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Abstract 

The viscosity of suspensions in which interaction between the parti
cles takes place is considered. The Brownian motion, hydrodynamic 
interaction and effects of coagulation are neglected. 

The problems of the interaction between particles and the viscosity of the 
suspension are very interesting for practical applications. The hydrody
namic interaction between particles on viscosity of the suspension was con
sidered by Happel & Brenner (1973) and Batchelor & Green (1972). But 
there are many other reasons for the interaction between particles besides 
hydrodynamic interaction. For example, the interaction by the Londons 
and the electrical forces take place in a suspension. These forces can be 
very important for the flow of the suspension. 

Let the function U describe the interaction between two particles in a 
suspension. All the particles are the rigid spheres of radii a. Let r be the 
volume fraction of the spheres and r <t: 1. The particles are immersed in 
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incompressible fluid of viscosity T/O· The ambient flow field has velocity u 
which is assumed to be a linear function of position and can therefore be 
characterized instantaneously by a uniform rate-of-strain tensor 

1 ( Oui Ouj) 
/ij = - --+-

2 ox; OXi 

and a rigid-body rotation with angular velocity 

- 1 -w = -rotu 2 . 

Then, the velocity of the fluid is 

Choose the any two particles in the suspension and denote them by A and 
B, respectively. The particles are of such small size that the Reynolds 
number of the fluid motion is small and inertia forces can be neglected. We 
may write the equations of motion for each sphere without the Brownian 
motion: 

-((uo-VA) - FBA, -((uo-iiB) FAB, (1) 

- MBA, e(wo-nA) -

e(wo-OB) - MAB, (2) 

Here, 

( 67r77oa, 

e 87l"T/oa3 • 

UA' VB are the translational velocities of the spheres and nA' nB refer to 
their angular velocities, FBA and ff AB are the forces of the interaction be
tween two spheres, MAB and MBA are the moments of the forces. Of course, 
we may write the following equality 
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Let the position of the centre of the sphere B relative to that of the sphere 
______ _ __ --~A _be denoted by R. The relative yelocity ~f-~_ _ _ ___ _ ___________ _ 

v = (uo-V'B) + "Vt7 · R- (ito-V'A) 

We obtain the following expression by equation ( 1) 

(3) 

The force FAB may be written 

(4) 

H the energy of the interaction depends only on R then the moments of the 
forces are equal to zero 

We obtain by equation (2) 

fiA = fiB =W (5) 

Happel and Brenner (1973) obtained the following expression for the vis
cosity 77 of the suspension 

(G) 

Here, E0 is the dissipation of energy in the fluid without the particles and 
E* is the dissipation as a result of the presence of suspended spheres. For 
N particles in the volume V we may write the following expressions 

E* (7) 

Eo (8) 

Here 
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--------~--<J_ii --=P_~ij _:_110 _(_:;~_2" __ ~~~_)__ -------- -- -------
is the stress tensor, 

is the hydrodynamic force exerted by the fluid on the a:th particle, 

Tai eijkTjk, 

Tjk 1 (8·1 X/Xk - 8k1 X/Xj) dS 
l'sa 3 a 2 a 2 

is the hydrodynamic torgue exerted on the ath yarticl~ and S0 is the surface 
of the athe particle. For spheres of radius a F0 and T0 are equal 

F0 - 67r7]oa( ilo-Vcx) , 
.... 3 .... 

T 8?r77oa (w-ncx). 

For our case we obtain by expression ( 5) 

fa= o. 

We shall make some use of the solution of the Stokes equatiosn for a sin
gle rigid sphere of radius a with centre at R in fluid whose velocity in the 
absence of the sphere is ( i10 -v0 ) with uniform gradient at infinity charac
terized by /ik and Wik· The expressions for the velocity v and pressure pin 
the surrounding fluid are known to be 

'Vj 

These relations may be introduced into expression (7) and W<" oht.ain 
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Substituting the results (1), (4), (8), (9) into (6) we may write 

[ 5 9431~1 2 1 l 77 = 7Jo 1 + -r + - · -7ra · - L.; -('VU) --
2 4 3 V a=l ( 2 /ik/ika2 

(10) 

The last addend in the expression (10) is the function R. Find the mean 
value of the viscosity by assistane of the function of the probability. Let 
q(R, t) be the probability for the vector R separating the centcres of the 

two particles. The differential equation for the probability function q( R, t) 
lS 

aq ... ... at + V\?q = -q\7 · V, q=O, R<2a 

we obtain by equations (3), ( 4) 

aq + ('VjUiXj - ~au) aq = q~!:::.U at ( OXj ox; ( 
( 11) 

The solution of the equation (11) contains an arbitrary multiplying cou

stants. We choose the constant so that 

q(R, t)--+ n as R--+ oo (12) 

Here, n is the number of the particles in a unit volume. If the solution 
of the equation (11) with condition (12) is known we obtain the following 
expression for viscosity of the suspension 

[ 5 9 (ii 1 2 1 ·) l 77 = 170 1 + -r + -r 2 ("VU) 2 qdl· 
2 4 v ( /ik/ika 

(13) 
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Example 

·· - - --- ·· · ·· ·· · 6orrsi-derthe-susp-errsiun-with-ma:grretirparti-des--In-exterrra1-ma:gnetie-fidd
jj. The vector iJ is constant. Magnetic moment of each particle is vector 
m. For a rmiaxial extensional or compressional flow the rate-of-strain tensor 
/ii and angular velocity ware equal 

/ij [
±1 0 
0 ±1 
0 0 

w = (0,0,0). 

0 l 0 ' 
±21 

(14) 

The + and - correspond, respectively, to compressional and extensional 
flow. The orientation of magnetic moment rn of each particle is defined by 
external magnetic field and the forces of interaction between particles. Let 
value of magnetic field so large that directions of the magnetic moment m 
and vector Ji are the same. The function U in this case is written (Landau 
and Lifshitz) 

m2 

U = R3 (1 - 3 cos2 B), (15) 

where () is the angle between vector R and vector ff. \\Te obtain for U tlw 
identity 

6.U = 0. 

The solution of equation (11) with boundary condition (12) in this case is 

q =no (16) 

Integral in expression for viscosity (13) by assistance of relations (14), (15), 
(16) may be calculated. We obtain in spherical system of coordinates 
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The viscosity of suspension with magnetic particles without Brownian mo
tion, hydrodynamic interaction and effect of coagulation is 

-- ---- -- - ---

Remark We must remember that the particles can form agregates due 
to the forces of interaction, and formation of agregates can change the 
viscosity of the suspension. Therefore, we must consider the kinetic equa
tions of coagulation when the processes of formation and dcst.rnct.ion of the 
a.grega.tes take place in the suspension. 
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