
DCE-MRI Pharmacokinetic Model

Optimization and Implications for Brain

Cancer Imaging

Ole Gunnar Johansen

Thesis submitted for the degree of

Master in Medical Physics and Biophysics

Department of Physics

Faculty of Mathematics and Natural Sciences

UNIVERSITY OF OSLO





© 2018 Ole Gunnar Johansen

DCE-MRI Pharmacokinetic Model Optimization and Implications for Brain

Cancer Imaging

http://www.duo.uio.no/

Printed: Reprosentralen, University of Oslo

http://www.duo.uio.no/


i

Acknowledgements

The human brain is the most complex biological organism ever discovered. It

consists of billions of constantly firing neurons, and without it we would not even

breathe. A tremendous amount of research has been made in order to try and

understand it, and yet, the knowledge is still in it’s infancy.

Early in my physics education, I got interested in the functioning of the brain.

Combined with the University of Oslo’s aim to have a computationally heavy

physics programme, I decided to take part in a computational neuroscience course

led by Gaute Einevoll. From that point, a career in neuroscience was inevitable.

I realised that I got motivated by the clinical aspect of physics, rather than

pure research, and after being the student of Einar Sagstuen in FYS3710, the door

was opened, and I was immediately arrested by the concept of doing a masters

degree at the section of biophysics medical physics at UiO.

MRI is currently the best tool for brain diagnostics. Atle Bjørnerud is a

well respected personality in brain MRI in Norway, and abroad. Situated at

Rikshospitalet, I naturally sought his supervision in the upcoming master project

work.

The last year and a half have been very challenging, but also very interesting,

and naturally they have though me a great deal, intellectually and personally. I

would not be without them.

So I would like to thank my mother and father for bringing me up as a curious



ii

child. I would like to thank Gaute Einevoll for pointing me in the right direction,

Einar Sagstuen for opening the door, and Atle Bjørnerud, my supervisor, for being

available and showing me the way though the project. Especially I would like to

thank him for his many hours spent thoroughly revising this project, and providing

me with very useful comments throughout.

I sit here now, just moved to Bergen, and will embark on a career in Nordic-

NeuroLab AS, working with MRI. This is a career opportunity that in no small

part is due to Atle’s recommendation. So I would like to thank you again, Atle.

Lastly, I would like to thank my friend and room mate Thomas Haukåssveen

for having someone to talk to, Agnes Baker for bringing a lot of fun into my life,

Andri Spilker for being a constant joy and a spreader of color, Eirik Hauge, Joakim

Kalsnes and Tore Høiland for all unproductive quiz sessions.



CONTENTS iii

Contents

Abbreviations vii

Abstract ix

1 Introduction 1

2 Background 4

2.1 Basic Principles of MR Imaging . . . . . . . . . . . . . . . . . . . . 4

2.1.1 T1-Relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 T2-Relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.3 Bloch Equation . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.4 MRI Image Formation . . . . . . . . . . . . . . . . . . . . . 8

2.1.5 MRI Pulse Sequences . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Basic Principles of DCE-MRI . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Contrast Agents’ Effect on Proton Relaxation . . . . . . . . 11

2.3 Tracer Kinetic Modelling . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 Tofts Model and Extended Tofts Model . . . . . . . . . . . . 13

2.3.2 Two Compartment Exchange Model . . . . . . . . . . . . . . 17

2.3.3 Note on Units . . . . . . . . . . . . . . . . . . . . . . . . . . 18



iv CONTENTS

3 Methods 19

3.1 Linear Least Squares . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.1.1 Standard Tofts Model . . . . . . . . . . . . . . . . . . . . . 20

3.1.2 Extended Tofts model . . . . . . . . . . . . . . . . . . . . . 21

3.1.3 Two Compartment Exchange Model . . . . . . . . . . . . . . 22

3.2 Implementation and Simulation Setup . . . . . . . . . . . . . . . . . 23

3.2.1 Python Implementation . . . . . . . . . . . . . . . . . . . . 25

3.2.2 Code Verification . . . . . . . . . . . . . . . . . . . . . . . . 25

3.3 Parameter Value Choice . . . . . . . . . . . . . . . . . . . . . . . . 26

3.4 Temporal Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.5 AIF Dispersion and Bolus Arrival Time . . . . . . . . . . . . . . . . 28

3.6 Effect of Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.7 Clinical Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 Results 31

4.1 Code Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 Temporal Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 AIF Dispersion and Bolus Arrival Time . . . . . . . . . . . . . . . . 34

4.3.1 AIF Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.3.2 Bolus Arrival Time . . . . . . . . . . . . . . . . . . . . . . . 34

4.4 Effect of Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.5 Clinical Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

5 Discussion 46

5.1 Study Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.2 Temporal Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.3 AIF Dispersion and Bolus Arrival Time . . . . . . . . . . . . . . . . 49

5.4 Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52



CONTENTS v

5.5 Clinical Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6 Conclusion 55

Appendices II

A Additional Results III

B Python Code V

B.1 MRImageAnalysis Python Package . . . . . . . . . . . . . . . . . . VI





Abbreviations vii

Abbreviations

2CXM two compartment exchange model.

AIF arterial input function.

BAT bolus arrival time.

BD bolus dispersion.

BTT bolus transit time.

CA contrast agent.

CE contrast enhanced.

DCE Dynamic Contrast Enhanced.

DSC Dynamic Susceptibility Contrast Enhanced.

EES extravascular exctracellular space.

ETM extended Tofts model.

FA flip angle.

FID free induction decay.



viii Abbreviations

FT Fourier transform.

FWHM full width at half maximum.

GRE gradient echo.

Hct hematocrit.

LLSQ linear least squares.

MRI Magnetic Resonance Imaging.

MTT mean transit time.

NLLS non-linear least squares.

NMR Nuclear Magnetic Resonance.

RF radio frequency.

ROI region of interest.

SNR signal to noise ratio.

TE echo time.

TM Tofts model.

TR repetition time.



Abstract ix

Abstract

Dynamic contrast enhanced (DCE) MRI is increasingly used for tumor imaging,

both for clinical use and research. However, existing DCE-based methods have

limitations with regard to standardization and reproducibility, limiting the possi-

bility to compare results from different studies, or even between examinations in

the same patient.

In this work, different parameters regarding the acquisition of the DCE data,

and the subsequent analysis of the data have been investigated in order to gain

some insight into what is important to consider when doing such analysis.

Synthetic time curves have been produced, simulating different situations such

as different sampling frequencies, dispersion of the arterial input function (AIF),

the effect of incorrect estimation of the bolus arrival time (BAT), and the effect

of noise. Finally, the results from the simulation study were compared to sample

clinical DCE data.

Three established DCE based pharmacokinetic models were specifically in-

vestigated; the so-called Tofts, and extended Tofts models, as well as the two

compartment exchange model. The latter model was defined as the "ground truth"

model throughout, providing accurate a-priori knowledge of both perfusion (flow,

Fp), plasma, and extracellular, extravascular volume fractions (vp, ve), and capillary

permeability (Ktrans).

The research suggests a method, using the transfer functions of the kinetic
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models, to analytically determine if the sampling frequency that is used is adequate

for the kinetic parameters reported by the model used to describe the data. The

results show good correspondence between the simulated results and the analytical

estimates. Specifically, confident estimation of plasma flow (Fp) required a sampling

rate closely related to the mean transit time (MTT) of the bolus (vp/Fp). In relation,

the sampling rate requirement for confident estimation ofKtrans is given by ve/Ktrans.

In brain DCE, the fraction (vp/Fp)/(ve/K
trans) turns out to be about in the order

of 10-100, meaning the sampling interval needs to be about 10-100 times faster for

accurate measurement of Fp compared to Ktrans, depending on the physiology.

A frequency analysis on the AIF bolus dispersion (BD) was made, suggesting

that low degree of BD (sharp AIF) is preferable for flow estimation. For accurate

estimation of Ktrans, it was shown that the sampling frequency requirement is

somewhat lower for a large degree of BD.

Incorrect estimation of the BAT was shown to lead to inaccurate results, and

that there is not a one-to-one relationship between goodness of fit, and correctness

of fit, the latter being accurate parameter estimation, and the former being the fit

which best matches the input curve.
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1
Introduction

After the discovery that the atomic nucleus can interact with an external magnetic

field made by Felix Block and colleagues in the 1940s, the concept of exploiting

these properties have been widely adapted, and is known as Nuclear Magnetic

Resonance (NMR). One application of NMR is Magnetic Resonance Imaging (MRI)

where an object is placed in a strong magnetic field, and the resulting nuclear

spin interactions between the magnetic field and hydrogen nuclei in the object are

measured.

It was the physicist Raymond Damadian who in 1971 first realized that, due to

high water content, cancerous tissue should yield a different NMR signal than that

of healthy tissue. Around the same time, Paul C. Lauterbur and Peter Mansfield

developed the theory behind using NMR as an imaging tool.

Much work was done in the subsequent years, and in 1978, Damadian performed

the first MRI scan. Lauterbur and Mansfield were in 2003 awarded the Nobel Prize

in Physiology or Medicine for their discovery and work.

The first clinical MRI scanner was installed in Norway in 1986.
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The concept of using injected substances to enhance MRI contrast was explored early,

and today the use of contrast agents (CA) in MRI have become an indispensable

diagnostic tool with applications ranging from brain- to orthopaedic imaging.

One important application of contrast enhanced (CE) MRI is in perfusion

imaging where a series of images are acquired in rapid succession following CA

administration, observing the dynamic signal effect of the CA in the tissue of

interest. Parameters reflecting tissue physiology of hemodynamics can then be

estimated by fitting the dynamic signal intensity time-curve to a suitable model.

The most widely used perfusion MRI techniques are Dynamic Susceptibility

Contrast Enhanced (DSC), and Dynamic Contrast Enhanced (DCE)-MRI. DSC-

MRI uses a T ∗2 weighted MRI sequence, and is mainly used to measure relative

cerebral blood volume and perfusion [29]. DCE-MRI uses T1 weighted images,

and the fitted models give an insight into the vascular permeability and relative

volumes of the different tissue compartments.

The current work will be focused on DCE-MRI.

Cancerous tissue has a high demand of oxygen, due to the increased cell

proliferation, relative to healthy tissue. Oxygen is supplied via blood vessels,

again requiring a high rate of angiogenesis, or blood vessel formation. The DCE

parameter Ktrans is a measure of the CA transfer rate between the plasma and

extravascular exctracellular space (EES). Ktrans will thus be an important factor

in determining the vascularization of the tissue, assumed to be higher in malignant

cancers. Other parameters such as plasma flow Fp, the permeability surface area

product (PS), and plasma and extracellular volume fractions (vp and ve) can also

be estimated from the DCE data [27, 23].

Some studies suggest that Ktrans and vp can have good prognostic value in

patients with high grade gliomas, a type of aggressive brain cancer, and that it can

be used to differentiate grade III from grade IV gliomas [29]. The parameters Ktrans
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and Fp have also been suggested to be predictors of survival in cervical cancer [7].

Increased uptake of CA, reflected in increased permeability (Ktrans), suggests an

elevated oxygen consumption in malignant tissue. Upon radiation, oxygen creates

free radicals, which in turn increases cell mortality in the immediate vicinity, in

what is known as the oxygen effect [13]. This phenomenon makes the value of

Ktrans a possible measure for radiosensitivity of the tissue, and can thus be used as

a tool in radiation therapy planning.

The prognostic value is, however, limited by the quality of the acquired data.

Poor temporal resolution in the raw data inhibits good estimates of plasma flow, Fp,

and PS as these are fast processes. Recent advances concerning improved temporal

resolution have made the estimation of these parameters possible, however not

without pitfalls.

The aim of this work has been to optimize parameter estimation, and quantify

under which conditions the estimation of additional parameters give supplementary

information, or simply adds unjustifiable complexity to the analysis.
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2
Background

2.1 Basic Principles of MR Imaging

Many nuclei of different isotopes possess a property called spin, which, in terms

of classical mechanics, can be thought of as the particles spinning around an axis.

Since atomic nuclei are charged, the rotating motion produces a dipole magnetic

moment, µ. As the massive nuclei are spinning, they also gain angular momentum

L. The ratio

γ =
µ

L
(2.1.1)

is called the gyromagnetic ratio and is a quantity unique to every nucleus.

Since the nuclei possess magnetic moments, they will interact with an external

magnetic field, a phenomenon known as NMR. The following effect is dependent on

the flux density of the external magnetic field, B0, and the gyromagnetic ratio of

the nucleus. The effect is a precession around B0 with angular frequency given by

ω0 = γB0 (2.1.2)
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In MRI, NMR is based on the hydrogen nucleus due to its high natural abundance

in the body, and one of the highest γ of any nucleus found in vivo, providing a

comparably very strong MRI signal.

The proton is a spin-1/2 (I = 1/2) particle, and has thus 2I+1 = 2 possible energy

states, denoted spin-up and spin-down. When placed in the external magnetic

field, the spins will align either parallel or anti-parallel to B0
1. When transitioning

between the states, a photon must either be emitted or absorbed with energy equal

to the transitional energy between the states, which corresponds to photons with

frequency ω0 given in eq. (2.1.2).

Boltzmann statistics gives an estimation of the number of particles Nm in each

state m compared to the total number of particles N0. In general:

Nm

N0

=
exp−Em/(kT )∑I
−I exp−Ei/(kT )

. (2.1.3)

For protons (I = 1/2), this ratio turns out to be very small. In fact, out of 105

protons in a sample at room temperature, using ∆E = γ~B0, it turns out that

only 1 proton is contributing to the overall magnetization, M, of the sample.

For protons in equilibrium, their precession is not coherent causing no net

magnetization in the plane perpendicular to B0 (hereafter xy-plane). Therefore

M = Mz and Mxy = 0. However, when perturbed, the collection of spins can

precess coherently causing a net magnetization in the xy-plane. The perturbation

is achieved by creating an additional magnetic field B1, oscillating with frequency

ω0 (eq. (2.1.2)). From the perspective of a single spin, also rotating with frequency

ω0, B1 will appear to be statically aligned, and thus causes the spin to align along

it. The spins will also precess around B1 with angular frequency ω1 = γB1. The

angle of rotation is α = γB1t and is commonly referred to as the flip angle (FA).

The oscillating B1-field is achieved using a pulse of electromagnetic radiation in

the radio frequency (RF)-range and is thus referred to as an RF(excitation)-pulse.
1Vectors will be denoted by bold letters
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During, and shortly after, the onset of the RF-pulse, Mxy is non-zero and

precessing around B0. According to Faraday’s law of induction, a change of

magnetic flux through a coil induces an electric current in the coil. Placing such a

coil perpendicular to the xy-plane will therefore cause an induction of current in

the coil as the magnetization precesses. After the RF-pulse is turned off, the signal

starts to fade off as the system falls back into equilibrium through two, separate,

relaxation processes. The signal in the coil is recorded and is (in its simplest form)

called the free induction decay (FID).

2.1.1 T1-Relaxation

T1 relaxation is the process under which the longitudinal magnetization Mz is

recovered. After an excitation, there will be more protons in the higher energetic

spin-down state than in equilibrium. The protons can transition to the lower state

by one of two processes; spontaneous or stimulated emission. Stimulated emission

occurs when the protons interact with a magnetic field with a frequency component

at or near the Larmor frequency. In vivo, there are many sources to such interaction

and stimulated emission is therefore of much greater importance than spontaneous

emission.

T1 is a rate constant at which Mz is recovered. Exactly how T1 is defined will

be revisited in section 2.1.3.

2.1.2 T2-Relaxation

T2 relaxation covers the loss of transversal magnetization as the protons start to

precess in a disorderly fashion. Certainly, a single spin cannot show this effect,

as with a collection of spins in a perfectly homogeneous field. However, small

disturbances in the field due to local variations in magnetic flux density, make the



Chapter 2. Background 7

spins have slightly different Larmor frequencies. This loss of phase coherence on a

local, microscopic, scale, manifests as a global loss of Mxy.

Additionally, the B0-field will exhibit inhomogeneities on a larger scale due to

imperfections in the generated field, and bulk differences in susceptibility between

different tissues, which contribute to the transversal relaxation. The true relaxation

time constant, due to tissue only, is denoted T2 whereas the measured relaxation

time constant is referred to as T ∗2 . The quantities are related by

1

T ∗2
=

1

T2
+ γ∆B0. (2.1.4)

where ∆B0 is the inhomogeneity of B0 at a given point.

It is important to note that although the origin of the T1 and T2 relaxation

processes are unrelated, their values are restricted to T2 ≤ T1 with T2 << T1 in

most normal tissue in vivo. In pure water T2 = T1.

2.1.3 Bloch Equation

The Bloch equation [6] describes the behaviour of the macroscopic magnetization

under the influence of magnetic interactions. In its simplest form

dM

dt
= γM×Beff (2.1.5)

where Beff is the effective magnetic field in a volume of tissue due to B0 and B1.

Eq. (2.1.5) implies that the rate of change of M is perpendicular to itself and the

external magnetic field, supporting the previous claim that M will precess around

Beff .

Including relaxation effects, the Block equation becomes:

dM

dt
= γM×Beff −

Mx

T2
i− My

T2
j− Mz −M0

T1
k (2.1.6)
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In addition, other effects such as water exchange effects and/or diffusion may

be included to account for more specific phenomena [4, 28].

The solution to eq. (2.1.6) gives the very important relations

Mz(t) = M0[1− exp(−t/T1)] +Mz(0) exp(−t/T1)
Mxy(t) = Mxy(0) exp(−t/T2)
Mxy(t) = Mx(t) + iMy(t)

(2.1.7)

2.1.4 MRI Image Formation

Thus far, only the behaviour and measurement of the global magnetization of a

sample has been discussed, namely applying a global magnetic field B0, exciting

the sample with B1, and measuring the magnitude of Mxy as a function of time.

To create an MR image, the sample needs to be compartmentalized into several

sub volumes called voxels. Since signal is received from the whole sample at all

times, it is essential that only the volume of interest is excited.

This selection is accomplished by, instead of a static and constant B0-field, the

field is made to vary linearly as a function of position, resulting in a unique Larmor

frequency for every position in the sample. By applying the RF excitation pulse,

with center frequency and bandwidth matched to the desired slice location, at the

same time as a field gradient is applied, only a limited volume of the sample is

excited. This volume is typically a transversal slice in the xy-plane, however any

slice-direction is possible, and is indeed in clinical use.

Next, the selected volume needs to be encoded. In order to correctly decode the

signal from each individual volume element in the image slice, multiple excitation

pulses need to be applied whereby the phase encoding is modified for each pulse so

that each volume element contains a unique combination of frequency and phase.

The spins in the slice will, for each combination of the two gradients, exhibit a

unique Larmor frequency, and by recording the signal in each step of both the
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phase and frequency encoding gradients, a frequency/phase map of the slice is

made, called the k-space. Using standard 2D inverse Fourier transformation, the

k-space map can be converted into an image. The process can also be extended to

all three dimensions, replacing the slice select gradient with a second phase encode

gradient.

The time between each excitation pulse is referred to as the repetition time

(TR). The time between the excitation pulse and the centre of the recording period

of the MR signal is called the echo time (TE). Both TR and TE can be varied by

carefully selecting the strength and duration of the RF-pulse, as well as strength

and duration of the encoding gradients, to accommodate for various requirements

such as a specific tissue contrast, resolution, or acquisition time, in a scheme referred

to as a pulse sequence.

2.1.5 MRI Pulse Sequences

As mentioned earlier, T1 tends to be much longer in tissue than T2. The weighting

of the resulting image towards T1 or T2 relaxation effects, can be obtained by careful

selection of TR and TE. In general, a combination of TR and TE will generate T1

weighting since a short TE minimizes T2 effects, and short TR results in differential

T1 recovery between different tissues. With long TR (and sufficiently long TE), T2

effects are most prominent and is thus referred to as T2-weighted sequences.

Although the sequences are optimized for a given contrast, both T1, T2 and T ∗2
effects will generally influence the signal to a varying degree, with the exception of

the so-called spin-echo sequenced where T ∗2 effects can, in theory, be eliminated

completely. However, by carefully selecting the parameters, the "unwanted" effects

can be made negligible.

In DCE-MRI, a gradient echo (GRE) sequence is most commonly used. In GRE

sequences, the excited spins are subjected to a gradient field, called a dephasing
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gradient, which dephases the spins across the specimen and thus enhanced the

signal loss. After a given time, the gradient’s polarity is changed, so the effect is a

rephasing of the spins. This gradient is thus called a rephasing gradient. Given

some additional time, the dephasing due to the dephasing gradient will be reverted,

and a peak (called a "gradient echo") in the signal is observed. The rephased

gradient echo will be attenuated by both T2 and T ∗2 effects, but by making TE and

TR sufficiently short, GRE sequenced can be made heavily T1 weighted with the

added advantage of short acquisition time.

Oftentimes a so-called spoilt-GRE sequence is preferred, where the remnant

magnetization after an excitation pulse is completely removed by, e.g., special

spoiling gradients before the next excitation pulse is administered. This results in

a "cleaner" contrast behaviour.

The magnetization of the sample in a (spoilt) GRE sequence can be readily

calculated [5], and it is highly dependent on the angle the spins are flipped due to

the excitation pulse (the FA), and TR:

S = S0
(1− e−TR/T1) sinα

1− e−TR/T1 cosα
(2.1.8)

where α is the FA.

2.2 Basic Principles of DCE-MRI

In order for tissue water protons to relax, there must be an energy exchange between

the individual spins and the surrounding lattice. MRI CAs work by increasing the

rate of energy exchange, effectively shortening the relaxation times of the tissue

water protons. It is therefore the CA’s effect on the nearby tissue protons that

is recorded, rather than the CA itself, in contrast to CAs used in other imaging

modalities. MRI CAs are classified according to their magnetic properties and

biodistribution.



Chapter 2. Background 11

Paramagnetic CAs consist of water-soluble molecules, containing atoms with

one or more unpaired electrons. The electron possesses a magnetic moment about

700 times larger than that of the proton when exposed to a magnetic field, and

therefore induces a strong fluctuation in the local magnetic field, which in turn

enhances the proton relaxation significantly.

Most common clinically used paramagnetic CAs are based on gadolinium

(Gd3+) [4] which has seven unpaired electrons. Gd ions are, however, very toxic

and are therefore bonded to carrier molecules, called a ligand, forming a Gd

chelate. This reduces toxicity and opens the possibility of specificity in the CA’s

biodistribution. Commonly, the Gd-chelates are small molecules, allowing leakage

into the interstitium following an intravenous injection, thereby making small

molecular weight paramagnetic CAs very suitable for use in DCE-MRI.

Superparamagnetic CAs differ from paramagnetic CAs in that they are large

(nano) particles of water-insoluble iron (Fe) ion crystals, providing them with a

net magnetic moment much larger than that of any paramagnetic CA. The larger

size also inhibits leakage in most tissues, and superparamagnetic CAs are thus

contained in the intravascular space. Superparamagnetic CAs are not used in

DCE-MRI and will therefore not be discussed further here.

2.2.1 Contrast Agents’ Effect on Proton Relaxation

Assuming the water protons have free access to the CA (fast water exchange), the

change in T1 relaxation rate R1 = 1/T1 relates to the contrast agent concentration

by the linear equation

R1(C) = R1,0 + r1C (2.2.1)

where R1,0 is the native (T1) relaxation rate of the tissue. An analogous expression

is assumed for T2 relaxation.
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The constant r1 is referred to as the CA’s relaxivity and is measured in-vitro

by titration techniques, and recorded for all CAs at relevant field strengths.

Typically r1 = 4.5 s−1mM−1, and T1,0 = R−11,0 = 1.4 s in blood [26], however

the value can differ considerably depending on the specific configuration of the

Gd-chelate [20].

Combining eq. (2.2.1) with eq. (2.1.8) with appropriate values for T1,0 and

r1, the CA concentration C can be calculated from the measured signal intensity

change following CA injection.

2.3 Tracer Kinetic Modelling

DCE-MRI is the method of choice for measurements of permeability [23], and a

number of tracer kinetic models have been proposed in the attempt to describe

how the tracer distributes in the tissue.

The Tofts model (TM), extended Tofts model (ETM), and the two compartment

exchange model (2CXM) have become standard in DCE-MRI analysis [23]. These

are all examples of compartment models, where a compartment is understood to

be a volume in which the CA is uniformly distributed [22].

All models are based on knowledge about the (relative) tracer concentration

over time, Ca(t), in the feeding artery of the tissue of interest, as well as the same

concentration in tissue. Ca(t) is called the arterial input function (AIF). The tissue

concentration is then related to the AIF through a convolution integral between

the AIF and the tissue specific residue function, R, describing the hemodynamic

properties of the tissue:

Ct(t) = Ca(t)⊗R(t) =

∫ ∞

0

Ca(τ)R(t− τ)dτ (2.3.1)

where ⊗ is the convolution operator.
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Consider a tissue consisting of multiple compartments. The compartments can

be plasma, EES, or other. In any case, the total tissue concentration can be written

as

Ct =
∑

j

vjCj (2.3.2)

where vj is the volume fraction (the fraction of the total tissue volume compartment

j occupies), and Cj is the CA concentration in that compartment.

The change in total amount of CA in any given compartment is equal to

the change in amount of substance coming in, minus the change in amount of

substance going out of the compartment. This is the mass balance equation. For a

compartment j it can be written as

dMj

dt
=
∑

inlets,i

∂Mi

∂t
−

∑

outlets,o

∂Mo

∂t
(2.3.3)

Dividing through by the total tissue volume Vt, we find

Vj
VjVt

dMj

dt
=
∑

inlets,i

1

Vt

∂Mi

∂t
−

∑

outlets,o

1

Vt

∂Mo

∂t
(2.3.4)

vj
dCj
dt

=
∑

inlets,i

Ji −
∑

outlets,o

Jo (2.3.5)

where vj is the fractional volume of compartent j, and J is the flux (normalized

to the tissue volume).

Fig. 2.1 shows a schematic overview of the three models considered. The dark

gray area is the total tissue volume, and the light gray represent the different

compartments accessible by the CA.

2.3.1 Tofts Model and Extended Tofts Model

Paul S. Tofts first suggested a simple one compartment method where CA enters

the tissue via the vascular system, and diffuses through the vascular wall with a
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3
Method

In the present work, model stability and performance will be investigated as a function of
model parameters. The TM, ETM, and 2CX models are the most widely used models in
DCE-MRI, and will therefore be given sole attention.

Any model can be fitted to a set of data by a non-linear least squares (NLLS) fit, however
such a method requires an initial guess of the parameters and can be highly sensitive to
the choice of the initial guess. Rigorous NLLS methods also requires knowledge of the
model derivatives which in many cases can be very complicated to derive analytically,
and computationally expensive to find numerically. NLLS methods are in general very
computationally very expensive since the model in question has to be computed a, potentially,
enormous amount of times if the computation does not converge.

If the model can be linearised, the system of equations can be readily solved with matrix
inversion [HUSK: er dette riktig, da?]. Numerical matrix inversion is very
effective and linear least squares (LLSQ) fit methods require therefore a tiny fraction of
the computational power compared to NLLS methods. Specifically it has been shown that
the computational time can be reduces by a factor of approximately 6 [?]. The caveat of
LLSQ methods is that it can be hard, and often times impossible, to restrict the range of
the model parameters. For example, the volume fractions ve and vp in the presented models
are restricted by 0  ve  1, 0  vp  1, and ve + vp  1. Care must therefore be taken
when analysing the results as they may be unphysical.

In some analysis software, LLSQ results are fed as input into a NLLS algorithm.

3.1 Model linearisation

An efficient method for calculating kinetic parameters using the ETM is derived and discussed
in [?]. The derivation of the linearisation of the ETM will therefore be omitted, however the
process is very similar as for the TM.

The point of a linearisation is to reduce the input model into a matrix equation of the
form

C = AB

where C is the measured values, A is some, known, matrix unique to the model, and the
measured values, and B is an unknown vector containing the model parameters. The
unknown vector B can then be found by linear least squares methods.

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

9

Ole Gunnar Johansen

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

= Ktrans

Z t

0
Cp(u)e�kep(t�u)du (3.2)

3.1.2 Extended Tofts model

Tissue concentration assuming that the ETM holds, is

Ct(t) = Cp(t) ⌦ Ktranse�kept + vpCa(t) + Ce(t) (3.3)

Acronyms
2CXM Two compartment exchange model. 4, 6

CA Contrast agent. 4–6

DCE Dynamic Contrast Enhanced. 4, 6

EES Extravascular Extracellular Space. 4, 6

ETM Extended Tofts model. 4–6

MRI Magnetic Resonance Imaging. 2, 4, 6

NMR Nuclear Magnetic Resonance. 2, 6

RF radio frequency. 2, 6

TM Tofts model. 4–6

10

Ole Gunnar Johansen

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

= Ktrans

Z t

0
Cp(u)e�kep(t�u)du (3.2)

3.1.2 Extended Tofts model

Tissue concentration assuming that the ETM holds, is

Ct(t) = Cp(t) ⌦ Ktranse�kept + vpCa(t) + PS + Fp + Ca(t) (3.3)

Acronyms
2CXM Two compartment exchange model. 4, 6

CA Contrast agent. 4–6

DCE Dynamic Contrast Enhanced. 4, 6

EES Extravascular Extracellular Space. 4, 6

ETM Extended Tofts model. 4–6

MRI Magnetic Resonance Imaging. 2, 4, 6

NMR Nuclear Magnetic Resonance. 2, 6

RF radio frequency. 2, 6

TM Tofts model. 4–6

10

Ole Gunnar Johansen

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

= Ktrans

Z t

0
Cp(u)e�kep(t�u)du (3.2)

3.1.2 Extended Tofts model

Tissue concentration assuming that the ETM holds, is

Ct(t) = Cp(t) ⌦ Ktranse�kept + vpCa(t) + PS + Fp + Ca(t) (3.3)

Acronyms
2CXM Two compartment exchange model. 4, 6

CA Contrast agent. 4–6

DCE Dynamic Contrast Enhanced. 4, 6

EES Extravascular Extracellular Space. 4, 6

ETM Extended Tofts model. 4–6

MRI Magnetic Resonance Imaging. 2, 4, 6

NMR Nuclear Magnetic Resonance. 2, 6

RF radio frequency. 2, 6

TM Tofts model. 4–6

10

Ole Gunnar Johansen

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

= Ktrans

Z t

0
Cp(u)e�kep(t�u)du (3.2)

3.1.2 Extended Tofts model

Tissue concentration assuming that the ETM holds, is

Ct(t) = Cp(t) ⌦ Ktranse�kept + vpCa(t) + PS + Fp + Ca(t) (3.3)

Acronyms
2CXM Two compartment exchange model. 4, 6

CA Contrast agent. 4–6

DCE Dynamic Contrast Enhanced. 4, 6

EES Extravascular Extracellular Space. 4, 6

ETM Extended Tofts model. 4–6

MRI Magnetic Resonance Imaging. 2, 4, 6

NMR Nuclear Magnetic Resonance. 2, 6

RF radio frequency. 2, 6

TM Tofts model. 4–6

10

Ole Gunnar Johansen

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

= Ktrans

Z t

0
Cp(u)e�kep(t�u)du (3.2)

3.1.2 Extended Tofts model

Tissue concentration assuming that the ETM holds, is

Ct(t) = Cp(t) ⌦ Ktranse�kept + vpCa(t) + PS + Fp + Ca(t) (3.3)

Acronyms
2CXM Two compartment exchange model. 4, 6

CA Contrast agent. 4–6

DCE Dynamic Contrast Enhanced. 4, 6

EES Extravascular Extracellular Space. 4, 6

ETM Extended Tofts model. 4–6

MRI Magnetic Resonance Imaging. 2, 4, 6

NMR Nuclear Magnetic Resonance. 2, 6

RF radio frequency. 2, 6

TM Tofts model. 4–6

10

Ole Gunnar Johansen

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)

= Ktrans

Z t

0
Cp(u)e�kep(t�u)du (3.2)

3.1.2 Extended Tofts model

Tissue concentration assuming that the ETM holds, is

Ct(t) = Cp(t) ⌦ Ktranse�kept + vpCa(t) + PS + Fp + Ca(t) (3.3)

Acronyms
2CXM Two compartment exchange model. 4, 6

CA Contrast agent. 4–6

DCE Dynamic Contrast Enhanced. 4, 6

EES Extravascular Extracellular Space. 4, 6

ETM Extended Tofts model. 4–6

MRI Magnetic Resonance Imaging. 2, 4, 6

NMR Nuclear Magnetic Resonance. 2, 6

RF radio frequency. 2, 6

TM Tofts model. 4–6

10

HEADER TEXT NOT SET

3
Method

In the present work, model stability and performance will be investigated as a function of
model parameters. The TM, ETM, and 2CX models are the most widely used models in
DCE-MRI, and will therefore be given sole attention.

Any model can be fitted to a set of data by a non-linear least squares (NLLS) fit, however
such a method requires an initial guess of the parameters and can be highly sensitive to
the choice of the initial guess. Rigorous NLLS methods also requires knowledge of the
model derivatives which in many cases can be very complicated to derive analytically,
and computationally expensive to find numerically. NLLS methods are in general very
computationally very expensive since the model in question has to be computed a, potentially,
enormous amount of times if the computation does not converge.

If the model can be linearised, the system of equations can be readily solved with matrix
inversion [HUSK: er dette riktig, da?]. Numerical matrix inversion is very
effective and linear least squares (LLSQ) fit methods require therefore a tiny fraction of
the computational power compared to NLLS methods. Specifically it has been shown that
the computational time can be reduces by a factor of approximately 6 [?]. The caveat of
LLSQ methods is that it can be hard, and often times impossible, to restrict the range of
the model parameters. For example, the volume fractions ve and vp in the presented models
are restricted by 0  ve  1, 0  vp  1, and ve + vp  1. Care must therefore be taken
when analysing the results as they may be unphysical.
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3
Method

In the present work, model stability and performance will be investigated as a function of
model parameters. The TM, ETM, and 2CX models are the most widely used models in
DCE-MRI, and will therefore be given sole attention.

Any model can be fitted to a set of data by a non-linear least squares (NLLS) fit, however
such a method requires an initial guess of the parameters and can be highly sensitive to
the choice of the initial guess. Rigorous NLLS methods also requires knowledge of the
model derivatives which in many cases can be very complicated to derive analytically,
and computationally expensive to find numerically. NLLS methods are in general very
computationally very expensive since the model in question has to be computed a, potentially,
enormous amount of times if the computation does not converge.

If the model can be linearised, the system of equations can be readily solved with matrix
inversion [HUSK: er dette riktig, da?]. Numerical matrix inversion is very
effective and linear least squares (LLSQ) fit methods require therefore a tiny fraction of
the computational power compared to NLLS methods. Specifically it has been shown that
the computational time can be reduces by a factor of approximately 6 [?]. The caveat of
LLSQ methods is that it can be hard, and often times impossible, to restrict the range of
the model parameters. For example, the volume fractions ve and vp in the presented models
are restricted by 0  ve  1, 0  vp  1, and ve + vp  1. Care must therefore be taken
when analysing the results as they may be unphysical.

In some analysis software, LLSQ results are fed as input into a NLLS algorithm.

3.1 Model linearisation

An efficient method for calculating kinetic parameters using the ETM is derived and discussed
in [?]. The derivation of the linearisation of the ETM will therefore be omitted, however the
process is very similar as for the TM.

The point of a linearisation is to reduce the input model into a matrix equation of the
form

C = AB

where C is the measured values, A is some, known, matrix unique to the model, and the
measured values, and B is an unknown vector containing the model parameters. The
unknown vector B can then be found by linear least squares methods.

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)
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3
Method

In the present work, model stability and performance will be investigated as a function of
model parameters. The TM, ETM, and 2CX models are the most widely used models in
DCE-MRI, and will therefore be given sole attention.

Any model can be fitted to a set of data by a non-linear least squares (NLLS) fit, however
such a method requires an initial guess of the parameters and can be highly sensitive to
the choice of the initial guess. Rigorous NLLS methods also requires knowledge of the
model derivatives which in many cases can be very complicated to derive analytically,
and computationally expensive to find numerically. NLLS methods are in general very
computationally very expensive since the model in question has to be computed a, potentially,
enormous amount of times if the computation does not converge.

If the model can be linearised, the system of equations can be readily solved with matrix
inversion [HUSK: er dette riktig, da?]. Numerical matrix inversion is very
effective and linear least squares (LLSQ) fit methods require therefore a tiny fraction of
the computational power compared to NLLS methods. Specifically it has been shown that
the computational time can be reduces by a factor of approximately 6 [?]. The caveat of
LLSQ methods is that it can be hard, and often times impossible, to restrict the range of
the model parameters. For example, the volume fractions ve and vp in the presented models
are restricted by 0  ve  1, 0  vp  1, and ve + vp  1. Care must therefore be taken
when analysing the results as they may be unphysical.

In some analysis software, LLSQ results are fed as input into a NLLS algorithm.

3.1 Model linearisation

An efficient method for calculating kinetic parameters using the ETM is derived and discussed
in [?]. The derivation of the linearisation of the ETM will therefore be omitted, however the
process is very similar as for the TM.

The point of a linearisation is to reduce the input model into a matrix equation of the
form

C = AB

where C is the measured values, A is some, known, matrix unique to the model, and the
measured values, and B is an unknown vector containing the model parameters. The
unknown vector B can then be found by linear least squares methods.

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)
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3
Method

In the present work, model stability and performance will be investigated as a function of
model parameters. The TM, ETM, and 2CX models are the most widely used models in
DCE-MRI, and will therefore be given sole attention.

Any model can be fitted to a set of data by a non-linear least squares (NLLS) fit, however
such a method requires an initial guess of the parameters and can be highly sensitive to
the choice of the initial guess. Rigorous NLLS methods also requires knowledge of the
model derivatives which in many cases can be very complicated to derive analytically,
and computationally expensive to find numerically. NLLS methods are in general very
computationally very expensive since the model in question has to be computed a, potentially,
enormous amount of times if the computation does not converge.

If the model can be linearised, the system of equations can be readily solved with matrix
inversion [HUSK: er dette riktig, da?]. Numerical matrix inversion is very
effective and linear least squares (LLSQ) fit methods require therefore a tiny fraction of
the computational power compared to NLLS methods. Specifically it has been shown that
the computational time can be reduces by a factor of approximately 6 [?]. The caveat of
LLSQ methods is that it can be hard, and often times impossible, to restrict the range of
the model parameters. For example, the volume fractions ve and vp in the presented models
are restricted by 0  ve  1, 0  vp  1, and ve + vp  1. Care must therefore be taken
when analysing the results as they may be unphysical.

In some analysis software, LLSQ results are fed as input into a NLLS algorithm.

3.1 Model linearisation

An efficient method for calculating kinetic parameters using the ETM is derived and discussed
in [?]. The derivation of the linearisation of the ETM will therefore be omitted, however the
process is very similar as for the TM.

The point of a linearisation is to reduce the input model into a matrix equation of the
form

C = AB

where C is the measured values, A is some, known, matrix unique to the model, and the
measured values, and B is an unknown vector containing the model parameters. The
unknown vector B can then be found by linear least squares methods.

3.1.1 Standard Tofts model

In the standard TM, the tissue concentration is assumed to be a direct convolution of plasma
concentration and the residual function Ktranse�kept:

Ct(t) = Cp(t) ⌦ Ktranse�kept (3.1)
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LLSQ methods is that it can be hard, and often times impossible, to restrict the range of
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(c) 2CXM

Fig. 2.1: Schematic overview of the tracer kinetic models. The dark gray area is the

total tissue volume, and the light gray areas symbolise the tissue compartments

accessible by the CA. For TM and ETM, the perfusion (Fp) is large, and for

TM, the plasma compartment is small.

rate constant Ktrans. In the original model (depicted in fig. 2.1a), the vascular

signal was assumed to be negligible. The vascular signal was later accounted for in

what is known as the ETM. The ETM is therefore a two compartment model (see

figure 2.1b).

For both models, the change in concentration in the EES can be written as

ve
dCe
dt

= Ktrans(Cp − Ce) (2.3.6)

where Ktrans (in min−1) is a rate constant describing the rate of CA exchange

between the compartments, and Cp and Ce are the CA concentration in plasma

and EES respectively. Cp is related to Ca (the AIF) by

Cp(t) =
Ca(t)

1− Hct

where Hct is the hematocrit; the fraction of red blood cells in the blood, usually

around 0.45 [3]. The Hct affects the results of the kinetic modelling as a direct

scaling factor and will be ignored in the current work as it will not affect the results.
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Continuing, the tissue concentration is

Ct =
∑

i

viCi = vpCp + veCe (2.3.7)

In the case of TM, vpCp << veCe, so the tissue concentration reduces to

Ct = veCe (2.3.8)

To find the tissue residue function R(t), we insert a hypothetical ideal impulse

of CA given by a δ function. We have then that Cp(t) = δ(t). The δ-function has

the property that

δ(t) =




∞, t = 0

0, t 6= 0
and

∫ ∞

−∞
δ(t)dt = 1 (2.3.9)

The response function is then given by

R(t) = vpδ(t) + veCe,δ (2.3.10)

where Ce,δ denotes the Ce found when using a δ function input in the differential

equation above.

Solution of the differential equation using Laplace transforms

Using eq. (2.3.5), we find the differential equation

dCe
dt

=
Ktrans

ve
(Cp − Ce) (2.3.11)

with Cp(t) = δ(t). Eq. (2.3.11) holds for both TM and ETM.

Taking the Laplace transform and using that

L{ḟ}(s) = sL{f} − f(0) (2.3.12)
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we find

L{Ċe} = L
{
Ktrans

ve
(δ − Ce)

}
(2.3.13)

sL{Ce} − Ce(0) =
Ktrans

ve
(L{δ} − L{Ce}) (2.3.14)

L{Ce} =
Ktrans/ve + Ce(0)

s+Ktrans/ve
(2.3.15)

Let Ce(0) = 0 (a reasonable assumption), then using the fact that

L{e−αt} =
1

s+ α
(2.3.16)

we have

Ce(t) =
Ktrans

ve
e−

Ktrans

ve
t ⇒ veCe(t) = Ktranse−kept (2.3.17)

where

kep ≡
Ktrans

ve
(2.3.18)

Coming back to eq. (2.3.10), we find therefore for TM:

R(t) = Ktranse−kept (2.3.19)

and for ETM:

R(t) = Ktranse−kept + vpδ(t) (2.3.20)

It should be mentioned that a simplification of the ETM exists, called the

Patlak model, where the reflux from EES to plasma (kep = Ktrans/ve) is assumed to

be negligible during the observation period [25]. This model will not be considered

further in this work.
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2.3.2 Two Compartment Exchange Model

In the considerations of TM, the only source of plasma was assumed to be the

arterial inlet, whereas for the ETM, the tissue is assumed to either have high flow,

or to be weakly vascularized [25]. The 2CXM does not rely on these assumptions,

thereby supporting tissues with any combination of tissue flow and vascularization.

In reality, however, there is a certain exchange of plasma with the capillaries, and

so the time evolution of the plasma concentration gains a term which is a function

of the rate of capillary exchange.

Fig. 2.1c shows a schematic overview of the 2CXM. Fp is the rate of capillary

plasma flow and is assumed to be the same in and out of the tissue. PS is a

function of both Ktrans and Fp [24]

PS =
FpK

trans

Fp −Ktrans
(2.3.21)

and is called the permeability surface area product. It can be shown that in highly

perfused tissue (Fp � Ktrans), PS = Ktrans and the 2CXM reduces to ETM. For a

weakly vascularized tissue (vp = 0), the 2CXM reduces to TM with Fp = Ktrans

[24]. The 2CXM is therefore a generalization of both TM and ETM.

The 2CXM is described by the coupled differential equations

vp
dCp(t)

dt
= Fp(Ca(t)− Cp(t)) + PS(Ce(t)− Cp(t)) (2.3.22)

and

ve
dCe(t)

dt
= PS(Cp(t)− Ce(t)) (2.3.23)

The response function of the 2CXM can be derived in a similar fashion as for TM

and ETM by a series of Laplace transformations [19] and becomes a bi-exponential

[19, 24]:

R(t) = F+e
−tK+ + F−e

−tK− (2.3.24)



18 2.3. Tracer Kinetic Modelling

where

K± =
Fp

(vp + ve)τ∓
and F± = ±Fp

τ± − 1

τ+ − τ−
(2.3.25)

in which

τ± =
E − Ee+ e

2E

{
1±

√
1− 4

Ee(1− E)(1− e)
(E − Ee+ e)2

}
(2.3.26)

and

E =
PS

PS + Fp
, e =

ve
vp + ve

. (2.3.27)

2.3.3 Note on Units

Values of Ktrans and kep and Fp are usually expressed in inverse time (min−1 for

Ktrans and kep, and s−1 for Fp). Assuming tissue density equal to that of water,

ρ = 1 g/ml, an equally valid representation is ml/100g/min. The volume fractions

can be referred to as a unitless value, %, or (equivalent to % using ρ = 1 g/ml)

ml/100 g.

In this work, ml/100g/min, and ml/100g are used, assuming tissue density to

be the same, and ρ = 1 g/ml throughout. The conversion factor to go from min−1

to ml/100g/min is 100 using this convention.
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3
Methods

In the present work, model stability and performance of the three models TM,

ETM, and 2CXM will be investigated as a function of model parameters.

Any model can be fitted to a set of data by a non-linear least squares (NLLS) fit,

however such a method requires an initial guess of the parameters and can be highly

sensitive to the choice of the starting value. Rigorous NLLS methods also requires

knowledge of the model derivatives which in many cases can be very complicated

to derive analytically, and computationally expensive to find numerically. NLLS

methods are in general very computationally expensive since the model in question

has to be computed iteratively many times, especially if the case is slow, or no,

convergence to a minimum.

If the model can be linearised, the system of equations can be readily solved

using linear matrix inversion. Numerical matrix inversion is very effective and

linear least squares (LLSQ) fit methods require therefore a tiny fraction of the

computational power compared to NLLS methods. Specifically, it has been shown

that the computational time can be reduced by a factor of approximately 6 [17]

for ETM. The caveat of LLSQ methods is that it can be hard, and often times
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impossible, to restrict the range of the model parameters. For example, the volume

fractions ve and vp in the presented models are restricted by 0 ≤ ve ≤ 1, 0 ≤ vp ≤ 1,

and ve + vp ≤ 1. Care must therefore be taken when analyzing the results as they

may be unphysiological.

In some analysis software, LLSQ results are fed as input into a NLLS algorithm.

3.1 Linear Least Squares

An efficient method for calculating kinetic parameters using the ETM is derived

and discussed in [17]. The derivation of the linearisation of the ETM will therefore

be omitted, however the process is very similar as for the TM.

The point of a linearisation is to reduce the input model into a matrix equation

of the form

C = AB (3.1.1)

where C is the measured values, A is some, known, matrix unique to the model, and

the measured values, and B is an unknown vector containing the model parameters.

The unknown vector B can then be found by linear least squares methods.

3.1.1 Standard Tofts Model

As outlined in section 2.3, the total tissue CA concentration assuming that the TM

holds is simply

Ct(t) = veCe(t). (3.1.2)

Furthermore, we can see from figure 2.1 that

ve
dCe(t)

dt
= Ktrans(Cp(t)− Ce(t)) (3.1.3)
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As the concentration in the EES, Ce, is unknown, we wish to eliminate it. We find

that

dCt(t)

dt
= ve

dCe(t)

dt

= Ktrans(Cp(t)− Ce(t))

= Ktrans

(
Cp(t)−

Ct(t)

ve

)

⇒ = KtransCp(t)− kepCt(t) (3.1.4)

Eq. (3.1.4) is then just a differential equation, and the tissue concentration can be

obtained by integrating both sides. As the tracer concentration is zero prior to the

bolus arrival, zero initial conditions can readily be assumed. Further, for numerical

evaluation, the integral must be discrete, and the value of Ct at time tk is given by

Ct(tk) = Ktrans

∫ tk

0

Cp(t)dt− kep
∫ tk

0

Ct(t)dt (3.1.5)

where k = 1, 2, ..., n.

Eq. (3.1.5) can be expressed on the form of eq. (3.1.1) where

C =




Ct(t1)

Ct(t2)
...

Ct(tk)



, A =




∫ t1
0
Cp(t)dt −

∫ t1
0
Ct(t)dt

∫ t2
0
Cp(t)dt −

∫ t2
0
Ct(t)dt

...
...

∫ tk
0
Cp(t)dt −

∫ tk
0
Ct(t)dt



, and B =


K

trans

kep




with the vector B being the only unknown.

3.1.2 Extended Tofts model

Similar to the above derivation of the TM, the total tissue concentration assuming

ETM is

Ct(t) = veCe(t) + vpCp(t) (3.1.6)
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Again, using eq. (3.1.3), and eliminating Ce(t), we find

d[Ct(t)− vpCp(t)]
dt

= KtransCp(t)− kep[Ct(t)− vpCp(t)] (3.1.7)

Taking the discrete integral of both sides and simplifying, we get

Ct(tk) = (Ktrans + kepvp)

∫ tk

0

Cp(t)dt− kep
∫ tk

0

Ct(t)dt+ vpCp(t) (3.1.8)

where k = 1, 2, ..., n. In matrix form:

C =




Ct(t1)

Ct(t2)
...

Ct(tk)



, A =




∫ t1
0
Cp(t)dt −

∫ t1
0
Ct(t)dt Cp(t1)

∫ t2
0
Cp(t)dt −

∫ t2
0
Ct(t)dt Cp(t2)

...
...

...
∫ tk
0
Cp(t)dt −

∫ tk
0
Ct(t)dt Cp(tk)



, and B =




Ktrans + kepvp

kep

vp




3.1.3 Two Compartment Exchange Model

The derivation of the matrix equation to be used in the linear inversion method

for the 2CXM is much more elaborate than that for the Tofts and extended Tofts

models. The method is described in detail in [10]. The resulting system of equations

is given in matrix form by C = AB as before, where

C =




Ct(t1)

Ct(t2)
...

Ct(tk)



, A =




− ¯̄Ct(t1) −C̄t(t1)dt ¯̄Ca(t1)dt C̄a(t1)

− ¯̄Ct(t2) −C̄t(t2)dt ¯̄Ca(t2)dt C̄a(t2)
...

...
...

...

− ¯̄Ct(tk) −C̄t(tk)dt ¯̄Ca(tk)dt C̄a(tk)



, and B =




α

β

γ

Fp




where

α =
PSFp
vevp

, β =
Fpve

(ve + vp)PS
+

1

ve + vp
, and γ =

(ve + vp)PSFp
vevp

⇒ vp =
F 2
p

βγ − α, ve =
γ

α
− vp, and PS =

αvevp
Fp

.

and

C̄(tk) =

∫ tk

0

C(t)dt
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3.2 Implementation and Simulation Setup

To fully control the input parameters, a multitude of phantom images was generated.

The phantom images were constructed by an array of regions, each with different

combination of model parameters. The most complete model (2CXM) was used as

input model. The signal was always computed using a pre-defined, noise free, AIF,

with temporal resolution of 0.1 s, and duration of 10 minutes. This time signal

was then down sampled to a temporal resolution ∆t by sectioning the signal into

equal sections with width ∆t, with the center of section n being at n∆t. Using

this convention, the first section will be of width ∆t/2. ∆t was always kept as a

multiple of 0.1 s.

Fig. 3.1a shows an example of one phantom that is used, and fig. 3.1b shows

the AIF, and the signal from one of the phantom compartments with and without

added noise.

The investigated tracer kinetic models were implemented in a Python 3.x

environment and run on a MacBook Pro 15 inch (late 2013) with a 2,6 GHz Intel

Core i7 processor and 16 GB memory. The developed software was verified using the

research analysis software nordicICE (NordicNeuroLab AS, Bergen) [18]. The DCE

module in the commercially distributed version of nordicICE expects a brain-like

object to be present in the image, and thus was not able to work with the phantom

data. The version of nordicICE used in this project was therefore specifically

compiled by one of its creators1, with the brain extraction feature removed.

1Atle Bjørnerud, supervisor
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Ole Gunnar Johansen

(a) (b)

Fig. 2: (a) Sample phantom. The bottom section contains the AIF while the 5⇥5 array contain
the 2CXM with different parameter combinations. (b) Sample model data without (middle)
and with noise (bottom), and AIF (top).

3.1 Simulation setup

To fully control the input parameters, a multitude of phantom images will be generated.
The phantom images are constructed by an array of regions, each with different, known,
combination of model parameters. The most complicated model (2CXM) is used as input
model. Fig. 2a shows an example of one phantom that is used, and fig. 2b shows the AIF,
and the signal from one of the phantom compartments with and without noise.

Increasing Ktrans !
Increasing vp !

3.2 Implementation

For ease of use, the chosen tracer kinetic models will be implemented in a Python 3.x
environment. This is done to simplify automation processes, but mainly so that full control
of the algorithms can be achieved. [6]

3.3 Linear least squares

An efficient method for calculating kinetic parameters using the ETM is derived and discussed
in [5]. The derivation of the linearisation of the ETM will therefore be omitted, however the
process is very similar as for the TM.

The point of a linearisation is to reduce the input model into a matrix equation of the
form

C = AB (3.1)

where C is the measured values, A is some, known, matrix unique to the model, and the
measured values, and B is an unknown vector containing the model parameters. The
unknown vector B can then be found by linear least squares methods.
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Fig. 3.1: (a) Sample phantom. The bottom section contains the AIF while the 5×5
array contains the 2CXM model data with different parameter combinations.

(b) AIF (top), sample model data without (middle) and with noise (SNR is 30)

(bottom). Input parameters are Ktrans = 7 ml/100g/min, ve = 20 ml/100g,

vp = 2 ml/100g, Fp = 20 ml/100g/min.
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3.2.1 Python Implementation

The python implementation relies heavily on the NumPy (v1.13.1) Python library,

which contains fast algorithms for all necessary mathematical operations, includ-

ing linear least squares matrix inversion, Fourier transforms, and all necessary

mathematical functions such as the exponential function.

Code snippets of important algorithms, as well as a general overview can be

found in appendix B. The complete code can be found online at https://github.

com/olegjo/Masteroppgave.

3.2.2 Code Verification

Two phantoms were generated for verification of the Python code. The phantoms

were then fed through both nordicICE and the own produced Python code using

the same AIF as was used in the creation of the phantoms.

As the hematocrit (Hct) only comes in as a direct scaling factor, it was not

included in the Python code, however it is included in nordicICE. It is also not

possible to turn it completely off, so it has been set to a constant value of 0.45.

The data obtained in nordicICE must therefore be scaled by

p =
pHct

1− Hct

where pHct is a parameter p where the Hct is included, and p is the same parameter

when Hct is not included.

To quantify the difference between the Python implementation and nordicICE,

the error difference

∆err =

(
p̃− p0
p0

)

python

−
(
p̃− p0
p0

)

nordicICE

(3.2.1)

was defined, where p̃ is the estimated parameter value, and p0 is the true parameter

value. This measure gives no information of the errors of the two implementations

https://github.com/olegjo/Masteroppgave
https://github.com/olegjo/Masteroppgave
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separately. Since the goal of the comparison was to show insignificant difference

between the results, the proposed method was deemed suitable.

3.3 Parameter Value Choice

Throughout this work, the following reference values have been chosen, unless

otherwise stated. Values for Fp are usually varied, or stated explicitly if not. The

specific values are values typically found in the literature [14, 12, 29].

Ktrans = 7 ml/100g/min ve = 20 ml/100g vp = 2 ml/100g. (3.3.1)

3.4 Temporal Resolution

For any linear system, the system transfer function H(s) can be defined. H(s) is

then a map of the input signal x(t) to the output signal y(t) defined by

H(s) =
Y (s)

X(s)
=
L{y(t)}
L{x(t)} (3.4.1)

where X(s) = L{x(t)} denotes the Laplace transform of the signal x(t), and

s = jω+σ is a complex argument. By setting σ = 0, the Laplace transform reduces

to a Fourier transform, and H(s) = H(ω), where ω denotes a frequency in rad/s.

Since the convolution of two functions is equivalent to multiplication of the

Laplace transforms of the functions, we find using eq. (2.3.1) that the system

transfer function of the pharmacokinetic models here considered is just the Laplace

transform of the input response function:

H(s) =
L{Ct(t)}
L{Ca(t)}

= L{R(t)} (3.4.2)

The impulse response function for Tofts and Extended Tofts models is given by

R(t) = vpδ(t) +Ktranse−kept (3.4.3)
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where vp = 0 in the case of TM. The transfer function is thus

H(ω) = vp +
Ktrans

iω + kep
. (3.4.4)

The plasma volume fraction vp gives rise to a frequency independent input-output at-

tenuation of the signal, whereas the exponential term is highly frequency dependent

and attenuates the signal at high frequencies.

It is common practice to define the cutoff frequency above which most of the

signal is attenuated, and the signal thus contains little additional information, as the

frequency at which H(ω) has reduced to half of its original value. The modulus of

H(ω) is expressed in units of dB by 20 log10 |H(ω)|. The cutoff frequency following

the above convention is where the modulus is reduced by approximately 3 dB [14],

or at the pole frequency of H(ω):

iωp = −2πkep (3.4.5)

According to the Nyquist sampling criterion, the minimum sampling frequency

required to correctly sample all frequencies present in the data is 2ωp. Sampling with

a frequency larger than 2ωp will therefore give a small or insignificant contribution

to the estimation of the kinetic parameters. Similarly, the lowest frequency present

in the signal is dependent on the duration of the signal sampling ωmin = 2π/Tacq.

The impulse response function of the 2CXM is given by eq. (2.3.24). The system

transfer function is given by its Laplace transform:

H(ω) =
F+

iω +K+

+
F−

iω +K−
(3.4.6)

The 2CXM therefore has two pole frequencies at

iωp = −2πK± (3.4.7)

The highest of the two frequencies dictates the cutoff, and thus the sampling

frequency required to capture all components of the model.
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3.5 AIF Dispersion and Bolus Arrival Time

Ideally, the bolus of CA passes the tissue of interest as an instantaneous spike,

effectively making the AIF a δ-function. However the injection of the CA must

have a non zero duration in time. Further, the bolus will be dispersed in its transfer

from the peripheral injection site to the tissue of interest.

In brain DCE, the AIF is typically identified globally from a large artery feeding

the brain and assumed to be valid for all brain voxels. However, in reality there

will be a variable amount of AIF dispersion and bulk delay between bolus arrival

time (BAT) at measured AIF location, relative to tissue voxels in different parts

of the brain. To overcome this problem, methods of blindly determining the AIF

in each voxel have been proposed [11], but have thus far not proved useful in a

clinical setting. If the AIF cannot be determined from the image, a population

averaged AIF is chosen.

To investigate the effect of bolus dispersion, a signal was generated as described

above, with the standard high-resolution AIF. The signal was then analyzed using

all three models at different temporal resolutions, and assuming AIFs with different

amounts dispersion. As a reference, the original AIF was also used in one iteration

of the analysis.

To accommodate for different amounts of dispersion, the original AIF was

convolved with an exponential

Ca(t) = Ca,0 ⊗ Ie−αt (3.5.1)

where I is the normalization factor required to keep the area under the curve (i.e.

total CA injected) constant. The bolus dispersion (BD) was defined as the full

width at half maximum (FWHM), and the value of α was changed in order to best

match a given BD.
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The BAT was defined as the point where the CA bolus first arrives at the

tissue. Since the AIF is ideal, it is zero pre-bolus arrival. By padding, or removing

initial zeros, change in BAT was obtained. In the case of removing initial zeros,

the trailing part of the AIF was padded with the last value of the AIF.

The effect of varying BAT between AIF and tissue was investigated by first

producing tissue response curves using the known AIF, then fitting the curve to

the kinetic models, varying the BAT of the AIF used in the analysis.

A change in BAT was defined to be positive if the BAT of AIF used in the

analysis occurs later than the AIF used in producing the tissue response. A positive

BAT indicates therefore that the tissue response occurs before the AIF, which is

unphysiological. It was still included since the estimation of BAT may result in

erroneous results on both sides of the true BAT.

3.6 Effect of Noise

The signal to noise ratio (SNR) is defined as the ratio of the signal intensity S (or

the mean signal intensity in region of interest (ROI)-based analysis) at a given

time, to the standard deviation of the noise in a region outside the object that is

being measured [30]:

SNR =
S

σ
. (3.6.1)

For a chosen SNR, the noise standard deviation σ was calculated according

to eq. (3.6.1) for each time point along the concentration curve. Gaussian noise

with zero mean and the calculated σ was added to each time point. The noise was

added after initial down sampling to ∆t = 1 s.
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3.7 Clinical Data

Sample data from a clinical DCE-MRI study recently performed at Rikshospitalet

was used to obtain clinically relevant parameters and signal signatures. The data

included were obtained from a treatment monitoring study in patients with high

grade gliomas and which had undergone DCE-MRI. The data was previously

analysed in nordicICE, using the built in incremental model which calculates the

parameters with all models, and selects model with optimal combination of number

of model parameters and goodness of fit [1].

Two patients (patient 16 and 19) from the group of 27 patients were chosen.

These patients had a large selection percentage of both ETM and 2CXM, see

fig. 4.8. The purpose of the inclusion of clinical sample data was to demonstrate

the applications of the simulation study, and gain knowledge to whether the results

do apply to real life data.

A total of 13 pixels were selected from patient 16, and the corresponding signal

vs time-curves were extracted. The pixels were selected such that three pixels

were decided by nordicICE to be best described by TM, and five pixels each best

described by ETM and 2CXM. The pixels were all in slice #2 from the first scan

of the patient. This slice was selected because it had a large tumor volume.

Similarly, nine pixels was chosen at random (but inside tumor) for patient 19

(scan 1, slice 9). There were no pixels with TM as the chosen model. Five pixels

were decided to be best described by ETM, and four by 2CXM.
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4
Results

4.1 Code Verification

Fig. 4.1 shows the difference in the percentage error as obtained using the two

methods defined in eq. (3.2.1). The abscissa is in all cases the true Ktrans used to

generate the data.

The absolute value of the errors from both the Python implementation and

nordicICE, range from approximately 20% to 80%. Considering the comparably

large values of absolute error for the two implementations, the difference of .0.5%

shows thus that there is no significant difference in the methods proposed in [17]

and [10] for fitting the TM, ETM and 2CXM, as compared to that in nordicICE.

The parameter estimation seems to be of better agreement for larger values of

Ktrans.
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Fig. 4.1: Selected results from comparing the implemented models with nordicICE.

The plots show relative errors compared to the nominal value. Figure a(1)

through a(3) show the error in Ktrans for TM, ETM and 2CXM respectively.

Figure b shows the parameter errors for 2CXM with noisy data (global noise

with σ = 0.015). The input model was 2CXM with Fp = 40 ml/100g/min,

ve = 20 ml/100g, and vp = 2.5 ml/100g.
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4.2 Temporal Resolution

Fig. 4.2 shows the transfer function and the estimated value of Ktrans at different

sampling frequencies for all models with the chosen parameter values, see (3.3.1).

The simulations were done with different values of Fp as indicated in the figures.

The vertical lines indicate the analytical pole frequencies, ωp, (fig. 4.2a) and 2ωp

(fig. 4.2b) for 2CXM. The pole frequencies for the given input parameters are

0.26, 0.43, and 0.76 Hz for Fp = 20, 40, and 80 ml/100g/min, and corresponds to

sampling intervals of 1.9, 1.2, and 0.66 s respectively. Fig. 4.2b shows that the

steady state of the Ktrans estimate is reached well below 2ωp, with the margin being

larger for larger Fp. A further decrease in Fp would result in an lower estimation

of the cutoff frequency 2ωp, however, values of Fp are rarely reported to be below

20 ml/100g/min [7, 2]. This effect is observed in the data presented in fig. 4.2c.

Fig. 4.2b (top and middle) show the error in the estimated Ktrans for TM

and ETM. For TM, the error increases with increasing flow, but is apparently

independent of sampling frequency. For ETM, steady state occurs at frequencies

well below the 2CXM pole frequencies. From fig. 4.2a it is evident that the

signal attenuation is independent of Fp for ETM, and with maximum attenuation

occurring at about 0.1 Hz. Steady state of the Ktrans estimate was reached at about

0.2 Hz, and that of the Fp estimate was reached at 2ωp = 0.52, 0.86, and 1.5 Hz

(vertical lines) for Fp = 20, 40 and 80 ml/100g/min, in accordance to the Nyquist

sampling theorem.

Further, there was a systematic error in the estimate of Ktrans for TM and

ETM. Increased perfusion (Fp) increased the error when TM was used to analyze

the data, whereas the same led to better estimation using ETM.

Fig. 4.3 shows the transfer function versus frequency for the 2CXM, for all

four model parameters. There is only a significant difference in signal attenuation
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at frequencies > 0.1 Hz, and the transfer function cutoff occurs at even higher

frequencies, in good correspondence to fig. 4.2c.

4.3 AIF Dispersion and Bolus Arrival Time

4.3.1 AIF Dispersion

Fig. 4.4 shows the effect of changing the AIF BD on the estimation of Ktrans and

Fp. The original AIF had a dispersion of BD = 13.2 s.

In Fig. 4.4c, the Fourier transform (FT) of the AIFs at different BD times

have been plotted. Additionally, the FT of the 2CXM with the combination of

parameters used in the simulation, defined in (3.3.1) (Fp = 40 ml/100g/min), is

plotted. The vertical line corresponds to the 2CXM pole frequency (ωp = 0.26 Hz)

of the current parameter combination, calculated using eq. (3.4.7).

4.3.2 Bolus Arrival Time

In fig. 4.5, the error in Ktrans estimation is plotted as a function of BAT. The error

is more prominent for negative BAT, i.e. the tissue response occurs after the onset

of the AIF. Within a delay window of ± 1s the absolute error is less than 3%. At 2

seconds negative shift the error is 6%. It is also evident that the optimal BAT does

not necessarily happen at ∆BAT = 0. In fig. 4.6, the optimal ∆BAT is plotted as

a function of Ktrans. Keeping the ∆BAT inside the shaded area ensures that the

absolute relative error stays below 2% (fig. 4.6a), and 2, 5, and 10% (fig. 4.6b).
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Fig. 4.2: Plot of transfer functions and estimation of Ktrans for all models with true

Ktrans = 7 ml/100g/min, ve = 20 ml/100g and vp = 2 ml/100g. Estimation

of Ktrans converges at ∆t approximately 10s for ETM and 2CXM. There is

little frequency dependence when the analysis is done with TM. The vertical

lines indicate the pole frequencies ωp (a) and 2ωp (b and c) for 2CXM.
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2 ml/100g, and Fp = 20 ml/100g/min if not otherwise indicated.
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Fig. 4.4: Changing the width of the AIF to emulate varying degree of AIF BD between

point of measurement and tissue voxels. The original (unchanged) AIF had

BD = 13.2 s. (a) shows the resulting AIFs. Sub figure (b) and (d) show the

error in estimation of Ktrans and Fp respectively. In sub figure (b), the top

graph shows the estimation for TM, middle for ETM, and bottom for 2CXM.

Sub figure (c) shows the Fourier transform of the AIFs. The black solid line is

FT of the 2CXM tissue response for Fp = 40 ml/100g/min. Steady state of

the Fp estimation occurred at about 1 Hz, or at about 55dB attenuation of

the AIFs.
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Fig. 4.4: The error in the Ktrans (a), ve (b) and vp (c) estimate as a function of change

in BAT of the fitting AIF compared to the nominal AIF for TM (top), ETM

(middle) and 2CXM (bottom).
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Fig. 4.6: The figures show the percentage error in the Ktrans estimate for a 40⇥40

phantom. The true value of Ktrans increases from Ktrans = 4 ml/100g/min to

Ktrans = 14 ml/100g/min from top to bottom, and the standard deviation in

the noise increases from � = 0 to � = 0.1 from left to right. The sampling

frequency is �t = 1s, and the other parameters were ve = 20 ml/100g,

vp = 2 ml/100g, and Fp = 40 ml/100g/min. Pixels with absolute error > 20%

have been excluded.
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Fig. 4.6: The black lines indicate at which ∆BAT the best parameter estimation is

found as a function of Ktrans. The shaded area shows the range within which

the absolute relative error remains below 2% (a), and below 2, 5 and 10%

going outward (b). The red lines (figure (a)) indicate that illegal values of

one of the parameters is reached, or that the absolute error would decline for

a further increase or decrease in ∆BAT. The latter is considered an obvious

breakdown of the model, and it is assumed that no such situation will be

encountered, or measures preventing it have been installed.



40 4.4. Effect of Noise

4.4 Effect of Noise

Fig. 4.7 shows the error of the estimate in Ktrans for all the models as functions of

SNR. The values have been truncated at absolute error of 20%.

SNR was varied between 10 and 100. The figure also shows the no-noise situation

(SNR=∞).

Interestingly, error in TM based modelling showed little dependence on noise,

but with increasing error for decreasing values of Ktrans. The 2CXM gave overall

good estimate for all Ktrans, however better for low Ktrans. For Ktrans below ∼10
and SNR above ∼40, the error remained below 10%.

The ETM showed little dependence on both SNR and value of Ktrans, however,

decreasing Fp would yield larger relative errors than those indicated here (see

fig. 4.2b).

The 2CXM exhibited the highest degree of noise sensitivity, especially at high

values Ktrans, and gave an overall better estimation of Ktrans in the region where

SNR > 40 and Ktrans < 10 ml/100g/min.

4.5 Clinical Data

Fig. 4.8 shows histograms of the selected models for both patients, both showing a

large fraction of voxels chosen for both ETM and 2CXM.

Table 4.1, shows the parametric estimations for patient 16, and the concentration

time curves, together with the pixel positions are shown in fig. 4.9. Corresponding

information for patient 19 is summarized in table 4.2, and fig. 4.10.

Note that the tumor is in both cases segmented out, and is here shown in black.
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Fig. 4.7: Percentage error in the Ktrans estimate for a phantom measuring 40×40
voxels. The true value of Ktrans increases from Ktrans = 4 ml/100g/min

to Ktrans = 14 ml/100g/min from top to bottom, and noise increases from

SNR = 100 to SNR = 10 from left to right. In the column on the far left, no

noise was added. The sampling frequency is ∆t = 1s, and the other parameters

were ve = 20 ml/100g, vp = 2 ml/100g, and Fp = 40 ml/100g/min. Pixels

with absolute error > 20% have been excluded.
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Fig. 4.8: Histogram of the percentage of selected models for patient 16 and 19. These

patients were selected due to their high values of ETM and 2CXM selection

ratios. The total number of voxels are 22013 and 5283 for patient 16 and 19

respectively.

Table 4.1: The parametric estimation done by nordicICE’s incremental model. ROIs

were selected randomly for each model inside the tumor. The ROI positions

are indicated in fig. 4.9. Patient 16, scan 1, slice 2.

TM ETM 2CXM

ROI Ktrans kep ve ROI Ktrans kep ve vp ROI Ktrans kep ve vp Fp

1 1.2 46 2.8 4 1.0 32 2.8 0.53 9 4.1 5 47.8 9.98 24

2 0.3 42 0.0 5 0.0 0.0 0.0 0.0 10 4.1 41 5.6 5.25 19

3 0.8 27 2.8 6 0.2 15 2.8 0.0 11 8.3 59 8.4 5.78 36

7 3.7 35 11.3 1.05 12 13 49 16.9 14.7 47

8 0.0 0.0 0.0 29.4 13 0.8 20 25.3 8.4 34

av. 0.8 38 1.9 av. 1.0 16 3.38 6.20 av. 6.1 35 21 8.8 32
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Fig. 4.9: Signal intensity time curves for patient 16, scan 1, slice 2. The single voxel

ROIs are all located within the tumor volume, and the figure indicate which

model is selected by nICE in the different ROIs. The tumor volume is displayed

in black in order to better visualize the ROI placements.
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Fig. 4.10: Signal intensity time curves for patient 19, scan 1, slice 9. The single voxel

ROIs are all located within the tumor volume, and the figure indicate which

model is selected by nICE in the different ROIs. The tumor volume is

displayed in black in order to better visualize the ROI placements.
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Table 4.2: The parametric estimation done by nordicICE’s incremental model. ROIs

were selected randomly for each model inside the tumor. The ROIs are 1

pixel in size, and are indicated in fig. 4.10. Patient 19, scan 1, slice 9.

ETM 2CXM

ROI Ktrans kep ve vp ROI Ktrans kep ve vp Fp

1 6.3 12 52 0.8 6 14 28 31 5.9 56

2 4.1 9.6 45 0.6 7 14 25 35 16 36

3 4.1 59 7.0 3.0 8 15 42 24 14 98

4 2.2 13 17 1.5 9 17 34 31 7.4 43

5 9.5 28 35 2.7

av. 5.4 24 31 1.7 av. 15 32 30 11 58
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5
Discussion

The use of DCE-MRI both in research and in clinic is limited by lack of stan-

dardization of both acquisition protocol, and the modelling approach. This makes

qualitative evaluation of DCE parameters difficult to compare between studies,

even between examinations of the same patient. Some of these factors are possible

to standardize, however some prove more difficult.

This work attempts to identify, and give some insight into what to look out

for, if and when standardization is attempted. The results indicate that the choice

of kinetic model, how well the AIF can be measured, and the sampling rate of

the signal, all play important roles in the complex task of accurate and robust

DCE-MRI parameter estimation.

Most of the considerations in this work were made on noise free data, and

are as such not representative for real clinical data where noise is always present.

This was, however, done deliberately to separate the effects of model choice and

sampling conditions from the effect of image noise, under the assumption that the

effect of noise is independent of the other effects, and that noise it will only add

uncertainty to the model fit and model determination.
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It has also been assumed that the underlying physiology is described sufficiently

by the 2CXM. One goal of this work has been to determine and quantify under which

conditions a simpler model can describe the physiology without significant loss of

precision in the parameter estimates and physiological assumptions. Logically, in

the fast flow limit Fp →∞, the 2CXM approaches the ETM [24], as the TM and

ETM both assume zero mean transit time (MTT) of the bolus through the capillary

plasma compartment. The validity of using 2CXM as the "ground truth" relies on

the assumption that the CA extraction fraction Ktrans/Fp << 1; i.e. the fraction

of the CA extracted during first pass to be relatively low, so that Ktrans << Fp.

With Ktrans = 2− 7 ml/100g/min, this assumption is always met.

The max flow used in the simulations was Fp = 80 ml/100g/min, which, with

vp ' 2 ml/100g, corresponds to MTT = vp/Fp ' 1.5 s, requiring a sampling

frequency of .0.75 s. The sampling frequency of the AIF used in signal generation

constituted the lowest temporal resolution obtainable in the generated signal. The

input AIF had a temporal resolution of 0.1 s and was therefore well within the

required frequency range.

Since the 2CXM was used as input "gold standard" model, the use of this model

in the analysis always yielded more accurate estimates of all kinetic parameters

given sufficient sampling frequency and adequate SNR. Fitting the data to the

simpler models tested, resulted in systematic errors due to non-zero MTT of the

plasma flow (i.e. Fp <∞).

5.1 Study Limitations

Compartmentalization of CA in the tissue can have a profound effects on the

relaxation properties induced by the CA in tissue. Compartmentalization restricts

water protons to access the CA, and the fast water exchange assumption made for
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eq. (2.2.1) no longer holds. More advanced models accounting for water exchange

effects have been proposed [31], but these have not been considered in the current

project.

Any scientific work that is reliant on measurements, either physical or simulated,

is prone to uncertainties. In computer simulations, the uncertainty is downward

bounded to the floating point precision of the computer. On modern computers this

precision is in the order of 10−38. Computer round-off errors can become significant

if multiple iterations are needed for the calculation of a value. It was generally

assumed in this work that other insecurities were of higher significance.

The application of the simulation study on the clinical dataset was limited to

two sample datasets from an ongoing DCE-MRI study in patients with primary

brain tumors. The small sample size makes these results only indicative, and

therefore no hard conclusions can be drawn. Further studies on the matter should

be conducted in the future.

The limited clinical validation was due to time limitations.

5.2 Temporal Resolution

Any non-zero capillary MTT will result in a broadening of the first pass peak of

the tissue response compared to the AIF, and without any flow component in the

model, this broadening will be interpreted as a leakage from the vascular space into

the EES. The TM interprets therefore MTT > 0 as an increase in extracellular

volume (fig. A.1a) and an artificial Ktrans, whereas the ETM reports an increase in

Ktrans and extracellular volume, and a decrease in the capillary volume compared

to the ground truth.

The impulse response function of the 2CXM contains two analytical pole

frequencies. The highest of the two dictates a sampling frequency above which
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unbiased estimation of all the parameters are done in the noise free data. The

cutoff corresponded closely to 1/MTT = Fp/vp which is the component in the

2CXM with the highest frequency. For accurate estimation of Ktrans, the lower

2CXM-pole frequency may be used as a sampling rate requirement. The ETM-pole

frequency may also be used in this respect.

It is important to note that, even though the sampling rate of the signal is "too

slow" for the 2CXM, it may still be the most suitable model. Using a too slow

sampling rate, the 2CXM may report an erroneous value of Fp, however the results

show that the Ktrans estimate was overall better than if TM or ETM is used.

Modelling the signal with the ETM required sampling interval ∆T . 7 s with

the current combination of kinetic parameters. Larsson et al. reported a value

of ∆T < 20 s is sufficient to accurately estimate the kinetic parameters for most

patients with high grade glioma [14]. The Larsson study used an SNR of 100

at their lowest sampling frequency (3.4 s). The signal was then downsampled

to give a better SNR. The discrepancy between the reported sampling frequency

requirements, is likely credited to a difference in combination of kinetic parameters.

5.3 AIF Dispersion and Bolus Arrival Time

To investigate the effect of AIF dispersion, the nominal AIF was convolved with an

exponential and the resulting AIF was similar to the original, but dispersed out in

time. The area under the curve corresponds to the total CA injected and was held

constant.

"Sharper" AIFs require slightly higher sampling frequency than broader AIFs for

the estimation of Ktrans. Looking at the frequency spectrum in fig. 4.4c, the sharp

AIF attenuates at a higher frequency than the more dispersed AIFs. The Ktrans

estimate is governed more by the low-frequency components. Since it requires a
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higher frequency for the sharp AIF to attenuate an appreciable amount, a higher

sampling frequency is required to correctly identify Ktrans [14, 15].

The FT of the AIFs at different amount of BD (fig. 4.4c) was attenuated equally

regardless of BD at frequencies >0.2 Hz. The amount of attenuation before the

point of convergence was greater for large BD (wide AIF). A sharper AIF thus

holds more of its information at lower frequencies than a wider AIF, resulting in a

smaller cutoff frequency.

The convergence of the AIFs is presumably due to the method used to increase

the BD, rather than an intrinsic property of the AIF itself. It is suggested that the

applicability of the method used to increase BD should be investigated further.

Lopata et al. [15] performed a similar analysis with ETM as output model.

In the study, it was concluded that low BD will have a positive effect on the

estimation of Ktrans for high values of Ktrans. They also point to a study where it

was suggested that the a slower BD will reduce sensitivity to AIF determination,

and thus increase overall accuracy of the parameter estimates.

Choosing an incorrect BAT of the AIF compared to the tissue response, can

have a significant impact on the parameter estimates, however more pronounced

for high frequency parameters (Fp and vp, and high Ktrans and ve). The error in

Ktrans decreased for increasing Ktrans for ETM, and increased for increasing Ktrans

for TM. Negative ∆BAT is interpreted as a delayed tissue response, i.e. that the

uptake of CA is in tissue is delayed relative to the bolus arrival at the AIF site. A

positive ∆BAT is therefore unphysiological as is indicates that the tissue response

occurs before the AIF arrives. Positive values of ∆BAT is, however, a possibility in

the post processing as the algorithms determining the temporal position of the AIF

may both underestimate and overestimate the BAT. Both positive and negative

shifts were therefore considered to accommodate for both situations.

A negative BAT was in the case of the ETM interpreted as an increase in Ktrans
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and ve, and a decrease in vp (fig. 4.5). The decrease in the plasma volume vp was

most prominent, however, and so the ETM concludes that the vascular volume

is responsible for the slow tracer uptake. In the case of the TM with no plasma

volume, the effect is a decrease in perfusion (Ktrans), as would be expected.

For 2CXM, the allowable range of BATs were estimated for different ranges of

errors in parameter estimations. There was an upper bound of about ∆BAT = +2s

where the LLSQ method of fitting the 2CXM to the data failed, or gave nonsensical

answers. The limit was lower for faster flow (fig. 4.6). Importantly, for accurate

measurements of Fp, the window of allowable BATs was <0.25%, rapidly decreasing

(fig. 4.6b).

The Tofts models are thus much more sensitive to change in BAT than the

2CXM when accurate measure of Ktrans is of primary interest, however the 2CXM

requires high precision in BAT estimation when calculating vp or Fp. The sensitivity

of ETM was studied in detail in [16], and it was concluded that accuracy in the

BAT determination is needed, however consistency in the BAT measurement

method is most important in order to confidently compare parameter estimates in

a longitudinal study.

In the same study, [16], the R2 value of the model fit was also plotted as

a function of ∆BAT, and the best R2 value was not consistently obtained at

∆BAT = 0 as one might expect. In one case, the best R2 was obtained at

∆BAT = +8s with the value of R2 at ∆BAT = 0 being outside one standard

deviation of that at ∆BAT = +8 s. The R2 value is a measure of the goodness of

fit, and one must therefore conclude that the goodness of fit does not correspond to

the correctness of fit in all cases. This can thus lead to suboptimal fitting routines.

In many clinical software applications, the BAT is estimated on a voxel-by-voxel

basis and corrects the AIF curve prior to kinetic modelling [21]. The results of the

simulation study suggest that such pre-processing is important, and in many cases
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crucial to accurate parameter estimation. The study also points out that great care

should be taken to determine the BAT accurately when analyzing clinical data.

5.4 Noise

Both TM and ETM showed almost no dependence on noise with SNR > 10 with

ETM being the best of the two with absolute error in Ktrans estimate hovering

around 5%.

The TM was shown to be very insensitive to fast changes, as indicated in the

temporal analysis of the model. Here, no dependence on temporal resolution was

found, indicating that no matter how fast the signal is changing, the estimate is

just as good (or bad).

The addition of noise to the data weakens the prominence of the first pass peak

tissue response, however since the TM is insensitive to this part of the concentration

time evolution, it will have little significance in the parameter estimation, as seen

in fig. 4.7a. The error decreased with increasing Ktrans since the first pass peak

becomes decreasingly prominent, and the TM can identify the early part of the

tissue response better.

The ETM was seemingly very insensitive to both noise and the value of Ktrans.

The addition of a plasma volume term vp, allows better model fit in the case of

non-negligible plasma volume and hence "first-pass" effects in the tissue response.

The added sensitivity of first-pass effects, estimated by vp, leaves the tail of the

signal to be mainly determined by Ktrans. Since the tail of the signal has a relatively

long duration, Ktrans is less sensitive to noise, given adequate acquisition times.

The estimate of vp, however, is believed to be highly dependent on the noise.

Lastly, for the 2CXM, the situation is much more complicated. Here, the

frequency of the first pass peak is also allowed to vary, making for a better
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estimation as long as the quality of the data is good enough.

Large values of Ktrans produces a "smearing" effect of the signal, effectively

making the first pass peak less prominent. Adding noise further decreases the

prominence of the first pass peak. The 2CXM is very sensitive to fast changes, and

a well defined first pass peak is needed for accurate results, explaining why larger

SNR is needed for larger Ktrans for the 2CXM. Also, given the higher complexity of

the 2CXM model (4 model parameters) one would expect a generally higher noise

sensitivity for the data fitting procedure.

5.5 Clinical Data

The images shown were analyzed with nordicICE. nordicICE has a module for

calculating DCE parameters and selecting the model with the best fit, according

to a variety of factors. The R2 of the model fit and model complexity being two

important factors. In essence, if two models produce a similar R2 value, the simpler

of the models is selected as the describing model. There are multiple methods of

model selection. One example is the Akaike information criterion which is widely

used in the literature [23, 24, 9, 8]. It considers the likelihood that a particular

model is the correct model, and the complexity of the model in terms of the number

of parameters it estimates.

Only considering the curve shapes in fig. 4.9, a clear distinction between the

selected models can be spotted. In the pixels where TM is selected, there were

firstly a very low SNR. The pre contrast baseline signal was very similar to the

post contrast signal, making the first spike less prominent. The same goes for ROIs

4-7 for ETM (fig. 4.9b).

In ROI 5 for ETM all parameters were calculated to zero, except vp. This

situation corresponds to a direct downscaling of the AIF, in which case the ETM
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is exact. ROI 5 is therefore likely very close to a feeding artery.

The exact reason why ETM was selected rather than TM in ROIs 4-7 is not a

simple question, and knowledge of the exact algorithm is likely needed. In fact,

for ROI 6, vp was estimated to be 0% (3 decimal accuracy), in which case ETM

reduced exactly to TM.

The 2CXM is systematically chosen where there is a large ve and vp.

The difference in curve shapes between ETM and 2CXM for patient 19 is less

obvious, however the pixels where ETM was selected seem to have a very large ve.

In accordance to the above discussion, vp was small in the case of selected ETM

and large for 2CXM. It is therefore suggestive that plasma volume and flow is an

important factor in model selection, as also suggested by the simulations.

The temporal resolution of the clinical data set for patient 16 was 2.2 seconds.

Calculating the minimum required sampling frequencies using the data in table 4.1,

ROI 11 shows the shortest minimum sampling interval of 3.6 s. ROI 9 shows the

largest of 10.3 s, both above the actual sampling interval of 2.2 s.

Further, the SNR of ROIs 9-13 (patient 16) are 30, 50, 46, 32, and 26 respectively

(approximate values). The values of vp, ve, and Fp differ (sometimes significantly)

from those used in the calculation of fig. 4.7 and can therefore not be used as a

direct reference. However, increasing ve and vp leads to less signal attenuation

(fig. 4.3), and therefore less error than that estimated in fig. 4.7. It would be

instructive to compute an error map such as that in fig. 4.7 for multiple values of

ve, vp, and Fp. This has not been done in this study.
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6
Conclusion

The 2CXM gave the best estimate of the kinetic data given adequate data quality

and sampling conditions. Using the kinetic model’s system transfer function,

the minimum required sampling frequency for accurate perfusion estimation was

calculated analytically, and was found to closely relate to the MTT of the CA bolus

through the capillary space for the 2CXM. If the desired study outcomes excludes

accurate estimates of fast processes such as Fp, a slower sampling rate may be

chosen, e.g. to increase SNR.

The 2CXM cutoff frequency was found at about 50-60 dB attenuation of the FT

of the signal, and both the AIF and physiological conditions may play important

roles in the cutoff estimation.

The change in BAT of the AIF compared to the tissue response, and the

estimation of which, was shown to have profound implications on the parameter

estimation. Optimal BAT is not necessarily at true BAT, and has been shown to

vary at least as much as 8 s [16].

The presence of noise alters the results significantly, and the 2CXM was found

to be most noise sensitive, partly due to its complexity. Both TM and ETM showed
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no dependence on noise when estimating Ktrans

The simulation study is applicable to clinical data, however further investigation

is needed for conclusive answers. In the current study, a strict choice of the input

model parameters was made, and the combination of which may not be the case in

a clinical setting. A larger test study should be made, including a larger range of

all parameters to fully understand the clinical implications.
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B
Python Code

The most important part of the project is the MRImageAnalysis package, which

comprises functions and classes for analyzing a DCE-MRI signal (either a single

signal, or an image), importing Dicom data, and displaying images.

The following only contains snippets of the most important parts of the

code. The code in its entirety can be found at https://github.com/olegjo/

Masteroppgave.

https://github.com/olegjo/Masteroppgave
https://github.com/olegjo/Masteroppgave
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Fig. B.1: Overview of the developed python code, and class hierarchy.

B.1 MRImageAnalysis Python Package

The following functions and classes fits a signal in the form of a single signal, or a

complete image to the specified model, using the method of choice. The available

methods are NLLS, NLLSp (same as first, but uses parallel processing), and LLSQ.

Analyze.py

1 def f itToModel (model , img , t , C_a, integrat ionMethod=’trapezoidal ’ , method=’LLSQ’ ,

· · · showPbar=True ) :

2 ’’’
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3 Wrapper function for classes ToftsModel , ExtendedToftsModel , and

· · · TwoCompartmentExchangeModel.

4 ’’’

5

6 class ToftsModel :

7 ’’’

8 Does model fit based on ETM , and based on input such as image , or signal to

· · · fit ,

9 AIF , and whether to use NLSQ or NLLS. Contains functions that returns the

10 model fit parameters.

11 ’’’

12

13 class ExtendedToftsModel :

14 def __init__( s e l f , img , t , C_a, integrat ionMethod=’trapezoidal ’ , method=’LLSQ’ ,

· · · showPbar=True ) :

15 ’’’

16 Does model fit based on ETM , and based on input such as image , or signal to

· · · fit ,

17 AIF , and whether to use NLSQ or NLLS. Contains functions that returns the

18 model fit parameters.

19 ’’’

20

21 class TwoCompartmentExchangeModel :

22 ’’’

23 Does model fit based on 2CXM , and based on input such as image , or signal to

· · · fit ,

24 AIF , and whether to use NLSQ or NLLS. Contains functions that returns the

25 model fit parameters.

26 ’’’

27

28 def _fitToModelLLSQ(model , img , t , C_a, integrat ionMethod , showPbar , weights=None )

· · · :

29 ’’’

30 Function to calculate perfusion paramaters of an image using

31 the linear least squares method.

32

33 args:

34 model:

35 string of model to be used. Allowed values are ’TM’ and ’ETM’ for

36 ’Tofts model’ and ’Extended Tofts model’ respectively

37 img:
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38 A 4D numpy array containing at least one time signal

39 C_a:

40 The arterial input function to be used

41 integrationMethod:

42 which integration method should be used.

43

44 returns:

45 array containing the parameters of each time series (pixel) in the

· · · original image.

46

47 if model is TM then

48 parameterImage[slc ,0,i,j] = K_trans

49 parameterImage[slc ,1,i,j] = k_ep

50

51 if model is ETM then

52 parameterImage[slc ,0,i,j] = K_trans

53 parameterImage[slc ,1,i,j] = k_ep

54 parameterImage[slc ,2,i,j] = v_p

55 parameterImage[slc ,3,i,j] = v_e

56

57 if model is 2CXM then

58 parameterImage[slc ,0,i,j] = PS

59 parameterImage[slc ,1,i,j] = F_p

60 parameterImage[slc ,2,i,j] = v_p

61 parameterImage[slc ,3,i,j] = v_e

62 ’’’

63

64 A = eval ( ’_initiateLstsqMatrix_ ’+model ) ( t , C_a, integrat ionMethod , weights=

· · · weights )

65

66 nrows = img [ 0 ] [ 0 ] . shape [ 0 ]

67 nco l s = img [ 0 ] [ 0 ] . shape [ 1 ]

68 n s l i c e s = len ( img )

69

70 # i n i t i a t e an array to s t o r e the paramaters

71 if model == ’TM’ :

72 parameterImage = np . z e r o s ( ( n s l i c e s , 2 , nrows , n co l s ) )

73 elif model in [ ’ETM’ , ’twoCXM ’ ] :

74 parameterImage = np . z e r o s ( ( n s l i c e s , 4 , nrows , n co l s ) )

75

76 for s l c in range ( n s l i c e s ) :
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77 for i in range ( nrows ) :

78 for j in range ( nco l s ) :

79 # get the s i g n a l f o r the cur rent p i x e l

80 s i g n a l = img [ s l c , : , i , j ]

81

82 # update the l e a s t squares matrix

83 A = eval ( ’_updateLstsqMatrix_ ’+model ) (A, t , s i gna l , integrat ionMethod ,

· · · weights=weights )

84

85 if model == ’TM’ :

86 # c a l c u l a t e the model parameters

87 B = np . l i n a l g . l s t s q (A, s i g n a l )

88 K_trans = B [ 0 ] [ 0 ] # K_trans

89 k_ep = B [ 0 ] [ 1 ] # k_ep

90 if K_trans < 0 or k_ep < 0 :

91 K_trans = np . i n f

92 k_ep = np . i n f

93 parameterImage [ s l c , 0 , i , j ] = K_trans

94 parameterImage [ s l c , 1 , i , j ] = k_ep

95 if model == ’ETM’ :

96 # c a l c u l a t e the model parameters

97 B = np . l i n a l g . l s t s q (A, s i g n a l )

98

99 K_trans = B [ 0 ] [ 0 ] − B[ 0 ] [ 1 ] ∗B [ 0 ] [ 2 ] # K_trans

100 k_ep = B [ 0 ] [ 1 ] # k_ep

101 v_p = B [ 0 ] [ 2 ] # v_p

102 v_e = K_trans/B [ 0 ] [ 1 ] # v_e

103 if K_trans < 0 or k_ep < 0 or v_e < 0 or v_p < 0 or v_e > 1 or v_p

· · · > 1 :

104 K_trans = np . i n f

105 k_ep = np . i n f

106 v_e = np . i n f

107 v_p = np . i n f

108 parameterImage [ s l c , 0 , i , j ] = K_trans

109 parameterImage [ s l c , 1 , i , j ] = k_ep

110 parameterImage [ s l c , 2 , i , j ] = v_p

111 parameterImage [ s l c , 3 , i , j ] = v_e

112 if model == ’twoCXM ’ :

113 # ca l c u l a t e the model parameters

114 B = np . l i n a l g . l s t s q (A, s i g n a l )

115
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116 F_p = B [ 0 ] [ 3 ]

117 v_p = B[ 0 ] [ 3 ] ∗ ∗ 2 / (B [ 0 ] [ 1 ] ∗B [ 0 ] [ 3 ] − B [ 0 ] [ 2 ] )

118 v_e = B [ 0 ] [ 2 ] /B [ 0 ] [ 0 ] − v_p

119 PS = B[ 0 ] [ 0 ] ∗ v_e∗v_p/F_p

120 K_trans = Models . Conversion . K_trans (PS=PS , F_p=F_p)

121 if K_trans > F_p or F_p < 0 or K_trans < 0 or PS < 0 or v_e < 0 or

· · · v_p < 0 or v_e > 1 or v_p > 1 or v_e + v_p > 1 :

122 F_p = np . i n f

123 v_e = np . i n f

124 v_p = np . i n f

125 PS = np . i n f

126 parameterImage [ s l c , 0 , i , j ] = PS # PS

127 parameterImage [ s l c , 1 , i , j ] = F_p # F_p

128 parameterImage [ s l c , 2 , i , j ] = v_p # v_p

129 parameterImage [ s l c , 3 , i , j ] = v_e # v_e

130 pbar . f i n i s h ( )

131

132 return MRImage .MRImage( parameterImage ) , Rsquared

133

134 def _initiateLstsqMatrix_TM ( t , C_a, integrat ionMethod , weights=None ) :

135 if weights is not None :

136 i o . printWarning ( ’A weighting paradigm is not implemented for Tofts Model.

· · · The entered weights are ignored.’ )

137 A = np . z e r o s ( ( len (C_a) , 2) )

138 A[ : , 0 ] = math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , C_a, integrat ionMethod )

139 return A

140

141 def _updateLstsqMatrix_TM(A, t , C_t , integrat ionMethod , weights=None ) :

142 if weights is not None :

143 i o . printWarning ( ’A weighting paradigm is not implemented for Tofts Model.

· · · The entered weights are ignored.’ )

144 A[ : , 1 ] = −math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , C_t , integrat ionMethod )

145 return A

146

147 def _initiateLstsqMatrix_ETM ( t , C_a, integrat ionMethod , weights=None ) :

148 if weights is not None :

149 i o . printWarning ( ’A weighting paradigm is not implemented for Extended Tofts

· · · Model. The entered weights are ignored.’ )

150 A = np . z e r o s ( ( len (C_a) , 3) )

151 A[ : , 0 ] = math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , C_a, integrat ionMethod )

152 A[ : , 2 ] = C_a
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153 return A

154

155 def _updateLstsqMatrix_ETM(A, t , C_t , integrat ionMethod , weights=None ) :

156 if weights is not None :

157 i o . printWarning ( ’A weighting paradigm is not implemented for Extended Tofts

· · · Model. The entered weights are ignored.’ )

158 return _updateLstsqMatrix_TM(A, t , C_t , integrat ionMethod )

159

160 def _initiateLstsqMatrix_twoCXM ( t , C_a, integrat ionMethod , weights=None ) :

161 if weights is None :

162 weights = np . ones ( len ( t ) )

163 A = np . z e r o s ( ( len (C_a) , 4) )

164 f i r s t I n t e g r a l = math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , C_a, integrat ionMethod )

165 A[ : , 3 ] = f i r s t I n t e g r a l ∗weights

166 A[ : , 2 ] = math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , f i r s t I n t e g r a l ,

· · · integrat ionMethod ) ∗weights

167 return A

168

169 def _updateLstsqMatrix_twoCXM(A, t , C_t , integrat ionMethod , weights=None ) :

170 if weights is None :

171 weights = np . ones ( len ( t ) )

172 f i r s t I n t e g r a l = math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , C_t , integrat ionMethod )

173 A[ : , 1 ] = − f i r s t I n t e g r a l ∗weights

174 A[ : , 0 ] = −math . I n t e g r a t i on . cumu la t i v e In t eg ra l ( t , f i r s t I n t e g r a l ,

· · · integrat ionMethod ) ∗weights

175 return A

176

177 def _fitToModelNLLS (model , img , t , C_a) :

178 ’’’

179 Function that takes a model identifier string (TM , ETM , 2CXM),

180 and MRImage object , time array and C_a array as input ,

181 and returns the model fit based on NLLS methog.

182 ’’’

183

184 def _fitToModelNLLS_paralell (model , img , t , C_a) :

185 ’’’

186 Function to calculate the model fit using

187 paralell processing.

188 ’’’
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ArterialInputFunction.py

1 def loadFromFile ( f i l e_path ) :

2 ’’’

3 Loads an AIF at the specifies location.

4 ’’’

5

6 def loadStandard ( a=None , b=None , i=None ) :

7 ’’’

8 Returns a standard , high res AIF.

9 If a and b are set , it returns the AIF at position /Data/AIF_DCE/a/b/AIF_DCE

· · · .txt

10 a and b are ignored if i is set. If i is set , then all the AIF’s available

· · · are

11 aranged in a list , and the i’th AIF is selected

12 returns (time , AIF).

13

14 If none of i, a, or b are set , it loads the AIF at /Data/Aorta.txt.

15 ’’’

16

17 def gammaVariate ( t , t_0=None , A=None , alpha=None , beta=None , y_max=None , t_max=

· · · None ) :

18 ’’’

19 There are two call signatures to this function.

20 Either all of [t, t_0 , alpha , beta] must be set ,

21 or all of [t, alpha , y_max , t_max ].

22

23 The reason for this distinction is that alpha and

24 beta are dependent variables. All dependencies

25 are eliminated in the second way of calling

26 this function [1].

27

28 [1] Madsen , Mark T. "A simplified formulation of the gamma variate function

· · · ." Physics in Medicine and Biology 37.7 (1992): 1597.

29 ’’’

30

31 def gammaVariateFit ( t , y ) :

32 ’’’

33 Fits a function to a gamma variate. Can be used to estimate an AIF.

34 ’’’
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Models.py

1 def TM( t , C_a, K_trans , k_ep=None , v_e=None , v_p=None ) :

2 if k_ep is None :

3 k_ep = Conversion . k_ep(K_trans=K_trans , v_e=v_e)

4 t o f t s = K_trans∗np . exp(−t ∗k_ep)

5 return math .NP. convolve ( t o f t s , C_a, t )

6

7 def ETM( t , C_a, K_trans , k_ep=None , v_p=None , v_e=None ) :

8 if k_ep is None :

9 k_ep = Conversion . k_ep(K_trans=K_trans , v_e=v_e)

10 return TM( t , C_a, K_trans , k_ep) + C_a∗v_p

11

12

13 def twoCXM( t , C_a, PS=None , F_p=None , v_e=None , v_p=None , K_trans=None , k_ep=None )

· · · :

14 if 0 in [ K_trans , PS ] and not 0 in [F_p, v_e , v_p ] :

15 two_compartment_model = F_p∗np . exp(−t ∗F_p/v_p)

16 else :

17 if PS is None :

18 PS = Conversion .PS(F_p=F_p, K_trans=K_trans )

19 E = PS/float (PS + F_p)

20

21 e = v_e/float (v_e + v_p)

22 Ee = E∗e

23

24 tau_pluss = (E − Ee + e ) / (2 .∗E) ∗(1 + np . sq r t (1 − 4∗(Ee∗(1−E)∗(1−e ) ) /(E − Ee

· · · + e ) ∗∗2 ) )

25 tau_minus = (E − Ee + e ) / (2 .∗E) ∗(1 − np . sq r t (1 − 4∗(Ee∗(1−E)∗(1−e ) ) /(E − Ee

· · · + e ) ∗∗2 ) )

26

27 F_pluss = F_p∗( tau_pluss − 1 . ) /( tau_pluss − tau_minus )

28 F_minus = −F_p∗( tau_minus − 1 . ) /( tau_pluss − tau_minus )

29

30 K_pluss = F_p/( (v_p + v_e) ∗ tau_minus )

31 K_minus = F_p/( (v_p + v_e) ∗ tau_pluss )

32

33 two_compartment_model = F_pluss∗np . exp(−t ∗K_pluss ) + F_minus∗np . exp(−t ∗

· · · K_minus)

34 return math .NP. convolve ( two_compartment_model , C_a, t )

35
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36 class Conversion :

37 def __init__( s e l f ) :

38 pass

39

40 @staticmethod

41 def k_ep(K_trans=None , v_e=None , PS=None , F_p=None ) :

42 ’’’

43 Needs one of the following combinations of paramaters:

44 [K_trans , v_e]

45 [PS , F_p , v_e]

46

47 returns one of

48 - K_trans/v_e

49 - PS*F_p/(PS + F_p)/v_e

50 ’’’

51

52 @staticmethod

53 def K_trans (PS=None , F_p=None , k_ep=None , v_e=None ) :

54 ’’’

55 Needs one of the following combinations of paramaters:

56 [PS , F_p]

57 [k_ep , v_e]

58

59 returns PS*F_p/(PS + F_p)

60 ’’’

61

62 @staticmethod

63 def v_e(K_trans=None , k_ep=None ) :

64 return K_trans/k_ep

65

66 @staticmethod

67 def PS(F_p, K_trans ) :

68 return F_p∗K_trans /(F_p − K_trans )

69

70 @staticmethod

71 def F_p(K_trans , PS) :

72 return K_trans∗PS/(PS − K_trans )

MRImage.py

1 class MRImage :
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2 ’’’

3 Contains many functions useful when dealing with an image , such as

4 functions describing its shape , and functions for displaying a 4D image.

5 When diplayed , it outputs sliders to choose slice , and time point.

6

7 The class also contains a function to export the image to a nifti -file.

8 ’’’

9

10 class MRRawImage(MRImage) :

11 ’’’

12 This class is inconveniantely named , but was initially meant to be

13 a class for a raw MR image. Now it only contains a function to convert

14 the signal intensity to relaxation rate R1 (only applicable to DCE -MRI).

15 ’’’

16 def __init__( s e l f , voxelArray , time , s l i c eLo c a t i o n s , FA, TR) :

17 ’’’

18 Initiates the class.

19 ’’’

20

21 def SI2R1 ( s e l f , r_1=4.5 , T_10=1.4 , FA=None , TR=None) :

22 ’’’

23 Converts an image , or a set of images , from signal

24 intensity to relaxation rate.

25 The values

26 r1 = 4.5 s^-1 mM^-1

27 T_10 = 1.4 s

28 are commonly used values [1].

29

30 We have

31 R_1 = R_10 + r_1C

32 and

33 S = S_0 (1 - E_1)sin(FA) / (1 - E_1 sin(FA))

34 E_1 = exp(-TR/T1)

35 FA = flip angle

36 TR = repetition time

37

38 [1] Tofts , Paul S. "T1-weighted DCE imaging concepts: modelling ,

· · · acquisition and analysis ." signal 500.450 (2010): 400.

39 ’’’

40 if FA is None :

41 FA = s e l f .FA
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42 if TR is None :

43 TR = s e l f .TR

44

45 s e l f . R1_img = np . z e r o s ( s e l f . voxelArray . shape )

46 E_10 = np . exp(−TR/T_10)

47 B = ( 1 . − E_10) / ( 1 . − E_10∗np . cos (FA) )

48 cosFA = np . cos (FA)

49 minus_1_over_TR = −1./TR

50

51 for s l in range ( s e l f . n S l i c e s ) :

52 S = s e l f . voxelArray [ s l ]

53 S_0 = np . mean(S [ : 5 ] , a x i s =0)

54 A = np . nan_to_num(B∗S/S_0)

55 s e l f . R1_img [ s l ] = np . nan_to_num(minus_1_over_TR∗np . l og ( ( 1 . − A) / ( 1 . − A∗

· · · cosFA) ) )

56

57 s e l f . R1_img −= np . average ( s e l f . R1_img [ : 5 ] )

58

59 return s e l f . R1_img

60

61 class PhantomImage (MRImage) :

62 ’’’

63 This class creates a phantom image using a model of choice. The phantom

· · · consist

64 of nRows x nColumns square sections , each section being sectionHeight number

· · · of

65 pixels high , and sectionWidth number of pixels wide. The spacing between the

· · · sections

66 can also be set.

67 ’’’

68 def __init__( s e l f , ∗∗kwargs ) :

69 ’’’

70 Initiates the phantom image.

71 ’’’

72

73 def addNoise ( s e l f , s td ) :

74 ’’’

75 The noise is here modelled using a gaussian distribution

76 with the argument std being the standard deviation of

77 the background noise. The noise globally to the whole signal.

78 ’’’
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79

80

81 def createFromModel ( s e l f , model , ∗∗ args ) :

82 ’’’

83 Creates a phantom image using the specified model with

84 the supplied model parameters.

85 ’’’

86

87 def createFromToftsModel ( s e l f , ∗∗ args ) :

88 ’’’

89 args:

90 firstParamaterRange:

91 tuple of length 2 giving the range of paramaters

92 used along the first (x) axis of the phanton.

93 This defaults to K_trans.

94 secondParamaterRange:

95 tuple of length 2 giving the range of paramaters

96 used along the second (x) axis of the phanton.

97 This defaults to k_ep.

98 C_a:

99 Arterial input function

100 t:

101 the time array

102 axisParamaterNames:

103 default: {’first ’: ’K_trans ’, ’second ’: ’k_ep ’}

104 ’’’

105

106

107 def createFromExtendedToftsModel ( s e l f , ∗∗ args ) :

108 ’’’

109 args:

110 firstParamaterRange:

111 tuple of length 2 giving the range of paramaters

112 used along the first (x) axis of the phanton.

113 This defaults to K_trans.

114 secondParamaterRange:

115 tuple of length 2 giving the range of paramaters

116 used along the second (x) axis of the phanton.

117 This defaults to k_ep.

118 C_a:

119 Arterial input function
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120 t:

121 the time array

122 axisParamaterNames:

123 default: {’first ’: ’K_trans ’, ’second ’: ’k_ep ’}

124 ’’’

125

126

127 def createFromTwoCompartmentExchangeModel ( s e l f , ∗∗ args ) :

128 ’’’

129 args:

130 firstParamaterRange:

131 tuple of length 2 giving the range of paramaters

132 used along the first (x) axis of the phanton.

133 This defaults to K_trans.

134 secondParamaterRange:

135 tuple of length 2 giving the range of paramaters

136 used along the second (x) axis of the phanton.

137 This defaults to k_ep.

138 C_a:

139 Arterial input function

140 t:

141 the time array

142 axisParamaterNames:

143 default: {’first ’: ’PS’, ’second ’: ’F_p ’}

144 ’’’

145

146

147 def p lo t ( s e l f , ∗∗ args ) :

148 ’’’

149 When called , the phantom image will be shown in a GUI.

150 ’’’

151

152 def _addAIFSection ( s e l f ) :

153 ’’’

154 Adds an AIF section to the bottom of the phantom image.

155 ’’’

156

157 def getAverageTable ( s e l f , img ) :

158 ’’’

159 will return the average value of img within each section

160 of the phantom , assuming the sections are as in self



Chapter B. Python Code XIX

161 ’’’

io.py

This file contains little code directly relevant to DCE-MRI and is not included. It

contains functions for displaying 4D images (with a slice and time-axis), function

to display a progressbar in the terminal window, error messaging, DICOM image

importing and exporting, etc.

math.py

This file contains functions for different mathematics operations such as integration,

and down sampling of the signal. All the code in this file is included, partly because

it is considered important, and partly because it is relatively short.

1 class NP:

2 ’’’

3 Class with modified numpy functions to make code more dense

4 ’’’

5 @staticmethod

6 def convolve (x , y , t ) :

7 return (np . convolve (x , y ) ∗( t [1]− t [ 0 ] ) ) [ : len ( t ) ]

8

9 class I n t e g r a t i on :

10 @staticmethod

11 def cumu la t i v e In t eg ra l (x , y , method=’trapezoidal ’ ) :

12 return getattr ( In t eg ra t i on , ’cumulative ’ + method . c a p i t a l i z e ( ) ) (x , y )

13

14 @staticmethod

15 def cumulat iveTrapezo ida l (x , y ) :

16 r e t = np . z e r o s ( len ( x ) )

17 r e t [ 1 : ] = np . cumsum(0 . 5∗ ( y [ : −1 ] + y [ 1 : ] ) ∗( x [ 1 : ] − x [ : −1 ] ) )

18 return r e t

19

20 class misc :

21 @staticmethod

22 def downSample ( s i gna l , old_time , new_time ) :

23 ’’’

24 Function to downsample a signal with timepoints
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25 old_time , into a new signal with timepoints new_time

26 ’’’

27 new_signal = np . z e r o s ( len ( new_time ) )

28 for i in range ( len ( new_time ) ) :

29 t ime_di f f = old_time − new_time [ i ]

30 j = np . argmin ( abs ( t ime_di f f ) )

31 if t ime_di f f [ j ] < 0 :

32 j1 = j−1

33 j2 = j

34 else :

35 j 1 = j

36 j2 = j+1

37 if j 2 >= len ( old_time ) :

38 new_signal [ i ] = s i g n a l [−1]

39 continue

40 a = ( s i g n a l [ j 2 ] − s i g n a l [ j 1 ] ) /( old_time [ j 2 ] − old_time [ j 1 ] )

41 b = −a∗old_time [ j 1 ] + s i g n a l [ j 1 ]

42

43 new_signal [ i ] = a∗new_time [ i ] + b

44

45 return new_signal

46

47 def downSampleAverage ( old_t , o ld_signal , dt ) :

48 ’’’

49 Downsaples a signal by first creating a new time array

50 with resolution dt , then looping though the indeces

51 of the new array and for each time point , calculating the

52 average of old_signal from new_t[i]-dt/2 to new_t[i]+dt/2.

53 The averaging is upward inclusive and downward exclusive.

54 ’’’

55 if old_t [1]− old_t [ 0 ] == dt or dt == 0 :

56 return old_t , o ld_s igna l

57 new_t = np . arange (0 , old_t [ −1 ]∗1 .001 , dt ) # times by 1 .001 to j u s t i n c lude

· · · the upper bound

58 new_signal = np . z e r o s ( len (new_t) )

59

60 f i r s t_ i dx = np . argmin ( abs ( old_t − dt /2) )+1

61 new_signal [ 0 ] = np . average ( o ld_s igna l [ : f i r s t_ i dx ] )

62 for i in range (1 , len (new_t) ) :

63 mid_idx = np . argmin ( abs ( old_t − i ∗dt ) )

64 lower_idx = np . argmin ( abs ( old_t − ( old_t [ mid_idx]−dt /2) ) )+1
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65 upper_idx = np . argmin ( abs ( old_t − ( old_t [ mid_idx]+dt /2) ) )+1

66 new_signal [ i ] = np . average ( o ld_s igna l [ lower_idx : upper_idx ] )

67 new_signal [ 0 ] = 0

68 return new_t , new_signal
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