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Abstract

The attenuation of surface gravity waves is an important process associated

with air-sea and wave-current interactions. Here we investigate experimen-

tally the attenuation of monochromatic surface gravity waves due to the

presence of various surface covers. The surface covers are fixed in space such

that they do not advect with the wave motion and are selected such that

the bending modulus is negligible for the wave frequencies used in the ex-

periment in order to minimize any flexural effects. Wave attenuation rates

are found to be independent of wave steepness and the type of cover used

over the tested parameter range. Results are consistent with the theoretical

attenuation rate for an inextensible surface cover.
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1. Introduction1

Knowledge of the effect of modifying the water surface on attenuating2

surface waves goes back to antiquity [1]. This changing of the surface rheology3

can arise from the presence of oil [2], ice [3], or from certain atmospheric and4

meteorological conditions [4]. Wave attenuation is frequency dependent [5,5

6], which generally increases with increasing frequency, although this can6

depend on the nature of the surface cover [2, 7]. Wave attenuation is an7

important component of many physical processes such as those associated8

with air-sea interactions [8], wave-current interactions [9], surface drift [10],9

and stabilizing wave modulation [11] to name a few.10

In the absence of a surface film, wave attenuation is primarily due to the11

straining motion of the irrotational component of the wave motion (see [5, 6])12

and theoretical values have been verified in laboratory experiments in cases13

where the surface was meticulously cleaned, see [12, 13]. In the presence14

of a surface film, a viscous boundary layer develops which acts to increase15

the attenuation of surface waves (see [5, 6]). If this surface film is elastic16

then the wave attenuation becomes much more complicated as some of the17

wave energy can also go into longitudinal waves, also known as Marangoni18

or dilational waves [2, 14].19

The inextensible model of [5] has been applied to wave attenuation in20

ice and require viscosity values several orders of magnitude greater than21

the molecular value to match observed attenuation rates [3, 15, 16, 17]. In22

ice there are many processes which also attenuate energy such as scattering23

from ice floes [18] and ice creep [19], which might contribute. These observa-24

tions are limited to oceanic conditions and often the argument is made that25
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the boundary layer is turbulent, predominantly due to the ridges and keels26

present under the ice, and hence the larger eddy viscosity is justified on these27

grounds (see [3]).28

While laboratory experiments of wave attenuation involving clean wa-29

ter (see [12] and references therein) and water in the presence of surfactants30

(see [2]) have been performed, there has been little attention paid to investi-31

gating inextensible surface covers. More recently, it has been shown by [13]32

that observations of the attenuation of ocean swell by [20] and [21] are con-33

sistent with the theoretical attenuation rate of an inextensible surface cover.34

However, the physics as to why swell attenuation is best modelled by an35

inextensible surface cover is not clear.36

The main objective of this study is to investigate the attenuation of37

monochromatic surface waves due to the presence of an inextensible sur-38

face cover. The paper is outlined as follows: a brief review of the theoretical39

background for wave attenuation is described in section 2. A description40

of the experimental setup is presented in section 3. Section 4 presents the41

results of the experiment followed a summary and discussion in section 5.42

2. Theoretical background43

2.1. Linear wave attenuation44

Wave amplitudes have been observed to attenuate exponentially, i.e.45

∂a

∂x
= −αa (1)

where a is the wave amplitude, x is the distance along the wave flume, and46

α is the total wave attenuation. Linear wave attenuation arises from viscous47
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dissipation within the fluid [5, 6] as well as boundary effects from the bottom48

and sidewalls of a wave flume [22], viscous effects from the air above the49

interface [23] and the presence of surfactants on the water surface [10, 12, 13].50

In the absence of a boundary layer, whether it be at the surface or due to51

the finite dimensions of a wave flume, the temporal wave attenuation rate,52

as given by [5], is53

∂a

∂t
= −2νk2a, (2)

where t is time, ν is the kinematic viscosity, and k is the wave number. It is54

often difficult to clean the surface sufficiently such that there are no particles55

or natural surfactants present, and thus the clean water attenuation rates56

are difficult to obtain in wave flumes, see [13].57

In the presence of a surface film, the wave attenuation is greater than58

(2) as the film acts to enhance vorticity in the boundary layer created by59

the film. In the inextensible limit the boundary condition is assumed to be60

no-slip and the wave attenuation, as given by [5], is61

∂a

∂t
= −1

2
νγka, (3)

where γ =
√
ω/2ν is the inverse boundary layer thickness [5].62

The temporal attenuation rate in (2) and (3) can be related to the spatial63

attenuation rate by using the relation of Gaster [24], i.e.64

β

α
= cg (4)

where β is the temporal attenuation rate, as shown in (2) and (3), α is the65

spatial attenuation rate, and cg = ∂ω/∂k is the group velocity. Using (4)66

with (2) and (3) gives the spatial attenuation rates for clean water,67

αcl = 2νk2/cg, (5)
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and68

αin =
1

2
νγk/cg (6)

for the inextensible surface cover.69

In general, the ratio (k/γ), which is the ratio of the boundary layer thick-70

ness to the wavelength, is small with k/γ = 2× 10−3 for a 1 Hz deep water71

wave and k/γ = 2 × 10−2 for a 5 Hz deep water wave. It can easily be72

shown that αcl/k = O(k/γ)2 while αin/k = O(k/γ), and since k/γ � 1, is73

consistent with αcl � αin.74

For insoluble surface covers of finite elasticity and negligible thickness75

(e.g. a monomolecular surface film) the attenuation rate is given by [10],76

αe = Γαin (7)

where Γ is defined as77

Γ =

[
2E2

F
+
k

γ

4 (1− E)

F

]
(8)

and E is the non-dimensional elasticity78

E =
Ek2γ

ρω2
, (9)

E is the film elasticity, ρ is the fluid density and F = 1 − 2E + 2E2. The79

theoretical attenuation rate for an elastic surface cover is shown in Fig. 1. The80

inextensible limit, i.e. as E → ∞ and αe → αin, and the clean water limit,81

i.e. E → 0 and αe → αcl, are shown. The elastic attenuation rate has a peak82

value of twice the inextensible limit when E = 1. The frequency at which the83

maximum attenuation occurs is due to a “resonant” type interaction where84

the dispersion curves of the transverse surface waves and the longitudinal85
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waves intersect [2]. This increased attenuation is attributed to a more efficient86

energy transfer from the transverse waves to the longitudinal waves. Setting87

E = 1 in (9) gives the peak attenuation frequency to be88

ωres =

(
2νρ2g4

E2

) 1
5

. (10)

The resonance frequency derived by [2, their equation (6)] differs by a factor89

of ρ1/5 from (10), which can be reasoned from dimensional grounds to be a90

typo in their manuscript.91

The difference in deriving (5), (6) and (7) lies in the boundary conditions92

for the tangential stress τ . Assuming a Hookean tangential stress [10], the93

stress is written as94

τ = E∆x, (11)

where ∆x is the surface strain. In the absence of surface contamination95

E = 0 and τ = 0. In the inextensible limit E → ∞, which implies ∆x → 096

in order for τ to be finite. This limit implies that the no-slip condition97

applies. However, as shown by [25], this is only true in a linear sense and98

does not apply if nonlinear terms are included.99

An additional attenuation process is expected due to the viscous drag of100

the air above waves. The attenuation of the two fluid system, i.e. air and101

water, was shown by [23] to be102

α2fl = αcl +
√

2
ρa
ρ

(
νak

2
)1/2

(gk)1/4 /cg (12)

where ρa and νa is the density and kinematic viscosity of the air. The dy-103

namic boundary condition for the two fluid system is continuity in both the104

tangential and normal stresses at the interface. As shown earlier for deepwa-105

ter gravity waves, αcl/k = O(k/γ)2, while the second term in (12) associated106

6



with the air drag can be shown to be αair/k ∝ (ρa/ρ)
√
νa/ν(k/γ) where107

αair represents the second term in (12). So while the attenuation due to the108

air viscosity is O(k/γ), identical to boundary layer attenuation, ρa � ρ by109

three orders of magnitude and will severely limit the effectiveness of the air110

viscosity to attenuate the waves. Since k/γ is also between 10−3 and 10−2
111

the air-side dissipation is expected to be of the same order of magnitude as112

the water-side.113

For laboratory experiments, the finite dimensions of the wave flume will114

contribute additional wave attenuation [22] with an attenuation rate of115

αsb = νγk

(
1

sinh 2kH
+

1

kB

)
/cg, (13)

where H is the water depth and B is the width of the wave flume. This116

attenuation is due to the boundary layer dissipation and is O(k/γ) and can117

assumed to be negligible for large kH for bottom dissipation and for large118

kB for sidewall attenuation.119

2.2. Linear dispersion relation120

The dispersion relation for the surface transverse wave under a cover of121

finite thickness h is122

ω2 = gk tanh kH

(
1 +

T

ρg
k2 +

D

ρg
k4

)
(14)

where H is the water depth (H → ∞ in Fig. 1), T is the surface tension,123

and D is the bending modulus defined as D ≡ Y h3/12(1 − µ2) where Y124

is the Young’s modulus and µ is the Poisson ratio. The surface tension125

term is negligible when Tk2/(ρg) � 1, which occurs for wavelengths λ �126

2π
√
T/(ρg) = 2 cm. The bending term can be omitted for wavelengths127

7



λ � 2π 4
√
D/(ρg), which for our maximum bending modulus D ≈ 2 × 10−5

128

N/m (associated with the thick latex cover with Y = 1.5 MPa, µ = 0.5129

and h = 0.5 mm) gives λ � 4 cm. In addition, changes to the dispersion130

relation (14) due to the attenuation associated with the surface boundary131

layer are of order (k/γ) and is negligible for for the frequencies used in this132

experiment [10].133

3. Experimental setup134

Experiments were conducted in the 24.6 m long and 0.5 m wide wave135

flume located in the Hydrodynamics Laboratory at the University of Oslo.136

The wave flume was filled with freshwater to a depth of 0.6 m. Waves were137

generated with a hydraulic-driven piston. An absorbing beach is located at138

the opposite end of the wave flume to the wave generator in order to minimize139

the reflection of wave energy. The reflection coefficient of the absorbing beach140

was calculated using the WaveAr software [26] to be less than 4%.141

Three different surface covers were used in the experiments: a woven142

polypropylene cover with thickness of 0.3 mm, and two latex covers of thick-143

ness 0.25 and 0.5 mm. The latex covers were similar to the ones used by [27],144

while the woven polypropylene cover is typical to that used in gardens as a145

weed barrier. Each cover has a width of 0.5 m, which spanned the width of146

the wave flume, with a length of 17 m for the polypropylene and 15 m for147

the two latex covers. Each surface cover was fixed to the wave flume at 6.4148

m from the wave paddle. The cover was fastened to a horizontal bar placed149

along the width of the flume and 10 cm above the still water line to prevent150

over wash of the waves as they encountered the cover. The covers were not151
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fixed at the sidewalls of the wave flume.152

For the wave damping experiments, monochromatic waves were used at153

frequencies between 1.5 to 2.4 Hz and a wave steepness ak between 0.05 and154

0.15. Table 1 shows the experimental parameters used in this study. Wave155

elevation along the flume was measured using an array of ULS Advanced156

ultrasonic wave gauges manufactured by Ultralab. Each wave gauge has a157

resolution of 0.18 mm and sampled the surface elevation at 250 Hz. The158

array consisted of 3 wave gauges equally spaced 1.8 m apart from each other.159

The array was traversed along the length of the wave flume at discrete time160

intervals to increase spatial coverage. Since the cover is fixed to the wave161

flume, there is no advection of the surface cover and the wave field can be162

assumed to be steady state after some initial set-up time, which we take a163

cautious value of 5 minutes. After the wave field has clearly achieved a steady164

state, the wave array is shifted every 3 minutes by 0.7 m, 2.7 m, 5.4 m, and165

8.1 m relative to the leading edge of the surface cover. The first wave gauge166

is located at 0.3 m upstream of the cover, thus elevation measurements are167

obtained at -0.3 m, 0.4 m, 1.5 m, 2.2 m, 2.4 m, 3.3 m, 4.0 m, 4.2 m, 5.1 m,168

6.0 m, 6.9 m, 7.8 m, 8.7 m, 9.6 m, and 11.4 m relative to the leading edge169

of the surface cover. To avoid the possible contamination of reflected waves170

at the leading edge of the cover only measurements downstream of this edge171

are used.172
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4. Results173

The wave elevation along the wave flume is calculated using174

a(x) =

√∫ f0+∆f

f0−∆f

S(f)df (15)

where S(f) is the wave spectrum, f0 is the forcing frequency and ∆f the175

bandwidth of the wave spectrum and is chosen to be ∆f = 0.1 Hz. Our176

results are not sensitive to the choice of ∆f as long as ∆f � f0 so not to177

include bounded waves. Wave spectra for various locations along the tank178

can be seen in Fig. 2 for the 2.2 Hz wave propagating under the thin latex179

cover. The peak of each wave spectrum is seven orders of magnitude greater180

than the noise floor outside the spectral bandwidth (shown by the shaded181

grey region).182

The wave amplitude, as a function of distance along the wave flume, is183

shown in Fig. 3 to attenuate exponentially. The wave amplitude is normalized184

by the amplitude measured before the surface cover, i.e. a0 = a(x = 0.4 m),185

and the distance is normalized by k calculated by (14). The wave attenuation186

rate is calculated using a least-squares fit of all the observed values and the187

error bars show two standard deviations of the best fit parameters. The188

exponential model for wave attenuation fits the observed values very well189

and is independent of the wave amplitude for the range of wave steepness190

used in the experiment.191

The observed attenuation rates for all the frequencies and surface covers192

are shown in Fig. 4. These attenuation rates are compared with the the-193

oretical attenuation rates for the clean and inextensible limits along with194

that for the sidewalls and bottom. For the theoretical attenuation rates, the195

10



kinematic viscosity is assumed to be ν = 1.1 × 10−6m2s−1 and the density196

is ρ = 1.0 × 103kgm−3. Results are generally consistent with the inextensi-197

ble limit of Lamb [5]. The error relative to the inextensible limit for each198

frequency and surface cover is shown in Figure 5.199

5. Summary and Discussion200

Presented is a series of laboratory experiments using fixed surface covers201

to valid wave attenuation due to an inextensible cover. The surface cover202

had to be sufficiently flexible to follow the surface of the propagating waves.203

Latex, of which two different thicknesses were tested, as well as polypropylene204

were chosen as they both possessed the surface following condition yet have205

different elastic properties. For the frequencies used in this experiment, the206

choice of the surface cover had little effect on the attenuation rate. The207

stiffer covers, such as the thick latex and the polypropylene, had larger errors208

associated with the exponential fits, which is presumed to arise from these209

covers not following the surface as accurately as the thin latex.210

For frequencies less than 2 Hz, observations of the attenuation rate were211

consistent with the inextensible limit of Lamb [5], within two standard de-212

viations of the best fit parameters. However, for frequencies greater than 2213

Hz, the attenuation rates exceed the inextensible limit by 20 to 90 %. While214

the presence of longitudinal waves, due to the elasticity of the surface cover,215

can lead to a peak attenuation rate of twice the inextensible limit, which can216

be seen in Fig. 1, this seems unlikely as the different cover materials yield217

similar results. Henderson et al. [13] also observed wave attenuation rates of218

roughly twice the inextensible value of (3) using sheets of cling wrap for the219
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surface cover, which they hypothesized were due to the presence of longitu-220

dinal waves. However, this maximum attenuation rate exists for a relatively221

narrow bandwidth (see [2]) and it is unclear whether this should be applied222

over the frequency range of 1 Hz to 4 Hz used in their experiments [13].223

The effect of the added mass of the surface cover on the wave attenua-224

tion is expected to be negligible as the relative density of polypropylene and225

latex to freshwater is 0.92 and 0.96 respectively. The cover will also affect226

the dispersion relation, but the deviation from (14) will be on the order of227

k/γ [10], which for our frequency range has a maximum value of 8 × 10−3
228

and can safely be ignored.229

The elasticity of the surface cover has been ignored in our calculations,230

but there will exist a certain frequency range where it might be important.231

In order to estimate the film elasticity we need to linearize the bulk modulus232

of the sheet. Since the bulk modulus is defined as233

Y =
τ/A

∆x/x0

(16)

where A is the cross-sectional area, ∆x is the extension and x0 is the length,234

and we want something of the form (11), it is trivial to show that235

E =
AY

x0

. (17)

Taking the Young modulus for the thin latex sheet to be Y = 1.0×106 N/m2,236

and the dimensions of the sheet to be b = 0.5 m, l = 15 m and h = 0.25×10−3
237

m for the width, length, and thickness respectively, we can estimate E from238

(17) to be about 8 N/m.239

Elastic effects on wave attenuation are tested by a least-squares fit of the240

observed attenuation rate to (7) and allowing E and ν to be free parameters.241
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The best fit for each cover is shown in Fig. 6. In all cases, the best-fit242

value for E is greater than 100 N/m, which has a negligible difference on243

the attenuation curves over the frequency range used in this experiment.244

Figure 7a shows E as a function of f for different values of E and Fig. 7b245

shows the multiplier Γ in (7) as a function of E . For frequencies used in246

the lab, E > 5 N/m leads to values of E > 10 (Fig. 7a), which is in the247

inextensible limit (Fig. 7b). The best-fit values for ν are larger than the248

expected value of ν = 1.1 × 10−6, but within two standard deviations (95%249

confidence) with the exception of the polypropylene cover which is three250

standard deviations larger.251
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Table 1: Experimental parameters. Thin refers to the thin latex, thick is the thick latex,

and poly is the polypropylene cover.

cover f / Hz λ / m a0k α/k × 10−3

thin 1.00 1.55 0.04 2.11 ± 1.04

1.50 0.70 0.07 3.41 ± 0.26

1.75 0.51 0.09 3.12 ± 1.36

2.20 0.32 0.10 5.48 ± 0.54

2.40 0.27 0.12 6.36 ± 0.68

thick 1.00 1.55 0.04 2.52 ± 0.82

2.00 0.39 0.09 5.61 ± 1.20

2.20 0.32 0.14 6.45 ± 1.64

2.40 0.27 0.11 9.31 ± 5.44

poly 1.50 0.70 0.07 3.16 ± 0.24

2.00 0.39 0.09 4.81 ± 0.14

2.20 0.32 0.09 5.61 ± 1.20

2.40 0.27 0.12 8.24 ± 1.82
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Figure 1: Attenuation rate normalized by the wave number k as a function of frequency.

The grey shaded region on the left shows a typical spectral range for ocean waves of 0.05

Hz to 0.25 Hz and the region on the right shows a typical range for laboratory waves of

1 Hz to 4 Hz. The inextensible (E →∞) and clean (E → 0) limits are shown along with

the attenuation rate for different film elasticity.
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Figure 2: Wave spectra calculated at 15 different locations for the 2.2 Hz wave with a

steepness of a0k = 0.10 propagating under the thin latex cover. The grey shaded region

denotes the spectral bandwidth used to obtain the amplitude.
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Figure 3: Wave attenuation with the thin latex cover for a 2.20 Hz wave for two different

wave steepness. The attenuation rate does not vary for the two different wave steepness.

The grey shaded region shows two standard deviations of the least-squares fit.
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Figure 4: Wave attenuation rate normalized by the wavenumber k as a function of fre-

quency for each surface cover (thick = 0.5 mm latex, poly = 0.3 mm polypropylene, thin

= 0.25 mm latex). The error bars show two standard deviations of the least-squares fit to

the attenuation curve.
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Figure 5: Relative error of the observed attenuation rate with the theoretical value (αin +

αsb) as a function of frequency for the various surface covers. The error bars show two

standard deviations of the least-squares fit to the attenuation curve.
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νthick = 2. 0± 0. 8× 10−6m2s−1
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νthick = 2. 0± 0. 8× 10−6m2s−1

νpoly = 1. 6± 0. 5× 10−6m2s−1

νthin = 1. 2± 0. 5× 10−6m2s−1

E→∞
E= 8N/m

Figure 6: Wave attenuation rate normalized by the wavenumber k as a function of fre-

quency for each surface cover (thick = 0.5 mm latex, poly = 0.3 mm polypropylene, thin =

0.25 mm latex). The black line shows the theoretical value for ν = 1.1×10−6 m2s−1. The

film elasticity and viscosity are used as free parameters and fit to the observed attenuation

rates. The error bars show two standard deviations of each individual attenuation rate.
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Figure 7: a) Non-dimensional elasticity E as a function of frequency for different values

for the film elasticity. Attenuation rates are twice the inextensible limit when E = 1,

which is shown by the blacked dotted line. b) The attenuation multiplication factor Γ for

finite film elasticities as a function of E showing the transition from the clean surface to

an inextensible surface film. The black dotted line shows E = 1 and the dashed line shows

E = 10−1 and E = 10, which corresponds to the clean and inextensible limits respectively.
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