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Summary 

This thesis presents piezoelectric energy harvesting, analyzing the potential it offers from a 

theoretical standpoint as well as a prototyping standpoint involving modeling, experiments, 

and measurements. The thesis begins with introductory chapters about the piezoelectric effect 

(sometimes referred to as the piezo effect) itself, considering material properties and 

introducing theoretical terms describing them. After establishing sufficient theoretical 

background, the scope is widened to an energy harvesting perspective, describing how this 

material property we call piezoelectricity can be utilized, as well as presenting the different 

modes of operation available. Then a review of existing applications of piezoelectric energy 

harvesting is presented, and finally a description of which materials are readily available for 

experimental purposes, this concludes the theoretical part of this thesis. 

The second part of this thesis is a practical one, introducing the complete prototyping setup, 

including transducers, power management circuit, and techniques used for evaluation. An 

attempt at modelling the transducers with RLC equivalent is also presented. 

Overall, this project aims to explore the feasibility of implementing piezoelectric energy 

harvesting in places where ambient vibrations are available, and evaluating how much power 

can be generated. 
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Preface 

Bluetooth low energy (BLE) and some proprietary wireless protocols are optimized for low 

power, due to their low duty cycle of operation. Low power radios may have an average 

current consumption in the microampere range and are usually powered by small batteries. By 

using energy harvesting we can remove the battery or extend the battery life of these devices. 

Piezoelectric materials are used in buzzers and speakers to convert electric energy to 

mechanical/acoustical energy. The electromechanical conversion can be reversed by applying 

a mechanical force to the piezoelectric material, so that we can generate an electric voltage 

that can be stored, converted, and used to supply a low power wireless circuit. Applications 

for such devices might be battery- and wire-less doorbells, light switches, or remote sensors. 
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1 Introduction 

Brothers Pierre and Jaques Curie first demonstrated the piezoelectric effect, in the year 1880, 

nowadays it is used in many everyday products such as lighters, loudspeakers and signal 

transducers, the applications are endless. This section will present a basic overview of this 

effect, how it arises and how it functions. Overall this theoretical background is intentionally 

kept superficial as the focus of this thesis is the energy harvesting application, however before 

discussing that there is a need to provide some level of understanding of the piezoelectric 

effect itself. 

1.1 The Piezoelectric effect 

1.1.1 Microscopic origins 

To understand the piezoelectric effect one must examine the smallest group of particles in a 

material that constitutes a repeating pattern, this group is known as the unit cell. Any crystal 

structured material can be described in terms of its unit cell, an example of this is presented in 

Figure 1-1, a small box containing one or more atoms arranged in three dimensions. 

 

Figure 1-1 Perovskite Structure of PZT  [1] 

Figure 1-1 shows the unit cell of a material called lead zirconate titanate, hereby referred to as 

PZT, which is the most commonly used piezoelectric material. Since this is also the most 

easily available transducer material, the explanation of the physical properties is limited to 

this material throughout this work. The figure shows the unit cell above (left) and below 

(right) the Curie temperature, a temperature above which the material will lose its 

piezoelectric properties. Even though both unit cells above display zero net charge, when the 
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temperature is below the Curie temperature we can see the titanium ion is slightly shifted 

from the center. This shifting of the titanium ion develops a spontaneous dipole moment, 

effectively turning the unit cell into an electric dipole, this lack of center inversion symmetry 

is the source of the direct piezoelectric effect.  

1.1.2 Poling 

At the macroscopic level the material is comprised of many such unit cells, initially the 

dipoles are randomly oriented and therefore the material does not exhibit a piezoelectric effect 

of any significance. To create this the material must be polarized and the process involves 

subjecting the material to a very high electric field that will orient the dipoles in the same 

direction. After switching off the electric field only a small number of dipoles return to their 

original orientation, but the majority will stay roughly oriented in the same direction. This is 

in very simple terms the poling process of a piezoelectric material [2]. 

 

Figure 1-2 Alignment of electric dipoles 

Figure 1-2 displays the alignment of electric dipoles prior to poling, during poling and at the 

end of poling, respectively. It should be noted that the material can be de-poled if it’s again 

subjected to a very high electric field in the opposite direction, or if it’s exposed to a 

temperature that’s higher than the Curie temperature of the material [2]. The material will also 

naturally de-pole on its own over time, however this requires such a long period of time it is 

of no concern to this project. 

 

 

 



3 

 

1.1.3 Assignment of axes 

 

Figure 1-3 Assignment of axes 

Another topic to establish is the three-dimensional axes in piezoelectric materials, as their 

definition is tied to the poling. The axes defined are numbered 1-3 and are analogous to the 

classical three-dimensional orthogonal set of axes X, Y, and Z. The most important point here 

is that by convention the 3 axis is the poling direction, there are few exceptions to this, for 

example in quartz where the polarity is along the 1 axis [2]. Figure 1-3 presents this 

orientation, the directions 1 and 2 are physically similar and are arbitrarily defined, 

perpendicular to direction 3. The axes 4-6 are the rotational axes corresponding to shear 

motions around the 1-3 axes respectively. It should also be noted that poled piezoceramics are 

transversely isotropic materials, which exhibits symmetry about the 3-axis and the plane of 

isotropy is defined as the 12-plane [3]. 

1.1.4 Piezoelectric coefficients and terminology 

Piezoelectric materials are characterized by several coefficients that link electrical and 

mechanical quantities in what is termed the “d” coefficients. They are given with subscripts 

designating the directions of the electrical and mechanical quantities that are directly linked to 

the coordinate system described in section 1.1.3. Figure 1-4 presents an example of this, the 

point is that the first subscript always refers to the direction of electric field (applied or 

induced), and the second always refers to direction of stress (applied or induced). 
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Figure 1-4 Example of “d” constant 

The “d” constant has many names, it is referred to as the strain constant, charge constant, the 

piezo modulus etc. It is commonly expressed in terms of coulombs per square meter, per 

newton per square meter, that is charge density divided by stress. The square meter terms 

cancel and the definition simplifies to coulombs/newton. It should be noted that this expresses 

the d coefficient in transducer mode, which means it goes from mechanical to electrical 

energy, i.e. how many coulombs we get for each newton applied. The other way this 

coefficient can be expressed is the reverse direction from electrical to mechanical, i.e. actuator 

mode. Through dimensional analysis one can go from transducer mode to actuator mode and 

instead express the d coefficient as strain divided by applied electric field. Which can further 

be simplified to meters per volt, a measure of how much the material changes in length in 

response to applied voltage. Although these two ways of expressing the d coefficient are just 

two perspectives of the same absolute value, it’s important to distinguish between them as in 

datasheets and articles they may be given in one or the other depending on whether it’s from 

an actuator perspective or transducer perspective [4]. 

Another important material property is the ratio between input mechanical energy to output 

electrical energy (or vice versa), also referred to as electromechanical coupling factor kij. By 

convention the value of kij is defined as the square of this ratio, and subscripts i and j refers to 

the relative directions of electrical and mechanical quantities. Hence, the value kij will be the 

square root of the ratio between the electrical energy stored and the mechanical energy 

applied. Although this value provides a measure of how well suited the material itself is for 

energy harvesting, it does not provide a complete picture of the overall efficiency of the 

transduction. The reason is it does not consider mechanical dissipation or losses. 

Before introducing the constitutive equations one more thing must be established, the 

superscripts in material constants. When using material properties such as permittivity, 

compliance and the “d” constant, they are written with a superscript designating a mechanical 

or electrical boundary condition. These boundary conditions are presented below [5].  
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• T = constant stress = mechanically free 

• E = constant electric field = short circuit 

• D = constant electrical displacement = open circuit 

• S = constant strain = mechanically clamped 

Figures 1-5 presents this terminology with examples of compliance and permittivity. 

 

Figure 1-5 Terminology of compliance and permittivity [5] 

1.1.5 Constitutive equations 

Piezoelectric materials and their properties are summarized in something called the 

constitutive equations characterizing the basic relationships between the electrical and elastic 

properties. Their definition is derived in detail by Erturk and J. Inman [3], however in this 

section a simplified version is presented. 

 

Figure 1-5 Simplified constitutive equations [6] 

The top equation in Figure 1-5 is often termed the transducer equation, because it displays the 

relationship between an electric flux density D (also termed electrical displacement), and a 

stress T multiplied by the “d” constant. This is then added to an electric field E multiplied by 

the permittivity ε with superscript designating the boundary condition of constant stress. The 

bottom equation is termed the actuator equation, because it relates a strain S to an applied 

electric field E multiplied by the “d” constant, added to a stress T multiplied by the 

compliance S with superscript E. It should be noted that although these equations are widely 
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used for finite element modelling, they have several limitations [5]. For example, they can 

give the impression that the piezoelectric effect is linear, but it is non-linear due to effects like 

hysteresis and creepage. In addition, the equations are only applicable for low electric field. 

These are however details outside the scope of this project. 

1.1.6 Electrical boundary conditions 

The compliance of the transducer will also be dependent on the load connected, or if it is open 

circuited. To understand the reason for this, one must realize that when shorting both 

electrodes on the transducer, it is the same as setting the electric field E in the material to a 

constant 0, and when open circuiting the electrodes is equivalent to setting the electric 

displacement D to a constant 0. If the terminals are shorted together, all the charges generated 

flow in and out of the piezo terminals cancel each other out, therefore no electric field is 

formed. Note that despite having no electric field we do have an electric displacement D 

because charges flow in and out of the piezo. With no electric field, no electrical energy is 

stored, some is generated, but it cancels itself out when the charges generated at the surfaces 

can flow directly to the opposite terminal. When the energy that’s converted to electrical 

energy is not used to sustain an electric field but instead dissipated instantly, only mechanical 

energy is stored, therefore the material is softer with short circuit configuration (elastic 

compliance 𝑠𝐸 is higher than 𝑠𝐷). Exactly how much softer it will be will depend on how well 

the mechanical and electrical energies are coupled together, i.e. the electromechanical 

coupling factor k2. 

Contrasting this to the open circuit configuration, open circuiting effectively means electric 

displacement D = 0. Although when applying stress charges can move around and appear at 

the positive and negative terminals, no charges have left or entered the piezo terminals (zero 

net charge change within the system). These charges will form an electric field in the material. 

When a portion of the input energy is stored in electrical energy in the form of an electric 

field, the material will feel stiffer, because the energy in the electric field is constantly 

exerting a force on the displaced charge carriers, trying to force the material back to its 

original shape. This does not happen with short circuit because the electric field is lost as 

charge carriers flow between terminals to cancel each other out. 

Summarizing, the open and short circuit configuration are situations equivalent to the 

electrical boundary conditions of constant D and E set to zero, respectively. This explanation 
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is essentially the physical interpretation of the electrical boundary conditions, the fact that the 

elastic compliance  𝑠𝐸 is higher than 𝑠𝐷. If we look back at the constitutive equations in 

Figure 1-5, the bottom one is the actuator equation, it tells us the resulting strain by a given 

applied stress and applied electric field. For both configurations (open and short circuit) we 

can set the electric field E to 0, because we are only interested in the effects of applying a 

stress, and the equation becomes 𝑆 =  𝑠𝐸𝑇 for short circuit condition and 𝑆 =  𝑠𝐷𝑇 for open 

circuit. Since 𝑠𝐸 > 𝑠𝐷 more force is required to deform the material in open circuit 

configuration than in short circuit. 

1.1.7 Harvester modes of operation 

Assuming a beam of piezoelectric material, as displayed in Figure 1-6, one might notice there 

are several ways of utilizing the piezo effect for energy harvesting, depending on where the 

mechanical energy is applied and where the electrodes are connected. 

 

Figure 1-6 Piezoelectric material operated in a 33 and b 31 mode [7]. 

As mentioned in section 1.1.4, the subscript numbers refer to the direction of electric field and 

mechanical stress, respectively, the terminology for modes of operation follows this same 

rule. In Figure 1-6 a) we can see a block of material in the 33 mode, because a stress T acts in 

the same direction as the poling. In Figure 1-6 b) the 31 mode is displayed, since the stress is 

parallel to the beam, this is the most commonly used mode for energy harvesters, and it is the 

mode used for experiments in chapter 3. 
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1.2 Piezo Transducers 

Piezo transducers can be constructed in several different ways; however, this work focuses on 

a patch transducer utilized in a cantilever structure, the theory presented here is limited to that 

mode. Two other ways of implementing a cantilever harvester is either by coating an elastic 

beam with piezo material, or by coating active piezo material with polymer materials and then 

using this structure as the cantilever itself. The two main ways of implementing a cantilever 

harvester coated with piezo material are unimorph and bimorph, unimorph means one layer of 

piezo material on one side, while bimorph means a layer on both sides. 

1.2.1 P-876 DuraAct Transducer 

The patch transducer used in this work is displayed in Figure 1-7. 

 

Figure 1-7 Drawing of the P-876.Axx transducer 

The patch transducer P-876.Axx, is a laminated structure consisting of a PZT plate of the 

piezo material PIC255, with polymer coating for electrical insulation, and electrodes. This 

transducer was a good choice for this project for two reasons, the first one being cost, the 

second being robustness and flexibility. The latter is very convenient so there is no real 

danger of breaking them during the experiments. These transducers were bought from Physik 

Instrumente (PI), who recommended this specific transducer after conferring with an 

employee, three of these transducers were acquired, with different thicknesses, which is 0.4, 

0.5 and 0.8mm, hereby referred to as A11, A12 and A15, respectively. More detailed 

information on these transducers can be found in the datasheet included in Appendix A. 
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1.2.2 Device volume and power density 

In Figure 1 of [8] it is determined that for vibrational energy harvesters, the critical device 

volume is around 0.5 cm3. Above this size the electromagnetic mechanism is theoretically 

more useful. This calculation considers the entire combined volume of the harvester, meaning 

it includes any interface circuitry as well as the transducer. Doing some quick calculations 

with the A11, A12 and A15 transducers their volume is 0.854 cm3, 1.07 cm3 and 1.71 cm3. 

Additionally, these volume estimates do not even consider the volume added by the interface 

circuitry needed. There would also be added volume considering the patch transducer would 

need more room to operate as it vibrates. In conclusion, the specific device volume used in 

this project is way above the critical volume estimated in [8]. 

1.2.3 Materials and harvester mode 

A literature review from 2016 [9] presents a number of alternatives for PZT based energy 

harvesting, and concludes that a cantilever structure is overall promising from a structure 

point of view since it can apply larger strain to the piezo elements under vibration condition. 

The review also concludes that single crystal piezo materials produces superior power 

compared to polycrystalline piezo materials, the materials used in this comparison was among 

others a commercially available material named PZT-5A. This specific material has many 

similarities with the PIC255 used in these transducers, the only notable difference is that 

PIC255 has slightly lower mechanical Q factor, the other properties (at least the ones 

available) have only minute differences and are often identical. Most importantly the charge 

constants d31 and d33 are identical, because as the review mentions, the most important factor 

in enhancing the output performance are the material properties. Because of this, the 

conclusions made regarding PZT-5A also apply to the PIC255 used in this project and 

therefore, the single crystal PZT materials used in the transducers acquired is a promising 

choice. One noteworthy difference between the harvesters described in the review and these 

patch transducers is that these are free standing pieces of PZT material coated with polymer, 

while the ones described in [9] are PZT material coated on a flexible cantilever. In other 

words, the review describes an actual cantilever beam of some other flexible material, while 

these are patches where the active material itself serves as the cantilever (plus polymer 

coating). However, this difference does not limit the conclusions made in this paragraph, as 

the theory remains the same for both cases. Specifically, in the review the mechanical 
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coupling between the cantilever and PZT material is desired to be as ideal as possible so the 

same strain applied to the cantilever is also applied to the PZT material. With the patches used 

in this project, we do not have to worry about this because the cantilever is itself made of 

PZT, and the polymer coating is extremely flexible and its contribution on the stiffness is 

likely negligible. 

The d31 cantilever mode is the most used operating mode for piezo harvesters, it is also the 

simplest to implement [10]. Piezoelectric coefficients in both d33 and d15 mode are higher than 

the ones in d31 mode, therefore these could possibly lead to higher output power. By 

extension, output voltage is higher in d33 mode, but despite this the d33 devices are not very 

effective because of polarization issues. The d15 mode shows the best power performance of 

all three, the downside is that it requires a complex fabrication process. Overall, the d31 mode 

was chosen because it is by far the simplest and cheapest option for a project such as this. 

Both [10] and [9] also describe a number of other types of harvester structures with different 

active materials, including nanowires, nanotubes and PZT thin films, however these are 

disregarded in favor of strictly focusing on the d31 cantilever mode. 

1.3 LTC3588 Interface Circuit 

The interface circuit, also known as power manager, is an essential element for harvesting the 

energy output of any transducer. The interface circuit chosen for this project is an LTC3588 

sold by Linear Technologies. 

 

Figure 1-8 LTC3588 power management circuit including breakout board 
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Figure 1-8 presents the LTC3588 interface circuit already soldered onto a breakout board by 

SparkFun, ordered from DigiKey. The breakout board greatly simplifies the process. The 

LTC3588 features an integrated low-loss full-wave bridge rectifier. It claims to be optimized 

for high output impedance energy sources such as piezoelectric. There were other alternatives 

to this circuit, such as the E-821 Electronic Module for Energy Harvesting [11], a module 

made by the same supplier as the transducers were acquired from, Physik Instrumente. After 

inspecting the datasheets, the LTC3588 looks like a better option, it has four different 

operating modes including an undervoltage lockout mode (UVLO), as well as being smaller, 

overall the LTC3588 seems like a more sophisticated circuit. These may very well be trivial 

differences that may not have any big impact on the experiment, but nevertheless the final 

choice was the LTC3588. More details about the power management circuit can be found in 

the datasheet in Appendix C. Throughout this report the LTC3558 board is sometimes 

referred to as just the LTC-board, the LTC etc. 

1.4 Summary 

Chapter 1 describes all the necessary background information, from how the piezoelectric 

effect originates from a microscopic level to how bulk pieces of PZT can be utilized to 

generate potential energy. It has also been shown that the cantilever d31 mode using a single 

crystal bulk transducer is an interesting path to take, as it has promising potential for power 

generation, and because it consists of cheap components that are easy to implement. These 

factors are the main reason this project made possible, as most other options are either not 

commercially available or too expensive. With respect to chapter 2, the main takeaways from 

this chapter are the following 

• The piezoelectric “d” coefficient, and the k2 coupling factor 

• Constitutive equations 

• Electrical boundary conditions 

These three things are essential as they make the foundation for the modelling process. The 

“d” coefficient combined with the constitutive equations create a link between the mechanical 

and electrical domain. The boundary conditions are also important for insight, however less 

important with regards to chapter 2. 
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2 Modelling 

Mathematical modelling of piezoelectric energy harvesters is a complicated endeavor, there 

are several methods to choose from and there is a fair amount of theory underlying it. The 

author of this project decided to use RLC equivalent circuits to model the piezo transducers 

behaviors, the reason for is that it is a very feasible method, and it contains many interesting 

lessons. It is also one that has been extensively researched before and there are a lot of 

material available. The goal is that an accurate RLC model will provide a better 

understanding of how the transducers work, how the excitation frequency affects the 

characteristics of the system, as well as the upper limit for extractable output power. The 

theory behind the modeling is presented first, then the model is described. 

2.1.1 Notable differences 

Before starting the RLC modelling process that is very much based on the one described in 

[7], it is important to note the details that separate the two projects. The differences are listed 

below while their significance and effect on the calculations are discussed later. 

1. No mechanical structure. T. Hehn and Y. Manoli describes their cantilever setup as 

being composed of a piezoelectric layer on top of a flexible mechanical structure of an 

unspecified material. Furthermore, they assume a perfect bond between the mechanical 

structure and the piezo layer, and then they just add the two stiffnesses together to obtain 

the total stiffness. This piezo layer may extend to approach the tip mass or may be short as 

illustrated in Figure 2-3, this would be a way of tuning the overall compliance. This 

contrasts with the structure used in this project, which is just a piezo layer coated with a 

thin polymer layer, this is illustrated in Figure 2-4. This difference has been noted before 

in section 1.2.3. 
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Figure 2-3 Structure described by T. Hehn and Y. Manoli 

 

Figure 2-4 Structure of the A1x transducers used in this text 

2. The second difference is the lack of a tip mass, can also be seen in Figures 2-3,4. This 

difference is likely not as significant as the first one, but its exact impact is difficult to 

know accurately. In place of tip mass, this project uses conventional formulae to calculate 

the equivalent moving mass of a cantilever without any tip mass. 

Neither figures are to scale, and certain details are excluded such as clamps and electrodes. In 

short, these two differences are important because they require adjustments be made to the 

calculation of stiffness and mass when finding the beams natural frequency. 

2.2 Kinetic Energy Harvesters 

This section describes theoretical background for creating RLC equivalent models for piezo 

transducers. 

2.2.1 General model of kinetic energy harvesters 

The RLC modeling in this project is based on the model of a general vibration-based kinetic 

energy harvester, which is a second order spring-mass-damper system. The general model for 

kinetic energy harvesters was first developed by Williams and Yates [12], and is presented in 

Figure 2-1, the theory discussed here also takes [7] as reference. 
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Figure 2-1 General model of kinetic energy harvester with only lumped elements 

y(t) = ŷ sin(ωt) 

z(t) =  ẑ sin(ωt + φ) 

This model represents the behavior of such a harvester, the frame is connected to a seismic 

mass m suspended on a spring ks, forming a resonant spring-mass system. Mechanical 

damping (losses) due to friction, air resistance etc. is described by the damper d, finally, this 

is all connected to a transducer which will convert the mechanical to electrical energy. The 

interface circuit block represents the power management circuitry. The y(t) represents the 

harmonic movement of the frame when it’s subjected to an external vibration, which is 

assumed to be a sinusoidal force. While the z(t) represents the relative movement of the 

seismic mass with respect to the frame, there is a phase difference φ between y(t) and z(t). 

Additionally, it is important to note the restoring force Fe coming from the transducer due to 

electromechanical feedback, this results in electrical damping de. To draw a parallel to earlier 

theory about the piezo cantilever, one might imagine that the movement of the frame y(t) is 

the actual vibration it’s being subjected to, not some imaginary frame, while the movement of 

the mass z(t) is the movement of the transducer itself. Furthermore, in this analogy the mass m 

would be any mass loaded on or connected to the transducer, that means the thin polymer 

coating on the transducers technically counts as part of mass m. 

Transfer function 

A transfer function can be derived for this system, starting with the force balance in the 

system which is given as 
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 𝑚𝑎 = 𝑚�̈� + 𝑑�̇� + 𝑘𝑆𝑧 + 𝐹𝑒  (2.1) 

where 

𝑎(𝑡) =  �̈�(𝑡) =  �̂� sin(𝜔𝑡) 

describes the acceleration acting on the harvester frame. Hence, ma represents the external 

force applied on the harvester frame. Viewing the restoring force Fe as a damping force would 

rewrite equation (2.1) as 

 𝑚𝑎 = 𝑚�̈� + (𝑑 + 𝑑𝑒)�̇� + 𝑘𝑆𝑧 (2.2) 

After taking the Laplace transform of (2.7) we get 

 𝑚𝑠2𝑦 = 𝑚𝑠2 + (𝑑 + 𝑑𝑒)𝑠𝑧 + 𝑘𝑆z (2.3) 

After using the dimensionless terms for mechanical and electrical damping, 

 휁𝑑 =
𝑑

2𝑚𝜔𝑛
 , 휁𝑒 =

𝑑𝑒

2𝑚𝜔𝑛
, (2.4) 

we can arrive at the following transfer function 

 
𝑧(𝑠)

𝑦(𝑠)
=

𝑠2

𝑠2 + 2𝜔𝑛(휁𝑑 + 휁𝑒)𝑠 + 𝜔𝑛
2
 (2.5) 

Where 𝜔𝑛 = √
𝑘𝑠

𝑚
 represents the natural frequency of the mechanical system. 

Output power 

The formula for output power in this mechanical system (working at resonance) is [10] 

 𝑃𝑒 =
𝑚𝜁𝑒𝑎2

4𝜔𝑛(𝜁𝑑+𝜁𝑒)2
  (2.6) 

where 𝑎 = 𝜔𝑛
2�̂� represents the acceleration of the external vibration, in the case of sinusoidal 

vibratory excitation. From (2.6) the power dissipated maximizes if the electrical damping is 

equal to the mechanical damping 휁𝑑 = 휁𝑒 , for this condition (2.6) further simplifies to [7] 
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 𝑃𝑙𝑖𝑚 =
𝑚𝜔𝑛

3�̂�2

16휁𝑑
 (2.7) 

Referred to as Plim because it’s a theoretical measure of the absolute maximum power 

extractable from the kinetic harvester. (2.7) shows that the only two things determining the 

maximum extractable power are the input excitation force, and the mechanical damping of the 

harvester. This is important because the output power being proportional to 1 휁𝑑
⁄  it seems 

advantageous to keep the mechanical damping as low as possible to achieve a large as 

possible output power [7]. This is because a lower mechanical damping means a higher 

quality factor Q as they are related through 𝑄 =
1

2𝜁
, and a higher quality factor Q means a 

higher and sharper peak in the power curve. So even though a low mechanical damping is 

desirable, it would place a higher requirement on matching the excitation frequency to the 

resonance frequency, or else the extractable power drops significantly [7]. 

Equivalent circuit 

To establish an equivalent circuit to this mechanical system, there are a couple of analogies 

used. The first one being that generally, a mechanical force can be represented by an electric 

voltage, while an electric current can represent a mechanical velocity [13]. When using this 

analogy, we can see that all the terms in (2.1) and (2.2) represents voltages, and thus an 

electrical equivalent circuit as shown in Figure 2-2 can be established. 

 

Figure 2-2 Equivalent circuit of the kinetic energy harvester 

As we can see, the inductor with value m represents the mass, the capacitor with value 
1

𝑘𝑠
 

represents the spring, and the mechanical and electrical dampings are represented by the 
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resistors 𝑑 and 𝑑𝑒, respectively. The voltage source 𝑚�̈� = 𝑚𝑎 represents the external 

vibration. The current ż represents the first derivative of the displacement z, i.e. the 

mechanical velocity at which the tip mass is moving. 

So far, this equivalent circuit only represents the mechanical domain, the coupling to the 

electrical domain can be represented by either a transformer or controlled voltage/current 

sources. Figure 2-3 displays the coupled electromechanical equivalent circuit using a 

transformer with winding ratio of 1: Γ. 

 

Figure 2-3 Coupled electromechanical equivalent circuit 

Γ is known as the generalized electromechanical coupling factor (GEMC [14]), and is an 

essential parameter because unlike the material coupling factor 𝑘31
2 , it depends on the 

geometry of the cantilever beam. According to the IEEE Standard on Piezoelectricity [15], the 

squared coupling factor 𝑘31
2  for a piezoelectric beam is given by 

 𝑘31
2 =

𝑑31
2

휀33
𝑇 𝑠11

𝐸  (2.7) 

Note that 𝑘31
2  exclusively depends on piezoelectric material properties, (charge constant, 

permittivity and compliance), therefore it cannot alone represent the coupling phenomenon in 

the model. This is achieved by the GEMC and it is given by 

 Γ =
𝑑31𝑏

𝑠11
𝐸  (2.8) 
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This circuit can be simplified even further by removing the controlled sources and adjusting 

the lumped parameters using the GEMC. The simplified circuit is displayed in Figure 2-4. 

The parameters in Figure 2-3 are given by 𝑉𝑚 = 𝑚�̈� = 𝑚𝑎, 𝐿𝑚 = 𝑚, 𝐶𝑚 = 1/𝑘, and 𝑅𝑚 =

𝑑. Removing the transformer (or controlled sources) changes all the parameters and the end 

result of the lumped parameters are given by 

𝑉𝑚𝑐 =
𝑚𝑎

𝛤
  𝐿𝑚𝑐 =

𝑚

𝛤2
  𝑅𝑚𝑐 =

𝑑

𝛤2
  𝐶𝑚𝑐 =

𝛤2

𝑘
 (2.9) 

 

 

Figure 2-4 Simplified electromechanical equivalent circuit 

 

It should be noted that this circuit completely neglects the resonator structure, i.e. the external 

vibration force applied. As noted before, this procedure is taken from [7] where it is used to 

develop interface circuits, not to accurately predict output power for a given vibration 

acceleration. Since this circuit does not include feedback from a possible interface circuit, it 

does not apply to the tests using the LTC3588, it can only be compared to the resistive load 

and open circuit tests. Summarizing, it is primarily used in this project to find out how 

accurately it can predict the output voltage Vp at open circuit, and secondarily the output 

power with various resistive loads. 
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2.3 Model parameters 

This section discusses the important parameters needed for the RLC model.  

2.3.1 Equivalent spring rate (capacitor) 

Establishing the value of the capacitor is quite straightforward, it is equal to the reciprocal of 

the stiffness k of the cantilever structure. That is, the total transversal stiffness of a cantilever, 

and not just the stiffness of the piezoelectric material. 

 𝑘𝑒𝑞 =  
3𝑌𝐼

𝐿3
 (2.10) 

Eq. 2.10 is the equivalent spring rate for a cantilever in transverse vibration [9], where YI is 

the flexural rigidity of the beam, and L is the length. This is where non-uniformity introduces 

inaccuracy, as the formula for moment of inertia 𝐼 =
𝑏𝑑3

12
 assumes a uniform beam, where b 

and d are the width and depth of the beam, respectively. However, the young’s modulus Y is 

obtained from the producer of the transducers [16] which means it takes the non-uniformity 

into account, therefore the calculation is still valid to a degree. 

 A11 A12 A15 

keq 40.46 N/m 112.27 N/m 684.88 N/m 

Table 2-1 Equivalent spring rate for cantilever transducers 

The equivalent spring rate for all three transducers are calculated in the table above, given in 

newtons per meter (equal to Pascal meters), as we can see the spring rate increases drastically 

as the transducer thickness increases (the only parameter that separates them). 

2.3.2 Equivalent mass (inductor) 

Establishing the value of the inductor is also a straightforward process, it is simply equal to 

the tip mass. As noted in section 2.1.1, these cantilevers use no tip mass, therefore an 

equivalent mass meq must be found, the part of the cantilevers mass that is in motion during 

transverse vibration. 
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 𝑚𝑒𝑞 = (
33

140
) 𝑚𝐿 + 𝑀𝑡 (2.11) 

Eq. 2.11 shows the equivalent mass of a cantilever in transverse vibration [9], where L is the 

length of the beam, m is mass per unit length, and Mt is tip mass (if exists). 

 A11 A12 A15 

meq 0.5g 0.8g 1.7g 

Table 2-2 Equivalent mass of cantilever transducers 

Table 2-2 displays the calculated equivalent mass for all three transducers. It should be noted 

that both meq and keq are calculated using the “free” length same as the full length of the 

patches, in reality the free length would be shorter as part of the patches have to be under the 

clamps. This will undoubtedly cause some error in the calculations, but hopefully it will not 

be that significant. 

2.3.3 Damping factor (resistor) 

Finding the damping factor d is slightly more complicated than the equivalent mass and 

stiffness, because it relies on already knowing the systems Q factor. This is a problem because 

the Q factor (and indirectly the damping factor) will vary greatly with exactly how the 

mechanical system is implemented, it is not something that can be estimated with the 

information from datasheets. It is something that will be estimated through measuring the 

systems Q factor in chapter 3. 

2.3.4 Natural frequency (resonance frequency) 

One essential parameter is the natural frequency, the frequency at which a system tends to 

oscillate in absence of any mechanical driving or damping force. At this point, there are two 

paths to choose from, one is the lumped parameter model, the other is the distributed 

parameter model, both described in detail in [17]. 
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Lumped parameter model 

 𝜔0 = √
𝑘𝑒𝑞

𝑚𝑒𝑞
=  √

3𝑌𝐼/𝐿3

(
33

140) 𝑚𝐿 + 𝑀𝑡

 (2.12) 

Eq. 2.12 shows the lumped parameter model for undamped natural frequency of a cantilever 

beam in transverse vibration, keq being the equivalent spring rate and meq being the equivalent 

mass. The product YI is the flexural rigidity of the beam, L is length of the beam, m is mass 

per unit length, and Mt is tip mass (if exists). This is the simplest method and is used by many 

authors, however it is not the most accurate. In [17] a comparison is performed and concludes 

the lumped model has a slight inaccuracy of about 0.5% (in the absence of a tip mass) relative 

to the distributed model. This inaccuracy decreases with the addition of a tip mass; however, 

this project does not use any tip mass. The comparison also investigates the relative 

displacement transmissibility FRF (frequency response function), that is how well can this 

calculated natural frequency be plugged into equations for predicting the relative motion at 

the tip of the beam, and the error is very large. The error in the lumped parameter model can 

be greater than 35% regardless of the damping ratio. The important point is that Erturk and 

Inman conclude the errors are directly a consequence of the inaccuracy in Eq. 2.8, through 

additional rationales in addition to the one mentioned above. Overall, these are convincing 

arguments to use the distributed model to calculate the natural frequency, and not the lumped 

model. 

Distributed parameter model 

Erturk and Inman presents a detailed description of the distributed parameter model, (however 

[18] contains a more brief explanation of essentially the same theory). The underlying theory 

is the Euler-Bernoulli beam theory [19], the details of which are not covered here. A summary 

is that it assumes shear deformations and rotary inertias of the beam are both negligible. One 

fundamental difference between this model and the lumped one is that this can calculate 

natural frequencies for a (theoretically) infinite number of vibration modes, while the lumped 

model is limited to only the first mode. 
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 𝜔𝑟 = 𝜆𝑟
2√

𝑌𝐼

𝑚𝐿4
 (2.13) 

Eq. 2.13 shows the distributed parameter model equation for natural frequency of the rth 

mode. Where λr are the dimensionless frequency numbers obtained from the equation 

 1 + cos 𝜆 cosh 𝜆 = 0 (2.14) 

which results in the following solutions for λ = [1.875, 4.964, 7.885]. 

Calculation results 

Below is a table of the calculated natural frequencies using the lumped parameter method. 

Calculated with Eq. 2.9 and divided by 2π to obtain frequency in Hz. 

 A11 A12 A15 

f0 45.5 Hz 58.7 Hz 101.1 Hz 

Table 2-3 Predicted natural frequencies of transducers (lumped) 

Below is a table of calculated natural frequencies of the first three vibration modes using the 

distributed parameter method. Calculated with Eq. 2.10 and divided by 2π to obtain Hz. 

 A11 A12 A15 

f1 44.8 Hz 57.8 Hz 99.6 Hz 

f2 281 Hz 362.6 Hz 624.4 Hz 

f3 785.5 Hz 1013.5 Hz 1745.3 Hz 

Table 2-4 Predicted natural frequencies of transducers (distributed) 

A tiny discrepancy can be seen in the first natural frequency in the two tables, however this 

difference is less than 1Hz for both A11 and A12 and is therefore assumed be insignificant. 

The two methods are fundamentally different, therefore one would not expect them to give 

the same answer, however when the answers are so close they are assumed to be roughly 

equal. As noted before, the distributed model is the most accurate, therefore in this project the 

cantilevers resonance frequency is determined from that. 
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Open and short circuit configuration dependency 

It is important to note that the resonance frequency will also be dependent on the load 

connected to the transducer, or if it is open circuited. This is a direct consequence of the fact 

that the compliance is different for open and short circuit configuration as described in section 

1.1.6. Compliance is the inverse of the Young’s modulus, and since all the formulas use it to 

calculate stiffness (and by extension resonance frequency) all the results would be different, 

the resonance frequency for short circuit configuration would be lower than the one for open 

circuit. Most likely these calculations are for open circuit configuration, because the young’s 

modulus used is obtained from the manufacturer of the transducers, and it is not likely they 

would have measured it with the electrodes shorted together. 

2.3.5 Caveat 

1. Non-uniformity. The transducers consist of active material coated with a polymer, i.e. 

not uniform, which means there will be a margin of error in calculating both the 

equivalent cantilever stiffness, and equivalent mass, and by extension the natural 

frequency as well. It would be possible to make more accurate calculations if all 

information on the polymer material was available, however after conferring with PI 

obtaining a material property matrix on the polymer was not possible. Therefore, the only 

way to do these calculations is to assume uniformity, since the equations require that 

assumption. 
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2.4 Summary 

Chapter 2 describes the complete RLC modelling process. The gist is it begins with the 

general model of a spring-mass-damper system and the equivalent RLC circuit. This circuit is 

then coupled to the electrical domain through the coupling factor d, represented by a 

transformer (or controlled sources) and furthermore the transformer is removed and the 

lumped elements are scaled accordingly. The limitations that are important to keep in mind 

from this section are 

• Lack of tip mass and mechanical structure 

• Non-uniformity 

Since the accuracy of the RLC model will entirely depend on how accurately its lumped 

elements are estimated, these two limitations are important to keep in mind because they will 

likely be a source of error. 
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3 Measurements 

This section presents the data collected from measurements, analyzes the data, and draws 

conclusions in conjunction with theoretical predictions from chapter 1 and 2. Throughout the 

experimental phase several difficulties have arisen as well as many lessons learned. This 

chapter presents these and concludes this project. Only the A11 and A12 transducers are 

tested. The A15 is put aside because it is simply too thick to securely fasten to the clamping 

mechanism of the shaker, and even if it was fastened it would require much stronger 

vibrations than the other two. This proved to be a favorable arrangement as it allowed for 

more time and focus for the A11 and A12.  

In short, the purpose of these experiments is to determine whether this setup is feasible for 

energy harvesting. How much power can potentially be harvested, how well the transducers 

work together with the LTC3588, and how well suited the transducers even are for the 

cantilever mode of operation. 

The measurement procedure is as follows: 

1. Frequency sweep while measuring tip displacement to estimate which frequency gives 

the highest tip displacement, i.e. resonance frequency. This is done in both open and 

closed circuit configuration. 

2. Analyze decaying oscillations to accurately determine Q factor. 

3. Driving the structure at found resonance frequency with resistive load connected to 

transducer output, use the results to calculate output current. This is done for a couple 

of different amplitudes; the results are compared to analyze the linearity of the system. 

For all measurements, the frame and tip movements are also recorded. 

4. Connect the LTC interface circuit and drive the harvester at resonance for a couple of 

different amplitudes, find out the minimum amplitude of input vibrations to start the 

complete harvester. This is done with a couple of different resistive loads and their 

complete startup profile is presented. Investigate the amplitude needed for the LTC to 

output a stable voltage for the different resistive loads. 
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3.1.1 Caveats 

This section presents some caveats regarding the theory presented in chapter 2. 

Clamping problem 

The theory assumes ideal clamping mechanism, meaning the length of the beam L is assumed 

to be only the free length of the beam, and that the clamps cover an area such that the free part 

of the beam is a perfectly rectangular shape. In this project, this is not possible due to the 

electrodes, the clamp would ruin the electrodes so the structure of the transducer itself makes 

this not possible. Therefore, a smaller clamp will be placed in between the electrodes, as can 

be seen best in Figure 3-3. The clamps are also unable to provide a strong enough pressure on 

the transducer, as the copper plates just bend if the screw is tightened too much. This means it 

resonates at a lower frequency than the calculations in section 2.3.3 predicts, because the 

cantilever structure will not be as stiff as estimated. This is displayed in section 3.2.2. 

Perpendicular bending 

Essentially a corollary to the clamping problem, the patches can bend not only along its 

longitudinal axis but also perpendicularly. Because any bending at all causes a voltage to be 

generated between the electrodes, this would add extra amplitude to the output voltage signal. 

This would “sharpen” the output sine wave, making the peaks appear higher. This effect 

would be more pronounced at higher amplitudes, and also more pronounced on the A11 patch 

because it is thinner and more flexible. The theory and model only assumes sinusoidal signals, 

so this would likely cause discrepancy between the model and measurements. 

Oscilloscope offset 

A slight DC offset could be observed in the majority of the measurements, this ranged from 1-

10% of the amplitudes measured and was apparent in both the laser vibrometer output as well 

as the piezo element output. Because of this it was assumed to be an offset inherent in the 

scope, and therefore it was simply removed. This is noteworthy as removing the offset could 

be a small source of error. 
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3.2 Equipment list & experiment setup 

This section lists all hardware used to obtain the measurement data. 

Oscilloscope 

An oscilloscope is needed to measure voltage over a short time interval, for the transducer and 

interface circuit outputs but it is also needed for data acquisition from the laser vibrometer as 

its outputs are analog. An oscilloscope is perfect for this because it allows for measuring the 

voltage generated as well as the mechanical movements of the transducer simultaneously. No 

special requirements are demanded of the scope other than it needs more than one channel. 

The oscilloscope used is a Rohde & RTE 1022. 

Waveform generator 

A waveform generator is needed to excite the shaker unit with a sinusoidal signal, the 

waveform generator is a Keysight 33500B series waveform generator. No special 

requirements as only frequencies in the 20-40Hz are needed. 

Amplifier 

The amplifier used is an unspecified model. It is needed because the shaker unit is a passive 

element with no power supply, the signal from just the waveform generator is too weak to 

excite the shaker and must therefore be amplified. 

Laser vibrometer 

A vibrometer is needed to measure the velocity at which the frame and tip is moving. Initially 

the plan was to attach an accelerometer to the shaker frame but it was decided against when a 

laser vibrometer became available. The vibrations are measured using a Polytec OFV2200 

vibrometer controller with a Polytec OFV352 sensor head. Configured at 125 mm/s/V. This 

allows for non-contact measuring of the vibrating structure, and is preferable as it does not 

add any extra weight to the structure like an attached accelerometer would. 
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Shaker 

Since the patch transducers are meant to generate energy using (sinusoidal) vibrations, they 

need to be tested using a device that can produce vibrations of specific amplitude and 

frequency. For this the shaker unit Brüel & Kjær mini-shaker type 4810 is used. 

 

3.2.1 Experiment setup 

 

Figure 3-1 Experiment setup 

Figure 3-1 presents the setup used, in the picture the laser is pointed at the tip of the 

transducer, but was repeatedly moved to the clamping mechanism (frame) to obtain the input 

vibrations. 
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3.2.2 Shaker clamping 

 

Figure 3-2 Transducer mounted to shaker side view 

 

Figure 3-3 Transducer mounted to shaker top view 

Figure 3-2 and 3-3 shows how the transducers are mounted to the shaker, they are clamped 

between two copper plates, and fastened to the shaker by a 10-32 UNF screw. Figure 3-3 

gives a clear view of the clamping problem described in the caveats 3.1.1. 
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3.2.3 Shaker mounting 

 

Figure 3-4 Shaker mounting 

Figure 3-4 shows the shaker mounted to table supported by wooden blocks and transducer 

attached. Because the laser vibrometer can only measure movements orthogonal to its laser, 

and the laser sensor head is a bulky device that must sit horizontal on the table top, the shaker 

was laid down on the table and mounted. One other possibility would be to mount the laser 

sensor above the shaker so the shaker could stand upright, however this is a much simpler 

solution and if the shaker is fastened properly it should still operate as expected. 
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3.3 Experiment results 

This section presents the experiment results along with discussion. 

3.3.1 Resonance frequency measurement 

This section describes how the actual resonance frequency of the structure is found. First the 

shaker is operated manually and tip displacement continuously observed, to find out roughly 

where the resonance frequency is. With the transducer still attached to the shaker, the shaker 

is excited with a simple frequency sweep, the point of maximum displacement will then 

reveal the accurate resonance frequency. This is done for both open and short circuit 

conditions on the transducer output, and the resulting frequencies are compared. After the 

sweep a final verification is done by manually applying the frequency, adjusting it slightly to 

see if the amplitude increases or decreases, to see if the measurement can get even more 

accurate. 

 

Figure 3-9 Frequency sweep A11 open and closed circuit 

Figure 3-9 displays the tip velocity of the A11 transducer for a frequency sweep from 20Hz to 

30Hz. Reading the frequency off this plot it is found to be around 26Hz for open circuit. The 
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same procedure was done for short circuit configuration and found to be roughly 25.7 Hz. 

However, this method proved not to be very accurate, the sweep was set to last 10 seconds 

over a 10Hz range, but it is difficult to know how large the frequency increments are, and 

therefore how continuous this sweep actually is. These factors indicate that such a sweep may 

not be an ideal way of estimating the resonance frequency. It is however interesting to see the 

difference between open and closed circuit conditions, how resonance peak has moved 

slightly and how the amplitude is affected. 

Some experimentation with the function generator showed that it was easier to just manually 

pinpoint the resonance frequency. This was achieved by simply observing the tip movements 

using the laser vibrometer while tuning the frequency of the waveform generator. The 

frequency at which the tip movements have the largest amplitude is determined to be the 

resonance frequency. The results were 26Hz for open circuit and 25Hz for short circuit. 

Therefore, the one used in the resistive load tests is decided to be 25.5Hz. 

The same procedure was done for the A12 transducer and found to be 32.7Hz. 

Discussion 

The curve in Figure 3-9 is expected as resonance frequency in short circuit configuration 

should be lower than in open circuit configuration as described in section 1.1.6 (and 2.3.3). 

We can see a slight difference in the amplitude of these two velocity curves, indicating that 

the tip displaces more in short circuit configuration than in open circuit. This is expected as 

the theory predicts short circuit configuration would make the material softer and therefore 

deform more easily. Another small detail can be seen in the curves, the peak of the vibrations 

in short circuit are shifted a little to the left relative to open circuit, meaning it reached its 

resonance frequency sooner in the sweep i.e. it’s slightly lower, which is also expected. 

These values are also much lower than the frequencies calculated in section 2.3.4, the 

calculations show that A11 has a resonance frequency of roughly 45Hz, but the measurements 

are closer to half of that, 25.5Hz. The same discrepancy is seen in A12 as the calculation 

gives roughly 59Hz and the measurement is 32.7Hz. This discrepancy is caused by a 

combination of the two following factors: Clamping problem, and non-uniformity, which 

have been described already. 
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3.3.2 Decaying oscillations (shaker test) 

The decaying oscillations of the structure is also analyzed, because it reveals some important 

information on damping factor and by extension Q factor. The initial idea was to perform a 

“touch test” where the transducer is mounted to the shaker and lightly tapped with a pen, the 

output voltage would then be a decaying oscillation and could be used for estimating the Q 

factor. However, the output voltage did not turn into a clean sine wave until after several time 

periods, creating a good decaying oscillation by manually touching it proved to be more 

difficult than assumed. Instead, it was decided to use the laser vibrometer to measure tip 

displacement, and then use the shaker to induce oscillations. After the transducer reaches a 

steady state, the shaker is switched off, then the resulting decaying oscillations are used. The 

vibrometer outputs velocity, this can be integrated to plot a displacement curve, but this has 

no real effect as it would have the same rate of decay in the oscillations. Two methods are 

used, the first is using logarithmic decrement, and the second is the ring-down method. 
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Figure 3-5 Shaker test decaying oscillations A11 

Figure 3-5 displays the tip velocity of a shaker test; the shaker is switched off after reaching a 

steady state and decaying oscillations are observed. 

Logarithmic decrement 

The first method is using logarithmic decrement, the natural log of the ratio of any two 

successive peaks. 

 𝛿 =
1

𝑛
ln

𝑥(𝑡)

𝑥(𝑡 + 𝑛𝑇)
 (3.1) 

where x(t) is the amplitude at time t and x(t + nT) is the amplitude of the peak n periods away, 

where n is any integer number of successive, positive peaks. Furthermore, this is connected to 

the damping ratio through the following relation. 
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𝛿

)2

 
(3.2) 

Since damping ratio ζ and Q factor are linked through Q = 1/2ζ a simplified equation for Q 

factor can be established. 

 
𝑄 =

𝜋

ln
𝑥(𝑡1)
𝑥(𝑡2)

 
(3.3) 

Where x(t1) and x(t2) are amplitude of any two successive peaks, this equation is only valid if 

the system is not too close to the critically damped regime, that is δ << 1. This equation would 

theoretically be easily applicable to the data in Figure 3-5, however when zooming in on the 

peak values the curve reveals some quantization error. 

 

Figure 3-6 Peak values of decaying oscillation A11 

Figure 3-6 presents a zoomed in view of two successive peaks and it is revealed that the data 

is visibly quantized. This is a problem obviously because when choosing which value to put 

into equation 3.3, the peak values cannot be trusted because of their heavily quantized nature. 

Because of this, a curve fitting technique with MATLAB was used, fitting set to cubic 

interpolant. 
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Figure 3-7 Shaker test after curve fitting A11 

Figure 3-7 displays the shaker test after curve fitting using the same curve as in Figure 3-5. 

This does not mean the calculations will be completely accurate but it is undoubtedly an 

improvement over the raw data. Instead of picking arbitrary amplitude peaks and calculating 

Q factor from that, the calculation is done for a range of peaks and an average value is 

estimated. Also, we disregard the first amplitude peak after the decaying has started, this is to 

ensure that the shaker is completely off and doesn’t apply any more force to the structure. 
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Figure 3-8 Fitted curve peaks A11 

Figure 3-8 shows the amplitude peaks used for calculation, the results are presented in the 

table below. 

Peaks 1,2 2,3 3,4 4,5 5,6 6,7 7,8 8,9 9,10 10,11 11,12 

Q 30.75 23.93 28.22 21.29 26.04 18.79 24.3 44.02 26.65 17.22 19.35 

Table 3-1 Calculated Q factors A11 

12 peaks were chosen and the resulting Q factor calculated for each pair of two, a total of 11 

different Q factors. The arithmetic mean of these is Q = 25.5, which is deemed to be the most 

accurate estimate possible with the available data. The exact same procedure is applied to 

transducer A12, the curves are omitted but the data is presented in the table below. 

Peaks 1,2 2,3 3,4 4,5 5,6 6,7 7,8 8,9 9,10 10,11 11,12 

Q 17.9 21.3 20.43 32.31 17.62 24.14 21.02 14.6 24.56 21.46 18.27 

Table 3-2 Calculated Q factors A12 

The mean of these values is Q = 21.2. 
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Ring-down method 

The second method to estimate Q factor is the ring-down method, it is a very simple method 

which involves only counting how many cycles it takes to halve the amplitude, and 

multiplying this number by 4.53 [20]. It does not matter which peak we pick as reference, as 

the Q factor should still be the same. This can be done by looking at Figure 3-8, roughly 

speaking one can see that the amplitude halves after something close to 5.4 periods, which 

works out to a Q factor of 5.4 * 4.53 = 24.46. Doing the same thing for the A12 transducer, 

the amplitude halves after about 4.5 periods which equals a Q factor of 20.38. 

Discussion 

For the A11 the logarithmic decrement method results in Q = 25.5 while the ring-down 

method gives 24.46. For A12 the logarithmic decrement gives 21.2 and 20.38 with ring-down. 

The fact that both methods give similar answers is a good indicator, the discrepancy is 

roughly -1 for both which indicates the margin of error here is likely not very large. It is 

however difficult to know exactly how accurate these estimates are, but they are likely the 

best possible estimation given the available data. 

The laser vibrometer could theoretically have been set to a higher velocity range. It was set to 

125mm/s/V, which was assumed to be sufficient, however one could reduce the quantization 

error with a lower one. The two other settings available was 25mm/s/V and 5mm/s/V. For 

example, setting it to 25mm/s/V would have given higher voltage outputs, and by extension 

the quantization error would be of smaller magnitude. However, this would only work if the 

velocity does not cause the voltage to exceed ±10V, which is the maximum output swing 

according to the hardware manual [21]. The output of the A11 shaker tests already reach that 

amplitude using 125mm/s/V, which means setting the velocity range to 25mm/s/V would 

multiply it by 5 i.e. 50V which would just cause the controller to go into overdrive. 

The manual states that the lower velocity ranges are only to be used if the signal is lower than 

±2V, and for none of the shaker tests were signals lower than that value, so the controller 

remained configured at 125mm/s/V. 
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3.3.3 A11 Resistive load tests 

This section describes the tests using the transducer connected to various resistive loads, 

including open circuit configuration. In each set of data, both the tip movements and frame 

movements were measured, in addition to the output voltage. For each load, two amplitudes 

are evaluated (second one is double the first), all excited with the same frequency. The 

objective of these tests is not to gather as much power as possible, but to analyze the patch 

transducers functionality, the resistive loads effect on their operation, and to gather 

information that can compared to the RLC model. Because the laser vibrometer can only 

measure one position at once, the tip and frame must be measured separately. After measuring 

the movements of the frame, the laser is moved to the tip and the same measurement is done 

over again, it is assumed that the rest of the system remains the same after this move. This is 

the reason the frame and tip movements sometimes appear to be in phase, when they are 

obviously not. All input vibrations (from shaker) are sinusoidal. The A11 was determined to 

have a resonance frequency around 25.5Hz, which is used in all these tests. 

A11 Open circuit 

 

Figure 3-9 Frame and tip velocity (Open circuit) 
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Figure 3-9 displays the measured frame and tip velocity for amplitude 1 and 2, this is raw data 

output from the laser vibrometer. Peak frame velocity is roughly 0.043 m/s and 0.086 m/s for 

amplitude 1 and 2, respectively. This confirms the doubling of input amplitude causes a 

doubling of the velocity and causes the frame to move twice the distance. Ideally this same 

linearity would be observed at the tip as well, but this deviates from linearity by roughly -7%. 

I.e. the tip does not move exactly twice the distance by doubling the amplitude but closer to 

1.93 times the distance. 

This data is curve fitted and then integrated to obtain the displacement. Figure 3-10 displays 

the movements of the frame and tip of the cantilever. As we can see the peak displacement of 

the frame is roughly 0.27mm for amplitude 1 and 0.55mm for amplitude 2, while the tip has a 

peak displacement of about 6.8mm and 13.1mm, respectively. 

 

Figure 3-10 Frame and tip displacement (Open circuit) 

Figure 3-10 illustrates how small vibrations at the base causes the transducer to deform. 

Taking the derivative of the frame velocity gives peak acceleration values of about 6.88 m/s2 

and 13.77 m/s2 for amplitude 1 and amplitude 2, as shown in Figure 3-11. 
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Figure 3-11 Frame acceleration and output voltage (Open circuit) 

This means an applied vibration of amplitude 6.88 mm/s2 at resonance frequency 25.5Hz, 

causes the tip to displace by about 6.8mm which in turn generates an alternating signal of 

about 67mV peak value. While an applied amplitude of 13.77 mm/s2 generates a 123mV 

signal. Confirming a satisfying level of linear behavior. 
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A11 with 10kΩ load 

The same measurements were performed with a 10kΩ. 

 

Figure 3-12 Frame and tip velocity (10kΩ) 

Interestingly, when connecting a 10kΩ load we can see in Figure 3-13 that the tip displaces 

more than in open circuit configuration, as a slight increase in the tip velocity can be seen in 

Figure 3-12 relative to Figure 3-9. This is expected because of the change in compliance 

described in section 1.1.6 (also briefly at the end of 2.3.3). The conclusion from that section 

was that an infinitely low resistive load R = 0 (short circuit) would make the material softer 

than an infinitely high resistive load R = ∞ (open circuit). It’s only logical that it would also 

differ with values in between the two extremes. 10kΩ is far from a short circuit, but it is 

infinitely far from an open circuit, therefore one would expect the compliance to be higher 

than open circuit condition but still lower than short circuit condition. Therefore, the tip 

displacement in Figure 3-13 is higher than in Figure 3-9 despite having the same frame 

displacement. 
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Figure 3-13 Frame and tip displacement (10kΩ) 

This effect is more visible in Figure 3-13, where we can see that for amplitude 2, the peak tip 

displacement is about 14.8mm, compared to 13.1mm for open circuit (Figure 3-10), an 

increase of almost 2mm. For amplitude 1 the tip displacement increases from 6.8mm to 

8.5mm, roughly the same increase of around 2mm. Interestingly, the linearity has also been 

affected, it deviates from linearity by about -12.5 %, compared to -7% for open circuit. This is 

still a satisfying level of linearity, as deviations are expected due to the non-ideal clamping 

mechanism. 
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Figure 3-14 Frame acceleration and output voltage (10kΩ) 

As we can see in Figure 3-14, a significantly reduced voltage can be measured at the 

terminals, indicating that an electric field is generated, however it is canceled out so fast that 

the voltage peak only reaches around 10mV, in contrast to about 67mV for open circuit. The 

charges built up at the terminals discharge too fast through the resistor and to the other 

terminal that the voltage can’t build up. 

This shows the connection between the load resistances effect on material compliance, and 

the generated output voltage. Despite the 10kΩ resistor softens the material and allows the 

patch to bend more, it does not increase the measured output voltage, instead it is reduced. It 

follows that if we keep reducing the load towards zero Ω (short circuit) the output amplitude 

will also go towards zero. This is because the net energy in the system always remains the 

same, the load only changes the ratio of how much of the applied mechanical energy is stored 

as electrical energy. 
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A11 with 2.2MΩ load 

 

Figure 3-15 Frame and tip velocity (2.2MΩ) 

We can now easily predict whether the tip will displace a shorter or longer distance once we 

connect a 2.2MΩ resistor and run the same experiment. We would expect the resistor to 

decrease the compliance slightly relative to the 10kΩ setup, which would in turn cause the 

transducer to deform a little bit less. The deformation should be lower than the one measured 

with R = 10kΩ, but also higher than the one measured for open circuit, it should be 

somewhere in between. Figure 3-15 shows the raw output from the laser vibrometer, the 

frame velocity is obviously the same as before. The tip velocity is as expected, a little bit less 

than in Figure 3-12, however this difference is so small it is hardly noticeable. 
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Figure 3-16 Frame and tip displacement (2.2MΩ) 

Figure 3-16 displays the tip and frame displacements for amplitude 1 and 2 with R = 2.2MΩ. 

The peak tip displacement is 7.5mm and 14.1mm for amplitude 1 and 2, respectively. This fits 

with the prediction that it would fall somewhere in between the two former measurements. 

For example, at amplitude 2, the tip displacement increased from 13.1mm, to 14.1mm and to 

14.8mm, for loads R = ∞, R = 2.2MΩ, R = 10kΩ, respectively. This agrees with the theory 

that the higher resistive load, the lower the compliance and in turn, the lower the 

displacement. Additionally, 14.1mm is closer to 14.8mm than it is to 13.1mm, i.e. the 

displacement with R = 2.2MΩ is closer to a displacement with R = 10kΩ than it is with R = 

∞. Which makes sense intuitively, a 2.2MΩ resistor more closely resembles a 10kΩ than it 

does an infinitely high resistance. 
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Figure 3-17 Frame acceleration and output voltage (2.2MΩ) 

Figure 3-17 displays the output voltage and amplitude 1 and 2, along with the corresponding 

frame acceleration, as expected, the output voltage wave approximately doubles in magnitude 

when doubling the amplitude. The output voltages are 73mV and 140mV for amplitude 1 and 

2, respectively. 

 

Discussion 

One point made in this section requires some elaboration, namely the idea that varying 

resistive load affects the compliance of the transducer and in turn affects the deformation. 

This is measured and explained in the above paragraphs, but it is important to note one 

condition for the measurements to take on this exact pattern. It is true that a higher 

compliance (lower R) gives a higher tip displacement, but this only happens if the originally 

applied frequency is not higher than the resonance frequency of the structure. That is, shorting 

the electrodes (low R) will result in a more flexible transducer, but this will not always result 
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in a higher tip displacement (more deformation), as the above paragraphs might imply. It can 

also result in a lower tip displacement, if the applied frequency is higher than the resonance 

frequency. This is caused by the fact that when the compliance increases, the resonance 

frequency decreases and vice versa, this is illustrated in Figure 3-9. 

Decreasing the resistive load R, will reduce the resonance frequency, i.e. it will shift the entire 

curve in Figure 3-9 towards the left, putting the peak at a lower frequency. Now, we can see 

that the tip displacement will increase or decrease depending on what frequency was 

originally applied at open circuit, if it was originally lower than the peak, the peak will move 

closer and increase tip displacement. If it was originally higher than (or exactly equal to) the 

peak the opposite will happen, the peak will move further away and decrease tip 

displacement. 

The reason we could predict a lower tip displacement when using a 2.2MΩ resistor compared 

to the 10kΩ resistor, was only because we already knew that when going from R = ∞ to R = 

10kΩ the displacement increased. I.e. the applied frequency at open circuit had to have been 

lower than the actual resonance frequency for this to happen, therefore we could predict the 

result for the R = 2.2MΩ. Summarizing, the main point is that lower load resistance does not 

necessarily equal a higher tip displacement in a shaker test like this, it could also have the 

opposite effect depending on the excitation frequency. 
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3.3.4 A12 Resistive load tests 

The A12 tests follows the same pattern except for a few changes; the analysis is more 

concerned with the relationship between output voltage and input acceleration. The 

amplitudes 1 and 2 have been multiplied by a factor of 1.5, i.e. the amplitude 1 and 2 in these 

figures are different from amplitude 1 and 2 in the previous section, they are scaled by 1.5. 

This section does not include a discussion at the end, and instead interjects discussions while 

presenting the figures. 

The excitation frequency used is 32.7Hz. 

A12 Open circuit 

 

Figure 3-18 Frame and tip velocity (Open circuit) 

Figure 3-18 shows the frame and tip velocity of the A12 patch at amplitude 1 and 2. The 

frame velocity peaks are 0.065 m/s and 0.131 m/s for amplitude 1 and 2, respectively. 

Verifying the amplitudes 0.043 m/s and 0.086 m/s are scaled by 1.5. Figure 3-18 also reveals 

a noticeable lack of linearity in the tip velocity. Doubling the amplitude doubles the frame 

velocity as it should, but it only scales the tip velocity by a factor of approximately 1.7, 
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deviating from linearity by about -19%. A substantially higher deviation than -7% for the A11 

at open circuit. This is attributed to the clamping mechanism, and the fact that the A12 is 

twice as thick as the A11, i.e. the imperfect clamping mechanism becomes even more 

imperfect as the thickness of the patch increase.  

 

Figure 3-19 Frame acceleration and output voltage (Open circuit) 

The output voltage has a peak value of roughly 215mV at amplitude 1, and 360mV for 

amplitude 2. Since there is a linear relationship between tip displacement and output voltage, 

we would expect the same deviation from linearity in the signal, as the deviation measured in 

the tip displacement, i.e. -19%. This fits the theory quite well because 360mV also deviates 

from 430mV (215mV times two) by roughly -19%. 

The A12 is identical to the A11 apart from having double the PZT, the coating polymer is the 

same size but the active material has double the thickness, which means double the volume. 

Since there is a linear relationship between volume of PZT and voltage generated, we would 

expect the A12 to generate twice the voltage as A11 for the same amplitude (at resonance). In 

addition, we’ve scaled the amplitudes used on the A12 by 1.5, relative to the ones used on 

A11. Because of this, we would expect to see a linear pattern, this will be further discussed in 

section 3.3.5. 
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A12 with 10kΩ load 

 

Figure 3-20 Frame and tip velocity (10kΩ) 

Figure 3-20 displays the frame and tip velocity for amplitude 1 and 2. In the A11 

measurements we saw a higher tip velocity when using a lower resistive load, this is not the 

case with the A12. In this case, the tip velocity barely changes, it is almost identical, in 

contrast to what happened with the A11 where the tip velocity increased and in turn means the 

tip displaced more. One plausible explanation for this refers to the Discussion sub-section of 

section 3.3.3, where the conclusion was that changing the resistive load can both increase or 

decrease the tip displacement, depending on the excitation frequency. This will be further 

discussed when looking at the results for a 2.2MΩ load on the A12. The plots of resulting 

output voltage are omitted as the amplitudes are small and very noisy, but the voltage peaks 

for those measurements are 30mV and 50mV for amplitude 1 and 2, respectively. 
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A12 with 2.2MΩ load 

 

Figure 3-21 Frame and tip velocity (2.2MΩ) 

Figure 3-21 presents the frame and tip velocity with a load of 2.2MΩ. The first thing that 

stands out about this is that the tip reaches a higher velocity than both R = 10kΩ and open 

circuit. One explanation for this is that the original excitation frequency used is slightly less 

than the actual resonance frequency. If that’s the case, that could explain how the tip velocity 

barely changed from open circuit to R = 10kΩ. When connecting the 10kΩ resistor, that could 

increase the compliance to a point such that the resonance frequency decreased just below the 

frequency used (32.7Hz). I.e. 32.7 Hz was originally slightly below the resonance peak, but 

the 10kΩ resistor moved the resonance peak such that 32.7 Hz was slightly above the peak 

instead, the difference remaining about the same. This could explain how the tip velocity is 

roughly the same for R = 10kΩ and R = ∞. Furthermore, it would also explain how it 

increases for R = 2.2MΩ, because the two other cases imply that the resonance peak is 

somewhere between them, and the fact that 2.2MΩ is less than ∞ and more than 10kΩ makes 

this a plausible explanation. 



53 

 

 

Figure 3-22 Frame acceleration and output voltage (2.2MΩ) 

Figure 3-22 presents the frame acceleration and output voltage for amplitude 1 and 2. The 

output voltage peaks are 233mV and 400mV for amplitude 1 and 2, respectively. These are 

higher values than the ones measured under open circuit condition, which is caused by the 

increased tip velocity (and by extension, increased displacement), as described above. 

Another observation that supports the above hypothesis, is the fact that the deviation from 

linearity is less when using 2.2MΩ than at open circuit. Doubling the input amplitude should 

ideally generate double the voltage, i.e. 466mV and not 400mV, this is a deviation by about -

16.5%. It is noteworthy that this deviation is less than the deviation measured at open circuit 

(-19%), because if the 2.2MΩ resistor does move the resonance frequency closer to 32.7 Hz, 

we would also expect a higher degree linearity. However, this is mostly speculation as the 

factor with the most influence on linearity is the mechanical coupling (clamping), and the 

difference measured is only 2.5% which could just be a measurement error, or be said to be 

negligible. 
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3.3.5 Resistive load tests summary 

Amplitude (m/s) A11 output (mV) A12 output (mV) 

0.043 67 — 
0.065 — 215 

0.086 123 — 
0.131 — 360 

Table 3-3 Output voltage peaks (Open circuit) 

Amplitude (m/s) A11 output (mV) A12 output (mV) 

0.043 10 — 
0.065 — 30 

0.086 20 — 
0.131 — 50 

Table 3-4 Output voltage peaks (10kΩ) 

Amplitude (m/s) A11 output (mV) A12 output (mV) 

0.043 73 — 
0.065 — 233 

0.086 140 — 
0.131 — 400 

Table 3-5 Output voltage peaks (2.2MΩ) 

Table 3-3 and 3-5 summarizes the measured output voltage peaks for both open circuit 

condition and with R = 2.2MΩ, respectively. As mentioned before, the A12 has twice the 

volume of active PZT material, meaning it would ideally generate double the voltage. In 

addition to this, the amplitudes used on the A12 are scaled by 1.5 relative to the ones used on 

the A11. This means one could predict the output amplitude on the A12 at input amplitude 

0.065m/s using only the output amplitude of the A11 at 0.043m/s. That is, the output should 

both be scaled by 1.5 and doubled, equivalent to a scalar of 3. Multiplying 67mV by 3 equals 

201mV, which is slightly less than the measured 215mV. The same thing applies to the 

2.2MΩ results, multiplying 73mV by three gives 219mV, just below the measured A12 output 

(233mV). This also goes for the R = 10kΩ results. This discrepancy can be attributed to the 

mechanical coupling and the fact that the two transducers weren’t excited with exactly their 

natural frequency but an approximation. 

The pattern they all share is that the low amplitudes multiplied by 3 gives a slightly lower 

result than expected, but the high amplitudes multiplied by 3 gives a higher result than 
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expected. This is an indicator that at the low amplitudes the A12 maintains linearity, but starts 

to deviate from linearity more as the amplitude increases. 140mV multiplied by 3 gives 

420mV, which is above the result 400mV. Indicating that the A12 output is lower than 

expected because it is subject to a loss of linearity greater than that of the A11.  

Another thing that supports this theory is the fact that the A12 shows a bigger deviation from 

linearity with respect to its own measurements than the A11 does. I.e. doubling 215mV gives 

430mV which is a -20% deviation from linearity, the deviations for 10kΩ and 2.2MΩ are also 

around the same value. The A11 on the other hand has smaller deviations, at most -9% (at 

open circuit). This confirms the theory that the additional thickness of the A12 patch reduces 

the quality of the clamping mechanism and this decreases the linearity of the system. 

Apart from these details, overall the relationship between the amplitudes of applied vibrations 

and the amplitudes of output voltage appears linear. 

Amplitude (m/s) A11 power (µW rms) A12 power (µW rms) 

0.043 0.005 — 
0.065 — 0.045 

0.086 0.02 — 
0.131 — 0.125 

Table 3-5 Output power rms (10kΩ) 

Amplitude (m/s) A11 power (µW rms) A12 power (µW rms) 

0.043 0.0012 — 
0.065 — 0.0123 

0.086 0.0045 — 
0.131 — 0.0364 

Table 3-6 Output power rms (2.2MΩ) 

It is clear from tables 3-6 and 3-7 that the power output at these amplitudes is extremely low, 

this is not even enough to start the LTC interface circuit. It should be noted again though that 

the purpose of these tests was not to maximize power, but to analyze the patch transducers 

functionality, the resistive loads effect on the operation, and to gather information that can be 

used in the RLC model.  

3.3.6 Additional A12 tests 

This section presents some additional tests performed with the A12, the A11 was left out of 

these because it was determined to not be able to start the LTC anyway, as can be seen in 
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section 3.3.7. In these tests, displacement and acceleration of both frame and tip are omitted, 

strictly the velocity of the frame and the amplitude of the output are plotted. Strictly input and 

output is of importance here, as the last sections attempts to analyze the linearity in the output 

voltage, these tests will be looking at the linearity of the applied vibrations (the shaker). The 

amplitude numbering 1, 2, etc. terminology is replaced by the measured velocity in m/s. The 

applied frequency is the same as before, 32.7Hz. 

 

Figure 3-23 Frame velocity and output voltage A12 (2.2MΩ) 

Continuing from the A12 resistive load tests, Figure 3-23 displays the output with three 

amplitudes, 0.2 m/s, 0.275 m/s, and 0.35 m/s. (Blue curve looks discontinuous because it was 

shifted circularly to look in phase with the other two). These amplitudes produce output 

voltage signals of 550mV, 730mV, and 920mV, respectively, which corresponds to an rms 

power of 0.0687µW, 0.121µW, and 0.192µW. 

The interesting part of Figure 3-23 is how perfectly linear the system is at these amplitudes, 

both in the frame velocity and output voltage. Perfect increments of 0.075 m/s separate the 

frame velocity amplitudes, this is important because the increase in the amplitude of the 
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signal being fed into the shaker are also separated by equal increments. Furthermore, the 

increments separating the output voltage are also roughly equal. These two observations 

together confirm an overall linear system. 

It looks like a (slightly) more linear system than the lower amplitude tests done in section 

3.3.4 (the A12 ones). It is possible that the increase in amplitude somehow stabilizes the 

system, and that this causes more linearity. But it is also possible that the lower amplitude 

tests were more vulnerable to measurement errors, as the output voltages were much smaller, 

and that this led to some false conclusions. I.e. the linearity cannot be accurately evaluated at 

the low amplitudes because of errors in the measured. The truth is likely a bit of both, there 

are errors in the measurements that has been misguiding, and based on these observations 

there are also probably structural properties in the system that makes it less linear at low 

amplitudes. 
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Figure 3-24 Frame velocity and output voltage A12 (2.2MΩ) 

Figure 3-24 shows an even further increase of input amplitude and the operational limit of the 

shaker is appearing. 

The frame velocity curve starts to become visibly skewed, and at the highest amplitude the 

lower peaks are distorted. This distortion being only present on the bottom peaks and nowhere 

else indicates that this is not noise from the laser vibrometer but that the shaker cannot handle 

the amplitude, causing the frame to move sporadically at the bottom peaks. Ignoring that the 

frame velocity is a skewed sine wave, if we integrate a sine wave with amplitude 0.63 and 

frequency 32.7Hz we get a sine wave with peak value roughly 0.0031, i.e. 31 millimeters. 

This is beyond the maximum displacement the shaker can provide, as it is specified to have a 

maximum displacement of ±3mm. This confirms that the black curve in Figure 3-24 is 

already outside of the shakers operational limit, which explains the skewing and distortion. 

The output amplitudes are 2V and 2.8V for the applied vibrations of 0.63m/s and 0.77m/s, 

respectively. These correspond to an rms power of 0.9µW and 1.78µW. 
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Figure 3-25 Frame velocity and output voltage A12 (Open circuit) 

Finally, the same test was performed in open circuit configuration. In Figure 3-25 we can see 

the same pattern in the frame velocity, these are the same amplitudes as in Figure 3-24 but 

there is one more amplitude in between those two. As has been well established, a change in 

resistive load can cause a change in output voltage, which happens in Figure 3-25 with respect 

to Figure 3-24. 

The increments separating these three amplitudes (being fed into the shaker) are also much 

larger than in Figure 3-23, where the increments cause an increase of 0.075 m/s. These 

increments are three times the increments used in Figure 3-23, meaning if the system was still 

linear we would expect the frame velocity to increase by 0.225 m/s between each of the frame 

velocity curves in Figure 3-25. Instead, they increase first by 0.09 m/s and then roughly 0.03 

m/s, at which point the curve becomes skewed and distorted. 

The interesting part is how the output voltage continues to increase even after the frame 

relatively linearly, but it is clear the increment from red (0.74m/s) to cyan (0.77m/s) is much 

smaller than the one from black (0.63m/s) to red. If the system was still linear, the increments 

would be the same. 

3.3.7 Full tests with LTC 

This section presents the tests done with the LTC interface circuit connected to the transducer, 

as well as various resistive loads connected to the LTC output. 

Caveats 

One noteworthy caveat is the fact that the amplitudes required for the patches to produce 

enough voltage to start the LTC board are at the limit of what the shaker can provide. This is 

evident from how the frame velocity curves start to deviate from a sinusoidal shape. 
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A11 

The A11 proved simply not able to provide a high enough voltage for the LTC, as became 

evident in the tests. 

 

Figure 3-26 A11 maximum test with LTC 

Figure 3-23 presents a “maximum test” of the A11 patch, the absolute maximum output 

voltage it could generate. The Vin pin plot shows the measured voltage at the Vin pin of the 

LTC, this is the rectified input voltage after the full wave rectifier in the LTC, a 1µF capacitor 

is used as an energy reservoir and input supply for the buck regulator. In this project, the LTC 

is set to 3.3V mode, referring to the LTC3588 datasheet, the undervoltage lockout threshold at 

rising Vin is 4.73V. Since the measured Vin pin voltage only reaches about 2.4V it is evident 

that the A11 patch is not able to start the LTC3588. Figure 3-23 is the absolute maximum 

amplitude test of A11, the frame velocity curve is heavily skewed and attenuated, while the 

tip velocity curve is clipped because it displaces beyond what the laser could accurately 

measure. The piezo output curve is also distorted and even has a substantial DC bias. This is 

likely caused by two things, the fact that the frame does not move in a sinusoidal shape, and 
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the amplitudes are likely so high that the patch also starts to bend perpendicularly to its 

length. This would be more pronounced in the A11 as it is much more flexible. Overall, this 

confirms that the A11 patch simply could not produce enough energy to start the LTC3588 at 

the amplitudes the shaker could provide. The sawtooth looking tip velocity curve is likely 

caused by the controller entering overdrive i.e. the velocity is too high for the controller to 

measure, this is the most likely explanation as the peak velocity is 15m/s, which means the 

signal coming from the controller has peak amplitude of 120V (15m/s divided by 

125mm/s/V). This is the actual  

 

A12 

 

Figure 3-27 Maximum frame and tip velocity, and output voltage 

Figure 3-27 displays the frame velocity, tip velocity and output voltage using maximum 

applied vibrations. The frame velocity peak is about 1.3 m/s, approximately double the peaks 

in Figure 3-25, and maintaining the same shape. Increasing the amplitude past this only 

further distorted the frame curve and did not increase the output voltage. It is clear the shaker 
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is being driven well past its intended amplitudes, but since patch output voltage is a somewhat 

sinusoidal wave it was decided to test with the LTC. The output reaches a peak of 3V. 

The deformation of the patch is likely so high at this amplitude that the laser vibrometer can 

only measure the tip velocity up to a point. After this point, the piece of tape that the laser 

beam is directed at is no longer sufficiently orthogonal to the laser, therefore the tip velocity 

curve is clipped. 

 

Figure 3-28 LTC startup (Open circuit) 

Figure 3-28 displays a 50 second startup profile for the LTC3588 output at open circuit 

condition, using the amplitude displayed in Figure 3-27. As we can see, the voltage stabilizes 

at 3.3V after 35 seconds. 
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Figure 3-29 LTC startup (10kΩ) 

Figure 3-29 shows the same startup attempt using a 10kΩ load resistor connected to the LTC 

output. As we can see, this resistance is too low as the voltage only display sharp peaks of 

0.6V but instantly returns to 0. 

 

Figure 3-30 LTC startup (1MΩ and 2.2MΩ) 
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Figure 3-30 shows the same startup with 1MΩ and 2.2MΩ loads, these resistances are also too 

low as the output does not increase past roughly 1.7V and 2.5V, respectively. 

 

 

 

 

 

 

 

 

Figure 3-31 LTC startup (4.7MΩ and 10MΩ) 

Figure 3-31 presents the LTC startup using 4.7MΩ and 10MΩ as load resistors. As expected, 

the 10MΩ curve increases faster, but they both seem to become equally stable. This is a 100 
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second startup plot, and we cannot with certainty predict how they behave after these 100 

seconds, but it is likely that they eventually stabilize at 3.3V. We can at least be certain they 

do not go below 3V as we can see in Figure 3-31. This is confirmation that the A12 patch 

transducer excited with the frame and tip movements displayed in Figure 3-27 can start the 

LTC3588 interface and delivering a stable 3.3V over a 4.7MΩ and 10MΩ resistor. 

This means the circuit is delivering 0.7µA to the 4.7MΩ load, and 0.33µA to the 10MΩ 

resistor. Corresponding to a power of 2.31µW, and 1.09µW, respectively. 
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4 RLC Model 

This chapter evaluates the RLC model used. 

4.1 Parameters 

Because there is such a large difference in the implementation of the measurements, and the 

ideal conditions that the model parameters require, creating an accurate RLC model is 

challenging. The main problem here is the fact that we cannot completely trust the calculated 

equivalent mass m and stiffness k, the reason we cannot is because the calculated resonance 

frequencies for A11 and A12 differ by roughly 20 and 30Hz compared to the measured 

results, respectively. This is evidence that the calculated moving mass and stiffness of the 

cantilever structure are inaccurate. 

Now, the damping factor d is also needed, which can be determined given the Q factor, which 

was the main reason for measuring the Q factor in the first place. But this can only be done 

accurately given a measure of either m or k. Ultimately making this a problem of adjusting 

either m or k, or both, to agree with the actual measured resonance frequency.  

Measured parameters 

• Resonance frequency  

• Q-factor 

Predicted parameters 

• Equivalent cantilever stiffness 

• Equivalent mass 

Essentially, the problem lies in the fact that we know how the structure moves and resonates, 

but everything we know about the physical structure is inaccurate. Therefore, some 

adjustments must be made. From the formula for resonance frequency 𝜔 = √
𝑘

𝑚
, and from 

knowing the resonance frequency is measured lower than calculated, we can tell that the 
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structure must be either less stiff, or have a higher equivalent mass, or both. From what we 

know about the mechanical structure, it is very likely that the structure is less stiff than 

calculated, because of how weak the clamping structure is compared the fact that the formula 

assumes ideal clamping. It is also likely that because of this, the equivalent moving mass in 

transverse vibration is also higher, meaning both parameters should be adjusted. It is however 

impossible to predict exactly how much either one must be increased or decreases, this will 

have a very large effect on the total accuracy of the model, because these parameters are also 

linked to the damping factor d which gives the resistor Rm value through 𝑑 =
𝑚𝜔𝑛

𝑄
. Meaning 

together they determine the peak current in the circuit which is what induces a current in the 

electrical domain of the circuit through the GEMC Γ. This is what generates a given voltage 

VP, and ultimately this decides how accurate the model is. 

 

𝑉𝑚𝑐 = 𝑚𝑎  𝐿𝑚𝑐 = 𝑚  𝑅𝑚𝑐 = 𝑑  𝐶𝑚𝑐 =
1

𝑘
  

Figure 4-1 RLC model 

Now, one could just try and increase the equivalent mass m slightly and reduce the stiffness k 

slightly so that they give the right resonance frequency, however doing this will result in a 

completely arbitrary damping factor d and indirectly, the resistor Rmc. Which will influence 

the peak current in the circuit, which will result in VP and ultimately determine the accuracy 

of the entire model. 
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There is however one other way, because of the fact we have direct knowledge of the current 

in the mechanical domain. In this model, the mechanical domain represents the mechanical 

movements, and the current Im represents the velocity of the moving mass m through [7] 

 �̇� ≔ 𝐼𝑚 (4.1) 

This is key because we also measured the frame velocity, this is helpful because we have 

derived that equation to get frame acceleration, and now we have both applied acceleration 

and resulting velocity. Overall, we now know everything we need to construct a mechanical 

domain RLC equivalent. It should be noted that this is very simplified because we assume 

operation at resonance frequency, without this requirement being (assumed to be) met the 

entire modeling procedure becomes much more complex. 

Essentially, the definition given by 4.1 simplifies the modelling to the point of removing the 

mechanical domain completely, simply having a sinusoidal current source given by ΓIm, and 

using the given output capacitance of the patches as Cp from the datasheets. It also allows for 

constructing an RLC mechanical domain circuit that gives the resulting current Im. The reason 

for this is that at peak current in an RLC circuit at resonance, there is no voltage drop across 

the inductor or capacitor, it is across the resistor Rm. We have the following equations. 

 

𝑉𝑚 = 𝑚𝑎 

𝑅𝑚 =
𝑚𝑎

𝐼𝑚
  

(4.2) 

Where ma and Im symbolizes peak voltage and peak current, respectively. This means if only 

we knew the equivalent mass m we could determine the mechanical force ma as a voltage Vm 

and this (together with the current Im) would determine the rest of model as it would give 

stiffness k because we know the resonance frequency, and the damping factor d since we 

know the resistor 

 𝑅𝑚 = 𝑑 (4.3) 

Summarizing, if we accurately determined mass m, we would know the full model, the 

resistor, inductor, capacitor, and the voltage source. But the caveat to this is that it renders the 

mechanical domain branch unnecessary because we can just use the measured tip velocity 

directly as the current Im. 
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4.2 Uncoupled RLC equivalent 

It should be noted that no matter how one implements the mechanical domain of the model, it 

will not make a difference compared to (as noted earlier) just removing it and using a current 

source given by the tip velocity and the GEMC Γ. Because taking the measured tip velocity 

into account ensures that when calculating the lumped RLC parameters the current in the 

mechanical branch will remain the same, meaning that when we have measured the tip 

velocity the entire mechanical domain of the RLC model is no longer needed, all we need is 

the current Im, the Γ and the output capacitance CP. In theory, when we have measured tip 

velocity all we need is the uncoupled equivalent circuit. 

 

Figure 4-1 Uncoupled RLC equivalent 

Including the mechanical domain would not make a difference, as determining all the lumped 

parameters take the measured velocity into account to ensure the condition in equation 4.1 

holds, (the mechanical velocity of the moving mass is equal to the current in the mechanical 

domain). This means we can evaluate the model simply by simulating the circuit in Figure 4-

1. However, doing this yields vastly unrealistic values. The tip velocity in the tests were 

around the order of 1 m/s, while the Γ parameter is found to be 

 Γ =
𝑑31𝑏

𝑠11
𝐸 =

1.74∗10−10𝑚/𝑉∗30𝑚𝑚

1.59∗10−11𝑚2/𝑁
 = 0.3283 C/m (4.4) 

Using data from the material coefficient matrix (Appendix B). 
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The capacitor CP symbolizes the patches output capacitance which are given in Appendix A, 

150nF and 90nF for A11 and A12, respectively. Taking for example the open circuit 

measurements with A11 as reference, the peak tip velocity is around 1 m/s for the first 

amplitude, meaning the current source in Figure 4-1 has an amplitude of 328.3mA.  

 Γ ∗ 𝐼𝑚 = 0.3283
C

m
∗ 1

m

s
  (4.5) 

At this point it becomes very clear there is significant error in this model, because simulating 

this circuit with a 328.3mA sinusoidal current source with frequency 25.5Hz, over a 150nF 

capacitor yields voltages in the kilovolt range. This is enormously far from the measured 

output wave of 67mV, a difference of roughly 6 orders of magnitude. 

The error likely lies in the Γ parameter, as there is no reason to doubt the measured velocity or 

the capacitance, one is directly measured and the other is taken from Appendix A. Both are 

likely subject to minor inaccuracies; the capacitance is likely slightly larger because of 

soldered connections and the oscilloscope probes. However, this is unlikely to vary enough to 

be the cause of the error. The velocity could also be wrong but only slightly, most likely not 

enough to cause the error. That means the error most likely lies in the Γ parameter, it must be 

several orders of magnitude too large. After following references in [7], it looks like the 

author (T. Hehn) has slightly misunderstood the GEMC he is trying to use. 

The article T. Hehn references as source for the GEMC [14] lists it as the following 

 𝐾2 =
Γ2

𝑘𝐶
 (4.6) 

And instead states Γ as a factor being directly proportional to the charge constant of the 

piezoelectric material, not stating how to calculate it. But does indeed state that this Γ factor is 

the transformer ratio. T. Hehn gives the following equation for Γ (as noted earlier in chapter 

1). 

 Γ =
𝑑31𝑏

𝑠11
𝐸  (4.7) 

This is a factor proportional to the d31 charge constant, and dependent on the geometry of the 

cantilever structure, so it is unlikely that this is incorrect. It seems the author has just 
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misunderstood and called the Γ the GEMC, when in fact it is known by a different name and 

is not equal to the GEMC. The issue would have been resolved if it was just a mistake of 

using the wrong formula, and that the transformer ratio was supposed to be given by equation 

4.6, but the source [14] clearly states that the transformer ratio is given by Γ. T. Hehn 

explicitly states that “the GEMC Γ will be used to describe the coupling phenomenon”, and in 

the formulas that are identical to 4.6 he calls the effective electromechanical coupling factor 

keff.  

Overall, it looks like the author has called the Γ the GEMC, when it is just the transformer 

ratio between the electrical and mechanical side. Furthermore, he takes what is actually the 

GEMC and calls it keff. This is all that can be said with certainty, but whether it is a mistake or 

not is irrelevant, as the RLC equivalent circuit that T. Hehn uses is taken from [14], and the 

transformer ratio used there is indeed the Γ parameter, which is what has been used in this 

project. 

At this point the RLC modelling comes to a halt, because the only explanation now is that the 

Γ factor is extremely inaccurate, it cannot be as large as 0.3283 C/m. Because this induces a 

current in the milliampere range in the electrical domain if the tip is vibrating at a velocity of 

1m/s, and when the output capacitance is 150nF the spice simulation shows voltages in the 

kilovolt range. One plausible explanation could be that the formula for this Γ parameter is 

meant for much larger beams of piezo material, as it only considers the width of the beam. 

Meaning the A11, A12 and A15 patches theoretically have exactly the same Γ parameter. 

After further investigating how the Γ is calculated, it was first presented in [22] as simply a 

transduction factor, for a length-vibrating piezoelectric transducer, and it is given as equation 

4.7. It also states a condition for this mode, that the length is much greater than the width and 

thickness of the beam (l >>b, h). This is an interesting point because the patches used in this 

project are only slightly longer than they are wide, the piezoelectric material in the patches are 

only 20mm longer than the width. This is a plausible explanation, because if we imagine that 

the patches were much longer, the output capacitance would increase, and this could decrease 

the output voltage to more realistic values. It would have to increase the capacitance by 

extreme amounts since only when increasing the capacitance by several orders of magnitude 

does the spice simulation reach output voltages in the millivolt range. Decreasing the width 

would also lower the Γ factor and in turn lower the amplitude of the current source, which 
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would also decrease the output voltage. Overall, this is a plausible explanation but there are 

likely other unknown factors contributing to this error as well. 

This concludes the RLC model, it is possible to finish by determining the mechanical lumped 

parameters without using the measured tip velocity, and then seeing if the output reaches the 

mV range. However, there is little to be gained from this, as not only for this to work one 

must assume the Γ parameter is correct, but also one must make arbitrary assumptions about 

the stiffness k and/or the equivalent mass m. Both these factors must be assumed 

simultaneously and therefore there is little reason to attempt to further realize the RLC model. 
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5 Conclusion 

This chapter evaluates the material presented, and presents some discussion regarding what 

could have been done differently, as well as propositions for future research. 

Using the LTC interface circuit, the patches manages to deliver an output power in the range 

of roughly 1-2 µW, with currents of 0.7 and 0.33µA through resistive loads of 4.7 and 10MΩ, 

respectively. This means one of these patches can power an average quartz or mechanical 

wristwatch.  

Looking at the product specification of a Nordic Semi nRF52832 multiprotocol BLE SoC 

(Appendix C), the current consumption in Ultra-low power mode is in the 1µA range, 

meaning one of these patches could theoretically power such a chip. This excludes all use of 

the chips radio, because it causes the system current consumption to increase into the mA 

range. In Ultra-low power mode, the chip can remain ON with full ram retention and wake on 

any event with a 1.5µA current consumption. That means two A12 patches connected in 

parallel could theoretically power the chip in this mode. 

5.1 Improvements 

A couple of different things could have been done in preparation 

• Ensure better clamping mechanism 

The results of the measurements would have been much more reliable given a better 

clamping mechanism. This would have allowed for more accurate calculation of 

lumped parameters 

• Accurate estimation of equivalent mass m or equivalent spring factor k. This would be 

extremely helpful as one of these would give the other and vice versa. The spring 

factor could have been measured by placing known weights on the patch while 

mounted and measured how much the structure bends i.e. how much the tip displaces. 

This could give a better estimate of the lumped parameters. 
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5.2 Application 

These patches could be used as an energy harvesting module to supply energy for a wireless 

sensor node, but only enough for it to remain in sleep mode. Most wireless sensor nodes have 

sleep mode current consumption in the µA range, but the nominal current consumption is in 

the mA range. These patches can be scaled and connected in parallel, meaning that if these 

patches were to power a sensor node with 0.3mA nominal current consumption, one would 

need several hundred of them. A much more practical solution would be to increase the size 

of the patches, and subject them to much stronger vibrations than the ones in this project. 

It seems the energy supplied from these patch transducers is not yet enough to replace 

batteries, but one idea could be to augment and serve as an addition to a battery. For example, 

it could theoretically power a sensor node that spends most of its time in sleep mode, that will 

switch to a battery any time it needs to exit sleep mode. This could effectively extend the 

battery lifetime and reduce costs associated with replacing batteries in hard to reach locations. 

5.3 Suggestions 

When it comes to the A15 transducer, it was simply too thick to be used in the vibrating 

cantilever mode. Transducers of this thickness could be much more useful in a shoe sole type 

harvester, as much stronger forces can be applied to bend the patches. 

Clamping both sides 

One idea that could potentially increase the power output, is to completely fasten the patches 

between two mediums, one vibrating and one standing still. Exactly the same as the 

measurements done in chapter 3, except the free end is clamped as well. It is likely that this 

would be optimal for environments with wide band vibrations, because it would have less 

need to be tuned to the right frequency. If the cantilever is fastened in both ends, it would not 

have to be tuned to any particular frequency, but it could possibly result in much lower output 

power because there would not be any increased tip displacement. The tip displacement 

would be the same as the frame displacements. This is however an interesting idea that could 

be researched. 
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