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The stochastic variables x1 ~x2 , .. 90,XN are observed values of 

a given quantit;y· a.t N distinct points of time., A diagram of 

[X_,_} , plotted against t 
L, 

~>vill have quite a ragged apperance" \rle 

assume? however, that the 11 real 11 quantity follows a n smooth 11 curve, 

and that any irregularities of the observed curve are due to acci-

dential circ1.unsta.nces., Therefore , '.r.Je vvant to graduate [Xt} to get 

a 11 Smoother 11 curveo 

There exist.s quite a lot of granduation methods, In the present 

report we discuss graduation by moving averages" This is a more than 

hu11dred years old method vzhich estimates the actual quantity by 

i3 
I: r xt 

\) - '1+\J 
\) =0'. 

for t = T- a.+1 , ,. - a+2, ...... , N + -r-~, where a_::: r .:5. (3 and the 

weights ra,ra+1 , ..... ,r~ are known numberso T\No important problems 

in moving average graduation are how to choose the 11best possiblen 

weights rc. ,ra+'1, .... ., ,rS and the 11best possible' 1 centre r for 

g~ ven range (a, (3) ., 

In this report v:re discuss these problems, and we give a cri ter-

ion for judging the properties of moving averages.. Furthermore 1 vve 

derive moving averages vllhich are optimal according to this criterion 

under general assumptionso When the Xt 's are u..YJ.correlated and 

have equal variance, our optimal moving averages generalize t\.vo well 

1-L."lown optimal moving averages: The minimum-variance and the mini-

mum-R moving averages. These are constructed to minimize z 

and I: (D. z r ) 2 , respectively, 1mder certain constraints .. 
\) \) 

is the usual difference operator .. 

Zr2 
\) \) 

Here 

For the situation with uncorrelated observations with equal 
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varim'lce, we thoroughly discuss the optimal moving averages theO·= 

retically and by me~~s of Monte Carlo experiments. These investi~ 

gations indicate that our generalization of the well-known optimal 

moving averages is not onl;yr of theoretical~ but also of practical 

intereste 
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'1 " ll'TTRODUCTION 

1 .,A.. 'vle have stochastic variables X1 ,x2 , eo., ,XN ~ which are 

observations of a given qua~tity at N different points of time& 

A diagram of [Xt} , plotted against t will have quite a ragged 

appearance@ We assume? however, that st = EXt follows a smooth 

curve as a function of t .. Therfore, we want to graduate 

to get a smoother cur-ve, Or in other words: We W<3.nt to estimate 

the ~~equenc-2_ [ st} ., 

The situation described above arises e., g. in demography rul.d 

actuarial science vrhere one wants to graduate vital rates like 

mortality ru~d fertility rateso 

1.,B" There exists quite a lot of graduation methods.. l'liller 

(1946, p.7) groups them into graphical methods, interpolation methods, 

difference-equation methods, a..'1.alytic graduation and graduation by 

moving averageso Most of these methods have~ at least originally, 

been developed by intuitive and heuristic reasoning and by experi

ence with the methods in practical work., The statistical properties 

of some of the methods have later on been investigated.. Hoem (1972) 

discusses anal3~ic graduation and gives references to several other 

works on different graduation methods" 

1.,C" In this report we will discuss moving average as a gradu-

* ation method This method estimates st by 

(1 .. 1) 

* Moving averages are also used in other connections, eag., to 
eliminate the periodic component in time series analysiso 
Such uses of moving averages are not the subject of this report., 
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for t = 'f - a+1, 'f - a+2,,. , " , N +T ~~ S , where a:;:: T.::;: S and the ~J~reights 

are known real numberso 

In connection with (1 .. 1) we define: The moving average is 

centralized if 1·-a = ~-'T ., It is symmetri£ if we in addition 

have r = r 
'T-\J '1+\J 

for all \) " is called the range of the 

moving average and 'T its centre, 
~-

The lengt£ of the moving average 

is l = S - a.+1 .. Finally the moving average (1c1) is said to be 

exact for a function ~ 
.-(-' 
lJ... 

cp( t) = 
s 
I: r ~')( t - ,. +v) 

\) 
\) =0:. 

1oDo Moving averages have been used for more than a hundred 

years to graduate mortalit;y tableso Historically we have three 

different types of moving averages: The summation formulas, the 

minimw~-variance and the minimu~-R moving aver~ges@ z 

The summation formulas were developed, chiefly by British 

actuaries, in the y\Sars '1870 to 1910o At that time the available 

calculating equipment was very primitive and, consequently, it was 

computationally ver-J advantageous to employ more additions and fewer 

multiplicationso Therefore, these moving averages are obtained by 

superimposing several unweighted summations, together with an adjust

ment to make the formulas exact for cubicse The probably most cele-

brated of these moving averages is the Spencer's 21~term formula .. 

This may be given by: 

(1 .. 3) 

+ 6Xt_5 + 18Xt_4 + 33Xt_3 + 47Xt_2 + 57Xt-'1 

+ 60Xt + " " • ) , 



where the dots D1dicate that the moving average is symmetric~ For 

a thorough discussion of the Spencer's formula ru~d the s~umnation 

formulas in general we refer to Wl1ittaker and Robinson(i924,pp~288~290), 

The ~~ericau EoLo De Forest did in the years 1870-80, inde-

pendent of the British actuaries, a series of works on graduation .. 

These workE were published in obscure places a.Yld therefore were 

little noticed or used until attention was drawn to them by Wolfenden 

(~924)o De Forest constructed moving averages, exact for cubics, 

which minimize 

(1.A) 

for z = 0 and z = LJ- ,. Here ~ is the usual difference operator 

and we use the convention that rv = 0 for v <a or v > f3 .. 

(A motivation for minimizing 

Independent of De Forest, Hardy later on suggested t;hat one might 

construct moving averages which minimize R2 R2 or R2 (see 
0' 2 3 

Wolfenden, 1924, p.108) .. 

In a series of important works Sheppard (1913 
' 

1914a 
' 

1914b 
' 

1914c 
' 

1915 
' 

1921) followed Hardy's suggestion., He found moving 

averages, exact for polynomials of given degree, that minimize R2 
0 ' 

and he shmved the close connection between these moving averages and 

the method of least squares. (We shall have a closer look at this in 

chapter 3.) Furthermore, Sheppard found general expressions for 

moving averages, exact for polynomials of given degree, \JIThich mini-

mize R2 and R2 But. as Hardy. he did not find these moving 2 3.. ' ' 
averages 11 Convenient for practical purposes 1' (Sheppard, 1915,p·151) 

because of their complex formo 

lNhile De Forest, Hardy and Sheppard all discussed both moving 
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aver8~ges that mj_nimj_ze R2 and moving averages that minimize 
0 

R2 for z > 0 , this is not the case for many la te:r authors. z 
Most EuropeaL authors after Sheppard only discuss moving 

') 

averages that minimize R; . This historical division between 

t:1ese moving aiTerages malces it convenient to look upor.:. them 

as two different types of moving averages. We will denote the 

moving averages vrhich Llinimize and R2 , for z z > 0 1 for 

minimum-variance ancl mini.mum-R moving averages respectively. 
~~---0 ·- ·-""='""" ·~~ - - ..... \'0'! ........ ...- -=~ 

(In some connection:3, hovv-ever, we will say minim"Lun~R0 movi:ng 

averages for the minimum-variance Ewving averages. ) 

The minim."Lun-variance moving averages have been given a 

thorough statistical treatment by many authors. Among impor-

tant works from the last decades we may mention Kendall ( ·j 91~6) 9 

J ecklin and Strickler ( 195L~) 1 Weichsel berger ( 1964) 1 SverdrLl.p 

(1967) and Anderson (1971). To day the statistical theory of 

these moving averages are well developed. It is based on the 

method of least squares. Furthermore 1 tlw minimum-variance moving 

averages are constructed not only exact for polynomials 9 but 

also for other fm1ctions. 

While the minimum-R moving averages are little used and z 

discussed in Europe, they are much in use in north-America. 
-x

These moving averages are, as far as the pre,sent author lmo~Ars , 

* When the manuscript of t_his report was ready for ty:ping, the 
authors attention was drmvn to a paper by Gerber ( 1977). He shows 
how one may construct mininrmn-Rz moving averages exact for other 
functions than polynomials. For this purpose he minimizes a 
quadratic form analogous to what we do in chapter 3 in this report. 
For the minimization Gerber uses a result similar to our lernma 3. 5. 
However, even if some of the results given in th1s report are 
similar to results given by Gerber, his work does not change the 
main ideas in this report. Therefore, we have not fotmd it 
necessary to rewrite the manuscript. 
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up to now only constructed exact for polynomials 9 and their 

theory is in little extent expressed in statistical terms. 

Important contributions to the theory of the minimurn~Rz moving 

averages are in the last decades given e.g. by Greville 

19571 1966, 1972~ 1974) and Pollard (1971a, '1971b). 

An interesting attempt to combine the philosophy behind 

the minimum-varianceand the minimum-Rz moving averages is given 

by l1Iichalup ( 1956). He finds the symrnetric moving averages of 

length up to 9, exact for cubics, which minimize AR~ + BR§ 
for given A and B • 

I.E. One main probleill in graduation by moving average is 

the follo•J'iing~ What is the "best" chaise of the weights 

ra. 9 rOo+ 1' ..• 'rs ? Close related to this is the question hovr 

we "'best" possible may choose the centre 'T for given range 

'J:lo answer these questions we have to 1mow what to mean by 

Hbest 11 • Thus 9 we have to ask the fundamental question~ ~'That is 

the purpose of the graduation? vve discuss this question in 

Chapter 2 ~ and we try to answer it by defini.ng a loss function 

for judging the graduation. The risk, i.e. the expected loss? 

consists of two components. One depends on the ~~ 

* and the other on the erratic componeJl::t V t = Xt- S t 

l s 1 t 

These 

two quantities are studied separately. In connection with the 

first we also discuss for which functions a moving average is 

exact. 

In Chapter 3 we show how we may find nwving averages, exact 

* The terms trend and erratic component are used according to 
Sverdrup (1967). 
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for a given function, v:hich minimize the second component of 

the risk among movL1g averages with given range and centre. 

In the case wher"e the observations are uncorrela ted with equal 

variance 1 moving averages that are optimal in this sense gene-

ralize the minim-urn-variance and. the minimw11-R2 moving averages. 

The important case where x1, x2 9 ••• , XN are m1eorrela ted 

with equal variance is thoroughly discusses in Chapter 4. We 

give a short review of the knovm theory of the minimum.-varig,nce 

and the minimmn-Rf7 moving averages and find some new results 
"-' 

for these. It is worth mentioning that we construct minimwn-Rf7 
"-' 

"jl:,"' 

moving averages exact for other fu_nctions than polynomials . 

Further~ in this chapter we find moving averages that generalize 

Michal up 1 s ( 1956) results. In connection Vii th the actual 

moving averages vro also discuss different choices of the centre. 

Previously, as far as the present author knows, such a discussion 

is only done for minimD~l-variance moving averages exact for 

polynomials (see Veichsel berger, '1964, Kockelkorn and RUger~ 

In d1.apter 5 we compare different moving averages theoreti-

cally and by mear1s of Nonte Carlo experiments. These investi-

gations seem to imply that our generalization of the well-knovm 

optimal moving averc-1ges not only is of theoretical~ but also 

practical interest. In this chapter we also find the interesting 

result that Spencer's 21-terms formula (1~3) is approximately 

equal to the corres1)0:;.1ding minimum-R5 moving average. 

By graduation vrith the moving average (1.1) we only get 

estimates s t for the centraJ. values t = 'f-0+1, 'f-a+2, ••• ,N+T-P 

See footnote on page 4. 



Therefore, an important pro-blem is how we JJ.1ay lind estimates for 

the end values t = 1,2, •• ,T-a and T = N+T-~~1,N+T-P+2, .•• ,N. 

This problem is not considered in this report. In the last 

chapter we comment upon this and some other unsolved problems. 

As seen in the historical revie·w in the preceecling paragraph, 

there does not exist a lliLified statistical theory for moving 

average as a graduation method. In addition to the new reslLl ts 

we give in this report, we hope this work also will give a 

contribution to such a theory. 
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2. THE GENERAL TiiliOEY OF GRJ-I.DUATION BY J:v10VING A \lEHAGES, 

2.A. In this chapter we first clarify our statistical 

model. Then we discuss the fundamental question~ 1il1m t is the 

purpose of graduating the sequence {xtl? This discussion 

justifies that the graduation of sequence of observations may 

be judged by the loss fu.nction (2.4). The risk 9 i.e. the 

expected loss, consists of two components~ depending on the 

trend and the erratic component respectively. The,se two compo-

nents are studied separately. In this connection we also 

discuss for which functions a moving average is exact. 

2.B. Vie observe a given quantity at H diffeTent points 

of time. The observed values are X19 X2 , ... ,XN. VIe suppose 

that the moments of first and second order exis-t, and we define 

I: = Covm (X) == E(X- S )(X- t;) '. 
rv rv rv rv rv r.J 

Here the prime denotes a transpose. We do not specify the 

model any further. 

vve let denote the erratic component. Then, of 

course, EV = 0 and Covm (V) = Z . 
rv rv 

In connection with the moving average (1.1) we introduce 

the vector 

and the (N-P +a.) X N rna trix 



r T' r CL+2 . . . rP 0 0 0 0 
I a --CL+ 1 u \ ' 
I \ I o r r . . . r rn 0 0 0 -a a+·1 r-1 1-' \ 

1, 

0 0 r . . ~ r[3-2 ri3 -1 rp 0 .. . " 0 \ 
(2.2) H 

a 1 = 
r-.; 

.. 
0 G 0 ra r r :r 0 . . . a+1 Qo+2 () 

\ 
p 

/ \0 0 (\ 0 r ra+l rp-1 r\3 ~ . . . v a . . . 

In this report vre will only discuss hovr to estimate 

for the central values t = T-a+1, T-a+2, ••. ,N+T-P . Therefore 

if we define~ 

.:·~ r. .,.._ 

1 = Cs-r-a.+1' s,..-a.+2J .... ,:;N+'f-p) 1 

we have~ 

RX = Rs + RV 
r-...f'J r-...rv ~ 

We will in the sequel feel free to also denote (2.1) and 

(2.2) a moving average. 

2. C. As seen in .Paragrapll 1.D. 1 there a;r::e in the literature 

different opinions of the purpose of graduating a sequence of 

observations by moving average. The two main poi::.1.ts of view 

are reflected in the tvro most used criteria for optimal moving ave-

"1' · · R2 · · · n 2 <ll, • -'-h rages: 1' lYllmlze 1. or m1n1nnze n , uaua~ y Wlt-. 
0 z z=3, ~~der certain 

constraints. These optimal moving averages are constructed to 

give as good 11 fit 1' and 11 smoothness~r, respectively, as possible. 

Hichalup (1956) tries to balance these tvw requirements. 



The present author believes that different requirements 

must be taken into account vvhen graduating. ·vre want St to 

be a good estimator for st for each t , that the sequences 

{~ l and is 1 shall have nearly the same gradients and t t 

curvatures etc. Altogether we want the sequence !gt! of 

estimates to agree vri th the sequence of means in a 

general way. How successfully this is obtained may be measured 

by the quantities 
zh " ') 

(1.'1 s t - b. L·s t) ,_ ; t = ~-a+1,T-a+2, .•• ,N+T-P-z , 

z = 0, 1 9 2,... ~ Small values for z = 0 indicate good 11fi t 11 s 

small values for z = 1 good reproduction of the gradient etc~ 

JI'rom this discussion it follows that we may judge the 

graduation of a sequence of observations by a loss function of 

the form 

where K< N- fl +a- 1 and the vJeights atz are non-negative 

real numbers. In this report we will only consider the case 

where the a, 
"GZ 

~s are equal independent of t . Then, if we 

put a "' atz the lo,ss function may be VJTi tten = ~ ' z t 

"' K a lJ+'T -~- z 
(b. zg _6 z'f -'--) 2 (244) Ta(s9s) 2::: 

z 
2::: = N..:.f3 +a. . .:..=z ' rv rv 

Z=O t=~-a+1 
- t _) 1_, 

f"',J 

where ~ = (a0 ,a1 ,q •• ,~) is 

mnnbers. We will always let 

a vector of non-negative real 
K 
~ a = 1 We note that the '-' . z 

Z::::O 

choice of a depends on ·v1hat v.:re aim at by the graduation: 

a 0 is the weight for the 11fit 11 , a 1 for the gradient, a 2 for 

the curvature, a~ for the 11 smootlmess 11 , etc. 
) 

It is of interest to note that in the case of analytic 



graduation a lo.ss f1..mctiol1 as described above is of no use. 

In this case the requirements leading to (2.4) is apriori 

satisfied by the choice of graduation flmction. 

\ve will give (2.4) in matrix notation. Introduce the 

(N-~+u) X N matrix 

B = (O(N~P+a)>< ('t' -a) I(N-P+u) 0 (N-f3-Kl)x(f3-'f)), 
rv "' ,-..; 

where ~xn n 
u is the mX n zero matrix and I is the nX n 

identity matrix, and the (N-[J+a.-z) x (N-f3+a) matrix 

;Q = z 

Then we find 

0 

0 

( ~ )( -1 ) z- 1 • • • ( ~) ( -1) 0 0 0 ••• 0 

(~)(-1)z ... (z~1)(-1)1 (:)(-1)o 0 ... 0 

0 

I 
and the loss function (2.4) may be written 

,.,.,,.. 

(2.5) Ta(s,~) 
rvr-...Y"V 

where T rva is the (N~~p +o) X (l'J -!3 +a") matrix 

K a t 

(2.6) T L: z 
D D == l'l"-J3"+a,-z rva 

Z=O 
rvz rvz . 

It is easy to prove that ,~a is non-negative defi,;::Li te and 
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positive definite if and only if a 0 > 0 . 

If the trend { g _,_! -vvas knovm 9 we could judge the gradua-
" 

tion of a sequence of observations by the loss function ( 2. 4-) 

or (2.5). Since this is usually not the case we have to be 

contant with the risk, i.e. the expected loss& Thus, we want 

to graduate the sequence of observations such that the risk 

A 

(2.7) r(s,~.E) = ET~(s,g) 
rv ~ rv f'J 

is as small as possible. 

By ( 2 • 3) and EX = Q we f i:ad 

(2.8) 

where W = RV • This shows that the risk consists of two 
"' '""-"" 

components. One depends on how the moving average operates on 

the trend, the other on how it operates on the erratic component. 

In the succeeding paragraphs vv-e shall study these two 

components more in detail. 

2.D. In this paragraph we will have a closer look at 

the first term in the risk function (2.8L Since T is 
"'a 

positive definite for a 0 > 0 ~ a necessary and sufficient 

condition for 

a is 
rv 

or equivalently 

R 

St = ~ rv St-T+V 
"V==a 

to vanish for all vectors 



average has to be exact for the trend lr;t} . Thus 5 we want 

to study for which functions a given moving average is exact, 

and which moving averages that are exact for a given function 

(or rather class of functions). Since these questions are 

studied extensively, 1n the literature (see e.g. Elphinstone, 

1951 , Jecklin and Strickler, 1954,- and Sverdurp 1 1967) we 

will here 011ly give a brief review of the most important 

results. 

By ( -1 g 2) the moving average ( 1. 1) is exact for a fm1ction 

~ if and only if 

(2.9) 

This shows that a moving 

average is e:x:act for cp if and only if 1 cp( t)! , for integer-

valued t 1 is a solution of the homogeneous linear difference 

equation (2.9). Hence, by the theory of linear difference 

equations (see e.g. Henrici, 1964 1 pp-137--ILl,O) we get the 

following well-knovn1 result~ 

function cp if and only if ~ for all j_nteger-valued t may 

be ~rvri tten 

(2.11) cp(t) = 
j=i m=O 

where c 1 ,c2 , ... ,cp are the (real or complex) distinct roots 

of the characteristic equation 

(2.12) 0-a 8-a--1 ( 'l) T-a rpZ' +r0 _1+z' + ••• + r- z + .... +r ,J p- 'T a = 0 
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with multiplicity h1 ,h2 ,.~.,hp respectively and the ejm 1s 

are unknown pararJJ.eters. 

This theorem characterizes the functions for which 

a given moving average .i.S exact4> We will 

now show that if ~ is of the form (2.11) for arbitrary 

c1 , c2 , ••• ,cp, h 1 ,h2 , ••• ,hp we can always find a moving average 

that is exact for ~ , and we will find which conditions the 

moving average has to fulfil for this to be true. The following 

lemma is useful. 

Le~..§L-2 .Jl.: A moving average £ = ( ra., r a.+ 1 , ••• , r·F3 ) ' with 

range (a.,p) and centre T is ey~ct for tmct if and only 

if 

(2.14) 

for n = 0,1, ••• ,m 

Proof: By (1.2) ~ is exact for tmot if and only if 

m t t c 

or equivalently 

for t = T-a+1, T-a+2, ••• ,N+T-~ . If we compare the coefficients 

of tj for j = 0,1, ••• ,m this gives 

where 0 .. 
l;J 

is the Kronecker delta symbol. 

equivalent to 

This is again 

0 
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From this lemma v:re immediately find~ 

Let c 1 ,c2 ~···,cp be distinct real or 

complex numbers and h 1' h integers. Suppose the real 1 ' . ""2 ' ••• ' . p -

function cp for integer-valued t may be written 

h.-1 
p I 

tmc~ 
<) 

(2.16) cp(t) ::::: I 2: 8 . 
j=1 m=O Jill J 

where the 8 . 's are unkno-vm parameters. Then a moving 
Jill 

average r ::::: ( ra jJ ra 1 ~ ••• ' rC) ) ' 
~ +. ~ 

'•vi th range (a,p) and centre 

T is exact for cp if and only if 

(2.17) 

for n = 0,1,~~-,hj-1 ; j = 1,2t$~~,p • 

Further we f LJ.cl : 

_9orq_:Llar,;z.,~~~ Suppose cp is of the form (2.16). 

·:rhen there exist non-trivial moving averages of length 
p 

l > I:: 

j=i 
Proof~ 

hf:-1 which are exact for cp . 

The trivial moving average given by and 

for V~T is exact for all l'unc-!:;j_ons. If •de exclude this, a 

moving average with range (o:.,~) and centre T is exact for 
p 

cp if and only if it satisfies ·the L: h. linear indepeuc1ent 
j= 1 J 

equations ( 2. 17). These may always be .fulfilled for a moving 
p 

avera0r:re of len,gth 1 = 8 -ca 1 > L: h. +1 • · 
'-' I ~ .., n 

j=1 <.! -

By Theorem 2. ·10 and Corollary 2. 18 there exists a moving 

average, exact for a ftmction cp ? if and only if cp may be 

given by (2.16) for suitable c. t s 
J 

and h.'s 
J 

Now any 
p 

trend Is ! t 

large enough. 

may be given in this way if only I h. is 
j=1 J 

However, this is of little practical interest 

because then, by Corollary 2.18, only very long moving averages 

are exact for cp • This in turn will make the form EW'T W 
rv rvarv 
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in the risk flL!.ctioJ.'l (2.8) very large. Hence~ in general, 

the first term in the risk function (2.8) will not vanish 

completely. Suppose 9 however, that the trend for each interval 

(indexed by t) of length l may be given approximately by 

h.-1 
p J 
I: L: 

j=1 m=O 
A ( t) ( t )me t-1t.t :.; . +jJ. . 

Jill J 

where the coefficients are allowed to depend on the actual 

interval. If we then construct the moving average exact for 

the class of functions gi -ye:;.1 by ( 2. 16), the term 

(EJ -J1~) 1 ~a LE£ -,JJ~) i.n the risk function will nearly vanish. 

We will then denote the class of functions ( 2., 16) a p~sis. for 

the moving average. 

We note tr...a t more than one class of functions may be used 

to approximate a given trend ls.J 
G 

We may, for example~ 

approximate the trend v:i th a linear function on each inter-val 

of length 5, with a polynomial of degree two on each interval 

of length 9 or with a polynomial of degree three on each inter~ 

val of length 13. The best of these choices of basis is the 

one that minimizestherisk function (2.8). 

vfe will now find an expression for the term 

in the risk function ( 2. 8). Vie have under the usual assumption 

r\.1 = 0 for v < a or 'V > f3 ~ 

8 ' z 2: (!:. r )V 
\) t-'T+\.I+Z 

V=Ct-Z 

Hence 
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(2.19) E"W 1 T vi --
f'""..;,J r...Jarv 

K a H+'T -f3 ~ z 
I: 

z 2: = lT-f3 +O,~ z Z=O t='T -a+ 1 
I: 2:: (6 2 r ) ( 6 2 r )o 

'V ' jJ. t-Z+V+Z t-Z+jJ.+Z 
VjJ. ' 

where I: = {o .. ! . 
('-...J lJ If we introduce 

and the (l+z) ~'< l matrix 

0 0 

(2.21) 

we find 

and by (2.19) 

0 

K 
L: 

Z=O 

0 

az N+'T-[3-z 

N-P+o"-i I: t='i-0,+ 1 

Thus we have proved~ 

The term 

is given by 

.. . 

(6 r) 1 L: (b r) 
rv zrv "'t z rv 'Zr-' 

in the risk function ( 2. 9) 
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(2,23) 

where is the lX 1 matrix 

(2 .. 24) 
K az N+'r-S-z 

s 2:: = I: N":n -r-o_..:.-z . 2:: ~z ! 2:: A rVa, rvtz 
Z=O ,- "C='r -Ct+ 1 z 

We further have by (2.19) and the preceding theorem~ 

matrix, we have 

(2.26) 

where 

(2.27) 

R2 
z 

EVv 1 T vi {"'...) rvarv 
2 K 

= u L: 
Z=O 

is given by 

K 
Q = 2:: a D.! 
~a z ""'Z Z=O 

" ,.., ZT h /;:J = v 1'6 , w. ere is the identity 

( 1. 4) and s rva is the lX 1 matrix 

/j rvz . 

Thus~ .if the ob:serva tions are uncorrela ted and have equal vari

ance 0 2 , the quanti ties R; enter in a simple way in ( 2. 26). 

We will have a closer look at this in Chapter 3. 



-- 19 -

3. OPTHTAL r10VIHG AVERAGES. 

3.A. In the pre~eding chapter we found that we will 

perform the graclt1ation such that the risk (2.8) is minimized* 

Therefore, the question is whether we can find a moving average 

which does this. This problem is a very complicated one since 

it involves a simultaneous choice of length 9 centre, basis and 

weights for the moving average. Because of this we instead 

find moving averages which are optimal in the sense that they 

minimize EW' T "VI in the class of m.ovinll averaaes with ;:riven 
rv rvarv '-' '-' -· 

range, centre and basi::c. In this chapter we see hov1 this can 

be done and hovr these optimal :noving averages genc;ralize the 

minimu~-variance and minimmn-Rz moving averages. 

3.B. Let now 2 
I: = cr C . where ,..-...; r-...; ,J' 

c ,..._, is a JrJ1ow:n positive 

defini t matrix, and suprwse the trend in each interval of 

length l may be given approximately by 

~ h~ --l e (t) (' )mct+\-1 
L. L. • "'(; -H,.l ' 

Jm J j= 1 11==0 

where c~ 7 c2 ? ••• , c are distinct real or complex nrunbers and 
I p 

The coefficients e(t) may depend 
Jill 

on the actual interval (compare Pa.ragraph 2 .D.). Then, if \'le 

choose ~ given by (2.16) as basis for the moving average and 

restrict ourselves to moving averages of length l 1 the term 

(R 5 - B s) 1 T (P~. s - B s) in the risk will nearly vanish. Thus, 
rv rv rv rv ~a .f'"'\.,J rv rv rv 

we want to find a moving average that is optimal in the sense 

that it minimizes the term in the risk (2.8) in the 

class of moving averag~s of given length l , given centre 

~ and basis ~ • 
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1/fe may now vJrj_te for the basis 

( 3" 1) 
m 

c.p(t) = L: 
i=1 

p 

8.A.(t) . 
l l ' ' 

where m = L h. 9 the 
-'·-1 J J-

are of the form t m t c. 
J 

and 

the 8 . ' s are unknovm 
l 

parametersG Then, according to Theorem 

2.15, a moving average with range (a~~3) and centre 'f is 

exact for cp j_f and only if 

(3.2) 
p 
>' .~ A. (v) = A. \r 'f) '--' ~\) l l 

V=a 

We now introduce the vectors 

JJ,t) = (X . - '-t-'f+Ct 9 

and the mX l matrix 

The constraints (3.2) may then be given equivalently by 

(3.3) r 1 A 1 8 = A 1 ('f) 8 for all 8 E Rm . 
r-u rv rv rv r ... , rv 

Furthermore, ·by Theorem 2. 22 

(3.4) 

where is defined s:iJnilarly to 

Thus 9 we have to minimize r'S r ""' rva 9 c rv 

in (2 .. 24). 

m1der the constraint 

(3.3). This problem is solved by the following lemmas. 

~~~a 3 ~5 ~ Let ~ be a mX 1 matrix of ra11..k m (m < l) 

and let be a positive definite lX 1 matrix. Then there 



exists a unique * l r EJR rv 
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vrhich mimimizes 

,tEJR1 under the constraint 

for all 

-hL 

among all 

where c EJRm is a knmm vector. 
t'J 

r is given by~ 

-)(-

X 

A proof of this lemma is given in Appendix A. -x-

~el11lll~~3.:_?~~, 1:2he 1 x 1 rna trix ,.§a C is positive definite. 
9 

Pro~£~ Each Qt~z , defined similarly to kt,z in (2e20)~ is 

positive definite because Q is positive definite. Furthermore} 

each A' 
rv Z 

is positive definite because 

x 1 (!J. 1 C 1\ )x = (~'~ :x:) 'C..L (/1 x) > 0 and e_qual to zero if and 
rv '""-' 'Zf'-' t ? zjot;z "-' ~ Z"-' rv G 9 Z 1-0 'Zf'-' ~~ 

only if A x = 0 , "ltvtlich j_s equivalent to x == 0 • Thus vre z~ rv r-.J rv 

have 

K 
\' 
w 

L~=O 

and equal to zero if and only if X 1 (6 1 C 6 )X 0 
!"...-' r~...J zr-..;t 1 zrv z rv --

for all 

z such that a,7 > 0 and all t • TbereforP x 1 S x = 0 
~ L - - ~, ~ ~a,C rv 

if and only if ,;e = 0 , and the lermna is proved. 

If we combine Lemma 3.5 and 3.6 we get the following 

main result~ 

XJ:Le..?_E~~-2=!...1 ~ Suppose I: = a 2c 
' 

where c is a known 
rv rv t"v 

positive definite matrix. Then there exists a unique moving 

* * * * average £ = (ra,ra.+ 1 , ••• ,rp)' which minimizes in 

the class of moving averages with range (a,~) , centre T 

* By using a result of Gerber (1977), it is possible to give 
an easier proof of Lermna 3. 5, compare footnote on page LJ-. 

!I 
-~ 
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-* 
and basis en given by ( 3$ 1) ;; is given by 

(3.8) 
'L 
7' 

3. C. Vle will investigate somewhat closer the case where 

are uncorrelated observations with variances equal to 

2 
cr ~ ioe. Q = .J; in the preceding paragraph. Then, by 

Corollary 2.25, given by (3.8) vdth S = S , where "-'SL,C "'a 

is given by (2.27), is the unique moving average which minimizes 

K 
I: 

Z=O 

in the class of moving av-erages with range (a 1 [3) , centre "T 

and basis ~ as above. Vle find that a = 1 
0 

gives the 

minimum-variance and - 1 , for z > 0 the minimu.m-R 
K z 

moving average. (Remember that 0 and L: ai = 1) 
i=1 

Hence the optimal moving averages given in Theorem 3.7. genera~ 

lize the well known optimal mo~v-ing averages. The theorem also 

gives a generalization of Nichalup 1 s rJoving average, which we 

get for a + a~ = 1 • 
0 J 

We will have a thorough discussion of the case with un-

correlated obser-v-ations with equal variance in the next chapter. 

3.D. Theorem 3. 7 gives moving averages ·which are optimal 

in the sense that they minimi.ze EV1 1 T W 
r"....J rvarv in the class of 

moving averages with given rarrge (a,~) , centre 'T and 

basis c.p given by ( 3. 1 }. It is now of interest to fj_nd the 

value(s) of 'T , a ~ T ~ p ~ which minimize A value 

of 1 with this property will be called an _op_timal centre for 

moving averages with range (a,/3) and basis ~ as above. 



The following corollary to Theorem 3.7 is of interest when 

v:re will find optimal centres. 

where r 
r-.J 

is a moving average , -1-1 wl "·'1. range 

··] 

2-EVJ 1 TW--r 1 S r 2 rv .-varv - r::. "-'a ('" 
0 ' J 

(a~P) 9 centre T 

and basis ~ given by (3.1), is 

where ,Sa r,(T) is the (T-a+1)-th co1Ull1 ... n- (or row-) vector in 
9\J 

the lX 1 is the optimal moving average 

given in Theorem 3.7. 

Proof~ By 'J:heorem 3. 7. the minimum value of is attained 

by r 
rv 

given by (3.8). No1v we have 

and the corollary is proved. 0 
-)t -)~ 

By this corollary T ,a < T < f3 , is an optimal centre for 

moving averages with range (a,!3) and basis ~ as above if and 

only if 

In the Corollary 3. 9 sho\·Js that the miniffil.l.m 

value of is 

(3.10) * S (T)r rva "' = z 2r:c * a ( -1) · 6 -""r 
Z T 

~his follows from (2.27) and the fact that 
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(3.11) 0 

0 
! 

0 (2z)(- 1)2z (2z)(- 1)z .. (2z)'-!lo j 
0 • • z * 2z \ " / 

•.......... .' 0 (~z)(- 1 )2z ...• (2::)(-i)/ 

(3Q10) generalizes Sheppard's (1912) result that for the minimum-

variance moving averages we have and Greville's 

result that for the minim~un-R moving averages we have z 

( 194 7) 

We \'Jill have a closer look at the choice of optimal centres 

for the case Q = l in the next chapter. 

3. E. It was knovv.n already by Sheppard ( 1912) that the 

smoothed values one gets by the minimwn-varj_ance moving averages 

are equivalent to the values one gets by the method of least 

squares (See e.g. Sverdrup, 1967, pp.347-351 ~ for a thorough 

discussion of this.) Greville (1947 9 p·258) has generalized 

this result to the minim~un-Rz moving averages~ 

Sheppard 1 s result may be generalized also to the optiE1al 

moving averages given in r:I:'heorem 3. 7. 

·'· 
Let 9 be the 8 EJRm which minimizes 

"' 

Then we have 



- 25 -

Proof~ It is well lmovm (see e.g. Scheffe 9 1959, :pp.19 - 21) 

that 

Thus ~ by ( 3. 8) , .,,re ha7e 

*' r X(t) 
rv rv I • 

D 
3. F. We complete this dJ.apte:r.' of the general theory of 

optimal moving averages by to useful corollaries to Theorem 

Q_o_J:::g .. ll,§-.FL~l~~J.l~ ~ = (ra~r0_+ 1 , ••• ,rf3) 1 is the m1ique optirnal 

moving average given in Theorem 3~7. if and only if ); satis-

fies the follow~ng conditions: 

- \ 
lj There exists - m 

,~t 1 E JH :3uch that 

ii) .J;'k,'Q =A' ('r),S for all ,QElli111 " 

Proof~ The necessity of the two conditions is trivial. We 

have to prove that they are sufficient. Suppose that i) and 

ii) are satisfied. Then there exists such that 

We will find z1 . From i.i) we have 

for all Q E R111 , or equivalently 



Thus~ we have 

and 

This proves that the conditions are sufficient .. 

----./ 

iL9_I21J-~3£J:2~1J:~ Let :f be the class of sequences b:) 
which are solutions of the linear difference equation 

(3.15) 

for some 

and 

K 
r: 

Z=O 

8 A A 
~~,,__~2'"~*9 .... m 0 

such that 

* r = 0 for \) 
\) 

and \) 

m 
8 .A . ( \1) 

l l 

Suppose there exists a sequence 

= o:.-K, a-K+ 1, . . . , a-1, 

= p + i' !3+2 
' ' .. • ,8 +K 9 

=A.('T) 
l 

for i=-l 9 2, ••• ,m. 
\)=0. 

* * * * Then ,;£ = ( ra ~ rcr.+ .1 , ••• 9 rp)' is t:i.1e optimal moving average 

with range (a,P) centre T and basis c.p given by ( 3. 1) for 
0 

the case k = a c..); 

0 

Proof~ It is sufficient to prO'le that ,;£ satisfies i) and ii) 

in Corollary 3.13. Condition ii) is satisfied by assQmption. 

Further 9 by (3.11) and 
";'\ 

r = 0 
\l 

for " - "! 17 a 1 fl+1 Q+lr V- U..=..t.)...,•cc1 ..... ?',_.. 9v••'J!.=J :\.. 

we find 



= 

= 
y 
~>. '7 

L: a (-'])""' z 
Z=() 

5 
2 ~r a l 

• ,I 

r. 2z "'I ·, u rp; 

m 
2:: e1 .A.(a)\ 

. 1 l l 
l= \ 

i • I 

=( m /1 
·\ ";"' A A (r )i 

-""""'~' 'li i';-',/ 
l= I 

for some 21 = (e 11 ,e 12 , .•• ,8 1m)• 

the corollary is proved. 

Thus, i) is satisfied and 

.0 



4. OPTHJf.AL MOVIIifG AVEHJ':.GES \"THEN THE OBSERVATIONS A:RJ"S UN-

CORHELltTim AlTD HAVE EQUAL VARIANCES., 

4.A. In tr~is chapter v're use the general theory i'ro:-n the 

preceding chapter to find OIJtimal moving averages when the 

observations are uncorrelated and have eqllal variances,. 

First we give some general results for this case. Then we 

give a brief review of some well knOitfi_'l. results for minimum-

variance and minimrun-Rp moving averages. We also find some 
LJ 

new results. Of special interest is perhaps the discussion 

of optimal centrei3 for mj_nimum-R moving averages and that 1de z 

find minimum-R2 moving averages exact for other functions 

than pol;rnomials. At last 1ve discuss how we can construct 

optimal moving averages when more thaE one in the loss func-

tion (2.4) is positive. 

Throughout the chapter -vv-e assm'l.e 

4.B. * ~ * * Suppose we have given a moving average ;s = (r~,r~+ 1 , .. 9.,r~)' 

vvi.th range (a 9 ~) ?-nd centre T • Then vre can define a new 

moving average .~ = (~~~P;;'-P+I 9 ••• ,;;'_a)' with range (-p,-a) 

and centre -'T by 

( 4. 1) rV * 
r = r,, -v " 

We will investigate the co112:1ection between these two moving aver-

ages~ 

lf1e first give tvro lemmas 

See footnote on page 4. 



Let and be the moving averages given 

1~y r4 ·1) r:..L'le_._,en •··re ,_,,.,a-~·,re I.J .- \ l • 0 "- ' LJ. 

~f 
0 for z = 0~'1,2J•••s where as usual r ;:::: for 

\) 
,...._, 

\j < CL or \I > I~ 
•" and r 

p = 0 for [.1 < -~ or p > - CL 

* rv l--!2J!Ela j-. 3 ~ Let ,.:!; a:~1d ,t be the moving averages given 

by (4.1). Then r rv is exact for if and only if r rv 

'J:he proofs of these lerrunas axe straightforward.. (Compare, how

ever, Leum1a 2.13 for the proof of Lemma 443.) From these lenunas 

and Corollary 2. 25 V.Je i:mmediately have: 

* Theorem 4.4~ Let r = 
--~---"""""'~-~--.. 0-' 

* * ~'-Cr ~ r 1 .•••. r~') 1 be the optimal a, a.+ - , ::' 

moving average with r<:tnge (a.,~) centre T and basis 

cp(t) = 
j=1 lil=O 

Then . - (4.";) glven Dy is the optimal 

moviEg average ·with range ( -0, -a.) ~ centre -1'" and basis 

p 
1J'(t) = 2:: 

j=1 

and the tvw moving cwerages have the same value of 

Especially for optimal moving averages vv-i th range (-k,k) and 

polynomials as basis, the theorem sho-vm that vve by ( 4. 1) easily 

can fincl those with centre 'T" < 0 from those with centre 

T > 0 • Thus 9 'v'!e may in this case concentrate on finding opti-
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mal moving averages with centres T > 0 . Fllrthermore ~ we see 

is an optimal centre~ then -T also is an optimal 

centre. At last, -by letting T = 0 , we see that an optimal 

centralized moving c:werage, exact for polynomials, is symmetric. 

nomj_als ~ have been well knovm for a long time and are studied 

extensively in the li ter·ature, compare Paragraph I.D. l\1ost 

authors, however 9 only discuss the centralized case, E~::eptions 

are Greville (1947), Weichselberger (1964), Pollard (1971b) and 

Kockelkorn and RUger (1974). 

Weichselberger (1964) gives a thorough discussion of how 

one may find the minimm.11-variance moving averages of ;r.:·ange 

(-k,k) 1 centre T and polynomials of degree m as basis, 

and he gives explicit formulas for the weights -~ (m) 
--'-\IT for m 

up to five. (The formula Weichselberger gives for m = 5 is 

somewhat wrong. The correct formula is given by Bergan~ 1976, 

p.84.) \ilJeichse1"Jerger also discusses how one may find optimal 

centres. His result is that for m = 0 all centres are eqv.ally 

good, for m = 1 T = 0 is the optimal cerrtre and for m = 2 
~~ 

the optimal centres are T 
I 2 ' 

-X'-
and 

-- 2 ------""i 
T 7:- = r_jJJJ<::;~J=:iJ. J , where 

or T * = cJ1?J~il-" _ _;!:_1,] + 1 depending on which gives the smallest 

, ( 2) 
value of rT*T* (see Weichselberger, 19649 p .. 223) . 

v 

'' 

From 

this and numeric computations he conjectures that T = ·J is 

the optimal centre -v1he:n m is odd, while tllis is not the c2,se 

for m even. Later on Kockelkorn and Ruger (1974, p. 326) have 

proved that T = 0 is the optimal centre for m = :; • Numeric 

computations by the present author for m = 4-,5, ••• 1 9 also 

inclica tes that vleichsel berger 1 s conjecture is true (see Borgan ~ 
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1976, p~ 84 - 87) lie b.ave, however~ rwt succeeded in proving 

any general results in this direction. 

-)f-

In Table 4.20 we have given the optimal centres 'T > 0 

for m = 2, L~ and different values of k . In Appendix C vre 

give the v.reights of the centralized minimum-variance movj_ng aver-

ages, exact for cubics, for k = 3,4, ••. ,10 • also give 

the values of for for the actual moving 

averages. l!Iore tables for the minimt..1ID-variance moving averages, 

exact for polynomials are given in Borgan (1976, Appendix B). 

4.D. We will in this report also see how we may find 

minimmn-variance moving averages when ·i:;he basis has exponential 

tenns, i.e. at least one in (2.16). This problem 

vvas first discussed thoroughly by Jecklin and Strickler ( ·1954). 

They, however, only discuss the centralized case. We will 

also see hovr we may find the optimal centres. We illustrate the 

teclmi.que by tvw examples~ 

The most usc;d flmction for analytic graduation of mortality 

rates for aclul t ages, is the GomJ;;ertz-IVIak.eham.. 1 ::;, formula (see 

e.g. Hoem, 1972, p. 569) 

t 
a + P c , 

vrhere and For mortality rates 

c is usually close to 1. 1. VJe will see how we may coi:struct 

minimum-variance moving averages with this function as ba.sis. 

It is convenient here to use range (1,1) and centre 

T , i < T < l . By Corollary 3.13 the weights r'VT for the 

minimmn-variance moving average are given U.Diquely by~ 



vrhere a 
T 

and b T 
c:tre found from the equations~ 

l l v T : T' = 1 1:: ,~ c - c 
V=1 

~\lT 
V=1 

~'V'T" 

or equivalently 

(4.5) l l 
c'V 2\J 

a L: + b L: c = CT . ,.. 
\1=1 

T 
'V=l 

If we solve these equations for aT and b and substitute 
T 

the expression for r we -F·l· -nd o VT ? J _,_ - " 

(4.6) 

By the remark succeeding Corollary 3. 9 the optinlal centre 

is the value of T 'dhich minimizes r_.,. 
'j ! 

T as a continuous variable we may differentiate 

respect to T • We find: 

and hence = 0 for 

1 + 

Discussion of the sign of shows that 

If we consider 

r 
TT 

with 

is the value 

of T tha.t minimizes r 
TT 

Thus the optimal centre is 
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* [ f'l * [ h] T = ,-·' or T = 'T 11 +'l depending on wlJ.ich gives the smallest 

value or 

LOB 

1.10 

1 • 1 2 

L 

r ~<- * 
T 'T 

3. 1 

3. 1 

4.2 5.3 I 6.4 7.5 

4.2 5.3 6.5 7.7 8.9 •j 0. 1 

Table 4.8~ The value of // given in (4.7) for different values 

of c ancl l . 

J.,l 
Table L~~ 8 give::: T" for different values of c and l 

We see that for small values of c and l the centralized moving 

averages are optimal. If c or 1 (or both) increases the 

op~imal centres also increase. 

Jecklin and Strickler (1954 1 pp.144 aiJ.d 155) have given the 

centralized minimum-variance moving averages of length 5,7,9,11 

and 13 when c = 1. 10. The optimal centre,s in this case are 

given in Table 4.23.(In the table we use range (-k,k) . Hence, 

to get the optimal centres corre:::poncling to range ( 1 ,1) vre have 

to add k+1 to the values given in the table.) VJe find that 

the centralized moving a-,..rerages are best for 1 = 5, 7 7 9, 11 . 

* For l = 13 , however, the optimal centre is 'T = 8 , and the 

corresponding moving average is 

(.06728, .068379 .06957, .07088, .07233, .07392, .07567, 

~·073?0, .07972, .08205, .08462, .08744, .09054)~ 



while the centralized minimum-variance rJoving average of length 

13 l. ~ _o 

c.o9467, .09267~ .09047, .os8o4~ .085389 .08245, ..!':Jrr~g • 

• 07567, .07177, .06743, .06276, .05756, .05185). 

We notice that the weights for 'T=8 is strictly increasing 

and for '1=7 (i.e. the centralized case) strictly decreasing. 

This is due to the following: 

The weights are generally given by 

a'T and b'T are the solutions of (4.5). Some computations 

novr give 

< 0 for 'T < 'T 
:f-; 

b 0 for 'T 
# = = 'T 

'T 
I 

> 0 for > 
{J 

'T 'T 

vJhere :fl . ( ) 'T lS given by .4.7 . Thus, the wei.ghts are strictly 

increasing if # T > 'T and strictly decreasing if 

In the case considered above we find from Table 4.8 

In Appendix 0 we have given the weights r.v'T -J<- corresponding 
v ,, 

to the optimal centre 'T 

(Also in the appendix we use range (-k,k)). We also give 

* " Rc 
z for z = 0,1,2,3,4 for tb_e actual 'T and the values of 

moving averages. 

Jecklin and Strickler (1954, p.151) alr3o give the centrali.zed 

minimum-variance moving average of length 7 i·vi th basis a+P c t + 6 t 

when c = ·1.10. We will have a closer look at this case. Then 

consider moving averages with range (1,1) , centre 'T and basis 
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as given above. By Corollary 3. '13 the -weights of the 

minimum-variance moving average are given uniquely by 

, .\) d = a + o c + v T T 'T 

and d 
T 

are the solutj_ons of the equations 

a l + b'T L:c 
\) 

c1 L:v 1 + = T T 
\) \) 

(4.10) L:c 
\) 

b I'c 2\l d Zvc 
\} T 

a'f + + = c 
\) 

T 
\l 

'f 
\1 

L:v bT 2:\lc 'V 
d~ L:v 2 

a-r + + = T • I 
\) \) \) 

From (4.9) and (4.10) we easily find the minimum~variance 

moving average for different values of c,l and T . From 
.. f 

this we may also find the optimal centre -r F·or example for 

l = 7 and c = ·J. 10 ~ which is the case Jecklin and Strickler 

(1954-) consider, we fiJ.1.d the optimal centre * 'f = 3 and the 

corresponding moving average 

while the centralized minimu.m-variance moving average (T=4) is 

We note that the technique used above also will give 

minimmn-variance moving averages with basis for example 

t t 
a+P c 1 + yc z or In each case we only 

have to solve a system of linear equations similar to (4.10). 

This is easily done with modern computing equipment. 

are discussed e.g. by Greville (1947, 197~ and Pollard (1971a, 

1971b). Like most authors Greville (1972) and Pollard. 
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(1971a) only discuss the centralized case. A treatment of the 

non-centralized case is given by Greville (1947) and Pollard 

( 1971 b). By different t(::cl-.uJ.iques they find non-centralized 

:minimum-Rz moving averages exact for polynomials. Greville 

(1947, p. 257) find a gener::J,l e:1..rpression for the minimum-Rz 

moving average with :range (0 9 n-1) 9 centre T and polynomial of 

degree m a c.~ u basis. In Greville (1948, pp. "13-30) he uses 

this to give tables of the minimum-R 3 and ~R 1 moving 
1., 

averages of different lengths c:.cnd centres when m = 3 " 

I'ollard (1971'o) uses a technique similar to that we will give 

below. 

Neither Greville (1947) nor Pollard (1971b) 9 ho1vevers 

discuss optimal centres in connection with the non-centralized 

moving averages. As far as the present author knows, the only 

example in the literature of a non-centralized minimuJTI-Rz moving 

average that is better than the corresponding centralized one 

is given by Greville (1974, pp. 395-396)~ (In this connection we 

exclude the m.inimum-R 0 or m.inirnum-variance movLJ.g averages, 

compare Paragraph 4"C.) vre will see below that a no:n-ce:ntrali-

zed moving average usually is best when we use polynomials of 

even degree as basis. 

·we now proceed to see how we rn.ay find the minimum-R moving z 

averages, exact for polynomials 9 from the theory given in Chapter 

3. The following theorem 9 which is a generalization of a theorem 

of Greville (1972 , p.9) and a result of Pollard (1971b 9 p.8), 

is an easy consequence of Corollary 3.14 ancl the theory of 

linear difference equations (see e.g. Henrici, 1964, pp. 137-140) • 
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(a,~) , centre T and pol~1omials of degree m as basis is 

given uniquely by 

(4. 12) ..[_,~ (m) = 2z+m 
"T COT+ C~TV + ••. + 0 2 '\) "' , z+m,T 

v = a~ ca 1 , ••• , P , vrhere the c. 's are given by 
l'T 

(m) 
0 for \) a-z, .•. ,a-1 rV'T = = 

(4.13) 
and \) = ~+1, ••• J~+Z 

and 

(4.14) 
p 

r (m) "p = p v'i , 'T ; p = 0 , 1 , ••• , m • 

This theorem gives us a procedure for computing the minimum-En 
LJ 

moving average of range (o~, [3) , centre r a:ad polynomials 

of degree m ~s basis. We first find the c, 's as solutions 
lT 

of the 2z + m+'l 

after the weights 

linear equations (4.13) and (4.14) and there

r (m) by (4.12). 
'VT 

By this method we lJEct ve computed the minimLun-Rz moving aver-

ages of range ( - k ~ k) for z = 1 , 2 , 3 9 4 ; m = ·t , 2 , 3 , 4 9 k = 3 , 4 , • • . , 1 0 

and all centres T > 0 • T1wse with centres T < 0 are folli~d 

by the remark succeeding Theorem 4. 4. Also j_n this case 

we want to find the optimal centre (or 

of T which minimizes R2 = ( -1) z 6 2 z z 

The Figures 4.15- 4.19 show how 

* centres) 'i , i.e. the value 

(m) ( ( )) rTT compare 3.10 . 

varies with for the 

minimum-R3 moving averages for 

The figures also give the weights 

m = ·1 , 2 , 3, L~, 5 when k = 1 0 • 

r(m} corresponding to the VT* ~ 
-;(-

(Similar figures for z = ·1, 2, ilr are optimal centre T > 0 . 

gi ve:1 in Borgan9 1976, Appendix .A.) 
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for the minimwD-R z 
moving averages of range (-k,k) and polynomial 

of degree m as basis. 

4 .F. In this :paragra1Jh we will see hovr we may find n:inimum~ 

Rz moving averages with exponential basis. As an exanple we 

shall find the mininn.un-Rz moving averages e:cact for Gompertz-

Makeham's function. Other exponential bases may be treatad 

in a similar way. 

vie will use the same technique as in the preceding para-

graph. From Corollary 3.14 and the theory of linear difference 

equations vrc find that the miniml)Jn-R moviw:;o· avera.ge with range z ~ ~ 

( ' l~) -K~n.. ~ centre and Gompertz-Makeham 1 s formula, o:+P c t , 

as basis is given by 
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(4.2'l) 2z ·r = C +C 1 \1+ ••• +C 0 \1 +C2 1 \IT OT T LZ,T Z+ 1 T 

'l . .vhere the c. 1 s are the unique solutions of the equations 
l'f 

(4.22) 

t: rV'r = 
\1::::-k 

\1=-k 
r c\l 

\IT 
" = c' 

r\IT = 0 ; \1 = :!:: (k+ 'I), :!:: (k+2) 1 ••• , :!: (k+Z) 

Thus, we may find the actual minimum-R moving averages from z 

(4.21) and (4.22) for different values of c,k and T • 

Vve have computed the minimum-R moving averages for z 

z = 1,2~3,4 2.nd k = 3,4, ... ,10 when c = 1.10 for all 

centres. The optimal centres in these cases are given in 

Table 4.23. We note that the centralized moving averages not 

are the best in gc::neral. Figure 4. 24 shows how R; varies 

with 'f for z = 1 and lr 
1.>. = 5 . The figure also gives the 

7~ 

weights rvo corresponding to the optimal centre T = 0 . 
(Similar figures for z = 2,3,4 are given in Borgan; 1976, 

pp. 113-114) .. L1 Appendix C we have given the weights 

corresponding to the optim.al cent::ce * T for z = 1,2,3,4 

* and k = 3, 4 9 ••• , 1 0 when c = 'I • 1 0 We also give T and 

the values of for for tho actual moving 

averages. 
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4.G. The only example in the literature on moving averages 
K .~ 0 

(LZ) L 2:: o..z ~.,. z Rz when more than one az is 
z=O 

which minimize 

positive is given by ~llichalup ( 1956). He finds the s;ymmetric 

moving avero..ges of length 5,7 and 9~ exact for cubics, which 

minimize 
0 

AR~ In this paragraph we will discuss hov: 

we in general may find the optimal moving a'rerages vrhen more 

than one 

cases 

a z is posi ti v•2. It is convenient to discuss the 

:::: 1 and a > 0 ,.,, 
LJ 

for some z > 2 

vlhen a 0 + a.1 = 1 and a 0 9 a 1 > 0 we may find the optimal 

moving averages by Corollary 3.14. The linear difference 

equation (3. ·15) may novr be vr..citten 

(4.25) 8.A.('Y) • 
l l 

Some simple computation shows that the corresponding homo-

genous equation has the general solution 

where 

(4.26) z 1 ~) 
9 ~ 

+ )"~~ + ,, a 
1 

- 3) • 

Thus? the optimal moving average with range (-k,k) , 

centre T and Jlol:ynomia.ls of degree m as basis is given 

by 

(4.27) (m) 
r'V 'f 

ill \) 'I) = c 0~ + c 1 ~v +o •• + cm~v + c 1 z1 + c 2 z2 

where the 

' I ' ill+ ,T ill+ ,T 

o. 1 S are given by~ 
lT 
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\) = + (k+1) • 

Further, the optimal moving average with range (~k 9 k) , 

centre 'T 

(4.28) 

where the 

ancl 

C 'c • w 
l'f 

0 t a-:-vc basis is given by 

now are give~ by 

rV'f = 0 , v = ~ (k+1) • 

We have computed the moving avero.ges given by ( !j "27) foT 

diffGrent values of a>i, k and m 0 As for the minimLUn-variance 

and mj_nimum~E movi:1.g ayer&ges the optj_mal ct.mtre is z 
-)f 

'T = 0 

for m = 1,3,5 (for the values of k and a 1 WG have conside

red) while the centralized moving averages not are the best for 

m = 2, .'} • In Appendix C we have given the weights corresponding 

to the optimal centre T = 0 for 

and We have also given the values of 

when 

R2 
z 

'Z m = _; 

for 

z = 0,1,2,3,4 for the actual moving averages. Similar tables 

for m = 1,2,4,5 are given in Borgan (1976, A~pendix B). 

We have also computed the moving averages givGn by (4.28) 

for different values of a 1 and k when c = 1.0 . In 

Appendix C we have given the v'reights rV'T +<- corresponding to the 
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optimal centre T for k = 3,4, ... ,10 vJhen a 1 = 0.75. 

We have also given 1 and the values of for 

for the moving aver2ges. 

The teclmique used above is not useable in general v,rhen 

az > 0 for some z > 2 • This is due to the fact that we 

usually not are able to find the general solution of the linear 

homogenous difference equation 

corresponding to (3.15). 

Therefore, ir... this case, we have to find the optimal moving 

averages directly by Theorem 3. 7. Accordi_ng to this theorem 

the opt.irnal moving average with range (a ,P) 9 centre 1 and 
m 

basis il A (+). l • • v 
l l 

is given uniquely by 

(4.29) -1 ( -1 )-1 ( ) == s A 1 A s A 1 A I rva rv rv rva .. 0.) rv $' 

where is given by (2.27) and A and A(r) are given in 

paragraph 3.:8. 

By means of modern electronic computors the optimal moving 

averages may be computed directly from (4.29) with high 
,, 

7C 

accuracy • 

We have i'oun.d the moving averages vvi th range ( -k 9 k) , centre 

T and polynomials oi' degree m as basis ·vrhich minimize 
K 

(2z)R2 2: a for different values of k 9 'T ' ill and 
Z=O z z z 

* vihen CDC CYBER 7 4, University of Oslo, was used mi_nimur.o.-RC7 
moving averages computed as described in the paragraphs 4.E.~ 
and 4.F. and directly by (4.29) agreed in all 6 decimals 
given. 
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~<-

ao~a1, ... 9 aK . Also in the~3e cases we find that T = 0 is 

the optiiJlal centre vrhen m = 'i, 3, 5 , vv-hile the centralized 

moving averages not are the best for m = 2 9 4 . In Appendix 

C we have given the vreights corresponding to the optimal centre 

·r = 0 for k = 3 ~ 4, Q • $ 9 10 when m = 3 and 

(0~10 9 0.90) He have also given the values 

z = 0 ~ 'l, 2, 3, 4 for the actual moving averages. 

for m = 1,2,4,5 and for other values of tho 

by :Sorgan (1976, Appendix :S). 

(ao,a3) = 

of R2 for z 

Similar tables 

a 1 s z are given 

vie have also computed the optimal mo1ring averages with 

range (-k,k) , centre T and Gompertz-·.J:.1akeh&il~S formula, 

t 
a+~c , with c = 1.10 , as basis for different values of k,T 

and In Appendix C we have given the v1eights 

r ~<- corresponding to the optimal centre 
\)'f 

= (0.25, 0.75) • * We have also gi ve~1 T and the when (a0 ,a::) 

2 
values of Rz for z = 0, ·1, 2, 3, Lt for the actual moving averages. 

Tables for other vallws of the 

(1976, Appendix B). 

a 1 s - z are given by Borgan 
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5. COHPARISOI:T OF JJil!'li'ERENT MOVING AVEH.AGES. 

5.A. In this chapter we discuss a sort of Hrobustness 11 of 

different moving averages when the observatj_ons are uncorrelated 

and have equal variance$ That is~ we discuss how given moving 

averages perform according to different criteria of optimality 

(i~c. different values of the a 's z in (2.4)). For this 

purpose we introduce the Rz-efficiency defined in Paragraph 

5.B, and we use this and Nonte-Carlo experiments to compare 

different optimal moving averages, exact for cubics, of length 

21 and different optimal moving averages of length 11 with 

Gompertz-rJJ:akcham' s function as basis. The first moving aver~ 

ages are also compared "vvi th the Spenc.er 21-term formula, v'rhich 

is found to be approximately equal to the correspor:.ding minimum.-

p . 
.. L5 movlng average .. 

5.B. In Paragraph 2.C. we fomLd that a 0 in the loss 

function (2.4) is a vreight for tho 11 fit 11 ~ a 1 a vvoight for the 

11 gradientH, a, a ':Jeight for the 11 curvaturer', etc. Furthermore, 
c.. 

when we l1avo by (2.26)~ 

Thus, if we have a :reasonable choice of the bas.is 1 the 

quanti ti,3s R2 
r7 ' 

z = o,·1,2 1 • .. measure hovr a moving average 
LJ 

reproduces different properties of the trend {gtJ A measure 
0 

of the relative size of R~ for a given moving average is 
a 

now the Rz-efficiency defined by: 

Q§JJ-.ll~:ti~l.l_5_._1~ Let ;; = (ra.'ro.+ 1, ••• ,r0 )' be a moving 

average with range (o,,f3) 1 centre T and given basis, and let 
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* ~ u v 

£ = (r~~ r;+ 11 •.• ,r;)' be the m.tnimu.m~R moving average z 
-)(

with the same range and basis and optirnal centre 'T 

Then the R -efficiency of ~ is given by z 

(5.2) e (r) = z '"'-' 

The R -efficiency defined by (5.2) generalizes the 11 errorz 

reducil1.g efficiencya and. the nsmoothing efficiency11 defined 

by Pollard (1971a, p. 22). 1.rhese correspond to J;~(;;} and ,-, 
~e 3 (£) respectively. 

5. C" V!e will compare different centrc:.lized moving average,s, 

exact for cubics~ of length 21. Crhe actual :uwving averages are 

the mininrcun-variance moving average, the I11inir:mm-R,, moving 
""' 

averages for z = 1, 2, 3 9 Llr 9 the optimal moving avere:.ges for 

(a0 ,a1)= (0.25, 0.75) and (a0 ,a3 ) = (0.1, 0.9) ~ and the 

Spencer's 21-term formula ( 1. 3 )o The weights rv of these 

moving averages are given in Figure 5.3. 

The figure shovm that the curve for the weights of the 

Spencer 1 s 21-ter:n formula has the same shape as the curve 

for the minimum-R'7: moving averages for z = 1,2 9 3,4 , but it 
,;; 

is more peaked. Because of this we have also compared the 

Spencer's 21-ter:m formula ·with the centralized 



1.-rhe zed moving averages, 

exa 2L 

minimu.m-R5 moving 9 exact cubics~ of length 21. The 

weights of these two moving averages are given in Table 5v4. Vle 

find that the moving averages are approximately equal. 

V!e will nm•l ser look the Rz-efficiencies of the 

different moving a s. These are given in Table 5.5. First 

·we note that the R -·efficiencies for the minimu.m-variance rnovinc z 0 

average are very for z > 0 ., s indicates that this moving 
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The weights of Spencer's 21-term formula and the 

corresponding minimurr1-R5 moving average. 

F---v. T I T-·--.----r 
I moving 

·-
0 I 1 2 

I 
3 

I average 
'':::-... 

JViin-var 1. 000 0.533 0.065 I 0.007 

T!Iin-R.1 0.937 1.000 0.587 0. 1'12 

JViin-H2 0.866 0.877 1. 000 0.635 

JVIin-H3 0.813 0.736 0.856 1. 000 

Nin-H4 0.774 0.633 0.681 0.850 

(a 05 a 1 )=(0.25, 0.70) 0.971 0.933 0.306 0. OLI-8 

(a0 ,a3)=(0.l0; 0.90) 0.891 0.913 0.898 0.500 

Spencer 0.751 0.577 0.576 0.591 

Table 5~2~ H2 -efficiencies for some centralized moving averages 1 

exact for cubics, o:f length 21,. 

average will perform UllScLtisfactorily if we are interested in 

estimating the trend { s l t 
as a sequence, and not only in getting 

a good estimate of s for each t . We get significantly higher t 

R~- and R?-efficiencies, and only slightly lower R0 -efficiencies, 
I ~ 

i.f we use the optimal novi.ng average with (o. 0 , a 1) = (0.25, 0.75) 

instead of the mininlD111-vc,riance moving averages. Thus, we vvill 

expect the optima.l moving average '.<Vith (a 0 , a .. 1) = (0.25, 0.75) 

to give nearly as good "fi t 11 as the minimu.m-variance moving 

average, and much better reproduction of the gradient and the 



curvature of the trend ! s _,_l 
u 

The same conclusions are valid 

for the min]_:mmn-E1 moving average, 'IVhich has somewhat lower E0 ~ 

efficiency and higher E 1 ~ and R2-efficiencies. Sunnned up 9 the 

minimum-variance moving average is little Hrobust~' to other criteria 

of optimality 9 while the other two moving averages are more 

11 robustr1 • 

Greville (1972) and Pollard (1971a, p.22) claim that the 

minimum-R3 moving average is the best for "smoothing 11 purposes. 

Table 5.5 shows that this moving average has rather low values 

for the R0 - and E1-efficiencies. Thus, even if this moving 

average will produce a Hsmooth 11 curve, we will expect it to give 

a rather bad "fit" and especially an unsatisfactory reproduction 

of the gradient. If we instead use the optimal moving average 

with (a 0 ,a3 ) = (0.1, 0.9) we get a reasonable high E3-effici

ency and much better values of the E0 - ·and R1-efficiencies. 

Further, we see from Table 5.5 that our objections against 

the rninirnum-R3 moving average are even more valid for the 

minimum-E.~_ moving average and Spencer's 2 ·J-term formula. 

To see ho\1T the actual moving averages perforJll in practical 

work, and to test our reasoning above, we have done some ]\~onte-

Carlo experiments. On an electronic computer (CDC 3300, 

University of Oslo) v1e have generated independent and :nonr..ally 

distributed. r;observations" X0 ,X1,.6.,x100 with equal variance 

a 2 and 

7. 

t:J 2 
- 0.02 t + t ' 

t = 0.1, ... , 100 • Then we have graduated these 11 observations 11 

by the moving averages given above. Results for a randomly 
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draw:'l experiment v1hen a = 1. 5 are given in Figure 5. 6 a-l':to 

The }1onte Carlo experiments confirm the conclusions we gave 

from the discussion of the R,-efficiencies. Typically the 
LJ 

minimum-variance moving average produces a somewhat ragged 

curve, while the minimum-R3 and R4 moving averages and the 

Spe:ocer's 21-term formula give 11 smooth 11 curves that badly follow 

the trend {r;t! By e~reball~inspection the minimum-R 1 moving 

average and the optimal moving averages with (a0 ~a 1 ) == (0.25, 0.75) 

and (a 0 ,a3 ) = (0.1, 0.9) give the best results if the purpose 

of the graduation is more than estimating ~t for each t . 
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As in Paragraph 5.C we will study the R~-efficiencies for 
:0 

the actual moving averages. These are given in Table 5.8. Vve 

find a high resemblance between the R -efficiencies of Table z 

5.5 and Table 5.8. In this case as well the R -efficiencies z 

for the minimum-variance moving average are very low for z > 0 

and for the minimL.,un-R7 moving average rather lovJ for r7 :::: 0 and .t..J 

.) 

z -· 1 . The optimal moving averages with more than 

g ive intermediate vahws for the R -efficiencies., z 

one az 
-. 
./ 0 

Also in this case we have made some IVJ:onte Carlo e:h.'J)eriments. 

9 

On an electronic computer we have genera ted independent and normally 

distri buteO. t> observations 11 with equal variance 

a 2 and expected values 

~t = 0.9 + 0.044(1.1)t • 

Then -,"re have graduated these 11 observations'1 l)y the moving averages 

given above. Results for a randomly dravm experiment when 

a = 2.0 are given in Appendix B. 

The Iv1onte Carlo experiments give results similar to those 

given in Paragraph 5.C. In this case as well the minimum-vari-

ance moving average gives a somewhat ragged curve, while the 

minimum-R~/ and -R 11 moving averages produce "smooth 11 curves that do 
:J ~,. 

not follow the trend { s _,_) too well. Only j_n this situation 
w 

the rapidly increasing trend to some extent eliminates the 

difference between the actual moving averages. By eyeball-

inspection the minimum-R1 moving average and the optimal moving 

averages for (a ,a1) = (0.25, 0.75) 
0 

and 

give the best result if the purpose of the grad.uation is more 

than estimating s+ for each t . 
u 



6" COECLUDil\TG HErfJ:P.~.RKS. 

6 .A~ In the p::cesent report we have discussed how to choose 

the weights r'J for a mo\Ting ave:r.'age; and we have fou_nd optimal 

moving averages which generalize the well-known minimmn-variance 

and ·11inimum R rnov·irc-1 -·· l - - z _l -- lC:, averages. Furthexmore, the comparison of 

the different moving averages in Chapter 5 indicates that our 

generalization of the usual criteria of optimality is not only 

of theoretical~ but also of practical interest. 

However 9 many problems remain to be solved. \Je have only 

discussed in detail the situation with uncorrelated observations 

·with equal 'lariailce. A more thorough discussion of other co-

variance-structures would be of interest e.g. in connection 

with graduation of mortality tables. Even whe~1 the observations 

are uncorrelated and have equal variance~ several problems are 

unsolved. The most important of these are~ 

i) By numeric methods vve have founrl the optimal centre(s) 

for all the situations we have considered. Analytically 

we have only been able to do this in some situations for 

the minimum-variance moving averages. The n~@eric computa-

tions, however? i:wlicate that ·vreichselberger'::: conjecture 

(see page 30) is true, not only for the minimum-variance, 

but for the optj_mal moving averages in general. Hence, our 

conj ectl.lre is~ vvhcn the observations are uncorrelated and 
_-:>=-.,..,.-._...,.;....~~~,;c~~~·-vF ....... ,.,...~-- 'l",.,.,...<r-~-$.-~=.a..=""" 

= 0 for all 
~-~~--~-~-- --~ 

ii) For graduation of mortality tables it seems natural to 

use the Gompertz-I-1aheham 1 s function as basis. For most 
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other situations there does not exist a natural basis. 

Therefore, one problem is to find a rule for choosing 

between different bases. 

iii) A given trend may be ap:proxima ted i)y poly:aomials of 

different degrees over intervals of different lengths. 

Hence, polynomials of different degrees may be used as 

basis when we graduate by moving averages. It is of interest 

to find •;vhich cLegree of the poljmOiilials that give the best 

reslJl t. Kockelkorn and RUger ( 197"!-, pp.327-328) discuss 

this problc:ra for the D'!.inimum-variance moving averages. Tl'ley 

compute wh1ch lengths of moving averages with optimal 

centre, exact for polj7110mials of different degrees, that 

give the sam.e value of (compare Parc,graph 

L~. C). From this they conclude that pol:smomials of first and 

third clegree as ·bas i_s should be preferred to polyrlOmials of 

second degree. For exa>:nple, the minimum-variance ~moving 

averages, exact for polynomials of :first, second and third 

degree, of lengths 7, 13 and 15-17 respectively, have approx

imately the same value of r~~) . The corresponding values 

for the minin1wn-R__, moving averages are 7 ~ 11- ·13 and 15 
I 

and for the minimum-R::~ and -H7 moving averages 7, 11 and 
c. :J 

13. These, and similar computations, indicate tha·i:; it is 

convenient to 1we polynomials of third degree as basis. This 

is, in fact, also usually done in practical work. There 

are, however, necesso,ry to investigate this problem ~more 

closel3r ~ 

) n th · (1.1) we do not get estimates i v DY ·' e movlng average 

of f _, t for the end values of t , i.e. for t = 1 , 2 ' ••• 9 'T -0-



and t = 1J+T·-i3+'1, ••• ,H Quite a lot of methods to solve 

this problem hav~J iJeen proposed in the literature. Refe~ 

rences to such works are given e.g. by Weichselberger (1964, 

pp.208-214). By all the proposed methods one estimates 

€t for the end values by a linear combination o:f the 

Xt 1 s , but the weights c.n'e now allovved to depend on t . 

Thus, the problem is to fj_nd which weights to use for the 

different end values. According to the discussion in 

Paragraph 2.C. it is in this case natural to judge the 

graduation by a loss fm1ction of the form 

K a N-z 
( ~ z~- 6 ZS t) 2 ( 6.1) TR, (~,JU I: s I: = I,t-z u St ·-

Z=O t=1 

,r... ....~ ~·. 

where 2:1ovv- s = (s 1,s 2 , •.. 9 gN)' and J<J = (a 0 ?a1, ••• ,aK) 

is a vector of non-negative real numbers such that 

= 1 • The criterion of optimality given in Paragraph 

3~B is easily generalized to the present situation. For 

= 1 the method proposed by Weichsel~erger (1964) is 

optimal. By this method one uses the usual minimum-variance 

moving average wi tl~ optimal centre for the central values 

of t , and for the end values one uses the miniTJ.1um-variance 

moving average with the one of the possible centres 'T that 

minimize For = 1 Greville (1947) proposed, 

analogous to the method given above, to estimate for 

the end values of t by non-centralized minimum-R3 moving 

averages. As Grc;ville (1972, pp .. 17-18) hir.oBelf points 

out, this does not give a correct solution of the end 

value problem. When a,. > 0 for some z > 0 
LJ 

in (6 .. 1) 

it is not easy to find the optimal method for estimating 
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F for the end values. The difficultv is that we do not :Ot .) 

get a result analogous to ( 2. 19) vrhen the weights in the 

moving averages may depend on t • Therefore 9 we do not 

know hovv- to get an optimal solution of the end value 

problem according to ( 6. 1) when a > 0 z for some z > 0 • 

6.B. To conclude the report we will point out that there 

exists quite a lot of graduation methods in addition to gradua~ 

tion by moving averages (compare P~ragraph 1.B). In many 

situations some of these are probably better graduation methods 

than moving average graduation. The last method, however, 

has the advantage that it is easy to use 1 and tlw.t it req"Llir::;s 

only little apriol~i knovJledge of the trend and tll.e distribution 

of the X ! - t s . In this respect graduation by moving averages 

is a robust method similar to the non-parametric methods. 
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APPENJ)IX A ~ PROOF OJ!' LE.li]]VJA 3 o 5. 

VIe will p::cov0~ 

and let be a positive definite lX l Then 

there exists a 1migue r* E JR1 whj_ch minimizes r'Sr 
rv rv rvrv 

among all 
l 

r E IR.~ 1mder the constlDint 
rv 

CA. n 

where £EIRm is a }:nowl.1 vectora ;s->c- is given by 

(A. 2) 

Proof~ Suppose first that s 
r'V 

is the identity matrix. 

Since A' is a 1 x m matrix of rank m 9 there exists 
rv 

such that is non-singular 

lX 1 matrix. Hence, any 
l r EIR.~ 

rv 
may be given by 

-, 

(A 1 :B' ) 'T for a 'T E R-L • Write now 
rv 9 rv rv ,-.......J 'T = ('T('1'''T(,))' rv rv ) rv\,::_ 

,- IT:)il 1-Til where :L( 1 ) c .llc ancl ;r:( 2 ) EIR • If )Z - (£' ,;§' );r, 

is to satisfy the constraint (A.1), 'de have 

for all 

or 

~ ll 8 E "1T::?m Tor a_ .111. 
rv 

Especially for ~ = X(i) this gives: 

(A, 3) 

Vle now concentrate on finding the which minimizes 

r'r 1..:mder tlH.:: constraint (A"3). Vie find using (A.3)~ 
rv r"'J 
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We will minimize this expression with respect to T • 
1"-J 

Now .BB' is positive definit since B is of full rank. 
1"-Ji"-J 

Thus~ the minimizine value of ,.r,( 2 ) 

Further, we have to minimize 

m 

rv 

is 

= 2 ~ C.T. - ~ Tl-T~(~')l .. . 1 l l . . <) -J l= l,J 

with respect to Here (AA I;' .. 
~ lJ 

is the (i,j)-th element of Partial differentiation 

of Q(;r,( 1)) with respect to Tj j = ·1 ,2,. ,,. ,m 9 gives~ 

m 
2c . - 2 2: T i (-M, 1 ) i ~ • 

J i= •J <) 

This gives the following equations for the minimizing 

m * r, T . (M f ) • • = c _, 
i=1 l ~ lJ J 

j = 1,2, ••• ,m. 

In matrix notation this may be \·lritten 

Since is of full rank is non-singular and we 

have 



This shov;s tba t 

is the UJ.1ique vector 
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l rE 1R 
rv 

* 
which minimizes under 

the constraint (A. 3) • Now ~ satisfyes the constraint 

(A,.1) and the lemma is proved for the case 

Let now -G be any positive definite I:Jat"rix~ Then there 

exists a non-singular matrix such that P'SP = I 
f""-...) r-...JrV rv 

(see e.g. Anderson, 1958~ p. 339) . We have S = ( pp 1 ) - 1 " 
"-' rvrv 

Introduce for each ~EJRl r = p-1r 
FV 

"-' rv 

_ ..... v ( up 1 ) - 1 -r 
- ...L.. J.... -4-

rv ~ rv 
( -1 ) ( -1 ) = P r 1 P r = rv rv f".l rv 

The constraint (A. 1) may now be written 

(A. 4) 

for all 8 E:ffim 
rv 

Since AP is a mX l matrix of full 
rv.-.J 

rank we have by what we have just proved, that there 

exists a unique 

constraint (A.4). ~ is given by 

Thus, there exists a tu1ique * l r EJR 
rv 

which minimizes 

r'Sr rv rvrv 
under the constraint (A.1) 9 and this is given 

by 

0 
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APPENDIX C - TABLES OE' MOVING AVERJI~GES. 

In this appendix vre gi vc tables of moving averages w.hich 

are optimal when the o~'Jservations are uncorrelated and have 

equal variance (compare Chapter 4). 

For different values of in the loss func-

tion (2.4) and for polynomials of third degree and for 
-1-

Gompertz-Makeham' s function, a+IJ ( 1. 1) 0 
9 as basis we gJ_ve 

optimal moving averages of range (-kjk) ; k = 3,4 9 ••• ,10 ; 
-)(

and with optimal centre T For the actual moving averages 
-it

we also give the length, 1 = 2k+ "l , the optimal centre T 

') 

and the values of R~ for z = 0.1,2,3,4 (R0 7 R1, R2, R3 
"-' 

and R4 in the tables). The values of the ar's are 

a = 1 
0 

(minimum-variance), a = 1 z 

"-' 

for z = 1,2,3,4 (mini-

polyr.!.omials of third degree as basis) and (a 09 a 3 ) = (0.25~ 0.75) 

(for Gompertz-Ivlakeham's function as basis). 

l'v1ore t2.blcs of optimal moving averages are given by 

Borgan (1976, Appendix B). 
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