



π(i+ 1)2, j = i− 1,

2π (r1+r0)
(r1−r0)

(i+ 1)(i+ 2), j = i,

π(i+ 1)(i+ 5), j = i+ 1,

4π (r1+r0)
(r1−r0)

(i+ 1), j = i+ 2, i+ 4, i+ 6, . . . ,

4π(i+ 1), j = i+ 3, i+ 5, i+ 7, . . . .

(3.1.37)

To find the elements of the matrix B, let us consider the integral expres-
sion (3.1.15):

bij =

∫
I

1

γ + ξ
φjφiωdξ. (3.1.38)

The integrand (γ + ξ)−1 makes it difficult to find an analytical formula
for all the elements of the matrix B, just as it was for the Fourier Legendre
Galerkin approximation. By analogy with the Fourier Legendre Galerkin
method, we implement the same algorithm in computer software. However,
in this particular case, the library numpy.polynomial.chebyshev will be
used as an auxiliary library. A special function of the library known as
chebvander makes it possible to obtain the required pseudo-Vandermonde
matrix of degree i, the elements of which are determined at the specified
points on the interval ξ: V [. . . , i] = Ti(ξ). As in the case of the Legendre
polynomials, the basis function can be determined by calculating the alge-
braic differences between the columns of the pseudo-Vandermonde matrix:
φi = V [. . . , i]− V [. . . , i+ 2].
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The library also has a special function called chebgauss, which returns
the values of the nodes of ξ and their weights of w. Now let us make use of
a number of properties of the special function for the purpose of facilitating
the process of numerical integration. Then the values of the elements of bij
can be calculated as a scalar product of the integrand at the given points
on the interval ξ and the weights of w, which correspond to these points.
By analogy with the use of the Fourier Legendre Galerkin method, a similar
methodical approach can also be adopted to the whole process of calculating
all the values of the elements of the matrix B by implementing a particular
algorithm written in Python in computer software:

B[i,j] = (1./(gamma+x)*phi[:,j]*phi[:,i]).dot(w)

To find the coefficients of the matrix C, let us make use of the integral
relation (3.1.16) and of the expression obtained for the integrand ξφi (3.1.35):

cij =

∫
I

(γ + ξ)φjφiωdξ

=

∫
I

γφjφiωdξ +

∫
I

ξφjφiωdξ

= γb̃ij +
1

2
(b̃i−1,j + b̃i+1,j).

(3.1.39)

Thus, the matrix C is a symmetric matrix with seven non-zero diagonals.
All the elements of this matrix can be defined by the following analytical
formulas:

cij =


(r1+r0)
(r1−r0)

di+1
2
π, j = i,

di−1

4
π, j = i− 1,

− (r1+r0)
(r1−r0)

π
2
, j = i− 2,

−π
4
, j = i− 3.

(3.1.40)

3.1.4 The Fourier Chebyshev collocation method

This part will be devoted to the examination of the collocation method for
the Poisson equation on an annulus. As indicated earlier in the text, after the
use of the Fourier transform in the angular direction, the Poisson equation
takes the form of a one-dimensional problem. Let us consider the problem
(3.1.5) obtained on an annulus with an inner radius of r0 and an outer radius
of r1 to which the limitations are imposed by the Dirichlet type boundary
conditions. Let us write this problem as a non-homogeneous equation of the
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second order:

−
(
∂2ũ

∂r2
+

1

r

∂ũ

∂r
− m2

r2
ũ

)
+ αũ = f̃ , r0 < r < r1,

ũ(r0) = ũ(r1) = 0.

(3.1.41)

Now we make use of the affine coordinate transformation given by the
formula (3.1.7), where the coefficients of γ and β equal the values of (3.1.8).

Then after coordinate transformations, equation (3.1.41) takes the fol-
lowing form:

−
(
∂2ũ

∂ξ2
+

1

(γ + ξ)

∂ũ

∂ξ
− m2

(γ + ξ)2
ũ

)
+ β2αũ = β2f̃ , −1 < ξ < 1,

ũ(−1) = ũ(1) = 0.

(3.1.42)

The theoretical part of the work described a method used for the imple-
mentation of derivatives. We recall that the first derivative of the function
u can be represented as the product of the differentiation matrix D and the
mesh function uN . Each value of the mesh function uN in the sampling in-
terval corresponds to the value of the function u at the collocation points of
ξj. In the same way, we can represent the second derivative of the function
u. In this case, however, the differentiation matrix is raised to the second
power D2.

In this method, the Chebyshev differentiation matrix is chosen as the
differentiation matrix the elements of which can be defined by the formulas
(2.4.19). Chebyshev-Gauss-Lobatto points are used as collocation points.

Then equation (3.1.41) can be written as a system of algebraic equations
in the matrix form:

−
(
D2 +

1

(γ + ξ)
D − m2

(γ + ξ)2
I − β2αI

)
u = β2f, (3.1.43)

where the frequencies of m = {−Nθ
2

+ 1, ..., Nθ
2
} and I is an identity matrix.

3.2 The two-dimensional biharmonic

equation

This part of the work will consider the method of obtaining a numeri-
cal model based on the biharmonic equation, that is a fourth-order partial
differential equation. Many static and dynamic problems of mechanics and
physics to some degree come down to searching the solution of the biharmonic
equation.

36



CHAPTER 3. NUMERICAL IMPLEMENTATION

Let us consider a boundary-value problem in conjunction with the Dirich-
let and Neumann type boundary conditions on an annulus with an inner
radius of r0 and an outer radius of r1:

∆2U = F in Ω = {(x, y) : r2
0 < x2 + y2 < r2

1},

U =
∂U

∂n
= 0 on ∂Ωr.

(3.2.1)

The considerable advantage of the systems with radial symmetry is that
polar coordinates can be applied to them. We apply the coordinate trans-
formation:

x = r cos θ, y = r sin θ,

u(r, θ) = U(r cos θ, r sin θ),

f(r, θ) = F (r cos θ, r sin θ).

(3.2.2)

Then the biharmonic equation in polar coordinates takes the following
form:

∆2u = f, (r, θ) ∈ Q = (r0, r1)× [0, 2π),

u(r0, θ) = u(r1, θ) = ur(r0, θ) = ur(r1, θ) = 0, θ ∈ [0, 2π),

u(r, 0) = u(r, 2π).

(3.2.3)

3.2.1 The Galerkin spectral method

The variational formulation for equation (3.2.1) in Cartesian coordinates
can be defined by the formula: find U ∈ H2

0 (Ω) such that

A(U, V ) :=

∫
Ω

∆U∆V dxdy =

∫
Ω

FV dxdy ∀V ∈ H2
0 (Ω). (3.2.4)

Let us consider the approach based on a concept of representing a bilin-
ear form as a scalar product of two Laplace operators. For convenience of
reference let us mark the derived functions with a subscript. We denote the
Laplacian in polar coordinates as follows:

∆̃v :=
1

r
(rvr)r +

1

r2
vθθ. (3.2.5)

Then the bilinear form in polar coordinates can be represented as the
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scalar product:

a(u, v) :=

∫
Q

∆̃u∆̃vrdrdθ

=

∫
Q

(
1

r
(rur)r +

1

r2
uθθ

)(
1

r
(rvr)r +

1

r2
vθθ

)
rdrdθ

=

∫
Q

fvrdrdθ.

(3.2.6)

The equation is periodic in the angular direction. As before, there is a
great advantage in the use of the Fourier transform for further calculations.
It will enable us to transform this problem into a one-dimensional problem,
which depends on a radius. We write the Fourier transform as follows:

ũ(r,m) =

2π∫
0

u(r, θ)e−iθm dθ ≈ 2π

Nθ

Nθ−1∑
j=0

u(r, θj)e
−iθjm, (3.2.7)

where m = {−Nθ
2

+ 1, ..., Nθ
2
} is a wavenumber and {θj = 2jπ

Nθ
}Nθ−1
j=0 is a set of

Fourier mesh points.
Then the variational formulation in polar coordinates on an annulus with

an inner radius of r0 and an outer radius of r1 takes the following form:

a(ũ, ṽ) :=

∫ r1

r0

(
1

r
(rũr)r −

m2

r2
ũ

)(
1

r
(rṽr)r −

m2

r2
ṽ

)
rdr

=

∫ r1

r0

f̃ ṽrdr.

(3.2.8)

Then algebraic manipulation such as multiplication, differentiation, and
integration by parts, with the Dirichlet and Neumann type boundary condi-
tions taken into account, leads to the following expression:∫ r1

r0

rũrrṽrrdr +

∫ r1

r0

(2m2 + 1)
1

r
ũrṽrdr

+

∫ r1

r0

(m4 − 4m2)
1

r3
ũṽdr =

∫ r1

r0

f̃ ṽrdr. (3.2.9)

For the purpose of making further calculations, the reference interval
[−1, 1] will come in handy here. In this regard, we need to make use of
the affine coordinate transformation given by the formula (3.1.7), where the
coefficients of γ and β equal the values of (3.1.8).
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After all these changes, the equation takes the following form:∫ 1

−1

r(ξ)
1

β2

1

β2
ũξξṽξξβdξ +

∫ 1

−1

(2m2 + 1)
1

r(ξ)

1

β

1

β
ũξṽξβdξ

+

∫ 1

−1

(m4 − 4m2)
1

r(ξ)3
ũṽβdξ =

∫ 1

−1

f̃(r(ξ))ṽr(ξ)βdξ. (3.2.10)

Since our problem has been reduced to a one-dimensional case, and there-
fore becoming dependent only on one parameter ξ, we use the upper apos-
trophe to denote the derivative of the parameter ξ. After algebraic manipu-
lation, we obtain the final version of the weighted variational formulation in
polar coordinates on an annulus: find ṽN ∈ XN(m) such that∫

I

(γ + ξ)ṽ′′Nw
′′dξ +

∫
I

(2m2 + 1)
1

γ + ξ
ṽ′Nw

′dξ

+

∫
I

(m4 − 4m2)
1

(γ + ξ)3
ṽNwdξ =

∫
I

INhw(γ + ξ)β4dξ ∀w ∈ XN(m),

(3.2.11)

where the function h(ξ) is

h(ξ) = β4(γ + ξ)f̃(β(γ + ξ)), (3.2.12)

and IN is an interpolation operator related to quadrature points.
Now this weighted weak formulation can be written in the form of a

system of linear algebraic equations. We denote a set of the basis functions
of {φj}N−4

j=0 for the finite-dimensional vector space XN(m) := X(m) ∩ PN .
Then the elements of the corresponding matrices can be defined as follows:

aij =

∫
I

(γ + ξ)φ′′jφ
′′
i ωdξ, A = (aij)i,j=0,1,...,N−4; (3.2.13)

bij =

∫
I

1

γ + ξ
φ′jφ

′
iωdξ, B = (bij)i,j=0,1,...,N−4; (3.2.14)

cij =

∫
I

1

(γ + ξ)3
φjφiωdξ, C = (cij)i,j=0,1,...,N−4; (3.2.15)

hi =

∫
I

INhφiωdξ, h = (h0, h1, . . . , hN−4)T ; (3.2.16)

ṽN =
N−4∑
i=0

v̂iφi(ξ), v̂ = (v̂0, v̂1, . . . , v̂N−4)T . (3.2.17)

In the end, the system takes the following matrix form:

(A+ (2m2 + 1)B + (m4 − 4m2)C)v̂ = h. (3.2.18)
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Let us consider a method based on using the Legendre polynomials. We
shall choose a linear combination of Legendre polynomials as a basis function
in such a way that this linear combination meets the Dirichlet and Neumann
boundary conditions [16]:

φj(ξ) = Lj(ξ)−
2(2j + 5)

2j + 7
Lj+2(ξ) +

2j + 3

2j + 7
Lj+4(ξ). (3.2.19)

The thing is that the basis function makes it possible to determine a com-
pact analytical value for the first and second derivatives. For the purpose
of making further calculations, we shall use the recurrence relation, which
combines three consecutive terms of a Legendre polynomial. After algebraic
manipulation, we can find the value of the first derivative of the basis func-
tion:

φ′j(ξ) = L′j(ξ)−
2(2j + 5)

2j + 7
L′j+2(ξ) +

2j + 3

2j + 7
L′j+4(ξ)

=
[
−(2j + 3)Lj+1(ξ) + L′j+2(ξ)

]
− 2(2j + 5)

2j + 7
L′j+2(ξ)

+

[
2j + 3

2j + 7
(2j + 7)Lj+3(ξ) +

2j + 3

2j + 7
L′j+2(ξ)

]
= −(2j + 3)Lj+1(ξ) + (2j + 3)Lj+3(ξ).

(3.2.20)

In a similar way we obtain the second derivative of the basis function:

φ′′j (ξ) = −(2j + 3)L′j+1(ξ) + (2j + 3)L′j+3(ξ)

= −(2j + 3)L′j+1(ξ) +
[
(2j + 3)(2j + 5)Lj+2(ξ) + (2j + 3)L′j+1(ξ)

]
= (2j + 3)(2j + 5)Lj+2(ξ).

(3.2.21)
We can derive the analytical coefficients of the matrices A, B and C

by using the obtained derivatives. The analytical coefficients ensure higher
calculation accuracy and produce fewer round-off errors. However, it should
be noted that the Vandermonde matrix method is a good alternative to
the calculation of the analytical coefficients of the matrices. Therefore, the
legvander function, which returns the pseudo-Vandermonde matrix in the
sampling interval, has been used to implement this method in computer
software by means of the Python programming language.

3.2.2 The Fourier Chebyshev collocation method

The previous part of the work has been focused primarily on a numerical
scheme developed on the basis of the Galerkin spectral method with the use

40



CHAPTER 3. NUMERICAL IMPLEMENTATION

of the Legendre polynomials. This part will be devoted to the examination
of another widely used technique based on discretisation of the biharmonic
equation, or the collocation method as it is also called.

Now let us consider a mathematical model that can be used to describe
the biharmonic equation in polar coordinates:

∇4u = f(r, θ). (3.2.22)

The biharmonic operator shown on the left side of the expression is given
by Nabla raised to the fourth power, or by Laplacian raised to the second
power. The use of either of the operators is seen as equivalent in terms of
mathematics [20]:

∇4u =
1

r

∂

∂r

(
r
∂

∂r

(
1

r

∂

∂r

(
r
∂ϕ

∂r

)))
+

2

r2

∂4ϕ

∂θ2∂r2
+

1

r4

∂4ϕ

∂θ4
− 2

r3

∂3ϕ

∂θ2∂r
+

4

r4

∂2ϕ

∂θ2
. (3.2.23)

For the purpose of further numerical implementation, we need to obtain
a higher equation in the form of isolated derivatives. After algebraic manip-
ulation, the expression takes the following form:

∇4u =
∂4u

∂r4
+

2

r2

∂4u

∂r2∂θ2
+

1

r4

∂4u

∂θ4
+

2

r

∂3u

∂r3

− 2

r3

∂3u

∂r∂θ2
− 1

r2

∂2u

∂r2
+

4

r4

∂2u

∂θ2
+

1

r3

∂u

∂r
. (3.2.24)

As with the previous methods, this method of numerical computation also
has a great advantage because an affine transformation (3.1.7) can similarly
be used for the mapping of an arbitrary interval [r0, r1] to the reference
interval [−1, 1], where the coefficients of γ and β equal the values of (3.1.8).

The crux of the matter is to find a numerical solution on an annulus with
an inner radius of r0 and an outer radius of r1. Such geometry is periodic
in the angular direction, but it is non-periodic in the radial direction. By
analogy with the previous methods, this type of problem can be solved by
using mixed functions. Let us consider the Chebyshev polynomials in the
radial direction and use the Fourier functions in the angular direction. We
apply the Fourier transform over the θ axis as follows:

ũ(r,m) =

2π∫
0

u(r, θ)e−iθm dθ ≈ 2π

Nθ

Nθ−1∑
j=0

u(r, θj)e
−iθjm, (3.2.25)
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where m = {−Nθ
2

+ 1, ..., Nθ
2
} is a wavenumber and {θj = 2jπ

Nθ
}Nθ−1
j=0 is a set of

Fourier mesh points.
And by bringing about coordinate transformations and the Fourier trans-

form, we obtain the biharmonic operator in the following form:

∇4ũ =
1

β4
D4ũ+

2

r2(ξ)

−m2

β2
D2ũ+

m4

r4(ξ)
ũ+

2

r(ξ)

1

β3
D3ũ

− 2

r3(ξ)

−m2

β
Dũ− 1

r2(ξ)

1

β2
D2ũ+

4(−m2)

r4(ξ)
ũ+

1

r3(ξ)

1

β
Dũ. (3.2.26)

In this connection, it should be noted that the matrix Dn is a differentiation
matrix of degree n. In the case of the collocation method, as indicated earlier
in this work, it is fair to describe a mathematical expression of the n-degree
derivative of the function u as the product of the approximate numerical
solution uN and the differentiation matrix Dn of degree n.

Now let us define a basis function for the biharmonic equation in such
a way that it meets the Dirichlet and Neumann type boundary conditions.
There are many ways to do this. However, the most effective way is described
in the book written by Professor Trefethen [19]. He suggested that a basis
function should be expressed in terms of the product of the basis function q(ξ)
used to obtain a Chebyshev differentiation matrix and the function (1− ξ2):

p(ξ) = (1− ξ2)q(ξ). (3.2.27)

The third degree derivatives and the fourth degree derivatives can be
determined by using the product rule that makes it possible to find the
derivative of the product of two functions:

∂3p(ξ)

∂ξ3
= (1− ξ2)

∂3q(ξ)

∂ξ3
− 6ξ

∂2q(ξ)

∂ξ2
− 6

∂q(ξ)

∂ξ
, (3.2.28)

∂4p(ξ)

∂ξ4
= (1− ξ2)

∂4q(ξ)

∂ξ4
− 8ξ

∂3q(ξ)

∂ξ3
− 12

∂2q(ξ)

∂ξ2
. (3.2.29)

The advantage of using this technique is that the basis function enables us
to use the previously found Chebyshev differentiation matrix. Differentiation
matrices of order 3 and of order 4 will be obtained from the corresponding
mathematical formulas by implementing this particular algorithm written in
Python in computer software. The algorithm itself can be written schemati-
cally as follows:

D3
N = [ diag(1− ξ2

j )D̃
3
N − 6 diag(ξ2

j )D̃
2
N − 6D̃N ]× diag(1/1− ξ2

j ), (3.2.30)

D4
N = [ diag(1− ξ2

j )D̃
4
N − 8 diag(ξ2

j )D̃
3
N − 12D̃2

N ]× diag(1/1− ξ2
j ),

(3.2.31)
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where D̃N , D̃2
N , D̃3

N and D̃4
N are the Chebyshev differentiation matrices raised

to the power of 1, of 2, of 3, and of 4 respectively, j = 0, .., N .

3.3 A three-dimensional problem

This part of the work will focus on several important methods used for
obtaining three-dimensional numerical models in cylindrical coordinates for
the Poisson equation and the biharmonic equation. We will consider these
two equations which are supposed to be used for devising a method for the
discretisation of the Navier-Stokes equations in cylindrical coordinates.

The relevant configuration parameters of the problem are defined by a
number of geometric properties of a three-dimensional pipe (Fig. 3.2) with an
inner radius of r0 and an outer radius of r1. In fact, the geometric properties
of an annulus are substantially the same as those of a pipe except for a third
z coordinate lying on a normal plane to the r − θ plane. The z coordinates
are also used when making measurements of the geometric properties of an
object. Unlike other coordinates, however, the z coordinate is height or
length depending on whether an object is lying in the vertical plane or in the
horizontal.

Figure 3.2: A schematic representation of coaxial cylinders with an inner
radius of r0 and an outer radius of r1 and the z coordinate.

There are a large number of different methods designed to build a numer-
ical model in a three-dimensional space. This thesis will examine a method
which uses a mixed basis function formed of Legendre or Chebyshev polyno-
mials for non-periodic directions and Fourier series for periodic directions. In
this case, a three-dimensional model to be considered here can be discretised
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as a non-periodic problem in the radial direction r and as a periodic one with
a 2π period in the angular direction θ and in the z coordinate direction.

The advantage of this method is that a three-dimensional problem comes
down to a one-dimensional problem after performing the Fourier transform,
thus making it easier to calculate and implement a numerical scheme. We
will describe in detail the process of developing numerical models in the
corresponding parts of the work.

3.4 The three-dimensional Poisson equation

Let us consider the Poisson equation in a three-dimensional space. To be-
gin with, we shall write the equation in Cartesian coordinates with Dirichlet
type boundary conditions:

−∆U(x, y, z) = F (x, y, z), in Ω = {(x, y, z) : r2
0 < x2 + y2 < r2

1; z0 < z < z1},
U(x, y, z) = 0 on Ωr,

U(x, y, 0) = U(x, y, 2π).
(3.4.1)

In so far as we deal with physical characteristics of an annulus which
are defined by its geometric properties, it will make sense to use the laws of
coordinate transformation to make a transformation from the Cartesian co-
ordinate system to the cylindrical coordinate system. In fact, the cylindrical
coordinate system can be represented as the polar coordinate system which
was augmented by a third z coordinate that lies on a normal plane to the
r − θ plane. As mentioned earlier in this work, it makes practical sense to
choose the polar coordinate system for tackling problems in the case when
the relationship between points on the plane is easier to depict with the help
of radii and angles. In its turn, the cylindrical coordinate system expands
the range of application of the polar coordinate system. From a practical
point of view, the cylindrical coordinate system makes it possible to analyse
surfaces which are symmetric with respect to the vertical axis, where the z
axis is usually chosen as their vertical axis of symmetry. Let us make use
of the coordinate transformation laws to make a transformation from the
Cartesian coordinate system into the cylindrical coordinate system:

x = r cos(θ), y = r sin θ, z = z,

u(r, θ, z) = U(r cos θ, r sin θ, z),

f(r, θ, z) = F (r cos θ, r sin θ, z).

(3.4.2)
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Then equation (3.4.1) becomes:

−1

r

∂

∂r

(
r
∂u

∂r

)
− 1

r2

∂2u

∂θ2
− ∂2u

∂z2
= f, r ∈ (r0, r1), θ, z ∈ [0, 2π],

u(r0, θ, z) = u(r1, θ, z) = 0, ∀θ, z ∈ [0, 2π],

u(r, 0, z) = u(r, 2π, z),

u(r, θ, 0) = u(r, θ, 2π).

(3.4.3)

Since the problem is periodic in the angular direction θ and it is also
periodic in the z direction, it becomes feasible to use the Fourier transform
to carry out the required change:

ũ(r,m, n) =

2π∫
0

2π∫
0

u(r, θ, z)e−iθme−izn dθdz

≈ 2π

Nθ

2π

Nz

Nθ−1∑
j=0

Nz−1∑
k=0

u(r, θj, zk)e
−iθjme−izkn,

(3.4.4)

where m = {−Nθ
2

+1, ..., Nθ
2
} is a wavenumber in the θ direction, n = {−Nz

2
+

1, ..., Nz
2
} is a wavenumber in the z direction, {θj = 2jπ

Nθ
}Nθ−1
j=0 is a set of Fourier

mesh points in the θ direction and {zk = 2kπ
Nz
}Nz−1
k=0 is a set of Fourier mesh

points in the z direction.

After some form of mathematical manipulation, a three-dimensional prob-
lem of the Poisson equation comes down to a one-dimensional Bessel-type
equation. This equation takes the form of the Helmholtz-type equation that
has been described in some detail in the previous part of the work concerning
a two-dimensional problem, where α = n2:

−1

r

∂

∂r

(
r
∂ũ

∂r

)
+

(
m2

r2
+ n2

)
ũ = f̃ , r0 < r < r1,

ũ(r0) = ũ(r1) = 0.

(3.4.5)

The methods for obtaining a numerical scheme for the Galerkin spectral
method and for the collocation method will be analogous to the methods pre-
sented in the relevant part of the work regarding a two-dimensional problem.
In this case, however, the techniques used for the process of implementing
a particular algorithm in computer software will differ from previous ap-
proaches because α = n2 is not a constant throughout the sampling interval
in this case, and it depends on the sampling points of zk.
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3.5 The three-dimensional biharmonic

equation

The process of finding numerical schemes for the biharmonic equation in
a three-dimensional space is often difficult and painstaking work. It should
be noted, however, that there are certain parallels between the geometric
settings of the two- and three-dimensional spaces. Practical difficulties in
building a numerical model first of all are caused by the complexity of multi-
dimensional calculations. This part of the work will be concerned with the
derivation of the equations for the Galerkin method by employing Legendre
polynomials for the non-periodic radial direction r and Fourier series for the
periodic angular direction θ and for the periodic direction of the z coordinate.
In this context, the collocation method using the Chebyshev differentiation
matrices will also be considered. The Fourier transform in the angular direc-
tion θ and in the z direction will be applied.

As discussed earlier, the biharmonic equation is a fourth-order partial
differential equation. Its mathematical notation in the Cartesian coordinate
system with Dirichlet and Neumann type boundary conditions is expressed
as follows:

∆2U = F in Ω = {(x, y, z) : r2
0 < x2 + y2 < r2

1, z0 < z < z1},

U =
∂U

∂n
= 0 on ∂Ωr,

U(x, y, 0) = U(x, y, 2π).

(3.5.1)

Since the problem to be considered here is coaxial cylinders with an inner
radius of r0 and an outer radius of r1, it would be appropriate to choose the
cylindrical coordinate system for it. Let us use the coordinate transformation
laws to make a transformation from the Cartesian coordinate system to the
cylindrical coordinate system:

x = r cos θ, y = r sin θ, z = z,

u(r, θ, z) = U(r cos θ, r sin θ, z),

f(r, θ, z) = F (r cos θ, r sin θ, z).

(3.5.2)

Then the biharmonic equation in cylindrical coordinates takes the follow-
ing form:

∆2u = f, (r, θ, z) ∈ Q = (r0, r1)× [0, 2π)× [0, 2π),

u(r0, θ, z) = u(r1, θ, z) = ur(r0, θ, z) = ur(r1, θ, z) = 0, θ, z ∈ [0, 2π),

u(r, 0, z) = u(r, 2π, z),

u(r, θ, 0) = u(r, θ, 2π).
(3.5.3)
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3.5.1 The Galerkin spectral method

Before attempting to come up with a numerical scheme for solving this
type of problem, it would be appropriate to consider a mathematical model
that is expected to be developed within the framework of the biharmonic
equation (3.5.3). The process of developing this model is much the same as
that described earlier for plane problems. However, the major difference is
in sophisticated mathematical operations. By analogy with the approach to
two-dimensional problems described above, we perform the required mathe-
matical manipulations. For convenience of reference let us mark the derived
functions with a subscript. As a first step towards this objective, we write
the mathematical identity for the Laplace operator, also known as Laplacian,
in cylindrical coordinates:

∆̃v :=
1

r
(rvr)r +

1

r2
vθθ + uzz. (3.5.4)

The bilinear form for the cylindrical coordinate system is written in the
form of a scalar product of two Laplacians:

a(u, v) :=

∫
Q

∆̃u∆̃vrdrdθdz

=

∫
Q

(
1

r
(rur)r +

1

r2
uθθ + uzz

)(
1

r
(rvr)r +

1

r2
vθθ + vzz

)
rdrdθdz

=

∫
Q

fvrdrdθdz.

(3.5.5)
As mentioned earlier, the choice of cylindrical coordinates gives us an

added advantage of being able to work out problems in which the symmetry
axis coincides with the z axis and in which there is a radial symmetry in the
planes which are perpendicular to the z axis. For a problem to be considered
here, it seems logical to choose a mixed basis function as a basis function.
Let us take orthogonal polynomials for a bounded non-periodic radial direc-
tion. We use periodic basis functions for the angular direction and for the z
direction. Then the discrete solution can be defined by the formula:

u(r, θ, z) =
∑
i

∑
m

∑
n

ûi,m,nφi(r)e
iθmeizn, (3.5.6)

where ûi,m,n are the expansion coefficients, i = {0, ..., N − 4} is the ordinal
number in the r direction, m = {−Nθ

2
+ 1, ..., Nθ

2
} is a wavenumber in the θ

direction, n = {−Nz
2

+ 1, ..., Nz
2
} is a wavenumber in the z direction.
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Let us now apply the Fourier transform over the θ and z axes:

ũ(r,m, n) =

2π∫
0

2π∫
0

u(r, θ, z)e−iθme−izn dθdz

≈ 2π

Nθ

2π

Nz

Nθ−1∑
j=0

Nz−1∑
k=0

u(r, θj, zk)e
−iθjme−izkn,

(3.5.7)

where {θj = 2jπ
Nθ
}Nθ−1
j=0 is a set of Fourier mesh points in the θ direction and

{zk = 2kπ
Nz
}Nz−1
k=0 is a set of Fourier mesh points in the z direction.

Thus, after the Fourier transform, the bilinear form of the three-dimensional
integral reduces to a definite integral with the range of integration from r0 to
r1, where r0 and r1 are respectively the inner and outer radii of the coaxial
cylinders. The variational formulation for a three-dimensional equation in
cylindrical coordinates takes the following form:

a(ũ, ṽ) :=

∫ r1

r0

(
1

r
(rũr)r −

m2

r2
ũ− n2ũ

)(
1

r
(rṽr)r −

m2

r2
ṽ − n2ṽ

)
rdr

=

∫ r1

r0

f̃ ṽrdr.

(3.5.8)
By analogy with the technique used for the determination of the two-

dimensional problem, we perform a series of algebraic operations with higher
integral. Since Dirichlet and Neumann type boundary conditions are given by
zero values, this greatly facilitates the process of computation. In particular,
after applying the “integration by parts” rule to the equation, many of its
terms are reset to zero. Thus, after mathematical transformations, the weak
form is obtained:∫ r1

r0

rũrrṽrrdr +

∫ r1

r0

(2m2 + 1)
1

r
ũrṽrdr+∫ r1

r0

2n2rũrṽrdr +

∫ r1

r0

(m4 − 4m2)
1

r3
ũṽdr+∫ r1

r0

2m2n2

r
ũṽdr +

∫ r1

r0

n4rũṽdr =

∫ r1

r0

f̃ ṽrdr. (3.5.9)

For the sake of convenience in calculating integrals and simplicity of sub-
sequent calculation, it seems reasonable to suggest that the emphasis in our
technique should be shifted from using an arbitrary interval [r0, r1] to using
a reference interval [−1, 1]. To do this, we shall apply the same rules of affine
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coordinate transformations to our case. Then the rules for coaxial cylinders
which have an inner radius of r0 and an outer radius of r1 may be expressed
by the formula (3.1.7), where the coefficients of γ and β equal the values of
(3.1.8).

When an arbitrary interval is projected on the reference interval, we per-
form algebraic manipulation. Since our problem has been reduced to a one-
dimensional case, and therefore becoming dependent only on one parameter
ξ, we use the upper apostrophe to denote the derivative of the parameter ξ.
By this means we will get the final version of a variational formulation for
the three-dimensional biharmonic equation: find ṽN ∈ XN such that

∫ 1

−1

(γ + ξ)ṽ′′Nw
′′dξ +

∫ 1

−1

(2m2 + 1)
1

γ + ξ
ṽ′Nw

′dξ

+

∫ 1

−1

2n2β2(γ + ξ)ṽ′Nw
′dξ +

∫ 1

−1

(m4 − 4m2)
1

(γ + ξ)3
ṽNwdξ

+

∫ 1

−1

2m2n2β2

(γ + ξ)
ṽNwdξ +

∫ 1

−1

n4β4(γ + ξ)ṽNwdξ

=

∫ 1

−1

INhw(γ + ξ)β4dξ, (3.5.10)

where the function h(ξ) is

h(ξ) = β4(γ + ξ)f̃(β(γ + ξ)), (3.5.11)

and IN is an interpolation operator with respect to quadrature points.

By analogy with the two-dimensional problem, the weighted weak formu-
lation can be written in the form of a system of linear algebraic equations.
We denote a set of basis functions of {φj}N−4

j=0 for the finite-dimensional vec-
tor space XN := X ∩ PN . It follows that the elements of the corresponding
matrices can now be found by solving the following equations:

aij =

∫
I

(γ + ξ)φ′′jφ
′′
i ωdξ, A = (aij)i,j=0,1,...,N−4; (3.5.12)

bij =

∫
I

1

γ + ξ
φ′jφ

′
iωdξ, B = (bij)i,j=0,1,...,N−4; (3.5.13)

cij =

∫
I

(γ + ξ)φ′jφ
′
iωdξ, C = (cij)i,j=0,1,...,N−4; (3.5.14)
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dij =

∫
I

1

(γ + ξ)3
φjφiωdξ, D = (dij)i,j=0,1,...,N−4; (3.5.15)

eij =

∫
I

1

γ + ξ
φjφiωdξ, E = (eij)i,j=0,1,...,N−4; (3.5.16)

fij =

∫
I

(γ + ξ)φjφiωdξ, F = (fij)i,j=0,1,...,N−4; (3.5.17)

hi =

∫
I

INhφiωdξ, h = (h0, h1, . . . , hN−4)T ; (3.5.18)

ṽN =
N−4∑
i=0

v̂iφi(ξ), v̂ = (v̂0, v̂1, . . . , v̂N−4)T . (3.5.19)

This system of linear algebraic equations can be rewritten in a matrix
form:

(A+ (2m2 + 1)B + 2n2β2C + (m4 − 4m2)D + 2m2n2β2E + n4β4F )v̂ = h.
(3.5.20)

If we compare the Galerkin method for the biharmonic equation for coax-
ial cylinders with the Galerkin method for the same equation in a two-
dimensional plane on an annulus, then we may see that there are close analo-
gies between the two algorithms. However, as can be seen from the matrix
form of the resulting equation for a three-dimensional space, there are many
additional terms in the finite system of equations.

As in the case of a two-dimensional space, we will employ a linear com-
bination of the Legendre polynomials as basis functions. This particular
option for the basis function, which was first described in the article [16] by
Professor Jie Shen, satisfies both the Dirichlet boundary conditions and the
Neumann boundary conditions:

φj(ξ) = Lj(ξ)−
2(2j + 5)

2j + 7
Lj+2(ξ) +

2j + 3

2j + 7
Lj+4(ξ). (3.5.21)

Such a given basis function has analytical formulas for the first order
derivative and the second order derivative which are expressed in a more
compact form:

φ′j(ξ) = −(2j + 3)Lj+1(ξ) + (2j + 3)Lj+3(ξ), (3.5.22)

φ′′j (ξ) = (2j + 3)(2j + 5)Lj+2(ξ). (3.5.23)

By analogy with the Galerkin method for the two-dimensional biharmonic
equation, a similar methodical approach can also be used in order to find
all the elements of the matrices A, B, C, D, E and F by implementing a
particular algorithm based on the legvander function, which returns the
pseudo-Vandermonde matrix in the sampling interval.
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3.5.2 The Fourier Chebyshev collocation method

The collocation method for a three-dimensional plane is very similar to the
collocation method for a two-dimensional plane. Indeed, a three-dimensional
plane can be described as a two-dimensional plane supplemented by the third
z coordinate. Thus on the one hand, the collocation method for a three-
dimensional plane becomes technically more advanced in terms of scientific
research and numerical analysis, but on the other hand the third z coordinate
makes matters much more complicated because of the necessity of handling
a vast amount of multi-dimensional data. Let us consider a mathematical
model (3.5.3) built on the biharmonic equation with Dirichlet and Neumann
type boundary conditions. The geometric representation of the model can
be described as two coaxial cylinders inserted one into the other, where the
radius of the inner cylinder is given by r0 and the radius of the outer cylinder
is given by r1. The biharmonic operator shown on the left side of the ex-
pression is given by Nabla raised to the fourth power, or by Laplacian raised
to the second power. Either of the operators is seen as equivalent in terms
of mathematics. In the cylindrical coordinate system it has the following
notation:

∇4u =
∂4u

∂r4
+

2

r2

∂4u

∂2r∂2θ
+

1

r4

∂4u

∂θ4
+

2

r

∂3u

∂r3

− 2

r3

∂3u

∂r∂θ2
− 1

r2

∂2u

∂r2
+

4

r4

∂2u

∂θ2
+

1

r3

∂u

∂r

+
2

r

∂3u

∂r∂z2
+ 2

∂4u

∂r2∂z2
+

2

r2

∂4u

∂θ2∂z2
+
∂4u

∂z4
. (3.5.24)

The problem considered here has a geometric periodicity in the angular
direction and in the z direction. As in the previous methods, a reasonable
starting step to ensure a practical solution to this problem is to choose the
mixed basis function as a basis function. The mixed basis function will be
represented by the orthogonal Fourier functions for periodic directions and
the Chebyshev polynomials for a bounded non-periodic radial direction. We
perform the Fourier transform over the θ and z axes in this case. Then it
can be written as follows:

ũ(r,m, n) =

2π∫
0

2π∫
0

u(r, θ, z)e−iθme−izn dθdz

≈ 2π

Nθ

2π

Nz

Nθ−1∑
j=0

Nz−1∑
k=0

u(r, θj, zk)e
−iθjme−izkn,

(3.5.25)
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where m = {−Nθ
2

+1, ..., Nθ
2
} is a wavenumber in the θ direction, n = {−Nz

2
+

1, ..., Nz
2
} is a wavenumber in the z direction, {θj = 2jπ

Nθ
}Nθ−1
j=0 is a set of Fourier

mesh points in the θ direction and {zk = 2kπ
Nz
}Nz−1
k=0 is a set of Fourier mesh

points in the z direction.
Let us now use the affine coordinate transformation given by the formula

(3.1.7), to map each element of the set [r0, r1] to the reference interval [−1, 1],
where the coefficients of γ and β equal the values of (3.1.8).

After performing the Fourier transform, the biharmonic operator for a
three-dimensional discrete problem takes the following form:

∇4ũ =
1

β4
D4ũ+

2

r(ξ)2

−m2

β2
D2ũ+

m4

r(ξ)4
ũ+

2

r(ξ)

1

β3
D3ũ

− 2

r(ξ)3

−m2

β
Dũ− 1

r(ξ)2

1

β2
D2ũ+

4(−m2)

r(ξ)4
ũ+

1

r(ξ)3

1

β
Dũ

+
2(−n2)

r(ξ)

1

β
Dũ+ 2(−n2)

1

β2
D2ũ+

2m2n2

r(ξ)2
ũ+ n4ũ. (3.5.26)

As in the case of the two-dimensional problem, the matrix Dn is a differ-
entiation matrix of degree n. The whole process of developing a numerical
scheme coincides with that of the two-dimensional case. In a similar way we
will obtain the differentiation matrices of order 3 and of order 4 from the
basis function p(ξ) = (1− ξ2)q(ξ) by implementing this particular algorithm
written in Python in computer software.

3.6 The Navier-Stokes equations in a three-

dimensional space

The previous chapters examined different methods for creating numerical
schemes for the Poisson equation and the biharmonic equation. That means
that these techniques and approaches can be employed for the pursuit of a
practical solution to the problem of discretising the Navier-Stokes equations.
The Navier-Stokes equations are a system comprised of two equations. The
first equation is a vector equation for a continuous medium. This equation is
also known as the momentum equation by virtue of the fact that it expresses
the balance of momentum. The second Navier-Stokes equation is called the
continuity equation. In general, this equation expresses the law of conserva-
tion of mass in a small volume, in which a state of the physical system can be
considered constant at each point. A system of these two partial differential
equations provides a complete description of motion of a viscous Newtonian
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fluid. These equations are of paramount importance in understanding of
fluid mechanics. On the basis of these equations, it is possible to develop
a consistent mathematical model to address a wide spectrum of problems
of the mechanics of continuous media. It is interesting to note that a good
numerical model based on these equations makes it feasible to produce fairly
accurate results for both laminar flow and turbulent flow. We recall that the
regime of turbulent flow in a fluid is caused by chaotic motion of a liquid or
gas, which, with increasing flow velocity, leads to an increase in the number
of random local perturbations and vortices. The regime of laminar flow, in
its turn, is linear motion of a fluid or gas without mixing and pulsations.

At present there is no analytical solution for the Navier-Stokes equations
in the general case. According to Terence Chi-Shen Tao, a famous math-
ematician and Fields Prize winner, the general analytical solution for the
equations will not be found until changes in the current level of technologi-
cal development are made [18]. Nevertheless, the analytical solution to the
equations in special cases has been found. The Clay Mathematics Institute,
a private US-based foundation, designated this problem as one of the seven
problems of the millennium, with the principal objective to prove or disprove
the existence of a global smooth solution for the three-dimensional case of the
Navier-Stokes equations [2]. In many respects, the problem itself is compli-
cated by the non-linearity of the equations and by the fact that the equations
strongly depend both on the initial and on the boundary conditions.

In this regard, there is a need to create a numerical model capable of
ensuring accurate and reliable results. There are multiple variations of such
numerical schemes tailored to match the requirements of specific discretisa-
tion techniques.

This part of the work will present a numerical scheme which provides a
solution to the Navier-Stokes equations for annular flow in cylindrical coor-
dinates. This method is based on the article [8] by Professor Mortensen. It
should be noted that the derivation of this method proposes a completely
novel approach to solving such a problem.

The geometry to be considered here is the same as that described earlier.
For a three-dimensional space, the geometry is given by two coaxial cylinders
inserted one into the other, where the radius of the inner cylinder is given
by r0 and the radius of the outer cylinder is given by r1. Thus, the region
under consideration is given by the following expression: (r, θ, z) ∈ Q =
[r0, r1]× [0, 2π)× [0, 2π). The Navier-Stokes equations for an incompressible
fluid which is to say the fluid in which the density of a continuous medium is
constant regardless of whether or not there is a pressure change can be defined
as a system of two equations: the momentum equation and the continuity
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equation:
∂u

∂t
+ (u · ∇)u = −∇p̃+∇ · ν∇u,

∇ · u = 0,
(3.6.1)

where the velocity vector has three components lain in the radial r, angular
θ, and z coordinate directions: u(x, t) = (ur, uθ, uz), ν is the kinematic

viscosity of a liquid or gas, p̃ = p +
u · u

2
+ F is a modified pressure value,

which includes three components: a ρ-normalized pressure p, a kinetic energy
component, and a driving moving force.

For the matter in question, we use the zero Dirichlet and Neumann bound-
ary conditions, and we also need to specify the initial conditions.

We denote the non-linear term of the equation as: H(x, t) = (Hr,Hθ,Hz) =
(u · ∇)u.

The method of obtaining a numerical scheme is the same as that described
in the article by John Kim, Parviz Moin, and Robert D. Moser, “Turbulence
statistics in fully developed channel flow at low Reynolds number” [4]. By
analogy with the method discussed in their work, we perform a series of
mathematical operations on the Navier-Stokes equations. To begin with, we
obtain the divergence from the momentum equation. Taking into account
the continuity equation, we get the following expression:

∇ ·H = −∇2p̃. (3.6.2)

Now we consider the projection of the momentum equation onto the co-
ordinate axis in the radial direction:

∂ur
∂t

+Hr = −∂p̃
∂r

+ ν∇2ur. (3.6.3)

After that Laplacian is to be derived from the momentum equation in the
radial direction r:

∂∇2ur
∂t

+∇2Hr = − ∂

∂r
∇2p̃+ ν∇4ur. (3.6.4)

Thus, after substituting equation (3.6.2) into equation (3.6.4), the mo-
mentum equation can be defined by the formula:

∂∇2ur
∂t

+∇2Hr =
∂

∂r
∇ ·H + ν∇4ur. (3.6.5)

Let us present the mathematical representation of a vector differential
operator over a vector field curl :

ω = ∇× u. (3.6.6)
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We take the curl of the vector momentum equation to obtain:

∂ω

∂t
+∇×H = ν∇2ω. (3.6.7)

We denote the expression g as the projection of the rotor onto the coor-
dinate axis in the radial direction. In the cylindrical coordinate system, this
expression is written in the first order partial derivatives of θ and of z:

g = (ω)r =
1

r

∂uz
∂θ
− ∂uθ

∂z
. (3.6.8)

Then the projection of equation (3.6.7) onto the coordinate axis r can be
written as the following expression:

∂g

∂t
+ (∇×H)r = ν∇2g. (3.6.9)

The scheme shown in the article [4] is an equation in the Cartesian co-
ordinate system. It is therefore reasonable to suggest that a similar scheme
should provide a solution to the Navier-Stokes equations in the cylindrical
coordinate system. The first two equations are variations of the momentum
equation. The last equation is the continuity equation, written in cylindrical
coordinates. This scheme is given by three equations with three unknowns.
Thus, the solution can be uniquely determined. Then the necessary equa-
tions for the solution with the zero Dirichlet and Neumann type boundary
conditions can be represented in the following form:

∂∇2ur
∂t

= hu + ν∇4ur, (3.6.10)

∂g

∂t
= hg + ν∇2g, (3.6.11)

1

r

∂ (rur)

∂r
+ f = 0, (3.6.12)

where

f =
1

r

∂uθ
∂θ

+
∂uz
∂z

, (3.6.13)

g = (ω)r =
1

r

∂uz
∂θ
− ∂uθ

∂z
, (3.6.14)

hg = −
(

1

r

∂Hz

∂θ
− ∂Hθ

∂z

)
, (3.6.15)
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hu = −∇2Hr +
∂

∂r
∇ ·H

= −
(

1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2

∂2

∂θ2
+

∂2

∂z2

)
Hr

+
∂

∂r

(
1

r

∂ (rHr)

∂r
+

1

r

∂Hθ

∂θ
+
∂Hz

∂z

)
= −

(
1

r2
+

1

r2

∂2

∂θ2
+

∂2

∂z2

)
Hr

+
∂

∂r

(
1

r

∂Hθ

∂θ
+
∂Hz

∂z

)
.

(3.6.16)

As in the previous cases, we will use the coordinate transformation laws
given by the formula (3.1.7), to map an arbitrary interval [r0, r1] on a refer-
ence interval [−1, 1], , where the coefficients of γ and β equal the values of
(3.1.8).

After transforming the coordinates, we obtain the following system of
equations:

∂∇2ur
∂t

= hu + ν∇4ur, (3.6.17)

∂g

∂t
= hg + ν∇2g, (3.6.18)

1

β(γ + ξ)

∂ ((γ + ξ)ur)

∂ξ
+ f = 0, (3.6.19)

where

f =
1

β(γ + ξ)

∂uθ
∂θ

+
∂uz
∂z

, (3.6.20)

g = (ω)r =
1

β(γ + ξ)

∂uz
∂θ
− ∂uθ

∂z
, (3.6.21)

hg = −
(

1

β(γ + ξ)

∂Hz

∂θ
− ∂Hθ

∂z

)
, (3.6.22)

hu = −
(

1

β2(γ + ξ)2
+

1

β2(γ + ξ)2

∂2

∂θ2
+

∂2

∂z2

)
Hr+

1

β

∂

∂ξ

(
1

β(γ + ξ)

∂Hθ

∂θ
+
∂Hz

∂z

)
.

(3.6.23)

To discretise the problem, we use a mixed basis function. This mixed ba-
sis function consists of the Legendre polynomials for a bounded non-periodic
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radial direction, and the Fourier series for the periodic angular and z coor-
dinate directions. We use the following linear combinations of the Legendre
polynomials:

φl(ξ, θ, z) = Ll(ξ), WN = span{φl}Nrl=0;

φ̄l(ξ, θ, z) = Ll(ξ)− Ll+2(ξ), W̄N = span{φ̄l}Nr−2
l=0 ;

φ̌l(ξ, θ, z) = Ll(ξ)−
2(2l + 5)

2l + 7
Ll+2(ξ) +

2l + 3

2l + 7
Ll+4(ξ), W̌N = span{φ̌l}Nr−4

l=0 .

(3.6.24)

And the given mixed basis function will be represented by the following
expressions:

ψk(ξ, θ, z) = φl(ξ)e
iθmeizn, VN = span{ψk(ξ, θ, z) : k ∈ KN};

ψ̄k(ξ, θ, z) = φ̄l(ξ)e
iθmeizn, V̄N = span{ψ̄k(ξ, θ, z) : k ∈ K̄N};

ψ̌k(ξ, θ, z) = φ̌l(ξ)e
iθmeizn, V̌N = span{ψ̌k(ξ, θ, z) : k ∈ ǨN},

(3.6.25)

where the mesh for frequencies is calculated as the product of the frequencies
for the periodic θ and z directions and the frequencies for a bounded non-
periodic radial direction:

KN (l,m, n) =

{
(l,m, n) = [0, ..., Nr]×

[
−Nθ

2
+ 1, ...,

Nθ

2

]
×
[
−Nz

2
+ 1, ...,

Nz

2

]}
;

K̄N (l,m, n) =

{
(l,m, n) = [0, ..., Nr − 2]×

[
−Nθ

2
+ 1, ...,

Nθ

2

]
×
[
Nz

2
+ 1, ...,

Nz

2

]}
;

ǨN (l,m, n) =

{
(l,m, n) = [0, ..., Nr − 4]×

[
−Nθ

2
+ 1, ...,

Nθ

2

]
×
[
−Nz

2
+ 1, ...,

Nz

2

]}
(3.6.26)

and k = {(l,m, n)}.
Then the solution of the equation is represented by the following formulas:

ur(ξ, θ, z, t) =
∑
k∈ǨN

(ûr)k(t)ψ̌k(ξ, θ, z),

uθ(ξ, θ, z, t) =
∑
k∈K̄N

(ûθ)k(t)ψ̄k(ξ, θ, z),

uz(ξ, θ, z, t) =
∑
k∈K̄N

(ûz)k(t)ψ̄k(ξ, θ, z),

(3.6.27)

where (ûr)k(t) is the expansion coefficients for velocity in the radial direction,
and (ûθ)k(t) and (ûz)k(t) are the expansion coefficients for velocity in the
angular and z directions.
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The Fourier transform over the θ and z axes for finding the numerical
solution in this case is written as:

ũ(ξ,m, n, t) =

2π∫
0

2π∫
0

u(ξ, θ, z, t)e−iθme−izn dθdz

≈ 2π

Nθ

2π

Nz

Nθ−1∑
j=0

Nz−1∑
k=0

u(ξ, θj, zk, t)e
−iθjme−izkn,

(3.6.28)

where m = {−Nθ
2

+1, ..., Nθ
2
} is a wavenumber in the θ direction, n = {−Nz

2
+

1, ..., Nz
2
} is a wavenumber in the z direction, {θj = 2jπ

Nθ
}Nθ−1
j=0 is a set of Fourier

mesh points in the θ direction and {zk = 2kπ
Nz
}Nz−1
k=0 is a set of Fourier mesh

points in the z direction.
Then we use the Galerkin spectral method to obtain a numerical model

for the problem. To discretise the equations in time, any method may be
used. Here we use one of the simple difference methods, namely the central
difference method. We use the Crank-Nicolson method for the linear terms
of the equations, and we use the Adams-Bashforth method for the non-linear
terms of the equations. We divide the time interval into uniform intervals
∆t > 0. Then, any time value is set discretely as: tκ = κ∆t, ∀κ = 0, 1 . . ..
For convenience in writing equations, let the discrete value of the function
at time tκ be denoted by the superscript κ.

Then the resulting variational formulation for the problem at hand in
the cylindrical coordinate system with the zero Dirichlet and Neumann type
boundary conditions can be defined as follows: find uκ+1

r ∈ V̌N , gκ+1 ∈ V̄N ,
fκ+1 ∈ V̄N such that〈

∇2 (uκ+1
r − uκr )
∆t

, ψ̌k

〉
=
〈
h
κ+ 1

2
u , ψ̌k

〉
+ ν

〈
∇4u

κ+ 1
2

r , ψ̌k

〉
, (3.6.29)〈

gκ+1 − gκ

∆t
, ψ̄k

〉
=
〈
h
κ+ 1

2
g , ψ̄k

〉
+ ν

〈
∇2gκ+ 1

2 , ψ̄k

〉
, (3.6.30)

〈
fκ+1, ψ̄k

〉
=

〈
−1

β(γ + ξ)

∂ ((γ + ξ)ur)
κ+1

∂ξ
, ψ̄k

〉
, (3.6.31)

where 〈·, ·〉 denotes a scalar product defined on a vector space.
The non-linear terms are discretised by the Adams-Bashforth method as

follows:

h
κ+ 1

2
g = 1.5hκg − 0.5hκ−1

g , (3.6.32)

h
κ+ 1

2
u = 1.5hκu − 0.5hκ−1

u . (3.6.33)
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The linear terms of the equation are discretised by the Crank-Nicolson
method:

u
κ+ 1

2
r = 0.5(uκ+1

r + uκr ), (3.6.34)

gκ+ 1
2 = 0.5(gκ+1 + gκ). (3.6.35)

The velocity components in the angular and z coordinate directions can
be found from equations of (3.6.20) - (3.6.21):

〈
gκ+1, ψ̄k

〉
=

〈
1

β(γ + ξ)

∂uκ+1
z

∂θ
− ∂uκ+1

θ

∂z
, ψ̄k

〉
, (3.6.36)

〈
fκ+1, ψ̄k

〉
=

〈
1

β(γ + ξ)

∂uκ+1
θ

∂θ
+
∂uκ+1

z

∂z
, ψ̄k

〉
. (3.6.37)

Since the derivatives of the Fourier functions are analytical, these equa-
tions have become simpler. Thus, the equations acquire a compact and
easy-to-compute form in a spectral space:

ĝκ+1
k =

1

β(γ + ξ)
im(ûz)

κ+1
k − in(ûθ)

κ+1
k , (3.6.38)

f̂κ+1
k =

1

β(γ + ξ)
im(ûθ)

κ+1
k + in(ûz)

κ+1
k . (3.6.39)

When the frequency values are zero: m = n = 0, these equations cannot
be solved. Therefore, we use the projections of the momentum equation
onto the coordinate axes of θ and of z to find the velocities of uθ and of uz
corresponding to these axes:〈(

uκ+1
θ − uκθ

)
∆t

, ψk

〉
=
〈
Hκ+ 1

2
θ , ψk

〉
+ ν

〈
∇2u

κ+ 1
2

θ , ψk

〉
−
〈
Fκ+1, ψk

〉
,

(3.6.40)〈
(uκ+1

z − uκz )
∆t

, ψk

〉
=
〈
Hκ+ 1

2
z , ψk

〉
+ ν

〈
∇2u

κ+ 1
2

z , ψk

〉
. (3.6.41)

As can be seen from equations of (3.6.29) - (3.6.31) and of (3.6.40) -
(3.6.41), they include the vector differential operator nabla raised to the sec-
ond power and to the fourth power. This is primarily the Galerkin method for
solving the Poisson equation and the biharmonic equation. After mathemat-
ical operations and algebraic manipulation on equations of (3.6.29) - (3.6.31)
we obtain a system of equations, enabling us to find uκ+1

r , gκ+1 and fκ+1. The
gκ+1 and fκ+1 values obtained for all non-zero frequencies (m 6= 0, n 6= 0)
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make it possible to determine the two remaining velocity components of uκ+1
θ

and of uκ+1
z in the angular and z coordinate directions respectively from equa-

tions of (3.6.38) - (3.6.39). For zero frequencies (m = n = 0) it is necessary
to find the projections of the momentum equation onto the coordinate axes
of θ and of z. After performing mathematical operations and algebraic ma-
nipulation, the projection of the equation in this case reduces to a system of
equations of uκ+1

θ and of uκ+1
z .

One of the major issues that need to be considered when solving the
Navier-Stokes equations is a question of how to deal with the problem of the
non-linear terms of the equations. When calculating the non-linear terms
of the equations, it becomes necessary to find the convolution of velocities
in a spectral space. This is quite a costly process, since the number of
operations is O(N2). At the same time, there is an algorithm that makes it
possible to produce the same result with less number of operations, namely
O(N logN). It is called a pseudo-spectral evaluation of the non-linear terms.
This algorithm implies that the product of velocities in physical space is
equivalent to the convolution in a spectral space. In order to do this, we
need to transform the velocities from a spectral space into physical space
by using FFT, and then to multiply one by another and to transform this
product from the physical space into the spectral space again. In this case
aliasing errors often occur. An aliasing error is the difference between the
exact and discrete coefficients of a Fourier series. The effect of aliasing can be
seen when a wavenumber is higher than a half of the discrete sampling points.
There is the 3/2-rule that helps to cut down on the aliasing errors [12]. To do
this, the mesh in physical space needs to be made smaller, namely M = 3

2
N .

Then this mesh is used to calculate the products of the non-linear terms.
Subsequently, when making the reverse transformation from the physical into
spectral spaces, all the wavenumbers which are greater than N

2
are discarded.

The implementation algorithm is the same as in the reviewed article by
Professor Mortensen [8].
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Results

4.1 Verification

On completion of a computational process in a particular program, the
obtained results are always to be verified. The process of modelling simula-
tion related to complex and previously unknown issues requires the defining
criterion as to whether a numerical computation tallies with that of an ana-
lytical solution or not.

There are a number of methods available for verifying a numerical com-
putation. They are as follows:

1. Manual calculation,

2. A comparison with simplest solutions,

3. The method of manufactured solutions.

Manual calculation is one of the easiest methods of verifying the program
output. This method makes it possible to have the results checked mathe-
matically either with a calculator or even a pen and paper. There is no need
to calculate all the N values. Thus, a few selections of the program output
with randomly chosen results can be compared with their values, obtained
by checking them manually.

The other way of verifying the obtained results is a comparison with
simplest solutions. This method helps to check out how accurately a program
code generates the values by testing problems, the analytical solutions of
which are to be either permanent or linear functions.

In other words, the main objective of this method is to get a computer to
perform the accurate numerical computations, similar to those that obtained
by the analytical solutions. Therefore, this approach has proved to be one
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of the principal methods, which is often used for the software debugging and
verification.

If to look at the issue from another angle, the previous method can be
revised and extended by embedding some elements which lay the foundation
for analytical solutions into a paradigm of numerical computations. This
approach is called the method of manufactured solutions.

In the usual way the objective of solving an initial and boundary value
problem is to find an expression in terms of independent variables, namely
space and time, which satisfies the criteria of the initial and boundary condi-
tions. However, the method of manufactured solutions works the other way
around.

For example, let us assume that an analytical solution is already in ex-
istence. Then, let us apply the analytical solution to solving a differential
equation to the effect of obtaining an initial and boundary value problem
that meets the criteria of a given set of initial and boundary conditions. Fi-
nally, let us use a computer numerical simulation for solving a problem and
compare the obtained results with the original expression.

As a matter of fact, it gives us much greater error correction performance
for debugging a program and offers more than one possible solution to non-
trivial problems in future.

However, this method is subject to certain restrictions [3]:

� The original expression should be in its general form for each term,
including all dependent variables;

� The original expression should be a differentiable non-singular function;

� The original expression should not be trivial in derivatives and depend
only on time or space;

� The original expression should consist of smooth analytical functions
such as, for example, polynomials or trigonometric functions.

4.2 A benchmark solution for the Poisson

equation

In this part we will consider a benchmark solution for the Poisson equa-
tion on an annulus. This solution is given in detail in the book by Professor
Kopriva [6]. The purpose of this research is to examine whether or not a
numerical solution obtained by the collocation method is accurate. This so-
lution is only relevant when using the collocation method due to the fact that
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Figure 4.1: A numerical solution for the two-dimensional Poisson equation
on an annulus with an inner radius of r0 and an outer radius of r1.

the solution has non-zero boundary conditions. Contrary to the collocation
method, the zero boundary conditions are a necessary prerequisite for the
derivation of formulas by the Galerkin method.

The application of the method using the benchmark solution is an ef-
fective way to debug a program. The advantage of this approach is that
there exist two functions, which is to say an exact analytical solution of a
problem and an exact analytical meaning of a source term. These functions
are non-linear functions, and they are not formed by a linear combination of
polynomials of different degrees. The choice of such functions is dictated by
the need to assess the accuracy of the method based on using a polynomial
approximation.

Let us consider the source term given by the following expression:

f(r, θ) =
[(

1− 1

r

)
+

4

r2
(sin 2θ2 − cos 2θ)

]
e−recos(2θ). (4.2.1)

An exact analytical solution of the Poisson equation on an annulus is
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Figure 4.2: Spectral convergence for the two-dimensional Poisson equation
on an annulus. Values for mesh points are Nr, Nθ, where Nr is the number of
points in the radial direction, and Nθ is the number of points in the angular
direction.

defined by the formula:
u(r, θ) = e−recos(2θ), (4.2.2)

where the Dirichlet type boundary conditions equal non-zero values:

u(r = 1, θ) = ecos(2θ)−1, (4.2.3)

u(r = 4, θ) = ecos(2θ)−4. (4.2.4)

The graph (Fig. 4.1) shows a visual image plotted by values derived from
the numerical solving of the Poisson equation on an annulus.

The norm of the difference between the numerical and analytical solutions
for the relatively small number of mesh points in the radial and angular di-
rections, namely Nr = Nθ = 20, is already a number raised to the minus
fourth power. However, as can be seen from the graph (Fig. 4.2), there is
no linear dependence between the norm of the difference between the nu-
merical and analytical solutions and the number of mesh points. When the
number of mesh points in the radial and angular directions is increased by
a factor of two, namely Nr = Nθ = 40, the norm of the difference becomes
approximately equal to a number raised to the minus eleventh power. This
accuracy is called spectral accuracy. It should be noted that for this type
of problem this method gives us maximum precision. The graphic output of
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numerical data reveals abnormal patterns of behaviour of the norm of the
difference between the numerical and analytical solutions. This paradox can
be explained by the fact that the degree of convergence known as the norm
of the difference became worse due to a number of round-off errors. There
are numerous Python libraries which make it feasible to achieve greater ac-
curacy in computation. Nevertheless, for the type of problems considered in
this part of the work the level of accuracy achieved with this method is quite
sufficient.

4.3 A manufactured solution for the Poisson

equation

4.3.1 A two-dimensional problem

Let us make use of the method of manufactured solutions to examine
whether or not the results obtained by numerically solving the Poisson equa-
tion are accurate. We define a non-trivial function as an analytical solution
provided that this function is not a combination of polynomials of different
degrees:

u(r, θ) = sin

((
r

β
− γ
)2

− 1

)
cos θ, (4.3.1)

which satisfies the Dirichlet type boundary conditions and the periodicity in
the angular direction:

u(r = r0, θ) = u(r = r1, θ) = 0,

u(r, 0) = u(r, 2π).
(4.3.2)

The graph (Fig. 4.3) presents a visual image produced by the data points
obtained from the numerical solving of the two-dimensional Poisson equation
on an annulus.

For both the collocation and Galerkin methods, the norm of the difference
between the numerical and analytical solutions is a number raised to the
minus thirteenth power, at the least, for Nr = Nθ = 20 (see Fig. 4.7a).
These results confirm good spectral convergence.
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Figure 4.3: A numerical solution for the two-dimensional Poisson equation
on an annulus with an inner radius of r0 and an outer radius of r1.

4.3.2 A three-dimensional problem

To solve a three-dimensional problem, we use the modified version of the
manufactured solution for a two-dimensional problem. In this case, we intro-
duce the additional term of the function, which depends on the z coordinate.
Then the manufactured solution can be defined by the function:

u(r, θ) = sin

((
r

β
− γ
)2

− 1

)
cos θ sin 8z, (4.3.3)

which satisfies the Dirichlet type boundary conditions and the periodicity in
the angular direction and in the z direction:

u(r = r0, θ, z) = u(r = r1, θ, z) = 0,

u(r, 0, z) = u(r, 2π, z),

u(r, θ, 0) = u(r, θ, 2π).

(4.3.4)
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Figure 4.4: A numerical solution for the three-dimensional Poisson equation
in coaxial cylinders with an inner radius of r0 and an outer radius of r1.

A visual image presented on the graph (Fig. 4.4) is built from the data
points produced by the numerical solving of the three-dimensional Poisson
equation in an annulus configuration.

In this case, spectral convergence is low because of the small number
of mesh points. However, as the number of mesh points grows, spectral
convergence grows either. In the end, it can be as accurate as that of a
number raised to the minus twelfth power for Nr = Nθ = Nz = 20 (see Fig.
4.7b).

4.4 A manufactured solution for

the biharmonic equation

4.4.1 A two-dimensional problem

Let us use the manufactured solution to ascertain whether the results
derived by solving the biharmonic equation are accurate and reliable. As in
the previous cases, we choose an analytical function in such a way that it
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Figure 4.5: A numerical solution for the two-dimensional biharmonic equa-
tion on an annulus with an inner radius of r0 and an outer radius of r1.

is non-linear and it is not a linear combination of polynomials of different
degrees:

u(r) = sin

(
4π

(
r

β
− γ
))(

1−
(
r

β
− γ
)2
)

cos θ. (4.4.1)

This function should also meet the Dirichlet and Neumann type boundary
conditions and the periodicity in the angular direction:

u(r = rr0, θ) = u(r = r1, θ) = 0,

∂u

∂r

∣∣∣
(r=r0)

=
∂u

∂r

∣∣∣
(r=r1)

= 0,

u(r, 0) = u(r, 2π).

(4.4.2)

A visual image depicted on the graph (Fig. 4.5) has been created by using
data derived from the numerical solving of the two-dimensional biharmonic
equation on an annulus.
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Figure 4.6: A numerical solution for the three-dimensional biharmonic equa-
tion in coaxial cylinders with an inner radius of r0 and an outer radius of
r1.

In this case, the norm of the difference between the numerical and ana-
lytical solutions obtained by one method is quite distinct from that of the
other method. Whereas the norm of the difference for Nr = Nθ = 30 for the
collocation method is a number raised to the minus eighth power, the norm
of the difference for the Galerkin method is a number raised to the minus
twelfth power (see Fig. 4.8a).

4.4.2 A three-dimensional problem

Let us add an additional function depending on the z coordinate to the
manufactured solution for a two-dimensional problem. Thus, the analytical
solution is given by the following function:

u(r) = sin

(
4π

(
r

β
− γ
))(

1−
(
r

β
− γ
)2
)

cos θ cos 4z, (4.4.3)
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which satisfies the Dirichlet and Neumann type boundary conditions and the
periodicity in the angular direction and in the z direction:

u(r = rr0, θ, z) = u(r = r1, θ, z) = 0,

∂u

∂r

∣∣∣
(r=r0)

=
∂u

∂r

∣∣∣
(r=r1)

= 0,

u(r, 0, z) = u(r, 2π, z),

u(r, θ, 0) = u(r, θ, 2π).

(4.4.4)

The data points obtained by the numerical solving of the three-dimensional
biharmonic equation in an annulus configuration are plotted on the graph
(Fig. 4.6), forming a visual image.

It should be noted that patterns of behaviour of the norm of the difference
is very similar for the two methods (see Fig. 4.8b). However, the norm of
the difference between the numerical and analytical solutions obtained by the
collocation method deteriorates along with the rise of the number of mesh
points. For the Galerkin method, the norm of the difference is not changing
in behaviour and the degree of convergence is defined by a number raised to
the minus eleventh power for Nr = Nθ = Nz = 40.

4.5 A comparison of the collocation method

and the Galerkin method

The graphs (Fig. 4.7a - 4.8b) show the results of the solving of the
Poisson problem and the biharmonic problem with the use of two methods:
the collocation method and the Galerkin method. Thus it can be seen that
there exists a very high degree of convergence of the graphics output built
up with the application of both methods and with the use of a fairly small
number of mesh points of Nr, Nθ for a two-dimensional case and of Nr, Nθ,
Nz for a three-dimensional case. It is accepted that the degree of convergence
known as the norm of the difference between an analytical and a numerical
solutions should be a number raised to the minus eleventh power for the
Galerkin method and to the minus eighth power for the collocation method,
at the least, as it was discussed earlier in sections 4.3 and 4.4. Such a high
degree of accuracy in computation is the hallmark of the spectral methods.

However, it is worth studying the patterns of behaviour of the norm of
the difference between an analytical solution and a numerical solution that
is obtained by the collocation method. It is worthy of note that as the
number of mesh points of Nr, Nθ for a two-dimensional case and of Nr,
Nθ, Nz for a three-dimensional case increases, at some point convergence of

70



CHAPTER 4. RESULTS

the graphic output of numerical data begins to get worse and worse. Such
a paradox can be explained as follows. The collocation method uses the
differentiation matrix D at the collocation points. As was mentioned in
the previous chapter, it is a dense matrix. A dense matrix is a matrix in
which most of its elements are other than zero. Should there be a rise in
the number of mesh points of Nr, the dimension of the differentiation matrix
would expand either. This implies that the process of finding the inverse
of the differentiation matrix can be marred by a round-off error. Hence the
method of solving a system of linear algebraic equations of the form Ax = b
is also liable to the same round-off error.

Unlike the collocation method, the Galerkin method proved to be capable
of achieving consistently accurate results which were repeatable in terms of
convergence. In other words, the graphic output of numerical data repre-
sents a more constant repetition of the norm of the difference between an
analytical solution and a numerical solution that is obtained by the Galerkin
method. These patterns of behaviour of the norm are explained by the fact
that the matrices, obtained in the Galerkin method, are sparse matrices. A
sparse matrix is a matrix in which most of its elements equal zero. Unlike
dense matrices, sparse matrices have less such round-off errors when solving
a system of linear algebraic equations of the form Ax = b. The availability of
sparse matrices has many other advantages. For example, the sparse matrices
occupy less computer memory. Indeed, a sparse matrix can be compressed
provided that there is nothing but its non-zero elements stored. Beyond
this, the use of special libraries and algorithms can greatly accelerate sparse
matrix handling.

Thus, it would seem fair to conclude that the collocation method is infe-
rior to the Galerkin method, by virtue of the fact that the latter method can
be applied to both simple and more complex problems when the large num-
ber of mesh points of Nr, Nθ for a two-dimensional case and of Nr, Nθ, Nz for
a three-dimensional case is required to be used in equations. In other words,
the Galerkin method gives a very high degree of convergence regardless of
whether or not there is a rise in the number of mesh points.
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(a) Spectral convergence for the two-dimensional Poisson equation on an annulus with an
inner radius of r0 and an outer radius r1.

(b) Spectral convergence for the three-dimensional Poisson equation in coaxial cylinders
with an inner radius of r0 and an outer radius r1.

Figure 4.7: Spectral convergence for the Poisson equation. Values for mesh
points are Nr, Nθ, Nz, where Nr is the number of points in the radial di-
rection, Nθ is the number of points in the angular direction, and Nz is the
number of points in the z direction.
Blue squares indicate the Fourier Chebyshev Galerkin method;
Green circles indicate the Fourier Legendre Galerkin method;
Red triangles indicate the Fourier Chebyshev collocation method.
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(a) Spectral convergence for the two-dimensional biharmonic equation on an annulus with
an inner radius of r0 and an outer radius r1.

(b) Spectral convergence for the three-dimensional biharmonic equation in coaxial cylinders
with an inner radius of r0 and an outer radius r1.

Figure 4.8: Spectral convergence for the biharmonic equation. Values for
mesh points are Nr, Nθ, Nz, where Nr is the number of points in the radial
direction, Nθ is the number of points in the angular direction, and Nz is the
number of points in the z direction.
Green circles indicate the Fourier Legendre Galerkin method;
Red triangles indicate the Fourier Chebyshev collocation method.
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4.6 The condition number

Numerical analysis often requires that the numerical solutions of various
applied problems should be estimated on the basis of a stability criterion.
Such a criterion is called a condition number. For the functions, the condition
number shows how much a small change in the input parameters affects the
value of the final number. For a system of linear equations, the condition
number determines a certain boundary within which the solution is likely to
be inaccurate.

If small changes in the coefficients of the matrix or in the values of the
right-side equation lead to small changes in the solution itself, then such a
system of equations is called well-conditioned. In its turn, if small changes in
the coefficients of the matrix or in the terms of the right-side equation cause
large perturbations, then such a system of equations is called ill-conditioned.

In other words, the condition number indicates system sensitivity to var-
ious errors and suggests solution accuracy for an applied problem. Small
changes in the input data may be due to various factors. Among the most
common factors, we can distinguish, for example, round-off errors, errors of
numerical methods, calculation errors, et cetera.

The condition number of a system of linear equations of Ax = b can be
found as the product of the norm of the matrix A and the inverse matrix
A−1:

κ(A) =
∥∥A−1

∥∥ · ‖A‖ ≥ 1 (4.6.1)

The condition number shows how close a matrix is to degeneracy. The
matrix becomes degenerate, when there are no solutions for a system of
equations or, conversely, there are infinitely many solutions for this system.
Thus, if small changes in the matrix A lead to unreliable results, then this
means that a numerical method is ill suited to dispose of the problem at issue.
At the same time, in numerical analysis it is important not only to evaluate
the very value of the condition number, but also to study the correlation
between a change in the number of N points and the way the condition
number behaves. For some problems, the matrices remain well conditioned
regardless of the fact that the number of points is relatively small. Moreover,
the results obtained by use of numerical methods are also reliable. However,
noise in data increases exponentially on the back of an increase in a matrix.
This is evidence of instability of a matrix as a result of small changes. Due to
growing numbers of mesh points, noise in data clearly will have an impact on
the results making them less accurate and reliable. Thus, it may be possible
to predict what each method will do when the size of a matrix increases.

In this context, let us consider the correlation between the number of
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N points and values of condition numbers obtained by previously described
spectral methods. For the Poisson equation on the plane, the matrices to be
considered here are defined by the left-hand side of equation (3.1.19) for the
Galerkin method, and by equation (3.1.43) for the collocation method. For
the Poisson equation in a three-dimensional space, the matrices are given
by the left-hand side of equation (3.4.5) for both the Galerkin and colloca-
tion methods. For the biharmonic equation in a two-dimensional space, the
matrices are represented by the left-hand side of equation (3.2.18) for the
Galerkin method, and by equation (3.2.26) for the collocation method. For
the biharmonic equation in a three-dimensional space, the matrices are de-
fined by the left-hand side of equation (3.5.20) for the Galerkin method, and
by equation (3.5.26) for the collocation method.

Figures 4.9 - 4.12 show values of condition numbers plotted on a loga-
rithmic scale in correlation to the number of N points. The red triangles
correspond to data obtained by the Chebyshev collocation method, the blue
squares correspond to values obtained by the Fourier Chebyshev Galerkin
method, and the green circles correspond to data obtained by the Fourier
Legendre Galerkin method. The blue solid line shown on the graphs (Figs.
4.9 - 4.12) represents a function raised to the fourth power N4 and can serve
as an illustration of the limit the condition number can have. According to
the article [14], the condition number of these matrices can grow like O(N4)
with a start value of approximately 102 for N = 16.

Two types of cases are considered in turn for all methods. In the first
case, the frequency is set equal to unity. In the second case, the frequency
is set to the minimum possible, namely −N

2
+ 1. Thus, this allows us to

estimate the effect on the behavior of a matrix produced by extreme values
of frequencies.

The condition number obtained by the Galerkin method for the Poisson
equation lies within acceptable limits in both two-dimensional and three-
dimensional spaces. It should be noted that the condition number for the
maximum number of points, namely N = 200, is not large. Here the condi-
tion number shows that noise in the solution data is increased by roughly a
hundredfold or a thousandfold. When solving problems in Python, a double-
precision floating-point format is used. This format provides the level of
precision in 15 − 17 decimal digits. This means that noise will not have a
dominating influence on numerical solutions. Even for N = 10, the condition
number obtained by the collocation method for the Poisson equation is very
large: κ = 104. In fact, the pace of condition number change is the same as
for a function raised to the fourth power O(N4). This means that with the
rise in the number of mesh points, round-off errors have an increasing and
adverse impact on accuracy and precision of numerical computation. This
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general trend can also be seen on the graphs of spectral convergence.
The Galerkin method for the biharmonic equation produces very consis-

tent results. The condition number is growing in direct proportion to the
increase in a function raised to the fourth power for unit frequency. For min-
imum frequency, the increase in the condition number is even lower. This
indicates that the round-off errors have no significant impact on the results
of a numerical solution. However, the reverse situation occurs for the col-
location method. When the number of mesh points is small, the condition
number can be as large as a number raised to the seventh power. As a result
of the large increase in the number of points, the matrix is close to becoming
a degenerate matrix. As can be seen in graphs of spectral convergence (Figs.
4.8a - 4.8b), the round-off errors have had negative impacts on accuracy
and precision of numerical solutions. Thus, it can be concluded from these
data that the collocation method for the biharmonic equation has produced
inconsistent results because the size of the matrix has increased.
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(a) m = n = 1

(b) m = n = −N
2 + 1

Figure 4.9: The correlation between the condition numbers of the two-
dimensional Poisson equation and the number of mesh points for different
values of frequencies of m and of n.
Blue squares indicate the Fourier Chebyshev Galerkin method;
Green circles indicate the Fourier Legendre Galerkin method;
Red triangles indicate the Fourier Chebyshev collocation method.
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(a) m = n = 1

(b) m = n = −N
2 + 1

Figure 4.10: The correlation between the condition numbers of the three-
dimensional Poisson equation and the number of mesh points for different
values of frequencies of m and of n.
Blue squares indicate the Fourier Chebyshev Galerkin method;
Green circles indicate the Fourier Legendre Galerkin method;
Red triangles indicate the Fourier Chebyshev collocation method.
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(a) m = n = 1

(b) m = n = −N
2 + 1

Figure 4.11: The correlation between the condition numbers of the two-
dimensional biharmonic equation and the number of mesh points for different
values of frequencies of m and of n.
Green circles indicate the Fourier Legendre Galerkin method;
Red triangles indicate the Fourier Chebyshev collocation method.
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(a) m = n = 1

(b) m = n = −N
2 + 1

Figure 4.12: The correlation between the condition numbers of the three-
dimensional biharmonic equation and the number of mesh points for different
values of frequencies of m and of n.
Green circles indicate the Fourier Legendre Galerkin method;
Red triangles indicate the Fourier Chebyshev collocation method.
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Chapter 5

Conclusions and future work

The main theme of this graduate thesis has been devoted to the exam-
ination of spectral methods. As the object for mathematical modeling we
have chosen the Poisson and biharmonic equations to discretise them in both
two- and three-dimensional spaces by means of different numerical spectral
schemes with the aim of obtaining a detailed estimate of the accuracy and
precision of the numerical solutions. These equations underlie many physical
problems. One such problem is the Navier-Stokes equations, which com-
pletely describe the motion of a liquid or gas. The research on the Poisson
and biharmonic equations has helped to elaborate a new technique for dis-
cretising the Navier-Stokes equations in an annulus configuration.

The study has also analysed the way in which the fluid motion pro-
cess is influenced by annular geometry. Accordingly, the two- and three-
dimensional cases have been considered in the context of this geometry. The
two-dimensional case has been defined by the geometry of an annulus with an
inner radius of r0 and an outer radius of r1. The three-dimensional case has
been defined by the geometry of inner and outer surfaces of two cylindrical
tubes inserted one into the other, where the radius of the inner cylinder is
given by r0 and the radius of the outer cylinder is given by r1.

Of all the spectral methods, only two basic methods have been considered
in detail in the thesis: the Galerkin method and the collocation method.
These methods differ from each other in many aspects. For the collocation
method, the solution is sought at the collocation points in physical space.
The Lagrange polynomials are chosen here as a test function. Conversely, the
approach adopted in the Galerkin method enables us to obtain an equation in
its weak form on condition that the basis functions are selected the same as
the test functions. As the basis functions we have chosen here the orthogonal
Chebyshev and Legendre polynomials for a bounded non-periodic interval
in the radial direction and the trigonometric Fourier functions for periodic
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intervals in the angular and z coordinate directions.
Having developed mathematical models on the basis of these methods,

we have created numerical schemes in the Python programming language to
implement them in computer software. The method of manufactured solu-
tions has been used to investigate the accuracy and precision of the numerical
results and to estimate the norm of the difference between the numerical and
analytical solutions. The values obtained for the norm of the difference have
made it possible to plot graphs in Python showing the correlation between
overall trends in the spectral convergence and the number of mesh points.
Basically, both methods have yielded good spectral convergence of values
obtained for the norm of the difference within a selected range of the number
of mesh points. However, it should be noted that for the collocation method,
the graphic output of numerical data has revealed that the degree of conver-
gence known as the norm of the difference has deteriorated considerably as
the number of mesh points has risen. Therefore, for a more detailed analysis
of the results, we have calculated the values of the condition numbers for
both methods. The condition number can be used to estimate how a small
change in the matrix or a small change in the input data would affect the
final result. This technique is often used in numerical analysis to examine
the number of errors, including round-off errors, contained in the numerical
solution. In other words, it has been important to estimate the extent to
which both methods produce consistent results in the presence of noise. This
analysis has shown that unlike the collocation method, the Galerkin method
produces more consistent results regardless of whether or not the number
of mesh points increases. The research has revealed that as the number of
mesh points increases, the collocation method for the biharmonic equation
produces inconsistent results due to the fact that the matrix approaches de-
generacy.

In view of this fact it is reasonable to conclude that for more complex
problems in which it is necessary to break the considered region into a large
number of cells, it is better to use the Galerkin method. This study has shown
that the Galerkin methods for both the Poisson and biharmonic equations
in annular geometry have produced consistent numerical results.

Since the Navier-Stokes equations do not have an exact analytical solu-
tion in the general case, the development of a good numerical model capable
of solving this problem is of great importance for the future. Nevertheless,
the equations obtained by the Galerkin methods have laid the foundation
for a new method for discretising the Navier-Stokes equations applied to the
motion of a single-phase fluid in a three-dimensional space defined by the ge-
ometry of inner and outer surfaces of two cylindrical tubes inserted one into
the other. Therefore, it would seem fair to conclude that a new technique
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developed in this research gives us a numerical scheme capable of produc-
ing consistent numerical results with comparable accuracy and precision to
analytical solutions.

A few words about the practical side of all this. There is no question that
the research on the motion of a single-phase fluid in annular geometry is of
practical use. For example, the oil and gas industry uses all these formulas
in all its projects. Moreover, these results can be used for solving similar
problems related to the motion of a single-phase fluid in both two- or three-
dimensional spaces defined by the geometry of an eccentric annulus or they
can be used as a basis on which to make a detailed study of multiphase
flows. Considering that there is still no reliable computer software which can
be used to calculate multiphase flows in annular geometry, creating a good
and reliable numerical scheme capable of solving this problem is of great
interest. The Galerkin spectral methods here have greater potential.
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Appendix A

A visualisation toolkit for
three-dimensional problems

Let us use computer graphics software such as ParaView to transform the
resulting data into a three-dimensional model. This program is a powerful
tool in relating the essential elements of the quantitative and qualitative
assessment of large arrays of data to interactive visualisation. The ParaView
package operates within a framework of the Visualisation Toolkit (VTK)
libraries upon which it is based.

Therefore, for the visualisation to flow smoothly, the resulting numpy
array has to be converted into a digital form suitable for the ParaView ap-
plication. In other words, the ParaView format should be the same as that
of the Visualisation Toolkit system.

The VTK format can be used with geometry and topology of different
structures, and therefore it is suitable for different types of large arrays of
data, as well as for given nodes and cells.

The main types of geometry are described below [13]:

� StructuredPoints: this is a pattern in which the mesh dimensions of
(Nx, Ny, Nz), the mesh origin of (Nx0, Ny0, Nz0), and the cell dimen-
sions of (∂x, ∂y, ∂z) are specified. Hence, the mesh becomes uniformly
distributed and regular;

� StructuredGrid: this is a pattern in which only the mesh dimensions of
(Nx, Ny, Nz) are specified. Thus, the mesh becomes neither uniformly
distributed nor regular. In such a case, it takes a little while for the
coordinates to be set up for each node of the mesh;

� RectilinearGrid: this is a pattern in which the mesh is regular, but
the distances between elements of the cells are likely to be completely
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arbitrary;

� UnstructuredGrid: this is a pattern in which the mesh becomes both
unevenly distributed and irregular. It is comprised of an arbitrary
number of combinations of every possible type of cells.

Of particular interest is the StructuredGrid pattern which is used as a
means of visualising prodigious quantities of data. The obtained results
are an array of data in which each value is described by three x, y and z
coordinates.

In this regard, it may well be the time to apply to the Export VTK
(EVTK) software package to convert the resulting numpy array into the
VTK format [5].

The EVTK package ensures the efficacy and integrity of converting the
array of data into a binary data type and of writing the data in the VTK file
format with the .vts file extension. It should be noted that the file extension
depends on topology. The EVTK software package is written in the Python
Programming Language.

The major advantage of the package is that it does not depend on the
external libraries. That is why it is a simple-to-use software package. There
is the function gridToVTK for creating a VTK file. The following data are en-
tered into the appropriate form of a formula: topology, arrays of coordinates,
and arrays of point data.

gridToVTK("./structured", x, y, z, pointData = {"u" : u})

Here the resultant file will be assigned the .vts extension. As a result,
this makes it possible to open the file in ParaView, thus facilitating further
processes which contribute to the success of interactive visualisation.
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Appendix B

A computational mesh

Let us see what computational mesh is like. Typically, all calculations are
done with the help of computer programs written in the Python Program-
ming Language. The computational mesh for a two-dimensional plane is a
rectangular matrix. This mesh is partitioned into Nr − 1 rows in the radial
direction and Nθ − 1 columns in the angular direction. It should be noted
that rows of the computational mesh in the radial direction have an uneven
distribution. As stated earlier, the nodes of the computational mesh in the
radial direction correspond to either the roots of the Chebyshev polynomials
or the Legendre polynomials. In its turn, columns of the computational mesh
in the angular direction have a uniform distribution. In Python a numeric
solution is written as numpy.array. Each element of the given matrix cor-
responds to the value of a numerical solution at each of the discretisation
points defined by the coordinates of mesh (r, θ).

The computational mesh for a three-dimensional plane is a parallelepiped.
The mesh is partitioned into Nr nodes in the radial direction, Nθ nodes
in the angular direction, and Nz nodes in the z coordinate direction. As
in the two-dimensional plane, rows of the computational mesh for a three-
dimensional plane in the radial direction have an uneven distribution. The
nodes of the mesh in the radial direction correspond to either the roots of the
Chebyshev polynomials or the Legendre polynomials. In its turn, rows and
columns of the computational mesh for a three-dimensional plane in both the
angular direction and the z coordinate direction have a uniform distribution.
In Python a numeric solution is a three-dimensional array of data. Each
element of the matrix corresponds to the value of a numerical solution at
each of the computational mesh nodes defined by the coordinates of mesh (r,
θ, z).

In this regard, it is worthy of note that the mesh geometry of the polar and
cylindrical coordinate systems differs from the two cases considered above.
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(a) Nr = 10, Nθ = 10

(b) Nr = 20, Nθ = 20

Figure B.1: Computational mesh for a two-dimensional case for different
parameters of Nr nodes in the radial direction and Nθ nodes in the angular
direction.

Figure B.2: Computational mesh for a three-dimensional case for Nr = 10,
Nθ = 10, Nz = 10, where Nr indicates nodes in the radial direction, Nθ

indicates nodes in the angular direction and Nz indicates nodes in the z
coordinate direction.
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APPENDIX B. A COMPUTATIONAL MESH

We will use the Python graphical libraries to form a visual image of the
resulting numerical solution. In most cases these graphic libraries use the
Cartesian coordinate system. For visualization purposes, we shall make a
transformation from either the polar or cylindrical coordinate systems into
the Cartesian coordinate system. Thus, we obtain a computational mesh,
which corresponds to the geometry of an annulus. The Python library, as
is the case with the Paraview software, uses linear interpolation between
the mesh nodes. However, if the number of mesh nodes becomes relatively
small, such linear interpolation will be less accurate because of a very crude
approximation to the geometry of an annulus. The graph shows a correlation
between the number of mesh nodes and the graphics output built up with
the use of the Paraview library software.

Another method for displaying data obtained from the small number of
sampling points is to use a data interpolation function. This function makes
it possible to select which of the methods is more appropriate for searching
through the available discrete data for intermediate values. When this is the
case, a spline, a cubic function, and some others can be used. This approach
makes it possible to obtain a large array of data, enabling us to visualise a
smoother geometric representation of the problem. Although the particular
technique generates solutions to major simple problems, it is incapable of
ensuring an exact solution to a daunting practical problem. Therefore, it
would be fair to conclude that the more nodes of the computational mesh
are used for solving complex problems, the more accurate results can be
achieved. Thus, the numerical solution obtained at the sampling points will
be the most approximate to the analytical solution.
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(a) Nr = 10, Nθ = 10

(b) Nr = 20, Nθ = 20

(c) Nr = 40, Nθ = 40

Figure B.3: Computational mesh for a two-dimensional annulus for different
parameters of Nr nodes in the radial direction and Nθ nodes in the angular
direction.
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APPENDIX B. A COMPUTATIONAL MESH

(a) Nr = 20, Nθ = 20, Nz = 20

(b) Nr = 40, Nθ = 40, Nz = 40

Figure B.4: Computational mesh for a three-dimensional annulus for different
parameters of Nr nodes in the radial direction, Nθ nodes in the angular
direction and Nz nodes in the z coordinate direction.
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Appendix C

Python codes for the
collocation method

C.I A solver for the Chebyshev

differentiation matrix

1 #D = differentiation matrix, x = Chebyshev grid
2

3 import numpy as np
4

5 def cheb(N):
6 if N == 0:
7 D = 0
8 x = 1
9 x = np.cos(np.pi*np.arange(0, N+1)/N)

10 c = np.hstack([2, np.ones(N-1), 2])*(-1)**np.arange(0, N+1)
11 X = np.tile(x, (N+1, 1))
12 dX = X.T - X
13 D = (c[:, np.newaxis]*(1.0/c)[np.newaxis, :])/(dX + (np.identity(N+1)))
14 # off-diagonal entries
15 D = D - np.diag(D.sum(axis=1))
16 # diagonal entries
17 return D, x

C.II A solver for the two-dimensional

Poisson equation: a benchmark solution

1 import numpy as np
2 from numpy.linalg import solve, norm
3 from matplotlib import pyplot as plt
4 from cheb import cheb
5
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C.III. A SOLVER FOR THE TWO-DIMENSIONAL POISSON
EQUATION

6 N = 39
7 [D, x] = cheb(N)
8

9 r0 = 1.0
10 r1 = 4.0
11 r = r0+(x+1)/2.0*(r1-r0)
12 const = 2.0/(r1-r0)
13

14 L = np.zeros((N+1, N+1))
15

16 Nt = 80
17 t = np.arange(Nt)*2*np.pi/(Nt-1)
18

19 [rr, tt] = np.meshgrid(r, t, indexing="ij")
20

21 f = ((1 - 1./rr) + 4./rr**2*(np.sin(2*tt)**2 - \
22 np.cos(2*tt)))*np.exp(-rr)*np.exp(np.cos(2*tt))
23 f[0] = np.exp(-4)*np.exp(np.cos(2*t))
24 f[-1] = np.exp(-1)*np.exp(np.cos(2*t))
25 f hat = np.fft.fft(f, axis=1)
26

27 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
28 u hat = np.zeros((N+1, Nt), complex)
29

30 L = const**2*np.dot(D, D) + const/r[:, np.newaxis]*D
31

32 for j, m in enumerate(M):
33 B = L - m**2/r**2*np.eye(N+1)
34 B[0] = 0
35 B[0, 0] = 1
36 B[-1] = 0
37 B[-1, -1] = 1
38 u hat[:, j] = solve(B, f hat[:, j])
39

40 u = np.fft.ifft(u hat, axis=1).real
41 u exact = np.exp(-rr)*np.exp(np.cos(2*tt))
42

43 xx = rr*np.cos(tt)
44 yy = rr*np.sin(tt)
45

46 plt.figure(figsize=(1000/96, 800/96), dpi=96)
47 cp = plt.contourf(xx, yy, u)
48 plt.colorbar(cp)
49 plt.xlabel("x")
50 plt.ylabel("y")
51 plt.axis("equal")
52 plt.rcParams.update({"font.size": 18})
53 plt.savefig("figure benchmark2d.png", dpi=96)
54 plt.show()
55

56 error = norm(u exact-u)

C.III A solver for the two-dimensional

Poisson equation
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APPENDIX C. PYTHON CODES FOR THE COLLOCATION METHOD

1 import numpy as np
2 from numpy.linalg import solve, norm
3 from matplotlib import pyplot as plt
4 from sympy import symbols, cos, sin, lambdify
5 from cheb import cheb
6

7 N = 39
8 [D, x] = cheb(N)
9

10 r0 = 0.37
11 r1 = 1.0
12 r = r0+(x+1)/2.0*(r1-r0)
13

14 L = np.zeros((N+1, N+1))
15 const = 2.0/(r1-r0)
16

17 Nt = 80
18 t = np.arange(Nt)*2*np.pi/(Nt-1)
19

20 [rr, tt] = np.meshgrid(r, t, indexing="ij")
21

22 sr, st = symbols("sr, st")
23 ue = sin((sr*const-(r1+r0)/(r1-r0))**2-1)*cos(st)
24 fe = (ue.diff(sr, 2) + 1.0/sr*ue.diff(sr, 1) + 1.0/sr**2*ue.diff(st, 2))
25

26 ul = lambdify((sr, st), ue, "numpy")
27 fl = lambdify((sr, st), fe, "numpy")
28

29 f = fl(rr, tt)
30 f[0] = 0
31 f[-1] = 0
32 f hat = np.fft.fft(f, axis=1)
33

34 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
35 u hat = np.zeros((N+1, Nt), complex)
36

37 L = const**2*np.dot(D, D) + const/r[:, np.newaxis]*D
38

39 for j, m in enumerate(M):
40 B = L - m**2/r**2*np.eye(N+1)
41 B[0] = 0
42 B[0, 0] = 1
43 B[-1] = 0
44 B[-1, -1] = 1
45 u hat[:, j] = solve(B, f hat[:, j])
46

47 u = np.fft.ifft(u hat, axis=1).real
48 u exact = ul(rr, tt)
49

50 xx = rr*np.cos(tt)
51 yy = rr*np.sin(tt)
52

53 plt.figure(figsize=(1000/96, 800/96), dpi=96)
54 cp = plt.contourf(xx, yy, u)
55 plt.colorbar(cp)
56 plt.xlabel("x")
57 plt.ylabel("y")
58 plt.axis("equal")
59 plt.rcParams.update({"font.size": 18})
60 plt.savefig("figure poisson2d.png", dpi=96)
61 plt.show()
62
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C.IV. A SOLVER FOR THE THREE-DIMENSIONAL POISSON
EQUATION

63 error = norm(u exact-u)

C.IV A solver for the three-dimensional

Poisson equation

1 import numpy as np
2 from numpy.linalg import solve, norm
3 from sympy import symbols, cos, sin, lambdify
4 from evtk.hl import gridToVTK
5 from cheb import cheb
6

7 N = 39
8 [D, x] = cheb(N)
9

10 r0 = 0.37
11 r1 = 1.0
12 r = r0+(x+1)/2.0*(r1-r0)
13 gamma = (r1+r0)/(r1-r0)
14 beta = (r1-r0)/2.0
15 L = np.zeros((N+1, N+1))
16 const = 2.0/(r1-r0)
17

18 Nt = 80
19 t = np.arange(Nt)*2*np.pi/Nt
20

21 Nz = 30
22 z = np.arange(Nz)*2*np.pi/Nz
23

24 [rr, tt, zz] = np.meshgrid(r, t, z, indexing="ij")
25

26 sr, st, sz = symbols("sr, st, sz")
27 ue = sin((sr/beta-gamma)**2-1)*cos(st)*sin(8*sz)
28 fe = (ue.diff(sr, 2) + 1.0/sr*ue.diff(sr, 1) + \
29 1.0/sr**2*ue.diff(st, 2) + ue.diff(sz, 2))
30

31 ul = lambdify((sr, st, sz), ue, "numpy")
32 fl = lambdify((sr, st, sz), fe, "numpy")
33

34 f = fl(rr, tt, zz)
35 f[0] = 0
36 f[-1] = 0
37 f hat = np.fft.fft2(f, axes=(1, 2))
38

39 K = np.fft.fftfreq((Nz), 1./(Nz)).astype(int)
40 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
41 u hat = np.zeros((N+1, Nt, Nz), complex)
42

43 L = const**2*np.dot(D, D) + const/r[:, np.newaxis]*D
44

45 for k, n in enumerate(K):
46 for j, m in enumerate(M):
47 B = L - m**2/r**2*np.eye(N+1)-n**2*np.eye(N+1)
48 B[0] = 0
49 B[0, 0] = 1
50 B[-1] = 0
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APPENDIX C. PYTHON CODES FOR THE COLLOCATION METHOD

51 B[-1, -1] = 1
52 u hat[:, j, k] = solve(B, f hat[:, j, k])
53

54 u = np.fft.ifft2((u hat), axes=(1, 2)).real
55 u exact = ul(rr, tt, zz)
56 u = u.copy(order="C")
57

58 xx = rr*np.cos(tt)
59 yy = rr*np.sin(tt)
60

61 error = norm(u exact-u)
62

63 gridToVTK("./structured", xx, yy, zz, pointData={"u" : u exact})

C.V A solver for the two-dimensional

biharmonic equation

1 import numpy as np
2 from numpy.linalg import solve, matrix power, norm
3 from sympy import symbols, cos, sin, lambdify
4 from matplotlib import pyplot as plt
5 from cheb import cheb
6 N = 80
7 [D, x] = cheb(N)
8 D2 = np.dot(D, D)
9 S = np.diag(np.hstack([0, 1.0/(1-x[1:N]**2), 0]))

10 D3 = np.dot((np.dot(np.diag(1-x**2), matrix power(D, 3)) - \
11 6*np.dot(np.diag(x), D2) - 6*D), S)
12 D4 = np.dot((np.dot(np.diag(1-x**2), matrix power(D, 4)) - \
13 8*np.dot(np.diag(x), matrix power(D, 3)) - 12*D2), S)
14

15 r0 = 0.37
16 r1 = 1.0
17 const = 2.0/(r1-r0)
18 gamma = (r1+r0)/(r1-r0)
19 r = 1.0/const*(gamma+x)
20 r2 = r**2
21 r3 = r**3
22 r4 = r**4
23 L = np.zeros((N+1, N+1))
24

25 Nt = 80
26 t = np.arange(Nt)*2*np.pi/(Nt)
27

28 [rr, tt] = np.meshgrid(r, t, indexing="ij")
29

30 sr, st = symbols("sr, st")
31 ue = sin(4*np.pi*(sr*const-gamma))*(1-(sr*const-gamma)**2)*cos(st)
32 fe = (ue.diff(sr, 4) + 2.0/sr**2*ue.diff(sr, sr, st, st) + \
33 1.0/sr**4*ue.diff(st, 4) + 2.0/sr*ue.diff(sr, 3) - \
34 2.0/sr**3*ue.diff(sr, st, st) - 1.0/sr**2*ue.diff(sr, 2) + \
35 4.0/sr**4*ue.diff(st, 2) + 1.0/sr**3*ue.diff(sr, 1))
36

37 ul = lambdify((sr, st), ue, "numpy")
38 fl = lambdify((sr, st), fe, "numpy")
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C.VI. A SOLVER FOR THE THREE-DIMENSIONAL BIHARMONIC
EQUATION

39

40 f = fl(rr, tt)
41 f[0] = 0
42 f[-1] = 0
43 f hat = np.fft.fft(f, axis=1)
44

45 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
46 u hat = np.zeros((N+1, Nt), complex)
47

48 L = const**4*D4 + (const**3)*2.0/r[:, np.newaxis]*D3 - \
49 const**2/(r2[:, np.newaxis])*D2 + const/r3[:, np.newaxis]*D
50

51 for j, m in enumerate(M):
52 B = L - 2.0*const**2*m**2/(r2[:, np.newaxis])*D2 + \
53 2.0*const*m**2/r3[:, np.newaxis]*D + \
54 (m**4-4*m**2)/r**4*np.eye(N+1)
55 B[0] = 0
56 B[0, 0] = 1
57 B[-1] = 0
58 B[-1, -1] = 1
59 u hat[:, j] = solve(B, f hat[:, j])
60

61 [rr, tt] = np.meshgrid(r, t, indexing="ij")
62 u = np.fft.ifft(u hat, axis=1).real
63 u exact = ul(rr, tt)
64

65 xx = rr*np.cos(tt)
66 yy = rr*np.sin(tt)
67

68 plt.figure()
69 cp = plt.contourf(xx, yy, u)
70 plt.colorbar(cp)
71 plt.xlabel("x")
72 plt.ylabel("y")
73 plt.axis("equal")
74 plt.show()
75

76 error = norm(u exact-u)

C.VI A solver for the three-dimensional

biharmonic equation

1 import numpy as np
2 from numpy.linalg import solve, matrix power, norm
3 from evtk.hl import gridToVTK
4 from sympy import symbols, cos, sin, lambdify
5 from cheb import cheb
6

7 N = 40
8 [D, x] = cheb(N)
9 D2 = np.dot(D, D)

10 S = np.diag(np.hstack([0, 1.0/(1-x[1:N]**2), 0]))
11 D3 = np.dot((np.dot(np.diag(1-x**2), matrix power(D, 3)) - \
12 6*np.dot(np.diag(x), D2) - 6*D), S)
13 D4 = np.dot((np.dot(np.diag(1-x**2), matrix power(D, 4)) - \
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14 8*np.dot(np.diag(x), matrix power(D, 3)) - 12*D2), S)
15

16 r0 = 0.37
17 r1 = 1.0
18 gamma = (r1+r0)/(r1-r0)
19 r = r0+(x+1)/2.0*(r1-r0)
20 r2 = r**2
21 r3 = r**3
22 L = np.zeros((N+1, N+1))
23 const = 2.0/(r1-r0)
24

25 Nt = 40
26 t = np.arange(Nt)*2*np.pi/(Nt)
27

28 Nz = 30
29 z = np.arange(Nz)*2*np.pi/(Nz)
30

31 [rr, tt, zz] = np.meshgrid(r, t, z, indexing="ij")
32

33 sr, st, sz = symbols("sr, st, sz")
34 ue = sin(4*np.pi*(sr*const - gamma))*(1 - (sr*const - \
35 gamma)**2)*cos(st)*cos(4*sz)
36 fe = (ue.diff(sr, 4) + 2.0/sr**2*ue.diff(sr, sr, st, st) + \
37 1.0/sr**4*ue.diff(st, 4) + 2.0/sr*ue.diff(sr, 3) - \
38 2.0/sr**3*ue.diff(sr, st, st) - 1.0/sr**2*ue.diff(sr, 2) + \
39 4.0/sr**4*ue.diff(st, 2) + 1.0/sr**3*ue.diff(sr, 1) + \
40 2.0/sr*ue.diff(sr, sz, sz) + 2*ue.diff(sr, sr, sz, sz) + \
41 2/sr**2*ue.diff(st, st, sz, sz) + ue.diff(sz, 4))
42

43 ul = lambdify((sr, st, sz), ue, "numpy")
44 fl = lambdify((sr, st, sz), fe, "numpy")
45

46 f = fl(rr, tt, zz)
47 f[0] = 0
48 f[-1] = 0
49

50 f hat = np.fft.fft2(f, axes=(1, 2))
51

52 u hat = np.zeros((N+1, Nt, Nz), complex)
53 u = np.zeros((N+1, Nt, Nz))
54

55 K = np.fft.fftfreq((Nz), 1./(Nz)).astype(int)
56 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
57

58 L = const**4*D4 + (const**3)*2.0/r[:, np.newaxis]*D3 - \
59 const**2/(r2[:, np.newaxis])*D2 + const/r3[:, np.newaxis]*D
60

61 for k, n in enumerate(K):
62 for j, m in enumerate(M):
63 B = L - 2.0*const**2*m**2/(r2[:, np.newaxis])*D2 + \
64 2.0*const*m**2/r3[:, np.newaxis]*D + \
65 (m**4-4*m**2)/r**4*np.eye(N+1) + \
66 2*(-n**2)*const/r[:, np.newaxis]*D + \
67 2*(-n**2)*const**2*D2 + \
68 2*m**2*n**2/r**2*np.eye(N+1) + n**4*np.eye(N+1)
69 B[0] = 0
70 B[0, 0] = 1
71 B[-1] = 0
72 B[-1, -1] = 1
73 u hat[:, j, k] = solve(B, f hat[:, j, k])
74

75 u = np.fft.ifft2((u hat), axes=(1, 2)).real
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EQUATION

76 u exact = ul(rr, tt, zz)
77 u = u.copy(order="C")
78 xx = rr*np.cos(tt)
79 yy = rr*np.sin(tt)
80

81 error = norm(u exact-u)
82

83 gridToVTK("./structured", xx, yy, zz, pointData={"u" : u})
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Appendix D

Python codes for the Galerkin
spectral method

D.I A solver for the coefficients for A, C

matrices

1 import numpy as np
2 from scipy.sparse import diags
3

4 def coeff(method, N, const):
5 if method == "chebyshev":
6 a diagonals = [np.pi*(np.arange(1, N)+1)**2, \
7 2*np.pi*const*(np.arange(0, N) + 1)*(np.arange(0, N)+2), \
8 np.pi*(np.arange(0, N-1)+1)*(np.arange(0, N-1)+5)]
9 for i in range(2, N):

10 ai = 4*np.pi*(np.arange(0, N-i)+1)
11 if i%2 == 0:
12 ai *= const
13 a diagonals.append(ai)
14 A = diags(a diagonals, np.arange(-1, N)).toarray()
15

16 c diagonals = [-0.25*np.pi*(np.ones(N-3)), \
17 -0.5*np.pi*const*np.ones(N-2), \
18 0.25*np.pi*np.ones(N-1), \
19 0.5*(np.ones(N)+1)*np.pi*const, \
20 0.25*np.pi*np.ones(N-1), \
21 -0.5*np.pi*const*np.ones(N-2), \
22 -0.25*np.pi*(np.ones(N-3))]
23

24 C = diags(c diagonals, np.arange(-3, 4)).toarray()
25 C[0, 0] = 0.5*3*np.pi*const
26 C[1, 0] = C[0, 1] = 0.25*np.pi*2
27

28 elif method == "legendre":
29 a diagonals = [2*np.arange(0, N-1)+4, \
30 const*(4*np.arange(0, N)+6), \
31 2*np.arange(0, N-1)+4]
32 A = diags(a diagonals, [-1, 0, 1]).toarray()
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33

34 c diagonals = [-2.0*(np.arange(0, N-3)+3)/((2.0*np.arange(0, N-3)+\
35 5)*(2.0*np.arange(0, N-3)+7)), \
36 -2./(2*np.arange(0, N-2)+5)*const, \
37 2./((2*np.arange(0, N-1)+1)*(2*np.arange(0, N-1)+5)) + \
38 2.0*(np.arange(0, N-1)+3)/((2*np.arange(0, N-1) + \
39 5)*(2*np.arange(0, N-1)+7)), \
40 (2./(2*np.arange(0, N)+1) + 2./(2*np.arange(0, N)+5))*const, \
41 2./((2*np.arange(0, N-1)+1)*(2*np.arange(0, N-1)+5)) + \
42 2.0*(np.arange(0, N-1)+3)/((2*np.arange(0, N-1) + \
43 5)*(2*np.arange(0, N-1)+7)), \
44 -2./(2*np.arange(0, N-2)+5)*const, \
45 -2.0*(np.arange(0, N-3)+3)/((2*np.arange(0, N-3) + \
46 5)*(2*np.arange(0, N-3)+7))]
47

48 C = diags(c diagonals, [-3, -2, -1, 0, 1, 2, 3]).toarray()
49

50 return A, C

D.II A solver for the two-dimensional

Poisson equation

1 import numpy as np
2 from numpy.linalg import norm
3 from matplotlib import pyplot as plt
4 from sympy import symbols, cos, sin, lambdify
5 from galerkin coeff matrices import coeff
6

7 r0 = 0.37
8 r1 = 1.0
9 gamma = (r1+r0)/(r1-r0)

10 beta = (r1-r0)/2.0
11 N = 50
12 alpha = 0
13 method = "legendre"#"chebyshev"
14

15 sr, st = symbols("sr, st")
16 ue = sin((sr/beta-gamma)**2-1)*cos(st)
17 fe = -(ue.diff(sr, 2) + 1.0/sr*ue.diff(sr, 1) + 1.0/sr**2*ue.diff(st, 2))
18

19 ul = lambdify((sr, st), ue, "numpy")
20 fl = lambdify((sr, st), fe, "numpy")
21

22 if method == "legendre":
23 x, w = np.polynomial.legendre.leggauss(N)
24 V = np.polynomial.legendre.legvander(x, N+1)
25 elif method == "chebyshev":
26 x, w = np.polynomial.chebyshev.chebgauss(N)
27 V = np.polynomial.chebyshev.chebvander(x, N+1)
28

29 r = beta*(gamma+x)
30

31 Nt = 80
32 t = np.arange(Nt)*2*np.pi/(Nt)
33
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34 A, C = coeff(method, N, gamma)
35 B = np.zeros((N, N))
36

37 [rr, tt] = np.meshgrid(r, t, indexing="ij")
38 f = fl(rr, tt)
39 f hat = np.fft.fft(f, axis=1)
40 g = np.zeros((N, Nt), complex)
41 u hat = np.zeros((N, Nt), complex)
42 phi = V[:, 2:]-V[:, :-2]
43 g = beta**2*(gamma+x)[:, np.newaxis]*f hat
44

45 rhs = np.zeros((N), complex)
46

47 for i in range(len(V)):
48 for j in range(len(V)):
49 B[i, j] = (1./(gamma+x)*phi[:, j]*phi[:, i]).dot(w)
50

51 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
52

53 for j, m in enumerate(M):
54 lhs = A + m**2*B + 0.25*(r1-r0)**2*alpha*C
55 rhs = (g[:, j]*w).dot(phi)
56 u hat[:, j] = np.linalg.solve(lhs, rhs)
57

58 u exact = ul(rr, tt)
59 u = np.fft.ifft(phi.dot(u hat), axis=1).real
60

61 xx = rr*np.cos(tt)
62 yy = rr*np.sin(tt)
63

64 plt.figure()
65 cp = plt.contourf(xx, yy, u)
66 plt.colorbar(cp)
67 plt.xlabel("x")
68 plt.ylabel("y")
69 plt.axis("equal")
70 plt.show()
71

72 error = norm(u exact-u)

D.III A solver for the three-dimensional

Poisson equation

1 import numpy as np
2 from numpy.linalg import norm
3 from sympy import symbols, cos, sin, lambdify
4 from evtk.hl import gridToVTK
5 from galerkin coeff matrices import coeff
6

7 r0 = 0.37
8 r1 = 1.0
9 gamma = (r1+r0)/(r1-r0)

10 beta = (r1-r0)/2.0
11 N = 80
12 alfa = 1.0
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13 alpha = 0
14 method = "chebyshev"#"legendre"
15

16 sr, st, sz = symbols("sr, st, sz")
17 ue = sin((sr/beta-gamma)**2-1)*cos(st)*sin(8*sz)
18 fe = -(ue.diff(sr, 2) + 1.0/sr*ue.diff(sr, 1) + \
19 1.0/sr**2*ue.diff(st, 2) + ue.diff(sz, 2))
20

21 ul = lambdify((sr, st, sz), ue, "numpy")
22 fl = lambdify((sr, st, sz), fe, "numpy")
23

24 if method == "legendre":
25 x, w = np.polynomial.legendre.leggauss(N)
26 V = np.polynomial.legendre.legvander(x, N+1)
27 elif method == "chebyshev":
28 x, w = np.polynomial.chebyshev.chebgauss(N)
29 V = np.polynomial.chebyshev.chebvander(x, N+1)
30

31 r = beta*(gamma+x)
32

33 Nt = 80
34 t = np.arange(Nt)*2*np.pi/(Nt)
35

36 Nz = 80
37 z = np.arange(Nz)*2*np.pi/(Nz)
38

39 A, C = coeff(method, N, gamma)
40 B = np.zeros((N, N))
41

42 [rr, tt, zz] = np.meshgrid(r, t, z, indexing="ij")
43

44 f = fl(rr, tt, zz)
45 f hat = np.fft.fft2(f, axes=(1, 2))
46

47 rhs = np.zeros((N), complex)
48 g = np.zeros((N, Nt), complex)
49 u hat = np.zeros((N, Nt), complex)
50 u temp = np.zeros((N, Nt, Nz), complex)
51 u = np.zeros((N, Nt, Nz))
52

53 phi = V[:, :-2]-V[:, 2:]
54

55 K = np.fft.fftfreq((Nz), 1./(Nz)).astype(int)
56 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
57

58 xx = rr*np.cos(tt)
59 yy = rr*np.sin(tt)
60

61 for i in range(len(V)):
62 for j in range(len(V)):
63 B[i, j] = (1./(gamma+x)*phi[:, j]*phi[:, i]).dot(w)
64

65 for k, n in enumerate(K):
66 g = beta**2*(gamma+x)[:, np.newaxis]*f hat[:, :, k]
67 for j, m in enumerate(M):
68 lhs = A + m**2*B + beta**2*(n**2+alpha)*C
69 rhs = (g[:, j]*w).dot(phi)
70 u hat[:, j] = np.linalg.solve(lhs, rhs)
71 u temp[:, :, k] = (phi).dot(u hat)
72

73 u exact = ul(rr, tt, zz)
74 u = np.fft.ifft2(u temp, axes=(1, 2)).real
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75 u = u.copy(order="C")
76

77 gridToVTK("./structured", xx, yy, zz, pointData={"u" : u})
78

79 error = norm(u exact-u)

D.IV A solver for the two-dimensional

biharmonic equation

1 import numpy as np
2 from numpy.linalg import norm
3 from matplotlib import pyplot as plt
4 from sympy import symbols, cos, sin, lambdify
5

6 r0 = 0.37
7 r1 = 1.0
8 gamma = (r1+r0)/(r1-r0)
9 beta = (r1-r0)/2.0

10 N = 80
11

12 sr, st = symbols("sr, st")
13 ue = sin(4*np.pi*(sr/beta - gamma))*(1 - (sr/beta - gamma)**2)*cos(st)
14 fe = (ue.diff(sr, 4) + 2.0/sr**2*ue.diff(sr, sr, st, st) + \
15 1.0/sr**4*ue.diff(st, 4) + 2.0/sr*ue.diff(sr, 3) - \
16 2.0/sr**3*ue.diff(sr, st, st) - 1.0/sr**2*ue.diff(sr, 2) + \
17 4.0/sr**4*ue.diff(st, 2) + 1.0/sr**3*ue.diff(sr, 1))
18

19 ul = lambdify((sr, st), ue, "numpy")
20 fl = lambdify((sr, st), fe, "numpy")
21

22 phi = np.zeros((N, N-4))
23 dphi = np.zeros((N, N-4))
24 ddphi = np.zeros((N, N-4))
25 k = np.arange(N).astype(np.float)[:-4]
26

27 x, w = np.polynomial.legendre.leggauss(N)
28 V = np.polynomial.legendre.legvander(x, N-1)
29 phi[:, :] = V[:, :-4] - (2*(2*k+5)/(2*k+7))*V[:, 2:-2] +\
30 ((2*k+3)/(2*k+7))*V[:, 4:]
31 dphi = -(2*k+3)*V[:, 1:-3] + (2*k+3)*V[:, 3:-1]
32 ddphi = (2*k+3)*(2*k+5)*V[:, 2:-2]
33

34 r = (r0+r1)/2.0 + (r1-r0)/2.0*x
35

36 Nt = 80
37 t = np.arange(Nt)*2*np.pi/(Nt-1)
38

39 [rr, tt] = np.meshgrid(r, t, indexing="ij")
40

41 f = fl(rr, tt)
42 f hat = np.fft.fft(f, axis=(1))
43

44 rhs = np.zeros((N-4), complex)
45 g = np.zeros((N-4, Nt), complex)
46 u hat = np.zeros((N-4, Nt), complex)
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47 u = np.zeros((N-4, Nt))
48

49 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
50

51 A = np.zeros((N-4, N-4))
52 B = np.zeros((N-4, N-4))
53 D = np.zeros((N-4, N-4))
54

55 for i in range(N-4):
56 for j in range(N-4):
57 A[i, j] = ((gamma+x)*ddphi[:, j]*ddphi[:, i]).dot(w)
58 B[i, j] = (1.0/(gamma+x)*dphi[:, j]*dphi[:, i]).dot(w)
59 D[i, j] = ((1.0/(gamma+x)**3)*phi[:, j]*phi[:, i]).dot(w)
60

61 g = beta**4*(gamma+x)[:, np.newaxis]*f hat
62

63 for j, m in enumerate(M):
64 lhs = A+(2.0*m**2+1)*B+(m**4-4.0*m**2)*D
65 rhs = (g[:, j]*w).dot((phi))
66 u hat[:, j] = np.linalg.solve(lhs, rhs)
67

68 u exact = ul(rr, tt)
69 u = np.fft.ifft(phi.dot(u hat), axis=1).real
70

71 xx = rr*np.cos(tt)
72 yy = rr*np.sin(tt)
73

74 plt.figure(figsize=(1000/96, 800/96), dpi=96)
75 cp = plt.contourf(xx, yy, u)
76 plt.colorbar(cp)
77 plt.xlabel("x")
78 plt.ylabel("y")
79 plt.axis("equal")
80 plt.rcParams.update({"font.size": 18})
81 plt.savefig("figure biharmonic2d.png", dpi=96)
82 plt.show()
83

84 error = norm(u exact-u)

D.V A solver for the three-dimensional

biharmonic equation

1 import numpy as np
2 from numpy.linalg import norm
3 from sympy import symbols, cos, sin, lambdify
4 from evtk.hl import gridToVTK
5

6 r0 = 0.37
7 r1 = 1.0
8 gamma = (r1+r0)/(r1-r0)
9 beta = (r1-r0)/2.0

10 N = 40
11

12 sr, st, sz = symbols("sr, st, sz")
13 ue = sin(4*np.pi*(sr/beta - gamma))*(1 - (sr/beta - \
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14 gamma)**2)*cos(st)*cos(4*sz)
15 fe = (ue.diff(sr, 4) + 2.0/sr**2*ue.diff(sr, sr, st, st) + \
16 1.0/sr**4*ue.diff(st, 4) + 2.0/sr*ue.diff(sr, 3) - \
17 2.0/sr**3*ue.diff(sr, st, st) - \
18 1.0/sr**2*ue.diff(sr, 2) + 4.0/sr**4*ue.diff(st, 2) + \
19 1.0/sr**3*ue.diff(sr, 1) + 2.0/sr*ue.diff(sr, sz, sz) + \
20 2*ue.diff(sr, sr, sz, sz) + \
21 2/sr**2*ue.diff(st, st, sz, sz) + ue.diff(sz, 4))
22 ul = lambdify((sr, st, sz), ue, "numpy")
23 fl = lambdify((sr, st, sz), fe, "numpy")
24

25 phi = np.zeros((N, N-4))
26 dphi = np.zeros((N, N-4))
27 ddphi = np.zeros((N, N-4))
28 k = np.arange(N).astype(np.float)[:-4]
29

30 x, w = np.polynomial.legendre.leggauss(N)
31 V = np.polynomial.legendre.legvander(x, N-1)
32 phi[:, :] = V[:, :-4] - (2*(2*k+5)/(2*k+7))*V[:, 2:-2] + \
33 ((2*k+3)/(2*k+7))*V[:, 4:]
34 dphi = -(2*k+3)*V[:, 1:-3] + (2*k+3)*V[:, 3:-1]
35 ddphi = (2*k+3)*(2*k+5)*V[:, 2:-2]
36

37 r = (r0+r1)/2.0 + (r1-r0)/2.0*x
38

39 Nt = 40
40 t = np.arange(Nt)*2*np.pi/(Nt)
41

42 Nz = 30
43 z = np.arange(Nz)*2*np.pi/(Nz)
44

45 [rr, tt, zz] = np.meshgrid(r, t, z, indexing="ij")
46

47 f = fl(rr, tt, zz)
48 f hat = np.fft.fft2(f, axes=(1, 2))
49

50 rhs = np.zeros((N-4), complex)
51 g = np.zeros((N-4, Nt), complex)
52

53 u hat = np.zeros((N-4, Nt), complex)
54 u temp = np.zeros((N, Nt, Nz), complex)
55 u = np.zeros((N-4, Nt, Nz))
56

57 K = np.fft.fftfreq((Nz), 1./(Nz)).astype(int)
58 M = np.fft.fftfreq((Nt), 1./(Nt)).astype(int)
59

60 A = np.zeros((N-4, N-4))
61 B = np.zeros((N-4, N-4))
62 C = np.zeros((N-4, N-4))
63 D = np.zeros((N-4, N-4))
64 E = np.zeros((N-4, N-4))
65 F = np.zeros((N-4, N-4))
66

67 for i in range(N-4):
68 for j in range(N-4):
69 A[i, j] = ((gamma+x)*ddphi[:, j]*ddphi[:, i]).dot(w)
70 B[i, j] = (1.0/(gamma+x)*dphi[:, j]*dphi[:, i]).dot(w)
71 C[i, j] = ((gamma+x)*dphi[:, j]*dphi[:, i]).dot(w)
72 D[i, j] = (1.0/(gamma+x)**3*phi[:, j]*phi[:, i]).dot(w)
73 E[i, j] = (1.0/(gamma+x)*phi[:, j]*phi[:, i]).dot(w)
74 F[i, j] = ((gamma+x)*phi[:, j]*phi[:, i]).dot(w)
75
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76 for k, n in enumerate(K):
77 g = beta**4*(gamma+x)[:, np.newaxis]*f hat[:, :, k]
78 for j, m in enumerate(M):
79 lhs = A + (2*m**2+1)*B + (2*n**2*beta**2)*C + \
80 (m**4-4*m**2)*D + 2*m**2*n**2*beta**2*E + n**4*beta**4*F
81 rhs = (g[:, j]*w).dot((phi))
82 u hat[:, j] = np.linalg.solve(lhs, rhs)
83 u temp[:, :, k] = (phi).dot(u hat)
84

85 u exact = ul(rr, tt, zz)
86 u = np.fft.ifft2((u temp), axes=(1, 2)).real
87 u = u.copy(order="C")
88

89 xx = rr*np.cos(tt)
90 yy = rr*np.sin(tt)
91

92 gridToVTK("./structured", xx, yy, zz, pointData={"u" : u})
93

94 error = norm(u exact-u)
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