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Abstract 

The complete second-order wave diffraction problem due to a submerged cylinder 
in incoming bichromatic waves is solved by means of Fourier transform. The sum
a.nd difference-frequency forces are obtained as integrals of the first order solution. 
For a submerged circular cylinder it is found that the vertical and horizontal sum
frequency force components are of equal magnitude. This result is not true for the 
difference-frequency forces. Furthermore, it is shown for this special body that the 
second-order reflection coefficient in monochromatic waves vanishes exactly. The 
transmitted second harmonic free waves are found to have prominent amplitudes 
when the body is submerged close to the free surface. 

1 Introduction 

The major part of the wave loading on :floating or submerged offshore structures is oscil
lating with the frequencies of the incoming waves. The nonlinear nature of the free surface 
waves introduces, however, wave loading being proportional to the wave amplitudes squared 
and oscillating with the sum- and difference-frequencies of the incoming waves, resulting 
in a broadening of the force spectrUlll acting on the marine structure. Knowledge of such 
higher order effects is of importance in the design of offshore structures which are supposed 
to operate also under hostile weather conditions. 

In the present contribution we study the first- and second-order wave diffraction prob
lem due to a. submerged two-dimensional cylinder in bichromatic incoming waves by the 
common perturbation expansion in the wave slope. The method is developed for cylin
ders of a.ny shape, but i1re- examples are restxicted to·~ resiraiRed cirmda..r cyliBd@r.--The.- u 

complete sum- and difference-frequency force spectrum is computed. Among the practical 
applications of this theoretical investigation are the computations of the forces on long 
underw&ter tube bridges which are proposed to be constructed across Norwegian fjords 
and straits. 

In the later years there ha.s been made considerable efforts to solve the second-order 
diffraction problem. The two-dimensional diffraction problem for a submerged body in 
monochromatic waves was recently studied by Vada (1987). A more general experimental 
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study is due to Chaplin (1984), who also measured the higher order frequency forces due 
to a submerged circular cylinder in monochromatic waves. The three-dimensional second
order diffraction problem for bichromatic waves wa.s recently solved by Kim a.nd Yue (1990) 
for the cases of a.xisymmetric bodies. 

The standard solution procedure for the second-order problem involves a.n integral 
equation with integration over the whole free surface, which computationally is an extensive 
task. We will here follow Sclavounoa (1988) obtaining the solution of the second-order 
diffraction problem by Fourier transform. There a.re several advantages of this method. 
First, the particular solution due to the inhomogeneity at the free surface is obtained as 
integrals of the first order solution. This is also true for the complete second-order sum
and difference-frequency forces. Furthermore, as we shall see, special properties of the 
scattered waves can be obtained without computations. 

A special property of the sum-frequency forces on the circular body is that the vertical 
and horizontal force components a.re of equal magnitude. This result does, however, not 
hold for the difference-frequency force. 

It is well known that the linear reflection power due to a submerged circular cylinder 
is zero. In this paper we generalize this result and prove that the second-order reflection 
coefficient due to the circular cylinder submerged in monochromatic waves also vanishes 
exactly. Another feature, which is not special for the circular cylinder, is that a small 
submergence of the body introduces a very .strong nonlinear deformation of _the incoming 
waves a.t the body. This deformation generates second harmonk free waves on the lee side 
of the body. The amplitude of these waves may be remarkably large. The computations we 
present here show for example that the dimensionless second-order transmission coefficient 
may be up to 11 when the cylinder has a submergence being one quarter of its radius, which 
is one order of ma.gnitude larger than the first order transmission coefficient which equals 
unity. This indicates that the amplitudes of the second-order diffracted waves in fa.ct may 
be of the same order of magnitude as the first. harmonic wave amplitudes. This strong 
mechanism is present when swells entering a coastline a.re broken up into superharmonic 
wave components of considerable amplitudes due to under wa.ter ridges, breakwaters or 
bars on the sea. bottom. The generation of superha.rmonic waves at a slightly submerged 
body is studied in more detail by Grue (1991). 

The mathematical problem is formulat-ed in section 2. The solution of the first- and 
second-order problems a.re discussed in sections 3 and 4, respectively. In section 5 the 
forces a.re obtained, and in section 6 the computational aspects a.re discussed. In section 
7 we prove that the second-order reflection power from a submerged cicula.r cylinder in 
monochromatic waves is zero. Finally, section 8 is a discussion of the numerical results and 

-Ha conclusion-: -

2 Formulation of the problem 

We consider a submerged two-dimensional cylinder with contour denoted by C and a.xis 
parallel to the free surface. Let us introduce a coordinate system 0-zy with the horizontal 
:z:-a.xis in the mean free surface of the fluid and the y-axis vertical upwards, see figure 1. 
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Figure 1: Definition schetch 

Two periodic waves with wave crests parallel to the cylinder axis and with small amplitudes 
A1 and A2 , and frequecies w1 and w2 are incident upon the cylinder. 

The fluid is assumed incompressible and the motion irrotational, securing that a velocity 
potential t exists which satisfies the Laplace equation 

v2t = o (1) 

The boundary conditions on the free surface are (see for example Newman 1977) 

(2) 

where t denotes time, g acceleration of gravity and 1J the elevation of the free surface which 
is given by 

(3) 

We assume that the fluid depth is infinite and that the cylinder is restrained, which gives 
the additional conditions 

tn = 0 at C 

IVtl -·-O- 'g =H""-00 

where in ( 4) the index n denotes the normal derivative pointing out of the fluid. 
t and 1J are written as sums -t =I: t<n> 

n=l 
00 

1] = I: 17<n> 
n=l 
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where cp(n) and 77(n) are respectively the velocity potential and surface elevation of.order 
n in the wave slope of the incoming waves. The boundary condition for cp(n) at the free 
surface and the surface elevation 77(n) are obtained by introducing (6) and (7) in (2) and 
(3), expanding in Taylor series about the undisturbed free surface y = 0 and retaining 
terms of order n. For the leading terms in (6) and (7) we obtain 

cp~;) + gcp~l) = 0 y = 0 (8) 

77(l) = -~cpp) y = 0 
g 

(9) 

The next terms in the series are the quadratic terms which lead to 

cp~) + g<b~2 ) = Q(x, t) y = 0 (10) 

77(2) = -~( cp~2) + _21 yrcp(l). yrcp(l) - ~cpP)cpw) y = o 
g g 

(11) 

where 

(12) 

In addition, cp(l) and cp( 2) must satisfy the Laplace equation, the boundary conditions ( 4) 
and (5), together with the proper radia.tion conditions at x = ±oo. 

3 The first-order problem 

The linear fluid motion due to two incoming waves with frequencies and amplitudes w1 , Ai 
and w2 , A2 , respectively, is governed by the velocity potential cp(l) which reads 

where 
cpW = Re[</>neiw,.t], k = 1, 2 

igA 1- • ,;,. ___ ,. vr.11-ivr.m k _ 1 2 
'f'[k - e · 1 . - I 

Wk 

g~I!ote tJ:i.~ incoming_ wave _po~el!_~(\l~ a1:1_~ 

cp£l = Re[</>Dkeiwkt], k = 1, 2 

(13) 

(14) 

(15) 

(16) 

denote the dllfraction potentials. The wave n.umbers v.,. are given by the dispersion relation 

(17) 
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<PDk satisfiy the following conditions 

(<PD1c)n=-(<Prie)n a.t C 

( <PD1c)11 - v1c<PD1c = 0 y = 0 

IV<PD1cl = 0 y = ~oo 
x = ±oo 

Here the la.st equations express the radiation conditions. 

(18) 

(19) 

(20) 

(21) 

{22) 

The diffraction potentials are written as source distributions over the body surface 

{23) 

where i = (x, y) denotes the field point, ;, = ( x', y') the source point, s the arc length 
and G the Green £Unction. G satisfies the La.place equation, the boundary conditions (20), 
(21) and the radiation condition (22). The Green function ma.y be written (Wehausen a.nd 
La.itone 1960, p. 481) 

la<X> u(11+11') ( ( '))d 
G(i,;,(s);w)=ln(r/ri)-2 e cosux.-x u 

0 'U -'-- v + iµ 
(24) 

wherer = ((z-x')2 +(y-y')2)k a.ndr1 = ((x-x')2 +(y+y')2)k. Hereµis a.small Rayleigh 
friction which only purpose is to secure that the integral is unique and that the solution 
satisfies the radiation conditions. We could just as well have written the integral uniquely 
by putting µ = 0 a.nd indicating the pa.th of integration near the pole u = v. For later use, 
where the integrals are more complicated, it is however, easier to use a vanishing Rayleigh 
friction than indicating the pa.th of integration. Scla.vounos (1988) consider the whole 
problem as an initial value problem and obtains for t -+ oo results which a.re ma.thematical 
identical to using a. small Rayleigh friction. His solution secures that all free waves are 
travelling outwards. Here we a.re going to follow Sclavounos (1988), con.sidering the motion 
only at t -+ oo. 

It is appropriate to write In r / r1 as Fourier integral whereby G may be written 

(25) 

4 The second ... order problem 

The second-order potential qi( 2) a.a.times the La.place equation (1), the boundary con.ditions 
( 4), (5), (10) and the proper radiation conditions. The latter are automatically fulfilled 
since the problem is treated as an initial value problem. <P(l) may naturally be divided into 
an incoming and a scattered potential as in the first order problem. This will, however, 
not be done here, and <P( 2) therefore also contain the incident second-order wave potential. 
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It is appropriate to divide the solution into a particular solution <1?~2 ) which fulfills 
the inhomogenous boundary condition (10) and disregards the existence of the submerged 
cylinder, and a homogenous solution <1?~2 ) which satisfies the free surface condition (8) and 
the body boundary condition ( 4) together with <l? ~2 ). Hence 

<)?(2} = <1?~2} + <1?~2) (26) 

8<1?(2} 8<)?(2} 
__ h_ - ___ P_ at C 
on - on (27) 

The particular solution <1?~2 ) at lxl = oo is composed of forced waves, which satisfy the 
non-homogenous free surface boundary condition (12), and free waves which satisfy the 
homogenous boundary condition (8). <1?~2 ) consists only of free waves which are travelling 
outwards. 

For large values of time the forcing term Q, defined by (12), consists of terms which 
are periodic in time with frequencies 2w1, 2w2 , w1 - w2 and w1 + w2 • It is sufficient in the 
expressions for Q only to consider the w1 + w2 and w1 - ~ terms, writing 

(28) 

The remaining terms with frequencies 2w1 and 2w2 are then obtained by putting w1 = w2 

and w2 = w1 . The second~order velocity potential may then be written 

(29) 

Using Fourier transformations, we find <f>+(x,y) and q,-(x,y) from the Laplace equation 
and the boundary condition. For the particular solution <t>i we obtain 

1 100 elul11-iua: 
<t>;(x,y) = -4 . dul I ± +. F[Q±(x)] 

1r9 -oo 'U - v iµ 
(30) 

where F[Q±(x)] denotes the Fourier transform of q±(:z:) and 

± (w1 ± w2)2 
v = ------

g 
(31) 

The first term in (12) is what Sclavounos called called the A term and the second the B 
term. The A term consists of terms of the type 

~- ···-- -- ---

- !._(V<1?(1). V<1?(1)) 
8t I1 12 

(32) 

- !._(V<l?(1). V<l?(1)) ot I1 D2 
(33) 

- !._(V<1?(1). V<1?(1)) ot Dl D2 (34) 
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and similar for the B term. The first term is due to the non-linear combination of the two 
incident waves and may be found directly from (10) to be 

-i(w1 - w2)A1A2w1w2 el11t-112l11-i(111-112)m 

g lv1 - v2I - v-
(35) 

In Appendix A is considered the contributions from the various A and B terms. For the sake 
of illustration we consider here the term (33), taking into account only the sum frequencies. 
The particular solution due to this term becomes 

1 loo eluly-ium 
</>:(x,y)=- dul I + . F[-i(w1+w2)V</>11·V'</>n2] 

41f'g -oo u - v + iµ 
(36) 

Introducing in (36) the potential for the scattered first order wave with frequency w2 , given 
by (23), we obtain 

- 1 loo dueluly-iua: 1 
</>:(x,y)-- I I + . :F[-i(w1+w2)V'</>11·V' dso-2(s)G(i,Xi(s);w2 )] 

41f'g -oo ti, - v + iµ c 

1 loo dueluly-ium 1 .... = - I I + . dso-2(s)F[-i(w1 +w2)V</>11 · VG(i,x'(s);w2 )] (37) 
41f'g -00 u - v + iµ c 

After some manipulation (37) may be written 

+ Aiw1(w1 + w2) _ · 
</>P ( x, y) = - (I1 + 12 + Is + f4 + Is] 

2g 
(38) 

where 
(39) 

(40) 

(41) 

{42) 

(43) 

Here 

(44) 

These formulas simplifies considerably if the submerged body is a circular cylinder. Let us 
introduce as parameterization of the circular cylinder contour with centre at y = -h and 
radius a 

x( B) + iy( B) = -ih + aei9 , 0 < B < 21f' (45) 
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In Appendix B we show that u1e then is given by 

00 

u1e( (}) = L Anein6 (46) 
n=l 

where only positive values of n contributes. The integral s;;(u) becomes in this case 

(47) 

By expanding the last factor in power series of ei8 we easily see that s;; ( u) = 0. It follows 
that only 15 contributes to the particular solution <Pt when the body is a circular cylinder. 

To complete the second-order solution, the potential ¢h satisfying the homogenous free 
surface boundary condition and the condition (27) at the body boundary, must be added. 
This is obtained by a similar procedure a.s used for solving the first order problem. 

5 The second-order forces 

The second-order pressure is given by the Bernoulli equation 

(48) 

where p is the fluid density. Introducing tha.t the first-order potential has the form <)(l) = 
Re( </Jieiwit + ¢2 eiw2 t), we obtain 

(49) 

where a bar denotes complex conjunga.te. 
The four time-harmonic components have the same structure so we consider here only 

the components with frequency w1 + w2 . For this component we have 

(50) 

The second-order forces and moments are obtained by integrating the pressure over the 
body contour. The la.st term is straightforward to integrate so we need only discuss the 
first term. This gives 

(51) 

where 
(52) 

8 



-~-~--··----·----·---

Here n1e is the component of the normal. vector in the x- or y-direction ( k = 1, 2) or 
n1e = ( r x ii) · i~, where k = 3 and i~ is the normal vector out of the plane. Hence X1e 
denotes a force fork= 1, 2 and moment fork= 3. 

X1c may be evaluated directly from (52) or by introducing a linear auxillary radiation 
potential satisfying 

V2'1/J1c = O 

- (w1 + w2)2'1/Jk + g1/;1cy = 0 y = 0 

81/Jk 
- = n1c at C 
8n 

(53) 

(54) 

(55) 

In addition '1/Jk satisfies the same radiation condition as </>Dk (with Ilk replaced by v+). 
Green's theorem we obtain 

By 

r aTfl 1e a<f>h 
J 0 d.s( </>h 8n - '1/Jk Bn ) = 0 (56) 

Introducing in (56) the boundary condition (27), (52) takes the form 

X1c = -ip(w1 + w2) la ds(nk</>p - '1/J1e ~~) (57) 

which is the form we shall apply in this article. 
The advantage by using (57) instead oC(52) is th'a.t we avoid computing </>h which re

quires the knowledge of 8<f>h/8n in the collocation points at the body boundary. Apparently 
we also need </>p and 8</>h/8n at the body boundary in (57). However, expressing </>p by 
integrals of the form (38) and changing the order of integration, we avoid this. 

6 The numerical solution 

In order to solve the first-order problems we must find the source strengths O'k in (23). 
Utilizing the boundary condition ( 19) at the body contour, we obtain a Fredholm integral 
equation of. second kind for O'k 

(58) 

Equation (58) is solved by an element method, using cubic splines. The solution for the 
auxill~..£._otential '1/Jk used in eq. (57) is obtained in a similar way. The contour integration 
is performed by using three point". Gauss.qua.dTB.ture~--~- · ···· ··· - - · · · · ~- ··-·· ······· 

In Appendix A is given a schematic derivation of the forces due to the various forcing 
terms. Let us here consider the second order force due to the term (33) and only look 
for the sum frequency component. Introducing for </>% (30) a.n.d changing the order of 
integration we find that (57) reduces to 

ipw1(w1 + w2)2 
X1c = · · [ 11 + 12 + ]3 + ]4 + ls] 

2g 
(59) 
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where 

Furthermore, 

H11e(u) =la ds[n1e(s) - 1/i11(iun1(s) + un2(s))]e"Y(•)+iua:(•) 

'H21t( u) = la ds[n1e( s) - 'tfa11( un2( s) - iun1 ( s) )]e"ll(•)-ium(•) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

The integrals 11 a.nd 12 do not exist for 111 = 112 • It is easy to show, however, that their sum 
exist. For a circular cylinder only 15 gives contribution since Si ( u) = 0. This integral, 
being a principal value integral, is evaluated by two points Gauss quadrature, symmetric 
about the poles, and is truncated when the absolute value of the integrand is less than 10-6 . 

It is easy to show that this is also the relative error in the evaluation of the integral. We 
have found it sufficient to use an interval size 6u = 0.2a-1 (a the radius of the cylinder). 
For checking the result, we ha.ve divided the interval in half, which lead to an improvement 
less than 1 %. For computing the contour integrals we have used eleven elements. As a 
check we have also doubled the number of elements leading to a difference being less than 
1%. 

For the matter of illustration we also write down the force due to the term (34) i.e. due 
to products of scattered waves. This is the most complicated pa.rt of the force. For the 
sum frequency component we obtain 

X1e _ P(~-1~~~)2 L~ *-::~+¥ 
x [ ( 00 d (111112 + uj + uui)F11e( u, u 1) 

lo 1Ll ( U1 - ll1 + iµ )( U + U1 - ll2 + iµ) 

+ raio d (v1ll2 + ui - U1L1)F211(u, t.£1) 

lu Ul ( U1 -· V1 + iµ )( U1 - U - ll2 + iµ) 

+ f"d (111v2+u~-uu1 )F31r(u,u1 ) ] 

lo u 1 (u1 - v1 + iµ)(u - tt1 - v2 + iµ) 
(67) 
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Here the F-functions are given by 

F11e(u,u1) = H11c(u)S{(u1)S;(u1 + u) + H21e(u)S!(u1)Si(u1 + u) (68) 

F21e(u,u1) = H2,.(u)S{(ui)S;(u1 - u) + H11e(u)S!(u1)Si(u1 - u) (69) 

F31e(u,u1) = H11e(u)S!(u1)S;(u - u1) + Hi1c(u)S{(u1)Si(u - u1) (70) 

The contribution ( 67) to the second-order force is computationally the most time consuming 
pa.rt of the procedure. This is due to th.e fact that ( 67) involves a triple integral whereas 
( 57) is a double integral. A contribution similar to ( 67) is also obtained from the B terms. 

Again, for the case of a circular cylinder these expressions simplify considerably since 
Fa = F21e = 0 and only the last term in F31c contributes. To evaluate the inner integrals 
in (67) we deform the path of integration in the complex plane, using the residue theorem. 
These integrals a.nd the outer integral are obtained uaing a two-point Gauss quadratu.re. 
The integrals in ( 67) over u1 is, as above truncated when the integrand is less than 10-6 . 

The outer integral is truncated when the integrand is less than 10-3 , which is also the 
relative error since th.e integrand is of exponential type. 

7 The second-order reflection coefficient 

Before discussing the results of the numerical computations, we shall prove, using a. method 
applied earlier by Grue and Palm (1984) and Grue and Palm (1985), that the second-order 
reflection coefficient for a circular cylinder in monochromatic waves is zero. It was shown 
numerically by Vada (1987) that the second-order reflection coefficient is very small. He 
suggested, however, that the coefficient is not exactly zero. ' 

It follows from (11) that 11<2> may be written 

7,c2>(x, t) = ReA2[T2ei(411:i:-2"'t) _ ivr12ei(211m-2wt)] x-+ 00 (71) 

x-+ -oo 

(72) 
where T1 and R1 are the first-order (non-dimensional) transmission a.nd reflection coef
ficients and T2 and R2 are the second order (dimensional) transmission and reflection 
coefficients . For a circular cylinder submerged in a.n infinite deep fluid layer, R1 is zero 
(Dean l.9.48.r· IIrsell 1950) .. Fram ''l2.)_:we.i.h.m_~ee tll.a.t .the. QWJd refl_e~t~d '!~Ye is J-1.ie fi:e~ 
second-order wave with amplitude R 2 • 

The second-order velocity potential for the free wave may according to (26) be written 

(73) 

We shall prove that ¢>P as well as ¢>h are zero when x -+ -oo. For a circular cylinder only 
terms proportional to 15 defined by (43) give contribution to </>p, since Si(u) = 0. Using 
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Figure 2: First-order oscillatory force amplitudes on the circle. 
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Figure 3: Second-order oscillatory force on the circle for one incoming wave. 

the residue theorem we obtain that 15 = 0 for x = -oo. The procedure will be exactly the 
same for the other forcing terms. 

To prove that also <f>n vanish at x = -oo, we first note from ( 43) that </>p is a function 
of -ix+ y, i.e. of z = x + iy, only (and not of:= x - iy). Hence at the circular contour 

8¢>P _ dtf>p 8z 
8n - dz 8n 

(74) 

Applying the parameterization ( 45) we obtain that ~at the body is a function of ei8 only 
(and not of e-i8 ). Analogous to (23), tf>h may be written 

(75) 

</>h satisfies the boundary condition (27), which leads to the following integral equation for 
G'h 

(76) 

This integral equation is almost identical to the integral equation ( 58) for the first order 
solution, which gives that the first order reflection coefficient is zero for a circular cylinder. 
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Figure 4: Second-order sum-frequency oscillatory force on the circle. 
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Figure 5: Second-order sum-frequency oscillatory force on the circle . 

The only difference is the right hand side. However, in the proof that R1 is zero, we merely 
utilize that 8</>1/8n is a. function of ei9 only. Since also 8</>p/ 8n is a function of ei9 only, the 
proof that the reflected amplitudes are zero for </>h and </>D, becomes identical. As shown 
in Appendix B <Th is then of the form 

00 

O'h( 8) = L Ahneinl (77) 
n.=1 

Utilizing that the asymtotic value of Gin (15) is 

G = 21riei411(z-z') x = -oo (78) 

we see by expanding Gin a power series that c/>h is zero at x = -oo. Hence, the complete 
second order potential is zero at x = -oo for the circular cylinder and thereby R2 = 0. 

The proof that R2 = 0 was given by Friis (1990). It has also recently been proved by 
Mciver and Mciver (1990) using a different method. 
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Figure 6: Second-order horizontal difference-frequency oscillatory force on the circle. 
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Figure 7: Second-order horizontal difference-frequency oscillatory force on the circle. 

8 The results and conclusion 

In figures 2 and 3 are shown the amplitudes of the first- and second-order oscillating forces, 
respectively, as functions of the wave number for one incoming wave. In both cases the 
horizontal a.nd vertical components are identie&l. Corresponding curves have earlier been 
obtained by Ogilvie{l963) and Vada{l987) for the first-order forces and by Vada (1987) for 
the second-order forces. The agreement between their results and our a.re excellent. We 
see that both curves have a marked peak for va about 0.4. 

Figures 4 and 5 show the amplitudes due to the sum-frequencies. One frequency is 
kept constant and the other is varying. We nnd that also in this case are the horizontal 

H _ and vertical fo:cces ideDtica.1 This is, however, .not_ true for the forces due to the difference 
frequencies, a.s shown in figures 6-9. In the figures for the horizontal forces, figures 6 and 
7, the forces are vanishing for' v1 = v2 • This is due to the fact that R1 = 0 for a circular 
cylinder. Fig. ures 7 and 9 have two distinct peaks, for u,....., 2 and u,....., ~- In figures 6 and 

~ . ..,, .. 
8 we find one peak for ~ ,....., 4 (in figure 8 there is likely also a peak close to v1 = 0). 

Let us then consider the generated second harmonic wave amplitude, see eq. (71), which 
is displayed in figure 10 for small submergence of the cylinder. This wave is generated due 
to local deformations at the body of the incoming monochromatic waves. We observe that 
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Figure 8: Second-order vertical difference-frequency oscillatory force on the circle. 
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Figure 9: Second-order vertical difference-frequency oscillatory force on the circle. 
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Figure 10: Second-order transmission coefficient for the circle. 

a surprisingly large val.ae of T2 is obtained, which in fact is of one order of magnitude 
larger than the linear transmission coefficient. This means that the second harmonic 
transmitted wave amplitude may be of the same order of magnitude as the first harmonic 
wave amplitude in practical cases~ 

An important issue is the efficiency of Sda.vounos' method for rolution of the second
order problem, compared with the standard approach where integration is performed over 
the whole free surface. The standard approach involves the computation of slowly converg
ing integrals over the free surface which requires accurate values of the first-order potential 
and its gradients. By Sclavounos' method we avoid this need for high accuracy of the 
first-order quantities, since by his procedure we only integrate the first-order quantities 
over the body contour. 

On the other side, his method leads to evaluation of multiple singular integrals (triple
integrals in two-dimensions). From our limited experience with the two methods it is, 
however, difficult to claim that one of the a.pp roaches is more time consuming than the 
other. Sda.vounos' method may, however, obviously be ma.de more efficient by improving 
the numerical evaluation of the integrals. 

An important point is that use of Fourier transform results in closed form solutions 
for the particular integral </>11 and the second order force. This is of significance in a.n 
analytical discussion of the problem as, for example, the proof given here for the second
order reflection coefficient being zero for a submerged circular cylinder. 
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A Appendix A 

.. wegtvenere·the·va.rious·components offu-second·crrder forcing termQ.·ttn defined by 
(12) and is according to (28) split up in Q+ and Q-. Here we split Q+ and Q- further in 
two parts 

(79) 

(80) 
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Q°A.:.... -i(w1 - w2)V</>11 · V<f>D2 

Furthermore, - %t(V<.P£{ · V<.Pm) gives 

Q1 = -i(w1 + w2)V</>Dl · V</>D2 

Q°A = -i(w1 - ~)V</>Dt • V<f>D2 

For the B terms we find: !"( <.Pn}P) ;Y(( <PD2)~!) + g( <.PD2W)) gives 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

(87) 

ef>i is now obtained by introducing Q~ and Qj in (30), and applying (23) for 4>D1 and ef>D2· 
The forces due to Q+ is obtained from (57) and for Q~ from 

(88) 

In (57) and (88) it is essential to change the order of integration when evaluating the 
integrals. 

A Appendix B 

We consider the integral equation 

1 8G 8</>o 
'fr(j +a dOG'(O)- = --

c 8n 8n 
(89) 

where ~ is- either </>i1e-ot- -45_; -a.rut-~ is a;-ftmctton ote"-fur&ncrt m-- e~J. 'fire integral 
equation comprises both (58) and (76). G' is written as 

cc 

G'(O) = L(Aneml + Bne-iAI) (90) 
n=l 

where the constant term is zero to secure that Ji'lf ~d(} = 0. We shall prove that Bn = 0. 
(89) is multiplied with 2~eim' (m positive) and integrated from 0 to 21r. Developing the 

18 



• 

----------- --

right hand side in Fourier series, we note that the contribution from this side is zero. The 
first term on the left· gives 1r Bm. The first term of the Green function (see 24) gives 

8 18r .1 ... 1 1 
-(lnr) = -- = -Vr · n = -cos(r,n) = --
8n r&n r r 2a 

(91) 

where n is pointing out of the :fluid. This term gives no contribution to the Fourier trans
form. The second term leads to 

8 I on {ln{r )) Re!_ ln(z..,... z') 
8n 

i8 

- Re( Rei' + R:-il' - 2ih) 

- -4-- E<-1r+1(-e-" + e"' )( R; )"e-il 
4ih n=O -2ih 

-4-- f (-1)"+1(-ei' + e-is' )( .l;.-)"ei' 
4zh n:.:o 2ih 

(92) 

The last term in (92) gives no contribution to the Fourier transformation. The first term 
on the right hand side, however, gives contribution to the Bn term of the form 

(93) 

but no An terms. The last part of the Green function ma.y be written 

8. 100 e~<v+.tl) cos u( x - z') -2-( du · . ··· ) 
8n o u -11 + iµ 

a lo"° eiu(r. -•') + e. -iu(. ·-i') 
- --( du ) 

8n 0 u - 'II + iµ 

108 iue<•-.s'. )e-il. . Loo . -i.·u.e<•-. i')etl. 
--- du··.·;+ du· . 

0 tL - JI + iµ 0 u - 11 + iµ, 
(94) 

Developing er-z' and e•-i' in power series and utilizing ( 45) and (90), we note that only 
the first integral on the right hand side gives contribution in (89). Futhermore we observe 
that this integral gives no An terms, but an infinite sum of Bn terms of the form (93). 
Hence, we conclude that the Fourier transform of the integral equation ( 89) takes the form 

()0 

1rBm + L BmnBn = 0 
-=1 

(95) 

Assuming that the infinite determinant of the equations is non-vanishing (there are no 
irregular frequencies since the body is submerged) and that the convergence of the series 
is sufficiently strong, we conclude that Bm = O, m = 1, 2, .... He.nee R2 , as well as Ri, a.re 
zero. 
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