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Abstract

This work explores Zn vacancy–donor defect complexes in ZnO from density functional theory
calculations. Recent advances in first-principles methods allow key quantities such as defect
formation energies and thermodynamic charge transition levels to be calculated with improved
accuracy. The infamous band gap issue was alleviated by employing a hybrid functional, and
supercell artifacts were reduced by applying recently developed finite-size corrections. The
present calculations show that the Zn vacancy is an exceedingly deep polaronic acceptor that
can bind up to four localized holes on each of the nearest-neighbor O anions—a result that is
in line with magnetic-resonance data. The hole localization is accompanied by a distinct out-
ward relaxation of the O anion, which leads to lower symmetry and energy. Notably, initial
symmetry-breaking operations are required to capture this effect, which explains the absence of
polaronic hole localization in previous hybrid density functional studies. Moreover, the present
description of the Zn vacancy provides a key to understand vZn–donor defect complexes, where
vZn plays a dominant role. Large binding energies were calculated for these complexes, suggest-
ing that, once formed, they will be effectively frozen-in at lower temperatures. The formation
of these complexes could be of crucial importance since they can have a significant impact on
the electrical properties of ZnO, and place an upper limit on the efficiency of n-type doping
through charge compensation. A one-dimensional configuration coordinate diagram was used,
with parameters obtained from the first-principles calculations, to calculate luminescence line-
shapes for defects. The results show that the isolated Zn vacancy cannot be a source of the often
observed green luminescence, or any other visible luminescence in n-type ZnO. The divacancy
complex (vZn–vO) gives rise to a broad red luminescence with a peak position that is consis-
tent with experimental observations. Interestingly, the results indicate that the luminescence of
several Zn vacancy related defects could have similar shapes and peak positions.
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1 Introduction

With the advent of nanotechnology and the possibility of controlling materials at the atomic
level, a detailed and fundamental understanding of the electronic and structural properties of
materials is more important than ever. In order to improve on existing semiconductor tech-
nology and develop novel devices for application in the future, very precise and selective en-
gineering of material properties is essential. Point defects have a decisive influence on these
properties. For instance, doping a semiconductor with small amounts of donor or acceptor im-
purities can render it n-type or p-type conductive. However, this conductivity can be hampered
by compensation effects and unintentional doping caused by native defects or impurities. Many
wide band gap materials, including ZnO, tend to partially, or completely, charge-compensate
and thus resist ambipolar doping, which makes it difficult to exploit the many attractive prop-
erties of such materials. In order to overcome these obstacles, understanding defects and their
interplay is crucial.

Direct identification and characterization of defects can sometimes elude experimental efforts.
First-principles methods have emerged as a powerful approach to complement experiments and
gain valuable insights about materials at the atomic level. In particular, the density functional
theory (DFT) has become an integral part of materials research, and is practiced by a large and
growing number of research groups around the world. The DFT was introduced by Walter Kohn
as an answer to his bold hypothesis: Is it possible that the total energy of the many-electron
system depends only on the electron density? DFT provides the ground-state solution of the
Ne-electron Schrödinger equation, and reduces its complexity by mapping the 3Ne-dimensional
full wave function to the electron density in three dimensions. However, for the solution to
be exact, one crucial ingredient is still needed—the exact exchange-correlation (XC) energy.
Consequently, practical calculations rely on approximations, many of which have been very
successful, but ultimately have significant shortcomings. In the context of defects in semicon-
ductors, the infamous band gap issue is especially important. Recently though, great progress
has been made in overcoming these deficiencies, and many of the difficulties related to modeling
defects in supercells [1], making this a timely opportunity to revisit, and investigate unexplored
defects in ZnO.

The main goal of this thesis is to understand Zn vacancy related complexes, and their con-
stituents, by applying advanced hybrid density functionals, and more specifically to:

• determine key thermodynamic quantities, such as defect formation energies, defect com-
plex binding energies and thermodynamic charge transition levels

• shed light on the fundamental electronic and geometric features of the individual defects
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• explain the mechanisms behind complex formation (bonding and defect state interaction)

• simulate luminescence lineshapes for defects by constructing effective one-dimensional
configuration coordinate diagrams, based on first principles calculations

• use the results to interpret and explain experimental observations

The thesis is structured as follows: First, some background information about ZnO as a semi-
conductor is presented, followed by a brief review of the relevant work on the subject. In
Chapters 3 and 4, the DFT is introduced; both the theory itself and a discussion of its practical
application is included. Chapter 5 is a computational toolbox that includes all the methodol-
ogy, related to defect calculations, used in the present work. In Chapter 6, convergence tests
and computational details are shown, followed by results for bulk ZnO in Chapter 7. The final
four chapters are devoted to the Zn vacancy (Chapter 8), the donor defects (Chapter 9), the Zn
vacancy–donor defect complexes (Chapter 10), and a brief summary with suggestions for future
work (Chapter 11).
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2 Background

2.1 Crystalline Zinc Oxide
Zinc Oxide (ZnO) is a II-VI compound semiconductor with a direct wide band gap of 3.44
eV, and has gained considerable attention over the last 15 years as a promising material for
semiconductor device applications [2, 3]. After efficient high-quality growth and p-type (Mg)
doping of GaN was made possible by Akasaki, Amano and Nakamura, an accompishment that
saw them earn the Nobel prize in physics in 2014, GaN changed the world as a material for
energy-efficient blue LEDs and other optoelectronic devices. Following this success, ZnO was
initially explored as an alternative to sapphire as a substrate for growth of GaN, since both of
these materials crystallize in the wurtzite structure (Figure 2.1). The large improvement in the
quality of ZnO single-crystals that followed, provided a spark for researchers to study ZnO, by
itself, as a material for optoelectronic devices [4].

b

a

c

Zn

O

Figure 2.1: The wurtzite crystal structure of ZnO is shown with the lattice parameters a = b
and c of the unitcell. Zn and O atoms are are shown as gray and red spheres, respectively. The
hexagonal symmetry is apparent from the top view on the right.

ZnO has many advantages over GaN, the major being commercial availability of large single-
crystals of very high quality, and it is expected that ZnO will have a better performance in
optoelectronic devices [4]. It is also abundant, and considered to be an environmentally friendly
and biocompatible alternative [4]. ZnO has many useful properties, such as a large exciton
binding energy of 60 meV (25 meV in GaN), large piezoelectric constants, strong green-white
luminescence, high thermal conductivity, possibility of low-temperature wet etching, and high
radiation hardness [3]. By adding relatively small concentrations of MgO or CdO, the band gap
of ZnO can be modified significantly. This opens up for band gap engineering and fabrication
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of quantum heterostructures like quantum wells, wires and dots [4]. ZnO has also attracted
attention as a dilute magnetic semiconductor (DMS) for application in spintronics; ZnO doped
with Mg has been theoretically predicted to have a robust ferromagnetic moment above room
temperature [5]. ZnO is also easily made n-type by doping with, for instance, Al or Ga, which
makes it useful as a Transparent Conductive Oxide (TCO).

2.1.1 Growth of bulk ZnO

Single-crystal ZnO can be grown by a variety of methods with different growth rates, crystalline
quality, and concentrations of native point defects and impurities. The three main techniques
are pressurized melt growth, seeded chemical vapor transport (SCVT), and hydrothermal (HT)
growth [4]. The pressurized melt growth technique, patented by Cermet [6], produces boules
with a diameter of 1 cm at a growth rate of 1-5 mm/h, which can be cut into wafers. These
single-crystals are of high quality (the concentration of extended defects is about 104 cm−2),
but have a very high unintentional n-type conductivity [3], which is common to most as-grown
ZnO single-crystals. SCVT produces small 2.54 cm diameter crystals, typically at a growth rate
of 1 mm/day, but the quality is very high [7]. HT single-crystals are grown in a KOH/LiOH
base solution, which introduces Li impurites, but high temperatures are not required (about 300-
400 ◦C) and the crystal quality is very good. HT ZnO is grown at a rate of ∼75 mm/day, and
the diameter of the samples can reach about 3.08 cm [3]. Typically, these techniques produce
samples that show broad green emission bands in low temperature PL spectra [8], the origin of
which has been widely debated in the literature [3].

2.1.2 Unintentional n-type conductivity and the p-type problem

Although ZnO shows great promise as a material for semiconductor device applications, con-
trolling the conductivity of the material has proven to be a formidable task. All as-grown ZnO
samples are unintentionally n-type, and the cause is still under debate. In the past, many groups
have claimed that this inherent conductivity is caused by the native point defects v2+

O and Zn2+
i .

This is often based on changes in conductivity as a function of O partial pressure. However,
this assignment is ambiguous, since changes in O partial pressure can have many simultaneous
effects [3]. More recently, it has been proposed that several extrinsic shallow donors may be
responsible. H is present in almost all as-grown samples, and can act as a shallow donor when
substituted on the O site (HO), which could explain the change in conductivity as a function of
O partial pressure as well [9]. Hi is also a shallow donor, but its thermal stability is quite low,
i.e., Hi will diffuse out of the sample unless trapped by another defect [10]. Al and Si are also
typical impurity donors in as-grown ZnO [11, 12].

Ambipolar doping of oxide and nitride semiconductors is notoriously difficult. Despite the
success of GaN, only one shallow acceptor dopant (Mg) has been identified [13], and unfortu-
nately, although there are some reports of p-type ZnO, reproducible and stable p-type ZnO has
not been realized yet. Achieving p-type conductivity, the holy grail of ZnO research, would
allow fabrication of p-n homojunctions which are the building blocks of many semiconductor
devices. Thus, the p-type problem in ZnO has attracted much attention over the years. Three
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explanations are typically invoked to explain the difficulty: (1) The inherent n-type conductiv-
ity of as-grown ZnO, (2) Compensation by defect centers that are not responsible for n-type
doping [3], and (3) No shallow acceptor dopant can be identified, due to the very low position
of the VBM in ZnO on an absolute energy scale, which leads to deep defect levels and hole
localization [13].

2.2 Previous work
Although there is a plethora of DFT studies addressing various aspects related to understand-
ing defect properties of ZnO, precise determination of the main quantities of interest, namely
the formation energy and thermodynamic transition levels of defects, has proven difficult, and
so the results scatter widely in the literature. The reason can be divided into two categories:
(1) The choice of functional (approximation to the exchange-correlation energy), and (2) The
choice (or omission) of postfacto correction schemes. Despite this spread in results, DFT cal-
culations have provided valuable insights into the properties of many defects in ZnO.

The most widely studied defects in ZnO are the intrinsic defects [3, 9, 14–26]. Among these
defects, only the Zn vacancy and O vacancy are relevant to this work. The majority of studies
conclude that the O vacancy has a low formation energy, but is a very deep donor, which means
that it cannot be responsible for the unintentional n-type conductivity. The Zn vacancy is found
to be the dominant native acceptor, but its formation energy is rather high in p-type ZnO [14].
Also, it is a deep acceptor that cannot be a source of holes, acting instead as a compensating
acceptor in n-type ZnO. It has also been suggested to be a source of the often observed green
luminescence [9].

Previous DFT studies have shown that H acts as a donor in ZnO when incorporated as Hi or
HO [3, 14], and these configurations of H are found to have an almost equal formation energy
under reducing conditions. Past DFT studies on Ga as a dopant all show that the Zn site is pre-
ferred over interstitial sites [27,28]. Based on HSE-DFT calculations, Demchenko et al. invoke
(GaZn–vZn) as the main source of electron compensation in Ga doped ZnO [28]. Using the HSE
hybrid functional, Steiauf et al. [29] reported a binding energy of 1.35 eV for this complex,
while a binding energy of 0.48 eV was found by Huang et al. using a GGA+U functional [30].

To the author’s best knowledge, no hybrid DFT studies of (vZn–vO) and (vZn–HO) have been
carried out in the past. Bang et al. [31] studied the kinetics of vacancy clusters in ZnO by
employing the LDA+U functional in combination with kinetic Monte Carlo simulations. They
find that the vacancy coalescence starts with (vZn–vO). Additional monovacancies then join the
vacancy cluster, and due to the higher diffusivity of vZn compared to vO, more vZn-abundant
clusters will form. A binding energy of 2.5 eV is found for the divacancy complex, suggesting
that when a complex is formed, it will be effectively frozen-in at lower temperatures.

5





3 Density functional theory

Theoretical science is often said to be from first-principles, or ab initio which is a Latin term
meaning “from the beginning”. It is a bottom-up approach to science that is based only on
the established physical laws. Hence, no assumptions based on empirical models or fitting
parameters are made. In this work, the electronic structure is calculated from first-principles
by using the fundamental Schrödinger equation along with a set of approximations. To be
more specific, the DFT, with an exchange-correlation energy functional that includes a portion
of screened nonlocal exchange, as implemented in the Vienna Ab initio Simulation Package
(VASP), is used. In this chapter, the basics of DFT will be described. Starting with the complex
many-particle Schrödinger equation, and explaining how DFT combined with the Kohn-Sham
equations can be used to solve it exactly (at least in principle).

3.1 The single-electron Schrödinger equation

Before delving into the many-particle Schrödinger equation, it may be a good idea to briefly
refresh some of the fundamental concepts of quantum mechanics, while also establishing no-
tation that will be used in this chapter. The time-dependent Schrödinger equation for a single
electron is written [32]

i~
∂

∂t
ψ(r, t) = Hψ(r, t), (3.1)

where ψ(r, t) is the electron wave function andH is the Hamiltonian, which contains the kinetic
energy operator T , and potential energy operator U (usually an external potential)

H = T + U =
~2∇2

2me

+ V (r, t). (3.2)

Here me is the electron mass. One type of wave function with special physical significance
that solves Equation (3.1) is the wave function of a stationary state [33]. The wave function is
then an eigenfunction ψκ(r, t) to the Hamiltonian with a constant energy eigenvalue εκ = ~ωκ
(κ’th eigenstate1). A stationary state has a constant probability distribution as a function of time
for all observables, meaning that the electron remains in the same state as time goes by. If the
potential is independent of time, the eigenfunctions may be separated into a room part and a

1Each eigenstate can be occupied by two electrons; one with spin up, and the other with spin down. The spin
is assumed to be included in the coordinate r, except when needed. Actually, the Schrödinger equation is not valid
for particles with spin and does not account for relativistic effects, and the Dirac equation should be used instead.
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time part: ψκ(r, t) = ψκ(r)ρκ(t). The time-independent room-part is expressed as [32]

Hψκ(r) =

(
~2∇2

2me

+ V (r)

)
ψκ(r) = εκψκ(r) (3.3)

An important point is the difference between the general wave function ψ(r, t) and the eigen-
functions ψκ(r, t). Unlike the general wave function, the eigenfunctions have high spatial sym-
metry [33]. They are orthogonal and normalized 〈ψκ(r, t)|ψκ′(r, t)〉 = δκκ′ . Also, while the
eigenfunctions have distinct energies, the total energy of the general wave function is repre-
sented by the expectation value of the Hamiltonian E = 〈ψ(r, t)|H|ψ(r, t)〉 =

∑
κ |cκ|2εκ , and

when the energy is measured, the wave function collapses into an energy eigenvalue εκ with
probability |cκ|2. Solving the Schrödinger equation for the eigenfunctions involves less trouble
and effort than for the general wave function. The eigenfunctions depend on the potential V (r)

and the boundary conditions. Famous examples with analytical solutions, which may be found
in any introductory quantum physics book [32], include the free electron, electron in a box and
electron in a harmonic or spherical potential. Note that the solution for a single electron has
more than one eigenstate. The eigenstate with lowest energy, or the ground state ψ0(r), is very
important because (normally) the electron is most likely to be in this state [33].

3.2 The Hartree and Hartree-Fock approximations

If two electrons are close, a general two-electron wave function Ψ(r) ≡ Ψ(r1, r2) = f(ψ1, ψ2)

that includes the two single-electron wave functions must be found. The two-electron Schrödinger
equation becomes [33](

− ~2∇2
1

2me

− ~2∇2
2

2me

+
q2

|r1 − r2|
+ V (r)

)
Ψκ(r) = EκΨκ(r), (3.4)

where the first and second terms of the Hamiltonian describe the kinetic energies of the elec-
trons, and the third term describes the repulsive Coulomb interaction between them, i.e., when
more than one electron is present, electron–electron interaction must be included.

In the Hartree approximation, the ansatz, Ψ(r1, r2) = A · ψ1(r1)ψ2(r2), is suggested. This is a
variable separation, which assumes that the two electrons are independent, but interacting via
the Coulomb-term in the Hamiltonian2. The problem with this approximation is that electrons
are indistinguishable, meaning that the wave function should be physically equivalent when the
particles are interchanged [32]. Then, only a phase difference x = eiω is possible, i.e.

Ψ(r1, r2) = x ·Ψ(r2, r1). (3.5)

Bosons can occupy identical states, such that ψ1 = ψ2, the phase difference may be x = 1,
and Equation (3.5) is satisfied (the bosons are indistinguishable). Fermions on the other hand,
cannot occupy identical states (Pauli exclusion principle), and the Hartree approximation is

2This Coulomb term does not take into account electron correlation effects, which is why correlation is usually
defined as any electronic many-particle effect that is not described by Hartree-Fock theory.
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no longer valid. The wave function must be anti-symmetric for fermions, corresponding to
x = −1. The Hartree-Fock (HF) approximation does exactly this [32]:

Ψ(r1, r2) =
1√
2

(
ψ1(r1)ψ2(r2)− ψ1(r2)ψ2(r1)

)
. (3.6)

The 1/
√

2 is there to normalize the wave function, and becomes the Slater determinant when
there are more than two particles. If the particles are interchanged here, the sign changes.
Furthermore, if the electrons are in identical states, the wave function becomes zero. In the HF
approximation all correlation effects are neglected, but one should note that some correlation
is included unintentionally in the electron exchange through the Pauli exclusion principle [34]
(two electrons with parallel spin are correlated in that they may not occupy the same state).
Therefore, the usual definition of correlation does not correspond to the full correlation energy.
Correlation effects are very complicated, but there are methods beyond HF that include some
approximation of correlation effects, and this always leads to a lowering of the energy [34].

3.3 The many-particle Schrödinger equation

The aim of an ab initio method is to solve the many-particle Schrödinger equation for a system,
for example a perfect ZnO crystal. That is the key to determine any observable physical quantity
of the system. If a crystal consists of Nn nuclei and Ne electrons, the many-particle wave func-
tion may be described as Ψen(r,R) ≡ Ψen(r1, r2, · · · , rNe ,R1,R2, · · · ,RNn), where rj and
Rα describes the position of electron j and nucleus α respectively. The Schrödinger eigenvalue
equation becomes [33]:

Hen
κ Ψen

κ (r,R) = Een
κ Ψen

κ (r,R), (3.7)

where the many-particle Hamiltonian consists of the five terms illustrated in Figure 3.1.

Hen = −
Ne∑
j=1

~2∇2
j

2me

−
Nn∑
α=1

~2∇2
α

2mα

+
Ne∑
j<j′

q2

|rj − rj′ |
+

Nn∑
α<α′

q2ZαZα′

|Rα −Rα′|
−

Ne∑
j=1

Nn∑
α=1

q2Zα
|rj −Rα|

Kinetic energy of electrons
Tj

Kinetic energy of nuclei
Tα

Repulsive electron-electron interactions
Ujj

Repulsive nucleus-nucleus interactions
Uαα

Attractive electron-nucleus interactions
Ujα

Figure 3.1: The terms of the many-particle Hamiltonian. The summation over j < j′ is to
avoid double counting electron interactions, and to avoid self-interaction j 6= j. Note that only
single-particle and two-particle operators are included in this Hamiltonian.

One problem with the many-particle Schrödinger equation should be quite clear. Imagine that
we want to solve it for one mole of some solid substance. The number of atoms is then given
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by Avogadro’s constant (∼1023). This means that one interaction operator alone, would con-
sist of approximately 1040 summation terms, which is a massive numerical problem. The Abel
computing cluster has over 10000 CPU’s and a maximum floating point performance of 258
Teraflops/s (258 trillion mathematical operations per second). Even with this state-of-the-art
computer, it would take more than a quintillion (1018) years, just to calculate a single interaction
term. On top of that, there is a more fundamental problem with the equation itself. We do not
know how the Hamiltonian, containing one- and two-particle operators, operates on the many-
particle wave function Ψen(r,R) [33]. One way to resolve this is to use the HF approximation,
such that the many-particle wave function is expressed as a function of many single-particle
wave functions that are compatible with the Hamiltonian, Ψen(r,R) = f(ψ1, ψ2, ψ3, · · · ).
A different approach is to find a relation between the total energy E and the wave function
Ψen(r,R). This is done in the original DFT, by expressing the total energy as a functional
of the electron density E[n(r)]. The electron density is related to the wave function through
n(r) = |Ψ(r)|2. A third method is to mix these two approaches; this is the idea behind the
Kohn-Sham equation used in DFT today [33].

3.4 The Born-Oppenheimer approximation

As the “en” superscript in Equation (3.7) denotes, the wavefunction describes both the electrons
and nuclei. It would be advantageous to solve the equation for electrons and nuclei separately.
This is done in the Born-Oppenheimer, or adiabatic, approximation by assuming that their mo-
tion can be separated [32]. Nuclei are much heavier than electrons, so if a core moves, the
surrounding electrons respond instantaneously. The opposite is not true, and the nuclei are
approximated as fixed point charges. A variable separation is now justified

Ψen
κ (r,R) ≈ Ψκ(r,R)Θκ(R). (3.8)

By doing this variable separation in Equation (3.7), the full eigenfunction can be separated into
an electronic and a nuclear eigenvalue equation [33]:

He
κ(r,R)Ψκ(r,R) =

(
Tj + Ujj + Ujα

)
Ψκ(r,R) = Ee

κ(R)Ψκ(r,R) (3.9)

Hn
κ(R)Θκ(R) =

(
Tα + Uαα + Ee

κ(R)
)
Θκ(R) = Een

κ Θκ(R) (3.10)

These two equations are coupled via the electronic energy eigenvalues, Ee
κ(R), which also

depend on the nucleus positions through the wave function. The kinetic energy of the nuclei,
Tα, is usually set to zero as part of the approximation, and the remaining terms in the nuclear
Hamiltonian form the so-called potential energy surface (PES): Ep(R) = Uαα(R) + Ee

κ(R)

[34]. The PES is used to relax nucleus positions, since it allows us to calculate the forces that
work on them through Fα = −∇αEp(R). It is also useful for calculating reaction rates (e.g.
jump rates for diffusion), adsorption and vibration frequencies of bonds [35]. The Uαα term can
be calculated relatively easy, and is sometimes moved into the electronic eigenvalue equation,
allowing the total energy to be determined with just the electronic equation [33].
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3.5 The variational principle

To solve the eigenvalue problem for a many-electron system, it is a good idea to use the vari-
ational principle. The total energy, E, is then minimized by varying the general wavefunction
ψ(r). The global minimum corresponds to the ground state ψ0(r) with energy [33]

E0 = min
ψ→ψ0

〈ψ∗0|H|ψ0〉. (3.11)

Often, the energy is minimized with some constraints. This is possible when using the Lagrange
multiplier method. If a function, f(x1, x2), is to be minimized with a constraint in the form of
a function, g(x1, x2), that shall be zero for the constraint, then the Lagrangian is defined as

Λ(x1, x2, λ) = f(x1, x2)− λg(x1, x2) (3.12)

This function is minimized by differentiation with respect to all variables, including the La-
grange multiplier λ

∂

∂p
Λ(x1, x2, λ) =

∂

∂p

(
f(x1, x2)− λg(x1, x2)

)
= 0, where p = (x1, x2, λ) (3.13)

The result is three equations with three variables which may be solved for the coordinates of
the minimum. A function with any number of variables can be minimized in this way, and the
equation can be generalized to contain i > 1 constraints by using a summation

∑
i λi.

The Lagrange multiplier method can be used to solve the many-electron problem for the ground
state. A very important result is that it transforms the many-electron problem into many single-
electron equations. For instance, the variational method can be used to transform the two-
electron Hartree wave function, into two single-electron wave functions of the form [33]{

− ~2

2me

∇2
j +

∫
q2n(r′)− nj(r′)

|r− r′|
dr′ + Ven(r)

}
ψj(r) = εjψj(r). (3.14)

Here, nj(r′) is a self-term that removes the electron self-interaction as mentioned earlier.

3.6 The density functional theory

In DFT the ground-state electron density, n0(r), is used as a link between the total energy,
E, and the many-electron wave function, Ψen(r,R). The ground-state total energy can be
expressed as a functional of the ground-state electron density, E0[n0(r)], which again is related
to the ground-state eigenfunction through n0(r) = |Ψ0(r)|2. In fact, all ground-state physical
properties of the many-electron system are functionals of the ground-state electron density [33].
The advantage of replacing the full wave function with the electron density is huge in terms of
computational cost. The number of variables of the system is reduced from 3Ne to just 3 (the
electron density in three dimensions). The DFT is an exact theory; if the exact functional of
the electron density is known, then all the ground-state physical properties of the system are
known. The problem is that the exact functional is unknown, and probably very complicated.
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3.6.1 The Hohenberg-Kohn theorems

Two disarmingly simple and powerful theorems form the foundation of the DFT [34].

Hohenberg-Kohn theorem I: For any system of interacting particles in an external potential Vext(r),
the density is uniquely determined; the external potential is a unique functional of the density.

The external potential here, Vext(r), contains the potential from the nuclei in addition to any
other external contribution. This theorem can be proved by reductio ad absurdum [36], i.e., we
assume that the opposite is true, which is to say that two external potentials differing by a con-
stant, Vext(r) 6= V ′ext(r), have the same ground state electron density n0(r). The full proof [36]
will not be shown here, but results in

E0 + E ′0 < E ′0 + E0,

which is a contradiction, and two different external potentials may not have the same ground-
state electron density. Of course, if there is more than one wave function corresponding to the
same ground-state energy (degenerate ground-states), this is no longer true [34]. The alternative,
more general, formulation by Levy and Lieb [37, 38] takes care of this.

Hohenberg-Kohn theorem II: A universal functional for the energy E[n] can be defined in terms of
the electron density. The exact ground state is the global minimum value of this functional.

This means that by using a variational principle method, and minimizing the energy with re-
spect to the density, correct ground-state properties are obtained. This theorem has a very simple
proof. Since the properties are uniquely determined by the density (theorem I), they may be ex-
pressed as functionals of it [36]

E[n] = Tj[n] + Ujj[n] + Ujα[n]

= Tj[n] + Ujj[n] +
∫
Vjα(r)n(r) dr

= F [n] +
∫
Vjα(r)n(r) dr.

The Hohenberg-Kohn functional, F [n], is commonly referred to as the universal functional,
since the kinetic and internal energies do not depend on the electronic system under study [33].
If the ground-state density is n0(r), and we know the external potential (then H is known), the
ground-state eigenfunction may be determined. Any other density n(r), would lead to a wave
function which is not the ground-state. Then it must be true that [36]

E0 = E[n0] = 〈Ψ0|H|Ψ0〉 < 〈Ψ|H|Ψ〉 = E[n].

The total energy is minimized for n0, and so has to be the ground-state energy. Therefore, it
must be possible to obtain the ground-state density by minimizing the energy with respect to it,
and the theorem has been proved.
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3.6.2 The Kohn-Sham equation

The Hohenberg-Kohn theorems prove that there exists a unique functionalE[n] for any electron-
system, which is minimized for the unique ground-state density n0(r). However, in the original
paper [39], there is no information on constructing such a functional. We have gained nothing
but a reformulation of the many-particle problem in terms of unknown functionals of the elec-
tron density [34]. This problem was tackled by Kohn and Sham. In their famous paper [40],
they used the Hohenberg-Kohn theorems to take a huge step forward by deriving the Kohn-
Sham (KS) equation; the most widely used method for electronic structure calculations today.
The DFT would only be an interesting curiosity if it were not for Kohn and Sham [34].

The KS approach is to find the ground-state density by using Hartree-like, single-electron wave
functions to express the full wave function and density. We may not know how to express the
total energy in terms of the electron density, but if the exact ground-state density can be found
with this approach, then the DFT guarantees that the total ground-state energy is exact [33].
The full wave function is expressed by some independent single-electron wave functions

Ψ(r1, r2, r3, · · · , rNe) = ψKS
1 (r1)ψKS

2 (r2)ψKS
3 (r3) · · ·ψKS

Ne
(rNe), (3.15)

with the density given by n(r) =
∑

s |ψKS
s |2. Notice that the index s has been introduced

to denote the auxiliary wave functions instead of the index j used for electrons earlier. They
both run from 1 to Ne, but should be distinguished because the wave functions are not the true
single-electron wave functions. The ansatz here is that the KS wave functions, even though
they are just mathematical tools and not the true single-electron wave functions, provide the
exact density and thereby the exact ground-state total energy when minimized with respect to
the density [33]. Since the density is exact, according to the DFT, it is possible to express the
exact total energy as

E[n] = F [n] +

∫
Vjα(r)n(r) dr = Tj[n] + Ujj[n] + Ujα[n]. (3.16)

We are still not able to calculate F [n] because the functional is unknown, even though the
correct density is known. However, we are allowed to rewrite the expression as [33]

E[n] = Ts[n] + Us[n] + Ujα[n] +
(
(T [n]− Ts[n]) + (Ujj[n]− Us[n])

)
. (3.17)

The two first terms are the kinetic and interaction energy of the auxiliary wave functions, while
the electron-nucleus interaction energy is untouched. These first three terms may be calculated
with relative ease. The remaining terms are known as the exchange-correlation (XC) energy

Exc[n] = ∆T + ∆U = (T [n]− Ts[n]) + (Ujj[n]− Us[n]), (3.18)

and they include everything that is not described by Ts[n], Us[n] and Ujα[n], i.e., the complex
many-electron effects [33]. All that has been done is a separation of Equation (3.16) into a
large known part, and a smaller (but still very important) unknown part. The DFT still holds,
and guarantees that the expression is exact so long as Exc[n] is exact. For a non-interacting
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system the XC energy is zero, but for a realistic system it is probably tremendously complex
since it shall be able to describe very intricate many-particle effects for any physical system,
like for instance metals, insulators and molecules [33]. For this reason, the exact form of the
XC functional is unknown, and we must settle for approximations (to be discussed in the next
chapter). The exact total energy may now be expressed as

E[n] = Ts[n] + Us[n] + Ujα[n] + Exc[n], (3.19)

containing four terms which may be written (in the Hartree approximation)

Ts[n] =
∑
s

∫
ψKS∗
s

−~2∇2

2me

ψKS
s dr Us[n] =

1

2

∫ ∫
n(r)n(r′)

|r− r′|
drdr′

Ujα =

∫
Vjα(r)n(r) dr Exc[n] = (T [n]− Ts[n]) + (Ujj[n]− Us[n])

Note that the correction for electron self-interaction in Us[n] has not been omitted, it has just
been moved into the XC term, where it, depending on the approximation, may or may not
be included exactly. Next, the variational principle introduced in Section 3.5 must be used to
find the ground-state total energy, and to obtain many single-electron equations from the many-
electron problem. The total energy is minimized by using the Lagrange multiplier method, with
the constraint that the wave functions should be orthonormalized. The derivation is shown in
Ref. [33], and results in the KS single-electron equation,{

− ~2

2me

∇2
s + VH(r) + Vjα(r) + Vxc(r)

}
ψKS
s (r) = εKS

s (r)ψKS
s (r), (3.20)

where Vxc(r) = ∂Exc[n]/∂n(r) and VH(r) =
∫
q2 n(r′)
|r−r′|dr

′ is the Hartree potential, which de-
scribes the electron-electron interaction (the self-energy of the charge density n(r)) [34]. There
is no guarantee that the KS energy eigenvalues, εKS

s , are the true single-electron eigenvalues, but
they are commonly believed to describe something fairly close to the true picture. For example,
it is normal to approximate the bandgap as a difference between KS eigenvalues [34]. The only
exception is the highest occupied eigenvalue of a finite system (the negative ionization energy),
which must be exact if the density is exact [34]. The total energy, however, must be exact if
Exc[n] is exact, and may be expressed as [33]

E0[n] =
∑
j

εKS
j −

1

2

∫ ∫
q2n(r)n(r′)

|r− r′|
drdr′ + Exc[n]−

∫
Vxc(r)n(r) dr. (3.21)

To sum things up, the KS approach is a combination of the DFT and Hartree approach. Al-
though the wave functions are wrong, the DFT guarantees that Equation (3.21) will give the
exact ground-state total energy as long as the XC energy is exact. This seperates the KS from
the Hartree approach, which can never be exact because the incorrect wavefunction, albeit cor-
rect Hamiltonian, is used [33]. The missing piece, namely the XC energy as a functional of
electron density, will be discussed in the next chapter.
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4 Practical aspects of DFT

After the powerful Schrödinger equation had been introduced, Dirac famously declared that all
of chemistry had been puzzled out [41]:

The underlying physical laws necessary for the mathematical theory of a large part of physics
and the whole of chemistry are thus completely known, and the difficulty is only that the
exact application of these laws leads to equations much too complicated to be soluble. It
therefore becomes desirable that approximate practical methods of applying quantum
mechanics should be developed, which can lead to an explanation of the main features of
complex atomic systems without too much computation.

— Paul Dirac, 1929 [42]

Finding ways to approximate the solution of the many-particle Schrödinger equation remains
an important research field today. The DFT is one such approximation, and has made it feasible
to solve the many-particle Schödinger equation for large systems numerically. As a result of
this achievement, Walter Kohn was awarded half the nobel prize in 1998 for his development
of the DFT [43]. It is the exceptional balance between accuracy and computational cost that
has made it so popular [41]. In the previous chapter, we laid down the fundamental basics of
DFT. In this chapter, its practical aspects and numerical implementation will be discussed. In
order to estimate the accuracy of calculations, knowledge of basis sets, approximations to the
XC functional, pseudopotentials and convergence is very important.

4.1 Approximations to the XC energy

Since the exact XC energy is unknown, deriving it, or finding good approximations to it is an
ongoing research field. An advantage with the KS formalism, is that any new approximation
to Exc[n] can be easily plugged in, without changing the equation or the underlying theory
[33]. Some theorists [44] actually talk about functional development as climbing the rungs of
a “Jacob’s ladder” (the biblical ladder leading to heaven), each rung incorporating increasingly
complex ingredients to the XC functional, with the dream of escaping the “Hartree world” and
reaching the “heaven of chemical accuracy”. Today, hundreds of different functionals have
been developed, which can be quite confusing and inconvenient for new-comers, but luckily
there are some approximations that are more successful and popular than others. The most
popular approximations, relevant to this study, will be discussed in the following subsections.
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4.1.1 The Local Density Approximation

The local density approximation (LDA) is the original XC energy approximation. In their pa-
per [40], Kohn and Sham point out that solids often can be approximated in the limit of a
homogenous electron gas, where the exchange and correlation is local. Then, the XC energy is
an integral over all space, with the XC energy at each individual point of density n(r) equal to
that of a homogeneous electron gas with this density εhom

xc (n). Including spin (LSDA), the XC
energy is [34]

ELSDA
xc [n↑, n↓] =

∫
n(r)εhom

xc (n↑(r), n↓(r)) dr. (4.1)

The XC energy is normally divided into an exchange part and a correlation part, εhom
xc [n] =

εhom
x [n] + εhom

c [n], with the exchange energy per electron given by [34]

εσx = −3

4

(
6

π
nσ
)1/3

, (4.2)

where σ denotes the spin. The correlation energy has been accurately calculated with Monte
Carlo methods [45]. There is an important error in the LDA, namely the incomplete cancel-
lation of the self-interaction term. This self-interaction error (SIE) means that electrons will
effectively see themselves, leading to a repulsion that may cause artificial delocalization [46].
This is very clear in the case of a one-electron system, like a H+

2 molecule. For a single elec-
tron there should be no correlation energy and the exchange energy should exactly cancel the
Hartree energy, but this is not the case with the LDA [34]. For this simple case the error is
easily corrected, but the problem becomes very complex for many-particle systems. The ef-
fect is especially large in localized systems such as d- or f -electron systems [46]. Still, the
LDA works surprisingly well for many systems, and it is definitely one of the most successful
approximations in terms of accuracy versus cost, efficiency and numerical stability.

4.1.2 The Generalized-Gradient Approximation

The success of LDA has inspired development of improved approximations, like the various
generalized-gradient approximations (GGAs). The GGA extends the local approximation by
using the gradient of the density, ∆n, in addition to the density. It was first included as a
low-order expansion of the XC energy [47], but this did not lead to an overall enhancement
of the LDA. The main issue is that the gradients in real materials are very large, which may
cause the gradient expansion to fail. In fact, the GGA is called generalized to denote all the
different methods that have been proposed to modify the behavior of the functional at large
gradients, while preserving the desired properties [34]. There are many forms, but the most
widely used ones are B88 (Becke [48]), PW91 (Perdew and Wang [49]), and PBE (Perdew,
Burke and Ernzerhof [50]) which is used in this work. One of the most important features of
the GGAs is the improvement of binding energies in molecules over the LDA, which has made
DFT useful in chemistry. The LDA, on the other hand, typically results in overbinding [34].
However, the GGA has a tendency to underbind crystals.

16



4.1.3 Orbital-dependent functionals

As stated in Section 4.1.1, the LDA may lead to an erroneous ground-state for materials with
localized and strongly interacting electrons, such as rare earth elements and transition metal
oxides. Orbital-dependent functionals attempt to correct the errors made in LDA for specific
cases based on physical grounds, taking advantage of the fact that the KS orbitals themselves
are functionals of the density [34]. Two such methods are used in this work, namely DFT+U
and hybrid functionals, and will briefly be discussed here.

DFT+U

DFT+U methods use the standard LDA or GGA functionals along with an orbital-dependent
interaction. Because of the SIE, the LDA and GGA functionals systematically fail to de-
scribe strongly localized states. Consequently, for transition metal oxides, the strong Coulomb-
repulsion between 3d-electrons localized on the metal ions is underestimated [51]. An on-site
Hubbard-type [52,53] interaction term, U, is added in order to shift the localized 3d-like states,
correcting the error. The magnitude of the interaction parameter is often determined by con-
strained DFT, ensuring a non-adjustable parameter [34].

Hybrid functionals

Hybrid functionals intermix exact Hartree-Fock (HF) exchange, EHF
x , with exchange and cor-

relation from functionals like LDA or GGA, hence the name “hybrid”. HF theory explicitly
accounts for self-interaction and treats exchange exactly, but correlation effects are completely
ignored. In the LDA and GGA on the other hand, correlation is fairly well described, so the two
techniques complement eachother, motivating a combination. Becke realized this [54], and was
inspired by the adiabatic connection formula

Exc[n] =

∫ 1

0

Exc,λ[n] dλ, (4.3)

which literally “connects” the non-interacting KS system (λ = 0) to the fully interacting real
system (λ = 1) through a continuum of systems with partial interaction (0 ≤ λ ≤ 1) which all
have the same density n. The term Exc,λ[n] contains all the exchange and correlation for any
coupling strength λ of electron-electron interaction. This formula is often used for functional
development, and Becke used it first to combine LDA and HF in a linear approximation

Exc,λ[n] = (1− λ)EHF
x [n] + λELDA

xc [n]. (4.4)

Inserting this into Equation (4.3) and integrating resulted in the first hybrid functional, the “half-
and-half” hybrid functional [54]

Exc,λ[n] =
1

2
EHF

x [n] +
1

2
ELDA

xc [n]. (4.5)

This was later improved by Perdew et al. [55], who argued that 1/4 is the optimal fraction of
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HF exchange, and introduced the parameter-free PBE0 hybrid functional using the PBE-GGA

EPBE0
xc =

1

4
EHF

x +
3

4
EPBE

x + EPBE
c . (4.6)

The inclusion of HF exchange cancels part of the SIE, improving the description of localized
states, but results in very high computational cost. Furthermore, in real materials, the exchange
interaction is screened by the electrons, which means that the range of the exchange interaction
is overestimated [34]. The so-called GW approximation includes screening of the exchange
interaction [56], but comes at an even higher computational cost. For this reason, it is more
common to do non-self-consistent one-shot G0W0 calculations [41]. The problem with this
is that the result depends upon the starting point (GGA, PBE0 etc.). One way to reduce the
cost, while attempting to incorporate screening was proposed by Heyd et al. [57]. The nonlocal
HF exchange can be range-separated and approximated with good accuracy by the short-range
contribution. Heyd et al. used the error function erf(x) and erfc(x), due to the advantage of
simple analytic integration, for the range-separation of the exchange part only of the Coulomb
interaction [34]

1

r
=

short-range︷ ︸︸ ︷
erf(ωr)

r
+

long-range︷ ︸︸ ︷
erfc(ωr)

r
. (4.7)

here ω is an adjustable parameter that controls the shape of the separation. This parameter was
empirically optimized for molecules to ω = 0.15, and later for solids by Krukau et al. [58]
resulting in ω = 0.11. The two forms are known as the HSE03 and HSE06 (Heyd-Scuseria-
Ernzerhof) functional, respectively, and may be expressed as

EHSE
xc =

1

4
EHF,SR

x (ω) +
3

4
EPBE,SR

x (ω) + EPBE,LR
x (ω) + EPBE

c . (4.8)

A variant of HSE, to be specified later, was used in this work. Hybrid functionals provide the
most accurate result in terms of energetics, and is the most used method in chemistry [34]. With
the range-separation of Heyd and other methods, which improve the computational efficiency,
hybrid functionals have become increasingly popular for describing solids as well, especially
in cases where standard DFT functionals fail. By empirically adjusting the mixing parameter,
accurate band gaps and lattice parameters can be obtained. However, this does not guarantee
that other properties are well described, and it is very important to stress that this is a semi-
empirical approach. In the context of defect calculations, hybrid functionals are known to, e.g.,
overlocalize defect states in some cases [59].

4.2 Basis sets and pseudopotentials

The common denominator for the Hartree, HF and the DFT approximations, is that one ends up
with an infinite set of single-electron equations of the form{

− ~2

2me

∇2
i +

e2

4πε0

∫
n(r′)

|r− r′|
dr′ + Vα(r) + Vext(r)

}
ψi(r) = εi(r)ψi(r), (4.9)
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where Vα corresponds to the self-interaction correction of the Hartree potential in the Hartree
approximation, the exchange potential (for the true single-electron orbitals of the Slater de-
terminant) in the HF approximation, and the exchange-correlation operator (for the auxiliary
single-electron orbitals) in the DFT approximation [60]. This set of equations can be solved
self-consistently with an iterative method to be explained in the next section. Strictly, the single-
electron wave functions ψs belong to a function space with infinite dimensions, but it is much
more efficient to restrict the wavefunctions to a linear combination of mathematical functions,
i.e., a basis set ψbasis

p of the form [60]

ψi =
P∑
p=1

cipψ
basis
p , (4.10)

with expansion coefficients cip. Since the function space is restricted, the wave functions cannot
be exactly described, but something close to ψi can be generated if the basis set is chosen well.
An efficient basis set uses a small number of functions (small P ) to describe ψi. To construct
an efficient basis set, it should be as close to the solution as possible, so in an ideal world we
should know the solution beforehand. In reality, the basis set is chosen by taking advantage of
known properties of the system. The trick is finding an efficient basis set that is unbiased as
well. With a basis set, the single-electron equations can be written as [60]

0
...

0

 =


. . . . . . . . .

. . . 〈ψbasis
n |HKS|ψbasis

m 〉 − εi〈ψbasis
n |ψbasis

m 〉 . . .

. . . . . . . . .



ci1
...

cip


where the overlap matrix, 〈ψbasis

n |ψbasis
m 〉, vanishes if the basis set is orthonormal. The Hamilto-

nian matrix is diagonalized, yielding the eigenvalues and expansion coefficients which in turn
describe the eigenfunctions [33].

A basis set that is very popular for describing crystals is the Bloch function, which takes into
account both the periodicity of the crystal and its finite size. The Bloch function is given by:

ψnk(r) = eik·runk(r). (4.11)

The first term is a plane wave, and the second part is called a Bloch wave. In these eigen-
functions, n corresponds to energy bands with a set of allowed k-states, where k is a vector in
reciprocal space (usually called a wave vector since the wavelength of a plane wave is given
by λ = 2π/|k|). The energy bands appear because there are many different Bloch eigenfunc-
tions with the same k (different periodic un(r) component) [33]. By using Fourier analysis,
the periodic potential can be expressed as V (r) =

∑
G VGe

iG·r and the periodic part of the
Bloch function given by unk(r) =

∑
G unk+Ge

iGr. The Schrödinger equation can then be
conveniently Fourier transformed into reciprocal space (the derivation is shown in Ref. [33])

∑
G′

(
~2(k + G)2

2me

δGG′ + VG−G′

)
unk+G′ = εnkunk+G. (4.12)
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This eigenvalue problem is solved efficiently by matrix diagonalization for εnk and the coeffi-
cients unk+G which in turn can be used to find the eigenfunctions. There is an infinite number
of reciprocal lattice vectors G, which results in infinite sums. However, the summation can be
truncated to a finite basis set without sacrificing a lot of accuracy [35]. The Bloch function is a
very good choice for periodic systems like condensed matter, but there is one important prob-
lem. In the regions far away from the nuclei, the electrons are almost free and are thus described
very well by plane-waves, but the wave functions of the tightly bound core electrons typically
oscillate on short length scales in real space due to the strong Coulomb potential and orthog-
onality constraints [34]. This means that a very large number of plane-waves must be used to
describe them. There are two main ways to deal with this: (1) Pseudopotential methods, or (2)
All-electron methods. These methods will be explained briefly in the two following sections.

4.2.1 The pseudopotential method

The properties of materials are largely dominated by the valence electrons of the atoms. The
states of core electrons and the nucleus typically remain unchanged upon going from the iso-
lated atom to the solid [35]. Intuitively it should therefore be possible, and very advantageous,
to replace the strong Coulomb potential of the nucleus and the effects of the core electrons by
an effective potential acting on the valence electrons. Such an effective potential is termed a
pseudopotential [60], and results in a smaller basis set, or a lower energy cutoff as will be ex-
plained in Section 4.4.1. The minimum energy cutoff needed is often specified for individual
pseudopotentials, and those that require a high or low energy cutoff are called hard or soft, re-
spectively [35]. Very efficient pseudopotentials are termed ultrasoft. The pseudopotentials may
be generated by an atomic calculation, and then inserted into a subsequent solid or molecule
calculation as a fixed effective potential. This is known as the frozen-core approximation [34].

4.2.2 All-electron methods

In all-electron methods the basis set is seperated into two parts. In the region far away from
the cores, which we shall call the interstitial region, e.g., plane-waves can be used, while the
core regions can be described by more appropriate atomic-like basis sets [34]. In the Aug-
mented Plane-Wave method (APW) introduced by Slater [61], the so-called muffin-tin region
(core region) is assumed to have a spherically symmetric potential. Then, the wave functions are
solutions of the radial Schrödinger equation inside the muffin-tin region, and the wavefunctions
and their derivatives are required to be continuous at the muffin-tin borders. An improvement
to this method was made by Andersen [62], and is called the Linear Augmented Plane-Wave
method (LAPW). Further details of these methods are not so important for the discussion in
this thesis, and interested readers are referred to the extensive literature available on this sub-
ject. In this work, the projector augmented wave method (PAW), introduced by Blöchl [63]
and implemented in VASP by Kresse and Joubert, is used. The PAW method is an accurate and
numerically very efficient method that combines pseudopotentials with the LAPW method.
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4.3 The self-consistent field method

At this point, it is normal to notice that the KS equation involves a circular argument; to find
the effective potential we need the electron density, but to find the electron density we need the
eigenfunctions, which again depend on the effective potential [33]. There is nothing wrong with
this, we just need a way into the circle. Also, as mentioned before, an iterative method must be
used, which happens to be ideally suited for a computer. The iteration method is known as the
self-consistent field calculation (SCF) [33], and is described with a flowchart in Figure 4.1.

Input: Atomic structure,
potentials and settings.

Initial guess of n(r)

Use n(r) to calculate effective potential:

Veff = VH + Ven + Vxc

Solve Kohn-Sham equation:{
− ~2

2me

∇2 + Veff(r)

}
ψKS
n,k(r) = εKS

n,k(r)ψKS
n,k(r)

E0[n] =
∑
j

εKS
j −

1

2

∫ ∫
q2n(r)n(r′)

|r− r′|
drdr′ + Exc[n]−

∫
Vxc(r)n(r) dr

Calculate new density n′(r):

n′(r) =
∑

n

∑
k |ψKS
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Output: energies, forces etc.

Figure 4.1: The steps of an SCF calculation. Illustration adapted from Ref. [33]
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When self-consistency is reached, we have the minimized total energy for the electrons moving
in the fixed potential of the nuclei. However, the provided atomic structure may not be the
most stable [33]. If there are α nuclei at positions Rα, then the total energy can be expressed
as a function of the positions as EP(R1, · · · ,Rα). This is the potential energy surface (PES),
as mentioned in Section 3.4, and the global minimum of this function corresponds to the most
stable phase. If our initial guess for the atomic structure is close to the most stable phase, then
the PES is very useful for relaxing the nuclei towards the minimum. The slope may be used to
calculate the forces acting on the them, pointing them to the minimum. Usually, when relaxing
the nuclei the forces are minimized until they are below a chosen criterion. All the required
ground-state properties are then finally calculated and printed to output files. If the initial guess
for the atomic structure is far from the global minimum, for example if a completely different
phase is provided, then obviously the algorithm will be unable to find the global minimum.
Instead, a local minimum may be found, which may be interesting as well. DFT, and other ab-
initio methods, allow us to probe exotic, undiscovered, or experimentally unattainable structures
[34]. This is, for example, very attractive in geophysics for studying the Earth’s mantle, where
the temperature and pressure conditions are extreme. However, it is a double-edged sword,
because it is near impossible to predict the correct atomic structure with DFT alone [34]. There
are simply too many possibilities. Generally, the system must be characterized by some other
experimental technique beforehand.

4.4 Convergence

In order to do an actual DFT calculation with a computer, all the mathematical equations that
have been laid down must be solved as accurately as possible by using numerical methods [35].
A highly accurate result demands a lot of computational resources, and so it is important to
know how to do efficient calculations without loss of accuracy. In DFT, one often says that the
result should be converged. A well-converged calculation is one in which the self-consistent
solution does not change when increasing the accuracy of the numerical approximations [33].

4.4.1 Energy cutoff

As explained earlier, the many-particle Schrödinger equation is solved in reciprocal space by
using Bloch functions (Equation (4.12)). This means that the solution for every single k-point
involves an infinite sum over the reciprocal lattice vectors G. We need a way to restrict the basis
sets of the wave functions in order to decrease the computational cost. This is done by truncating
the infinite sums to include only G-vectors within a sphere defined by a cutoff radius Gcutoff .
The cutoff is commonly represented in terms of the kinetic energy of the plane-waves [35]

E =
~2

2me

(k + G) =⇒ Ecutoff =
~2

2me

Gcutoff . (4.13)
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The basis set is then given by plane-waves that fulfill

Ecutoff ≥
~2

2me

(k + G). (4.14)

The cutoff energy must be increased until the total energy, and other properties of interest, are
converged to within an acceptable range.

4.4.2 Choosing k-points

When the many-particle problem is evaluated, a lot of the computational effort goes into solving
integrals over the Brillouin Zone (BZ) by using only a finite set of k-points [35]. This numer-
ical integration can converge rapidly if the set is carefully chosen and the individual k-points
are appropriately weighted. A method was developed by Monkhorst and Pack [64] to choose
and weight k-points from a given mesh by using the symmetry of the system. The mesh is
an evenly spaced grid of k-points along the reciprocal lattice vectors of the structure, and is
denoted M1×M2×M3. A finer mesh (higher Mi) results in a more accurate evaluation of the
integrals, and as the number of k-points is increased, the result should converge. Another im-
portant point is that a larger cell in real space results in a smaller cell in reciprocal space, such
that a smaller number of k-points is needed [35], e.g., if a lattice parameter is doubled, then the
number of k-points in this direction can be divided by two with no change in the k-point density.

By taking advantage of the symmetry of the system, the numerical effort can be significantly
reduced. The integrals do not need to be evaluated in the entire BZ, but only in a reduced region
called the Irreducible Brillouin Zone (IBZ) which can be extended to fill the entire BZ [35].
The higher the symmetry, the smaller the IBZ and faster the calculation, but even if there is no
point group symmetry in the system the BZ may be divided in two due to the equivalence of the
vectors k and -k. For some lattices of high symmetry, a cubic mesh with odd values of Mi will
have the same number of k-points in the IBZ as the even mesh with M increased by one. This
is because an odd mesh may include some k-points that lie on the boundary of the IBZ, like the
Γ-point, instead of inside the IBZ, as shown for a 2D square lattice in Figure 4.2 below. This
means that when a small number of k-points is used, the even mesh will often have improved
convergence (because it has a finer mesh) with computational effort that is comparable to the
odd mesh [35]. However, for some lattices of low symmetry, an even k-mesh can break the
symmetry [65]. This is shown for a 2D hexagonal cell in Figure 4.3. Symmetrization must lead
to a k-mesh that belongs to the same class of Bravais lattice as the reciprocal lattice. The VASP

will display an error message if the employed k-mesh breaks the symmetry (unless symmetry
is turned off) [66]. A Γ-centered k-mesh ensures that the symmetry is preserved.

Sometimes, the function in k-space to be integrated in DFT may be discontinuous. In a metal
for example, the integrand changes discontinously to zero at the Fermi surface, which makes it
difficult to calculate the integral over the filled parts of the energy bands without using a very
large number of k-points [35]. The two most popular schemes to take care of this are called the
tetrahedron method, which makes use of interpolation between k-points to define the function
at every point in a tetrahedron within the BZ [35]; and the smearing method, which replaces the
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Figure 4.2: The BZ of a cubic 2D lattice is shown with an odd 5×5×5 (a) and an even 6×6×6
Monkhorst-Pack k-mesh (b). The k-points are shown as black dots. Both grids correspond to
the same number of k-points in the IBZ (marked with black circles), but a higher k-point density
in the BZ overall is obtained with the even k-mesh. Illustration adapted from Ref. [65]
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Even Monkhorst-Pack k-mesh Γ-centered k-mesh
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Figure 4.3: The BZ of a 2D hexagonal lattice. (a) For a non-Γ-centered k-mesh, the symmetry
is broken and results in non equally distributed of k-ponts upon symmetrization. (b) To preserve
the symmetry, a Γ-centered k-mesh must be used. Illustration adapted from Ref. [65]

step function with a smooth function [65].

A final important point for convergence is that relative energies converge much faster than
absolute energies. The formation energy of a defect is the total energy difference between a
defect-containing supercell and the bulk supercell [35]. The defect constitutes only a pertur-
bation to the pristine cell, so it is reasonable to expect, for a given set of k-points and energy
cutoff, that the numerical error in the absolute energy is systematic and should cancel to some
extent when taking the difference.
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5 First-principles approaches to point defects

This chapter shall serve as a computational toolbox for the defect calculations, explaining all
the methods and schemes employed in this work.

5.1 Defect formation energies
The stability of miscellaneous defects in ZnO can be compared by calculating their formation
energy under various experimental conditions.

5.1.1 Definition and thermodynamics

The defect formation energy is defined as the energy that is required to create a defect in a solid.
To calculate it, the total energy of a host (h) supercell is subtracted from that of a corresponding
supercell containing the defect (d):

Ef = Ed − Eh. (5.1)

Defect formation energies are always positive, i.e., energy needs to be paid in order to create
a defect, and a negative formation energy indicates that the host crystal is unstable [1]. Since
energy is required to create a defect, one might think that no defects should exist at all in a
crystal. To understand why defects form, one needs to take into account their configurational
entropy [1]. Consider a perfect ZnO crystal with N lattice sites; there is only one unique way
to arrange the atoms to produce the correct crystal structure. Let us then create some vacancies
in the crystal by removing m atoms. Using statistical thermodynamics, the number of distinct
ways to arrange these vacancies, or the number of microstates W is given as [35]

W =
gN !

(gN −m)!m!
, (5.2)

where g is a degeneracy factor that considers the internal degrees of freedom of the individual
defects, which depends on the crystal structure and the type defect [1]. If we neglect interactions
between defects, which is justifiable in the dilute limit, the entropy associated with the number
of microstates W is given by the definition of entropy

Sconfig = kB lnW, (5.3)

which can be simplified by using Stirling’s approximation. This configurational entropy leads
to a free energy contribution of −TSconfig when a vacancy is formed, which is always negative
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and thus favors defect formation. The configurational free energy for some concentration c of
vacancies may then be written as Fconfig(c) = cEf −TSconfig(c). This energy will be minimized
for some finite concentration, which means that defects should exist in crystals at equilibrium
and will in fact lower the free energy of the crystal. There are electronic, magnetic and vibra-
tional contributions to the entropy as well, but since it is computationally expensive to include
these, they are commonly neglected. Besides, the configurational entropy tends to dominate
and so the error is small [1], especially when compared to other errors.

The total energies in Equation (5.1) are Gibbs free energies, and if only the configurational
entropy is included, it may be written as [1]

G(P, T ) = Ecoh − TSconfig + PΩ. (5.4)

Here T is the temperature, P is the pressure, Ω is the volume and Ecoh is the cohesive energy,
which is the energy required to separate all the atoms in a crystal into isolated atoms. When
calculating defect formation energies, the volume of the supercell is held fixed, which is to say
that the energy contribution from the formation volume is neglected. This is reasonable since
the formation volume is very small at low defect concentrations (large supercells). Fixing the
volume is also a requisite to obtain a bulk-like region for the potential alignment, as discussed
later [1]. The defect formation energy may now be expressed with the cohesive energy only

Ef = Ed,coh − Eh,coh. (5.5)

5.1.2 Conservation of the number of atoms

Until now we have assumed that the number of atoms does not change when creating the defect.
This is only valid if the defect is strictly intrinsic, like for instance an atom jumping from a
lattice site to an interstitial site. If atoms are exchanged with the surroundings, the number of
atoms in the solid may change, and when calculating the defect formation energy, the number of
atoms has to be conserved. Let us again consider a ZnO crystal. When an O atom is transferred
from the crystal to the surroundings, leaving behind a vacancy, it joins a reservoir defined by the
experimental conditions [9]. This reservoir has an energy represented by the chemical potential
µ. Atoms move from high chemical potential to low chemical potential, and so the chemical
potential can be thought of as the tendency of the material to change, or in this case, the tendency
to form O vacancies. A high chemical potential (in the reservoir) makes it difficult for an atom
in the crystal to move out into the reservoir, but easy for an atom in the reservoir to flow into the
crystal. By varying the chemical potential, different experimental scenarios can be explored.
Upper and lower bounds are given by the stability of the phases that constitute the reservoir,
which is expressed by the thermodynamic stability condition [1]. For ZnO it is written as

µZn + µO = Etot(ZnO) (5.6)

The upper bound of µO (and thus the lower bound of µZn) is given by the total energy of a
single O atom in an O2 molecule, and corresponds to “oxygen-rich conditions”. Likewise, the
lower limit of µO (and the upper limit of µZn) is given by the reduction of ZnO to metallic Zn,
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corresponding to “oxygen-poor conditions” [9]. If there are impurities present, their chemical
potential can be placed under similar bounds, but the stability of several phases will then have
to be considered. The defect formation energy becomes:

Ef = Ed,coh − Eh,coh −
∑
i

∆niµi. (5.7)

Here, ∆ni is the change in the number of atoms of type i. The minus sign before the summation
can be confusing, so the equation is explained graphically for the formation of an O vacancy in
ZnO in Figure 5.1.

Reservoir

1
2
O2(g)

= −

Ef(vO) Ed,coh + µO Eh,coh

Figure 5.1: Graphical representation of equation 5.7, with O and Zn atoms shown as red and
grey, respectively. The formation of an O vacancy under O rich conditions is shown. Note that
this simple illustration does not show the correct crystal structure.

5.1.3 Conservation of charge

Many defects will accept or donate electrons, and become electrically charged. When calculat-
ing the formation energy of a charged defect, one must make sure that the number of electrons is
conserved. Therefore, the chemical potential of the electron is needed. This electronic chemical
potential corresponds to the Fermi level εF, and is often set relative to the valence band maxi-
mum εVBM. We arrive at the final expression for the formation energy (excluding the finite-size
corrections in Section 5.4) [67]:

Ef(d
q) = Ed − Eh −

∑
i

∆niµi + q(εVBM + εF), (5.8)

where dq stands for a defect in charge-state q, and the “cohesive” subscript is omitted.

5.2 Binding energy of defect complexes
In real materials, it is common for isolated point defects to combine, forming so-called defect
complexes. This is particularly favorable at high defect concentrations and low temperatures
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[1]. Complex formation can happen, for instance, during “cooldown” after a sample has been
annealed [68, 69]. Another common example is the formation of Hydrogen-related complexes.
The H atom, which is very mobile and reactive, may for instance find highly stable binding sites
at the inner surface of a vacancy [70]. Often, acceptors and donors form complexes due to their
strong Coulombic attraction. This has a compensating effect as it may result in overall neutral
and electrically inactive defect complexes, and can cause intentional doping of semiconductors
to be less efficient. Furthermore, the formation of complexes will affect the diffusion properties
of defects in materials [16]. For these reasons, determining the stability of possible defect
complexes in semiconductors is of great technological interest. The binding energy is a measure
of this stability, and is defined as the difference in formation energy between a defect complex
and its isolated constituents [1]. The formation energy of a defect complex is calculated in the
same way as a point defect, so if the complex consists of a Zn vacancy and an O vacancy, the
binding energy of this divacancy complex would simply be given by

Eb(vZn–vO) = (Ef(vZn) + Ef(vO))− Ef(vZn–vO). (5.9)

If this binding energy is positive, then it is thermodynamically more advantageous for the va-
cancies to exist as a complex than as isolated defects. Of course, for the formation of numerous
defect complexes, the change in configurational entropy must be taken into account as well.
Other than electrostatic interaction, elastic interactions and the formation of covalent bonds can
be driving forces for defect complex formation. Also, defect complexes may often be formed
in several different geometric configurations which may result in different binding energies.

5.3 Charge-state transition levels of defects

When defects are incorporated into semiconductors and insulators, defect energy levels that are
typically within or close to the band gap are introduced. Precise determination of the position of
these defect levels is very important, because they reveal their effect on the electronic structure
of the host. Furthermore, defects are often characterized experimentally through defect levels.
This is sometimes difficult, and may require a combination of several techniques. Also, in some
cases, only an indirect identification is possible. First-principles calculations can be very useful
to support and aid the interpretation of experiments, and in some cases it can be reliable enough
to be used as a predictive tool in its own right [1].

The charge-state of a defect can be changed by, e.g., optically or thermally exciting electrons
or by applying an electric field. If an electron is added or removed from a defect, the local
geometry of the defect may change, and the defect will assume a new thermodynamic ground-
state. The time-scale of the charge-state transition is important, and two different types of
transitions can be distinguished based on this [1]: thermodynamic, and optical transitions. The
difference between these transitions, and how they can be determined, both experimentally and
by first principles defect calculations, will be explained in the following subsections.
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5.3.1 Thermodynamic transition levels

If a defect charge-state transition occurs slowly (on the phonon time-scale) the defect will have
time to equilibrate to the ground-state configuration of the new charge-state. To determine
a thermodynamic transition level for a defect, the total energy of the defect in two different
charge-states, relaxed to their respective ground-state configurations, must be calculated. The
thermodynamic transition level between charge-state q1 and q2 can then be defined as the Fermi
level position where the formation energy of the defect in the two charge-states is equal [1]

ε(q1/q2) =
Ef(d

q2 ; εF = εVBM)− Ef(d
q2 ; εF = εVBM)

q2 − q1

. (5.10)

These levels are not the same as KS defect states, which cannot be directly compared to any
experimental levels [9]. Thermodynamic transition levels of defects may be compared to ex-
periment, e.g., through deep-level transient spectroscopy (DLTS) [1]. If a thermodynamic level
is positioned in such a way that it can be thermally ionized at the operating temperature of the
intended device, the defect is shallow, otherwise it is deep [1].
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Figure 5.2: Formation energy as a function of the Fermi-level position, relative to the VBM, for
the positive and neutral charge-state of a defect. The transition level is shown with a circle. The
most stable charge-state at any given position of the Fermi level is shown with a dashed line.

The transition levels obtained from DFT can be illustrated nicely by plotting the formation
energy of the defect in different charge-states as a function of the Fermi level from the VBM
to the CBM. This is shown in Figure 5.2 for the transition of a defect from the positive to the
neutral charge-state, i.e., ε(+/0). Below/above the transition level, the positive/neutral charge-
state of the defect is the most stable. Also, the formation energy of positively/negatively charged
defects increases/decreases as the Fermi level is raised, which makes sense. A positive defect
should be less likely to exist when there is an abundance of free electrons, i.e., high Fermi level.
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5.3.2 Optical transition levels and configuration coordinate (CC) diagrams

If the the charge-state transition of a defect happens very quickly, the local atomic geometry
may not have sufficient time to relax to the ground-state of the new charge-state, and the geom-
etry will be “frozen” [1]. This happens during optical excitations, which is the reason why they
are called optical transition levels. Unlike thermodynamic transition levels, optical transition
levels depend on the direction of the transition, that is, if an electron is added or removed from
the defect. This can also be understood from a plot of the formation energy as a function of
the Fermi level, as shown in Figure 5.3. A defect that is not in the ground-state geometry of its
charge-state will have a raised energy, as illustrated with arrows in the figure. Thus, adding or
removing an electron will shift the thermodynamic charge transition level to a higher or lower
energy, accordingly. The energy difference between these two levels is related to the so-called
Stokes shift [1], which is the energy difference between absorption and emission peaks in opti-
cal photoluminescence (PL) measurements.
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Figure 5.3: Formation energy as a function of the Fermi-level position, relative to the VBM, for
the positive and neutral charge-state of a defect, in both the ground-state (dashed) and frozen
(solid) geometry. Thermodynamic and optical transition levels are indicated by black circles.

In Figure 5.3, E 0/+
opt , is the optical transition from the neutral to the positive charge-state with

the configuration fixed to the neutral ground-state geometry, while E +/0
opt is the transition from

the positive to the neutral charge-state with the configuration fixed to the positive ground-state
geometry. Optical transition levels may be calculated with DFT by fixing the geometry of a
defect in a given charge-state, and performing a single SCF cycle with an electron added or
removed (depending on what level one is after) from the defect. However, first-principles cal-
culations can provide even more useful information about the process. To explain this, we start
by constructing a one-dimensional configuration coordinate (CC) diagram, shown in Figure 5.4.
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Figure 5.4: Configuration coordinate (CC) diagram showing optical transitions between the
neutral and positive charge-state of a defect. The total energy is plotted along the linearly
interpolated ground-state geometry of the defect in the two charge-states (R0 and R1+), and the
parameter ∆Q is explicitly defined in the text. Vertical transitions are shown with arrows. The
rotated graph on the right shows the lineshape that would be observed in an optical emission
experiment. The lineshape is broadened due to vibrational coupling. Vibrational states are
shown as horizontal lines within the two potential wells.

The CC diagram illustrates the optical transition in a simplified one-dimensional model. The
initial and final charge-states are linked by a configuration coordinate which, for example, may
be a linear interpolation between the fully relaxed geometries of the two states. This is a good
approximation for the actual transition [1]. For each charge-state, the total energy along the
configuration coordinate forms the potential of a normal mode with discrete vibrational energy
levels (in reality there are plenty of normal modes for each charge-state). Thus, the transition
is not purely electronic, but has some degree of vibrational coupling as well. Simultaneous
transitions between vibrational and electronic energy states are called vibronic transitions [71].
It is commonly assumed that the vibronic transitions are independent of the ionic coordinates
(adiabatic approximation), i.e., that all transitions are vertical with no change in nuclear coordi-
nates. This is known as the Franck-Condon approximation [72]. The probability of a transition
between a given pair of vibrational levels in the excited- and ground-state is proportional to the
vibrational wave function overlap between the initial and final level. The inset graph on the
right side of Figure 5.4 shows the luminescence intensity for vibronic emission, originating at
the lowest vibrational level of the excited state (low temperature approximation). The energy
axes are linked, and the peak, which corresponds to the most likely transition, occurs when
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the photon energy is equal to EZPL + ∆Eg, that is, the purely electronic transition energy plus
six quanta of vibrational energy in the ground-state normal mode (∆Eg = 6 × ~ωg). These
phonons are released shortly after, on the order of picoseconds, as the defect relaxes to the
lowest vibrational level. Conversely, the transition between the lowest vibrational level of the
two charge-states, the purely electronic transition, is very unlikely (the probability corresponds
to the height of the delta functions within the lineshape). This transition is known as the Zero
Phonon Line (ZPL) in the luminescence spectrum, and corresponds to the thermodynamic tran-
sition level. Broad luminescence lineshapes, like the one in this example, are characteristic for
defects that undergo a large relaxation during a charge-state transition, i.e., defects with strong
electron-phonon coupling. Many other factors, including various temperature-induced effects
and energy fluctuations due to Heisenberg’s uncertainty principle, also contribute to the lumi-
nescence lineshape [1].

Originally, CC diagrams were created by assuming a parabolic shape of the potential wells,
i.e. the displacement required to go from one configuration to the other is harmonic [1]. First-
principles calculations make it possible to calculate the energy dependence of the atomic dis-
placements without making any assumptions. This allows us to make fairly accurate predictions
about optical charge-state transitions of defects. In this work, luminescence lineshapes were
calculated via DFT by using the approach of A. Alkauskas et al.. The methodology is briefly
outlined here, and details may be found in the original paper [72]. The normalized lumines-
cence intensity (comparable with experiment) of a (dipole allowed) transition, at a temperature
T, may be expressed as [72, 73]

G(~ω) = Cω3A(~ω). (5.11)

Here A(~ω) (the normalized spectral function) and C−1 are given by

A(~ω) =
∑
m,n

wm(T )|〈χem|χgn〉|2 × δ(EZPL + ~ωem − ~ωgn − ~ω) (5.12)

C−1 =

∫
A(~ω)ω3 d(~ω)

Indexes e and g denote the excited and ground-state, with n and m being the respective quan-
tum numbers (vibrational levels) of the vibrational wave functions χem and χgn. wm(T ) is the
thermal occupation of the excited state, ω is an angular frequency, and ~ωem/gn are the energies
of the complete eigenstates χem/gn. The energies are decomposed into contributions that come
from all the vibrational modes k, i.e ~ωm = ~

∑
k nkωk, where nk is the number of phonons

of type k contained in the state m. The term A(~ω) is very difficult to evaluate because: (1)
The sum includes all relevant vibrational degrees of freedom, and (2) The normal modes of
the excited-state Qe and ground-state Qg are normally different (related through the Duschin-
sky transformation Qe = JQg + ∆Q [74]). This means that the Franck-Condon integrals,
〈χem|χgn〉, are highly multidimensional, and it is only feasible to evaluate them exactly for
small molecules, small atomic clusters or model defect systems [73]. With the large number of
vibrational modes that exist for defects, the approach is simply too computationally demand-
ing. Instead, a one-dimensional CC model is used, replacing all the vibrational modes with a
single effective mode. This model contains the effective modal mass, M , the displacement of

32



the potential energy minima, ∆R, and the effective frequencies Ωe and Ωg. With these effective
parameters, one may calculate the so-called Huang-Rhys (HR) factors, which are the average
number of phonons involved in a transition, through Sg = ∆Eg/~Ωg and Se = ∆Ee/~Ωe.
An alternative route is to only calculate the vibrational modes for the atoms that are closest to
the defect. These atoms account for most of the relaxation, and their vibrational modes tend
to dominate in A(~ω). The other vibrational modes couple only weakly to the distortion of
the defect geometry and so their contribution will vanish [75]. For a small number of atoms,
the Franck-Condon integrals may then be evaluated exactly, and this can serve as a test of the
accuracy of the one-dimensional model. The efficient one-dimensional model is indeed a very
good approximation when combined with advanced first-principles methods, as established for
acceptors in GaN and ZnO in [72, 75], and will therefore be used here.

All that is needed to construct the one-dimensional CC diagram are the parameters EZPL, ∆Q

and Ωe,g, and we do not need to explicitly calculate all the normal modes and frequencies to
obtain them. As explained in Ref. [72], (∆Q)2 is defined as the sum of the mass-weighted
quadratic displacement for all atoms α in the supercell i.e.

(∆Q)2 =
∑
α

mα∆R2
α, (5.13)

with ∆Rα = Re,α − Rg,α. ∆Q is given in units of amu1/2Å (amu - atomic mass unit). The
modal mass M , can then be found through ∆Q = M1/2∆R, with (∆R)2 =

∑
α ∆R2

α. The
effective frequencies may be found by fitting the potential energy surfaces, obtained from DFT
by performing a series of single SCF cycles along the interpolated geometry of the two charge-
states, to a third order polynomial of the form E(Q) = 1

2
Ω2Q2F 2 + βQ3, where F is just a

constant that converts the energy to eV, and β is a fitting parameter that includes anharmonicity.
When all the necessary parameters have been obtained, the lineshape may be calculated. In this
work, a Fortran90 script written by A. Alkauskas was used. The formulae used to calculate the
overlap integrals in the script were obtained from the paper by B. Zapol [76].

5.4 Finite-size corrections for supercell calculations

Even the most advanced first-principles methods that employ supercells, suffer from errors due
to the interaction between neighboring defect images, which results from the limited number
of atoms that can be feasibly included in calculations today. If we ignore the errors originating
from the approximate XC functionals, finite-size errors are the major source of uncertainty in
the transition levels and formation energies for these types of calculations [1].

5.4.1 Supercells

The supercell approach has become very well established in computational science, and is by
far the most popular method to calculate defect properties. Although there are other methods,
like the embedded cluster approach [77], the use of supercells has many advantages. The most
important one being the periodic boundary conditions, which allows one to make use of efficient
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mathematical tools. Indeed, the “infinite” nature of crystalline solids is described very well in
the supercell approach, and the electronic properties and band structure comes very naturally.
When performing defect calculations, we are interested in the properties of isolated defects. In
the supercell approach, the defect is periodically repeated, which means that a rather large su-
percell needs to be used to reach realistic concentrations. The supercells employed in this work
(Section 6.3) result in a defect concentration of roughly 1021 cm-3 and a distance of approxi-
mately 10 Å between defects. This means the defect may interact with its images, which will
affect the formation energy and transition levels. The interactions may be quantum-mechanical,
electrostatic, elastic or magnetic [1]. Electrostatic interactions between charged defects have
the largest impact and decay very slowly, which means that unfeasibly large supercells must be
employed. It is therefore crucial to use an appropriate finite-size correction scheme to obtain
the dilute limit, as shown schematically in Figure 5.5.

finite-size
corrections

Figure 5.5: The desired effect of finite-size corrections on defect (spheres) calculations.

5.4.2 Defect wave function overlap

Dispersion of defect levels in supercells

Quantum mechanical interactions between defects occur when the wave function of neighboring
defects overlap. The wave function overlap causes the isolated defect state to turn into a defect
band with dispersion, as shown in Figure 5.6. Since the average level of this dispersive defect
band, for a given set of k-points, may not coincide with the isolated defect level, an error in
formation energy may result. It can be shown, through use of the tight-binding approximation
and first order perturbation theory, that the wave function of a localized defect with a defect
level in the band gap decays exponentially with distance from the defect center [1,78]. In order
to investigate the error for a given supercell, it is a good idea to take a look at the variation
in energy of the employed k-points in the Kohn-Sham defect level. If the energy differences
are large, i.e., the defect level is not flat as a function of k, a scheme to reduce the error is
necessary. The minima and maxima of the dispersive defect band are located at points of high
symmetry and correspond to bonding and antibonding states, and a stronger dispersion means
a stronger artificial interaction. To minimize the error it is recommended to use: (1) A large
number of k-points and/or (2) Special k-points of low symmetry as a way to average over the
defect band [78]. If possible, one should at least make sure that the Γ-point is not included, as
the interaction is strongest at this point.
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Figure 5.6: Artificial defect-band dispersion resulting from neighboring defect wave function
overlap. The average energy of all k-points in the KS defect band does not coincide with the
energy of the isolated defect level, resulting in an error in the formation energy.

Partially occupied defect levels

When there is an odd number of electrons in the supercell, the electrons will preferentially fill
the bonding states first since these have the lowest energy (Fermi occupation scheme) [1], as
shown in Figure 5.7. This will shift the average defect level away from the isolated defect level,
and render the error minimization techniques above ineffective. Instead, a constant-occupation
scheme should be employed. The energy is then minimized under the constraint that the correct
occupation of the defect band is fixed.
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Figure 5.7: If the defect band is partially occupied, a Fermi-Dirac distribution will cause the
electrons to preferentially fill the bonding states (grey fill), shifting the occupied average to a
lower energy which does not coincide with the isolated defect level.

Shallow defect levels

A shallow donor typically has its defect-level inside, or very close to, the host Conduction Band
(CB). If the defect level is above the CB edge the electron must necessarily drop to the CB
minimum (CBM), as shown in Figure 5.8. The Coulomb attraction between the electron and
the ionized defect leads to the emergence of a hydrogenic effective-mass state, also known as a
perturbed host state, slightly below the CBM [9]. The true defect level is a resonance in the CB,
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and is not actually occupied by an electron, so it is the effective-mass state that we normally
associate with shallow defects. The electron in this state may be thermally excited to the CBM,
increasing the concentration of free charge carriers in the semiconductor. The dispersion of a
perturbed host state tends to follow that of the bulk CB edge [1]. This will shift the average
level to a higher energy, relative to the isolated perturbed host state, and might lead to artificial
filling of the CB. For a sufficiently large supercell, the dispersion will no longer be present
and only the isolated level will remain. If, on the other hand, the supercell is not sufficiently
large, the energy must be corrected by using the constant-occupation scheme, and removing the
dispersion postfacto by using the formula [1]:

∆E = −
∑
k

wkfk[εCB(k)− εCBM], (5.14)

for donors, and
∆E =

∑
k

wk(1− fk)[εVB(k)− εVBM], (5.15)

for acceptors. Here wk is the weight of the k-point set (which is determined from the k-mesh
[79]), fk are the occupations and εCB(k) is the energy of the perturbed host band with energy
minimum εCBM (usually at the Γ-point). If a special set of k-points is used, and the Γ-point is
omitted, a large supercell with only the Γ-point can be used to determine εCBM separately. We
have assumed that the isolated perturbed host level is close to the perturbed εCBM/VBM, which
is a valid approximation for very shallow defects [79].
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Figure 5.8: A shallow donor with an empty defect level inside the CB is shown. The electron
occupies a perturbed host state (filled circle), which, in a supercell, has an artificial dispersion
that follows the host CB edge. This dispersion may lead to an erroneous filling of the CB.

5.4.3 Electrostatic interactions

If a charged defect is placed in a supercell, the system will no longer be charge-neutral. Due
to the periodic boundary conditions, this violation leads to a divergence of the Coulomb ener-
gies [34]. To overcome this problem, a homogeneous compensating background charge, also
known as a jellium, is normally placed in the supercell. In DFT calculations, the average Hartree
potential of the supercell is conventionally set to zero. This leads to a spurious shift in the
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Kohn-Sham eigenvalues of the host when charge is introduced [79]. Since the formation energy
depends on the position of the VBM, this shift will lead to an error. For this reason, a scheme
to align the VBM of the charged defect calculation with that of the host is necessary. This is
called a potential alignment correction. Note that in the limit of a large supercell, the erroneous
shift will become negligibly small.

An even bigger concern when doing calculations on charged defects is Coulombic interaction.
Charged defects will interact with their images as well as the jellium, and may lead to errors of
up to several eV for small supercells [80]. Due to the slow q/r decay (r being distance from
the defect) of the Coulomb potential, very large supercells are required, which generally are
too computationally expensive. It is sometimes possible to do a size-dependent calculation,
and then extrapolate the formation energy to the dilute limit with a physically appropriate fit.
However, this scheme is only as good as the quality of the fit, which may be compromised by
computational errors and effects other than electrostatics [81]. Furthermore, when using hybrid
functionals, extrapolation is impossible due to the very limited number of atoms that can be
feasibly included in a calculation. Consequently, using a correction scheme is inevitable.

There are many schemes in the literature to deal with electrostatic interactions and, although
some are better than others, there is no definite winner yet. This has led to a lot of confusion
over the years. Different groups apply different schemes, sometimes without even specifying
which scheme is being used. Some groups even refrain from using corrections because they, in
some cases, may lead to lower accuracy than the uncorrected results. The situation is far from
ideal, and adds significant uncertainty. In order to restore order, Freysoldt, Neugebauer and
Van de Walle proposed some ground rules that should be followed when applying corrections
to defect calculations [1]:

• Additive schemes focusing on a single physical effect should be preferred over seemingly
universal schemes.

• Information extracted from the DFT calculations themselves should be used to validate
the underlying assumptions of the correction schemes.

• If affordable, energies (after correction) from different supercells should be compared.

The disputed potential alignment

The potential alignment is obtained by investigating an area far away from the defect. The idea
is that, in this area, the electronic structure and charge density should be close to that of the host,
or “bulk-like”. Therefore, the potential shift should correspond to the difference in electrostatic
potential between the host and charged defect in a bulk-like region of the supercell [81]:

∆Vq/h|far = Vd,q|far − Vh, (5.16)

where Vd,q|far and Vh is the electrostatic potential of the charged defect-containing and the host
supercell respectively. The formation energy is then corrected by adding q∆Vq/h|far, where q
is the charge of the defect. The potential alignment correction has been a subject of much
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debate [80]. The problem is finding a region that is sufficiently far away. Due to the slow decay
of the Coulomb potential, such a region is often impossible to locate, even for rather large
supercells. For an isolated defect, the electrostatic potential will converge to the bulk value. For
a periodic array of defects, however, the bulk limit cannot be reached, as illustrated in Figure
5.9. Doing potential alignment in a bulk-like region as described above, will therefore result
in the inclusion of electrostatic interaction in the potential alignment correction. Since this is
multiplied by the defect charge, the error can be sizeable for highly charged defects. Also, since
the potential alignment correction contains part of the electrostatic interaction correction, the
two schemes cannot be used simultaneously [81].
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Figure 5.9: Electrostatic potential for periodically repeated atoms in 1D (screening effects are
ignored in this example). Atoms are located at the electrostatic potential maxima. For an
isolated defect (grey thin lines), the potential is able to reach the bulk limit, while for a periodic
array (black thick line) it is not. Only in the bulk limit, may the potential of the defect-containing
supercell be exactly aligned to the host potential.

The Makov-Payne correction

Perhaps the most popular correction for electrostatic interactions is the Makov-Payne (MP)
correction. In 1985, Leslie and Gillan [82] predicted that doing calculations on charged defects
with the supercell method, would require a correction for the Coulomb interaction between
defects. They concluded that the Coulomb energy should be dominated by the Madelung energy
of a periodic array of charged defects in a neutralising jellium, screened by the macroscopic
dielectric constant of the host [82]. If the defect charge distribution is approximated by a point
charge (PC), this energy can be estimated by an Ewald summation, which for cubic arrays of
defects is written as [80]:

EPC =
q2α

2εL
= − q2

2εL

{ i 6=0∑
Ri

erfc(γ|Ri|)
|Ri|

+

i 6=0∑
Gi

4π

Ω

exp(−G2
i /4γ

2)

|G2
i |

− π

Ωγ2
− 2γ√

π

}
. (5.17)

Here, q is the defect charge, ε is the macroscopic dielectric constant of the host, L is the length
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of the supercell (distance between defects), α is the Madelung constant of the periodic array
of point charges (calculated in the Ewald term) and Ω is the volume of the supercell. The two
sums run over all the positions of periodic defect images in real Ri and reciprocal Gi space,
except for the origin. In the Ewald term, γ is a parameter that controls the rate of convergence
of the two sums, and it is usually optimised for the individual supercell.

Ten years later, in 1995, Makov and Payne [83] proposed a multipole expansion of the elec-
trostatic interaction energy. Higher order terms for the dipole-dipole and monopole-quadropole
interaction should then be added to the leading monopole-monopole term. The two additional
terms scale like L−3, and the energy for a cubic array of defects with an extended charge distri-
bution ρc(r) (but localized within the supercell) becomes [83]:

EMP =
q2α

2εL
+

2πp2

3εL3
− 2πqQ

2εL3
, (5.18)

where p =
∫
rρc(r)dr is the dipole moment and Q =

∫
r2ρc(r)dr is the second radial mo-

ment of the localized charge [80]. The first term is the monopole-monopole interaction from
Equation (5.17). The second term is the dipole-dipole contribution, which is negligible and
may be omitted. The third term is the monopole-quadropole contribution, or the interaction be-
tween the localized charge and the uniform, compensating jellium [81]. This term is typically
around ±30% of the first order term [79], but is often omitted due to the difficulty of defining
ρc. Strictly speaking, higher order terms of the multipole expansion should also be included.

The MP correction is implemented in VASP for cubic cells, and may be calculated by using the
IDIPOL tag. For sufficiently large supercells, where the macroscopic limit of screening has
been reached, this correction is the most physically sound. In most real cases, however, the
correction works poorly and may even make the results worse. There are many reasons for
this [1, 79, 80]: (1) The supercell is too small to reach the macroscopic limit of screening. (2)
Obtaining the quadropole moment Q is difficult. (3) The macroscopic dielectric constant must
be replaced by the dielectric tensor for non-cubic materials. (4) For shallow defects, the charge
distribution may be wide, making the inclusion of higher order terms absolutely unavoidable.

The FNV correction

Due to all the difficulties with the MP correction, an analytical correction was developed by
Freysoldt, Neugebauer and Van de Walle. In the original paper [84], it is explained that if the
defect charge distribution is well localized within the supercell, and the macroscopic limit of
screening is reached, the electrostatic energy due to the long-range (L−1) image charge inter-
action can be very well described by a simplified model of the charge density and the model
potential [85]:

V lr(r) =

∫
qmodel(r

′
)

ε|r− r′ |
d3r, (5.19)

where ε is the macroscopic dielectric constant and qmodel(r
′
) is the model charge distribution.

The long-range electrostatic energy is then estimated from the screened Madelung energy of
the model charge [85]. For a point charge model, this reduces to the leading term of the MP
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correction. As discussed earlier, the remaining higher order short-range (L−3) contributions
are difficult to describe with a simple model. However, these effects are captured within the
electrostatic potential, which is available at no additional computational cost from the DFT
calculations. If the long range potential from Equation (5.19) is subtracted from the electrostatic
potential-difference between the host and the charged defect-containing supercells, only the
short-range contribution should remain. The resulting potential alignment-like term can be
expressed as:

∆V sr
q/h|far = ∆Vq/h|far − V lr

q . (5.20)

For a point charge model, this is approximately the same as the third order term in the MP
correction [80], i.e., the interaction of the defect-charge with the jellium background. The full
correction may now be expressed as:

EFNV = Elat(qmodel)− q∆V sr
q/h|far. (5.21)

The alignment is shown in Figure 5.10 for a fictive example (real examples in Refs. [80,81,85]).
The short-range potential decays and reaches a plateau far away from the defect. This confirms
that the long-range tail of the defect potential has been reached, and verifies the validity of the
approximations [85]. Any remaining curvature is the result of a bad choice of charge model,
the unavoidable microscopic screening and the underlying atomic structure. The power of the
FNV correction lies in its simplicity; the long-range interaction is treated at the model level,
and the problematic short-range interaction is treated analytically by using information that is
a byproduct of the DFT calculation itself. The correction may be done easily with the program
specifically developed by Freysoldt et al. (SXDEFECTALIGN). Perhaps the best thing, however,
is the fact that the correction can be simply verified by taking a look at the short-range potential,
because any faults in the approximation will by definition appear there.
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Figure 5.10: Illustrative example of what the alignment looks like in practice.
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The anisotropic FNV correction

The anisotropic FNV correction (AFNV) is an extension of the FNV correction and was re-
cently introduced by Kumagai and Oba [80]. Unfortunately, the short-range potential in the
FNV correction is rarely well behaved. There are two main reasons for this: (1) The planar-
averaged electrostatic potential, which is read from the LOCPOT file in VASP, is used for the
alignment. This produces smooth curves if the ion positions are fixed, but results in very dis-
torted curves when the ions are allowed to relax. Relaxation is important for realistic defect
calculations, and so a different method is required. (2) The long-range Coulomb potential is
assumed to be screened by a macroscopic dielectric constant, which is only true for cubic mate-
rials. Anisotropic materials, such as ZnO, have dielectric tensors which need to be used instead.
In order to take anisotropy into account, a PC model potential is used. This is because the cubic
PC Madelung potential from Equation (5.17) may be rewritten in anisotropic form as:

V aniso
PC =

i 6=0∑
Ri

q√
|ε|

erfc(γ
√

Ri · ε−1 ·Ri)√
Ri · ε−1 ·Ri

+

i 6=0∑
Gi

4πq

Ω

exp(−Gi · ε ·Gi/4γ
2)

Gi · ε ·Gi

− πq

Ωγ2
− 2γq√

π|ε|
.

(5.22)

The correction energy then becomes Eaniso
PC = q

2
V aniso

PC . Here, the dielectric constant has been
replaced by a dielectric tensor, which for ZnO consists of a perpendicular ε⊥ and parallel ε‖ (to
the c-axis) component. The full AFNV correction is expressed as:

EAFNV = Eaniso
PC − q∆V sr

q/h|far. (5.23)

To improve on the alignment, the average electrostatic potential in a small sphere around the
ion cores is used instead of the plane-averaged potential. The long-range potential must then
be calculated and subtracted from the difference in electrostatic potential between the charged-
defect-containing and pristine host supercells for all ion positions. The long-range potential at
an ion position, r, is given by [80]:

V aniso
PC (r) =

i 6=0∑
Ri

q√
|ε|

erfc(γ
√

Ri · ε−1 ·Ri)√
Ri · ε−1 ·Ri

+

i 6=0∑
Gi

4πq

Ω

exp(−Gi · ε ·Gi/4γ
2)

Gi · ε ·Gi

·exp(iGi·r)−
πq

Ωγ2
.

(5.24)

A series of python scripts for calculating the correction (PYDEF-0.1.1) were created by Y. Ku-
magai and F. Oba. This program was used for all corrections of electrostatic interaction in this
work (unless otherwise stated). The accuracy of the corretion was also evaluated by Kumagai
and Oba [80]. They performed size-tests of a wide variety of defects with charge states from
+3 to -6 in 10 different materials. The corrected formation energies with ∼100-atom supercells
were within±0.19 eV of the largest supercell. The AFNV correction can only correct formation
energies up to the L−3 order, and it must be emphasized that the correction is only valid when
the defect charge is well localized within the supercell. For shallow defects with a delocalized
defect charge, the correction is no longer applicable.
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5.5 The bandgap problem
As explained in Section 5.3, a main goal when predicting the properties of point defects is to
place their defect levels correctly with respect to the band edges, and this is not possible if the
band edges are wrong [86]. A particularly severe example is when a defect is incorrectly de-
scribed as shallow because the band edges have “swallowed” the defect level. Many ways of
overcoming the so-called band gap problem have been proposed over the years. Knowing about
its origin is very useful, and so this section will briefly review this topic.

For a system with N electrons, the true fundamental band gap, also known as the integer band
gap, is defined as the difference between the electron ionization energy and electron affinity

Eint
g = A− I = [E(N − 1)− E(N)]− [E(N + 1)− E(N)], (5.25)

where the energies are electronic cohesive energies at 0 K. For fractional occupations (non-
integer values of N), the result should be straight lines that connect the energies of integer
occupations [87], as shown in Figure 5.11, which means that the band gap can be expressed as
the difference between the right and left slope

Eder
g = lim

δ→0

∂E

∂N

∣∣∣∣
N+δ

− lim
δ→0

∂E

∂N

∣∣∣∣
N−δ

. (5.26)
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Figure 5.11: Energy as a function of the number of electrons for a finite (left) and an ex-
tended (right) system. For fractional occupations, the correct result is straight line behavior.
(Semi)local functionals and HF theory yield convex and concave behavior, respectively.

Since the integer occupation energies are connected by straight lines, thenEint
g = Eder

g [88]. For
the exact functional, the DFT would indeed yield straight line behavior, as shown by Perdew et
al. [89]. This is an important result because it forms a condition to be fulfilled by any functional.
Let us start by considering a finite system (like a single molecule). In the (semi)local approxi-
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mation, the lines connecting integer electron occupations of this system turn out to be convex,
thus violating the condition. This is due to the spurious self-interaction that is not removed in
these approximations. HF theory is one-electron self-interaction free, but for many electrons the
effects of correlation are entirely neglected, resulting in an opposite, concave behavior. Today,
it is very common to refer to self-interaction as the deviation from straight-line behavior [1].
The derivative band gap will be different for different functionals. In HF, we know from Koop-
mans’ theorem that the derivative band gap is equal to the gap obtained from the single electron
eigenvalues [90]. For exact KS, however, we do not have Koopmans’ theorem, and must use
the Janak-Slater theorem [91], which results in

Eder
g = εKS

g = εKS
LUMO − εKS

HOMO + ∆xc. (5.27)

Here, LUMO and HOMO denote the lowest unoccupied and highest occupied molecular orbital,
respectively, and ∆xc is the so-called derivative discontinuity in the exchange potential as a
function of N at integer N [89]. Thus, even in the exact KS theory, the KS band gap (εKS

LUMO −
εKS

HOMO) is unphysical and does not correspond to the true band gap [34]. This does not mean
that the band gap problem is intrinsic to the DFT formalism, because Eint

g would be correct
with the exact XC functional [92]. In the LDA and GGA, ∆xc = 0, so the derivative band
gap is just the KS gap. Orbital-dependent functionals in the general KS (GKS) sense, such as
hybrid functionals, do not exhibit the derivative discontinuity, and the derivatives are exactly
the eigenvalues [90], i.e

Eder
g = εLDA/GGA

g = ε
LDA/GGA
LUMO − εLDA/GGA

HOMO (5.28)

Eder
g = εGKS

g = εGKS
LUMO − εGKS

HOMO. (5.29)

We may now formulate the error in the band gap from the (semi)local functionals as [88]

Eint
g = Eder

g + ∆straight, (5.30)

which is to say that Eint
g 6= Eder

g due to the concave behavior. When we consider an extended
periodic system (bulk), there is an apparent paradox; the functional shows straight line behavior,
yet the band gap is still underestimated. This can be understood by looking at what happens
when we try to add an electron to two finite systems (like two infinitely separated molecules).
Then, due to the concave behavior, dividing the electron equally among the two systems will
result in a (false) lowering of the energy, compared to placing the entire electron in one system.
Now let the number of molecules M (that share the single extra electron) approach infinity

lim
M→∞

ME

(
N +

1

M

)
→ME(N) +

∂E

∂N

∣∣∣∣
N+1

. (5.31)

This means that the energy will approach the initial slope of the convex curve, resulting in the
apparent linearity seen in Figure 5.11. Because of this, the derivative and integer gap will be
equal, but they will also both be wrong. The result carries over into non-infinitely separated
systems as well (extended periodic systems). It is known as the delocalization error, which is a
more physically correct term for the band gap problem than the self-interaction error. Similarly,
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it can be shown that HF theory results in a localization error. This explains the success of
hybrid functionals. Indeed, by combining HF and GGA, the localization and delocalization
errors may cancel out to some extent, resulting in an almost self-interaction free functional.
The deviation from straight line behavior has consequences for defect calculations as well. In
fact, since (semi)local functionals prefer fractional occupation, they may sometimes yield defect
states that are too delocalized [1]. This will be very useful for the Zn vacancy in Chapter 8.
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6 Computational details

This chapter contains all the computational details necessary to reproduce the results. The chap-
ter starts with information about the simulation package, choice of XC functional and various
settings. Then, convergence tests are presented so that the reader can assess the accuracy of the
calculations. Finally, the defect calculation scheme is presented and discussed.

6.1 Settings and functionals
All calculations were performed using the PAW method [63, 93, 94] as implemented in the
VASP [95, 96]. The Ga and Zn 3d, 4s, 4p, and O 2s, 2p electrons were considered as valence
electrons. All ionic positions were relaxed, with the shape and volume of the cell fixed to that of
the pristine supercell. The break condition for the electronic SCF-loop was set to 10−6 eV, and
the Gaussian smearing method was used with a width of 50 meV. Spin polarized calculations
were performed for all defects, since some defects form half-filled localized states. Electrostatic
interactions between charged defects were corrected with the AFNV scheme [80].

The main functional used in this work is the α-tuned HSE functional [50, 57], with a screening
parameter of 0.2 Å−1, and the amount of screened nonlocal exchange set to α = 37.5%. This
has been found to reproduce the experimental lattice parameters and band gap [97]. The PBE-
GGA [50] and GGA+U functional was used in some cases to illustrate the shortcomings of
these functionals when used to describe ZnO. The Hubbard U parameter was then set to 5 eV
for the Zn 3d orbitals.

6.2 Convergence test
Convergence tests of the total energy with respect to the energy cutoff and the k-point density
were performed and are reported for the HSE functional in Table 6.1 and 6.2. The primitive
bulk ZnO unit cell was used for all the tests. The energy cutoff was varied from 300 to 800 eV,
and the results are shown in Table 6.1. At 500 eV, the total energy changes by less than 20 meV.
As explained in Section 4.4.2, energy differences are generally more accurate than absolute
energies, but to be safe the energy cutoff was set to 500 eV for all calculations. The total energy
was also calculated as a function of the k-point density, which in each direction is defined as
the number of k-points per unit reciprocal length (2π/Å), rounded up to the closest integer. The
k-point density was varied from 1 to 3, as shown in Table 6.2. The change in total energy is less
than 15 meV for the 6x6x4 mesh. A k-point density of 3 was used for all calculations where an
hexagonal cell was employed.
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Table 6.1: Convergence test of the total energy per unit cell with respect to energy cutoff.

∆Ecutoff (eV) Etot (eV) ∆Etot (meV)
300 -25.539 -
350 -25.451 88
400 -25.396 55
450 -25.375 21
500 -25.361 14
550 -25.361 0
600 -25.368 7
650 -25.370 2
700 -25.374 4
750 -25.376 2
800 -25.379 3

Table 6.2: Convergence test of the total energy per unit cell with respect to k-point density.

Nk (mesh) Etot (eV) ∆Etot (meV)
1 (2x2x2) -25.026 -
2 (4x4x3) -25.396 370
3 (6x6x4) -25.410 14

6.3 A comparison of two defect calculation schemes
As explained in Section 5.4.2, due to the periodic boundary conditions, defect wave functions
can overlap, causing an artificial dispersion of defect states which can lead to an error in defect
formation energy for small supercells. This error can be minimized, either by including many
k-points, or by using special off-Γ k-points. Both of these approaches have their pros and cons.
The former ensures a well converged bulk total energy, and conserves the hexagonal symmetry.
However, including many k-points is computationally very demanding for hybrid functionals.
This means that a small supercell must be utilized, which in turn may lead to a large uncertainty
in the alignment-like term of the AFNV correction. By including only a few special k-points,
a larger cell can be used, allowing the potential alignment plateau to be reached. However,
special k-points will break the hexagonal symmetry and lead to a slower energy convergence.
In order to determine the right balance between supercell-size and k-point sampling, two setups
were compared in this work: (1) A computationally heavy setup with 72 atoms and a Γ-centered
k-point mesh (2) An efficient setup with 96 atoms and special k-points in the BZ.

6.3.1 72-atom setup

The 72-atom supercell was generated by stacking 3x3x2 primitive unit cells together, as shown
in Figure 6.1. A k-point density of 3 was used, corresponding to a 2x2x2 mesh. Ionic optimiza-
tion was performed until all forces were smaller than 50 meV/Å. Performing calculations with
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this setup is computationally very demanding. To save CPU time, an efficient relaxation using
only the Γ-point was used first, with a subsequent full mesh relaxation.

b

a

a

c

Figure 6.1: The 72-atom hexagonal supercell, composed of 3x3x2 primitive unit cells (shown
with thin black lines). Oxygen and Zinc atoms are shown as red and gray spheres, respectively.

6.3.2 96-atom setup

A 96-atom supercell was created by expanding the primitive hexagonal unit cell into an or-
thorombic unit cell, and forming a 3x2x2 supercell as shown in Figure 6.2. The lattice pa-
rameters of the relaxed 72-atom supercell were used to create the orthorombic cell, and were
held fixed. Only one special k-point at

(
1
4
, 1

4
, 1

4

)
was used. The symmetry was turned off, but

the sampling of the BZ was increased by assuming that ψk = ψ∗−k, resulting in a total of two
special k-points in the BZ. Ionic optimization was performed until all forces were smaller than
20 meV/Å for the formation energies and 5 meV/Å for the effective normal modes. A Γ-point
calculation was performed in order to determine εVBM.

6.3.3 Comparison

As can be seen in Table 6.3, the two setups result in an almost identical bulk total energy per
unit of ZnO (energies are comparable because the same lattice parameters are used), suggesting
that the bulk electronic structure is described quite well with the 96-atom setup. The 96-atom
supercell is almost completely cubic, meaning that the defects are not as densely packed as in
the 72-atom one. The size of the two different supercells is also shown in Table 6.3.

Table 6.3: The total energy per unit of ZnO (EZnO) and the position of the valence band maxi-
mum (εVBM) for the pristine 72-atom and 96-atom supercells.

Supercell EZnO (eV) εVBM (eV) x (Å) y (Å) z (Å)
72-atom -12.69 -0.72 9.756 9.756 10.375
96-atom -12.69 -0.67 9.731 11.236 10.389
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Figure 6.2: The 96-atom orthorombic supercell. The supercell consists of 3x3x2 stacked or-
thorombic unit cells (shown with thin black lines) Oxygen and Zinc atoms are shown as red and
gray spheres, respectively.

Formation energies are reported for both setups in Appendix A.1. When the charge state of a
defect is |1|, the formation energy deviates on average by 0.02 eV, while for charge states of |2|,
the average difference is 0.13 eV. This suggests that the main difference lies in the alignment-
like term, which is determined more precisely for the 96-atom supercell. Furthermore, for the
neutral O vacancy, the error arising from artificial defect state dispersion is not completely
eliminated with a 2x2x2 k-mesh for the 72 atom cell (see Figure 9.2). For this reason, the 96-
atom supercell is deemed appropriate for defect energetics, and so all formation energies will be
presented for this setup. Also, all luminescence lineshapes had to be calculated with this setup
due to computational constraints. As a final comment, the two setups compared here are among
the most commonly used by different groups in the literature. A. Alkauskas et al. have made a
similar comparison, and their test systems yielded energy differences within 0.03 eV [75].

6.4 Chemical potentials

The chemical potential of all relevant species is needed to calculate the formation energy of
defects. As explained in Section 5.1.2, the upper limit of the chemical potential for the different
species is given by their total energy. This places a lower bound on other species through the
formation of a secondary phase. All the necessary information is summarized in Table 6.4.

In this work, the source of Ga and H is assumed to be Ga2O3(s) and H2O(g)/H2(g). Under O
rich conditions, the chemical potential of Zn, O, Ga and H is given by:
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Table 6.4: Total energy and enthalpy of formation, calculated from HSE with 37.5% HF, for all
the species relevant to this work.

Species, i Total energy (eV) Hf(i) (eV)
Zn -1.39 -
O2 -15.62

ZnO -12.69 -3.49
H2 -8.36 -

H2O -19.12 -2.95
Ga -3.6 -

Ga2O3 -41.78 -11.15

µZn = Etot(Zn) +H f(ZnO)

µO = 1
2
Etot(O2)

µGa = Etot(Ga) + 1
2
H f(Ga2O3)

µH = 1
2
Etot(H2) + 1

2
H f(H2O),

and under O poor conditions:

µZn = Etot(Zn)

µO = 1
2
Etot(O2) +H f(ZnO)

µGa = 1
2
Etot(Ga2O3)− 3

2
µO

µH = 1
2
Etot(H2),

meaning that Zn rich and H rich conditions are assumed for Ga and H impurities, respectively.
This choice is discussed further in Section 9.1.
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7 Bulk properties of Zinc Oxide

In this chapter, the bulk properties of ZnO, obtained from DFT, are presented and compared to
experimentral values. There will be special emphasis on the improved performance of the HSE
hybrid functional, compared to LDA, (GGA)-PBE and (GGA)-PBE+U. The hexagonal unit cell
is used here (unless specified).

7.1 Lattice parameters

Starting from experimental values, the shape and volume of the unit cell and 72-atom supercell
was optimized seperately until all forces were below 50 meV/Å. The resulting relaxed lattice
parameters are included in Table 7.1. The projection scheme was set to auto for supercell
calculations, while the reciprocal-space projection scheme was used for unit cells.

Table 7.1: Lattice parameters of the relaxed unit cell obtained from DFT using the LDA, PBE,
PBE+U and HSE functionals. The experimental values are included for comparison.

a (Å) c (Å) c / a
Experiment [98] 3.242 5.188 1.600
HSE (unit cell) 3.246 5.197 1.601

HSE (72-atom cell) 3.252 5.187 1.595
PBE+U 3.228 5.203 1.612

PBE 3.285 5.306 1.615
LDA 3.195 5.165 1.617

First of all, the calculated lattice parameters are similar to previously reported values [14].
Secondly, the HSE hybrid functional with 37.5% HF exchange is in excellent agreement with
experiment (lattice parameters are within 0.4%). The lattice parameters obtained from con-
ventional DFT functionals are poor in comparison to HSE, (but still fairly accurate); the LDA
values are too small, while the PBE values are too large. This reflects the well known fact that
LDA and GGA tend to overbind and underbind, respectively [34]. After adding the on-site re-
pulsive Coulomb interaction term (PBE+U), the lattice parameters are somewhat improved as a
result of the enhanced description of localized Zn 3d states.
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7.2 Electronic structure
The electronic band structure of ZnO was calculated from the relaxed unit cells in Section 7.1 for
the LDA, PBE, PBE+U and HSE functionals. The results were plotted along lines connecting
high-symmetry points in reciprocal space A-L-M-Γ-A-H-K-Γ, as shown in Figure 7.1.
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Figure 7.1: Bandstructure of ZnO is shown for the four XC approximations. The zero of the
absolute energy is set to the VBM. The lower band (dark grey) consists largely of the Zn 3d
orbital, the VB (blue) is mainly composed of the O 2p orbital, and the CB consists mainly of
the Zn 3d and 4s orbitals [14].

While the dissimilarity of the lattice parameters for the different approximations is small, the
difference in the electronic structure is significant. Most noticeable is the large variation in the
band gap, and the position of the Zn-3d band (dark grey) relative to the VBM. These properties
are shown, and compared to experiment, in Table 7.2. Again, the agreement with experiment is
very good for the tuned HSE functional. It must be emphasized that, as the amount of HF ex-
change is increased, the band gap and lattice parameters both approach the experimental value.
The average position of ε3d is still too high compared with experiment. However, the position
is in fair agreement with various forms of the GW approximation [14]. The conventional DFT
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approximations all fail spectacularly when it comes to the band gap. As explained in Section
5.5, this is a result of the delocalization error. One consequence of this is that the narrow and lo-
calized 3d band is underbound, resulting in an excessive amount of p-d repulsion, which further
affects the band gap. The Coulomb repulsion term in GGA+U lowers the 3d band and results
in a partially corrected gap (less p-d repulsion). Surprisingly, both the VB and CB are shifted
(not shown). This is because the higher degree of localization of the 3d electrons leads to a
more efficient screening of the 4s states, which then become more delocalized [1]. Note that the
lineup between the band edges that result for the different approximations cannot be obtained
from a bulk calculation, because an absolute reference cannot be established in an extended
solid. The band edge offset may only be determined by aligning the band edges to a common
reference level, such as the vacuum level [99].

Table 7.2: The bandgap Eg of ZnO, and the average position of the Zn-3d band ε3d, relative
to the VBM, is shown. Values obtained from DFT using the LDA, PBE, PBE+U and HSE
functionals, as well as experimental values, are included.

Eg (eV) ε3d (eV)
Experiment [2, 100] 3.44 ∼ -7.50

HSE 3.42 -6.47
PBE+U 1.44 -6.48

PBE 0.72 -4.90
LDA 0.80 -5.29

7.3 Dielectric properties
In order to use the AFNV correction, the dielectric tensor is needed. Both ion-clamped and
ionic contributions to the dielectric tensor were calculated for the primitive unit cell. For LDA
and GGA, density functional perturbation theory may be used to calculate the dielectric tensor.
HSE, however, has orbital dependence, and so the response to a finite electric field must be used
instead [66]. For the electronic part, local field effects were included [101]. Results are shown
in Table 7.3. The HSE values show better agreement with experiment than PBE-GGA.

Table 7.3: Ion-clamped (εele) and ionic (εion) contributions to the dielectric tensor of ZnO.

εele (ε∞) εion (ε0 − ε∞)

ε⊥ ε‖ ε⊥ ε‖

Experiment [102] 3.70 3.78 4.07 5.13
HSE 3.39 3.43 3.79 4.80

PBE-GGA [80] 5.20 5.22 5.14 6.02
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8 The Zinc vacancy

Native point defects like the Zn vacancy deserve special attention. If an intrinsic defect is stable
over a wide range of experimental conditions, it can be tricky to eliminate, and is likely to be
present in samples. The native point defects in ZnO have been investigated from first-principles
with DFT by several groups. Unfortunately, the results are quite inconsistent, especially for the
Zn vacancy. The main reason for this lies in the choice of functional, since the band gap under-
estimation is particularly severe for ZnO. On top of this, a great number of different band gap
extrapolation techniques, self-interaction corrections and finite-size correction schemes have
been suggested, many of which use low-order approximations or are deeply flawed. It can be
difficult, especially for people with little experience in the field, to navigate the literature and
to know if results can be trusted or not. The author wants to emphasize this throughout the
discussion, and hopes to provide some clarity on why results scatter so much in the literature.

In ZnO, four O ions form a tetrahedron around every Zn ion and vice versa. In these tetrahedra,
we shall refer to the ions in the three corners of the basal plane as in-plane ions, while the ion in
the fourth corner will be referred to as the axial ion (since it points along the c-direction). When
a Zn vacancy is formed, it results in the breaking of four Zn–O bonds. The dangling O 2p states
that remain are partially filled by six electrons, and can accommodate two more, which means
that vZn can act as an acceptor. Alternatively, electrons can be donated to the crystal, causing
the vZn to act as a donor. Although vZn is identified as an acceptor in most of the literature, both
donor and acceptor charge states of vZn are explored in this work.

8.1 Defect thermodynamics

Figure 8.1 shows the formation energy of vZn as a function of the Fermi level (detailed formation
energy data may be found in Appendix A.1). Thermodynamic transition levels that range from
2+ to 2- are found to lie within the band gap. From left to right, the transition energies are 0.28,
0.86, 1.40 and 1.96 eV above the VBM. This means that vZn is an amphoteric defect with two
acceptor levels and two donor levels, i.e., vZn can accommodate both electrons and holes. Addi-
tionally, all the thermodynamic transition levels are very deep, which means that vZn cannot act
as a shallow donor or acceptor. Instead, it may act as a deep hole or electron trap, depending on
the position of the Fermi level, possibly passivating both donor and acceptor dopants. The posi-
tion of the ε(0/-) transition shows an impressive agreement with experiment; Y. Dong et al. place
this level at 1.39 eV above the VBM, based on depth-resolved cathodoluminescence (DRCL),
positron annihilation spectroscopy (PAS) and surface photovoltage spectroscopy (SPV), which
they were unable to reconcile with previous DFT studies [103].
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Figure 8.1: The formation energy of vZn (red line) is plotted as a function the Fermi level (rela-
tive to the VBM), under oxygen rich (left) and oxygen poor (right) conditions. Thermodynamic
charge state transition levels (circles) are labeled. Results are compared to previously reported
values (labeled with functional and authors) on the right graph.

Under reducing conditions, the formation energy of vZn is in the range of 3.7 to 7.0 eV, depend-
ing on the Fermi level, which is very large and should result in vanishingly small concentrations.
Under extremely O rich conditions, however, the formation energy approaches ∼0.2 eV near
the CBM. This indicates that vZn could be the dominating native compensating acceptor in n-
type ZnO, which is in agreement with PAS measurements [104]. In this region, the double
negative charge state is most thermodynamically stable, which means that a single Zn vacancy
will compensate two single donors, such as GaZn or AlZn. Thus, passivating or reducing the
concentration of vZn, for example by fabricating the sample under reducing conditions, may
therefore increase the efficiency of n-type doping in ZnO. Although the formation energy is
high in p-type ZnO, vZn would act as a hole trap in a frozen-in scenario.

The graph on the right side in Figure 8.1, compares the result from this work with values from
the most highly cited DFT studies on intrinsic defects in ZnO [9,14,15]. The variation in the re-
sult for different methods is staggering. Janotti and van de Walle [9] have refrained from using
an electrostatic finite-size correction in this study, due to the lack of a reliable scheme at that
time. Also, the band gap is extrapolated to the experimental band gap by monitoring how the
defect levels move with respect to the band edges upon going from LDA to LDA+U. The large
amount of uncertainty associated with such a method could explain the major part of the differ-
ence. On the other hand, both Oba et al. [14] and Clark et al. [15] used hybrid functionals, and
obtained a result that is in sharp contrast to the present calculations (excepting v2-

Zn). Differences
in finite-size corrections cannot account for such a large deviation. The explanation is revealed
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by taking a closer look at the electronic structure and ionic relaxation of the Zn vacancy.

8.2 Defect geometry and electronic structure

We start by considering v2−
Zn , which has a formation energy that almost coincides with the other

hybrid DFT results, suggesting that it is described equally by these methods. In this charge state,
the O 2p dangling bonds of the Zn vacancy are completely saturated by electrons. By examining
the spd- and site-projected wave function character of each KS band, one can deduce that the
dangling bond states of the four O ions introduce three defect states close to the VBM, and one
defect state inside the VB. Figure 8.2 shows the KS energy eigenvalue spectrum for all charge
states of the vacancy. For v2−

Zn , no atomically localized KS states appear deep within the gap,
which is contrary to what one would normally expect for deep centers.
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Figure 8.2: Spin polarized KS energy eigenvalues in the vicinity of the band gap are plotted
for some k-points of high symmetry for vqZn. Filled and empty states are shown as red and gray
lines, respectively, while the polaronic levels are shown as circles connected by blue lines. The
position of the bulk VBM and CBM is included for reference.

The deep nature of the Zn vacancy is revealed when an electron is removed from a dangling
bond state. The spin-degeneracy of the half-filled defect state is broken, and the empty level
moves deep inside the gap. As more electrons are removed, additional empty polaronic levels
appear in the gap, until all four dangling bond states are half-filled (v2+

Zn ). By calculating the
probability density of the empty defect eigenstates, shown in Figure 8.3, one can clearly see
that each hole localizes onto a single nearest neighbor O ion in the form of small polarons.
This strong localization of holes explains why the Zn vacancy is found to be so deep in this
work. It also explains why the LDA+U result in [9] is different, because, as shown for GGA+U
in Figure 8.3, the (semi)local functionals all fail to localize holes on single O ions. This is a
direct result of the delocalization error in these functionals, i.e. the (semi)local functionals find
a lower energy by dividing the hole between multiple units (O ions).

57



GGA+U HSE

v1−
Zn v2−

Zn v1−
Zn

v0
Zn v1+

Zn v2+
Zn

Figure 8.3: Probability density for the polaronic KS eigenstates is shown in blue. When the
HSE functional is used, holes localize separately onto O ions (red), and prefer the in-plane
configuration. When the GGA+U or any (semi)local functional is used, holes delocalize over
more than one O ion. The wave functions have a distinct O 2p character. The probability density
isosurface level was set to 0.02 r−3

Bohr.

As stated in Section 5.5, the opposite curvature of the total energy for conventional DFT and
HF as a function of the fractional occupation number of the HOMO, should in principle be
cancelled for hybrids like HSE. However, while the fraction of exact exchange used here may
reproduce the bulk band gap perfectly, this does not guarantee that the defect-state of vZn is
described correctly. Examples of this failure are Fei in Si and VSi in 4H SiC [59]. In order to
elaborate on possible over-localization, all charge states were calculated with the parameter-free
HSE06 functional (25% HF). The results were qualitatively identical; holes localize on separate
O ions. Furthermore, when referred to a common reference level, like the average electrostatic
potential [105], instead of the VBM, the position of the polaronic level is very similar to the po-
sition obtained with 37.5% HF, which suggests that the defect-state is not significantly affected
by the fraction of exact exchange. Finally, by fixing the ion positions to the configuration of the
relaxed neutral Zn vacancy, and calculating the total energy as a function of fractional occupa-
tion of the polaronic level, the correct linear behavior is observed. Thus, it can be concluded
that the self-interaction error is small in these calculations. In fact, Lany and Zunger were able
obtain very similar results with a GGA+U functional by formulating a generalized Koopmans’
condition that ensures the correct linear behavior [106]. This condition was satisfied by intro-
ducing a potential operator that shifts the position of the polaronic level only, while leaving the
host structure unaffected. A recent HSE study lends further support to the present result [107].

The delocalization error does not explain why the other hybrid DFT results differ from this
work. An explanation can be found by considering the relaxation of O ions with trapped holes.
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The spontaneous localization of holes in the Zn vacancy is accompanied by a Jahn-Teller dis-
tortion of the O ion tetrahedron, which further deepens the polaronic level. As shown for v1−

Zn in
Figure 8.4, the O ion with a trapped hole moves further away from the vacancy than the other
in–plane ions. Since the gain in electronic energy outweighs the strain energy, the total energy is
lowered by this deformation. It may seem like a subtle difference, but the Jahn-Teller distortion
is very important for a correct description of the Zn vacancy. In this work, the distortion was
accomplished by breaking the symmetry of the O ion tetrahedron before starting the calculation.
This was done by moving individual O atoms, and by specifying their initial magnetic moment.
Conversely, when the symmetry was not broken, and the forces were minimized by utilizing the
symmetry, the minimization algorithm would be unable to localize holes on single O ions (since
this requires the symmetry to be broken). Instead, the holes would delocalize over more than
one O ion, which led to an increase in the total energy that is consistent with the other hybrid
DFT results. This error could also occur if spin polarized calculations are not performed. At
this point it must be emphasized that lattice deformation alone is not enough to trigger hole lo-
calization, because self-trapped holes are unstable in bulk ZnO [108]. Polarons are only formed
at an O anion when there is an acceptor defect at a neighboring Zn site. It has been shown that
Group-I impurities at the Zn site (LiZn, NaZn, KZn) exhibit the same tendency to stabilize anion
trapped hole polarons [13]. Also, anion site substitutional impurities lead to deep atomic-like
localized states [13]. This is a very important result, because it explains why p-type doping is
so difficult in ZnO—all acceptors are deep. The main reason for this is that the VB in ZnO is
derived mainly from O 2p orbitals, meaning that the position of the VBM is very low on an
absolute energy scale, which in turn leads to deep levels for acceptor impurities substituting on
the O site. Furthermore, the VB has small dispersion and heavy hole effective masses, making
the formation of small polarons at O anions near acceptor defects in ZnO favourable [13].
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Figure 8.4: The Jahn-Teller deformation of the O ion tetrahedron is shown for v1−
Zn . All of the

O ions undergo an outward breathing relaxation, shown as a percentage of the bulk Zn–O bond.
The O ion with the trapped hole (blue) moves almost twice as far as the two other in-plane ions.

By breaking the symmetry, all possible hole configurations were explored (position and spin).
The in-plane configuration, shown in Figure 8.3, was found to be most stable. For example, in
v1+

Zn , having all three holes in-the-plane is energetically preferred over having one of the holes
at the axial O ion. With the 72-atom setup, the energy difference between the axial and the in-
plane configuration was found to be 0.15 eV and 0.02 eV for v1−

Zn and v1+
Zn , respectively. In v0

Zn,
the axial configuration was not attainable, perhaps due to an insufficient energy barrier between
this metastable configuration and the in-plane configuration. This result agrees well with exper-
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iment; Galland and Herve [109] reported EPR spectra with one S=1 and two S=1
2

paramagnetic
centers associated with the Zn vacancy. These centers were identified as holes trapped on O
ions in the vacancy (unpaired spin of O− ions). The S=1 center was attributed to v0

Zn with the
two holes trapped at two separate in-plane O ions. The two S=1

2
centers were attributed to v1−

Zn ,
where the hole can be trapped at the axial, or an in-plane O ion. The measured intensity of the
axial center was much lower than that of the in-plane, indicating that the in-plane hole configu-
ration is energetically favored. This was later verified by studying the temperature dependence
of the spectrum [110]. An energy difference of roughly 0.02 eV between the axial and in-plane
configuration was extracted from this paper by using a Boltzmann law. This agrees with the
calculated difference for v1+

Zn , but not for v1−
Zn . The large energy difference in v1−

Zn might be an
elastic finite-size effect. Actually, the axial configuration of both v1−

Zn and v0
Zn was unattainable

with the 96-atom setup.

LDA and GGA calculations have predicted that the O 2p-orbitals in the Zn vacancy should in-
duce hole-mediated ferromagnetism in p-type ZnO [111]. However, when high and low spin
configurations were tested in this work, the energy differences were found to be negligible,
which means that the exchange interaction between localized holes must be small. This sup-
ports the SI corrected result of Lany and Zunger [106], who propose that the LDA and GGA
prediction is caused by the erroneous delocalization of holes.

8.3 Defect luminescence spectrum

As shown in Figure 8.1, the Zn vacancy can exist in many charge-states. However, as ZnO
is inherently n-type, it makes sense to restrict ourselves to optical transitions between the 2-
and 1- charge-state. Optical transitions involving the 0, 1+ and 2+ charge-state would require
the vacancy to quickly trap two to four holes, which is a highly unlikely scenario, unless the
concentration of photogenerated holes is extremely high. Thus, only two transitions will be
explored here:

(1) v1−
Zn + e− = v2−

Zn

(2) v2−
Zn + h+ = v1−

Zn

Here, the electron and hole originates from the CBM and VBM, respectively. Broad lineshapes
and large HR factors are expected for optical transitions involving the Zn vacancy, or any other
polaronic acceptor in ZnO [13]. This is because of the Jahn-Teller distortion, which results
in sizeable changes in the atomic geometry between different charge states (large ∆Q). The
resulting PL lineshapes and CC diagrams are shown side by side in Figure 8.5. Note that for
the normal mode of v1−

Zn in the CC diagram, five sampling points have been omitted. This is
because the polaronic level becomes a resonance inside the CB for configuration coordinates
beyond ∆Q in the direction of the v2−

Zn configuration, which means that the defect wavefunction
changes character and the energy starts to deviate. An overview of parameters for the calculated
lineshapes of all defects can be found in Table B.1 of the appendix.
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Figure 8.5: Normalized luminescence intensity is plotted as a function of photon energy and
temperature (left). CC diagram for the transition is shown with all effective parameters (right).
Transitions shown are: v1−

Zn + e− = v2−
Zn (top) and v2−

Zn + h+ = v1−
Zn (bottom).

The first transition, with ZPL at 1.48 eV, gives rise to broad luminescence with a peak position
(PP) at 0.71 eV (0 K). When the temperature is increased, the PP shifts to a higher energy and
the lineshape broadens further. The PP of this transition is quite low in energy, and PL spectra
at such low energies are scarce in the literature, which makes comparison difficult. In any case,
this peak might not be observed; the effective normal modes in the CC diagram overlap close
to the minimum, which means that non-radiative transition should be far more efficient.
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A more likely candidate for radiative transition would be the recombination of v2−
Zn with a hole

in the VBM. Note, however, that the thermodynamic level for this transition is located 1.96 eV
above the VBM, which is very deep. Hence, this transition would have to compete for holes
with non-radiative transitions of shallower negatively charged acceptors in ZnO [75, 112]. For
this reason, the intensity of this peak might be weak in reality. Strictly, since the VB in ZnO
and the defect states in vZn both have O 2p character, this transition should be forbidden. How-
ever, just like for the hole capture by v3−

Ga in GaN, the transition should be allowed because of
the strong lattice relaxation around the vacancy and its Coulomb attraction to the hole [113].
The resulting luminescence lineshape is somewhat narrower than the other, and the emission
peak, located at 1.40 eV (0 K), is more or less unaffected by temperature. Y. Dong et al. [103]
attribute a ∼1.6 eV peak to isolated Zn vacancies or small n(vZn) groups (n ≤ 2, and O vacan-
cies may be present). It is argued that this peak shifts to 1.9-2.1 eV upon annealing, as more
vacancies cluster together (including O vacancies). The PP obtained here (1.40 eV), suggests
that the ∼1.6 eV peak belongs to a vacancy complex rather than the isolated vacancy. In fact,
the PP for (vZn–vO), which will be shown in Section 10.3, is much closer (1.59 eV).

In past DFT studies, it has been suggested that the Zn vacancy could be responsible for the
broad green luminescence band (GL), which has a PP around 2.4 to 2.6 eV [8] and is very
often present in ZnO [9,14]. This interpretation was based on thermodynamic transition levels,
which, for reasons explained in the previous section, are very different from those calculated
in this work. Even when reasonable theoretical and experimental uncertainties are taken into
account, the ZPL and lineshape calculated here show that the isolated Zn vacancy cannot be a
source of the GL in ZnO. Other origins of the green luminescence, such as Cu and O vacancies,
have also been suggested by several groups [19, 114–118]. CuZn gives rise to a broad peak at
2.47 eV, which has a characteristic fine structure [8, 114]. One must keep in mind that many
different GL peaks have been observed experimentally, so there could be several sources.
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9 Donors

The O vacancy has become a benchmark for defect calculations on ZnO [90]. As it turns out, the
defect state of vO is fairly well described by a wide range of different functionals, even semilo-
cal ones. Furthermore, while there is a large spread in the reported thermodynamic transition
levels relative to the VBM, the agreement is decent when the levels are aligned to a common
reference level, such as the average electrostatic potential [119]. That is, the main source of
discrepancy lies in the position of the bulk band edges that result from different functionals and
band gap extrapolation schemes. Hence, we are talking more about a band edge problem than
a band gap problem for this defect. Just like for the Zn vacancy, the formation of an O vacancy
involves the breaking of four Zn–O bonds, resulting in four dangling Zn bonds. Two electrons
occupy these dangling bond states in the neutral charge state of the defect. These electrons
could in principle be donated to the CB, which would make the defect a double donor.

The group-III impurities, B, Al, Ga and In, have all been used successfully as dopants to make
highly conductive n-type TCO films with carrier concentrations of around 1020 cm−3 [120–124].
Although the focus here is solely on GaZn, fairly similar results can be expected for the other
impurities of this group. Hydrogen is omnipresent during synthesis or annealing of ZnO, and
therefore often incorporated. This is a strong argument in favor of H impurities being, in some
cases, at least partially responsible for the unintentional n-type conductivity in ZnO. H is small
and highly mobile, and it can be incorporated onto several sites in ZnO, for instance, interstitally,
substitutionally or on dangling bonds at the inner surface of vacancies. In this work, only HO

will be studied, both as an isolated defect and as part of a complex with vZn.

9.1 Defect thermodynamics

The formation energy diagram for all the three donors is shown in Figure 9.1. The O vacancy
clearly stands out from the others. First of all, the only thermodynamic charge transition within
the band gap proceeds directly from the 2+ to the 0 charge state, i.e. the 1+ charge state is not
thermodynamically stable at any Fermi level. This unusual property, which is also found for
the lattice vacancy in crystalline Si, is referred to as negative U behavior [125], and means that
the first electron is much harder to remove than the second. The negative U value calculated
here is 0.41 eV. Secondly, the charge transition level, located about 1.3 eV below the CBM,
is deep, which means that vO cannot be a source of the unintentional n-type conductivity in
ZnO. It could, however, act as a compensating defect in p-type ZnO. This is further supported
by the very low formation energy (much lower than the Zn vacancy). When the Fermi level is
positioned at the VBM, the formation energy is only 0.28 eV under extremely O rich conditions,
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and it is even negative in the opposite limit. Both the formation energy and thermodynamic
transition level is in close agreement with other hybrid DFT studies [14, 15].
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Figure 9.1: The formation energy of vO (blue line), GaZn (green line) and HO (orange line) is
plotted as a function the Fermi level (relative to the VBM), under oxygen rich (left) and oxygen
poor (right) conditions. Thermodynamic charge state transition levels (circles) are labeled. The
source of Ga and H impurities is Ga2O3(g) and H2O(g)/H2(g), respectively.

Unlike the O vacancy, the two remaining donors are shallow, donating one electron to the CBM.
As explained in Section 5.4.2, special care must be taken for shallow defects, and an artificial
filling of the CB is indeed observed in the neutral charge state. This is taken care of by employ-
ing the constant-occupation scheme and correcting the artificial dispersion of the perturbed host
state with Equation 5.14. However, another complication arises when the perturbed host state
is inspected; its probability density is completely delocalized over the O ions in the supercell,
except for a very small gaussian-like radial distribution around the impurity. This violates the
central assumption that is made in the AFNV correction scheme, i.e., that the defect charge is
completely encased in the supercell and that its distribution shows no size-dependence. Since
the defect state spills out of the supercell, the defects will show a size-dependence in the neu-
tral charge state as well. To investigate this, a size-test was performed (shown for Ga+1

Zn , Ga0
Zn

and v0
O in Figure 9.2). The uncorrected formation energy was calculated for 96-, 128-, 360-,

and 768-atom supercells, and extrapolated to the dilute limit by a fitting function of the form
aN−1

atoms + bN
−1/3
atoms + c as in Ref. [80] (Natoms being the number of atoms). The PBE-GGA+U

functional was used due to computational constraints, but the defect state is a resonance in the
CB for this functional as well, and in the 96-atom supercell the probability density was con-
firmed to be very similar to that obtained with the HSE functional. In order to eliminate elastic
effects, which would compromise the fit, the atoms were held fixed, and the ion-clamped di-
electric tensor used for corrections. A special k point at

(
1
4
, 1

4
, 1

4

)
was used to reduce the error
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from artificial defect band dispersion.
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Figure 9.2: The uncorrected, AFNV corrected and PC corrected formation energy is plotted as
a function of N−1/3

atoms and extrapolated to infinite supercell-size. When the defect state is well
localized within the supercell, as in vO, the formation energy of the neutral defect should show
no size-dependence. In GaZn and HO, however, the defect state spills out of the supercell bor-
ders, resulting in the apparent size-dependence. The importance of taking defect wave function
overlap into account is highlighted for vO (Γ-point only sampling results in a rather large error).

Both the AFNV and PC correction overshoots the formation energy, which is expected when
the defect charge is delocalized. In fact, in the limit of a completely uniform electron gas the
correction should vanish, since the net charge moment would be zero [79]. Ideally, the full MP
multipole expansion with higher order terms should be used for extended defect charges. An
alternative approach would be to use the analytical FNV correction with a model charge that ex-
tends beyond the supercell borders. This model charge can be fitted to the defect wavefunction,
with a fraction of the charge taken to be completely delocalized. However, the physical moti-
vation behind this is questionable, as discussed in detail by Komsa et al [81]. Furthermore, it is
difficult to obtain a good fit for the model charge in the 96-atom supercell. In any case, judging
from the size-test, the PC correction seems to be a good compromise for both GaZn and HO. The
PC corrected formation energies are within 0.1 eV of the the dilute limit, and the error should
be even smaller when the defect geometry is relaxed (ε0 is larger than ε∞). While the neutral
O vacancy shows no size-dependence, the size-dependence of Ga0

Zn closely resembles that of
Ga1+

Zn , and a PC correction with q = 1 seems to work well. Indeed, as suggested in Ref. [97],
the appropriate charge for shallow defects should be qc = q+ne for donors and qc = q−nh for
acceptors, where ne and nh is the number of delocalized electrons/holes in the CB/VB. Thus,
for neutral GaZn and HO, the error is estimated as the Madelung energy of an array of 1+ point
charges immersed in a -1 jellium charge scaled by ε−1

0 .

An ionization energy of 140 meV is calculated for GaZn. Considering the uncertainty, this is
close to the 54.6 meV determined from the so-called I8 PL line (commonly accepted to be
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caused by Ga0
Zn donor-bound-exciton recombination [126]). In n-type ZnO, the formation en-

ergy of Ga0
Zn is found to be 1.6 eV in the O rich limit, and -0.14 eV in the O poor limit. This low

formation energy implies that that a high concentration of Ga impurities can be incorporated on
the Zn sublattice, especially under O poor conditions. This result is in agreement with exper-
iment [28]; in Ga-ZnO layers grown by plasma-enhanced molecular beam epitaxy, the carrier
concentration increases from 2× 1019 to 5–8× 1020 cm-3 when the partial pressure of oxygen is
decreased from 1.5 × 10-5 to 4.5 × 10-6 Torr. The concentration of interstitial Ga, on the other
hand, should be vanishingly small. As reported in a previous hybrid DFT study, the formation
energy of Gai is in fact very high [28]. However, in the same study, the formation energy of
Ga0

Zn under O rich conditions is a staggering 5.62 eV lower than the result obtained here. This
result would imply an opposite picture, i.e. that O rich conditions should produce higher con-
centrations of GaZn compared to O poor conditions, which would contradict the aforementioned
experimental observation. The difference can be explained by considering the unrealistic source
of Ga which was used in that study, namely the metallic orthorombic phase. In the present work,
Ga2O3(s) is used as a source. This adds an energy penalty of 5.57 and 0.34 eV to the formation
of GaZn, compared to the elemental source, under O rich and O poor conditions, respectively.
Here, O poor conditions correspond to Zn rich (not Ga rich) conditions, because Ga2O3(s) is
more stable that ZnO(s), i.e., even when the oxygen partial pressure is low enough to reduce
ZnO(s), Ga2O3(s) will be the dominant Ga-source.

In nearly all semiconductors, interstitial H is an amphoteric impurity that tends to counteract
the prevailing conductivity, i.e. the most thermodynamically stable charge state is H+

i and H−i
in p-type and n-type material, respectively [3]. In ZnO, on the other hand, Hi incorporates
exclusively as H+

i , always acting as a donor [3]. As can be seen in Figure 9.1, HO will also
act as a shallow donor, and an ionization energy of 30 meV is found, which is in excellent
agreement with experiment (35 ±5 meV [127]). HO has a rather high formation energy under
O rich conditions (H2O(g) is used as a source), but under O poor (H2(g) rich) conditions the
formation energy is comparable to that of the O vacancy, which could explain the observed
change in conductivity as a function of O partial pressure; the concentration of both vO and
HO increases, but only HO acts as a donor. Also, while Hi is highly mobile and anneals away
at 150◦C [10], H trapped at an O site will likely persist when the temperature is raised [3],
which would explain the thermal stability of the n-type doping in hydrogenated samples [128].
However, while H is present in many growth techniques, HO is not necessarily formed in as-
grown crystals. Thus, other donor impurities, like Al, B and Si, are also important contributors
to the unintentional n-type conductivity [7].

9.2 Defect geometry and electronic structure

Just as for the Zn vacancy, the defect states in vO originate from broken Zn–O bonds. The
dangling bonds introduce three states inside the CB and one symmetric (a1) state deep inside
the band gap [9], as illustrated in Figure 9.3. The probability density of the filled a1 state is
also shown. The electrons are clearly localized within the vacancy, and are shared equally be-
tween the Zn ions, causing the vacancy to contract (relaxation is given in Table 9.1). When an
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electron is removed from the neutral vacancy, the Zn ions relax outward somewhat, indicating
that a single electron is insufficient to overcome the strain energy and bind the Zn ions together.
When the second electron is removed, a sizeable expansion of the vacancy is observed, which
strengthens the Zn–O bonds and lowers the formation energy of v2+

O relative to v1+
O . The strong

relaxation observed for v0
O and v2+

O explains the negative U behavior [9, 14].

Table 9.1: Magnitude of the relaxation of in-plane and axial nearest neighbor Zn ions given in
percentage of the bulk Zn–O length. Outward/inward relaxation is positive/negative.

din-plane daxial

v0
O -9% -10%

v1+
O +6% +8%

v2+
O +23% +26%

CBM

VBM

Zn 4s
Dangling

a1

Antibonding

HO

Bonding

H 1s

v0
O H0

O

Perturbed
host state

Figure 9.3: MO diagram (adapted from Ref. [129]) showing the a1 state, and the interaction
of this state with a H 1s orbital. The probability density for the a1 state and the bonding state
in HO is shown in blue with the surrounding Zn atoms (grey spheres). The probability density
isosurface level was set to 0.005 r−3

Bohr.

HO may be regarded as a defect complex that is formed through the following defect reaction:
v0

O + H+
i → H+

O. Employing hybrid DFT, Bjørheim et al. calculated a reaction enthalpy of 1.1
eV for this reaction. It is interesting to see what happens to the electronic structure of the va-
cancy when H is introduced. The H 1s orbital combines with the a1 state and forms two states:
One symmetric bonding state deep inside the VB, and one antibonding state that is a resonance
inside the CB (Figure 9.3). In the neutral charge state of HO, two electrons occupy the bonding
state and the third electron drops down from the antibonding state into a perturbed host state,
where it can be thermally excited into the CB. Due to its small size, one would expect H to form
a two-centre bond with a single Zn atom. However, the probability density of the bonding state
in HO reveals that H forms a four-centre bond, i.e. it is bonded to all four nearest neighbor Zn
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atoms. It must be mentioned that a strong interaction between the bonding state and the host
CB states is observed; the wavefunction seems to have both H 1s and Zn 3d orbital character.
The probability density of the bonding state in Figure 9.3 is shown for the two states in the CB
with the most significant H 1s character. In an LDA+U study by A. Janotti and C. G. van de
Walle [129], a more distinct peak in the DOS at the bottom of the CB is found. Nevertheless,
both results show that H forms a four-centre bond. Coordination numbers higher than three are
highly unusual for H, so this is indeed a very interesting result. The Zn–H bonding results in an
outward relaxation of just 4% of the bulk Zn–O bond length, which is unaffected by the charge
state (as opposed to vO).

The O anions forming a tetrahedron around GaZn are Coulombically attracted to the ionized
Ga impurity. Thus, even though there is no covalent bonding as in HO, an inward relaxation
of -6% results, and there is only a slight difference in relaxation between the axial and in-
plane O anions. Furthermore, the relaxation is independent of the charge state, reflecting the
delocalization of the donor electron in GaZn.
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10 Zinc vacancy-donor defect complexes

The final chapter is devoted to the main topic of this thesis, namely the formation of defect
complexes consisting of a Zn vacancy bound to one of the donors from the previous chapter.
Formation of a neutral Zn vacancy results in the removal of the two valence electrons which nor-
mally contribute to bonding. In Chapter 8, these two electrons were supplied by the host crystal,
resulting in the fully saturated v2-

Zn. However, these electrons can also be supplied directly by a
donor. For example, joining Ga0

Zn with v0
Zn will effectively remove the donor state of Ga, result-

ing in the overall neutral and electrically inactive complex (GaZn–vZn)0. The formation of this
complex should be favorable due to the passivation of dangling O 2p states, and the resulting
Coulomb attraction between Ga+

Zn and v1-
Zn. Indeed, the Zn vacancy should be able to capture

and compensate up to two single donors (or one double donor). In principle, these donors can
bind to vZn in a number of different geometric configurations. However, since hybrid function-
als are computationally very expensive, only the nearest neighbor in-plane configuration will
be explored here. In any case, the in-plane configuration is energetically preferred according
to PBE+U. Zn vacancy related complexes have been studied experimentally by many groups,
but only a few hybrid DFT studies have been carried out. Here, the thermodynamic stability,
geometry and electronic structure of three defect complexes will be discussed. We shall see that
the present description of the isolated Zn vacancy in this work allows a consistent theory for vZn

and vZn–donor complexes to be proposed.

Recenty, overwhelming evidence [16,130] has shown that the diffusion of Al in ZnO is mediated
by Zn vacancies, which has a low formation energy in n-type ZnO (Figure 8.1). Furthermore,
it has been shown that the complex between the two species, (AlZn–vZn), can play a dominant
role as a compensating acceptor in Al-doped ZnO, placing an upper limit on the n-type dop-
ing [131]. In the same way, (GaZn–vZn) is expected to be an important defect in Ga-doped ZnO.
It has indeed been shown that both Li and Ga diffusion is mediated by Zn vacancies [132]. Also,
self-compensation, i.e., the formation of Zn vacancies to counteract Ga doping, has been ob-
served experimentally [133]. Thus, depending on how the Ga is introduced and how the sample
is processed, the complex may be present in large concentrations (along with v2-

Zn).

Clusters of vacancies have been successfully identified in ion implanted and then annealed sam-
ples with PAS [103, 134, 135]. However, it turns out that PAS cannot distinguish between the
isolated Zn vacancy, and small clusters n(vZn–vO) with n ≤ 2 [136]. Because of this, it has not
been possible to unambiguously assign, e.g., luminescence and magnetic resonance data to any
single candidate. For instance, red luminescence (RL) has often been assigned to Zn vacancy
related defects [103,137–139]. While this is commonly accepted, it is still not completely clear
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exactly what configurations are responsible for individual signals.

The Zn vacancy passivated by H atoms, (vZn–nH), has been investigated by several groups with
DFT [70]. In (vZn–vO), however, there is an additional degree of freedom for the H atom; it can
choose between a dangling O or Zn bond, i.e., it can bind to the divacancy as (vZn–H–vO) or as
(vZn–HO). First principles calculations for both of these configurations are of interest, but only
the latter will be investigated here. To the author’s best knowledge, (vZn–HO) has never been
studied with DFT.

10.1 Defect thermodynamics
For defect complexes, two thermodynamic quantities will be considered: The formation energy
and the binding energy. We start with the formation energy.

10.1.1 Formation energies

The formation energy of all the vZn–donor complexes is plotted against the Fermi level in Fig-
ure 10.1, with the isolated Zn vacancy included for comparison. Immediately, two clear trends
can be observed: (1) Adding a donor removes the most negative charge state transitions of the
Zn vacancy, and the number of charge states that are removed depends on how many electrons
the donor contributes to the Zn vacancy. For example, in (vZn–vO), the O vacancy donates two
electrons to the Zn vacancy, removing the two most negative transitions. Then, in principle, the
divacancy complex can exist in charge states ranging from 3+ (three hole polarons) to 0 (zero
hole polarons). However, the (3+/2+) transition lands just inside the VB, meaning that the 3+
charge state is thermodynamically unstable. Note that, since an O atom is missing, the trapping
of four holes (as in v2+

Zn) is not possible. (2) The transition levels of vZn are not overly affected by
the donors that are attached; the levels fall within narrow bands with widths of exactly 0.18 eV,
as indicated in the formation energy diagram. Thus, the Zn vacancy seems to be the dominant
defect in the complexes.

It must be emphasized that the present description of the bare Zn vacancy corroborates well with
the defect complexes; the characteristic deep behavior, resulting from hole trapping at individ-
ual O ions, is present in the complexes as well (Section 10.2). The donor breaks the symmetry
of the O ion tetrahedron surrounding vZn, and thus, previous HSE studies on vZn–donor com-
plexes have also resulted in hole trapping [16, 28]. This means that the positive charge states
of the Zn vacancy have been included for complexes, but not for the isolated vacancy, in the
literature. In this work, however, the isolated and donor bound Zn vacancy has been shown to
exhibit the same tendency to trap holes.

As can be seen in Figure 10.1, the formation energy of the divacancy complex is independent of
the chemical environment. This reflects the connection between the O and Zn chemical poten-
tial through the stability of ZnO, i.e., they shift by an opposite amount, Hf(ZnO), when going
from O rich to O poor conditions. Complexes that contain impurities, however, depend on the
experimental condition. (GaZn–vZn) and (vZn–HO) have similar formation energies under O poor
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conditions, but shift in opposite directions in the other limit. For (vZn–HO), the upward shift is
caused by the lowering of µH (the change in µZn and µO is cancelled, as in (vZn–vO)), while the
downward shift of (GaZn–vZn) is caused by the lowering of µZn.
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Figure 10.1: The formation energy of vZn (red line), (GaZn–vZn) (brown line), (vZn–HO)
(turquoise line) and (vZn–vO) (purple line) is plotted as a function of the Fermi level (relative to
the VBM), under oxygen rich (left) and oxygen poor (right) conditions. The source of Ga and
H impurities is Ga2O3(g) and H2O(g)/H2(g), respectively. Transition level spread is indicated
in gray.

The formation energy is rather high for all the complexes, especially under O poor conditions,
which should result in very low concentrations. However, if the isolated defects are formed first,
complex formation can happen via diffusion of the constituents. For instance, if a diffusing Zn
vacancy meets a GaZn, they will stick together so long as there is sufficient attraction. Following
this logic, the binding energy provides a better measure of whether or not complexes will form.
Another way to form complexes is through electron irradiation (or ion implantation). Depending
on the irradiation energy, various defects may be forcibly created in this manner. Actually,
irradiation is commonly exploited to study defect complexes experimentally [131].

10.1.2 Binding energies

In Section 5.2, the binding energy was purposely defined somewhat loosely. Here, the definition
is revised to also reflect the dominating charge states. The binding energy should reveal whether
it is, thermodynamically, more favorable for a Zn vacancy and a donor to exist separately or as
a complex. Hence, to calculate the binding energy, we start by choosing a Fermi level. From
this Fermi level, one may determine the most stable charge state of the defects by examining
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the formation energy diagrams (Figures 8.1, 9.1 and 10.1). The binding energy is then the
difference in formation energy, between the isolated constituents and the defect complex, in
their most stable charge state. For example, if the Fermi level is positioned at VBM + 2.5 eV,
the binding energy of (GaZn–vZn)1- and (vZn–vO)0 is the energy change in the following two
processes, respectively

(GaZn–vZn)1− −→ v2−
Zn + Ga1+

Zn (vZn–vO)0 + 2e− −→ v2−
Zn + v0

O,

where the O vacancy must capture two electrons in the last process. These electrons are treated
in the same way as when formation energies are calculated (electron chemical potential). One
must keep in mind that the binding energy is not the energy required to break the complex apart,
but rather the thermodynamic driving force for complex formation/dissociation. To split a com-
plex, one must in addition overcome a migration barrier, which can be calculated from DFT
by using the nudged elastic band (NEB) method [140]. This was done previously by Steiauf et
al. [29] to determine activation energies for diffusion of Al, Ga and In in ZnO.

For the discussion, we shall restrict ourselves to dissociation processes that can occur in n-type
ZnO. Binding energies for two processes of each defect complex are listed in Table 10.1. Other
binding energies can be calculated from the formation energy table in the appendix (Table A.1).
Again, these binding energies reflect how much the crystal can lower its energy by forming a
vZn–donor complex, at a given Fermi level.

Table 10.1: Binding energies of the three vZn–donor complexes are listed for Fermi levels higher
than 1.96 eV (with respect to the VBM), i.e., higher than the vZn (1-/2-) charge transition.

Process εF (eV) Eb (eV)

(GaZn–vZn)1− → v2−
Zn + Ga1+

Zn 1.96 – 3.28 1.21

(vZn–HO)1− → v2−
Zn + H1+

O 1.96 – 3.39 2.05

(vZn–vO)0 → v2−
Zn + v2+

O 1.96 – 2.09 3.26

(GaZn–vZn)1− + e− → v2−
Zn + Ga0

Zn 3.28 < 3.82

(vZn–HO)1− + e− → v2−
Zn + H0

O 3.39 < 4.77

(vZn–vO)0 + 2e− → v2−
Zn + v0

O 2.09 < 6.10

Complex formation is very favorable in n-type ZnO for all three complexes, which suggests
that, when formed, they will be difficult to remove. The divacancy has the largest binding en-
ergy by quite some margin. This makes sense, because, in addition to Coulomb attraction, the
formation of a divacancy reduces the number of dangling bonds. The number of dangling bonds
is lowered from eight to six, and two more are eliminated for every additional mono-vacancy
that joins the vacancy cluster (compared to having isolated vacancies) [31]. A binding energy
of 3.26 eV, for the divacancy complex, is obtained here, which is higher than the 2.29 eV pre-
viously reported by Bang et al.. However, they have employed the a GGA+U functional and a
potential alignment to correct charged defects [31]. The (semi)local functionals fail to repro-
duce the band gap, and predict the wrong defect state and geometry for the Zn vacancy.
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At Fermi levels of 1.96 – 3.28 eV, the binding energy of (GaZn–vZn)1- is 1.21 eV, which agrees
reasonably well with the 1.35 eV reported by Steiauf et al. [29], especially considering that they
used the FNV correction with a fitted model charge for shallow defects. Demchenko et al. ob-
tain a binding energy of roughly 1.1 eV (extracted from the formation energy diagram), but they
have used the MP monopole correction, and have not taken the size dependence of Ga0

Zn into
account (resulting in a very large ionization energy of 440 meV). All of these binding energies
are much larger than the 0.48 eV reported by Huang et al. [30], but in their study, electrostatic
finite-size errors are ignored, a GGA functional is used, and the dissociated constituents are not
actually dissociated as they are modeled in the same supercell.

The binding energy of (vZn–HO) lies in between the other complexes. In HO, H forms a multicen-
ter bond with its nearest neighbor Zn ions, which somewhat stabilizes the isolated O vacancy.
This, in turn, lowers the amount of energy that can be gained by forming a complex. Addi-
tionally, HO donates only one electron to vZn, which results in a weaker Coulomb attraction in
(vZn–HO)1- compared to (vZn–vO)0.

10.1.3 Impact of defect complexes on ZnO properties

All the vZn-donor complexes are found to be energetically preferable over the isolated con-
stituents in n-type ZnO. When formed, these complexes will have an impact on the electrical
properties of ZnO. Formation of (GaZn–vZn) will place an upper limit on the activation of Ga
dopants, and curb the performance of ZnO as a TCO, especially when grown under O rich con-
ditions when Ef(vZn) is at its lowest. In fact, (AlZn–vZn) has been almost unambiguously proven
to be the major cause of n-type compensation in electron irradiated ZnO samples containing
Al [130, 131], and this can be expected for Ga as well.

The Zn vacancy may also be passivated by H, either as (vZn–nH) or (vZn–nHO). Since v0
Zn can

accomodate two electrons, n must be equal to two for the vacancy to be completely passivated.
In principle, n could be higher for (vZn–nH), forming up to four O–H bonds, but the defect
would then act as a donor. Indeed, recent DFT calculations by Herklotz et al. show that (vZn–
3H) is stable [70]. However, the gain in energy is highest for the first H atom, so the equilibrium
value of n will depend on the ratio of H to vZn in the sample.

Vacancy clusters have been identified several times in ZnO by PAS in ion implanted and then
annealed samples [103, 134, 135], meaning that they typically result from non-equilibrium pro-
cesses. Thermodynamically these clusters are unstable, but once formed they can be very dif-
ficult to remove (large binding energy). In most cases, thermal treatments at about 800 ◦C are
required, but in N-implanted samples, the clusters are stabilized somehow, and remain stable
up to 1000 ◦C [141]. Based on this, it has been suggested that N is the only impurity out of H,
Li, N, and Si, to take a substitutional position (NO) in the clusters [141]. However, a large posi-
tive binding energy is calculated for (vZn–HO) in the present work. Vacancy clusters can affect
the electrical properties of ZnO by (de)activating other defects. For instance, the activation of
N [134] and deactivation of Li [142] has been observed experimentally.
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10.2 Defect geometry and electronic structure

As mentioned in the preceding section, the Zn vacancy dominates the behavior of the defect
complexes; the attached donor serves merely as an electron source, partly passivating the Zn
vacancy. The localization of holes persists, and results in a very similar deep behavior, i.e., the
thermodynamic transition levels are only slightly shifted away from those of the bare vacancy.
Also, as can be seen in Figure 10.2, the number of trapped holes is reduced by the number of
electrons seized from the donor. Interestingly, when two holes are trapped, the axial configura-
tion is seemingly preferred (the in-plane configuration was unattainable). This may be a result
of the in-plane configuration of the complex. It makes sense that the holes would want to local-
ize as far away as possible from the positive donor.

GaZn–vZn

2+1+0

vZn–HO

2+1+0

vZn–vO

1+ 2+

HO three-centre bond

Figure 10.2: Probability density for the polaronic KS eigenstates of the Zn vacancy in the defect
complexes is shown in blue (For the three-centre bond (bottom right corner) in (vZn–HO), the
probability density of the bonding state is shown). Just like for the bare Zn vacancy, holes
localize separately onto O ions (red). The probability density isosurface level was set to 0.02
r−3

Bohr (0.005 r−3
Bohr for the three-centre bond). The O vacancies are shown as empty circles, Ga

atoms are green, Zn atoms are grey and H atoms are light pink
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In (GaZn–vZn), Ga donates a single electron to the Zn vacancy, resulting in Coulomb attraction
between them. The two constituents undergo a relaxation that is almost identical to the isolated
case; O ions with and without holes relax outward by about 14% and 8% of the bulk Zn–O
length, respectively, while the O ions surrounding Ga move inward by approximately 6% (the
shared in-plane O ion moves towards Ga).

In (vZn–HO), a single electron is also donated from HO to vZn. Remember that the H 1s orbital
combines with the a1 state of vO, forming a symmetric bonding state deep inside the VB. The
two electrons that occupy this state will thus not be transferred to the Zn vacancy. Only the
electron that is bound to H in a hydrogenic effective mass state will be donated. Again, the
relaxation of the O ions surrounding vZn is commensurate with the isolated case. For HO, how-
ever, the surrounding Zn ions seem to relax more strongly towards H. This is because one of
the in-plane Zn ions is missing, i.e., the H forms a three-centre rather than a four-centre bond
(Figure 10.2), which means that the remaining three Zn ions are more strongly bound to H. In
the four-centered case, the Zn ions relax outward by about 4% of the bulk Zn–O bond length,
while in the three-centered case, they relax inward by 4%.

For the divacancy, the two electrons in the a1 state of vO are transferred to vZn, resulting in a
complete saturation of the O 2p dangling bonds in the neutral charge state of the complex. Both
complexes are then doubly charged, which results in strong Coulomb attraction. A very large
outward breathing relaxation, by roughly 25% of the bulk Zn–O bond length, is observed for
the O vacancy in the complex, which is similar to the relaxation of the isolated v2+

O .

10.3 Defect luminescence spectrum
Just as for the isolated Zn vacancy, we shall restrict ourselves to transitions that are relevant for
n-type ZnO. The lineshape resulting from the two following transitions have been calculated
(the recombination of an electron in the CBM with the localized hole in an excited complex):

(1) (GaZn–vZn)0 + e− = (GaZn–vZn)1−

(2) (vZn–vO)1+ + e− = (vZn–vO)0

The resulting PL lineshapes and CC diagrams are shown in Figure 10.3.

The first transition, involving (GaZn–vZn), gives rise to a broad luminescence with a PP at 1.06
eV (0 K), and a FWHM of 0.40 eV. The lineshape is almost identical to the corresponding tran-
sition in the bare Zn vacancy (Figure 8.5, top). While the PP of this transition is 0.35 eV higher
than in vZn, it is still rather low. Most luminescence studies on Ga-doped ZnO are focused on
the I8 line, and, to the author’s best knowledge, no PL spectra in this region exist in the literature.

The second transition has a ZPL of 2.42 eV, and gives rise to a broad RL with a PP at 1.59 eV
(0 K) and a FWHM of 0.41 eV. As mentioned in section 8.3, Y. Dong et al. observed a peak at
∼1.6 eV, which was attributed to isolated Zn vacancies or small n(vZn) groups (n ≤ 2). The PP
calculated here suggests that (vZn–vO) is responsible, rather than vZn (PP at 0.71 eV). The 1.6
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Figure 10.3: Normalized luminescence intensity is plotted as a function of photon energy and
temperature (left). CC diagram for the transition is shown with all effective parameters (right).

eV peak in Ref. [103] shifts to 1.9–2.1 eV when the sample is annealed as vacancies coalesce
into large clusters (based on EPR and PAS). The calculations carried out here show that the PP
moves from 0.71 to 1.59 eV when an O vacancy binds to an isolated Zn vacancy, which is a di-
rect result of the passivation of the two dangling bonds in vZn by vO (increased ZPL). However,
nothing in the present work suggests that the PP should increase from 1.59 eV when the cluster
size increases further. A vO rich cluster would result in an overabundance of electrons, i.e.,
more than the dangling bonds in vZn can accommodate. This will likely result in a lineshape of

76



a different character (since many electrons would need to be removed for the polaronic behavior
to emerge), or a complete disappearance of the luminescence (no thermodynamic transitions in
the band gap). In contrast, a vZn abundant cluster should result in at least two unsaturated dan-
gling bonds, which would bring us back to the isolated case (many thermodynamic transitions
in the band gap and a small ZPL). Following this logic, only n(vZn–vO) should result in RL,
and for the PP of this luminescence to increase in energy, the ε(+/0) thermodynamic transition
must move towards the VBM as n increases. 2(vZn–vO) actually exhibits the opposite trend (not
shown). Large clusters cannot be reliably modeled in the small supercell employed here, but, in
any case, it is not clear that a larger cluster should result in an increased ZPL. Unintentionally
introduced impurities such as H, Si and Al could very well be present in the vacancy clusters,
since they are very often present in as-grown ZnO [7]. Also, considering the large number of
bands that have been observed in the red–yellow region [112], the possibility of an overlap of
PL bands resulting from several vZn related defects cannot be ruled out. Clearly, a comprehen-
sive investigation of all possible candidates would be desirable.

It is very interesting to see that all three calculated lineshapes that result from the recombination
of an electron in the CBM with a hole trapped at a Zn vacancy, are almost identical (very close
FWHM’s and a slightly asymmetric shape). The attached donors appear to have almost no effect
on the vibrational broadening of the luminescence peaks. This actually makes a lot of sense,
because it is the O ion with the trapped hole that undergoes the most substantial relaxation
(Jahn-Teller distortion) between the two charge states. Actually, the RL bands observed in Refs.
[137,138] have very similar lineshapes, even though the reported PP’s differ (1.98 and 1.77 eV).
Moreover, both author’s have suggested a Zn vacancy-related origin to this luminescence. These
lineshapes are also quite similar to those calculated here. It must be emphasized, however,
that a direct identification is not attempted here. For that, numerous other candidates must be
considered, and a far more comprehensive comparison must be made. The author simply wants
to point out that the shape of luminescence lineshapes for transitions involving the capture of an
electron by a Zn vacancy with one trapped hole, might be unaffected by the presence of a donor.
In fact, this possibility has been suggested by Reshchikov et al. [112] (although not for vZn

explicitly); different defects may cause broad PL bands with similar peak position and shape.
Furthermore, it is common to deconvolute broad PL bands, that may have several contributions,
into several Gaussian curves by fitting. Since some lineshapes are naturally asymmetric, this
procedure may lead to erroneous PP’s or even artificial peaks [112].
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11 Concluding remarks

By employing the HSE hybrid functional with 37.5% of screened nonlocal exchange, and re-
ducing supercell artifacts by applying newly developed finite-size correction schemes, the pre-
dictive power of DFT has been pushed to its limits in order to investigate point defects in ZnO.
Moreover, it has been shown that the (semi)local functionals fail to describe important defects,
even qualitatively, highlighting the contribution of hybrid density functionals.

11.1 Summary

Figure 11.11 summarizes the thermodynamic charge transition levels, equivalent to the position
of the circles in the formation energy diagrams 11.1.
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Figure 11.1: Position of the calculated thermodynamic charge transitions for all defects. The
spread in the position of vZn related defects is shown with light grey bands.

In this work, significant efforts were put into modeling vZn. Results for vZn from previous DFT
studies [9, 14, 15] scatter widely and could not be reconciled with experiments [109, 110]. This
is mainly caused by the spurious SI that is present in (semi)local functionals. Results obtained
in the present work show that vZn is a deep amphoteric defect, that is particularly stable under
O rich conditions and in n-type ZnO. Up to two electrons or four holes can be trapped at the
neighboring O anions in vZn, and the hole trapping is accompanied by a Jahn-Teller distortion
of the O tetrahedron. Also, a preferential trapping at the in-plane rather than axial sites is
observed. This result is consistent with magnetic resonance data [109, 110]. Moreover, by
repeating the calculations with the parameter-free HSE06 functional, and verifying fulfillment
of the generalized Koopmans’ condition, the hole localization is confirmed not to be a side-
effect of the excessive HF mixing [59].
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Three donors were studied in the present work, namely vO, GaZn and HO. Among these, vO

stands out as a deep donor, meaning that it cannot be responsible for the unintentional n-type
conductivity. Both the formation energy, position of the thermodynamic transition level and
negative U behavior is in agreement with past hybrid DFT results [14, 15]. The two remaining
donors display shallow behavior; GaZn and HO have ionization energies of 140 and 30 meV,
respectively, both of which are quite close to the experimental observation [126, 127]. Any de-
viation is certainly well within the accuracy of the present calculations, especially considering
the difficulties associated with modeling defects that show charge delocalization within the su-
percell approach. Interestingly, H forms a highly unusual four-centered bond with the nearest
neighbor Zn ions in HO.

The main goal of this thesis was to understand defect complexes consisting of the Zn vacancy
and one of the three donors. The results indicate that these complexes are dominated by the Zn
vacancy; the complex thermodynamic transition levels fall within narrow energy ranges in the
vicinity of the corresponding isolated levels, as shown in Figure 11.1. The donor acts merely as
a source of electrons for vZn, removing its mid-gap thermodynamic transition levels by saturat-
ing up to two dangling bonds. The polaronic behavior of vZn is still present in the complexes,
but the holes prefer to localize as far away from the positive donor as possible. Furthermore,
excepting HO, the constituents undergo a relaxation that is almost identical to the isolated de-
fects in the corresponding charge state. For HO, the nearest neighbor Zn ions are bound more
strongly to H in (vZn–HO). This is because a three-centre bond is formed, which is stronger
than the four-centre bond formed in the isolated case. As for thermodynamic stability, the
defect complex formation energies are rather high. However, the large calculated binding ener-
gies suggest that the crystal can lower its energy substantially by joining isolated defects into
vZn–donor complexes. This is a very important result, because the complexes can restrict the
n-type doping efficiency of Ga in ZnO by directly passivating the Ga, as well as by charge com-
pensation. Also, up to two H donors can be deactivated by vZn, either as (vZn–nH) or (vZn–nHO).

A first principles method to calculate defect luminescence lineshapes was tested for vZn-related
defects in ZnO. All transitions give rise to broad luminescence bands with large HR factors
between 23 and 28. Broad luminescence is characteristic for polaronic defects that undergo
sizeable changes in atomic geometry between different charge states. The results show that the
isolated Zn vacancy cannot be a source of the often observed GL in ZnO as suggested in Ref. [9],
and the transitions investigated here might not even be observed, as explained in Section 8.3. As
for the vZn–donor complexes, the divacancy gives rise to a RL band peaking at 1.59 eV, which
is in agreement with the peak observed by Dong et al. [103]. Perhaps the most important result,
however, is the apparent versatility of the Zn vacancy in terms of luminescence. With its four
thermodynamic transitions, and the possibility of passivation by native or foreign donors such
as vO, Zni, AlZn, GaZn, and Hi, a significant number of signals can potentially result. Thus, the
Zn vacancy related defects might explain some of the observed broad luminescence in ZnO.
Also, the lineshape resulting from the recombination of a vZn–trapped hole and an electron at
the CBM, is almost completely unaffected by the attached donors (Figure 11.2), which could
make it difficult to distinguish the various defects.
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Figure 11.2: Calculated lineshapes (T = 0 K) for transitions involving the recombination of a
hole, trapped at vZn, with an electron in the CBM. Interestingly, the proximity of a donor leads
only to modest changes in the resulting lineshapes.

11.2 Future work
The present work demonstrates that hybrid DFT can give valuable information about defects
in ZnO, and provide a bridge for comparison of theory and experiment. Furthermore, the nu-
merical accuracy of the 96-atom setup was tested, allowing future calculations to be carried
out efficiently. The accuracy of future calculations could be improved further by enforcing ful-
fillment of the generalized Koopmans’ condition for all defects, which could be achieved by
employing a HSE + Vw correction, as done in Refs. [59, 106]. Furthermore, the newest version
of VASP supports acceleration using CUDA GPUs, which could make it feasible to employ
somewhat larger supercells.

Impurities are very often unintentionally introduced in as-grown ZnO samples. A comprehen-
sive investigation of all these impurities, and their interaction with the native defects (especially
vZn), could be very beneficial, and could be used in combination with experiment to distinguish
and identify the salient features of these defects. The luminescence lineshapes of these defects
should also be calculated with the effective 1D CC model. This method has been shown to work
quite well for defects exhibiting strong electron-phonon coupling (S � 1), even though many
modes couple to the optical transition in reality [72]. A. Alkauskas et al. have also developed
a method to calculate non-radiative carrier capture coefficients [75]. Combined with detailed
luminescence measurements, this could facilitate identification of important defects in ZnO.
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A Formation energy data

A.1 96-atom setup

Table A.1: Calculated formation energies at the VBM, under O-rich and O-poor conditions, as well as values for
the potential alignment-like term and the anisotropic FNV correction. All energies are given in eV

Ef(d
q)

Defect q q∆VPC,q/b|far EAFNV O-rich O-poor

vqZn

2+ -0.25 0.83 2.40 5.89

1+ -0.12 0.16 2.68 6.17

0 - - 3.54 7.03

1- 0.09 0.31 5.03 8.52

2- 0.13 1.16 6.90 10.39

vqO

2+ -0.17 0.86 0.25 -3.24

1+ -0.05 0.21 2.54 -0.95

0 - - 4.43 0.93

GaqZn
1+ - 0.26 (PC) -1.68 -3.42

0 - - 1.60 -0.14

Hq
O

1+ - 0.26 (PC) 2.73 -1.70

0 - - 6.12 1.69

(vZn–vO)q
2+ -0.38 0.65 2.45 2.45

1+ -0.13 0.13 2.87 2.87

0 - - 3.89 3.89

(GaZn–vZn)q
2+ -0.2 0.83 1.08 2.83

1+ -0.10 0.16 1.49 3.24

0 - - 2.45 4.20

1- 0.05 0.31 4.01 5.76

(vZn–HO)q
2+ -0.31 0.72 4.89 3.41

1+ -0.16 0.10 5.20 3.72

0 - - 6.09 4.61

1- 0.12 0.38 7.58 6.10
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A.2 72-atom setup

Table A.2: Calculated formation energies at the VBM, under O-rich and O-poor conditions, as well as values for
the potential alignment-like term and the anisotropic FNV correction. All energies are given in eV

Ef(d
q)

Defect q q∆VPC,q/b|far EAFNV O-rich O-poor

vqZn

2+ -0.27 0.88 2.44 5.93

1+ -0.12 0.17 2.70 6.19

0 - - 3.55 7.04

1- 0.12 0.41 5.04 8.53

2- 0.23 1.35 7.09 10.58

vqO

2+ -0.22 0.93 0.28 -3.21

1+ -0.06 0.22 2.52 -0.97

0 - - 4.51 1.02

(vZn–vO)q
2+ -0.53 0.62 2.75 2.75

1+ -0.25 0.04 2.87 2.87

0 - - 3.75 3.75

(GaZn–vZn)q
2+ -0.22 0.93 1.14 2.89

1+ -0.09 0.20 1.54 3.29

0 - - 2.47 4.22

1- 0.01 0.30 3.97 5.72
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B Luminescence data

Table B.1: Calculated luminescence parameters for all the transitions studied in this work.

Transition PP (eV) EFWHM (eV) Se / Sg ∆Q EZPL (eV) Ωe / Ωg (meV)

(1) 1.40 0.27 23.4 / 23.1 2.5966 1.96 34.25 / 27.23

(2) 0.71 0.39 23.1 / 23.4 2.5966 1.48 27.23 / 34.25

(3) 1.06 0.40 27.1 / 27.0 2.9268 1.88 24.21 / 30.29

(5) 1.59 0.41 24.4 / 27.6 2.9443 2.42 24.55 / 29.73

Transitions:

(1) v2−
Zn + h+ = v1−

Zn

(2) v1−
Zn + e− = v2−

Zn

(3) (GaZn–vZn)0 + e− = (GaZn–vZn)1−

(4) (vZn–vO)1+ + e− = (vZn–vO)0
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