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Abstract

The recent results on non-uniqueness of the Euler equations, all based
on the theory developed in the papers by Camillo De Lellis and
László Székelyhidi Jr., are believed to be connected to the theory
of turbulent fluid flow. The solutions presented in these papers are
constructed by adding localized, oscillatory plane waves on top of
each other. The limit of this construction gives a highly irregular
function, and the solutions are therefore called wild solutions.

Inspired by the convex integration method given in the papers of
De Lellis and Székelyhidi, as well as the Master thesis of Simon
Markfelder, we propose an algorithm to construct such wild solutions
numerically. We also suggest possible methods to approximately carry
out each step in the algorithm, and implement this in a program.
Lastly, we present images and movies of the velocity vector field of
the generated solutions.
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Notation

Matrices

M2×2 = the set of all real 2× 2-matrices

S2×2
0 = {A ∈M2×2 | A symmetric and has zero trace}

Let A,B ∈M2×2

A < B ⇔ det(A−B) < 0

A ≤ B ⇔ det(A−B) ≤ 0

The Frobenius product A : B = ∑n
ij AijBij

Operations

The tensor product of v, w ∈ Rn is v ⊗ w =
[ v1w1 v1w2

v2w2 v2w2

]

Functions

For functions f, g : R → R, f(x) = O(g(x)) ⇔ ∃M ∈ R and x0 ∈ R
such that |f(x)| ≤M |g(x)| for x ≥ x0



Contents

Sets

Sε(t0, x0) ..= the cylinder with center in (t0, x0) and radius ε

Bε(x) ..= the ball with center in x and radius ε

For p, q ∈ V where V is a vector space, the segment with end points
in p and q is defined by [p, q] ..= {(1− λ)p+ λq | λ ∈ [0, 1]}
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CHAPTER 1

Introduction

The Euler equations are a set of coupled nonlinear partial differential equa-
tions governing fluid flow with no viscosity, i.e., fluid where no friction is
present. Physically, the equations are motivated by conservation of mass
and momentum, and is in the class of partial differential equations called
conservation laws. Formally, one can think of the Euler equations as the
vanishing viscosity limit of the Navier-Stokes equations. Thus, results on
existence and uniqueness of the Euler equations could give insight on related
problems of the Navier-Stokes equations.

As with other nonlinear equations arising in continuum mechanics, solutions
to the Euler equations often develop discontinuities in finite time. This forces
us to view these equations in a weak or distributional form. However, weak
solutions fail to be unique. It is therefore necessary to set new restrictions on
the solution to restore uniqueness. Still rooted in physics, more specifically
in the form of the second law of thermodynamics, one imposes an entropy
condition on the solution. A solution that satisfies such a condition is called
admissible. In the scalar, one-dimensional case it is sufficient to impose a
certain family of entropy conditions on the solution to ensure uniqueness
(see Chapter 2 in [HR15]). This is however not the case for systems of
conservation laws. It is even unknown whether there exist admissible weak
solutions for general initial data to the multidimensional Euler equations.

In the papers [DS09] and [DS10], Camillo De Lellis and László Székelyhidi
Jr. showed the surprising fact that, for special initial data, there exist
infinitely many solutions to the incompressible Euler equations that all
are admissible. This has been further developed by Elisabetta Chiodaroli
in [Chi14] to include the compressible Euler equations. Such a result has
forced the development of new admissibility criteria in order to single out
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a unique physical solution. In [Daf72], Constantine Dafermos suggests the
maximal dissipation criteria as a general criterion for a broad class of partial
differential equations. However, in [CK14], Elisabetta Chiodaroli and Ondrej
Kreml give an example that even this criterium sometimes favors oscillatory
solutions. These negative results give rise to doubt on whether the Euler
equations is a satisfactory model for fluid flow, or if there is some physical
property we have missed that would ensure uniqueness. It is still an open
question to find, if it exists, suitable admissibility criteria.

The solutions constructed by De Lellis and Székelyhidi are constructed by
adding oscillatory functions of increasing frequency, and have thus been
named wild solutions.

It should be noted that in addition to the wild solutions, there exists a
self similar, not wild, solution. This solution is unique among self similar
solutions, and is believed to be the correct physical solution.

The method used in the proof of the existence of wild solutions is inspired by
John Nash’s famous proof on isometric embeddings of Riemannian manifolds.
Nash state in his paper [Nas54]:

“The interesting thing about the perturbation process is that
it does not seem special to this imbedding problem. It may be
an illustration of a general method applicable to a variety of
problems involving partial differential equations.”

Using the techniques developed by De Lellis and Székelyhidi, in a recent
paper, [Ise16], Isett proved that the second part of Onsager’s conjecture
from 1949, [Ons49], holds. This conjecture states that in three dimensions,
Hölder continuous solutions to the Euler equations must preserve energy if
the Hölder exponent is greater than 1/3, while if the exponent is less than
1/3, there exist solutions such that the energy is not constant. The first
part was proved by Constantin, Weinan, and Titi in [CWT94], and was
also proved by Fjordholm and Wiedemann in [FW17] using the recently
introduced statistical solutions. These types of solutions are of interest as the
viscous limit of statistical solutions to the Navier-Stokes equations converge
to the statistical solutions to the Euler equations [FW17].

Onsager’s conjecture is related to Kolmogorov’s famous K41 theory of
turbulence given in [Kol41]. This suggests that the wild solutions produced

4



in the papers of De Lellis and Székelyhidi could resemble turbulent fluid
flow.

The goal of this thesis is to design an algorithm to construct a wild solution to
the 2-dimensional compressible Euler equations numerically. We also suggest
possible methods for implementing each part of the proposed algorithm, and
implement this in a program.

The solutions generated by the algorithm are visualized in order to under-
stand the structure of the wild solutions, and see if they look like turbulent
flow.

The thesis is divided into six main chapters.

• In Chapter 2 we introduce the Euler equations and present a proof of
the existence of wild solutions.

• In Chapter 3 we propose an algorithm to construct approximations
to a wild solution, and explain how each step in the algorithm can be
carried out.

• Chapter 4 consists of a detailed explanation of the implemented Eikonal
solver, which is used in one of the steps in the algorithm.

• In Chapter 5 we explain how the integrals from Chapter 3 can be
computed numerically.

• Chapter 6 consists of a presentation of the solutions computed by the
algorithm, and visualizations of these.

• Chapter 7 gives some possible future developments.

The thesis also has two appendices; Appendix A, which contains some
mathematical results, and Appendix B, which contains an explanation of
the implementation of the algorithm.

In addition, all implemented programs can be found on GitHub (wild
solutions repository), and a collection of images and movies is located on
this web page.
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CHAPTER 2

Background and theory

In this chapter we introduce the Euler equations, and give a brief introduction
to the theory behind the wild solutions.

We will start by giving some definitions and state the standard solution.
After this we give an overview of some background theory, and conclude the
chapter by a proof of the existence of wild solutions.

2.1 The Euler equations

Definition 2.1.1. (Isentropic compressible Euler equations)
The 2-dimensional isentropic compressible Euler equations are given by

∂tρ+ divx(ρv) = 0,
∂t(ρv) + divx(ρv ⊗ v) +∇x[p(ρ)] = 0, (2.1)

for t ∈ [0,∞) and x ∈ R2. The unknowns ρ : [0,∞) × R2 → R+ and
v : [0,∞) × R2 → R2 represent the density and velocity. The pressure
p : R+ → R is a given function of the density ρ. In our case we choose
the polytropic pressure law p(ρ) = Kργ, for positive real constants K and
γ ≥ 0. The first equation represents the conservation of mass, and the
second conservation of momentum.

We want to solve 2.1 with the initial condition

ρ(0, x) = ρ0(x),
v(0, x) = v0(x), (2.2)
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where the initial functions ρ0(x) and v0(x) are on the form

ρ0(x) =
ρ− if x2 < 0
ρ+ if x2 ≥ 0

v0(x) =
v− if x2 < 0
v+ if x2 ≥ 0

for constants ρ± ∈ R+ and v± ∈ R2 (see figure 2.1).

Figure 2.1: The initial condition

When considering conservation laws, it is in general not sufficient to study
classical solutions, i.e. solutions that are differentiable at every point. Thus
we introduce the notion of a weak solution.

Definition 2.1.2. (Weak solution)
A weak solution to the Euler equations 2.1 with initial data 2.2 is a pair
of functions (ρ, v) ∈ L∞([0,∞)× R2,R+ × R2) such that for all compactly
supported test functions (ψ, φ) ∈ C∞c ([0,∞)× R2,R+ × R2) the following
holds:∫ ∞

0

∫
R2

(ρ∂tψ + ρv · ∇xψ) dx dt+
∫
R2
ρ0(x)ψ(0, x) dx = 0,∫ ∞

0

∫
R2

(ρv · ∂tφ+ ρv ⊗ v : Dxφ+ p(ρ)divxφ) dx dt

+
∫
R2
ρ0(x)v0(x) · φ(0, x) dx = 0. (2.3)
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Weak solutions might not be unique, so it is common to require an entropy
admissibility criterion, or entropy inequality, to hold. A solution that satisfies
the entropy inequality is called an admissble weak solution.

Definition 2.1.3. (Admissible weak solution)
A weak solution to the Euler equations is called admissible if for every
non-negative test function ϕ ∈ C∞c ([0,∞)×R2,R+

0 ) the following inequality
holds:∫ ∞

0

∫
R2

((
ρε(ρ) + ρ

|v|2

2
)
∂tϕ+

(
ρε(ρ) + ρ

|v|2

2 + p(ρ)
)
v · ∇xϕ

)
dx dt

+
∫
R2

(
ρ0(x)ε(ρ0(x)) + ρ0(x) |v0(x)|2

2
)
ϕ(0, x) dx ≥ 0, (2.4)

where ε : R+ → R is given by p(ρ) = ρ2ε′(ρ). When the pressure p is chosen
to be the polytropic pressure law we get ε(ρ) = Kργ−1

γ−1 .

In the rest of this thesis we will mean an admissible weak solution when we
write solution.

The entropy condition is motivated by the second law of thermodynamics; en-
tropy of a system can only increase. For systems in several space dimensions
the entropy does not always ensure uniqueness. For example, in [CDK15],
Chiodaroli, De Lellis and Kreml show that there exist multiple solutions
to the Euler equations 2.1 that all satisfies the entropy condition 2.4. An
interesting question, which is still open, is if there is an other admissibility
criterion which singles out a unique, physically correct solution.

When we construct the wild solutions later we will use the incompressible
Euler equations, which can be thought of as the compressible Euler equations
with constant pressure.

Definition 2.1.4. (Incompressible Euler equations)
The 2-dimensional incompressible Euler equations are given by

divx(v) = 0,
∂t(v) + divx(v ⊗ v) = 0. (2.5)

The initial condition is given by the v0 part of the initial condition for the
compressible equations.

The standard solution

One interesting aspect of the wild solutions to the Euler equations is that
they differ from the standard solution. If one assume that a solution is self
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2. Background and theory

similar, i.e. only depends on x2
t
, the solution is unique (see [CDK15] for a

proof). This solution is called the standard solution. For completeness we
will include it, but we will not explain in any detail how it is found, or how
one can prove uniqueness under the self similarity assumption.

The initial condition 2.2 does not depend on x1, and the first component
of v is constant, v−1 = v+1. This means that the initial condition could be
thought of as one dimensional, and it would be reasonable to reduce the
equations to the one dimensional problem

∂tρ+ ∂x2(ρv2) = 0,
∂t(ρv1) + ∂x2(ρv1v2) = 0,

∂t(ρv2) + ∂x2(ρv2
2 + p(ρ)) = 0, (2.6)

ρ(0, x2) =
ρ− if x2 < 0
ρ+ if x2 ≥ 0

v(0, x2) =
v− if x2 < 0
v+ if x2 ≥ 0

with entropy condition

∂t(ρε(ρ) + ρ
|v|2

2 ) + ∂x2

(
(ρε(ρ) + ρ

|v|2

2 + p(ρ))v2
)
≤ 0.

Note that a weak solution to the above problem is also a weak x1 independent
solution to the original problem 2.1.

Using standard techniques from analysis of one dimensional systems of
conservation laws, we can show that 2.6 has a unique self-similar solution
consisting of shocks, contact discontinuities and rarefactions.

Chiodaroli and Kreml compute the solution in [CK14] (Lemma 2.4), and it
is given by

Proposition 2.1.5 (Standard solution).
Let ρ± ∈ R+ and v± ∈ R+ be the given initial condition. The unique
self-similar solution to 2.6 is given by

1. If ∣∣∣∣ ∫ ρ+

ρ−

√
p′(r)
r

dr
∣∣∣∣ < v+2 − v−2 <

∫ ρ−

0

√
p′(r)
r

dr +
∫ ρ+

0

√
p′(r)
r

dr,

10



2.1. The Euler equations

then the solution consists of a 1-rarefaction and a 3-rarefaction. The
intermediate state (ρM , vM1, vM2) is given by

ρM < min{ρ−, ρ+},

v+2 − v−2 =
∫ ρ−

ρM

√
p′(r)
r

dr +
∫ ρ+

ρM

√
p′(r)
r

dr,

vM1 = v−1 = v+1,

vM2 = v−2 +
∫ ρ−

ρM

√
p′(r)
r

dr.

2. If ρ− > ρ+ and

−
√

(ρ−−ρ+)(p(ρ−)−p(ρ+))
ρ−ρ+

< v+2 − v−2 <
∫ ρ−

ρ+

√
p′(r)
r

dr,

then the solution consists of a 1-rarefaction and a 3-shock. The inter-
mediate state (ρM , vM1, vM2) is given by

ρ+ < ρM < ρ−,

v+2 − v−2 =
∫ ρ−

ρM

√
p′(r)
r

dr −
√

(ρM−ρ+)(p(ρM )−p(ρ+))
ρMρ+

,

vM1 = v−1 = v+1,

vM2 = v−2 +
∫ ρ−

ρM

√
p′(r)
r

dr.

3. If ρ− < ρ+ and

−
√

(ρ−−ρ+)(p(ρ)−p(ρ))
ρ−ρ+

< v+2 − v−2 <
∫ ρ+

ρ−

√
p′(r)
r

dr,

then the solution consists of a 1-shock and a 3-rarefaction. The inter-
mediate state (ρM , vM1, vM2) is given by

ρ− < ρM < ρ+,

v+2 − v−2 =
∫ ρ+

ρM

√
p′(r)
r

dr −
√

(ρM−ρ−)(p(ρM )−p(ρ−))
ρMρ−

,

vM1 = v−1 = v+1,

vM2 = v−2 −
√

(ρM−ρ−)(p(ρM )−p(ρ−))
ρMρ−

.

4. If

v+2 − v−2 < −
√

(ρ−−ρ+)(p(ρ−)−p(ρ+))
ρ−ρ+

,

11



2. Background and theory

then the solution consists of a 1-shock and a 3-shock. The intermediate
state (ρM , vM1, vM2) is given by

ρM > max{ρ+, ρ−},

v+2 − v−2 = −
√

(ρM−ρ+)(p(ρM )−p(ρ+))
ρMρ+

−
√

(ρM−ρ−)(p(ρM )−p(ρ−))
ρMρ−

,

vM1 = v−1 = v+1,

vM2 = v−2 −
√

(ρM−ρ−)(p(ρM )−p(ρ−))
ρMρ−

.

5. If

v+2 − v−2 ≥
∫ ρ−

ρ0

√
p′(r)
r

+
∫ ρ+

ρ0

√
p′(r)
r

dr,

then the solution consists of a 1-rarefaction and a 3-rarefaction. The
intermediate state (ρM , vM1, vM2) is vacuum, i.e. ρM = 0. As we only
consider ρ > 0, this case is not relevant for us.

6. If

v+2 − v−2 =
∣∣∣∣ ∫ ρ+

ρ−

√
p′(r)
r

dr
∣∣∣∣,

then the solution consists of just one rarefaction. This case is also not
relevant to us.

7. If

v+2 − v−2 = −
√

(ρ−−ρ+)(p(ρ−)−p(ρ+))
ρ−ρ+

,

then the solution consists of just one shock. This case is also not
relevant to us.

The different possible cases in Proposition 2.1.5 depends on the intersection
of the curves described by

v2(ρ) =


v−2 +

∫ ρ−
ρ

√
p′(r)
r

if ρ < ρ−

v−2 −
√

(ρ−ρ−)(p(ρ)−p(ρ−))
ρρ−

if ρ > ρ−

12



2.1. The Euler equations

v2(ρ) =


v+2 −

∫ ρ+
ρ

√
p′(r)
r

if ρ < ρ+

v+2 +
√

(ρ−ρ+)(p(ρ)−p(ρ+))
ρρ+

if ρ > ρ+.

The intersection point will be the intermediate state (ρM , vM), and the 1-
and 3-wave will be a rarefaction if the intersection is on the left side of the
curve, and a shock if it is on the right. Figure 2.2 shows the curves when
the solution will consist of two rarefaction waves.

Figure 2.2: Hugoniot locus in the ρ-x2 plane

Subsolution

When we construct the wild solutions we start with an initial subsolution.
Note that the definition we give for a subsolution differs from the subsolutions
used in the study of elliptic partial differential equations. We start by
dividing the domain (0,∞) × R2 into three disjoint parts P−, P1 and P+.
Let ν0 < ν1 be real numbers, and set P− ..= {(t, x) | t > 0, x2 < ν0t},
P+

..= {(t, x) | t > 0, x2 > ν1t} and P1
..= {(t, x) | t > 0, ν0t < x2 < ν1t}.

See figure 2.3.

13



2. Background and theory

x2

t

P−

P1

P+

Figure 2.3: The partition of (0,∞)× R2 in the t× x2-plane

Let 1X denote the indicator function on the set X, i.e. the function that is
1 on X and 0 everywhere else.

Definition 2.1.6. (Compressible subsolution)
A subsolution to the compressible Euler equations given in 2.1 is a triple
of piecewise constant functions (ρ, v, u) : (0,∞) × R2 7→ (R+,R2, S2×2

0 ),
ρ ∈ L∞, v ∈ L2

loc and u ∈ L1
loc, with the following properties:

(i) (ρ, v, u) = (ρ−, v−, u−)1P− + (ρ1, v1, u1)1P1 + (ρ+, v+, u+)1P+ for con-
stants (ρ−, v−, u−), (ρ1, v1, u1) and (ρ+, v+, u+),

(ii) there is a constant C > 0 such that

v1 ⊗ v1 − u1 <
C

2 Id,

(iii) the triple (ρ, v, u) solves

∂tρ+ divx(ρv) = 0,
∂t(ρv) + divx(ρu) +∇x

(
p(ρ)

+ Cρ

2 1P1 + ρ|v−|21P− + ρ|v+|21P+

)
= 0,

ρ(·, 0) = ρ0(x),
v(·, 0) = v0(x)

weakly.

14



2.1. The Euler equations

We also want the subsolution to satisfy an admissibility criteria similar to
the one for proper solutions.

Definition 2.1.7. (Admissible subsolution)
A subsolution (ρ, v, u) is called admissible if it satisfies

∂t(ρε(ρ)) + divx[(ρε(ρ) + p(ρ))v] + ∂t(
ρ

2(|v−|21P− + C1P1 + |v+|21P+))

+ divx(
ρv

2 (|v−|21P− + C1P1 + |v+|21P+)) ≤ 0

in the weak sense.

In the construction of the wild solutions we will use a subsolution for
the incompressible Euler equations rather than for the compressible Euler
equations.

Definition 2.1.8. (Incompressible subsolution)
A subsolution to the incompressible Euler equations is a tuple (ṽ, ũ) :
(0,∞) × R2 7→ (R2, S2×2

0 ) of piecewise constant functions as in Definition
2.1.6, such that the properties (i) and (ii) in Definition 2.1.6 holds without
the ρ term, and such that

∂tṽ + divxũ = 0,
divxṽ = 0

weakly.

Note that if (ρ, v, u) is a compressible subsolution, the tuple (v, u) is an
incompressible subsolution. Thus, if we find an incompressible subsolution
(ṽ, ũ) we can let ρ be a piecewise constant function such that that (ρ, ṽ, ũ)
is a compressible subsolution.

Before we proceed to the construction of the wild solutions we will give some
conditions for existence of admissible subsolutions.

Proposition 2.1.9 (Existence of admissible subsolution (Proposition 4.1
in [CK14])).
Let ρ−, ρ+ ∈ R+, v−, v+ ∈ R2, v−1 = v+1 be the given initial condition.

The constants ν0, ν1 ∈ R, ν0 < ν1, ρ1 ∈ R+, v1 =
[
v11
v12

]
∈ R2, u1 =[

u111 u112
u112 −u111

]
∈ S2×2

0 , C ∈ R+ define an admissible compressible subsolution

as in Definition 2.1.7 if and only if the following algebraic equations and
inequalities hold:

15



2. Background and theory

• Rankine Hugoniot conditions on the left:

ν0(ρ− − ρ1) = ρ−v−2 − ρ1v12,

ν0(ρ−v−1 − ρ1v11) = ρ−v−1v−2 − ρ1u112,

ν0(ρ−v−2 − ρ1v12) = ρ−v
2
−2 + ρ1u111 + p(ρ−)− p(ρ1)− ρ1

C

2 .

• Rankine Hugoniot conditions on the right:

ν1(ρ1 − ρ+) = ρ1v12 − ρ+v+2,

ν1(ρ1v11 − ρ+v+1) = ρ1u112 − ρ+v+1v+2,

ν1(ρ1v12 − ρ+v+2) = −ρ+u111 − ρ+v
2
+2 + p(ρ1)− p(ρ+) + ρ1

C

2 .

• Subsolution condition:

u2
11 + u2

12 < C,

0 <
(C

2 − v
2
11 + u111

)(C
2 − v

2
12 − u111

)
− (u112 − v11v12)2

• Admissibility condition on the left:

ν0
(
ρ−ε(ρ−) + ρ−

|v−|2

2 − ρ1ε(ρ1)− ρ1
C

2
)

≤ (ρ−ε(ρ−) + p(ρ−))v−2 − (ρ1ε(ρ1) + p(ρ1))v12 + ρ−v−2
|v−|2

2 − ρ1v12
C

2 .

• Admissibility condition on the right:

ν1
(
ρ1ε(ρ1) + ρ1

C

2 − ρ+ε(ρ+)− ρ+
|v+|2

2
)

≤ (ρ1ε(ρ1) + p(ρ1))v12 − (ρ+ε(ρ+) + p(ρ+))v+2 + ρ1v12
C

2 − ρ+v+2
|v+|2

2 .

Proof. For a proof we refer to [Mar16] (Proposition 5.2) or [CK14] (Proposi-
tion 4.1 and Proposition 5.1). �

The equations and inequalities in Proposition 2.1.9 can be simplified to
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2.1. The Euler equations

Proposition 2.1.10 ((Lemma 4.4 in [CK14])). Let ρ−, ρ+ ∈ R+, v−, v+ ∈
R2, v−1 = v+1 be the given initial condition. There exists an admissible
compressible subsolution if and only if there exists constants ν0, ν1 ∈ R,
ν0 < ν1, ρ1 ∈ R+, v12 ∈ R and δ1, δ2 ∈ R such that the following algebraic
equations and inequalities hold:

• Rankine Hugoniot conditions on the left:

ν0(ρ− − ρ1) = ρ−v−2 − ρ1v12,

ν0(ρ−v−2 − ρ1v12) = ρ−v
2
−2 + ρ1(v2

12 + δ1) + p(ρ−)− p(ρ1).

• Rankine Hugoniot conditions on the right:

ν1(ρ1 − ρ+) = ρ1v12 − ρ+v+2,

ν1(ρ1v12 − ρ+v+2) = ρ1(v2
12 + δ1)− ρ+v

2
+2 + p(ρ1)− p(ρ+).

• Subsolution condition:

δ1 > 0,
δ2 > 0.

• Admissibility condition on the left:

(v12 − v−2)
(
p(ρ−) + p(ρ1)− 2ρ−ρ1

ε(ρ−)− ε(ρ1)
ρ− − ρ1

)
≤ δ1ρ1(v12 + v−2)− (δ1 + δ2)ρ−ρ1(v12 − v−2)

ρ− − ρ1

• Admissibility condition on the right:

(v+2 − v12)
(
p(ρ1) + p(ρ+)− 2ρ1ρ+

ε(ρ1)− ε(ρ+)
ρ1 − ρ+

)
≤ δ+ρ+(v+2 + v12)− (δ1 + δ2)ρ1ρ+(v+2 − v12)

ρ1 − ρ+

Proof. For a complete proof see to [Mar16] (Proposition 5.3) or [CK14]
(Lemma 4.4). The relation between the constants in Proposition 2.1.10 and
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2. Background and theory

Proposition 2.1.9 are

v11 = v−1,

u111 = δ2 − δ1 + v2
11 − v2

12
2 ,

u112 = v11v12,

C = δ1 + δ2 + v2
11 + v2

12.

Inserting this into the equations in Proposition 2.1.9 we see that the condi-
tions in Proposition 2.1.9 are fulfilled. �

2.2 The h-principle and the convex
integration method

The proof of the existence of wild solutions to the Euler equations is based
on a variant of the h-principle (homotopy principle), and, more specific, the
method of convex integration.

The h-principle was introduced by Gromov in 1969 and further developed in
[Gro86], and was used to prove several counterintuitive results in topology
and differential geometry. In the context of partial differential equations, the
idea is to decouple the problem into two equations; one, called the relaxed
equation, which should be easier to solve, and a second equation, giving
constraints on the solutions obtained for the first equation. A differential
equation is said to satisfy the h-principle if any solution to the relaxed equa-
tion can be deformed to a solution of the original problem by a continuous
deformation.

One way to prove that the h-principle holds for a problem is the convex
integration method. This method is based on a generalization of the method
used by Nash in [Nas54] and Kuiper in [Kui55] to prove the famous Nash-
Kuiper embedding theorem for smooth manifolds.

Theorem 2.2.1 (Nash-Kuiper theorem).
Let (Mn, g) be a smooth compact manifold, m ≥ n+ 1 and u : Mn ↪→ Rm a
short embedding. Then u can be uniformly approximated by C1 isometric
embeddings.

A short map is a map that shrinks distances, i.e.

l(u ◦ γ) ≤ l(γ),
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2.2. The h-principle and the convex integration method

for any C1 curve γ ∈Mn, where l measures the length of the curve.

One way to visualize the above theorem is to consider the map that sends
the standard n-sphere Sn to a smaller n-sphere εSn. This is a short mapping,
so there exists a continuous isometric embedding of Sn that maps arbitrary
close to εSn. Since this mapping is isometric, distances must be preserved,
so it must somehow fold Sn in a continuous way. For n > 1 this folding is
non-trivial. Figure 2.4 shows how this can be done for n = 1.

The method used to prove the Nash-Kuiper theorem is essentially to iter-
atively add perturbations to the mapping u of decreasing amplitude, but
increasing frequency. The limit will be continuous, but highly irregular.

Figure 2.4: Approximation of εS1

Similar methods can be used to prove existence of solutions to some partial
differential equations including the Euler equations. As an example of how
such an iterative scheme can provide a solution to a (much simpler) equation,
we will present the example used by De Lellis and Székelyhidi in [DS12].

Example 2.2.2. We want to find functions u : [0, 1]→ R such that |u| = 1
a.e. The following iterative scheme produces such functions. Start with an
initial function u0 : [0, 1]→ (−1, 1) and let

uk+1(x) = uk(x) + 1
2(1− uk(x)2)s(λx),
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2. Background and theory

where s : R→ R is the periodic extension of the function 1(0,1/2] − 1(1/2,1]
and λk is a real number representing the frequency of s(λkx).

The figures 2.5 and 2.6 show s(λkx) with frequency 1 and 2 respectively.

Figure 2.5: S with period 1 Figure 2.6: S with period 2

Figure 2.7: u1 when u0 = 0 and λ1 = 1 Figure 2.8: u2 when u0 = 0, λ1 = 1
and λ2 = 2

The sequence of functions {uk} has the following properties,

• if sup[0,1] |uk| < 1, then sup[0,1] |uk+1| < 1,

• if sup[0,1] |u0| < 1 and uk → u∞ in L1(0, 1), then |u∞| = 1 a.e.

The first property is a consequence of simple calculations. To see that the
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2.2. The h-principle and the convex integration method

second property holds, we compute

‖uk+1 − uk‖L1(0,1) =
∫ 1

0
|uk+1(x)− uk(x)| dx

= 1
2

∫ 1

0
|(1− uk(x)2)s(λx)| dx

= 1
2

∫ 1

0
|(1− uk(x)2)| dx.

For this to converge to 0, uk(x)2 must converge to 1 almost everywhere,
which means that limk→∞ |uk(x)| = 1 a.e.

Thus, to prove that such a sequence converges to a solution of our current
problem, it suffices to show that it converges strongly to some limit function
u∞. This convergence will be dependent on the values we choose for λk.

If the sequence {λk}k goes sufficiently fast to infinity, then {uk}k will converge
strongly. We first note that the function s(λkx) converges weakly to 0 in
L2(0, 1) as λk →∞, i.e. for any function φ ∈ L2(0, 1)

∫ 1

0
s(λkx)φ(x) dx→ 0

as λk →∞. Next, observe that, since s(λx)2 = 1,

∫ 1

0
|uk+1|2 dx =

∫ 1

0

(
uk + 1

2(1− u2
k)s(λkx)

)2
dx

=
∫ 1

0

(
u2
k + 21

2uk(1− u
2
k)s(λkx) + 1

4(1− u2
k)2s(λkx)2

)
dx

=
∫ 1

0

(
|uk|2 + 1

4(1− u2
k)2 + uk(1− u2

k)s(λkx)
)
dx.

We have uk(1 − u2
k) ∈ L2(0, 1), so we can set φ = uk(1 − u2

k) and use the
weak convergence of s(λkx) to find λk large enough so that

|
∫ 1

0
uk(1− u2

k)s(λkx) dx| < 1
8

∫ 1

0
(1− u2

k)2 dx.

This means that

1
8

∫ 1

0
(1− u2

k)2 dx+
∫ 1

0
uk(1− u2

k)s(λkx) dx > 0.
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2. Background and theory

Then we get the inequality
∫ 1

0
|uk+1|2 dx =

∫ 1

0
|uk|2 dx+

∫ 1

0

(1
4(1− u2

k)2 + uk(1− u2
k)s(λkx)

)
dx

=
∫ 1

0
|uk|2 dx+

∫ 1

0

(1
4(1− u2

k)2 − 1
8(1− u2

k)2

+ 1
8(1− u2

k)2 + uk(1− u2
k)s(λkx)

)
dx

≥
∫ 1

0
|uk|2 dx+ 1

8

∫ 1

0
(1− u2

k)2 dx.

This implies that
∫ 1

0 |uk+1|2 dx is an increasing sequence, and as it is also
bounded, it must be convergent. Thus uk → u∞ in L2(0, 1). By Hölders
inequality (Proposition A.3.1 in Appendix A),
∫ 1

0
|uk(x)− uk+1(x)| dx ≤ (

∫ 1

0
|uk(x)− uk+1(x)|2 dx)1/2(

∫ 1

0
12 dx)1/2 → 0

as k →∞, and we must have uk → u∞ in L1(0, 1).

The crucial part of the above construction is that each λk is large enough
for the corresponding uk. On the other hand, we want to choose the λk’s so
small that as much regularity as possible is preserved in the limit function.

When we construct the solutions to the Euler equations later, the con-
struction of the sequence will be similar, but, not surprisingly, much more
complicated. The desired regularity of the wild solutions will also depend
on the growth of the frequencies of oscillatory functions.

2.3 Existence of wild solutions

Convex integration for the compressible Euler
equations

In this section we outline the proof of existence of wild solutions to the
compressible Euler equations, given in [Mar16] and [DS09].

The starting point of the convex integration method is decoupling the
equation into a linear equation, together with a nonlinear constraint. We
consider the pressureless incompressible Euler equations, since, as pointed out
earlier, we can let ρ be piecewise constant. The pressureless incompressible
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2.3. Existence of wild solutions

Euler equations are given by

divxv = 0,
∂tv + divx(v ⊗ v) = 0. (2.7)

We introduce a new variable u ∈ S2×2
0 and rewrite the system 2.7 as

divxv = 0,
∂tv + divx(u) = 0, (2.8)

together with the non-linear constraint

(v, u) ∈ XK
..=
{

(v, u) : Ω→ R2 × S2×2
0 |

(
v(t, x), u(t, x)

)
∈ K

for almost all (t, x) ∈ R× R2
}
, (2.9)

where K is given by

K ..=
{

(v, u) ∈ R2 × S2×2
0 | u = v ⊗ v − C

2 Id
}
.

The constant C is the C in the definition of a subsolution (Definition 2.1.8).
The set Ω is a bounded subset of R×R2. Note that u and v in the definition
of K are constants, not functions.

When we talk about a solution to 2.7 or 2.8 we mean an admissible weak
solution.

The next step is to relax the constraints XK , i.e. choose a set XU , and
consider the same equation with this new set as the constraint. A solution
to this new system might not be a solution to the original equation, but the
goal is to construct sequences that converge to such a solution.

Set U ..= (Kco)◦, i.e. the interior of the convex hull of K, and let the relaxed
constraint be

XU ..=
{

(v, u) : Ω→ R2 × S2×2
0 |

(
v(t, x), u(t, x)

)
∈ U

for almost all (t, x) ∈ R× R2
}
. (2.10)

Markfelder shows in [Mar16] that

U =
{

(v, u) ∈ R2 × S2×2
0 | v ⊗ v − u < C

2 Id
}
,

where A < B is meant as B − A being positive definite.

The following lemma will be useful later.
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2. Background and theory

Lemma 2.3.1. If (v, u) ∈ Kco and |v|2 = C, then (v, u) ∈ K.

Proof. Since (v, u) ∈ Kco it can be written as a convex combination of
elements in K,

(v, u) = α1(v1, u1) + · · ·+ αk(vk, uk),
k∑
i=1

αi = 1, αi ≥ 0.

As all (vi, ui) ∈ K, each vi satisfies |vi|2 = C, and by assumption |v|2 = C,
so

|v|2 = |α1v1 + · · ·+ αkvk|2 = C = α1|v1|2 + · · ·+ αk|vk|2.

For this equality to hold, every αi, except from one, must be zero. Thus

v = αivi

where αi = 1 and (vi, ui) ∈ K, so (v, u) ∈ K. �

In the rest of this chapter we will use a slightly different approach. We
assume (ṽ, ũ) ∈ U is an incompressible subsolution, and show that then there
exists compactly supported weak solutions (v, u) ∈ L∞(R× R2,R2 × S2×2

0 )
to 2.8 such that (v, u) ..= (ṽ + v, ũ+ u) ∈ XK .

We first look at the set of infinitely differentiable solutions to 2.8 with the
constraint 2.10,

X0
..=
{

(v, u) ∈ C∞c (Ω,R2 × S2×2
0 ) | divxv = 0, ∂tv + divxu = 0,(

ṽ + v(t, x), ũ+ u(t, x)
)
∈ U for all (t, x) ∈ R× R2

}
.

Let X be the closure of X0 in the weak*-topology. Since X0 is bounded in
L∞, X is also bounded. Now, since X is a weak* closed and bounded set,
by Alaoglu’s theorem (A.1.3 in Appendix A), X is compact, and then, by
A.1.4, X is a complete metric space. This means that we can talk about
limits of sequences in X.

It is not difficult to verify that for any (v, u) ∈ X, (v, u) is compactly
supported in Ω and that (v, u) solves 2.8 weakly.

Our goal is to choose a sequence (vk, uk) ⊂ X0 converging to a (v, u) ∈ X
such that the constraint 2.9 holds pointwise almost everywhere for (v, u).
The method used to obtain this is the Euler variant of convex integration.
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2.3. Existence of wild solutions

The main tool used in this construction is the so called perturbation property.

Lemma 2.3.2 (Perturbation property, ([CDK15] Section 4.1)).
Let Ω be open and bounded, and let (v, u) ∈ X0. Then there exists a sequence
{(vk, uk)}k∈N in X0 such that

(i) (vk, uk) ∗
⇀ (v, u)

(ii) There exists a constant β > 0 such that

lim inf
k→∞

‖ṽ + vk‖2
L2(Ω) ≥ ‖ṽ + v‖2

L2(Ω) + β(C|Ω| − ‖ṽ + v‖2
L2(Ω))2.

The idea of the construction of the functions (vk, uk) is to introduce a
perturbation of (v, u). When k increases, the perturbation size decreases,
the same way the amplitude of the wrinkles in the approximation of εSn
decrease in the isometric embedding example.

We will prove the perturbation property in several steps, starting with the
following lemma.

Lemma 2.3.3 (Lemma 4.3 in [DS09]).
For any (v∗, u∗) ∈ U there exists a constant p ..= (v, u) ∈ R2 × S2×2

0 such
that the line segment with endpoints (v∗, u∗)± p is contained in U and

|v| ≥ 1
20
√
C

(C − |v∗|2).

Proof. Since U = (Kco)◦, Caratheodory’s theorem (A.2.2 in Appendix A)
says that there exists at most N + 1 points (vi, ui) in K such that

(v∗, u∗) =
N+1∑
i=1

αi(vi, ui), αi ≥ 0,
N+1∑
i=1

αi = 1,

where N = dim(R2 × S2×2
0 ) = 4. Since (v∗, u∗) /∈ K there are at least

two indices where αi 6= 0. Order the coefficients such that α1 = maxi αi,
and let j be such that αj|vj − v1| = maxi αi|vi − v1|. Set a ..= vj and
b ..= v1. Since (vi, ui) ∈ K, |vi|2 = tr(vi ⊗ vi) = tr(C2 Id + ui) = C, so
|a| = |b| =

√
C. Set λ ..= 1

2αj, p ..= λ[(a, a ⊗ a) − (b, b ⊗ b)]. Then
p ∈ R2 × S2×2

0 since tr(λ[(a⊗ a)− (b⊗ b)]) = λ(|a|2 − |b|2) = λ(C −C) = 0,
and λ(a⊗ a− b⊗ b) ∈ S2×2.
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To see that (v∗, u∗)± p ∈ U we show that (v∗, u∗)± 2p ∈ Kco. Note that

p = λ[(a, a⊗ a)− (b, b⊗ b)]

= 1
2αj[(vj, vj ⊗ vj)− (v1, v1 ⊗ v1)]

= 1
2αj[(vj − v1, vj ⊗ vj −

C

2 Id− v1 ⊗ v1 + C

2 Id)]

= 1
2αj[(vj − v1, uj − u1)]

= 1
2αj[(vj, uj)− (v1, u1)].

We have

(v∗, u∗) + 2p =
5∑
i=1

αi(vi, ui) + αj[(vj, uj)− (v1, u1)]

= (α1 − αj)(v1, u1) + 2αj(vj, uj) +
5∑

i 6=1,j
αi(vi, ui).

All the coefficients in the last expression are positive, since α1 = maxi αi. It
is also a convex combination since

α1 − αj + 2αj +
5∑

i 6=1,j
αi =

5∑
i=1

= 1.

Thus (v∗, u∗) + 2p ∈ Kco. A similar argument holds for (v∗, u∗)− 2p. Since
(v∗, u∗) ∈ (Kco)◦ there is an ε > 0 such that the open ball Bε(v∗, u∗) lies in
(Kco)◦, and then (v∗, u∗)± p ∈ U .

We also have

|v∗ − v1| = |
5∑
i=1

αivi −
5∑
i=1

αiv1| = |
5∑
i=1

αi(vi − v1)|

≤
5∑
i=1

αi|vi − v1| ≤ 5αj|vj − v1|,

so
1
2αj|vj − v1| ≥

1
2

1
5 |v
∗ − v1| ≥

1
10(|v1| − |v∗|)

= 1
10(
√
C − |v∗|) > 1

10(
√
C − |v∗|)

√
C + |v∗|
2
√
C

= 1
20
√
C

(C − |v∗|2). (2.11)
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2.3. Existence of wild solutions

The inequality
√
C+|v∗|
2
√
C

< 1 comes from

0 < tr(C2 Id− v∗ ⊗ v∗ + u∗) = C − |v∗|2,

so |v∗| <
√
C, and

√
C+|v∗|
2
√
C

< 1. The inequality 2.11 is exactly

|v| > 1
20
√
C

(C − |v∗|2).

�

Let (v, u) ∈ X0 and (t0, x0) ∈ Ω. Then the point (v∗, u∗)(t0, x0) ..= (ṽ +
v(t0, x0), ũ + u(t0, x0)) lies in U , so by the above lemma, we can find a
corresponding constant (v(t0, x0), u(t0, x0)) ..= p such that the line segment
with endpoints (v∗, u∗)(t0, x0)± p is still inside U , and the inequality

|v(t0, x0)| ≥ 1
20
√
C

(C − |v∗(t0, x0)|2) (2.12)

holds. Let Sε(t0, x0) be the cylinder with radius ε and midpoint in (t0, x0).
Since (v∗, u∗) is uniformly continuous, we can find an ε > 0 such that
whenever (t, x) ∈ Sε(t0, x0), the ε-neighborhood of the line segment with
endpoints (v∗, u∗)(t, x)± p, also lies in U .

Define the set M ..= {(v, u) ∈ U | |(v∗, u∗)(t, x) ± p − (v, u)| < ε, (t, x) ∈
Sε(t0, x0)}. Figure 2.9 shows the point (v∗, u∗)(t0, x0) with (v∗, u∗)(Sε(t0, x0))
around it, and the set {(v∗, u∗)(t, x) ± p | (t, x) ∈ Sε(t0, x0)}. The dotted
line represents the ε-neighborhood M .

We now choose (vr, ur) to be a function with image contained in the ε-
neighborhood around the line segment with endpoints ±p and support
inside Sε(t0, x0). Then ((v∗, u∗) + (vr, ur))(Sε(t0, x0)) ⊂ M , and thus still
lies in U . The following proposition says that such a function is possible to
find.

Proposition 2.3.4 (2.2 in [DS09]).
Let p = (v(t0, x0), u(t0, x0)) ∈ R2 × S2×2

0 be as defined above. Then for
every ε > 0 there exists a smooth function (vr, ur) ∈ C∞c (Sε(t0, x0)) which
solves

∂tvr + divxur = 0
divxvr = 0, (2.13)
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(v∗, u∗)

(v∗, u∗) + p

(v∗, u∗)− p

Figure 2.9: M

with image contained in the ε-neighborhood of [−p, p], and such that∫
Sε(t0,x0)

|vr(t, x)| dx dt ≥ α|v(t0, x0)|r3 (2.14)

for a constant α.

Proof. We first construct the function (v, u) ∈ C∞c (S1(0, 0)), and rescale
this by

(vε,(t0,x0), uε,(t0,x0))(t, x) ..= (v, u)(t− t0
ε

,
x− x0

ε
) (2.15)

Then (vε,(t0,x0), uε,(t0,x0)) ∈ C∞c (Sε(t0, x0)).

To find suitable functions we start with a localized plane wave Φ(t, x) ..=
φ(t, x)ψ(t, x), where the function φ is a cutoff function which is 0 outside
the unit cylinder S1(0, 0) and 1 inside the smaller cylinder S0.5(0.0), and ψ
is a plane wave given by (− λ

N3 sin(N(x, t) · η)). The constant N is the wave
frequency and η ∈ R3 is the wave direction given by

η ..= −1
(|a||b|+ a · b)2/3 (a+ b− (|a||b|+ a · b)e3),
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Figure 2.10: Plane wave with N = 15
inside the cylinder with radius r = 0.5

Figure 2.11: Plane wave with N = 40
inside the cylinder with radius r = 0.5

where e3 ∈ R3 is the third standard basis vector. Figure 2.10 and Figure
2.11 show the plane wave for two different frequencies.

We set

vi(t, x) ..= 1
2(

2∑
k=1

(akbi − aibk)∂k(∂2
1 + ∂2

2)Φ(t, x))

uij(t, x) ..= 1
2(

2∑
k=1

(aibk − akbi)∂k∂j∂t +
2∑

k=1
(ajbk − akbj)∂k∂i∂t)Φ(t, x).

(2.16)

It is easy to check that (v, u) defined by 2.16 solves 2.13. To see that the
image is in the ε-neighborhood of [−p, p] we first define

(v̂, û)(t, x) ..= p cos(N(x, t) · η),

and see that

(v̂, û)(t, x) ∈ [−p, p]

which, since |φ(t, x)| ≤ 1, implies that

φ(t, x)(v̂, û)(t, x) ∈ [−p, p].

Also, it is possible to prove that

‖(v, u)− φ · (v̂, û)‖∞ ≤
c

N
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for some positive constant c. Thus

dist
(
(v, u)(t, x), [−p, p]

)
≤ |(v, u)(t, x)− φ(t, x)(v̂, û)(t, x)|
≤ ‖(v, u)− φ · (v̂, û)‖∞
≤ c

N
.

By choosing N large enough, we get c
N
< ε.

To show the inequality 2.14 we first note that since the cutoff function is 1
inside S0.5(0, 0), the functions (v̂, û) and (v, u) coincide in S0.5(0, 0). Then,
as the ball with radius 0.5 lies inside the cylinder with radius 0.5, we get∫

S1(0,0)
|v(t, x)| dx dt ≥

∫
B0.5(0,0)

|v(t, x)| dx dt

= |v(t0, x0)|
∫
B0.5(0,0)

|cos(N(x, t) · η)| dx dt

≥ ( 1
16 −

1
8N |η|)|v(t0, x0)|

≥ α|v(t0, x0)|.

Setting N ≥ 10
|η| we get α = 1

20 . �

We are now ready to prove the perturbation property. The idea is to divide
the domain into disjoint cylinders, and use the functions constructed in
Proposition 2.3.4 in each cylinder.

Proof. Using the uniform continuity of v∗, we can find an r1 > 0 such that
for any radius r < r1 there exists finitely many points {(tj, xj)}j such that
the cylinders {Sr(tj, xj)}j are pairwise disjoint, and the inequality

c2

∫∫
Ω

(C − |v∗(t, x)|2) dx dt ≤ r3∑
j

(C − |v∗(tj, xj)|2) (2.17)

holds, for c2 = 1
4π .

Set r = 1/k for a k ∈ N so r < min{r0, ε}, and choose finitely many points
{(tj, xj)}j such that 2.17 holds. In each cylinder use (vr,(tj ,xj), ur,(tj ,xj)) as
defined in 2.15, and set

(vk, uk) ..= (v, u) +
∑
j

(vr,(tj ,xj), ur,(tj ,xj)).
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2.3. Existence of wild solutions

Referring to [Mar16], we have that

(vk, uk) ∗
⇀ (v, u).

Combining 2.14, 2.12 and 2.17 we obtain

‖vk − v‖L1(Ω) =
∫

Ω
|vk − v| dx dt (2.18)

=
∑
j

∫
|vr,(tj ,xj)(t, x)| dx dt

2.14
≥

∑
j

1
20 |v(tj, xj)|r3

2.12
≥

∑
j

1
20
√
C20

(C − |v∗(tj, xj)|2)r3

2.17
≥

1
400
√
C
c2

∫∫
Ω

(C − |v∗(t, x)|2) dx dt

= 1
400
√
C
c2(|Ω|C − ‖v∗(t, x)‖L2(Ω)). (2.19)

By Hölders inequality (Proposition A.3.1 in Appendix A),

‖vk − v‖L1(Ω) ≤ ‖vk − v‖L2(Ω)‖1‖L2(Ω) = ‖vk − v‖L2(Ω)

√
|Ω|,

so
1
|Ω|‖vk − v‖

2
L1(Ω) ≤ ‖vk − v‖2

L2(Ω). (2.20)

Set c1
..= 1

400
√
C
. From 2.19 and 2.20 we get the inequality

‖vk − v‖2
L2(Ω) ≥

c1c2

|Ω| (C|Ω| − ‖v
∗‖2
L2(Ω))2.

Hence

‖ṽ + vk‖2
L2(Ω) = ‖ṽ + v + vk − v‖2

L2(Ω)

= ‖ṽ + v‖2
L2(Ω) + ‖vk − v‖2

L2(Ω)

+ 2
∫∫

Ω
(ṽ + v(t, x))(vk(t, x)− v(t, x)) dx dt

≥ ‖ṽ + v‖2
L2(Ω) + c1c2

|Ω| (C|Ω| − ‖v
∗‖2
L2(Ω))2

+ 2
∫∫

Ω
(ṽ + v(t, x))(vk(t, x)− v(t, x)) dx dt
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2. Background and theory

As vk ∗
⇀ v and ṽ+ v ∈ L1(Ω), the last integral goes to zero as k →∞. Thus

lim inf
k→∞

‖ṽ + vk‖2
L2(Ω) ≥ ‖ṽ + v‖2

L2(Ω) + c1c2

|Ω| (C|Ω| − ‖ṽ + v‖2
L2(Ω))2.

�

Now we will use the perturbation property to construct a sequence converging
to a wild solution. Following the (alternative) proof given in [DS09] we get
an explicit method to construct the sequence.

Let ρε be the standard mollifying kernel in R3 = Rt × R2 and set the initial
function (v0, u0) = (0, 0). Assume we have functions zj ..= (vj, uj) for j ≤ k
and numbers η1, . . . , ηk−1. We set ηk < 2−k such that

‖zk − zk ∗ ρηk‖L2(Ω) < 2−k. (2.21)

Using the perturbation property we can find zk+1 = (vk+1, uk+1) ∈ X0 such
that

‖ṽ + vk+1‖2
L2(Ω) ≥ ‖ṽ + vk‖2

L2(Ω) + c1c2

|Ω| (C|Ω| − ‖ṽ + vk‖2
L2(Ω))2, (2.22)

and

‖(zk+1 − zk) ∗ ρηj‖L2(Ω) < 2−k (2.23)

for all j ≤ k. Since for each zk in the sequence, zk(t, x) is in U for almost
all (t, x) ∈ Ω, we get a bounded sequence {zk} in L∞(R2,Rt), so there is a
subsequence, still called {zk}, such that

zk
∗
⇀ z in L∞(R2,Rt)

for some z = (v, u) ∈ X. Then for k ∈ N we have

‖zk ∗ ρηk − z ∗ ρηk‖L2(Ω) ≤
∞∑
j=0
‖zk+1 ∗ ρηk − zk+j+1 ∗ ρηk‖L2(Ω)

≤
∞∑
j=0

2−(k+j) ≤ 2−k+1.

Then

‖zk − z‖L2(Ω) ≤ ‖zk − zk ∗ ρηk‖L2(Ω)

+ ‖zk ∗ ρηk − z ∗ ρηk‖L2(Ω)

+ ‖z ∗ ρηk − z‖L2(Ω)

< 2−k + 2−k+1 + 2−k,
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2.3. Existence of wild solutions

so zk → z strongly in L2(Ω). This means that we can take the limit in 2.22
to get

‖ṽ + v‖2
L2(Ω) ≥ ‖ṽ + v‖2

L2(Ω) + c1c2

|Ω| (C|Ω| − ‖ṽ + v‖2
L2(Ω))2.

This implies that ‖ṽ + v‖2
L2(Ω) = C|Ω| and so |ṽ + v(t, x)|2 = C a.e. in

Ω. From Lemma 2.3.1 this implies that (ṽ, ũ) + (v, u)(t, x) is in K, so
(ṽ, ũ) + (v, u) satisfies the pointwise constraint in XK . As (v, u) is the weak
star limit of functions in X0, it satisfies the system 2.8 weakly. These two
statements together implies that (v, u) is a solution to the compressible
Euler equations.
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CHAPTER 3

Constructing a sequence

The method of convex integration gives an explicit algorithmic way to find
wild solutions. The goal of this chapter is to design a procedure, inspired by
the theory from the previous chapter, to construct a sequence converging
to a wild solution. We also suggest how the steps in the procedure can
be executed. The sequence is constructed by first finding a subsolution,
and then add localized plane waves with increasing frequency to the initial
subsolution.

We will limit the construction to the domain P ⊂ [0,∞)× R2 defined by

{(t, x) ∈ [0,∞)× R2 |tmin < t < tmax,

x1max < x1 < x1min ,

ν0t < x2 < ν1t}

where ν0, ν1 ∈ R defines the slopes separating the different constant states
of the subsolution. Figure 3.1 shows P in the t× x2 plane.

The entries in the sequence consist of functions zk = (vk, uk) : P → R2 ×
S2×2

0 ∈ X0, and we set the z0 = (0, 0), where 0 denotes the zero function.

We want the sequence {(vk, uk)} ⊂ X0 to converge to some function (v, u) ∈
X such that (ṽ, ũ) + (v, u)(t, x) ∈ K for almost every (t, x) ∈ P .

Recall that the sets U and K are defined by

U ..= {(v, u) ∈ R2 × S2×2
0 | v ⊗ v − u < c

2Id},

K ..= {(v, u) ∈ R2 × S2×2
0 | v ⊗ v − u = c

2Id}.

The set U is the interior of the convex hull of K, ie. U = (Kco)o.



3. Constructing a sequence

x2 = µ1tx2 = µ0t
tmax

tmin

t

x2

Figure 3.1: The t× x2 part of P

3.1 Initial subsolution

In order to construct a sequence converging to a wild solution we must start
with an appropriate subsolution. We will look at the subsolution when the
standard solution consists of a 1-shock and a 3-shock. From Proposition
2.1.5 we know that this means that

v+2 − v−2 < −

√√√√(ρ− − ρ+)(p(ρ−)− p(ρ+))
ρ−ρ+

.

Assume ρ− 6= ρ+. Combining the above inequality with Proposition 2.1.10 we
get that there exists an admissible compressible subsolution as in Definition
2.1.7, if there exists constants ρ1, δ2 ∈ R+ such that ρ1 > max{ρ−, ρ+}
and the admissibility conditions in Proposition 2.1.10 hold. The remaining
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3.1. Initial subsolution

constants from Proposition 2.1.10, v12 and δ1, are defined by

v2 = 1
ρ1(ρ− − ρ+)

(
ρ−v−2(ρ1 − ρ+)− ρ+v+2(ρ1 − ρ−)

−
√[
ρ+ρ−(v−2 − v+2)2 − (ρ− − ρ+)(p(ρ−)− p(ρ+))

]
(ρ1 − ρ−)(ρ1 − ρ+)

)
.

δ1 =− p(ρ1)− p(ρ−)
ρ1

+ ρ−(ρ1 − ρ−)
ρ2

1(ρ− − ρ+)2

(
ρ+(v+2 − v−2)

+
√[
ρ+ρ−(v−2 − v+2)2 − (ρ− − ρ+)(p(ρ−)− p(ρ+))

]ρ1 − ρ+

ρ1 − ρ−

)2
.

The proof of this can be found in [Mar16] (Theorem 5.4), and can be done
by inserting the above expressions into the conditions in Proposition 2.1.10.

We want to compute the coefficients ν0 and ν1, and the subsolution ṽ =
[
v1
v2

]

and ũ =
[
u11 u12
u12 −u11

]
, along with the constant C.

Recall from Proposition 2.1.10 that the constants can be written as

v1 = v−1,

u12 = v1v2,

C = δ1 + δ2 + v2
1 + v2

2,

u11 = δ2 − δ1 + v2
1 − v2

2
2 ,

where v−1 is the first component of the left side of the initial condition of
the velocity. If we assume that in the initial condition for the density we
have ρ− 6= ρ+, we can set

ν0 = v−2 + v+2

2 − ρ−
2(ρ1 − ρ−)(v−2 − v+2),

ν1 = v−2 + v+2

2 + ρ−
2(ρ1 − ρ−)(v−2 − v+2).

Example

Remember that the pressure is given by p(ρ) = Kργ . Set K = 1 and γ = 2
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3. Constructing a sequence

Figure 3.2: Shock speeds for the the standard solution (solid line) and slopes
dividing the parts of the subsolution (dashed line)

so p(ρ) = ρ2, and use the initial data given in example 5.6 in [Mar16],

ρ− = 1, ρ+ = 4,

v− =
[

0
8
3

√
10

]
, v+ =

[
0

−5
6

√
13

]
.

Using the expressions above we get

ν0 ≈ −1.31 ν1 ≈ 2.83,

ṽ ≈
[

0
−0.09

]
ũ ≈

[
3.50 0

0 −3.50

]

Figure 3.2 shows the self-similar solution consisting of two shocks together
with slopes defined by ν0 and ν1. Note that the shock speeds are not the
same as ν0 and ν1.
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3.2. Iterative process

3.2 Iterative process
The following algorithm is based on the proof of existence of wild solutions
presented in Chapter 2. We will construct the sequence using an iterative
process consisting of six sequential steps. Initially we set z0 = (v0, u0) = (0, 0)
and in each iteration we add new functions to the previous one. Let (ṽ, ũ)
be an admissible subsolution, and let zk = (vk, uk) be the solution at step k.
Each iteration consists of the following steps

1. Start with a radius r > 0 and find finitely many points Pr := {(tj, xj)}
in P such that

a) the sylinders (tj − r, tj + r)×Br(xj) are pairwise disjoint,
b) r3∑

j(C − |ṽ + vk(tj, xj)|2) ≥ 1
4π
∫∫
P (C − |ṽ + vk(t, x)|2) dx dt

If this is not possible, choose r smaller and try again.
Choose µk < 2−k such that

‖zk − zk ∗ ρµk‖L2(P ) < 2−k, (3.1)

where ρµk is the standard mollifier (see Definition A.3.3 in appendix
A).

2. For each point (tj, xj) ∈ Pr find dj = dist
(
(ṽ, ũ) + (vk, uk)(tj, xj), ∂U

)
.

3. For all (tj, xj) ∈ Pr, find functions (vtj ,xj , utj ,xj) defined below in
Equation 3.5 and set

(vnew, unew) = znew := zk +
∑
j

(vtj ,xj , utj ,xj).

4. Let
[
v1
v2

]
= vnew and

[
u11 u12
u12 −u11

]
= unew. For all points (tj, xj) ∈ Pr used

in the construction of znew find

Lk,j = max
f=v1,v2,u11,u12

max
(x,t)∈(tj−r,tj+r)×Br(xj)

|gradf(t, x)|

Lk = max
j
Lk,j

Rk = Lkr2
√

2. (3.2)

Set R0 = 0, Rk as above and define εj = dj − Rk. If εj < 0 choose r
smaller and go back to step 1.
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3. Constructing a sequence

5. Check if the inequalities below hold:

‖ṽ + vnew‖2
L2(P ) ≥ ‖ṽ + vk‖2

L2(P ) + c1c2

2|P |(C|P | − ‖ṽ + vk‖L2(P ))
2,

(3.3)

c1 = 1
400
√
c
, c2 = 1

4π ,

‖(znew − zk) ∗ ρµi‖L2(P ) ≤ 2−k for all i ≤ k. (3.4)

If these inequalities do not hold, return to step 1 and choose a smaller
r.

6. Set zk+1 = znew.

Figure 3.3 shows a flow diagram of the above algorithm.

The functions (vtj ,xj , utj ,xj) are defined as in chapter 2:

(vtj ,xj , utj ,xj)(t, x) := (v, u)(t− tj
r

,
x− xj
r

),

vi(t, x) ..= 1
2(

2∑
k=1

(akbi − aibk)∂k(∂2
1 + ∂2

2)Φ(t, x))

uij(t, x) ..= 1
2(

2∑
k=1

(aibk − akbi)∂k∂j∂t +
2∑

k=1
(ajbk − akbj)∂k∂i∂t)Φ(t, x),

(3.5)

Φ(t, x) ..= φ(x, t)(− λ

N3 sin(N(x, t) · η)).

The function φ ∈ C∞c
(
(−1, 1)× B1(0), [−1, 1]

)
is a cutoff function that is

identically 1 inside (−1/2, 1/2)×B1/2(0). The constant η is given by

η = −1
(|a||b|+ a · b)2/3 (a+ b− (|a||b|+ a · b)e3),

where e3 is the third unit vector in three dimensions, and a and b are
threedimensional vectors defined in the proof of Proposition 2.3.3.

3.3 Inequalities in step 1 and step 5
In step 1 and 5 we need to compute integrals involving the L2-norm of the
function zk.
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3.3. Inequalities in step 1 and step 5

  = (0, 0)z0

Choose r

Find points ( , )tj xj

Find   dj

Compute  

( , )vnew unew

Find   and set 
 

Rk

= −ϵj dj Rk

Check inequalities 

Set   =zk+1 znew

Not possible 

 < 0ϵj

Do not hold 

Figure 3.3: Flow chart that shows each iteration in the algorithm
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3. Constructing a sequence

Computing the L2-norm of ṽ + vk

To check the inequalities, we need to compute the integral∫∫∫
P
|ṽ + vk|2 dx1 dx2 dt,

where ṽ is a two dimensional vector and vk is a vector field from P to R2.

These integrals are quite challenging to compute numerically as they consist
of many locally defined functions, which all are oscillatory. Thus, we want
to simplify them as much as possible.

We have vk = vk−1 +∑
(tj ,xj)∈Pr v(tj ,xj), where v(tj ,xj) is the local function in

the cylinder with radius rk and center in (tj, xj). This means that each vk

Figure 3.4: The disjoint cylinders for the set Pr.

can be written as the double sum over each radius and each point for each
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3.3. Inequalities in step 1 and step 5

radius

vk =
k∑
i=1

∑
(tj ,xj)∈Pri

v(tj ,xj),

where v(tj ,xj) has support inside the cylinder with center in (tj, xj) and radius
ri. Figure 3.4 shows the cylinders, for one step, where the functions have
support.

We have

|ṽ + vk|2 = (ṽ + vk)2
1 + (ṽ + vk)2

2,

where (ṽ + vk)1 and (ṽ + vk)2 are the first and second entries of the vector.
Thus we can split the integrand into (ṽ + vk)2

1 and (ṽ + vk)2
2.

Let us focus on (ṽ + vk)2
1, and for the moment rename it (ṽ + vk)2. Then we

have

(ṽ + vk)2 = ṽ2 + 2ṽvk + v2
k

= ṽ2 + 2ṽ
k∑
i=1

∑
pj∈Pri

vpj + (
k∑
i=1

∑
pj∈Pri

vpj)vk

= ṽ2 +
k∑
i=1

∑
pj∈Pri

vpj(2ṽ + vk).

Integrating this yields∫∫∫
P

(ṽ + vk)2 dx1 dx2 dt =
∫∫∫

P
ṽ2 +

k∑
i=1

∑
pj∈Pri

vpj(2ṽ + vk) dx1 dx2 dt

= ṽ2|P |+
k∑
i=1

∑
pj∈Pri

∫∫∫
P
vpj(2ṽ + vk) dx1 dx2 dt

= ṽ2|P |+
k∑
i=1

∑
pj∈Pri

∫∫∫
Spj (ri)

vpj(2ṽ + vk) dx1 dx2 dt,

where Spj(ri) is the cylinder with radius ri centered in the point pj.

We do a change of variable so we can compute the integrals over the
unit cylinder. Set s := tr + t0, x := x1r + x1,0, y := x2r + x2,0, and set
g(t, x1, x2) := vpri (2ṽ + vk). Then∫∫∫

Spj (ri)
g(t, x1, x2) dx1 dx2 dt = r3

i

∫∫∫
S0(1)

g(s, x, y) ds dx dy.
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3. Constructing a sequence

We can now implement a general integration algorithm that integrates the
function vpj(2ṽ + vk) over the unit cylinder.

Convolution computations
Both step 1 and step 5 involve computing integrals where a convolution
product is present. In step 1 we want the inequality ‖zk−zk∗ρµk‖L2(P ) < 2−k
to hold. This means that µk must be sufficiently small so the difference
between the function zk and its mollification is small.

For step 1 we compute the following estimate with f = zk.

Proposition 3.3.1. Let P ∈ Rn be bounded, and let f ∈ C1(P ). Let ωε
be the standard mollifier (see Appendix A, Definition A.3.3). Set A ..=
supx∈B(0,1) ω(x), and let α(n) be the volume of the unit n-sphere. Then

‖f ∗ ωε − f‖L2(P ) ≤
√
|P |α(n)A‖∇f‖ε.

Proof. Using the mean value theorem and the boundedness of ω we obtain∫
P
|f ∗ ωε − f |2 dx =

∫
P

( ∫
B(x,ε)

ωε(x− y)
(
f(y)− f(x)

)
dy
)2
dx

=
∫
P

( 1
εn

∫
B(x,ε)

ω
(x− y

ε

)(
f(y)− f(x)

)
dy
)2
dx

≤
∫
P

1
ε2n

( ∫
B(x,ε)

A|y − x|‖∇f‖ dy
)2
dx

≤
∫
P

1
ε2n

( ∫
B(x,ε)

Aε‖∇f‖ dy
)2
dx

≤
∫
P

1
ε2n

(
α(n)εnAε‖∇f‖

)2
dx

=
∫
P

ε2n

ε2n
α(n)2A2ε2‖∇f‖2 dx

= |P |α(n)2A2‖∇f‖2ε2.

Taking square roots gives the result. �

In step 5 we must ensure that the inequality ‖(z∗ − zk) ∗ ρµk‖ < 2−k holds.
This makes sure the new function zk does not differ that much from the
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3.4. Structure of K

previous zk. Using properties of mollifiers (
∫
P |ρµk | dx = 1) and Youngs

inequality for convolution products (see Appendix A, Proposition A.3.2),
we get

‖(z∗ − zk) ∗ ρµk‖L2(P ) = (
∫
P

((z∗ − zk) ∗ ρµk)2 dx)1/2

≤ (
∫
P

(z∗ − zk)2 dx)1/2
∫
P
|ρµk | dx

= (
∫
P

(z∗ − zk)2 dx)1/2.

The function z∗−zk only consists of the functions added in the last iteration.
Thus this inequality only depends on the calculations done in this step.

3.4 Structure of K
We know that K consists of pairs (v, u) ∈ R2 × S2×2

0 , i.e. two dimensional
vectors and symmetric 2× 2 matrices with zero trace. This means that the
matrix u is on the form

u =
[
u11 u12
u12 −u11

]
.

The vector-matrix pairs should also satisfy the equality

v ⊗ v − u = C

2 Id,

so we get the matrix equality[
v2

1 v1v2
v1v2 v2

2

]
−
[
u11 u12
u12 −u11

]
=
[
C/2 0

0 C/2

]
.

This yields the three equations

v2
1 − u11 = C/2,
v2

2 + u11 = C/2,
v1v2 − u12 = 0.

Adding the first and second equation gives

v2
1 + v2

2 = C,
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3. Constructing a sequence

which defines a circle in the v1, v2-plane. Parametrize this by

v1 =
√
C cos(τ),

v2 =
√
C sin(τ),

τ ∈ [0, 2π].

Insert this into the third equation to get

u12 = v1v2 = C sin(τ) cos(τ) = C sin(2τ)/2.

Similarly, for the first equation we get

u11 = v2
1 − C/2 = C cos2(τ)− C/2 = C cos(2τ)/2.

We now have a parametrization of K given by

v1 =
√
C cos(τ),

v2 =
√
C sin(τ),

u11 = C cos(2τ)/2,
u12 = C sin(2τ)/2.

See figure 3.5 for a geometric visualization of K.

3.5 Find the convex combination
In the construction of the functions (vtj ,xj , utj ,xj) in step 4 we must write
an element in U as a convex combination of points in K. This means
that given a point (v, u) ∈ U , we want to find five points in K such that
(v, u) = ∑5

i=1 αi · (vi, ui) for ∑5
i=1 αi = 1, αi ≥ 0.

Compute the convex combination

To compute the convex combination we first choose five points (vi, ui), i =
1, . . . , 5 in K, and hope that (v, u) can be written as a convex combination
of these points. The most natural points to use are five points evenly
distributed throughout the parametrization of K, so let ti = 2π

5 i, i = 1, . . . , 5,
and compute the parametrization at these points.

As both (vi, ui) and (v, u) are in R2 × S2×2
0 , we can represent them as

elements in R4. Define x := [v1, v2, u11, u12]T and ai ..= [vi,1, vi,2, ui,11, ui,12]T
for i = 1, . . . , 5. Then the weights α = [α1, · · · , α5]T satisfy the equation

Aα = x,

46



3.6. Making sure we stay inside U

Figure 3.5: K parametrized in v1, u11, v2. The color identifies the value in
u12

where A = [a1, a2, a3, a4, a5]. If the above system does not have a solution,
the (v, u) does not lie in the polygon spanned by the (vi, ui)’s. Then we can
choose other points (vi, ui) and try again.

3.6 Making sure we stay inside U
When we construct zk we must make sure it does not have image outside U .
This means that we want ((ṽ, ũ) + zk(Sr(tj, xj)) ⊂ U for all cylinders used
in the construction of zk. Let dj be the distance from the function value in
the mid point of the j-th cylinder to the boundary of U ,

dj ..= dist((ṽ, ũ) + zk(tj, xj), ∂U).

By construction (ṽ, ũ) + zk(tj, xj) = (ṽ, ũ) + zk−1(tj, xj), and this point is
in U , so it suffices to check if the distance from zk(tj, xj) to zk(t, x) is less
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3. Constructing a sequence

than the distance dj, for any (t, x) in the cylinder. That is

0 < dj − |zk(tj, xj)− zk(t, x)|

for all (t, x) ∈ Sr(tj, xj).

Figure 3.6 shows that the image of (v, u) can get outside U if we are not
careful.

Figure 3.6: By adding several functions in cylinders with radius 0.5 the
plane waves interfere, which cause the function values to go outside U (red
spots).

Bound on |zk(tj, xj)− zk(t, x)|
Instead of computing the value |zk(tj, xj)− zk(t, x)| for all points (t, x) in
the cylinder, we want to find a bound on this. Let f ∈ {v1, v2, u11, u12}. For
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a ..= (tj, xj) and b ∈ Sr(tj, xj), using the mean value theorem, we get

f(b)− f(a) = ∇f(cf ) · (b− a), cf ∈ [a, b].

By the Cauchy-Schwartz inequality

|f(b)− f(a)| ≤ |∇f(cf )||b− a|
≤ |∇f(cf )|

√
2r

≤ sup
cf∈Sr(tj ,xj)

|∇f(cf )|
√

2r.

Then

|zk(tj, xj)− zk(t, x)| =
√ ∑
f∈{v1,v2,u11,u12}

|f(b)− f(a)|2

≤
√ ∑
f∈{v1,v2,u11,u12}

( sup
cf∈Sr(tj ,xj)

|∇f(cf )|
√

2r)2

≤
√

2r
√ ∑
f∈{v1,v2,u11,u12}

( sup
f∈{v1,v2,u11,u12}

sup
cf∈Sr(tj ,xj)

|∇f(cf )|)2

≤ 2
√

2r sup
f∈{v1,v2,u11,u12}

sup
cf∈Sr(tj ,xj)

|∇f(cf )|.

We set Rk = 2
√

2r supf∈{v1,v2,u11,u12} supcf∈Sr(tj ,xj) |∇f(cf )|, so we must com-
pute the gradient of v1, v2, u11 and u12.

We have

(v, u)k = (v, u)k−1 +
∑
j

(vtj ,xj , utj ,xj),

(v, u)0 = (0, 0),

where (vtj ,xj , utj ,xj) is defined in 3.5.

We compute the partial derivatives of (vtj ,xj , utj ,xj).

∂

∂t
(vtj ,xj , utj ,xj) = ∂

∂t
(v, u)(t− tj

r
,
x− xj
r

)

= 1
r

(∂v
∂t
,
∂u

∂t
)(t− tj

r
,
x− xj
r

).
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Similarly, for x1 and x2,

∂

∂xi
(vtj ,xj , utj ,xj) = ∂

∂xi
(v, u)(t− tj

r
,
x− xj
r

)

= 1
r

( ∂v
∂xi

,
∂u

∂t
)(t− tj

r
,
x− xj
r

).

Thus the gradient is defined by

∇(vk, uk) = ∇(vk−1, uk−1) +
∑
j

∇(vtj ,xj , utj ,xj),

∇(v0, u0) = (0, 0),

so |∇v1|, |∇v2|, |∇u11|, and |∇u12| are found by computing the length of
each of the entries of ∇(vk, uk).

Computing the distance to the boundary of U
Given a function (vk, uk) and a point (tj, xj) we want to compute the distance
from the point (ṽ + vk(tj, xj), ũ + uk(tj, xj)) to the boundary of U , where
U := {R2×S2×2

0 | v⊗ v−u < C
2 Id}. From [Mar16, p. 36] the closure of U is

U = {(v, u) ∈ R2 × S2×2
0 | v ⊗ v − u ≤ C

2 Id}.

By definition, v ⊗ v − u < C
2 Id means that C

2 Id − v ⊗ v + u is positive
definite, which again means that its determinant must be strictly greater
than zero. In the case where we have "≤" instead of "<" the matrix is
positive semidefinite, and the determinant is greater than or equal to zero.

We can now characterize the boundary of U by points (v, u) ∈ R2 × S2×2
0

that gives a positive semidefinite matrix that is not positive definite, e.g. a
matrix with determinant equal to zero.

As with K, since both R2 and S2×2
0 are two dimensional, the boundary of U

consists of vectors in R4, z = [v1, v2, u11, u12]T , that satisfies det(C2 Id− v ⊗
v + u) = 0.

The problem of computing the distance can now be reformulated as, given a
point zk ∈ R4 inside U , find the shortest path from zk to the set {z ∈ R4 |
det(−v ⊗ v + u+ C

2 Id) = 0}.
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Different approaches to finding the distance

There are several ways to find this distance, with different complexity and
accuracy.

One way would be to compute the gradient to the level sets of the deter-
minant, and hope that this will point in the same direction as the shortest
distance. Then one can follow the gradient until one reaches the boundary.
This would work well if the level set is "similar" to the boundary, but not if
the level set has a different shape than the boundary.

Figure 3.7 shows the boundary of U in three dimensions, for a fixed u12.
As we see the boundary is not smooth, but has finitely many non-smooth
points. Figure 3.8 shows a level set for the determinant. The boundary here
is smooth, and in particular, it has not the same shape as the zero level set.
Thus, especially near the non-smooth points, the gradient will not point in
the same direction as the shortest distance.

Figure 3.7: Boundary of U for a fixed
u12

Figure 3.8: Levelset for determinant
of C

2 Id− v ⊗ v + u for a fixed u12

An other approach is to solve the Eikonal equation. The Eikonal equation is
the nonlinear PDE given by

|∇T | = 1 in U ,
T = 0 on ∂U .

The solution T (z) in a point z ∈ U will give the exact shortest distance from
z to the boundary of U as explained in [Set99].
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CHAPTER 4

Eikonal solver

∂U

shock

Figure 4.1: Propagation of information out of the boundary

There exists many different algorithms that solve the Eikonal equation
approximately. The approach we will use is to reformulate the boundary
value problem into an initial value problem. Since the solution is strictly
increasing away from the boundary, all information is propagated out from
this. We can think of the level set of the solution T as a wave front, starting
at the boundary at time 0 and moving through the domain with speed F .
The solution T (x) at a point x is the first arrival time of this wave front.

The fast marching algorithm, introduces by James Sethian [Set99] uses this
idea of marching through the domain, always updating the values near the
moving wave front.

4.1 The fast marching algorithm
We first discretize the domain into m points. A natural discretization is
a uniform grid of n points in each dimension, resulting in m = nk points
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where k is the number of dimensions.

The next step is to initialize the domain. This is done by giving all points
that are outside the domain or on the boundary the value 0. We can now
propagate the solution from the boundary.

The key now is to only update values that are next to the front, so we only
need to iterate through the domain once. We use a finite difference formula
for updating the solution at a grid point. This formula only depends on
nearby points that will give a greater solution than the value at the point
itself. In two dimensions the formula is given in [Set99] as[

max(D−xij T,D+x
ij T, 0)2 + max(D−yij T,D

+y
ij T, 0)2

]1/2
= 1/Fij. (4.1)

The finite differences Dij
±x are defined by

D±xij := Ti±1,j − Ti,j
±h

.

Algorithm
The fast march algorithm consists of two steps, initialization and marching
forward.

Initialize

1. All points that are either on the boundary or outside the domain
are given the value 0, and are marked as Known.

2. All points that are one grid point away from the boundary are
marked as Trial and get a value according to some initial scheme.

3. All other points are tagged as Far.

March forward

1. Let A be the Trial point with smallest T-value.
2. Remove A from the set of Trial points, and add A to the set of

Known values.
3. Tag all neighbors of A as Trial, and recompute their value ac-

cording to the update formula.
4. Go to step 1.

Continue the March forward procedure until the set of Trial points is
empty.
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Complexity analysis
Assuming that the initialization takes at most O(m) operations, where m
is the number of grid points in the mesh, the time consuming part of the
algorithm is the March forward iteration. In each march forward the smallest
Trial point must be found. If this is implemented as a heap it will take at
most O(log(m)) operations. Thus, marching forward for all points wil take
O(m log(m)).

Note that if k is the dimension of the domain and n is the number of grid
points in each direction, the algorithm has complexity O(nk log(nk)) =
O(nk log(n)).

Accuracy
In theory, the convergence rate is 0.5, as proved in [Sou85] (Equation 0.5), but
in practice the convergence rate is often measured to be higher. For solutions
with several shocks [GHB12] (Table 1) suggests that the convergence rate is
somewhere between 0.7 and 0.8.

The heap structure
Without the heap structure the Fast Marching Algorithm would not be very
fast. If we for example use a list to store all the Trial points, it would take
O(m) operations to search the list in order to find the smallest point. Then
the algorithm would be of order O(m2).

A minimum binary heap is a tree where each node can have two children,
that satisfies the following property: If a node N has a child node C, then
N ≤ C, where ≤ is a partial ordering on the nodes. See figre 4.2 for an
example of a heap.

The heap property ensures that the smallest element is located at the root
of the tree. When removing the root the tree must be heapyfied so the heap
property still holds.

Both the remove operation and the insert operation are of complexity
O(log(m)) where m is the number of nodes in the tree. In the Fast Marching
Algorithm we must first remove the smallest element from the heap, and later
insert the neighbors into the heap, so this will take O(log(m)) operations.

The update formula
The update formula 4.1 can easily be generalized to k dimensions by the
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3

5

6 13 7

6

Figure 4.2: An example of a minimum binary heap

formula

[ k∑
i=1

max(D−xiT,D+xiT, 0)2
]1/2

= 1,

where T refers to the values at the point x = (x1, . . . , xk) ∈ Rk.

Let ei be the i’th identity vector, and let Ti+1 and Ti−1 be T (x+ hei) and
T (x− hei) respectively. Note that

max(D−xiT,−D+xiT, 0) = T −min(Ti−1, Ti+1, T )
h

,

and that the update formula can be written

k∑
i=1

(T −min(Ti−1, Ti+1, T )) = h2. (4.2)

Order the dimensions so that min(Ti−1, Ti+1) < min(Tj−1, Tj+1) whenever
i < j. Looking at the left hand side of 4.2 as a function f of T , we see that
it is strictly increasing and that f(Tj) < h2 whenever Tj < T . Thus we can
iteratively check if f(Tj) < h2, starting at j = k, and decrease j whenever
this does not hold. When we find the j that satisfies the inequality, we know
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that the T is given by the solution of

j∑
i=1

(T −min(Ti−1, Ti+1, T )) = h2.

Set T i := min(Ti−1, Ti+1). Then the solution reads

T = 1
j

j∑
i=1

T i + 1
j

√√√√( j∑
i=1

T i
)2
− n

( j∑
i=1

(T i)2 − h2
)

4.2 Implementation details

Although the algorithm is quite simple, the implementation encounters some
problems. The most challenging one is memory usage, but efficiency is also
a major challenge.

When dividing the domain into a grid with n points in each direction we
need to store n4 floating points in the computer’s memory. If we assume
n = 1000 and that each point uses 8 bits to store its value, the size of the
array will be 8× 10004 bits, which is about 1 terabyte. In comparison, each
node in the Abel computer cluster has 64 gigabytes, so we would need more
than 15 nodes on this computer to store the array. When dividing an array
between different nodes we lower the efficiency as the different parts of the
array must be send between the nodes. The algorithm is sequential, so
we cannot exploit other features of a cluster computer than large memory
availability.

A possible workaround for the memory problem is to use a sparse matrix
and only store the values that are used in the computation. Figure 4.3 shows
the solution when the whole grid is stored, verses the solution when only
the values inside the domain is stored. The actual solution is not affected,
but this method requires less memory. Using a sparse matrix we can store
only the values that lies inside the domain.

Considering the efficiency, we can stop the fast marching procedure when
the length from the boundary has reached a given number. Then we will
not have data for all points in the domain, but when these are needed we
can use other methods to find approximations to the distance, such as the
method using the gradient of the level sets of the determinant, explained in
Section 3.6.
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Figure 4.3: Storage of whole grid vs. storage of only the relevant data

Even though in theory the time and memory complexity of the algorithm does
not depend on the implementation language, in practice, both memory and
time usage highly depends on this. See figure 4.4 and 4.5 for a comparison
between the implementation of the fast march method in both Python 2.7
and C++. In Python a standard dictionary is used as a sparse matrix, while
in C++ the hashmap Sparsepp [Pop17] derived from Google’s Sparsehash
[Goo16] is used.

The tests are run on a MacBook Pro (13-inch, 2016) with a 2.4 GHz Intel
Core i7 processor and 8 GB available memory.

Figure 4.4: Memory usage of Python
and C++

Figure 4.5: Time usage of Python and
c++
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Program design

The design is essentially the same in both the Python program and the C++
program, even though the implementation differs.

To store the computed solution, a class Grid is implemented. This class
has information about the number of points in the discretization in each
direction, and a pointer to the matrix which contains the computed values.

Below we show how the fast_march method can be used to find the dis-
tance to the boundary of a circle with radius 1, and store the solution in a
Grid object.

solution_grid = Grid(standard_value=0, shape=[100]*4)

def boundary_function(x, y, z, q):
return x**2 + y**2 + z**2 + q**2 - 1

fast_march(grid=solution_grid,
xmin=-2, xmax=2,
ymin=-2, ymax=2,
zmin=-2, zmax=2,
qmin=-2, qmax=2,
boundary=boundary_function,
f=lambda x, y, z, q: 1)

All implemented program files can be found on GitHub (Eikonal Solver).

4.3 Verification
For simple figures such as a sphere and a box, the level sets of the distance
functions are easy to compute. For a sphere, they consist of spheres around
the same point, but with different radius, see figure 4.6. Similarly, for a box,
the level sets consist of boxes with different size, as shown in figure 4.7. It
is easy to make tests that check the convergence rate and accuracy of the
algorithm in these cases, and they would give an indication of how well it
works for other figures as well.

Table 4.1 shows the error and the convergence rate of the implemented fast
march method in four dimensions.
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Figure 4.6: Level sets for the exact
solution when the boundary is a circle

Figure 4.7: Level sets for the exact
solution when the boundary is a square

Table 4.1: Error measures and convergence rate

Average error Maximum Error Convergence rate
n h Box Sphere Box Sphere Box Sphere

20 0.1 0.0033 0.0073 0.0632 0.1392 1.72 0.42
40 0.05 0.0020 0.0047 0.0322 0.0883 0.94 0.63
60 0.033 0.0013 0.0035 0.0216 0.0665 0.97 0.69

At first one would expect the convergence for the circle to be larger than for
the square, since the exact solution for the circle has no shocks. On the other
hand, the square has constant solution along vertical and horizontal lines,
which is perfect for the finite difference method used in the fast marching
method. The curvature of the sphere makes it much harder to approximate,
especially in four dimensions.

Figure 4.8 and 4.9 show the error of the box and the sphere when 50 points
are used in each dimension.

When solving for the boundary given by ∂U we expect both shocks and
large curvature, so the error might get large. Therefore it is necessary to
use a fine grid, which results in large computation time and storage usage.

The images shown in figure 4.10 show the computed solution when the
boundary of U is used.
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Figure 4.8: Error when the boundary
is a four dimensional sphere. The im-
age only shows one cross section of the
sphere

Figure 4.9: Error when the boundary
is a four dimensional box. The image
only shows one cross section of the
sphere

Figure 4.10: Distance from the boundary in different planes. The solution
is produced with 50 points in each direction.
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CHAPTER 5

Numerical approximation of
integrals

The integrals discussed in Chapter 3, Section 3.3 are approximated in
Matlab using the Chebfun software system described in [DHT14]. Chebfun
is a Matlab package for numerical representation and computation of
functions using Chebychev polynomial expansions. The code resembles
symbolic computations, but the computation speed is much higher due to
the use of numerical approximations.

The Chebfun package uses methods that automatically determine the de-
gree n of the Chebychev polynomial so that the representation is of almost
machine precision. The computation of the Chebychev coefficients takes
O(log n) operations, using a Fast Fourier Transform [PT10, p. 72], where
n is the number of coefficients used in the representation. The coefficients,
along with information about the functions domain of definition, are stored
in an object called a fun. The following example illustrates how to represent
the the sinus function on the domain [0, π], and then compute its integral.

>> f = chebfun(@(x) sin(x),[0 pi]);
>> sum(f)
ans = 2

The standard integration tool used by Chebfun is Clenshaw-Curtis quadra-
ture, which, in one dimension, uses O(n) when the Chebychev coefficients
are known, as stated in [HT12, p. 72]. The integral is computed to machine
precision which should be around 15 digits, but Chebfun also have options
so the user can manually set the accuracy.
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The above function is of one dimension, but Chebfun also allows representa-
tion of functions with two- and three arguments. These are defined using a
chebfun2 and a chebfun3 function.

We use a chebfun3 fun object to represent each cylinder, and use the sum3
command to find each integral. Internally in Chebfun the integral is found
by solving three one dimensional integrals [HT17, p. C351], which is defined
by the constructor when the fun object is created. A further discussion
about three dimensional representations of functions using Chebfun can be
found in [HT17].

5.1 Chebychev polynomials
Chebychev polynomials are a set of orthogonal polynomials which can
be used to express functions as an infinite weighted sum. This gives a
straightforward way to approximate a function.

Definition 5.1.1. (Chebychev polynomials of first kind)
On the interval [−1, 1] the n’th Chebychev polynomial (of first kind) can be
defined by

Tn(x) = cos(n arccosx), n = 0, 1, 2, . . . .

A function f represented by a finite Chebychev polynomial expansion is
written on the form

fN(x) =
N∑
j=0

λjTj(x), x ∈ [−1, 1],

for suitable real constants λj. The coefficients λj are computed by interpo-
lating f at the N + 1 Chebychev extreme points

xj = cos(πj/N), j = 0, . . . , N.

Figure 5.1 shows the first four Chebychev polynomials; T0, T1, T2 and T3.

The integrals are computed using Clenshaw-Curtis quadrature. In general,
a quadrature integrating method is simply approximating the integral by a
weighted sum of the function evaluated at different points,∫ 1

−1
f(x) dx ≈

n∑
i=0

wif(xi).
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Figure 5.1: The first four Chebychev polynomials

The Clenshaw-Curtis quadrature uses the extreme points xj of the Chebychev
polynomials as evaluation points, and the integral of the corresponding
Chebychev polynomial as weights,∫ 1

−1
f(x) dx ≈

N∑
j=0

f(xj)
∫ 1

−1
Tn(y) dy =

N∑
j=0

λj

∫ 1

−1
Tn(y) dy.

As the integrals
∫ 1
−1 Tn(y) dy does not depend on f , these can be precomputed

by Matlab, so the above sum is easily found when the λj values are known.

5.2 Numerical results
The number of cylinders increases when the radius decreases, so we need
to compute a large number of integrals. Additionally, for each iteration
the frequency N increases, so the functions are oscillating more and more.
This makes the integration even harder, and as Chebfun uses an adaptive
algorithm, it uses more points in the computation.

Figure 5.2 shows the calculation time for the integration depending on N .
In Figure 5.3 the top plot shows the number of disjoint cylinders inside P
versus the radius, while the bottom plot shows the integration time versus
the radius. The integration tests and timings are run on a MacBook Pro
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(13-inch, 2016) with a 2.4 GHz Intel Core i7 processor and 8 GB available
memory.

Figure 5.2: Integration time vs the fre-
quency N for 2 cylinders and 3 cylin-
ders

Figure 5.3: Integration time and num-
ber of cylinders vs the radius of each
cylinder

As explained in 3.3, the L2-integral can be computed as a double sum of
integrals over the unit cylinder. As each integral does not depend on the
other integrals, this double sum can be processed in parallel. Matlab has
an easy parallelization procedure, which can be implemented simply by
substituting a normal for loop by a parfor loop, so the code

for i=1:size(points,2)
% compute integral i

end

is changed to

parfor i=1:size(points,2)
% compute integral i

end

In this way Matlab will automatically compute several integrals simulta-
neously using different processors in the computer.

It is interesting to investigate how well the parallelization scales. If it is
beneficial to use several computation cores, one should implement the code

66



5.2. Numerical results

so it can be run on a super cluster computer. However, if the computation
time does not depend that much on the number of processors used, one
should look for other methods to reduce the computation time.

Figure 5.5 and 5.6 shows how the computation time depend on the number
of processors and the number of cylinders used. We see that there is most
speedup when moving from 1 processor to 2, and that the there is almost
no speedup when from around 10 processors. However Figure 5.4 indicates
that when increasing the number of cylinders, using more processors may
be useful. Figure 5.7 shows the computation time depending on both the
number of cylinders and the number of processors. These tests are run on
a server with 16 cores on 4 Intel Xeon E7420 2.13GHz CPUs and 32 GB
available memory.

All implemented programs used in the calculations can be found on GitHub
(Matlab programs).

Figure 5.4: Integration time using between 11 and 16 processors
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Figure 5.5: Number of processors used
vs computation time

Figure 5.6: Number of cylinders vs
computation time

Figure 5.7: Number of processors and cylinders. The colors indicate the
computation time
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CHAPTER 6

Numerical experiments

This chapter explains some choices made when implementing the algorithm,
and visualizes and analyses the computed solutions.

The simulations done in this chapter use the subsolution computed in
Example 3.1.

6.1 Implementation considerations

Each time an iteration fails, the algorithm choose a new r-value. In the
implementation, the r-values to be used are sent as an argument to the
solver. As most iterations are discarded, the list of r-values should be quite
dense, i.e., the next value should not be far from the previous.

In the implementation done in this thesis, the set of points {(tj, xj)} has two
distinct structures. The first is simple, where all points lie on a grid such
that the cylinders do not intersect (see Figure 6.1). The second structure is
meant to "fill in" the holes in the first. Then one use the same points as the
first, but decrease the radius so more points fit (see Figure 6.2).

It is possible, and most likely smart, to choose other ways to structure the
points, either by randomly scatter the cylinders, or other, more sophisticated
methods. This has however not been explored in this thesis.

As explained in the example in Section 2.2, the frequency N must be
chosen wisely in order to get the right convergence. In the program, we
set N = 10

|η| + 8 + k, where k is the iteration number. It should be further
explored how the N value should be set for the sequence to converge as fast
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Figure 6.1: First structure Figure 6.2: Second structure

as possible.

Amplitude of oscillations
In each cylinder we use a highly oscillatory function, and as each step is
added to the other steps, the oscillations will interfere. As the functions are
uniformly continuous, we can choose the radius of the cylinder small enough
so the interfering functions does not get too large. To understand this we
can look at Figure 6.3, 6.4 and 6.5. The first image shows an oscillation
before we add a new function. The dotted lines represents the boundary ∂U ,
and we do not want the function to go outside of this. The second image
shows how we can choose a small interval such that we can add oscillations
with large amplitude, without the function going outside the boundary. The
third image shows how we can decrease the amplitude of the new function
in order to choose a larger interval.

Inspired by this, we want to choose the amplitude smaller for each step, so
the cylinders does not have to be very small. On the other hand, we do not
want the amplitude to be too small, since then the new oscillations will not
change the solutions very much.

Statistics
Table 6.1 shows the percentage of the iterations that fail on step 1 (choosing
suitable points), step 4 (εj < 0) or step 5 (inequalities), and how many that
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Figure 6.3: Before adding a new step Figure 6.4: Adding a new function on
a small interval

Figure 6.5: Adding a new function
with smaller amplitude on a larger in-
terval

are accepted. The iterations start with a radius of 0.5 and reduce it with
about 0.01 in each step.

Table 6.1: Fail percentages on the different steps

Step 1 Step 4 Step 5 Success
52 % 32 % 12 % 4 %

We see that the step that fails most often is step 1. This might be because
we have to reduce the cylinder radius more for the inequality to hold. Step
4 also fail quite often. In this step we compute εj = dj −Rk. The value Rk

indicates how large the amplitude of zk is. We use a bound on the gradient
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of zk to approximate Rk, and this bound may be much larger than the real
size of the gradient. To reduce the number of failed iterations one could find
a better way to compute Rk that does not involve the gradient.

6.2 Error and verification
Remember from chapter 3.4 that if the function (v, u) is a solution, for each
point (t, x) the matrix equality[

v2
1 v1v2

v1v2 v2
2

]
−
[
u11 u12
u12 −u11

]
=
[
C/2 0

0 C/2

]

holds. We can use this to compute the error of (vk, uk) by computing the
norm of the matrix[

v2
1 v1v2

v1v2 v2
2

]
−
[
u11 u12
u12 −u11

]
−
[
C/2 0

0 C/2

]
(6.1)

at each point (t, x). We choose to use the maximum norm, which is the
largest absolute value of the entries in the matrix.

We also had that the set of values (v, u)(t, x) that satisfies the equation
above is the set of extreme points of the set U . The boundary of U is the
set where the eigenvalues of the above matrix are zero, while the interior of
U is characterized by the points where the eigenvalues both are positive.

Thus, computing the values of the eigenvalues will indicate whether we are
outside, on the boundary, or inside the set U .

Figure 6.6 and Figure 6.7 shows both the error and the product of the
eigenvalues for a fixed t-value in the x1-x2 plane. The product of the
eigenvalues is small near the boundary of U . We know that the set K is on
the boundary of U , so when the error is small, the product of the eigenvalues
should also be small.

Convergence
As we must decrease the amplitude for each step, the error decrease more in
the first steps.

The error is found by computing the mean error of the function zk(t, x) at a
grid of (t, x) points.
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6.3. Visualization of the vector field v

Figure 6.6: The product of the eigen-
values and the error after one step, at
t = 1.345.

Figure 6.7: The product of the eigen-
values and the error after seven step,
at t = 1.345.

Figure 6.8 shows the mean error in P of the first 5 steps in two different
simulations. The second simulation has amplitude twice as large as the
first. Note that the error is still quite large, as the amplitude was not large
enough.

6.3 Visualization of the vector field v

A visual understanding of how the wild solutions look will provide insight
on what they could represent in a physical context. Also, a mathematical
concept is often easier to understand if we know how it looks.

As mentioned in the introduction, it is believed that the wild solutions are
connected to turbulence. It is therefore interesting to see if the solutions
constructed by the algorithm seem to resemble turbulent fluid flow.
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6. Numerical experiments

Figure 6.8: Error after each step

We will show three different visualizations of v in addition to the eigenvalue
product and the error. These three are streamlines, particle traces and curl.

We can compute the streamlines of v(t, ·) at any time t ∈ [tmin, tmax]. The
streamlines are lines that are tangent to the velocity vector, and in steady
(time independent) flow a fluid particle will follow these lines. We can find
the streamlines by computing the level sets of the stream function φ, which
can be found by solving the Poisson equation

∇2φ = −ω, in Ω

with Neumann boundary conditions

∂φ

∂n

∣∣∣∣∣
∂Ω

= u · n.

The scalar ω is the z−component of the curl vector

ω = ∇× v = (0, 0, ∂
∂x
xy −

∂

∂y
vx). (6.2)

We solve the above Poisson equation by discretizing with finite differences,
and solve the resulting matrix equation following the procedure described
in [Lyc17] (Chapter 9). Figure 6.3 shows the streamlines after one step
in the wild solution construction in Ω = [−2, 2]× [−1.3, 2.7] for t = 1.345.
Figure 6.10 shows the streamlines after 7 iterations in the same domain.
The streamlines are found by using a discretization of 500 points in each
direction.
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6.3. Visualization of the vector field v

The vector field v is dependent on t, and as the streamlines show how a
fluid would move in a stationary fluid, we will use particle tracing to show
how the particles will move in time. To do this we start with a grid of
points representing fluid particles, and move these using the velocity field v.
Derived from classical mechanics, we have that the position p(t1) = (x1, x2)
of a particle at time t = t1 is dependent on the position at time t = t0 and
the velocity via the equation

p(t1) = p(t0) +
∫ t1

t0
v(t, p(t)) dt.

We solve the above equation using the Runge-Kutta 4 method. Figure 6.12
shows 4002 particles in [−0.8,−0.3]× [1, 1.5]. Figure 6.12 shows the same,
colored by the speed of the vector field at each point. The time step used in
the simulation is ∆t = 0.01.

The last visualization we present is the curl of the vector field. In cartesian
coordinates, the curl of v is given by ∇× v, and in two dimensions the two
first entries are zero. Thus the curl is given by equation 6.2. As this was
used in the computation of the streamlines, we can use the same program to
find the curl. Figure 6.13 shows the curl in [−2, 2]× [−1.3, 2.7] at t = 1.345
of the solution after 7 iterations in the wild solution construction, while
Figure 6.14 shows the curl after each iteration. The curl is computed using
1000 points in each direction.

A collection of movies and images can be found on this page.
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6. Numerical experiments

Figure 6.9: Streamlines of v after one step

Figure 6.10: Streamlines of v after seven steps
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6.3. Visualization of the vector field v

Figure 6.11: Particles moved by the velocity vector field at different times.
Full movie: (link)

Figure 6.12: Particles moved by the velocity vector field at different times.
The color indicates the absolute value of v. Full movie: (link)
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6. Numerical experiments

Figure 6.13: Curl of the vector field v after 7 steps

Figure 6.14: Curl of the vector field v after 1 to 6 steps
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6.3. Visualization of the vector field v

Figure 6.15: Error at t = 1.36 after 1 to 6 steps

Figure 6.16: Eigenvalue product at t = 1.36 after 1 to 6 steps
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CHAPTER 7

Summary and further work

Summary

In this thesis we have investigated the possibilities to numerically construct
wild solutions to the two dimensional compressible Euler equations. A
numerical algorithm has been proposed and implemented, and the results
has been presented by visualization of a velocity vector field.

As part of the implementation of the algorithm, a four dimensional Eikonal
solver is created and verified.

Possibilities for parallelization of parts of the algorithm has been explored,
with the conclusion that for a large number of cylinders, it might be advan-
tageous to use a cluster computer.

Further work

It is of great interest to establish new results regarding the Euler equations,
and develop new methods to prove (and disprove) uniqueness of solutions.

Although this thesis has not developed any new theory, it might give insight
in the structure of the wild solutions. This can point out new directions for
proposing possible admissibility criteria, and maybe even give some hints
on the theory of turbulence. It is also of interest to explore the connection
between the wild solutions and the Navier-Stokes equations, and possibly
construct wild solutions to these.

A natural continuation of this thesis is to set the wild solutions in the



7. Summary and further work

context of statistical solutions. These types of solutions, introduced for
conservation laws by Fjordholm, Lanthaler and Mishra in [FLM17], are
defined as time-parametrized probability measures on p-integrable functions,
and are equivalently characterized as infinite families of correlation mea-
sures. These correlation measures provides information about correlation
of the underlying functions. By computing several wild solutions, we can
compute the correlation between the solutions, and maybe approximate the
corresponding correlation measures. However, before this can be done, we
must be sure that we have an accurate approximation of the wild solutions.

The programs written in this thesis can, of course, be improved in several
ways. Both the programming technical and the algorithms used can be
changed in favor of more efficient methods, and we will point out the most
significant changes that can be done.

As seen in the statistics in Chapter 6, the iterative scheme seems to fail
on step 1 (choosing suitable points) or step 4 (εj < 0). Step 1 involves
choosing the set of points {(tj, xj)}, and as we use a quite naïve way to
do this, we do not expect this step to work every time. It is possible to
implement this in other ways, by for instance choosing points that lie near a
part of the domain where the previous function has a low value. The other
step that seems to fail most often is step 4, which is checking that the new
function has image contained in U . The bound on Rk computed in Chapter
3 involves the absolute value of the gradient of zk, which will be very large
when the oscillations increase. If one can compute another bound, that does
not depend on the gradient, then this step might not fail as often.

From the more technical point of view, the program can be further improved.
One improvement would be to compute the function value zk(t, x) in a more
efficient way, by for example using a tool for inline C/C++ code. Another
improvement is to implement the integration part in such a way that it can
be used on super cluster computer, for example the Abel cluster. By now,
it can only be used on normal Unix servers, and not cluster computers such
as the Abel machine.
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APPENDIX A

Mathematics

A.1 Weak and weak* convergence

Definition A.1.1 (Dual space). Let X be a topological vector space. Then
the set X∗ ..= {bounded linear functionals on X} is called the dual space of
X.

If X = Lp(Ω) for Ω ∈ Rn, 1 < p <∞, the dual space of X is (isomorphic
to) X∗ = Lq(Ω) for 1

p
+ 1

q
= 1. If X = L1(Ω) we have X∗ = L∞(Ω). Note

that the dual of L∞ is not L1.

Definition A.1.2 (Weak and weak* convergence). Let X be a topological
vector space. A sequence {xn} ⊂ X converges weakly to x ∈ X, written
xn ⇀ x, if

lim
n→∞

φ(xn) = φ(x) for all φ ∈ X∗.

If X = Lp(Ω), 1 < p <∞, we have fn ⇀ f if

lim
n→∞

∫
Ω
fn(x)φ(x) dx =

∫
Ω
f(x)φ(x) dx for all φ ∈ Lq(Ω).

A sequence {φn} ⊂ X∗ converges weakly* to φ ∈ X∗, written φn ∗
⇀ φ if

lim
n→∞

φn(x) = φ(x) for all x ∈ X.

If X = L1(Ω) a sequence {fn} ⊂ X∗ = L∞(Ω) converges weakly* to
f ∈ L∞(Ω) if

lim
n→∞

∫
Ω
fn(x)φ(x) dx =

∫
Ω
f(x)φ(x) dx for all φ ∈ L1(Ω).



A. Mathematics

Theorem A.1.3 (Alaoglu’s theorem). If X is a normed vector space, the
weak* closed unit ball in X∗, B∗ ..= {φ ∈ X∗ : ‖φ‖ ≤ 1}, is compact.

When X = L1(Ω) we get that B∗ = {f ∈ L∞(Ω) : ‖f‖ ≤ 1} is compact.

Proposition A.1.4. Let A ⊂ L∞(Ω) be bounded and weak* closed. Then
the weak* topology on L∞ is metrizable on A. In particular, the weak*
topology is metrizable on B∗.

Proof. For proofs of A.1.3 and A.1.4 we refer to page 534-535 in [MW99]. �

A.2 Convex geometry

Definition A.2.1 (Convex hull). Let X be a topological vector space, and
let A ⊂ X. The convex hull of A, written Aco, is the smallest convex set in
X that contains A.

Theorem A.2.2 (Carathéodory’s theorem). For any subset A ⊂ Rd the
convex hull Aco is the set of convex combinations of at most d+ 1 points in
A.

Proof. See [Bro12] (Corollary 2.4, page 14) for a proof. �

A.3 Inequalities and convolution

Proposition A.3.1 (Hölders inequality). Let 1 ≤ p ≤ ∞ and q be such that
1/p + 1/q = 1. Then if f ∈ Lp(Ω) and g ∈ Lq(Ω) the following inequality
holds: ∫

Ω
|fg| dx ≤ ‖f‖Lp(Ω)‖g‖Lq(Ω).

Proof. See [LL01] (page 477) for a proof. �

Proposition A.3.2 (Young’s convolution inequality). Let 1 ≤ p, q, r ≤ ∞
such that

1
p

+ 1
q

= 1
r

+ 1,
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A.3. Inequalities and convolution

and assume f ∈ Lp(Rd) and g ∈ Lq(Rd) for d ∈ N. Then Young’s convolu-
tion inequality is given by

‖f ∗ g‖r ≤ ‖f‖p‖g‖q.

Proof. We refer to [LL01] (page 92-93) for a proof. �

Definition A.3.3 (Standard mollifier). The standard mollifier on Rn is
given by

ω(x) ..=
C exp

(
1

|x|2−1

)
if |x| < 1

0 if |x| ≥ 1,

where C is chosen so
∫
ω dx = 1.

We set ωε ..= 1
εn
ω
(
x
ε

)
.
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APPENDIX B

Programs

The implementation is divided into three main groups of files, the Python
files for the construction of a sequence, the Matlab files for computing the
integrals, and the Python and C++ files implementing the Eikonal solver.

All files listed below can be found on GitHub: wild solutions.

B.1 Python program implementing the
construction of a solution

The implementation of the algorithm described in Chapter 3 is implemented
in Python 2.7. The Python program consists of five main files:

Sequence.py

gen_sequence.py

sequence_functions.py

sequence_examples.py

subsolution.py

Sequence.py This file contains a class Sequence that stores information
about the solution, and functionality to evaluate (v, u), get the gradient,
etc.

https://github.com/kanin33/wildsolutions


B. Programs

gen_sequence.py In this file the function generatesequence is located.
This function generate a new sequence given information about the subsolu-
tion.

sequence_functions.py This file contains functions used in the con-
struction of each entry in the sequence, for instance functions that find the
constants a and b, and functions that compute each (vtj ,xj , utj ,xj).

sequence_examples.py This file has functions for generating a solution
from the values computed in Example 3.1.

subsolution.py This file contains functions for computing the constants
µ0, µ1, δ1, v12, ṽ, ũ and C that together with v11 and δ0 defines an admissible
subsolution.

All of the files above can be found in the GitHub repository sequence
construction.

B.2 MATLAB program for integration
The Matlab program consists of 3 main files and 29 small help files. The
main files are

cylinder_integral.m

v1.m and v2.m

cylinder_integral.m This file contains a function that takes two ar-
guments. The first argument is a two dimensional array with the vari-
ables associated with each cylinder. Each column in the array should be
on the form [r, t, x, y, p0, p1, p2, p3, N, eta1, eta2, eta3,
a1, a2, b2, b3, lambda, amplitude]. The second argument is ṽ given
as v_tilde = [v_tilde0, v_tilde1].

v1.m and v2.m These files compute v1 and v2 as given i Equation 2.16.

The other files contain functions that compute the different derivatives of
the cutoff function φ and the plane wave λ

N3 sin(N(x, t) · η)).

All Matlab files are included in the GitHub repository Matlab programs.
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B.3. Python and C++ programs implementing the Eikonal solver

B.3 Python and C++ programs implementing
the Eikonal solver

Python programs:

Grid.py

initialize.py

fast_march.py

C++ programs:

Grid.h and Grid.cpp

initialize.h and initialize.cpp

fast_march.h and fast_march.cpp

main.cpp

This directory also contains a Makefile for the C++ programs. Note that
the library Sparsepp [Pop17] must be accessible (for example by saving it in
the same directory) when compiling.

All Eikonal solver files can be found in the GitHub repository Eikonal solver.
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