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1 Introduction

In this work we are studying a general class of controlled memory mean-field stochastic
functional differential equations (mf-sfde) of the form
dX(t) =b(t, X(t), Xe, M(t), My, u(t), us)dt + o(t, X (t), Xz, M(t), My, u(t), ur)dB(t)
+fR07(t> X<t)7 Xt7 M<t)7 Mta u<t)7 Ut, C)N<dt7 dC)v le [07 T] )

X(t) =€t e -5,0],
u(t) = uo(t);t € [-3,0],

(1.1)
on a filtered probability space (2, F,P) satisfying the usual conditions, i.e. the filtration
F = (F:)e>0 is right-continuous and increasing, and each F, t > 0, contains all P-null sets in
F. Here M(t) := L(X(t)) is the law of X (¢) at time ¢, 6 > 0 is a given (constant) memory
span and

Xy = {X(t+ 5)}36[76,0] (1.2)
is the path segment of the state process X(-), while

My = {M(t + 5)}se[-s0] (1.3)

is the path segment of the law process M(:) = L(X(-)). The process u(t) is our control
process, and uy = {u(t + s)}sc[-s0) is its memory path segment. The path processes X;, M,
and u; represent the memory terms of the equation (??). The terms B(t) and N (dt, d¢) in the
mf-sfde (?7) denote a one-dimensional Brownian motion and an independent compensated
Poisson random measure, respectively, such that

N(dt,d¢) = N(dt,d¢) — v(d¢)dt

where N (dt,d() is an independent Poisson random measure and v(d() is the Lévy measure
of N. For the sake of simplicity, we only consider the one-dimensional case, i.e. X(t) €
R, B(t) € R and N(t,() € R, for all ¢, .

Following Agram and OQksendal [?], we now introduce the following Hilbert spaces:

Definition 1.1

o M s the Hilbert space of random measures |1 on R equipped with the norm

2 ~ 2
el = Elfalaly)Pe™ dyl,

where [i is the Fourier transform of the measure p, i.e.
fly) = [pe™dp(x); yeR

o M?° is the Hilbert space of all path segments i = {u(s)}se(—s0] of processes pu(-) with
w(s) € M for each s € [—0,0], equipped with the norm

1l s = S5 () | o ds. (1.4)
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o Mg and M} denote the set of deterministic elements of M and M?, respectively.
For simplicity of notation, in some contexts we regard M as a subset of M® and My
as a subset of M°.

The structure of this space M equipped with the norm obtained by the Fourier transform,
is an alternative to the Wasserstein metric space Py equipped with the Wasserstein distance
W5. Moreover, the Hilbert space M deals with any random measure on R, however the
Wasserstein space P; deals with Borel probability measures on R with finite second moments.

Using the Hilbert space structure for this type of problems has been proposed by P.L.
Lions, to simplify the technicalities of the Wasserstein metric space where he considers the
Hilbert space of square integrable random variables. Our Hilbert space, however is now.

In the following, we denote by C := C([—0,0];R) the Banach space of all paths Z :=
{x(s)}sej-s0), equipped with the norm

1Z|le :==E[ sup |z(s)]]. (1.5)
s€[—4,0]

To simplify the writing, we introduce some notations and the same notations £ and E’ differ
but they are clear from the context. The coefficients

b(t,x, T, m,m,u,u) =b(t,z, T, m, M, u,u,w) : E — R,
o(t,x,z,m,m,u,u) =o(t,x,T,m,m,u,u,w) : E — R,
y(t, x, T, m,m,u,u,() =~ x,T,mmuu,lw) :E =R

where E := [0,T] x Rx C x Mo x M xR xCxQand E' :=[0,T] x R x C x My x M x
R x C xRy x 2 and Ry =R — {0}.

We remark that the functionals b, and v on the mf-sfde depend on more than the so-
lution X (¢) and its law £(X(¢)), both the segment X; and the law of this segment £(X;)
and this is a new-type of mean-field stochastic functional differential equations with memory.

Let us give some examples: Let X (t) satisfies the following mean-field delayed sfde

dX(t) = b(t, X (1), E[X(t)], u(t))dt + o (t, X (1), E[X(t)], u(t))dB(t)
+ [, V(X (0), BIX (D)), u(t), QN (dt, dC); t € [0, 77, (1.6)
X(t) =¢(t)te[-5,0],

where we denote by the bold X(¢ f X (t + s)u(ds) for some bounded Borel-measure pu.
As noted in Agram and Rgse [] and Banos et al [?], we have the following:

e If this measure p is a Dirac-measure concentrated at 0 i.e. X(t) = X (¢) then equation
(7?) is a classical mean-field stochastic differential equation, we refer for example to
Anderson and Djehiche in [?] and Hu el al in [?] for stochastic control of such a systems.

{mfd}



e It could also be the Dirac measure concentrated at — then X(t) = X (¢ — ) and
in that case the state equation is called a mean-field sde with discrete delay, see for

instance Meng and Shen [?] and for delayed systems without a mean-field term, we
refer to Chen and Wu [?], Dahl et al [?] and Oksendal et al [?].

e If we choose now pu(ds) = g(s)ds for any function g € L'([-4,0]) thus X(t) =
fi]ég(s)X(t + s)ds and the state is a mean-field distributed delay.

It is worth mentioning the papers by Lions [?], Cardaliaguet [?], Carmona and Delarue
7], [?], Buckdahn et al [?] and Agram [?] for more details about systems driven by mean-field
equations and stochastic control problems for such a system. These papers, however, use the
Wasserstein metric space of probability measures and not our Hilbert space of measures.

The paper is organized as follows: In section 2, we give some mathematical background
and define some concepts and spaces which will be used in the paper. In section 3, we
prove existence and uniqueness of memory McKean-Vlasov equations. Section 4 contains
the main results of this paper, including a sufficient and a necessary maximum principle for
the optimal control of stochastic memory mean-field equations. In section 5, we illustrate our
results by solving a mean-variance and a linear-quadratic problems of a memory processes.

2 Generalities

In this section, we recall some concepts which will be used on the sequel.
a) We first discuss the differentiability of functions defined on a Banach space.
Let X, ) be two Banach spaces with norms || - || x, || - ||y, respectively, and let F': X — ).

e We say that I has a directional derivative (or Gateaux derivative) at v € X in the
direction w € X if

D, F(v) := lim 1(F(v +cw) — F(v))

e—0 €
exists.

e We say that F' is Fréchet differentiable at v € X if there exists a continuous linear map
A X — Y such that

i 1
1m
po Al

[1F(v+h) = F(v) = A(h)|ly = 0,

where A(h) = (A, h) is the action of the linear operator A on h. In this case we call A
the gradient (or Fréchet derivative) of F' at v and we write

A=V,F.
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e [f F'is Fréchet differentiable at v with Fréchet derivative V, F', then F' has a directional
derivative in all directions w € X and

D, F(v) =V, F(w) = (V,F,w).

In particular, note that if F'is a linear operator, then V,F = F for all v.

b) Throughout this work, we will use the following spaces:
e S?is the set of R-valued F-adapted cadlag processes (X (t))e[—s,r] Such that

IX[5 = E[ sup |X()]"] < oo,
te[—4,T)

(alternatively (X (t)):cjo,r+s) With

IXls: =E[ sup [X()]"] < oo,
te[0,7+46]

depending on the context.)

e L7 is the set of R-valued F-adapted processes (Q(t)):epo,r] such that
T
QL= = E[f; |Q(t)|*dt] < oo

e U is a set of all stochastic processes u required to have values in a convex subset U
of R and adapted to a given subfiltration G = {G;}i>¢, where G, C F; for all t > 0.
We call U the set of admissible control processes u(-).

e [*(F) is the set of R-valued square integrable F;-measurable random variables.
e 1.2 is the set of R-valued F-adapted processes Z : Ry — R such that

121125 = Elfg,|Z2(t, QIPv(d¢)dt] < oo

e R is the set of measurable functions r : Ry — R.
e C,([0,T], My) denotes the set of absolutely continuous functions m : [0, 7] — M,.

e K is the set of bounded linear functionals K : My — R equipped with the operator
norm
|| K|k :== sup | K (m)]. (2.1)

meMo,|[m|[ a1y <1

e SZ is the set of F-adapted stochastic processes p : [0,T + 6] x  — K such that

Iplls, == E[ sup |[Ip(t)][] < oc. (2.2)
t€[0,744]



e L2 is the set of F-adapted stochastic processes ¢ : [0, T + d] x Q — K such that

lall2z = ELfy “lla(®)|[7dt] < oo. (2.3)

e L2y is the set of F-adapted stochastic processes 7 : [0, T 4 0] x Ry x €+ K such that

Irll2s, = B fo 1, Ol ()] < oo. (2.4)

3 Solvability of memory mean-field sfde

For a given constant § > 0, we consider a memory mean-field stochastic functional differential
equations (mf-sfde) of the following form:

dX(t) = b(t, X(t), Xy, M(t), My)dt + o (t, X (t), Xy, M(t), My)dB(t)

—|—fR0’y(t, X(t), Xy, M(t), My, ()N (dt,d¢); t € [0,T], (3.1)
X(t) =¢&);te[-0,0].

Here E := [0,T] X R x C x Mg x M3 x Q, E' :==[0,T] x R x C x My x M x Ry x 2 and
the coeflicients

b(t,z, T, m,m) =b(t,z,T,m, m,w) . E — R,
o(t,x,z,m,m) =o(t,z,T,m,m,w) . E — R,
fy(t7 x? f’ m7 m’ C) = fy(t7x7§7 m7 m? C’ w) : E/ % R’

are supposed to be F;-measurable and the initial value function £ is Fy-measurable.

For more information about stochastic functional differential equations, we refer to the
seminal work of S.E.A. Mohammed [?] and a recent paper by Banos et al [7].

In order to prove an existence and uniqueness result for the mf-sfde (?7?), we first need
the following lemma:

Lemma 3.1
(i) Let XU and X® be two random variables in L*(P). Then

|ex®) - LX)}, < VAE[(XD - X@).

(ii) Let {XD(t)} 50, {XPD(t)}is0 be two processes such that

EUOTX(")Q(s)ds] < 0o for all T with i =1, 2.

Then
1£X7) = LG < VAR (XD (s) = X)(5))%ds).
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Proof. By definition of the norms and standard properties of the complex exponential
function, we have

leex®) — £(x@)|,,

= fR|£ M) (y) = LIXD)(y)Pe " dy

= [ | foe™dL(X W) (z) — [Le™dL(XP)(2)|" e v dy

= Bl — e e v gy

= [o|E[cos( yX( )) — cos(yX )] + iE[sin(yX V) — sin(y X @)][2e " dy

= [Elos(yX) —cos(y X )P+ EfinyX ) = siny X2 e iy
< Jo(E[] cos yX )Y — cos(yX@)|]2 + E[| sin(y X)) — - sin(yX@)[|2)e v dy
< Ja( EQ[ — XN +E[ly(XN — XO)[12)e v dy

suwey@mwm X @1
< VIE[(X® — X@)2),
and similarly, we get that
2
LX) = LXN2e <[5 ILX0(s) = XO(s))|,, ds

<
< VAE[[’,(XW(s) - XO(s))%ds].

We also need the following result, which is Lemma 2.3 in [?]:

Lemma 3.2 Suppose that X (t) is an Ito-Lévy process of the form

dX(t) = aft)dt t)dB (t, dt,d te |0, T
(1) = a(t)dt + BUAB() + [, (. ON (O 1€ [0.T), 93 fern)
X(0) =z €R,
where o, B and v are predictable processes.
Then the map t — M(t) : [0,T] — My is absolutely continuous.
It follows that ¢ — M (t) is differentiable for a.a.t. We will in the following use the notation
dM(t)
M'(t) = —2. 3.3

(=" (33
We are now able to state the theorem of existence and uniqueness of a solution of equation
(??). As before we put E := [0,T] x Rx C x Mo x M3 xQand E' := [0, T] x R x C x My x
M x Ry x . Then we have

{existence]
Theorem 3.3 Assume that {(t) € C,b,0 : E — R and v : E' — R are progressively
measurable and satisfy the following uniform Lipschitz condition dtP(dw)-a.e.:
There is some constant L € R such that
b(t, z,T,m, m,w) — b(t, ', T, m/ m W)+ |ot,z,T,mmw) — otz T, m m wl?
+ fRo |7(t7 xz, Eu m, ma Cu w) - 7(t7 xla EI: mlu m/7 C? w) |2]/(d<_>
< Lz = &' + |7 = T[le + [lm = m/|[34, + [[m = 7[[3), for a.a. t,w,
(3.4) {Lip}



and
|b(t7 07 Oa Hos Ko, W)P + |0(t7 07 07 Ho, Ho, w)|2
+ fRo |P)/(t7 07 OnuU?/jJ(]? C,(.U)Pl/(dC) < L fOT’ a.a. tawa (35) {Bou}

where g s the Dirac measure with mass at zero. Then there is a unique solution X € S8? of

the mf-sfde (?7).
Proof. For X € §%(—4,T] and for to € (0,T], we introduce the norm

1 X5 =E[ sup [X(&)]].

te[—4,to)

The space H;, equipped with this norm is a Banach space. Define the mapping ¢ : H;, —
H;, by ®(x) = X where X € 8% is defined by

dX(t) =b(t,z(t), ze, m(t), my)dt + o(t, z(t), xr, m(t), m)dB(t)
+ Jo, 7t 2 (t), 2, m(t), my, QN (dt, dC); t € 0,77,
X(t) =€(t)ste(-6.0].
We want prove that & is contracting in H;, under the norm || - |4, for small enough ¢,. For
two arbitrary elements (z!, 2?) and (X', X?), we denote their difference by 7 = 2! — 22 and
X = X' — X2 respectively. In the following C < oo will denote a constant which is big

enough for all the inequalities to hold.
Applying the It6 formula to X?(t), we get

(t) = 2[3 X (5)(b(s, 2" (s), &}, m (5),m}) — bs, @*(s), 22, m*(s), m3) )ds
+2f0 X(s)(o(s,2"(s), 2}, m ()m) o (s, a*(s), x3,m*(s), m3))dB(s)
X (8) fy, (V5,2 (5), 2k, m' (), mL, ) = (s, 2°(s), 22, m*(s),m2, O)) N (ds, dC)
+f0 o(s,z'(s) ,xs,m L(s), mi) —a(s,xQ(s),xi,mQ( ),m )) ds
+ Jo Jog (V5,2 (), 2l ml (5),ml, Q) = (s, 2%(5), 22, m*(s),m2, Q) w(dC)ds
By the Lipschitz assumption (??) combined with standard majorization of the square of a
sum (resp. integral) via the sum (resp. integral) of the square (up to a constant), we get

2(t) < cfgp?(s)mtods

t <> ~
+ |f0X(5)‘7( ()| + |f0flR (ds dQ)| + tCAtO )
where N _ N _
Ay, = [2llse + [[Zlle + 1Ml ao + [ g
2 ~ ~ ~ ~
AR = |72+ [[7E + (]2, + [l



By the Burkholder-Davis-Gundy inequalities,

Efsup | [y X (s)5(s)dB(s)[] < CE[(f; X*(5)5%(s)ds)?] < Ctol| X 1A, (3.6)

t<to

and

Efsup | fy X (s)7(s)N (ds, dC)[] < CE[(fo"X*(s)7(s)0(d0)ds)?] < Ctol| X llp-  (3.7)

t<tg

Combining the above and using that
X1y < CUIXIE +A5),
we obtain
I, +=Elsup X2(0)] < Cto(1XIf, + AL,
By definition of the norms, we have
AR < ClIEE, (3.8)

Thus we see that if 5 > 0 is small enough we obtain

IROIE, < SlFs)IE, (39)

and hence @ is a contraction on Hl;,. Therefore the equation has a solution up to t;. By the
same argument we see that the solution is unique. Now we repeat the argument above, but
starting at ty instead of starting at 0. Then we get a unique solution up to 2¢y. Iterating
this, we obtain a unique solution up to T for any T' < oc. 0]

4 Optimal control of memory mf-sfde
Consider again the controlled memory mf-sfde (?7)

dX(t) =b(t,X(t), Xy, M(t), My, u(t), us)dt + o(t, X (t), X¢, M(t), My, u(t), uy)dB(t)
+fRO’Y(t7 X<t>7 Xt’ M<t)a Mta u(t>a Ut, C)N<dt7 dg)v te [O’ T] )
X(t) =€)t e [-0.0].
(4.1)
The coefficients b, 0 and v are supposed to satisfy the assumptions of Theorem 77, uni-
formly w.r.t. u € U, then we have the existence and the uniqueness of the solution
X (t) € 82 of the controlled mf-sfde (?7?).
Moreover, b, o and v have Fréchet derivatives w.r.t. =, m, m and are continuously differ-
entiable in the variables z and wu.
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The performance functional is assumed to be of the form
J(u) = ]E[fOTé(t,X(t),Xt, M(t), My, u(t), u)dt + h(X(T), M(T)]; w e U. (4.2)

With E:=[0,7] x R x C x Mo x MJx U xC x Q, E' := R x My x Q we assume that
the functions

Ut x,z,m,m,u,a) =L(t,x,T,m,m,u,i,w) :FE—R,
h(z,m) = h(z,m,w) B — R,

admit Fréchet derivatives w.r.t. T, m, m and are continuously differentiable w.r.t. x and wu.
We allow the integrand in the performance functional (??) to depend on the path process
X; and also its law process L(X;) =: M;, and we allow the terminal value to depend on the
state X (7T') and its law M (7).

Consider the following optimal control problem. It may regarded as a partial information
control problem (since u is required to be G-adapted) but only in the limited sense, since G
does not depend on the observation.

Problem 4.1 Find u* € U such that

J(u*) = sup J(u). (4.3)

ueyd

To study this problem we first introduce its associated Hamiltonian, as follows:
Definition 4.2 The Hamiltonian

H:[0,T+0]xRXCXMygx MY XxUCXCxRxRxRxKxQ—=R

associated to this memory mean-field stochastic control problem (77?) is defined by

H(t,z,z,m,m,u,u,p’, ¢, r°(-),p") = H(t,x,T,m,m,u,u,p’ ¢ r°(),p"w)
=((t,z,T,m, m,u,u) + p°b(t, z,T, m, M, u,)
+q%o(t, 2, T, m, M, u, )
+ Jr, 7Ot )y (8, Q) v(dC) + (p',m') s t € [0, T,
(4.4)
and H(t,z, T, m,m,u,u,p’, ¢, r°(-),p") = 0;¢t > T.

The Hamiltonian H is assumed to be continuously differentiable w.r.t. x,u and to admit
Fréchet derivatives w.r.t. =, m and m.
In the following we let L denote the set of measurable stochastic processes Y () on R

such that Y (t) =0 for t <0 and for ¢t > T and

fOTYQ(t)dt < oo a.s. (4.5)
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The map
Y [ < VH(t),Y; >dt; Y €L}

is a bounded linear functional on LZ. Therefore, by the Riesz representation theorem there
exists a unique process [';(t) € L such that

[IT.)Y (t)dt = [,| < VzH(1),Y; > dt, (4.6)

0

for all Y € L3. Here < VzH(t),Y; > denotes the action of the operator VzH () to the
segment Y; = {Y'(t + 5)}se[—s,0, where H(t) is a shorthand notation for

H(t, X (), X0, M(E), My, u(t), ug, p°(8), (), °(E, ), 0 (1), ).
As a suggestive notation (see below) for I'; we will in the following write
VzH" :=T4(t). (4.7)
Lemma 4.3 Consider the case when
H(t,x,7,p,q) = f(t,z) + F(Z)p + oq,

Then
S(lt’iSﬁGS (??); where pt = {p(t + r)}rG[O,é] = {p(t - S)}se[ﬂS,O]-
Proof. We must verify that if we define I'z(¢) by (?7?), then (??7) holds. To this end,
choose Y € L2 and consider
I Ta)Y (t)dt = [i} < VaF,pt > Y(t)d fo < VaF {p(t + 1)} reps > Y (t)dt
= fo < V; F%{Y( )Pt +7)} e, > dt
=< VP, {f, Y (u—r)p(w)du}rens) >
=< V:EF7 {fo Y(u - T)p(u)du}re[o,é]
= fOT < VzEY, > p(u)du
= [ < VaH(u),Y, > du.

Example 4.4 (i) For example, if
F(z) = [*a(s)z(s)ds (4.9)
when T = {x(8) }se-s0], then
< ViFp' >=<F,p' >= f t—sds-fo r)p(t+ r)dr. (4.10)

(i) Similarly, if
G(7) = 2(=0) when T = {(s) }se-s,0, (4.11)
then
< ViG,p' >=p(t+9). (4.12)
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For u € U with corresponding solution X = X%, define p = (p°,p'),q¢ = (¢°,¢') and
r = (r° rl) by the following two adjoint equations:

e The advanced backward stochastic functional differential equation (absfde) in the un-
known (p°, ¢°, %) € 8% x L2 x 1.2 is given by

dp’(t) = —[2(t) + E(V-H!|F))dt + ¢°(t)dB(t) + [ r°(t, QN (dt,dC);t € 0,77,
po(t) = (X(T), M(T));t > T,
¢t =0t>T,
ro(t,-) =0;t>T.
(4.13)
e The operator-valued mean-field advanced backward stochastic functional differential
equation (ov-mf-absfde) in the unknown (p',¢',r!) € 82 x L% x LE’K is given by
dpl(t) = —[VamH(t) + E(VmH|F))dt + ¢* (£)dB(t) + [, r'(t, Q)N (dt, d)st € [0,7],
pi(t) = Vnh(X(T), M(T));t > T,
¢t =0t>T
ri(t,) =0;¢>T
(4.14)
where V;, H' is defined in the similar way as VzH" above, i.e. by the property that
JITaMt)dt = [if < ViH(t), M; > dt, (4.15)

for all M € LZ.

Advanced backward stochastic differential equations (absde) have been studied by Peng
and Yang [?] in the Brownian setting and for the jump case, we refer to Oksendal et al [?],
Oksendal and Sulem [?]. It was also extended to the context of enlargement progressive of
filtration by Jeanblanc et al in [?].

When Agram and Rgse [?] used the maximum principle to study optimal control of mean-
field delayed sfde (?7), they obtained a mean-field absfde.

The question of existence and uniqueness of the solutions of the equations above will not
be studied here.

4.1 A sufficient maximum principle

We are now able to derive the sufficient version of the maximum principle.

Theorem 4.5 (Sufficient maximum principle) Let u € U with corresponding solu-
tions X € 82, (7°,3°,7) € 82 x L? x L2 and (p',¢',7) € 82 x L% x L2k of the forward
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and backward stochastic differential equations (?7), (??) and (?77?) respectively. For arbitrary

uel, put

Suppose that

e (Concavity) The functions

are concave P-a.s. for each t € [0,T].

e (Mazximum condition)

E[H(t)|G] = sup E[H(1)|G],

uelifod

P-a.s. for each t € [0,T].
Then u is an optimal control for the problem (?7).

(4.18)

Proof. By considering a sequence of stopping times converging upwards to 7', we see tghat
we may assume that all the dB— and N— integrals in the following are martingales and

hence have expectation 0. We refer to the proof of Lemma 3.1 in [?] for details.

We want to prove that J(u) < J(@) for all u € U*?. Application of definition (?7) gives

for fixed u € U that
J(U)—J(a) = ]1+-[2a

where
L = E[f, {¢(t) - I(t)}dt],
I, = E[(X(T),M(T))—h(X(T), M(T)),
with
0t) == 0(t, X (t), Xy, M(t), My, ult), uy),
0t) = 0t X (1), X, M(t), My, a(t), @y).
and similarly with b(t),b(t) etc. later.
Applying the definition of the Hamiltonian (??), we get
foT{H ﬁf(t)—ﬁom <>—a°ta<>
— [ POt OF(E, Qu(dC) — < BH(t), M'(t) > Y],
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where b(t) = b(t) —/b\(t) etc., and

M(t) =20 = d(pr() - M(1).

dt dt

Using concavity of h and the definition of the terminal values of the absfde (?7) and (77),
we get

I, < E[S(T)X(T)+ Vuh(T)M(T)] (423) (12}
= E[(T)X(T)+ < p!(T), M(T) >].
Applying the It6 formula to p°X and ﬁlﬂ we have
E[*(T)X(T)] = ff;) +f0 (6 + Jo @
+/; RO (t, Qv (dC)dt]
- f )b( dt— OT%—’;( VX ()dt — [ B(VEHF,)X (t)dt (4.24) {10}
f dt+fo Jo, PO QA (L, Qv (dodt},
and
E[< p'(T), M(t) >]
= K[, <p'(t),dM(t) > dt + [ < M(t),dp'(t) > di] (4.25)
—E[[] <p'(t), M'(t) > dt — [,/ <V, H(t), M(t)>dt — [ B(VmH|F,)Mt)dt],
(4.26)

where we have used that the dB(t) and N(dt, d() integrals have mean zero. On substituting {.11}
(7?7),(??) and (??7) into (?7), we obtain

~

J(u) = J(@) <E[f{H(t) - Ht)— [} 2L >X )yt — [y V=HX (t)}dt

— < N H(), M(t) > dt — [ Ve HM(t)dt).

Since X () = 0 for all ¢ € [—4,0] and for all ¢ > T we see that X € L2 and therefore by (27),
we have

[IVH X (t)dt = [ < VLH(t), X, > dt. (4.27) {estpath}
Similar considerations give
[IVRHMt)dt = [ < VaH(t), M, > dt. (4.28) {stpath2}
By the assumption that H is concave and that the process u is G;-adapted, we therefore get

J(u) — J (@) <Ef0 {2 (t)u(t)+ < Va wH (1), T, >}dt]
—Efo (—H (Oa(t)+ < VaH (1), > |G,)dt]
(V)|Gu(t)+ < E[VzH(t)|Gi], @ >}dt] <0

For the last inequality to hold, we use that E[H(t)|G,] has a maximum at (t). O
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4.2 A necessary maximum principle

We now proceed to study the necessary maximum principle. Let us then impose the following
set of assumptions.

i) On the coeflicient functionals:
e The functions b, 0 and v admit bounded partial derivatives w.r.t. x, 7z, m,m, u, u.
ii) On the performance functional:

e The function ¢ and the terminal value h admit bounded partial derivatives w.r.t.
x, T, m,m,u,u and w.r.t. x, m respectively.

ii) On the set of admissible processes:
e Whenever u € Y and 7 € U is bounded, there exists € > 0 such that

u+ A € U, for each \ € [—¢, ¢].

e For each ¢ € [0, 7] and all bounded G;,-measurable random variables «, the process
m(t) = L so,1] (1),

belongs to L.

In general, if K"(t) is a process depending on u, we define the operator D on K by

DK“(t) :== D"K"(t) = %K““”(tﬂ A=0; (4.29)

whenever the derivative exists.
Define the derivative process Z(t) by

Z(t) = DX (t) := L X"\ .
Using matrix notation, note that Z(t) satisfies the equation

dZ (t) = (Vo) (Z (t),Z;, DM(t), DMy, 7 (t), m)dt
+(Vo )" (Z(t), 2, DM(t), DMy, w (), m) B(t)
o (VY (6 OV (Z(£). Ze, DM(1), DMy, (1) w0, Q)N (dt, dC); t € [0,7),
Z(t) =0;te[-4,0],
(4.30) {dervz}
where (Vb)T = (2, Vb, Vb, Vi, 82 V5b)T, (-)7 denotes matrix transposed and we mean
by Vzb(t) Z;, (respectively Vb (t) DM;) the action of the operator Vzb (t) (Vb (t)) on
the segment Z, = {Z(t + 5)}sej—s0 (DM; = {DM(t + 5)}sel-s0) i€, < Vzb(t),Zs >
(< Vb (t), DM, >) and similar considerations for o and +.
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Theorem 4.6 (Necessary maximum principle) Let u € U with corresponding solu-
tions X € 82 and (7°,3°,7°) € 82 x L2 x L2 and (p*, ', 7!) € 82 x L% x I x of the forward
and backward stochastic differential equations (??) and (?7) — (?7) respectively, with the
corresponding deriative process Z € 8% given by (72). Then the following, (i) and (i), are
equivalent:

(i) For all bounded m € U
LJ(@+ M)|xeo =0.

(ii)
E[(%_Z(t) + VzH,)|Gilu=a = 0 forallt €]0,7T).

Proof.  Before starting the proof, let us first clarify some notation: Note that

Vi <pi(), gm > =<pi(t), 5() >,

and hence

< Vi <pi(t), gm > DM(t) > =<pi(t), 5DM(t) > =<pi(t),DM'(t) > =pi(t)DM'(t).

7 dt

Also, note that

dDM(t) = DM'(t)dt. (4.31)
Assume that (i) holds. Then

0 = dJ(u+A7r)|A 0
= Efo TA(Z(t),Zy, DM(t), DMy, 7 (t), ) }dt
+on (T)Z( )+v h(T) DM(T)].

Hence, by the definition of H (??) and the terminal values of the absfde p°(T) and p'(T),
we have

0 = dd)\J(u+)\7r)\ A=0
=E[fy {(VH (t))T (Z(t), %, DM(t), DMy, 7 (t) , )
O(t)( ()) (Z(t), Z, DM (t), DMy, (t) , )
()( o ()" (Z(t),Z, DM(t), DMy, m (t) , m)
_f]R t( VV(LC)) ( ()7Zt7DM<t)7DMt=7T(t)77Tt)y(dC)}dt]
— [T p () DM () dt + p*(T) Z(T) + p"(T)DM(T)).

Applying It6 formula to both p°Z and p' DM, we get

E[p°(T)Z(T)] =E[f, p(t)dZ(t) + [, Z +[p°, Z]1]
=E| fo (t (T (Z( ) Zt,DM(t),DMt,W(t) , ) dt
—fo t +V H'}YZ(t)dt
+fo )) (Z(t), Ze, DM(t), DMy, (t) , m¢)dt
+Jy fR 0( S OVY (60T (Z (), Ze, DM (t), DMy, 7 (t) , m)v(dC)dt],
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and

Elp"(T)DM(T)] = E[[, p"(t)DM'(t)dt + [, DM(t)dp\(t)]

E
E[J; pl( YDM'(t)dt — [\ {V nH(t) + Vi H' DM (t)dt].

Proceeding as in (?77) — (??), we obtain

INGHI Z(t)dt = [ < VeH(t), Z > dt,
[V HIDM (t)dt = [ < VimH(t), DM, > dt.

Combining the above, we get
E[fy (ZL(0)m(t) + (VaH (1), m))dt). (4.32) {n_pi}

Now choose 7(t) = &1(t07T]( ), where o« = «a(w) is bounded and G;,-measurable and ¢, €
[0, 7). Then m = a{111(t + ) }se[-s0 and (?7?) gives

0 =E[[ 2 (t)adt + [, (VaH (t),a) {1 (t + ) }sel-sodt].
Differentiating with respect to ¢y, we obtain
E[(3y (to) + VaHy)a] =0,
Since this holds for all such «, we conclude that
E[(%2(to) + VaHy,)|Gy,) = 0, which is (ii).

This argument can be reversed, to prove that (ii)==-(i). We omit the details. O

5 Applications

We illustrate our results by studying some examples.

5.1 Mean-variance portfolio with memory

We apply the results obtained in the previous sections to solve the memory mean-variance
problem by proceeding as it has been done in Framstad et al [?], Anderson and Djehiche [?]
and Rgse [?].

Consider the state equation X™(t) = X (t) on the form

{ dX(t) = X(t—00)m(t)[bo(t)dt + oo(t)dB(t) + fR Yo (, ) (dt d¢);t € 10,77, (5.1)
X<t) :f(t);te [_6?0]7 .

for some bounded deterministic function £(t);t € [—d,0]. We assume that the admissible
processes are cadlag processes in L*((2, [0, 7)), that are adapted to the filtration F; and such
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that a unique solution exists. The coefficients by, 0y and vy > —1 are supposed to be bounded
F-adapted processes with

bo(t)| > 0 and o (t) + fkovg(t, Q)r(d¢) > 0 a.s. for all ¢.
We want to find an admissible portfolio 7(¢) which maximizes

J(r) = E[-3(X(T) - a)?, (5.2)

[

over the set of admissible processes U%¢ and for a given constant a € R.
The Hamiltonian for this problem is given by

H(t,z,mp°,¢,1°()) = 7G@)(bop” + 00q” + [5,7 (¢) ° (€) v(dC)), (5:3)

where

G(z) = 2(—0) when & = {x(s) }sc[-5,]- (5.4)

See Example 4.4 (i)). Hence by Lemma 4.3 the triple (p°, ¢°, %) € 8* x L? x L2 is the adjoint
process which satisfies

dp°(t) :—E[G+ﬂﬂ%@+5m%ﬁ%®+adt+®f@+5)

+ Jz, % (t+0,0)r% (t+6,¢) v(dC))| Fildt + ¢°(t)dB(t)

+ Jo, 70 (t,C) N(dt, d¢);t € 0,77, (5.5)
P°(t) z—ﬁﬂT) a)t > T,

@) =r0¢)=0;t>T.
Existence and uniqueness of equations of type (??) have been studied by Qksendal et al [?].

Suppose that 7 is an optimal control. Then by the necessary maximum principle, we get
for each t that

0= 22 (t, X, 7(t), P°(1), (1), 7°(t, ) (5.6)
ZMF-X(WU+%®?®+&%@OW@OWM)
So we search for a candidate 7 satisfying
0 = bo(HP(1) + oo()T(1) + fi, 20 (£ Q)7 (¢,€) 1(dC), for all £ (5.7

This gives the following adjoint equation:

dp’(t) =P ()dB(t) + [, 7 (t.¢) N(dt,dC);t € 0,77,
P =—-(X(T)—a);t>T, (5.8)
) =70)=0;t>T.

We start by guessing that p° has the form
) = eMX(@®)+v() (5.9)
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for some deterministic functions ¢, € C1[0, T| with

(5.10)

Using the It6 formula to find the integral representation of p° and comparing with the adjoint

equation (?7?), we find that the following three equations need to be satisfied:
0 = QX+ (1) + (X (t = OF(D)bo(0),

Pt) = p(t)X(t - 8)F(t)oo(t),
?O(ta C) = 90<t)55(t - 5)/7%(?5)70(757 C)

(5.11)

(5.12)
(5.13)

Assuming that )?(t) # 0 Pxdt-a.e. and p(t) # 0 for each ¢, we find from equation (?7?) that

7 needs to satisfy ~
~ _ _9OXO+Y (@)
Tt = —oxeom

Now inserting the expressions for the adjoint processes (??), (??) and (??) into (?7?), the

following equation need to be satisfied:
0= bo(®)lp®X (1) + ()] + 9 X (t = )T () (95 (1) + fo, 26 (1 v (dC)).

This means that the control 7 also needs to satisfy

) = — bo(Dlp ()X (1) +(1) _
03+ J, B QU)o () X (1)

By comparing the two expressions for 7, we find that

P()X () + (1)) ~
R V2 (E QO (dC)) [ (DX (E) + ¢/ ()]

I
N
Sto—
=

+
=

Now define

_ G0
At = o o

Then from equation (??), we need to have

P(t) = A)p(t) = 0,
P(t) = AB)p(t) = 0.
Together with the terminal values (77?), these equations have the solution
o(t) = —exp(~ [ A(s)ds),

W(t) = aexp(—[ A(s)ds).

Then from equation (??) we can compute
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(1) P(t)
7(t) = bolt )(X(t) o(t )) = A(t) (X(t) o(t )) A(t) ()?(t) —a)
ag(t)+fR070(t,g (dC) X (t—6) bo()X (t—6)  bo()X(t—0) '

Now, with our choice of 7, the corresponding state equation is the solution of

{ AR (1) = {HEX @) = )bo(@)dt +00(t)dBE) + o0 (£,0) N(dt,dC)]st € 0,7],
X(t) =wo(t);t €[-0,0].
_ (5.17) {up}
Put Y (t) = X(t) — a, then
dY (t) =Y (t)[A(t)bo(t )dt+ oo(t)dB(t) + fRO Yo (t,¢) N(dt, dC)). (5.18) {1}

The linear equation (?7) has the following explicit solution

Y(t) = Y(0)explfy As)bo(s)ds + [y mSoo(s )+ Jy Sy 30 (5, Q) N(ds, ().

So if Y/(0) > 0 then Y (¢) > 0 for all ¢.
We have proved the following:

Theorem 5.1 (Optimal mean-variance portfolio) Suppose that £(t) > a for all t €
[—0,0]. Then X(t — &) > 0 for all t > 0 and the solution T € U™ of the mean-variance
portfolio problem (?7?) is given in feedback form as

m(t) = W(X(t)—a),

where X (t) and A(t) are given by equations (7?) and (?7?) respectively.

5.2 A linear-quadratic (LQ) problem with memory

We now consider a linear-quadratic control problem for a controlled system X (t) = X"(t)
driven by a distributed delay, of the form

{ X(t) [f a(s) X (t + s)ds + u(t)|dt + cgdB(t +fR Bo (€ (dt d¢);t € 10,77,
X(t) 5() € [-4,0],
(5.19) {f}

where £(+) and a(-) are given bounded deterministic functions, ag is a given constant, [y is
a given function from Ry into R with

Ja,Bo () v(d¢) <

and u € U is our control process. We want to minimize the expected value of X?(T') with

a minimal average use of energy, measured by the integral E| fOTu2 (t)dt], i.e. the performance
functional is of the quadratic type

J(u) = —iE[X(T) + [;Fu?(t)dt
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Our goal is to find u € U, such that

J(uw) = sup J(u). (5.20)

uelfad

The Hamiltonian in that case takes the form

H(t,7,u,p" ") = —5u® + (F(@) + wp" + Bog” + fo,r" () Bo () v(dC),
where
F(z) = [*a(s)z(s)ds when & = {x(5)}se[_s0]- (5.21)

By Lemma 4.3 and Example 4.4 (i) we see that the adjoint absde for (p°, ¢° r°) is the
following linear absde

{ dp’(t) = —E[fya(—r)p°(t +r)dr|Fldt + ¢°(t)dB(t) + [, r° N(dt,d¢); t€[0,T7,
pO(T) - —X(T) ¢ z T

(5.22)
The function w — H(t, X (t — 6),7a(t),p°(t), 3 (t), 7 (¢, ¢)) is maximal when

u(t) = u(t) = p°(t). (5.23)
We have proved:

Theorem 5.2 The optimal control @ of the LQ memory problem (?7) is given by (77),
where the quadruplet (X (t) = X%(t), p°(t), °(t),7° (¢, C)) solves the following coupled system
of forward-backward stochastic differential equations with distributed delay:

dX (1) = ( JPa(=r)X(t - r)dr + ﬁo(t)>dt + apdB(t) + [ (¢) N(dt, dC); t € (0,77,
X(t) = £(t);t € [—6,0], (5.24)
ap°(t) = = (Jy (=B (¢ + )| Fildr ) dt + G (0)dB() + [, 7 (¢, ) N(dt, dO); ¢ € [0,7],
P(T)=-X(T);t>T. (5.25)

Remark 5.3 We may regard this coupled system (??)-(??) as the corresponding Riccati
equation to our LQ memory problem. See e.g. Hu & Oksendal [?], page 1747.

Define
Y(t) :=—-X(t); tel0,T]. (5.26)
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Note that (??) can be written as a forward SDE as follows:

)= (Jal=r)y (e = r)ar = 3(0))di — aodB(t) ~ | o () N(ar.dc):t € 0.7],
Y(T) = —X(T). (5.27)

¢"(t) = —ag and 7°(t,¢) = —Bo(C) (5.28)
and choose p° such that
Jea(=r)Y (t = r)dr — §°(t) = [y a(~r)E[(t + )| F]dr, (5.29)
then the two equations (??) and (??) become identical, and we can conclude that
() =Y(t)=—-X(t); te[0,T]. (5.30)
We can summarize this as follows:

Theorem 5.4 Suppose there exists an adapted solution u(t) of the stochastic Volterra-type
equation

)+ [y a(=r)Efa(t + )| Fldr = — [y a(=r)X(t —r)dr, te[8,T +0]. (5.31)

Then u(t) is an optimal control for the problem (??), expressed in feedback form of the
memory of the state process X (+).
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