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Introduction

Quantum mechanics has long been thought of as "the rules that govern the
microscopic world". Rules only particles and atoms must abide by. However,
in recent years some experimental results have challenged this picture. In
2011, a large mechanical oscillator was cooled to its quantum mechanical
ground state[1], and several other experiments have shown results of being
able to manipulate the quantum states of meso- and macroscopical systems.

This thesis is in large part inspired by the experimental development
that has taken place in the field of circuit QED during the last decade. Cir-
cuit QED is the study of the quantum electrodynamics of superconducting
microwave circuits. In circuit QED microwave resonators play the role of
optical cavities in the more traditional cavity QED, and artificial atoms,
created by use of Josephson junctions, are used in place of atoms[2]. This
technology has been suggested for uses in many different applications, in-
cluding the construction of practical quantum computers[2]. Our interest in
circuit QED in this thesis is for its ability to realise hybrid systems exper-
imentally. On a superconducting chip it is possible to realise a myriad of
different hybrid systems, consisting of artificial atoms, microwave resonators
as well as other components. In this thesis we will focus our attention on one
such hybrid system in particular, a system consisting of a driven microwave
resonator coupled to an artificial atom which again is coupled to a mechan-
ical oscillator. In the spirit of the paper in reference [3] we will attempt
to find a way to stabilise the mechanical oscillator first excited Fock state
(n = 1).

In chapter 1 we give a brief introduction of the two different quantum
systems we will use as building blocks for our hybrid system in chapter 3.
We then go on to discuss different ways these two systems can couple to each
other.

In chapter 2 we discuss a formalism for dealing with open quantum sys-
tems. A formalism which describes time evolution by a master equation and
uses Lindblad superoperators to represent energy transfer between the system
and its surroundings.

Chapter 3 is the primary focus of this thesis. We write down a master
equation for a hybrid system consisting of a driven microwave resonator
coupled to a qubit coupled to a mechanical oscillator. For this system we
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are searching for a parameter regime where the system will stabilise in the
first excited Fock state, similar to what has been done for a different, more
complicated system in reference [3]. In order to see a solution we first have to
put our master equation through various transformations and an adiabatic
elimination.



Chapter 1

Closed Quantum Systems

We will in this chapter briefly introduce the two most basic systems in quan-
tum mechanics. It turns out that these two systems are all we will need (as
building blocks) when we propose our hybrid system in chapter 3. At the
end of this chapter we will discuss a coupling between the two systems, as
this is highly relevant to the rest of this text. A more in depth treatment of
these subjects can be found in books such as reference [4].

1.1 The Two-Level System

The two-level system, also known as a qubit, is, arguably, the simplest quan-
tum system. This system is described by the Hamiltonian

HTL =
~ωTL

2
σz, (1.1)

where σz is the Pauli matrix and ωTL is an angular frequency. This Hamilto-
nian has two eigenstates, which means it can only be found in two different
states. We shall label these

|+〉 (1.2)

and
|−〉. (1.3)

While we’re at it let us also define two more useful operators for this system.

σ+ (1.4)

which will take you from a state |−〉 to a state |+〉, but vanish when applied
to |+〉,

σ+|−〉 = |+〉, σ+|+〉 = 0, (1.5)

and
σ−, (1.6)

9
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the hermitian adjoint, which does the opposite,

σ−|−〉 = 0, σ−|+〉 = |−〉. (1.7)

The Hamiltonian acting on the eigenstates give

HTL|±〉 = ±~ωTL

2
|±〉, (1.8)

so that the states have the energy

±~ωTL

2
. (1.9)

This means that in order to excite the system, to bring it from its ground
state |−〉 to its excited state |+〉, an energy

~ωTL (1.10)

must be supplied.

1.2 The Harmonic Oscillator

If the two-level system is the simplest quantum system, that makes the
harmonic oscillator the second simplest. This system has a countably infinite
number of states which we will label

|n〉, (1.11)

n being a whole number with n ≥ 0. We shall also define the (non-Hermitian)
raising operator

a†, (1.12)

which when applied to a state ket will increment the number n (and supply
a factor),

a†|n〉 =
√
n+ 1|n+ 1〉. (1.13)

In the same way we can define a lowering operator

a, (1.14)

its hermitian adjoint, which will lower a state |n〉,

a|n〉 =
√
n|n− 1〉. (1.15)

Together these operators can be combined to become a number operator

N = a†a, (1.16)
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which has the states |n〉 as its eigenstates, and gives the number n as its
eigenvalues,

N |n〉 = n|n〉. (1.17)

The Hamiltonian for this system is written as

HHO = ~ωHO

(
a†a+

1

2

)
, (1.18)

where, once again, ωHO is some angular frequency. This means that the gap
between the energy levels is

~ωHO. (1.19)

When we later interpret the number n as the number of bosons in a system,
this energy gap will be the energy associated with each individual boson.
The factor 1

2~ωHO, representing the zero-point energy of the system, will be
disregarded later on, in cases where only the energy difference is important.
We will write the harmonic oscillator hamiltonian simply as

HHO = ~ωHOa
†a. (1.20)

1.3 The Jaynes-Cummings Model

For us, it will not be enough to consider these systems separately. We need to
be able to treat hybrid systems consisting several of these systems interacting
with one another. In this section let us study a simple system consisting of
an harmonic oscillator interacting with a two-level system. For the total
system we write the Hamiltonian

H = ~ωHO

(
a†a+

1

2

)
+

~ωTL

2
σz +HINT, (1.21)

where HINT describes the interaction between the two systems. HINT can be
given different forms depending on the exact conditions of the system under
consideration. However, in the systems we consider, its general form is given
by[5]

HINT = ~(k1σx + k2σz)(a+ a†) (1.22)

where
σx = σ+ + σ−, (1.23)

and k1 and k2 are coefficients describing the interaction. Expanding the
expression in (1.22) we can write HINT as

HINT = ~k1(aσ+ + aσ− + a†σ+ + a†σ−) + ~k2(a+ a†)σz = H1 +H2 (1.24)

where
H1 ≡ ~k1(aσ+ + aσ− + a†σ+ + a†σ−) (1.25)
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and
H2 ≡ ~k2(a+ a†)σz. (1.26)

We are left with six terms in our general interaction hamiltonian HINT, but
as it turns out not all these terms are equally relevant to one system. Looking
first at H1, we here have four terms representing four different processes.

aσ+ (1.27)

lowers the state of the harmonic oscillator (from |n〉 to |n−1〉) whilst exciting
the two-level system (from |−〉 to |+〉).

aσ− (1.28)

lowers the state of the harmonic oscillator while de-exciting the two-level
system. The other two terms represent the reverse processes. Applying what
is known as the rotating wave approximation (RWA) allows us to remove the
off-resonant terms. The reasoning behind this is that these terms represent
processes which would happen at a very low rate compared to other processes
of the system, and are therefore deemed insignificant. Assuming that ωTL
and ωHO are in some sense large (compared to other rates of the system)
and that

ωTL ≈ ωHO, (1.29)

the processes represented by (1.27) and its hermittian adjoint become (ap-
proximately) resonant. We can therefore approximate the interaction Hamil-
tonian by

H1 ≈ ~k1(aσ+ + a†σ−). (1.30)

In doing this, the Hamiltonian we find is known as the Jaynes-Cummings
Hamiltonian,

HJC = ~ωHO

(
a†a+

1

2

)
+

~ωTL

2
σz + ~k1(aσ+ + a†σ−). (1.31)

To best be able to discuss the term H2 we should first note that when the
harmonic oscillator Hamiltonian describes a mechanical oscillator, the sum
of the raising and lowering operator is proportional to the position operator,

x ∝ a+ a†. (1.32)

This means that H2 can be thought of as a term that off-sets the oscilla-
tor’s equilibrium position depending on the state of the two-level system.
Of course, this term is also off-resonant, by a factor ωHO, so this term is
most relevant in a system where competing terms are small compared to the
oscillator energy.
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It should be noted that the tensor product of the eigenstates of the indi-
vidual systems,

|n〉 ⊗ |+〉 (1.33)

and
|n〉 ⊗ |−〉, (1.34)

are not the eigenstates of the of the hybrid system containing an interaction
term. Instead, the interaction term causes the hybrid system to have its
own eigenstates, this is known as hybridisation. Since we can no longer find
each individual system in their respective eigenstates this calls into question
whether we can talk about the individual systems at all. Luckily for us
we will in this text only consider systems in the dispersive regime, that is
to say the size of the coupling rates are small compared to the energies of
the system. In this regime we will have limited hybridisation and will be
able to approximate the eigenstates by tensor products of eigenstates for the
individual systems.
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Chapter 2

Open Quantum Systems

When considering real, experimentally realisable, quantum systems, a closed
system description is often inadequate. A system which exists in the real
world will always, to some extent, be influenced by the world around it, its
environment. In this section we will acquire the tools necessary to treat such
an open system.

2.1 Density Operator Formalism

Describing a system in terms of only pure quantum states assumes that we
at all times have perfect information about the system. For open quantum
systems this is rarely the case, the environment will introduce noise in such
a way that the system will generally not be in a pure state. In order to
describe a system like this we must allow for it to exist in a mixed state. A
mixed state describes a system which is in any one of an ensemble of pure
states {|ψ1〉, |ψ2〉, . . . , |ψn〉} with a probability {p1, p2, . . . , pn}[4].

In order to describe a system in terms of mixed states we must forego the
Dirac bra-ket formalism, and instead use the formalism of density matrices
or density operators. In this formalism in stead of describing a pure state by
a ket, |ψ〉, we describe it by a hermitian density operator ρ

|ψ〉 → ρ = |ψ〉〈ψ| (2.1)

In addition to describing pure states we can also have a density matrix de-
scribe a mixed state of the ensemble {|ψ1〉, |ψ2〉, . . . , |ψn〉} with probabilities
{p1, p2, . . . , pn} by

ρ =
n∑
k=1

pk|ψk〉〈ψk| (2.2)

noting that the probabilities pk must be positive and satisfy the normalisa-
tion condition

n∑
k=1

pk = 1 (2.3)

15
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An expectation value for an operator O in this formalism can be written as

〈O〉 =
n∑
k=1

pk〈ψk|O|ψk〉 = pk
∑
l

n∑
k=1

〈ψk|O|φl〉〈φl|ψk〉

= pk
∑
l

n∑
k=1

〈φl|ψk〉〈ψk|O|φl〉 = Tr(ρO) (2.4)

The time evolution of a density matrix (in the Schrödinger picture) is given
by the equation[4]

ρ̇ = − i
~

[H, ρ] (2.5)

2.2 The Master Equation and Lindblad Form

In this project we have chosen to describe an open system by a master
equation, however, there also exist other ways to treat the problem of open
quantum systems, such as the quantum Langevin equations. In this chap-
ter we will derive the master equation in a similar way to what is done in
reference [6].

We consider the full system S ⊗ E consisting of a system S coupled
to another system E, its environment. For this full system we write the
Hamiltonian

H = HS +HE +HI , (2.6)

whereHS is the Hamiltonian for system S, HE the same for the environment,
and HI describes the interaction between the two. We will treat HI as a
perturbation. First let us define

ρS ≡ TrE(ρ(t)) (2.7)

as the reduced density operator for our system S. ρ being the full density
operator. Noting that any system operator for system S, OS , can be written
as

O = OS ⊗ 1E , (2.8)

we see that ρS contains all the information we need to describe system S,

〈O(t)〉 = TrE,S(OS ⊗ 1Eρ(t)) = TrS(OSρS(t)). (2.9)

Our goal is therefore to find an expression for the time evolution of ρS which
does not involve environment operators. We start by transforming to the
interaction picture, denoting the interaction picture operators by a tilde,

Õ ≡ ei(HS+HE)t/~Oe−i(HS+HE)t/~. (2.10)
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In this picture the interaction Hamiltonian H̃I(t) is now time dependent,
and we can write the time evolution of ρ̃ as

˙̃ρ =
i

~
(HS +HR)ρ̃− i

~
ρ̃(HS +HR) + ei(HS+HE)t/~ρ̇e−i(HS+HE)t/~

=
i

~
(HS+HR)ρ̃− i

~
ρ̃(HS+HR)− i

~
ei(HS+HE)t/~[HS+HE+HI , ρ̃]ei(HS+HE)t/~

= − i
~

[H̃I(t), ρ̃]. (2.11)

The formal solution to (2.11) is

ρ̃(t) = ρ(0)− i

~

∫ t

0
dt′[H̃I(t), ρ̃(t)]. (2.12)

By placing this solution back into (2.11) we find

˙̃ρ(t) = − i
~

[H̃I(t), ρ(0)]− 1

~2

∫ t

0
dt′[H̃I(t), [H̃I(t

′), ρ̃(t′)]]. (2.13)

If we wanted to, we could continue iterating this procedure to get terms of
higher and higher order in HI . The equation (2.13) is still exact, but it has
been written in a form that makes it easier for us to make approximations,
if we were in need of more exact approximations we could go to higher order
in HI . Before we do this let us write the equation in terms of ρ̃S ,

˙̃ρS = − i
~
TrE([H̃I(t), ρ(0)])− 1

~2
TrE

(∫ t

0
dt′[H̃I(t), [H̃I(t

′), ρ̃(t′)]]

)
. (2.14)

• The first assumption we make is that the interaction is turned on at
time t = 0, before this time the two systems are not correlated. This
means that we can write

ρ(0) = ρS(0)⊗ ρE(0). (2.15)

• Now we make the assumption known as the Born approximation, where
we assume that not only does ρS and ρE factorise at t = 0, but at all
times,

ρ̃(t) = ρ̃S(t)ρE , (2.16)

and that ρ̃E(t) = ρE(0) is time independent. The condition for this
approximation is that the interaction is weak. For simplicity let us
now also remove the term

− i
~
TrE([H̃I(t), ρ(0)]), (2.17)

this can be achieved simply by including it in HS .
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• We now have the equation

˙̃ρ(t) = − 1

~2

∫ t

0
dt′TrE([H̃I(t), [H̃I(t

′), ρ̃S(t′)ρE ]]), (2.18)

and it is time to employ the Markov approximation. In the equation
above the future of the system S depend on its past history, since inter-
actions with the environment at one time may cause the environment
to influence the system in a certain way at a later time. A Markovian
system is a system which is, in a sense, memoryless[6], where the fu-
ture evolution only depend on its present state. In order to make our
system Markovian we start by replacing ρ̃(t′) with ρ̃(t).

ρ̃(t′)→ ρ̃(t). (2.19)

Theis leaves us with the equation

˙̃ρ(t) = − 1

~2

∫ t

0
dt′Tr([H̃I(t), [H̃I(t

′), ρ̃S(t′)ρE ]]), (2.20)

which is still not truly Markovian as it contains a reference to an initial
time t = 0. To remedy this we replace the integration variable

t′ → t− τ (2.21)

and let the integral run from t′ = −∞ to t′ = t. This gives us our
master equation

˙̃ρ(t) = − 1

~2

∫ ∞
0

dτTrE([H̃I(t), [H̃I(t− τ), ρ̃S(t− τ)ρE ]]). (2.22)

Let us now apply our master equation to an harmonic oscillator system
(this can be done in the same way for a qubit) with

HS ≡ ~ωHOa
†a, (2.23)

and postulate that the interaction can be described by a term

HI = ~(aΓ† + a†Γ). (2.24)

Plugging this into our master equation equation (2.22) we get (see reference
[6])

ρ̇ = −i(ωHO + ∆)[a†a, ρ] + γ(nth + 1)(aρa† − 1

2
(a†aρ+ ρa†a))

+ γnth(a†ρa− 1

2
(aa†ρ+ ρaa†)), (2.25)
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where ∆ is a correction to the harmonic oscillator frequency and

nth =
1

e~ωm/kBT − 1
(2.26)

is the mean photon number for an oscillator in thermal equilibrium at tem-
perature T [6]. γ is the dissipation rate for the system. The way we have
grouped the terms in (2.25) is known as Lindblad form. If we define the
Lindblad superoperator

D[O]ρ ≡ OρO† − 1

2
(O†Oρ+ ρO†O), (2.27)

for any operator O, we can write (2.25) as

ρ̇ = −i(ωHO + ∆)[a†a, ρ] + γ(nth + 1)D[a]ρ+ γnthD[a†]ρ. (2.28)

D[a]ρ represent the dissipative process where an excitation in the harmonic
oscillator is converted into energy in the environment, and D[a†]ρ describes
the reverse process.
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Chapter 3

Cavity - Qubit - Oscillator

The system we will focus our attention on consist of a driven harmonic
oscillator coupled to a qubit which again is coupled to a second harmonic
oscillator. There are several ways to realise such a system experimentally.
Whilst our results can be generalised to any such realisation of the system,
in our discussion we will, for simplicity, talk about the system as if it consists
of a laser driven optical cavity mode coupled to a qubit which is coupled to
a mechanical oscillator. However, it should be noted that the most relevant
experimental realisation of this system is by circuit QED[2, 5]. In circuit
QED the cavity mode is replaced by a microwave resonator, and the atom
which would make up the qubit in cavity QED is replaced by an artificial
atom, where a Josephson-junction creates the non-linearity. In circuit QED
there has already been done several experiments on this very system[7, 8, 9].

Our goal in this study is to find a parameter regime where the mechanical
oscillator will be stable in the first excited Fock state, |1〉. Similar things have
been done for qubits previously[10, 11] and to a lesser extent other hybrid
systems of harmonic oscillators[3]. However, we wish to investigate whether
or not there exist a regime which allows for this in the cavity-qubit-oscillator
system, a system which could be easier to realise experimentally.

3.1 System

The system we consider here, shown in Fig. 3.1, can be described by the
Hamiltonian

H = H0 +H1 +H2 +Hdrive, (3.1)

where
H0 = ~ωaa†a+ ~ωqσ+σ− + ~ωmc†c, (3.2)

H1 = ~G(a†σ− + aσ+), (3.3)

H2 = 2~g(c+ c†)σ+σ−, (3.4)

Hdrive = ~(Ω∗ae
iωdta+ Ωae

−iωdta†). (3.5)

21
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))
Hdrive

H1 H2

Cavity mode Qubit Mechanical Oscillator

Figure 3.1: The system we consider consists of a laser drive coupled to a
cavity mode which is coupled to a qubit coupled to a mechanical oscillator.

Here a† (a) is the creation (annihilation) operator for the optical cavity mode,
σ+ (σ−) the raising (lowering) operator for the qubit, and c† (c) the creation
(annihilation) operator for the mechanical oscillator. We have used the term

~ωqσ+σ− (3.6)

to describe the qubit instead of the more familiar term

~
ωq
2
σz = ~ωq(σ+σ− −

1

2
). (3.7)

All this does is remove a constant term −1
2~ωq from the hamiltonian. This

will not have any influence on the physics of the system.
We recognise H1 as the interaction part of the Jaynes-Cummings Hamil-

tonian. By using this to describe the interaction between the optical mode
and the qubit we assume that their energy gaps are about the same

|ωa − ωq| � ωa + ωq. (3.8)

The form of H2 requires that the energies of the qubit and mechanical oscil-
lator are quite different, and also that ωm is small, we make the assumption

ωm ≈ ωq − ωa. (3.9)

Let us also make the assumption

G, g � κ� ωm. (3.10)

Doing this ensures not only that we are in the dispersive regime, but also
that we are in the weak-coupling regime. This means that we can think of
the cavity mode, qubit and oscillator as three interconnected systems rather
than a single hybridised system. As it happens, this regime is very relevant to
experiments[8]. The relation between the different energy levels is sketched
in Fig. 3.2.



3.1. SYSTEM 23

0

G

G

g

g

Cavity Qubit

Figure 3.2: Sketch of the energy levels in the hybrid system of cavity - qubit
- oscillator.

We will consider the system to be in contact with its surroundings in
such a way that it can lose a photon to the environment with a rate κ and
a phonon with a rate γ. This gives the master equation

ρ̇ = − i
~

[H, ρ] + κD[a]ρ+ γD[c]ρ. (3.11)

We have not included a dissipation term for the qubit, we will see later on
why the inclusion of such a term at this stage is not important. Another
notable omission in our model is the ability for thermal phonons to enter the
system. This could be achieved by adding a term

γnthD[c†]ρ (3.12)

to the master equation, and replace the term γD[c]ρ with

γ(nth + 1)D[c]ρ, (3.13)

where
nth =

1

e~ωm/kBT − 1
(3.14)

is the thermal occupation number (T is the temperature of the environment
and kB the Boltzmann constant). Later in this chapter we will come back
to how realistic our model is when omitting this term, for now suffice it to
say that a very low temperature is required for our model to work,

kBT � ~ωm. (3.15)
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3.2 Going to the Rotating Frame

In order to simplify the equations, the first step is to get rid of the time
dependence in Hdrive. This is done through a transform by the unitary
operator

U = e−iωd(a†a+σ+σ−)t. (3.16)

The idea here is that
e−iωda

†at (3.17)

will remove the time dependence in Hdrive, but create a new time dependence
in H1, this new time dependence is removed by the term

e−iωdσ+σ−t. (3.18)

The operators a, a†, σ+ and σ− transform like

U †aU = ae−iωdt, U †a†U = a†eiωdt (3.19)

U †σ±U = σ±e
±iωdt (3.20)

This means that H0, H1, H2 do not change in this transformation. As
expected, Hdrive loses its time dependence

H̃drive = ~(Ω∗aa+ Ωaa
†). (3.21)

In addition to this change, the time dependent transformation will also con-
tribute a term

−i~U † d
dt
U = −~ωd(a†a+ σ+σ−) (3.22)

to the new Hamiltonian.

H̃ = ~ωaa†a+ ~ωqσ+σ− + ~ωmc†c+H1 +H2 + H̃drive − ~ωd(a†a+ σ+σ−)

= −~∆aa
†a− ~∆qσ+σ− + ~ωmc†c+H1 +H2 + H̃drive, (3.23)

where
∆a ≡ ωd − ωa (3.24)

and
∆q ≡ ωd − ωq (3.25)

are the detuning of the optical mode and the qubit respectively. It follows
from the assumption we made in (3.9) that the difference in these detunings
are about the size of ωm,

∆q −∆a ≈ ωm. (3.26)

The transform leaves us with a system where the detunings play the role of
the frequencies from equation (3.2). Let’s define H̃0 as

H̃0 = −~∆aa
†a− ~∆qσ+σ− + ~ωmc†c. (3.27)
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We get the master equation of the transformed system

˙̃ρ = U̇ †ρU + U †ρ̇U + U †ρU̇ = U †ρ̇U − iωd[a†a+ σ+σ−, ρ̃]

= − i
~

[H̃, ρ̃] + κD[a]ρ̃+ γD[c]ρ̃, (3.28)

with
H̃ = H̃0 +H1 +H2 + H̃drive. (3.29)

3.3 Displacement Transformation

The goal now is to remove the optical cavity from the system through the
process of adiabatic elimination. That is to say to reinterpret the system as
consisting of only the qubit and the mechanical oscillator, and treating the
optical cavity mode as part of the environment. When doing this we will
assume that the process of one photon leaving the cavity, described by the
term

κD[a]ρ, (3.30)

happen much faster than any interaction process. This process happens on
a time scale

tκ ≡ 1/κ. (3.31)

With the form of our current Hamiltonian, this is not the case. We will
therefore have to postpone the adiabatic elimination to chapter 3.5 and in
the mean time look to remove the large terms from H̃. These terms are

H̃drive = ~(Ω∗aa+ Ωaa
†), (3.32)

H1 = ~G(a†σ− + aσ+) (3.33)

and
H2 = 2~g(c+ c†)σ+σ−. (3.34)

We start by tackling the term in (3.32), H̃drive. Since this is linear in a
and a† we can remove it by displacing the zero level of the optical mode to
one where the effect of the drive leaves the cavity in a vacuum state. This
is done with a transformation by

V = eαa
†−α∗a. (3.35)

Its effect on a and a† is
V †aV = a+ α (3.36)

and
V †a†V = a† + α∗. (3.37)

H2 does not change in this transformation. The others transform as
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V †H0V = H̃0 − ~∆a(α
∗a+ αa†)− ~∆a|α|2, (3.38)

V †H1V = H1 + ~G(α∗σ− + ασ+), (3.39)
V †H̃driveV = H̃drive + ~(Ω∗aα+ Ωaα

∗), (3.40)
and

V †D[a]ρ̃V = D[a]ρ̄+
1

2
[α∗a− αa†, ρ̄], (3.41)

where
ρ̄ = V †ρ̃V (3.42)

is the transformed density operator. The last term in (3.38) and the last one
in (3.40) are constant terms that will not contribute in the master equation,
and can therefore be ignored. In addition to these terms we have new terms
involving a and a† in (3.38) and (3.41). By including the terms from (3.41)
in the Hamiltonian we get

H̄ = H̃0 +H1 +H2 + ~G(α∗σ− + aσ+)

+ ~(Ω∗a −∆aα
∗ + i

κ

2
α)a+ (Ωa −∆aα− i

κ

2
α)a†. (3.43)

By choosing the parameter α as

α =
Ωa

∆a + iκ2
(3.44)

we eliminate terms linear in a and a†. For simplicity we choose the phase of
Ωa in such a way that α becomes real. We are free to do this without loss
of generality.

After the displacement transformation we are rid of the term Hdrive, but
instead, we are stuck with the term

~Gα(σ− + σ+), (3.45)

which has a pre factor Gα. We will have to assume that this factor is small,

Gα << κ. (3.46)

At this stage we have the master equation

˙̄ρ = − i
~

[H̄, ρ̄] + κD[a]ρ̄+ γD[c]ρ̄, (3.47)

with
H̄ = H̄0 + H̄1 + H̄2 + H̄3, (3.48)

where
H̄0 = −~∆aa

†a− ~∆qσ+σ− + ωmc
†c, (3.49)

H̄1 = ~G(a†σ− + aσ+), (3.50)
H̄2 = 2~g(c+ c†)σ+σ−, (3.51)

and
H̄3 = ~Gα(σ− + σ+). (3.52)
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3.4 Removing the Remaining Large Terms

The two remaining large terms in the Hamiltonian is removed in a very
similar fashion. The one in (3.33) is removed through transforming the
Hamiltonian by

U1 = e−η, (3.53)

where
η = k1(a†σ− − aσ+). (3.54)

k1 is a real constant which will be chosen so that this transform eliminates
the term H1 in (3.33). Using the Baker-Campbell-Hausdorff[5] expansion
gives us with the new Hamiltonian

H ′ = U †1H̄U1 = eηH̄e−η = H̄ + [η, H̄] +
1

2!
[η, [η, H̄]] + . . . (3.55)

We expect the constant k1 to be small

|k1| � 1, (3.56)

and it therefore seems reasonable to exclude higher order terms of k1. Ex-
cluding all terms above second order we approximate

H ′ ≈ H̄ + [η, H̄] +
1

2
[η, [η, H̄0]]. (3.57)

Expanding the terms we get

H ′ ≈ H̄0 + H̄1 + H̄2 + H̄3 +[η, H̄0]+ [η, H̄1 + H̄2 + H̄3]+
1

2
[η, [η, H̄0]]. (3.58)

The idea behind this transform is to choose k1 in such a way that

[η, H̄0] = −H̄1. (3.59)

This leaves us with a transformed Hamiltonian given by

H ′ ≈ H̄0 + H̄2 + H̄3 + [η,
1

2
H̄1 + H̄2 + H̄3]. (3.60)

We note the commutators of η with the relevant operators of each sub-
system:

[η, a] = −k1σ−, (3.61)

[η, a†] = −k1σ+, (3.62)

[η, σ+] = k1a
†σz, (3.63)

[η, σ−] = k1aσz, (3.64)

[η, a†a] = −k1(a†σ− + aσ+), (3.65)
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[η, σ+σ−] = −k1(a†σ− + aσ+). (3.66)

Using this, and (3.59), we can calculate k1 by first evaluating the com-
mutator between η and H̄0,

[η, H̄0] = ~[η,
(
−∆aa

†a−∆qσ+σ−

)
]

= ~k1(∆a(a
†σ− + aσ+)−∆q(a

†σ− + aσ+))

= ~k1(∆a −∆q)(a
†σ− + aσ+). (3.67)

Equating this expression to

−H̄1 = −~G(a†σ− + aσ+) (3.68)

leaves us with the choice of constant

k1 = − G

∆a −∆q
. (3.69)

In checking that the condition in (3.56) we use the assumption made in (3.26)
and (3.10) which state that

G� ωm ≈ |∆a −∆q| (3.70)

and from this we can easily see that k1 must be small. In place of the term
H̄1 that we removed by this transformation we get a new term

[η,
1

2
H̄1 + H̄2 + H̄3]. (3.71)

Evaluating this term by term we find

1

2
[η, H̄1] =

~Gk1

2
[a†σ− − aσ+, a

†σ− + aσ+] = − ~G2

∆a −∆q
[a†σ−, aσ+]

= − ~G2

∆a −∆q
(a†aσ−σ+ − aa†σ+σ−)

= − ~G2

∆a −∆q
(a†a(1− σ+σ−)− (1 + a†a)σ+σ−)

= − ~G2

∆a −∆q
(a†a− σ+σ− − 2a†aσ+σ−), (3.72)

where

G′ ≡ G2

∆a −∆q
, (3.73)

[η, H̄2] = 2~g[η, (c+ c†)σ+σ−] =
2~gG

∆a −∆q
(c+ c†)(a†σ− + aσ+), (3.74)
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and

[η, H̄3] = ~Gα[η, σ− + σ+] = − ~G2α

∆a −∆q
(a+ a†)σz. (3.75)

Equation (3.72) contains a correction to the qubit energy and the cavity
frequency as well as the term

2~G′a†aσ+σ−, (3.76)

which we can interpret as a correction to the frequency of the cavity mode
depending on the state of the qubit. Considering this frequency shift is much
smaller than the line width, κ, the correction will be ignored. The term in
equation (3.74) has a small prefactor compared to the other terms in our
Hamiltonian, in addition to this, the terms

ca†σ− (3.77)

and
c†aσ+ (3.78)

are off-resonant by about a factor

ωm −∆q + ∆a ≈ 2ωm. (3.79)

It therefore makes sense to neglect these terms citing the rotating wave
approximation (see chapter 1.3). We are left with the close to resonant
terms

2~gG
∆a −∆q

(c†a†σ− + caσ+). (3.80)

The same argument can be used for the term in (3.75) where both terms are
off-resonant by about a factor ∆a.

The dissipative term
κD[a]ρ̄ (3.81)

from equation (3.47) is also changed by this transformation. In order evaluate
the result we must first calculate how the cavity operator a transforms.

U †1aU1 = a+[η, a]+
1

2
[η, [η, a]]+ . . . ≈ a+

G

∆a −∆q
σ−+

1

2

(
G

∆q −∆a

)2

aσz,

(3.82)
thus we get

U †1κD[a]ρ̄U1 = κD[U †1aU1]ρ′

≈ κD[a+
G

∆a −∆q
σ− +

1

2

(
G

∆a −∆q

)2

aσz]ρ
′

≈ κD[a

(
1 +

1

2

(
G

∆a −∆q

)2

σz

)
]ρ′ + κ

(
G

∆a −∆q

)2

D[σ−]ρ′, (3.83)
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where
ρ′ = U †1 ρ̄U1. (3.84)

Note that in our second approximation in (3.83) we have neglected any cross
terms between a and σ− as these terms would be off-resonant with a small
prefactor. As we can see, the transformation has left us with a dissipative
term for the qubit

κ

(
G

∆a −∆q

)2

D[σ−]ρ′. (3.85)

For simplicity let us define

µ ≡ κ
(

G

∆a −∆q

)2

. (3.86)

It is therefore not that important that we did not include a qubit dissipator
in our original master equation, in section 3.1. As long as the rate of this
dissipation is small compared to µ, it would at this point only be a minor
correction to µ.

When it comes to the change in the cavity dissipator

κD[a

(
1 +

1

2

(
G

∆a −∆q

)2

σz

)
]ρ′. (3.87)

Assuming the decay in the qubit happens at a much lower rate than the
decay rate in the cavity, that is to say

1

2

(
G

∆a −∆q

)2

� 1, (3.88)

we can think of the term

1

2

(
G

∆a −∆q

)2

σz (3.89)

as a small correction to the cavity decay rate dependent on the state of the
qubit

κ→ κ

(
1 +

1

2

(
G

∆a −∆q

)2

σz

)
. (3.90)

This should only lead to minor changes to the state ρ′, so we make the
approximation

κD[a

(
1 +

1

2

(
G

∆a −∆q

)2

σz

)
]ρ′ ≈ κD[a]ρ′. (3.91)

After this step we are left with the master equation

ρ′ = − i
~

[H ′, ρ′] + κD[a]ρ′ + γD[c]ρ′ + µD[σ−]ρ′ (3.92)
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and the Hamiltonian

H ′ = −~∆aa
†a− ~(∆q + 2G′)′σ+σ− + ~ωmc†c

+ 2~g(c+ c†)σ+σ− + ~Gα(σ− + σ+) + ~g′(c†a†σ− + caσ+), (3.93)

where
g′ =

2gG

∆a −∆q
. (3.94)

Removing H2, from (3.34), is done in a very similar fashion, now trans-
forming by

U2 = e−S , (3.95)

where
S = k2(c† − c)σ+σ−, (3.96)

a transform analogous to the polaron transform. Again, we have a real
constant, k2, which we will choose in such a way as to eliminate H2. We
note the transformations of the relevant operators

U †2cU2 = c− k2σ+σ−, (3.97)

U †2c
†U2 = c† − k2σ+σ−, (3.98)

U †2σ−U2 = σ−e
−k2(c†−c), (3.99)

U †2σ+U2 = σ+e
k2(c†−c), (3.100)

and
U †2σ+σ−U2 = σ+σ−. (3.101)

Paying special attention to how the term

~ωmc†c (3.102)

transforms,

~ωmU †2c
†cU2 = ~ωm(c† − k2σ+σ−)(c− k2σ+σ−)

= ~ωm(c†c− k2cσ+σ− − k2c
†σ+σ− + k2

2(σ+σ−)2)

= ~ωmc†c− ~ωmk2(c+ c†)σ+σ− + ~ωmk2
2σ+σ−, (3.103)

we see that we get a term of the same form as H2 in (3.34). Choosing

k2 =
2g

ωm
(3.104)

eliminates this term from our Hamiltonian. However, several other terms
in (3.93) change as well in this transformation. To find the transformed
Hamiltonian we shall go through them term by term starting with

2g~(c+ c†)σ+σ−. (3.105)
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2g~U †2(c+ c†)σ+σ−U2 = 2g~(c− 2g

ωm
σ+σ− + c† − 2g

ωm
σ+σ−)σ+σ−

= 2g~(c+ c†)σ+σ− −
8g2~
ωm

σ+σ−. (3.106)

We see that we get the same term back along with a correction to the qubit
energy. Looking at the transformation of the next term,

~GαU †2(σ− + σ+)U2 = ~Gα
(
σ−e

−k2(c†−c) + σ+e
k2(c†+c)

)
, (3.107)

we note that all terms of odd order in k2 (seen in a Taylor expansion of
e−k2(c†−c)) are off-resonant by at least a factor ωm, we can therefore neglect
these terms using the rotating wave approximation. The resonant terms
start at second order in k2 and since k2 is small and these terms have a small
prefactor 2g~ to begin with, it seems natural to neglect these as well, in
keeping with what we have done previously, neglecting terms of third order
and above in "small" factors,

~Gα
(
σ−e

−k2(c†−c) + σ+e
k2(c†+c)

)
≈ ~Gα (σ− + σ+) . (3.108)

The same argument can be made for the transformed term

~g′U †2(c†a†σ− + caσ+)U2

= ~g′
(

(c† − k2σ+σ−)a†σ−e
−k2(c†−c) + (c− k2σ+σ−)aσ+e

k2(c†−c)
)

= ~g′
(
c†a†σ−e

−k2(c†−c) + caσ+e
k2(c†−c)

)
≈ ~g′(c†a†σ− + caσ+). (3.109)

Turning our attention to the dissipative terms of the master equation,
we see that

κD[a]ρ′ → κD[a]ρ′′, (3.110)

where
ρ′′ = U †2ρ

′U2. (3.111)

Other than now working on ρ′′, the transformed density matrix, there is no
change to this term. The cavity dissipator transforms as

γU †2D[c]ρ′U2 = γD[U †2cU2]ρ′′ = γD[c− k2σ+σ−]ρ′′. (3.112)

We are left with a term
γD[c]ρ′′, (3.113)

which is what we started with, as well as cross-terms like

cρ′′σ+σ− (3.114)

which we ignore with the rotating wave approximation. We also get the term

γk2
2D[σ+σ−]ρ′′, (3.115)
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describing qubit phase noise. If we assume

γk2
2 � µ (3.116)

we can safely neglect this term, as its effects on the system is small.
For the qubit dissipator we have

µU †D[σ−]ρ′U = µD[σ−e
−k2(c†−c)]ρ′′ ≈ µD[σ−]ρ′′. (3.117)

Again we apply the same argument as before neglecting second and higher
orders in k2 and neglecting first order in k2 when the terms are off-resonant.

This leaves us with the Hamiltonian

H ′′ ≡ U †H ′U = −~∆̃aa
†a− ~∆̃qσ+σ− + ~ωmc†c
+ ~Gα(σ− + σ+) + ~g′(c†a†σ− + caσ+), (3.118)

where

∆̃q = ∆q −
G2

∆a −∆q
+

4g2

ωm
(3.119)

and
∆̃a = ∆a +G′, (3.120)

to accompany the master equation

ρ′′ = − i
~

[H ′′, ρ′′] + κD[a]ρ′′ + γD[c]ρ′′ + µD[σ−]ρ′′. (3.121)

At this point it should be noted that even though we have transformed
our system twice, a process which changes the interpretation of the basis
states, our transformations have both been, in a sense, small, as k1 and k2 are
small. This means that if our transformed oscillator is in the state Trc,q(ρ′′) =
|n〉〈m| then the original density matrix, ρ, representing the state of the actual
physical system will be in approximately the same state Trc,q(ρ) = |n〉〈m|.
(Trc,q() being the trace over the cavity and qubit).

3.5 Adiabatic Elimination

Finally, the requirements are met for us to be able to adiabatically eliminate
the cavity mode from the system. We will do this with the method of pro-
jection operators. For simplicity here we will drop the primed marks on ρ′′

and H ′′ and instead just write them as ρ and H. Hopefully this will not lead
to confusion with our initial ρ and H from section 3.1. The purpose of this
is to find the reduced density matrix for the system consisting of a qubit and
a mechanical oscillator,

ρqm ≡ Trc(ρ), (3.122)
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where the trace is the trace over just the cavity mode.
We start by writing the master equation in terms of the Liouvillian su-

peroperator
ρ̇ = Lρ. (3.123)

Going a step further we divide the Liouvillian into two parts

Lρ = L0ρ+ L1ρ, (3.124)

where

L0ρ = −i[−∆̃aa
†a− ∆̃qσ+σ− + ωmc

†c+Gα(σ− + σ+), ρ]

+ κD[a]ρ+ γD[c]ρ+ µD[σ−]ρ, (3.125)

and
L1ρ = −g′i[caσ+ + c†a†σ−, ρ], (3.126)

noting that
L0ρ (3.127)

is now free of terms connecting the cavity mode to the rest of the system.
We can go a step further and define

L0,qmρ = −i[Hqm, ρ] + γD[c]ρ+ µD[σ−]ρ, (3.128)

where
Hqm = −∆̃qσ+σ− + ωmc

†c+G(α∗σ− + ασ+), (3.129)

which is the part of Lρ pertaining to the qubit and the cavity, and

L0,cρ = −i[∆̃aa
†a, ρ] + κD[a]ρ, (3.130)

being the cavity part of Lρ.
Since

g′ � κ (3.131)

the cavity mode will most of the time be in the vacuum state (in the displaced
frame), it therefore makes sense to write

ρ = ρ(0)
qm ⊗ |0〉〈0|+ ρ′ (3.132)

where we can assume that ρ′ is in some sense small compared to ρqm. Note
that the ρ′ here is not the ρ′ from (3.84), but rather the part of the density
matrix where the cavity mode is not in the vacuum state, |0〉〈0|.

Let us now define the projection operator P working on an arbitrary
operator/density matrix X as

PX = Trc(X)⊗ |0〉〈0|, (3.133)
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and its complimentary operator Q as

QX = (1− P )X. (3.134)

We note that
Pρ = ρqm ⊗ |0〉〈0|, (3.135)

Qρ = ρ′ (3.136)

and
X = (P +Q)X. (3.137)

Calculating the time derivatives of Pρ and Qρ we get

d

dt
Pρ = P ρ̇ = PLρ = PL(Pρ+Qρ) = PL(Pρ) + PL(Qρ) (3.138)

and
d

dt
Qρ = QL(Qρ) +QL(Pρ). (3.139)

We note that L0 used on a vacuum state will never take us to a non-vacuum
state, and L1 acting on a vacuum state will always take us to a non-vacuum
state. Using this we find that

PLP = PL0P = L0P. (3.140)

With a little more work we can also show that

PLQ = P (L0 + L1)Q = PL1Q (3.141)

and
QLP = QL1P = L1P. (3.142)

PL0QX = PL0(1− P )X = PL0X − PL0(Trc(X ⊗ |0〉〈0|)) (3.143)

PL0X = P (L0,m ⊗ 1 + 1⊗ L0,c)X =

Trc[(1⊗ L0,c)X]⊗ |0〉〈0|+ Trc[(L0,m ⊗ 1)X]⊗ |0〉〈0|
= Trc[(L0,m ⊗ 1)X]⊗ |0〉〈0| (3.144)

PL0(Trc(X)⊗ |0〉〈0|) = P (L0,m ⊗ 1 + 1⊗ L0,c)(Trc(X)⊗ |0〉〈0|)
= P (Trc(X)⊗ L0,c|0〉〈0|) + Trc[(L0,m ⊗ 1)X]⊗ |0〉〈0|

= Trc(L0,m ⊗ 1)X ⊗ |0〉〈0| (3.145)
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QL0PX = Q(L0m ⊗ 1 + 1⊗ L0,c)(Trc(X)⊗ |0〉〈0|)
= Q(Trc[(L0,m ⊗ 1)X]⊗ |0〉〈0|+ Trc[X]⊗ L0,c|0〉〈0|)

= (1− P )Trc[(Lo,m ⊗ 1)X]⊗ |0〉〈0| = 0 (3.146)

Using these relation we can now write the time derivatives as

d

dt
Pρ = PL0(Pρ) + PL1(Qρ) (3.147)

and

d

dt
Qρ = Q(L0 + L1)(Qρ) +QL1(Pρ) = L0(Qρ) +QL1(Pρ+Qρ)

≈ L0(Qρ) +QL1(Pρ). (3.148)

In the last step we have gone to second order in L1. Formally we can write
the solution to equation (3.148) as

Qρ(t) = Qρ(t0) +

∫ t

t0

dτ ′eL0(t−τ ′)L1(Pρ(τ ′)). (3.149)

Note that exponential of the Liouvillian eLt acting on a density matrix has
the effect of advancing said density matrix in time by t. Since we are pri-
marily interested in the steady state of the system, and the steady state does
not depend on the initial condition we can write

Qρ(t) =

∫ t

−∞
dτ ′eL0(t−τ ′)L1(Pρ(τ ′)) =

∫ ∞
0

dτeL0τL1(Pρ(t− τ)). (3.150)

Putting this into equation(3.147) we find

d

dt
Pρ = L0(Pρ) +

∫ ∞
0

dτPL1(eL0τ (L1(Pρ(t− τ)))). (3.151)

This equation will give us our new master equation for ρqm. However, before
we can start to make sense of it, we need to find expressions for the terms

L0(Pρ) (3.152)

and ∫ ∞
0

dτPL1(eL0τ (L1(Pρ(t− τ)))). (3.153)

Let’s start by looking at (3.152),

L0(Pρ) = (L0,qm + L0,c)(ρqm ⊗ |0〉〈0|)
= L0,qmρqm ⊗ |0〉〈0|+ ρqm ⊗ L0,c|0〉〈0| = L0,qmρqm ⊗ |0〉〈0|. (3.154)
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We see that this term is just the part of the master equation we would get
had we had no interaction with the cavity mode. This makes (3.153) the
correction to the reduced master equation resulting from its interaction with
the cavity mode, the term in L1. Evaluating this term is a very messy affair,
and therefore we will take it step by step, by first evaluating

L1(eL0τ (L1(Pρ(t− τ))))

= −g′2[caσ+ + c†a†σ−, e
L0τ [caσ+ + c†a†σ−, ρqm(t− τ)⊗ ρ0,c]], (3.155)

where
ρ0,c = |0〉〈0| (3.156)

is the vacuum state of the cavity mode (in the displaced frame). Writing out
the terms in (3.155) results in a long expression, and in an effort to simplify
this we will forego writing the time dependence of ρqm, keeping in mind that
whenever we write ρqm below, we really mean ρqm(t− τ).

L1(eL0τ (L1(Pρ(t− τ))))

= −g′2(aeL0,cτ (aρ0,c)⊗cσ+e
L0,qmτ (cσ+ρqm)−aeL0,cτ (ρ0,ca)⊗cσ+e

L0,qmτ (ρqmcσ+)

−eL0,cτ (aρ0,c)a⊗eL0,qmτ (cσ+ρqm)cσ+ +eL0,cτ (ρ0,ca)a⊗eL0,qmτ (ρqmcσ+)cσ+

+a†eL0,cτ (a†ρ0,c)⊗c†σ−eL0,qmτ (c†σ−ρqm)−a†eL0,cτ (ρ0,ca
†)⊗c†σ−eL0,qmτ (ρqmc

†σ−)

−eL0,cτ (a†ρ0,c)a
†⊗eL0,qmτ (c†σ−ρqm)c†σ−+eL0,cτ (ρ0,ca

†)a†⊗eL0,qmτ (ρqmc
†σ−)c†σ−

+aeL0,cτ (a†ρ0,c)⊗cσ+e
L0,qmτ (c†σ−ρqm)−aeL0,cτ (ρ0,ca

†)⊗cσ+e
L0,qmτ (ρqmc

†σ−)

−eL0,cτ (a†ρ0,c)a⊗eL0,qmτ (c†σ−ρqm)cσ++eL0,cτ (ρ0,ca
†)a⊗eL0,qmτ (ρqmc

†σ−)cσ+

+a†eL0,cτ (aρ0,c)⊗c†σ−eL0,qmτ (cσ+ρqm)−a†eL0,cτ (ρ0,ca)⊗c†σ−eL0,qmτ (ρqmcσ+)

−eL0,cτ (aρ0,c)a
†⊗eL0,qmτ (cσ+ρqm)c†σ−+eL0,cτ (ρ0,ca)a†⊗eL0,qmτ (ρqmcσ+)c†σ−).

(3.157)

Since ρ0,c is the vacuum state we can remove any term containing the factor
aρ0,c or ρ0,ca

† as
a|0〉〈0| = |0〉〈0|a† = 0, (3.158)

this leaves us with

L1(eL0τ (L1(Pρ(t− τ))))

= −g′2(−aeL0,cτ (ρ0,ca)⊗cσ+e
L0,qmτ (ρqmcσ+)+eL0,cτ (ρ0,ca)a⊗eL0,qmτ (ρqmcσ+)cσ+

+a†eL0,cτ (a†ρ0,c)⊗c†σ−eL0,qmτ (c†σ−ρqm)−eL0,cτ (a†ρ0,c)a
†⊗eL0,qmτ (c†σ−ρqm)c†σ−

+aeL0,cτ (a†ρ0,c)⊗cσ+e
L0,qmτ (c†σ−ρqm)−eL0,cτ (a†ρ0,c)a⊗eL0,qmτ (c†σ−ρqm)cσ+

−a†eL0,cτ (ρ0,ca)⊗c†σ−eL0,qmτ (ρqmcσ+)+eL0,cτ (ρ0,ca)a†⊗eL0,qmτ (ρqmcσ+)c†σ−).
(3.159)
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Remembering the definition of P in (3.133) we can now go one step further
and consider

PL1(eL0τ (L1(Pρ(t− τ))))

= −g′2Trc[−aeL0,cτ (ρ0,ca)⊗cσ+e
L0,qmτ (ρqmcσ+)+eL0,cτ (ρ0,ca)a⊗eL0,qmτ (ρqmcσ+)cσ+

+a†eL0,cτ (a†ρ0,c)⊗c†σ−eL0,qmτ (c†σ−ρqm)−eL0,cτ (a†ρ0,c)a
†⊗eL0,qmτ (c†σ−ρqm)c†σ−

+aeL0,cτ (a†ρ0,c)⊗cσ+e
L0,qmτ (c†σ−ρqm)−eL0,cτ (a†ρ0,c)a⊗eL0,qmτ (c†σ−ρqm)cσ+

−a†eL0,cτ (ρ0,ca)⊗c†σ−eL0,qmτ (ρqmcσ+)+eL0,cτ (ρ0,ca)a†⊗eL0,qmτ (ρqmcσ+)c†σ−]

⊗ |0〉〈0|
= −g′2[Trc

(
aeL0,cτ (ρ0,ca)

) (
−cσ+e

L0,qmτ (ρqmcσ+) + eL0,qmτ (ρqmcσ+)cσ+

)
+ Trc

(
a†eL0,cτ (a†ρ0,c)

)(
c†σ−e

L0,qmτ (c†σ−ρqm)− eL0,qmτ (c†σ−ρqm)c†σ−

)
+ Trc

(
aeL0,cτ (a†ρ0,c)

)(
cσ+e

L0,qmτ (c†σ−ρqm)− eL0,qmτ (c†σ−ρqm)cσ+

)
+ Trc

(
a†eL0,cτ (ρ0,ca)

)(
−c†σ−eL0,qmτ (ρqmcσ+) + eL0,qmτ (ρqmcσ+)c†σ−

)
]

⊗ |0〉〈0|
= −g′2[〈a(0)a(τ)〉0

(
−cσ+e

L0,qmτ (ρqmcσ+) + eL0,qmτ (ρqmcσ+)cσ+

)
+ 〈a†(τ)a†(0)〉0

(
c†σ−e

L0,qmτ (c†σ−ρqm)− eL0,qmτ (c†σ−ρqm)c†σ−

)
+ 〈a(τ)a†(0)〉0

(
cσ+e

L0,qmτ (c†σ−ρqm)− eL0,qmτ (c†σ−ρqm)cσ+

)
+ 〈a†(0)a(τ)〉0

(
−c†σ−eL0,qmτ (ρqmcσ+) + eL0,qmτ (ρqmcσ+)c†σ−

)
]

⊗ |0〉〈0|,
(3.160)

where

〈a(τ)a(0)〉0 = 0, 〈a†(τ)a†(0)〉0 = 0, (3.161)

〈a†(τ)a(0)〉0 = 0, 〈a†(0)a(τ)〉0 = 0, (3.162)

〈a(τ)a†(0)〉0 = e−
κ
2
τ+i∆̃aτ , (3.163)

and

〈a†(0)a(τ)〉0 = e−
κ
2
τ−i∆̃aτ (3.164)

are the two time correlation functions for a vacuum state. They can be
found by using the quantum regression theorem[6]. We see that the terms
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proportional to (3.161) and (3.162) in (3.160) vanish, and we are left with

PL1(eL0τ (L1(Pρ(t− τ)))) =

− g′2(e−
κ
2
τ+i∆aτ

(
cσ+e

L0,qmτ (c†σ−ρqm)− eL0,qmτ (c†σ−ρqm)cσ+

)
+ e−

κ
2
τ−i∆aτ

(
−c†σ−eL0,qmτ (ρqmcσ+) + eL0,qmτ (ρqmcσ+)c†σ−

)
)

⊗ |0〉〈0|. (3.165)

We now have an expression for the integrand in (3.152) which means it
is time to tackle the whole integral. At this point, it becomes important to
keep track of the time dependence of ρqm, so we will again write it out in
full.

− g′2
∫ ∞

0
dτ
{
e−

κ
2
τ+i∆aτ

(
cσ+e

L0,qmτ (c†σ−ρqm(t− τ))

−eL0,qmτ (c†σ−ρqm(t− τ))cσ+

)
− e−

κ
2
τ−i∆aτ

(
eL0,qmτ (ρqm(t− τ)cσ+)c†σ−

−c†σ−eL0,qmτ (ρqm(t− τ)cσ+)
)}

≈ −g′2
∫ ∞

0
dτ
{
e−

κ
2
τ+i∆aτ

(
cσ+e

−iH0,qmτ/~c†σ−ρqm(t− τ)eiH0,qmτ/~

−e−iH0,qmτ/~c†σ−ρqm(t− τ)eiH0,qmτ/~cσ+

)
− e−

κ
2
τ−i∆aτ

(
e−iH0,qmτ/~ρqm(t− τ)cσ+e

iH0,qmτ/~c†σ−

−c†σ−e−iH0,qmτ/~ρqm(t− τ)cσ+e
iH0,qmτ/~

)}
≈ −g′′

(
cσ+c

†σ−ρqm(t)− c†σ−ρqm(t)cσ+

)
−g′′∗

(
ρqm(t)cσ+c

†σ− − c†σ−ρqm(t)cσ+

)
,

(3.166)

where

g′′ = g′2
∫ ∞

0
dτe−

κ
2
τ+i(∆a−ωm−∆̃q)τ =

g′2

κ
2 + i(∆a − ωm − ∆̃q)

=
g′2

κ
2 + i∆

,

(3.167)
where we have defined

∆ ≡ ∆a − ∆̃q − ωm. (3.168)

The approximation we made here is the very essence of adiabatic elimina-
tion. What we have done is to approximate a time evolution by a Liouvillian

eL0,qm(X) (3.169)
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with a time evolution by a Hamiltonian

e−iH0,qmτ/~XeiH0,qmτ/~ (3.170)

In other words we have disregarded the dissipative terms. The reason for
why we are able to do this is that the evolution of the system due to processes
described by the Hamiltonian happen at a very different time scale than the
dissipative processes. The time scale for dissipation to happen is given by

τκ = 1/κ. (3.171)

Through the transformations we did in the previous sections we have made
sure that interactions described in the Hamiltonian take a much longer time
to happen on average. We therefore operate on two very different time scales,
and we can ignore the evolution on the slow time scale while treating the
evolution happening on the fast time scale.

Taking another look at (3.166) it turns out that we can rewrite it as

(g′′ + g′′∗)c†σ−ρqmcσ+ − g′′cσ+c
†σ−ρqm + g′′∗ρqmcσ+c

†σ−

= 2 Re(g′′)D[c†σ−]ρqm − i Im(g′′)[cc†σ+σ−, ρqm]

= 2 Re(g′′)D[c†σ−]ρqm − i Im(g′′)[(c†c+ 1)σ+σ−, ρqm]. (3.172)

As we now see, the master equation correction in (3.153) comes in the form
of a new dissipator

ΓD[c†σ−]ρqm, (3.173)

where

Γ = 2 Re(g′′) =
g′2κ

2
((

κ
2

)2 −∆2
) =

κ

2

(
2gG

∆a −∆q

)2 1(
κ
2

)2 −∆2
, (3.174)

and as a new term in the Hamiltonian

Im(g′′)~(c†c+ 1)σ+σ−. (3.175)

At the end of it all we are left with the reduced master equation

ρ̇qm = − i
~

[Hqm, ρqm] + µD[σ−]ρqm + γD[c]ρqm + ΓD[c†σ−]ρqm, (3.176)

where

Hqm = −~(δ − χc†c)σ+σ− + ~ωmc†c+ ~Gα(σ− + σ+), (3.177)

with

χ = Im(g′′) = − g′2∆(
κ
2

)2 −∆2
=

(
2gG

∆a −∆q

)2 ∆(
κ
2

)2 −∆2
(3.178)



3.6. ACHIEVING THE FIRST EXCITED FOCK STATE 41

and
δ = ∆̃q − χ. (3.179)

At this point we should note that ρqm must be diagonal in phonon num-
ber, as the master equation (3.176) contain no process which will take you
from a state

|n〉〈n| (3.180)

to a state
|n〉〈m| (3.181)

with n 6= m.

3.6 Achieving the First Excited Fock state

We have come as far as we need to go, in terms of operations on our master
equation, in order to be able to see how the Fock state can arise. What
remains now is to find the parameters that will force the system into the
first Fock state. This is done by demanding that

δ = 0. (3.182)

If this condition is fulfilled the drive on the qubit

~Gα(σ+ + σ−) (3.183)

will be resonant as long as the number of phonons in the oscillator, n, is 0.
This process will be able to excite the qubit. Assuming that

µ,Gα� Γ, (3.184)

the excited qubit will (most likely) decay by the term

ΓD[c†σ−]ρqm, (3.185)

giving n = 1. When n ≥ 1 the process exciting the qubit is off-resonant by
a factor

nχ, (3.186)

and assuming
Γ� χ (3.187)

this means it will on average take a much longer time to excite the qubit.
While this is going on we have dissipation in the oscillator.

So to sum up, there are three processes which change the phonon number,
this is illustrated in Fig. 3.3:
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1

2

n

R1

R2 R3

R3

Figure 3.3: The processes affecting the state of the mechanical oscillator. R1

being the rate of the process taking you from |0〉 to |1〉, R2 the one for |1〉
to |2〉, and R3 being the rate of dissipation.

1. The qubit is excited while n = 0 and then decays to create a phonon,
this happens at a rate

R1 ∝
(Gα)2

Γ
. (3.188)

2. The qubit is excited while n = 1 and decays to create another phonon,
the rate of this process is

R2 ∝
(Gα)2

χ2
Γ. (3.189)

3. Oscillator decay at a rate

R3 ∝ γ. (3.190)

These rates follow from a Fermi golden rule treatment[12]. As long as R1 is
much larger than R3 and R2 is much lower than R3 the oscillator will spend
most of its time in the state

ρm ≡ Trq(ρqm) = |1〉〈1|. (3.191)

This means that the parameters must satisfy the condition

(
Gα

χ

)2

Γ� γ � (Gα)2

Γ
. (3.192)
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3.7 An Analytical Steady State Solution

In section 3.6 we have made the case for why this system, in a given pa-
rameter regime, should produce an oscillator in the first excited Fock state.
We will now solve the master equation for its steady state solution to show
that the various arguments we have made are reasonable. The steady state
density matrix is the one that solves the master equation (3.176) (under the
condition δ = 0) with

ρ̇qm = 0, (3.193)

that is

0 = −i[χc†cσ+σ− + ~ωmc†c+ ~Gα(σ− + σ+), ρqm]

+ µD[σ−]ρqm + γD[c]ρqm + ΓD[c†σ−]ρqm. (3.194)

The completely general ρqm can be written as

ρqm =
∑
n

∑
m

|n〉〈m| ⊗ (ρn,m,↓|−〉〈−|+ ρn,m,↑|+〉〈+|

+ ρn,m,↑↓|+〉〈−|+ ρ∗n,m,↑↓|−〉〈+|), (3.195)

and we will solve this in the straight forward fashion, by evaluating the right
hand side of the equation for a ρqm and make sure that every quantum state
in this right hand side has a vanishing prefactor. However, in order to make
such a calculation feasible we will need to make two simplifications. We will
only consider the first three Fock states, keep in mind we are working in
the low temperature regime and also that since we presume to get highest
probability for n = 1, the other states won’t be as important. Secondly,
since the Hamiltonian contains no processes which will take you from a state

|n〉〈m|, (3.196)

where n = m to one where n 6= m, we have discarded every state in which
n 6= m. This leaves us with the steady state density matrix

ρ0 ≡ |0〉〈0| ⊗ (ρ0,↓|−〉〈−|+ ρ0,↑|+〉〈+|+ ρ0,↑↓|+〉〈−|+ ρ∗0,↑↓|−〉〈+|)
+ |1〉〈1| ⊗ (ρ1,↓|−〉〈−|+ ρ1,↑|+〉〈+|+ ρ1,↑↓|+〉〈−|+ ρ∗1,↑↓|−〉〈+|)

+ |2〉〈2| ⊗ (ρ2,↓|−〉〈−|+ ρ2,↑|+〉〈+|+ ρ2,↑↓|+〉〈−|+ ρ∗2,↑↓|−〉〈+|), (3.197)

and the simplified problem of finding the set of ρnm from twelve linear equa-
tions. First, of course, we have to find these equations. We will do this simply
by inserting the density matrix in (3.197) into the equation in (3.194) and
evaluate the expression term by term.

[~ωmc†c, ρ0] = 0, (3.198)
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− iχqm[c†cσ+σ−, ρ0] = −iχqm|1〉〈1| ⊗ (ρ1,↑↓|+〉〈−| − ρ∗1,↑↓|−〉〈+|)
− 2iχqm|2〉〈2| ⊗ (ρ2,↑↓|+〉〈−| − ρ∗2,↑↓|−〉〈+|), (3.199)

−iGα[σ−+σ+, ρ0] = −iGα|0〉〈0|⊗((ρ0,↑↓−ρ∗0,↑↓)|−〉〈−|−(ρ0,↑↓−ρ∗0,↑↓)|+〉〈+|
+ (ρ0,↓ − ρ0,↑)|+〉〈−| − (ρ0,↓ − ρ0,↑)|−〉〈+|)

− iGα|1〉〈1| ⊗ ((ρ1,↑↓ − ρ∗1,↑↓)|−〉〈−| − (ρ1,↑↓ − ρ∗1,↑↓)|+〉〈+|
+ (ρ1,↓ − ρ1,↑)|+〉〈−| − (ρ1,↓ − ρ1,↑)|−〉〈+|)

− iGα|2〉〈2| ⊗ ((ρ2,↑↓ − ρ∗2,↑↓)|−〉〈−| − (ρ2,↑↓ − ρ∗2,↑↓)|+〉〈+|
+ (ρ2,↓ − ρ2,↑)|+〉〈−| − (ρ2,↓ − ρ2,↑)|−〉〈+|), (3.200)

µD[σ−]ρ0 = µ|0〉〈0|⊗(ρ0,↑|−〉〈−|−ρ0,↑|+〉〈+|−
1

2
ρ0,↑↓|+〉〈−|−

1

2
ρ∗0,↑↓|−〉〈+|)

+ µ|1〉〈1| ⊗ (ρ1,↑|−〉〈−| − ρ1,↑|+〉〈+| −
1

2
ρ1,↑↓|+〉〈−| −

1

2
ρ∗1,↑↓|−〉〈+|)

+ µ|2〉〈2| ⊗ (ρ2,↑|−〉〈−| − ρ2,↑|+〉〈+| −
1

2
ρ2,↑↓|+〉〈−| −

1

2
ρ∗2,↑↓|−〉〈+|),

(3.201)

γD[c]ρ0 = γ|0〉〈0| ⊗ (ρ1,↓|−〉〈−|+ ρ1,↑|+〉〈+|+ ρ1,↑↓|+〉〈−|+ ρ∗1,↑↓|−〉〈+|)
+ γ|1〉〈1| ⊗ ((2ρ2,↓ − ρ1,↓)|−〉〈−|+ (2ρ2,↑ − ρ1,↑)|+〉〈+|

+ (2ρ2,↑↓ − ρ1,↑↓)|+〉〈−|+ (2ρ∗2,↑↓ − ρ∗1,↑↓)|−〉〈+|)
γ|2〉〈2| ⊗ (−2ρ2,↓|−〉〈−| − 2ρ2,↑|+〉〈+| − 2ρ2,↑↓|+〉〈−| − 2ρ∗2,↑↓|−〉〈+|),

(3.202)

ΓD[c†σ−]ρ0 = Γ|0〉〈0| ⊗ (−ρ0,↑|+〉〈+| −
1

2
ρ0,↑↓|+〉〈−| −

1

2
ρ∗0,↑↓|−〉〈+|)

Γ|1〉〈1| ⊗ (ρ0,↑|−〉〈−| − 2ρ1,↑|+〉〈+| − ρ1,↑↓|+〉〈−| − ρ∗1,↑↓|−〉〈+|)
+ Γ|2〉〈2| ⊗ ρ1,↑|−〉〈−|. (3.203)

These calculation have been made on a system of only three states, a three
level system, if you will. That is to say that whenever we encountered terms
referring to Fock states higher than 2 these terms have been discarded. Had
we not done this, but instead kept all terms, we would encountered incon-
sistencies. Finding the equations from these expressions, (3.198)-(3.203), is
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now straight forward. By demanding that the factor in front of the term
|0〉〈0| ⊗ |−〉〈−| is equal to zero we find

0 = −iGα(ρ0,↑↓ − ρ∗0,↑↓) + µρ0,↑ + γρ1,↓. (3.204)

Doing the same for |0〉〈0| ⊗ |+〉〈+| we get

0 = iGα(ρ0,↑↓ − ρ∗0,↑↓)− µρ0,↑ + γρ1,↑ − Γρ0,↑. (3.205)

And for |0〉〈0| ⊗ |+〉〈−|:

0 = −iGα(ρ0,↓ − ρ0,↑)−
µ

2
ρ0,↑↓ + γρ1,↑↓ −

Γ

2
ρ0,↑↓. (3.206)

And for |0〉〈0| ⊗ |−〉〈+|:

0 = iGα(ρ0,↓ − ρ0,↑)−
µ

2
ρ∗0,↑↓ + γρ∗1,↑↓ −

Γ

2
ρ∗0,↑↓. (3.207)

And for |1〉〈1| ⊗ |−〉〈−|:

0 = −iGα(ρ1,↑↓ − ρ∗1,↑↓) + µρ1,↑ + 2γρ2,↓ − γρ1,↓ + Γρ0,↑. (3.208)

And for |1〉〈1| ⊗ |+〉〈+|:

0 = iGα(ρ1,↑↓ − ρ∗1,↑↓)− µρ1,↑ + 2γρ2,↑ − γρ1,↑ − 2Γρ1,↑. (3.209)

And for |1〉〈1| ⊗ |+〉〈−|:

0 = −iχρ1,↑↓− iGα(ρ1,↓−ρ1,↑)−
µ

2
ρ1,↑↓+ 2γρ2,↑↓−γρ1,↑↓−Γρ1,↑↓. (3.210)

And for |1〉〈1| ⊗ |−〉〈+|:

0 = iχρ1,↑↓ + iGα(ρ1,↓ − ρ1,↑)−
µ

2
ρ∗1,↑↓ + 2γρ∗2,↑↓ − γρ∗1,↑↓ − Γρ∗1,↑↓. (3.211)

And for |2〉〈2| ⊗ |−〉〈−|:

0 = −iGα(ρ2,↑↓ − ρ∗2,↑↓) + µρ2,↑ − 2γρ2,↓ + 2Γρ1,↑. (3.212)

And for |2〉〈2| ⊗ |+〉〈+|:

0 = iGα(ρ2,↑↓ − ρ∗2,↑↓)− µρ2,↑ − 2γρ2,↑. (3.213)

And for |2〉〈2| ⊗ |+〉〈−|:

0 = −2iχρ2,↑↓ − iGα(ρ2,↓ − ρ2,↑)−
µ

2
ρ2,↑↓ − 2γρ2,↑↓. (3.214)

And for |2〉〈2| ⊗ |−〉〈+|:

0 = 2iχρ∗2,↑↓ + iGα(ρ2,↓ − ρ2,↑)−
µ

2
ρ∗2,↑↓ − 2γρ∗2,↑↓. (3.215)
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The first thing we notice by looking at this set of equations is that they are
not all linearly independent. The equations resulting from the off-diagonal
elements for each Fock state are complex conjugates of each other. Removing
the duplicates we are left with a set of six real and three complex equations.
These will be used to determine six real and three complex number. However,
as these numbers describe probabilities in a density matrix they must also
satisfy the condition of normality, we therefore expect there to be at least
one more linear independence in our set of equations.

The set of equations we will solve is given here:

0 = −iGα(ρ0,↑↓ − ρ∗0,↑↓) + µρ0,↑ + γρ1,↓ (3.216)

0 = iGα(ρ0,↑↓ − ρ∗0,↑↓)− µρ0,↑ + γρ1,↑ − Γρ0,↑ (3.217)

0 = −iGα(ρ0,↓ − ρ0,↑)−
µ

2
ρ0,↑↓ + γρ1,↑↓ −

Γ

2
ρ0,↑↓ (3.218)

0 = −iGα(ρ1,↑↓ − ρ∗1,↑↓) + µρ1,↑ + 2γρ2,↓ − γρ1,↓ + Γρ0,↑ (3.219)

0 = iGα(ρ1,↑↓ − ρ∗1,↑↓)− µρ1,↑ + 2γρ2,↑ − γρ1,↑ − 2Γρ1,↑ (3.220)

0 = −iχρ1,↑↓− iGα(ρ1,↓− ρ1,↑)−
µ

2
ρ1,↑↓+ 2γρ2,↑↓− γρ1,↑↓−Γρ1,↑↓ (3.221)

0 = −iGα(ρ2,↑↓ − ρ∗2,↑↓) + µρ2,↑ − 2γρ2,↓ + 2Γρ1,↑ (3.222)

0 = iGα(ρ2,↑↓ − ρ∗2,↑↓)− µρ2,↑ − 2γρ2,↑ (3.223)

0 = −2iχρ2,↑↓ − iGα(ρ2,↓ − ρ2,↑)−
µ

2
ρ2,↑↓ − 2γρ2,↑↓. (3.224)

Solving these equations is straight forward, albeit tedious, work, and has
therefore been left to Appendix A. We will here summarise the results of
Appendix A, using ρ1,↓ as reference for the other probabilities.

ρ0,↓
ρ1,↓

=
γΓ

4(Gα)2
, (3.225)

ρ0,↑
ρ1,↓

=
γ

Γ
, (3.226)

ρ1,↑
ρ1,↓

=

(
Gα

χ

)2

, (3.227)

ρ2,↓
ρ1,↓

=
Γ

γ

(
Gα

χ

)2

, (3.228)

ρ2,↑
ρ1,↓

=
Γ

2γ

(
Gα

χ

)4 µ
2 + 2γ

µ+ 2γ
. (3.229)

From this we see that as long as we are in a regime where the conditions
(3.184) and (3.192) hold, the occupation probability of the other states will
vanish in comparison to ρ1,↓.
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We have, in these last two sections, talked a lot about the necessary
conditions imposed on our parameters to get our desired result, it is now
time to see what results we can get plugging in actual numbers. By noting
that only the relative sizes of the parameters matter, we can simplify this
problem a little by discussing the size of each parameter in relation to ωm.
In order to establish a baseline, let us start by fixing the parameters that
would be most easily controlled in an experiment,

∆

ωm
= 0.01, (3.230)

defining the energy differences between the systems, and

α

ωm
= 0.0002, (3.231)

related to the laser drive. In order to acquire a reference for the sizes of the
other parameters we look to the experimental work done on this very system
by Pirkkalainen et. al[7, 8] and Lecocq et. al.[9]. In reference [7] they give
coupling rates of ∼ 0.02ωm, in [8] they operate with rates much smaller than
this. For now let us set

g

ωm
= 0.02 (3.232)

and
G

ωm
= 0.05, (3.233)

noting that these numbers satisfy the condition of weak-coupling, (3.10).
When it comes to κ, Pirkkalainen et. al. cite values of ∼ 0.2ωm, however,
in Lecocq’s paper[9] he operates with a value of ∼ 0.01. This gives us the
impression that the κ parameter can be somewhat flexible. Let us put

κ

ωm
= 0.001 (3.234)

The last remaining parameter to determine now is γ, we set this to

γ

ωm
= 10−6 (3.235)

in order to satisfy condition (3.192), experimentally this means that the
mechanical element must be fairly well shielded from interacting with its
surroundings, but this is not unheard of in these type of experiments.

Using these numbers we find that (3.192) becomes

2.5 · 10−8 � 5 · 10−7 � 2.5 · 10−6. (3.236)

Going through some of our other assumptions, (3.184) becomes

2.5 · 10−6, 10−5 � 4 · 10−5, (3.237)
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and (3.187) becomes
4 · 10−5 � 4 · 10−4. (3.238)

Looking over these inequalities, it seems that whether or not the conditions
are fulfilled depends on how we interpret the symbol �, dubbed "much less
than". In some cases term on the left hand side of � is only smaller by a
factor 4. Is 1

4 much less than 1,

1

4
� 1? (3.239)

In our treatment of the system in previous section we have used the symbol�
to justify mathematical operations as if the term on the left was infinitesimal
compared to its right hand side counterpart. This is hardly the case with
the discussed set of parameters. Perhaps the best way to look at it is to
think of the proposed parameter regime as a real world approximation of the
mathematically ideal system of section 3.6. Let us now insert the numbers
in equations (3.225) through (3.229),

ρ0,↓
ρ1,↓

= 0.050, (3.240)

ρ0,↑
ρ1,↓

= 0.013, (3.241)

ρ1,↑
ρ1,↓

= 6.2 · 10−4, (3.242)

ρ2,↓
ρ1,↓

= 0.050, (3.243)

ρ2,↑
ρ1,↓

= 1.0 · 10−5. (3.244)

The story here seems very much in keeping with what we had hoped for, the
chance of finding ρ in a state other than |1〉 ⊗ |−〉 very small.

3.8 Numerical results

In this section we will solve for the steady state of our system numerically.
To do this we will make use of the Quantum Optics Toolbox[13], a MATLAB
toolbox for doing calculations in quantum optics. The source code used for
this is displayed in Appendix B. What we have done here is to take what we
learned about our parameter regime in section 3.6 and use this to calculate
the steady state of the master equation from section 3.3. This means that
we can use the numerical solution as a test of our derivation.
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Figure 3.4: The portion of the steady state density matrix for the mechanical
oscillator in each Fock state. Only the states |0〉〈0|, |1〉〈1| and |2〉〈2| can be
visually distinguished from 0.

Using the same numbers as in the previous section we get the result
shown in Fig. 3.4 shows that clearly the steady state still prefers the first
excited Fock state. However, when reading the actual numbers we find that

ρ0

ρ1
= 0.27 (3.245)

and
ρ2

ρ1
= 0.07, (3.246)

a less impressive result than what we found in the previous section. This
tells us that the approximations we have made in our derivation (particularly
the ones pertaining to processes leading to the ground state) do contribute
an error, but all in all our result remain even without these approximations.
The source code in appendix B can easily be modified to search for an "ideal"
parameter regime.

3.9 Conclusion and Further Study

Through three transformations and an adiabatic elimination we have made
it apparent that the steady state of the system, prepared with the given
parameter regime, should be the first excited Fock state. We have also tested
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this result both by solving the system analytically as well as numerically. The
values we found for our density matrix in section 3.7 and 3.8 are similar to
some of the results found in reference [3]. As reference [3] was among the
main inspirations for the project, this is considered a success.

In section 3.1 we promised we would come back to our choice in neglecting
the terms

γnthD[c†]ρ (3.247)

and
γnthD[c]ρ. (3.248)

A choice that means we are operating at a very low temperature, one where
there are no thermal phonons in the surroundings,

nth � 1. (3.249)

Evaluating (3.14) with numbers from reference [8],

ωm = 65MHz (3.250)

and
T = 20mK, (3.251)

gives
nth ≈ 2.7. (3.252)

A number that does not satisfy condition (3.249), but it is low enough to the
point where one could imagine making ωm larger and T smaller to a point
where the condition holds. At the very least we can think of our efforts
in this chapter as a first step in developing a method which later can be
modified to handle larger T .

An interesting effect happens if we modify our system by adding a second
laser drive. Of course, a proper treatment of such a system would require
starting our derivation over from section 3.1 with an additional drive term
in the Hamiltonian. An interesting project which should be studied further,
but has been considered outside the scope of this thesis. However, for the
time being let us think of this new drive term simply as adding a process
akin to that of the first drive which is resonant only if n = 1 and thus will
take us from |1〉 to |2〉. This static two-drive system, with proper tuning,
will be able to let your system rest in the steady state

|2〉. (3.253)

However, if we adjust these two drives we should be able to create a com-
pletely arbitrary Fock state

|n〉. (3.254)
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Appendix A

Solving the Equations

In this appendix we shall tackle the task of solving the equation set

0 = −iGα(ρ0,↑↓ − ρ∗0,↑↓) + µρ0,↑ + γρ1,↓ (A.1)

0 = iGα(ρ0,↑↓ − ρ∗0,↑↓)− µρ0,↑ + γρ1,↑ − Γρ0,↑ (A.2)

0 = −iGα(ρ0,↓ − ρ0,↑)−
µ

2
ρ0,↑↓ + γρ1,↑↓ −

Γ

2
ρ0,↑↓ (A.3)

0 = −iGα(ρ1,↑↓ − ρ∗1,↑↓) + µρ1,↑ + 2γρ2,↓ − γρ1,↓ + Γρ0,↑ (A.4)

0 = iGα(ρ1,↑↓ − ρ∗1,↑↓)− µρ1,↑ + 2γρ2,↑ − γρ1,↑ − 2Γρ1,↑ (A.5)

0 = −iχρ1,↑↓ − iGα(ρ1,↓ − ρ1,↑)−
µ

2
ρ1,↑↓ + 2γρ2,↑↓ − γρ1,↑↓ − Γρ1,↑↓ (A.6)

0 = −iGα(ρ2,↑↓ − ρ∗2,↑↓) + µρ2,↑ − 2γρ2,↓ + 2Γρ1,↑ (A.7)

0 = iGα(ρ2,↑↓ − ρ∗2,↑↓)− µρ2,↑ − 2γρ2,↑ (A.8)

0 = −2iχρ2,↑↓ − iGα(ρ2,↓ − ρ2,↑)−
µ

2
ρ2,↑↓ − 2γρ2,↑↓ (A.9)

Rewriting equation (A.9) as

ρ2,↑↓ =
iGα

µ
2 + 2γ + 2iχ

(ρ2,↑ − ρ2,↓) (A.10)

allows us to express ρ2,↑↓ in terms of ρ2,↑ and ρ2,↓. From this we can find

Im(ρ2,↑↓) =
Gα

(µ
2 + 2γ

)(µ
2 + 2γ

)2
+ (2χ)2

(ρ2,↑ − ρ2,↓)

≈
Gα

(µ
2 + 2γ

)
4χ2

(ρ2,↑ − ρ2,↓). (A.11)

Similarly with equation (A.6) and (A.3) we find

ρ1,↑↓ ≈
iGα

Γ + iχ
(ρ1,↑ − ρ1,↓) +

2iGγα
µ
2 + 2γ + 2iχ

(ρ2,↑ − ρ2,↓), (A.12)
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Im(ρ1,↑↓) ≈
GαΓ

Γ2 + χ2
(ρ1,↑ − ρ1,↓) +

2Gγα(Γµ
2 − 2χ2)

(Γ2 + χ2)4χ2
(ρ2,↑ − ρ2,↓) (A.13)

and

ρ0,↑↓ =
2iGα

Γ + µ
(ρ0,↑ − ρ0,↓)

+
2iGγα

(Γ + µ)(Γ + iχ)

(
ρ1,↑ − ρ1,↓ +

2γ
µ
2 + 2γ + 2iχ

(ρ2,↑ − ρ2,↓)

)
, (A.14)

Im(ρ0,↑↓) =
2Gα

Γ
(ρ0,↑ − ρ0,↓)

+
2Gγα

(Γ + µ)(Γ2 + χ2)

(
Γ(ρ1,↑ − ρ1,↓) +

2γ(Γµ
2 − 2χ2)

4χ2
(ρ2,↑ − ρ2,↓

)
. (A.15)

Adding equations (A.7) and (A.8) together we find

Γρ1,↑ − γ(ρ2,↑ + ρ2,↓) (A.16)

ρ2,↑ + ρ2,↓ =
Γ

γ
ρ1,↑ (A.17)

The difference between (A.7) and (A.8) gives

2Γρ1,↑ + 2γ(ρ2,↑ − ρ2,↓) + 2µρ2,↑ + 4Gα Im(ρ2,↑↓) = 0 (A.18)

ρ2,↑ − ρ2,↓ = −
2Γρ1,↑ + µ(ρ2,↑ + ρ2,↓)

µ+ 2γ +
(Gα)2(µ2 +2γ)

χ2

≈ −
2 + µ

γ

µ+ 2γ +
(Gα)2(µ2 +2γ)

χ

Γρ1,↑

≈ −Γ

γ
ρ1,↑

(
1−

(Gα)2
(µ

2 + 2γ
)

χ2(µ+ 2γ)

)
(A.19)

which gives

ρ2,↑ =
Γ

2γ
ρ1,↑

(Gα)2
(µ

2 + 2γ
)

χ2(µ+ 2γ)
(A.20)

and

ρ2,↓ =
Γ

γ

(
1 +O

(
Gα

χ

)2
)
. (A.21)

Similarly for (A.4) and (A.5) we have

−(2Γ + µ+ γ)ρ1,↑ + 2γ(ρ2,↑ + ρ2,↓)− γρ1,↑ + Γρ0,↑ + µρ1,↑ = 0 (A.22)
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ρ0,↑ =
γ

Γ
(ρ1,↑ + ρ1,↓) (A.23)

and

0 = (2Γ + µ+ γ)ρ1,↑ − 2γ(ρ2,↑ − ρ2,↓) + µρ1,↑ − γρ1,↓ + Γρ0,↑

+ 4Gα Im(ρ1,↑↓)

≈ 2(Γ+µ)ρ1,↑−2γ

(
−Γ

γ
ρ1,↑

)(
1−

(Gα)2
(µ

2 + 2γ
)

χ2(µ+ 2γ)

)
+Γρ0,↑+γ(ρ1,↑−ρ1,↓)

+
4(Gα)2Γ

χ2
(ρ1,↑ − ρ1,↓) +

4γ(Gα)2

χ2

Γ

γ
ρ1,↑

(
1−O

(
Gα

χ

)2
)

(A.24)

ρ1,↑ +
1

4
ρ0,↑ −

(
(Gα)2

χ2
+

γ

4Γ

)
ρ1,↓

= ρ1,↑ +
1

4

γ

Γ
(ρ1,↑ + ρ1,↓)−

(
(Gα)2

χ2
+

γ

4Γ

)
ρ1,↓ ≈ 0 (A.25)

which gives

ρ1,↑ ≈
(
Gα

χ

)2

ρ1,↓. (A.26)

Since we assume
Gα� Γ� χ (A.27)

(see (3.184) and (3.187)), we can conclude that

ρ1,↑ � ρ1,↓, (A.28)

which means that
ρ0,↑ ≈

γ

Γ
ρ1,↑. (A.29)

Evaluating the sum of equations (A.1) and (A.2) gives us

ρ0,↑ =
γ

Γ
(ρ1,↑ + ρ1,↓), (A.30)

The same result we found in equation (A.23). The difference between (A.1)
and (A.2) give

(Γ + 2µ)ρ0,↑ − γ(ρ1,↑ − ρ1,↓) + 4Gα Im(ρ0,↑↓) = 0 (A.31)

(Γ + 2µ)ρ0,↑ − γ(ρ1,↑ − ρ1,↓)

+
8(Gα)2

Γ
(ρ0,↑ − ρ0,↓) +

8γ(Gα)2Γ

(Γ + µ)χ2
(ρ1,↑ − ρ1,↓)

+
4γ2(Gα)2

(Γ + µ)χ2

Γ

γ
ρ1,↑ ≈ 0 (A.32)



56 APPENDIX A. SOLVING THE EQUATIONS

Γρ0,↑ − γ(ρ1,↑ − ρ1,↓)−
8(Gα)2

Γ
ρ0,↓ ≈ 0 (A.33)

ρ0,↓ ≈
γΓ

4(Gα)2
ρ1,↓ (A.34)
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Source code

Na = 5 ;
Nc = 6 ;

omega_m = 1 ;
kappa = 0 . 0 0 1 ;
g = 0 . 0 2 ;
G = 0 . 0 5 ;
Delta = 0 . 0 1 ;
gamma = 5e−7;
alpha = 0 . 0002 ;

g_primed = (2∗G∗g/omega_m) ;
g_primed_primed = g_primed^2/(kappa/2 − i ∗( Delta ) ) ;

% Delta_a − Delta_q i s here approximated by omega_m
Delta_q_tilde = imag ( g_primed_primed ) ;
Delta_q = Delta_q_tilde + G^2/omega_m − 4∗g^2/omega_m;
Delta_a = Delta + omega_m + Delta_q_tilde − G^2/omega_m;

ida = i d en t i t y (Na ) ; idc = i d en t i t y (Nc ) ; i dqub i t = i d en t i t y ( 2 ) ;
a = tenso r ( des t roy (Na) , idc , i dqub i t ) ;
c = tenso r ( ida , des t roy (Nc) , i dqub i t ) ;
sm = tenso r ( ida , idc , sigmam ) ;

H_0 = − Delta_a∗a ’∗ a − Delta_q∗sm’∗ sm + omega_m∗c ’∗ c ;
H = H_0 + G∗ alpha ∗(sm + sm ’ ) + G∗( a ’∗ sm + a∗sm ’ ) + 2∗g ∗( c+c ’ ) ∗ sm’∗ sm ;

LH = − i ∗( spre (H) − spos t (H) ) ;
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LA = kappa ∗( spre ( a )∗ spos t ( a ’ ) − 0 . 5∗ ( spre ( a ’∗ a ) + spos t ( a ’∗ a ) ) ) ;
LC = gamma∗( spre ( c )∗ spos t ( c ’ ) − 0 . 5∗ ( spre ( c ’∗ c ) + spos t ( c ’∗ c ) ) ) ;
L = LH + LA + LC;

rho_0 = steady (L ) ;

pt race ( rho_0 , 2)

% Plot reduced dens i ty matrix f o r c
f i g u r e (1 )
rhoMechDouble = double ( pt race ( rho_0 , 2 ) ) ;
bar3 ( abs ( rhoMechDouble ) )
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