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Preface

This compendium contains programs for computations in life
insurance mathematics on the pocket calculator Hewlett-Packard

HP-25. The programs may unchanged also be used on Hewlett-Packard

(sl

iP=33E. It is assumed that mortality follows Gompertz-Makehams
mortality law, and that we have a constant rate of interest.

An earlier version of this compendium was issued as “Programmer
for minikalkulatoren HP-25 til beregning av forsikringsmatematiske
uttrykk under Gompertz -~Makennhams d@gdelighetsliov"” (Stat. Mem. No. 1,
1977, in Norwegian) and was then written as a further development
of E. Sverdrup: "Some actuarial calculations on electronic desk

calculator"™ (Stat. Mem. No., 1, 1976).

Blindern, February 1980.

Bidrn Sundt

Revised version 1983



Contents
T. Notation . .« .« v ¢ v ¢ o o & o e e e e e e e e e e
2 Tabulation of Hypt
3. Single values of pEX e e e e e e e e e e e e e
4, HMain Program I e e e e e e e e e e e e e e e e
YA. Single values of éY’ﬁi .. . . . .

UB, Single values of nhx

° ° . ° ° ° ® 0 . B o .

ve

4C. Tabulation of &  -— with respect to x . . ,

KIW—=X|
4D. Tabulation of w-xEx with respect to x . . . .
5. Main Program II . . « o o ¢ + ¢ ¢ o e e s e e e e
5A. Single values of 4a_ — and Eoov v o v v v e
= x:nl nx

5B. Tabulation of & .7 and tEx with respect to t

5C. Single values of a_ . . . . . . . . .+ . .

6. Continuous life annuities by Euler-Maclaurins formula

6A. Single values of a_ . — . . . . . . . e v e e . .

Xint

6B. Tabulation of a with respect to x . . .

X iW-X
6C. Tabulation of a7 0 2.7 o and tEx wilth
respect to t ¢« o o s+ e & s s e e & s s s s s e

6D. Single values of By v e e e e e e e

7. Continuous life annuities by Simpsons formula .

7A. Single values of éx:ﬁl I
7B. Single values of éx e e e e e e e e e
8. General comments S
8A. Fractional 1life annuities . . . « « « « . « . .

8B. Joint-life statuses . . « ¢ +v o o o o o 4 o e

Appendix.. Simpsons formula . . . « ¢« .« ¢ .+ < . . . .

e
o
w 0

4=

12
12

13

14
16
17
17

19
20
20

20



The force of mortality at age x 1is given by u, F a+88<,
where ¢ > 0 3 the annual rate of interest is denoted by 1 , and
the force of interest is § = In(1+1i)

The expected present value of a t year pure endowment of 1
is denoted by tEx , and we have
B X¢ t_1)

s}ds -(g+é)t - =———c" (c

rt
RERRLL VA In ¢

,E = e O v = ¢

The expected present value of an n year temporary annuity-due is
given by

5 - .

X n] % tox

and the expected present value of an n year temporary continuous

annuity is

a

"
e
o
o+
(n
b

x: 1

a = I E
bie t=0 t7x
- (Q‘)

aX =1y tEx .

Fractional life annuities payable m times a year are denoted by

«(m)  _ 1 n@;1 E
x:nl T om ‘tj Tt
..O -ﬁ
alm -1 2 g
X m t=9 tTx
m



2. Tabulation of u

N X+
1 STO 1 6 RCL & 11 STO+1
2 £ y" 7 RCL 5 12 RCL 3
3 STOxu 8 .+ 13 GTO 03
4 RCL 1 3 R/S

A
(=)
-

5 f PAUSE

Set: o, STO 5, B, STO 4, ¢, STO 3, x .

By pressing R/S repeatedly x+t 1is displayed at pause and

i at stop (t =8,1,2,... ).

x+t

Example: o = 0.0025, B = 0.00002, c = 1.11 give for x = 20

X+t u

X+t

20 0.00266

21 0.00268

22 0.0027¢C

ete
Registers:

0 unused Y gcx+t
1 x+t 5 a

2 unused 6 unused



g;_SingEE_values of nEx

1 £ 1n 10 RCL 3 19 x
2+ 11 RCL 2 20 RCL 5
3 STO 5 12 £ y% 21 RCL 2
4 ¥ 13 - 22 X

5 RCL 3 14 RCL b4 23 -

6 f In 15 X b g PR
7 % 16 RCL 3 25 R/S

8 STO u 17 RCL 1

9 1 18 £ v~

Set: x, 810 1, n, STO 2, ¢, STO 3, B, enter, a, enter, 1+i, R/S .

nEK 1s displayed.

Other values of nEx on the same standard (i,a,8,C):

Set: x, S8TO 1, n, STO 2, GTO 09, R/S .

Example: o = 0.0025, B = 0.00002, ¢ = 1,11, 1 = 0.03 give

o _ -
1050g F 0.723606 .
Registers:
8
0 unused 4 =7z
nc
il X 5 o+ S
2 n 6 unused

3 c 7 "




I

. Main Program I

The program is based on the recursions

x+tin-tl ! +1Ex+t x+t+1 :n-t-1

n~tEx+t ; 1Ex+t n—t—1Ex+t+1
YUA. Single values of éxzﬁ
1 f 1n 13 RCL 4
2 + 14 RCL 3
3 STO & 15 RCL 1
by 16 £ y*
5 RCL 3 17 X
6 f 1In 18 S8STO 1
T = 19 0
8 1 20 STO 7
9 RCL 3 21  RCL 3
10 - 22 STO=1
" X 23 RCL 1
12 STO 4 24 RCL &
Set: x+n, STO0 1, n, STO 2, c, STO
éx{ﬁ] is displayed.

Other values of 4&a_.
X:in

Set:

0.0025, 8 = 0.00002,

cxample: a =

6.68491

420:70

9

o
9

2
° s

Asn:o -0

OEx+n

25 -
26 g e®
27  STOx7
28 [

29 STO+7
30 STO-2
31 RCL 2
32 g xx0
33 GTO 21
34 RCL 7
35 R/S

#, enter, o, enter, 1+i, R/S .

on the same standard (i,a,B8,C):

x+n, STO 1, n, STO 2, GTO 13, R/S .

17.11, i = 0.03 give



Registers:

. __B - 1
0 wunused L i) C(c 1)
_ B x+n-t, _ . '
1 15 aC (c-1) 5 a+é
2 n=-t 6 unused
3 € 7 Gx+n-t: T

4B. Single values of nE

Make the following changes in the program of subsection 3A :

19 1 29 g NOP

Set: x+n, STO 1, n, STO 2, ¢, STO 3, B, enter, a, enter, 1+i, R/S .

nEX is displayed.

Other values of nEx on the same standard (i,a,B8,c):

Set: x+n, STO 1, n, STO 2, GTO 13, R/S .

Example: o = 0.0025, 8 = 0.00002, ¢ = 1.11, 1 = 0.03 give

10E20 = 0.72366

Registers: As in 4A with the following change:

™
7 t x4n-t

4C. Tabulation of & with respect to x

X W=

Make the following changes in the program of subsection A

32 f PAUSE
33 RCL 7
34 R/S

35 GTO 21



Set: w, STO 1, STO 2, ¢, STO 3, B, enter, a, enter, 1+i .

By pressing R/S repeatedly x 1s displayed at pause

ana at stop (x=w-1, w=2, ... ).

a
X 1w=x!

New w on the same standard (i.a;B,c):

Set: w, STO 1, STO 2, GTO 13.

Example: o = 0.0025, B = 0.00002, ¢ = 1.11, 1 = 0.03 give
X ax:?O-xl
69 1.00000
68 1.94410
67 2.84007
etc.
Registers:
0 unused - (e-1)
1n ¢
B K1)
1 5 C (c=-1) 5 a+§
2 w=Xx 6 unused
3 c 7 a, —
K IwW=]
4D. Tabulation of _E  with respect to x

Make the following changes in the program of subsection 3C:

19 1 29 g NOP

Set: w, STO 1, STO 2, ¢, STO 3, g, enter, o, enter, 1+1i .

By pressing R/S ©repeatedly x 1s displayed at pause and

at stop (x =w=1, w=2, ... J.

New w on the same standard (i,a,B8,C):

Set: w, 8TC 1, STO 2, GTO 13.

E
W=X X




Example: « = 0.0025, B8 = 0.00002, c = 1.11, i=0.03

give

E

X _ 70-xX"x
69 0.94146
68 0.88388L4
67 0.84128

etc.

Registers: As in 4C with the following change:

o

Main Program IT

The probram is based on the recursions

.t T ax:t-1'+t—1Ex 3 ay.g =0
By T 1Bxito1 t-1Bx 3 oBx 71

—

5A. Single values of éx:ﬁ‘ and E

n X
1 f 1n 14 RCL 3 27
2+ 15 RCL 1 28
3 8TO 5 16 £ y° 29
TR 17 x 30
5 RCL 3 18 STO 1 31
6 f1n 19 0 32
7 s 20 STO 7 33
8 1 21 1 34
9 RCL 3 22 STO 6 35
10 - 23 RCL 6 36
11 x 24 STO+7 37
12 STO 4 25 RCL 1 38

13 RCL & 26 RCL b



N
o
i

(The 20 first program lines are the same as in Main Program I.)

Set: x, STO 1, n, STO 2, ¢, STO 3, B, enter, a, enter, 1+i, R/S .

a .5 18 displayed.

By RCL & nEy is displayed.

Other values of éx{ﬂ and nEx on the same standard (i,a,B8,c):

Set: x, STO 1, n, STO 2, GTO 13, R/S .

Example: o = 0.0025, g = 0.00002, ¢ = 1.11, 1 = 0.03 give

8y0.70 © 8.68491 and 1OE20 = 0.72366
Registers:

0 wunused U wﬁB (-1

in c

R X+t
1 T Sc (c=1) 5 o+
2 n-t 5 E
%

) C 7 ‘(::El

T 1 +3 ™ = Y = 79 =g
5B. Tabulation of .7 and 5y with respect tc t

Make the following changes in the program of subsection 5A:

33 STO+2 35 f PAUSE
36 RCL 7
37 R/S

Set: x, 8STO 1, 0, STO 2, ¢, STO 3, B, enter, o, enter, 1+i .

By pressing R/S repeatedly t 1is displayed at pause,

o

it at stop, and tEx by RCL 6 (t=1,2,3,... ).

P

New x on the same standard {(i,a,8.,c):

Set: x, STO 1, 0, STO 2, GTO 13 .



Example: o = 0.0025, g8 = 0.00002. c

1.1711, 1 = 0.03 give

t 07 +£20

1 1.00000 0.96829
2 1.96629 0.93756
3 2.9058L 0.90779

eta.

Registers: As in 5A with the following change:

2t

5C. Single values of éx

Make the following changes in the program of subsection 4YA:

33 RCL 6
34 RCL O
35 £ x<y

Set: ¢, STO 0, x, STO 1, ¢, STO 3, B, enter, a,enter, 1+i, R/S .
The program computes éxeﬁ]g where n is the smallest integer

satisfying rEx < €.
L

Other values of éx on the same standard (i,o,B,c) and with the

same € :

Set: x, STO 1, GTO 13, R/S .

Example: a = 0.0025, g = 0.00002, ¢ = 1.11, 1 = 0.03, ¢ = 1077 give

9.99513

[ATh
"

Registers: As in 5A with the following changes:

0 ¢ 2t



6. Continuous life annuities by Euler-Maclaurin’'s formula

The programs utilize the approximation

- " 1
1

a = 3a =-3i-= +8)

X x 2 (M *

and the recursions described in sections 4 and 5.

6A. Single values of a_ o

Xin
1 f 1n 17 STO 1 33 STOx7
2 + 18 + 34 1
3 STO 5 19 6 35 STO+7
T 20+ 36 STO-2
5 RCL 3 2 1 37 RCL 2
6 - 2 2 38 g x%0
7 RCL 3 | 23 39 GTO 25
8 f 1n 24  STO 7 40 RCL 7
9 = 25 RCL 3 41 RCL 5
10 STO 6 26 STO=z1 42 RCL 1
11 RCL 27 RCL 1 43 B
12 RCL 4 28 RCL 6 By o+
13 RCL 3 28 x 4s 4+
1% RCL 1 30 RCL 5 e 1
15 £y~ 31 - 472
16 x 32 g e* ug oz
43 -

Set: x+n, STO 1, n, STO 2, ¢, STO 23, B8, STO 4, o, enter, 1+i, R/S.

a, ., 18 displayed.

Other values of ax=ﬁ) on the same standard (i,a,B8.,c):
Set: x+n, STO 1, n, STO 2, GTO 11, R/S.

Example: o = 0.0025, 8 = 0.00002, ¢ = 1.11, i = 0.03 give

350.701 © 8.54602.



Registers:
0 unused LB
1 gXtnTt 5 a+6
c-1
2 n-t 6 s
. 1,1 -
3 € 7 ax+n—t:?1+L7+T7(“x+n+5)] t“x+n-t

6B. Tabulation of a_ -——, with respect to x
X :W=X|

1 f 1n 17  STO 1 33 STO+7
2+ 18  + 34 1
3 STO 5 19 5 35 STO-2
TR 20+ 36 RCL 2
5 RCL 3 21 STO 7 37 £ PAUSE
6 - 22 RCL 3 38 RCL 7
7 RCL 3 23 STO=1 39 RCL 5
8 f 1n 24 RCL 1 40 RCL 1
g 25 RCL 6 41 6
10 STO 6 26 x TS
11 RCL 5 27 RCL 5 43 4
12 RCL & 28 - TRTRR
13 RCL 3 29 g & 45 1
14 RCL 2 30 STOx7 ug 2
15 £ y* 311 47 :
16 x 32 2 48 R/S
49 GTO 22

Set: w, STO 2, ¢, STO 3, B, STO 4, &, enter, 1+1 .

By pressing R/S repeatedly x 1is displayed at pause and

= { - e .
ax:ﬁri] at stop (x =w=1,Ww=2,... ).

New w on the same standard (i.,a,B,c):

Set: w, STO 2, GTO 11.
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Example: o = 0.0025, § = 0.00002, ¢ = 1.11, i = 0.03 give

® aX;70~Xl
69 0.97068

58 1.888u72

67 2.76056

etc
Registers:
0 unused LB
1 B * 5 a+§
c=-1
2 X 6 “Th e
- , \ ",:'

3 c 7 1Laxzﬁrﬂ'r(6+uw+5jw_xgx

5, a,.7 » and E. with respect to t

6C. Tabulation of 5X:¥ T N
1 RCL 4 17 £ 1n 33 RCL 6
2 RCL 3 18 2 34 RCL 1
3 RCL 1 19 RCL 2 35
v f y* 20 f PAUSE 36+
5 x 21 RCL 5 37 RCL O
6 STO 0 22 x 3 -
7 STO 1 23 - 39 1
8 1 24 g e” 4o 2
9 STO 2 25 STO 6 TE R
10 STO 7 26 1 42 RCL 7
11 RCL 3 27  STO+2 b3+
12 STOx1 28 - 44 R/S
13 RCL 0 29 6 45 RCL 6
14  RCL 1 30 RCL & 46  STO+7
15 - 31+ 47 8TO 11
16 RCL 3 32 «x
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Set: x, STO 1, ¢, STO 3, B, STO 4, a+s, STO 5.

By pressing R/S repeatedly t is shown at pause, ay.%] at stop,

tEx by RCL 6, and éxﬂ? by RCL 7 .

New x on the same standard (i,a.B.C):

Set: x, STO 1, GTO 00, R/S .

Example: o = 0.0025, B = 0.00002, ¢ = 1.11, 1 = 0.03 give
t 34 907 +E29
1 0.98u406 1.00000 0.96828
2 1.93690 1.95829 0.93756
3 2.859L49 2.90584 0.90770
etc.
Registers:
0 B cX 4 B
1 B CX+t 5 a+é
2 t & E

w
(@]
~J
Qs
|




6D. Single values of a

X
1 £ 1n 15 £ y* 29 RCL 1
2+ 16 x 30 RCL 5
3 STO 5 17  STO 1 3 -
TR 18 RCL 5 32 g &F
5 RCL 3 19+ 33 STOx6
5 - 20 - 34 RCL 3
7 RCL 3 11 35 STOx1
8 £ 1n 22 2 36 RCL 6
9 + 23 B 37 STO+7
10 STO 2 24 STO 7 38 RCL O
1 6 25 RCL 2 39 f x<y
2 RCL 4 26 STOx1 40 GTO 29
13 RCL 3 27 1 41 RCL 7
14 RCL 1 28 STO 6 42 R/S

Set: e, STO 0, x, STO 1, ¢, STO 3, B, STO 4, o, enter, 1+1i, R/S.

4
~“%(ux+6), where n is the smallest

RS

The program computes & ol

A
(]

X
integer, such that . E_

Other values of éx on the same standard (i,a,B,c) and with the

same e

Set: x, STO 1, GTO 11, R/S .

Example: o = 0.0025, 8 = 0.00002, c = 1.11, i = 0.03, e = 10°8
give
dgg * 9.48998
Registers:
0 € L 8
B X+t .
1 vl?(; ( 1) 5 a+ad
. c-1
2 Inc 6 tEx
1 1
3 7 - = =
< ¥ 7 7 12 (ux+6)



7. Continuous life annuities by Simpsons formula

7A. Single values of a_ —

x:nl
1 STO+u 17 £ g% 33 g ABS
2 % 18 STO 2 34 x
3 STO 6 19 - 35 RCL 6
4 STO 7 20 x 36 -
5 RCL 5 21 RCL Y4 7  STO+7
6 x 22 g FRAC 38 RCL 2
7 STO O 23 x 39  STOx1
8 RCL 3 24 STO 1 4o 1
9 RCL 1 25 RCL 1 41 STO-4
10 £ y* 26 RCL 0 42 RCL u
11 RCL 3 27 - 43 f xzy
12 f 1n 28 g &* Ly  GTO 25
13 ¢ 29 CHS 45 RCL 7
1M1 30 STOx6 46 RCL 6
15 RCL 3 31 3 47 -
16 RCL 6 32 RCL & 4g 3
49 e

Set: x, STO 1, ¢, STO 3, B, STO 4, a+§, STO 5, n, enter, 2m, R/S.

EE. is displaved.
x:nl pLel




18 -

Other values of a .g on the same standard (i.a,B,C):

Set: x, STO 1, n, enter, 2m, R/S3 .
For an accuracy up to fourth decimal one ought to use 2m > %
(that is, h < 3)
Examplie: o = 0.025, g = 0.00002, ¢ = 1.11, 1 = 0.03 give
- 220:501
2 25.43130238
i 25.30967125
8 25.29246814
16 25.29121787
30 25.29114415
60 25.291138138
100 25.29113784
150 25.29113785
(The program of subsection 6A gives a90.501 © 25.29113766.)
Registers:
0 h(o+é) 4 g+2m-]j
1 18 cX+3h(ch—1) 5 a+é
nc
h ] o oo
2 c 6 (=1) hanBy
3 C 7 ¥
(Because of double storage in register 4 we must have B €[0,1>,

but values outside this interval are unlikely to appear in practical

applications.)
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7B. Single values of a

X
The program uses Simpsons formula with h = 3 . This
gives accuracy up to about fourth decimal.
1 f 1n 15 x 29 g
2 + 16 STO 4 30 CHS
3 STO O 17 RCL 4 31 STOx6
4 ¥ 18 RCL 3 32 RCL 2
5 RCL 3 19 RCL 1 33 STOx1
6 f 1n 20 £ y* 34 3
7 4 21 X 35 RCL 6
8 1 22 STO 1 3 g ABS
9 RCL 3 23 1 37 X
10 3 24 STO 6 3% RCL b
11 STOxO 25 STO 7 39 -
12 f y* 26 RCL 1 40 STO+7
13 STO 2 27 RCL O 41 g x#0
14 - 28 - 42 GTO 26
43 RCL 7
44 R/S

Set: x, STO 1, ¢, STO 3, B, enter, o, enter, 1+i, R/S .

ax is displayed.

Other values of Ey on the same standard (i,a,pf,C):

Set: x, STO 1, GTO 17, R/S.

Example: o = 0.0025, 8 = 0.00002, ¢ = 1.11, i = 0.03 give

dqqg = 9.489¢8
Registers:

U o _i_— 3—
0 3(a+d) 3 ) C(c 1)
B x¥33 .8,
1 e C (c™=1) 5 unused
5 3 PR
c 6 (-=1) 3jEX
3 c 7 a

X



8. General comments

8A. Fractional life annuities

«{(m) 1. " . .
a(. = —al , where af is computed with rate of
' m X:nm xm:nﬂ *
. . . X .
interest 1i' and force of mortality u; = o' +Bc’ s T+i' =
1

0“ o
a' = =, B' = E, and c¢' = cll

m m

1
(1+1)mH

From this follows that fractional annuities may be computed by

Main Programs I and II.

8B. Joint-life statuses

has

We have m independent lives (X1L""(Xm) that follow the
mortality law Hy = o+f . Let
m .
In.z, c*3
W = = —_—
In ¢
Then the remaining life-time of the joint-life (x13...,xm)

the same distribution as a single life {(w) following the mortality

X
law ui = ma+B .

Hence all programs may be used on joint-1ife statuses.

Appendix. Simpsons formula

A. We want to compute the integral of an integrable function

on a finite interval {a,bl].

Let m Dbe an integer and h = 2%% . Then
b h 2m=1 .
JEGOdx ~ z{f(a) + T [8-(-1)1f(a+ih)+£(B) Y .

a =1

The accuracy is improved when m 1s increased.

f
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B. Generalization to intervals of the form I[la,=> .

Let h be a positive number. Then

ffGoax ~ 2ica) + s [3-(-1)31f(a+3n)}
a 3=1

if both the sum and the integral exist. The accuracy is

when h decreases.

improved



