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Constant-temperature level densities in the quasicontinuum of Th and U isotopes
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Particle-γ coincidences have been measured to obtain γ -ray spectra as a function of excitation energy for
231–233Th and 237–239U. The level densities, which were extracted using the Oslo method, show a constant
temperature behavior. The isotopes display very similar temperatures in the quasicontinuum, however, the even-
odd isotopes reveal a constant entropy increase �S compared to their even-even neighbors. The entropy excess
depends on available orbitals for the last unpaired valence neutron of the heated nuclear system. Also, experimental
microcanonical temperature and heat capacity have been extracted. Several poles in the heat capacity curve support
the idea that an almost continuous melting of Cooper pairs is responsible for the constant-temperature behavior.
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I. INTRODUCTION

The knowledge of level density in the actinides is of
great importance for modeling nuclear reactions used in
fuel-cycle calculations of fast nuclear reactors. In addition,
it has the potential of improving the nuclear-physics aspect
of the nucleosynthesis for the heaviest nuclear systems in
astrophysical environments.

The first theoretical attempt to describe nuclear level
densities was performed by Hans Bethe in 1936 [1]. In
this pioneering work, the nucleus was described as a gas
of noninteracting fermions moving in equally spaced single-
particle orbitals. The Fermi-gas model was later refined by
introducing a shift in the excitation energy E that takes into
account the increase of the ground-state binding energy due
to pairing correlations. This parametrization of the Fermi-gas
model has been popular for many decades [2].

A characteristic property of the Fermi-gas model is that
the nuclear temperature follows a T ∝ √

E dependency.
However, as more and more data have become available in
the quasicontinuum region, there is less support for the Fermi-
gas model. Experimental results using the Oslo method [3]
and particle evaporation techniques [4] support the constant
temperature picture. Typically, the temperature is found to be
constant above E ≈ 2�, where � is the pairing gap parameter.

From several nuclear-level density studies using the Oslo
method, it seems that the constant temperature description
works best for heavier well-deformed systems. To follow this
trend further, we study for the first time the level densities in
the quasicontinuum of actinides, where one expects a uniform
and dense occurrence of single-particle orbitals.

*magne.guttormsen@fys.uio.no

The actinides have a very high level density of several mil-
lion levels per MeV already at 5 MeV of excitation energy. The
close-lying nature of these levels makes it impossible to detect
all of them with conventional spectroscopy; in some cases the
level density can only be determined up to a few 100 keV
of excitation energy from the counting of low-lying discrete
known levels [5]. At the neutron separation energy Sn, there
is reliable level-density information from neutron resonances;
however, this information is restricted in energy as well as in
spin range. Between the discrete levels and the separation en-
ergy, we are not aware of any data in the literature that provide
further information on the level density of the actinides.

The Oslo nuclear physics group has developed a method
[6,7] to determine simultaneously the level density and the
γ -ray strength function (γ SF) from particle-γ coincidences.
In this work, the Oslo method is applied to extract the level
densities of the 231–233Th and 237–239U isotopes. Recently [8],
the γ SFs in 231–233Th and 232,233Pa were reported.

Section II describes the experimental techniques and
methods, and in Sec. III the extraction and normalization of
the level densities are discussed. In Sec. IV the thermodynamic
aspects of the actinides are studied, and the conclusions are
drawn in Sec. V.

II. EXPERIMENTS

Two experiments with targets 232Th and 238U were
conducted at the Oslo Cyclotron Laboratory (OCL). The
self-supporting 232Th target (thickness 0.968 mg/cm2) was
bombarded with a 12-MeV deuteron and a 24-MeV 3He beam.
The 238U target (thickness 0.250 mg/cm2 and enrichment
99.7%) had a carbon backing (thickness 0.040 mg/cm2) and
was bombarded with a 15-MeV deuteron beam. Particle-γ
coincidences were measured with the SiRi particle telescope
and the CACTUS γ -detector system [9,10].
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In order to reduce the exposure of elastically scattered
projectiles to the detectors, the 64 SiRi telescopes were placed
in backward direction covering eight angles from θ = 126◦ to
140◦ relative to the beam axis. The front and back detectors
have thicknesses of 130 μm and 1550 μm, respectively. The
CACTUS array consists of 28 collimated 5 in. × 5 in. NaI(Tl)
detectors with a total efficiency of 15.2% at Eγ = 1.33 MeV.

The particle-γ coincidences with time information are
sorted event by event. From the known charged-particle type
and the kinematics of the reaction, the energies deposited in
the telescopes can be translated to initial excitation energy E
in the residual nucleus. To avoid contamination from γ rays
emitted by the fission fragments, we consider in this work only
excitation energies that are well below the fission barriers of
the studied actinides. In panel (a) of Fig. 1 the excitation energy
versus γ energy for the 232Th(d,pγ )233Th reaction is shown.
For each energy bin E, the γ spectra are unfolded using the
procedure described in Ref. [11]. In this work we use newly
determined NaI-response functions based on several in-beam
γ lines from excited states in 56,57Fe, 28Si, 17O, and 13C, where
the relative efficiency with γ energy could be extracted in a
reliable way. The resulting matrix in Fig. 1(b) describes the
γ -ray energy distribution at each bin E and is the starting point
for the Oslo method.

An iterative subtraction technique has been developed
to separate the distribution of first-generation (primary)
γ transitions from the total γ cascade [12]. Figure 1(c)
shows the final first-generation γ -ray matrix P (E,Eγ ) for
the 232Th(d,pγ )233Th reaction. The subtraction technique
is based on the assumption that the γ -decay spectra are
the same whether the levels were initiated directly by the
nuclear reaction or by γ decay from higher-lying states. This
assumption is automatically fulfilled when states have the same
relative probability to be populated by the two processes, since
γ -branching ratios are properties of the levels themselves. If
the excitation bins contain many levels as for the actinides, it
is likely to find the same γ -energy distribution independent of
the method of population.

Fermi’s golden rule predicts that the decay probability
(λi→f ) may be factorized into the transition matrix element
between the initial and final states, and the density at the final
state [13,14]:

λi→f = 2π

h̄
|〈f |H ′|i〉|2ρf . (1)

Since the first-generation matrix P (E,Eγ ) is proportional to
the decay probability to emit a γ -ray energy Eγ from an initial
excitation energy E, we may write the equivalent expression
as

P (E,Eγ ) ∝ Ti→f ρf , (2)

where Ti→f is the γ -ray transmission coefficient, and ρf =
ρ(E − Eγ ) is the level density at the excitation energy after
the primary γ -ray emission. According to the Brink hypoth-
esis [15], the γ -ray transmission coefficient is approximately
independent of excitation energy; only the transition energy
Eγ plays a role. Thus, we replace Ti→f with T (Eγ ), giving

P (E,Eγ ) ∝ T (Eγ )ρ(E − Eγ ). (3)

This factorization allows a simultaneous extraction of level
density and γ -ray transmission coefficient. In the next section,
we will present the level densities for six actinide nuclei formed
via eight reactions.

III. LEVEL DENSITIES

The level. densities obtained by fitting expression (3) to the
first-generation matrix determines only its functional form. It
remains to normalize ρ to data from other experimental results.
At low excitation energy we use known levels to estimate the
level density. In conventional spectroscopy, a significant part
of the levels are usually missing when the level density reaches
50–100 levels per MeV. Therefore, at high excitation energy
the level density is normalized at the neutron separation energy
Sn. The data point ρ(Sn) is calculated from � = 0 neutron

FIG. 1. (Color online) Initial excitation energy E versus γ -ray energy Eγ from particle-γ coincidences recorded with the 232Th(d,pγ )233Th
reaction. The raw γ -ray spectra (a) are first unfolded (b) by the NaI response function. In the last step (c), the primary or first-generation γ -ray
spectra are extracted as function of excitation energy E.

024307-2



CONSTANT-TEMPERATURE LEVEL DENSITIES IN THE . . . PHYSICAL REVIEW C 88, 024307 (2013)

TABLE I. Parameters used to extract level densities at Sn (see text).

Nucleus Sn (MeV) a (MeV−1) E1 (MeV) σ (Sn) D0 (eV) ρ(Sn) (106 MeV−1)

231Th 5.118 26.41 −0.42 7.78 9.6(15) 12.7(33)
232Th 6.438 25.87 0.30 8.05 − 30(8)a

233Th 4.786 25.98 −0.58 7.82 16.5(40) 7.4(15)
237U 5.126 25.60 −0.43 8.02 14.0(10) 9.3(19)
238U 6.154 25.26 0.06 8.26 3.5(8) 20(6)
239U 4.806 26.67 −0.31 7.84 20.3(6) 6.1(12)

aEstimated from systematics [18], see Fig. 2.

resonance spacings D0 assuming a spin distribution [16]

g(E = Sn, I ) 
 2I + 1

2σ 2
exp[−(I + 1/2)2/2σ 2], (4)

where σ is the spin-cutoff parameter at the neutron separation
energy.

Since the neutron resonance spacings only give the level
densities for the lowest spins, e.g. spin/parity Iπ = 0+ and 1+
for 238U and 1/2+ for 239U, it is essential to know the spin
distribution at Sn in order to estimate the total level density.
Calculations based on the combinatorial plus Hartree-Fock-
Bogoliubov approach [17] indicate a spin-cutoff parameter
for, e.g., 238U of σ = 8.0−8.5 at Sn = 6.154 MeV. This value
corresponds to a spin distribution for a nucleus exhibiting a
rigid-body moment of inertia.

In the global systematic study of level-density parameters
by von Egidy and Bucurescu a rigid-body moment of inertia
approach is used to determine the spin-cutoff parameter [18]:

σ 2 = 0.0146A5/3 1 + √
1 + 4aU

2a
, (5)
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FIG. 2. (Color online) Level densities at the neutron separation
energies of Th and U predicted from global systematics [18].
The experimentally obtained level densities deduced from neutron
resonance spacings D0 (open symbols with error bars) are shown
for 229–233Th and 233–239U. The odd and even mass isotopes follow
different curves.

where A is the mass number, a is the level density parameter,
U = E − E1 is the intrinsic excitation energy, and E1 is the
back-shift parameter. In Table I the a and E1 parameters
are taken from Ref. [18]. It is satisfactory to see that the value
of the spin-cutoff parameter σ calculated from Eq. (5) is within
the expected range of a rigid rotor. The last column of Table I
shows the total level density calculated with experimental
D0 spacings from RIPL-3 [19] and by means of the spin
distribution of Eq. (4).

In the case of 232Th, the target nucleus 231Th is short-
lived (25.52 h) and no neutron resonance spacing has been
measured. Here, we base our estimate on the systematics [18]
obtained for the Th and U chain of isotopes as shown in
Fig. 2. Within the errors bars, the experimental level densities
for 11 isotopes are well accounted for by the systematics,
and we obtain an estimate for 232Th of ρ(Sn) = (30 ± 8) ×
106 MeV−1.

Figures 3 and 4 demonstrate the normalization procedure.
We have also explored the 3He-induced reactions since the
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FIG. 3. (Color online) Normalization of the nuclear level density
of 231Th for the (3He,α) and (d, t) reactions. At low excitation
energies, the level density is normalized to known discrete levels
(solid line). At higher excitation energies, the data are normalized to
the constant-temperature level density with TCT = 0.40 MeV (black
line) going through ρ(Sn) (filled black square). For comparison,
the Fermi-gas level density function with a = 26.41 MeV−1 and
E1 = −0.42 MeV is shown (dashed line).
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FIG. 4. (Color online) Normalization of the nuclear level density
of 232Th for the (3He,3He′) and (d, d ′) reactions. See caption of Fig. 3.

(d, x) reactions with 12 MeV beam energies only give data in
a limited excitation-energy region. As a proof of principle, we
compare here the level densities obtained from two different
reactions giving the same residual nucleus. The reactions are
(3He,α) and (d, t) into 231Th and (3He,3He′) and (d, d ′) into
232Th and give very similar results within the error bars.

At low-excitation energy we normalize to known discrete
levels [5] (see solid curve), which appear to be complete up to
the excitation energy of E ≈ 0.2 MeV and 1 MeV in 231Th and
232Th, respectively. At the neutron separation energy we use
the values of Table I. In order to normalize at the highest data
points of our level densities, we use the constant temperature
formula [16]

ρCT(E) = 1

TCT
exp

E − E0

TCT
(6)

and extrapolate from ρ(Sn) down to our data points.1 In this
formula, the parameter TCT characterizes the slope of ρCT and
E0 the shift in excitation energy, determined by

E0 = Sn − TCT ln[ρ(Sn)TCT]. (7)

The chosen constant temperature extrapolation is well
justified in Fig. 3, where the experimental level density
data points follow closely a straight line in a log-plot. The
alternative Fermi-gas formula (dashed line in Fig. 3) shows a
convex shape in the log-plot that deviates significantly from
the functional form of the experimental data. In fact, all the
nuclei studied in this work follow the constant temperature
formula, except 232Th in Fig. 4, where only the very last data
points between E = 2–3 MeV support this picture. However,
there is no reason why this isotope should behave differently
from its neighbors. The nuclei in this well deformed mass
region have a uniform density of single particle orbitals, and

1The temperature is expressed in units of MeV.

no large nuclear-structure changes are expected. Thus, we use
the same high-energy normalization method for all six isotopes
by means of the constant temperature formula of Eq. (6).

It appears that in Figs. 3 and 4 the extracted level densities
are approximately independent of the specific light-ion reac-
tion chosen, although we should keep in mind that we force the
start and end of the level density curves to have the same value.
However, the (3He,α) reaction is expected to populate a few h̄
more spin compared to the (d, t) reaction. A closer look at the
two level densities show that there is higher level density for the
(3He,α) reaction around E = 1 MeV that could be due to the
decay to higher final spins. In spite of this, the functional form
of the level density appears to be approximately insensitive to
spin effects and the reaction mechanism.

We also observe a reproduction of the level densities of the
known low-energy levels. For the odd 231Th case, the level
density is high even for energies close to the ground state due
to several Nilsson single-particle orbitals in the vicinity of the
Fermi surface. In the even 232Th isotope the number of levels
increases abruptly when the vibrational band heads appear
in the 0.5–1.0 MeV region. At E ≈ 1.5 MeV a second abrupt
increase starts due to the breaking of nucleon Cooper pairs that
requires roughly an energy of 2�, where � ≈ 12/

√
A. In the

following discussion, we concentrate on the results from the
3He induced reactions since these reactions gave best statistics
and the largest E range for 231,232Th.

Figures 5 and 6 show the extracted level densities for
231–233Th and 237–239U, respectively. It is somewhat surprising
that the even-even 238U does not show the same abrupt
low-energy changes as seen for 232Th, even though the (d, d ′)
reaction has the best particle energy resolution. The reason may
be that the on-set of vibrational states and two-quasiparticle
states overlap slightly in 238U giving a smoother increase in
the level density.

One of the most striking properties of the six level densities
is that they appear rather parallel in a log-plot. Furthermore,
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FIG. 5. (Color online) Level densities for 231–233Th for the
reactions with best statistics. The constant temperature extrapolations
(solid lines) were calculated with TCT = 0.40 MeV.
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FIG. 6. (Color online) Level densities for 237−239U. The constant
temperature extrapolations (solid lines) were calculated with TCT =
0.40 and 0.39 MeV for 237,238U and 239U, respectively.

the odd-mass nuclei have a higher level density corresponding
to a constant scaling factor. These features are dominantly
determined by other experiments; (i) the number of discrete
levels at low excitation energy and (ii) the total level densities
estimated at Sn by known neutron spacing data D0. However,
if the level density between these excitation energies were
unknown, the conclusion of parallel level densities could not
be drawn. It is therefore vital to know the full functional form.

The constant-temperature behavior is a puzzle. If the
nucleus would have been in contact with a large heat bath, the
concept of constant temperature (as in the canonical ensemble)
would have been a reasonable result. However, such a heat
bath is not present for isolated systems such as the nucleus. In
Ref. [20], pairing correlations and level densities are calculated
within the canonical, grand canonical, and microcanonical
ensembles. It is striking that all these ensembles give a
Fermi like level density. There also exists phenomenological
level-density descriptions proposing a constant temperature
below a certain excitation energy [16,21]. However, to our
knowledge no fundamental and quantitative description of the
observed constant-temperature behavior exists.

A closer look to the data reveals structures in the measured
level densities. This is of great interest from a thermodynamic
point of view and will be discussed in the next section.

IV. THERMODYNAMICS

A challenging goal in nuclear physics is to trace thermo-
dynamic quantities as function of excitation energy. These
average quantities represent the only observables for systems
where the levels are so close and numerous that it is impossible
to measure them separately. With the present technique, we are
able to almost bridge the gap between low-lying states and the
level density at Sn.

The density of levels as a function of excitation energy is the
starting point to extract quantities such as entropy, temperature
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FIG. 7. (Color online) Entropies for 237–239U (upper panel) and
entropy excess of 237,239U compared to 238U (lower panel).

and heat capacity. The isolated atomic nucleus is a perfect
system for the microcanonical ensemble theory. It has a sharp
excitation energy and the number of particles is fixed by N
and Z. Furthermore, the high incompressibility justifies the
assumption of a constant volume for the modest excitation
energy region considered here. Despite this ideal ensemble,
the statistical properties of the nucleus are difficult to describe
theoretically.

The level density ρ(E) is proportional to the number of
states accessible to the nuclear system at a given excitation
energy E. We may define the multiplicity of states as �(E) =
ρ/ρ0, where ρ0 is the level density close to the ground state in
the even-even isotope. Thus, we assure that the multiplicity
becomes � = 1 at the ground state. The entropy in the
microcanonical ensemble is given by

S(E) = kB ln �(E), (8)

where kB is the Boltzmann constant.
Since the uraniums represent the most complete data set

(Fig. 6) we will focus on these isotopes in this section.
However, the results also hold for the thoriums. In Fig. 7 the
entropies for 237–239U are displayed. The odd-mass isotopes
have similar entropies with slightly different constant temper-
atures of TCT = 0.40(1) and 0.39(1) MeV for 237U and 239U,
respectively. In contrast to the even-mass 238U isotopes, their
entropies at low excitation energy are smeared out. This is
partly due to the fact that single neutron band heads appear at
various excitation energies and partly due to blocking effects
from the last neutron. In the lower panel the difference in
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entropy �S = S(odd − mass) − S(even − even) is evaluated.
In the excitation region of E = 1–3 MeV, the excess of entropy
stabilizes around �S = 1.6(2)kB . This corresponds to 5 times
higher level densities due to the unpaired last neutron. For the
thoriums, despite the poor data on 232Th, the entropy difference
reaches a much higher value of �S ≈ 2.3kB . This indicates
that the valence neutron in thorium has more available orbitals
close to the Fermi surface than the uraniums. It is important
to realize that this valence neutron is not placed in a specific
orbital with given spin and parity, but has the average property
of all valence neutron orbits at a certain excitation bin.

In the microcanonical ensemble the temperature and heat
capacity can be expressed by

T (E) = (∂S/∂E)−1 (9)

and

CV (E) = (∂T /∂E)−1, (10)

respectively. Small statistical deviations in the entropy may
give rise to large contributions in the temperature and heat ca-
pacity. In order to reduce these fluctuations, the differentiation
of S is performed by a least square fit of a straight line to
five adjacent data points at a time. The result is an effective
smoothing of about 0.6 MeV, which is larger than the energy
resolution of the experimental level density and may reduce
the information content of the data. On the other hand, we are
here looking for changes due to pairing effects that is expected
to be of the order of 2�.

The caloric curves T (E) for 237–239U are shown in Fig. 8.
The flat entropy in the ground band of 238U gives ∂S/∂E ≈ 0,
which means that the temperature is undefined below E ≈
0.6 MeV. In fact, below this excitation energy, the few levels
and the onset of rotation and vibrations make the concept
of temperature difficult to adopt. Above this energy all three
isotopes display an increasing temperature up to E ≈ 1.0–
1.2 MeV with a subsequent drop to a minimum temperature
at E ≈ 1.7 MeV. This drop in temperature with increasing
energy is probably due to the breaking of the first Cooper pair.
This is not a specific pair defined by spin and parity, but an
average of all types of broken pairs in that energy bin. At E ≈
1.4–1.5 MeV this transition releases energy to the isolated
system from the latent pairing energy. From the temperature
valley at E ≈ 1.7 MeV the temperature increases with energy
and then exhibits a constant temperature of T ≈ 0.4 MeV for
all three isotopes.

A large level density is mainly built from all possible
combinations of available single nucleons, which add up to
a given excitation energy. However, the nucleons interact
strongly with each other through the pairing force and the Pauli
principle plays an important role. The pairing correlations are
expected to quench as energy and number of quasiparticles
increases. This gives rise to faster breaking of Cooper pairs
with excitation energy and thus giving a boost in level density;
each broken pair contributes with exp(2�S) times more levels.
These two components of the level density may balance each
other in such a way that the level density takes the simple
exponential form. A closer look of the caloric curve in Fig. 8
indeed reveals oscillations around the constant-temperature
value.
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FIG. 8. Microcanonical temperatures for 237–239U as function of
excitation energy from this work.

The fact that T (E) actually drops at certain excitation
energies is not in accordance with every-day experience. If we
add energy to a system, it gets warmer. We are also familiar
with the fact that melting ice keeps the temperature constant at
0 ◦C. However, to observe that a system gets colder by adding
energy is quite extraordinary.

When the temperature decreases with increasing energy,
the phenomenon of negative heat capacity occurs. Negative
heat capacity has for a long time been known for certain
systems. Some stars and star clusters cool down when energy
is added [22,23] and small objects like atom clusters display
the same feature [24–26]. In Au + Au multifragmentation
experiments negative heat capacity has been seen [27], and
the Oslo group observed the same for heated 166,167Er [28].

Figure 9 shows the heat capacity as function of excitation
energy for 237–239U. From Eq. (10) we see that CV is undefined
(±∞) when the temperature is constant with excitation energy.
The occurrence of such poles is exactly what happens at several
places in the CV (E) curves of Fig. 9 making the data points
rather chaotic. However, for low E the curves has a clear
physical message, and we have drawn red curves to guide the
eye for the discussion.

In the following we concentrate on the clearest case, namely
237U. At the lowest energies, CV increases to +∞ at E =
1 MeV. Then CV switches to −∞ and increases to ≈−5kB ,
before it approaches −∞ at E = 1.5 MeV. Then CV goes to
+∞ and decreases down to a level of ≈+5kB at E = 1.7 MeV.
It is easy to recognize stage by stage this behavior of CV from
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FIG. 9. (Color online) Microcanonical heat capacity as function
of excitation energy for 237–239U. There are several data points out of
scale. The red curves are drawn to guide the eye.

the caloric curve of 237U in Fig. 8. We find that the process
of breaking the first Cooper pairs in 237U takes place between
E = 1.0 and 1.6 MeV with a corresponding cooling from
T = 0.50 to 0.34 MeV.

From the T (E) and CV (E) curves, we may get a hint of
the mechanisms behind the constant-temperature level density
functional forms. Both T and CV indicate that unknown
processes start to contribute as energy increases. Clearly seen

in Fig. 8 are sudden decreases in the caloric curve, which is
indicative of underlying mechanisms reducing the temperature
of the system. This could be interpreted as a continuous melting
of Cooper pairs throughout the energy region studied here.

V. CONCLUSIONS

The level densities of 231–233Th and 237–239U have been
determined using the Oslo method. Similar functional forms of
the level density have been extracted with different nuclear re-
actions leading to the same residual nucleus. This consistency
gives confidence to the assumptions behind the method. The
level densities of all six isotopes exhibit a constant temperature
level density behavior with TCT ≈ 0.40 MeV when normalized
to known anchor points. There is a clear increase in level
density for the odd-mass Th and U isotopes compared to
even-mass isotopes. The corresponding excess in entropy �S
reveals the degree of freedom for the average valence neutron
outside the even-even core.

Negative heat capacity is a fingerprint for a phase transition.
We observe several poles in the CV (E) curve, making the
assumption of an almost continuous melting of Cooper
pair plausible. However, there is a great need for a proper
theoretical description of the constant-temperature shape of
the level density as well as the rich thermodynamics found in
the actinides.
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