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Abstract

In this thesis we propose a parallel in time method for reducible optimal control
problems with di�erential equation constraints. Our method uses a BFGS algo-
rithm with a Parareal-based preconditioner to optimize a series of unconstrained
and time-parallelizable subproblems that depend on a penalty parameter µ. For
large µ's, the solution of the subproblems will approach the numerical solution of
the sequential algorithm.

We derive and implement the method for an ODE constrained example problem,
and explore the consistency of the method both through theory and experiments.
We present the already known Parareal-based preconditioner and derive some of its
properties. We also show that it is applicable to the BFGS optimization algorithm.

The performance of our proposed algorithm is tested on the ODE constrained
example problem using both simulated and actual parallelism. We observe that
our preconditioned method seems to be independent of the number of decompo-
sitions of the time interval, and we were able to achieve modest speedup results
between 9 and 23.5 on 48 to 120 cores. We also observe that our method experi-
ences signi�cant loss of potential speedup for large penalty parameters µ.
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Chapter 1

Introduction

In today's world, high performance computing is an essential tool for scientists
in many �elds such as engineering, computational physics and chemistry, bioin-
formatics or weather forecasting. Many problems that arise in these areas are so
computationally costly, that they can not be solved e�ciently or at all on a single
processor. Instead we solve or accelerate the solution of such problems by running
them on large-scale clusters of multiple processes in parallel. One of the main
issues with parallel computing is that many numerical solvers are sequentially for-
mulated, and the work of translating these algorithms into a parallel framework
can often be time and e�ort intensive.

One class of large-scale problems suited for parallelization, that frequently occurs
both in science and engineering, are time-dependent partial di�erential equations
(PDEs). The traditional approach to implementing parallel solvers for such prob-
lems is to restrict the parallel computations to operations in spatial dimension at
each time step, while the time-integration is done sequentially. Letting the imple-
mentation be serial in temporal direction is the most intuitive way of parallelizing
time-dependent PDEs, since evolving an equation in time is a naturally sequential
process. A lot of work has also been done on parallel solvers for spatially dicretized
problems, meaning that methods and strategies for parallelization in space already
are developed and tested [1]. However, for a �xed discretization, the achievable
speedup through spatial parallelization is limited when the number of cores are
high. Therefore, introducing parallelism in temporal direction is a way of increas-
ing the speedup beyond this bound. It is therefore desirable to develop solvers for
time-dependent PDEs that are parallel in time.

There exists multiple methods for parallel in time solvers of evolution equations.
The most famous and most developed of these methods is the so called Parareal
method introduced in [2]. The parallelism of Parareal is restricted to the temporal
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dimension, and can therefore be used to parallelize both time-dependent PDEs
and ordinary di�erential equations (ODEs). It shares this feature with the related
multiple shooting methods [3, 4], while waveform relaxation methods [5, 6] and
multigrid methods [7�9] achieves parallelism in time by parallelizing in both space
and time simultaneously. In this thesis we will restrict ourself to Parareal, and the
other methods will not be touched upon any further.

Parallel di�erential equation (DE) solvers are well studied. In this thesis we will
focus on a similarly important set of problems. Optimization problems constrained
by time-dependent DEs. These occur for example in: Optimal control ,variational
data assimilation and optimal design. Optimization with di�erential equation con-
straints are minimization problems of the following form:

min
y,v

J(y, v) subject to E(y, v) = 0. (1.1)

The functional J that we want to minimize is usually referred to as the objective
function. E(y, v) = 0 represents the di�erential equation constraint, and is called
the state equation. The state equation is solved for the state y, while the v variable
called the control represents parameters of the equation. The goal of the control
problem (1.1) is to �nd a pairing (ȳ, v̄) that minimizes the objective function, but
also satis�es the constraints set up by the state equation E(ȳ, v̄) = 0. For further
details on optimization we refer to [10].

Di�erent strategies for numerically solving the optimal control problem (1.1) ex-
ists. One alternative is to set up and solve the optimality system stemming from
the Lagrangian function associated with problem (1.1). In this thesis we will not
use this approach, but instead reduce the constrained problem (1.1) into an uncon-
strained problem of type (1.2), and then solve this new problem using techniques
from unconstrained optimization.

min
v

J(y(v), v). (1.2)

Choosing this approach will obviously limit us to optimization problems where this
reduction is possible, which is the case for many practical problems. The process
of �nding the minimizer of problem (1.2) involves repeatedly solving di�erential
equations. The computational cost of solving these equations will dominate the
overall computational cost of any optimal control solver based on the reduction
approach. Parallelization of problems of type (1.2) are therefore connected to the
parallelization of di�erential equations. In this thesis we will develop and investi-
gate a Parareal-based parallel in time framework for optimal control problems with
time-dependent DE constraints. To achieve this, we will use the same strategy as
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in [11], meaning that we enforce the dependency between decomposed intervals
by altering the objective function. The Parareal algorithm is then applied as a
preconditioner for the optimization algorithm.

In [11] the parallelization of time-dependent optimal control problems is done by
applying the Parareal preconditioner to the steepest descent method. We will in-
stead propose and implement a parallel in time algorithm using the same Parareal
preconditioner in combination with the BFGS method. We will also derive proper-
ties of the Parareal-based preconditioner showing that it is compatible with BFGS.
The consistency of our method is discussed both through theory and experiments.
The algorithm that we present in this thesis is applicable to optimal control prob-
lems with ODE and PDE constraints, and for PDE constraints it can also be
combined with spatial parallelization. For simplicity we will restrict the example
problems to ordinary di�erential equation constraints.

Our algorithm is in many ways similar to the parallel in time algorithm for 4d
variational data assimilation introduced in [12], since that algorithm also is based
on the BFGS method. The main di�erence between our algorithmic framework
and the one found in [12], is that we include the Parareal-based preconditioner
from [11]. Experiments conducted in [12] showed that their algorithm experienced
low to no speedup at all, and that the problems grew when more CPUs were
added. Our algorithm does not share these scaling problems. In fact our experi-
ments show that the algorithmic framework introduced in this thesis works better
for higher numbers of processes (16+) than it does when we use a smaller number
of processes.

1.1 Summary

The overall goal of this thesis is to establish a parallel in time algorithm for solving
optimal control problems with time-dependent DE constraints. The structure of
the work done can roughly divided into two parts:

1. Background and presentation of the algorithms

2. Veri�cation and experiments

The bulk of the thesis is found in the �rst part, where we present and motivate a
parallel framework for parallelization of control problems. In chapter 2 we give a
short literature review of previous work done on the Parareal algorithm, its theory
and its application, emphasizing possible extensions to optimal control. In chap-
ter 3 we look at general theory for optimal control with DE constraints. Among
other things the adjoint approach to gradient evaluation is presented. Chapter 3
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also includes one section on optimization algorithms and one on �nite di�erence
discretizations of ODEs. A more detailed, but still shallow presentation of the
Parareal algorithm is found in chapter 4. Of special importance in this presenta-
tion, is the section on the alternative algebraic formulation of Parareal, since this
formulation is used later in chapter 5 to derive the Parareal based preconditioner.

How we translate the solution process of time-dependent optimal control problems
into a parallel framework, is detailed in 5. Here we explain how to decompose
the time domain of control problems, and how we can use the penalty method
to enforce the continuity constraints that arises when decomposing in time. The
rest of chapter 5 is dedicated to the presentation and derivation of the Parearal
preconditioner. Since we want to use this preconditioner in combination with the
BFGS optimization algorithm, we also need to check if the proposed preconditioner
possesses the necessary mathematical properties for this to be possible.

The second part of the thesis deals with implementation, testing and veri�ca-
tion of the algorithm. In chapter 6 we explain how we discretize the decomposed
time domain and the non-penalized and penalized objective function for an exam-
ple problem. In chapter 7 the discetized objective function and its gradient from
chapter 6 is veri�ed using the Taylor test. In the second part of chapter 6 we
also explain how we implement the objective function and gradient evaluation in
parallel using the message passing interface (MPI), with special attention on com-
munication between processes and how this communication a�ects the speedup.
The speedup of our implementation for function and gradient evaluation is also
veri�ed against the theoretical optimal speedup in chapter 7. Chapter 7 also
demonstrates how the solution of the discretized control problem converges to the
exact solution, and the consistency of the penalty framework presented in chap-
ter 5. Chapter 8 contains the results of experiments conducted using the method
proposed in chapter 5. The main focus of these results are the speedup this par-
allel algorithm produces. We measure speedup both in wall clock time and in a
measure representing ideal speedup. This ideal speedup is based on the number
of objective function and gradient evaluations done by the sequential and parallel
algorithm.
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Chapter 2

Literature Review

The Parareal algorithm is not the �rst attempt to parallelize the solution of time-
dependent di�erential equation in temporal direction, since Nievergelt already in
1964 proposed a procedure in [3] that eventually led to the so called multiple
shooting methods. In [13] the authors relate the Parareal algorithm to the mul-
tiple shooting methods, and also explains why Parareal can be thought of as a
multigrid method. A historic overview of the development of parallel in time al-
gorithms can be found in [14]. Here the author also present di�erent strategies for
parallelizing time-dependent di�erential equations. One such strategy are the al-
ready mentioned multiple shooting methods [3,4], which also include the Parareal
algorithm. What characterizes such methods is that they only decompose the time
domain. This separates the multiple shooting methods from waveform relaxation
methods [5,6], where the spatial domain is decomposed through time. The di�er-
ence in these decomposition techniques is illustrated in �gure 2.1. Other strategies
presented are multigrid [7�9] methods and direct solvers in space-time [15�17].

(a) Multiple shooting decomposition (b) Waveform relaxation decomposition

Figure 2.1: Di�erent decomposition techniques for parallel in time algorithms. (a) shows
the strictly temporal decomposition of multiple shooting methods. In (b) the decompo-
sition is done spatially through time. Image source: [14].

The Parareal algorithm was introduced by Lions, Maday and Turinici in [2] as a
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way to solve di�erential evolution equations f(y(t), t) = 0 with solution y(t) in
parallel. The idea is to combine a coarse (but fast) and �ne (but slow) numerical
scheme for discretization in time. To introduce parallelism we �rst decompose
the time domain I = [0, T ] into N subintervals Ii = [Ti−1, Ti]. This gives us N
equations fi(yi(t), t) = 0 de�ned on each interval Ii.

The �rst step of the Parareal algorithm is to solve f(y(t), t) = 0 sequentially on the
entire interval using the coarse scheme. This gives us a (coarse) solution Y (t) de-
�ned on the entire interval. We can then use {λ0

i = Y (Ti)}N−1
i=1 as initial conditions

for the decomposed equations fi+1(y0
i+1(t), t) = 0. The second step is then to solve

these equations in parallel using the �ne scheme, which will result in one solution
yi(t) on each interval Ii. The idea then, is to utilize the di�erence S

0
i = y0

i (Ti)−λ0
i

between coarse and �ne solution to repeat this process in an iteration. This is
done by propagating the di�erences S0

i with the coarse solver, to update the initial
conditions for each decomposed equation. These new initial conditions λ1

i can then
be used to solve the decomposed equations fi+1(y1

i+1(t), t) = 0 in parallel with the
�ne solver. We can then de�ne updated di�erences S1

i = y1
i (Ti) − λ1

i and repeat
the iteration until we are satis�ed with the solution. A schematic presentation of
the above described procedure can be viewed in �gure 2.2. The version of Parareal
presented in [2] is most practical for use on linear equations. An alternative ver-
sion of Parareal algorithm is found in [18], which is equivalent to the one in [2] for
linear equations, but is easier applied to non-linear equations.

Figure 2.2: Schematic presentation of Parareal
step. A �rst trajectory is generated using the
coarse scehme (dashed line). Then starting from
all points of this trajectory, we advance the
equation with the �ne scheme (arrow). The er-
ror is measured by S0

i = ∆0
i . We generate the

corrected trajectory (long dashed line) by prop-
agating S0

i with the coarse scheme. This results
in a trajectory closer to the exact trajectory
(solid line). Notice that the Parareal trajectory
is exact for the �rst time step. Source of image
and caption: [18].

A lot of the work on the Parareal algorithm has been focused on establishing its
stability and convergence properties. The stability results are found in [19], [20]
and [21]. In [19,20] su�cient conditions for the stability of Parareal of autonomous
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di�erential equations (2.1) is derived:

∂y

∂t
= ρy, y(0) = y0, ρ < 0 (2.1)

while [21] presents more general stability results for parabolic equations. The sta-
bility of Parareal applied to hyperbolic equations is a more di�cult question [22].
The convergence of Parareal is studied in [2], [21], [23] and [13]. In [2] Lions, Maday
and Turinici show that k iterations of the Parareal algorithm applied to equation
(2.1) gives O(∆T k+1) order of accuracy if we use a coarse solver with order one
accuracy and coarse time step ∆T . This result is extended in [21] to more general
equations, and the order of accuracy is shown to be improved to O(∆T p(k+1)) when
the coarse solver has order p. [13, 23] return to analysis of equation (2.1). Instead
of looking at a �xed number of iterations k, Gander and Vandewalle show conver-
gence properties for the Parareal algorithm as the iteration count increases. They
derived superlinear convergence for bounded time intervals and linear convergence
for unbounded time intervals.

The Parareal algorithm has been applied to di�erent equations, including on the
Navier-Stokes equations [24], to molecular-dynamics simulations [18], to stochastic
ordinary di�erential equations [25], to reservoir simulations [26], to �uid, structure
and �uid-structure problems [27], or on the American put [28]. The success of ap-
plying the Parareal algorithm varies between the di�erent problems. For example
in [28] a simulated speedup of 6.25 is achieved on 50 decompositions, which trans-
lates to an e�ciency of 12.5%. In [27], speedups between 4.0 and 8.2 are achieved
on twenty cores for an unsteady �ow model. This corresponds to an e�ciency
of 20% − 41%. The parallel in time algorithm was less successful when applied
to structure and �uid-structure dynamics, since the authors of [27] here experi-
enced di�culties with stability. For certain problem parameters, stability issues
are encountered in [24], however for other parameters the algorithm is stable, and
a speedup between 6.0 and 19.7 for 32 cores is estimated. This estimation, that
assumes zero parallel overhead, would yield e�ciency between 18.75% and 61.56%.

Since the Parareal algorithm is an iterative procedure, a stopping criteria for when
to terminate the iteration is required. This is studied in [29], where an error con-
trol mechanism for the Parareal algorithm is introduced to limit the number of
Parareal iterations. The stopping criteria that the authors propose stops the al-
gorithm when the di�erence between coarse and �ne solution at the subinterval
boundaries Ti are similar to the expected global error of the �ne solver. One chal-
lenge associated with parallel computing is partition and load bearing. This issue
also arises in the Parareal algorithm, where the di�culties originates from the fol-
lowing observation: After k iterations of the Parareal algorithm, the solution in
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the k �rst subintervals is equal to the �ne solution, see �gure 2.2. This means that
after k iterations, the the k-th process becomes idle. How to tackle this issue is
described in [30], where the authors also present a practical implementation of the
Parareal algorithm.

The Parareal algorithm parallelizes the solution process of time-dependent di�er-
ential equations. In [11] Maday and Turinici extend Parareal for optimal control
problems with time-dependent di�erential equation constraints. In particular the
problem looked at in [11], is:

min
y,u

J(y, u) =
1

2

∫ T

0

||u(t)||2Udt+
α

2
||y(T )− yT ||2,{

∂y
∂t

+ Ay = Bu

y(0) = y0

The authors introduce parallelism in the same ways as for the di�erential equation
case, by decomposing the time domain and equation. The continuity of the state
equation between subintervals is enforced by adding a penalty term to the objective
function J , that penalizes jumps in the solution of the state equation. This is based
on the penalty method for constrained optimization described in [31]. In [11]
they use quadratic penalty terms, which leads to the following modi�ed objective
function:

Jµ(y, u, λ1, .., λN−1) = J(y, u) +
µ

2

N−1∑
i=1

(yi(Ti)− λi)2 (2.2)

The λi variables are called the virtual controls and are the initial conditions of
the decomposed state equations f(yi+1(t), t) = 0. Solving both the original and
modi�ed optimal control problems require us to repeatedly evaluate the objective
function and its gradient. Every time we do this we need to solve either the state
equation, or the state equation and its adjoint. Decomposing the time interval
allows us to solve these equations in parallel, and if we solve the modi�ed problem
with a su�ciently large penalty µ, we will end up with the solution of the orig-
inal problem. One does not necessarily need a coarse level to make this parallel
framework produce a speedup. This is illustrated in [12], where the authors create
a time-parallel algorithm for 4d variational data assimilation. The penalization of
the objective function was done using the augmented Lagrangian approach, which
is a variation of the penalization done in (2.2). However, the experiments con-
ducted in [12] yielded limited success. Some speedup was achieved, however, the
speedup was only attainable when using a parallel/sequential hybrid method, that
�rst solved the penalized problem in parallel, for small penalty terms, and then
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used the parallel solution as an initial guess for the sequential algorithm.

In [11] the Parareal algorithm is reformulated as a preconditioner for the alge-
braic system that arises when we set λi = yi(Ti). Using this formulation the
authors derive a preconditioner for the optimization algorithm that solves the pe-
nalized optimal control problem. The preconditioner they propose involves both a
backward and a forward solve of the linearised state equation with a coarse solver,
and it is to be applied to the λ part of the gradient of Jµ. The motivation is
that this Parareal based preconditioner could decrease the number of function and
gradient evaluations needed for the optimization algorithm to converge, and the
results in [11] do indeed look promising. In an experiment with 100 cores, the
authors report a theoretical speedup of around 400, which is superlinear. They
do however believe that this result is due to properties of the example they chose,
and do not expect superlinerar speedup as a general rule.

The optimal control setting can also be used to modify the original Parareal al-
gorithm. One example is [32], where the preconditioner for the optimal control
problem from [11] is used in a modi�ed Parareal algorithm to stabilize it for hy-
perbolic equations. The adjoint based Parareal algorithm is proposed in [33]. In
this paper the authors address the bottleneck for speedup produced by having to
repeatedly apply the coarse solver. This especially becomes a problem when the
number of decompositions in time grows, while the problem size stays constant.
The solution proposed in [33] is to only use the coarse solver once to get an initial
guess for the intermediate initial conditions, and thereafter improve this initial
guess by minimizing a functional of type (2.2) using an optimization algorithm.
The optimization steps can be done completely in parallel, and the scalability of
the adjoint based Parareal algorithm is therefore a lot better than the original.

In [34, 35] the authors derive a way to couple the Parareal algorithm with an
optimization procedure for control of quantum systems. Like in [11] a penalty
term is added to the objective function to handle the continuity constraints, but
the optimization of the penalized functional is done in a slightly di�erent way than
in [11]. The approach taken in [35] is to minimize the penalized objective function
using an alternating direction decent method. This means that the minimization
of the functional of type 2.2 is done in two steps. First we minimize it for the
virtual control {λi}N−1

i=1 , and then for the original control v. A Parareal step is in-
corporated into the minimization of the penalized objective function with respect
to the virtual control variables.

We will in this thesis handle the DE constraints by moving them into the ob-
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jective function, and therefore reducing the constrained optimization problems to
unconstrained ones. An alternative to this strategy is the Lagrangian approach,
where one �rst de�nes the Lagrangian function (2.3), and then derive the optimal-
ity system using the KKT-conditions.

L(y, v, λ) = J(y, v) + λE(y, v) (2.3)

Some work has been done on trying to apply the Parareal algorithm to the solution
process of the optimality system. For reference see: [36�39].
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Chapter 3

Optimal Control with ODE

Constraints

In this chapter we present the basic mathematical background that the rest of
the thesis will be based on. The chapter covers three di�erent subjects. The �rst
subject is on general theory of optimal control problems with DE constraints. The
second subject is on �nite di�erence discretization of di�erential equations and
numerical integration, and the last subject deals with optimization algorithms. In
addition to the general theory, we present an example optimal control problem
with ODE constraints, that will be used throughout the rest of the thesis.

3.1 General Optimal Control Problem

In this thesis we consider reducible optimization problems with time-dependent
di�erential equation constraints. This problem is a special case of the more general
optimization problem, which we will state in de�nition 3.1. Here we also de�ne
what it means for an optimization problem to be reducible, by introducing the
reducibility condition (3.3).

De�nition 3.1 (Optimization with DE constraints). Let Y, V, Z be Banach spaces,
where Y, V also are re�exive. Given an objective function J : Y × V → R and
an operator E : Y × V → Z, optimization with DE constraints then refers to
minimization problems on the following form:

min
y∈Y,v∈V

J(y, v), (3.1)

Subject to: E(y, v) = 0. (3.2)

The di�erential equation E(y, v) = 0 is called the state equation, while the vari-
ables y and v are respectively known as the state and the control. If the following

11



condition holds:

∀v ∈ V, ∃!y ∈ Y s.t. E(y, v) = 0, (3.3)

we say the the optimization problem is reducible.

An alternative way of expressing the reducibility condition (3.3), is that for all
controls v ∈ V the di�erential equation E(y, v) = 0 is well posed. Optimization
problems with ill posed state equations can both be solvable and interesting, but
the methods introduced in this thesis are designed around reducible problems.
Therefore we will from this point always assume that the optimization problems
we look at are reducible. When the reducibility condition (3.3) holds the state can
be written as a function y(v) implicitly de�ned through the state equation. Using
y(v) we are able to de�ne the reduced optimization problem:

De�nition 3.2 (Reduced problem). Consider the optimization problem from def-
inition 3.1, and assume that reducibility condition (3.3) holds. We can then de�ne
the reduced objective function Ĵ : V → R as:

Ĵ(v) = J(y(v), v). (3.4)

The reduced optimization problem is then de�ned as the unconstrained minimiza-
tion problem:

min
v∈V

Ĵ(v). (3.5)

Problem (3.5) is called the reduced problem because we have moved the di�erential
equation constraints into the functional. By doing this, we have transformed the
constrained problem (3.1-3.2) into an unconstrained one (3.5), and we can therefore
solve the reduced problem using tools from unconstrained optimization. Let us
therefore brie�y discuss the fundamental theory that algorithms for unconstrained
optimization are based on. We start by de�ning what it means to be a minimizer
of a functional J : V → R.

De�nition 3.3 (Global and local minimizer). A point v̄ ∈ V is called a global
minimizer of the functional J : V → R, if:

∀v ∈ V J(v̄) ≤ J(v). (3.6)

A point v̄ ∈ V is called a local minimizer of J if there exists a neighbourhood
N ⊂ V of v̄ such that:

∀v ∈ N J(v̄) ≤ J(v). (3.7)

If the inequality of (3.7) is strict we say that v̄ is a strict local minimizer.
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Investigating whether a point v̄ ∈ V is a local minimizer of a functional J using
de�nition (3.7), would require us to check if J(v̄) ≤ J(v) for all v's in the vicinity
of v̄. This is not a viable strategy, and for su�ciently smooth functionals more
e�cient and practical ways for identifying minimizers exist. Typically, as we soon
will see, we can check whether v̄ is a minimum of J , by examining the gradient
∇J(v̄) and the Hessian ∇2J(v̄). In theorem 3.1 from [31] we present su�cient
conditions on∇J(v̄) and∇2J(v̄), which guarantee that v̄ is a strict local minimizer
of J , for the case when V = Rn. Generalizations of theorem 3.1 for when V is
a re�exive Banach space will not be considered here. For further details on this
topic see [10].

Theorem 3.1. Let J : Rn → R be a functional, and assume its Hessian is twice
continuously di�erentiable in a neighbourhood N of a point v̄ ∈ R. If ∇J(v̄) = 0
and if ∇2J(v̄) is positive de�nite, v̄ is a strict local minimizer of J .

Proof. See [31]

The conditions of theorem 3.1 are su�cient for v̄ to be a local minima, but the
condition on the Hessian of J is not always necessary. In some cases, in particular
when J is convex, ∇J(v̄) = 0 is su�cient for determining if v̄ is a local minimizer.
When J is convex, any local minimizer v̄ will additionally be a global minimizer.
The foundation for unconstrained optimization algorithms is based around theo-
rem 3.1, since such algorithms always seek a point where the gradient of J is zero.
To be able to use tools from unconstrained optimization on problem (3.5), we will
therefore need a way to evaluate the gradient of the reduced objective function Ĵ .
There are several ways of doing this, but we will focus on the so called adjoint ap-
proach, which turns out to be the most computationally e�ective way to evaluate
Ĵ ′(v).

Before we explain the adjoint approach to gradient evaluation, we investigate under
what conditions problem (3.1-3.2) even have a solution. To answer this question,
we will write up a result from [10] concerning the existence and uniqueness of
solution for linear-quadratic optimization problems. This class of problems is less
general than the problems from de�nition 3.1, and a more general existence result
exist. To state this result however, would require the introduction of concepts from
functional analysis that go beyond the scope of this thesis. In addition the exam-
ple problem that we will introduce in section 3.1.1 belongs to the linear-quadratic
class of optimization problems.

Theorem 3.2. Assume that H,V are Hilbert spaces and that Y, Z are Banach
spaces. Given vectors q ∈ H and g ∈ Z, and bounded linear operators A : Y → Z,
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B : V → Z and Q : Y → H, we can de�ne the linear-quadratic optimization
problems as follows:

min
y∈Y,v∈V

J(y, v) =
1

2
||Qy − q||2H +

α

2
||v||2V ,

Subject to: Ay +Bv = g.

If α > 0, the above linear-quadratic optimization problem has a unique solution
pair (y, v) ∈ Y × V .

Proof. See [10].

3.1.1 Example Problem

To better understand the adjoint approach to gradient evaluation of the reduced
objective function, we de�ne a simple optimal control problem with ODE con-
straints, so that we later can derive its adjoint equation and gradient. The problem
will also be used to test and verify the implementation of our method in chapter
7 and 8. In our example both the state y ∈ C1 and the control v ∈ C will be
functions on an interval [0, T ]. The speci�c objective function we consider is:

J(y, v) =
1

2

∫ T

0

v(t)2dt+
α

2
(y(T )− yT )2 (3.8)

The state equation E(y, v) = 0 is a linear, �rst order equation with the control as
a source term: {

y′(t) = ay(t) + v(t) for t ∈ (0, T ),

y(0) = y0.
(3.9)

The state equation of our optimal control problem is uniquely solvable for all
continuous controls v, and has solution:

y(t) = eat(C(y0) +

∫ t

0

e−aτv(τ)dτ)

This means that our example problem (3.8-3.9) is reducible. Since the state equa-
tion is linear, and since all terms in the objective function are quadratic, (3.8-3.9) is
also an example of a linear-quadratic optimization problem. Theorem 3.2 therefore
guaranties a unique minimizer of problem (3.8-3.9).
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3.2 The Adjoint Equation and the Gradient

The usual way of �nding the minimum (or maximum) value of a function Ĵ , is
to solve the equation Ĵ ′(v) = 0. Solving this equation usually requires us to
be able to evaluate, or have an expression for the derivative of Ĵ . There are
di�erent ways to evaluate the gradient of the reduced objective function Ĵ(v). We
will here take the adjoint approach. This strategy leads to an expression for the
gradient of the reduced objective function (3.4), which we state in proposition 3.1.
The reason it is called the adjoint approach, is that the gradient Ĵ ′(v) depends
on the so called adjoint equation. The de�nition of this equation is found in
Proposition 3.1. Proposition 3.1 also include conditions on the operators J and
E from de�nition 3.1, which are necessary for the existence of the gradient of
Ĵ . These conditions involve the notion of Fréchet di�erentiability, which is a
generalization of directional derivatives for operators on Banach spaces. For a
more precise de�nition of Fréchet di�erentiability, we refer to [10].

Proposition 3.1 (Gradient and adjoint of the reduced objective function). Let
Ĵ be the reduced objective function from de�nition 3.2, and assume that the state
equation operator E and the objective function J are Fréchet di�erentiable. Assume
also that the partial derivative Ey(y, v) : Y → Z of E with respect to y is a linear

and continuously invertible operator. Then the gradient of Ĵ with respect to the
control v is:

Ĵ ′(v) = −Ev(y, v)∗p+ Jv(y, v), (3.10)

where p is the solution of the adjoint equation:

Ey(y, v)∗p = Jy(y, v). (3.11)

Proof. If J and E are Fréchet di�erentiable and if Ey is continuously invertible,
the implicit function theorem ensures that y(v) is continuously di�erentiable. For
a more detailed discussion on the implicit function theorem, see [10]. To di�eren-
tiate Ĵ(v) = J(y(v), v), we take the total derivative with respect to v Dv of the
unreduced objective function:

Ĵ ′(v) = DvJ(y(v), v) = y′(v)∗Jy(y, v) + Jv(y, v).

The problematic term in the above expression, is y′(v)∗, since the function y(v)
is implicitly de�ned through E. We can however �nd an equation for y′(v)∗ if we
take the the total derivative of the state equation with respect to v.

DvE(y(v), v) = 0⇒ Ey(y, v)y′(v) = −Ev(y, v)

⇒ y′(v) = −Ey(y, v)−1Ev(y, v)

⇒ y′(v)∗ = −Ev(y, v)∗Ey(y, v)−∗.
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Instead of inserting y′(v)∗ = −Ev(y, v)∗Ey(y, v)−∗ into our gradient expression, we
de�ne the adjoint equation as:

Ey(y, v)∗p = Jy(y, v).

This now allows us to write up the gradient as follows:

Ĵ ′(v) = y′(v)∗Jy(y, v) + Jv(y, v)

= −Ev(y, v)∗Ey(y, v)−∗Jy(y, v) + Jv(y, v)

= −Ev(y, v)∗p+ Jv(y, v).

Expression (3.10) gives us a recipe for evaluating the reduced objective function
for a control variable v ∈ V . Typically this evaluation requires us to solve both the
state and adjoint equation, and then inserting the adjoint into expression (3.10).
To better illustrate how gradient evaluation works let us derive the adjoint equation
and the gradient of the problem introduced in section 3.1.1.

3.2.1 Adjoint of the Example Problem

We want to derive the gradient of problem (3.8-3.9). However, before we state the
gradient, we write up and derive the adjoint equation.

Proposition 3.2. The adjoint equation of the problem (3.8-3.9) is:

−p′(t) = ap(t) (3.12)

p(T ) = α(y(T )− yT ) (3.13)

Proof. From proposition 3.1 we know that the adjoint equation is Ey(y, v)∗p =
Jy(y, v). To �nd the adjoint equation we therefore need expressions for Ey(y, v)∗

and Jy(y, v). In the derivation of these terms we will use the weak formulation of
the state equation (3.9). Let (·, ·) be the L2 inner product over (0, T ), and then
de�ne the operator δτ to represent function evaluation at time t = τ in a L2-inner
product setting. We can then write up the weak formulation of the state equation
(3.9) by multiplying it with a test function φ(t), integrating the result over (0, T )
and then moving the derivative from y to φ by doing partial integration. The weak
formulation of the state equation is then:

Find y ∈ L2(0, T ) such that

E [y, φ] = (y,−(
∂

∂t
+ a− δT )φ)− (y0δ0 + v, φ) = 0 ∀ φ ∈ C∞((0, T )).
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Instead of �nding Ey, we will linearise and adjoint E . We can then derive the
weak formulation of the adjoint equation and use this to reconstruct the strong
formulation. We linearise E by di�erentiating it with respect to y. This yields:

Ey[·, φ] = (·, (− ∂

∂t
− a+ δT )φ).

To �nd the adjoint of Ey, we need to �nd a bilinear form E∗y , such that ∀v, w ∈
L2(0, T ) the following holds:

Ey[v, w] = E∗y [w, v].

We achieve this through partial integration:

Ey[v, w] = (v, (− ∂

∂t
− a+ δT )w) =

∫ T

0

−v(t)(w′(t) + aw(t))dt+ v(T )w(T )

=

∫ T

0

w(t)(v′(t)− av(t))dt+ v(0)w(0)

= (w, (
∂

∂t
− a+ δ0)v) =: E∗y [w, v].

We now have the left hand side of the adjoint equation. We get the right hand
side by di�erentiating the objective function:

Jy(y, v) =
∂

∂y
(
1

2

∫ T

0

v2dt+
α

2
(y(T )− yT )2)

= αδT (y(T )− yT ).

The weak formulation of the adjoint equation then is: Find p such that E∗y [p, ψ] =
(Jy(y, v), ψ), ∀ψ ∈ C∞((0, T )). Writing out E∗y [p, ψ] = (Jy(y, v), ψ) yields:∫ T

0

p(t)ψ′(t)− ap(t)ψ(t)dt+ p(0)ψ(0) = α(y(T )− yT )ψ(T )

If we then do partial integration, the equation reads: Find p such that:∫ T

0

(−p′(t)− ap(t))ψ(t)dt+ p(T )ψ(T ) = α(y(T )− yT )ψ(T ) ∀ ψ ∈ C∞((0, T ))

Since we can vary ψ arbitrarily, we get the strong formulation:{
−p′(t) = ap(t)

p(T ) = α(y(T )− yT )
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With the adjoint we can �nd the gradient of Ĵ . Let us state the result �rst.

Proposition 3.3. The gradient of the reduced objective function Ĵ with respect to
v is

Ĵ ′(v) = v + p. (3.14)

Proof. Expression (3.10) in proposition 3.1 states that the gradient of the reduced
objective function is Ĵ ′(v) = −Ev(y, v)∗p + Jv(y, v). To �nd the gradient of our
example problem we therefore need formulas for Ev(y, v) and Jv(y, v). These terms
can be shown to be:

Jv(y, v) = v

Ev[·, φ] = −(·, φ).

Here E is the bilinear form de�ned in the proof of proposition 3.2. Since Ev[·, φ]
is symmetric, E∗v = Ev, and its strong formulation is Ev(y, v)∗ = −1. By inserting
relevant terms into (3.10), we get the gradient:

Ĵ ′(v) = −Ev(y, v)∗p+ Jv(y, v) (3.15)

= p+ v. (3.16)

Evaluating the gradient of our example problem can now be boiled down to the
following three steps:

1. Solve the state equation (3.9) for y.

2. Use y to solve the adjoint equation (3.12) for p.

3. Insert p and control v into gradient formula (3.14).

To see why the above procedure is computationally e�ective, let us compare it with
the �nite di�erence approach to evaluating the gradient. Using �nite di�erence
we can �nd an approximation of the directional derivative (Ĵ ′(v), h)V in direction
h ∈ V , by choosing a small ε > 0 and setting:

(Ĵ ′(v), h)V ≈
Ĵ(v + εh)− Ĵ(v)

ε
(3.17)

To calculate the above expression, we need to evaluate the objective function at
v+ εh and v. Since objective function evaluation requires the solution of the state
equation, �nding the directional derivative of Ĵ in a direction h involves solving
two ODEs. We are however interested in the gradient of Ĵ , not its directional
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derivatives. To �nd Ĵ ′(v) we calculate (3.17) for all unit vectors in V . This
assumes that V is a �nite space, which is always true in the discrete case. If we
now look at the discrete case and assume that V = Rn we can write up a recipe
for �nding Ĵ ′(v) using �nite di�erence. Let ei denote the i-th unit vector of Rn.
Ĵ ′(v) can then be found in the following way:

1. Evaluate Ĵ(v).

2. Evaluate Ĵ(v + εei) for i = 1, ..., n.

3. Set the i-th component of Ĵ ′(v) to be
Ĵ(v + εei)− Ĵ(v)

ε
.

To execute the above steps, we need to solve the state equation for n + 1 dif-
ferent control variables. In comparison �nding Ĵ ′(v) using the adjoint approach
only requires us to solve the state and adjoint equations once, independently of
the dimension of V . For �nite di�erence the computational cost of one gradient
evaluation therefore depends linearly on the number of components in the control
variable v, while the computational cost of the adjoint approach is independent of
the size of v. In addition, since the the adjoint of the linearised state equation is
linear, the adjoint equation is linear. This means that the adjoint equation often
is computationally cheaper to solve than the state equation, especially if the state
equation is non-linear.

3.2.2 Exact Solution of the Example Problem

It turns out that we can �nd the exact solution of problem (3.8-3.8) by utilizing
the adjoint equation (3.12-3.13) and the gradient of the reduced objective function
(3.16). Finding an exact solution to our example problem will be useful in chapter 7
and 8, where we will be testing and verifying di�erent aspects of our algorithm. The
derivation of the solution is based on two key observations. The �rst observation
is a relation between the optimal control v̄ and the adjoint p, which is a result
from the fact that Ĵ ′(v̄) = 0 is a necessary condition for v̄ being a minimizer of Ĵ .
Inserting expression (3.16) into Ĵ ′(v̄) = 0 yields:

v̄(t) = −p(t). (3.18)

The second observation concerns the solution of the adjoint equation (3.12-3.13).
Given a state y(t), the solution of the adjoint equation is:

p(t) = α(y(T )− yT )ea(T−t) = ωe−at. (3.19)

Combining observation (3.18) with observation (3.19) suggests that a minimizer v̄
of Ĵ should be on the form:

v̄(t) = C0e
−at. (3.20)
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It turns out that plugging anstatz (3.20) into the state equation, and then using
the resulting state to solve the adjoint equation makes us able to �nd the solution
of our example problem. The solution is stated in proposition 3.4 followed by its
derivation.

Proposition 3.4. Assume a 6= 0 and α > 0. Then the solution of optimal control
problem (3.8-3.8) is:

v̄(t) = α
eaT (yT − eaTy0)

1 + αeaT

2a
(eaT − e−aT )

e−at (3.21)

Proof. We start the proof by writing up the state equation (3.9) with (3.20) as
source term: {

y′(t) = ay(t) + C0e
−at for t ∈ (0, T ),

y(0) = y0.

This is a �rst order linear ODE with solution:

y(t) = y0e
at +

C0

2a
(eat − e−at) (3.22)

If we insert the state (3.22) into the formula for the adjoint (3.19), we can express
the adjoint p(t) in terms of the constant C0:

p(t) = α(y(T )− yT )ea(T−t) (3.23)

= αeaT (y0e
aT +

C0

2a
(eaT − e−aT )− yT )e−at (3.24)

The last step is to plug v(t) = C0e
−at and p(t) from (3.24) into observation (3.18)

and then solve for C0:

v(t) = −p(t) ⇐⇒ C0e
−at = −αeaT (y0e

aT +
C0

2a
(eaT − e−aT )− yT )e−at

⇐⇒ C0(1 +
αeaT

2a
(eaT − e−aT )) = αeaT (yT − y0e

aT )

⇐⇒ C0 = α
eaT (yT − eaTy0)

1 + αeaT

2a
(eaT − e−aT )

Division by (1+ αeaT

2a
(eaT−e−aT )) is always allowed, since 1

a
(eaT−e−aT ) > 0,∀a 6= 0

and ∀T > 0.
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3.3 Numerical Solution

To be able to solve optimal control problems numerically, we need to discretize the
objective function and the state and adjoint equations. We are mainly interested in
time-dependent equations, and one way of discretizing ODEs or PDEs in temporal
direction, is to use a �nite di�erence method. Since the objective function includes
an integral term, we also need methods for numerical integration. In this section
we will only look at �rst order equations on the following form:{

∂
∂t
y(t) = F (y(t), t), t ∈ I = [0, T ]

y(0) = y0

(3.25)

Both the state and adjoint equation of our example problem can be formulated as
an equation on form (3.25), and understanding the numerics of (3.25) is therefore
su�cient for the purposes of this thesis. Before we introduce numerical methods
for solving ODEs and evaluating integrals, we need to explain how we discretize
the time domain I = [0, T ]. We do this by dividing I into n parts of length ∆t = T

n
,

and then setting tk = k∆t. This gives us a sequence I∆t = {tk}nk=0 as a discrete
representation of the interval I. Numerically solving a di�erential equation for y
on I∆t means that we try to �nd y(tk) for k = 0, ..., n + 1. For the rest of this
section we let the notation yk denote evaluating the function y at time tk.

3.3.1 Discretizing ODEs Using Finite Di�erence

Finite di�erence is a tool for approximating derivatives of functions. When we
have a discretized domain I∆t with time step ∆t, the derivative of a function y at
point tk is approximated by:

∂

∂t
y(tk) ≈

yk − yk−1

∆t
. (3.26)

By exploiting approximation (3.26) we can create methods for solving ODEs. This
is done by relating yk to neighbouring values yj, j 6= k through the ODE. The most
simplistic examples of such �nite di�erence methods are the explicit and implicit
Euler methods. We write up these methods applied to (3.25) in de�nition 3.4
below.

De�nition 3.4. Explicit Euler applied to equation (3.25) means that for k =
1, ..., n the value of yk is determined by the following formula:

yk = yk−1 + ∆tF (yk−1, tk−1). (3.27)

If one instead uses implicit Euler the expression for yk is:

yk = yk−1 + ∆tF (yk, tk). (3.28)
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By looking at expression (3.27) and (3.28) we see the origin of the names of the
Euler methods. In the formula for implicit Euler, yk appears on both sides of
the equal sign, and is therefore implicitly de�ned. For the explicit Euler scheme
yk only appears on the left-hand side of expression (3.27), which means yk is
de�ned explicitly, and hence the name explicit Euler. Another thing to notice
about the �nite di�erence schemes in de�nition 3.4, is that they solve the equation
forwardly. This means that given y at time tK , we can use (3.27) and (3.28) to
�nd yj for j > K. The adjoint equation of optimal control problem with time-
dependent DE constraints is however solved backwards in time. We therefore need
�nite di�erence schemes for solving ODEs backwards. This is easily achieved by
rearranging expression (3.27) and (3.28) in de�nition 3.4. A backwards solving
explicit Euler scheme is found by adjusting the forward solving implicit Euler
scheme, while a backwards implicit Euler method is derived by rearranging the
forward explicit Euler formula. These modi�ed backwards solving schemes are
written up in de�nition 3.5.

De�nition 3.5. An explicit Euler �nite di�erence scheme for equation (3.25) with
initial condition at t = T instead of t = 0 yields the following formula for yk:

yk = yk+1 −∆tF (yk−1, tk−1). (3.29)

If one instead uses implicit Euler the expression for yk is:

yk = yk+1 −∆tF (yk, tk). (3.30)

We say that both the explicit and implicit Euler methods have an accuracy of
order one. To explain what we mean by this, let us assume that we know that the
function ŷ solves equation (3.25) for a given F , and that ŷ is su�ciently smooth. If
we then use method (3.27) or (3.28) with some ∆t to solve (3.25) numerically, there
exists a constant C such that the following error bound between ŷ and numerical
solution y holds:

max
k=0,...,n

|yk − ŷ(tk)| ≤ C∆t (3.31)

A more accurate but still simple alternative to the explicit and implicit Euler �nite
di�erence methods, is the so called Crank-Nicolson method [40]. We write up this
method in a de�nition:

De�nition 3.6. The Crank-Nicolson �nite di�erence scheme applied to equation
(3.25) produces the following formula for yk:

yk = yk−1 +
∆t

2
(F (yk, tk) + F (yk−1, tk−1)). (3.32)
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In a setting where we are solving (3.25) backwards in time, the expression for yk
is changed to:

yk = yk+1 −
∆t

2
(F (yk, tk) + F (yk−1, tk−1)). (3.33)

When comparing (3.32) with (3.27) and (3.28) we notice that the formula for yk in
the Crank-Nicolson method is simply the average between the formulas for yk in
the explicit and implicit Euler methods. We improve the accuracy by one order,
that is quadratic convergence order, if we use Crank-Nicolson instead of the Euler
methods. This means that the bound stated in (3.31) is improved to:

max
k=0,...,n

|yk − ŷ(tk)| ≤ C∆t2 (3.34)

Other more accurate �nite di�erence schemes exist, in particular Runge-Kutta
methods, but in this thesis we restrict the usage of �nite di�erence methods to the
ones presented in this section.

3.3.2 Numerical Integration

In this subsection we present three simple methods for numerical integration. We
need such methods since the objective function in our example problem (3.8)
includes an integral. The methods that we present in de�nition 3.7 are called
the left-hand rectangle rule, the right-hand rectangle rule and the trapezoid rule.
Their names stem from the geometrical objects used to estimate the area under
the function we want to integrate.

De�nition 3.7. We want to estimate the integral S =
∫ T

0
v(t)dt numerically with

a discretized time domain I∆t = {tk}nk=0. The left-hand rectangle rule approximates
S using the following formula:

Sl = ∆t
n−1∑
k=0

vk (3.35)

A slightly di�erent approach to estimating S is the right-hand rectangle rule, de-
�ned by a formula similar to (3.35):

Sr = ∆t
n∑
k=1

vk (3.36)

A third way of approximating S is the trapezoid rule:

Strap = ∆t
v0 + vn

2
+ ∆t

n−1∑
k=1

vk (3.37)
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The rectangle methods in de�nition 3.7 are of accuracy order one, while the trape-
zoid rule is of second order. It turns out that the above presented numerical
methods are analogue to the three �nite di�erence schemes stated in section 3.3.1.
The left- and right-hand rectangle methods are related to the explicit and implicit
Euler schemes, while the trapezoid rule is connected with Crank-Nicolson. When
making numerical solvers for optimal control problems it therefore makes sense to
discretize the di�erential equation and integral evaluation using methods of the
same convergence order.

3.4 Optimization Algorithms

Deriving and solving the adjoint equation gives us a way of evaluating the gradient
of optimal control problems with ODE constraints. With the gradient we can solve
optimal control problems numerically by using an optimization algorithm. There
exists many di�erent optimization algorithms, but here we will only look at line
search methods that are useful to us in this thesis. The methods we present are
the steepest descent method and the related BFGS and L-BFGS methods.

3.4.1 Line Search Methods and Steepest Descent

Line search methods are algorithms used to solve problems of the type:

min
x
f(x), f : Rn −→ R

All line search methods are iterative methods that starts at an initial guess x0

and generate a sequence {xk} that hopefully will converge to a solution. The k-th
iteration in the algorithm can be described in the following way:

1. Choose downhill direction pk ∈ Rn

2. Choose step length αk ∈ R
3. Set xk+1 = xk + αkpk

If f is di�erentiable, a necessary condition for a point x∗ ∈ Rn to be a minimizer
of f , is that ∇f(x∗) = 0. This optimality condition is used to create a stopping
criteria for line search methods in the following way: Given a tolerance τ > 0 and
a norm || · || stop the line search iteration when

||∇f(xk)|| < τ. (3.38)

We summarize line search methods in algorithm 3.1, which can be used to solve
unconstrained optimization problems like the reduced optimal control problem
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(3.5). When we in later chapters introduce parallel methods for solving reducible
optimization problems, we will use algorithm 3.1 to measure the performance of
these methods.

Algorithm 3.1: The line search method

Data: Choose an initial guess x0 and a tolerance τ
while ||∇f(xk)|| ≥ τ do

xk+1 ← xk − αkpk;
end

To apply algorithm 3.1, we of course need strategies for obtaining good search
directions pk and step lengths αk. How one chooses pk and αk is what separates
di�erent line search methods. Let us start with how to choose a good step length.
There are several ways of doing this, but for our purposes the so called Wolfe
conditions will su�ce. The Wolfe conditions consists of two conditions on f ,
presented below:

f(xk + αkpk) ≤ f(xk) + c1αk∇f(xk) · pk (3.39)

∇f(xk + αkpk) · pk ≥ c2∇f(xk) · pk (3.40)

Here we use constants 0 < c1 < c2 < 1. The �rst Wolfe condition ensures that
the decrease in function value of one steepest descent iteration is proportional to
both step length and direction. The second condition is that the gradient of f at
xk+αkpk, should be less steep than at x

k, and therefore closer to ful�lling the opti-
mality condition (3.38). If we can �nd a step length that satis�es these conditions
we will use it. How to actually �nd a step length that satis�es the Wolfe conditions
is quite involved, and we will therefore not go into this topic any further. For more
information on the Wolfe conditions, see: [41,42]. We now look into a couple of line
search methods that will be used later in the thesis, starting with steepest descent.

The steepest descent method is a very simple line search method, where the step
length pk is set to the negative gradient direction at point xk, i.e pk = −∇f(xk).
This gives us the following update for each iteration:

xk+1 = xk − αk∇f(xk) (3.41)

The problem with steepest descent is that it converges quite slowly. To understand
why let us �rst write up a de�nition that characterizes convergence rates.

De�nition 3.8. We say that a sequence {xk} converges linearly to a limit L, if
there exists ε ∈ (0, 1) such that

lim
k→∞

||xk+1 − L||
||xk − L||

= ε.
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If ε = 0 we say that {xk} converges superlinearly to L, while ε = 1 is characterized
as sublinear convergence. Lastly we say that {xk} converges quadratically towards
L, if

lim
k→∞

||xk+1 − L||
||xk − L||2

= ε.

With de�nition 3.8 in mind let us state a theorem from [31] that speci�es the
convergence rate of the steepest descent method.

Theorem 3.3. Assume that f : Rn −→ R is twice continuously di�erentiable, that
the steepest decent method converge to a point x∗, and that the Hessian of f at this
point, ∇2f(x∗) is positive de�nite. Then the following holds:

f(xk+1)− f(x∗) ≤ (
λn − λ1

λn + λ1

)2(f(xk)− f(x∗))

Here λ1 ≤ · · · ≤ λn denotes the eigenvalues of ∇2f(x∗).

Proof. See [31].

The bound for f(xk+1) − f(x∗) given in theorem 3.3 corresponds to a linear con-
vergence with ε = (λn−λ1

λn+λ1
)2. For badly conditioned Hessians ∇2f(x∗), meaning

λn >> λ1, ε will approach one, and the convergence rate becomes almost sublin-
ear. In general the linear convergence rate of steepest descent is considered poor,
and we need improved algorithms to get faster convergence.

3.4.2 BFGS and L-BFGS

Since steepest descent has slow convergence, one usually uses faster line search
methods to solve numerical optimization problems. One alternative is Newtons
method. In Newtons method the search direction pk is found by multiplying the
inverse Hessian with the the negative gradient at xk. This results in the following
iteration:

xk+1 = xk −∇2f(xk)−1∇f(xk) (3.42)

As we will see in theorem 3.4, the convergence of the Newton method relies on
quite strict conditions on the Hessian ∇2f(xk), which are not always satis�ed. An
alternative to the Newton method is so called quasi-Newton methods. Instead
of applying ∇2f(xk)−1 to the negative gradient direction, such methods apply
approximations of the inverse Hessian to −∇f(xk). The approximate Hessians are
constructed for each xk, using information from previous iterates. One well known
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quasi-Newton method is the BFGS method [43�46]. In BFGS the inverse Hessian
approximation is calculated by the following recursive formula:

Hk+1 = (1− ρkSk · Yk)Hk(1− ρkYk · Sk) + Sk · Sk, (3.43)

Sk = xk+1 − xk, (3.44)

Yk = ∇f(xk+1)−∇f(xk), (3.45)

ρk =
1

Yk · Sk
, (3.46)

H0 = β1. (3.47)

The above formula is designed in such a way, thatHk is symmetric positive de�nite.
This gives us a requirement for the initial inverted Hessian approximation H0,
namely that it also needs to be symmetric positive de�nite. The usual choice
however, is just identity or a multiple β of the identity, where the multiple re�ects
the scaling of the variables. Strategies of how to chose a scaling factor β is detailed
in [47] and [48]. Each line search iteration for BFGS looks like:

xk+1 = xk − αHk∇f(xk) (3.48)

In the BFGS method information from all previous iterations is used to create the
inverse Hessian approximation for the new iteration. An alternative to this is to
limit the number of iterations the recursive formula remembers to only the latest
iterations. This variation of the BFGS method is called L-BFGS [49]. The length
of the memory need to be chosen in advance, and the typical choice is 10. Two
advantages L-BFGS has over BFGS is �rstly that it requires less memory storage
than BFGS. The second advantage is that limiting the memory of the inverse
Hessian approximation accelerates the convergence of BFGS. This is demonstrated
in [47] for several di�erent optimization problems. The reason for the improved
convergence, is that more recent iterates possess more relevant information for the
current Hessian, and by emphasizing the more relevant information, we improve
the approximation of the Hessian.

Convergence results for Newton and quasi-Newton methods

Both Newton and quasi-Newton methods converge faster than the steepest descent
method. To show this we will include a couple of theorems from [31] concerning
this topic. We start with a result on the convergence rate of Newtons method.

Theorem 3.4. Suppose f : Rn → R is twice continuously di�erentiable, and that
the Hessian ∇2f(x) is Lipschitz continuous in the neighbourhood of a solution x∗
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that satis�es ∇f(x∗) = 0 and that ∇2f(x∗) is positive de�nite. Then the following
holds for the Newton iteration 3.42:

1. If x0 is su�chently close to x∗, the sequence of iterates converge to x∗.

2. The rate of convergence of {xk} is quadratic
3. The sequence of gradient norms {||∇f(xk)||} converges towards zero quadratically

Proof. See [31].

The quadratic convergence of the Newton iteration is a big improvement in compar-
ison with steepest descent, however theorem 3.4 also highlights one of the problems
with the method. Since we need to invert ∇2f(xk) to �nd the search direction at
xk, we need an initial x0 su�ciently close to the actual solution for the iteration to
even work. This problem does not arise in BFGS and L-BFGS, since the Hessian
approximation is designed to be invertible. Unfortunately though, these quasi-
Newton methods does not have the convergence properties of Newtons method, as
the next result shows.

Theorem 3.5. Assume f : Rn → R is three times di�erentiable. Consider then the
quasi-Newton iteration xk+1 = xk−αkB−1

k ∇f(xk), where Bk is an approximation of
the Hessian along the search direction pk = −B−1

k ∇f(xk), satisfying the condition:

lim
K→∞

||(Bk −∇2f(xk))pk||
||pk||

= 0

If the sequence {xk} originating from the quasi-Newton iteration converges to a
point x∗, where ∇f(x∗) = 0 and ∇2f(x∗) is positive de�nite, the convergence is
superlinear.

Proof. See [31].

Even though quasi-Newton methods do not posses the quadratic convergence of the
Newton method, superlinear convergence is still better than the linear convergence
of steepest descent.
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Chapter 4

Parallel in Time ODE Solver

Methods

The process of solving time-dependent di�erential equations in the temporal direc-
tion, is an exercise which one would intuitively think is unsuited for parallelization.
This is due to the fact that the solution of such equations at every time T depends
on the solution at times t < T , and it is therefore di�cult to partition the solu-
tion process into independent tasks that can be solved in parallel. However the
Parareal scheme introduced by Lions, Maday and Turinici in [2]is an approach to
overcome this limitation. We will however not introduce Parareal as it is described
in [2], but rather present an alternative formulation of the algorithm given in [18].
Before we state the Parareal algorithm, let us �rst explain how we decompose the
time domain, and an example equation de�ned on it.

4.1 Decomposing the Time Interval

The Parareal scheme is used to parallelize di�erential equations in temporal direc-
tion, by decomposing the time interval I = [0, T ]. An example of a time-dependent
di�erential equation that on this interval is:{

∂u
∂t

+ Au = f for t ∈ I
u(0) = u0

(4.1)

Decomposing the interval I means dividing the interval into N subintervals {Ii =
[Ti−1, Ti]}Ni=1, with length ∆T = T/N . We de�ne new equations for each interval:{

∂ui

∂t
+ Aui = f for t ∈ I i

ui(Ti) = λi−1

(4.2)
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Here λ0 = u0, while {λi}N−1
i=1 are virtual intermediate initial conditions. If Λ =

(λ0, .., λN−1) are known values, we can solve the equations independently on each
interval. The problem is that the λ's depend on the solution from previous inter-
vals, and need to be calculated by solving the equation. The Parareal scheme is a
way of getting around this.

4.2 Parareal

We see that when we decompose the time domain, the original initial value problem
(4.1) brakes down to a set of N initial value problems on the form (4.2). The idea
of [18] is then �rst to de�ne a �ne solution operator F∆T , which when given an
initial condition λi−1 at time Ti−1, evolves λi, using a �ne scheme applied to the
i-th equation (4.2), from time Ti to Ti+1. Meaning:

λ̂i = ui(Ti) = F∆T (λi−1)

We name F∆T the �ne propagator, and note that letting λ̂1 = F∆T (u0), and then
applying F∆T sequentially to λ̂i, is the same as solving (4.1), using the under-
lying numerical method of the �ne propagator. However, we intend to use F∆T

simultaneously on a given set of initial values Λ = (λ0 = u0, λ1, ..., λN−1), and not
sequentially. Since we also want λ̂i to be as close as possible to λi for i = 1, ..., N−1,
we de�ne a coarse propagator G∆T , and use this operator to predict the Λ values.
The predictions are made by sequentially applying the coarse propagator to the
system (4.2). This means:

λ0
i = G∆T (λ0

i−1), i = 1, ..., N − 1, (4.3)

λ0
0 = u0, (4.4)

where the superscript denotes the Parareal iteration. Once we have these predicted
initial values, we can apply the �ne propagator on all N equations (4.2) simulta-
neously, and then use the di�erence between our �ne solution and coarse solution
δ0
i−1 = F∆T (λ0

i−1) −G∆T (λ0
i−1) at time Ti to correct λ0

i . The correction for time
Ti, is done by using the coarse propagator on the already corrected λ1

i−1, and then
add the di�erence δ0

i−1 to G∆T (λ1
i−1). When this sequential process is done, we

have a new set of initial conditions λ1
i , i = 1, ..., N − 1, which means that we can

redo the correction procedure in an iterative fashion. The prediction-correction
formulation of Parareal can then be written up as the following iteration:

λk+1
i = G∆T (λk+1

i−1 ) + F∆T (λki−1)−G∆T (λki−1), i = 1, ..., N − 1 (4.5)

λk0 = u0 (4.6)
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Updating our initial conditions Λk from iteration k to iteration k + 1, requires N
�ne propagations, which we can do in parallel, and N coarse propagations, that
we need to do sequentially. We can now write up a simple algorithm for doing K
steps of Parareal.

Algorithm 4.1: K steps of the Parareal algorithm

λ0
0 ← u0;
for i = 1, ..., N − 1 do

λ0
i ← G∆T (λ0

i−1);
end
for k = 1, ..., K do

λk0 ← u0;

λ̂ki ← F∆T (λk−1
i−1 )// In parallel;

for i = 1, ..., N − 1 do

λki ← G∆T (λki−1) + λ̂ki − λk−1
i ;

end

end

In algorithm 4.1 we do K iterations of the Parareal algorithm, where K is a pre-
chosen number. If one wanted to construct an actual Parareal algorithm, the
iteration should instead terminate, when a certain stopping criteria is met. After
N iterations the Parareal algorithm produces the same solution as the �ne sequen-
tial solver. We therefore need a stopping criteria that ensures that the Parareal
solution is su�ciently accurate, while also terminating before N iterations are
done. A discussion on suitable stopping criteria for the Parareal algorithm can be
found in [29].

Another important component of Parareal, that a�ects its performance, is the
coarse propagator G∆T . If F∆T is based on a �nite di�erence scheme with time
step ∆t, one natural choice for G∆T , would be to use the same scheme as the �ne
propagator with bigger time step. One must be careful though, since such schemes
might be unstable for big time steps. To give an example of a coarse propagator,
let us consider a G∆T that is based on the implicit Euler scheme with time step
∆T . Using this scheme for our coarse propagator in the context of problem (4.1),
would mean that we �nd G∆T (λi) by solving (4.7) for G∆T (λi).

G∆T (λi)− λi
∆T

+ AG∆T (λi) = f(Ti) (4.7)

In the above example we just used a coarse discretization of our problem (4.1) to
de�ne the coarse propagator. There are however a lot of other ways to construct
G∆T . In [18] for example, they create the coarse propagator by simplifying the
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physics of the problem the authors are trying to model. The underlying numer-
ical method of the coarse propagator should in any case be chosen so that the
computational cost of G∆T is negligible in comparison to the cost of F∆T .

4.3 Algebraic Formulation

In [11] an algebraic reformulation of (4.5) is presented. The setting in [11] is
slightly di�erent than the one we had in section 4.2, since they are trying to solve
an optimal control problem with di�erential equation constraints, rather than to
just solve a di�erential equation. Luckily for us the problem they are looking at is
very much connected to that of solving the time decomposed di�erential equation
system. The problem they solve follows below:

min
Λ
Ĵ(Λ) =

N−1∑
i=1

||ui(Ti)− λi||2

Subject to ui(Ti) = F∆T (λi−1) i = 1, ..., N

In the above optimal control problem the F∆T is the �ne propagator from the pre-
vious section, and u and Λ is also as de�ned in section 4.2. What we immediately
notice, is that we can �nd the solution of the above problem by setting J(Λ) = 0,
which gives us the solution λi = ui(Ti) = F∆T (λi−1). The authors of [11] then
write this system on matrix form as:

1 0 · · · 0

−F∆T 1 0 · · ·
0 −F∆T 1 · · ·
0 · · · −F∆T 1




λ0

λ1

· · ·
λN−1

 =


u0

0

· · ·
0

 (4.8)

Or with notation:

M Λ = H. With M ∈ RN×N , H ∈ RN given by (4.8). (4.9)

We can solve system (4.8) by sequentially applying the �ne propagator, but we
again want to use the coarse propagator, so that we can run the �ne propagator
in parallel. We �rst de�ne the coarse equivalent to M as:

M̄ =


1 0 · · · 0

−G∆T 1 0 · · ·
0 −G∆T 1 · · ·
0 · · · −G∆T 1

 (4.10)
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Using M̄ , we can write up what turns out to be the Parareal iteration (4.5) in
Matrix notation:

Λk+1 = Λk + M̄−1(H −MΛk) (4.11)

Looking at the (4.11), we recognise the Parareal iteration as a preconditioned �x
point iteration, where M̄−1 is the preconditioner.

4.4 Convergence of Parareal

In this section we look at some of the convergence properties of the Parareal
algorithm given in the literature. The �rst publication on Parareal [2] studied the
convergence in context of the following equation:

∂

∂t
y(t) = ay(t), t ∈ [0, T ], y(0) = y0 (4.12)

We state their �ndings in the proposition below:

Proposition 4.1. Let us decompose I = [0, T ] into N subintervals of length ∆T =
T
N
, and then let F∆T and G∆T be the �ne and coarse propagators for equation

(4.12). If G∆T (ω) is evaluated using the implicit Euler scheme (4.7), there exist
for all integers k a constant ck such that the error between the k-th iterate of
the Parareal algorithm (4.5) and the exact solution of (4.12) y is bounded in the
following way:

∀ i, 0 ≤ i ≤ N − 1 |λki − y(Ti)|+ max
t∈[Ti,Ti+1]

|yki+1(t)− y(t)| ≤ ck∆T
k+1 (4.13)

It is important to note that the error bound given in proposition 4.1 only holds for
�xed ks, since the constant ck grows with k. This means that if we do k iterations
of Parareal, the algorithm converges to the �ne numerical solution, when ∆T goes
to zero at a rate of O(∆T k+1). We can therefore say that k iterations behaves like
a numerical method of order k + 1. In [2], the authors used a �rst order implicit
Euler scheme for their coarse propagator. It turns out that if one instead uses a
coarse scheme of order p, the convergence bound (4.13) after k iterations is im-
proved to O(∆T p(k+1)). This was shown in [21], where the bounds were derived
for more general equations.

The case where we let ∆T be �xed, and look at convergence when we increase
k, is analysed in [23]. Here the authors again investigate the convergence of the
equation (4.12). They found that the convergence was superlinear in k for bounded
time intervals [0, T ], and linear for unbounded time interval.
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To demonstrate the Parareal algorithm, we will try to verify proposition 4.1 for
the following linear ODE:

∂

∂t
y(t) = cos(2πt)y(t), t ∈ [0, 4], y(0) = 3.52 (4.14)

This is a simple separable equation with solution ye(t) = y0e
− sin(2πt)

2π . To test the
Parareal algorithm we choose a �ne solver that discretizes (4.14) using the second
order Crank-Nicolson �nite di�erence scheme [40], while we base the coarse solver
on a �rst order implicit Euler scheme. The experimental setup, is to do "zero",
one, two and three iterations of Parareal on di�erent time decompositions, and
then check if we get the convergence rate proposed in proposition 4.14. The error
between the exact solution ye and the solution y we get from k Parareal iterations
is measured in the max-norm, and we use ∆t = 10−6 as small time step for the
�ne discretization. We calculate the convergence rate by comparing the error at
di�erent coarse time step sizes ∆T1 > ∆T2 using formula:

rate =
log(

||y∆T2
−ye||l∞

||y∆T1
−ye||l∞

)

log(∆T2

∆T2
)

. (4.15)

The results can be found in tables 4.1 to 4.4. Plots of the results of one Parareal
iteration applied to large ∆T values are also added in Figure 4.1. In table 4.1
we observe a convergence rate of one, which is in line with proposition 4.1. For
table 4.2 and 4.3, we see that when the coarse time step ∆T approaches zero, the
convergence rate goes to two and three. This is again what we expect in light of
proposition 4.1. In the last table the results are obtained by applying three iter-
ations of Parareal. Proposition 4.1 then suggests a convergence rate of O(∆T 4).
We do however not observe this in table 4.4, since the error decreases only at a rate
of 2.9911, between N = 1000 and N = 2000. The likely cause of this, is that we
when doing three iterations of Parareal using N = 1000 and N = 2000 approach
the underlying error of the �ne propagator, and the Parareal algorithm can not
outperform the error of the �ne scheme.

To illustrate how the Parareal algorithm works, we did a second experiment on
equation 4.14. The results of this experiment is presented in �gure 4.1. This
�gure shows the result of applying one iteration of Parareal to our example prob-
lem, using N = 6, 12, 24 decompositions of the time interval. We observe that
the solution improves when N is increased and consequentially ∆T is decreased.
However, for all decompositions the results are not good, evident by the noticeable
jumps between subintervals, and more iterations of Parareal are required to get
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a satisfactory solution. Another observation about the plots in �gure 4.1, is that
the numerical solution is exact (in the sense of the �ne scheme) for the two �rst
decomposed intervals. This aspect is especially noticeable for N = 6. The solution
being exact for the k+ 1 �rst subintervals after k iterations of Parareal is a known
property of the algorithm. This property also complicates the implementation of
Parareal, since the k + 1 �rst processes will become idle after k iterations. Algo-
rithm 4.1, though simple and usable, is not an optimal implementation of Parareal,
in part due to the above discussed property.

Table 4.1: Results for initial coarse and �ne solver applied to equation 4.14. The �rst
column (N) represents the number of decomposed subintervals, and the second column
is the corresponding coarse time step size ∆T = T

N . The third column measures the
maximal absolute di�erence between the exact solution ye and the numerical solution y
from "zero" steps of Parareal. Using these errors we can �nd the convergence rate with
formula (4.15). We observe a convergence rate of 1, which is as expected for an implicit
Euler scheme.

N ∆T ||y − ye||l∞ rate

40 0.100 0.802 �

50 0.090 0.628 1.09

100 0.040 0.298 1.07

200 0.020 0.145 1.04

500 0.008 0.057 1.01

1000 0.004 0.028 1.00

2000 0.002 0.014 1.00
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Table 4.2: Convergence results for one iteration of Parareal. The columns are the same
as in table 4.1. We see a quadratic convergence rate, which is consistent with proposition
4.1.

N ∆T ||y − ye||l∞ rate

40 0.100 3.65e-2 �

50 0.080 2.79e-2 1.20

100 0.040 8.87e-3 1.65

200 0.020 2.42e-3 1.87

500 0.008 4.06e-4 1.95

1000 0.004 1.03e-4 1.97

2000 0.002 2.6e-5 1.99

Table 4.3: Convergence results for two iterations of Parareal. From proposition 4.1 we
expect a convergence rate of three, and we see that the rate of convergence approaches
3 when ∆T goes to zero.

N ∆T ||y − ye||l∞ rate

40 0.100 3.75e-03 �

50 0.080 1.38e-03 4.478

100 0.040 1.09e-04 3.66

200 0.020 2.34e-05 2.21

500 0.008 1.85e-06 2.77

1000 0.004 2.44e-07 2.91

2000 0.002 3.07e-08 2.99
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Table 4.4: Convergence results for three iterations of Parareal. Doing three iterations
of Parareal using a �rst order coarse scheme, we expect that the rate of convergence
converges to four. We see that the convergence rate does not behave as we would expect
from proposition 4.1. The most likely explanation for this is that the error of the Parareal
algorithm approaches the numerical error of the �ne scheme.

N ∆T ||y − ye||l∞ rate

40 0.100 2.57e-04 �

50 0.080 7.81e-05 5.34

100 0.040 1.48e-06 5.71

200 0.020 1.34e-07 3.46

500 0.008 6.04e-09 3.38

1000 0.004 4.43e-10 3.76

2000 0.002 5.57e-11 2.99
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Figure 4.1: The result of 1 iteration of the Parareal algorithm on equation (4.14). The
equation is solved using a �ne propagator based on the Crank-Nicholsen with resolution
∆t = 4

104 and a coarse propagator based on implicit Euler. We solve (4.14) using
three di�erent time decompositions, N = 6, 12, 24, which translates to coarse time steps
∆T = 2

3 ,
1
3 ,

1
6 used for the coarse propagator.
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Chapter 5

Parareal-Based BFGS

Preconditioner

In the previous chapter we saw that the Parareal scheme allows us to parallelize
time-dependent di�erential equations in their temporal direction. In this chapter
we will present a parallel in time method for optimal control problems with time-
dependent di�erential equation constraints.

This chapter consists of four sections. In the �rst section we decompose the time
domain as we did in section 4.1, only now in the context of control problems with
time-dependent DE constraints. Decomposing the time interval leads to a reformu-
lation of the control problem that includes extra constraints on the state equation.
How to handle these new constraints are dealt with in section 5.2. To solve this
constrained problem, we use the same approach as [11] namely the penalty method.
The penalty method is a simpli�ed version of the augmented Lagrangian approach
used in [12] for parallel in time 4d variational data assimilation. We demonstrate
the use of the penalty method by revisiting the example problem from section 3.1.1.

In the third section a Parareal based preconditioner to be used in the optimization
algorithms solving the optimal control problems is presented. This preconditioner
originally proposed in [11] is derived using ideas from subsection 4.3 and we will
in chapter 8 see that it is crucial for the parallel in time algorithm to obtain any
meaningful speedup. In the fourth and last section we propose a parallel in time
method based on the penalty framework of section 5.2 and the BFGS optimization
algorithm. The Parareal-based preconditioner from section 5.3 is used as an initial
inverted Hessian approximation in the BFGS algorithm.
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5.1 Optimal Control with Time-Dependent ODE

Constraints on a Decomposed Time Interval

We want to solve reducible optimization problems of type (3.1-3.2), where the state
equation constraint E(y(t), v, y0) = 0 is time-dependent and solved on the interval
I = [0, T ], with initial condition y0. To introduce parallelism to our optimal control
problem, we need to decompose the time domain and the state equation as we did
in chapter 4.

De�nition 5.1 (Decomposed state equation). Let 0 = T0 < T1 < · · · < TN−1 <
TN = T and de�ne the i-th decomposed subinterval to be Ii = [Ti−1, Ti]. We then
introduce N−1 intermediate initial conditions Λ = (λ1, ..., λN−1), and set λ0 = y0.
Using these intermediate initial conditions we are able to de�ne N decomposed state
equations:

Ei(yi(t), v, λi−1) = 0 t ∈ Ii. (5.1)

Solving the state equation E(y(t), v,Λ) = 0 on the entire time domain, then means
solving the N decomposed equations (5.1) for yi, and setting the state y(t) to be:

y(t) =


y1(t) t ∈ [T0, T1]

y2(t) t ∈ (T1, T2]

· · · · · ·
yN(t) t ∈ (TN−1, TN ]

(5.2)

Using the decomposed time interval, state and state equation of de�nition 5.1, we
can de�ne the decomposed optimal control problem. Since we want to solve the
decomposed state equations simultaneously, the intermediate initial conditions Λ
will be added to the optimization problem as additional control variables. Because
these variables are arti�cially introduced by us, we refer to Λ as the virtual con-
trol, while we call the original control v the real control. We also want the state
to be continuous, so we need to introduce new constraints on the problem that
enforces the continuity of y(t). These new constraints are written up along with
the decomposed reformulation of the optimal control problem in de�nition 5.2.

De�nition 5.2 (Decomposed optimal control problem). Let Y, V, Z be de�ned as
in de�nition 3.1. The decomposed optimal control problem with time-dependent
DE constraint is the following minimization problem:

min
y∈Y,v∈V,Λ

J(y(t), v,Λ), (5.3)

subject to: E(y(t), v,Λ) = 0, t ∈ [0, T ]. (5.4)
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To enforce the continuity of y(t) between subintervals, we introduce extra con-
straints:

yi(Ti) = yi+1(Ti) = λi i = 1, .., N − 1. (5.5)

If all the decomposed state equations Ei(yi, v, λi−1) = 0 are uniquely solvable for
all control variables v ∈ V , we can reduce the decomposed optimization problem
from de�nition 5.2. We write up the reduced version of problem (5.3-5.5) in the
next de�nition.

De�nition 5.3 (Decomposed and reduced optimal control problem). Consider
problem (5.3-5.5). We assume that this problem is reducible, and can therefore
de�ne Ĵ : V → R as:

Ĵ(v,Λ) = J(y(v,Λ)(t), v,Λ)

The decomposed and reduced optimal control problem with time-dependent di�er-
ential equation constraints is then the following constrained minimization problem:

min
v∈V,Λ

Ĵ(v,Λ), (5.6)

yi(Ti) = λi, i = 1, ..., N − 1. (5.7)

Unlike the undecomposed case, the reduced and decomposed optimal control prob-
lem is not unconstrained. A strategy for handling the extra constraints (5.7) is
discussed in the next section.

5.2 The Penalty Method

To solve the constrained problem (5.6-5.7), we will use the penalty method [31],
which transforms constrained problems into a series of unconstrained problems.
This is done by moving the constraints into the objective function J(v,Λ). For
each constraint a term is added to J , which is positive for variables that does not
satisfy the constraint, but zero if it does. The penalization of the constraints can
be done in di�erent ways, but we will restrict ourself to the quadratic penalty
method, where the the terms penalizing the constraints are quadratic.

De�nition 5.4 (Quadratic penalty method). Consider the constrained optimiza-
tion problem:

min
x
f(x) subject to: ci(x) = 0, i = 1, ..., N, (5.8)
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Given a penalty parameter µ > 0, the quadratic penalty method de�nes an altered
functional fµ : X → R related to the functional of problem (5.8).

fµ(x) = f(x) +
µ

2

N∑
i=1

ci(x)2 (5.9)

Minimizing fµ is an unconstrained optimization problem. If we now instead con-
sider our decomposed optimization problem (5.6-5.7), we can write up its penalized
objective function Ĵµ as:

Ĵµ(v,Λ) = Ĵ(v) +
µ

2

N−1∑
i=1

(yi(Ti)− λi)2. (5.10)

The idea of the penalty method is that the minimizer of (5.9) should approach
a feasible minimizer of (5.8) when we increase the penalty parameter µ. Since
the penalized problem can be di�cult to solve for large µ values, the usual ap-
proach for solving constrained problems with the penalty method, is to minimize
the penalized objective function for an increasing sequence of penalty parameters
µ. We write up the general algorithmic framework of the penalty method applied
to problem (5.6-5.7) in algorithm 5.1.

Algorithm 5.1: Penalty method

Data: Choose µ0, τ0 > 0, and some initial control (v0,Λ0)
for k = 1, 2, ... do

Find (vk,Λk) s.t. ‖ ∇Ĵµk−1
(vk,Λk) ‖< τk−1;

if STOP CRITERION satis�ed then
Stop algorithm;

else
Choose new τk ∈ (0, τk−1) and µk ∈ (µk−1,∞);

end

end

If we want to use the penalty method, we need to know if the framework presented
in algorithm 5.1 is consistent. We say that the penalty method is consistent, if for
a given global minimizer (v,Λ) of Ĵ , the iterates (vk,Λk) produced by framework
5.1 converges to (v,Λ), meaning:

lim
k→∞

(vk,Λk) = (v,Λ).

From [31] we get a result that deals with this:
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Theorem 5.1. Assume that ∀k, (vk,Λk) is the exact global minimizer of Jµk in
context of the framework in algorithm 5.1. Then each limit point of the sequence
{(vk,Λk)} is a solution of the problem (5.6-5.7).

Proof. [31]

Theorem 5.1 tells us that the penalty method of algorithm 5.1 is consistent, if
we for all k can �nd an exact global minimizer of Jµk . In practice, �nding an
exact minimizer of the penalized objective function is not always achievable. An-
other theorem from [31] indicates what to expect if we are unable to �nd a global
minimizer of Jµk for all k's.

Theorem 5.2. If the tolerance τk and the penalty parameter µk of the method in
algorithm 5.1 satisfy

lim
k→∞

τk = 0, and lim
k→∞

µk =∞.

the limit point of the the sequence {(vk,Λk)} will be a feasible point. In context of
problem (5.6-5.7), this means that:

∀i = 1, ..., N − 1 lim
k→∞

(yki (Ti)− λki ) = 0

Proof. [31]

Theorem 5.1 provides the theoretical consistency of the method in algorithm 5.1,
this consistency is based on the assumption that we are able to minimize the pe-
nalized objective function for ever increasing penalty parameters µ. Theorem 5.2
shows that the quadratic penalty method at least will produce a feasible control
solution. In section 7.4 we will try to verify the consistency of algorithm 5.1 for
the example problem, and we will see that theorem 5.1 and 5.2 are crucial for
understanding the results we get.

We will now look at the most important part of the framework in algorithm 5.1,
namely the optimization of the penalized objective function Ĵµ. To be able to

optimize Ĵµ, we need its gradient, and we will therefore in the next section derive
the gradient of the general penalized objective function (5.10) using the adjoint
approach. We will also �nd an expression for Ĵ ′µ(v,Λ) for the example problem
(3.8-3.9). In section 5.3 we will present a Parareal-based preconditioner, that we
will use to improve the optimization of Ĵµ.
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5.2.1 The Gradient of the Penalized Objective Function

We have introduced the penalized objective function (5.10), that depends on both
the real and virtual control, and we now want to evaluate its gradient. We again
take the adjoint approach as we did in section 3.2, and the expression for Ĵ ′µ(v,Λ)
belonging to the general optimization problem (5.3-5.4) is given in proposition 5.1.

Proposition 5.1 (Gradient of the penalized objective function). Let Ĵµ be the
penalized objective function (5.10). With similar assumptions as in proposition
3.1, the gradient of Ĵµ is as follows:

Ĵ ′µ(v,Λ) = −(Ev(y(t), v,Λ)∗ + EΛ(y(t), v,Λ)∗)p(t) + (
∂

∂v
+

∂

∂Λ
)Jµ(y, v,Λ).

(5.11)

The decomposed adjoint p(t) is de�ned on I = [0, T ] as:

p(t) =


p1(t) t ∈ [T0, T1]

p2(t) t ∈ (T1, T2]

· · · · · ·
pN(t) t ∈ (TN−1, TN ]

(5.12)

where the pi's are the solutions of the decomposed adjoint equations:

Ei
yi

(yi(t), v,Λ)∗pi(t) =
∂

∂yi
Jµ(yi, v,Λ), t ∈ [Ti−1, Ti]. (5.13)

Proof. Same reasoning as in proposition 3.1.

Notice that the state equation E(y(t), v,Λ) = 0 consists of several equations de-
�ned separately on each of the decomposed subintervals. The result is that the
adjoint equation also consists of several equations de�ned on each interval. To see
this clearly we will derive the adjoint and the gradient for the example problem
(3.8-3.9).

5.2.2 Deriving the Adjoint for the Example Problem

Before we derive the adjoint equation of the decomposed example problem (3.8-
3.9) we need to write up the decomposed state equation and the penalized ob-
jective function. We start by decomposing the interval [0, T ] into N subintervals
{[Ti−1, Ti]}Ni=1. We can then de�ne the decomposed state equation on each interval:{

∂
∂t
yi(t) = ayi(t) + v(t) t ∈ (Ti−1, Ti)

yi(Ti−1) = λi−1

(5.14)
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We get the reduced penalized objective function by adding the the penalty terms
to the unpenalized objective function (3.8):

Ĵµ(v,Λ) =
1

2

∫ T

0

v(t)2dt+
α

2
(y(T )− yT )2 +

µ

2

N−1∑
i=1

(yi(Ti)− λi)2 (5.15)

Having formulated the penalized objective function, we are now ready to write
up its gradient. The gradient of (5.15) is given in proposition 5.3, but since the
gradient depends on the decomposed adjoint equations, we write up these �rst.

Proposition 5.2. The decomposed adjoint equation of problem (3.8-3.9) on in-
terval [TN−1, TN ] is: {

− ∂
∂t
pN = apN

pN(TN) = α(yN(TN)− yT )
(5.16)

On [Ti−1, Ti] the decomposed adjoint equations are:{
− ∂
∂t
pi = api

pi(Ti) = µ(yi(Ti)− λi)
(5.17)

Proof. The decomposed adjoint equation on interval Ii = [Ti−1, Ti] is de�ned by the
equation Ei

yi
(yi, v,Λ)∗pi = ∂

∂yi
Jµ(yi, v,Λ). This means that to derive it, we need

expressions for Ei
yi

(yi, v,Λ)∗ and ∂
∂yi
Jµ(yi, v,Λ). We will use the same approach as

in the proof of proposition 3.2, meaning that we will use the weak formulation of
the decomposed state equations to derive the adjoint. If we let (·, ·)i denote the
L2 inner product on (Ti−1, Ti), we can de�ne a bilinear form E i as:

E i[yi, φ] = (yi, (−
∂

∂t
− a+ δTi)φ)i − (v + δTi−1

λi−1, φ)i

The weak formulation of the i-th state equation then reads:

Find yi s.t. E i[yi, φ] = 0 ∀φ ∈ C∞((Ti−1, Ti)).

Arguing similarly as we did in the proof of proposition 3.2, we �nd the linearised
adjoint of E i to be:

E iyi [·, ψ]∗ = (·, ( ∂
∂t
− a+ δTi−1

)ψ)i

The weak formulation of the i-th adjoint equation is then: Find pi such that
E iyi [pi, ψ]∗ = ( ∂

∂yi
Jµ(yi, v,Λ), ψ)i, ∀ψ ∈ C∞. If we can �nd an expression for ∂

∂yi
Jµ,
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we will have the weak adjoint equation. It turns out that we are able to decompose
the penalized objective function into N functions J iµ de�ned as:

J iµ(yi, v,Λ) =

∫ Ti

Ti−1

v(t)2dt+
µ

2
(yi(Ti)− λi)2, for i = 1, ..., N − 1, and

JNµ (yN , v,Λ) =

∫ TN

TN−1

v(t)2dt+
α

2
(yN(TN)− yT )2.

We notice that the the sum of these decomposed objective functions equals the
penalized objective function (5.15). What we also see is that J iµ only depends on

the i-th state equation. This means that ∂
∂yi
Jµ = ∂

∂yi
J iµ.

∂

∂y
J iµ(yi, v,Λ) = µδTi(yi(Ti)− λi), i = 1, .., N − 1, and

∂

∂y
JNµ (yN , v,Λ) = δTNα(yN(TN)− yT )

For i = 1, ..., N − 1, the weak formulation of the decomposed adjoint equations
will look like:

Find pi s.t. (pi, (
∂

∂t
− a+ δTi−1

)ψ)i = (µδTi(yi(Ti)− λi), ψ)i ∀ψ ∈ C∞((Ti−1, Ti)).

For i = N the adjoint equation is almost identical to the above expression,
with exception of the (µδTi(yi(Ti) − λi), ψ)i term, which instead is replaced by
(δTNα(yN(TN) − yT ), ψ)i. Using partial integration we can move the di�erentia-
tion from ψ to pi. The adjoint equation on for i = 1, ..., N − 1, is then: Find pi
such that∫ Ti

Ti−1

(−p′i(t)− api(t))ψ(t)dt+ pi(Ti)ψ(Ti) = µ(yi(Ti)− λi)ψ(Ti) ∀ψ ∈ C∞.

Since we can vary ψ arbitrarily, we recover the strong formulation stated in (5.17).

With the adjoint equations we can derive the gradient.

Proposition 5.3. The gradient of (5.15), Ĵ ′µ, with respect to the control (v,Λ) is:

Ĵ ′µ(v,Λ) = (v + p, p2(T1)− p1(T1), ..., pN(TN−1)− pN(TN−1)) (5.18)

Proof. Proposition 5.1 states the gradient of the penalized objective function for
a general decomposed problem in (5.11). To derive an expression for the gradient
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of our example problem, we need to di�erntiate the decomposed state equations
and the penalized objective function with respect to the real and virtual control.
We will again use the weak formulation of the state equation given in the proof
of proposition 5.2 to �nd the di�erent terms. The weak formulation of the i-th
state equation is based on the bilinear form E i[v, φ] = (yi, (− ∂

∂t
−a+ δTi)φ)i− (v+

δTi−1
λi−1, φ)i. Di�erentiating E i with respect to the real and virtual control yields:

E iv[·, φ] = −(·, φ)i, i = 1, ..., N,

E iλi−1
[·, φ] = −(·, δTi−1

φ)i, i = 2, ..., N.

Notice that both of these forms are symmetric, and we therefore do not need to do
more work to �nd their adjoints. The strong interpretation of E iv and E iλi−1

, is that

E iv is multiplication by minus one, while E iλi−1
is multiplication by minus one and

evaluation at t = Ti−1. Next we want to di�erentiate the decomposed objective
functions J iµ also de�ned in the proof of proposition 5.2.

∂

∂v
J iµ(y, v,Λ) = v, i = 1, ..., N,

∂

∂λi
J iµ(y, v,Λ) = −µ(yi(Ti)− λi), i = 1, ..., N − 1.

The last step of the proof is to insert the above derived expressions into formula
(5.11). We separate the gradient into two parts, where the �rst part is the gradient
with respect to the real control, while the second part are the components that
depends on the virtual control. We start by stating ∂

∂v
Ĵµ:

∂

∂v
Ĵµ(v,Λ) = −E∗vp+

N∑
i=1

∂

∂v
J iµ(yi, v,Λ)

= p+ v

We then �nd the component of the gradient related to λi. Only the i+ 1-th state
equation and the i-th decomposed objective function depends on λi. This yields:

∂

∂λi
Ĵµ(v,Λ) = −Ei+1

λi
(yi+1, v,Λ)∗pi+1 +

∂

∂λi
J iµ(yi, v,Λ)

= pi+1(Ti)− µ(yi(Ti)− λi)
= pi+1(Ti)− pi(Ti)

Here we made use of Ei+1
λi

(yi+1, v,Λ)∗ = −1 and pi(Ti) = µ(yi(Ti)−λi) from (5.17).

Combining ∂
∂v
Ĵµ and ∂

∂λi
for i = 1, .., N − 1 gives us the gradient (5.18).
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5.3 Parareal Preconditioner

Parallelizing the solution process of optimal control problems with time-dependent
di�erential equation constraints comes down to minimizing a series of penalized
objective functions. Since we have derived the gradient of these penalized objective
functions for a speci�c example, we can now solve the control problem numerically
using an optimization algorithm. We can for example use the steepest descent
method (3.41), which would create the following iteration for each penalized control
problem:

(vk+1,Λk+1) = (vk,Λk)− ρk∇Ĵµ(vk,Λk) (5.19)

Alternatively we could use a BFGS iteration (3.48), which would result in the
following update:

(vk+1,Λk+1) = (vk,Λk)− ρkHk∇Ĵµ(vk,Λk) (5.20)

Where Hk is the inverse Hessian approximation de�ned in (3.43). To improve
convergence of the unconstrained optimization solvers, we include the Parareal-
based preconditioner, proposed in [11], in our optimization algorithms. Assuming
that v ∈ Rnv , the preconditioner Q will be on the form:

Q =

[
1 0

0 QΛ

]
∈ Rnv+N−1×nv+N−1, QΛ ∈ RN−1×N−1 (5.21)

We see that Q only a�ects the N − 1 last components of the gradient, which is
the part connected with the virtual control Λ. The real control v is therefore not
directly a�ected by Q. For steepest descent, we apply Q, by modifying (5.19) in
the following way:

(vk+1,Λk+1) = (vk,Λk)− ρkQ∇Ĵµ(vk,Λk) (5.22)

For us to expect any improvement in convergence for the preconditioned steepest
descent, Q would have to resemble the Hessian of Ĵµ, at least for the virtual part
of the control. We also need Q to be cheaply computable. Applying Q to the
BFGS iteration, is done by setting the initial Hessian approximation H0 = Q. To
be able to do this, we need Q to be symmetric positive de�nite, since that is a
requirement on H0.

We derive Q by looking at a constructed optimal control problem that we call
the virtual problem. The virtual problem is a control problem decomposed as
detailed in section 5.1, but its objective function J is set to be the penalty terms,
which only depends on the virtual control Λ. We already stated this problem in
section 4.3, and by utilizing the algebraic Parareal formulation, we will try to rep-
resent the equation Ĵ′(Λ) = 0 with a system AΛ = R, and then base QΛ on an
approximation of A−1.
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5.3.1 Virtual Problem

The Parareal-based preconditioner only a�ects the part of the gradient connected
to the virtual control Λ. To motivate and derive Q, we therefore consider an
optimal control problem where the real control v is removed, and the objective
function only depends on Λ. We have already presented this problem in section
4.3, but we restate it here for future reference. However, before we do this let us
�rst properly de�ne the �ne and coarse propagators.

De�nition 5.5 (Fine and coarse propagator). Let f(y(t), t) = 0 be a time-dependent
di�erential equation. Given ∆T = T

N
and an initial condition ω, let yf and yc be

a �ne and a coarse numerical solution of the initial value problem:{
f(y(t), t) = 0 for t ∈ (0,∆T )

y(0) = ω
(5.23)

We then de�ne the �ne propagator as F∆T (ω) = yf (∆T ) and the coarse propagator
as G∆T (ω) = yc(∆T ). We also de�ne the lower triangular matrices M, M̄ ∈
RN−1×N−1 as:

M =


1 0 · · · 0

−F∆T 1 0 · · ·
0 −F∆T 1 · · ·
0 · · · −F∆T 1

 , M̄ =


1 0 · · · 0

−G∆T 1 0 · · ·
0 −G∆T 1 · · ·
0 · · · −G∆T 1

 .

We then use the �ne propagator F∆T (ω) to de�ne the virtual problem.

De�nition 5.6 (Virtual problem). Given a �ne propagator F∆T , that solves a
time-dependent di�erential equation f(y(t), t) = 0, an initial condition λ0 = y0

and the control variable Λ = (λ1, ..., λN−1), the virtual control problem is:

min
Λ

J(Λ, y) =
1

2

N−1∑
i=1

(yi−1(Ti)− λi)2, (5.24)

subject to yi−1(Ti) = F∆T (λi−1) for i = 1, ..., N − 1 (5.25)

We also recognize function (5.24) as a least squares function, which we can express
more compactly as:

J(y,Λ) =
1

2
x(Λ)Tx(Λ), (5.26)
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where the vector function x : RN−1 → RN−1 is:

x(Λ) =


λ1 − F∆T (λ0)

λ2 − F∆T (λ1)

· · ·
λN−1 − F∆T (λN−1)

 . (5.27)

In chapter 4 we explained how the virtual problem could be solved by setting
λi = F∆T (λi−1), which is the same as solving J(Λ, y) = 0. This equation can be
written up on matrix form as:

M Λ = H. (5.28)

The H on the right hand side of the above equation is the propagator applied to
the initial condition:

H =


F∆T (y0)

0

· · ·
0

 .
In section 4.3 we mentioned that the Parareal algorithm could be reformulated as
a preconditioned �x point iteration solving equation (5.28). This can be expressed
in matrix form as follows:

Λk+1 = Λk + M̄−1(H −MΛk), (5.29)

where M̄ is the coarse version of the matrix M stated in de�nition 5.5. When
we are solving the original optimal control problem we do not try to �nd a triple
(v,Λ, y) that solves Jµ(v,Λ, y) = 0. Instead we try to solve Ĵ ′µ(v,Λ) = 0. To �nd
the Parareal-based preconditioner, we therefore try to �nd a similar expression to
(5.28) for Ĵ′(Λ) = 0. To be able to �nd this expression, we �rst need to de�ne the
coarse and �ne adjoint propagators.

De�nition 5.7 (Fine and coarse adjoint propagator). Let f(y(t), t) = 0 be a time-
dependent di�erential equation. Given ∆T , a state y(t) and an initial condition ω,
let pf and pc be a �ne and a coarse numerical solution of the initial value problem:{

f ′(y(t), t)∗p(t) = 0 for t ∈ (0,∆T )

p(∆T ) = ω
(5.30)
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We then de�ne the �ne adjoint propagator as F∗∆T (ω) = pf (0) and the coarse
adjoint propagator as G∗∆T (ω) = pc(0). We also de�ne adjoint versions of the
matrices M and M̄ as:

M∗ =


1 −F∗∆T 0 0

0 1 −F∗∆T · · ·
· · · 0 1 −F∗∆T
0 · · · · · · 1

 , M̄∗ =


1 −G∗∆T 0 0

0 1 −G∗∆T · · ·
· · · 0 1 −G∗∆T
0 · · · · · · 1

 .
Using the matrices from de�nition 5.7 we can write up the following proposition
concerning the gradient of the reduced objective function of the virtual problem.

Proposition 5.4. The reduced objective function of the virtual problem (5.24-5.25)
is:

Ĵ(Λ) =
1

2

N−1∑
i=1

(F∆T (λi−1)− λi)2. (5.31)

Solving Ĵ′(Λ) = 0 is equivalent to resolving the system:

M∗ M Λ = M∗ H. (5.32)

A preconditioned �x point iteration for equation (5.32) inspired by the Parareal
formulation (5.29) is therefore:

Λk+1 = Λk + M̄−1M̄−∗(M∗H −M∗MΛk). (5.33)

Proof. We have already derived the gradient of Ĵ in (5.18). There we stated the
gradient for the penalized version of the example problem (3.8-3.9). If we ignore the
part of this gradient related to the real control v, we get the following expression
for Ĵ′:

Ĵ′(Λ) = {pi+1(Ti)− pi(Ti)}N−1
i=1 .

Here pi refers to the decomposed adjoint equation on interval [Ti−1, Ti]. We now
want to show that setting pi+1(Ti)− pi(Ti) = 0 for i = 1, ..., N − 1 is equivalent to
equation 5.32. To do this we will simply write out the expression M∗(MΛ − H)
and show that it equals Ĵ′(Λ). We start with MΛ−H.

M Λ−H =


λ1 − F∆T (λ0)

λ2 − F∆T (λ1)

· · ·
λN−1 − F∆T (λN−1)

 .
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Notice that F∆T (λi−1) − λi is the initial condition of i-th adjoint equation, i.e.
pi(Ti) = F∆T (λi−1) − λi. By exploiting this, and multiplying MΛ − H with M∗

we get:

M∗(M Λ−H) =


F∗∆T (p2(T2))− p1(T1)

F∗∆T (p3(T3))− p2(T2)

· · ·
−pN−1(TN−1)

 (5.34)

=


p2(T1)− p1(T1)

p3(T2)− p2(T2)

· · ·
pN−1(TN−2)− pN−2(TN−2)

−pN−1(TN−1)

 . (5.35)

The last step is done by using pi(Ti−1) = −F ∗∆T (−pi(Ti)), and this is possible since
the adjoint equation is linear. We see that the i-th component of M∗(MΛ − H)
is equal to pi+1(Ti) − pi(Ti) for i 6= N − 1. The last component of M∗(MΛ −
H) is −pN−1(TN−1), and we are therefore missing pN(TN−1). This is however
unproblematic since in context of the the virtual problem pN(TN−1) = 0. This
shows us that Ĵ′(Λ) = M∗(MΛ−H), which means that Ĵ′(Λ) = 0 ⇐⇒ M∗MΛ =
M∗H. Since M̄ and M̄∗ approximates M and M∗, M̄−1M̄−∗ would be a natural
preconditioner for a �x point iteration solving M∗MΛ = M∗H.

Proposition 5.4 motivates QΛ = M̄−1M̄−∗ as a preconditioner for solvers of decom-
posed and penalized optimal control problems, and this is actually the Parareal-
based preconditioner proposed in [11]. Inserting QΛ into Q yields the following:

Q =

[
1 0

0 M̄−1M̄−∗

]
. (5.36)

In [11] Q is proposed as a preconditioner for a steepest descent method. Other
than to motivate Q the authors of [11] do not explore or derive any properties
of the Parareal-based preconditioner. We are however interested in using Q in
combination with the BFGS algorithm, and to be able to do this we need to know
that Q is positive de�nite and that it is related to the Hessian of the objective
function. We are also interested in the computational cost ofQ. We will investigate
the properties of the preconditioner by looking at the least squares formulation
(5.26) of problem (5.31).
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5.3.2 Properties of the Parareal-Based Preconditioner

We want to investigate the properties of QΛ = M̄−1M̄−∗, and to do this we will
show that M̄1M̄∗ is an approximation to the Hessian of Ĵ(Λ). To calculate the
Hessian we use the least squares formulation (5.26) of the virtual objective func-
tion.

Proposition 5.5 (Virtual Hessian). The Hessian of function (5.26) is

∇2Ĵ(Λ) = ∇xT∇x+
N−1∑
i=1

∇2xi(Λ)xi(Λ)

= M(Λ)TM(Λ) +D(Λ)

Here D(Λ) is a diagonal matrix with diagonal entries

Di = −F′′∆T (λi)(λi+1 − F∆T (λi)) i = 1, ..., N − 1,

while M(Λ) is the linearised forward model:

M(Λ) =


1 0 · · · 0

−F′∆T (λ1) 1 0 · · ·
0 −F′∆T (λ2) 1 · · ·
0 · · · −F′∆T (λN−1) 1


Proof. We start by di�erentiating Ĵ:

∇Ĵ(Λ) = ∇x(Λ)Tx(Λ)

=
N−1∑
i=1

∇xi(Λ)xi(Λ)

If we now di�erentiate ∇Ĵ, we get:

∇2Ĵ(Λ) = ∇xT∇x+
N−1∑
i=1

∇2xi(Λ)xi(Λ)

We see that ∇x(Λ) = M(Λ), by looking at ∂xi
∂λj

∂xi
∂λj

=


1 i = j

−F′∆T (λj) i > 1 ∧ j = i− 1

0 i 6= j ∨ j 6= i− 1
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We can similarly �nd ∇2xi by di�erentiating x twice:

∂2xi
∂λj∂λk

=

{
−F′′∆T (λj) i > 1 ∧ j = k = i− 1

0 in all other cases

Summing up the terms ∇2xi(Λ)xi(Λ) yields the diagonal matrix D(Λ).

The �rst term of∇2Ĵ(Λ) = M(Λ)TM(Λ)+D(Λ) resemblesM∗M from the previous
section, while the second term D(Λ) is new. D(Λ) is a diagonal matrix where
the diagonal entries consists of products between the second derivative of F∆T

and the residuals λi+1 − F∆T (λi). If the governing equation of the propagator
F∆T is linear, F′′∆T (λi) = 0. This would again mean that D(Λ) = 0 and that
∇2Ĵ(Λ) = M(Λ)TM(Λ). We will therefore split our discussion of the Hessian of
Ĵ into two cases. In the �rst we assume the state equation is linear, while in the
second case we discuss problems with non-linear state equations.

Linear State Equations

Assuming that the state equation is linear means that ∇2Ĵ(Λ) = M(Λ)TM(Λ).
Di�erentiating the propagator F∆T is the same as linearising its governing equa-
tion. When the governing equation is itself linear and homogeneous, linearising it
does not change the equation, and F′∆T (λi)λi = F∆T (λi). This means that the M
matrix from section 5.3.1 is equal to M(Λ). The same is true for M∗ and M(Λ)T .
Since ∇2Ĵ(Λ) = M∗M we see that the Parareal-based preconditioner proposed
in [11] is in fact related to the inverse Hessian of the reduced penalized objective
function. Furthermore if we can show that M̄∗M̄ is a positive de�nite matrix, we
can use Q as an initial approximation of the inverse Hessian in the BFGS opti-
mization algorithm. This is as we will see in the following proposition indeed the
case.

Proposition 5.6. If G∆T and G∗∆T are based on consistent numerical methods,
that is M̄∗ = M̄T , then the matrix M̄∗M̄ is positive de�nite.

Proof. IfG∆T andG∗∆T are based on consistent numerical methods equal, meaning
that G∆T (ω) = G∗∆T (ω). When inserting this into the matrices M̄ and M̄∗ from
de�nition 5.5 and 5.7, we clearly see that M̄∗ = M̄T . For M∗M to be positive
de�nite, the following two conditions must hold:

1. xTM̄∗M̄x ≥ 0 ∀x ∈ RN−1

2. xTM̄∗M̄x = 0 ⇐⇒ x = 0

The �rst condition hold due to M̄∗ = M̄T :

xTM̄∗M̄x = (M̄x)TM̄x = ||Mx||2 ≥ 0.
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The second condition hold if M̄ is invertible. This is true because M̄ is a triangular
matrix, with identity on its diagonal, and therefore has a determinant equal to
1. The determinant of a matrix being unequal to zero is equivalent with it being
invertible, which means that M̄ is invertible. This also means thatM∗M is positive
de�nite, since both requirements for positive de�niteness are satis�ed.

Proposition 5.6 shows that the M̄∗M̄ matrix stemming from the virtual problem
is positive de�nite. We can therefore use it as an initial Hessian approximation in
the BFGS algorithm, at least as long as G∆T and G∗∆T are consistent. Now let us
take a look at the case where the governing equation of F∆T is non-linear.

Non-Linear State Equations

Unlike the Hessian of the linear problem the Hessian of the non-linear problem
consists of two parts. One is the linearised forward model multiplied with its ad-
joint, while the second part is a diagonal matrix related to the second derivative
of the propagator F∆T , and the residuals λi − F∆T . The �rst part of ∇2Ĵ is ana-
logue to the Hessian of the linear problem. It is symmetric positive de�nite, and
taking its inverse corresponds to �rst applying the backwards model, and then the
forward model. What makes the Hessian of the non-linear problematic is therefore
its second term. The �rst issue with the diagonal matrix D(Λ), is how to calculate
F′′∆T . Another issue is that we can not guarantee that the sum of M(Λ)TM(Λ)
and D(Λ) is a positive matrix, and the same problem would arise in a coarse ap-
proximation of ∇2Ĵ. The lack of positivity is a problem since we want to use the
coarse approximation as an initial inverted Hessian approximation in the BFGS-
algorithm.

One way to get around the D(Λ) term in the Hessian for a non-linearly constrained
problem, is simply to ignore it. This leaves us with the M(Λ)TM(Λ) term, which
we know how to deal with. Ignoring the term depending on the second derivative
and the residual is actually a known strategy, called the Gauss-Newton method,
for solving non-linear least square problems. Details on this method can be found
in [31]. A justi�cation for this approach, is that at least in instances where we are
close to a solution, the λi−F∆T terms will be close to zero, and the M(Λ)TM(Λ)
term will therefore dominate the Hessian. Ignoring the D(Λ) term means that we
can de�ne an inverse Hessian approximation based on a coarse propagator G∆T

in the same way as we did for the problem with linear state equation constraints.
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This means that we de�ne a matrix M̄(Λ):

M̄(Λ) =


1 0 · · · 0

−G′∆T (λ1) 1 0 · · ·
0 −G′∆T (λ2) 1 · · ·
0 · · · −G′∆T (λN−1) 1

 (5.37)

The term M̄(Λ)−1M̄(Λ)−∗ can then be used in an approximation of the inverse
Hessian, as detailed in section 5.3.1.

5.3.3 Parareal-Based Precoditioner for the Example Prob-

lem

To illustrate what Q actually will look like we write up M̄∗M̄ for our example
problem (3.8-3.9). The state equation of this problem is:

f(y(t), t) = y′(t)− ay(t)− v(t) = 0, (5.38)

If we linearise f , the source term v disappears, and the state equation becomes ho-
mogeneous. We then base the coarse propagators G∆T and G∗∆T on the linearised
state equation and its adjoint:

y′(t) = ay(t), (5.39)

p′(t) = −ap(t). (5.40)

Let us now try to write out M̄∗M̄ for our example problem, when we have decom-
posed the time interval into N subintervals. We �rst need to choose a numerical
method to discretize the linearised state equation (5.39) and the adjoint equation
(5.40). In this example we will use the implicit Euler scheme from section 3.3.1,
with ∆T = T

N
. We can then write up G∆T (ω) and G∗∆T (ω):

G∆T (ω)− ω
∆T

= aG∆T (ω) (5.41)

⇒ G∆T (ω) =
ω

1− a∆T
(5.42)

ω −G∗∆T (ω)

∆T
= −a∆TG∗∆T (ω) (5.43)

⇒ G∗∆T (ω) =
ω

1− a∆T
(5.44)

Since G∆T (ω) = G∗∆T (ω), using implicit Euler both forwards and backwards pro-
duce consistent coarse propagators. We can now write up an exact expression for
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M̄ ∈ RN−1×N−1.

M̄ =


1 0 · · · 0

− 1
1−a∆T

1 0 · · ·
0 − 1

1−a∆T
1 · · ·

0 · · · − 1
1−a∆T

1

 .
By traversing M̄ we get M̄∗. When we apply Q, we are not using M̄∗M̄ , but
instead its inverse. Let us illustrate how to apply the inverse of M̄∗M̄ to the virtual
gradient through an example, wehere we set N = 4. We �rst decompose I = [0, T ]
into four sub-intervals [T0, T1], [T1, T2], [T2, T3] and [T3, T4]. If we then evaluate
the discrete gradient for a real control variable v ∈ Rn+1 and a virtual control
Λ = (λ1, λ2, λ3), the result is Ĵµ(v,Λ) ∈ RN+n. Multiplying Q with Ĵµ(v,Λ) will
only a�ect its three last components, which we name Jλ1 , Jλ2 and Jλ3 . Applying Q
to Ĵµ is done in two steps. We �rst multiply with M̄−∗ based on on the propagator
G∗∆T = − 1

1−a∆T

J̄λ1 = Jλ1 −
1

1− a∆T
(Jλ2 −

1

1− a∆T
Jλ3)

J̄λ2 = Jλ2 −
1

1− a∆T
Jλ3

J̄λ3 = Jλ3

The second step is then to apply the forward system based on the coarse propagator
G∆T = − 1

1−a∆T
:

¯̄Jλ1 = J̄λ1

¯̄Jλ2 = J̄λ2 −
1

1− a∆T
J̄λ1

¯̄Jλ3 = J̄λ3 −
1

1− a∆T
(J̄λ2 −

1

1− a∆T
J̄λ1)

The result of multiplying Q with the discrete penalized gradient is that the three
last components of Ĵµ(v,Λ) is changed to ¯̄Jλ1 ,

¯̄Jλ2 and ¯̄Jλ3 .

an important special case of the Parareal-based preconditioner is the case when
N = 2. If we decompose the time domain into N = 2 subdomains, both M̄ and
M̄∗ becomes the identity matrix. This means that for N = 2, Q = 1, and therefore
Q has no e�ect. Since the preconditioner has no e�ect for N = 2, we might also
expect that for "small" N the impact of applying Q to the penalized gradient is
only modest, and that the usefulness of Q only materializes for higher values of
decomposed subintervals N .
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Computational Cost of Parareal-Based Preconditioner

The last aspect of the preconditioner Q (5.36), that we have yet not discussed is its
computational cost. For Q to be an e�ective preconditioner it needs to be cheap to
compute. As the above example for N = 4 shows, applying QΛ to the virtual part
of the gradient Ĵ ′µ(v,Λ), comes down to �rst solving the linearised backward model,
and then the linearised forward model on mesh of size N . This will translate to
a computational cost of O(N). Here we have of course assumed that the state
and adjoint equations are ODEs, and that the coarse propagator G∆T is based
on a �nite di�erence scheme as in (5.44). If we we instead were solving a PDE,
the cost of applying Q would also include computations done in spatial direction.
If the spatial discretization has sizeM, the cost of Q would instead be O(MN),
but this could again be made cheaper by using a coarse resolution in space forG∆T .

For O(N) to be considered a cheap operation, we require N << n, where n is
the number of �ne time steps. Since N is the number of decomposed subintervals,
N does also equal the maximal number of processes that can be used to parallelize
in time. If we want to increase the number of processes, we also need to increase
N . This creates an upper limit for the scalability of our algorithm, when we use
the Parareal-based preconditioner. For a �xed problem size n, the absolute upper
limit of processes that can be used is N = n, but since we need a cheap to compute
Q, this limit is in practice lower.

5.4 Summary and Presentation of Algorithm

In the previous section we presented and derived properties of the Parareal-based
preconditioner Q introduced in [11]. We showed that Q is symmetric positive def-
inite, and that it approximates the inverse Hessian of Ĵµ, at least for the part con-
nected to the virtual control. We can therefore use Q as an initial inverted Hessian
approximation in the BFGS or L-BFGS optimization algorithms for minimization
of the penalized objective function Ĵµ(v,Λ) (5.6). Combining the preconditioned
BFGS solver with the quadratic penalty method of algorithm 5.1 makes us able
to propose algorithm 5.2 as a parallel in time method for solving optimization
problems with time-dependent DE constraints.

In algorithm 5.2 we use the Parareal-based preconditioner Q, but an unprecondi-
tioned version of algorithm 5.2 would also be able to solve problem (5.6). When we
investigate the performance of our Parareal-preconditioned method we will com-
pare it with the unpreconditioned algorithm.
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Algorithm 5.2: Quadratic penalty method with preconditioned BFGS op-
timization
Data: Choose µ0, τ0 > 0, and some initial control (v0,Λ0)
for k = 1, 2, ... do

(vk0 ,Λ
k
0)← (vk−1,Λk−1);

H0 ← Q(Λk
0);

while ||Ĵ ′µk−1
(vkj ,Λ

k
j )|| ≥ τk−1 do

(vkj+1,Λ
k
j+1)← (vkj ,Λ

k
j )− ρjHjĴ ′µk−1

(vkj ,Λ
k
j )// In parallel;

Update Hj+1;
H0 ← Q(Λk

j+1);

end
(vk,Λk)← (vkj ,Λ

k
j );

if STOP CRITERION on (vk,Λk) satis�ed then
Stop algorithm;

else
Choose new τk ∈ (0, τk−1) and µk ∈ (µk−1,∞);

end

end

What separates algorithm 5.2 from the general quadratic penalty method in al-
gorithm 5.1 is that the optimization step is done using BFGS (or L-BFGS) with
H0 = Q. The most computationally costly part of algorithm 5.2, is the optimiza-
tion step of the BFGS algorithm:

(vj+1,Λj+1) = (vj,Λj)− ρjHjĴ ′µ(vj,Λj) (5.45)

In section 3.4 we explained how general line search methods are applied, and
also how one updates the inverse Hessian approximation in the BFGS and L-
BFGS algorithms. Let us however brie�y discuss how the update (5.45) is done in
context of the minimization of our decomposed and penalized objective function
(5.9). Executing update (5.45) is done in four steps:

1. Evaluate Ĵ ′µ(vj,Λj).

2. Apply Hj to Ĵ ′µ(vj,Λj).

3. Find step length ρj

4. Set (vj+1,Λj+1) = (vj,Λj)− ρjHjĴ ′µ(vj,Λj)

The �rst step of the above procedure, is to evaluate the gradient of Ĵµ. We
know from proposition 5.1, that this requires us to �rst solve the decomposed
state equations, and then the decomposed adjoint equations. We can solve the
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decomposed state equations and then the decomposed adjoint equations in parallel,
since they are de�ned independently of each other on the decomposed subintervals.
Applying Hj to Ĵ ′µ(vj,Λj) is done using the recursive formula de�ning the Hj

update:

HjĴµ = (1− ρj−1Sj−1 · Yj−1)Hj−1(1− ρj−1Yj−1 · Sj−1)Ĵµ + Sj−1 · Sj−1Ĵµ (5.46)

Y, S ∈ Rn+N are vectors based on previous iterates, that we de�ned in section
3.4. The point of evaluating HjĴµ recursively as in (5.46), is that we do not need
to build the full matrix Hj. An important thing about formula (5.46), is that it
is solely made up of dot products, vector subtraction, vector addition and scalar
products, all of which are perfectly parallelizable operations [50]. With the ex-
ception of the initial inverted Hessian approximation H0 = Q, which we assume
is computationally cheap relative to a state equation solve, applying Hj to the
gradient of Ĵµ can be done completely in parallel.

The third step of the BFGS update is to �nd a step length ρj, that satis�es the
Wolfe conditions (3.39-3.40). We will not explain how to �nd ρj here, however,
what we can say, is that calculating the step length requires at least one evaluation
of Ĵµ and one of Ĵ ′µ. This means that �nding ρj is a computationally costly pro-

cedure, but since evaluating Ĵµ and Ĵ
′
µ boils down to solving the state and adjoint

equations, �nding ρj is also a perfectly parallelizable process. The fourth and last
step of the BFGS update , is to update (vj+1,Λj+1) using formula (5.45). This is a
very simple step involving only scalar multiplication and vector subtraction, and
can of course be executed in parallel.

How to update the penalty parameter µk and tolerance τk, as well as how to
choose an adequate stopping criteria, are all aspects of algorithm 5.2, that require
consideration. We will however not look into these questions in this thesis, and
when we test out the method in algorithm 5.2 in chapter 8, we will in all experi-
ments use one penalty iteration with a large penalty parameter µ. We found that
this strategy worked reasonably well for the example problem, while also being
su�cient for demonstrating the method. Strategies for updating the µ and τ vari-
ables can be found in [31], but there does not seem to be a general approach that
�ts every type of problem.
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Chapter 6

Discretization and Parallelization

of the Penalized Objective

Function

In the previous chapters we derived the adjoint equation and the gradient for our
example optimal control problem with ODE constraints. We also explained how
we can parallelize the solving of the state and adjoint equations using the penalty
method, and we introduced a preconditioner for our optimization algorithm based
on the Parareal scheme. Before we can start to test our Parallel algorithm, we
need to discretize the time domain, the equations, the objective function and its
gradient.

We discretize the time interval I = [0, T ] by dividing it into n parts of length
∆t = T

n
, and set tk = k∆t. This gives us a sequence I∆t = {tk}nk=0 as a discrete

representation of the interval I. Using I∆t we can start to discretize our example
problem.

6.1 Discretizing the Non-Penalized Example Prob-

lem

We restate our example state equation (3.9) and objective function (3.8) for future
reference. {

y′(t) = ay(t) + v(t), t ∈ (0, T )

y(0) = y0

(6.1)
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J(y, v) =
1

2

∫ T

0

v(t)2dt+
α

2
(y(T )− yT )2 (6.2)

The reduced gradient of (6.2) is:

∇Ĵ(v) = v(t) + p(t), (6.3)

where p is the solution of the adjoint equation:{
−p′(t) = p(t)

p(T ) = α(y(T )− yT )
(6.4)

We now want to discretize (6.1-6.4), so we can solve the problem numerically.
What we particularly want, is an expression for the gradient.

6.1.1 Finite Di�erence Schemes for the State and Adjoint

Equations

To evaluate the gradient of our example problem numerically, we need to dis-
cretize its state (6.1) and adjoint (6.4) equation. We do this by applying the �nite
di�erence schemes introduced in section 3.3.1. We denote the discrete state as
y∆t = {yk}nk=0 and the discrete adjoint as p∆t = {pk}nk=0. With explicit Euler,
implicit Euler and Crank-Nicholson we get three di�erent expressions for yk+1 and
pk−1, and with these expressions we can solve (6.1) and (6.4) numerically. We start
with the explicit Euler scheme (3.27):

yk+1 = (1 + ∆ta)yk + ∆tvk (6.5)

pk−1 = pk(1 + ∆ta) (6.6)

Applying the implicit Euler scheme to (6.1) and (6.4) yields:

yk+1 =
yk + ∆tvk+1

1− a∆t
(6.7)

pk−1 =
pk

1−∆ta
(6.8)

When we use Crank-Nicolson the expressions for yk+1 and pk−1 are:

yk+1 =
(1 + ∆ta

2
)yk + ∆t

2
(vk+1 + vk)

1− ∆ta
2

(6.9)

pk−1 =
1 + ∆ta

2

1− ∆ta
2

pk (6.10)
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The expressions for the state yk+1 stems from the forward solving schemes (3.27),
(3.28) and (3.32), while pk−1 were found using (3.29), (3.30) and (3.33). One
issue that becomes apparent when looking at the �nite di�erence scheme formulas
above is the question of stability. For all the schemes certain combinations of ∆t
and a will result in division by zero, or unnatural oscillations. These numerical
artefacts can be removed by decreasing ∆t. We summarize the di�erent stability
requirements of the three schemes in table 6.1, where we for each scheme have
written up the stable values of ∆t for positive and negative a values. We notice

Table 6.1: Stability domains for �nite di�erence schemes

a < 0 a > 0

Explicit Euler 0 < ∆t < − 1
a

∆t > 0

Implicit Euler ∆t > 0 0 < ∆t < 1
a

Crank-Nicolson 0 < ∆t < − 2
a

0 < ∆t < 2
a

that the implicit Euler scheme is stable for all ∆t values when a < 0, and that
the same holds true for explicit Euler in the case where a > 0. This makes these
schemes attractive candidates for use in coarse propagators in the context of the
Parareal algorithm or preconditioner.

6.1.2 Numerical Gradient

We have discretized both the domain and the equations, but we also need to
evaluate the objective function (6.2) numerically. Since integration is involved in
(6.2), we have to choose a numerical integration rule. In section 3.3.2 we introduced
three di�erent methods for numerical integration, namely the left- and right-hand
rectangle rule, as well as the trapezoid rule. Which of the methods we use in our
discrete objective function depends on which �nite di�erence scheme we used to
discretize the ODEs. For explicit Euler we use the left-hand rule, for implicit Euler
we use the right-hand rule, and for Crank-Nicholson we use the trapezoid rule. If
we for example used Crank-Nicholson and the trapezoid rule to discretize problem
(6.2), the discretized objective function would look like the following:

Ĵ∆t(v∆t) =
1

2
trapz(v2

∆t) +
α

2
(yn − yT )2 (6.11)

= ∆t
v2

0 + v2
n

4
+

1

2

n−1∑
i=1

∆tv2
i +

α

2
(yn − yT )2 (6.12)

We now want to �nd the gradient of the discrete objective function for the di�erent
combinations of �nite di�erence schemes and integration rules, so that we can
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minimize (6.1-6.2) numerically. The gradients for the di�erent discretizations are
stated in terms of the discrete control v∆t and discrete adjoint p∆t in theorem 6.1
below.

Theorem 6.1. If the implicit Euler �nite di�erence scheme together with the
right-hand rectangle rule is used to evaluate the numerical objective function, the
gradient ∇Ĵ∆t of (6.12) will be given as:

∇Ĵ∆t(v∆t) = M0v∆t +Bp∆t (6.13)

where Mθ and B are the matrices:

Mθ =


θ∆t 0 · · · 0

0 ∆t 0 · · ·
0 0 ∆t · · ·
0 · · · 0 (1− θ)∆t

 , B =


0 0 · · · 0

∆t 0 0 · · ·
0 ∆t 0 · · ·
0 · · · ∆t 0


If one instead uses the explicit Euler �nite di�erence scheme on the di�erential
equations and the left-hand rectangle rule for integration, the gradient will instead
be:

∇Ĵ∆t(v∆t) = M1v∆t +BTp∆t

Lastly if the state and adjoint equation of problem (6.1-6.2) is discretized using the
Crank-Nicholson scheme, while numerical integration is done using the trapezoid
rule, the numerical gradient is:

∇Ĵ∆t(v∆t) = M 1
2
v∆t +

1

2
(

1

1 + ∆ta
2

B +
1

1− ∆ta
2

BT )p∆t

Proof. Let us start with the Mθv terms of the gradients. These terms comes from
the integral

∫ T
0
v(t)2dt, which we approximate using the numerical integration rules

stated in section 3.3.2. It turns out that we can de�ne the three integration rules
applied to v2

∆t using the matrix Mθ:∫ T

0

v(t)2dt ≈ ∆t(θv0 + (1− θ)vn) +
n−1∑
i=1

∆tv2
i = vT∆tMθv∆t

The function f(v) = 1
2
vTMθv obviously has Mθv as gradient. The second term

of the gradient comes from the second term of the functional, namely g(v) =
α
2
(yn − yT )2. This term needs to be handled separately for each �nite di�erence

discretization of the ODEs. We start with case where implicit Euler was used. To
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di�erentiate g with respect to the i-th component of v, we will apply the chain
rule multiple times. Let us �rst demonstrate by calculating ∂g

∂vn
:

∂g(v)

∂vn
=
∂g(v)

∂yn

∂yn
∂vn

= α(yn − yT )
∂yn
∂vn

= α(yn − yT )
∆t

1− a∆t

To get to the second line we used the implicit Euler formula (6.7). If we then look
at the scheme (6.8) for the adjoint equation, we see that:

α(yn − yT )
∆t

1− a∆t
= ∆t

pn
1− a∆t

= ∆tpn−1

Using the same approach, we can �nd an expression for ∂g(v)
∂vi

:

∂g(v)

∂vi
= α(yn − yT )(

n∏
k=i+1

∂yk
∂yk−1

)
∂yi
∂vi

=
pn

(1− a∆t)n−i
∆t

1− a∆t

=
pn∆t

(1− a∆t)n−i+1
= ∆tpi−1

since v0 is not part of the scheme, ∂g(v)
∂v0

= 0. If we now write up the gradient of
g(v) on matrix form, you get ∇g(v) = Bp. The expression for the gradient in the
case where we use the explicit Euler scheme can be found in a similar fashion. In
the case we where we are using the Crank-Nicholson scheme for ODE discretiza-
tion, the algebra of di�erentiating g, gets slightly more complicated. Utilizing
the expressions for yk+1 and pk−1 in (6.9) and (6.10), that we get from applying

Crank-Nicholson to the state and adjoint equation, we are able to derive ∂g(v)
∂vi

:

∂g(v)

∂vi
= α(yn − yT )(

∂yi
∂vi

n∏
k=i+1

∂yk
∂yk−1

+
∂yi+1

∂vi

n∏
k=i+2

∂yk
∂yk−1

)

= pn(
∂yi
∂vi

(
1 + ∆ta

2

1− ∆ta
2

)n−i +
∂yi+1

∂vi
(
1 + ∆ta

2

1− ∆ta
2

)n−i+1)

=
∆t

2(1− ∆ta
2

)
(pi + pi+1) =

∆t

2
(
pi−1

1 + ∆ta
2

+
pi+1

1− ∆ta
2

)

For i = 1, ..., n − 1, the last expression of the above calculation is equal to the
i-th component of 1

2
( 1

1+ ∆ta
2

B + 1
1−∆ta

2

BT )p∆t, which is what we wanted to show.

By doing similar calculations we see that the Crank-Nicholson gradient stated in
theorem 6.1 is also correct for i = 0 and i = n.
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6.2 Discretizing the Penalized Example Problem

In the previous section we discretized the objective function, state equation and
adjoint equation of the example problem (3.8-3.9). We also derived an expression
for the gradient of J . Let us now do the same for the decomposed problem (5.14-
5.15). We start by restating the decomposed example ODE, and the penalized
objective function.

{
∂
∂t
yi(t) + ayi(t) = v(t) t ∈ (Ti−1, Ti)

yi(Ti−1) = λi−1

(6.14)

Ĵµ(v,Λ) =
1

2

∫ T

0

v(t)2dt+
α

2
(yN(T )− yT )2 +

µ

2

N−1∑
i=1

(yi(Ti)− λi)2 (6.15)

Let us also remember the gradient of (6.15) stated in (5.18):

Ĵ ′µ(v, λ) = (v + p, p2(T1)− p1(T1), ..., pN(TN−1)− pN(TN−1)). (6.16)

Before we can discretize the penalized objective function (6.15) and its gradi-
ent (6.16), we need to decompose the discrete time domain I∆t = {tk}nk=0. We
do this by choosing a subsequence {tki}Ni=0 ⊂ I∆t, such that tki = Ti. Us-
ing this subsequence we can de�ne N decomposed discrete subintervals I i∆t =
{tki−1

, tki−1+1, ..., tki}. The discrete subintervals I i∆t contain ni points, and we
choose the subsequence {tki} so that ni stays roughly the same for all i. Dis-
cretizing the decomposed ODEs is straight forward, however the solution of the
state and adjoint equations now consists of independent solutions yi∆t and p

i
∆t on

each subinterval I i∆t, where

yi∆t = (yiki−1
, yiki−1+1, ..., y

i
ki

) and

pi∆t = (piki−1
, piki−1+1, ..., p

i
ki

), i = 1, ..., N.

One problem with yi∆t and pi∆t existing independently on each interval, is that
we get an overlap on all the subinterval boundaries, which have the potential of
complicating the evaluation of the penalized numerical objective function and of
its gradient. It turns out that for our example problem this problem only arises
in the gradient evaluation. We can therefore quite simply write up the penalized
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numerical objective function:

Ĵµ,∆t(v∆t,Λ) =
1

2
vT∆tMθv∆t +

α

2
(yNn − yT )2 +

µ

2

N−1∑
i=1

(yiki − λi)
2 (6.17)

= ∆t
θv2

0 + (θ − 1)v2
n

2
+

∆t

2

n−1∑
i=1

v2
i +

α

2
(yNn − yT )2 +

µ

2

N−1∑
i=1

(yiki − λi)
2.

(6.18)

We now write up the gradient of the discretized objective function (6.18) in theorem
6.2 expressed in terms of the discrete adjoint p∆t.

Theorem 6.2. The gradient of (6.18), Ĵµ,∆t : RN+m → R consists of two parts.

The second part ∇Ĵµ,∆t(Λ) ∈ RN−1 related to the virtual control is independent of
the choice of �nite di�erence scheme, and is given by:

∇Ĵµ,∆t(Λ) = (p2
k1
− p1

k1
, p3

k2
− p2

k2
, ..., p

kN−1

N − pkN−1

N−1 ). (6.19)

The �rst part ∇Ĵµ,∆t(v∆t) ∈ Rm+1, which is connected to the real control variable
v∆t, depends on the �nite di�erence scheme used to discretize the adjoint and state
equations. If we use the implicit Euler scheme to evaluate (6.18), the v∆t part of
the gradient will be:

∇Ĵµ,∆t(v∆t) = M0v∆t + (B1p1
∆t, B

2p2
∆t, ..., B

NpN∆t), (6.20)

where Mθ ∈ R(n+1)×(n+1) is the matrix de�ned in theorem 6.1, and Bi ∈ Rni×(ni−1),
for i > 1 and B1 ∈ Rni×(ni) are the matrices de�ned below. ni = ki − ki−1 here
means the length of vector pi∆t.

B1 =


0 0 · · · 0

∆t 0 0 · · ·
0 ∆t 0 · · ·
0 · · · ∆t 0

 , Bi =

 ∆t 0 · · · 0

0 ∆t 0 · · ·
0 · · · ∆t 0

 .
If one instead uses the explicit Euler �nite di�erence scheme on the di�erential
equations, the gradient will instead look like:

∇Ĵµ,∆t(v∆t) = M1v∆t + (B̄1p1
∆t, B̄

2p2
∆t, ..., B̄

NpN∆t), (6.21)

where B̄i ∈ Rni×(ni−1) for i < N , and B̄1 ∈ Rni×(ni) are de�ned as:

B̄i =

 0 ∆t 0 · · ·
0 0 ∆t · · ·
0 · · · 0 ∆t

 , B̄N =


0 ∆t · · · 0

0 0 ∆t · · ·
0 0 0 ∆t

0 · · · 0 0

 .
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Finally the gradient of the discrete objective function, in the case where we use
Crank-Nicholson to dicretize the ODEs is:

∇Ĵµ,∆t(v∆t) = M 1
2
v∆t +

1

2
(

1

1 + ∆ta
Bp∆t +

1

1−∆ta
B̄p∆t).

Here B, B̄ ∈ Rn+N×n+1 are matrices, which we can de�ne using block notation:

B =


B1 0 · · · 0

0 B2 0 · · ·
0 0 · · · 0

0 · · · 0 BN

 , B̄ =


B̄1 0 · · · 0

0 B̄2 0 · · ·
0 0 · · · 0

0 · · · 0 B̄N

 .
By p∆t ∈ Rn+N we mean the vector p∆t = (p1

∆t, p
2
∆t, ..., p

N
∆t)

Proof. Let us begin with the Λ part of the gradient. We �nd each component by
di�erentiating Ĵµ,∆t with respect to λi, for i = 1, ..., N − 1. It turns out there are
two cases, namely i = N − 1 and i 6= N − 1, these cases are however quite similar,
so we will only do the i 6= N − 1 case. For each i = 1, ..., N − 2, there are only
two terms in Ĵµ,∆t that depend on λi, and these are λi itself and y

i+1
ki+1

. With this

in mind let us start to di�erentiate Ĵµ,∆t.

∂Ĵµ,∆t
∂λi

(v∆t,Λ) = −µ(yiki − λi) + µ(yi+1
ki+1
− λi+1)

∂yi+1
ki+1

∂λi

= µ(yi+1
ki+1
− λi+1)(

1

1− a∆t
)ki+1−ki − µ(yiki − λi).

To get the ( 1
1−a∆t

)ki+1−ki term we used the chain rule on
∂yi+1
ki+1

∂λi
and the implicit

Euler scheme for our particular equation given in (6.7). The next step is done by
noticing that the terms µ(yiki − λi) and µ(yi+1

ki+1
− λi+1) are the initial conditions

of the i-th and i+ 1-th adjoint equations, which means that µ(yiki − λi) = piki and

µ(yi+1
ki+1
− λi+1) = pi+1

ki+1
. Inserting this we get:

∂Ĵµ,∆t
∂λi

(v∆t,Λ) = pi+1
ki+1

(
1

1− a∆t
)ki+1−ki − piki

= pi+1
ki
− piki .

The last step is done by utilizing the implicit Euler scheme for our adjoint equation
(6.8).

The v∆t part of the gradient is almost equal to the non-penalized gradient, the
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only di�erence being that the adjoint now is de�ned separately on each subinter-
val and not on the entire time interval [0, T ]. We can again divide the functional
(6.18) into two parts, the integral over v∆t , f(v∆t) = 1

2
v∗∆tMθv∆t and

g(v∆t) =
α

2
(yNn − yT )2 +

µ

2

N∑
i=1

(yiki − λi)
2.

As for the non-penalized gradient, the derivative of the f term is quite easily seen
to be Mθv∆t, the problems start when we want to di�erentiate g with respect
to a speci�c component vk in v∆t. If we are using the implicit Euler scheme to
dicretize the state and adjoint equations, the k-th component of v∆t only a�ects
the solution of one of the n state equations. If k ∈ {ki−1 + 1, ki−1 + 2, ..., ki}, vk
is used to �nd yi∆t, which means that the only term in g, that depend on vk, is
µ
2
(yiki − λi)

2 if i 6= N , or 1
2
(yNn − yT )2 if i = N . If we now assume that i 6= N and

k ∈ {ki−1 + 1, ki−1 + 2, ..., ki}, we can di�erentiate g with respect to vk:

∂g

∂vk
= µ(yiki − λi)(

ki+1∏
l=k+1

∂yl
∂yl−1

)
∂yk
∂vk

=
piki

(1− a∆t)ki−k
∆t

1− a∆t

=
piki∆t

(1− a∆t)ki−k+1
= ∆tpik−1.

The numerical gradient restricted to {ki−1 + 1, ki−1 + 2, ..., ki}, will then be Bipi∆t,
which exactly what we claimed.

6.3 Parallelization of Function and Gradient Eval-

uation

The most computationally costly part of algorithm 5.2 is evaluating the penal-
ized objective function and its gradient. These evaluations are needed to �nd the
search direction and step length in the BFGS line search method. In this section
we present parallel algorithms for the evaluation of the penalized objective function
and its gradient, in a setting where we assume no shared memory between the pro-
cesses. We will in particular focus on the communication that takes place between
the processes, since the communication steps are important for understanding the
performance of the algorithms. The function evaluation requires us to solve the
state equation, while the calculation of the gradient needs both the solution of the
state and adjoint equation. The algorithms for function and gradient evaluation
are obviously di�erent, however, they both share the same starting point, which
we explain below.
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Let us assume that we have N processes, which we name {Pi}N−1
i=0 . Then as-

sume that each process Pi only knows the parts of the control that are required
for the process to solve the state equation and to locally evaluate the objective
function. This also includes the the virtual control variables {λi}N−1

i=1 . To make it
simple let us also assume that there is no overlap in the real control between the
processes, which is the case for explicit and implicit Euler discretizations of the
state and adjoint equations, but not for Crank-Nicolson discretizations. After each
process Pi has solved their part of the state equation, they all have the following
data stored locally:

Control variable: vi+1

Penalty control variable: λi

Solution to local state equation: yi+1 = {yi+1
j }

ki+1

j=ki

Using this data we should be able to evaluate the penalized objective function, or
to calculate its gradient.

6.3.1 Parallel Algorithm for Objective Function Evalua-

tion

The penalized objective function consists of two parts:

Ĵµ(v, λ) = Ĵ(y(v), v) +
µ

2

N−1∑
j=1

(yj(Tj)− λj)2.

Let us begin with the penalty term. Each process Pi only have λi and y
i+1(Ti+1)

stored locally. This means that to calculate all penalty terms the processes will
have to send either λi or y

i+1(Ti+1) to one of its neighbours. For example Pi could
send λi to Pi−1 for i = 1, ..., N − 1:

P0
λ1←− P1

λ2←− P2
λ3←− · · · λN−2←− PN−2

λN−1←− PN−1

For the evaluation of Ĵ(y(v), v), let us assume that there exists functions Ĵ i+1(yi+1(vi+1), vi+1),
such that:

Ĵ(y(v), v) =
N∑
j=1

Ĵ j(yj(vj), vj).

If this is the case we can evaluate each part of the objective function locally, and
then get the global Ĵµ by doing one summation reduction. The penalized objective
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function evaluation algorithm is:

Algorithm 6.1: Parallel objective function evaluation

Data: Partitioned control variable (vi+1, λi) given as input to each process
Pi for i = 0, ..., N − 1.

begin
Process Pi solve state equation y

i+1 using (vi+1, λi)// In parallel;
for i = 1, ..., N − 1 do

Pi−1
λi←− Pi;

end

// Evaluate local objective function Ĵ iµ in parallel;

if i == N − 1 then

ĴNµ (yN(vN), vN)← ĴN(yN(vN), vN);

else

Ĵ i+1
µ (yi+1(vi+1), vi+1)← Ĵ i+1(yi+1(vi+1), vi+1) + µ

2
(yi+1(Ti+1)− λi+1)2

end

Ĵµ(y(u), u)←MPI_Reduce(Ĵ i+1
µ ,+)

end

6.3.2 Parallel Algorithm for Gradient Evaluation

The gradient of the penalized optimal control problem looks like the following:

∇Ĵµ(v, λ) = (Jv(y(v), v)−B∗p, {pi+1(Ti)− pi(Ti)}N−1
i=1 ).

p is here the solution to the adjoint equation, which has to be calculated before we
can evaluate the gradient, and B = Ey(y, v,Λ). For processes Pi, i < N − 1, the
initial condition of the adjoint equation is pi+1(Ti+1) = µ(yi+1(Ti+1 − λi+1). This
means that the �rst step after solving the state equations for gradient evaluation,
is the same as for function evaluation, i.e. we have to send λi from Pi to Pi−1:

P0
λ1←− P1

λ2←− P2
λ3←− · · · λN−2←− PN−2

λN−1←− PN−1

Each process can now solve its adjoint equation locally, and we can start to
actually evaluate the gradient. The �rst step, would be to send pi+1(Ti) from
Pi to Pi−1 so that we can �nd the penalty part of the gradient. Each pro-
cess should also be able to calculate their own part of the gradient as ∇Ĵ i+1 =
(Jv(y

i+1(vi+1), vi+1)−B∗i+1p
i+1). The �nal step is now to gather all the local parts

of the gradient to the form the actual gradient. In summation we get the following
algorithm for gradient evaluation:
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Algorithm 6.2: Parallel gradient evaluation

Data: Partitioned control variable (vi+1, λi) given as input to each process
Pi for i = 0, ..., N − 1.

begin
Process Pi solve state equation y

i+1 using (vi+1, λi)// In parallel;
for i = 1, ..., N − 1 do

Pi−1
λi←− Pi;

end
Process Pi solve adjoint equation p

i+1 using (yi+1, λi+1)// In parallel;
for i = 1, ..., N − 1 do

Pi−1
pi+1(Ti)←− Pi;

end

// Evaluate local gradient ∇Ĵ iµ in parallel;

∇Ĵ i+1
vi+1
← Jv(y

i+1(vi+1), vi+1)−B∗i+1p
i+1;

if i 6= N − 1 then

∇Ĵ i+1
λi+1
← pi+2(Ti+1)− pi+1(Ti+1);

end

∇Ĵµ ←MPI_Gather(∇Ĵ i+1, pi+1(Ti)− pi(Ti));
end

6.4 Analysing Theoretical Parallel Performance

Now that we know what type of communication is involved in objective function
evaluation and gradient computation, we can try to model the expected perfor-
mance of the two algorithms. One way to measure performance of algorithms is
to look at their execution times. Therefore let us de�ne Ts as execution time of
the sequential algorithm, and Tp as parallel algorithm execution time. Let us also
de�ne the speedup S = Ts

Tp
. Since we for now are only modelling performance we

do not actually calculate the execution times, but we do know that the run time
of the algorithms are related to the size of the problem, meaning the number of
time steps n. The �nal thing we need before we start our performance analysis,
is a way to model communication between two processes. One way of modelling
the communication time Tc for sending a message of size m between to processes,
is proposed in [50] as:

Tc = Tl +mTw
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Here Tl is a constant representing latency or startup time, while Tw is a constant
representing the per message-unit transfer time. With these tools, we can now
start analysing the performance of our algorithms.

6.4.1 Objective Function Evaluation Speedup

To evaluate the objective function, we �rst need to solve the state equation. If
we have discretized the state equation using n + 1 time steps, evolving the state
equation requires O(n) operations. The next step is then to apply the functional
on the control and the state, which we assume at most requires O(n) operations.
The sequential objective function evaluation execution time is therefore:

Ts = O(n).

In our parallel algorithm we also solve the state equation and apply the functional,
but since we divide the time steps equally between all processes, solving the state
equation and applying the functional only requires O( n

N
) operations. Since we also

have penalty terms in our functional we get additional O(N) operations. Now
for the communication. We are doing two communication steps one is sharing
the λs between process neighbours, and the other is reducing the local function
values into one global function value. The send and receive time is given by
Tc = Tl + dim(λi)Tw, which requires O(1) operations, while the reduction time
Tred can be modelled as:

Tred = logN(Tl + Tw)

= O(logN).

Here we assume that the parallel architecture is made in a certain way, and that
the local functional value is a �oating point. This results in parallel function
evaluation execution time:

Tp = O(
n

N
) +O(N) +O(logN) +O(1)

= O(
n

N
) +O(N).

The speedup is then:

S =
Ts
Tp

=
O(n)

O( n
N

) +O(N)

= O(N).

This is an optimal speedup.
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6.4.2 Gradient Evaluation Speedup

When we calculate the objective function gradient sequentially, we solve both the
state and adjoint equations. The required operations are however still in the order
of number of time steps, i.e:

Ts = O(n).

For the parallel algorithm the operations required to solve the local state and
adjoint equations are O( n

N
). We then have two O(1) send-receive communications

similar to the send and receive for function evaluation. Lastly we need to model
the gathering of the gradient. First de�ne L to be the length of the gradient. The
run time of the gather Tgather, can then be modelled as:

Tgather = Tl logN +
L

N
Tw(N − 1)

= O(logN) +O(L).

The execution time of the parallel algorithm is therefore:

Tp = O(
n

N
) +O(logN) +O(L).

Again we �nd the speedup by dividing Ts by Tp:

S =
Ts
Tp

=
O(n)

O( n
N

) +O(logN) +O(L)

=
1

1
N

+ logN
n

+ L
n

=
1

1
N

+ L
n

.

If L is independent of n, the speedup for gradient evaluation is O(N), like it is for
function evaluation, however if L is dependent on n, this is not the case, and we
would instead get speedup S = O( n

L(n)
). In a case where the control for example

is the source term in the state equation, we would actually get S = O(1), which is
really bad, and we would not expect any improvement when using parallel, at least
for large n values. There is however a way to get around this problem, which is to
store both the gradient and the control locally, which means that you never have
to do a gather call. If this is done, and if a solution spread between all processes
is accepted, the speedup for gradient evaluation will also be O(N).
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Chapter 7

Veri�cation

In this chapter we will verify implementations of the algorithm presented in chapter
5 using the discretization detailed in chapter 6. All implementations are done in
the Python programming language, and the numerics are done using the NumPy
[51] library. Plots are created using the matplotlib [52] package, tables are auto
generated using Pandas [53] and the parallel parts are implemented using the
mpi4py [54] library. We test our algorithm using the example problem (3.8-3.9),
with the following parameters:

J(y, v) =
1

2

∫ 1

0

v(t)2dt+
1

2
(y(1)− 11.5)2 (7.1){

y′(t) = −3.9y(t) + v(t) t ∈ (0, 1)

y(0) = 3.2
(7.2)

Using this problem we will �rst test the numerical gradients stated in section 6.1.2
and 6.2, and then investigate if the minimizer of the discretized objective function
converges to the exact minimizer derived in section 3.2.2. We also check if the
theoretical speedup for objective function and gradient evaluation suggested in 6.4
is in line with actual measurements. The last test done is on the consistency of
the penalty framework.

7.1 Taylor Test

The Taylor test is a good way to test the correctness of the gradient of a function.
The test is as its name implies connected with Taylor expansions of a function, or
more precisely the following two observations:

|J(v + εw)− J(v)| = O(ε)

|J(v + εw)− J(v)− ε∇J(v) · w| = O(ε2)
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Here w is a vector in the same space as v, while ε > 0 is a constant. The test is
carried out by evaluating D = |J(v + εw)− J(v)− ε∇J(v) · w| for decreasing ε's,
and if D approaches 0 at a 2nd order rate, we consider the test as passed.

7.1.1 Verifying the Numerical Gradient Using the Taylor

Test

We will now use the Taylor test on the discrete gradient stemming from problem
(7.1-7.2). We discretize this problem using the Crank-Nicolson scheme for the
state and adjoint equation, and the trapezoid rule for numerical integration, as
suggested in chapter 6. We let the time step be ∆t = 1

100
, and evaluate the

objective function and its gradient using the control variable v = 1. To apply
the Taylor test, we need a direction w ∈ R101, which we set to be a vector with
components randomly chosen from numbers between 0 and 100. To make table
7.1 more readable we de�ne the following measures:

D1(ε) = |J(v + εw)− J(v)| (7.3)

D2(ε) = |J(v + εw)− J(v)− ε∇J(v) · w| (7.4)

We evaluate D1(ε) and D2(ε) for decreasing ε's, and list the results in table 7.1.

Table 7.1: Results from Taylor test conducted on a non-penalized discrete objective
function. ε is the decreasing parameter used in D1(ε) (7.3) and D2(ε) (7.4). The last
two columns of the table show the rate at which D1(ε) and D2(ε) approach zero for
decreasing ε. If D2(ε) converges to zero at second order rate the test is passed, and this
is indeed observed in the results of the table.

ε D1 D2 ||εw||l∞ log( D1(ε)
D1(10ε)

) log( D2(ε)
D2(10ε)

)

1e+00 5.95e+3 5.24e+03 9.99e+1 � �

1e-01 1.23e+2 5.24e+01 9.99e+0 -1.7 -2

1e-02 7.64e+0 5.24e-01 9.99e-1 -1.2 -2

1e-03 7.17e-1 5.24e-03 9.99e-2 -1.0 -2

1e-04 7.12e-2 5.24e-05 9.99e-3 -1.0 -2

1e-05 7.12e-3 5.24e-07 1.00e-3 -1.0 -2

1e-06 7.12e-4 5.24e-09 1.00e-4 -1.0 -2

1e-07 7.10e-5 5.25e-11 1.00e-5 -1.0 -2
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Table 7.1 clearly shows that |J(v + εw) − J(v) − ε∇J(v) · w| converges to zero
at a second order rate. This means that the numerical gradient of our test prob-
lem passes the Taylor test. This again indicates that both the numerical gradient
and the implementation of it are correct. We include a plot of the gradient used
in the Taylor test together with a �nite di�erence approximation of Ĵ ′(v) in �gure
7.1. We see that the discrete gradient form section 6.1 is practically identical to
the �nite di�erence approximation. Notice also how the discrete gradient have
jumps in its �rst and last component. These jumps come from the discretization
method used on the integral, the state equation and adjoint equation. Next we
check whether the gradient of the discrete and penalized objective function passes
the Taylor test.

Figure 7.1: Gradient of non-penalized objective function of problem (7.1-7.2) calculated
using expression from section 6.1.2, and a �nite di�erence approximation. Notice that
these methods produce almost identical results. The jumps at t = 0 and t = 1 originates
from the Crank-Nicolson and trapezoid rule discretization of the objective function.

7.1.2 Verifying the Penalized Numerical Gradient Using

the Taylor Test

We will now use the Taylor test on the penalized numerical gradient (6.19-6.20)
that we get when decomposing I = [0, T ] into N = 10 subintervals while solving
the same problem as in the test for the gradient of the non-penalized objective
function (7.1-7.2). We then discretize in time using ∆t = 1

100
. The control vari-

able is now a vector v ∈ RN+m and we set vk = 0 ∀k = 0, ..., N + n − 1, while
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the wks are chosen randomly from numbers between 0 and 100. The results of
applying the Taylor test to this problem are given in table 7.2. Here D1 and D2

are again de�ned as in (7.3-7.4).

Table 7.2: Taylor test for penalized discrete objective function. We are again interested
in at what rate D1(ε) and D2(ε) converge to zero, when we decrease ε. We observe that
D1(ε) approaches zero at a �rst order rate, while D2(ε) converges at a second order rate.
Since D2(ε) vanishes at second order rate, the Taylor test is passed.

ε D1 D2 ||εw||l∞ log( D1(ε)
D1(10ε)

) log( D2(ε)
D2(10ε)

)

1e+00 1.08e+04 1.07e+04 9.77e+01 � �

1e-01 1.11e+02 1.07e+02 9.77e+00 -1.98 -2

1e-02 1.43e+00 1.07e+00 9.77e-01 -1.88 -2

1e-03 4.68e-02 1.07e-02 9.77e-02 -1.48 -2

1e-04 3.71e-03 1.07e-04 9.77e-03 -1.10 -2

1e-05 3.61e-04 1.07e-06 9.77e-04 -1.01 -2

1e-06 3.60e-05 1.07e-08 9.77e-05 -1.00 -2

1e-07 3.60e-06 1.07e-10 9.77e-06 -1.00 -2

1e-08 3.60e-07 1.08e-12 9.77e-07 -1.00 -2

Again we see that |J(v + εw) − J(v) − ε∇J(v) · w| converges to zero at a second
order rate, meaning that the penalized numerical gradient also passes the Taylor
test. In �gure 7.2 we see how the penalized and decomposed gradient tested with
the Taylor test looks like. Notice that there are jumps between the decomposed
subintervals, which is expected, since the intermediate initial conditions were set
equal to one. We observe that the real part of the gradient in �gure 7.2 looks
nothing like the gradient in �gure 7.1. This is because the adjoint equation of the
decomposed problem is de�ned separately on each interval.

7.2 Convergence Rate of the Sequential Algo-

rithm

In section 7.1 we demonstrated that our implementation of the gradients for dif-
ferent discretizations of the objective function introduced in theorem 6.1 and 6.2
satisfy the Taylor test. Since the discretized objective function Ĵ∆t and its gradient
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Figure 7.2: Plots showing the real and virtual part of the numerical gradient of the
decomposed and penalized objective function of problem (7.1-7.1) found using formula
(6.19-6.20). Notice that the real part of the gradient has jumps between subintervals.

pass the Taylor test, we expect that we can �nd the minimizer v̄ of Ĵ∆t by using
algorithm 3.1 from chapter 3. What we now want to investigate, is whether the
minimizer of the discrete objective function converges towards the exact minimizer
derived in section 3.2.2. We test this by solving optimal control problem (7.1-7.2)
using algorithm 3.1 with both a Crank-Nicolson and an implicit Euler discretiza-
tion of the state and adjoint equations. To measure the di�erence between exact
optimal control ve and the numerical optimal control v we look at the relative
maximal di�erence between ve and v for t ∈ (0, T ), meaning

||v|| = max
k=1,...,n−1

|vk| (7.5)

We also look at the relative di�erence in objective function value between the
controls. For both these measures, we calculate at what rate they converge to zero
for decreasing ∆t values. The results for the implicit Euler discretization is found
in table 7.3, while Crank-Nicolson results are given in table 7.4.

Notice that the convergence rate of the norm di�erence in table 7.3 approaches
one when ∆t tends to zero. This is consistent with what we would expect for a
�nite di�erence scheme of �rst order. We also notice that the di�erence in function
value converges an order of one faster towards zero than the control di�erence.
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Table 7.3: Convergence of algorithm 3.1 using an implicit Euler discretization. For each
∆t we �nd a numerical solution v to problem (7.1-7.2) using the L-BFGS optimization
algorithm. We measure the di�erence between v and the exact solution ve by using the
norm (7.5). We also look at the di�erence in objective function value between v and ve.
In the columns (norm rate) and (functional rate), we report at which rate these error
measures approach zero. We observe that the norm approaches zero at a rate of one,
while the di�erence in functional value converge towards zero at a second order rate.

∆t ||ve−v||
||v||

Ĵ(ve)−Ĵ(v)

Ĵ(ve)
norm rate functional rate

0.02000 0.2126 1.70e-02 � �

0.01000 0.1360 4.50e-03 -0.64 -1.92

0.00100 0.0174 4.70e-05 -0.89 -1.98

0.00010 0.0018 4.72e-07 -0.99 -1.99

0.00001 0.0002 4.72e-09 -1.00 -1.99

Table 7.4: Convergence of algorithm 3.1 using a Crank-Nicolson discretization. The
columns mean the same as in table 7.3. For Crank-Nicolson we observe a second and a
third order rate of convergence for the norm and functional di�erence when ∆t goes to
zero.

∆t ||ve−v||
||v||

Ĵ(ve)−Ĵ(v)

Ĵ(ve)
norm rate functional rate

0.02000 4.17e-02 2.30e-03 � �

0.01000 1.10e-02 3.38e-04 -1.91 -2.77

0.00100 1.18e-04 3.93e-07 -1.96 -2.93

0.00010 1.42e-06 3.99e-10 -1.92 -2.99

0.00001 1.48e-08 3.97e-13 -1.98 -3.00

Table 7.4 present results similar to the ones in table 7.3, however the convergence
rates using a Crank-Nicolson scheme to discretize the ODEs are one order higher
than the rates we got using implicit Euler. This is again expected since the Crank-

Nicolson scheme is of order two. In both tables we observe that Ĵ(ve)−Ĵ(v)

Ĵ(v)
is always

positive, which means that Ĵ(ve) > Ĵ(v). This makes sense, since Ĵ here means
the discrete objective function, and v is the minimum of this function, while ve is
the minimum of the continuous objective function.
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7.3 Verifying Function and Gradient Evaluation

Speedups

In 6.4 we derived the theoretical speedup for numerical gradient and objective func-
tion evaluation when decomposing the time-interval. It would now be interesting
to check if the implementation achieves the theoretical speedup for our example
problem (7.1-7.2). Now let us explain the experimental setting. A computer with
6 cores was used to verify the results of section 6.4. Having 6 cores means that
we can do gradient and function evaluation for N = 1, 2, ..., 6 decompositions with
di�erent time step sizes ∆t. For each combination of N and ∆t, we will run
the function and gradient evaluations ten times, and then choose the the smallest
execution time produced by the ten runs. The speedup is then calculated by di-
viding the sequential execution time by the parallel execution time. Tables 7.5-7.8
below present runtime and speedup for both gradient and function evaluation for
di�erent ∆ts and Ns. All evaluations are done with control input v = 1 and λi = 1.

Since the parallel algorithm has some overhead, we do not expect any improve-
ments for small problems. This is re�ected in table 7.5 and 7.6, where we for
in table 7.5 observe an increased execution time when running function and gra-
dient evaluation in parallel. In table 7.6 we see only a modest speedup, that is
signi�cantly lower than the expected speedup from section 6.4. In table 7.7 and
7.8 however, where ∆t ≤ 10−5, we observe speedup results in line with what we
expect from the theory. In these tables the speedups for function and gradient
evaluation are close to N . We do however observe, that the speedups in particular
for function evaluation is slightly lower than expected. This can be caused by
parallel overhead or a suboptimal implementation.

Table 7.5: Measuring the performance of algorithm 6.1 and 6.2, for N = 2, ..., 6 and
∆t = 10−2.

N functional time(s) gradient time(s) functional speedup gradient speedup

1 0.00019 0.00021 1.000 1.000

2 0.00020 0.00024 0.946 0.875

3 0.00025 0.00028 0.780 0.753

4 0.00030 0.00034 0.642 0.632

5 0.00036 0.00039 0.544 0.547

6 0.00045 0.00045 0.427 0.480
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Table 7.6: Same as table 7.5, but now ∆t = 10−4.

N functional time(s) gradient time(s) functional speedup gradient speedup

1 0.0088 0.0150 1.000 1.000

2 0.0044 0.0077 1.983 1.946

3 0.0031 0.0053 2.838 2.816

4 0.0024 0.0040 3.582 3.677

5 0.0020 0.0033 4.267 4.457

6 0.0019 0.0030 4.519 4.978

Table 7.7: Same as table 7.5, but now∆t = 10−5.

N functional time(s) gradient time(s) functional speedup gradient speedup

1 0.0874 0.1548 1.000 1.000

2 0.0435 0.0756 2.006 2.046

3 0.0302 0.0521 2.888 2.971

4 0.0223 0.0386 3.913 4.003

5 0.0180 0.0314 4.848 4.921

6 0.0161 0.0269 5.425 5.755

Table 7.8: Same as table 7.5, but now∆t = 10−7.

N functional time(s) gradient time(s) functional speedup gradient speedup

1 8.350 14.930 1.000 1.000

2 4.200 7.233 1.987 2.064

3 2.932 5.033 2.847 2.966

4 2.190 3.861 3.812 3.866

5 1.796 3.089 4.647 4.833

6 1.524 2.599 5.479 5.744

Anther interesting observation about tables 7.5-7.8, is that the gradient evaluation
time is consistently less than two times greater than a function evaluation. Since
evaluating the gradient requires us to solve both the state and adjoint equation,
while function evaluation only requires a state equation solve, one might expect
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that the execution time of a gradient evaluation would be exactly two times greater
then the execution time of a function evaluation. This is however not the case,
and the reason is that even though both the state and adjoint equations are linear,
the state equation is still more computationally costly since it unlike the adjoint
equation is non-homogeneous.

7.4 Consistency of the Penalty Method

When we introduced the penalty method in section 5.2, we also presented a result
showing that the iterates {vk} stemming from the penalty algorithmic framework
converged towards the solution of the non-penalized problem v if (vk,Λk) is the
exact global minimizer of Ĵµk for all k. We can write this up as:

lim
k→∞

vk = v

An alternative way of looking at this, is to let vµ be the minimizer of Ĵµ, and
instead write the above limit as:

lim
µ→∞

vµ = v (7.6)

The interpretation of the above limit, is that solving the penalized problem with
an ever increasing penalty parameter µ should result in a solution that is get-
ting closer and closer to the solution of the non-penalized problem. This means
that the penalty algorithm is consistent, since it produces the same solution as the
ordinary non-decomposed problem. It is therefore worth checking if the implemen-
tation of the penalized problem actually has the property (7.6). We investigate
this by comparing the numerical solution we get by applying algorithm 5.2 on the
decomposed problem (7.1 - 7.2) with the numerical solution we get by solving the
undecomposed example problem with the sequential algorithm 3.1.

We discretize (7.1-7.2) using Crank-Nicolson and the trapezoid rule for two di�er-
ent time steps. First we let ∆t = 10−2 and apply the penalty method for N = 2
and N = 10 decompositions, we then let ∆t = 10−3 and test the penalty method
on N = 2 and N = 7 decompositions. We use di�erent metrics to compare the
non-penalized and penalized solutions, so that we better see how the solution of
the penalized problem behaves when we solve it for an increasing sequence of µ
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values. We de�ne the metrics as follows:

Realtive objective function di�erence: ∆Ĵ =
Ĵ(vµ)− Ĵ(v)

Ĵ(v)
. (7.7)

Realtive penalized objective function di�erence: ∆Ĵµ =
Ĵµ(v)− Ĵµ(vµ)

Ĵµ(v)
. (7.8)

Relative control L2-norm di�erence: ∆v =
||vµ − v||L2

||v||L2

. (7.9)

Maximal jump in decomposed state equation: ∆y = sup
i
{yiji − y

i+1
ji
}. (7.10)

Notice that both ∆Ĵ and ∆Ĵµ should be grater than 0, since v and vµ are the

minimizers of Ĵ and Ĵµ. The measure of jumps in the state equation ∆y is added
to check that the penalty solution approaches a feasible solution in context of the
continuity constraints (5.5). The results of the above detailed experiment are pre-
sented through logarithmic plots in �gure 7.3 and 7.4. In addition to the already
mentioned measures, these plots include the error between the exact solution ve
and the sequential error v as a reference.

The plots in �gure 7.3 and 7.4 all show a similar picture, and we observe that all
measures decrease when the penalty parameter is increased. Still there are several
parts of the plots worthy of note. The measure ∆Ĵ related to the unpenalized
objective function is the value that converges to zero the fastest. If we look at the
values of ∆Ĵ before the machine precision is reached we see that ∆Ĵ is proportional
to 1

µ2 . The convergence rate of ∆Ĵ for ∆t = 10−2 and N = 2 is shown in table 7.9
together with the convergence rate of ∆v. ∆v and the other measures converge
to zero at a rate of one, however we see that the relative error ∆v between the
controls v and vµ stops to decrease long before the machine precision is reached.

It seems that this barrier is hit around the same time as ∆Ĵ approaches machine
precision. The reason for this probably is that small changes in the control vµ no

longer registers in Ĵµ. It is therefore di�cult to �nd an appropriate step length
in the line search method, and this again means that we no longer are capable
of �nding the exact global minimizer of Ĵµ. If we remember theorem 5.1 from
section 5.2 the sequence {vk} only converge toward v if for all k (vk,Λk) is the
global minimizer of Ĵµ. The results of �gure 7.3 and 7.4 is therefore in line with
the claim of theorem 5.1.

Unlike ∆v, ∆Ĵµ and ∆y continue to decrease steadily towards zero, even after

∆Ĵ has hit machine precision. The ∆Ĵµ and ∆y metrics are both related to the
µ
2

∑N−1
i=1 (yi(Ti) − λi)

2 term, which is the part that enforces the continuity con-
straints (5.5). This result is again in line with the theory presented in section
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Figure 7.3: Logarithmic plot showing how the minimizer of Ĵµ develops in comparison to
the minimizer of Ĵ for increasing penalty parameter µ, when solving problem (7.1-7.2)
with ∆t = 10−2. The measures plotted are de�ned in (7.7-7.10). The horizontal line
||v − ve|| is the accuracy of the unpenalized sequential solution. The left plot shows
results of using N = 2 decompositions of the time interval, while on the right we have
used N = 10 decompositions.

Figure 7.4: Same as �gure 7.3, only now ∆t = 10−3.
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5.2. There we stated theorem 5.2, which guaranteed that the iterates {(vk,Λk)}
of the penalty method would converge to a feasible point when µk tended to in-
�nity. In context of the reduced and decomposed problem (5.6-5.7), (v,Λ) being
feasible means that the continuity constraints in (5.5): yiji − λi = 0 are satis�ed

for all i = 1, ..., N − 1. In all the plots of �gure 7.3 and 7.4 ∆y = supi{yiji − y
i+1
ji
}

approach machine precision for large µ's. The iterates {(vk,Λk)} obtained by our
method applied to problem (7.1-7.2) therefore clearly converge towards a feasible
point.

In the examples we have present here, the di�erence ∆v between the numeri-
cal solutions vµ and v obtained by our method and the serial algorithm goes below
the di�erence ||ve− v|| between the exact solution ve and v before it stops to con-
verge. Our method is therefore as accurate as the sequential solution for the tested
problems. If ∆t is lowered, we expect that ||ve − v|| also will decline. When this
happens it is not guaranteed that our method will be as accurate as the sequen-
tial algorithm. The conclusion of this section on the consistency of our method
must be, that our method is consistent if we can minimize the penalized objective
function for all penalty parameters µ. In theory this should be possible, but as we
have seen the optimization of Ĵµ gets di�cult when µ becomes large. We theorize
that this is caused by the fact ∆J for large µ's hit machine precision, which then
complicates the line search step in the optimization algorithm.

Table 7.9: Convergence rates for ∆t = 10−2 and N = 2. The second and third column
show how di�erence in objective function value and norm between the numerical solution
of the penalized problem vµ and the solution of the unpenalized problem v develop for
increasing µ values. The two last columns show at what rate these di�erences approach
zero. We observe that ∆Ĵ is proportional to µ−2, while ∆v is proportional to µ−1.
Notice how ∆v stops to decrease at around the same time as ∆Ĵ hits machine precision.

µ ∆Ĵ ∆v ∆Ĵ rate ∆v rate

1e+01 4.10e-07 1.79e-03 � �

1e+02 4.11e-09 1.79e-04 -1.99 -0.999

1e+03 4.12e-11 1.79e-05 -1.99 -1.000

1e+04 4.13e-13 1.79e-06 -1.99 -0.999

1e+05 4.04e-15 1.73e-07 -1.99 -0.985

4e+05 3.80e-15 1.71e-07 -0.11 -0.008

5e+05 3.67e-16 4.54e-08 -10.4 -5.96

86



Chapter 8

Experiments

In this chapter we will, through experiments, investigate what speedup one obtains
by using our proposed algorithm 5.2 for parallelizing optimal control problems in
temporal direction. Unlike the parallel performance of gradient and objective
function evaluation, the parallel performance of our overall algorithm is di�cult
to model. The reason for this is that it is di�cult to say a-priori how many gradient
and function evaluations are needed for the optimization algorithms to terminate.
We are therefore unable to derive any theoretical expected speedup.

In section 6.4 we explained that a good way of measuring performance of a par-
allel algorithm is to compare its execution time to the sequential execution time
of the best sequential algorithm. We will assume that algorithm 3.1 is the best
sequential algorithm for solving reducible optimal control problems. When solving
optimal control problems with DE constraints, the runtime of our solution algo-
rithm will depend on how many times we have to evaluate the objective function
and its gradient, since these evaluations require either the solution of the state
equation or the state and adjoint equations. We know from theory in section 6.4
and veri�cation in section 7.3, that the speedup of parallel gradient and function
evaluation depends linearly on the number of processes we use. An alternative way
of measuring parallel performance is therefore to compare the sum of gradient and
function evaluations in the sequential and parallel algorithms. Let us give these
numbers a name:

Ls = Number of function and gradient evaluations for sequantial algorithm

LpN = Number of function and gradient evaluations for parallel algorithm using N processes

Using these de�nitions we de�ne the ideal speedup Ŝ, as the speedup one would
expect based on Ls and LpN and the speedup results we have for function and
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gradient evaluations:

Ŝ =
NLs
LpN

(8.1)

With Ŝ, it is possible to say something about the performance of the parallel
algorithm without having to time it, or actually run it in parallel. It will also be
useful to compare the ideal speedup with the measured speedup, as a way to check
if the parallel implementation is implemented e�ciently.

8.1 Testing the Parareal-Based Preconditioner

on the Example Problem

In this section we will test the parallel framework introduced in chapter 5 on our
example problem (3.8-3.9). To be able to do this, we need to de�ne a speci�c
objective function and state equation. The problem we will look at in this section
is the following:

J(y, v) =
1

2

∫ T

0

v(t)2dt+
1

2
(y(T )− 11.5)2, T = 100, (8.2){

y′(t) = −0.097y(t) + v(t) t ∈ (0, T )

y(0) = 3.2
(8.3)

We motivate the choice of a large end time T = 100 with the �ndings of section
7.4. There we observed that the penalty method ran into trouble when the time
steps became too small, because the error in objective function value then hit ma-
chine precision. To be able to test the problem for a large number of time steps,
we therefore need a large T .

We want to test how algorithm 5.2 performs when we vary the number of decom-
positions N , the penalty parameter µ and the number of �ne time steps n. We also
want to investigate how our preconditioned algorithm performs in comparison to
a version of algorithm 5.2 where we do not use the Parareal-based preconditioner.
Most of our tests are conducted using simulated parallelism, but we also include
an experiment where we test out a parallel implementation of algorithm 5.2 on
multiple cores.

In all our experiments we will use the L-BFGS algorithm [49] with memory length
10 to optimize the penalized objective function. We brie�y explained how this al-
gorithm works in section 3.4. Everywhere where the Parareal-based preconditioner
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is used, it is constructed using a coarse propagator G∆T based on the same nu-
merical scheme as the �ne solver. This means that when we use a Crank-Nicolson
scheme to discretize the state and adjoint equations, G∆T will also be based on
Crank-Nicolson. In the cases where we have used an implicit Euler dicretization
G∆T is also based on implicit Euler.

8.1.1 Comparing Unpreconditioned and Preconditioned Penalty

Method

In section 5.3 we introduced the Parareal preconditioner, as an approximation
to the inverse Hessian. When using this preconditioner in our L-BFGS solver, we
hope that the number of gradient and function evaluations needed in our algorithm
will be smaller than if we do not use it. The experiment is conducted by �rst
solving problem (8.2-8.3) without decomposing the time interval, and then solving
the decomposed problem using N = 2, 4, 8, 16, 32, 64, 128 decompositions. For
all minimizations of the penalized objective function, we used penalty parameter
µ = 40000. This means that we will only use one penalty iteration, as we have
found this to be the most e�ective way to solve the decomposed example problem.
To discretize the equations we have used the implicit Euler scheme with ∆t =
T

105 = 10−3. For both the penalized and non-penalized problems we use L-BFGS
with stop criteria:

||∇J ||L2 < 10−5

Since the point of this test is to compare the e�ectiveness of the Parareal-based
preconditioner, we solve the decomposed problems with and without it. In table
8.6 we have included the total number of gradient and function evaluations for the
two cases as "pc L" and "non-pc L". We also measured the relative L2-norm dif-
ference between the exact solution ve and all the penalized control solutions. The
ideal speedup (8.1) is calculated for preconditioned and unpreconditioned solvers.
The results of the sequential solver is presented in the �rst row named N = 1, and
we let LS = Lp1 .

There are several things of note about the results in table 8.1. First o� we see that
the normed di�erence in control between exact and parallel solution lies in the
range from 10−5 to 10−3. Another observation about the norm di�erence, is that
for each N , the preconditioned and unpreconditioned solvers seems to produce
roughly the same error.

When we look at the total number of gradient and functional evaluations for
the preconditioned and unpreconditioned solvers, we see that there are di�erences.
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Table 8.1: Comparing unpreconditioned and preconditioned solver for test problem (8.2-
8.3) using N decompositions in time. Here ve denotes the exact control solution, vpc the
preconditioned solver control solution and v the unpreconditioned solver solution. LpN
represents total number of gradient and function evaluations used in each optimization.
The ideal speedup Ŝ is based on this LpN . Notice that the preconditioned ideal speedup
is signi�cantly larger than the unpreconditioned ideal speedup for large N .

N pc LpN non-pc LpN ||ve − vpc|| ||ve − v|| pc Ŝ non-pc Ŝ

1 13 13 0.000040 0.000040 1.00 1.00

2 15 15 0.000064 0.000064 1.73 1.73

4 29 29 0.000451 0.000472 1.79 1.79

8 53 53 0.000483 0.001725 1.96 1.96

16 109 175 0.001612 0.004105 1.90 1.18

32 97 361 0.001267 0.008545 4.28 1.15

64 43 469 0.001621 0.017026 19.34 1.77

128 43 799 0.002712 0.033097 38.69 2.08

While it seems to be little to no bene�t to use the preconditioner for N = 2, ..., 8,
it becomes very important for the bigger N values, where number of gradient and
functional evaluations seems to explode for the unpreconditioned solver. If one
accepts the above solutions as good enough, we see that we for the preconditioned
solver get speedup for all decompositions, and that the ideal speedup seems to
increase when we increase N . We do however see that the ideal speedup for each
N is considerably less then optimal for all N . Another thing that we notice when
looking at the sum of gradient and function evaluations for the preconditioned
solver, is that it increases steadily up to N = 16, and then starts to decline again
for higher Ns. The reason for this is that when we increase the number of decom-
posed subintervals, we also make the coarse solver in the Parareal preconditioner
�ner. This means that the preconditioner becomes a better approximation of the
Hessian, which makes the L-BFGS iteration converge faster.

8.1.2 The Impact of µ on our Parareal-Based Precondi-

tioner

In the previous subsection we observed that the performance of our Parareal pre-
conditioned algorithm was independent of the number decompositions N . In this
subsection we will investigate how our method performs, when we let N and n be
constant, but vary the penalty parameter µ. The experiment will be conducted
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by solving problem (8.2-8.3) using a Crank-Nicolson �nite di�erence scheme. We
use n = 103 and ∆t = 0.1. The test will be executed sequentially, and potential
speedup is measured using the ideal speedup Ŝ de�ned in (8.1). To be able to
calculate Ŝ, we �rst need to solve (8.2-8.3) using the serial algorithm. We present
the accuracy and total number of function and gradient evaluations LS of the serial
solution in table 8.2.

Table 8.2: Number of gradient and function evaluations (Ls) and relative L2 error (||ve−
v||) between exact solution ve and solution of sequential algorithm v.

||ve − v|| LS

serial result 3.88e-05 23

We then test our method on problem (8.2-8.3) for N = 16 and N = 64 decompo-
sitions of the time interval. The penalty parameter will vary between 10 and 1010.
We again want to see how the preconditioned solver performs in comparison with
the unpreconditioned solver, and we therefore solve our example problem using
both solvers. We compare the solutions vpc and v we get using these solvers with
exact solution ve. We measure the performance of the solvers by counting the total
number of function and gradient evaluations LpN done for each solve, and compare
this number with LS from table 8.2. Using LpN and LS, we can calculate the ideal

speedup Ŝ. The results of the above detailed experiment is presented in table 8.3
and 8.4.

The results of table 8.3 and 8.4 again show that the preconditioned method per-
forms better than the unpreconditioned method. This is observed in all three
measures LpN , Ŝ and ||ve − v|| presented in the tables. For both N = 64 and
N = 16, the total number of function and gradient evaluations LpN does not di�er
too much when we change the penalty parameter µ < 108. This again leads to
stable ideal speedup values. We also notice that the measured di�erence between
the exact and numerical control solutions is proportional to 1

µ
until it reaches the

error of the sequential solution. This is in line with what we observed in section
7.4 about the consistency of our method. When we do not use the preconditioner,
we see that we for most of µ values fail to get a speedup larger than one, and we
do not get an error of the same order as the error from the sequential algorithm.
Though the speedup results of table 8.4 are better than the ones shown in table
8.3, the results of both tables demonstrate that our preconditioned method can
achieve speedup even for penalty parameters µ > 108.
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Table 8.3: Results from solving the decomposed problem (8.2-8.3) with N = 16. Both a
preconditioned and unpreconditioned version of our method were used. The penalized
objective function is minimized for increasing penalty parameters µ. The columns show
total function and gradient evaluations (Lp16), ideal speedup Ŝ and relative L2 error
(||ve − vpc||). These three values are presented for both the preconditioned and unpre-
conditioned solver. The preconditioned parallel solver obtains an error roughly the same
as the sequential solver when µ ≥ 1000. It also achieves a modest ideal speedup between
2 and 3, when µ < 108. For µ ≥ 108 we no longer observe a speedup greater than one
for our preconditioned algorithm.

µ pc Lp16 non-pc Lp16 pc Ŝ non-pc Ŝ ||ve − vpc|| ||ve − v||

1e+1 173 211 2.12 1.74 6.8e-3 6.8e-3

1e+2 99 357 3.71 1.03 6.5e-4 6.5e-4

1e+3 153 885 2.40 0.41 3.1e-5 1.1e-4

1e+4 123 433 2.99 0.84 3.2e-5 7.8e-5

1e+5 155 379 2.37 0.97 3.9e-5 9.2e-5

1e+08 410 3007 0.89 0.12 3.9e-5 4.3-2

1e+10 388 3007 0.94 0.12 3.9e-5 4.8-2

Table 8.4: Same as table 8.3, but now with N = 64. We observe better ideal speedup
than in table 8.3 for the preconditioned solver, and the error is still roughly the same
as the one measured for the sequential solver. The results achieved when solving the
decomposed problem (8.2-8.3) without the Parareal-based preconditioner is worse when
we use N = 64 instead of N = 16. We again observe signi�cant drop in speedup when
µ > 105.

µ pc Lp64 non-pc Lp64 pc Ŝ non-pc Ŝ ||ve − vpc|| ||ve − v||

1e+1 101 1141 14.5 1.2 4.5e-2 4.5e-2

1e+2 141 1583 10.4 0.9 4.7e-3 4.7e-3

1e+3 169 1693 8.7 0.8 4.3-4 4.4e-4

1e+4 125 2437 11.7 0.6 1.0e-5 1.8e-4

1e+5 121 1807 12.1 0.8 3.4e-5 1.8e-4

1e+08 439 3007 3.3 0.4 3.9e-5 6.7e-4

1e+10 582 3007 2.5 0.4 3.9e-5 2.3e-1

When we increase µ above 105, we see for both N = 16 and N = 64, that LpN
increases. For N = 16 we even observe speedup values less than one for the pre-
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conditioned algorithm. We can however improve the performance of our method
for large µ by doing multiple penalty steps. We illustrate this with the results
presented in table 8.5. Here we �rst solved our example problem with µ = 105

and N = 16, and then used this solution as an initial guess to the optimization
of the penalized objective function with µ = 108. We see that when we use this
approach, solving the problem with µ = 108 only requires 25 extra function and
gradient evaluations. Adding these to Lp16 = 155 from the µ = 105 solve yields
a total of 180 function and gradient evaluations, which for our example means an
ideal speedup of Ŝ = 2.04. Similar results can be obtained for N = 16.

Table 8.5: Result of �rst solving problem (8.2-8.3) using µ = 105, for N = 16, and then
using this solution as an initial guess for the solution of the same problem using µ = 108.
The two �rst rows present Lp16 , Ŝ and normed control error (||ve − vpc||) between exact
solution ve and numerical solution vpc for each penalty iteration. The last row show the
total result of both solves. Notice that going from µ = 105 to µ = 108 only requires 25
extra function and gradient evaluations. In comparison solving problem (8.2-8.3) with
µ = 108, but without a good initial guess requires Lp16 = 410.

µ Lp16 Ŝ ||ve − vpc||

1e+5 155 2.37 3.85e-5

1e+8 25 14.72 3.87e-5

Overall result 180 2.04 3.87e-5

8.1.3 Speedup Results for a High Number of Decomposi-

tions

To properly test algorithm 5.2, we have tested its use on the example problem on
the Abel computer cluster. Using Abel, we are able to test our algorithm for a
large number of CPUs. For all experiments the execution time of the sequential
and parallel algorithms is measured by timing the solvers ten times, and choosing
the lowest execution time. All our tests are done using an implicit Euler discretiza-
tion. We run the test for three di�erent problem sizes n = 6 · 105, 12 · 105, 24 · 105

using an increasing number of processes N . Each process gets its own decomposed
subinterval. The results for selected values of N and n = 24 ·105 are found in table
8.6, while the remaining results are presented in �gure 8.1.

The results of table 8.6 demonstrates that our parallel method can achieve actual
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Table 8.6: Results gained from solving problem (8.2-8.3) for n = 24 ·105 on N processes.
The �rst two columns shows the error in control and objective function value. LpN is
the total number of gradient and function evaluations, while Ŝ is the ideal speedup. The
execution time for each N , and the corresponding speedup and e�ciency are given in
the last three columns.

N
||v−ve||L2

||ve||L2

Ĵ(v)−Ĵ(ve)

Ĵ(ve)
LpN Ŝ time (s) speedup e�ciency

1 0.000002 � 19 1.00 63.37 1.00 1.000

4 0.000018 2.76e-10 37 2.05 40.12 1.57 0.394

16 0.000061 3.16e-09 97 3.13 28.40 2.23 0.139

32 0.000044 1.65e-09 85 7.15 12.68 4.99 0.156

48 0.000031 8.28e-10 73 12.49 7.05 8.98 0.187

72 0.000021 3.70e-10 88 15.54 6.24 10.14 0.140

96 0.000015 2.19e-10 61 29.90 3.63 17.45 0.181

120 0.000012 1.72e-10 61 37.37 2.69 23.55 0.196

speedup. The achieved speedup is however quite modest, since we for 120 cores
only get a speedup of 23.5. We also notice that the speedup is smaller then the
ideal speedup Ŝ. This is as expected, since Ŝ assumes zero parallel overhead.
There are three factors that cause the parallel overhead. The �rst is the overhead
caused by communication and hardware. It is di�cult to diminish these e�ects,
but when the problem size increase the impact of the built in overhead should
decrease. The second factor is our implementation. Our code is not optimized,
and this has a bigger e�ect on the more complicated parallel algorithm than the
sequential one. The e�ects of a suboptimal implementation does not necessarily
diminish when we increase the problem size, but we might be able to remove these
e�ects by improving our code. The last factor that impacts the parallel overhead, is
our sequential Parareal-based preconditioner. The Parareal-based preconditioner
is applied to the gradient through a backward and a forward solve on a coarse
mesh of size N . This means that the e�ect of the preconditioner on the parallel
overhead increases when we increase the numbers of processes. If N << n these
e�ects will however be very small. The results of table 8.6 are obtained by solving
a problem of size n = 24 · 105, while the largest N value is 120, which means that
N is 20000 times smaller than n. It is therefore unlikely that it is the sequen-
tial Parareal-based preconditioner that is the main cause of the gap between ideal
and measured speedup in table 8.6. Instead the disparity in ideal and measured
speedup is probably caused by a combination of built in overhead and a subopti-
mal implementation.
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Another interesting observation about table 8.6, is that the solution seems to im-
prove when we increase N , which we see by looking at how the numerical control
solution compares to the exact solution when we increase N . We compare exact
and numerical solution by looking at normed di�erence in control and di�erence
in function value. For N ≤ 16 these measures increase, but for N > 16 they start
to decrease again. We see the same type of pattern for LpN , which represents
the total number of objective function and gradient evaluations done in each op-
timization. One interpretation of this, is that the Parareal-based preconditioner
improves when the coarse decompositions become �ner. The results of �gure 8.1
paints a similar picture.

Figure 8.1: Speedup, e�ciency, relative norm error and total number of objective func-
tion and gradient evaluations (LpN ) for problem (8.2-8.3) using n = 6·105, 12·105, 24·105

time steps on N cores.

By looking at �gure 8.1, we see that our algorithm preformed the best, at least
in the sense of speedup, for n = 24 · 105. We do however also observe the same
type of behaviour for all values of n. We see that the error between exact and
numerical control solution for all n �rst increases up till around N = 16, and then
decreases and �attens out. The total number of gradient and function evaluations
LpN becomes larger for higher N 's when N ≤ 16, but for N > 16 LpN starts to
decrease slightly. We observe that for N > 16, the e�ectiveness E = S

N
of our

method stabilizes around 0.17. The reason for this is that the total number of
function and gradient evaluations decrease for N > 16.

95



8.1.4 Tests on a Less Smooth Problem

As we see by looking at �gure 8.2a, the control solution of our example problem
(8.2-8.3), is very smooth. It is therefore interesting to see if our algorithm can
produce good results for problems with more uneven solutions. A simple way of
slightly complicating our example problem is to add a sine function to the integral
in the objective function. To produce the control solution pictured in 8.2b, we
alter J in the following way:

J(y, v) =
1

2

∫ T

0

(v(t)− 0.3 sin(t))2dt+
1

2
(y(T )− 11.5)2, T = 100. (8.4)

We will now try to minimize the altered objective function (8.4) coupled with the
same state equation constraints as before. Since we in section 8.1.3 showed that
our algorithm is capable of producing actual speedup, we are now only looking
at ideal speedup and not wall clock speedup. In table 8.7 we present results
gained by applying our algorithmic framework to a Crank-Nicholson discretized
minimization of the altered objective function (8.4) using ∆t = 10−2. For all
decomposition sizes, the problem was solved using one penalty iteration. In an
attempt to produce good results, we let the penalty parameter µ and tolerance τ
vary between 104 − 105 and 10−6 − 10−5.

(a) Minimizer of objective function (8.2) (b) Minimizer of objective function (8.4)

Figure 8.2: Optimal control for the unaltered and altered example problem (8.2-8.3).
Notice the smoothness and simplicity of �gure 8.2a.

It is interesting to contrast the �ndings of table 8.7 with the results from table
8.1. We notice that the total number of gradient and function evaluations (LpN )
is consistently higher in table 8.7, but since this is also the case for the sequential
solver, we actually observe better ideal speedup in table 8.7 than in table 8.1.
This might indicate that our method has a higher potential for success on more
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complicated problems, where the serial solver requires a higher number of function
and gradient evaluations.

Table 8.7: Results of applying our algorithmic framework to optimization of (8.4) for

di�erent decomposition sizes N . The columns display error ( ||ve−v||||v|| ), total number of

gradient and function evaluations (LpN ) and ideal speedup (Ŝ). The error is measured
between the exact solution and the numerical solution for each N . For all N > 1, we
observe the same order of accuracy as the serial algorithm. We also notice encouraging
ideal speedup results, that are in part caused by an expensive serial solve, i.e. LS =
Lp1 = 53.

N ||ve−v||
||v|| LpN Ŝ

1 0.000015 53 1.000

2 0.000021 75 1.413

8 0.000012 129 3.286

16 0.000010 159 5.333

32 0.000010 131 12.946

64 0.000010 157 21.605

128 0.000036 161 42.136
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Chapter 9

Summary and Conclusions

The topic of this thesis is the parallelization of optimization problems with time-
dependent di�erential equation constraints. The method we have proposed is
developed around reducible problems, where the state equation constraint is well
posed. Our method has been explained through a simple ODE constrained example
problem, and we have also used this example for veri�cation and testing. Even
though we only considered an ODE example, we believe that our method also
is applicable to time-dependent PDE constrained problems. Examples of such
constraints can be PDEs on form (9.1).{

ut(x, t) + Au(x, t) = f for (x, t) ∈ U × (0, T ),

u(x, 0) = u0(x).
(9.1)

Here A is a di�erential operator. The reason for making this claim, is that after
the spatial discretization is taken care of, evolving equations of type (9.1) through
time is done in the same way as for ODEs.

The main contribution of this thesis is the analysis of the Parareal-based precondi-
tioner Q (5.36) proposed in [11] and the introduction of algorithm 5.2 based on the
quadratic penalty method from section 5.2 and a preconditioned BFGS algorithm.
The analysis of the Parareal-based preconditioner showed thatQ is positive de�nite
and an approximation of the inverse Hessian of the penalized objective function.
This made us able to use the preconditioner from [11] in the BFGS algorithm
as an initial inverse Hessian approximation. The Parareal-preconditioned BFGS
algorithm is the central part of algorithm 5.2. We use the preconditioned BFGS
method to minimize the penalized objective function Ĵµ for increasing penalty pa-

rameters µ. The idea is that when µ gets su�ciently large, the minimizer of Ĵµ
will also approximate the minimizer of Ĵ .
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An important aspect of our method is the evaluation of the reduced and penalized
objective function Ĵµ(v,Λ) and its gradient. In chapter 6 we explained how to

discretize Ĵµ in context of the example problem, and we also explained how we

can parallelize the evaluation of Ĵµ and Ĵ ′µ. In chapter 7 we veri�ed di�erent fea-
tures of our implementations of both the sequential and parallel algorithms for the
example problem. In particular, we looked at the consistency of our method. We
observed that the solution obtained by algorithm 5.2 approached the numerical
solution of the sequential algorithm when we increased the penalty parameter µ.
However, we also noticed, that when the di�erence between the function values of
the sequential and parallel algorithm became close to machine precision, the con-
trol solution of the parallel algorithm stopped converging towards the sequential
solution. This observation underlines a limitation of our algorithm. This limita-
tion is that we can not always guarantee the consistency of our method, especially
when the time steps used to dicretize the state equation become small. What we
however can expect from the iterates {(vk,Λk)} obtained by algorithm 5.2 is that
they will converge to a feasible point.

In chapter 8 we tested the performance of algorithm 5.2 on an example prob-
lem. We measured the performance in both accuracy and potential speedup.
What we were particularity interested in was investigating whether the perfor-
mance of the preconditioned algorithm is independent of the parameters N , n and
µ, representing number of decompositions, number of �ne time steps and penalty
parameter. What we found was that increasing the �rst two of these parameters
did not signi�cantly worsen the performance of algorithm 5.2. In the case of num-
ber of processes and decomposed intervals N , we even observed improved results
when N was increased. The most likely cause of this, is that when we increase
N , the Parareal-based preconditioner Q becomes an improved approximation of
the inverse Hessian of Ĵµ. For the penalty parameter µ, the picture became more

nuanced. We observed that the computational cost of minimizing Ĵµ increased
sharply when µ became vary large. We did however also see that this e�ect could
be diminished by doing multiple iterations of algorithm 5.2. In chapter 8 we also
measured actual wall clock speedup for as many as 120 cores. This experiment
was conducted on the Abel computer cluster, and we were able to achieve actual
speedup. We for example obtained a speedup of 23.5 when using 120 cores.

9.1 Future Work

The algorithm proposed in this thesis experiences trouble, when the penalty pa-
rameter gets large. Several strategies for improving the method and the Parareal
preconditioner could be taken. One example is to replace the quadratic penalty
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method for removing the virtual constraints with the more advanced augmented
Lagrangian method used in [12]. Instead of using the BFGS method for minimiz-
ing the penalized objective function, other optimization algorithms and techniques
could be considered. In [34, 35] for example, the authors used an alternating di-
rection decent method to minimize the penalized functional of an optimal control
problem. Another potential improvement can perhaps be to �nd a preconditioner
Qv that approximates the inverted Hessian of Ĵ(v), and then alter the Parareal-
based preconditioner in the following way:

Q =

[
Qv 0

0 QΛ

]

Di�erent approaches to parallelization of optimal control in temporal direction
might also be considered. One could for example try to restrict the parallelization
to the di�erential equations. By this we mean solving the optimal control problem
in the traditional serial way, but when we need to solve the state and adjoint equa-
tions, we solve these using for example the Parareal algorithm. Using this strategy
to parallelize optimal control problems, would simplify the optimization, but also
make solving the state and adjoint equations more involved. Load bearing, which
is simple for the method we have proposed would also become a more complicated
issue if this alternative strategy is chosen.

In this thesis we have tested algorithm 5.2 for only one problem. It would be
interesting to investigate how our proposed algorithm performs for other more
complex problems. Since the problem we used was so easily solved, it was di�cult
to compute with the execution time of the serial algorithm. If a more challenging
problem were solved, the potential for higher speedups might therefore be higher.
Another issue that we have not considered, is how to choose the coarse propagator
G∆T , that we use to construct the preconditioner. This becomes more important
when we are solving PDE constrained problems, since we then also have a spatial
discretization. One could then consider a Parareal-based preconditioner de�ned
by a propagator G∆T that uses a coarse dicretization in both space and time.
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