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Abstract

Parametric representations of surfaces in Computer-Aided Geometric Design
(CAGD) are often based on connected patches with rectangular parameter
domains. Given a loop of four space curves and normal-derivative curves,
we want to find a parametric surface that interpolates the boundary data
in a C1-continuous way. The Coons patch developed by Steven A. Coons
in the 1960s[4], is a well known technique for constructing such surfaces.
However, the need to construct patches with non-rectangular domains can
often occur within a rectangular patch framework[3]. In a recent paper by
Várady, Rockwood & Salvi[22], three different methods which generalizes
the original Coons patch to match n boundary curves using irregular n-
sided domains, were presented. Another transfinite interpolation method
called cubic mean value interpolation based on mean value coordinates was
introduced by Floater & Schulz[10]. The purpose of this thesis is to review
and compare these methods. All the methods were successfully implemented
in MATLAB®. We discuss the pros and cons of the different constructions,
and provide several numerical examples to compare the shape qualities and
computational efficiency.
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Chapter 1

Introduction

The construction of a function over a planar domain that matches a given
function on the boundary, is often referred to as transfinite interpolation.
This is because, in contrast to classical interpolation schemes where a finite
number of distinct points are interpolated, a transfinite interpolation scheme
match an infinity number of points on the boundary.

Transfinite interpolation has applications in both geometric modelling
and in finite element methods[6]. We will focus on constructing patches in-
terpolating a loop of 3D boundary curves. The boundary curves often comes
from a network of curves representing a complex free-form object. The ma-
jority of the patches in a model are often four-sided, but general n-sided
patches can also occur in a rectangular patch framework. See for example
figure 1.1. Since we don’t have any interior data points in this situation, it is
difficult to apply traditional surfacing techniques. One solution is to only use

Figure 1.1: A 5-sided hole in a network of 4-sided surfaces.

quadrilaterals, and when an n-sided patch is needed it is stitched together
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by multiple four-sided patches[21]. The problem with this approach is that
it’s difficult to find optimal splitting curves, and they have to be recomputed
every time we modify the boundary curves. Another approach is to use recur-
sive subdivision (see for example [15]). The Coons patch[4] is a well known
solution for four-sided curve networks. The surface is obtained by “blending”
the boundary curves together using appropriate blending functions.

In a recent paper by Várady, Rockwood & Salvi[22] three n-sided gener-
alizations of the original Coons patch was presented; two side-based and one
corner-based interpolant. The side-based schemes blend together side inter-
polants which are four-sided biparametric surfaces that interpolate one side
each. These side interpolants are also called ribbons, and contains both po-
sitional and tangential boundary data. The corner based interpolant blends
together biparametric surfaces which interpolate two consecutive sides. Since
the corner-interpolants can be defined in terms of side-interpolants, we will
sometimes refer to all these methods as ribbon-based methods.

Another transfinite interpolation scheme called cubic mean value (CMV)
interpolation was introduced by Floater and Schulz in [10], and is an exten-
sion of mean value interpolation[6]. Mean value interpolation are based on
mean value coordinates, which is a type of generalized barycentric coordi-
nates (GBC’s).

In contrast to the generalized Coons patches, the CMV interpolant can
not be expressed in a single equation, but is rather defined pointwise. Com-
puting one point on the surface involves solving boundary integrals which in
general requires numerical integration. However, in [2] it was shown that the
boundary integrals have simple closed form solutions in the case in which the
domain is a polygon and the boundary data is piecewise quadratic.

The thesis is structured as follows. Chapter 2 gives an introduction to
some variations of the original Coons patch. We also shortly discuss some re-
lated theory, including Gordon surfaces and a triangular version of the Coons
patch. In Chapter 3 we review the three ribbon based methods together with
different parametrization schemes, and prove their continuity properties. We
also consider three different methods for constructing appropriate domain
polygons given a loop of boundary functions. At the end of the chapter we
give some numerical examples and discuss the results. In Chapter 4 we give
a short introduction to generalized barycentric coordinates. Two types of
GBC’s are considered, namely Wachspress coordinates and mean value co-
ordinates. Mean value and cubic mean value interpolation are reviewed in
Chapter 5. We provide numerical examples and compare them to the ribbon-
based patches. In Chapter 6 we derive closed form solution of the boundary
integrals needed to compute the CMV interpolant in the case in which the
boundary functions are piecewise quadratic polynomials. We also give a few
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examples. A brief summary and discussion concludes the thesis in Chapter
7.
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Chapter 2

Introduction to Coons patches

The Coons Patch was developed in the 1960s by Steven A. Coons who worked
in the car industry for Ford[4]. The Coons patches are still widely used in
both computer aided geometric design and in the finite element method.

2.1 Rectangular Coons surfaces

2.1.1 Bilinearly Blended Coons Patch
Let F (u, v) = [x(u, v), y(u, v), z(u, v)] be a given vector valued function de-
fined on the unit square. We want to construct a surface that interpolates the
boundary curves F (0, v), F (1, v), F (u, 0) and F (u, 1). By first linearly inter-
polating between the curves F (0, v) and F (1, v), and then between F (u, 0)
and F (u, 1), we obtain two ruled surfaces:

c1(u, v) = (1− u)F (0, v) + uF (1, v).
c2(u, v) = (1− v)F (u, 0) + vF (u, 1).

By adding together c1(u, v) and c2(u, v), and subtracting the correction patch

c3(u, v) = (1−u)(1−v)F (0, 0)+(1−u)vF (0, 1)+u(1−v)F (1, 0)+uvF (1, 1),
(2.1)

we obtain the surface

S(u, v) = c1(u, v) + c2(u, v)− c3(u, v). (2.2)

Definition 2.1 The surface defined by S(u, v) in equation 2.2 is called the
bi-linearly blended Coons patch[7].
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It is easy to check that this surface interpolates the boundary curves. If we
let u = 0 in equation 2.2, we get

S(0, v) = F (0, v) + (1− v)F (0, 0) + vF (0, 1)− (1− v)F (0, 0)− vF (0, 1)
= F (0, v).

Similarly it can be shown that it also interpolates the three other curves.
Neighbouring patches with a common boundary curve will therefore be joined
with C0 continuity. However, the cross boundary derivatives are not in gen-
eral continuous on the boundary, so the patch will not be C1 continuous. An
example is shown in figure 2.1a, where two bilinearly blended Coons patches
share one common boundary function. The two patches are defined over

(a) (b)

Figure 2.1: Coons patches: (a) Bilinearly blended; (b) Partially bicubically
blended

u ∈ [0, 2], v ∈ [0, 1], and share the common boundary function F (1, v). Even
though the boundary functions v = 0 and v = 1 are differentiable, we clearly
see that the cross boundary derivative is discontinuous along u = 1. The
reason for this lies in the fact that the cross boundary derivatives on one
boundary depends on data not belonging to that boundary. For example, we
have

Su(1, v) = −F (0, v) + F (1, v) + (1− v)F u(1, 0) + vF u(1, 1)
+ (1− v)F (0, 0) + vF (0, 1)− (1− v)F (1, 0)− vF (1, 1).

Note that in the process of constructing the bilinearly blended Coons
patch, we added two surfaces as an intermediate step. Adding two surfaces
in this way is actually illegal since the sum of two surfaces would depend on
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the choice of coordinate system. A cleaner way to derive the formula 2.2 can
be achieved by the use of operators. Define the operators P1 and P2 on a
function of two variables by

P1F (u, v) = (1− u)F (0, v) + uF (1, v),
P2F (u, v) = (1− v)F (u, 0) + vF (u, 1).

These operators have the property of being idempotent, meaning that when
they are applied to its own output, the result is unchanged, e.i. PiPi = Pi.
Operators with this property are also called projectors. We want to express
the bilinearly blended Coons patch in terms of these projectors. The surface
P1F interpolates the two boundaries u = 0 and u = 1, and has the “error”
F −P1F . If we add a correction surface to P1F that interpolates this error
surface on the boundaries, we will get a surface that interpolate to all four
boundaries. This correction surface can be obtained by applying P2 to the
error surface. The resulting surface is

PF = P1F + P2(F − P1F ).

The operator P can then be written as

P = P1 + P2 − P1P2.

This way of obtaining P from P1 and P2 is called the boolean sum and is
often written as

P = P1 ⊕ P2.

The term P1P2F is the bilinear interpolant to the patch corners, same as the
correction patch c3. Therefore, the surface PF is the same as 2.2.

It can also be shown that P is a projector. Since the operators P1 and
P2 commute, we have

PP = (P1 + P2 − P1P2)(P1 + P2 − P1P2)
= P1P1 + 2P1P2 − 2P1P1P2 + P2P2 − 2P1P2P2 + P1P1P2P2

= P1 + P2 − P1P2 = P .

2.1.2 Partially bicubically blended Coons patch
The functions u, 1 − u, v and 1 − v used in equation 2.2 are called blend-
ing functions because they are used to “blend” two boundary functions to-
gether. Other choices of blending functions will produce different surfaces.
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We can write equation 2.2 more generally by introducing the blending func-
tions f1(u), f2(u), g1(v) and g2(v):

S(u, v) =
[
f1(u) f2(u)

] [F (0, v)
F (1, v)

]
+
[
F (u, 0) F (u, 1)

] [g1(v)
g2(v)

]

−
[
f1(u) f2(u)

] [F (0, 0) F (0, 1)
F (1, 0) F (1, 1)

] [
g1(v)
g2(v)

] (2.3)

To make sure that the boundaries are interpolated, we need two restrictions
on fi and gi. They must satisfy f1(0) = g1(0) = 1 and f1(1) = g1(1) = 0,
and each pair must sum to one, i.e. f1(u) + f2(u) ≡ 1 and g1(u) + g2(u) ≡ 1.

To construct a C1 continuous patch, we need to separate the cross bound-
ary derivatives from data belonging to the opposite boundary. As we will
see, this can be achieved by choosing blending functions that have zero slopes
at the end points, i.e. f ′i(0) = f ′i(1) = g′i(0) = g′i(1) = 0, for i = 1, 2. One
choice is to use cubic Hermite basis functions. The four cubic Hermite basis
functions are defined as follows

α0(u) = 2u3 − 3u2 + 1
α1(u) = −2u3 + 3u2

β0(u) = u3 − 2u2 + u

β1(u) = u3 − u2

(2.4)

Definition 2.2 The partially bicubically blended Coons patch[7] is defined
by equation 2.3, where

f1 = g1 = α0, f2 = g2 = α1.

This patch will join adjacent patches with C1 continuity, but this is only
guaranteed if the they all are of the same type. Thus, assume S(u, v) is part
of a network of partially bicubically blended Coons patches. In the same
way as for the bi-linear Coons patch it’s easy to check that it interpolates
the boundary functions. To show C1 continuity, we have to show that adja-
cent patches have the same partial derivatives Su(u, v) and Sv(u, v) for all
points (u, v) on their common boundary. If we assume that (u, v) is a point
on the boundary of the unit square, and that the boundary functions are
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differentiable, we have that

Su(u, v) =
[
α′0(u) α′1(u)

] [F (0, v)
F (1, v)

]
+
[
F u(u, 0) F u(u, 1)

] [α0(v)
α1(v)

]

−
[
α′0(u) α′1(u)

] [F (0, 0) F (0, 1)
F (1, 0) F (1, 1)

] [
α0(v)
α1(v)

]

=


F u(u, 0) for v = 0
F u(u, 1) for v = 1
α0(v)F u(0, 0) + α1(v)F u(0, 1) for u = 0
α0(v)F u(1, 0) + α1(v)F u(1, 1) for u = 1

,

where we have used that α′i(0) = α′i(1) = 0 for i = 0, 1. Clearly, when v = 0
or v = 1, we have that Su(u, v) = F u(u, v). We also see that the two other
boundaries, u = 0 and u = 1, doesn’t any longer depend on data belonging
to other boundaries than themselves. By symmetry a similar result holds for
Sv(u, v). Thus, a neighbouring patch G will have the same partial derivatives
on the common edge.

Figure 2.1 compares the partially bicubically blended Coons patch with
the bilinearly blended Coons patch. We have used the same boundary data,
and the cross boundary derivatives are set to zero. We clearly see that
the surface is smoother across the common boundary curve, confirming C1

continuity.

2.1.3 Bicubically blended Coons Patch
One problem about the partially bicubically blended Coons patch is that
flat spots often occurs at the corners[7]. This is because the twist vectors
Suv(u, v) = 0 for u, v ∈ {0, 1}. The reason for this stems from the fact that
we are only using blending functions with zero derivatives at the endpoints.
This problem can be fixed by modifying the partially bicubically blended
Coons patch using all the cubic Hermite basis functions in 2.4. In addition to
the function values, we will also need to specify the cross boundary derivatives

F v(u, 0), F u(1, v), F v(u, 1), F u(0, v).

Definition 2.3 Let

U =
[
α0(u) β0(u) α1(u) β1(u)

]
,
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V =
[
α0(v) β0(v) α1(v) β1(v)

]
,

Su =
[
F (u, 0) F v(u, 0) F (u, 1) F v(u, 1)

]
,

Sv =
[
F (0, v) F u(0, v) F (1, v) F u(1, v)

]
and

Suv =


F (0, 0) F u(0, 0) F (1, 0) F u(1, 0)
F v(0, 0) F uv(0, 0) F v(1, 0) F uv(1, 0)
F (0, 1) F u(0, 1) F (1, 1) F u(1, 1)
F v(0, 1) F uv(0, 1) F v(1, 1) F uv(1, 1)

 .
The bicubically blended Coons patch is then defined as[7]

S(u, v) = V (Su)T + SvUT − V SuvUT . (2.5)

To see that the patch really interpolates the boundaries, first note that

Suv =
[
(Su(0))T (∂Su

∂u
(0))T (Su(1))T (∂Su

∂u
(1))T

]
=
[
(Sv(0))T (∂Sv

∂v
(0))T (Sv(1))T (∂Sv

∂v
(1))T

]T
.

On the edge u = 0, we get

U =
[
1 0 0 0

]
,

so

S(0, v) = V (Su(0))T + F (0, v)− V (Su(0)) = F (0, v).

The same result can be shown for the remaining boundaries in a similar way.
We can also show that the patch interpolates the first order derivatives along
the boundaries, and the mixed derivatives at the corners. Since

U ′(0) =
[
0 1 0 0

]
,

we get

Su(0, v) = V (∂S
u(0)
∂u

)T + F u(0, v)− V (∂S
u(0)
∂u

)T = F u(0, v).

In a similar way we can also show that the other cross boundary derivatives
are interpolated. Now consider the corner point (u, v) = (0, 0). Since

U ′(0) = V ′(0) =
[
0 1 0 0

]
,
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we get

Suv(0, 0) = F vu(0, 0) + F uv(0, 0)− F uv(0, 0) = F uv(0, 0).

The proof for the remaining corners are similar.
While the partially bicubically blended patch connects to adjacent patches

with C1 continuity only if it’s part of a network of patches of the same type,
the bicubically blended patch connects with C1 continuity to more general
surfaces.

The bicubically blended Coons patch is a generalization of the partially
bicubically blended Coons patch since if we set β0 = β1 = 0 we get the same
patch as in definition 2.2.

Note that this method requires that we also specify the mixed partial
derivatives at the corners. Thus, we have gotten rid of the problem with flat
spots at the corner as we had with the partially bicubically blended Coons
patch.

2.1.4 Twist Compatibility Problem
The bicubically blended Coons patch suffers from a compatibility problem
as a result of the twist terms F uv(0, 0),F uv(1, 0),F uv(0, 1) and F uv(1, 1)
in equation 2.5. We know from calculus that if F is twice continuously
differentiable, the order of differentiation is interchangeable, i.e. we can set
F vu = F uv. However, in our situation this is not always the case. The
twists at the corners can be obtain in two different ways by differentiating
the cross boundary derivative functions. The twist at F (0, 0) can be obtain
by differentiating F v(u, 0) with respect to u:

F vu(0, 0) = lim
u→0

∂

∂u
F v(u, 0),

or by differentiating F u(0, v) with respect to v:

F uv(0, 0) = lim
v→0

∂

∂v
F u(0, v).

In the case in which F vu(0, 0) 6= F uv(0, 0) we have a dilemma: By choosing
either one of these twists, the obtained surface will not interpolate to the
given data.

There are two ways to deal with this problem. We can try to change the
given data so the incompabilities disappear, or we can use a method called
Gregory’s square[7]. In this method the constant twist vectors are replaced
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by the variable twist vectors

F uv(0, 0) =
u ∂
∂v

F u(0, 0) + v ∂
∂u

F v(0, 0)
u+ v

F uv(1, 0) =
(1− u) ∂

∂v
F u(1, 0) + v ∂

∂u
F v(1, 0)

1− u+ v

F uv(0, 1) =
−u ∂

∂v
F u(0, 1) + (v − 1) ∂

∂u
F v(0, 1)

−u+ v − 1

F uv(1, 1) =
(u− 1) ∂

∂v
F u(1, 1) + (v − 1) ∂

∂u
F v(1, 1)

u− 1 + v − 1
These terms are convex combinations of the derivatives of the functions
F v(u, 0),F u(1, v),F v(u, 1),F u(0, v). The mixed partial derivatives now de-
pend on the direction in which we approach the corner. Approaching F (0, 0)
along the edge v = 0 we get F uv(0, 0) = ∂

∂v
F u(0, 0), and by approaching the

same corner along u = 0 we get F uv(0, 0) = ∂
∂u

F v(0, 0).

2.2 Piecewise Coons and Gordon surfaces
When constructing a three-dimensional geometric model, designers often cre-
ates a network of curves which are automatically interpolated by a surface.
Assume that the given a network of differentiable curves forming rectan-
gular patches. In order to interpolate each region by bicubically blended
Coons patches, we need to extract the cross boundary derivatives and the
twist vectors from the given curve network. We start with the twist vectors
F uv(ui, vj).

2.2.1 Estimating twist vectors
There are several methods for estimating the twist vectors. The simplest
method is to just set all them to zero. However, in some cases this can lead
to a surface with “flat spots”, and is therefore generally not a good idea.

A better method is the so called Adini’s twist[7]. The idea is to first find
the bilinearly blended Coons patch that interpolates the boundary functions,
and then calculate the corner twists of this interpolant, and use them as our
estimation. Unfortunately, these twist vectors will not guarantee that we get
a globally C1 surface. Instead, we find the bilinearly blended Coons patch
that interpolates the outer boundary functions of four adjacent patches, as
shown in figure 2.2. This surface has a well defined twist at the param-
eter value corresponding to the common corner of the four patches. Us-
ing this twist as our input twist for the bicubically blended Coons patch,
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Figure 2.2: The outer boundary curves of four adjacent patches defines a
bilinerly blended Coons patch

we are guaranteed a globally C1 surface. Let the domains be denoted by
[ui, ui+1]× [vj, vj+1]. It can then be shown that Adini’s twist is given by the
following formula:

F uv(ui, uj) = F v(ui+1, vj)− F v(ui−1, vj)
ui+1 − ui−1

+ F u(ui, vj+1)− F u(ui, vj−1)
vj+1 − vj−1

− F (ui+1, vj+1)− F (ui−1, vj+1)− F (ui+1, vj−1) + F (ui−1, vj−1)
(ui+1 − ui−1)(vj+1 − vj−1) ,

Another method called Bessel’s twist[7] estimates the twist at F (ui, vj)
by first finding the biquadratic interpolant to the nine points F (ui+r, vj+s),
s, r ∈ {−1, 0, 1}, and then use the twist at (ui, vj). Since the twist of a
biquadratic surface is bilinear, Bessel’s twist is the bilinear interpolant to
the twists of the four patches formed by the nine points. These twists are
given by

qi,j = ∆1,1F (ui, vj)
∆i∆j

,

where ∆1,1 is the forward difference operator

∆1,1F (ui, vj) = F (ui+1, vj+1)− F (ui+1, vj)− F (ui, vj+1) + F (ui, vj),

and ∆i = ui+1−ui and ∆j = vj+1− vj. Bessel’s twist can then be written as

F (ui, vj) =
[
1− Ai Ai

] [qi−1,j−1 qi−1,j
qi,j−1 qi,j

] [
1−Bj

Bj

]
,

where

Ai = ∆i−1

ui+1 − ui−1
, Bj = ∆j−1

vj+1 − vj−1
.
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2.2.2 Estimating tangent ribbons
After we have found the twist vectors we can construct the cross boundary
derivatives in the following way. Consider the edge u = 0. We want to
find F v(u, 0). The values of F v(u, 0) in the points (0, 0) and (1, 0) can be
found by differentiating the adjacent boundary functions. The twist vectors
F uv(0, 0) and F uv(1, 0) gives us the derivatives with respect to u in the same
points. Thus we have all the information we need to apply univariate cubic
Hermite interpolation. We get

F v(u, 0) = F v(0, 0)α0(u) + F uv(0, 0)β0(u) + F v(1, 0)α1(u) + F uv(1, 0)β1(u).

The other cross boundary functions can be found in a completely analogues
way.

2.2.3 Gordon surfaces
Gordon Surfaces[7] were developed by W.Gordon in the late 1960s. Instead of
interpolating just four boundary curves, this surface can interpolate a whole
network of curves. These curves will be the isoparametric curves of the
constructed surface G, hence they will be denoted by G(ui, v), i = 0, . . . ,m
and G(u, vj), j = 0, . . . , n. The curves intersect at the points G(ui, vj),
i = 0, . . . ,m, j = 0, . . . , n.

The construction of a Gordon surface is much like the Coons patch. First,
we find a surface G1 that interpolates to the curves G(ui, v), and another
surface G2 that interpolates to the curves G(u, vj). Then, we add these
surfaces together and subtract a surface G12.

We start by finding the surface G1. By using a set of blending functions
Lmi which satisfies

Lmi (uk) =

1, k = i

0, k 6= i
,

we can define G1 as

G1(u, v) =
m∑
i=0

G(ui, v)Lmi (u).

In other words, we take a univariate interpolation scheme and apply it to the
curves G(ui, v). We can for example use the Lagrange polynomials:

Lmi (t) :=
m∏
j=0
j 6=i

t− tj
ti − tj

.
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The second surface, G2, is defined analogously:

G2(u, v) =
n∑
j=0

G(u, vj)Lnj (v).

The last building block, G12, is the interpolating tensor product surface

G12(u, v) =
m∑
i=0

n∑
j=0

G(ui, vj)Lmi (u)Lnj (v).

The Gordon surface can now be defined as

G(u, v) = G1(u, v) + G2(u, v)−G12(u, v).

2.3 Triangular Coons patches
As figure 2.3 illustrates, triangular patches can occur within a rectangular
patch system. Several approaches exists for creating a triangular version of

Figure 2.3: A 3-sided hole in a network of 4-sided surfaces

the Coons patch. Coons suggested in [4] to simply let one of the boundary
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curves of a rectangular patch be degenerate, and appear as a single point.
However, this method is unsymmetrical and restrictions must be imposed on
the tangency conditions[12].

Another approach was developed by Barnhill, Birkhoff and Gordon[1].
Let T be a domain triangle with vertices p1,p2,p3, and let the three given
boundary curves be denoted by F (0, v, w),F (u, 0, w),F (u, v, 0). The param-
eters (u, v, w) are barycentric coordinates with respect to the domain triangle
T . In other words, for every point x ∈ T , there exists non-negative numbers
u, v, w satisfying

x = up1 + vp2 + wp3

and

u+ v + w = 1.

The barycentric coordinates are investigated in more depth in section 1. Now
we define three ruled surfaces, each of which interpolates to two boundary
functions:

P1F (u, v, w) = (1− r)F (u, 0, w) + rF (u, v, 0)
P2F (u, v, w) = (1− s)F (u, v, 0) + sF (0, v, w)
P3F (u, v, w) = (1− t)F (u, 0, w) + tF (0, v, w),

where r = v
v+w , s = w

w+u , t = v
v+u . By defining P as a convex combination of

these, we obtain a surface which interpolates all three boundary functions:

PF (u, v, w) = uP1F (u, v, w) + vP2F (u, v, w) + wP3F (u, v, w). (2.6)

To check that the boundaries are interpolated, first consider a point on the
edge u = 0. We have that

PF (0, v, w) = 0 + vP2F (0, v, w) + wP3F (0, v, w)
= vF (0, v, w) + wF (0, v, w) = F (0, v, w),

where the last equality follows from the property u+v+w = 1. The proof for
the two remaining edges are completely analogous. This scheme is sometimes
called trilinear blending, since the operators Pi interpolates linearly in r, s,
and t. An example is shown in figure 2.4a where the interpolant is used to
fill a three-sided “hole” in a rectangular network of biquadratic surfaces.

To construct a C1 interpolant, we also need the directional derivatives
along the boundaries. Let T i denote the derivative of F taken in the direction
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(a) Trilinear blending (b) Tricubic blending

Figure 2.4: Triangular Coons patches

parallel to edge i:

T 1(u, v, w) = (v + w)F d1(u, v, w),
T 2(u, v, w) = (u+ w)F d2(u, v, w),
T 3(u, v, w) = (u+ v)F d3(u, v, w),

where d1 = p2 − p3,d2 = p3 − p1,d3 = p2 − p1. The factors (v + w) etc.
are necessarily because cubic Hermite interpolation is sensitive to interval
lengths. Now we can define P1,P2,P3 to be the cubic Hermite interpolants
in r, s, t:

P1F (u, v, w) = α0(r)F (u, 0, w) + β0(r)T 1(u, 0, w)
+ β1(r)T 1(u, v, 0) + α1(r)F (u, v, 0),

P2F (u, v, w) = α0(s)F (u, v, 0) + β0(s)T 2(u, v, 0)
+ β1(s)T 2(0, v, w) + α1(s)F (0, v, w),

P3F (u, v, w) = α0(t)F (u, 0, w) + β0(t)T 3(u, 0, w)
+ β1(t)T 3(0, v, w) + α1(t)F (0, v, w),

Again, we can define the surface by a convex combination of these operators
as in equation 2.6. This scheme is sometimes called tricubic blending. In [1]
it was proven that the patch is C1.

An example is shown in figure 2.4b, where we have used the same bound-
ary data as in the previous example. The six cross boundary derivative
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functions were taken from the adjacent patches, and scaled such that they
match the derivatives of the three boundary functions at the corners. Since
the scheme interpolates these cross boundary derivatives, they lie in the tan-
gent plane of the adjacent patch. Therefore, the patch joins the neighbouring
patches with G1 continuity.

Other triangular versions of the Coons patch exists, see for example [7]
and [12].
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Chapter 3

Generalized Coons patches

In the paper by Várady, Rockwood & Salvi[22] three different methods are
presented which generalizes the Coons patch for n-sided domains. These
methods defines a surface as a convex combination of different side-inter-
polants. The patch is obtained by adding the side-interpolants multiplied
by some blending functions. We will assume that Ω is a convex polygonal
domain in the (u, v) parameter plane with vertices pi ordered counter clock-
wise. We will use cyclic indices, i.e. pn+1 = p1 and p−1 = pn and so on. This
kind of indexing will be used throughout the rest of this thesis. The edge
from pi to pi+1, will be denoted by Γi. Each vertex pi will be associated with
a local parametrization (si, ri), where si = si(u, v) satisfies si(u, v) ∈ [0, 1]
for (u, v) ∈ Γi, and si(pi) = 0, si(pi+1) = 1. The parameter ri is defined as
ri = 1−si−1. Also let di = di(u, v) be a distance parameter, which represents
some distance measure from Γi. See figure 3.1. We require that di(u, v) = 0

Figure 3.1: Local coordinates
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for (u, v) ∈ Γi, and that it grows monotonously as we move away from Γi.
To describe the generalized methods we will use some different notation

from what we used in the classical case in chapter 2. The positional and tan-
gential boundary constraints will be denoted by P i(si), T i(si) respectively.
The cross boundary derivative functions T i are defined as

T i(si) = α(si)N i(si)× P ′i(si) + β(si)P ′i(si),

where α and β are scalar functions, and N i(si) is a normal vector function
(also called the normal fence) corresponding to side i, which interpolates the
normals at the corners pi and pi+1. Thus, If two adjacent patches which
interpolate the boundary constraints have the same normal fence, they will
join with G1 continuity, i.e. all the directional derivatives of both patches
in a point P i(si) will lie in the tangent plane spanned by N i(si) × P ′(si)
and P ′(si). The scalar functions α(si) and β(si) represent two degrees of
freedom, which can be used to give a greater “fullness” to the patch interior.
From now on we will assume that we are given the cross boundary derivatives
T i, and that they satisfy T i(0) = ∂

∂ri
P i−1(1) and T i(1) = ∂

∂si+1
P i+1(0) for

all i. See figure 3.2. We will also need the twist vectors W i(0) at the

Figure 3.2: Rectangular Coons patch with circular indexing.

corners. These can be derived from the the cross-derivative functions T i by
calculating W i(0) = ∂

∂si
T i(0) for all i. We will assume that the functions T i

are twist-compatible, i.e. ∂
∂si

T i(0) = ∂
∂ri

T i−1(1) for all i. Otherwise we need
to apply rational twists similar to the ones in Gregory’s square in section 1.4
[11].

3.1 Local parameterization schemes
The choice of parameterization scheme is crucial to the shape and continuity
properties of the patches. From a given point (u, v) in the domain, we want to
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compute distance parameters di and local side parameters si corresponding
to each of the n sides of the domain polygon.

We will consider two kinds of parametrizations schemes: simple parametriza-
tion and constrained parametrization[21]. In simple parametrizations we have
the following constraints for a point on side Γk:

dk = 0 sk ∈ [0, 1] sk−1 = 1
sk+1 = 0 dk−1 = sk dk+1 = 1− sk.

(3.1)

In constrained parametrizations we have in addition to 3.1 the constraints:
∂dk−1

∂u
= ∂sk

∂u

∂dk+1

∂u
= −∂sk

∂u

∂dk−1

∂v
= ∂sk

∂v

∂dk+1

∂v
= −∂sk

∂v
(3.2)

In other words, for simple parametrization we require that parametrizations
corresponding to adjacent sides are identical in a positional sense, while for
constrained parametrization we also require that they are identical in a dif-
ferential sense. Figure 3.3 illustrates this by showing constant parameter
lines for si, di−1 and di+1. As we will prove in the following sections, the

Figure 3.3: Constrained parametrization.

Direct generalization patch requires constrained parametrization to be G1

continuous, while only simple parametrization is required for the two other
patches.

3.1.1 Simple parametrizations
One way to compute the distance parameter is to simply take the length of
the perpendicular line from (u, v) to each side. This is not, however, a good
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way to define the side parameters si as they become negative if the projection
of (u, v) falls beyond side i.

Another way to define the distance parameters is by chord-based coordi-
nates[22]:

di = ||(u, v)− pi||+ ||(u, v)− pi+1|| − ||pi+1 − pi||.

A simple method to determine the side parameters from the distance param-
eters is to let si = di−1/(di−1 + di+1). These pairs of local coordinates will
satisfy all the requirements in 3.1, but only if the sides of the domain polygon
are of equal length. Another disadvantage of using this method is that si is
not necessarily linear on side i. As a consequence, it’s not guaranteed that
the parametric midpoint, i.e. the point on side i where si = 0.5, will be equal
to the actual midpoint of side i.

Radial line sweep
In the paper [3] by Charrot & Gregory, radial distance functions were used
to find di and si for regular pentagonal domains. These also work for n-sided
convex irregular domains, as long as the domain polygon doesn’t have any
edge where its adjacent edges are parallel, e.g. a rectangle. To compute
(si, di), first compute the intersection point ci of the extensions of side Γi−1
and Γi+1, as shown in figure 3.4. Then the line connecting (u, v) and ci

Figure 3.4: radial parametrization
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intersects with side Γi in a point ei. Now we can define di and si as

di = ||(u, v)− ei||
||pi+1 − pi||

and
si = ||ei − pi||

||pi+1 − pi||
.

If (u, v) ∈ Γk, then (u, v) = ek, ek−1 = pk and ek+1 = pk+1. It follows that
dk = 0, sk ∈ [0, 1], sk−1 = 1 and sk+1 = 0. However, the last requirements
for simple parametrization, dk−1 = sk and dk+1 = 1 − sk, is only satisfied if
all the edges of the domain are of equal length.

Central line sweep
One desirable property of the parametrization schemes is that the constant
parameter lines si = 1

2 should go through the centre of the domain. This
property is not always satisfied by the methods above, and this may lead to
undesirable artefacts. Várady suggest a method called central line sweep[22]
which deals with this problem. Let c = (cu, cv) be the center point of the
domain calculated as a weighted average of the chord lengths1

c = 0.5∑i pi(li−1 + li)∑
i li

(3.3)

Other kinds of center points can also be used such as the average of all the
corner points, but the above works better in practice[22]. Our goal is to
find a parametrizing function r(s, d) such that the parameter line r(0.5, d)
always include the center point c. For simplicity’s sake, we assume that p1
is placed at the origin, and p2 is on the positive u-axis. Now we define the
parametrization function of side 1 as the linear-by-quadratic map

r(s, d) = p2s+ [w1(1− s)2 + 2w12(1− s)s+ w2s
2]d, (3.4)

where w1 = pn − p1 and w2 = p3 − p2. See figure 3.5. Now, we need
to determine the vector w12 = (wu12, w

v
12). To simplify calculations, we set

wv12 = 0.5(wv1+wv2). From the equation cv = rv(0.5, dc) = 1
4(wv1+2wv12+wv2)dc,

we get that dc = 2cv

wv
1 +wv

2
. Now we can solve the other coordinate equation to

find wu12:
cu = ru(0.5, dc) = 1

2p
u
2 + 1

4(wu1 + 2wu12 + wu2 )dc.

1In the paper by Várady there is an error in their formula for c. The denominator
should be

∑
i pili instead of

∑
i li.
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Figure 3.5: Central line sweep parametrization

Given a domain point (u, v), we first use 3.4 to find two expressions for d1:

d1 = u− pu2s1

wu1 (1− s1)2 + 2wu12(1− s1)s1 + wu2s
2
1

= v

wv1(1− s1) + wv2s1
. (3.5)

Now we can solve this quadratic equation to find s1 and d1. The remaining
parameters si and di can be found by first translating the points pi−1, pi,
pi+1, pi+2 and c with the transformation f(x) = R(x− pi), where R is the
rotation matrix [

nvi −nui
nui nvi

]
and ni is the normal vector of side Γi pointing inwards.

It is also possible to force the d = 1
2 constant parameter line to go through

the center point by reparameterizing (s, d)→ (s, d̂), where

d̂ = [(1− s)2 + 21− dc
dc

(1− s)s+ s2]d.

Another way to define the distance parameter d(u, v) is to take the dis-
tance from (u, v) to the footpoint of the sweep line[18]:

df = ||(u, v)− (spu2 , 0)||.

As before, we can force the central distance parameter line to go through the
centre point by reparametrizing df :

d̃(u, v) = [(1− s)2 1
||w1||

+ s2 1
||w2||

+ (1− s)s( 2
||c− (pu2 , 0)|| −

1
||w1||

− 1
w2

)].
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The need to solve the quadratic equation 3.5 makes the central line sweep
more time consuming than the radial distance method, but in return, the
central line sweep parametrization makes sure that the constant parameter
lines si = 1

2 always go through the centre. Figure 3.6 shows the constant
parameter lines si = 1

2 for the central line sweep and for the radial distance
functions.

(a) (b)

Figure 3.6: Halving lines: (a) radial line sweep; (b) central line sweep.

Barycentric parametrization
Generalized barycentric coordinates, which are introduced in chapter 4, can
also be used to parametrize the domain[19]. We can for example use the
Wachspress coordinates φi defined in equation 4.9, which have the partition
of unity property ∑n

i=1 φi(u, v) = 1, and the Lagrange property φi(pi) =

δi,j, where δi,j is the Kronecker delta function δi,j =

1, if i = j

0, if i 6= j
. The

Wachspress coordinates are also linear on the edges of the domain. The side
and distance parameters can be defined as

si = φi+1

φi + φi+1
, di = 1− φi − φi+1.

To prove that these parameters satisfies the requirements for simple para-
metrization, first assume (u, v) is a point on side k. Since φk and φk+1 are
linear along side k, and have the Lagrange property, we get φk + φk+1 = 1,
and consequently sk = φk+1. It follows that dk(u, v) = 0 and sk ∈ [0, 1].
Since φk−1 = φk+2 = 0, we get sk−1 = 1 and sk+1 = 0. We also get dk−1 =
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1− φk−1 − φk = 1− 0− (1− sk) = sk, and dk+1 = 1− φk+1 − φk+1 = 1− sk.
Thus, all the requirements in 3.1 are satisfied.

3.1.2 Constrained parametrizations
The above parametrization methods does not satisfy all the requirements
for constrained parametrization. A method that does, called interconnected
parametrization, was proposed in [21]. First we take an arbitrary function
si(u, v) that is 0 on side Γi−1, 1 on side Γi+1, and takes values in [0, 1] in
the rest of the domain. We can for examples use the radial line sweeps or
the central line sweeps since these functions satisfies si ∈ [0, 1], si−1 = 1 and
si+1 = 0 for a point on Γi. Now we let α(t) : [0, 1] → [0, 1] be a blending
function satisfying α(0) = 1, α(1) = α′(0) = α′(1) = 0. We can for example
use the Hermite basis function α0(t) defined in 2.4. The distance parameter
di can be defined as:

di(u, v) = (1− si−1(u, v))α(si) + si+1(u, v)α(1− si).

Now we will show that the parametrization satisfies the constraints 3.1 and
3.2. Let (u, v) be a point on side Γi. Since si−1 = 1 and si+1 = 0, we have
di = 0. It also follows from the properties of α(t) that

di−1 = (1− si−2)α(si−1) + siα(1− si−1) = si

and
∂di−1

∂u
= ∂

∂u
(1− si−2)α(si−1) + ∂

∂u
siα(1− si−1) = ∂si

∂u
.

By the same reasoning we also have that ∂di−1
∂v

= ∂si

∂v
. Similarly

di+1 = (1− si)α(si+1) + si+2α(1− si+1) = 1− si

and
∂di+1

∂u
= ∂

∂u
(1− si)α(si+1) + ∂

∂u
si+2α(1− si+1) = −∂si

∂u
.

Again, the same reasoning works for the v-derivative.
Other constrained parametrization schemes exists, for example biquadratic-

and parabolic parametrization[18, 22].

3.2 Blending functions
When we construct the generalized Coons patches we will be adding products
Si(u, v) = Ri(u, v)αi(di) where αi(di) is a blending function, and Ri(u, v)
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interpolates both the positional data P i and the tangential data T i corre-
sponding to the i-th side of the domain. To see what properties the blending
functions should have, we evaluate Si at a point on side i as a function of
di: Si(di) = Ri(di)αi(di). Since di(u, v) = 0 on side i we see that in order
to interpolate the positional data P i, we should have αi(0) = 1. If we dif-
ferentiate Si(di), we get ∂Si

∂di
= R′i(di)αi(di) + Ri(di)α′i(di). With di = 0, we

get ∂Si

∂di
(0) = T iαi(0) + P iα

′
i(0), and we see that α′i(0) must be 0 in order to

interpolate the tangential data.
We will make use of three different blending functions: side blending,

corner blending and a special side blending.

3.2.1 Corner blending
Let

Dn
i1,i2,...,im

:=
n∏

i 6=i1,i2,...,im
d2
i .

The corner blending function defined by

κi(d1, . . . , dn) :=
Dn
i−1,i∑n

j=1D
n
j−1,j

(3.6)

is equal to 1 at corner i and decreases to 0 along side i and i−1. At the other
sides it is equal to 0. An example using perpendicular distance functions on
a regular pentagon is shown in figure 3.7a. For example, with n = 5 and
i = 1, we get

κ1(d1, d2, d3, d4, d5) = d2
2d

2
3d

2
4

d2
2d

2
3d

2
4 + d2

3d
2
4d

2
5 + d2

4d
2
5d

2
1 + d2

5d
2
1d

2
2 + d2

1d
2
2d

2
3
.

If d1 = d5 = 0, then κ1 = 1; if d2 = 0, d3 = 0 or d4 = 0, then κ1 = 0; and
if d1 = 0 and d5 = d2 we get κ1 = 1

2 . Note that from the definition of κi it
follows that they have the partition of unity property, i.e. ∑n

i=1 κi = 1.
We will now prove the following lemma about the partial derivatives of

κi at the boundaries of the domain.

Lemma 3.1 Let κi be given by 3.6. Then

∂

∂dj
κi(d1, . . . , dj = 0, . . . , dn) = 0, ∀j, (3.7)

and
∂

∂dk
κi(d1, . . . , dj = 0, . . . , dn) = 0, j /∈ {i− 1, i}, ∀k. (3.8)
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(a) Corner blending (b) Side blending

(c) Special side blending

Figure 3.7: Blending functions

Proof. We will follow the proof in [18]. We start by writing ∂
∂dj
κi(d1, . . . , dj =

0, . . . , dn) as the limit

lim
∆→0

κi(d1, . . . , dj = ∆, . . . , dn)− κi(d1, . . . , dj = 0, . . . , dn)
∆ . (3.9)

Now assume that j /∈ {i − 1, i}. Since the right hand side of the numerator
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becomes 0, we get

lim
∆→0

∆2Dn
i−1,i,j

∆(∆2∑
k/∈{j,j+1}D

n
k−1,k,j +∑

k∈{j,j+1}D
n
k−1,k)

= lim
∆→0

∆Dn
i−1,i,j

∆2∑
k/∈{j,j+1}D

n
k−1,k,j +∑

k∈{j,j+1}D
n
k−1,k

= 0∑
k∈{j,j+1}D

n
k−1,k

= 0.

Now assume that j ∈ {i−1, i}. To shorten the expressions we introduce some
new notation. Let α = Dn

i−1,i, β = ∑
k/∈{j,j+1}D

n
k−1,k,j and γ = Dn

j−1,j+Dn
j,j+1.

We can now write expression 3.9 as

lim
∆→0

1
∆

(
α

∆2β + γ
− α

γ

)
= lim

∆→0

1
∆

(
αγ − (∆2β + γ)α

∆2βγ + γ2

)

= lim
∆→0
− ∆αβ

∆2βγ + γ2 = 0.

Thus we have proved that ∂
∂dj
κi(d1, . . . , dj = 0, . . . , dn) = 0, ∀j.

For the second part of the lemma, consider the limit

lim
∆→0

κi(d1, . . . , dj = 0, . . . , dk + ∆, . . . , dn)− κi(d1, . . . , dj = 0, . . . , dk, . . . , dn)
∆ .

Since Dn
i−1,i = 0 when dj = 0 and j 6= i− 1, i, this equals

lim
∆→0

0
∆((dk + ∆)2(∑l /∈{j,j+1}D

n
l−1,l,j) +∑

l∈{j,j+1}D
n
l−1,l)

+ 0
∆(∑n

l=1D
n
l−1,l,j)

= 0.

As we will see in the next sections, these properties are necessary for some
of the patches to interpolate tangential constraints at the boundaries.

As pointed out in [22], it is also possible to use generalized barycentric
coordinates with squared terms to construct a corner blending function with
the same properties as above. We can for example use the mean value coor-
dinates or the Wachspress coordinates introduced in chapter 4.

3.2.2 Side blending
The side blending functions are defined as

λi(d1, . . . , dn) =
Dn
i−1,i +Dn

i,i+1∑n
j=1D

n
j−1,j

. (3.10)
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This function is equal to 1 at side i, and decreases to 0 along side i− 1 and
side i+ 1. At the remaining sides it is zero. See figure 3.7b. For example, if
n = 4 and i = 2 we get

λ2(d1, d2, d3, d4) = d2
3d

2
4 + d2

4d
2
1

d2
2d

2
3 + d2

3d
2
4 + d2

1d
2
4 + d2

1d
2
2
.

If d2 = 0, then λ2 = 1; if d4 = 0, then λ2 = 0; and if d1 = 0 and d2 = d4,
then λ2 = 1

2 .

Lemma 3.2 Let λi be given by 3.10. Then

∂

∂dj
λi(d1, . . . , dj = 0, . . . , dn) = 0, ∀j,

and

∂

∂dk
λi(d1, . . . , dj = 0, . . . , dn) = 0, j /∈ {i− 1, i+ 1},∀k.

Proof. Since λi(d1, . . . , dn) = κi(d1, . . . , dn) + κi+1(d1, . . . , dn), the first part
of the lemma follows from Lemma 3.1. It also follows that

∂

∂dk
λi(d1, . . . , dj = 0, . . . , dn) = 0, j /∈ {i− 1, i, i+ 1},∀k.

Since λi(d1, . . . , di = 0, . . . , dn) = 1 and ∂
∂di
λi(d1, . . . , di = 0, . . . , dn) = 0, we

get that ∂
∂dk
λi(d1, . . . , di = 0, . . . , dn) = 0, ∀k. All in all, we get that

∂

∂dk
λi(d1, . . . , dj = 0, . . . , dn) = 0, j /∈ {i− 1, i+ 1},∀k.

3.2.3 Special side blending
The special side blending function

µi(d1, . . . , dn) = Dn
i∑n

j=1D
n
j

is equal to 1 at side i and 0 at the others. Thus there will be a discontinuity
at corner i and i − 1, as can be seen in figure 3.7c. For example we have
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µ2(ε, 0, d3, . . . , dn) = 1, while µ2(0, ε, d3, . . . , dn) = 0. However, when two
adjacent blending functions are added together, the singularity vanishes:

lim
d2→0

µ1(0, d2, d3, . . . , dn) + µ2(0, d2, d3, . . . , dn)

= lim
d1→0

µ1(d1, 0, d3, . . . , dn) + µ2(d1, 0, d3, . . . , dn) = 1.

The blending functions µi therefore have the partition of unity property for
all points in the domain.

As an example, consider the case were n = 4 and i = 2. We get

µ2(d1, . . . , dn) = d2
1d

2
3d

2
4

d2
2d

2
3d

2
4 + d2

1d
2
3d

2
4 + d2

1d
2
2d

2
4 + d2

1d
2
2d

2
3
.

If d2 = 0, then µ2 = 1. If either d1 = 0, d3 = 0, or d4 = 0, then µ2 = 0.
We will now prove that all the partial derivatives of µi on the boundary

except the two corners pi and pi+1 are zero.

Lemma 3.3 Assume that (u, v) is a point on Γj \ {pj,pj+1}. Then

∂

∂dk
µi(d1, . . . , dn) = 0 for all i, j.

Proof. Since (u, v) ∈ Γj \ {pj,pj+1}, we have that dj = 0, dj−1, dj+1 6= 0.
We start by proving that ∂

∂dj
µi(d1, . . . , dn) = 0 for all i. This can be done in

a similar way as we did in the case of the corner blending function. First, we
write ∂µi

∂dj
(d1, . . . , dj = 0, . . . , dn) as the limit

lim
∆→0

µi(d1, . . . , dj = ∆, . . . , dn)− µi(d1, . . . , dj = 0, . . . , dn)
∆ . (3.11)

Assume that j 6= i. The above expression now becomes

lim
∆→0

∆2Dn
i,j

∆(∆2∑
k 6=j D

n
k,j +Dn

j ) = lim
∆→0

∆Di,j

∆2∑
k 6=j D

n
k,j +Dn

j

= 0.

Now assume that j = i, and di−1, di+1 6= 0. Expression 3.11 becomes

lim
∆→0

Dn
i

∆(∆2∑
k 6=iD

n
k,i +Dn

i ) −
Dn
i

∆Dn
i

= lim
∆→0

Dn
i −∆2∑

k 6=iD
n
k,i −Dn

i

∆(∆2∑
k 6=iD

n
k,i +Dn

i )

= lim
∆→0

−∆∑
k 6=iD

n
k,i

∆2∑
k 6=iD

n
k,i +Dn

i

= 0.

Since µi is constant on each side, the directional derivative of µi along
side j is also zero. It follows that all the partial derivatives are zero, i.e.,
∂
∂dk
µi(d1, . . . , dn) = 0 for all k, i.
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3.2.4 Alternative formulas
By rewriting the formulas for the blending functions, they can be calculated
more computationally efficient. In [23] this is done for the special side blend-
ing. This can also be done with the two other blending functions. The corner
blending function can be rewritten as follows:

κi(d1, . . . , dn) =
Dn
i−1,i∑n

j=1D
n
j−1,j

= Dn(d−2
i−1d

−2
i )

Dn
∑n
j=1 d

−2
j−1d

−2
j

= d−2
i−1d

−2
i∑n

j=1 d
−2
j−1d

−2
j

. (3.12)

In the same way, the formulas for the side-blending and special side-blending
function can also be written as

λi(d1, . . . , dn) = d−2
i (d−2

i−1 + d−2
i+1)∑n

j=1 d
−2
j−1d

−2
j

(3.13)

and
µi(d1, . . . , dn) = d−2

i∑n
j=1 d

−2
j

. (3.14)

While the previous formulas required O(n2) operations to be calculated, the
new ones only requires O(n) operations. A disadvantage of the new expres-
sions is that they become singular on some of the sides of the domain. In
this case we have to use the original formulas. When evaluating the patches
on the sides, this problem can also be solved by just using the value of the
given boundary curves Pi.

3.3 Direct generalization of Coons patch
To make a n-sided generalization of the Coons patch, we start by refor-
mulating the bicubically blended Coons patch defined in equation 2.5. By
collecting the constant vector quantities belonging to each corner in separate
terms, and using our new notation, 2.5 can be rewritten as

S(u, v) =
4∑
i=1

[
α0(ri) β0(ri)

] [P i(si)
T i(si)

]

−
4∑
i=1

[
α0(ri) β0(ri)

] [P i(0) T ∗i (0)
T i(0) W i(0)

] [
α0(si)
β0(si)

]
,

(3.15)

where T ∗i is defined as T ∗i (ri) = T i−1(si−1). In this case the cross boundary
derivative functions T i(si) are taken in the direction perpendicular to side i
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pointing inwards, towards the domain such that we have

P 1(s1) = F (u, 0), P 2(s2) = F (1, v), P 3(s3) = F (u, 1),
P 4(s4) = F (0, v), T 1(s1) = F v(u, 0), T 2(s2) = −F u(1, v),
T 3(s3) = −F v(u, 1), T 4(s4) = F u(0, v), W 1(0) = F uv(0, 0),
W 2(0) = −F uv(1, 0), W 3(0) = F uv(1, 1), W 4(0) = −F uv(0, 1).

Now we introduce the side-interpolants

Ri(si, di) = P i(si) + diT i(si),

also called ribbons. Each ribbon is a ruled surface interpolating both the
positional and tangential data corresponding to one side. These are used to
make a ribbon based patch

S(u, v) =
4∑
i=1

Ri(si, di)α0(di)−
4∑
i=1

Qi(si, ri)α(0)(di)α0(si), (3.16)

where the correction terms Qi are defined as

Qi(si, ri) = P i(0) + riT i(0) + siT
∗
i (0) + risiW i(0).

In the case the domain is four-sided, a natural choice for the distance
parameter is di = ri. In this case, the ribbon-based patch 3.16 is not identical
to the original Coons Patch 3.15, but it can be shown that it still interpolates
the boundary constraints. In fact, the only difference is that the blending
functions β0(u) and β1(u) has been replaced by uα0(u) and (1 − u)α1(u)
respectively.

To generalize this to n-sided domains, we just run the indices in the
sums up to n, and replace the blending functions by λi and κi. The Direct
generalization of Coons patches is then given by

S(u, v) =
n∑
i=1

Ri(si, di)λi(d1, . . . , dn)−
n∑
i=1

Qi(si, ri)κi(d1, . . . , dn) (3.17)

A patch S(u, v) that interpolates the boundary curves, and has the same
partial derivatives on the boundaries as the given ribbons, will be called C1.
If the partial derivatives lie in the same tangent plane as the ribbons, the
patch will be called G1. The given ribbons of a 5-sided patch is shown in
figure 3.8.

In the paper by Várady[22] it was not proven that the patch satisfy the
boundary constraints, but in a newer paper [21] by the same authors, it was
proven that it does if we impose some additional constraints on the para-
metrizations.
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Figure 3.8: Ribbons of a 5-sided patch.

Theorem 3.4 Assume that for any point (u, v) ∈ Γk the parameters dk and
sk satisfy the constraints in equation 3.1 and 3.2. Then the patch S(u, v)
given by 3.17 is C1.

Proof. Let (u, v) ∈ Γk. To simplify the notation we will drop the arguments
of the interpolants and the blending functions, i.e. Ri = Ri(si, di), Qi =
Q(si, ri), κi = κi(d1, . . . , dn), λi = λi(d1, . . . , dn). To show C0 continuity we
have to show that S(u, v) = P k(sk). Since dk = 0 we have that κi = 0 for
i 6= k, k + 1, and κk + κk+1 = 1. It also follows that

λi =


0 for i 6= k − 1, k, k + 1
1 for i = k

κk+1 for i = k + 1
κk for i = k − 1

. (3.18)

We then have that

S(u, v) = Rk + κk(Rk−1 −Qk)
+ κk+1(Rk+1 −Qk+1)

Using the constraints in 3.1, we get that

Rk−1 −Qk =
(

P k−1(sk−1) + dk−1T k−1(sk−1)
)

−
(

P k(0) + rkT k(0) + skT
∗
k(0) + rkskW k(0)

)
=
(

P k−1(1) + skT k−1(1)
)

−
(

P k(0) + skT k−1(1)
)

= 0,

35



and

Rk+1 −Qk+1 =
(

P k+1(sk+1) + dk+1T k+1(sk+1)
)

−
(

P k+1(0) + rk+1T k+1(0) + sk+1T
∗
k+1(0) + rk+1sk+1W k+1(0)

)
=
(

P k+1(0) + rk+1T k+1(0)
)

−
(

P k+1(0) + rk+1T k+1(0)
)

= 0.

This leaves

S(u, v) = Rk(sk, dk) = P k(sk) + dkT k(sk) = P k(sk).

To prove C1 continuity, we will show that ∂
∂u

S(u, v) = ∂
∂sk

P k(sk)∂sk

∂u
+

T k(sk)∂dk

∂u
and ∂

∂v
S(u, v) = ∂

∂sk
P k(sk)∂sk

∂v
+T k(sk)∂dk

∂v
. The partial derivative

of S with respect to u can be written as
∂

∂u
S(u, v) =

n∑
i=1

((
∂

∂si
Ri
∂si
∂u

+ ∂

∂di
Ri
∂di
∂u

)
λi + Ri

(
∂λi
∂d1

∂d1

∂u
+ · · ·+ ∂λi

∂dn

∂dn
∂u

))

−
n∑
i=1

((
∂

∂si
Qi

∂si
∂u

+ ∂

∂ri
Qi

∂ri
∂u

)
κi + Qi

(
∂κi
∂d1

∂d1

∂u
+ · · ·+ ∂κi

∂dn

∂dn
∂u

))

By Lemma 3.1 and 3.2, all the partial derivatives of κi and λi vanish, except
∂κk

∂dj
, ∂κk+1

∂dj
, ∂λk−1

∂dj
and ∂λk+1

∂dj
for j 6= k. Also most of the blending functions

vanish, except κk, κk+1, λk−1, λk and λk+1. Thus, by using equation 3.18 and
the constraints 3.2, the above equation can be reduced to

∂

∂u
S(u, v) =

(
∂

∂sk−1
Rk−1 + ∂

∂rk
Qk

)
∂sk−1

∂u
κk

+
(

∂

∂dk−1
Rk−1 −

∂

∂sk
Qk

)
∂dk−1

∂u
κk

+
(

∂

∂sk+1
Rk+1 −

∂

∂sk+1
Qk+1

)
∂sk+1

∂u
κk+1

+
(

∂

∂dk+1
Rk+1 −

∂

∂rk+1
Qk+1

)
∂dk+1

∂u
κk+1

+ ∂

∂sk
Rk

∂sk
∂u

+ ∂

∂dk
Rk

∂dk
∂u

+
(

Rk−1 −Qk

)
∂κk
∂u

+
(

Rk+1 −Qk+1

)
∂κk+1

∂u
.
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Let’s investigate this expression part by part. Using the constraints in 3.1,
we get

∂

∂sk−1
Rk−1 + ∂

∂rk
Qk =

(
∂

∂sk−1
P k−1(sk−1) + dk−1

∂

∂sk−1
T k−1(sk−1)

)
+
(

T k(0) + skW k(0)
)

=
(

∂

∂sk−1
P k−1(1) + sk

∂

∂sk−1
T k−1(1)

)
+
(

T k(0) + skW k(0)
)

=
(
− T k(0)− skW k(0)

)
+
(

T k(0) + skW k(0)
)

= 0,

∂

∂dk−1
Rk−1 −

∂

∂sk
Qk = T k−1(sk−1)−

(
T ∗k(0) + rkW k(0)

)
= T k−1(1)− T k−1(1) = 0,

∂Rk+1

∂sk+1
− ∂

∂sk+1
Qk+1 =

(
∂

∂sk+1
P k+1(sk+1) + dk+1

∂

∂sk+1
T i+1(sk+1)

)
−
(

T ∗k+1(0) + rk+1W k+1(0)
)

=
(

∂

∂sk+1
P k+1(0) + rk+1

∂

∂sk+1
T i+1(0)

)
−
(

T k(1) + rk+1W k+1(0)
)

=
(

T k(1) + rk+1W k+1(0)
)

−
(

T k(1) + rk+1W k+1(0)
)

= 0

and

∂

∂dk+1
Rk+1 −

∂

∂rk+1
Qk+1 = T k+1(sk+1)−

(
T k+1(0) + sk+1W k+1(0)

)
= T k+1(0)− T k+1(0) = 0.

Since we have already showed that

Rk−1 −Qk = 0, Rk+1 −Qk+1 = 0,
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we are left with

∂

∂u
S(u, v) = ∂

∂sk
Rk

∂sk
∂u

+ ∂

∂dk
Rk

∂dk
∂u

=
(
∂

∂sk
P k(sk) + dk

∂

∂sk
T k(sk)

)
∂sk
∂u

+ T k(sk)
∂dk
∂u

= ∂

∂sk
P k(sk)

∂sk
∂u

+ T k(sk)
∂dk
∂u

.

In a completely analogous way it can be shown that

∂

∂v
S(u, v) = ∂

∂sk
P k(sk)

∂sk
∂v

+ T k(sk)
∂dk
∂v

.

3.4 Corner-Based Patch
This method is an extension of a pentagonal surface patch developed by Char-
rot and Gregory[3], and is therefore also sometimes called Gregory patch[21].
The surface patch is now constructed as a convex combination of two-sided
corner interpolants which are made up by two ribbons minus a single corner
correction term:

Ci(si, ri) = Ri−1(si−1, si) + Ri(si, ri)−Qi(si, ri)
= P ∗i (ri) + P i(si) + siT

∗
i (ri) + riT i(si)−Qi(si, ri)

, (3.19)

where we define P ∗i in the same way as T ∗i , i.e. P ∗i (ri) = P i−1(si−1).2 The
corner-based patch is then defined as

S(u, v) =
n∑
i=1

Ci(si, ri)κi(d1, . . . , dn) (3.20)

Theorem 3.5 Assume that for any point (u, v) ∈ Γk the parameters dk and
sk satisfy the constraints in equation 3.1. Then the patch S(u, v) given by
3.20 is G1 continuous.

Proof. To simplify the notation, we will again drop the arguments of the
corner blending functions and the corner interpolants, i.e. Ci = Ci(si, ri),

2In the paper by Várady[22], there is an error in the definition of Ci. Instead of
P ∗

i (ri) and T ∗
i (ri), they write P ∗

i−1(ri) and T ∗
i−1(ri) respectively, which doesn’t lead to

the desired surface with the current definition of T ∗
i and P ∗

i .
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Qi = Q(si, ri), κi = κi(d1, . . . , dn). Let (u, v) ∈ Γk. First, we check that
S(u, v) = P k(sk). We have that

Ck = P ∗k(0) + P k(sk) + skT
∗
k(0)− (P k(0) + skT

∗
k(0)) = P k(sk)

and
Ck+1 = P ∗k+1(rk+1) + P k+1(0) + rk+1T k+1(0)

− (P k+1(0) + rk+1T k+1(0))
= P ∗k+1(rk+1) = P k(sk).

Since κi = 0 for i 6= k, k + 1, and κk + κk+1 = 1, it follows that

S(u, v) =
n∑
i=1

Ci(si, ri)κi = P k(sk).

To show G1 continuity, we will show that ∂
∂u

S(u, v) and ∂
∂v

S(u, v) are linear
combinations of ∂

∂sk
P k(sk) and T k(sk). Since, by Lemma 3.1, ∂κi

∂dj
= 0 for all

j and i 6= k, k + 1, and κi = 0 for i 6= k, k + 1, we get that

∂

∂u
S(u, v) =

n∑
i=1

(
∂

∂si
Ci
∂si
∂u

+ ∂

∂ri
Ci
∂ri
∂u

)
κi + Ci

(
∂κi
∂d1

∂d1

∂u
, . . . ,

∂κi
∂dn

∂dn
∂u

)

=
(
∂

∂sk
Ck

∂sk
∂u

+ ∂

∂rk
Ck

∂rk
∂u

)
κk

+
(

∂

∂sk+1
Ck+1

∂sk+1

∂u
+ ∂

∂rk+1
Ck+1

∂rk+1

∂u

)
κk+1

+ Ck
∂κk
∂u

+ Ck+1
∂κk+1

∂u
.

Let’s investigate this expression part by part. Using the constraints for simple
parametrization in 3.1, we get

∂

∂sk
Ck = ∂

∂sk
P k(sk) + T k−1(sk−1) + rk

∂

∂sk
T k(sk)−

∂

∂sk
Qk

= ∂

∂sk
P k(sk) + T k−1(1)− T k−1(1) = ∂

∂sk
P k(sk),

∂

∂rk
Ck = − ∂

∂sk−1
P k−1(sk−1)− sk

∂

∂sk−1
T k−1(sk−1) + T k(sk)−

∂

∂rk
Qk

= T k(0) + skW k(0) + T k(sk)− (T k(0) + skW k(0)) = T k(sk),
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∂

∂sk+1
Ck+1 = ∂

∂sk+1
P k+1(sk+1) + T k(sk) + rk+1

∂

∂sk+1
T k+1(sk+1)

− ∂

∂sk+1
Qk+1

= T k(1) + T k(sk) + rk+1W k+1(0)− (T k+1(1) + rk+1W k+1(0))
= T k(sk),

∂

∂rk+1
Ck+1 = − ∂

∂sk
P k(sk)− sk+1

∂

∂sk
T k(sk) + T k+1(sk+1)− ∂

∂rk+1
Qk+1

= − ∂

∂sk
P k(sk) + T k+1(0)− T k+1(0) = − ∂

∂sk
P k(sk).

We showed above that

Ck = Ck+1 = P k(sk).

Since ∂κk

∂dk
= ∂κk+1

∂dk
= 0, and κk + κk+1 = 1 for all points on Γk, we have

∂κk

∂u
+ ∂κk+1

∂u
= 0. It follows that

Ck
∂κk
∂u

+ Ck+1
∂κk+1

∂u
= P k(sk)

(
∂κk
∂u

+ ∂κk+1

∂u

)
= 0.

We are then left with

∂

∂u
S(u, v) = ∂

∂sk
P k(sk)

∂sk
∂u

(κk + κk+1) + T k(sk)
(
κk
∂rk
∂u

+ κk+1
∂sk+1

∂u

)
(3.21)

= ∂

∂sk
P k(sk)

∂sk
∂u

+ T k(sk)
(
κk
∂rk
∂u

+ κk+1
∂sk+1

∂u

)
. (3.22)

In the same way a similar result can be shown for ∂
∂v

S(u, v). Thus, both
∂
∂u

S(u, v) and ∂
∂v

S(u, v) lie in the tangent plane spanned by ∂
∂sk

P k(sk) and
T k(sk).

Note that if ∂rk

∂u
= ∂sk+1

∂u
= ∂dk

∂u
and ∂rk

∂v
= ∂sk+1

∂v
= ∂dk

∂v
whenever dk = 0, it

follows from equation 3.21 that we get C1 continuity.
Also note that in the proof above, we haven’t used the last requirements

for simple parametrization, dk−1 = sk and dk+1 = 1− sk. Thus, we can also
use the radial line sweep parametrization method.

Even though the direct generalization and the corner based patch seems
quite different, a closer look reveals that the only difference is the parametriza-
tion of the ribbons[20]. To see that this is the case, note that the direct
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generalization of Coons patch can be rewritten as

SGC(u, v) =
n∑
i=1

Ri(si, di)κi + Ri(si, di)κi+1 −
n∑
i=1

Qi(si, ri)κi,

while the corner-based patch can be written as

SCB(u, v) =
n∑
i=1

[Ri−1(si−1, si) + Ri(si, ri)−Qi(si, ri)]κi

=
n∑
i=1

Ri(si, ri)κi + Ri(si, si+1)κi+1 −
n∑
i=1

Qi(si, ri)κi.

3.5 Side-Based Patch
A third method, which combines the ribbons Ri without use of correction
terms, was introduced by Kato[14]. The correction terms is avoided by using
the special-side blending functions µ1, . . . , µn, where each µi is equal to 1 on
side i, and 0 on the remaining sides. The surface is defined by

S(u, v) =
n∑
i=1

Ri(si, di)µi(d1, . . . , dn). (3.23)

Theorem 3.6 Assume that the parametrizations dk and sk satisfy the con-
straints 3.1 for any point (u, v) ∈ Γk for all k. Then the patch S(u, v) given
by 3.23 is C1.

Proof. Let (u, v) ∈ Γk \ {pk,pk+1}. As before, we will drop the arguments
of the side-interpolants and the blending functions, i.e., Ri = Ri(si, di),
µi = µi(d1, . . . , dn). First we check that S(u, v) = P k(sk). Since µi = 0 for
i 6= k, and µk = 1, we have that

S(u, v) = Rk(sk, dk) = P k(sk) + dkT k(sk) = P k(sk).

Now we will show that the patch interpolates the boundary derivatives. We
have that

∂

∂u
S(u, v) =

n∑
i=1

(
∂

∂si
Ri
∂si
∂u

+ ∂

∂di
Ri
∂di
∂u

)
µi + Ri

∂µi
∂u

.

It follows from Lemma 3.3 that ∂µi

∂u
= 0, and since µi = 0 for i 6= k, and

µk = 1, we get
∂

∂u
S(u, v) = ∂

∂sk
Rk

∂sk
∂u

+ ∂

∂dk
Rk

∂dk
∂u

= ∂

∂sk
P k(sk)

∂sk
∂u

+ T k(sk)
∂dk
∂u

.
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In the same way, this can also be shown for ∂
∂v

S(u, v), and we thus have C1

continuity.
Note that the side based interpolation scheme does not require compatible

twist vectors since the rational blending functions will average incompatible
twists.

3.6 Domain Construction
The shape of the domain polygon can have huge influence on the shape of the
patch[22]. To get the best result, we want evenly spaced constant parameter
lines in the domain to map to evenly spaced curves on the 3D surface. To
achieve this, the domain polygon should mimic the shape of the 3D boundary
curves in the best possible way.

Let Li denote the arc length of P i, and let φi be the angle between P ′i(0)
and P ′i−1(1). In order to map the 3D boundary curves on to the (u, v) plane
with minimal distortion, we want to determine the corner points pi = (ui, vi)
that minimize the function∑

(li − clengthLi)2 +
∑

(αi − cangleφi)2, (3.24)

where li is the length of side i of the domain polygon, αi is the angle between
side i − 1 and i, and clength and cangle are some chosen constants. In [22],
three different methods to construct a convex domain polygon, given a loop
of 3D-curves, are presented.

(i) In the first and simplest method, the corner points pi are placed on
the perimeter of the unit circle, such that the central angles between two
consecutive points are proportional to Li. The first point p1 is placed at
(1, 0), while for i ≥ 2, pi is placed with a central angle

βi = 2π
∑i−1
k=1 Lk∑n
k=1 Lk

with the positive u-axis as shown in figure 3.9.
(ii) The second method places the corner points on a circle, such that the

side lengths li are equal to Li. We start with a circle with a sufficiently large
radius R, and then place the corner points on the circle such that the distance
from pi to pi+1 is equal to Li. We start with the points corresponding to the
longest arc, which we will call L1. Let p1 = (R, 0). Then we start decreasing
the radius such that the points slides towards the other end. See figure 3.10a.
Our goal is to get the last point, denoted by p∗, to be equal to p1. However,
if the diameter 2R becomes equal to L1 before the loop is closed, we have to
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Figure 3.9: Polygon domain (i).

start increasing the radius again. See figure 3.10b. In this case the center of
the circle will be outside of the polygon. If L1 ≤ 2R when the loop is closed,
the chords will satisfy ∑n

i=1 arcsin Li

2R = π. Otherwise, if L1 > 2R when the
loop is closed, the chords will satisfy ∑n

i=2 arcsin Li

2R = arcsin L1
2R .

3 For the
existence of such a polygon, it’s sufficient that L1 <

∑n
i=2 Li.

Using this method, the first sum in 3.24 will always be equal to zero with
clength = 1. The second sum, on the other hand, can become large. This
method is also difficult to implement compared to the other methods.

(iii) While the previous methods only consider the length of the boundary
curves to minimize equation 3.24, we now also consider the angles φi. We
start by normalizing these angles such that the sum of the angles is equal
to the sum of the interior angles of a n-sided polygon, i.e. αi = cangleφi,
where cangle = (n−2)π∑n

j=1 φj
. Then, the polygon is constructed by first placing the

chord lengths Li with the angles αi between them, as shown in figure 3.11a.
This will most likely yield an open polyline. We will denote the end point
of the last chord by p∗, and the vector going from p∗ to p1 by e. Then, we
move each point pi by adding the vector i−1

n
e. The point p∗ is translated

to p∗ + e = p1. See figure 3.11b. We end up with a closed polygon where
both the angles and the side lengths are somewhat distorted compared to
the polyline in the previous step.

3In the paper by Várady [22] there’s an error in these equations. Instead of arcsin, they
use arccos.
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(a) (b)

Figure 3.10: Polygon domain (ii).

3.7 Implementation
The direct generalization, the corner based and the side-based method were
implemented in MATLAB®. Given a set of domain vertices pi, boundary
curves P i and cross boundary derivatives T i, we start by triangulate the do-
main using Delaunay triangulation. For each node in the triangular mesh, we
first calculate the side- and distance parameters si and di using an appropri-
ate parametrization method. Then we can compute the blending functions
and evaluate the surface. When this is done for every node in the triangu-
lar mesh, we can plot the surface using the obtained surface points and the
triangulation of the domain.

In the side-based method we need to take some extra care. Since the
special side blending functions are singular at two corners, we have to check
if each domain point x is at a corner. If x is at corner i, we can then
substitute in the value of P i(0) as our surface point.

3.8 Examples and discussion
In this section we will show some numerical examples of the three patches
introduced above. We will use the abbreviation GC for the direct general-
ization of Coons patch, CB for the corner based patch, and SB for the side
based patch. Since the different interpolation schemes depend on both the
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(a) (b)

Figure 3.11: Polygon domain (iii).

choice of domain polygon and parametrization scheme, the number of pos-
sible patch constructions is to large to compare them all. In the following
examples we have used the central line sweep parametrization for the CB
and SB patches, and interconnected parametrization for the GC patch if not
stated otherwise.

Example 3.7 An interesting property to investigate is how well the surfaces
reproduce regular shapes, such as parts of a sphere. In this example, the
patches were constructed from three boundary curves and cross-tangent func-
tions obtained from an octant of a sphere with radius 1. Figure 3.12 shows
the original octant and the three different approximations. It’s hard to vi-
sually distinguish them from each other, but numerical comparisons of the
radius values shows that side based patch gives the best approximation. Table
3.1 shows the minimum, maximum, average and standard deviation of the
radius values for all three schemes.

Example 3.8 An example with a 5-sided patch used to fill a hole formed by
rectangular patches is shown in figure 3.13. The boundary data was taken
straight from the neighbouring patches which are Bézier surfaces of degree
(2, 1) and (1, 1). The globally surfaces are then G1 continuous. We chose to
let the domain polygon Ω to be a regular pentagon with vertices on the unit
circle. The choice of magnitude of the cross boundary derivative functions T i

45



Average Min Max Std. deviation
Direct generalization(GC) 1.0184 1.0000 1.0556 0.01670
Corner-based interpolants(CB) 1.0155 1.0000 1.0555 0.01587
Side-based interpolants(SB) 1.0055 1.0000 1.0106 0.00389

Table 3.1: Comparison of radius values.

give us an extra degree of freedom which can be used to modify the surface.
In this example, the SB patch seems to be more sensitive to change in the
magnitude of the cross boundary derivative functions than the CB and GC
patch, which were little affected. The reason for this is that T i is constant
along each side, such that the correction surfaces used in the GC and the CB
patch somewhat cancel out the cross boundary derivatives. In this example
we scaled the vector valued functions T i such that they have length 1. As
can be seen, all three methods performs well in this example, and it’s hard to
favour one method over the others.

Example 3.9 A common problem solved by n-sided patches is the corner
molding problem like the one from section 3. In this example we have used
the same boundary data as we did in the example from section 3 for the
triangular Coons patch. Figure 3.14 shows the result. As can be seen, all
three methods give good results.

Example 3.10 The computational efficiency of the three patches is mainly
determined by evaluation of ribbons and correction surfaces, and computation
of blending functions and local side and distance parameters. Among these,
the evaluation of the ribbons is the most time consuming part. In table 3.2
the average evaluation time per surface point are shown for different values of
n. The methods were implemented in MATLAB, and run on a 3.50GHz pro-

n=3 n=4 n=5 n=6 n=7 n=8
Direct Generalization(GC) 0.17 0.21 0.28 0.32 0.37 0.41
Corner-based interpolants(CB) 0.21 0.22 0.29 0.36 0.41 0.46
Side-based interpolants(SB) 0.16 0.16 0.21 0.27 0.31 0.34

Table 3.2: Average evaluation time per surface point in milliseconds on a
3.50GHz processor.

cessor. The averages were calculated from a surface with ca 1000 points. The
GC patch was evaluated by using the interconnected parametrization, while
the others used central line sweep. We used regular domain polygons with ver-
tices on the unit circle, and the boundary data was obtained from a sphere.
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We see that the SB patch is the fastest, closely followed by the GC patch.
The main reason for this is that the SB patch only requires n evaluations
of ribbons and doesn’t need any correction terms. The GC patch requires n
evaluations of both ribbons and correction terms, while the CB patch requires
evaluations of 2n ribbons and n correction terms, and is therefore the slowest
method, even though the GC patch requires a more complex parametrization
method.

Another desirable property of a n-sided interpolant, is that if we are
editing the patch by inserting a new small edge, the parts of the patch not
directly adjacent to the new side should remain unchanged. Experiments
in [21] showed that in respect to this property the GC and CB patch are
reasonable good, while the SB patch is somewhat weaker.

In conclusion, it’s hard to say which method is best. In most of our
examples it’s hard to visually distinguish the different patches. In some cases
the SB patch seems to work best, while in other cases the CB patch is better.
The GC patch combines in some sense the two other methods, and will
therefore merge the shape features of the two other patches. Unfortunately,
the GC patch also requires a more complex parametrization, and it’s a bit
more time consuming to compute than the SB patch.

In [21] another ribbon based patch called composite ribbon patch was pro-
posed. Instead of using linear ribbons, the patch is made up by a combination
of doubly curved ribbons. The authors compared the method with the direct
generalization of Coons patch, and showed that if the linear ribbons strongly
deviates from the n-sided surface due to high curvatures, using curved rib-
bons will produce more predictable interior shapes. It was also shown that
the method has roughly the same computational complexity as the GC patch.

As the patches in this chapter are defined as a blend of the boundaries,
we have little control over the centre of the surface. As mention, one way to
affect the “fullness” of the patch is to adjust the width of the ribbons. This
can be done by introducing a scaling factor wi(si). The ribbons can then be
redefined as

Ri(si, di) = P i(si) + diwi(si)T i(si).

If the ribbons are too wide, we can get sudden curvature changes in the
middle of the patch. If the ribbons are too narrow, their influence will be
too weak, and can create sudden curvature changes near the boundaries.

Another method used to give further control over the interior of the patch
was proposed in [23]. If we in addition to the ribbons are given an auxiliary
point P i together with a normal vector N i, we can define a circular ribbon
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as

Ri(si, di) = P i + diwiT i(si),

where T i is a rotating line perpendicular to N i, and si ∈ [0, 2π] is an angular
parameter. The other parameter di represent the distance from the image
of P i in the domain. The surface can then be obtained by combining the
ribbons using the same kind of blending functions as before, but including
n+ k distance values, where k is the number of auxiliary points.

In a similar way it’s also possible to force the surface to match an auxiliary
curve P i. Its corresponding ribbons is given as

Ri(si, di) = P i(si)± diwi(si)T i(si).

It’s also possible to construct one-sided and two-sided patches[22]. A
two-sided patch can be created by using a domain bounded by two parabolic
arcs, and using simple line sweeps by a quadratic function to compute the
distance parameters. We can then use the following blending function to
combine the ribbons:

Ki(d1, d2) =
d2
j

d2
1 + d2

2
, i, j ∈ {1, 2}, i 6= j.

To construct a one-sided patch, we assume that we are given a closed curve
in the plane together with a ribbon without local self-intersections. We can
use a circle as the domain with radial sweep lines. If we also are given
an auxiliary point in 3D with a normal vector, we can define an additional
annular ribbon as above in the middle of the patch. We can then apply the
same blending function as above to combine the two ribbons to create the
surface.
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(a) Original sphere (b) Generalized Coons patch (GC).

(c) Corner-based patch (CB). (d) Side-based patch (SB).

Figure 3.12: Sphere reproduction.

49



(a) Direct generalization of Coons patch. (b) Corner based patch.

(c) Side based patch.

Figure 3.13: 5-sided patch
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(a) Direct generalization of Coons patch (b) Corner-based patch.

(c) Side-based patch

Figure 3.14: 3-sided patches
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Chapter 4

Generalized barycentric
coordinates

Barycentric coordinates have many applications in computer graphics, in-
cluding curve, surface and image deformation, ray-tracing and parametriza-
tion of triangular meshes. In Chapter 3 we also saw that they can be used
to parameterize the ribbon interpolants and constructing blending functions.
As we will see in the next chapter, they can also be used for transfinite sur-
face interpolation. While the triangular barycentric coordinates have been
known for centuries, generalizations to n-sided polygons haven’t been known
before more recent years[8].

4.1 Triangular barycentric coordinates
Let T ∈ R2 be a non-degenerate triangle with vertices p1,p2,p3 in a counter-
clockwise ordering. The barycentric coordinates of a point x ∈ T is the unique
numbers φ1, φ2, φ3 ≥ 0, such that

x = φ1p1 + φ2p2 + φ3p3, (4.1)

and
φ1 + φ2 + φ3 = 1. (4.2)

To see that the coordinates are unique, first observe that equation 4.1 and
4.2 together can be written as a linear system of equations 1 1 1

pu1 pu2 pu3
pv1 pv2 pv3


φ1
φ2
φ3

 =

 1
xu

xv

 , (4.3)
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where pi = (pui , pvi ) for all i, and x = (xu, xv). Since the area of triangle T is
given by

A(T ) = 1
2

∣∣∣∣∣∣∣
1 1 1
pu1 pu2 pu3
pv1 pv2 pv3

∣∣∣∣∣∣∣ ,
and by assumption is greater than zero, the matrix in 4.3 is non-singular,
and therefore has a unique solution. Using Cramer’s rule to solve the linear
system 4.3, we get that

φi = A(Ti)
A(T ) , i = 1, 2, 3, (4.4)

where Ti is the triangle with vertices x and pj where j ∈ {1, 2, 3} \ i. See
figure 1.

Figure 4.1: Subtriangles formed by x

4.2 Barycentric coordinates on polygons
Suppose Ω ⊂ R2 is a convex polygon with vertices p1, . . . ,pn, n ≥ 3, in a
counter-clockwise ordering.

Definition 4.1 The generalized barycentric coordinates (GBC’s) of a point
x w.r.t. Ω is a set of functions φi : Ω → R2 which for all x ∈ Ω satisfy the
following properties:

φi(x) ≥ 0, i = 1, . . . , n, (4.5)
n∑
i=1

φi(x) = 1 (4.6)

and
n∑
i=1

φi(x)pi = x. (4.7)
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For n = 3, the functions φi are the unique triangular coordinates given by
4.4, while for n ≥ 4, the functions φ1(x), . . . , φn(x) that satisfy the properties
in definition 4.1 can not be uniquely determined.

Given a function f : Ω → R, the GBC’s can be used to interpolate the
function values at the corners of Ω by using the formula

g(x) =
n∑
i=1

φi(x)f(pi), x ∈ Ω. (4.8)

The barycentric interpolant has linear precision, i.e., if f is a linear polyno-
mial, then g = f . To see this, first assume

f(x) = a · x + b.

Then, by using the barycentric properties 4.6 and 4.7, we get

g(x) =
n∑
i=1

φi(x)(a · pi + b) = a ·
n∑
i=1

φi(x)pi + b
n∑
i=1

φi(x)

= a · x + b = f(x).

The coordinate functions φi are also linear on each side of the polygon Ω
and have the Lagrange property

φi(pj) = δi,j,

where

δi,j =

1, if i = j

0, if i 6= j
.

This can be shown as follows[9]. Since the barycentric interpolant has linear
precision, and the triangle area A(x,pj,pj+1) is linear in x, we get

n∑
i=1

φi(x)A(pi,pj,pj+1) = A(x,pj,pj+1).

If x is a point on the edge [pj,pj+1], we get A(x,pj,pj+1) = 0, and conse-
quently ∑

i 6=j,j+1
φi(x)A(pi,pj,pj+1) = 0.
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Since Ω is convex, A(pi,pj,pj+1) > 0 for i 6= j, j + 1. By property 4.5,
φi(x) ≥ 0, it follows that φi(x) = 0 for all i 6= j, j + 1. It then follows from
property 4.7 that

φj(x)pj + φj+1(x)pj+1 = x.

By property 4.6 we have φj(x) = 1− φj+1(x), so

φj(x)(pj − pj+1)− pj+1 = x.

Thus, all functions φi(x) are linear on the edges, and it’s easy to see that
they also satisfies the Lagrange property.

We will consider two types of GBC’s; Wachspress coordinates and Mean
value coordinates.

4.3 Wachspress coordinates
The Wachspress coordinates introduced by Wachspress[24] can be defined
by[17]

φi(x) = wi(x)∑n
j=1wj(x) , (4.9)

where
wi(x) = Bi

∏
j 6=i−1,i

Aj(x),

and
Aj(x) = A(x,pj,pj+1), Bi = A(pi−1,pi,pi+1)

The function A(p, q, r) denotes the signed area of the triangle with vertices
p, q and r.

An advantage of the Wachspress coordinates is that they are rational
functions. This makes them efficient to compute since they have no square
roots etc. Since the triangle areas Aj(x) are linear in x, the numerator in
4.9 must be a polynomial of degree n − 2, and the denominator must be of
degree at most n − 2. In fact, it can be shown that the denominator is of
degree n− 3. As we will see, this follows from the barycentric properties.

An alternative way of expressing the Wachspress coordinates was given
in [17]. By dividing each wi by

∏n
j=1Aj, which does not change φi, we get

φi(x) = w̃i(x)∑n
j=1 w̃j(x) , (4.10)
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Figure 4.2: Triangular areas.

where
w̃i(x) = Bi

Ai−1(x)Ai(x) .

The triangular areas are shown in figure 4.2. Since w̃i only depends on
the vertices pi−1,pi and pi+1, this local expression requires less computation
when n is large. However, it’s not valid on the boundary of Ω, as Ai−1(x)
and Ai(x) becomes zero. To avoid numerical problems when evaluating the
coordinates near the boundary, one can simply switch to the “global” form
in 4.9.

Theorem 4.2 The Wachspress coordinates defined by 4.10 satisfy all the
requirements for GBC’s given in definition 4.1.

Proof. We will follow the proof by Meyer [17]. Since we assume Ω is a convex
polygon, the signed triangular areas Ai(x) are always positive, and it follows
that φi(x) also is positive for x strictly inside the polygon. The second
property property follows directly from 4.10. To show the third property,
first note that

n∑
i=1

φi(x)pi = x

⇔ 1∑n
j=1wj

n∑
i=1

wipi = x

⇔
n∑
i=1

wi(x)(pi − x) = 0

Using 4.4 and 4.1 we can express x as the triangular barycentric coordinates
with respect to the triangle T = (pi−1,pi,pi+1). This equation holds even if
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x is outside triangle T .

x = Ai(x)
Bi

pi−1 + Ai−1(x)
Bi

pi+1 + A(pi−1,pi+1,x)
Bi

pi

= Ai(x)
Bi

pi−1 + Ai−1(x)
Bi

pi+1 + Bi − Ai(x)− Ai−1(x)
Bi

pi.

Since x is strictly inside the polygon, none of the triangular areas becomes
zero, so the previous equation can be rearranged as:

Bi

Ai−1(x)Ai(x)(pi − x) = 1
Ai−1(x)(pi − pi−1)− 1

Ai(x)(pi+1 − pi)

By summing both sides of this equation over i = 1, . . . , n, we get
n∑
i=1

w̃i(x)(pi − x) =
n−1∑
i=0

(pi+1 − pi)
Ai(x) −

n∑
i=1

(pi+1 − pi)
Ai(x) = 0,

which proves the last property.
As we showed above, the last barycentric property is equivalent to

n∑
i=1

wi(x)(pi − x) = 0,

so
n∑
i=1

wi(x)pi = x
n∑
i=1

wi(x).

Since the left hand side of this equation is a polynomial of degree n− 2, the
sum ∑n

i=1wi(x), i.e. the denominator of equation 4.9, must be a polynomial
of degree n− 3.

4.4 Mean value coordinates
Although the Mean value (MV) coordinates works on arbitrary domains, we
will in this section only consider the case in which Ω is a convex polygon.
The mean value coordinates are defined as

φi(x) = wi(x)∑n
j=1wj(x) , (4.11)

where
wi = tan(αi−1/2) + tan(αi/2)

||pi − x||
, (4.12)
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Figure 4.3: Angles in MV formula

where αi is the angle between the vectors (pi − x) and (pi+1 − x) as shown
in figure 4. Note that, using the notation ei = pi−x

||pi−x|| , and the planar cross
product a × b = det([a, b]), the tangents functions in the formula can be
evaluated by using that

sin(αi) = ei × ei+1, cos(αi) = ei · ei+1,

and for instance the formula

tan(α/2) = sin(α)
1 + cos(α) .

We will now show that the MV coordinates satisfy the properties for
GBC’s in definition 4.1. Assume x is in the interior of Ω, i.e., x ∈ Int(Ω). The
functions φi(x) are obviously non-negative since the wi’s are non-negative.
The second property also follows straight from the definition of φi. As we
saw in the previous section, to prove the third property, it’s enough to prove
the following theorem.
Theorem 4.3 Let wi be defined by 4.12. Then

n∑
i=1

wi(x)(pi − x) = 0, x ∈ Int(Ω) (4.13)

Proof (see [8]). Let x ∈ Int(Ω) be fixed. Equation 4.13 can be written as
n∑
i=1

wi(x)(pi − x) =
n∑
i=1

(tan (αi−1/2) + tan (αi/2))ei

=
n∑
i=1

tan (αi/2)(ei + ei+1)
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Now, express ei in polar coordinates: ei = (cos θi, sin θi), and note that
αi = θi+1 − θi for all i. We now have

tan (αi/2)(ei + ei+1) = tan (θi+1 − θi
2 )(cos θi + cos θi+1, sin θi + sin θi+1)

= (sin θi+1 − sin θi, cos θi+1 − cos θi),

where the last equality can be shown by trigonometry. The sum of this
expression over i = 1, . . . , n equals to zero, which completes the proof.

The MV coordinates can also be applied to non-convex polygons[8]. The
only difference is that the angles αi must be treated as signed angles, i.e.,
we let αi have the same sign as ei × ei+1. Even though some of the wi’s
may become negative, the coordinates are still well-defined, since the sum∑n
i=1wi(x) remains positive for any x in Int(Ω).

4.4.1 Alternative formula
Like the Wachspress coordinates, the Mean value coordinates also have a
global form in which φi(x) is well-defined on the whole polygon Ω including
the boundary ∂Ω [8]. However, the global form involves more square roots
and requires more computation that the local form. Let di = pi − x and
ri = ||di||, for i = 1, . . . , n. The global form is then given by

φi(x) = ŵi(x)∑n
j=1 ŵj(x) ,

where

ŵi(x) = (ri−1ri+1 − di−1 · di+1) 1
2
∏

j 6=i−1,i
(rjrj+1 + dj · dj+1) 1

2 .
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Chapter 5

Pointwise radial minimization

The Pointwise radial minimization method was introduced by Floater and
Schulz[10]. This method is a generalization of mean value interpolation[6],
which can be viewed as the pointwise minimization of a radial energy function
involving first order derivatives of a radially linear function[10]. To match
boundary derivatives up to order k, we instead minimize over (k + 1)-st
order derivatives of polynomials of degree (2k + 1). The pointwise radial
minimization method can be applied to non-convex domains, and can match
boundary derivatives of arbitrary order. However, in this chapter we will
assume that the domain Ω is convex, and only consider interpolation of the
boundary functions and its first order derivatives. In this case the method
is sometimes called cubic mean value (CMV) interpolation since it has cubic
precision[16].

We start by reviewing mean value interpolation which uses the mean
value coordinates from Chapter 4.

5.1 Mean value interpolation
Let Ω ⊂ R2 be a bounded, open and convex domain, and assume f : ∂Ω→ R
is a continuous function defined on the boundary. Let x be a point in Ω, and
define p(x,v) to be the point where the boundary ∂Ω intersects with the ray
{x + rv : r ≥ 0} as shown in figure 5.1. This point is unique as long as Ω
is convex. Let ρ(x,v) denote the euclidean distance from x to p(x,v). The
mean value interpolant can be defined as follows[6]: Assume x ∈ Ω is fixed.
Let G : Ω → R be the function that for all y ∈ ∂Ω satisfies G(y) = f(y), is
linear along the line segment [x,y], and satisfy the mean value property

G(x) = 1
2πr

∫
Γ
G(z)dz, (5.1)
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Figure 5.1: Definition of p(x,v)

where Γ is a circle in Ω with centre in x and radius r. The mean value
interpolant g is then defined in a pointwise fashion by setting g(x) = G(x)
for all x ∈ Ω. To find G(x), and thus g(x), we first note that 5.1 can be
written as

g(x) = G(x) = 1
2π

∫ 2π

0
G(x + r(cos(θ), sin(θ)))dθ, (5.2)

where (cos(θ), sin(θ)) = v. Since G(x + rv) is linear in r, we have

G(x + rv) = ρ(x,v)− r
ρ(x,v) g(x) + r

ρ(x,v)f(p(x,v))

Thus, we can write 5.2 as
1

2π

∫ 2π

0

r(f(p(x, θ))− g(x))
ρ(x, θ) dθ = 0.

Solving this for g(x) gives the unique solution

g(x) =
∫ 2π

0

f(p(x, θ))
ρ(x, θ) dθ

1
φ(x) , (5.3)

where
φ(x) =

∫ 2π

0

1
ρ(x, θ)dθ.

Note that even though the function G satisfies the mean value property
5.1, it does not mean that the interpolant g(x) itself satisfies this property.
It can also be shown that the interpolant g(x) has linear precision. To see
this, assume f is a linear function

f(x) = a · x + b.

Since G = f satisfies the mean value property for all x ∈ Ω, we get g(x) =
f(x). A proof that g interpolates the boundary function f can be found in
[6].
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5.2 Mean value interpolation on convex poly-
gons

Assume Ω is a convex polygon. We will show that if f is linear along each edge
then g is the barycentric interpolant to f using the mean value coordinates
with respect to Ω.

Lemma 5.1 Let e = [p0,p1] be a line segment, and f : e → R be a linear
function. Let x be a point in the open half-plane on the left side of the vector
p1− p0. Let θ0 < θ1 be the two angles such that pi−x = ρi(cos θi, sin θi) for
i = 0, 1, where ρi = ||pi − x||. Then∫ θ1

θ0

f(p(x, θ))
ρ(x, θ) dθ =

(
f(p0)
ρ0

+ f(p1)
ρ1

)
tan

(
θ1 − θ0

2

)
. (5.4)

Proof (see [6]). Let p = p(x,v). Since f is linear

f(p) = af(p0) + bf(p1), (5.5)

where
a = ||p− p1||
||p1 − p0||

, b = ||p− p0||
||p1 − p0||

.

The scalars a and b can also be written as

a = A1

A
, b = A0

A
, (5.6)

where A, A0 and A1 are the triangle areas

A = A(p0,x,p1), A0 = A(p0,x,p), A1 = A(p,x,p1).

To see this, first let h denote the height of triangle (p0,p1,x) relative to the
edge (p0,p1). See figure 5.2. Then we have that

A = h||p1 − p0||
2 , A0 = h||p0 − p||

2 , A1 = h||p1 − p||
2 ,

which shows 5.6. Using the sine rule for triangle areas, we can rewrite a and
b further as

a = A1

A
= sin(θ − θ1)ρ

sin(θ1 − θ0)ρ0
, b = A0

A
= sin(θ − θ0)ρ

sin(θ1 − θ0)ρ1
.

Substituting this into equation 5.5, dividing by ρ(x,v), and integrating with
respect to θ gives the result.
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Figure 5.2: Triangle areas.

If we let f ≡ 1, it follows from the lemma that∫ θ1

θ0

1
ρ(x, θ)dθ =

( 1
ρ0

+ 1
ρ1

)
tan

(
θ1 − θ0

2

)
. (5.7)

Using this together with 5.4, the mean value interpolant 5.3 reduces to

g(x) =
n∑
i=1

∫ θi+1

θi

f(p(x, θ))
ρ(x, θ) dθ

1
φ(x)

=
n∑
i=1

(
f(pi)
ρ0

+ f(pi+1)
ρi+1

)
tan

(
θi+1 − θi

2

) 1
φ(x)

=
n∑
i=1

f(pi)
(
f(pi)
ρ0

+ f(pi+1)
ρi+1

)
tan

(
θi+1 − θi

2

) 1
φ(x) ,

where

φ(x) =
n∑
i=1

( 1
ρi

+ 1
ρi+1

)
tan

(
θi+1 − θi

2

)

=
n∑
i=1

tan((θi+1 − θi)/2) + tan((θi − θi−1)/2)
ρi

.

Letting αi = θi+1 − θi, we see that g is exactly the same as the barycentric
interpolant 4.8 with the mean value coordinates defined in equation 4.11 and
4.12.

5.3 Cubic mean value interpolation
Let Ω ⊂ R2 be a bounded, open and convex domain, and assume F : ∂Ω →
R is a given function defined on the boundary with continuous first order
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derivatives. As before , let x be a point in the domain Ω, and let p(x,v) to
be the point where the boundary ∂Ω intersects with the ray {x + rv : r ≥ 0}
as shown in figure 5.1. Let S1

x,3 denote the linear space of all functions
G : Ω→ R that are C1 continuous at x and which for all θ ∈ [0, 2π] are cubic
polynomials on the line segment [x,p(x,v)], where v = (cos θ, sin θ). It was
shown in [10] that there exists a unique function G∗ ∈ S1

x,3 that minimizes
the local “energy”

E(G) :=
∫ 2π

0

∫ ρ

0
(D2

vG(x + rv))2drdθ, (5.8)

where ρ is the Euclidean distance from x to p(x,v), subject to the constraints

Dk
vG(p) = Dk

vF (p), k = 0, 1, θ ∈ [0, 2π]. (5.9)

By solving this problem for all x ∈ Ω we can define a function g : Ω → R
pointwise by setting g(x) = G∗(x) for all x ∈ Ω. Note that although G∗ is
a polynomial, the obtained function g will not in general be a polynomial
itself, since G(x) can be a different function for each x. It was proven in [16],
that g(x) interpolates F and its first order derivatives in the case in which Ω
is a polygon, but it still remains to be proved in the general case. However
numerical examples in [10] strongly suggest that it is C1 also in the general
case. It was shown in [10] that the CMV interpolant has cubic precision, i.e.
if F is a cubic polynomial, then g = F .

We will now show how to find the minimizer G∗. In [8] it was shown that
G∗ satisfy the equations ∫ 2π

0
D2

vG∗(x)vdθ = 0 (5.10)

and ∫ 2π

0
D3

vG∗(x)dθ = 0. (5.11)

By the assumption that G∗ is a cubic polynomial on the line segments
[x,p(x,v)], and by the constraints 5.9, G∗ is uniquely determine by

a := G∗(x) (5.12)

and
b := ∇G∗(x). (5.13)

To find a and b we use that the equations 5.10 and 5.11 can be expressed as
the linear system[8]

M

(
a
b

)
= c, (5.14)
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where
M =

[
6
∫
σ3 3

∫
σ2vT

3
∫
σ2v 2

∫
σvvT

]
,

c =
[
3
∫
σ2(2σF (p)−DvF (p))∫
σ(3σF (p)−DvF (p))v

]
,

and σ = 1/ρ.
Note that we don’t need the gradient ∇G∗(x) to define the surface g, but

our experiments show that it’s a good approximation to the gradient of g.

5.4 Implementation
The CMV interpolation method was implemented in MATLAB®, and used
to generate n-sided parametric patches S : Ω → R3. In order to compare
the method with the ribbon based patches, we assume that the domain Ω
is a n-sided polygon with vertices pi, and that we are given n boundary
functions P i(si), si ∈ [0, 1] and cross boundary derivative functions T (si).
Let di = pi+1 − pi and ei = di

||di|| . The functions T i will be matched by S

such that Dni(si)S(x) = T i(si) for x = sipi+1 + (1− si)pi. We assume that
the vector ni(si) can be obtained by linearly interpolating between −ei−1
and ei+1 and then normalizing, i.e.

ni(si) = siei+1 + (1− si)(−1)ei−1

||siei+1 + (1− si)(−1)ei−1||

As before, we start by triangulate the domain polygon using Delaunay
triangulation. For every point x in the triangular mesh, we then need to
find a 3D surface point S(x). For each x, we first check if it’s on any of
the sides of Ω. If x is on side k, then we simply set S(x) = P k(sk), where
sk = ||x−pk||

||dk||
. To find out if x is on an edge, we check for every i = 1, . . . , n

if the vectors (x− pi) and di are collinear. This can be done by calculating
the cross product (x− pi)× di. If this is equal to zero, the two vectors are
collinear, and x must be on side i.

If x is not on the boundary of Ω, we use Gauss quadrature to approximate
the integrals in 5.14 (see for example [5]). Using N -point Gauss quadrature
rule with domain [0, 2π], we get N points θi and weights wi, such that∫ 2π

0
f(θ)dθ ≈

N∑
i=1

wif(θi), (5.15)

for some function f : [0, 2π] → R. This quadrature rule is exact for poly-
nomials of degree 2N − 1 or lower. For each angle θi, we therefore need to
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find p(x,vi) and ρ(x,vi), where vi = (cos θi, sin θi). To do this, we check for
each edge dj if p(x,vi) is on dj. This can be done by fist finding numbers t
and s such that p(x,vi) = pj + tdj = x + svi. Solving this linear equation
using Cramer’s rule, we get

s =
det([pj − x,−dj])

det([vi,−dj])
, t =

det([vi,pj − x])
det([vi,−dj])

.

If s ≥ 0 and t ∈ [0, 1] for j = k, then p(x,vi) must be on side k. We then
have that p(x,vi) = pk + tdk and ρi(x,vi) = s. To find Dvi

F (p), we first
express vi as a linear combination of the vectors ek and nk(sk). This can be
done by solving the linear system of equations

[
ek nk(sk)

] [y1
y2

]
= vi.

Then we have

Dvi
F (p) = y1

P ′k(sk)
||dk||

+ y2Tk(sk).

We can now apply formula 5.15 to compute the integrals in 5.14. Finally,
using Cramer’s rule to solve the linear system 5.14, we get

a = det(c,M2,M3)
det(M) ,

where M2 and M3 are respectively the second and third column of matrix
M . Note that we don’t need to solve the linear system for vector b, since we
only need the value G∗(x), not the gradient ∇G∗(x).

Also note that we need to solve the linear system 5.14 for each of the
three coordinate of S(x), for different values of c, but the same matrix M .

5.5 Examples
Example 5.2 (sphere reproduction) In this example we have applied CMV
interpolation to boundary data taken from an octant of a sphere with radius
1 as in example 3.7. The result is shown in figure 5.3. Table 5.1 compares
the radius values with the ones from example 3.7. As we can see, the CMV
interpolant is a fairly good approximation to the sphere, but it slightly under-
estimates the radius values, while the ribbon based methods overestimates the
radius values.
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Average Min Max Std. deviation
Direct generalization(GC) 1.0184 1.0000 1.0556 0.01670
Corner-based interpolants(CB) 1.0155 1.0000 1.0555 0.01587
Side-based interpolants(SB) 1.0055 1.0000 1.0106 0.00389
Cubic mean value(CMV) 0.9822 0.9405 1.0000 0.01734

Table 5.1: Comparison of radius values

Figure 5.3: Sphere reproduction with cubic mean value interpolation

Example 5.3 (5-sided patch) Figure 5.4a shows the CMV interpolation
patch used to fill a 5-sided hole formed by bi-quadratic Bézier patches. We
have used the same boundary data as in example 3.8. Unfortunately, some
small artifacts can be seen in parts of the surface. In this case, the boundary
integrals in 5.14 was calculated by 3-point Gauss quadrature rule. By raising
the number of points used in the quadrature rule, the artifacts gets less no-
ticeable. In this example, the artefacts did not completely disappear before the
number of points in the quadrature rule was raised to 8, as shown in figure
5.4b. This has the disadvantage of making the computations of the surface
heavier, as we will see in example 5.5.

Example 5.4 (3-sided patch) In this example we have used CMV inter-
polation to fill a 3-sided hole as in example 3.9. The vector valued boundary
derivatives Dvf was obtained from the adjacent patches, and scaled such
that the interior of the patch looks as smooth as possible. Thus, the patch
will match the surrounding surfaces with G1 continuity. Figure 5.5 shows the
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(a) (b)

Figure 5.4: A 5-sided patch using CMV interpolation with 3-point(a) and
8-point(b) Gauss quadrature

result. In this example there were no visible artifacts using 3-points Gauss
quadrature.

Example 5.5 (Computational efficiency) The average evaluation times
per surface point for the CMV interpolation method was calculated using the
same boundary data and domain polygons as in example 3.10. Table 5.2
extends the table from 3 with the test results from using both 3-point and
8-point Gauss quadrature. We see that the evaluation time for all meth-
ods grows linearly with the number of boundary functions n. For the ribbon
based methods this is because we for each point x need to evaluate ribbons,
correction surfaces and blending functions corresponding to each edge of the
domain polygon. When we evaluate the CMV interpolant the only calcula-
tions depending on n are done when we find out if x is on the boundary of
Ω, and when we find the point p(x,v). Since these operations are less time
consuming, we see that the average evaluation time for the CMV interpola-
tion scheme grows at a smaller rate than the other methods. For n = 3 we
see that the CMV method using 3-point Gauss quadrature is slower than the
ribbon based methods, but when n = 6 it catches up with the GC and CB
method. On the other hand, if we use 8-point Gauss quadrature, it’s still the
slowest method for n = 8.

Note that more effort could have been done to make the computations
more efficient, for example with extensive caching.
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Figure 5.5: A 3-sided patch

n=3 n=4 n=5 n=6 n=7 n=8
Direct Generalization 0.17 0.21 0.28 0.32 0.37 0.41
Corner-based interpolants 0.21 0.22 0.29 0.36 0.41 0.46
Side-based interpolants 0.16 0.16 0.21 0.27 0.31 0.34
CMV (3-point Gauss) 0.22 0.24 0.26 0.29 0.31 0.35
CMV (8-point Gauss) 0.49 0.55 0.61 0.69 0.74 0.80

Table 5.2: Average evaluation time per surface point in milliseconds on a
3.50GHz processor.
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Chapter 6

Cubic mean value interpolation
with piecewise quadratic
boundary data

To avoid using numerical integration to calculate the boundary integrals
in the linear system 5.14, we would like to find the analytic solutions. In
[16], closed forms for these integrals were found in the case in which Ω is a
polygon, g is cubic along each edge, and the normal derivatives of g are linear.
However, these closed forms are complicated, and involves operations on
complex numbers. Nor were we able to implement them. If we instead assume
that g is piecewise quadratic along each edge, and the normal derivatives are
piecewise linear, we will see that the boundary integrals have much simpler
closed forms. These formulas were first derived in [2]. Note that since the
closed forms derived by Li[16] assume that the normal derivatives are linear
along each edge, it won’t reproduce cubic functions, only quadratics. Thus
we don’t loose any degree of precision, compared to the method by Li, by
assuming that the boundary functions are piecewise quadratic.

We start reviewing the formulas in [2] by introducing some notation and
definitions. First define

(v0, v1, v2) = (ρ−1, cos θ, sin θ),

and observe that M and c in the linear system 5.14 can be written as

M =

6I00 3I01 3I02
3I10 2I11 2I12
3I20 2I21 2I22

 , c =

6J0 − 3K0
3J1 −K1
3J2 −K2

 , (6.1)

where
Ijk =

∫ 2π

0
v0vjvk dθ, j, k = 0, 1, 2,
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and

Jj =
∫ 2π

0
v2

0g(p)vj dθ, Kj =
∫ 2π

0
v0Dvg(p)vj dθ, j = 0, 1, 2.

For i = 1, . . . , n, let qi be the midpoint of side i of the domain polygon as
shown in figure 6.1. The only data we need to construct the interpolant g

Figure 6.1: The domain polygon with midpoints qi.

are
f(pi), ∇f(pi), Dni

f(qi), i = 1, . . . , n, (6.2)

where ni now is the outward unit normal vector to edge i.
On each edge [pi,pi+1], the boundary function f and the normal normal

derivatives Dni
g will be represented in respectively piecewise quadratic and

piecewise linear Bernstein form (see for example [5]). Let p and q be points
on respectively the first and second half of this edge, e.i. let

p = (1− t)pi + tqi, and q = (1− u)qi + upi+1, t, u ∈ [0, 1].

The Bernstein form of g is then

g(p) = (1− t)2c0 + 2t(1− t)c1 + t2c2,

g(q) = (1− u)2c2 + 2u(1− u)c3 + u2c4,

where

c0 = f(pi), c1 = f(pi) + (pi+1 − pi) · ∇f(pi)/4, c2 = (c1 + c3)/2,
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c3 = f(pi+1)− (pi+1 − pi) · ∇f(pi+1)/4, c4 = f(pi+1).
The Bernstein form of the normal derivative Dni

g is

Dni
g(p) = (1− t)d0 + td1,

Dni
g(q) = (1− u)d1 + ud2,

where

d0 = ni · ∇f(pi), d1 = Dni
f(qi), d2 = ni · ∇f(pi+1). (6.3)

6.1 Computing the integrals
To find simple formulas for the integrals in 6.1, we keep x ∈ Ω fixed, and split
each integral into pieces, each corresponding to a half-edge of the polygon.
Each half-edge will either be of the form [pi, qi] or [qi,pi+1]. For simplicity’s
sake, we let the generic half-edge [r0, r1] represent both kinds. See figure
6.2. The integrals can then be calculated as the sum of the integrals over

Figure 6.2: Notation for the generic half-edge [r0, r1].

each half-edge. Since g is a quadratic polynomial on the half-edge [r0, r1],
we have

g(p) = (1− t)2c0 + 2t(1− t)c1 + t2c2, (6.4)
where

p = (1− t)r0 + tr1, t ∈ [0, 1], (6.5)
and c0, c1, c2 are the Bézier coefficients. Similarly, since the outward unit
normal derivative Dng is linear, we have

Dng(p) = (1− t)d0 + td1, (6.6)
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for some coefficients d0 and d1. Now, define ρi = ||ri − x||, i = 0, 1. Let θ0
and θ1 be the angles such that

ri = x + ρivi, i = 0, 1, (6.7)

where vi = (cos θi, sin θi). Also, let

(vi,0, vi,1, vi,2) = (ρ−1
i , cos θi, sin θi), i = 0, 1. (6.8)

We start by considering the elements of matrix M , since these doesn’t
depend on the function f , only on the geometry of Ω. Let α = θ1− θ0 be the
interior angle as shown in figure 6.2. To simplify some expressions we will
use the sets of multi-indices

Pr,n = {(i1, . . . , in) : i1, . . . , in ∈ {0, 1}, i1 + · · ·+ in = r}, (6.9)

for n ≥ 1 and 0 ≤ r ≤ n. In particular, for r = 3 we have

P0,3 = {(0, 0, 0)}, P1,3 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)},
P2,3 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}, P3,3 = {(1, 1, 1)}.

Let

L0 = L3 = (1− cosα)2(2 + cosα)
3 sin3 α

, L1 = L2 = (1− cosα)2

3 sin3 α
. (6.10)

Theorem 6.1∫ θ1

θ0
v0vjvk dθ =

3∑
r=0

Lr
∑

(i1,i2,i3)∈Pr,3

vi1,0vi2,jvi3,k, j, k = 0, 1, 2. (6.11)

Proof (See [2]). Let

A = A(x, r0, r1), A0 = A(x, r0,p), A(x,p, r1).

The sine rule for triangular areas gives that

A = 1
2ρ0ρ1 sinα, A0 = 1

2ρρ0 sin(θ − θ0), A1 = 1
2ρρ1 sin(θ1 − θ).

It follows that

1 = A0

A
+ A1

A
= ρ

sin(θ − θ0)
ρ1 sinα + ρ

sin(θ1 − θ)
ρ0 sinα ,
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which again gives
ρ−1 = λρ−1

0 + µρ−1
1 (6.12)

where
λ = sin(θ1 − θ)

sinα , µ = sin(θ − θ0)
sinα .

Now we will show that
v = λv0 + µv1. (6.13)

Using the addition formula for sines,

sin(a− b) = sin a cos b− sin b cos a, (6.14)

we get that

λ cos θ + µ cos θ

= sin(θ1 − θ)
sinα cos θ0 + sin(θ − θ0)

sinα cos θ1

= (sin θ1 cos θ − sin θ cos θ1) cos θ0 + (sin θ cos θ0 − sin θ0 cos θ) cos θ1

sinα

= (sin θ1 cos θ0 − sin θ0 cos θ1) cos θ + (cos θ0 cos θ1 − cos θ0 cos θ1) sin θ
sinα

= sinα cos θ + 0
sinα = cos θ.

Similarly, we have

λ sin θ + µ sin θ

= (sin θ1 cos θ − sin θ cos θ1) sin θ0 + (sin θ cos θ0 − sin θ0 cos θ) sin θ1

sinα

= (sin θ0 sin θ1 − sin θ0 sin θ1) cos θ + (sin θ1 cos θ0 − sin θ0 cos θ1) sin θ
sinα

= 0 + sinα sin θ
sinα = sin θ.

Thus we have
vj = λv0,j + µv1,j, j = 0, 1, 2. (6.15)

Then

v0vjvk =
3∑
r=0

µrλ3−r ∑
(i1,i2,i3)∈Pr,3

vi1,0vi2,jvi3,k, j, k = 0, 1, 2.

Integrating this over θ ∈ [θ0, θ1] proves the theorem if we can show that the
integrals

Lr : =
∫ θ1

θ0
µrλ3−r dθ, r = 0, 1, 2, 3
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equals the expressions in 6.10. To show this, first let β = θ− θ0, and observe
that

Lr = 1
sin3 α

L̂r,

where
L̂r =

∫ α

0
sinr β sin3−r(α− β) dβ.

By symmetry, we have that L̂0 = L̂3 and L̂1 = L̂2, so it’s enough to find L̂2
and L̂3. Using the identity

sin2 β = 1− cos2 β

and integration by parts we get

L̂3 =
∫ α

0
sin β − sin β cos2 β dβ = 1

3(2− 3 cosα + cos3 α)

= 1
3(1− cosα)2(2 + cosα).

To find L̂2, we first use the addition formula 6.14.

L̂2 =
∫ α

0
sin(α− β) sin2 β dβ =

∫ α

0
sinα cos β sin2 β − cosα sin3 β dβ

= sinα
∫ α

0
cos β sin2 β dβ − cosαL̂3.

Using integration by parts we get that∫ α

0
cos β sin2 β dβ = 1

3 sin3 α,

so
L̂2 = 1

3 sin4 α− cosαL̂3.

Finally, using the identity sin2 α = 1− cos2 α, this simplifies to

L̂2 = 1
3(1− cosα)2.

To find the elements of c in 5.14 we need to find the integrals Ji and Ki.
Let us first consider the integrals Ji which only depends on the values of g.

Theorem 6.2 Let g be as in 6.4 , then
∫ θ1

θ0
v2

0g(p)vj =
3∑
r=0

Lr
∑

(i1,i2,i3)∈Pr,3

ci1+i2vi1,0vi2,0vi3,j, j = 0, 1, 2.
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Proof (See [2]). From the fact that p = x + ρv and from equation 6.5, it
follows that

x + ρv = (1− t)r0 + tr1 ⇔ ρv = (1− t)v0ρ0 + tv1ρ1

Since
v = λv0 + µv1,

which we showed in the proof of theorem 6.1, and since v0 and v1 are linearly
independent we must then have

ρλ = (1− t)ρ0 and ρµ = tρ1,

from which it follows that

1− t = ρλρ−1
0 and t = ρµρ−1

1 .

Substituting this in to 6.4 and multiplying by v2
0 = ρ−2, we find

v2
0g(p) = λ2ρ−2

0 c0 + 2µλρ−1
0 ρ−1

1 c1 + µ2ρ−2
1 c2.

By multiplying this by vj for j = 0, 1, 2, and using the expansion 6.15, we
get

v2
0g(p)vj = λ3ρ−2

0 v0,jc0 + µλ2(ρ−2
0 v1,jc0 + 2ρ−1

0 ρ−1
1 v0,jc1)

+ µ2λ(2ρ−1
0 ρ−1

1 v1,jc1 + ρ−2
1 v0,jc2) + µ3ρ−2

1 v1,jc2

=
3∑
r=0

µrλ3−r ∑
(i1,i2,i3)∈Pr,3

ci1+i2vi1,0vi2,0vi3,j,

for j = 0, 1, 2. The result follows by integrating this over θ ∈ [θ0, θ1].
Next, consider the integrals Kj. These depend both on the values of g

and the directional derivative Dvg. To find Dvg, we first differentiate g in
6.4 along the half-edge [r0, r1] to find Deg:

Deg(p) = (1− t)ĉ0 + tĉ1, (6.16)

where e is the unit vector
e = r1 − r0

|r1 − r0|
,

and
ĉ0 = 2(c1 − c0)

|r1 − r0|
, ĉ1 = 2(c2 − c1)

|r1 − r0|
.

Since n and e are orthogonal vectors, the directional derivative Dvg at p can
be written as

Dvg(p) = (v · n)Dng(p) + (v · e)Deg(p). (6.17)
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Theorem 6.3 Let g, Dng, and Deg be given by 6.4, 6.6, and 6.16 respec-
tively. Then

∫ θ1

θ0
v0Dvg(p)vj dθ =

3∑
r=0

Lr
∑

(i1,i2,i3)∈Pr,3

(vi1 · d̂i2)vi2,0vi3,j, j = 0, 1, 2,

where
d̂i = din + ĉie, i = 0, 1. (6.18)

Proof (See [2]). In the proof of Theorem 6.2 we showed that

1− t = ρλρ−1
0 and t = ρµρ−1

1 .

Substituting this in equations 6.6 and 6.16, gives

Dng(p) = ρ(d0ρ
−1
0 λ+ d1ρ

−1
1 µ),

Deg(p) = ρ(ĉ0ρ
−1
0 λ+ ĉ1ρ

−1
1 µ).

By using the expansion of v in 6.13 we get

v · n = λ(v0 · n) + µ(v1 · n),
v · e = λ(v0 · e) + µ(v1 · e).

Substituting this into equation 6.17 and multiplying by v0 = ρ−1 gives

v0Dvg(p) =
2∑
r=0

µrλ2−r ∑
(i1,i2)∈Pr,2

(vi1 · d̂i2)vi2,0. (6.19)

As in the proof of Theorem 6.2, we multiply this by vj for j = 0, 1, 2, and
use the expansion 6.15, which gives

v0Dvg(p)vj =
3∑
r=0

µrλ3−r ∑
(i1,i2,i3)∈Pr,3

(vi1 · d̂i2)vi2,0vi3,j, j = 0, 1, 2.

Integrating this over θ ∈ [θ0, θ1] completes the proof.

6.2 Implementation
Assume that we are given a n-sided convex polygonal parameter domain Ω,
and that f is piecewise quadratic on each edge of Ω. Given the function
values f(pi), ∇f(pi), Dni

(qi) for i = 1, . . . , n, we want to construct a patch
S : Ω → R3 that interpolate f on the boundary of Ω. As before, we start
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by triangulate the domain polygon. Then we find the Bézier control points
corresponding to each half-edge. For each point x in the triangulation we
first find v0, v1 and σ for every half-edge [r0, r1]. Then we calculate cosα
and sinα by using respectively the dot product and the planar cross product:

cosα = v0 · v1, sinα = v0 × v1.

Note that it’s not necessary to compute the angle α. Now we can compute
the values L0,L1,L2,L3 given in 6.10. Then we can compute the integrals
given in Theorem 6.1, 6.2 and 6.3. By summing these values over all the
half-edges we find the integrals in 6.1. Finally, we solve the linear system
5.14 using Cramer’s rule.

6.3 Examples
In [16] the authors focused on applying the CMV interpolation method to
shape- and image deformation problems. We will instead focus on construct-
ing parametric patches with piecewise quadratic boundary curves.

Example 6.4 In figure 6.3 we have plotted the interpolant to a quadratic
polynomial on the unit square [−1, 1] × [−1, 1]. As expected, the interpolant
reproduces the quadratic function, confirming quadratic precision.

Figure 6.3: The interpolant to a quadratic polynomial

Example 6.5 (5-sided patch) In example 5.3 we saw that numerical inte-
gration can lead to unwanted surface artifacts. In this example we have used
the same boundary data P i and T i, and parameter domain Ω as in exam-
ple 5.3 to construct a 5-sided patch by using the closed form solution of the
boundary integrals in the linear system 5.14.
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First we extracted the data f(pi), ∇f(pi), Dni
(qi) for i = 1, . . . , n from

the boundary functions P i and the cross boundary derivative functions T i as
follows. We obviously have that f(pi) = P i(0). The gradient vector ∇f(pi)
was found by first finding the directional derivatives

Dei
f(pi) = P ′i(0)

||di||
and Dei−1f(pi) = P ′i−1(1)

||di−1||
,

where di = pi+1 − pi and ei = di

||di|| for all i. Then, by solving the linear
system of equations [

ei, ei−1
] [a
b

]
=
[
1
0

]
,

we get
∂f

∂u
(pi) = aDei

f(pi) + bDei−1f(pi).

In the same way, we found ∂f
∂v

(pi) by first solving

[
ei, ei−1

] [a
b

]
=
[
0
1

]
.

In this example the three normal derivatives

Dni
(pi), Dni

(pi+1), Dni
(qi).

was obtained from the given function T i. By scaling this vector valued data,
one can control the fullness of the interior of the patch. In this example all
the normal derivatives were chosen to have length 1 which gave a good result.
Figure 6.4 shows the result. As we can see, there are no visible artifacts.
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Figure 6.4: A 5-sided patch
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Chapter 7

Summary and discussion

As we have seen, the ribbon based methods and the CMV method are quite
different in construction. While each of the ribbon based patches can be
defined by a single equation, the CMV interpolant is defined in a pointwise
fashion. Both the ribbon based methods and the CMV method performed
well in our examples, and it’s hard to visually distinguish the surfaces from
another. The CMV interpolant is always C∞ smooth in the interior[10],
while the ribbon based interpolants inherits the continuity of the boundary
functions. The ribbon based surfaces connect to adjacent patches with either
C1 or G1 continuity depending on the choice of parametrization scheme. The
CMV interpolant also connects to adjacent surfaces with C1 continuity (at
least when the domain is a polygon), but can also be extended to match
derivatives of arbitrary order.

Scaling the vector valued boundary derivatives can have huge influence
over over the interior of the patch, and how to make good choices of scaling
factors is a topic for future research. There also existes other ribbon based
interpolants which gives more control over the interior of the patch, see for
example [19, 23].

The CMV interpolant has the advantage that it can be applied to non
convex and curved domains, while the ribbon based methods only works
with convex polygonal domains. However, this is not a crucial property
when constructing surface patches in 3D space, but is more important in
for example shape and image deformation applications. Other applications
include so called guided subdivision where the methods can be used to create
a guide surface which is sampled at some interior points before subdivision
is applied[13].

We showed that both the ribbon based patches and the CMV patch have
roughly the same computational complexity when n is relatively low, but the
CMV interpolant surpasses the other methods as n increases. However, we
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saw that in some cases numerical quadrature can lead to unwanted artifacts,
and we need to raise the number of points in the quadrature rule, which makes
the method a bit slower. We also showed that we can avoid using numerical
integration if the boundary functions are piecewise quadratic polynomials and
the normal derivatives are piecewise linear along each edge of the domain.
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